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Introduction

During the last 10 years there has been an intensive study of mappings with
finite distortion, since they naturally arise in the theory of the non-uniformly
elliptic equations and in the elasticity theory. We refer the reader for instance
to [IM2], [FKZ], [IKM] or [IM1] and the references therein, for the basic liter-
ature on the subject.

We will be mainly concerned with homeomorphisms with finite distortion.
Let Q be a planar domain, recall that a homeomorphism f & I/Vli’cl(Q,RQ)

has finite distortion if there is a measurable function K(z) > 1, finite almost

everywhere, such that
IDf(2)]> < K(2)Js(z) for ae. z € Q.

Such K is called distortion of f. The smallest such distortions is denoted by
Ky and is called the distortion function of f.

Very recently there has been also a growing interest in studying properties
of homeomorphisms, which can be proved also for the inverse maps (see [MPS],
[HMPS], [HKO2], [HKM], [HK], [GST], [HKO1]). A first result in this direction
is contained in the paper by Hencl-Koskela and states that if 2 and Q' are
planar domains and if f : oM is a homeomorphism belonging to Sobolev
space W2 (Q,R?) and the differential D f vanishes almost everywhere on the
zero set of Jacobian J; of f, then also f~* € Wl (€, R?) and the differential

D f~! vanishes almost everywhere on the zero set of Jacobian Jp-1 of f~1 (see
[HK]).

Moreover, if f is K-quasiconformal i.e. Ky € L*(Q) and Ks(z) < K
for a.e. z € Q, then also f~! is K-quasiconformal i.e. Kj-1 € L>(Q') and
Ki-1(w) < K for a.e. we Q (see [AIM], Theorem 3.1.2).

A part of the present thesis is devoted to the study of the integrability
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of distortion function K-1 of the inverse mapping f~' under more general
assumptions.

Indeed, denoting by Hom(€2,)’) the set of all homeomorphisms between €2
and € planar domains, we prove that if f € Wl’l(Q,RQ) N Hom(Q2, Q) has

loc

finite distortion with distortion function K satisfying the condition
diStEXP(Kf, Loo) < 1,

then
Kf—l € Ll (Q/)

loc
Moreover, we show that this result is optimal in sense that the conclusion fails
if
diStEXP(Kf, LOO) =1.

In fact, we exhibit an example of homeomorphism f € I/Vlicl with finite distor-

tion such that

diStEXP(Kf, LOO) = 1,

while

Kf71 ¢ Llloc'

Moreover, we prove that if K satisfies the condition
distgxp(Ky, L) = X for some A >0,

then

loc ’ 5

As special case of this result we show that if K satisfies the condition

1
K1 e L} () for every p e (0 > :

diStEXP(Kf, LOO) = 0,

then
K€ ﬂ LP ().

p>1
The definition of distgxp(p, L) is given in Chapter 1 (see Section 1.4)
and we will prove such results in Chapter 2 (see Section 2.2).

The previous results are contained in [C2].
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In Chapter 3 we are concerned with weak continuity results for Jacobians.
The utility of weak convergence of Jacobians was clearly recognized in quasi-
conformal geometry [IM1], calculus of variations [Mo2] and elasticity theory.

Our main result in this setting states that if fi, f € W1?(Q,R?), where
Q is a bounded open subset of R? sufficiently smooth, satisfy the following

asymmetric assumption on the components
fe = (up,vp) = f = (u,v) weakly in WHEEL(Q) 5 WH2(Q),

then

Js, = J; in the sense of measures.

(see [AC]).
This is a generalization of the well know result due to Morrey [Mol], [Mo2]
and Caccioppoli [C] that tell us that if fi, f € W12(Q,R?) then

fe — f weakly in W'?(Q,R?)

implies

Js, = J; in the sense of measures.

In Chapter 4 we confine ourselves to dimension one and we extend to the
weaker topology o (L', L) a classical result of G-convergence relative to the
o(L>, L") topology (see [C1]). More precisely, we prove that if a; = a;(z)

(j =1,2,...) and a = a(x) are non-negative functions belonging to Lebesgue

-1/(p—1) -1/(p—1)

space L'(0,1), p > 1, a; is a bounded sequence in L'(0, 1) and a;

is equi-integrable, then the sequence of non-linear degenerate non-uniformly

p—2 d
dx

p—2 d
dx dx

elliptic operators of the type

d
Aj=—— (aj(x)

G-converges to the operator

d
dx

if and only if




The definition of G-convergence is given in Section 4.1 and we will prove such
result in Section 4.3.
Finally, in the last chapter (Chapter 5) we are concerned with a suitable

continuity property of the map
f— 4y

when f varies in the class of homeomorphisms having exponentially integrable
distortion and Ay is the coefficient matrix of the Laplace-Beltrami operator

associated to f. It is known that Ay satisfies the ellipticity condition

0 B < (.6 < KCeP

for a.e. z € Q and for any £ € R?, where K is the distortion of f, and moreover
det Af(z) =1 for ae. z € Q.

Precisely in collaboration with M. Carozza (see [CC]) we have proved that if
Q2 and (' are bounded planar domains, with Q sufficiently smooth, if f; €
I/I/li’cl(Q,RQ) is a sequence of homeomorphisms with finite distortion K; such

that
K= .
/e »dz < ¢y for every j €N,
Q

for some A € (0,1/2) and ¢y > 0 and if
fi = f weakly in whl(Q,R?)

loc

where f € Hom(€2,Y'), then f has finite distortion, its distortion function K

Kg(2)
e x dz <
Q

FLglogL
Afj E— Af

satisfies the same condition

and

The definition of ;214 7-convergence is given in Section 5.2.
S. Spagnolo in [Sp2] was the first to prove the result above under the

stronger assumption
1 < Kj(z) < K forevery jeN
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for a.e. 2z € €, in which Ay, are bounded and uniformly elliptic and I'-
convergence and G-convergence, in the sense of L?-convergence of solutions
of Dirichlet problems, are equivalent. Later in [Fo| it was proved an analo-
gous result with higher degree of exponential integrability assumption for Kj.
Namely in [Fo| the author uses a method introduced for n > 2 by [DD] in the

case n=2 under the assumption

(=)
/e * ) dz < ¢q for every j €N,
Q

for some o > 1, A > 0 and ¢y > 0. Here we keep on the same issue by using
recent optimal regularity results for mappings having exponentially integrable

distortion given in [IKMS] and [AGRS].
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Chapter 1

Functional spaces

In this chapter we introduce some functional spaces which occur in recent
developments of the regularity theory for PDE’s or to study subtle integrability
properties of Jacobians.

First of all we give a self-contained presentation of Orlicz spaces. Next we
list some special case of Orlicz spaces like Zygmund spaces and the spaces of
exponentially integrable functions.

The Zygmund spaces naturally arise in the study of the regularity of Jaco-
bians of orientation preserving mappings. In fact the mapping f € VVéf(Q, R)

orientation preserving, i.e. Jy(z) > 0 for a.e. z € Q, has Jacobian J;

1
loc

Ji(z) < |Df(2)|?, but actually J; belongs to Zygmund space Llog Lioc(€2).

not only belongs to L (Q2), as it is obvious from Hadamard’s inequality

This is a surprising result due to S. Miiller in '89 (see [Mii2]) which arouse new

interest in the field of the regularity of Jacobians (see [AGRS], [FKZ], [Mos]).

1.1 Orlicz spaces

An Orlicz function is a continuously increasing function
P :[0,00) — [0, 00)

verifying

PO)=0 and lim P(t) = 0.

t—o0
A convex Orlicz function P is called Young function. The Orlicz space, denoted

by L7 (Q), consists of those Lebesgue measurable functions ¢ defined in Q C R?
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and valued in R such that

[)P(@)dz<oo

for some A = A(p) > 0. L7(Q) is a complete linear metric space with respect

to the distance defined by
distp (i, 1) = inf {)\ >0: / P (M) dz < )\} :
Q

We shall also make use of the non-linear functional on L7 (Q), called the Luz-

emburg functional,

el P @) Iiﬂf{)\ >0 /QP (@) dz < 1}.

It is homogeneous, but in general fails to satisfy the triangle inequality. If P is
a Young function, then the functional || - ||;7 (o) is a norm and L”(£2) endowed
with this norm is a Banach space.

One can easily check that

/P( |p(2)] ) _1
Q lellz7 @)

As a first example, if we put P(t) = ¢, with p € (0,00), then the space
L7 (Q) coincides with the usual Lebesgue space LP(Q2). Note that LP() is a
Banach space only when p > 1.

A pair of Orlicz functions (P, Q) are called a Hélder conjugate couple if we

have Holder’s inequality

‘/QWMM‘ < Cllollzr @Yl Lo
for o € L7(Q) and ¢ € L2(Q).
To define the dual space, we must assume a doubling condition on P:
P(2t) < 29P(t)
for some constant o« > 1 and all ¢ > 0. In this case we have the following

Theorem 1.1. (Riesz representation) Let (P, Q) be a Hélder conjugate
couple of Young functions with P satisfying a doubling condition. Then ev-

ery bounded linear functional defined on LT () is uniquely represented by a

function ¢ € L2(Q) as
o= [ o
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For a general Holder conjugate couple (P, Q), if both P and Q satisfy a
doubling condition, then L7 (2) and L2(Q) are duals of each other and both
are reflexive Banach spaces.

The relevance of the doubling condition on Orlicz functions is well under-

stood with the following theorem.

Theorem 1.2. Let P be an Orlicz function (not necessarily convez) satisfying

a doubling condition. Then the space C§°(2) is dense in the metric space
L7(Q).

Without the doubling condition L*°(€2) need not be dense in L7 (). Of
course, if L>°(Q) is dense in L7 (), then so is C§°(12).

Having introduced Orlicz spaces, we now turn to Orlicz-Sobolev spaces.
Given an Orlicz function P, the space W () can be defined in much the same
way as in the classical case P(t) = t*. In order to speak of the distributional
derivatives it is necessary that functions in L”(£2) are at least locally integrable.

This forces upon us the assumption that for all sufficiently large ¢,
P(t) > at for some «a > 0.
Under this assumption we make the following definition.

Definition 1.1. A distribution ¢ € D'(2) belongs to Orlicz-Sobolev space
WEP(Q) if o € L7(Q) and d¢/0x, dp/y exist in the weak sense and belong
to L7 ().

It is evident that many of the basic notions and results in the theory of
Sobolev spaces carry over to this more general setting without any difficulty.
Finally the corresponding local space I/Vl(l)cp(Q) is defined as the space of

functions ¢ such that
o € WHP(S) for any S CC Q,

where we write

Sccq
if S is an open subset of Q and S C S C  and S is compact.
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1.2 Zygmund spaces

The Zygmund space, denoted by L? log® L(f), is the Orlicz space generated by
to the Orlicz function

P(t) =t log” (e + t)

with p € [1,00) and 3 € R. Hence the Zygmund space L?log® L(Q) consists
of all measurable functions ¢ : Q C R? — R such that

/Q (Kj)')plogﬁ (e + @) dz < 00

for some A = A(¢) > 0 and it is equipped with the Luxemburg functional

(1.1) (@Il 1o 10g? 1) = inf {A >0: /Q <@)plogﬂ (e+ M) dz < 1} .

For p = 1 we will write Llog” L(2) instead of L'log” L(Q).

