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Abstract. Transformations achievable by linear optical componeltsvao generate the whole unitary group only
when restricted to the one-photon subspace of a multimode $fmce. In this paper, we address the more general prob-
lem of encoding quantum information by multiphoton states] elaborating it via ancillary extensions, linear optica
passive devices and photodetection. Our scheme stems turalngay from the mathematical structures underlying
the physics of linear optical passive devices. In particul@ analyze an economical procedure for mapping a fiducial
2-photon 2-mode state into an arbitrary 2-photon 2-mode stsing ancillary resources and linear optical pasaive
ports assisted by post-selection. We found that addinggdesancilla mode is enough to generate any desired target
state. The effect of imperfect photodetection in postetia is considered and a simple trade-off between success
probability and fidelity is derived.

PACS. 03.67.-a Quantum information — 03.67.Lx Quantum compaorati 42.50.Dv Non classical states of the e.m.
field, including entangled photon states; quantum stataneagng and measurements

1 Introduction produced during the computation process, even if at theubutp
they recombine to get back to the dual rail encoding. As it wil

A quantum computer [1], although still a chimera as a comcrdl® show_n in the following, this is a consequence of th_e fact
device, is already a venerable object for physicists, nmagtie ~ that the linear space spanned byrajphoton states (on a given
cians and computer scientists, for the wide range of coragletnumber of optical modes) is the carrier Hilbert space of an
new perspectives that such a tool should offer for the develdrreducible unitary representation B{V) which is associated
ment of science as well as for technological applications. N @ natural way with the action of LOP devices. It seems then

Photon states are stable against decoherence, and are@{jf¢ natural to investigate, in addition to the KLM duallrai
rently produced and manipulated in modern laboratoriessgh [09IC, @lso the possibility of encoding information by meant
features make the possibility of implementing quantumdogf-PhotonN-mode states, with. > 1 and N > 2. The case
gates particularly attractive. One of the most promisirgnar Wherén = 1 andN > 2, with gates implemented only by
tectures for implementing a quantum computer by means of ¢2P components, has been considered by €eal. [6]. This
tical systems is based on a scheme proposed by Knill, LaflartAB€Me is easily seen to be not scalable.
and Milburn (KLM) [2]. In this scheme, information is encatle
by (tensor products of) single-photon two-mode states ef th In this paper, we will consider the case where information
quantized e.m. field; precisely, the qubit states are ifledti is encoded by:-photon states, withh > 1, on N > 2 modes
with a couple of single-photon states on two optical modasd logic gates are obtained by LOP componantiphotode-
(dual rail logic) and multi-qubits are obtained by tensasgpr tectors. As anticipated, this scheme stems in a natural way f
ucts. The basic ingredients for the elaboration of inforarat the mathematical structures underlying the physics of L&P d
in the KLM scheme are linear optical passive (LOP) compeices, structure that has been investigated in two previaus
nents [3] — essentially, phase shifters and beam splittetsy—pers [7,8]. We will now address, as a first step, the following
which one is able to realize the single qubit gates; all otiger problem: to engineer any desired state — which may be re-
erations can be obtained in a non-deterministic way exptpit garded as the ‘input state’ of a quantum computation process
in addition, ancillary optical modes and photodetectioneO — in the chosen encoding space, starting with a fixed ‘fiducial
can show that, with the KLM scheme — hence, using only sigtate’, namely, a photon state that can be easily produced by
gle photon sources, LOP devices and photodetectors — itsiagle-photon sources. For the sake of definiteness, wédowill
possible to simulate efficiently, i.e. by means of a polyr@imicus on the case where= N = 2. This is the simplest case that
amount of resources, an ideal quantum computer [4,5]. is not contemplated in the Ceaf al.and in the KLM schemes.

