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Introduction

Cosmology has recently gone through an outstanding revolution which has
raised an enthusiastic interest in the embarrassing case of the 96% Dark
Universe we live in. The concordance among a wide variety of independent
experimental efforts, including observations from both Earth and satellites,
carried on by distinct groups of research and concerning different phenomena
(Cosmic Microwave Background (CMB) anisotropies [15], Large Scale Struc-
tures [125], type Ia Supernovae [79, 80, 131], data from the Hubble Space
Telescope [72]) is astonishing. All clues impressively point in the same direc-
tion, defining the so called Cosmological Concordance Model: the Universe
is nearly spatially flat, with an expansion rate of about 70 km/s/Mpc, and
with structures grown out of a primordial linear spectrum of nearly Gaussian
and scale invariant energy density perturbations. Several evidences, though,
confirm that the amount of Dark Matter is not sufficient to have a flat Uni-
verse: only about 5% of the critical energy density is made of baryons, while
about 25% is thought to be composed by non luminous particles interacting
at most weakly with ordinary matter (Cold Dark Matter, CDM). Moreover,
neither radiation nor matter can provide the observed acceleration which
characterizes the expansion. The remaining 70% is some sort of vacuum
component, the Dark Energy, with negative pressure acting as a repulsive
gravitational force and responsible for a late time cosmic acceleration era.

The first tentative of giving an explanation to Dark Energy was to recover
a Cosmological Constant: the latter consists in a homogeneous contribution
to the energy density which doesn’t vary with time and whose issue goes
back to Einstein, who first introduced it in 1917 in order to find a static
description of the Universe. The Cosmological Constant (usually indicated
with Λ) is indeed the simplest model for a fluid with negative pressure, char-
acterized by an equation of state ωΛ ≡ pΛ/ρΛ = −1 and is still, nowadays, in
perfect agreement with all experimental observations; Λ represents the main
ingredient of the so called ΛCDM model, which has assumed the role of a
standard cosmological model [37, 105].

Nevertheless, the amount of papers which has been devoted to Dark
Energy and to its alternative interpretations is impressive. The reason can
be clearly found in the fact that the Cosmological Constant is affected by
intrinsic theoretical problems which will hardly ever be solved within a Cos-
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ii Introduction

mological Constant framework.
In particular, there are two main reasons which make the ΛCDM model

very disappointing.
First of all, there is no understanding of why the value of the cosmological

constant is so small with respect to any particle physics scale, leading to a
fine tuning of 123 orders of magnitude with respect to the Planck scale.
Indeed, if Λ is interpreted as vacuum energy, the expected contribution to
vacuum (supposing that ordinary quantum field theory is valid up to the
Planck scale) is ρPl

Λ ∼ (1019GeV )4 while the observed value amounts at
maximum at ρ

(obs)
Λ ∼ 10−47GeV 4 = 10−123M4

P . Hence we need to adjust the
energy densities of matter and of Λ in the early epoch very carefully so that
ρΛ ≥ ρm at present.

A second issue regards the so called ‘coincidence problem’: there is no
reason why the Cosmological Constant should be of the same order of matter
density right now, while it has been completely negligible until a few redshifts
ago and it will be completely dominant soon in the future. This framework
clearly marks the present time as a special moment in the whole cosmological
history, which is at least suspicious and at most definitely unsatisfactory.

Hence, one of the main goals for present cosmology consists in looking
for more physical alternatives which free from the unpleasant temptation
to rely on anthropic considerations as a solution to the fine-tuning and the
coincidence problem.

The most popular alternative to a Cosmological Constant tries to employ
in the present Universe the same physical mechanisms used for inflation
in the early Universe: Dark Energy is then thought to be a time varying
contribution related to the evolution of a classical minimally coupled scalar
field φ named Quintessence which rolls down a suitably chosen potential
V (φ).

Most of Quintessence models, however, still suffer the same worrying
problems of fine tuning of the initial conditions which affect Λ, especially
when trying to reproduce the cosmological conditions observed today, both
in the value of the Dark Energy equation of state ωDE and in the amount
of the Dark Energy density component.

A hint in view of a possible solution to this issue has come from a subclass
of Quintessence models in which, depending on the potential assumed for
the evolution of the field, the equation of motion admits tracking solutions:
starting from some more or less extended range of initial values for the field
and for its first derivative, quintessence trajectory always converges to the
same attractor path [90, 134], thus avoiding the fine tuning of the initial
conditions.

Recently, however, the problem of initial fine tuning has become particu-
larly serious even for those minimal coupling models admitting a tracking
behavior: this is due to the fact that the observational bounds on the Dark
Energy equation of state are increasingly converging towards a value of ωDE
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very close to −1 [125]. As ωDE gets closer to −1, the potential has to
be flattened, resembling more and more to a Cosmological Constant, thus
shrinking the range of allowed initial conditions for the scalar field [18].
Furthermore, the best fit of the latest Sn Ia data [80] also allows values
ωDE < −1, which are certainly excluded in the context of minimally coupled
quintessence models.

Again, the lack of a clear prediction for the Dark Energy scalar field
from any fundamental theory has encouraged the search for new challenging
ideas which might describe the present Universe: a competing model is then
provided when Dark Energy closely mimics a Λ-like contribution at present,
though allowing for a very different dynamics of the field in the past. In
particular, it becomes essential to investigate how the Dark Energy scalar
field interacts with other entities in the Universe, namely with matter fields
[4] or Gravity [96]. Within the latter context, in particular, it was recently
pointed out that Extended Quintessence (EQ) (i.e. Quintessence in which
the scalar field that provides an accelerated expansion behaves as a Brans-
Dicke like field, non minimally coupled to the Ricci scalar) might save the
attractor features of minimally coupled models and still agree with present
cosmological observations. This behavior is provided by the enhanced dy-
namics of the field at early times which goes under the name of R-boost
[96, 8]. Furthermore, as noticed in [19] [99] [107] [136], such an Extended
Quintessence component can cross the cosmological constant value and get
to ωDE < −1.

In light of these considerations, it is worth pointing our attention to Ex-
tended Quintessence and extensions of General Relativity like scalar-tensor
theories [74], tempted by the possibility of attributing the Dark Energy dy-
namics to a modification of Gravity. Despite the interest in this subject
most of past works have limited their investigations to the case of non min-
imal coupling or induced gravity theories, in which the coupling to gravity
depends quadratically on the scalar field which provides the Dark Energy
contribution. There is however no strong motivation to prefer such a cou-
pling rather than other expressions. The need of a general understanding
of attractor properties in scalar-tensor theories is therefore the aim of our
work. At this purpose, we will first present a complete theoretical investi-
gation which will allow us to classify all the scalar-tensor theories able to
provide attractors; then we will modify the existing Boltzmann codes which
allow to follow the evolution of perturbations, in order to identify the impact
of scalar-tensor theories on observations.

The work of thesis will be organized as follows.

In Chapter I, after a description of the main features of a homogeneous
and isotropic Universe, we illustrate linear perturbation theory, from
Einstein perturbed equations to the formulation of CMB anisotropies.

In Chapter II we review the most recent observations responsible of the



strong evidence for the Dark Universe, from CMB to type Ia Super-
novae to matter estimates coming from various experiments.

Chapter III is devoted to minimal coupling Quintessence models and in
particular to the subclass of tracker models; we remark the possibility
of the latter to provide attractor solutions and emphasize the problems
which have been recently argued against this issue.

In Chapter IV we introduce generalized theories of gravity, both with regard
to the background and to cosmological perturbations; here we also
illustrate the Weyl scaling formalism which allows to interpret a scalar-
tensor model as a coupled quintessence model in which the scalar field
is minimally coupled to gravity but universally coupled to matter fields.
Moreover, we recall the constraints put by experiments on scalar-tensor
theories, both in the solar system and within a cosmological context.

In Chapter V we describe our work within Extended Quintessence theo-
ries. First, we provide a general theoretical investigation of EQ mod-
els through a classification of all possible scalar-tensor models which
admit attractor solutions [113]. The latter are chosen to have the form
of scaling solutions, in which the quintessence energy density scales as
a power law of the cosmological scale factor, generalizing to Extended
Quintessence what had been done in [90] in the context of minimally
coupled quintessence models. As a further step, we investigate the par-
ticular case in which the coupling to gravity depends exponentially on
the Dark Energy scalar field, inspired by the fact that a similar behav-
ior can be found in dilatonic theories, where an exponential multiplies
all Lagrangian terms. We therefore apply the previous general discus-
sion to this case and consistently find the existence of attractor solu-
tions. Moreover, we illustrate how such a model can be transformed
when Weyl scaling is applied, showing the equivalence of our expo-
nential Extended Quintessence with a Coupled Quintessence model in
which the scalar field is universally coupled to all matter fields. Finally,
we investigate the effects of such a coupling both on the background
and on cosmological perturbations; in particular, besides presenting
bounds on this specific model coming from Big Bang Nucleosynthesis,
we illustrate the impact on CMB and LSS, whose prediction has been
performed via an implementation of DEfast, a numerical code which
is itself a modification of CMBfast [46, 155].

Finally, we draw our Conclusions.
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Chapter 1

Linear perturbation theory

1.1 Homogeneous and isotropic background

General Relativity is a powerful theoretical mean which allows us to relate
the geometry of the space-time to the energy content of the Universe, through
Einstein equations:

Gµν = 8πGTµν (1.1)

Here the geometry is part of the covariant symmetric tensor Gµν ≡ Rµν −
1/2Rgµν , related to the metric tensor gµν and to its first and second deri-
vatives through the Riemann tensor Rµν and the Ricci scalar R; the energy
content is instead included in the stress energy tensor Tµν and contains
contributions from all species in the Universe.

Eq.(1.1) can be greatly simplified once we observe that on large scales,
greater than the ones typical of the largest known structures (i.e. super-
clusters with d ∼ 100 Mpc1), the Universe appears to be very isotropic and
homogeneous in its spatial dimensions. Hints in this sense come from both
Cosmic Microwave Background (CMB) measurements and from the observa-
tion of galaxy distribution by the deepest galaxy catalogs (2dF and SDSS). In
particular the former tell us that deviations from homogeneity and isotropy
were just of a few parts per million at the time of photon decoupling. The
cosmological principle assumes that these two symmetries hold at sufficiently
large scales (d À 100 Mpc). On smaller scales departure from homogeneity
is progressively more non-linear and the Universe looks very inhomogeneous
and anisotropic, the Solar System being at 8.5 kpc from the center of the
Milky Way, within the Virgo cluster (a few Mpc), itself part of a supercluster
(100 Mpc) within our visible Universe today (103 Mpc). Since, however, in-
homogeneities are supposed to grow due to the gravitational infall, one may
expect that in the early Universe only small deviations from homogeneity

1 1Mpc = 3.1× 1024 cm = 3.26× 106 light years.
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2 Linear perturbation theory

and isotropy are present; consequently, density fluctuations can be treated
as linear perturbations to the homogeneous model2.

The geometry of space, necessary to explicitly solve Einstein equations,
is specified by the space-time distance ds between two points

ds2 ≡ gµν(x)dxµdxν (1.2)

where the most general metric, in the case of a homogeneous and isotropic
Universe, is the Friedmann-Robertson-Walker (FRW) metric

ds2 = −dt2+a2(t)dx2 = −dt2+a2(t)
[

dr2

1− kr2
+ r2(dθ2 + sin2θdφ2)

]
(1.3)

The k parameter determines the spatial curvature of the Universe and as-
sumes only three different discrete values: k = −1 corresponds to a three
dimensional sphere (closed geometry), k = 0 to a 3D plane Universe (flat
geometry) and k = +1 to a three dimensional hyperboloid (open geometry).
The expansion of the Universe is contained in the scale factor a(t), related
to the physical size of the Universe and chosen to be dimensionless by taking
c = 1. With regard to the time variable, two choices can be convenient: the
cosmic time, indicated with t, is the proper time of a particle at rest; the
conformal time, indicated with η, is defined as

dη ≡ a(t)−1dt (1.4)

in terms of which, for a flat Universe, the invariant interval (1.3) can be
rewritten as

ds2 = a2(η)ηµνdxµdxν , (1.5)

so that the metric

gµν(η,x) = a2(η)ηµν = gµν(η) (1.6)
gµν(η,x) = a−2(η)ηµν (1.7)

differs from Minkowski metric (defined as ηµν = ηµν ≡ diag(−1, 1, 1, 1)) by
a factor a2(t) and only depends on the time coordinate η.

An immediate consequence of the expansion of the Universe is that
the physical wavelength and momentum of photons travelling in space are
redshifted. Even though in terms of the coordinates x ≡ (η,x), photons
seem to propagate in the same way as in Minkowski space-time (according
to superpositions of plane waves of the form ei(kx−|k|η) with wavelength
λx = 2π/ | k |) the spatial coordinates x are not physical coordinates:
x in (1.3) represent in fact the fixed spatial coordinates comoving on the

2For recent reviews see [64, 75, 116, 119].



1.1 Homogeneous and isotropic background 3

sphere/plane/hyperboloid while the infinitesimal physical distance dl be-
tween two points of fixed spatial coordinates dx increases with time

dl = a(t)dx (1.8)

The same holds for the time η and for the photon momentum k and wave-
length λx whose physical counterparts are the cosmic time t and the following
expressions respectively:

λ = a(η)λx , p(t) =
k

a(t)
(1.9)

with an energy scaling as

E = ~ω(t) =
| k |
a(t)

(1.10)

In other words, if a photon has been emitted at time tem with wavelength
λem (whose value at the moment of the emission is fixed by the source) we
receive today a photon of longer wavelength λobs, stretched in proportion
to the scale factor by which the Universe expands, as shown in (1.9). The
redshift z is defined as

z ≡ λobs − λem

λem
=

aobs

a(tem)
− 1 (1.11)

Moving to the right hand side of eq.(1.1), it is a common choice to describe
the matter content of the Universe in terms of a perfect fluid whose stress
energy tensor is given by

Tµν = pgµν + (ρ + p)uµuν (1.12)

where ρ(t) and p(t) are the energy density and isotropic pressure of the
fluid at time t as measured by an observer comoving with the fluid and
uµ is the 4−velocity for the isotropic fluid in co-moving coordinates, whose
background value can be obtained from uµuµ = −1, independently on the
cosmological component we are considering:

uµ ≡ (a, 0, 0, 0) (1.13)
uµ ≡ (a−1, 0, 0, 0) (1.14)

so that:
Tµ

ν (t) = diag(−ρ(t), p(t), p(t), p(t)) (1.15)

Using the metric defined in (1.3) and substituting (1.15) in the (0, 0) and
(i, i) components of Einstein equations, we obtain the Friedmann and the
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acceleration equations, which relate the energy content to the rate of the
expansion and thus to the dynamics of the scale factor a(t):

H2(t) ≡
(

ȧ

a

)2

=
8πG

3
ρ− k

a2
(1.16)

ä

a
= −4πG

3
(ρ + 3p) (1.17)

Here we have defined the Hubble parameter H(t) whose measurement from
the Hubble Space Telescope Key Project [72] is one of the most reliable
results:

H0 = 72± 3 (statistical)± 7 (systematic) , (1.18)

a value which is in very good agreement with estimations of CMB and large-
scales structure observations [88]. In eq.(1.16, 1.17) the dot means derivative
with respect to the cosmic time3 t, ρ is the total energy density in the Uni-
verse, k is the parameter introduced in (1.3) to describe the spatial curvature
of the Universe and G is the Gravitational constant4. In the approximation
in which a single cosmological constituent dominates over the other contri-
butions, we can rewrite the acceleration equation (1.17) as

ä

a
= −4πG

3
ρi(1 + 3ωi) (1.19)

where we have introduced the equation of state ωi, defined as

ωi ≡ pi

ρi
(1.20)

where the subscript i indicates that the corresponding quantities are those of
the i component (i.e. matter, radiation, vacuum etc.). Note from eq.(1.17)
that in order to have an accelerated expansion (ä > 0), one needs some form
of energy with negative pressure and whose equation of state is ωi < −1/3
different from dust or radiation which can only decelerate the expansion. A
third useful equation is

ρ̇i = −3H(ρi + pi) = −3H(1 + ωi)ρi (1.21)

which can be derived either combining equations (1.16) and (1.17) or requi-
ring energy conservation, due to the covariance of Einstein equations that
guarantee that Tµν

;µ = 0 since Gµν
;µ = 0.

3Note that in terms of the conformal time η, eq. (1.16) gets a factor a2(t) multiplying

the right hand side term if the Hubble parameter on the left hand side is redefined as

H ≡ a′
a

.
4In natural units c = 1 and the Planck mass is MPl = 1√

G
∼ 1.2× 1019 GeV.
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The energy content of the Universe is conventionally expressed in terms
of the critical density, defined as

ρc =
3H0

2

8πG
= 1.05× 10−5 h2 GeV cm−3 (1.22)

= 1.88h2 10−29g cm−3

= 11.26 h2 protons m−3

= 2.78h−1 × 1011 Msol

(h−1Mpc)3

which corresponds to the value of the total energy density of all the con-
stituents of the Universe when the geometry is flat (k = 0). In (1.22) the h
parameter is defined as

H ≡ 100h km s−1Mpc−1 (1.23)

In particular, if h = 0.7 we have ρc ≈ 5× 10−6 GeV cm−3. In terms of ρc we
can define the energy contribution of each component i in the Universe as

Ωi(t) ≡ ρi(t)
ρc(t)

=
8πGρi

3H0
2 (1.24)

and rewrite Friedmann equation (1.16) as

Ωtot = 1− k

a2H2
, (1.25)

where Ωtot includes contributions from all the existing forms of energy. Note
that flat Universes (k = 0) correspond to Ωtot = 1, open Universes (k = −1)
correspond to Ωtot < 1 and closed Universes (k = +1) correspond to Ωtot > 1,
no matter what components are summed up in the value of Ωtot.

But what’s exactly in the Universe? As we have announced in the Intro-
duction and we will discuss later on in the next chapter in greater detail, a
wide variety of different experiments have recently pointed out an astonish-
ing composition of the Universe, whose constituents we will briefly review
here, as part of the so called “cosmological concordance model”:

Radiation Radiation includes both photons and neutrinos and at early
times it constituted the dominant contribution to the energy of the
Universe up to matter-radiation equivalence which occurred at zeq ∼
3200 (aeq ∼ 10−4). Photons continued to be more numerous than
matter particles even for some time after the equivalence while today
both photons and neutrinos are only present in small amounts. In
particular, photons mainly constitute the relic background of the Big
Bang and their contribution, first observed as a very isotropic radiation
characterized by a black body spectrum of temperature T = 2.725 ±
0.002 K, is now determined to high precision by CMB experiments.
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Today’s photon energy is negligible: Ωγ = (2.471± 0.004)× 10−5h−2.
With regard to neutrinos, their amount can be simply calculated [119]
without the need of any cosmological data, apart from constraints on
the mass:

Ων,tot < 0.16 if mνe < 2.6 eV (1.26)

Stronger bounds come from the analysis of WMAP+2dF [153] which
allow to derive the limit

Ων < 0.0067h−2 (95%CL) (1.27)

The contribution of radiation as a whole is [82]: Ωrh
2 = 4.17 × 10−5.

Both relativistic photons and (massless) neutrinos are characterized by
an equation of state ωγ = ων = 1/3.

Baryonic matter As we will see, observations of the CMB and of the pri-
mordial element abundances incredibly show that only 5% of the total
energy content is made of baryonic matter and Ωb = 0.228h−2. CMB
data are in striking good agreement with estimations found indepen-
dently through quasar absorption lines, supporting the evidence that
there is a missing matter component in the Universe. Baryons are
non-relativistic and their equation of state is ωb = 0.

Dark Matter Observations of rotational curves of galaxies, together with
surveys of large scale structures, reveal that, besides luminous matter,
there is a 25% contribution of non luminous matter (whose baryonic
dark part is very small). This extra component, which does not emit
any detectable radiation, has been called “Dark Matter” (DM). Pos-
sible candidates are weakly interactive particles (WIMPs) not yet de-
tected5. In the concordance model, Dark Matter is mainly cold (CDM)
with equation of state ωDM = 0.123h−2.

Dark Energy CMB provides a strong evidence that the Universe is spa-
tially flat, with Ωtot = 1.02 ± 0.02 [88]. However, since matter, in
both its luminous and dark contributions, accounts only for a 30%
of the total energy amount, there needs to be another 70% of some
different unknown energy, which has been called Dark Energy (DE)
with ρΛ = 10−30g/cm3 ∼ 10−47GeV 4. As we will see, observations
on Supernovae support this evidence, and suggest that DE might also
be responsible for the acceleration of the Universe expansion: this is
due to the fact that, as we have seen from eq.(1.19), acceleration can
be provided only by a component with ωi < −1/3, which is not the
case of any of the components described up to now. We will refer to

5We just mention that DAMA claimed to relate an observed annual modulation to

Dark Matter [51].
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dark energy with various symbols, such as ΩΛ (which is usually used
to identify the cosmological constant) or ΩDE .

In the case in which Dark Energy is provided by a constant contribution Λ,
Einstein equations (1.1) acquire an extra term and become [36, 37]:

Gµν = 8πGTµν + Λgµν (1.28)

which is the same expression we would get with no cosmological constant
but with an energy-momentum contribution for the vacuum defined as

Tµν(vac) ≡ ρvacgµν =
Λ

8πG
gµν (1.29)

equivalent to a perfect fluid with

ρΛ = −pΛ ≡ Λ
8πG

(1.30)

and equation of state wΛ ≡ pΛ/ρΛ = −1. The acceleration equation (1.17)
and the Friedmann equation (1.16) change too:

H2 ≡
(

ȧ

a

)2

=
8πG

3
ρ− k

a2
+

Λ
3

(1.31)

ä

a
= −4πG

3
ρ(1 + 3ω) +

Λ
3

(1.32)

whose extra terms reveal the repulsive nature of Λ to gravity. Nevertheless,
one could still use the standard equations (1.16) and (1.17) provided one
includes an energy term given by (1.30).