Observe that if 5> 1 — p, then the defining function P(t) = t*log’(e + t)
is a Young function. Therefore the functional (1.1) is a norm and L?log” L(Q)
endowed with this norm becomes a Banach space.

For the reader’s convenience let us give the proof of the following estimates

(1.2) el Liog L) < [Plrogr@) < 2)¢lLiog L)

LlogL / |10g (6 —+ M) dz.
el

Proof of the estimates (1.2). First we observe that the equality

(=) oy (+L>l)> gz =1

Q ||<P||LlogL(Q H<P||LlogL(Q

z
el 2 10g L(22) —/Q|g0(z)|log <6+L)|)> A=

el 2 10g L0

> / o(2)] dz = gl

e A e e I
¢l £ 10g L)

14
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< [ 1ot:)og <e+ [o(2) )dz—[so]mgm.

WM@

On the other hand, by elementary inequalities
log(e +xy) <log(e + z) + log(1 +y) for any z,y >0

and

log(1+vy) <y for any y > 0,

we obtain

[l os (@) = / () log (H (=) Hgonuogm)) N
Q

lellog ) el

/|90 |10g (€—|— |(P( )| )dz+/ |S0 |10g (1_|_ ||SOHL10gL(Q>)dZ
HMM@ ol @)

(2 HNmL
< [1elos (e 2O o [ o L8t g, g,
i Tello

U

More generally, for p € [1,00) and 3 > 0 the non-linear functional

lo(2)] z
[P 1p 1087 L) = [/ lp(2)[” log” (6+ = | dz
Lrlog” L() Q ol ze )

is comparable with the Luxemburg norm given at (1.1) and the following esti-

mates are straightforward
||<PHLP10g—1L(Q) < HSOHLP(Q) < HSD“LplogﬂL(Q) < [‘P]Lplogﬁ L(Q) < 2H<P||LplogﬁL(Q)-
Holder’s inequality for Zygmund spaces takes the form
(1.3) o1 ... SOkHLplogﬁ L@ =S¢ 1 logh1 L(Q) - - - |[ox| | Lo logPk L(Q)

where py,...,px > 1, B1,..., 0 € R,

1 1 1
—=—+...+—=
p b1 Pk
and
BB,
p P Dk

The constant here does not depend on the functions ¢; € L log” L(Q) (i =
L...,k).
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Note that by (1.3) in particular we have

o1 @2l logf L(Q) =€ |l1l[ e logP1 L(Q) 2| [ 2 log?2 L(Q)

where P1, P2 > ]-7 517/62 € Ra

I 1 1
p P11 P2
and
B_6, B
p P P2
ngl 902HL1(Q) < C"golHLQIOg*ﬁL(Q)"(102||L210g5L(Q)7
(1.4) | 902||L1ogﬁL(Q) sc ||901||L210g5L(Q)||S02||L2logﬁL(Q)a
and

||¢%||Llog5 L@ =S¢ ||901||i2 log? L(Q)"

Moreover, the Zygmund-Sobolev spaces WhE1es"? L(() 1L loe™ L(()) and
WhEleeL(Q)) are defined as the spaces of functions ¢ such that

¢ € Llog"* L(Q) and |Vy| € Llog? L(Q),
@ € L*log™ ' L(Q) and |Vip| € L?log™" L()
and
¢ € L?log L(Q) and |V| € L*log L(f2)
respectively. We endow these spaces with the norms
ety = 10 10g2 iy + 11701 L 10gh 160y

||()0||W1vL210871L(Q) = ”SOHLQlog’lL(Q) + |||V<P|||L21og*1L(Q)
and
||90||W1,L21ogL(Q) = [lellr210g () + [[IVolll 22108 ()

respectively.
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1.3 The spaces of exponentially integrable func-

tions

The space of exponentially integrable functions, denoted by EFX P,(2), is the

Orlicz space generated by the Orlicz function
Qt)y=¢e" —1

with a > 0. So EX P,(f2) consists of all measurable functions ¢ : Q C R? — R
such that

/ e(&;)l)adz < o0
Q
for some A = A(¢) > 0 and it is equipped with the Luxemburg norm
(15) Iellexee =inf {3 >0: [0 <2
Q

For a = 1 we will write EX P(Q2) instead of EX P;(£2).

Furthermore the following continuous embeddings
L>®(D) — EXP(D) — LP(D) — Llog L(D) — L(D)

hold for all p € (1,00) and D disk of R? (see [BS]).
Recall that (P, Q) where

P(t) = tPlog'/“(e + 1)

and
Qt) =¢" —1

is an Holder conjugate couple, i.e.

(16) [ o] < cliellngresalivlioxro

for ¢ € Llog"® L(Q) and ¢ € EXP,(Q). In particular we have
[ o] < cllinssllexro

for ¢ € Llog L(?) and ¢ € EXP(2) and

(1.7)

/QSO @D‘ < CHSO‘|L10g1/2L(Q)HwHEXP2(Q)
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for ¢ € Llog"? L(Q) and ¢ € EX Py(R2). Moreover, for o, € L*log"® L(Q),
by (1.4) we obtain ¢t € Llog"® L(Q) and

(1.8) 1% wHLlogl/“ L() < G HSDHLZ log!/® L(Q)|WHL2 log!/® L(Q)3

let v € EXP,(R), by (1.6) and (1.8) we have

’/QSO vy ‘ < C"SDHLZk)gl/aL(Q)|W‘|L2log1a(Q)H’YHEXPa(Q)-

In particular

4] < el sl

for ¢ € L21log"* L(Q) and ¢ € EXP,(Q) and

(1.9) ] [ w\ < 1ol g oo |l i)

for ¢ € L?log L(Q2) and 1 € EX P(Q).
Since P and Q are both Young functions with P satisfying a doubling

condition, by Theorem 1.1, we have that the dual to the Zygmund space
Llog"* L(Q) is the space EX P, (), i.e.

(Llog"” L(Q)) = EX Pa(Q),
but not conversely. In particular, for « = 1 and aw = 1/2 we have
(Llog L(R2)) = EXP(N)

and

(Llog'? L(R)) = EXPy(Q).

Observe that Q does not satisfy a doubling condition and that the dual to space
EXP,(Q) is not Llog"* L(Q) and that L*(Q) is not dense in EX P,(Q) (see
[RR], Chapter 3).

1.4 Distance formula to L>* in EXP,

Let © be a bounded open subset of R?, the space of exponentially integrable
functions EX P,(£2) (o > 0) can also be defined as the set of all measurable
functions ¢ : 2 — R such that



for some A = A(¢) > 0 and be equipped with the norm

lellzxp, = inf {>\ >0: 7[ () 4z < 2}
Q

7[ stands for L/
Q 19 Jo

It will be useful in the sequel to remember that in [CS] (see also [FLS]) the
authors established the following distance formula to L>(2) in EX P,(2). Let
o € EXP,(Q)

where

diStEXPQ((,O, LOO) = inf {1/1 S LOO(Q> : ||§0 - wHEXPQ}

= inf {/\ >0: 7[ e(wif)l)adz < oo}
Q

1
1 v
= elimsup — {7[ ](p(z)\o‘pdzl .
Q

p—oo P

We observe that for every ¢, € EXP,(2), ¢ € L>*(Q2) and A € R we have

distexep, (0, L) < [lellexp,
distpxp, (A, L) = || distpxp, (p, L)
distpxp, (¢ + ¢, L>) < distgxp, (p, L) + distpxp, (1, L)
distpxp, (¢ — ¢, L) = distgxp, (@, L)
distgxp, (¢, L) =0
and
distpxp, (¢, L7) = lim [lo; — ollpxp,

where

p(z) if Jp(2)] <
0 if Jp(2)] >

(see [CS], [FLS]). In particular, for o = 1 we have

pi(2) =

(1.10) distzxp(p, L) = inf {/\ >0 7[ ey < oo}
Q

1
1 P
= elimsup — b[ |g0(z)|pdz} :
p—oo P LJo
9
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Denoting with exp(£2) the closure of L>(Q2) in EX P(), i.e.
exp(Q) = clospxpL™(Q),
by (1.10) we obtain that
¢ € exp(Q) & distgxp(p, L) =0 < ex € LY(Q) for every A > 0.

Finally, we recall that the dual to space exp(£) is the Zygmund space L log L(£2),
ie.

(exp(R)) = Llog L().
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Chapter 2
Mappings with finite distortion

In this chapter we will denote with €2, Q" and Q" planar domains.

2.1 Differentiability

We recall that a mapping f = (u,v) : Q — R?is differentiable at z = (z,y) € Q
if there is a linear map Df(z) : R* — R?, called the pointwise differential of
f, such that

po M+ R) = 1(2) = DN

=0.
h—0 |h|

The pointwise differential is uniquely determined by the formula

(2.1) Df()h = tim LEE =/ (Z)

t—0 t

Moreover, we recall that a mapping f : Q — R? is open if f(U) is open for
every open U C €.

Formula (2.1) ensures the existence of the partial derivatives
0u du 0v o0
ox’ Oy’ Ox’ Oy
of f at point z. The converse is not true. However, every continuous open
mapping (a homeomorphism, for example) defined on € having finite first par-
tial derivatives almost everywhere in 2, it is differentiable almost everywhere
in Q in the classical sense (see [GL]).
As every continuous mapping f € WH(Q, R?) is absolutely continuous on
almost every line parallel to the coordinate axes (see [R]) and therefore has

finite first partial derivatives almost everywhere in {2 we have the following
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Lemma 2.1. Let f € W2'(Q,R2) N Hom(Q, Q). Then f is differentiable

loc

almost everywhere in € in the classical sense.

We recall the following properties of the pointwise differential and of the

Jacobian.

e Composition. If f: Q — € is differentiable at z € Q and if g : ' — Q"
is differentiable at w = f(z), then g o f is differentiable at z and

D(go f)(z) = Dyg(f(2)) o Df(2)

and

Jogor(2) = Jy(f(2)) © J4(2).

e [nverses. If f:Q — Q' is a homeomorphism differentiable at z € Q with
J(z) # 0, then the inverse mapping f~' : Q' — Q is differentiable at
w = f(z) and

Dfw) = (DA (w)) ™

and
1

Jy(fH(w))
We now remember the following result (see [AIM], Theorem 3.3.4).

Jf—l (U}) =

Theorem 2.2. Let f € WL (Q,R?) N Hom(Q, Q). Then the Jacobian J; does

loc

not change sign, that s, either
o Ji(z) >0 for ae. z€Q or
o Ji(2) <0 for a.e. z €.

Given measurable functions f : 2 — @ and g : ' — Q" in general their
composition is not a measurable function. However, in the geometric study of
mappings it is necessary to avoid all unnecessary constraints on such natural
operations as the composition. It is for this reason, among many others, that

the following Lusin’s condition arises.

Definition 2.1. Let f : Q@ — R? be a measurable mapping. We say that f

satisfies Lusin’s condition N if for every measurable set F C
El=0 = [f(E)=0

22



Recall that if a measurable mapping f satisfies Lusin’s condition A, then
(and only then) f takes measurable sets to measurable sets.
Naturally, one frequently needs to study mappings that preserve measura-

bility under inverse images. This leads us to the following condition.

Definition 2.2. Let f : Q — Q' be a measurable mapping. We say that f

satisfies Lusin’s condition N1 if for every measurable set £/ C
El=0 = [ffi(B)]=0

Notice that if f : Q — € is a measurable mapping satisfying Lusin’s con-
dition N1, then f~! takes measurable sets to measurable sets. In particular,
the composition uo f of f with any measurable function u on £’ is measurable.