It is worth noting, however, that in the KLM scheme, statedotice that in our case the building blocks of quantum infor-
that are not in the dual rail logic (e.g. the st§@00)) may be mation arequtritsinstead of qubits.
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The paper is structured as follows. In Section 2, the bastds easy to show that the only maps with properties (3-4) are
mathematical ingredients for a natural and systematicrigesc of the form:
tion of LOP transformations are recalled. Next, in Secti8ns
and 4, our encoding and elaboration scheme is presented. The
effect of realistic imperfect photodetection is then diszd in
Section 5. Finally, in Section 6, we end up with some conclud-

a; —— bz = Mijaj
{aT — Mral ®)

T
i —b; ij A

ing remarks. wherel;; isaN x N unitary matrix (/ € U(N)). Itis also a
simple calculation to verify that a map of the form (5) pressr
the canonical commutation relations:

2 A group ttheoretical approach to LOP (b, b;:] = [a;, a;] = 4,1, (6)

components —_— )

P bi,bj] = [0}, ]] = a3, 0] = [al,al] =0. (D)

A generic LOPtransfoertion can be described 28/a-port, Thus one can consider the two realizations of thé di-
namely ablack boxwith N input modes andV output mode_s. mensional) Heisenberg-Weyl algebra given fhy, a;-f, I} and

A pictorial representation is given in figure 1. In two pravso ¥ . .
. 40, b1, I} and notice that by virtue of the Stone-von Neumann
papers [7,8], it has been shown that the natural mathemat:g%orem [11,12] they are unitarily equivalent, that isxises

description of the action of LOP transformations is based Q" nitary operatoly acting in thelN —modes Fock space such
the theory of representations of semi-simple Lie groupsand that yop 9 N P

gebras; in this framework a special role is played by thealord
Schwinger map [9, 10]. In this section, we recall the basic in b; = Uta,U
gredients of such a description. Let us consider a séf op- { o — Utdl U

(8)

Notice that the operatdy is defined only up to an arbitrary

a, gl phase factor. Since by constructibhcommutes with the total
a. 2 photon number operator this phase factor is fixed by themctio
of U on the vacuum state:
Ulo) = o). 9
a N bN
Fig. 1. a black-box picture of @ N —port based on L.O.P. transforma—ThIS ambiguity can be removed if one considers an explicit

construction of the unitary operatéf. This can be done by
means of the Jordan-Schwinger map.

tion

tical modes with the associated field operators
2.1 The Jordan-Schwinger map
ai,az i1=1,2...N, (1)
The Jordan-Schwinger (JS) map [9,10], in its general formu-
where the index may label both spatial or polarization modetation, maps a Lie algebra into an algebra of operators difine

of the field, with the canonical commutation relations on a bosonic Fock space, this map being an algebra homomor-
o phism. The JS map is defined as follows. Let us consider a
[a;,al] = 0,51, ai,a5] = [a],al] =0, (2) m—dimensional Lie algebra realized as an algebraiok N

matrices with a given basis of generators
wherel is identity operator. It is well known that the set of
operators{a;, a!, T}, endowed with the canonical commuta- Q@ = ||Q'”|]| a=1,2,...m i,j=1,2,...N (10)
tion relations (2), are the generators of a realization ef th ) )
N—dimensional Heisenberg-Wey! algebrd( V) [7]. We in- and commutation relations
dicate with{() the bosonic Fock space associated with the o o
chosen set ofV modes. P [Q( g Qw)] - CVQQM' (11)
We are interested in Linear Optical Passive (LOP) transfqret ys also consider & —mode bosonic Fock space with field
mations,.e., maps that are linear in the field amplitudes operatorsi;, GZT i=1,2,... N and the (normal ordered) oper-
ators

{ a;-_ — b;-_ = ]V[ija%-_ + Nija; 3) dij = azaj- (12)
a; — b = Mja; + Nja; The operators (12) satisfy the following commutation riefas:
(where the sum over repeated indices is assumed) and pgeserv [dij, dnk] = dixOnj — dpji. (13)

the total photon number operator
One can consider the following set of bosonic operators:

bib; = ala;. (4)
i:;N i:lzN JS(Q@) = QWdy. (14)
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The map defined on the basis (10) in correspondence with the decomposition
Q(a) N JS(Q(O()) _ QE?)dij ’ (15) HN) — @ H%N), (24)

n=0,1,...00

extended by linearity, defines the JS map. It is easy to show
that by virtue of the commutation relations (13) the JS map\j\ﬁwereH(N)

indeed an algebra homomeorphism, namely is the subspace with photons onV optical modes.