In the standard cosmological picture most of the life of the Universe
can be described if either radiation or matter dominate on the total energy
content. If the Universe is dominated by a single perfect fluid characterized
by a constant equation of state then eq.(1.21) can be integrated giving

ρ ∼ ρi ∝ a−3(1+ω) (1.33)

Substituting in eq.(1.16) and supposing that the curvature term is negli-
gible and the Universe is nearly flat, we obtain the scale parameter time
dependence which, provided ωi 6= −1, is given by:

a(t) ∝ t[
2
3
(1+ω)] (1.34)

Before illustrating in more detail what happens whether radiation, matter or
vacuum dominate the energy contribution, we will recall a few more notions
which will be useful in the following. First, the presence of a cosmological
particle horizon, defining the maximal distance radiation can have travelled
since the beginning of time. The particle horizon is defined as

lh = a(t)xh = a(t)
∫

0

t

cdη = a(t)
∫

0

t dt′

a(t′)
(1.35)
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where we have made c = 1 explicit for clarity and we have used (1.4) and
(1.8). The sphere centered in the observer position and of radius equal to
the cosmological particle horizon is causally connected to us, while the part
of the Universe outside this sphere is causally disconnected from us. Note
that this differs from the event horizon

lhe = a(t)
∫

t

∞ dt′

a(t′)
(1.36)

which represents the maximum distance that signals we send can reach.
Furthermore, note that the Hubble parameter defined in (1.16) can be

rewritten as a function of the redshift in terms of the cosmological content
of the Universe:

H2(z) = H0
2

(
Ωr0(1 + z)4 + Ωm0(1 + z)3 + ΩΛ0 + Ωx0e

h
3
R z
0 (1+ωx(z′)) dz′

1+z′
i)

(1.37)
where we have put k = 0 for simplicity and we have included the contribu-
tions of matter, radiation, a cosmological constant ΩΛ and of other possible
unknown fluids of energy Ωx, characterized by an equation of state ωx.

Finally, besides the Hubble parameter, whose definition involves the first
derivative of the scale factor, there are other two parameters often used in
cosmology and related to the second and third derivatives of the scale factor:
the first one is the deceleration parameter q0 defined as

q0 ≡ −
[

(ä/a)
(ȧ/a)2

]

t0

=
4πG

3H0
2

∑

i

ρi(t0) [1 + 3ωi(t0)] (1.38)

= Ωr0 +
Ωm0

2
− ΩΛ0 +

1
2

∑
x

(1 + 3ωx)Ωx0 (1.39)

where, assuming a flat Universe, we have used the acceleration equation
(1.19) in (1.38) as well as eq.(1.16) and the definition (1.24) in (1.39). The
dot means derivative with respect to the cosmic time. The second parameter
is called “jerk” (recently introduced by [142, 80] for SNeIa measurements)
and is related to the third derivative of the scale factor:

j(t) =
(
...
a/a)

(ȧ/a)3
= 3Ωr + Ωm + ΩΛ +

1
2

∑
x

(1 + 3ωx)(2 + 3ωx)Ωx (1.40)

where again we have expressed the parameter in terms of the cosmological
content of the Universe. A Taylor expansion of the scale parameter then
becomes:

a(t) = a0{1+H0(t−t0)−1
2
q0H0

2(t−t0)2+
1
3!

j0H
3
0(t−t0)3+o[(t−t0)4]}

(1.41)
We will now briefly review what happens in the case of matter and radiation
dominations, as well as in a third case interesting for our purposes, in which
a cosmological constant dominates over the other components.



1.1 Homogeneous and isotropic background 9

Radiation Dominated Era (RDE)

During the first stages of its life the Universe was made of a very hot and
dense plasma, dominated by relativistic particles whose equation of state is
ωr = 1/3. In this case, from eq.(1.33), we get

ρr ∝ a−4 (1.42)

a result of clear interpretation since not only is the energy density scaling
with the expanding volume but, in addition, each particle’s energy is de-
creasing as E ∝ ν ∝ a−1. From eq.(1.34) it follows that

a(t) ∝ t1/2 ; H =
1
2t

(1.43)

so that the energy density scales as

ρr ∝ t−2 . (1.44)

For t → 0 the scale factor a → 0 and the energy density ρr →∞, identifying
the cosmological singularity called Big Bang. From eq.(1.43) and (1.38)
it is easy to see that ä < 0 and q0 > 0 during RDE with a consequent
deceleration of the Universe expansion. Moreover, both the particle horizon
and the lifetime of a radiation dominated Universe have finite values.

Matter Dominated Era (MDE)

Non-relativistic particles in the Universe are characterized by an equation of
state ωm = 0 and therefore, from eq.(1.33), they scale as:

ρm ∝ a−3 (1.45)

as expected, since matter simply scales with the expanding volume. Conse-
quently, at some point in the Universe history, matter density came to dom-
inate over radiation, which scales faster (1.42). In particular, RDE ended
when:

ρm

ρr
=

ρm0

ρr0

a4

a3
=

ρm0

ρr0

(1 + zeq)−1 = 1 (1.46)

and thus the redshift at the equivalence between matter and radiation was
zeq ∼ 3000.

Substituting the value of the equation of state for matter particles in
eq.(1.34), we get

a ∝ t2/3 (1.47)

so that the Hubble parameter is related to the cosmic time according to

H ≡ ȧ

a
=

2
3t

(1.48)



10 Linear perturbation theory

Hence, if the Universe were always matter dominated, an estimate of its
present age would be given by t0 ∼ 2

3H−1
0 ≈ 1010 yrs. This value, smaller

than the lives of other objects in the Universe, has represented a problem
for a long time and it has been solved only with the recent discovery of a
Dark Energy dominated epoch.

Combining (1.45) and (1.47) one can immediately see that during MDE
the background energy density scales again as

ρm ∝ t−2 (1.49)

and therefore has the same time dependence as during RDE (1.44).
Also note that, during MDE, ä < 0 and q0 > 0; the integral in (1.35)

converges and hence the particle horizon distance is finite and equal to

lh
MDE = 3t = 2H−1 (1.50)

where t is the time at which we receive the radiation. For t = t0, the latter
expression gives a measure of the visible part of the Universe today

lh0 =∼ 3
2
3
H−1

0 ≈ 3× 1023km ≈ 104Mpc (1.51)

Vacuum Dominated Era

The total amount of matter and radiation today sums up, as we have an-
nounced, to only about 30%; hence, in order to satisfy eq.(1.25) with a flat
geometry (k ∼ 0), a new non ordinary component must be present in the
Universe, capable of accelerating the expansion thanks to its negative pres-
sure. At this purpose, it is interesting to see what happens if the Universe
is dominated by a component whose energy density is constant (the case of
a cosmological constant or vacuum energy). In this case, the equation of
state ωΛ = −1, and therefore equation (1.33) is not valid anymore; we can
however still integrate (1.16) obtaining

a(t) ∝ eHΛt (1.52)

where HΛ is given by

HΛ =

√
8πG

3
ρΛ . (1.53)

We have now ä > 0 (1.17), which tells us that a cosmological constant is
indeed able of accelerating the Universe expansion. A scale factor evol-
ving as in (1.52) in a flat space describes a De Sitter space-time which has
the characteristic property of having no singularity since the scale factor a
converges to a finite value for t → 0.

Furthermore, the integral in (1.35) diverges, implying that the entire
Universe is causally connected [119].
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Equation (1.17) allows us to estimate the value of the redshift at which
the transition from a MDE, decelerating expansion during which large scale
structures form, to a new regime of accelerating expansion occurs. Neglecting
radiation and for k = 0 we have that ä = 0 when

ρm

2ρΛ
=

Ωm0

2ΩΛ0

(1 + zacc)3 = 1 , (1.54)

which corresponds to a redshift zacc ∼ 0.7 if we assume a constant value
ΩΛ = 0.7.

1.2 Linear perturbations

As we have already anticipated at the beginning of the previous chapter,
the observed Universe is not exactly homogeneous and isotropic: the CMB
manifests anisotropies on the scale of one part over 105 and at smaller scales
we are surrounded by a variety of galaxies and all sort of large scale structures
(LSS). However, departures from the FRW background can be treated as
cosmological perturbations whose main purpose is to relate the physics of
the early Universe to CMB anisotropies and LSS, examining the properties
of primordial density fluctuations necessary to provide the initial conditions
for the formation of the observed structures. The idea is that the latter
might have formed as a result of the growth of density fluctuations whose
amplitudes were very small in the early Universe. Here we will review the
case in which such perturbations are treated linearly [61, 83, 87, 56, 17].

In order to study the evolution of perturbations we need to perturb
Einstein equations (1.1), both in the metric and in its stress energy tensor
parts.

A convenient way to proceed is to expand the metric and stress energy
tensor perturbations in the Fourier space; since we consider only first order
perturbations, we neglect the coupling between different modes k and k′ so
that Fourier modes decouple from each other. Before proceeding in defining
perturbations for our relevant quantities, let’s briefly overview how to classify
them: fluctuations can be decomposed in a general way into different “types”
(scalar, vector and tensor modes) which, at first order, will behave without
mixing.

This classification has a starting point in the consideration that when
we deal with scalars, vectors and tensors we can decompose the latter in
different type of components. In particular, any three dimensional vector
v(x) can always be decomposed into a longitudinal part v‖ (parallel to the
corresponding wave vector in the Fourier domain) and a transverse part v⊥

(perpendicular to the wave vector):

vi = v‖i + v⊥i (1.55)
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with
∇× v‖ = ∇ · v⊥ = 0 (1.56)

where ∇ is the covariant derivative, the divergence being ∇·v = ηij∇ivj and
the curl being similarly defined. The longitudinal part v‖ can be obtained
by deriving once a chosen scalar field v:

v‖ = ∇iv (1.57)

Consequently, expression (1.55) corresponds to decompose vector v into a
part v‖ that can be expressed in terms of a scalar (scalar type component of
vector v) and a part v⊥ that cannot be obtained from a scalar (vector type
component of vector v).

With regard to tensors, any symmetric tensor Sij can be decomposed
into three parts:

Sij = S‖ij + S⊥ij + ST
ij (1.58)

where

S‖ij =
(
∇i∇j − 1

3
ηij∇2

)
s (1.59)

is the scalar type component of tensor S, obtained by deriving twice a given
scalar field s,

S⊥ij =
1
2

(∇iSj +∇jSi) (1.60)

is the vector type component of tensor S obtained by deriving once a given
vector Si and, finally, ST

ij is the tensor type component of tensor S satisfying
the condition

ηjk∇kS
T

ij = 0 (1.61)

When perturbing a FRW spacetime, it can be demonstrated that scalar, vec-
tor and symmetric second-rank tensor equations, if covariant under coordi-
nate transformations in the 3D space, separate into three groups of equations,
each group containing only components of one type. These decompositions
allow us to distinguish among scalar, vector and tensor perturbations.

Scalar perturbations

Scalar modes include all scalar type components of the perturbation. A
scalar quantity f(x) can be expanded in the Fourier space in terms of spher-
ical harmonics Y

(0)
k :

f(η,x) =
∫

d3k

(2π)3
f̃(k)Y (0)

k (x) (1.62)

where Y
(0)
k (x) form a complete set of eigenfunctions of the 3-dimensional

Laplacian operator:
∇2Y

(0)
k = −k2Y

(0)
k (1.63)
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where ∇2 = ηij∇i∇j . In particular, in a flat FRW space-time the eigen-
functions are given by plane waves Yk(x) = eikx and since Fourier modes do
not mix we can compare integrands of functions like (1.62) directly. Scalar
perturbations will involve both the set Y

(0)
k and its first and second deriva-

tives obtained as in (1.57) and (1.59), describing scalar-type components of
vectors and tensors:

Yi
(0) = −1

k
∇iY

(0)
k (1.64)

Yij
(0) =

[
1
k2
∇i∇j +

1
3
δij

]
Y

(0)
k (1.65)

Vector perturbations

Vector modes include all vector type components of the perturbation. Pro-
ceeding analogously to the scalar case, vector modes can be expanded in the
Fourier space in terms of vector type eigenfunctions of the Laplacian

∇2Yi
(±1) = −k2Yi

(±1) (1.66)

where Yi
(±1) are transverse vectors satisfying the divergenceless condition

∇iYi
(±1) = 0 (1.67)

where we have omitted the subscript k for simplicity. In a flat FRW space-
time the eigenfunctions can be conveniently represented as

Yi
(±1) = − i√

2
(ê1 ± iê2) eik·x (1.68)

Vector perturbations will include both Yi
(±1) and their first derivatives, ob-

tained as in (1.60) and representing the vector-type component of tensors:

Yij
(±1) = −1

k

(
∇iYj

(±1) +∇jYi
(±1)

)
. (1.69)

Tensor perturbations

Tensor modes include all tensor type components of the perturbation, con-
sisting in the part of the perturbation that cannot be obtained by derivation
from scalars or vectors. Tensor perturbations can be expanded in the Fourier
space in terms of tensor type eigenfunctions of the Laplace operator

∇2Yij
(±2) = −k2Yij

(±2) (1.70)

where Yij
(±2) are symmetric tensors satisfying the transverse and traceless

conditions

∇iYij
(±2) = 0 (1.71)

Y i
i
(±2) = 0 (1.72)
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In a flat FRW space-time a suitable representation of the eigenfunctions is
given by

Yij
(±2) = −

√
3
8
(ê1 ± iê2)i × (ê1 ± iê2)je

ik·x (1.73)

To conclude this section, we note that scalar, vector and tensor modes evolve
independently in linear perturbation theory. Only scalar modes produce
density perturbations while vector and tensor modes, though affecting the
microwave background, are unimportant for structure formation. Before
proceeding in defining perturbations to the FRW metric and to the stress
energy tensor, we will first introduce another aspect which is important to
understand the meaning of perturbations, that is the gauge problem.

1.2.1 Choosing the gauge

General Relativity allows us to perform general coordinate transformations
without loosing the meaning of our theory, which changes covariantly. How-
ever, we are not interested in all possible coordinate transformations but only
in those which leave the FRW background and the equations we have seen
in the previous section unchanged [56, 87]. This is what is called a “gauge”
transformation which consists in an infinitesimal coordinate transformation:

xµ → x̃µ = xµ + ε(η,x) (1.74)

Under the gauge transformation (1.74), a chosen tensor Tµ
ν (x) changes ac-

cording to the Lie derivative T̃ (x) = T (x) − LεT̄ , where we have indicated
with T̄ (x) the background, with T (x) the perturbed tensor and with T̃ (x)
the perturbed tensor after the gauge transformation. The Lie derivative acts
on the tensor in the following way:

T̃µ
ν (x) = Tµ

ν (x)− T̄µ
ν,α(η)εα + T̄α

ν (η)εµ
,α − T̄µ

α (η)εα
,ν (1.75)

In particular, a scalar θ transforms as

θ̃(x) = θ(x) + Lεφ(x) =
∂θ

∂xλ
ελ(x) (1.76)

The four vector ε(η,x) which specifies the coordinate transformation (1.74)
can be decomposed into scalar and vector parts and can be set to [87]:

η̃ = η + T (η)Y (x) (1.77)
x̃i = xi + L(η)Y i(x) + L(1)(η)Y (1)i(x) (1.78)

where we have added the apex ‘(1)’ to distinguish vector type components
from scalar ones. Note that there exist no tensor type gauge transformations.
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All the perturbation variables depend on the gauge, making it more
difficult to understand their physical meaning. One possibility to solve this
ambiguity is to rewrite the evolution equations for perturbations in terms
of gauge invariant quantities and evaluating the results only in terms of the
physical degrees of liberty, which do not depend on the choice of coordinates6.
However, when dealing with specific problems, it is often convenient to fix a
particular gauge. For example, when studying formation of large structures
like galaxies or clusters of galaxies, linear perturbations are very appropriate
to investigate the evolution of density perturbations, generally characterized
by small amplitudes on scales larger than the cosmic horizon size. This
analysis allows one to fix the initial conditions for a subsequent phase, in
which fluctuations grow to a non linear regime on scales well below the
horizon size when a more complete treatment is required. As a consequence,
it can be very useful, or even necessary, to express the results of the analysis
of the early stage in a specific gauge well suited for the later Newtonian
treatment.

In order to specify a gauge, we will need to impose two relations among
the gauge-dependent variables which will be introduced in the perturbation,
in order to fix both time and space coordinates of the perturbed space-time.
The simplest way to specify the time slicing is to choose T (η) in (1.77)
so that one of the gauge-dependent variables by which we will parametrize
the perturbed metric and/or stress energy tensor, vanishes. In particular,
we have to set to zero a gauge-dependent variable whose change under the
gauge transformation (1.74) is expressed only in terms of T (η); for each time
slicing the standard way to eliminate the spatial coordinate gauge freedom is
to fix L(η) so that a gauge-dependent quantity whose gauge transformation
involves only L(η), vanishes.

1.2.2 Metric perturbations

The FRW metric can be perturbed by adding a perturbation metric tensor
hµν to the background metric tensor defined in (1.6) and that will here
redefine as ḡµν :

g̃µν(η,x) = ḡµν(η) + a2hµν(η,x) = a2(η) [ηµν + hµν(η,x)] (1.79)

where η is the conformal time, ηµν is the Minkowski metric tensor for a flat
geometry and the perturbation metric tensor satisfies, in the linear regime,
the condition

hµν ¿ 1 (1.80)

6Note that there exist no gauge in which the evolution equations of perturbations

become simpler than the gauge-invariant equations.
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The most general way to parametrize the metric perturbation is

δgµν(x) =
( −2a2(η)A(x) −a2(η)Bi(x)
−a2(η)Bi(x) 2a2(η)Hij(x)

)
(1.81)

where A is a scalar, Bi is a 3-vector and Hij is a symmetric transverse trace-
less tensor. Hence the space-time distance ds whose background formulation
is given by (1.3) assumes the following perturbed expression:

ds2 = a2(η)
[−(1 + 2A)dη2 − 2Bidηdxi + (δij + 2Hij)dxidxj

]
(1.82)

Note the the inverse perturbed metric tensor is obtained via the relation:
δgµν(x) = −ḡµλḡkνδgλk where ḡµν is the background metric. The pertur-
bation metric parameters (A,Bi,Hij) can then be decomposed into scalar,
vector and tensor modes, according to the perturbation classification we
have illustrated in the previous paragraph: in particular, Bi splits as in
eq.(1.55) and Hij as in eq.(1.58). The three types of perturbations will then
evolve independently and while scalar modes will correspond to density per-
turbations, tensor modes will correspond to gravitational waves. Also we
can expand all the parameters in Fourier modes in terms of the spherical
harmonics (1.63), (1.66) and (1.70) according to their type. Eventually we
have:

A = A(k, η)Y (0) (1.83)
Bi = B(k, η)Yi

(0) + B(1)(k, η)Yi
(1) (1.84)

Hij = HLY (0)ηij + HT Yij
(0) + H(1)Yij

(1) + H(2)Yij
(2) (1.85)

where the decomposition (1.84) includes a scalar-like and a vector-like com-
ponent and in (1.85) the tensor Hij = HLηij + Sij has been decomposed
into a scalar part HLηij and a tensor Sij , in order to assign 10 degrees of
freedom to the symmetric tensor hµν

7. In eq.(1.85) we have omitted for
semplicity the dependence on (η,k) of the perturbation parameters HL, HT ,
H(1) and H(2). Grouping different types of perturbations, we finally have
the following perturbations for the metric:

• scalar type metric perturbations:

h00
(0) = 2AY (0) = h00 (1.86)

h0i
(0) = −BYi

(0) (1.87)
hij

(0) = 2HLY (0)ηij + 2HT Yij
(0) (1.88)

where Yi
(0) is a scalar type vector given by (1.64) and Yij

(0) is a scalar
type tensor given by (1.65).

7The symmetric tensor Sij has then been decomposed into scalar, vector and tensor

like components as in (1.58).
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• vector type metric perturbations:

h0i
(1) = −B(1)Yi

(1) (1.89)
hij

(1) = 2H(1)Yij
(1) (1.90)

where Yi
(1) is a vector type vector and Yij

(1) is a vector type tensor
given by (1.69).

• tensor type metric perturbations:

hij
(2) = 2H(2)Yij

(2) (1.91)

where Yij
(2) is a tensor type tensor.

Up to now we have considered all ten degrees of freedom of the symmetric
perturbation tensor hµν . Nevertheless, only six of these are physical since
we can always transform the four space-time coordinates (η, xi) without
changing any physical quantity. In particular, according to (1.75), the gauge
transformation for the metric is given by:

g̃µν(x) = gµν(x)− ḡανε
α
,µ − ḡµαεα

,ν − εαḡµν,α (1.92)

where ε is again specified by (1.77, 1.78). In particular, the metric pertur-
bation variables change under a gauge transformation according to:

Ã(η) = A(η)− a′

a
T (η)− T ′(η) (1.93)

B̃(η) = B(η) + L′ + kT (η) (1.94)

H̃L(η) = HL(η)− a′

a
T − k

3
L(η) (1.95)

H̃T (η) = HT (η) + kL(η) (1.96)

B̃(1) = B(1) + L′(1) (1.97)
H̃(1) = H(1) + kL(1) (1.98)
H̃(2) = H(2) (1.99)

A possible choice for the gauge is the Newtonian gauge, also called lon-
gitudinal gauge, which corresponds to fix:

B = 0 and HT = 0 (1.100)

in scalar perturbations (1.87), (1.88) and

H(1) = 0 (1.101)

in vector perturbations (1.90). The remaining parameters can be rewritten in
terms of gauge-invariant variables while tensor-type components are already
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gauge invariant. In the Newtonian gauge, one then obtains the following
scalar, vector and tensor types components:

h00
(0) = 2ΨY (1.102)

hij
(0) = 2ΦY δij , (1.103)

h0i
(1) = −V Yi

(1) , (1.104)
hij

(2) = 2HYij
(2) (1.105)

where Ψ and Φ are gauge invariant combinations of A and HL respectively
and are usually referred to as Bardeen potentials [87]:

Φ ≡ HL +
HT

3
+
H
k

(
B − H ′

T

k

)
(1.106)

Ψ ≡ A +
H
k

(
B − H ′

T

k

)
+

1
k

(
B′ − H ′′

T

k

)
(1.107)

Another popular gauge is the synchronous one, used in codes like CMBFAST
[46] when integrating perturbation equations; this gauge corresponds to fix
A = B = 0.