Moreover, if [ € VV&,CQ(Q, R?) N Hom(f2, ), then f satisfies Lusin’s condi-
tion NV (see [AIM], Theorem 3.3.7).

It is known that each f € VVlicl(Q, R?) is approximatively differentiable al-
most everywhere [F, Theorem 3.1.4] and that the set of approximative differ-
entiability can be exhausted up to a set of measure zero by sets the restriction
to which of f is Lipschitz [F, Theorem 3.1.8]. Hence we can decompose {2 into
pairwise disjoint sets
(2.2) Q=7ZU G Q

k=1
such that |Z| = 0 and fio, is Lipschitz.

Let f € W2 (Q,R?) N Hom(Q, '), B C Q a Borel set and let 1 a non-
negative Borel-measurable function on R?, without any additional assumption
we have
(2.9 [l dz< [ o) du.

B f(B)
This follows from the area formula for Lipschitz mappings and (2.2). The
equality

/B n(f())Ip(2)| dz = /f )

is satisfied if f € W21 (€, R?) N Hom(Q, Q') satisfies Lusin’s condition .
From (2.3) we deduce that the Jacobian J; is locally integrable and for
every Borel set B C 2

/B 75(2)|dz < |£(B)).
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In particular, if f € Wl’l(Q, R?) N Hom((2, ) is an orientation preserving

loc

mapping satisfying Lusin’s condition A we have
(2.4 [ = [ atw) du.
B f(B)

/B J5(2) dz = | £(B)|
and

Jr(z) >0 for ae. z € Q.

2.2 Integrability of distortion functions

We see from basic results that the minimal analytic assumptions necessary for
a viable theory of mappings with finite distortion appear to be encapsulated

in the following definition.

Definition 2.3. We say that a mapping f : Q — R? belonging to Sobolev
space VVI})CI(Q, R?) is a mapping with finite distortion if

i) Jr e LL (Q);

loc

ii) there is a measurable function K(z) > 1, finite almost everywhere, such

that

(2.5) IDf(2)]> < K(2)Js(z) for ae. z € Q.

Such K is called distortion of f. Here | D f(z)| stands for the operator norm
of the differential matrix D f(z) € R**? defined by

Df(2)| = El\lfl |Df(2)h].

We observe that the conditions i) and ii) above are not enough to imply
fe VVliCQ(Q, R?), unless of course K is a bounded function.

In two dimensions the mappings of finite distortion are intimately related
to elliptic PDE’s (see Section 5.1). For equations with non-smooth coefficients

the request that f has locally integrable distributional first partial derivatives
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is the smallest degree of smoothness where one can begin to discuss what it
means to be a (weak) solution to such an equation.

The first condition is a regularity property which is automatically satisfied
by all homeomorphisms f € Wl (Q,R?) (see Section 2.1).

Inequality (2.5) is called distortion inequality for f. Observe that this
inequality merely asks that the pointwise Jacobian J;(z) > 0 for a.e. z €
and that the differential D f(z) vanishes at those points z where J¢(z) = 0.

In two dimensions the distortion inequality (2.5) is the equivalent to the

following

max |Df(z)h| < K(z) min |Df(z)h| for a.e. z € Q.

|h|=1 =t
Geometrically, it means that at almost every point z € €2 the differential
Df(z) : R? — R? deforms the unit disk onto an ellipse whose eccentricity is
controlled by K(z). Thus, in particular, the case K = 1 results in conformal
deformations.

Given a mapping f € T/Vlil

C

(Q,R?) with finite distortion, we define the

distortion function of f, Ky, as

(2.6) Ky(z) = % if Df(z) exists and J¢(2) > 0
1 otherwise.

Notice that K is the smallest function K (z) > 1 for which the distortion
inequality (2.5) holds.

We are mainly concerned with homeomorphisms having finite distortion.

If f e Wh(Q,R?) NHom(Q, Q) and K; € L=(Q), K;(2) < K for a.e.

loc

z € ), we say that f is K-quasiconformal. Clearly, in this case f € Wl’z(Q, R?)

loc
and it is well known that also f~! is K-quasiconformal i.e. K;-1 € L>(€)
and K;-1(w) < K for a.e. w € Q' (see [AIM], Theorem 3.1.2).

Our results deal with the integrability of the distortion function K;-1 of
f~! under more general assumptions.

Let f € W(Q,R?) N Hom(f, ) with finite distortion, the minimal

assumption in order to have that the inverse f~' € W*(?,R?) is that
K; € LY(Q) (see [HK]). In fact Hencl-Koskela show that if K; belongs to
L'7°(Q), with 6 € (0,1), then we may have that f~! does not belong to

W R?) (see example 1.4 in [HK]). On the other hand in [HMPS] the

loc
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authors prove that if f € WH*(Q,R?) N Hom(Q, ), for some a € (1,2], has

finite distortion with distortion function K satisfying

1
-
_sup(/Kf 1‘sdz) < 00,
5€(0,1)

then |Df~!| belongs to grand Lebesgue space L? ('), i.e

1

2—¢
IDf e = sup (= [ 1DF <) <0

Combining Theorems 1.3 and 6.1 of [HK], Theorem 2.1 of [HKO1] and
a result due to Greco-Sbordone-C.Trombetti (see [GST]) we can state the

following result.

Theorem 2.3. If f € W2 (Q,R?) N Hom(Q, ') has finite distortion with

loc
K; e LY(Q),
then
i) Jy>0 a.e in )

i) f~' € WL2(,R?) has finite distortion and
[ D twp o= [ K0) a:
oY 0
iii) Ky-1 has the form

(2.7) Ki1(w) = Ki(f ' (w)) for a.e.we Q.

Observe that, since f € Hom(2, '), Ky and Ky-1 defined at (2.6) and
(2.7), are Borel-measurable functions. Moreover, if we assume only that the
homeomorphism f belongs to W," 1(Q R?), we may have that f~! does not

loc

belongs to W;" 1(Q’ R?). Indeed, consider the mapping

loc

f:(0,2) x (0,1) — (0,1) x (0,1)

defined by



where ¢g~! is the inverse map of
9:(0,1) —(0,2)

defined by
g(t) =t + (1),

where ¢ : (0,1) — (0,1) is the Cantor ternary function. We have that f is
a homeomorphism in VVlifo whose inverse f~! is of bounded variation, but it
does not belong to W', On the other hand in [HK] the authors prove that

loc *

if f e WL(Q,R?) NHom(, ) has Jacobian J;(z) > 0 for a.e. 2z € Q, then

ocC

f7 e Wil (0, R?).

ocC

Recently, in [AGRS] the authors obtained the following optimal regularity
for Jacobian and for differential of a mapping with exponentially integrable

distortion function.

Theorem 2.4. Let f € WZIO’CI(Q,RZ) be a mapping with finite distortion. As-

sume that the distortion function K;(z) satisfies the condition

K
e™ eIl (Q) for some A > 0.

loc

Then we have

1
Jilog’ (e 4+ J;) € L} (Q) for every B € (0, X)

and

|Df|210g5_1(e +|Df|) € Ly, (Q) for every B € (0, %) )

1
Moreover this result is sharp in sense that the conclusion fails for § = h for

every A > 0.
As a special case of Theorem 2.4 we have

Corollary 2.5. Let f € Wl’l(Q,RQ) be a mapping with finite distortion. As-

loc

sume that the distortion function Ky satisfies the condition

e €L} (Q) for some A € (0,1).

loc

Then
feWL(Q,R?).
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Remark 2.1. If f € Wl’l(Q,Rz) is a mapping with finite distortion such that

loc

Kg(2) 1
/e X dz < oo for some )\€<O,§>
Q

and therefore

1
diStEXp(Kf, LOO) < 5,

by Theorem 2.4 we obtain
|IDf| € L*1log Liy.(9).
We recall that given a square matrix A, the adjugate adjA of A satisfies
(2.8) A adjA =1 detA

where [ is the identity matrix and detA denotes the determinant of A.

Let us start by proving the following theorem.

Theorem 2.6. Let f € WU (Q,R?) N Hom(Q, ) with finite distortion. If the

oc

distortion function Ky € EXP(Q) satisfies the condition
diStEXP(Kf, LOO) < 1,

then
Kf71 € Llloc(Q/) .

This result is optimal in sense that the conclusion fails if distpxp(Ky, L) = 1.

Proof. By hypothesis in particular K belongs to L'(2), by Theorem 2.3 we
have that f~! € W,2*(,R?) has finite distortion. Since f~! € W22 (', R?),

ocC ocC

then f~! satisfies Lusin’s condition A/. From (2.4) we then deduce that
Jp—1(w) >0 for ae. we Q.

By Lemma 2.1 we know that f~! is differentiable almost everywhere in €' in
the classical sense. Moreover, we know that at each point of differentiability
of f~! such that Jp-1(w) > 0 we have that f is differentiable at z = f~(w)

and

(2.9) Df(z) = (Df(f(2)) "
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Let T cC €/, we have

[ Kty = [ L2, _ D0
T Jf 'l,U

Using (2.8) we get

[ st do = [ 1057 @) Py (w) do

Applying (2.4) we obtain

[ Ky ao= [ I GE) I ) ) de
fHT)
By (2.9) we conclude

(2.10) /Kf dw_/f_l(T)|Df(z)|2dz.

K
Since distgxp(Ky, L>) < 1, then there exists A € (0,1) such that e €
L .(Q). By Corollary 2.5, we have that f € W,.?(Q, R?) and therefore

loc
Kp1 € L ().
]

To show that the conclusion of this theorem fails if distgxp(Ky, L) =1
we consider the following mapping (see [AGRS]):
z 1

o wog (o LY (4.1

0 for z = 0.

for z € D(0,1) \ {0}

Note that
f:D(0,1) — D(0, R),

where (0, 1) denotes the disk of R? centered at 0 with radius 1 and D(0, R)
denotes the disk of R? centered at 0 with radius

1

R = :
V/log(e + 1) loglog(e + 1)

Moreover f is a homeomorphism belonging to W;" 1(]D)(O7 1),R?) with finite

loc

distortion and its distortion function Ky satisfies
diStEXp(Kf, Loo) =1.

29



In fact
K
eXr ¢ LY(D(0,1)) and e ¢ LY(D(0,1)) for every A€ (0,1).

Recall that in the orientation preserving case, given a radial stretching h, i.e.

a mapping h defined by
z

h(z) = — p(lz]),

2|

we find that at points where the derivative p’ exists

I (L ()
Bulz) { oD ’rzwzn}

and
In(z) = p(z)p'(12])
]

(see Chapter 11 of [IM1]). Since our mapping f is a radial stretching with

1

pll2) =
\/log (e+ %) log log (e " %)

for |z| = r we obtain

1 1
2(1+er)log (e + —) log log (e + —)
r r

Ky(r) = ]
1 + loglog (e + ;)
and
1
1+ loglog (e + ;>
Jf(m = 1 1 R
2r2(1+er) (1og (e + —) log log (e + —>)
r r
So

DO = Ky(r) Jy(r) = - 1
r?log <e + ;) log log <e + ;)

which is not summable at zero under the measure r dr. By (2.10), we conclude

that

Kf71 Ql Llloc(D<O’ R))
Our aim now is to prove the following theorem.
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Theorem 2.7. Let f € W2 (Q,R?) N Hom(Q, ) with finite distortion. If the

loc

distortion function Ky € EXP(Q) satisfies the condition
diStEXp(Kf, Loo) = fO?” some A > 0,
then

1
Kp e LY () for every p € (07 ﬁ) .

Proof. Asin Theorem 2.6 the L'-integrability of K ; implies that f~! € VV&S(Q’ R?)
has finite distortion. Hence f~! satisfies Lusin’s condition N, f~! is differen-

tiable almost everywhere in €’ in the classical sense and
Jp-1(w) >0 for a.e. we Q.

