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In the second chapter we describe the most important robust methods for estimating the regression



 
 
 
 
 

CHAPTER 1 

MULTICOLLINEARITY AND PARTIAL LEAST 
SQUARES REGRESSION 

 
 
 
 

1.1. Regression analysis 
 
The term regression was introduced by Galton (1886). In a famous paper, 
Galton found that, although there was a tendency for tall parents to have 



variables to the response variable. The model that is used most exten-
sively is Multiple Linear Regression Model. It ca
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Table 1. 1 NIPALS-PLS algorithm 
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1.3.1.2. PLS regression model 
 
We saw the PLS algorithm is an iterative process; i.e. after extraction of 
one component the algorithm starts again using the deflated matrices  
and  computed in step 2.4 and 2.5. Thus we can achieve the sequence 
of the comode ls up to the point when the rank of  is reached. However,e
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1.3.2.  
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If the number of y  is smaller than the number of x  variables, it will be 
efficient to calculate  as the dominant eigenvector of small  
sym



1.3.3. Comparison of SIMPLS with NIPAL-PLS 
 
We can now compare the NIPALS-PLS and the SIMPLS algorithm. Both 
the algorithm ma
tors . At first sight, these conditions would seem to guarantee equal re-
sults obtainedm
(e)Tj
12.0136 0 0 12.0180.4749639 583.82013 Tm with the two algoriths. Howeve
gorithm to various data sets reveals that



 

A test set should be independent from the training set which is used to es-
timate the regression parameters in the model, but should still be repre-
sentative of the population. Let  denote the total numb





 
 
 
 
 

CHAPTER 2 

OUTLIERS AND ROBUST STATISTICS 
 
 
 
 

2.1.





 



 

This point is called an outlier in the y-direction and it has a rather large 
influence on the OLS line, which is quite different from the OLS line in 
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Figure 2. 5 
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The next step in this direction was the use of M-estimators (Huber, 
973). They are base



 

Therefore 2.9 is really a system of p

 equations, the solution of

 which is 
 onot always easy to find. In practise, ne uses iter ation sch



 

Successively, various other estimators have been proposed w





 



 

It has been shown to be a useful practical to



 

too harshly nor too lightly. The ideal estimator would penalize outliers 
without penalizing non-outliers. If it fails to penalize all the outliers, the 
estimator is performi





 

and delete one observation at a time. The size of the subset of observa-
tions used in fitting decreases as the method proceeds. 
Another alternative is forward procedure (Atkinson, 1987) in which the 
basic idea is to order the observati





 

However, it is well known that x  is not robust, because even a single 
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Let us focus on Classical Outlier Rejection. The squared Mahalanobis 
distance 
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2.5.2. Affine Equivariant Estimators with High Break-
down Point. 
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where  is nonsingular whenever  are in general position. 
Let us compute 
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of  observations without replacement, as we did for the estimation 
of MVE. For each subgroups (indexed by ) the arithmetic m





 

2.6. Robust Estimation of Singular Value De-
composition 

 
A numerically stable way to perform many operations that are used in 
multivariate statistics is the Singular Value Decom
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thousands), so we cannot apply MCD as well as the other affine equivari-
ant estimators with high breakdown point. A second problem is the com-
putation of these robust estimators in high dimensions. Indeed, FAST-
MCD algorithm, as implemented in S-PLUS, cannot handle more than 50 
variables. Moreover, when the number of variables is la rg er than, say 10 , 
the computation of the MCD estimator becomes less p recise. 

We propose the Single-case Singular Value Decomposition (SSVD) 

method, which combines “leave-one-out” methods and Singular Value 
Decomposition (SVD). 

 

The SVD is m otivated by the following geometric fact: the image of the 
unit sphere under any pn³  matrix is a hyperellipse. We may define a 
hyperellipse in 

n

Á  as the surface obtained by stretching the un it sshereh

nÁ
 

m

e



 

correspond to the space on the right and the right singular vectors corre-
spond to the space on the left.  

 precedent geometric observations allow us to understand the statisti-
meaning of singular values and vectors. As the singular values of X  

are the lengths of the 

The
cal 

p  principal semiaxes of hyperellipsoid XS , from 
statistical point of view 
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of the study suggest limits on the breakdown point of the procedure. A 
simulation study should be performed as follows:  

1.



 

where the number of observations can be very large and the number of 
variables relatively small. 
 

Table 2. 2 

SSVD FAST-MCD n p #
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2.10. The deletion of Multivariate Outliers and 

 
It is very imp ultivariate outliers. The classi-
al app-



 

from the linear pattern set by the majority of the data. Therefore, a com-
bination of high-breakdown regression and robust iMD  gives more in-
sight into regression data.  
To 



 
 
 
 
 

CHAPTER 3 

ROBUST METHODS FOR PARTIAL LEAST 
SQUARES REGRESSION 

 
 
 
 

4.1. Outliers in PLS Regression 
 



 

cludes methods which use a robust cross-covariance matrix and a robust 
regression method. 
In this chapter we describe the
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        3. 4 pjjj L,1,2

w h e r e  1  i s  a  v e c t o r  o f  l e n g t h  n  w i t h  al l  ele me n t s  s e t  t o  u n i t y .  
F o r m t h e  w e i g h t  v e c t o r   f o r  the   mat ri x  o f t h e  P L S  a l g o r i t h m a n d  
n o r mal i z e  i t  

w X
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Form the loading vector c  for the -block and normalize it Y
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Calculate the score vector  u
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is maximised. The use of the ( )Ö2

nmad  (see footnote 5) instead of com-
mon )var(Ö  modifies the covariance estimates. It protects the derived 
components from abnormal observations. A full description of PLAD al-
gorithm is given below. 
 