1.2.3 Stress energy tensor perturbations

The perturbed stress energy tensor can be written as

T ν
µ = T̄ ν

µ + δT ν
µ (1.108)

where T̄ ν
µ is the background stress energy tensor, that we will consider equal

to the case of a perfect fluid given by eq.(1.12); δT ν
µ is the perturbation,

whose decomposition in modes we are now going to make explicit. Note
that we will write mixed components of the perturbed tensor in order to
simplify the factor a2(t).

The perturbation can be parametrized and expanded in spherical har-
monics similarly to what has been done for the metric. For scalar perturba-
tions we then have

ρ ≡ ρ̄(η)
[
1 + δk(η,k) Y (0)

]
(1.109)

pδi
j ≡ p̄(η)

[
1 + πL(η,k) Y (0)

]
δi
j (1.110)

πi
j ≡ p̄ πT (η,k) Y i

j
(0) (1.111)

ui ≡ 1
a
v(η,k) Y i(0) (1.112)

which define four parameters: the density perturbation δk, the isotropic
and anisotropic stress perturbations πL and πT respectively and the velo-
city perturbation v for the single k mode. The stress-energy tensor scalar
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perturbations can then be written as:

δT0
0(0) = −ρ̄ δ Y (0) (1.113)

δTi
0(0) = (ρ̄ + p̄)(v −B)Yi

(0) (1.114)
δT0

i(0) = −(ρ̄ + p̄)vY i(0) (1.115)
δTi

j(0) = p̄[πLδi
jY (0) + πT Yi

j(0)] (1.116)

where Yi
(0) is a scalar type vector given by (1.64) and Yij

(0) is a scalar type
tensor given by (1.65). Comparing to eq.(1.12), equations (1.113, 1.114,
1.115, 1.116) correspond to setting the 4-velocity uµ defined in (1.13, 1.14)
as:

u0 = a(1 + A) ui = a(v −B)Yi (1.117)
u0 = a−1(1−A) ui = a−1vY i (1.118)

Similarly, vector-type components are:

δTi
0(1) = (ρ + p)(v(1) −B(1))Y (1)

i (1.119)

δTi
j(1) = pπT

(1)Yi
j(1) (1.120)

where Yi
(1) is a vector type vector and Yij

(1) is a vector type tensor given by
(1.69) and tensor type components are:

δTi
j(2) = pπT

(2)Yi
j(2) (1.121)

where Yij
(2) is a tensor type tensor.

We omit to write how the parameters change under a gauge transfor-
mation (this can be found for example in [87]) and only notice that the
Newtonian gauge corresponds to the choice B = 0. Gauge invariants can be
constructed combining energy-momentum perturbations with metric pertur-
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bations, thus obtaining, for example [61]:

V ≡ v − 1
k
H ′

T (1.122)

∆g ≡ δ + 3(1 + ω)
(

HL +
1
3
HT

)
(1.123)

∆s ≡ δ + 3(1 + ω)Hσg

k
= ∆g − 3(1 + ω)Φ (1.124)

∆c ≡ δ + 3(1 + ω)H1
k
(v −B) (1.125)

σg ≡ 1
k
HT

′ −B (1.126)

Γ ≡ πL − c2
s

ω
δ (1.127)

Π(0) ≡ πT (1.128)

V (1)
s ≡ v(1) − 1

k
H ′(1) (1.129)

V (1) ≡ v(1) −B(1) (1.130)

σ(1) ≡ 1
k
H ′(1) −B(1) = V(1) − Vs

(1) (1.131)

Π(1) ≡ πT
(1) (1.132)

Π(2) ≡ πT
(2) (1.133)

where V is the gauge invariant velocity, ∆g, ∆s and ∆c are different possible
gauge invariant combinations corresponding to the density perturbation, σg

is the shear, Γ can be interpreted as the amplitude of the entropy pertur-
bation and we have defined the the adiabatic speed of sound of the fluid is
defined [87] as c2

s ≡ p̄′/ρ̄′. As for vector perturbations, V
(1)
s and V (1) repre-

sent the amplitude of the shear and of the vorticity respectively. Note that
the anisotropic stresses πT , π

(1)
T and π

(2)
T are already gauge invariant. In the

Newtonian/longitudinal gauge vlong = V and another often used combina-
tion for the density perturbation8 is

∆ ≡ δlong + 3(1 + ω)
a′

a

V

k
(1.134)

Furthermore, it can be shown [87] that if the anisotropic stress πT = 0,
then the metric variables have the property that Φ = −Ψ and Ψ can be
interpreted as the usual gravitational potential satisfying an equation of the
type ∆2Ψ ∼ ρ.

8This expression only holds if no coupling between different components is considered

otherwise see (5.27 b) [87].
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1.2.4 Einstein equations

We can now write first order perturbations of Einstein equations

δGµ
ν = 8πGδTµ

ν (1.135)

explicitly for scalar, vector and tensor type perturbations; in order to do this
we will follow [61, 56].

Scalar Einstein equations The scalar part of Einstein equations (1.135),
perturbed at first order, if expressed in terms of gauge invariant variables,
read as:

k2Φ = 4πGa2ρ̄ ∆ (00) (1.136)

k

(
a′

a
Ψ− Φ′

)
= 4πGa2ρ̄(1 + ω)V (0i) (1.137)

k2(Ψ + Φ) = −8πGa2p̄ Π(0) (ij) (1.138)

The conservation of the stress energy tensor Tµ
0;ν = 0 and Tµ

i;ν = 0 lead re-
spectively to the evolution of the perturbed energy density δ and momentum
density v or, in terms of gauge invariant variables:

∆′
g = −3(c2

s − ω)
a′

a
∆g − (1 + ω)kV − 3

a′

a
ωΓ (1.139)

V ′ = −a′

a
(1− 3c2

s)V + k(Ψ− 3c2
sΦ) + (1.140)

+
c2
sk

1 + ω
∆g +

ωk

1 + ω

(
Γ− 2

3
Π(0)

)

Vector Einstein equations As for vector perturbations, Einstein equa-
tions become:

−k2

2
σg

(1) = 8πGa2ρ̄(1 + ω)V (1) (0i) (1.141)

k

(
σ′g

(1) + 2
a′

a
σg

(1)

)
= 8πGa2p̄Π(1) (ij) (1.142)

and the conservation of the stress energy tensor leads to

V (1)′ + (1− 3c2
s)

a′

a
V (1) = −k

2
ω

1 + ω
Π(1) (1.143)

Tensor Einstein equations The tensor part of Einstein perturbed equa-
tions (1.135) consists in a single gauge invariant equation:

H(2)′′ + 2
a′

a
H(2)′ + k2H(2) = 8πGa2p̄Π(2) (1.144)
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Solutions for perfect fluids

Simple applications and solutions of Einstein equations can be found in [61]
where, in particular, the cases in which the energy is that of a perfect fluid
with vanishing anisotropic stress Π(0) = 0 and entropy Γ = 0 are discussed,
either when the content of the system is pure dust (ω = 0, cs = 0) or when
it consists of pure radiation (ω = 1/3, cs = 1/

√
3). Here we will just recall

the results for the latter case:

V =
A

2
√

3x
(1.145)

∆g = −2A− A

3
√

3
x2 (1.146)

Ψ =
A

3
(1.147)

on super-horizon scales, where x ≡ cskη = kη√
3
¿ 1 and

V =
√

3A

2
sinx (1.148)

∆g = 2A cosx (1.149)

Ψ = −A
cosx

x2
(1.150)

on sub-horizon scales when x À 1. As we can see, in a radiation dominated
Universe perturbation variables oscillate with constant amplitude within the
sound horizon9. As we will see in more detail in the next section, CMB
photons are emitted during RDE: therefore, we can already expect to find
some oscillation pattern in their anisotropies, depending on the k mode and
consequently on the scale with respect to the sound horizon.

1.3 Cosmic Microwave Background anisotropies

Soon after the Big Bang, the Universe consisted of a photon-baryon plasma
of mainly electrons, protons, photons and a small amount of helium and
heavier elements containing neutrons. Electrons were coupled to photons
through Thomson scattering and to baryons through electromagnetic inte-
ractions. While gravity attempted to compress the fluid in potential wells
created by density perturbations due to primordial quantum fluctuations (re-
lated for example to some inflaton scalar field), radiation pressure provided
by photons opposed to the compression of the fluid, resulting in oscillations
at all scales, with modes behaving independently. The resulting sound waves

9The sound horizon is the maximum distance a sound wave can have travelled since

the Big Bang.
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left their imprint on the temperature of the photons, hotter or cooler in re-
gions where the acoustic wave caused compression or rarefaction respectively.
As the Universe expanded, photons wavelength stretched, decreasing their
energy; then, when the Universe was about 300.000 years old, electrons de-
coupled from photons and joined baryons to form neutral atoms in a process
called “recombination”. From that moment on sound waves stopped oscil-
lating and the Universe became transparent to photons, which free streamed
until they were detected as Cosmic Microwave Background (CMB) in 1965
for the first time.

The CMB spectrum first appeared very uniform, behaving as a very good
black body with a nearly uniform temperature T = 2.725 ± 0.002 K across
the sky. However, in 1992 the COBE satellite detected for the first time
anisotropies in the CMB, giving the way to a series of subsequent experi-
ments. Nowadays, the general treatment of the CMB consists in describing
the photon distribution in terms of small perturbations around the mean val-
ues of the CMB observables. Since fluctuations are small and if the sources
of the anisotropies are also linear fluctuations, linear perturbation theory
can be applied. As we will see CMB anisotropies include both primary and
secondary anisotropies, depending on the time of their production (at or
after last scattering respectively).

In the next paragraphs we will recall the formalism of CMB anisotropies
following the total angular momentum method exposed in [83, 154] (see also
[60]). We will then see in the next chapter how the CMB analysis can be
used to estimate the energy content of the Universe and other important
cosmological parameters.

1.3.1 Characterization of the radiation field

Electromagnetic radiation travelling in a fixed z direction is characterized
by the electric field

E = εei(ωt+kz) (1.151)

where ~ε is the polarization vector

ε =
(

axeiφx

aye
iφy

)
(1.152)

and different choices of ax, ay, φx and φy give different polarization states10.
The corresponding intensity tensor is then constructed as the average, over
a time long compared to the characteristic frequency of the radiation, of

Iij = E∗
i Ej =

(
ax

2 axaye
i(φx−φy)

axaye
i(φy−φx) ay

2

)
(1.153)

10φx = φy for linear polarization; ax = ay and φx = φy + π/2 for circularly polarized

light.
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which is a function of the direction n̂ of the CMB radiation in the sky and
of two perpendicular directions ê1 and ê2.

Radiation is then characterized by both temperature and polarisation,
which can both be described by the temperature fluctuation tensor T: the
latter can be decomposed in terms of the unit matrix 1 and of the three σ
matrices in the ê1 × ê2 subspace:

T = Θ1 + Qσ3 + Uσ1 + V σ2 ≡
(

T11 T12

T21 T22

)
(1.154)

where the Pauli matrices are equal to

σ1 =
(

0 1
1 0

)
; σ2 =

(
0 i
−i 0

)
; σ3 =

(
1 0
0 −1

)
(1.155)

and the four numbers Θ, Q, U, V are the Stokes parameters for temperature
fluctuations, described as follows. Θ is the total temperature fluctuation
summed over polarisation states, given by:

Θ =
Tr(T · 1)

2
=

T11 + T22

2
=

δT

T
(1.156)

Furthermore

Q =
Tr(T · σ3)

2
=

(T11 − T22)
2

(1.157)

represents the difference in temperature fluctuation linearly polarised along
the ê1 and the ê2 directions;

U =
1
2
Tr(T · σ1) (1.158)

is the difference in temperature fluctuations linearly polarized along (ê1 ±
ê2)/

√
2 axes, hence rotated by π/4 with respect to ê1 and ê2 and

V =
Tr(T · σ2)

2
(1.159)

represents circular polarization.
Under a clockwise rotation of the axes of an angle ψ in the (ê1, ê2) plane,

Q and U go one into another, V remains distinct and the Pauli matrices
transform as

σ′3 ± σ′1 = e∓2iΨ(σ3 ± σ1) (1.160)

leading to the unpleasant consequence that the Stokes parameters depend on
an arbitrary choice of the coordinates. In order to encompass this ambiguity,
another convenient representation of the T matrix is often used:

T = ΘI + V σ2 + (Q + iU)M+ + (Q− iU)M− (1.161)
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where
M± =

1
2
(σ3 ∓ σ1) , (1.162)

and Q ± iU transform into themselves under rotation. In the following we
will ignore V and reexpress the T matrix as a vector specified by only three
numbers

T(η, n̂,x) = (Θ , Q + iU , Q− iU) , (1.163)

where we have explicited the perturbation dependence on the conformal
time η, on the observed direction in the sky n̂ and on the position x of the
observer. Θ, Q and U all depend on these three variables as well.

The total temperature fluctuation Θ(η, n̂,x) is a spin−0 scalar field and
can therefore be expanded as in eq.(1.62) in the Fourier space:

Θ(η, n̂,x) =
∫

d3k

(2π)3
Θ(η, n̂,k)Y (0)(x) (1.164)

where the Y (0) functions have been defined in (1.63). Following [83] we then
expand the angular dependence contained in the choice of the radiation
direction n̂, while fixing k; for each fixed k we define a reference frame in
which the k direction is chosen as the polar axis k̂ ≡ ê3; proceeding with
this criteria and in the case of a flat cosmology, we obtain the following
expansion:

Θ(η, n̂,x) =
∫

d3k

(2π)3

[∑

lm

Θlm(η,k)Ylm(n̂)

]
Y (0)(x) (1.165)

=
∫

d3k

(2π)3
∑

l

+2∑

m=−2

Θlm(η,~k)Glm(n̂,x) (1.166)

where we have defined11

Glm(n̂,x) = (−i)l

√
4π

2l + 1
Ylm(n̂)Y (0) = (1.167)

=
∑

l̃

(−i)l̃
√

4π(2l̃ + 1)j(l̃)
lm(kr)Y m

l̃
(n̂) , (1.168)

where j
(l̃)
lm(kr) are the spherical Bessel functions. In (1.166) each value of

m = 0,±1,±2 is stimulated by scalar, vector and tensor metric perturba-
tions respectively which behave independently due to the orthogonality of
spherical harmonics.

11For example, for m = 0, Yl0 =
q

2l+1
4π

Pl(n̂) where Pl(n̂) are the Legendre polynomials;

hence Θ(η,x, n̂)m=0 =
R

d3k
(2π)3

P
l(−i)lΘl0(η,k)Pl(n̂)exp(ikx).
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If we define as alm the Fourier coefficients of the temperature decompo-
sition in spherical harmonics so that

Θ(η, n̂,x) ≡
∞∑

l=0

+l∑

m=−l

aT,lmYlm(n̂) (1.169)

then the angular power spectrum of temperature anisotropies can be defined
as

Cl
ΘΘ ≡

〈
| aT,lm |2

〉
=

1
2l + 1

+l∑

m=−l

| aT,lm |2 . (1.170)

Large multipole moments l = π
θ correspond to small angular scales with

l ∼ 100 representing one degree scale separation.
We can proceed analogously for (Q± iU):

Q± iU =
∫

d3k

(2π)3
∑

l

∑
m

(Elm ± iBlm)±2Glm(n̂,x) (1.171)

where

±2Glm(n̂,x) = (−i)l

√
4π

2l + 1 ±2Ylm(n̂)Y (0) (1.172)

where we have used spin-2 spherical harmonics since (Q± iU) transform as
vectors under rotation. In particular

±2G2m =
∑

l

(−i)l
√

4π(2l + 1)[εlm(kr)± βlm(kr)]±2Ylm(n̂) (1.173)

where εlm and βlm are combinations of the Bessel functions [83]; in (1.171)
Elm is the electric type component of the expansion in normal modes of
the polarisation while Blm is called the magnetic type component. Together
with Θ they are invariant under a rotation of n̂ while, under a parity trans-
formation, when n̂ → −n̂, they behave as a vector and a pseudo-vector
respectively in analogy to the electric and magnetic fields:

n̂′ = −n̂ (1.174)
E′(n̂′) = E(n̂) (1.175)
B′(n̂′) = −B(n̂) (1.176)

If the polarisation is parallel or perpendicular to the plane wave direction,
it is called an E-mode polarization while if it is crossed at 45 degree angles,
it is called a B-mode polarization. Both can be decomposed in terms of
multipole moments:

E(η, n̂, ~x) =
∞∑

l=0

+l∑

m=−l

aE,lmYlm(n̂) (1.177)

B(η, n̂, ~x) =
∞∑

l=0

+l∑

m=−l

aB,lmYlm(n̂) (1.178)
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and we can define analogously to (1.170) the following angular power spectra:

Cl
EE ≡

〈
| aE,lm |2

〉
=

1
2l + 1

+l∑

m=−l

| aE,lm |2 (1.179)

Cl
BB ≡

〈
| aB,lm |2

〉
=

1
2l + 1

+l∑

m=−l

| aB,lm |2 (1.180)

Note that (1.167) and (1.172) separate the intrinsic angular dependence of
the fluctuation due to the choice of the n̂ direction of observation (which
corresponds to Ylm or ±2Ylm) and the space angular dependence due to the
expansion in the k mode (corresponding to Yl

(0)).
While CMB temperature anisotropies are an effect of density perturba-

tions, we will see in the following that one of the main sources of polarisation
is the motion of the baryon-photon fluid, which causes a Doppler shift. Since
density and velocity are correlated in the early universe, we expect a similar
correlation between the temperature and polarisation power spectra mea-
sured today:

Cl
ΘE ≡ 〈a∗Θ,lmaE,lm〉 =

1
2l + 1

+l∑

m=−l

a∗Θ,lmaE,lm (1.181)

which is called cross-correlation and is always larger than the polarisation
autocorrelation described in (1.170, 1.179, 1.180). Due to no parity violation,
the cross correlation between B and Θ or B and E vanish since they have
different parities.

1.3.2 Evolution of the CMB

The evolution of vector (1.163) is described by the Boltzmann equation which
takes into account all the relevant interactions of the CMB photons along
the line of sight. In particular, temperature and polarisation can change
because of the photons interaction both with the gravitational metric tensor
gµν and with free charged particles, via Thomson scattering:

d

dη
T(η,x, n̂) = ~C[T] + ~G [T, hµν ] (1.182)

∂T
∂η

+
∂T
∂xi

ẋi +
∂T
∂ni

ṅi =
∂T
∂η

+ ni∇iT = ~C[T] + ~G [T, hµν ] (1.183)

where ~C[T] is the collisional source term, ~G [T, hµν ] is the gravitational
source term. In (1.183) we have used ṅ = 0 to rewrite the l.h.s. (since in
flat cosmologies photons propagate in straight lines) and ẋi = ni since the
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position of the observer is x = rn̂ when viewed from the photon position.
We have already seen how to write the l.h.s. of the Boltzmann equation, in
which T can be written in terms of the decompositions (1.165) and (1.171)
which relate Θ, Q ± iU to Θlm, Elm and Blm; note that we can consider
only the integrand of the two decompositions and treat each single mode
independently since we are in linear perturbation theory. The left hand side
can also be developed further, the gradient term corresponding in the Fourier
space to:

n̂ · ~∇ → in̂ · k = i

√
4π

3
kY

(0)
10 (1.184)

Hence, the term ni∇iT in (1.183) contains, as we have seen in (1.165,
1.172), scalar and tensor harmonics Ylm

(s). The product of angular mo-
menta Y10

(0)Ylm
(s) can be performed using the Clebsch-Gordan coefficients

which couple the amplitudes of states with l and l ± 1 terms
√

4π

3
Y10

(0)(Ylm
(s)) =

κlm
(s)

√
(2l + 1)(2l − 1)

− ms

l(l + 1)
Ylm

(s) + (1.185)

+
κl+1 ,m

(s)

√
(2l + 1)(2l + 3)

Yl+1 ,m
(s)

where the coupling coefficient is

κlm
(s) =

√
(l2 −m2)(l2 − s2)

l2
. (1.186)

We will now proceed in making the two sources on the r.h.s. of equation
(1.182, 1.183) explicit.

Thomson scattering The first effect we consider is the scattering of CMB
photons on electrons encountered on the way, when moving under the effect
of electromagnetic fields. A convenient reference system in which this colli-
sion is investigated is the one in which the scattered electron is at rest and a
photon arrives along direction n̂ and leaves along n̂′ ≡ ẑ. Let the scattering
plane be individuated by these two directions and β be the scattering angle
between n̂ and n̂′. Then the differential cross section is given by

dσ

dΩ
=

3σT

8π
| ε̂′ · ε̂ |2 (1.187)

where ε̂′ and ε̂ are the polarisation vectors of the incoming and of the scat-
tered radiation respectively and σT is the total Thomson scattering cross
section. If we identify with ‖ and ⊥ the directions parallel and perpendi-
cular to the scattering plane, then ε⊥ has a probability 3σT /8π to be in the
same direction after the scattering, while ε‖ has a probability (3σT /8π)cosβ2
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to be in the scattering plane after collision: hence radiation polarised per-
pendicularly to the scattering plane is isotropically intense, while the one
polarised on the scattering plane depends on cosβ2. As a consequence,
unpolarised light coming from one direction acquires linear polarisation af-
ter scattering since the component of incoming radiation polarized in the
scattering plane is suppressed; however, if unpolarized light comes from all
directions isotropically, the effect is cancelled and the scattered radiation is
not polarised. Therefore, we need some anisotropy in the incoming radiation
in order to have polarization. As we will see, a dipole of anisotropy is not
sufficient and what is needed is a quadrupole anisotropy in the incoming
radiation.