Moreover, we know that at each point of differentiability of f~! such that
Jy-1(w) > 0 we have that f is differentiable at z = f~(w),

(2.11) Df(z) = (Df M (f(2)) "
and

(2.12) O

' P T (F(2)

Let T cC € and let p > 0, we have

D 27’ D 2p
/Kfl(w)p du — |IDf! ! / \adJ f |
T v Jp

Using (2.8) we get

[ Kstwr do = [ 105 @) P gy 0 du

Applying (2.4) we obtain
[ Kty dw= [ DFUEE) I (P Iy d
fH(1)

By (2.11) and (2.12) we conclude

wrdee [ DIOP ) d
Ly an= [ EEES s a= [ ket as

By inequality

K

KPJ < Jlog®(e+J) +c(p, \) ex (K, J,p, A >0)
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(see [HK], Lemma 5.1), we arrive at

K¢ (z)

(2.13) / Kp(w)? dw < / (J(2)log® (e + J;(2)) + c(p, \) e > ) dz.
f~UT)
Since distpxp(Ky, L) = A, then e e L (), by Theorem 2.4 we conclude

1
K1 e LY () for every p e (0, ﬁ) :

Finally we prove the following corollary.

Corollary 2.8. Let f € WE(Q,R?) N Hom(Q, Q) with finite distortion. If
the distortion function K; € EXP(Q) satisfies the condition

diStEXP(Kf, LOO) = O7
then
Ky € () Lh (Y
p>1
Proof. Since distpxp(Ky, L) = 0, we have
5
ex € L,.(Q) for every A > 0.

By (2.13) and by Theorem 2.4 we conclude

K€ () Lh(

p>1

2.3 Compactness for families of mappings with
exponentially integrable distortion func-
tion

In this section we start by recalling the following theorem concerning the com-

pactness of the family of mappings with exponentially integrable distortion

function (see [IM1], Theorem 8.14.1).

Let us state a special case concerning the planar situation.
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Theorem 2.9. Denote by F the family of all mappings f € W2 (€, R?) having

loc

finite distortion with distortion function Ky such that

Kg(2)
e x dz<c
Q

for some A > 0 and ¢y > 0. Then

i) F is bounded in WhF18 H(Q, R?);

loc

ii) F is closed with respect to the weak convergence in Wi)’CLQ log™! L(Q, R?);

iii) F is locally equicontinuous in Y, for any ' CC Q;

iv) the limit of a locally uniformly convergent sequence of mappings in F

belongs to F.
On the other hand in [IKO] the authors prove the following result.

Theorem 2.10. Denote by G the family of all mappings f € Wli’cl(Q,]RQ) with
finite distortion K such that

/ AKE) gy < oo
Q
for some ¢y > 0, where the Orlicz function A satisfies the divergence condition

/OOA(;) dt = oo

t

and the technical conditions

lim tA'(t) = oo

t—o00

A(t)

the function t — e s convex fort > 1.

Moreover we assume that
/ Jr(2) dz < ¢
0

for some ¢; > 0. Then for each o € [1,2) we have that

G is closed with respect to the weak convergence in Wi)’f(Q, R?).
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As practical examples, Theorem 2.10 allows for

At =1,
Af) = —
() = Mog(e +t)’
t

Alt) = Aog(e + t) loglog(e® +t)’

for any string of iterated logarithms and every A > 0. Regarding the sharpness,

Iwaniec-Koskela-Onninen prove, in particular, that

tl*E
Alt) = D
t
1) —
ALY) Mog' (e + 1)’
t

A(t)

) log(e + t)log' ™ log(e® + t)’

are not sufficient, for any £ > 0 and for every A > 0. This is contained in the

following

Theorem 2.11. Let B be a strictly increasing non-negative function such that

/Oo B(0) dt < oo.

t2
Then there exists a sequence of mappings f; € WH((=1,1)% R?) with finite

distortion K; and a continuous mapping f € Wh((—1,1)* R?) such that for
each 7 € N

/ BEE) 4 T (z) < e
(_171)2
for some ¢ > 0 and for each o € [1,2)

fi = f weakly in Wh((—=1,1) R?)
but f is not a mapping with finite distortion.

Finally, we recall the following theorem concerning the sequential compact-
ness of the family of homeomorphisms with exponentially integrable distortion

function (see [IM1], Theorem 11.14.1).
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Theorem 2.12. Let f; be a sequence of homeomorphisms belonging to Wl’l(Q, R?)

loc
with finite distortion such that
sup | Ky, | pxp) < M
J

and that
fila)=a, f;(b) =0 and fi(c)=c

for & distinct points a,b,c € ). Then there exists a subsequence f;, converging

locally uniformly to a homeomorphism f with

| Ksllexpe) < M.
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Chapter 3

Weak continuity results for

Jacobians

In a recent paper (see [FLM]) a general weak continuity result for determinants

of WH¥(Q, RY)-Sobolev maps has been established (€2 an open bounded subset
of RY). We will state it here in the particular case N = 2.

Theorem 3.1. If

o= (uk,ve) € WH(Q) x WH(Q), f = (u,0) € WH(Q) x WH(Q)
satisfy the following conditions:
(3.1) fe — f weakly in WH-1(Q) x WHH(Q)

and

* .
Jg, — 1 in the sense of measures

then
(3.2) dp = Jpdz + dp’
where p® 1s a singular measure with respect to the Lebesque measure on Q.

This is a generalization of the classical results (Morrey [Mol], [Mo2], Cac-
cioppoli [C]) that tell us that if

fir f € WH(Q) x WH(Q),
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then the stronger assumption than (3.1)
fie = f weakly in W12(Q) x WH(Q)
implies the stronger conclusion
Js, = Jp in the sense of measures
i.e. the measure p* defined by (3.2) satisfies
du® = 0.

In other words, in Theorem 3.1 the authors relax both the weak convergence
in W12 x W2 into weak convergence in Wh! x Wt and the regularity of the
limit f € W2 x Wt%into f € WhHt x Wht,

The fact that the singular part du® may be non zero (also under stronger
convergence assumptions than (3.1)) is clarified by an example due to Dacorogna-

Murat (see [DM]). In fact the authors show that there exist

fuo f € WH(Q) x WH(Q)

such that
fr — f weakly in Wl’g(Q) X W%(Q)
and
Js. = p in the sense of measures
where

dp = Jydz +dp® with dp® # 0.

Observe that the example by Dacorogna-Murat has further feature: the limit
function f belongs to W2(Q) x W12(Q) as well. Moreover, they prove that if

fi f € WH2(Q) x WH(Q)

satisfy the following conditions:

4
fe = f weakly in Wh*(Q) x Wh*(Q) for some o > 3

and

* .
Jg, — p in the sense of measures
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then
dp = Jpdz.

On the other hand, the authors show that there exist
fis F € WH(Q) x WH(Q)
such that
: l,a 1« 4
fr = f weakly in WH4(Q) x WH%(Q) for some 1§a<§
and there exists p € CJ(Q) such that

1i]£n/QJfk(z)90(z) dz = 0.

In fact, let z = (z,y) e R%, r = |z| = /22 + 2, D={z € R*: |z| < 1}, c a

sequence which tends to 0 and

fo(2) = (ue(2),v:(2)) = (Pa(r), Ps(r)y> ‘

We find at points where the derivative p. exists

pe(r) @ pe(r)y
Df.(z) = r N1 .2
¢ vy Py T, o p(r)] Yy, pe(r)
i) = P gy P
and
pe(r) pe(r) @
Ji(2) (r) 2( )
r
Since
Que e |20 12 < par oy 4| 2]
Ox dy ox | | Oy r
choosing for € > 0 small enough and a > 1
gy if rel0,¢]
pe(r) =4 2% (2 —r) if r € [e,2¢]
0 if r e [2e,1]
we have
f. € WH2(D) x WH(D)
and

f- = 0 weakly in Wh*(D) x W'*(D).
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Now, we choose
p(z) = —x9(2)
where

Y € CY(D) and (z) =1 if [2| < 1/2.

Hence ¢ € C§(D) and using that J;_(z) = 0 if |2| > 1/2, we obtain

Lénww@m——ﬂmﬁwu@w

Y gy CIE .
|z]<1/2

|22 3

and therefore

if o=~

T
[n@eriz—4 3 3,
D 00 if1§a<§.

3.1 Distributional determinant DetDf under

asymmetric assumptions

From now on we will assume that €2 is an open bounded subset of R? sufficiently

smooth.

Remark 3.1. As far as we know, up to now, the distributional determinant
DetDf of a planar mapping f = (u,v), has been defined under the same as-
sumptions on the two components u and v. Actually for u,v € Wl’%(Q) the

two expression

" ov

0 ov 0 ov ‘ EM

_u_

ox

and

y ou
0 ou 0 ou ) U ou
- 2= _ — ) = Yy

(3.4) T e ( v 0y) + 3y <v 8:16) div U@
ox

are well defined in the sense of distributions and they agree. This follows by

Sobolev embedding which imply u,v € L*(Q) and thus |f||Df] is integrable.
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Our aim is to allow different assumptions on the two components v and v

of f. We have the following

Proposition 3.2. If
f = (u,v) € Wh(Q) x WH(Q)

for some o € (1,2), then the two expression (3.3) and (3.4) are well defined

in the sense of distributions and they agree. Hence we define
Deth = T1 = TQ.

Proof. By Sobolev Embedding Theorem u € L*({2) and thus (3.3) has a mean-
ing as a distribution because it is the divergence of L'(Q) x L'(Q) vector
function.

Also (3.4) is well defined in the sense of distribution, because by Trudinger
Embedding Theorem (see [T]) v € EXP5(Q2), moreover du/dy and du/0x
belong to Orlicz space Llog"/? L(Q), hence using (1.7) we deduce

Let us check that the two distributions 77 defined in (3.3) and 75 defined
in (3.4) agree.
It is sufficient to check that for any ¢ € C§°(92)

(3.5) (T, ) = (T2, ).

We will prove (3.5) in case u, v € C*(2); the general case follows by a standard

approximation argument. We have

- ()-8 () »

() ()

<@@+ua_2“ >_<@@+uﬂ )
Oz Oy 8x3y’gp Oy Ox ayﬁx’(p

where we use the equality




that holds for smooth functions.