1. Center or standardise both  and  X y
2. For ah ,,2,
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3.1.3. Partial Reweighted Least Squares regres-

sion 
 
Partial Reweighted Least Squares (PRLS) regression uses a weight vector 

 in order to classify at each iteration the observations in outliers and 
non outliers. The latter is obtained while regressing the predictors and the h









 

5%. Alternative rules could involve relative change in residuals or 
weights. They found that convergence occurs very quickly. 
In step 3 of IRPLS the authors suggest to pass the predicted residuals 
rather than the ordinary residuals into the weight function. This has intui-tive appea

l: OLS maximizes the fit of the model as measured by the 

2

R; 
PLS has the additional step of using tTm
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edictive ability

. 
It would seem appropriate to use the  th;  619 has 211ortional te to useted  t h r y  r e s i d u a i s  h a s z e s  t h e  f  7  T m 
 n 2 1 1  p u l l 7 1 . 2 1 9 9 o u t  T m 1 6 9  T m 
 ( i s  h a s ) T j 
  T w  0 6 6 . 4 7  0  0 0 2 . 0 1 9 9 3 7 0 2 7 3  6 9  T m 
 ( e a  6 1 d s t  t o  p 7 1 . 2 1 9 7 7  T m 
 ( . ) T j 
  T w  1 2 0 . 5 5 9 3 7 0 0 2 . 0 1 9 9 3 7 0 2 7 3  t . 4 6 1 6 9  T m 
 4 r e ) T j 
 - 9  is hasr 

 



 

Let us assume that the data [ ]yXZ ,=  come from a joint distribution 
with mean equal to zero and population covariance matrix  consisting 
of the elements 
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3.3.2.



 

necessary. If we replace these population values by the sample values, 
they can be influenced by the presence of outliers. A global robust ver-
sion can come from using again the robust covariance matrix 
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depends on the estimation of the mean  and the variance–covariance 
matrix  of the data 

Zµ
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Applying the MCD or the RMCD method once to the ),( iii yxz =  yields 
an estimate of the variance–covariance matrix  in 3.30. From this we 
deduce   which are robust estimates of  . 

ZɆ
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nal scores are now given by 





 

Robust regression estimates are obtained by replacing the classical mean 
and covariance matrix of ( )yt,  by the reweighted MCD estimates of cen-



 

To obtain the robust scores , w



 

3.5. A robust method for PLS regression based 
on SSVD 

 
In this paragraph we suggest a robust method for PLS regression. We 
proceed in the following way.  
Stage 1. We apply SSVD on [ ]qnpnmn ,,, ,= . This yields a “clean 
sample” (sample without multivariate outliers)  
Stage 2. We apply PLS method (NIPALS or SIMPLS approach) on 
“clean sample” to obtain robust scores .  h,t
Stage 3. Once the scores are derived, a linear regression is performed ob-
taining a robust estimate of . The regression model is the same as in 
1.23, but now based on the robust scores. Finally a robust estimate of 

 is obtained by rew  estimates for the parameters in the origi-
nal mode

ȸ

PLSRȸ
l.  

We obtain a robust estimate of ee origi-W 



 

Stage 5. We calculate the robust scores and final regression estimates by 
applying PLS regression on these observation with weight  equal to 1. 
This stage has the advantage that it might again include observations 
which are “good” leverage points. 

ihc

We call this method SPLS. 
 
 
 





 

servations . To avoid such small calibration sets, the authors alterna-
tively define  

n
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Before defining the criteria of comparison, let us define what the true 
values of PLS are. There are two possibilities: the first consists of choos-
ing the value resulting from applying PLS to the non-contamined data; 
the second consists of choosing the population values of PLS.15

In classical regres



 

 To compare the vector ɓ , we can follow the method and notation 
 used with the vectors  to define the discrepancy measures hw
 

   





 

To measure the influence that one observation [ ]yx,z =  exert on an esti-
ator, we calculate its influence function. Moreover a robust method m

should also be resistant to groups of outlier, which is usually measured 
by means of the breakdown value. No theoretical results could yet be 
proven about the robust PLS method described above. Therefore Vanden 
Branden and Hubert suggest to study the empirical influence function 
and the empirical breakdown value of a specific data set. 
The empirical influence function is defined as 
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CHAPTER 4 

A ROBUST MODEL FOR THE EVALUATION 
OF VEHICLE EMISSIONS. 

 
 
 
 

4.1. A look at data 
 
Several epidemiological studies demonstrated short-

tween high levels of pollution and inity. Vehicles emissions are an importtion. so it’s necessary to estimat
of vehicles in different situations (tra

vironmental pollution. 

The analysis is based on a research 
search Council (CNR),. Isti

between the pollutants produced by autorameters. considering different trafficles). 

Before the IM research the evaluation use was generally obtained by utilizi

c l e  p e r f o r m a n c e  b y  e i t h e r  r o a d / t r a f f i

N O X ,  C O
2) was considered as an individual response.  



 

However. the IM showed the way the performance of vehicle affects ex-
haust pollutant emissions is complex and requires a larger number of pa-
rameters than the simple mean speed to be effectively described. More-
over. the different species of emissions are related each other as well as 
the different aspects characterizing vehicle performa



 

Table 4. 1 
Dipendent variables 













 

als are large or small. For this reason it is interesting to look at the stan-
dardized residual plot. 
 

Figure 4. 7 
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4.4.1.
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4.4.2. Multicollinearity diagnostics on the subsample 
without multivariate outliers 

 
Multicollinearity diagnostics are not immune to the presence of contami-
nation. Therefore, the identification of linear dependencies in a factor 
space, combined with the detection of outlie

rs, is an im

portant problem 
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4.4.3. PLS regression on the subsample without multi-
variate outliers 
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Figure 4. 15 





 

We can note several differ



 

Figure 4. 20 
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