In the scattering T transforms as

Θ‖ =
3σT

16π
cos2 β Θ‖′ (1.188)

Θ⊥ =
3σT

16π
Θ⊥′ (1.189)

U =
3σT

16π
cosβ U ′ (1.190)

which, together with the fact that Θ = Θ‖ + Θ⊥ and Q = Θ‖ − Θ⊥, gives
the scattering matrix of the T vector, calculated in the scattering frame in
which (n̂′ ≡ ẑ):

T = (Θ , Q + iU , Q− iU) = ST′ (1.191)

=
3σT

8π




cos2 β + 1 −1
2sin2 β −1

2sin2 β

−1
2sin2 β 1

2 (cosβ + 1)2 1
2 (cosβ − 1)2

−1
2sin2 β 1

2 (cosβ − 1)2 1
2 (cosβ + 1)2


T′ (1.192)

For any given incoming radiation in a (r′, θ′, Φ′) frame, we first move to the
scattering reference frame (where the scattered electron is at rest) in which
we can apply the S matrix to vector T′ as in (1.191) and then we perform
a second rotation of the reference frame, moving back from the scattering
frame to a (r, θ,Φ) in which the scattered wavevector k̂ ≡ ê3 so that:

T = R1S(β)R2T′ (1.193)

In this k−frame all trigonometric functions that appear in the scattering
matrix can be rewritten in terms of spherical harmonics, involving only the
quadrupole (l = 2) terms in the temperature anisotropies. After integration
over all the incoming angles, one can obtain the collisional term for Thomson
scattering:

~C[T] = −τ̇

[
T(Ω)−

((∫
dΩ′

4π
Θ′ + n̂ · vB

)
, 0, 0

)]
+ τ̇

∫
dΩ′

4π
T(Ω′)

(1.194)
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The differential optical depth τ represents the probability that a given pho-
ton scatters once and is defined such as τ ′ = neaσT , where the free electron
density ne is multiplied to the total Thomson scattering cross section σT and
the expansion factor a takes into account that the derivative is done with
respect to the conformal time η. The terms in square brackets in (1.194)
indicate that Thomson scattering subtracts part of the incoming radiation
and redistributes it in the last directional term, which is the anisotropic term
of Thomson scattering and can be written as:

τ̇

∫
dΩ′

4π
T(Ω′) =

∫
dΩ′

10

m=2∑

m=−2

P(m)(Ω, Ω′)T′(Ω′) (1.195)

where the angular dependence is included in the spherical harmonic terms
contained in P(m):

P(m) =




Y2m′ (0)Y2m
(0) −

√
3
2Y2m′ (2)Y2m

(0) −
√

3
2Y2m′ (−2)Y2m

(0)

−√6Y2m′ (0)Y2m
(2) 3Y2m′ (2)Y2m

(2) 3Y2m′ (−2)Y2m
(2)

−√6Y2m′ (0)Y2m
(−2) 3Y2m′ (2)Y2m

(−2) 3Y2m′ (−2)Y2m
(−2)




(1.196)

As we can see, the collisional term (1.194), which can be considered for a
fixed single Fourier mode k, consists of three terms. The first one refers to
radiation scattered out of a given angle hence decreasing the contribution
to T of a factor proportional to τ ′; the second one is the Doppler shift cor-
rection due to the fact that in general the electrons will have their peculiar
velocities vB with respect to baryons; the third one includes the contribu-
tion just investigated of incoming radiation, integrated in dΩ since radiation
is coming from every direction. Note that the scattering contribution to
polarisation is important mainly only at recombination: before that time
(z ≥ 103) the Universe was very opaque and the mean free path of the pho-
tons was ς∗ ∼ 0 hence the large number of scattering events cancelled any
polarised component; after recombination there were no charged particles,
the Universe became transparent and the CMB photons kept the polarised
anisotropies acquired at the surface of last scattering. As a consequence,
polarisation anisotropy in the CMB can probe directly the physical condi-
tions at the epoch of recombination. Also, any difference in temperature
rapidly goes away because of the scattering that exponentially reduces the
level of anisotropy in the radiation. However, we have seen that light gets
polarised via Thomson scattering only if the incident radiation has a quadru-
pole anisotropy in the temperature (for example an excess in photons coming
from both top and bottom with respect to the sides) at recombination while
if the incident radiation is isotropic or presents a dipole (for example a tem-
perature higher from the top and lower from the bottom with the average
intensity incident from the sides) by symmetry there can be no net polarisa-
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tion12. Note also that B type polarisation cannot be generated by Thomson
scattering and that CMB photons may have scattered again on free electrons
during a second subsequent ionized phase of the Universe when the hydrogen
was ionized by the first stars13; this process, which may alter the pattern of
CMB anisotropies, is called reionization and its signature might be seen in
the polarisation spectra of the CMB.

Gravitational redshift The second effect in Boltzmann equation is due
to the effect of gravitational interactions with the perturbed metric tensor
and has effect only on the temperature perturbation Θ of the CMB radiation
and not on the polarization. Without going in details, we just recall that
it can be demonstrated that the gravitational term can be written in the T
representation as follows:

~G[hµν ] =
(

1
2
ninj ḣij + niḣ0i +

1
2
ni∇ih00, 0, 0

)
. (1.197)

Boltzmann equation We have now all the ingredients to write the ex-
plicit form of the Boltzmann equation describing the evolution of CMB per-
turbations. This can be done separately for scalar, vector and tensor modes.

Substituting expressions (1.166), (1.171), (1.184) (1.185) in the l.h.s. of
the Boltzmann equation and considering the sources as derived in (1.194)
and (1.197) we obtain the equations for Θlm (s=0), Elm and Blm (s± 2):

Θ′
lm = k

[
κlm

(0)

(2l − 1)
Θl−1 ,m − κl+1 ,m

(0)

(2l + 3)
Θl+1 ,m

]
− τ ′Θlm + Slm (l ≥ m)

(1.198)
The term in the square brackets is the free streaming effect we have evalu-
ated in (1.184, 1.185). Thomson scattering effect is mainly included in the
second term, which implies that, with no sources, temperature anisotropies
are exponentially suppressed with τ ; the other scattering terms (Doppler
effect and directional terms) are contained in the source term Slm which in-
cludes also the gravitational redshift effect. Substituting the explicit values
of the metric perturbation sources we get:

S00 = τ ′Θ00 − Φ′ , S10 = τ ′vB0 + kΨ , S20 = τ ′P (0) (1.199)
S11 = τ ′vB1 + V ′ , S21 = τ ′P (1) (1.200)

S22 = τ ′P (2) −H ′(1.201)

where
P (m) =

1
10

[Θ2m −
√

6E2m] (1.202)

12For further details see [154].
13In any case, formation of structure will eventually reionize the Universe at some red-

shift otherwise radiation from distant quasars would be heavily absorbed in the ultra-violet.
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Note that, in this formalism, terms in the source Slm with m = 0,±1,±2 are
stimulated by scalar (Φ,Ψ), vector (V ) and tensor (H) metric perturbations
respectively while the Doppler effect enters only in the dipole terms (l = 1).
As for polarization we have:

E′
lm = k

[
κlm

(2)

(2l − 1)
El−1 ,m − 2m

l(l + 1)
Blm − κl+1 ,m

(2)

(2l + 3)
El+1 ,m

]
+ (1.203)

− τ ′[Elm +
√

6P (m)δl,2]

B′
lm = k

[
κlm

(2)

(2l − 1)
Bl−1 ,m − 2m

l(l + 1)
Elm − κl+1 ,m

(2)

(2l + 3)
Bl+1 ,m

]
+ (1.204)

− τ ′Blm

Note that the polarisation source P (m) appears only in the E-mode quadru-
pole.

Integral solutions

The easiest way to solve Boltzmann equations is to integrate them along the
photon line of sight in the sky; the temperature for a single mode can be
found formally integrating eq.(1.198):

Θlm(η0, k)
2l + 1

=
∫ η0

0
dηe−τ(η)

∑

l̃

Sl̃m(η)jlm
(l̃)(k(η0 − η)) (1.205)

where

τ(η) =
∫ η0

η
τ ′(η̃)dη̃ (1.206)

is the optical depth between time η and the present time η0 and jl(x) are
the spherical Bessel functions, containing the angular behavior of the tem-
perature anisotropy source Slm. The product g ≡ τ ′e−τ is also called the
visibility function and represents the probability of a photon to last scatter
between dη and η: hence it is nearly zero everywhere but at the recombina-
tion epoch, where it has a sharp peak. Solution (1.205) can be integrated
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by parts and rewritten in the Newtonian gauge as [83]:

Θl0(η0, k)
2l + 1

=
∫ η0

0
dη

[(
g(Θ00 + Ψ) + e−τ (Ψ′ − Φ′)

)
jl0

(0)+ (1.207)

+ gvB0jl0
(1) + gP (0)jl0

(2)
]

Θl1(η0, k)
2l + 1

=
∫ η0

0
dη

[
g(vB1 − V )jl1

(1)+ (1.208)

+
(

gP (1) + e−τ kV√
3

)
jl1

(2)

]

Θl2(η0, k)
2l + 1

=
∫ η0

0
dη

[
(gP (2) − e−τH ′)jl2

(2)
]

(1.209)

In this formulation, the scalar mode (m = 0) for the CMB temperature
in the direction n̂ gets a first contribution from the isotropic temperature
monopole at the last scattering surface Θ00, which is the intrinsic tempera-
ture of the CMB and is the same in all directions up to 1 part in 103; this
term is corrected by the metric fluctuation via the gravitational potential Ψ,
through the Sachs Wolfe effect which accounts for the gravitational redshift
of photons climbing out of the potential wells. The Sachs Wolfe effect in-
cludes an ordinary (SW) and an integrated (ISW) contribution: the former
influences the source Slm in (1.198) with a term proportional to gΨ which
has therefore only effect around recombination, when the visibility function g
is different from zero; at last scattering photons have to climb out the poten-
tial wells where the baryons are and since they escape in different directions
and from different potential wells they are more or less redshifted. The SW
effect is dominant at scales well outside the horizon, at low multiples, when
k is very small and the gravitational potential is bigger due to the Poisson
equation Φ ∝ δρ/k2. The ISW contribution is due to the presence of the
term

∫ η0

0 dη(e−τ [Ψ′ − Φ′]) in the scalar solution (1.207), due to the redshift
or blueshift of photons as the latter pass through time varying gravitational
potential wells along the path the photon travels from last scattering to the
present; the ISW consists in an early (EISW) and a late (LISW) effect.

The EISW is due to the effect at last scattering of the change of po-
tential wells which occurs when the Universe goes from a RDE to a MDE:
radiation, which is still present in a non negligible amount after RDE, tends
to flatten the potential well so that Φ decays within the sound horizon;
this effect acts even at scales slightly bigger than the sound horizon at last
scattering; photons are redshifted (blueshifted) if they come from an under-
densed (overdensed) region until radiation actually becomes negligible in the
Universe.

The LISW is due to the change in Φ and Ψ which occurs when a Λ or
DE term dominates stretching the potential again. As it happens for the
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EISW, the LISW is dumped at small scales since photons will be redshifted
and blueshifted several times, having the same probability to pass through
several wells and hills; at large scales and small multipoles, up to the sound
horizon, the effect is much bigger since they pass at most through one hill
or well.

Another contribution in (1.207) is given by the Doppler term, propor-
tional to the velocity of the photon-baryon fluid at last scattering, which only
enters in the dipole anisotropy term (l̃ = 1); finally, the quadrupole term in-
cludes the effect of the anisotropic nature of Thomson scattering. Eq.(1.208,
1.209) represent the vector and tensor mode solutions respectively.

With regard to polarisation, formal integral solutions of equations (1.203,
1.204) are given by

El
(m)(η0, k)
2l + 1

= −
√

6
∫ η0

0
dητ ′e−τP (m)(η)εl

(m)(k(η0 − η)) (1.210)

Bl
(m)(η0, k)
2l + 1

= −
√

6
∫ η0

0
dητ ′e−τP (m)(η)βl

(m)(k(η0 − η)) (1.211)

where the angular behavior of the polarisation anisotropy source P (m) is con-
tained in εl

(m) and βl
(m), defined in (1.173). Since βl0 = 0, the B polarisation

has no scalar mode (m = 0). B-modes are produced only by gravitational
waves (tensor modes which also generate E-modes), hence polarisation could
be used to detect the presence of gravitational waves in the early universe14.

In order to actually calculate the coefficients Cl
ΘΘ, Cl

ΘE , Cl
EE , the

following expression can be used:

(2l + 1)2CXX̃
l =

2
π

∫
k2dk

2∑

m=−2

X∗
lm(η0, k)X̃lm(η0, k) (1.212)

where X and X̃ stand for Θ, E or B15. These quantities, representing
angular power spectra for temperature and polarization as shown in (1.170,
1.180, 1.179), are nowadays an inestimable and largely used tool to estimate
the content and characteristics of the Universe; furthermore, their value at
different angular scales is a reference point, whenever one wishes to test and
make a comparison among different models, as we will see in detail in the
next Chapter.

14Limits on the gravitational wave contribution to the temperature anisotropy imply

B-modes less than a few tenths of a µK.
15Recall that cross correlation to B vanishes due to parity invariance.



Chapter 2

Cosmological Concordance
Model

2.1 Evidences for Cosmic Acceleration

In the last few years, several new theoretical models and experiments have
managed to make an astonishing revolution in our way to look at the Uni-
verse. At present, the favored cosmological model consists in a nearly spa-
tially flat Universe containing, as we have seen, mainly unknown ingredients
like Dark Matter and Dark Energy. Furthermore, another quite surprising
discovery consists in the fact that at z ∼ 1.7 the Universe started accelerating
its expansion.

Before proceeding in investigating Dark Energy in detail, we will briefly
review the main experimental evidences that have contributed to give the
astonishingly new picture of the Universe we have just described. The main
tests come from Cosmic Microwave Background (CMB) (which provides ev-
idences for flatness, acceleration and Dark Matter), galaxies and clusters
of galaxies (for the matter amount in the Universe), type Ia Supernovae
(SNe) (for the accelerated expansion), data from the Hubble Space Tele-
scope (HST) (for the determination of the Hubble parameter) and Big Bang
Nucleosynthesis (BBN). All these experiments nicely complement each other
and all currently indicate that not only dark energy exists but is the domi-
nant form of energy density in the Universe today.

2.1.1 Cosmic Microwave Background

The most stringent constraints come from the observation of CMB anisotro-
pies whose power spectrum, usually plotted as l(l + 1)Cl vs l (fig.2.1, top),
shows a series of oscillatory features at angular scales smaller than one degree
(l ≥ 200). These features, known as acoustic peaks, represent the oscillations

35
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of the photon-baryon fluid in potential wells up to the time of decoupling
(primary anisotropies). At recombination, when protons and electrons join
to form neutral atoms, all modes frozen at extrema of their oscillations be-
come peaks in the CMB power spectrum, at angular scales below the horizon
size at the last-scattering surface: for example, the first peak corresponds
to the mode for which the fluid had just time to compress once before re-
combination, the second represents the mode at which the fluid had time
to compress once and then rarefy. Other effects (secondary anisotropies)
can then influence the photons pattern along the way, up to their detection:
CMB can scatter on ionized matter due either to reionization or to the pres-
ence of hot gas in central regions of galaxy clusters (Sunyaev Zeldovich (SZ)
effect); also, we have seen that gravitational interactions can cause redshift
(SW effect) and lensing effects.

COBE first detection, in 1992, of CMB temperature fluctuations across
the sky [47], only allowed to observe the dipole induced by our motion with
respect to the CMB. Starting from 2000, however, the Boomerang [20, 21,
22, 23, 24] and Maxima [97, 98] experiments first, WMAP [150, 151, 153]
later, measured the position and amplitude of the peaks, providing the most
accurate results to date of the temperature power spectrum up to l ∼ 900
while the EE-spectrum was first measured by DASI [52, 53] in 2002. At
present, several ground based experiments are running (VSA [143], CBI
[39], ACBAR [1]) and there is great expectation for the next one to come,
the PLANCK satellite [114], scheduled for launch in 2007.

The characteristics of the CMB spectra have very relevant implications
in the determination of cosmological parameters. The position of the first
peak, in particular, depends on the sound horizon at the time of decoupling;
the latter is equal to rs = 147 Mpc as seen today1, corresponding, in a flat
Universe, to an angle of about 1◦; this is exactly the scale at which the
first peak in the CMB is located, demonstrating that the Universe spatial
geometry is indeed Euclidean.

While the first acoustic peak points out that the Universe is flat, the pre-
sence of a second peak, observed to be substantially lower than the first peak,
is evidence of a good interpretation of sound waves from gravitational po-
tential perturbations in the early universe; furthermore, since odd and even
peaks are respectively associated with how much the plasma compresses or
rarefies inside gravitational potential wells, odd peaks are enhanced with re-
spect to even peaks if the amount of baryons in the universe increases. Also,
since at recombination CMB photons random walk a bit through the baryons

1Note that the value of the sound horizon usually refers to the value (147 Mpc) it has

‘as seen today’ after the expansion, and not to its physical value at the time of interest,

i.e. decoupling. Hence, given the physical value of the horizon at a∗, the reported value is

usually obtained multiplying by a0/a∗.
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Figure 2.1: The WMAP angular power spectrum. Top: the WMAP temper-

ature (TT) results are consistent with the ACBAR and CBI measurements.

The grey band represents the cosmic variance expected for that model. The

quadrupole has a surprisingly low amplitude. Bottom: The temperature-

polarization (TE) cross-power spectrum. The figure is from [15].
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before free streaming, hot and cold photons mix and the acoustic peaks are
exponentially damped on scales smaller than the distance photons random
walk at last scattering: raising the number of baryons decreases the mean
free path and hence shortens this distance, thus lowering the damping to
smaller scales or larger angular momenta; this effect can also be understood
by noticing that the more are the baryons, the slower is the sound velocity
cs

2 = p′/ρ′ = p′γ/(ρ′γ + ρ′b) < p′γ/ργ ; as a consequence, if less baryons are
present, the sound horizon is smaller; angular scales which enters the horizon
at last scattering are therefore smaller too, shifting CMB peaks to higher
multipoles.

The third peak, as well as the higher order acoustic peaks, is sensitive
to the energy density of Dark Matter2 and together with the first peak
indicates the need for Dark Energy; there is however no evidence yet for
dynamics of the Dark Energy component, the data being consistent with a
pure Cosmological Constant.

Note also that since the fit to estimate the parameters is done in a multi-
parameter space, it is often necessary to assume priors on the range of some
parameters (e.g. assume that the Hubble constant is in the range 0.5 <
h < 1), and there may be some dependence of the estimated values on
the assumed priors3. Also, the spectra are ultimately limited by “cosmic
variance”, shown in fig.(2.1), due to the fact that there are only 2l + 1
samples over which one can perform the statistical mean in (1.170, 1.179,
1.180) with a consequent inevitable error of

∆Cl =

√
2

2l + 1
Cl (2.1)

which is especially relevant at very low multipoles. A definite test of the
interpretation of the temperature peaks is polarisation, discussed in sec-
tion (1.2.4), whose importance has soon become an extremely appealing
field of study, being the most direct probe of the Universe at the epoch of
recombination and a possible way to the detection of gravitational waves
and reionization (fig.2.2). As shown in fig.(2.1, bottom), polarisation and
temperature are partially correlated; also, the amplitude of the polarisation
spectrum is smaller than the temperature spectrum by at least a factor of
ten (see fig.2.3). With regard to the spectrum shape, since the quadrupole
temperature anisotropies that generate polarisation are themselves formed
from the acoustic motion of the baryon-photon fluid, the polarisation spec-
trum presents peaks too, though out of phase with the temperature peaks.

2Note that Dark Matter influences CMB differently than baryons, since the latter have

been coupled to photons and suffer of a Doppler shift.
3For example, if the Hubble parameter had the very low value h = 0.3, WMAP alone

allows closed Universes with Ωtot = 1.3
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Figure 2.2: Angular power spectrum for EE, BB and EB polarizations. The

plot has been found from Boomerang data relative to the Antarctic flight

which took place in January 2003. NA (North America) and IT (Italy) refer

to two different methods of analysis. The solid line in the < EE > plot is

the best fit ΛCDM model to the WMAP TT results. The figure is from [24].
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Figure 2.3: Predicted power spectra for: Temperature (T), E-mode polari-

sation (E), B-mode polarisation (B), and Temperature-E-mode cross corre-

lation (TE). The modification of each spectrum resulting from reionization

observed by WMAP is shown by the dotted lines. Gravitational waves at

a level allowed by current data introduce contributions to the E-mode and

B-mode spectra shown by the dashed lines. The dot-dash line shows the con-

tribution to the B-mode signal resulting from lensed E-modes. The figure is

from [35].
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Parameter WMAP data

Matter density Ωmh2 = 0.14± 0.02

Baryon density Ωbh
2 = 0.024± 0.001

Hubble parameter h = 0.72± 0.05

Amplitude A = 0.9± 0.1

Optical depth τ = 0.166+0.076
−0.071

Spectral index n = 0.99± 0.04

Table 2.1.1: Cosmological parameters using WMAP data. The errors are at

1σ as reported in [153].

We conclude this paragraph remarking that several numerical codes allow
to calculate CMB primary anisotropies and polarization as well as density
perturbations: among them we recall the ones we have used, namely the
CMBfast fortran code published by U.Seljak and M.Zaldarriaga [155, 46]
and the CMBeasy C++ code published by M.Doran [45, 57, 59]. Power
spectra of the temperature and polarisation maps can then be used to con-
strain cosmological parameters and models. In tab.(2.1.1) and tab.(2.1.2) we
show a summary of the most important parameters and derived parameters
estimated by WMAP alone, with errors at 1σ as reported in [153].