Hence
ou v Ou v
Similarly
0 ou 0 ou
1) = (5 (050 ) + 5 (v )
0 ou 0 ou
i (-050) @+ (v52) )
_<_@@_U 0u ) <@@ 0%u )
oz 8y ozdy’ Y T \oy oz U oyor’ ¥
— <_@ @ + @ @ >
Y 9z 0y Oy oz ¥
SO
Ov Ou  Ov Ju
(3.7) (Ta, ) = <—%a—y+8—y%,¢>-
By (3.6) and (3.7) we conclude the proof. O

Remark 3.2. If we assume o = 1 in Proposition 3.2, then only the expression

(3.3) is well defined as a distribution. On the other hand if we assume
f = (u,0) € WHERRL(Q) s W2(Q)),

then the two expression (3.3) and (3.4) are well defined in the sense of dis-
tributions and they agree. Notice that (3.3) is well defined as a distribution,
because u € L*(Q) by an Orlicz-Sobolev embedding theorem (see [Ci2)).

3.2 Weak convergence of Jacobians under asym-
metric assumptions

Now, we compare the Jacobian J; = detDf with the weak Jacobian of f,
which is distributional determinant DetD f.

We recall that, if
f e Wh(Q) x Wh(Q)

or if
4
feWwh(Q) x Wh*(Q) for some o > 3 and DetDf € L'(Q),
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then
(3.8) DetDf = detDf,

(see [Miil]). Moreover, considering the grand Lebesgue space L? (1), into-
duced by Iwaniec-Sbordone in [IS1], defined as

LY(Q) = {gp QCR?*—=R| sup ( /|g0 ) 8clz) €<oo}
e€(0,1)

and denoting by ¥2(€2) the subclass of L? (1) defined as

Y3(Q) = {go e L2(Q) | hm 5/ lp(2)[*°dz = 0}

it is well known that (3.8) holds if

detDf >0 ae. inQ and |Df| € X*(Q)

(see [G1]).
We observe that the identity (3.8) fails under the weaker assumption

fewh(Q) x Wh(Q) for any a < 2.

To this aim it suffices to consider the mapping

f(z) = = forze D
||
(see [Miil]). In fact, we have
detDf =0 a.e.,
while
DetD f = mwdy,

where ¢y is the Dirac mass at 0.

Now, we are able to prove that if

(3.9) fio f € WH(Q) x WI2(Q)
and
(3.10) Js, = p in the sense of measures,

together with an asymmetric assumption on the components, rules out [DM]-

example of the previous section and guarantees that

(3.11) dp = Jpdz.
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Theorem 3.3. Under the assumptions (3.9) and (3.10), if
fe = (ug,v) = f = (u,v) weakly in W-*(Q) x W3(Q)
for some o € (1,2), then (3.11) holds true.
Proof. Since fi, f € W12(Q) x WH2(Q), then
Jj, = detDf;, = DetDf,

J; = detDf = DetDf.

For any ¢ € C§°(Q),

_ O ()0 [
/S;Jfkspdz_<DethkJ7S0>_/Q |:65L’ (Uk 8y) 3y (Uk 8:16)} pdz

We can easily pass to the limit on the right-hand side, because u; — u strongly
in L?(Q) by Sobolev Compact Embedding Theorem and v, — v weakly in
Wh2(Q). As result we obtain

_/u v dp Ovoe\ .
o \Oy dxr Oz Oy

0 v 0 ov
-/ [a_ (a—y) oy (a—ﬂ ods = (DetDfy) = [ Jy o

We conclude that
dp = Jypdz.

Theorem 3.4. Under the assumptions (3.9) and (3.10), if
Fr = (o) = f = (u,v) weakly in W52 2(Q) x W2(Q),
then (3.11) holds true.

Proof. The proof is almost the same as that of Theorem 3.3 with the differ-
ence that it requires the application of an Orlicz-Sobolev compact embedding

theorem (see [Ci2]). O
The following is a particular case of Theorem 3.1.
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Theorem 3.5. If
fr = (ug,vi) € WH(Q) x WH(Q), f = (u,v) € WH(Q) x WH(Q),
for some o € (1,2), satisfy the following conditions:
fe = f weakly in Wh*(Q) x WH2(Q)

and

* .
Jg, — 1 in the sense of measures

then
dp = Jpdz + dp’

where p® 1s a singular measure with respect to the Lebesque measure on Q.

In order to provide a proof simpler than that in [FLM], we use a method
intoduced by Zhikov in [Z] to prove a generalization of the Tartar-Murat com-
pensated compactness lemma.

First we need to recall the notion of a Lebesgue point. Let

ror\2
Qr(20) = 20 + (57 5)
be the square with edge length r > 0 centered at a point zo € Q. If f € L7(Q),
with v > 1, then
lin% 1f(2) —f(Zo)PdZ:hI% |f(20 +7C) — f(20)]"dC =0
"0 JQr(20) "=YJQ1(0)
for a.e. 2y € €. In particular
i [ ot ) pOd =l @)= ) [ o0
Y JQ1(0) Y JQr(20)

Z— 20

for p € C3°(Q1(0)), where p,.(z) = ¢ .
Moreover, we recall the classical theorem on the differentiation of a measure
p with respect to the Lebesgue measure (see [DS, Chap.III]). We will state it

here in the particular case of measure y, ., defined on the unit square Q1(0)

/ @ dfir 27[ ¢r dp
Q1(0) Qr(20)

for ¢ € C3°(Q1(0)), where ¢,(2) = ¢ (Z _f‘)).

by the relation
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Theorem 3.6. For a.e. zy € Q (with respect to the Lebesque measure), the
relation

iy, — a(zo) dz asr — 0

holds, where du® = a(z) dz is the absolutely continuous component of the mea-

sure i. In other words,

lim oy dp = a(Zo)/ pdC.
"=0JQ.(20) Q1(0)

Proof of Theorem 3.5. Since f, € W12?(Q) x W2(Q), then
J;, = detDf, = DetDf,.

As in Theorem 3.3, for any ¢ € C§°(Q2),

| edu= [ 5y pd:
Q Q

We consider

where ¢,(2) = ¢ <ﬂ) with p € C5°(Q1(0)). Let t € R and C € R?, by
r
(3.12) e by the fact that divw = 0 we have

[:—][ uw~Vgprdz:—7[ (u—tw- Ve, dz
Qr(zo0) Qr(20)

:—][ (u—t)(w—C’)-Vgordz—j[ (u—t)C -V, dz
Qr(20) Qr(20)

:—][ (u—t)(w—C)‘Vgordz—i—][ C-Vup,dz=1+ I,
Qr(20) Qr(20)

Let zp be a Lebesgue point of the functions w and Vu, C = w(z), t =

7[ udz and ky = max |Vy|. By Holder’s inequality, Poincaré-Sobolev in-
Q’I‘(ZO)

equality and by the properties of Lebesgue points, we obtain

u—t

|| < ko/ |w —w(zp)| ‘ dz
Qr(20)
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u—t

1/2 2 1/2
< ko <7[ lw — w(z)? dz) <][ dz)
Qr(20) Qr(20)
1/2 1/a
<k (7[ lw — w(zo)|? dz) (7[ |Vu| dz) — 0.
Qr(20) Qr(20)

lim I = lim I, = lim w(zp) - Vup, dz.
r—0 r—0 r—0 Qr(20)

r

Hence

By the properties of Lebesgue points, we have

lim I = w(z) - Vu(zp) / pdC.

r—0 QI(D)
By Theorem 3.6, we conclude

dp® = w(2)Vu(z)dz = Js(2) dz
is the absolutely continuous component of the measure p, so
dp = Jydz + dp’

where 1® is a singular measure with respect to the Lebesgue measure on ().

O
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Chapter 4

G-convergence and

['-convergence in dimension one

The aim of this chapter is to present some extension to degenerate functionals
of the one dimensional Calculus of Variations some I'-convergence and G-
convergence results, which are well know under more restrictive assumptions.

One of the result presented states that if a; = a;(x) (j = 1,2,...) and

a = a(z) are non-negative functions belonging to Lebesgue space L'(0,1), p >

1. g V@D 1/(p—1)
)

is a bounded sequence in L'(0,1) and a; is equi-integrable,

then the sequence of functionals defined on W'2(0, 1)

(4.1) Fiw) = [ @)y da

[-converges in W11(0, 1) with respect to weak topology to the functional

(4.2) F(u) = /0 a(x) |u'|P dx

if and only if
1

27D /oD

weakly in L'(0,1).

This result is an extension to the weaker topology (L', L) of the result
of [S1] relative to the o(L>, L') topology.

In this general setting it is convenient to compare the G-convergence, i.e.
the weak-Wh! convergence of the solutions of boundary value problems, with
the I'-convergence of functionals (4.1) in the space W11(0,1) equipped with

its weak convergence.
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Despite the fact that, enlarging the space where the functional (4.2) is
defined, the I'-limit may degenerate into a non integral functional (see [MS1],
[B], see also Section 4.3), we confirm the equivalence which is well know when
the natural coerciveness space is Wh1*€ (¢ > 0).

Moreover, we prove that the G-convergence implies the convergence of min-
ima values of functionals (4.1).

We point out another interesting feature of the functional (4.2) when we

assume only

(4.3) a=a(r) >0 and a € L'(0,1) € L'(0,1).

" aql/(p=1)

Thanks to the formula (see [M])

1
(4.4) inf

1
\p —
1)GV/O a(x) |v'|P dx - " =
([ s )

)

where
V ={v e C>(0,1) : vis non-decreasing, v(0) = 0, v(1) = 1, suppv’ C (0,1)},

we have that if a = a(z) satisfies the assumptions (4.3), then the infimum in
(4.4) equals the minimum value of the same functional on the natural domain

id + W, (0, 1), where id is the identity function.

4.1 Definitions of ['-convergence and G-convergence

in dimension one

In dimension one by I'-convergence we mean the following (see [B]).
Let (X,d) be a metric space, F; = F;(u) (j = 1,2,...) and F = F(u)
functions from X into R = R U {—o0, +00}

Definition 4.1. We say that the sequence F; I'-converges in X to I, and we

write F IX, F_if the following two conditions are verified
i) for every u;,u € X such that u; 4, u,

(4.5) F(u) < limjianj(uj);

50



ii) for every u € X there exists a sequence {u;} C X such that u; <, w and

(4.6) F(u) = lim F(u,)

J

The function F is called I'-limit of the sequence Fj.

Definition 4.2. Let v € X. We say that the sequence F; I'-converges at
u to the value F(u), and we write F'(u) = I'-lim F}(u), if the following two
j

conditions are verified
i) for every u; € X such that u; 4, u, the inequality (4.5) holds;
ii) there exists a sequence {u;} C X such that u; 4w and (4.6) is satisfied.

With this notation, F; I'-converges in X to F' if and only if F'(u) = I'-lim F}(u)
j
at all u € X.

Definition 4.3. Let u € X. The quantity
I'-lim inf Fj(u) = inf{liminf F}(u;) : u; 4, u}
J j
is called the I'-lower limit of the sequence Fj at u. The quantity

I-lim sup Fj(u) = inf{limsup F}(u;) : u, = u}
j J

is called the I'-upper limit of the sequence F; at u. If we have the equality

I-liminf Fj(u) = A = - limsup Fj(u)
J J

for some A\ € R, then we write
(4.7) A =T-1lim Fj(u)
J
and we say that A is the I'-limit of sequence F} at u.

Remark 4.1. Clearly, the I'-lower limit and the I'-upper limit exist at every
point u € X. Definition 4.3 is in agreement with Definition 4.2, and we can
say that a sequence F; I'-converges in X to F if and only if for fived u € X
the I'-limit exists and we have A = F(u) in (4.7).
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For our purposes it will be convenient to introduce the following notion of
G-convergence.