A simple calculation shows that the following relation hald

[78(Q()), JS(Q¥)] = 7 JS(QM).  (16) L (kN 1)
im ==

Let us now come back to the transformation (8). THex N " ni(N —1)!
unitary matrix M can be written in terms of the exponential ) .
map asM = exp(A), whereA is an element of the Lie algebraHence, the subspadé, "’ can be seen as the space of adifu-
of the N—dimensional unitary group (namely/d x N anti- with d = dimH%N). The (sub) representation with= 0 is the
hermitian matrix). It is found that the related unitary cgier trivial representation o/ (V):
U can be written in the following way by exploiting the JS and

the exponential map, namely TO(N) (M)[0) = [0); (26)

(25)

U = exp(JS(A)). 17 while a special role is played by the= 1 (sub) representation
In order to check this, consider that, fox < 1, we have* since

Ul axl] = exp(—eJ S(A))axexp(cJS(A) (OlaxUaf|0) = O|U (U axU)af|0) = (Olbxal [0)

~ ay + €lag, JS(A)] (18) = ZMkh<O|ahaI|0> = M, (27)
where
where we have used the fact that/T = T andUT|0) =
lak, JS(A)] = Ay (akajaj - a;»rajak) U|0) = |0). The nature of the representatiofts"},—o.1....
; ; has been studied in detail in [7,8]. A remarkable result & th
= Aij ((ai ay + dig)aj — a; ajak) = Agja;. each (sub) representatiait™’ is a irreducible unitary repre-

(19) sentation (IUR) of the group/(NV). For N = 2 andn = 1,

@2) is the relevant (sub) representation for the implementatio
Si

The JS map allows to fix the arbitrary phase factor in (9). ngle qubit gates in the framework of dual rail logic [, 7

fact, since theJS(A) is a normally ordered operator, we have:

exp(.J5(4))[0) = |0), (20)

so thate’?(V) = 1,

To summarize we have shown that LOP transformations &or the sake of definiteness, in the following we will focus on
N modes are described by means of fiie-dimensional uni- the case wher&” = 2. This configuration is at the basis of the
tary group acting on field operators as in (5). Such an actionkLM scheme for a quantum computer [2], in which the qubit

the N —dimensional unitary group induces a bosonic represeniibert space is identified with the spa2&® of one photon
tation of the groudJ (V) acting on theV: modes bosonic Fock on two modes. An important requirement for a well defined

3 About two-mode multiphoton states

space quantum computation is the ability to perform an arbitramg o
U=rMN(M) (21) qubit gate [13], that is, a generic unitary transformatiothie
that can be explicitly defined by means of the JS map. Inde@bit spacéﬁ]\_]). Itis awell known result that in KLM scheme
it is easy to check that every one qubit gates can be implemented with only two-modes
LOP transformations. This follows directly from the factth
TN (M M) = T (M) TN (M), 22) 1? is the fundamental representation of the group) acting

. NI _ on the one photon subspaz&® (with dim®{? = 2). This
Since, by constructio”**) (M) commutes with the total js o more true in those subspaces characterized by a larger

photon number operator, the unitary representatioh) can number of photons. For > 1 r®is a spin-Z representation
be written as the direct sum of unitary (sub) representation = 2

acting on the subspaces with fixed photon number acting in then photon subspace(,” [7] (with dim =
n + 1). Thus, in the case where > 2 it is no more possible
TN — @ TV (23) to realize a generic unitary gate in the photon subspace and,

in general, it could not exist a LOP transformation (assecia
with some unitary matrix/) such that

! For a rigorous proof one can use the well known formula
e*Ye ™™ = expladx)Y’, for linear operatorsy andY'. [v) = T2 (M)|eho), (28)

n=0,1,...00
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for a genericcouple of normalized state vectorgo), |) € While the existence of a non-vanishing projection folloves