2.1.2 Large Scale Structure

Another fundamental source of information for cosmology consists in matter
density fluctuations generated from quantum mechanical fluctuations origi-
nated when the Universe was a fraction of a second old. In particular, Large
Scale Structures (LSS) formed from small gravitational instabilities consi-
stent with CMB, thus implying that the gravitational potential Ψ ∼ 10−5.
Note that even though both matter inhomogeneities and CMB anisotropies
originated from the same source, they appear very different today: indeed,
while matter inhomogeneities grew to form large scale structures through
gravitational instability, pressure prevents photons from realizing the same
process. Galaxies then form after a factor of about 1000 in expansion since
recombination.

The major information on LSS comes from the density perturbation δ
defined in (1.109). Linear perturbation theory tells us that the density per-
turbation in the baryon-radiation fluid grows only logarithmically during
Radiation Dominated Era (RDE): at that time the gravitational potential
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Derived Parameter WMAP data

Matter density Ωm = 0.29± 0.07

Baryon density Ωb = 0.047± 0.006

Amplitude of galaxy fluctuations σ8 = 0.9± 0.1

Age of the Universe t0(Gyr) = 13.4± 0.3

Redshift at matter-radiation equality zeq = 3454+385
−392

Redshift at decoupling zdec = 1088+1
−2

Redshift at reionization zr = 17± 5

Dark Energy equation of state ωDE < −0.78(95%CL)

Table 2.1.2: Derived cosmological parameters using WMAP data. All errors

but the last one are at 1σ as reported in [153].

is constant on super-horizon scales and oscillates and decays on sub-horizon
scales; in Matter Dominated Era (MDE) δ starts increasing linearly with
the scale parameter (δ ∝ a) with a factor of proportionality which depends
on the value of the gravitational potential Φ at the equivalence; the gravita-
tional potential is instead Ψ ∼ const at all scales [17, 61].

The matter power spectrum is then obtained as the mean quadratic value
of the fluctuation for the k mode:

Pk ≡< | δk(η) |2 > (2.2)

where the average is done over the volume in k-space or, equivalently, as the
Fourier transform of the two-point correlation function:

< δ(x)δ(x + r) >=
∫

d3kP (k)eik·r (2.3)

The evolution of density perturbation is regulated by Einstein equations;
ignoring the radiation terms and for scales smaller than the horizon, the
CDM density contrast grows according to the following equation:

δ′′m +Hδ′m − 3
2
ΩmH0

2 δm

a
= 0 (2.4)

This is a second order differential equation with homogeneous coefficients
whose solution can be written separating the space and time dependence:

δm(η,x) = δ+(x)D+(η) + δ−(x)D−(η) (2.5)
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Figure 2.4: Matter density power spectrum P(k) as a function of k as cos-

trained by CMB, SDSS, cluster abundancies, gravitational lensing and the

Lyman−α forest [126].
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where, given Ωm > 0, D+ and D− grow and decay in time respectively.
Note that a necessary requirement for any consistent theory of structure

formation is that the density perturbation, whose amplitude was δ ∼ 10−5

at the last scattering surface (z = 1100), needs to expand up to δ ∼ 102 at
redshifts of z ¿ 1 in order to allow the formation of galaxies.

The primordial spectrum of density perturbations (fig.2.4), is observed
to be equal to

Pk0 =< δk(0)2 >= Akns (2.6)

where δk(0) is the value of the matter density perturbation at present time
and the power law index ns determines the relative distribution of power at
different scales. Primordial density fluctuations are usually assumed to be
Gaussian in nature and with random phases; moreover observations suggest
that ns ∼ 1, corresponding to a nearly scale-invariant spectrum (Harrison-
Zeldovich spectrum).

With regard to the shape, too regions can be identified within the matter
power spectrum: at super horizon scales the shape of the power spectrum
is gauge dependent; at smaller scales, hence before matter domination, the
amplitude of the matter fluctuation is dumped compared to larger scales
due to the fact that matter perturbations grow less during Radiation Dom-
inated Era (RDE). The bend in the middle corresponds to the scale that
entered the horizon at matter-radiation equality. Finally, the shape of the
power spectrum depends on the content and nature of Dark Matter with
a subdominant dependence on the baryon density and can be constrained
through CMB, as well as through several other types of observations which
also contribute to determine the amount of baryons and Dark Matter in the
Universe. We will now briefly recall some of these measurements:

• Galaxy distribution: two main surveys for galaxy observation have
been realized, able to give a three dimensional view of large scale
structures in the Universe. The 2-degree Field (2dF) Galaxy Redshift
Survey has measured nearly 230.000 redshifts allowing to constrain
the power spectrum for k > 0.02h Mpc−1 with 10% accuracy [88].
The measured density power spectrum fits with a CDM model with
Ωmh = 0.168 ± 0.016 and a baryon fraction Ωb/Ωm = 0.185 ± 0.046
[138]; the neutrino contribution is estimated to be Ων/Ωm < 0.13 at
95% confidence level [88]. In fig.(2.5) we can see an example of map
of the galaxy distribution, in which each pixel covers a patch of 0.1
degrees and the brighter the pixels the more galaxies are there. The
Sloan Digital Sky Survey (SDSS) has measured the three dimensional
power spectrum P(k) using over 200.000 galaxies in a quarter of the
sky providing constraints which tighten limits on ΩΛ and h indepen-
dently of CMB and 2dF data [125]. Note, however, that galaxy surveys
measure the galaxy power spectrum Pg(k) which needs to be related
to Pk ≡ PCDM (k) via a constant multiplying factor b called the linear
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Figure 2.5: Map of the galaxy distribution produced by 2dF in June 2003.

The figure is from [137].

bias, which does not depend on the scale as long as we work at scales
where the anisotropies are linear (k/h ≤ 0.15Mpc−1), while at smaller
scales the pattern is modified by galaxy peculiar velocities. In fig.(2.6)
one dimensional likelihoods for the two major surveys are compared.

• Rotation curves of spiral galaxies: though the observational evidence
for a flat Universe is quite recent, the need for a Dark Matter com-
ponent in the Universe was originally pointed out in 1933 by Zwicky,
by realizing that the velocities of individual galaxies located within
the Coma cluster are larger than expected: the cluster can only be
gravitationally bound if its total mass exceeds the sum of the masses
of its component galaxies. Velocity curves have been compiled for
over 1000 spiral galaxies thanks to the Doppler shift associated to the
radio emission (21 cm line) from neutral hydrogen. The orbital ve-
locity raises linearly from the center outward and then remains flat,
even at distances large enough for there to be no luminous galactic
component (fig. 2.7). This is in contrast with the decaying behavior
vrot = (GM/r)1/2 expected if all the mass were virialized and associ-
ated with light. A possible explanation is that the galaxy bulk and
thin disk is surrounded by non luminous matter4 (Dark Matter) whose
mass increases as M ∝ r.

4The total mass of an individual galaxy is still uncertain since a turn around to the

v ∝ r−1/2 at large radii has not yet been observed; only recently, a group from the SDSS

claims the detection of the edge of the dark matter halo, where the rotational curve falls

off [123].
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Figure 2.6: Marginalized one-dimensional likelihoods in the basic-six para-

meter space described in [122]: curves are shown for CMB data only (dashed

lines), CMB plus the 2dF (solid lines) and CMB plus the SDSS (dot-dashed

lines).
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Figure 2.7: Rotation curve of the spiral galaxy NGC 6503 as established from

radio observations of hydrogen gas in the disk [14]. The dashed line shows

the rotation curve expected from the disk material alone, the dot-dashed

line from the dark matter halo alone. The figure is from [115].
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• Clusters of galaxies: the number density of clusters5 depends on the
size of primordial density perturbations and is used to constraint the
σ8 amplitude, which sets the size of the mass fluctuation in spheres
of radius 8h−1 Mpc, a region containing about the right amount of
material to form a cluster. Observations mainly come from the X-ray
emission from hot gas in the cluster, whose temperature can be used to
estimate the mass of the cluster. The σ8 parameter, equal to 0.78+0.30

−0.06

at 95% CL [88] mainly depends on the Dark Matter density (favouring
low matter density), with a sub-dominant dependence on the Dark
Energy density. If clusters well represent the mass distribution in the
Universe, at least within a 20% systematic error, they can help finding
an estimate of the baryonic content, mainly present in the form of
X-ray emitting gas and in stellar galaxies present in clusters. The
following approximated relation holds:

Ωm ∼ Ωb

0.08h−1.5 + 0.01h−1
(2.7)

and if we consider the BBN estimate on Ωbh
2 ≈ 0.02, then Ωmh2 ≈

0.25.

• Lyman Alpha6 forest: the presence of clouds of neutral hydrogen gas in
the intergalactic medium is detected, since the gas absorbs light from
distant objects like quasars.

• Gravitational lensing: the image of a galaxy observed in the back-
ground is deformed due to mass fluctuations along the line of sight,
generating strong or weak lensing according to the amplitude of the
deformation. Weak lensing is now widely used to measure the mass
power spectrum and measurements are mainly sensitive to ΩM and the
amplitude σ8.

• Baryonic oscillations [63]: while Dark Matter primordial perturbation
grow in place, baryonic perturbations expand outward in a spherical
wave, reaching a shell of radius ∼ 150 Mpc at recombination. Though
both perturbations combine to the formation of large scale structure,
the Dark Matter ones are dominant and the baryonic shell appears as
weak oscillations in the CMB as well as in the matter power spectrum.
Both SDSS [127] and 2dF [138], using totally different samples, have
recently claimed the detection of the first acoustic peak of baryon os-
cillations at the 4σ level and, if confirmed, this would give another hint
for the existence of Dark Matter since a fully baryonic model produces
an effect much larger than the observed one.

5A cluster is a collection of galaxies held together by mutual attraction up to 1015M¯.
6The lyman-alpha is the spectral line at 1216 Å in the far ultraviolet corresponding to

the transition of an electron between the two lowest energy levels of a hydrogen atom.
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2.1.3 Type Ia supernovae

The first evidence of cosmic acceleration came with measurements from type
Ia Supernovae (SNe Ia) 7. Since their light has travelled a large fraction of the
Universe before being observed, we can expect it to be a possible indicator of
the geometry of the Universe and of the rate of expansion. This can actually
be realized relating the distance of the source to H(z).

Theoretically, if we had a set of sources (standard candles) of known
intrinsic luminosity L, one could use the observed flux F to estimate the
luminosity distance dL ≡

√
L/4πF , which is related to the expansion via

the Hubble parameter H(z):

dL = (1 + z)
∫

dz′

H(z′)
(2.8)

Using eq.(1.37) we can relate dL to the cosmological parameters:

dL(z) = H−1
0 (1 + z)

∫ z

0
[dz̃[Ωr0(1 + z̃)4 + Ωm0(1 + z̃)3 + (2.9)

+ ΩΛ0 + Ωx0e

h
3
R z
0 (1+ωx(z′)) dz′

1+z′
i
]−1/2]

and, combining it with (1.38, 1.39, 1.40) we can rewrite dL as [80]:

dL(z) =
1

H0
{z +

1
2
[1− q0]z2 − 1

3!
[1− q0 − 3q0

2 + j0]z3 + o(z4)} (2.10)

Although SNe Ia do not behave as perfect standard candles, in the sense
that their luminosity curves deviate from a common pattern (fig. 2.8, left),
it has been demonstrated that when the curve is corrected with a relation
between the light curve shape and the luminosity at maximum brightness
(brighter SNe last longer), the dispersion of the measured luminosities can
be greatly reduced (fig.(2.8), right) [80]. A wide set of measurements has
been performed independently by two groups: the Supernova Cosmology
Project [131] and the High-z Supernova Search Team [78, 79, 80] and both
found that SNe are dimmer than we would expect if the Universe were dece-
lerating its expansion (fig.(2.9)), thus providing evidence for an accelerating
Universe. Furthermore, a linear combination of Ωm and ΩΛ has been found
and constrained [132]:

0.8Ωm − 0.6ΩΛ = −0.16± 0.05 (1σ) (2.11)

7SNe Ia are due to the thermonuclear explosion of a carbon-oxigen white dwarf which

accreats matter from a companion star in a binary system, until it passes the Chan-

drasekhar limit. The intensity of the emitted radiation takes about three weeks to reach

its maximum brightness and then declines over a period of months.
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Figure 2.8: Light curves of Type Ia supernovae (L vs t): the relation between

the absolute luminosity and the timescale is shown (upper panel). In the

lower panel the timescale is multiplied by a stretch correcting factor.
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Figure 2.9: Upper panel: Hubble diagram in linear redshift scale [132]. The

solid curve represents the best-fit flat-universe model, (Ωm = 0.25 , ΩΛ =

0.75). Two other cosmological models are shown for comparison: (Ωm =

0.25 ,ΩΛ = 0) and (Ωm = 1 , ΩΛ = 0). Lower panel: residuals of the averaged

data relative to an empty universe.
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For a flat Universe, this leads to ΩΛ = 0.71 ± 0.05 and Ωm = 0.29 ± 0.05
at 1σ. Using only the background equations, without solving the perturbed
ones, SNIa data can provide the likelihoods for the parameters, as shown
in fig.(2.10) in the well known plane (ΩΛ, Ωm). Note that in SNIa data it
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Figure 2.10: 2d likelihoods in the (ΩΛ, Ωm) plane. The solid contours are

the result from the gold sample of 157 SNe presented in [80]. The dotted

contours are results from [79].

is difficult to go to redshifts higher than the ones already measured since
not only supernovae get fainter but also, since only the region of the peak
is really observed, it is harder to obtain the fit of the whole light curve,
necessary since SNIa are not perfect standard candles. Despite the fact that
several possible systematic effects may affect the accuracy of the SNe Ia as
distance indicators (for example interstellar extinction in the host galaxy
and in the Milky Way), there is yet no evidence that any of these systematic
errors is significant to constrain parameters. Note also that even though SNe
provide a strong support to the presence of a Λ/DE component accelerating
the Universe, arguments for a significant Dark Energy contribution in the
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Universe had been proposed long before SNe Ia observations, in order to
explain the ages of globular clusters and the observed distribution of galaxies,
clusters and voids.

Combining the experimental results All the experiments we have
quickly recalled give impressively concordant results. Combined likelihood
functions can be found in [125] both in one (fig.2.12) and in two (fig.2.11) di-
mensions, in which SDSS constraints are included in combination with other
CMB experiments (WMAPext). A table similar to (2.1.1) can be found in
[153] including WMAP+2dF results whose combination gives, for example, a
value of Ωmh = 0.18±0.02 and a baryon fraction Ωb/Ωm = 0.17±0.06 [139].
Models with 10 parameters (h,Ωm, Ωb,ΩΛ,Ωr,Ων , ∆, n, r, τ) can provide a

Figure 2.11: Constraints at 95% CL in the (Ωm, ΩΛ) plane. Shaded dark

red/grey region is ruled out by WMAP alone for a choice of parameters

illustrated in [125]. The light red/grey region is ruled out when adding

SDSS data. The figure also shows the regions ruled out when τ < 0.3 is

assumed and when adding data from SNIa. Models on the diagonal dotted

line are flat models, those below are open and those above are closed.

good fit to the complete set of data available at present: however, since
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observations are consistent with spatial flatness and inflation models auto-
matically generate spatial flatness, it is possible to set Ω = 1. In addition,
there is no observational evidence for the existence of tensor perturbations
and so r could be set to zero. WMAP alone is the most powerful experiment
so far, able to give, alone, an estimate of most of the considered parameters:
under the assumption that the primordial perturbations are adiabatic with
a power-law spectrum, Ωm = 1 can be ruled out from from CMB alone; the
ΩΛ parameter, though, is still obtained as a derived quantity in the analy-
sis, performed assuming a flat Universe. Note however that WMAP and the
Hubble space telescope can prove alone the acceleration of the Universe even
without the need of controversial data from SNIa.

Figure 2.12: One dimensional likelihood functions for individual cosmolog-

ical parameters are shown, using WMAP alone (light grey/yellow) and in-

cluding SDSS data (dark grey/red). Each distribution has been obtained

marginalizing over all other quantities as illustrated in [125].

Confirmation of the presence of Dark Energy has recently come from an-
other independent detection which concerns cross correlation between CMB
maps and LSS surveys. As we have discussed in the comments which follow
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eq.(1.207), when Dark Energy dominates over the other components, matter
gravitational potentials evolve, causing an additional redshift or blueshift on
CMB photons as they travel through; at large scales this LISW effect is well
visible in the CMB spectrum. The local origin of the LISW effect creates the
expectation of a non-null cross correlation between CMB and LSS, due to
the fact that the same gravitational potential created by galaxies also affects
CMB anisotropies. The amplitude and sign of the cross correlation depend
only on ΩDE , Ωk and h and therefore cross correlation represents a further
indication of the presence of Dark Energy. Different surveys and methods
have been used to perform this measurement [25] [124] [152] [141] the latter
of which shows the maximum signal, at 3σ detection, when cross correlation
between the radio galaxy survey NVSS [101] and WMAP is considered.

In conclusion, several evidences confirm that the amount of the total
matter density is not more than 30% so that, in order for the Universe to be
flat, we need to have an extra component counting for the remaining 70%.
The simplest and yet possible choice consists in a pure cosmological constant
Λ. This model is referred to as ΛCDM whose basic ingredients are given by
Ωb ∼ 0.04, Ωc ∼ 0.26, ΩΛ ∼ 0.70 and a Hubble constant h ∼ 0.7. The spatial
geometry is very close to flat (and often assumed to be precisely flat), and
the initial perturbations are Gaussian, adiabatic, and nearly scale-invariant.
There is yet no clear evidence of evolution of the Dark Energy density and
future experiments will also aim to set constraints on the cosmic equation
of state ω(z), which is so far in agreement with a cosmological constant
(fig.2.14).
Even though there is not a single experiment which provides alone all the
estimated values of the parameters, there is no other model like the ΛCDM
model which agrees simultaneously with the whole set of observations and
this explains why, although ΛCDM main ingredients are still unknown,
the ΛCDM model is almost universally accepted by cosmologists as the
best description of present data and it represents, up to now, the standard
cosmological model and the essence of concordance cosmology.
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Figure 2.14: Constraints at 95%CL in the (Ωm, ωDE) plane, where ωDE is

the Dark Energy equation of state. The shaded dark red/grey region is ruled

out by WMAP alone for a choice of parameters illustrated in [125]. The light

red/grey region is ruled out when adding SDSS data. The figure also shows

the region ruled out when adding data from SNIa (yellow/very light grey).





Chapter 3

Quintessence scalar field

3.1 Dark energy as a minimally coupled scalar field

A minimal generalization of Λ consists in a scalar field φ(x) called Quintessen-
ce (Q) which interacts only with itself and, minimally, with gravity. The idea
of a dynamical component, viewed as a possible alternative to a cosmolo-
gical constant, has its origins both in particle physics and in cosmology:
while the former looked for a dynamical cancellation of the vacuum energy
density, the latter tried to reconcile the need for a flat universe with the
small mass density indicated by galaxy peculiar velocities without incurring
in the fine-tuning and coincidence problems: on both sides the intent was
to justify the smallness of Λ in the present epoch as a consequence of the
age of the Universe (t0 ∼ 13 × 109 yrs), old enough for the field potential
to decay towards zero and naturally decrease with time similarly to what
matter and radiation do. The guess of a scalar field was mainly inspired by
the inflationary scenario, in which, in order to account for the homogeneity
of the cosmic microwave background, a scalar field (the inflaton) is responsi-
ble for the accelerated expansion which occurred in the very early stages of
the evolution of the Universe. Analogously, the quintessence field needs to
account for the accelerating expansion that started when the Universe was
about two-third of the present size. Furthermore, the choice of a scalar field
represents the simplest way to introduce new physics beyond the well-tested
standard model.

The simplest quintessence model is characterized by the action:

S =
∫ √−g d4x

(
1
2
gµν∂µφ∂νφ + V (φ)

)
(3.1)

where V (φ) is a scalar potential and g is the usual determinant of the metric
tensor gµν . By deriving with respect to the metric we get the corresponding

59
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energy momentum tensor, given by:

Tµ
ν ≡ ∂µφ∂νφ− δµ

ν

(
1
2
∂αφ∂αφ + V (φ)

)
(3.2)

As we will see in the next paragraph, the field φ usually depends on both
temporal and spatial coordinates; however, since the homogeneous back-
ground field φ̄(η) of φ(x) only depends on η, the energy momentum tensor
(3.2) can be substantially simplified

T̄µ
ν (η) =

( −ρ 0
0 δi

jp

)
(3.3)

reducing to that of a perfect fluid (1.15) with energy and pressure given by

ρφ̄ =
1

2a2
φ̄′2 + V (φ̄) (3.4)

pφ̄ =
1

2a2
φ′2 − V (φ̄) (3.5)

where the bar indicates that we are considering background quantities. The
energy conservation equation for the scalar field is equal to the one written
in (1.21); we recall it here for convenience

ρ′φ̄
ρφ̄

= −3H(1 + ωφ) (3.6)

together with the Friedmann equation (1.16) in the case of a flat Universe:

H2(η) =
8πG

3
a2

(
ρfluid +

1
2a2

φ′2 + V (φ)
)

(3.7)

which can also be rewritten as

H2 =
8πG

3

∑

i

ρi0e
3
R z
0

1+ωi(z
′)

1+z′ dz′ (3.8)

where we have made the Hubble parameter dependence on ωQ explicit. The
equation of motion for the field (Klein Gordon equation) can be obtained
either deriving the action with respect to the field φ or directly from the
continuity equation (3.6):

¨̄φ + 3H ˙̄φ + V,φ̄ = 0 (3.9)

where the dot derivatives are with respect to the cosmic time and V,φ̄ ≡
∂V /∂φ̄; if derivatives are calculated with respect to the conformal time the
Klein Gordon equation reads as:

φ̄′′ + 2Hφ̄′ + a2V,φ̄ = 0 (3.10)
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The steepness of the potential drives the field, which is on the other hand
slowed down by the Hubble friction.