We consider the non-linear degenerate non-uniformly elliptic operators

A iy (v) d | d Whr(0,1) — Wtr(0,1)
= . R - : ) — P
/ doe \ dx dx ’ ’
and
d dP?d ) ,
= —— —|  — | :whP(0,1 “P(0,1
A o (a(m) o dx) WHP(0,1) - WP (0,1),
1 :
where p > 1 and 1_7+ p = 1, with a; = a;(z) and a = a(z) under the
assumptions
1
1 1
(4.8) a; >0 and a; € L'(0,1), D € L°(0,1)
j
1 1
(49) a>0 and a€ L (0,1),m€[z (0,1)

Definition 4.4. We say that the sequence A; G-converges to A, and we write
A S At
u; — u weakly in Wh1(0,1)

where u; and u are the solutions of the Dirichlet problems

Ajlu;] =0 in (0,1)
uj € id + Wyt (0,1)

Alu] =0 in (0,1)
u € id+W,'(0,1)

respectively.

4.2 Existence of minima for degenerate func-

tionals

We will follow an idea of [DV] to prove the existence of the minimum point

for degenerate functional (4.2).
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Theorem 4.1. Under the assumptions (4.9) there exists an unique solution

of the following variational problem

1
min / a(z) |V'|P dx.
veid+wy(0,1) Jo

Proof. Let v; be a minimizing sequence in id + W, (0, 1) for the functional

(4.10) /0 a(z) [v'|P dz,

that is
{v;} Cid+W,;"(0,1)
and
1 / 1 /
(4.11) /0 a(x) [vi|F dv — veid+1£0£1(0,1)/0 a(z) v'|Pdx = 1.

For any measurable subset E of (0, 1), using Holder’s inequality and arguing

/|1} |dcc—/ () a(z)'/? |v}| dz

p—1

(L))" (formars)

/|v’|dx§ (/ = )11/(p . dx)p (/Ola(x)wpdx);

1

(/ |v|dg;)gémdx</ola(m)|v;|pdx)p By

By (4.11) we obtain

as in [DV] we have

then

SO

T 1 .
(4.12) </E V3| dx) < CU/EW dr  for j > jo(o)

i
where ¢, = (0 4 I)#-1.
1
Since e © L'(0,1), by the absolutely continuity of the integral we
Ry
have that for any £ > 0 there exists 6 > 0 such that

1/(p—1)

(4.13) EcC(0,1), |E|<d = /—dm<e.
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Therefore (4.12) and (4.13) imply

P

(/ \v§|dl‘)p_ <coe  forj > jo(o),
E

, ..
v} is equi-integrable.

consequently

Moreover, we have
1 P 1 1
/ . .
(/0 |U]| dl’) S CO—/O W dx fOI'] > jo(O’)

sup [|vjl10,1) < e
j

SO

Hence, by Dunford-Pettis Theorem, upon extracting a subsequence we may

suppose that

(4.14) v, — w weakly in L'(0,1).

Since v; € id + W,"'(0,1), by Poincaré inequality and by (4.14) we obtain
Sl;P HUjHWLl(o,l) < sgp ||U;'HL1(O,1) <

and therefore by the classic Sobolev Imbedding Theorem in dimension one,

upon extracting a subsequence we may suppose that
v; — vy strongly in L9(0, 1) for any ¢ > 1.
We then have for all ¢ € C}(0,1)
1 1 1 1
/ vy Q'dr = lim/ v @'dr = —lim/ v pdr = —/ wpdr,
0 7 Jo JJo 0
which shows that vy is weakly differentiable and v, = w, so that
(4.15) v; — vy weakly in W1(0,1).
Since {v;} Cid + Wy (0,1), by (4.15) we infer

vy € id + W, (0,1).
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Thanks to lower semicontinuity of the integral functional

1
/ a(z) |v'|P dx
0

with respect to the weak convergence in W'1(0,1) we deduce that vy is a
minimum point for the functional (4.10).

The uniqueness follows from the strict convexity of our functional. m

Theorem 4.2. Under the assumptions (4.9) we have

. 1
min

1
a(x) VP dx = )
veid—s—Wol’l(O,l)/o (@) /1 1 P
—  dx
) @D

1/

Proof. Let v € id + W, (0,1) we have

1 1 1
1
]_ = / < / = 1/p /
/0 v _/0 jof de /o a(z)'/r al@) Tl de

S (/01 W dx)ppl (/01 a(z) [v'P d;p);

then
1 . 1
/0 a(x) |V'|P dx > : ’ o1
(L s )
SO
! 1
min / a(z) |v'|P dx > —.
veid+wh(0,1) Jo 1 1 4 P
/0 a(z) /D “*

On the other hand

1 1
inf / a(x) [v|Pdr > min / a(z) V'[" da,
(0,1) Jo

veV Jo vEid+ Wyt

where

V ={v e C®(0,1) : vis non-decreasing, v(0) = 0, v(1) =1, suppv’ C (0,1)},

since .
1
inf/ a(z) |v'|P dx = —
veV Jq 1 1 p
([ s )
(see [M]) we conclude
! 1
min / a(z) WP de = —.
veid+ w1 (0,1) Jo ! 1 J P
/0 a(z)/e=n ¢
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4.3 The G-convergence results

Let us start by proving the following theorem.

Theorem 4.3. If a; = aj(x) (j = 1,2,...) and a = a(z) satisfy the assump-
tions (4.8) and (4.9), p > 1, a; PV s o bounded sequence in LY(0,1) and

J
(»-1)
p—2 d
dx

a}l/ 15 equi-integrable, then

d P d
A; = g (aj(m) %> S A= 2 (a(m)

if and only if

4
dx

d

1

TR =y

weakly in L*(0,1).

Proof. By compactness it will be enough to prove that

1

PSRRI

weakly in L'(0,1)

implies

A S A
Let u; be the solution of the Dirichlet problem

d ! p—=2 1 _ :
- (a(@) [ @ (@) =0 i (0,1)

J
uj € id + Wy (0,1).

By
d _
7 (a5(2) |ufj () P72 () = 0
we obtain
aj(x) [u}(x) P2 uf(z) = ¢
then
u/‘(x)p—l _ Cj
! a;(r)
i 1/(p-1)
ui(x) = il
j a;(z) /-1
Since



we have

_ 1
A=
dx
|

SO

1

(2)1/(p—1)
ul ($) — - aj (iL')
! d
Aamwwnm

and

1 ’ 1 =u(z) q.o
! dt L dt
0 aj(t)l/(Pfl) a(t)l/(Pfl)
1
D) e (171)
uy = e SNl =/ weakly in L*(0,1)
J 1 1 1 1
/0 RV dr /O D
j

SO

u; — u weakly in Wh1(0, 1),

where u(x) is the solution of the Dirichlet problem
d
——— (a(2) [/ ()" (@)) = 0 in (0,1)
T

u € id+ W, ' (0,1).

As consequence of Theorem 4.3 we have

Corollary 4.4. Under the assumptions of Theorem 4.3 we have

d P20\ ¢ d P2 g
iof and only if

1 1
Fiw) = [ ay@) P de 225 P = [ ofe) P d,

d

d
dx

dzx
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Finally we prove the following theorem.

Theorem 4.5. Under the assumptions of Theorem 4.3 we have that if

d dIP?d)\ ¢ d dP? d
Aj = T dr (aj(ﬁ) @) — A= T dr (a(ﬁ) Ir gz |

dzx

then

1 1
min / aj(z) [v'Pdx —  min / a(z) |v'|P dz.
(0,1)Jo (0,1 Jo

veid+ W, veid+Ww, !t

Proof. The assert follows by Theorem 4.3 and Theorem 4.2.

]

For the sake of clarity let us develop a well know example of a sequence of

functionals of type (4.1) under assumptions of type (4.8) where not only the

['-limit’s domain is not the same as the one of the starting functionals, but the

form of the I'-limit is not an integral if one extends it to larger space where

the functionals are defined.

Consider the functionals

1
/ a;(x) WP dz if uwe WH(—1,1)
j(u) = -1

F
+00 otherwise
where .
- if |z <1/25
aj(z) =4 J
1 if |z >1/2j
Then
1
a; >0, a; € L*'(—1,1), — € L'(—1,1)
aj
and

LS| —2 37 1 1
/—dx:/ dm—i—/ jdx+/d:t:2——.§2
—1aj($) -1 - L J

1
27 27

for every j € N.

We want to compute the I-limit with respect to the L?-convergence.

We observe that if

u; — u strongly in L*(—1,1) and sup F;(u;) < o0,
J
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then wu; is weakly compact in Wh?((—1, —1/k) U (1/k, 1)) for every k > 1, and
Sl;p W (| 2 (-1~ /mpua/r1y) < sup Fj(u;) < e
j

indipendently of k, so that u € WH2((—1,1) \ {0}). In particular the values

u(0+) are well defined and we have

(4.16) lim u; (i%) = limu (4_—%) = u(0+).

J i J J
For each fixed k& we have

(4.17)

1 1
1 1 ra 1
liminf F;(u;) > lim‘inf/ |u/;|* dz—+1im inf —,/ ’ |l |? dx—I—lim‘inf/ || da.
i) i)y i1

J 1

By Jensen’s inequality

SO

1

1 25
j/y u dx

J -1

2j

(4.18) / Wi do > —
_1

Therefore (4.17) and (4.18) imply

lim inf Fj(u;) > /
J

-1

+ 1
[u'|* d + / |u/|* dz + 1lim
1 j
k

5) (3

1
|u’|2dx+[ [W'|? dx + |u(0+) — u(0—) %
%

By (4.16) we obtain

el

lim inf Fj(u;) > /
j

By taking the supremum over all k£ we get that

- lim inf Fj(u) > / [W')? dz + |u(0+) — u(0-)[?
(-1,\{0}

J

if u e Wh2((=1,1)\{0}).
Conversely, if u € W12((—1,1)\{0}) a recovery sequence is constructed by

taking

5(u(04) — u(0—))z + w(0+) ;r wO0=) 2| <1/2j

u;(z) = . (x B L) if |2| > 1/2j

27|
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to show that
I-limsup Fj(u) < / |u'|? dz + |u(0+) — u(0-) .
J (—=1,)\{0}
Therefore

I-lim F;(u) = / [W/|? dx + |u(0+) — u(0—)[*
J (=1,D\{0}
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Chapter 5

['-convergence of quadratic

functionals in the plane

In this last chapter we dealt with Laplace-Beltrami operator in the plane as-

sociated to homeomorphisms with finite distortion.

In Section 5.3, assuming that €2 and €)' are bounded planar domains, with
1 sufficiently smooth, we prove that if a sequence of homeomorphisms f; :

Q 229 () of Sobolev space Wf)cl(Q, R?) with finite distortion K satisfying
Kj(=) .
(5.1) /e Y dz < ¢y forevery €N
Q

for some A € (0,1/2) and ¢y > 0 and if f; weakly converges in W, (Q2, R?)
to a homeomorphism f, then the matrices Ay, of the Laplace-Beltrami opera-
tors associated to the sequence f; I'-converge in the Zygmund-Sobolev space

WiL?leL ¢4 the matrix A ¢ of the Laplace-Beltrami operator associated to f .