Hgf); in other words, fom > 2 not all the normalized vectorsthe properties of the irreducible representatiaﬂg), how to
belong to the sam¥(2)—orbit. realize physically (at least in principle) such a projectis a

Let us recall that, given a representatibmof a groupG in  matter of a different nature. In the following we discusshwit
a Hilbert spacéH, the orbitO,,, of the group passing throughsome examples a procedure based on photodetection on ancil-
a given vectoryy) € H is defined as the set of all vectordary optical modes and conditional post-selection. Thaltés
[y € H such thaty) = T(g)|vo), for someg € G. In the a non-deterministic protocol that allows to map a fixegdut
case where. = 1, the orbit of the grouJ(2) in H§2) passing State into a desiretarget state with a certain probability. In
through a vector of unit norm fulfills the whole unit sphere iQrder to illustrate the idea, let us consider the case of atqut

H§2). In the multiphoton case, the orbit of the graif2), act- encoded in the subspace with two photons on two m@t@é

L) L (2) . _The proposed procedure consists in four steps. The firsistep
ing in . via the representatioli,”, passing through a nor-, % i b qutrit system in a fixed input state,). The

. 2) . - _ ;
malized state vectdro) € M\, is only a proper sub-manifold ggcond step is to add one extra optical mode that plays the rol

of the unit sphere. . of an ancilla: the state of the ancillary mode is initialized
In order to illustrate these arguments explicitly, let us-co 3 number state withn photons and we consider tlegtended
sider a generi€U(2) matrix: state
o 8 o) —> o) m). (33)
M = * * | 29 .
[—5 @ } (29) Hence, the relevant space for the system+anC|I}$§§§m. The

) ix i third step is to perform a three-mode LOP transformatioh tha
with a = eXcosf, B = ¢e*?sinf. The two-photon sub- acts oeréi)m via the IURT®

2) i ionl — - 24m
spaceH, ' has dimensionl = 3, hence it can be seen as a
qutrit space. In the number bagig0), |11), |02) } the operator |ig)|m) — Ulwo)|m) = [¢o)|0) + |d1)[1) + . .. + | Pm }|m).

7{? (M) has a matrix representation _ _ _ _ (34)
The final step is a post-selection on the ancillary mode: the
a2 V2ap 32 targetstate is obtained, with a certain probabilfy,, in corre-
TQ(Q)(M) = | —vV2a8* |a]2 — |82 V2o | . (30) spondence of the detectiomafphotons on the ancillary mode.
B2 2 a2 Overall the transformation of the initial state is descdibe
by a completely positive maf\™) which depends on the initial
It explicitly shows that it is not possible to realize evequtrit) preparation of the ancilla mode. The Kraus-Sudarshan férm o
unitary transformations. Also notice that — £(™) is of course given by
1,7 (M)[11) = V205]20)+ (laf* ~ [5]°) |11>—ﬁa*6*|(0321>), o) (o] — £ ([0) (ol) = D AL o) (ol AT T
from which it is apparent that the state vectdrs and|20) (or (35)
|02)) do not belong to the same orbit. where A" = (m/|U|m). The post-selection conditioned on

To summarize, in the multiphoton case two categories tfe photodetection af’ photons on the ancillary mode corre-
problems arise that are not present in the single photon casigonds to a single branch of the miapto the transformation
1) given a state vectdt)y), there is in general no LOP trans-
formation that allows to maf)y) into an arbitrartargetstate [1ho) — Af,’l’f)h/)()) = |bm)- (36)
vector|y); 2) it is not possible to perform every qutrit unitary
gate only with two-mode LOP transformations. The latteipro N the following two examples are presented with= 0, 1. In
lem was investigated from different points of view in [14}16 the appendix A it was shown that adding one ancillary mode is
These problems are related to the DiVincenzo's criteriafd3  indeed sufficient in order to obtain the optimal working goin
a well defined quantum computation, namely the point 1) is re-
lated to theability to initialize the state of thqutritto a simple N o ]
fiducial state the point 2) is related to the ability to perform &*1 On the ability to initialize the state of a qutrit to a
universal set of quantum gates the following sections, we Simple fiducial state
consider the first problem and suggest a solution based on p

o) . . . .
todetection on ancillary modes and conditional post-sieiec Il_1et us consider twgomputationamodes with one extra ancil-

lary mode and a three-mode LOP transformation:

. . . . ai—>bi:Mi-a» i,':1,2,3. 37
4 Projection via a post-selection protocol 74 37

Let us also take the third (ancillary) mode initialized ireth
A remarkable property of IURs is that every orbit is total [17 yacuum state. Following the procedure outlined above, here
This means that given a normalizeatget state vectoi¢) € we answer the question of whether is possible to find a three
) and an orbi0,,, of the IURTY), itis always possible modes LOP transformation such that, after a photodeteotion
to find aly)) € Oy, with a non vanishing projection along): the third (ancillary) mode, a generic qutrit state

(dly) # 0. (32) |¢) = A|20) + B[11) + C|02) (38)
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a, b, Let us suppose thates # 0. Equation (45) and (48) yield to
a, b, |62|:|a7—25|2’ (51)
V1=la —|3]
that inserted in (46) gives
* + 5*6|2
B2 = |y> + 6] + |O‘7—. 52
AP+ 18P + § o (52)

Fig. 2. Photodetection assisted three-mode L.O.P. transformatio
Oncek, e; andes are found, the remaining coefficients can be

is obtained, with a certain probability, on the first and se _as*y computed by an orthonorm_al_lzatlon "?"go”thm- Otheewi
ejea = 0, there is always the trivial solution = e; = e3 =

ond (computational) modes. As input state we select the stat

[Y0)12 = |11)12 that will be extended with one ancillary modé™* 0 ande; = 1. [J Notice that one can always choose
initialized in the vacuum stater( = 0) a, 3, andd such that the following normalization condition

holds:

tho) — [11)12]0)s. (39) 2lay|® + |ad + By|* +2|B6)* = 1. (53)
The subscripts indicate the mode labels and will be omittedThe previous proposition implies that starting from thetesta
what follows. |11}]0) for any normalized target state (38) there exists a LOP

The action of a LOP transformation acting on (39) yieldthree-mode transformation such that, after a post-seleniea-
to: surement corresponding to the vacuum on the ancillary mode,
1) = My Mgzalal|000) p,q=1,2,3. (40) the following transformation is obtained

The global (three-mode) output state, obtained after theeth 111)]0) — [¢)]0). (54)

mode LOP transformation has the form:
Proposition 2 Py = k=2 is the probability of success of the
post-selection measurement

) = 10)[0) + [61)[1) + |¢2)[2), (41)

where|¢,,) are two-mode states. A post-selection condition
to the vacuum on the third optical mode gives:

[0) — [60)[0) = My Myaajal 00)[0) pra =12, (42) o) =  (VBar|20) + (b + B7) [11) + VE55/02)) (55)
where

(?51’001‘: within the scheme of figure 2 the output state is

With the normalization condition (53) we obtain thBy =

o) = V2M11 M12]20) (¢o|po) = k2 is the probability of succes§l Given a nor-
+ (M1 May + My M) |11) malized state vector in the form (38) the optimal gate corre-
sponds to the maximum @, (or the minimum ofk?) with
+ V2Ma1 Moo 02) (43)  constraints:
is the un-normalizedtwo-mode output. The square modulus VZay = A
Po = {¢o|do) gives the probability of success of thacuum ad + % _ B (56)
measurement. From a mathematical point of view, the questio V265 =C

is whether is possible to find, for evetgrget state (38), an

unitary matrixM such that the output state (43) and the target

state (38) are equal apart of a normalization (and phas®yfac, 1 4 Examples
The following propositions hold:

Proposition 1 for any o, 3,7, with |a|?> + |3]> < 1, there Letussuppose thatwe wantto reach the sdtestarting from

exists an unitary matrix 11):
[11) — |20). (57)
a v/k e3 . . G .
M= |08 6/k es (44 In the following we are going to describe in which way the
e1 ea/k es transformation (57) can be obtained with the maximum prob-

ability. Notice that the statg0) is obtained from (38) taking
for somees, ... es and realk # 0. B = C = 0, thus we are now looking fdi(3) matrices of the
Proof: in order the matrix\/ to be unitary the following equa- form
tions have to be satisfied:

a v/k es
laf* + 18> + |e1|* = 1 (45) M=|0 0 e]. (58)
P+ 1612 + leaf? = K (46) e1 ea/k es
les]® + leal® + [es|* = 1 (47)  The normalization condition (53) implies thzjtvy|? = 1, and
a*y+ 6+ ejea =0 (48) (52) reads as follows
a*es+ B%es +ejes =0 (49)

1 1 1
PR B R S
vres 4+ 6" es + e5es = 0. (50) D) <|a|2 + 1 |a|2> . (59)
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Hence, the maximum of probability 8,,... = 1/2 (that corre- light the resulting current is anyway proportional to theam-
sponds to the minimum df?) and it is reached foe|? = 1/2.  ing photon flux and thus we have a linear detector. On the
Notice that this is the maximal probability allowed in theei other hand, detectors operating at very low intensitiesrtes
set up [18]. The corresponding unitary matrix can be chosenta avalanche process in order to transform a single iomiaati
follows: event into a recordable pulse. This implies that one caniset d
criminate between a single photon or many photons as the out-
0 comes from such detectors are eithaliek, corresponding to
1]. (60) any number of photons, arothingwhich means that no pho-
0 tons have been revealed. The3eigerlike detectors are of-
ten referred to as on/off detectors. For unit quantum effiye
This is not the only solution, with this choice the three-maodhe action of an on/off detector is described by the two-®alu
gate (60) can be decomposed as product of two-mode gateB@VM { I, = |0)(0|, IT, = I — IIy}, which represents a par-
the following way tition of the Hilbert space of the signal. In the realisticea
when an incoming photon is not detected with unit probapilit

M =

S otk
Stk

100] [v5 75 0 the POVM is given by [19]
_ 7 1
M = 8(1)(1) 75%0 . (61) -
0 01 o(n) = (1 —n)* k) (K,
The circuital implementation is schematically represérite F=0
1Ty (n) = L - IIo(n), (63)

figure 3 and consists of a symmetfigé% beam splitter on the
firstand second modé & 7 /4, ¢ = 7/2), followed by a swap

) - with n denoting guantum efficiency. As a consequence the con-
operation between the second and third mode. I g4 Y d

ditional state, occurring when the event "no click” is regied
is no longer the pure state given in Eq. (43). The conditional

a b, stateis now given by the mixed state
L 0=m1/4
a @=TU/2 1
: b, mzﬁmﬂwme®mw]

a, b, 2
N> = }j V¥ k) (9w (64)

Fig. 3. Circuital implementation scheme of the three-mode L.O.P. 0 k=

transformation (60) with post-selection procedure wherelv) is given in Eq. (40)|#;.) are the unnormalized states
corresponding to an ideal (unit quantum efficiency, perdést
crimination) photodetection df photons and?, is the global
&)robability of the "no click” eventi.e

As an other example we are going to describe a-psst
lection assisted LOP transformation with one ancillary mo

which is initialized with one photon. The computational apa 2
is H{* with an ancillary space(\", hence the global space is Py=> (1= n)*(¢lex). (65)
H§3). With a procedure analogous to that presented above, it is k=0

easy to shown that the same circuit of equation (60) (anddig

Yh lized) conditional st is given in Eq. (43
3) allows to perform the transformation € (unnormalized) conditional stai) is given in Eq. (43)

whereadoy ), k = 1,2 are given by

[20)[1) = HLIL, (62) |p1) = (M11 M3y + M3y M2)|10)
with an optimal probability ofl /2. + (M31Maz + Moy M3s) |01), (66)
|h2) = V2 M1 M32(00) . (67)
5 Effects of imperfect photodetection Realistic photodetection thus degrades the quality of thpa