The quintessence scalar field is also characterized by a sound velocity
defined as usual and equal to [87]:

c2
sφ ≡

p′φ
ρ′φ

=
φ′

[
3Hφ′ + 2a2V,φ

]

3H(1 + ωφ)(φ′2 + a2V )
(3.11)

Using (3.6) we can also express the sound velocity of the scalar field in terms
of its equation of state1:

c2
sφ = ωφ − 1

3H
ω′

1 + ω′
(3.12)

If the field potential V (φ) is Taylor expanded to the quadratic order in
the field φ(x) about the homogeneous mean background φ̄(η), we get the
mass of the field:

m2
φ = V ′′(φ̄) (3.13)

Within the context of a minimally coupled model (as for example the inverse
power-law model we will recall soon ahead in this Chapter), the quintessence
field results to be very light, with a mass of approximately mφ(t0) ∼ 10−33

eV; the tiny value of the mass is due to the requirements that V (φ) varies
slowly with the field value and that the current value of V (φ) must be ob-
servationally acceptable. [116].

One of the most significant parameters for φ is the equation of state
defined in (1.20) which, for a minimally coupled quintessence field, is equal
to

ωQ =
1
2

˙̄φ2 − V

1
2

˙̄φ2 + V
(3.14)

Note that in the limit in which the field is a cosmological constant, φ̇ = 0
and hence we recover ωΛ = −1. One of the key observational features of
Dark Energy is then that ωQ 6= −1. In principle, the quintessence equation
of state ωQ is not a constant but can vary with time; despite the fact that
experiments are mainly sensitive to some average value weighted over recent
epochs and that present observations are so far consistent with a cosmological
constant, ωQ is usually considered as a free parameter [88] whose limit has
been shown in tab.(2.1.2) as reported by WMAP [153]; a subsequent analysis
[125] which includes SDSS data, constraints ωQ within the range

−1.19 < ωQ < −0.83 (3.15)

1The sound velocity is not a well defined concept for classical scalar fields [87] since it

can change sign.
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if the ratio between tensor and scalar modes is fixed to r = 0 or

−1.11 < ωQ < −0.77 (3.16)

if tensor modes are included. Though highly constrained, some information
could come when parametrizing the equation of state in terms of the scale
factor, in such a way that, for example, ωQ(a) = ωQ0 + ω′Qa. In the plane
ω′Q, ωQ Dark Energy models are not yet well constrained [33].

Usually ωQ is restricted to the case ωQ ≥ −1 to avoid violation of the
weak energy condition2.

The dependence of the quintessence energy density on the redshift (or
equivalently on the scale parameter) can easily be expressed in terms of the
equation of state ωφ by integrating the continuity equation (3.6):

ρφ̄ = ρφ̄0
e

�
3
R z
0

1+ωφ(z′)
1+z′ dz′

�

= ρφ0e
[−3

R a
0 d ln a′[1+ωφ(a′)]] (3.17)

equal to ρ̄φ ∼ a−3(1+ωφ) if ωφ is a constant. As a consequence, the time
evolution of ωφ determines the time evolution of quintessence by altering the
slope of ρφ̄(a). As we see from eq.(3.14) and (1.19), if the field slowly rolls in
the potential or, in other words, if its pressure is sufficiently negative to have
repulsive gravitational effects, then the field will accelerate the expansion
of the universe soon after it starts dominating over ordinary matter3. In
minimally coupled models the scalar field does not play a significant role
in the evolution of the Universe up to about z ∼ 2 and has its main effect
only in recent times when it comes to dominate. This happens earlier for
quintessence models compared to ΛCDM models since

aΛDE =
(

ρm0

ρΛ0

)1/3

> aQDE =
(

ρm0

ρQ0

)1/3|ωQ|
(3.18)

Note that in principle, using (3.14), one could think of reconstructing the
kinetic energy, the potential and the field, directly from the dependence of
the equation of state on the scale factor:

T (a) ≡ 1
2
φ̇2 =

1
2
ρφ(a)[1 + ωφ(a)] (3.19)

V (a) =
1
2
ρφ(a)[1− ωφ(a)] (3.20)

φ(a) =
∫

d ln aH−1
√

ρφ(a)[1 + ωφ(a)] (3.21)

2The weak energy condition states that the energy density measured by any observer

in his rest frame is always non-negative; models in which the scalar field is characterized

by an equation of state ωφ < −1 have been recently investigated too within a variety of

possibilities: braneworld models [121], scalar-tensor models [128], phantom models [29].
3We recall that in order to provide an acceleration to the Universe expansion, Dark

Energy’s equation of state needs to be negative and ωφ < −1/3.
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Nevertheless, a direct reconstruction results to be very difficult to achieve;
hence, people have mainly tried to proceed phenomenologically to find po-
tentials which are able to address the inevitable problems encountered in
a cosmological constant framework. Before illustrating the most popular
guesses for the quintessence potential, we will first discuss perturbations of
the field, which account for its dependence on spatial coordinates.

3.1.1 Perturbations

In order to be meaningful, the quintessence scalar field is not really homo-
geneous but has perturbations depending on the coordinate point

φ(η,x) = ϕ(η) + δφ(η,x) (3.22)

where we have redefined the background φ̄ ≡ ϕ(η) for convenience and we
can rewrite

δφ(η,x) = χ(η)Yk
(0)(x) (3.23)

where the set of functions Y (0) has been defined in (1.63). Note that the ho-
mogeneous and perturbed scenarios do not represent models in competition
with each other: the scalar field must have fluctuations since any smooth
time evolving Λ(t) component is unphysical, being gauge dependent, not well
defined and in contrast with the equivalence principle [28]. Usually, however,
we don’t see spatial fluctuations because the field φ(x) is very light and as
a consequence, at least in minimally coupled scenarios, perturbations of the
quintessence field move away very fast below the horizon so that relativistic
pressure prevents them from clustering in potential wells.

Linear perturbation behavior is rather well understood; under a gauge
transformation of type (1.74) with ε given by (1.77), the scalar field and its
perturbation transform as in (1.76):

φ̃(x) = φ(x) + ϕ′(η)Tk(η)Yk
(0)(x) (3.24)

χ̃(η) = χ(η)− ϕ′(η)Tk(η)Yk
(0)(x) (3.25)

so that the combination

X = χ− k−1σϕ′ (3.26)

is gauge invariant [87]. Since in the Newtonian/longitudinal gauge σ = 0,
we have that X long = χ. Perturbing the energy momentum tensor (3.2) to
the first order and using (1.81, 3.22, 3.26), it is possible to obtain the various
components of the perturbed tensor [56, 87], here specified in the longitudinal
gauge and written in terms of the gauge invariant metric perturbation Ψ
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defined in (1.102):

δT 0
0

(longit) = a−2
[
Ψϕ′2 − χ′ϕ′ − Vφχ

]
Y (0) (3.27)

δT i
j
(longit) = −a2δi

j

[
ϕ′2Ψ−X ′ϕ′ + a2VφX

]
Y (0) (3.28)

δT 0
j

(longit) = −a2kϕXY
(0)
j (3.29)

δT i
0
(longit) = −a2kϕ′XY i(0) (3.30)

where4 Vφ is the derivative of the potential V (φ) with respect to φ and
δTµ

ν has been defined as in (1.108). Note also that perturbations of the
quintessence field only involve scalar contributions. Comparing these ex-
pressions with the ones in (1.115) we can easily derive

(ρ̄φ + p̄φ)v(φ) = a−2kϕ′X (3.31)

where v(φ) is the velocity perturbation of the quintessence field. Substituting
the expressions of the background energy density (3.4) and pressure (3.5) it’s
easy to obtain:

v(φ) =
kX

ϕ′
(3.32)

Note also that in the longitudinal gauge v
(φ)
long = V(φ) where V (φ) is the gauge

invariant velocity perturbation defined in (1.122) not to be confused with the
potential V (φ).

Analogously, the expression for the density perturbation of the quintessence
field can be obtained combining eq.(1.115, 1.123, 3.4, 3.5, 3.27) (see [56, 87]):

∆(φ)
g = ρ̄−1

φ a−2
[
ϕ′X ′ + a2V,φX − ϕ′2Ψ− 3ϕ2Φ

]
(3.33)

= (1 + ωφ)
[
3Φ−Ψ + X ′ϕ′−1

]
+ XV ′(φ)ρ̄−1

φ (3.34)

The gauge invariant entropy perturbation is equal to

Γφ = p̄−1
φ

[
(1− cs

2)ρ̄φ

(
∆g − 3ρ̄−1

φ a−2ϕ′2Φ
)
− 2V,φX

]
(3.35)

while the anisotropic perturbation Π vanishes in minimally coupled models.
Finally, the perturbed equation of motion for the quintessence field is given
by

X ′′ + 2HX ′ + (k2 + a2V,φφ)X = ϕ′
(
Ψ′ − 3Φ′

)− 2a2V,φ(φ)Ψ (3.36)

where the gravitational source on the right hand side (depending on the
gauge invariant scalar metric perturbations Ψ and Φ) can only be neglected

4Tensor components in (3.27) are not gauge invariant, even though they are written in

terms of gauge invariant variables.
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for modes far inside the horizon. In the synchronous gauge eq.(3.36) becomes
[28, 48]

X ′′ + 2HX ′ +
(
k2 + a2V,φφ

)
X = −1

2
h′X ′ (3.37)

where h is the trace of the spatial metric perturbation [92]. Finally, note
that even in the case of a background cosmological constant with ωQ = −1,
in which Vφ = 0 and φ =const is a solution of the Klein Gordon equation,
eq.(3.36) becomes X ′′ + 2HX ′ + (k2 + a2V,φφ)X = 0 so that scalar field
fluctuations could still be present and give a dynamical behavior to what
appears to be a constant [10].

3.2 Tracking solutions

As we have seen in Chapter 2, up to present the cosmological constant is
still compatible with observations; therefore, the first aim of a quintessence
model should be that of overcoming the serious problems related to Λ in
order to motivate the choice for a valid alternative. An interesting and very
popular subclass of models which has made the first steps in this direction
was first proposed in [116] and then developed later on within Quintessence
theories by [156, 134]. This class is usually referred to as ‘tracker field mod-
els’ and it first appeared to solve one of the most compelling issues, i.e. that
of the fine tuning of the initial conditions, fixed in order to have a value
of the field energy density and of the equation of state today in agreement
with observations. The powerful peculiarity of these models is that, irre-
spectively of the initial conditions, the field rolls down to the right place. In
other words, though starting from a large set of initial conditions for φ and
φ̇, tracking scalar fields evolve and eventually converge into a common path
which behaves as an attractor: the latter is a solution of the Klein Gordon
equation (3.10) characterized by an almost constant equation of state for the
field, constrained in the range −1 < ωQ < ωB, where ωB is the background
equation of state [134]. In this models the value of the quintessence energy
density today (fig. 3.2) as well as that of the equation of state ωQ (fig. 3.2)
become naturally the required one, avoiding the fine-tuning problem within
a range of tens of orders of magnitude. In particular, quintessence could
have been initially of the same order of ordinary matter.
The new issue within this framework has then consisted for long in look-
ing for those potentials that admit attractor solutions; the condition pro-
posed in [134] depends on the value of a key parameter for minimal coupled
quintessence models, referred to as Γ and defined as

Γ ≡ V ′′V
(V ′)2

(3.38)
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Figure 3.1: Quintessence energy density versus redshift in the case of a

tracker field. The solid thick curve represents the case in which Q begins

from a value greater than the tracker solution value (overshoot), decreases
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is from [134].
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When
Γ > 1 ; ωQ < ωB ; Γ ∼ const (3.39)

or
Γ < 1 ; ωB < ωQ <

1
2
(1 + ωB) ; Γ ∼ const (3.40)

then solutions of the Klein Gordon equation converge to a tracker solution;
here the subscript B stands for the background and V is the potential in
which the quintessence field rolls. Moreover, a complete analysis has been
performed in [90] on potentials which admit scaling solutions, that is to say
solutions in which the scalar field energy density scales as

ρφ ∝ a−n (3.41)

when the background scales as

ρfluid ∝ a−m (3.42)

equivalently defined as models in which the scalar field potential and kinetic
energies stay in fixed proportion.

We will now review briefly three of the most popular choices for the
V (φ) potential: the exponential, the inverse power-law, and the SUGRA
potentials.

3.2.1 Exponential potential

The exponential potential [147, 116, 69] is given by

V (φ) = V0e
−λφ/MPl (3.43)

where λ is a constant. This potential allows quintessence to have attractor
solutions in which, however, the scalar field energy density always scales in
time exactly as the background; as a consequence, since ΩQ ∝ (1 + ωQ)/λ2

[148], quintessence equation of state results to be always ωQ = ωB. This
means that ωQ = ωCDM = 0 today which is in contrast with the need of an
accelerating Universe. This scenario changes in models in which Dark Energy
is coupled to Dark Matter [4]: in this case both the coupling and λ need to
vary in order to fix ΩQ0 = 0.7 today; however either quintessence doesn’t
manage to dominate today over the background or coupled quintessence
dominates directly over radiation, with no matter domination era at all.

3.2.2 Ratra-Peebles potential

Another interesting suggestion for the potential is the inverse power law
(Ratra-Peebles potential) [116, 117, 27]

V (φ) = A

(
MP

φ

)α

(3.44)
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where α > 0, the overall factor A has the dimension of a mass to the power
of (α + 4) and A is chosen in such a way that

A ∼ Ωφ0ρc0 (3.45)

where ρc0 is the present critical density. Though this fixes the right value
today for the energy density of the field, the initial conditions for the evolu-
tion equations do not need to be fine tuned, due to the tracking: if the scale
factor expands as a power law a ∝ tn, then the Klein Gordon equation (3.9)
has scaling solutions of the type

φ ∝ t2/(2+α) (3.46)

with energy density
ρφ ∝ t−2α/(2+α) (3.47)

whose ratio with respect to the background energy density increases in time
as ρφ/ρB ∝ t4/(2+α) when taking into account that matter and radiation
scale as in (1.44) and (1.49) respectively. As long as α > 0 the scalar field
energy density decays in time more slowly than the background until, at
some point, it dominates over the other components in the Universe leading
to an accelerating expansion. As for the equation of state, its value today is
related to the α parameter through the relation:

ωQ0 = − 2
α + 2

(3.48)

A slowly changing potential characterized by small values of its first and
second derivatives also explains the fact that the mass of the field is very
small, as previously mentioned. Note, however, that in this case the mass is
a derived quantity that evolves with the expansion and not a fixed fine tuned
value as in the case of a potential of the type V = m2

qφ
2/2 [106]. Moreover,

once the condition (3.45) is fixed, the transition from matter dominated to
Dark Energy dominated eras happens to occur right at z ∼ 1−2, as required
by observations and without imposing further constraints.

Constraints on the inverse power law potential (as well as on other
quintessence models) imposed by CMB and Supernovae observations have
been investigated in [31]. In particular, the α parameter is constrained to
values α < 1 − 2 in consistence with previous analysis [11] so that flatter
potentials seem to be favored by data. The most direct implication of flat-
tening V (φ) is that the basin of attraction of the tracker field, that is to say
the allowed range of initial conditions able to lead to the attractor, shrinks
of about ten orders of magnitude when passing from α = 6 to α = 0.5; if
on one side this allows to have smaller values of the quintessence equation
of state ωQ in agreement with recent data, on the other hand the potential
resembles more and more to that of a cosmological constant [18], enhancing
the fine tuning and loosing the main appeal of tracking trajectories.
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3.2.3 SUGRA

An example of models in which the quintessence equation of state is very near
to −1 today but in which ωQ 6= −1 in the past is provided by supergravity
inspired (SUGRA) models [26, 27]. In this case the potential has the form:

V (φ) = A

(
MP

φ

)α

exp
[
4π(φ/MP )2

]
(3.49)

where A has the dimension of a mass to the power of (α + 4). In (3.49) an
inverse power law potential is corrected by an exponential which has mainly
effect at very small redshifts, in the final stages of the Universe, and is ir-
relevant when φ ¿ MPl. This implies that the insensitivity to the initial
conditions that characterizes the inverse power low potential is preserved
within a range of 100 orders of magnitude, as it has been checked in [26];
then, in recent times, the exponential tracks these potentials to values of the
equation of state lower than in the inverse power law potential with a very
low dependence on the α parameter.

Finally, we would like to note that, though appealing to overcome the
fine-tuning problem preserving a negative equation of state, all tracker mod-
els are still affected by fine tuning in the post-tracking regime, in order to
fix the dark energy abundance today. This is obtained when tuning the
constant A in the potential, both in (3.44) and in (3.49).

3.3 Effects on cosmological perturbations

The presence of Dark Energy changes the expansion of the Universe through
the extra contribution in the Friedmann equation (1.37); this has effect on
the curvature of the Universe which in turn modifies the luminosity distance
(2.8) influencing, as we have seen, the way SNIa appear to us as well as
the amplitude of CMB fluctuations and gravitational lensing effects, which
depend on the geometry of the Universe. In particular, when we consider
quintessence models, the luminosity distance gets contracted with respect to
ΛCDM models as we see from (2.8).

We will now review the basic effects of Dark Energy on CMB and LSS
in the simple case of a minimally coupled scalar field.

3.3.1 CMB

Dark Energy influences the CMB spectrum in three regions, which involve
the first peak, the large angular scales and the small angular scales (fig. 3.3)
[30] [31]. In particular, the first peak location depends on the geometry of
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Figure 3.3: CMB spectrum for three different quintessence models. The

red (ωQ = −0.5) and blue (ωQ = −1.2) curves, though equal to CMB,

can be distinguished by SNe data. The black curve (ωQ = −0.8), although

consistent with the SNe data and with the location and height of the first

peak as determined by WMAP, is rejected by CMB at the 3 σ level. Figure

from [31].
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the Universe and on the distance from the last scattering surface: the lat-
ter depends on the amount of Dark Energy today and on the equation of
state ωQ analogously to what happens for the luminosity distance in eq.(2.8).
Fig.(3.4) shows the influence that quintessence has on CMB for different val-
ues of ΩQ and of the equation of state ωQ both whether it has a constant
value and if it varies in time. All plotted models correspond to flat cosmolo-
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of state varies with time and is obtained from the specified potential (an
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gies, therefore the location of the first peak is approximately at the same
value of l.

A second region which is affected by both ΩQ and ωQ is the plateau at
low multipoles. Here the shape of the spectrum is distorted by the ISW
effect described in the comments following eq.(1.207); the ISW effect is due
to the fact that the cosmic expansion stretches the gravitational potentials so
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that CMB photons require less (more) energy climbing out of an overdense
(underdense) region than they acquire falling in it. The main contribution
is given by the LISW which depends on how the expansion is modified by
the quintessence domination and therefore changes according to ΩQ and ωQ.
The more the equation of state of the quintessence field changes, the more
the effect is enhanced. We recall here that the LISW effect is visible in the
cross-correlation of the CMB with LSS at angular scales Θ ≤ 10◦.

The plateau at low l’s is also affected by Quintessence fluctuations sound
speed [31]: as ΩQ grows in time, quintessence density fluctuations are at-
tracted by overdensities due to the presence of Dark Matter and baryons [30];
despite the fact that, as we have seen before, minimally coupled quintessence
is characterized by fast fluctuations which do not allow the scalar field to
cluster, some models like k-essence models [7] or extended quintessence mod-
els [110] can admit a lower value of the quintessence fluctuation sound speed:
as Dark Energy clusters, it deepens the gravitational wells, thus balancing
the flattening of the potential due to the ISW effect; in this case new features
like dips and bumps can alter the plateau shape at low multipoles.

When comparing quintessence (QCDM) models to ΛCDM and open
models, the ISW of the former models is shifted to higher multipoles. This
is due to the fact that the expansion is faster in QCDM than in the other
models; as a consequence, quintessence dominates before Λ (see eq. 3.18)
and before the curvature term of an open model. When this occurres the
horizon is therefore smaller and since the LISW has mainly effect on scales
comparable to the sound horizon, the peak of the LISW effect in QCDM
moves to smaller scales and to higher multipoles; this effect goes up to the
scale of the horizon at last scattering and tends to enhance the amplitude
of the first peak. When the equation of state ωQ gets smaller and nearer
to −1, quintessence dominates on matter later and later; however, the tran-
sition occurs more rapidly and ωQ has a bigger overall change so that the
ISW effect is more pronounced.

Finally, note that when fluctuations of the quintessence scalar field are
included, the ISW contribution is enhanced, thus increasing the degeneracy
among different models [146].

At small angular scales and at high multipoles the shape of the spectrum
is greatly influenced by the amount of quintessence at last scattering [32].
The oscillations of the baryon-photon fluid at recombination and therefore
the peaks in the CMB spectrum are damped by the presence of a non-
clustering component like a minimal coupled quintessence scalar field, even
though the quintessence field at last scattering is only few percent of the
total energy density.

Finally, from (3.8) we see that for a fixed value of the energy densities
today, QCDM models with ωQ > −1 are characterized by a larger value of
H−1 in the past with respect to ΛCDM models. This effect influences linear
perturbations and since the angular scale Θ ∝ H−1, the peaks in the CMB
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spectrum are shifted towards higher multipoles (projection effect).