Moreover, we show that the limit homeomorphism f € T/Vll’l(Q,]R2) of a

ocC

weakly convergent sequence of homeomorphisms f; € I/Vkl)’cl(Q,R2) with finite

distortion K satisfying (5.1) also has finite distortion with distortion function

K satistying the same condition

Ky(2)
e x dz < ¢p.
Q
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5.1 Laplace-Beltrami operator in the plane

An quantity associated to a mapping f € VVli’Cl(Q, R?) with finite distortion is

the mapping
Gy :Q— R

called distortion tensor, defined by

DIGYDIE 4 bps) exists and J 0
Gi(z) = 7:02) if Df(z) exists and Jy(z) >
I otherwise

where D f(z)" denotes the transpose of the differential matrix of f and I de-
notes the identity matrix.

It is easy to check that G is a symmetric matrix with
det G¢(2) =1 for a.e. z € ()
and that the distortion inequality for f
IDf(2)]> < K(2)Js(z2) for ae. z € Q
is equivalent to the condition

% < (G4(2)5,€) < K(2)g

for a.e. z € Q and for any & € R2 1In fact, for any matrix F' € R**? with

det F' > 0, we can consider
B FtF
~ det F'

Then, obviously G is a symmetric matrix and

detG = 1.
Moreover, denoting by || - || the Hilbert-Schmidt norm of F, i.e.
| F||? = trace(F'F),

the inequality
|F|? < Kdet F
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is equivalent to
9 1
(5.2) IFI® < { K + 4= | det F.

One can easily check that (5.2) is equivalent to

1
(5.3) trace(G) < K + T

1
Let A\ and X be the eigenvalues of GG. Then the inequality (5.3) means

1 !
T
TASh TR

which implies

1
— <A< K.
KNS

We are interested into the inverse matrix of Gy
A5(2) = Gy(2)™ = J5(2) [DF (=)' D ()]
which obviously is a symmetric matrix with
det Af(z) =1 for ae. z € Q
and satisfies the same condition

BF 4,6 0) < K(2)lef?

(5.4) O

for a.e. z € Q and for any ¢ € R?.
Connections between mappings with finite distortion and PDE’s are estab-

lished via the Laplace-Beltrami operator
Lf = le(Af(Z)V)

Notice that the components f* (i = 1,2) of f solve the equations

ﬁf[fz] = 0 in Q
(Ap(2)V LV [y = 6;5Jp(2)  for ae. z € Q
where
. 1 ifi=j
0 if i 4
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(see [BI], [Sp2]).

Now observe that, given a quadratic integral functional

Flu) = / (A(2) Vi, Vu) d
Q
under the assumption

€
K(z)

for a.e. z € Q and for any £ € R? with 1 < K € EXP(Q) and by duality
between EX P(2) and Llog L(€2), there exist constants ¢, C' > 0 such that

_ |Vl 5 |Vl
c | |Vul*log™ (e +——— ) dz<F(u) <C [ |Vu|log | e+ = | dz.
/Q V|20 Q IVl 2

< (A(2)€,€) < K(2)l¢]”

5.2 Definitions of ['-convergence in dimension

two

In this section we will use the De Giorgi’s notion of I'-convergence (see [DF]).
Let Q C R* A; = Aj(2) (j=1,2,...) and A = A(z) be symmetric 2 x 2

matrix functions satisfying the conditions

(5.5) 0 < (4;(2)€,€) < K, ()¢

(5.6) 0 < (A(2)¢,€) < K(2)¢)?
for a.e. z € Q and for any £ € R?, with K;, K > 1 defined in © belonging to

the space EXP(€2).

Definition 5.1. We say that the sequence A; I';2),, -converges to A, and we

Iy
. L4log L
write A; ———

A, if the following two conditions are verified:
i) for every u;,u € WhHF16L(Q) such that u; — u in L?log L(Q),

(5.7) /Q<A(Z)Vu, Vu)dz < lim.inf/Q(Aj(z)Vuj, Vu;) dz;

J

ii) for every u € WhE*18L(Q) there exists a sequence {u;} ¢ Wi lel(Q)

such that u; — u in L?log L(§2) and

(5.8) /Q(A(Z)Vu, Vu)dz = li}ﬂ /Q<Aj(z)Vuj, Vu;) dz.
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Remark 5.1. The assumptions K; and K belonging to EXP () guarantee
that the integrals above are finite. In fact by (5.6) and (1.9) we have

/Q (A(2)Vu, V) d= < / K(2)[Vul? dz < ¢ | K zxpe |Vl 210 0.

If one assumes only that K and K belong to L'(£2), then one must confine
to Lipschitz functions. In this case we speak of I'-convergence. Precisely, let
A; = Aj(2) (j=1,2,...) and A = A(z) be symmetric 2 x 2 matrix functions
satisfying (5.5) and (5.6) respectively, with K;, K > 1 defined in Q belonging
to L'(Q).

Definition 5.2. We say that the sequence A; I'-converges to A, and we write

A, LR A, if the following two conditions are verified:

j) for every uj,u € Lip(Q) such that u; — u in L*(Q2), the inequality (5.7)
holds;

jj) for every u € Lip(2) there exists a sequence {u;} C Lip(§2) such that
u; — uwin L'(Q) and the condition (5.8) is satisfied.

Remark 5.2. Well know general properties of I'-convergence ensure that the

conditions j) and jj) remain valid if we replace 2 by any open subset of €.

A compactness result concerning I'-convergence due to Marcellini-Sbordone

(see [MS1] and [CS]), will be useful in the following

Theorem 5.1. Let A; be a sequence of symmetric 2 X 2 matriz functions
satisfying (5.5). If
K; = K weakly in L'(2),

then there exists a subsequence A; TI'-converging to a symmetric matriz func-

tion A. Moreover, this matriz A also satisfies (5.6).

We emphasize that, in the special case where f; and f are K-quasiconformal,
then the coefficient matrices Ay, (2) and Af(2) of the Laplace-Beltrami opera-

tors associated to f; and f satisfy

@<<A < K[¢)?

i < (44,6, < K[

@<<A < K¢

2 < {Af(2)8.6) < K]
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for a.e. z € Q and for any £ € R?, with K constant greater or equal to 1.
Therefore Ay, and Ay are bounded and uniformly elliptic and I'-convergence
and G-convergence, in the sense of L?-convergence of solutions of the Dirichlet
problems (see [Spl] and [Sp2]), are equivalent. More precisely, let 2 be a
bounded domain of R?) A; = A;(z) (j=1,2,...) and A = A(z) be symmetric
2 x 2 matrix functions satisfying the conditions

EE  (a)e,6) < kg
K bl X

for a.e. z € Q and for any £ € R?, with K > 1. We can consider the functionals

(4;(2)€,6) < K[¢f?

i(u) = /g)(Aj(z)Vu,Vw dz

F(u) = /(A(Z)Vu, Vu) dz
Q
and the elliptic operators
L; = —div(A;(2)V) : W, 2(Q) — W12(Q)

L= —div(A(2)V) : W3 (Q) — W H(Q).

We have that F}; I'j2-converges to F' if and only if £; G-converges to £ on
Q, that is if and only if u;(p) — u(p) in L?(Q) for any ¢ € W~12(Q), where

u; = u;j(p) and u = u(y) are the unique solutions of the Dirichlet problems
Lilu]=¢ in Q

u; € Wy*(Q)

Llu] =¢ in
u € Wy (Q)

respectively.

5.3 The Convergence Theorem

In this section we assume that €2 and €)' are bounded planar domains, with €

sufficiently smooth and consider a sequence of homeomorphisms f; = (f;, f7) :
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Q 2% () of Sobolev space Wl1(Q, R?) with finite distortion K that is satis-

ocC

fying the distortion inequality
(5.9) IDf;(2)]” < K;(2)Jy,(2) for ae. z € Q.
We will make the following assumptions:

- there exists A\ > 0 and ¢y > 0 such that

K;(2)
(5.10) / e > dz<cy forevery jeN
Q

(5.11) fi— f=(f f3) weakly in W2'(Q,R?)

loc
where f € Hom(2, ).

Notice that we are not assuming f; € W,2?(Q, R?). Actually f; € W2 (Q,R?)

loc loc

with finite distortion K; € EX P(2) implies
IDf;| € L?log™" Lioe(52)

according to the following result which clarifies why it is convenient to develop
the theory of mappings with exponentially integrable distortion using the space

Ll log™ L (). For the sake of completeness let us give the proof of the

loc

following

Proposition 5.2. If f € Wi)’l(Q,R% has finite distortion K such that

C
K(2)
e » dz <o
9]

for some A > 0, then |Df| € L*log™" Lioe() and

/s log(Liff;)}iz)l) de =2 (/s () det /s(6 R dz)

for any S CC .

Proof. Thanks to the distortion inequality
IDf(2)]> < K(2)Js(z) for ae. z € Q,
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t
to the fact that t — —————— is an increasing function and to the elementary
log(e + t)
inequality

ab<alog(l+a)+e —1 (a,b>0)

we have that for every A > 0

DIGP K@), L) K()
log(e + [DF()F) ~ Togle + K(2)J5(2)) ~ " logle + J;()) X

e 7(2) o
SAQ%@+#u»IgO+m%w+#u»)+ 1)

K(z

< A(Jp(2) + e 5 1).

We now integrate over S CC () the previous estimate to obtain

Jot o =2 (s + [ ),

by hypothesis we conclude

|Df] € L*1og™" Lioc(92)
[
We now remember the following result (see [Mos| and [IM1] Theorem 8.4.1)

Theorem 5.3. Let f : Q C R? — R? be an orientation preserving mapping

belonging to the Orlicz-Sobolev space W (2, R?) with P satisfying

P
and
(5.13) the function t — P(t>/®) is convex.

Then the Jacobian of f belongs to the space LY (Q), where ¢ is defined by

loc

$1/2
P(t) = P(tY?) + 2t @ ds.
0

Moreover, we have the uniform bound
(5.14) 141l (@) < cNIDfHll7r @)
for any square Q) C 2¢Q) C €.
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Remarks 5.1. By Theorem 5.3 we can obtain Miiller’s result [Mi2]. In fact
if
P(t) =t forany t>1

we have
(t) ~ tlog(e +t)

and therefore if
IDf| € L*()

then
Jr € Llog Lo ().

We also remark that by Theorem 5.3 we can deduce the result obtained in

[BFS]. In fact if
P(t) =t*log *(e +t), forany t>1
for some o € (0,1), we get
Y(t) ~ tlog' *(e +1)

and therefore if
|IDf| € L*log™® L(Q2)

then
J; € Llog' ™ Li,e(€2).

Finally we observe that if
P(t) =t*log ' (e +t), forany t>1
then, by an easy calculation, we deduce that
() ~ tloglog(e +t)

and therefore if
|IDf| € L*log™" L(Q)

then
Jr € Lloglog L. (2)
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and by (5.14) we have

(5.15) 15l 21ogrog £i@) < ¢ NDFINZ2 101 120y
for any square Q C 2Q C 2. This last result improve the result of [IS1].

An important result related to weak convergence of Jacobians is the fol-

lowing (see [IM1] Theorem 8.4.2)

Theorem 5.4. Let f; be a sequence of orientation preserving mappings weakly
converging in WP (Q,R?) to f, where P satisfies (5.12) and (5.13). Then f
is an orientation preserving mapping and the Jacobians Jy, weakly converge in

Ll (Q) to Jf.

loc

Very recently in [FMS] the following result concerning sequences of home-

omorphisms with finite distortion has been proved.