ration. In order to asses the whole procedure we use fidelity t

In the previous sections we have made the assumption tii target statee.
all the components are ideal: in this section we discuss the

presence of real photodetectors. Light is revealed by éxplo F = (o] 00|P0)

ing its interaction with atoms/molecules or electrons iolds (@0 |¢ )

each photon ionizes a single atom or promotes an electron to _ 2(1 _ )k 68
a conduction band, and the resulting charge is then amplified <¢0|¢ P Z' Pl ["(1 =) (68)

to produce a measurable pulse. In practice, however, alaila

photodetectors are not ideally counting all photons, aeif thSince the conditional stateég;) are mutually orthogonal we
performances are limited by a non-unit quantum efficiemcy obtain

namely only a fractior{ of the incoming photons lead to an F— {¢o|do) _ Po (69)
electric signal, and ultimately to @ount For intense beam of Zi—o(l — )k (¢r|or) =g
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Therefore there is a simple trade-off between the proliglofi at this preliminary stage, to try to solve in its full genésal
success and the quality of the preparation, which can be ugleel problem of simulating an ideal quantum computer within
to suitably adapt the procedure to the desired task. the encoding scheme that we have proposed here. Our main
In the case of postselection corresponding thiek of the purpose is to suggest that a deeper understanding of themath
photodetector the roles di, and I1; in (63) are inverted. A matical structures underlying LOP devices could be a pawerf
click on the ancillary mode corresponds to the preparatfontool for the further development of optical quantum computa

the computational modes in the mixed states tion.
1
01 =5 ) Ac(n)|or) (Bl (70)
Py 2 Acknowledgments
where . . . .
A =1— (1 —p)* (71) We wish to thank Prof. G. Marmo of the University of Napoli
‘Federico II’ for his invaluable scientific and human suppor
and This work has been supported by MIUR through the project
PRIN-2005024254-002.
Z Ap(n){(Dr|Pr)- (72)
The corresponding fidelity to the target state) is A One ancilla mode is enough
F= <¢1|Q|¢1> = Z Ar(m{(o1]ew) |, (73) Inthe body of the paper we analyzed in some details the prepa-

(p1|01) ¢1|¢1

which simplifies to

ration scheme based on a single ancillary mode. In thiswecti
we show that adding a single ancilla is enough in the sense tha
with multiple ancillary modes no improvements of the proba-

A1(n)(b1|1) P, bility of success can be reached. We consider the case irhwhic
I =5 (74) the initial input state is the two photon statel) and discuss
> i1 A () (Dr| k) 1 them ancillary modes generalization of the propositions 1 and

The matrix (44) has the following generalized expression

Hence, also in this second example a simple trade off betw
e case ofn ancillary modes:

probability of success and fidelity of real processes isinbth
In general, the probability of success and fidelity are inde-
pendent quantities in the sense that the maximization of the
success probability does not imply the fidelity optimizatio
For example, the optical circuit in figure 3 corresponds ® th
maximal probability of success for both the transformagion
[11)]0) — ]20)|0) and|20)|1) — |11)|1) with an optimal fi-
delity for the former and a non-optimal fidelity for the latte

a vk es
M=| 8 0/k es], (75)
elT ezT/kEg,

wheree; arem-component complex vectors aff is am x m
matrix. Equations (45) (46) and (48) become:

afa+ 3B+ leaf’ =1 (76)

* * 2 _ 1.2
6 Conclusive remarks Rl +*5 6+ lex” =k (77)
a*y+ 76+ (e1,e2) = 0. (78)

In this paper we have addressed the problem of whether in a
tion to the KLM dual-rail quantum computation one can con-
sider a more general-photon N-mode encoding scheme; in

klng (e1,e2) # 0 we obtain

* * 12
other words, whether there is room for quantum information k2 =2 +|6)? oy + 526| (79)
processing based on multiphoton encodingudits In partic- |cos0|(1 — af* — |B[*)
ular, we investigated the problem of the system initialat
o . ; ; . where
in Hilbert spaces that are carrier spaces of irreducibléatyi (e1, e2) = |e1]|ea| cos B (80)
1,€2/) — |€1][C2 .