3.3.2 LSS

Large scale structures are deeply influenced by the content of the Universe
and both the shape and the amplitude of the matter power spectrum change
when considering ΛCDM or QCDM models instead of standard CDM mod-
els (SCDM) in which Ωm = 1 [48, 12, 54]. First of all, ΛCDM and QCDM
models shift the overall spectrum to larger scales: this is due to the fact that,
as we have seen in par.(2.1.2), the bend in the power spectrum depends on
the equivalence point, which in turn is given by aeq = ρ̄r0/ρ̄m0 (see eq. 1.46).
Therefore, if Ωm is smaller, as it happens both in ΛCDM and in QCDM with
respect to SCDM, aeq is delayed and scales which enter the horizon at the
equivalence point are therefore bigger, no matter whether we have a dynam-
ical quintessence field or a cosmological constant. A key difference between
the two latter models is however that while Λ is spatially homogeneous at
all scales, Q has fluctuations and can in principle cluster above a certain
length scale. The effects of fluctuations on the power spectrum have been
investigated in [94] for different values of ωQ, though the equation of state
has been strongly constrained since then and there is very little chance to
measure such a modification.

In particular, ΛCDM and QCDM models differ in the amplitude of the
spectrum, as we can see in fig.(3.5). The first effect is given by the change
in the growth factor D+ defined in (2.5) according to which structures form
earlier in QCDM with respect to ΛCDM models in agreement with (3.18)
and with the δ evolution shown in fig. (3.6). Characterized by a higher δ,
QCDM predicts more structures at higher redshift and, for a chosen z, older
and hence more complex and concentrated structures than in the case of a
cosmological constant. This same effect is also evident on density profiles of
Dark Matter halos, which change too according to the earlier quintessence
domination with respect to ΛCDM models [12]: the parameters describing
the halo formation change and the halos themselves are denser due to their
earlier formation.

The amplitude of the power spectrum, which is related to δ via P (k) ∝ δ2,
is smaller in ΛCDM than in QCDM, unless COBE normalization is consid-
ered 5 (fig.3.5, left panel).

5COBE normalization fixes the amplitude of the power spectrum at its maximum scale;

this implies fixing the gravitational potential and consequently the value of the product

Ωmδ [48] which combined with the change in the growth factor gives δ ∝ Ωm
p−1 with pΛ ∼

0.2 and pQ ∼ 0.56 so that the amplitude of the spectrum P(k) for QCDM is suppressed;

codes like CMBfast now use WMAP normalization, which consists in multiplying the
CMB and matter spectra by an overall factor which assures the best fit to the WMAP
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Figure 3.5: The left panel shows the matter density power spectrum P(k) as

a function of k for different models. The right panel plots the σ8 parameter

vs ΩQ for different values of the quintessence equation of state [28].

This effect, however, is balanced by the opposite change in the σ8 parameter,
which is suppressed as ωQ increases (fig.3.5, right panel).

If COBE normalization is used, the amplitude of the power spectrum
is further suppressed by the ISW effect: this is due to the fact that P (k)
is influenced by the change in time of the gravitational potential whose
dynamics tends to enhance the anisotropy at large scales; for a fixed COBE
normalization, the amplitude at maximum scale is fixed so that the overall
power spectrum is suppressed. In QCDM the potential usually changes more
than in ΛCDM so that the ISW is more pronounced and the power spectrum
(when COBE normalized) is more suppressed.

data.
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Figure 3.6: Evolution of the density fluctuation amplitude versus redshift

z, normalized to its present amplitude, δ(z)/δ0. The models shown are

standard CDM with ΩCDM = 1 (solid red), ΛCDM with ΩΛ = 0.6 (dotted

green), an open CDM model with Ωm = 0.4 (short dashed light blue), and

the dynamical quintessence model with Ωφ = 0.6 (long dashed dark blue).

The figure is from [48].



Chapter 4

Generalized Cosmologies

4.1 Scalar-tensor theories

As we have seen in the previous Chapter, minimally coupled models represent
a first interesting alternative to the cosmological constant and become par-
ticularly appealing when proposing attractor solutions as a mean to address
the fine tuning problem. Nevertheless, the stringent difficulties which still
affect these models when the experimental requirement of a small equation
of state is taken into account, encourage to pursue new ways of approaching
the Dark Energy issue. In particular, it seems essential to understand how
the scalar field behaves when the possibility of an interaction between Dark
Energy and other existing components in the Universe is considered. At this
purpose, one possibility is to alter the minimal interaction with gravity to
which we have restricted our analysis up to now. Starting from the original
Brans-Dicke idea (see [74] and references therein) of connecting a scalar field
to gravity, one could be tempted to simply interpret the presence of Dark
Energy and the recent cosmic acceleration entirely in terms of a signature
of a modification of gravity and of General Relativity (GR). With this aim
in mind we have worked within the context of scalar-tensor (ST) theories
defined as generalized theories of gravity in which the metric tensor interacts
with a scalar field via an explicit coupling to the Ricci scalar [144]. These
theories represent one of the most natural alternative to General Relativity
[67], where conservation laws are preserved together with the constancy of
non gravitational constants. In particular, in ST theories the gravitational
interaction is not only mediated by a spin-2 graviton related to the metric
but also by one or more spin−0 scalar fields. The latter naturally arise in the
most promising attempts of quantizing gravity like extra dimension and su-
perstring theories, where the metric components correspond to the so called
“moduli” scalar fields, though scalar fields can be obtained in several ways
and their existence doesn’t imply the presence of extra dimensions.

77
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In the following we restrict our analysis to the case in which a single
scalar field is considered in addition to the ones included in the standard
matter terms. In particular, we will review how the background and pertur-
bation equations change in generalized theories of gravity, delineating the
framework of scalar-tensor theories and following what have been done in
[110, 109]. Then, in the next chapter, we will see in details what happens
when the extra scalar field is interpreted as Dark Energy in the context of
Extended Quintessence (EQ) [108].

4.1.1 Action and rescaling

Generalized theories of gravity are described by the following action, first
introduced in a cosmological context by [84]:

S =
∫

d4x
√−g

[
1
2κ

f(φ,R)− 1
2
Z(φ)gµν∂µφ∂νφ− V (φ) + Lfluid [ψm; gµν ]

]

(4.1)
where g is the determinant of the background metric, R is the Ricci scalar,
κ = 8πG∗ and G∗ denotes the bare gravitational coupling constant1 [67].

The scalar field φ is supposed to couple only to gravity through the
function f(φ,R) and not to matter fields. The latter are described by the
classical fluid lagrangian:

Lfluid = −iψ̄gµνγν∇µψ + mψ̄ψ (4.2)

which only depends on matter fields and on the metric gµν , and not on
the scalar field φ, ensuring that the weak equivalence principle is exactly
satisfied2.

Functions Z(φ) and V (φ) specify the kinetic and potential energies re-
spectively of φ and together with f(φ,R) determine the dynamics of the
field. Note however that one can always redefine the scalar field so that
Z(φ) = 1 thus reducing the scalar field kinetic energy to the canonical form.
This is performed thanks to the following change of variables [77]:

χ = K(φ) (4.3)

where we have introduced the scalar field χ and

Z(φ) ≡ k2(φ) with k(φ) =
∂K(φ)

∂φ
(4.4)

1In the following we will use the convention M2
P ≡ 1/G∗ and we will define the reduced

Planck mass as M2 ≡ M2
P /8π so that 1/2κ = M2/2.

2The weak equivalence principle states the universality of free fall of laboratory-size

objects.
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Action (4.1) then becomes:

S =
∫

d4x
√−g

[
1
2κ

f [K−1(χ), R]− 1
2
gµν∂µχ∂νχ− V [K−1(χ)]

]
+ (4.5)

+
∫

d4x
√−gLm [ψm; gµν ]

The coupling function f(φ,R) is often rewritten in terms of a function F (φ)
depending only on the field and defined as

F (φ) ≡ 1
κ

∂f

∂R
(4.6)

In particular, we will assume that the coupling is a simple product of the
latter function times the Ricci scalar:

f(φ,R) ≡ κF (φ)R (4.7)

Two popular parametrizations are f(φ,R) ≡ F (φ)R = φR and Z(φ) =
w(φ)/φ (Brans - Dicke) or the choice Z(φ) = 1 with F (φ) arbitrary.

Action (4.1) is written in the so called Jordan or Weyl frame (WF) in
which the scalar field φ is coupled to gravity via f(φ,R) while matter is
universally and minimally coupled to gravity via the ordinary metric gµν

with respect to which lengths and times are defined and actually measured.
In the case in which (4.7) holds, it can be, however, sometimes clearer and
more convenient to rewrite the action and the derived equations in the so
called Einstein frame (EF) in which the scalar field is minimally coupled
to gravity. The change of reference frame can be achieved via a conformal
transformation of the metric joined to a redefinition of matter fields [144]
[67] [147] [58]:

gµν = A2(φ)g̃µν (4.8)
gµν = A(φ)−2 g̃µν (4.9)

ψ = A−3/2(φ)ψ̃ (4.10)
γν(x) = γ̃αeα

ν (x) (4.11)
εα
ν (x) = A(φ)ε̃α

ν (x) (4.12)

where εα
ν is the Levi-Civita tensor3 [145] and we have used the ˜ to identify

quantities in the EF and distinguish them from those in the WF present in
action (4.1). The conformal scaling factor A(φ) is related to the coupling
function according to the following relation:

A2(φ) =
M2

F (φ)
(4.13)

3The Levi-Civita tensor is defined such as εαβγδ = {+1 if {αβγδ} is an even permutation

of {0123}; −1 if {αβγδ} is an odd permutation of {0123}; 0 otherwise}



80 Generalized Cosmologies

where M ≡ MPl/8π is the reduced Planck mass. In terms of this conformal
transformation the determinant of the metric and the Ricci scalar respec-
tively transform as:

√−g =
√
−g̃ A(φ)4 (4.14)

R = A(φ)−2
{

R̃− 6 g̃µν(lnA);ν(lnA);µ
}

(4.15)

When applying the Weyl scaling to the action (4.1) we obtain:

S̃ = S̃φ + S̃fluid (4.16)

where

S̃φ =
∫

d4x
√
−g̃

[
M2R̃

2
−

(
3M2

A,φ
2 +

1
2

)
A2(φ)g̃µν∂µφ∂νφ+ (4.17)

− A2(φ)V (φ)
]

S̃fluid = −
∫

d4x
√
−g̃

[
3i

2
A,φ(φ)
A(φ)

˜̄ψg̃µν γ̃ν(∇µφ)ψ̃ + i ˜̄ψgµνγν∇µψ̃+ (4.18)

+mA(φ) ˜̄ψψ̃
]

where A,φ stands for the derivative of A(φ) with respect to φ and we have
put Z(φ) = 1 for simplicity. If we define the function σ as:

σ(φ) = −M lnA(φ) (4.19)

we can rewrite S̃φ and S̃fluid as

S̃σ =
∫

d4x
√
−g̃

[
M2R

2
−

(
3 +

e−2σ/M

2[σφ(φ)]2

)
σ;µσ;µ −W

]
(4.20)

S̃fluid = −
∫

d4x
√
−g̃

[
3i

2M
σφ

˜̄ψγ̃µ(∇µφ)ψ̃ + i ˜̄ψγ̃µ∇µψ̃ + η(φ) ˜̄ψψ̃

]
(4.21)

where we have defined

W ≡ V e4σ/M (4.22)
η(φ) ≡ me−σ(φ)/M (4.23)

Coupling a scalar field to gravity as in (4.1) is therefore equivalent to coupling
the scalar field universally to all matter fields: in other words the conformal
transformation leads to a theory in which the scalar field is minimally coupled
to gravity, as in General Relativity, but in which, however, the action differs
from GR in the fluid part. Matter fields are now explicitly coupled to the
scalar field φ through the conformal factor A(φ) which alters the kinetic
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term of the scalar field and makes the fluid masses depend on φ via η(φ);
note that this dependence affects all matter fluids in a universal manner,
coupling the scalar field to both baryonic and dark matter.

The kinetic term in (4.17) can also be reduced to the standard form by
performing a redefinition of the field φ:

φ2 ≡ M2A−2(ϕ) , (4.24)

This corresponds to defining a new scalar field ϕ in which the conformal
factor A(ϕ) has to be now calculated. A standard kinetic term is then
obtained by imposing the condition [38, 66]

α2
weyl(ϕ) =

1
Z(φ)/M2 + 6

(4.25)

where αweyl is defined as

αweyl(ϕ) ≡ d log A(ϕ)
dϕ

. (4.26)

Equivalently, one can rescale φ defining ϕ from the condition [67, 118]:

(
dϕ

dφ

)2

≡ 3
4

(
d ln 1/A2(φ)

dφ

2
)

+
Z(φ)A2(φ)

2
(4.27)

where the fluid part of the action has to be calculated in Sm

[
ψ̃m, A2(ϕ)g̃µν

]
.

In [144] it is also shown that the equivalence between scalar-tensor theo-
ries with L ∼ f(φ,R)/2κ+Lfluid[ψm, gµν ] and General Relativity plus scalar
matter fields described by the lagrangian L ∼ R/2κ+Lfluid[ψm, A2(ϕ)g̃µν ] ex-
tends to higher-order gravity lagrangians in which L ∼ f(R)+Lfluid[ψm, gµν ].

Choosing either one of the Weyl or Einstein frames is matter of conve-
nience. We will usually work in the WF, which will be better suited for
our purposes but we will also check the consistency of our results by finally
translating them in terms of Einstein-frame quantities.

4.1.2 Background

We will now proceed in illustrating both the background and linear pertur-
bations in scalar-tensor theories. All formalism will be developed in the WF,
starting from (4.1) and following [110][87].

A first remark concerns Einstein equations, which can still be expressed in
the usual form (1.1) though now the conserved stress energy tensor includes
both the contribution of matter fields and the one coming from the scalar
field:

Tµν = T fluid
µν + Tµν(φ) (4.28)
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In particular, the scalar field stress-energy tensor assumes the form:

Tµν(φ) = Tmc
µν (φ) + T nmc

µν (φ) + T grav
µν (φ) (4.29)

where the various contributions are given by

Tmc
µν (φ) = Z(φ)

[
φ;µφ;ν − 1

2
gµνφ

;λφ;λ

]
− V (φ)gµν (4.30)

Tnmc
µν (φ) =

f/κ−RF

2
gµν + F;(µν) − gµν¤F (4.31)

T grav
µν (φ) =

(
1
κ
− F

)
Gµν (4.32)

The apices mc, nmc and grav identify respectively the usual minimal cou-
pling contribution (kinetic plus potential energies), the non-minimal coupling
term (depending on the coupling function and on the Ricci scalar) and the
gravitational term (which contains the Einstein tensor).

The absence of an explicit coupling between matter fields and φ assures
that both contributions in (4.28) also conserve separately:

∇µT fluid
µν = ∇µTµν(φ) = 0 (4.33)

leading to the usual conservation equations for the energy densities (1.21)
for matter, radiation and the scalar field components, as long as the latter
has energy density and pressure given by the following expressions [110]:

ρcons
φ = Z(φ)

φ′2

2a2
+ V (φ) +

RF − f/κ

2a2
− 3

a2
HF ′ + 3

H2

a2

(
1
κ
− F

)
(4.34)

pcons
φ = Z(φ)

φ′2

2a2
−V (φ)−RF − f/κ

2a2
+

1
a2

(HF ′+F ′′)− 2H′ +H2

a2

(
1
κ
− F

)

(4.35)
where we have assumed a spatially flat Universe. The latter terms on the
right hand side represent additional terms present in the two latter expres-
sions when the non minimal coupling is ‘active’ i.e. when the function
F 6= 1/κ, differing from the value it has today and from the one it has
in minimal coupling theories.

The Klein Gordon equation, written in the case of minimal coupling in
(3.10), gets an extra contribution and becomes

φ′′ + 2Hφ′ +
1

2Z(φ)

(
Z,φφ′2 − a2

κ
f,φ + 2a2V,φ

)
= 0 (4.36)

If (4.7) holds and we choose Z = 1 for simplicity, then eq. (4.36) becomes:

φ′′ + 2Hφ′ + a2Vφ =
a2

2
F,φR (4.37)
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Furthermore, Friedmann equation, written as (3.7) in the case of a minimal
coupling models, in scalar-tensor theories becomes equal to:

H2 =
(

a′

a

)2

=
1

3F

(
a2ρfluid +

1
2
φ′2 + a2V − 3HF ′

)
(4.38)

while the acceleration equation is given by:

H′ = H2 − 1
2F

(
a2(ρfluid + pfluid) + φ′2 + F ′′ − 2HF ′

)
(4.39)

Formally, one could still rewrite equations (4.38) and (4.39) as:

H2 =
a2

3F
(ρfluid + ρ̃φ) (4.40)

H′ = H2 − a2

2F
(ρfluid + pfluid + ρ̃φ + p̃φ) (4.41)

provided we define a generalized formal energy density ρ̃φ and a generalized
pressure p̃φ as:

ρ̃φ =
φ′2

2a2
+ V (φ)− 3HF ′

a2
(4.42)

p̃φ =
φ′2

2a2
− V (φ) +

F ′′

a2
+
HF ′

a2
(4.43)

Also, one can still define the energy density and pressure for the scalar field
in the usual manner

ρφ =
φ′2

2a2
+ V (φ) (4.44)

pφ =
φ′2

2a2
− V (φ) (4.45)

though these quantities are not conserved anymore, i.e. they do not obey
the relation ρ̇φ + 3H(ρφ + pφ) = 0. Expressions (4.44) and (4.45) can be
generally very different from (4.34) and (4.35), mostly because of the terms
in the conserved formulations which are multiplied by (1/κ − F ): those
are proportional to the cosmological critical density via H2 and they are
active whenever the theory differs from General Relativity. Although that
difference is small to match the observational constraints, the presence of H2

makes it relevant. This may have important consequences for the dynamics
of the Dark Energy density perturbations, leading to effects like gravitational
dragging [110] about which we will briefly discuss ahead in this Chapter.

For our analysis, it is also relevant to write down the explicit form of the
Ricci scalar in terms of the cosmological content

R = − 1
F

[
−ρfluid + 3pfluid +

φ′2

a2
− 4V + 3

(
F ′′

a2
+ 2

HF ′

a2

)]
, (4.46)



84 Generalized Cosmologies

as well as its expression in terms of the Hubble parameter:

R = − 6
a2

(H′ +H2
)

(4.47)

Finally, if no explicit interaction with matter fields is considered and
therefore eq.(1.21) holds for all components in the Universe, then the sound
velocity of the scalar field φ is equal to:

csφ

2 = ωφ − 1
3H

ω′φ
1 + ωφ

(4.48)

4.1.3 Linear Perturbations

We now proceed perturbing the conservation equations (4.33) for each co-
smological component ‘a’ in the Universe [84, 110]:

δT ν
(a)j ;ν

= 0 (4.49)

In particular, the time and spatial components of the conservation equations
for the field, that is to say ∇µTµ0(φ) = 0 and ∇µTµj(φ) = 0, correspond to
the following equations respectively [87]:

(ρφδφ)′ + 3H(ρφδφ + pφπLφ
) + hφ(kvφ + 3H ′

L) = 0 (4.50)

[hφ(vφ −B)]′ + 4Hhφ(vφ −B)− kpφπLφ
− khφA +

2
3
kpφπTφ

= 0 (4.51)

where we have defined
hφ = ρφ + pφ (4.52)

Also, δ ≡ δρ/ρ is the density perturbation, vφ is the velocity perturbation de-
fined in (1.112), πTa is the amplitude of the perturbation for the anisotropic
pressure defined in (1.111) and gauge invariant by itself and πLa is the diago-
nal component of the stress energy tensor perturbation; moreover, A, B and
HL are three of the four metric perturbation parameters defined in (1.86,
1.87, 1.88) and the subscript φ indicates that quantities refer to the field φ.
Again, if eq.(1.21) holds for all components in the Universe, then (4.48) can
be used to rewrite eq.(4.50) and eq.(4.51) in the form:

d

dη

(
δφ

1 + ωφ

)
+ kvφ + 3H ′

L + 3H ωφ

1 + ωφ
Γφ = 0 (4.53)

(v′φ−B′)+H(vφ−B)(1−3c2
sφ

)−k
ωφ

1 + ωφ
πLφ

+
2
3
k

ωφ

1 + ωφ
πTφ

−kA = 0 (4.54)

where Γφ has been defined in (1.127).
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The perturbed Klein Gordon equation reads:

(δφ)′′ +
(

2H+
Z,φ

Z
φ′

)
(δφ)′ + (4.55)

+

[
k2 +

(
Z,φ

Z

)

,φ

φ′2

2
+

(−a2f,φ/κ + 2a2V,φ

2Z

)

,φ

]
δφ =

= φ′A′ −
(

3Hφ′ +
−a2f,φ/κ + 2a2V,φ

2Z

)
A +

+ φ′
(
3HA− 3H ′

L − kB
)

+
1

2Zκ
f,φR δR

with

δR = − 2
a2

(
3HA− 3H ′

L − kB
)′

Y − 6
a2
H (

3HA− 3H ′
L − kB

)
Y + (4.56)

+
2
a2

(
k2 − 3H′ + 3H2

)
AY +

4
a2

k2

(
HL +

1
3
HT

)
Y

Finally, from the definition of the entropy perturbation (1.127) one can ob-
tain the following useful relation:

pφΓφ = δpφ − c2
sδρφ (4.57)

where δpφ ≡ pφπLφ
and δρ ≡ ρδφ.