Theorem 5.5. Let f;, f € WEHQ,R?) N Hom(S2, ). Assume that (5.9) and
(5.11) hold true and that

K; = K weakly in L'(Q).
Then f has finite distortion and its distortion function Ky satisfies
K¢(z) < K(z) for a.e. z € Q.
From the previous Theorem we derive

Corollary 5.6. Let f;, f € WE (0, R?) N Hom(Q, Q). Assuming that (5.9),

loc

(5.10) and (5.11) hold true, then f has finite distortion and its distortion

Ky(2)
e x dz <.
Q

Proof. Thanks to uniform equiboundedness of K; we can consider a subse-

function Ky satisfies

quence of K, not relabelled, weakly converging in L'(Q) to K, so by lower

semicontinuity we obtain

e » dz <liminf | e x dz.
Q J Q
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Thanks to Theorem 5.5, f has finite distortion and and its distortion function

K satisfies K¢(z) < K(z) for a.e. z € Q, then

K¢ (2) K(z)
e x dz< [ e~ dz
0 0

holds and therefore we can conclude that

K¢ (z)
e » dz <.
Q

Our main result of this last section is the following

Theorem 5.7. Let f;, f € WE(Q,R?) N Hom(Q, ). Assuming that (5.9),
(5.10) with A € (0,1/2) and (5.11) hold true, then f has finite distortion and

FL21ogL
Afj —_— Af.

Observe that such result gives an extension of a previous ['-stability result
(see [FM] e.g.) to the more general class of matrices with determinant equal
one.

Due to the loss of uniform pointwise ellipticity conditions of the matrices
Ay,, one of the main difficulties in proving our result is the extension of the
I-convergence from space Lip to the Zygmund-Sobolev space WHE 8L Thig
is overcome by requiring that K; is a bounded sequence in EXP and the
distances of the distortions K; € EXP from L* are less than a sufficiently
small number. This assumptions guarantees that the solutions of the minimum
problems which a-priori would lie only in the coerciveness space WL ls ' L
actually belonging to the continuity space WL log L,

A reason for our exponential integrability assumption on the distortions
relies on the following. Denoting by F the family of all f € W21 (Q,R?) N
Hom(£2, ') with finite distortion K for which

K(2)
/ e dz <
Q
for some A > 0 and ¢y > 0, then

F is sequentially compact with respect to the locally uniform convergence,
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i.e. every sequence {f;} C F has a subsequence converging locally uniformly
to some f € F (see Theorem 2.12).

On the other hand, denoting by G the family of all f € W’lf)’cl(Q,RQ) N
Hom(2, ') with finite distortion K for which

/ K(2)Pdz < ¢
Q
for some p > 0 and ¢y > 0, then

G may not be sequentially compact with respect to the locally uniform

convergence,

(see [PR], [Da]). Moreover, G may not be equicontinuous and there exists
discontinuous mappings in its closure (see [P]).
We recall that there are other results on I'-convergence of degenerate quadratic

functionals under isotropic assumption of the type
(5.16) w(2) € < (A(2)€,€) < Aw(2)[E] (A >1)

for a.e. z € Q and for any £ € R?. We refer to a result in [De] when in (5.16)
w,w™ € Li., to [SC], [G2] when w belongs to the Muckhenhoupt class A,.
Here we consider a different situation dealing with anisotropic case as in (5.4).

In order to prove Theorem 5.7 we also need the following optimal regularity
result for differential of a mapping with exponentially integrable distortion ob-

tained combining a special case of Theorem due to Astala-Gill-Rohde-Saksman

(see [AGRS] and Remark 2.1) and Theorem 1 of [IKMS].
Theorem 5.8. If f € Wl’l(Q,RQ) has finite distortion K satisfying

loc
K(z)
e x dz< oo
Q

for some X € (0,1/2), then |Df| € L*1og Li,.(Q) and for any concentric disk
Dc2DcQ

/DIDf<Z)I210g (e + %) dz < c/m J(2) dz

where ¢ is an absolute constant.
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Notice that this result is sharp in sense that the conclusion fails for A = 1/2.

To show this we consider the following mapping (see [AGRS]):

z 1

m log (e + i) log log <e + i)
J(2) = E 2]
0 for z = 0.

for 2 € D(0,1) \ {0}

We have that f is a mapping of Sobolev space W, (D(0, 1), R?) with finite

loc

/ 2512 4y < 00
D(0,1)

|Df| € L2 log LIOC(]D)(07 1))

distortion such that

while

Proof of Theorem 5.7. The proof develops into three steps.
Step 1. By virtue of Theorem 5.1 there exists a subsequence Ay, of Ay such
that

(5.17) A, © A
where A is a symmetric matrix function satisfying the condition
(5.18) 0 < (A(2)€,6) < K(2)[¢[?

for a.e. z € Q and for any ¢ € R2

Our aim is to prove that

A(z) = Ag(2) = Jp(2) [Df (=)' Df (2)] .
This will imply that the lower bound in (5.18) can be improved as

€2
K(z2)

< (A(2)¢,6)

and that the whole sequence

(5.19) < (A5 (2)€,€) < K;(2)I¢[*
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for a.e. z € Q and for any £ € R% By (5.19) and by generalized Holder’s

inequality in Orlicz spaces (1.9) we have
[ 4@ va s < [ K)ITuP ds < el e |Vl

< |l .22 108 iy -

where the constant ¢’ only depends on the uniform bound ¢y of the assumption

(5.10). Hence the functionals

( /Q (Af,(2)Vu, V) dz) :

are equilipschitzian in WF*122(Q). Therefore arguing as in [MS1] (Proposi-

tion 3.2) we can pass from I'-convergence (5.17) to the stronger one

r
(5.20) Ay LA

IJr

Step 2. Let us show that for any ; CC Q and for ¢+ = 1,2 we have
G2 [ A@VAVS) s =lim [ (A, (V) de
Ql r Ql

For ¢+ = 1,2 fixed set for simplicity u, = ;T, u= fland A, = Ay, . By
Theorem 5.8 we deduce that u,,u € WL 105L(Q)) and u, — u in L2 log L().

Let now v, be a sequence in WHE 105 L(Q) such that v, — u in L?log L(;)
and

/ (A(2)Vu,Vu)dz =lim [ (A.(2)Vo,, Vu,)dz.
Q1 r Q1

Let S CC Oy and ¢ € C3°(€;) such that ¢(2) € [0,1] and ¢ = 1 in S; then
for every t € (0,1) we obtain as in [DD], [Fo]

/Q (A (2)Vty, Vi) dz < / (An(2)V (00, + (1= )uur), V(g + (1— p)u,) dz

951

= [ (A2 {200, — ) + T (6, + (1= @) V) b,
- t 1—t

{;VMW —u) 4 g(gOer +(1— @)Vur)}> i

t t

<t e {37 -} five - uh s
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10 [ ) {15690+ 1= pu) b {60+ 1= i) as

1 1
<= | K;i(2)|Vol|v, —u?dz + —— [ (A(2)Vu,, Vu,) pdz
t Jo, 1—1 Jg,
1
+—— | (A.(2)Vu,, Vu,)(1 — p)dz.
1=t Jo,

This yields

1—t
(1—1ﬁ)/Q (Ar(2)Vur, Vur) dz < —— IVl z @) G, mxpon lor—=ttrl[Z210g L)
1

—l—/Q (AT(Z)VU,«,VU,,)godZ—l—/Q (Ar(2)Vu,, Vu,) (1 — ¢) dz,

that is

/Q (Ar(2)Vu,, Vu,) dz > / (A-(2)Vu,, Vu,) (1 —t — 1+ p)dz

951

1—-1

c |||Vg0|||%oo(91)||vr - UT||2L210gL(Ql)'
Now, passing to the limit as r — oo, we obtain
/ (A(2)Vu, Vu) dz > lim sup/ (A (2)Vu,, Vu,)(p —t)dz
Ql r Q1

and then passing to the limit as ¢t — 0

T

/ (A(2)Vu, Vu) dz > limsup/ (A (2)Vu,, Vu,) pdz
Ql Ql

> liminf/<AT(z)Vur,VuT>dz > /(A(Z)Vu, Vu) dz.
S

r S
From these inequalities, since S is an arbitrary subdomain of €4, (5.21) follows.

Step 3. That f has finite distortion was already established in Corollary 5.6.
Since we wish to identify the I'z2 0 £-limit of Ay, we can assume that in (5.17),
(5.20) and (5.21) the convergence of the whole sequence holds.

For i = 1,2 fixed set u; = fj, u = f" and A; = Ay. As in step 2 let
Q; CC 2. We consider step function

o= pixs, Wi>0

i=1

where B; are pairwise disjoint open subsets of 2; such that
i\ JBil =0
i=1
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From (5.20), it follows that

(5.22) lim'inf/ <Aj(z)Vuj,Vuj><deZ/ (A(2)Vu, Vu) ¢ dz.
J Q1 Ql

Moreover, the estimate (5.22) still holds if ¢ € C°(Q;) and ¢ > 0, since such
functions can be approximated in C°(€2;) by functions of the type > | 1 X35,
Let us now prove that (5.22) holds as equality for any ¢ € C°(€;) not nec-

essarily non-negative. In fact, by (5.15) it follows that there is a subsequence

Jp, = (A, Vu,,, Vu;, ) of Jp, = (A;Vuy, Vu;) weakly converging in L'(Qy) to
a function F'| in particular
623 lm [ (4 @0, V) e d = [ FE) ) d:

r 91 Q1

for any ¢ € C°(€;). Thanks to (5.22) we get

(5.24) [)(A(z)Vu,Vu)go(z)dzg/ F(2)p(z)dz

1951

Now, let {pr} C C°(;) a sequence such that ¢(z) — xs(z) for a.e.
z € Qy, where S is a measurable subset of ;. Hence we obtain by (5.24) and

Lebesgue Theorem

/S (A(2)Vu, Vu) dz < / F(z)dz.

S

From (5.21) and (5.23) it follows

/Q (A(:) V0, Vs = / F(2)dz

951

and then by latter two estimates we get

/S<A(Z)VU,VU> dz:/F(z) dz

S

for any S. Hence, in virtue of Radon-Nikodym Theorem
F(z) = (A(2)Vu,Vu) ae. in Q.
Therefore for the whole sequence we have that

(5.25) lim [ (A;(2)Vu;, Vu;) pdz = / (A(2)Vu, Vu) pdz
I Jo 1

for every p € C°(Qy).
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Since the components f; (1 = 1,2) solve the equation

(5.26) (Aj(2)V [5(2), VfF(2)) = Tp, (2)0a

for a.e. z € Q and for i,k = 1,2, by the symmetry of the matrix A4;, (5.25),
(5.26) and by Theorem 5.4, we have

| AV ez =tim [ A9V s

971

= lim ij(z)éikgodz:/ Jp(2) 0 0 dz,

J Q Q1

where p € C§°(Q) and i,k = 1,2. Since ¢ is arbitrary, it follows that
(A(2)V (), VI*(2)) = Jr(2) b

for a.e. z € O and for 4,k = 1,2. Using the fact that J;(2) > 0 a.e. (see
[KM])
A(z) = Jp(2)[Df(2)' Df(2)]

for a.e. z € ;. Since (2, is arbitrary, the above equality holds for a.e. z € ()

and therefore we conclude that

r .
Af] L2 log L Af )
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