representations of unitary groups, representations vdrielas-

sociated in a natural way with LOP transformations. Foaysifrrom (79) it follows that the maximum probability is reached

on the case of the 2-photon 2-mode encoding, we found tlaat cos 8| = 1 and correspond to the value in (52). Otherwise,

LOP devices assisted by post-selection measurementstalloin the casele1,ez) = 0, there is always the trivial solution

engineer any desired state in the encoding space startimger e; = es = e3 =e4 = 0andE; = L.

suitable fiducial state; moreover, we have shown that thefise

a single ancilla mode is enough to ensure the maximum prob-

ability of success. The effects of imperfect photodetectic References

post-selection have been considered and a simple trade-off

tween success probability and fidelity has been derived. 1. M. Nielsen, I. ChuangQuantum Information and Quantum Com-
Of course the lack of further generality and detail in our putationCambridge University Press, Cambridge (2000).

present investigation is something to be remedied in thedut 2. E. Knill, R. Laflamme, G. MilburnA scheme for efficient quan-

However, we think that it would unrealistic and may be fytile  tum computation with linear optiddature 409 46-52 (2001).



11.
12.
13.

14.

15.

16.

17.

18.

19.

P. Aniello, C. Lupo, M. Napolitano, and M G.A. Paris: Engénieag multiphoton states for linear optics computation

U. Leonhardt,The physics of simple optical instrumerRep.
Prog. Phys. 66 1207-50 (2003).

. P. Kok, W. J. Munro, K. Nemoto, T. C. Ralph, J. P. Dowling and

G. J. Milburn,Review article: Linear optical quantum computa-
tion quant-ph/0512071 (2005).

. C. R. Myers, R. Laflammd,inear Optical Quantum Computa-

tion: an Overviewguant-ph/0512104 (2005).

. N. J. Cerf, C. Adami, P. G. KwiaQptical simulation of quantum

logic Phys. Rev. A 57 R1477-R1480 (1998).

. P. Aniello, R. Coen CagliAn Algebraic Approach to Linear-

Optical Schemes for Deterministic Quantum Computin@pt.
B: Quantum Semiclass. Opt. 7 S711-S720 (2005).

. P. Aniello, C. Lupo, M. NapolitanoExploring Representation

Theory of Unitary Groups via Linear Optical Passive Devites
appear on Open Sys. Inf. Dyn.

. P.Jordan, Z. Phys. 94 531 (1935).
. J. Schwinger, Quantum theory of angular momentum

L. C. Biedenharm and H. Van Dam eds. (Academic Press)
(1965).

M. H. Stone, Proc. Nat. Acd. Scie. U.S.A. 16, 172-175 (393

J. von Neumann, Math. Ann. 194, 570-578 (1931).

D. DiVincenzo,The Physical Implementation of Quantum Com-
putationFortschr. Phys. 48 771-783 (2000).

S. Scheel, K. Nemoto, W. J. Munro and P. L. Knight,
Measurement-induced Nonlinearity in Linear OptRRhys. Rev.

A 68, 032310 (2003).

G. G. Lapaire, P. Kok, J. P. Dowling and J. E. Sipenditional
linear-optical measurement schemes generate effectioéoph
nonlinearitiesPhys. Rev. A 68, 04234 (2003).

E. Knill, Quantum gates using linear optics and postselection
Phys. Rev. A 66, 052306 (2002).

S. A. Gaallinear Analysis and Representation TheSmgyringer-
Verlag, Berlin (1973).

E. Knill, Bounds on the probability of success of postselected non-
linear sign shitfs implemented with linear optiekys. Rev. A 68,
064303 (2003).

A. Ferraro, S. Olivares and M. G. A. Paris, “Gaussian eStat
in Quantum Information”Napoli Series on Physics and Astro-
physicg(Bibliopolis, Napoli, 2005).