For each cosmological component, the perturbed stress energy tensor has
the form seen in (1.113, 1.114, 1.115, 1.116). In particular, when perturbing
T ν

µ (φ) in (4.29) one gets again three contributions

δT ν
µ (φ) = δT ν

µ
mc(φ) + δT ν

µ
nmc(φ) + δT ν

µ
grav(φ) (4.58)

whose explicit formulation for each component can be found in [110] and is
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given by:

δT 0
0

mc(φ) =

[
−Z,φ

φ′2

2a2
δφ +

Z

a2

(
Aφ′2 − φ′δφ′

)
− V,φδφ

]
Y (4.59)

δT 0
0

nmc(φ) =
[
− 3

a2
AHF ′ +

3
a2
HδF ′ +

1
2κ

f,φδφ+ (4.60)

+
(

k2

a2
− R

2

)
δF+

+
3
a2
H

(
−A +H−1 B

3
+H−1H ′

L

)
F ′

]
Y

δT 0
0

grav(φ) =
3
a2
H2δF Y +

(
1
κ
− F

)
2
a2

[
3H2A−HkB+ (4.61)

− 3HH ′
L − k2

(
HL +

HT

3

)]
Y

δT 0
j

mc(φ) =
k

a2

(
Zφ′δφ

)
Yj (4.62)

δT 0
j

nmc(φ) =
k

a2

(
δF ′ −HδF −AF ′) Yj (4.63)

δT 0
j

grav(φ) =
2
a2

(
1
κ
− F

)(
kHA− kH ′

L −
k

3
H ′

T

)
Yj (4.64)

δT i
j

mc(φ) =
1
a2

[
Zφ′δφ′ +

Z,φ

2
φ′2δφ− a2V,φδφ−AZφ′2

]
Y δi

j (4.65)

δT i
j

nmc(φ) =
1
a2

[
1
2κ

f,φδφ + 2F ′H
(
−A +

B

3H +
H ′

L

H
)

+ (4.66)

+
(

R

2
+

2
3
k2

)
δF +HδF ′ + δF ′′ − F ′A′ − 2F ′′A

]
Y δi

j +

+
k2

a2

[
δF +

(
kB −H ′

T

) F ′

k2

]
Y i

j

δT i
j

grav(φ) =
1
a2

(
2H′ +H2

)
δF Y δi

j + (4.67)

+
2
a2

(
1
κ
− F

)[(
2H′ +H2

)
A +HA′ − k2

3
A− k

3
B′+

− 2
3
kHB −H ′′

L − 2HH ′
L −

k2

3

(
HL +

HT

3

)]
Y δi

j +

+
1
a2

(
1
κ
− F

)[−k2A− k
(
B′ +HB

)
+ H ′′

T +

+ H (
2H ′

T − kB
)− k2

(
HL +

HT

3

)]
Y i

j

where δF = F,φδφ + F,RδR.
Notice that in general the stress energy tensor contains both an isotropic
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stress perturbation πLφ
and an anisotropic stress perturbation πTφ

whose
existence is a peculiar feature of non minimally coupled models; indeed, as
we have seen in par. 3.1.1, the anisotropic stress perturbation vanishes in
the minimal coupling case [87]. Moreover, the gravitational contributions,
both for the density component δT 0

0 and for the spatial contributions δT 0
i

and δT i
j contain terms which multiply (1/κ − F ) and are respectively pro-

portional to δG0
0, δG0

i and δGi
j . As we have already commented in the case

of the background, when the non minimal coupling is ‘active’ and F 6= 1/κ,
gravity gives an extra contribution. In particular, if the gravitational term
dominates over the others, the energy density perturbation of the scalar field
is dragged by the total density fluctuation through the δG0

0 term, forcing the
scalar field to behave as the dominant component in the Universe. Note also
that Einstein equation (1.136) indicates that the gravitational potential Φ is
fed by the gauge invariant density perturbation ∆ which needs to be summed
up over all cosmological components so that:

ρ∆ ≡
∑

a

ρaδa + 3
∑

a

ρa(1 + ωa)
H
k

(va −B) (4.68)

As a consequence, each cosmological component can generate a potential well
affecting the behavior of the density perturbations of the other components.
In particular, the scalar field itself can generate a gravitational well which
alters δm; in turn matter itself can alter the gravitational potential, acting as
a back reaction effect on the scalar field energy density perturbation though
the δG0

0 term in the gravitational contribution of δT 0
0 . This effect, known as

‘gravitational dragging’ [110], is also evident from the explicit expression of
δρφ

which can be again split into three pieces:

δρφ
= δmc

ρφ
+ δnmc

ρφ
+ δgrav

ρφ
(4.69)

The latter term receives contribution from the coupling to gravity while the
first two terms are fed not only by metric perturbations but also by proper
perturbations δφ of the scalar field. As a consequence, even when δφ = 0
one can have δρφ

6= 0.
Gravitational dragging can indeed be very significant since the contribu-

tion in δρφ of energy density coming from other components could lead the
field φ to show non linear features which may grow themselves into clumps as
a consequence of matter perturbations injection. Eventually, whether Dark
Energy density perturbations managed to be present also on sub-horizon
scales, there would be the need of a modification of the N-body codes in-
volved in the description of structure formation, which would then have to
take into account the possibility of the presence of Dark Energy in Dark
Matter haloes. An example of such a scenario has been investigated in [110]
for a particular non minimal coupling model.

As we have announced, in the next Chapter we will study in more de-
tails the case in which scalar-tensor theories are considered in a cosmological
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framework, thus interpreting the scalar field φ as the Dark Energy contri-
bution to the Universe in extended quintessence theories [108, 8]. First,
however, we end this chapter with a review of the most recent bounds im-
posed by observations on scalar tensor theories.

4.2 Experimental constraints

As we can see from action (4.1), scalar-tensor theories propose the existence
of a varying gravitational constant 1/F (φ) whose strength depends on a
scalar field; seen in the Einstein frame, this corresponds to a universal cou-
pling to matter fields whose masses depend on φ. In both cases, when dealing
with such theories, we always need to keep an eye on the bounds put by ex-
periments on the variation of the gravitational constant and on the coupling
to matter. In particular, a field as light as usually φ is, cannot be coupled too
strongly to baryonic matter since it would produce a long range fifth force
which is not observed [116]. Deviations from GR have been constrained in
various sets of experiments, including solar-system experiments where pre-
cision measurements have been performed, binary-pulsar tests whose orbit
is in perfect agreement with GR, observations which involve the early Uni-
verse, from BBN to CMB radiation; finally, future detection of Gravitational
Waves would be an important test for GR.

Note however, that nowadays tests mainly concern scales up to the Solar
System, while very few tests have been performed on astrophysical scales
and no really direct proof has been given at cosmological scales.

A detailed review on recent constraints can be found in [66] (see also
[67, 118, 149, 133]) to which we will refer in the next few paragraphs.

4.2.1 Solar system

Tests on solar system scales mainly concern the presence of a long range fifth
force as well as tests on the universality of free fall. The effect of the scalar
field on the gravitational force which acts on bodies in the solar system
is negligible if the mass of the scalar field is so large that its effect is on
scales much smaller than the distances between the bodies. In this case, on
solar-system scales, the theory is essentially equivalent to General Relativity
[149]. However, though there exist models in which the quintessence field is
massive [71], quintessence field is usually very light so that its effect is highly
constrained by experiments. Deviations from GR can be parametrized by
two main parameters, γ and β, the only two parameters that change within
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the original set of ten quantities originally denoted by Eddington [62]:

γ − 1 ≡ −2
α2

0

1 + α2
0

=
F 2

φ

ZF + 2F 2
φ

(4.70)

β − 1 ≡ 1
2

α2
0

(1 + α2
0)2

β0 =
1
4

FFφ

2ZF + 3F 2
φ

dγ

dφ
(4.71)

where the first expressions refer to quantities in the EF (4.17) and the sec-
ond terms are the equivalent expressions in the WF (4.1). Note that GR
corresponds to the case β = 1 = γ. In particular, α0 and β0 are defined
in terms of the conformal factor A(φ) defined in (4.8) and are related to its
first and second derivatives:

α ≡ d ln A(φ)
dφ

β =
lnA(φ)

dφ2
(4.72)

so that
lnA(φ) ≡ α0(φ− φ0) +

1
2
β0(φ− φ0)2 + o(φ− φ0)3 (4.73)

The subscript 0 indicates that quantities are calculated for φ = φ0, which is
the present background value of the scalar field.

The γ parameter is related to the exchange of a scalar field in the in-
teraction between two matter fields (from(4.70)γ − 1 ∝ α2

0) while the β
parameter is related to the exchange of two scalar fields between three mat-
ter bodies (β − 1 ∝ α2

0β0from4.71) [66]. The most stringent bound comes,
up to now, from the Cassini spacecraft [16]:

γ − 1 = (2.1± 2.3)× 10−5 (4.74)

which impressively improves previous bounds from the Very Long Baseline
Interferometry4; a bound on a combination of both γ and β parameters has
also been found by the perihelion shift of Mercury and the Lunar Laser
Ranging (see [66] and references therein):

|2γ − β − 1| < 3× 10−3 (4.75)
4β − γ − 3 < (−0.7± 1)× 10−3 (4.76)

Hence, solar system experiments indicate that α0 (and thus the coupling
between matter and φ) needs to be small, while β0 can be quite large (matter
could be strongly coupled to two scalar fields).

The bound (4.74) can be rewritten in terms of the ωJBD parameter, often
used in the WF and defined as:

ωJBD ≡ F

(
dF

dφ

)−2

= − 1
γ − 1

≥ 4×104 (4.77)

4A review of bounds before Cassini can be found in [133].
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Today’s value of the effective Newtonian constant Geff defined as

Geff (φ) ≡ M2G

F (φ)
= A2(φ)G (4.78)

differs by less than 0.02% from the one measured in laboratories in a Cavendish
like experiment and defined as

GNeff
=

GM2

F0

16πM2F0 + 4/M2(F ′
0)

2

16πM2F0 + 3/M2(F ′
0)2

GA2
0(1 + α2

0) (4.79)

where the two contributions in the second expression refer to the exchange
between two matter fields of a graviton and of a scalar field respectively.
Nevertheless, Geff and GNeff

can have been very different in the past. Also,
the experimental limit on the variation of the gravitational constant

|Ġeff/Geff | < 6× 10−12yr−1 (4.80)

does not imply a bound on Ḟ /F or equivalently on Ȧ/A and even if Geff is
almost constant, F (φ) (or equivalently A(φ)) can vary5. We also note that
the the bare gravitational coupling constant indicated as G∗ in (4.1) differs
from the one measured in the Cavendish like experiments by corrections
which are negligible in the limit ωJBD À 1 [67].

4.2.2 Binary pulsars

Other tests come from the orbital motion of binary pulsars [133], which con-
sist in rapidly rotating neutron stars which emit a beam of radio waves. The
measurement of the arrival times of their pulses can be used both to measure
the masses of the two pulsars orbiting around each other and to test General
Relativity, therefore constraining scalar-tensor theories. In particular they
limit the β0 parameter to have values which are not very negative [66]:

β0 > −4.5 (4.81)

4.2.3 Cosmological observations

It may not be straightforward to extend limits obtained on solar system
scales to cosmological scales, as it was pointed out recently [44]. Indeed,
observations probe regions well within our Galaxy, which is a self-gravitating
virialized system: in physical theories where fundamental constants vary,
the latter may acquire local values which are different from their large scale,

5For example if A(φ) = cos φ, then Geff = G∗(cos2φ + sin2 φ) = G∗ [67].
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cosmologically effective ones. For this reason, cosmology is likely to become a
source of constraints for the underlying theory of gravity in a complementary
way with respect to the solar system. In [3] constraints have been derived on
a Jordan Brans Dicke theory both from CMB anisotropies and galaxy power
spectrum data, obtaining a 95% marginalized probability lower bound on
the Jordan Brans Dicke parameter

ωJBD > 120 (4.82)

The latter represents a complementary result with respect to the very strong
bound (4.74) which probes completely different scales.

Moreover, while solar system and binary pulsars experiments give only
bounds on the slope of the A(φ) function in (4.17), the whole shape of the
latter can be reconstructed via cosmological observations. In particular,
it was shown in [67] that both the V (φ) potential and the A(φ) coupling
function can be reconstructed once both the luminosity distance dL(z) and
density fluctuation δm(z) = δρ/ρ are known as functions of z.

4.2.4 Big Bang Nucleosynthesis

The most direct cosmological probe of the value of the scalar field φ dur-
ing radiation domination is the Big Bang Nucleosynthesis (BBN). At this
purpose, an important tool is represented by the amount of light nuclides
produced when the photon temperature was in the range 0.01 ÷ 10 MeV,
which is rather sensitive to the value of the Hubble parameter during that
epoch, as well as to its time dependence. In particular the 4He mass frac-
tion Yp strongly depends on the temperature at which weak processes which
keep neutrons and protons in chemical equilibrium freeze out. Changing the
value of H affects the neutron to proton number density ratio at the onset
of the BBN, which is the key parameter entering the final value of Yp and
more weakly in the Deuterium abundance. For a fixed baryon density pa-
rameter Ωbh

2 = 0.023±0.001 in the range suggested by WMAP data [153],
the amount of both 4He and Deuterium nuclei increases monotonically with
H. Recent reviews on BBN can be found in [49, 50, 129].

The most accurate measurement of primordial Deuterium number den-
sity, normalized to Hydrogen, XD, is obtained from DI/HI column ratio in
Quasi Stellar Objects (QSO) absorption systems at high redshifts. The most
recent estimate [86] gives

Xexp
D = (2.78+0.44

−0.38)×10−5 , (4.83)

and is in good agreement with the theoretical expectation for a standard sce-
nario with three active neutrinos and a baryon density given by the WMAP
result [129]; the latter is

Xth
D = (2.44+0.19

−0.17)×10−5 , (4.84)
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where the (1σ) theoretical uncertainty accounts for both the propagated
error due to the several rates entering the BBN nuclear reaction network as
well as the 5% uncertainty on ωb. On the other hand the 4He mass fraction Yp

obtained by extrapolating to zero the metallicity measurements performed in
dwarf irregular and blue compact galaxies is still controversial and possibly
affected by large systematics. There are two different determinations [70,
85] which are only compatible by invoking the large systematic uncertainty
quoted in [70]

Yp = 0.238±(0.002)stat±(0.005)sys , (4.85)
Yp = 0.2421±(0.0021)stat . (4.86)

Both results are significantly lower than the theoretical estimate [129]

Y th
p = 0.2481±0.0004 , (4.87)

where again we use ωb = 0.023 and the small error is due to the uncertainty
on the baryon density and, to a less extent, to the error on experimental
determination of the neutron lifetime. As in [129] we will consider a more
conservative estimate for the experimental 4He abundance obtained by using
the results of [104]

Y exp
p = 0.245±0.007 . (4.88)

As we have seen in the analysis of the background, scalar-tensor theories
affect the value ofH both introducing an extra contribution in the Friedmann
equation (4.38) and by changing the effective gravitational constant so that
G ∼ 1/F appears as a multiplying factor in (4.38). As a consequence, BBN
can be used to constrain the coupling parameters entering in the model.
In particular, if the generalized Dark Energy density defined in (4.42) is
negligible with respect to the background radiation at BBN

ρ̃DE ¿ ρr (4.89)

Friedmann equation can be rewritten as

H2 ∼ a2

3F
ρr =

H2
GR

8πGF
(4.90)

where the radiation energy density is given by

ρr =
π2

30
g∗T 4 (4.91)

and we have defined
H2

GR ≡
8πG

3
a2ρr (4.92)

The effect of a varying gravitational constant can than be estimated inter-
preting it in terms of a modification δg∗ of the number of degrees of freedom
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of relativistic particles g∗, whose expected value at BBN is g∗ = 10.75 [118].
In this case, the effective Hubble parameter would then be written as:

H2 =
8πG

3
a2 π2

30
(g∗ + δg∗)T 4 (4.93)

= H2
GR +

δg∗
g∗
H2

GR (4.94)

Setting (4.90) equal to (4.94) we have:

δg∗
g∗

≡ F0 − F (φBBN )
F (φBBN )

(4.95)

where φBBN is the value of the field at BBN and F0 = 1/8πG is the value
of the coupling today, equal to the one assumed in General Relativity.

Consequently, eq.(4.95) allows us to rewrite a constrain on the number
of degrees of freedom in terms of a bound on the coupling function. If we
allow, for example, g∗ to vary of an amount of 20% we have

∣∣∣∣
δg∗
g∗

∣∣∣∣ ≤ 0.2 (4.96)

and consequently

0.8 ≤
∣∣∣∣

F0

F (φBBN )

∣∣∣∣ =
∣∣∣∣
A2(φBBN )

A2
0

∣∣∣∣ ≤ 1.2 (4.97)

where F (φ) is the coupling function in the Weyl frame and A(φ) is the
conformal factor in the Einstein frame. We will see an application of this
bound in the next Chapter for a specific model.





Chapter 5

A general approach to
Extended Quintessence
cosmologies

5.1 Dark Energy as a modification of gravity

Dark energy dynamics in scalar-tensor cosmologies has recently arised a
broad interest due to the temptation to interpret quintessence in terms of
a gravity modification [91]. This purpose was first suggested in [55] where
scalar-tensor theories were used in order to have a decaying, asymptotically
null, contribution to vacuum energy thanks to a massless scalar field non
minimally coupled to the Ricci scalar; nevertheless, the interesting range
of the proposed dynamics was in strong contradiction with observational
constraints on the variation of the gravitational constant [120]. Since then,
a similar framework, described by action (4.1) has been exploited in a wide
variety of works: several appealing features which characterize these models
have been object of many analysis concerning both the background and
cosmological perturbations as well as constraints imposed by experiments
[2, 8, 13, 34, 43, 68, 84, 96, 108, 110, 111, 118, 136, 140]. Such scenarios,
in which the non minimal coupled scalar field φ acts as a Dark Energy
component at recent times, go under the name of Extended Quintessence
(EQ).

In EQ theories the motion of the field is strongly modified by gravi-
tational effects: in particular, the direct coupling of the field itself to the
Ricci scalar makes the field undergoing an enhanced dynamics at early times
known as R-boost; also, the field trajectory behaves as an attractor for se-
veral choices of the coupling, extending to EQ the most appealing property
of tracker models, i.e. that of having attractor solutions which try to solve
the problem of fine tuning of the initial conditions. As we have already
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pointed out, recent analysis [125] exclude a large fraction of cosmological
parameters values, allowing to partly constrain theoretical models; tracker
quintessence models which predict ωφ ≥ −0.7 are now excluded, so that
only models in which ωφ ∼ −1 remain acceptable. Moreover, as ωφ gets
closer to −1 the basin of attraction in the early universe of minimal coupling
models shrinks, threatening the basis of the whole quintessence picture [18].
Interestingly, it was recently argued that in these conditions coupling Dark
Energy to other entities may be very relevant, especially at early times,
possibly saving the existence of attractors for the initial field dynamics [96].
Indeed, extended quintessence scenarios allow to have models in which ωφ

today is very near to −1 but in which ωφ 6= −1 in the past [8]. We will see
that this feature can be obtained regardless of the initial conditions, thanks
to the presence of attractors. In particular, while in minimally coupled
quintessence models attractors are usually called scaling [90] or tracking [134]
solutions, the corresponding trajectories in extended quintessence come from
the non-minimal coupling and are called R-boost solutions [8].

Finally, minimal coupling models are usually ruled out if the Dark En-
ergy equation of state ωφ < −1, whose value is strangely in fair agreement
with the observations. On the contrary, several authors [19] [65] [99] [107]
[136] have shown that certain Extended Quintessence scenarios can cross
the cosmological constant value and reach ωφ < −1 without incurring in the
problems encountered by phantom models.

5.2 R-boost

A major achievement of Extended Quintessence concerns the early universe
dynamics of the quintessence scalar field. For small values of the scale para-
meter a(t), during RDE, the dominant term in the expression for the Ricci
scalar (4.46) is the one including (ρfluid − 3pfluid). Since ωr ≡ pr/ρr = 1/3,
radiation gives a null contribution; nevertheless, as soon as one or more
sub-dominant non-relativistic species exists, the Ricci scalar gets a non-zero
contribution R ∼ ρnrm/F that scales as non relativistic matter. Hence, R
tends to diverge as 1/a3, becoming increasingly relevant at early times

R ' 1
F

ρmnr0

a3
for a → 0 (5.1)

The parameter ρmnr0 above indicates the energy density of the species which
are non-relativistic at the time in which the dynamics is considered. Note
that the remaining terms in (4.46) are negligible with respect to (5.1) for a(t)
sufficiently small. As a consequence, the term proportional to R in the Klein
Gordon equation (4.37) acts as a new source for the quintessence motion,
activating an effective purely gravitational potential in the equation that
originates only from non-minimal coupling. This term drives the motion
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of the field at early times and is the dominant contribution in the Klein
Gordon equation. In particular, the true potential V (φ) has a negligible
effect during all RDE and it becomes relevant only at recent times. The
resulting motion of the field is the R−boost, an effect first shown in [8].
In the following sections we will see that, in the early universe, the R-boost
trajectory behaves as an attractor generated only by a modification of gravity
and not by a particular choice of the true potential V (φ). In this context, the
R-boost effect has recently acquired a crucial importance since it can remove
the fine tuning in the early universe even if the potential is constrained to
be almost flat in order to be consistent with the observations.

Despite the discussed interest in the topic, most of the results obtained
in EQ theories have been performed within induced gravity theories or non
minimal coupling theories, in which the coupling function has respectively
the following expressions:

F (φ) = ξφ2 (5.2)

F (φ) =
1

16πG
+ ξφ2 (5.3)

which differ form each other by the term 1/16πG, equal to the value the
coupling should have at present. Nevertheless, there is not a priori a partic-
ularly motivated form of the coupling to gravity and the possibilities among
which it can be selected cover a wide range. A general treatment of Extended
Quintessence theories was therefore still missing. Our aim will consist in pro-
viding a general classification of scalar-tensor theories which guarantee the
existence of attractor solutions to the Klein Gordon equation [113]. With
this purpose in mind, we will not fix a specific expression for the coupling
F (φ). On the contrary, we will try to identify the possible forms of the cou-
pling which give rise to R-boost trajectories behaving as attractors in the
early Universe.

As a further step, later ahead in this Chapter, we will choose a specific
expression for the coupling F (φ), different from the ones usually used in the
past: in this framework we will investigate the effect of such a coupling both
on the background and on perturbations, pointing out the differences with
other choices of F (φ).

Before proceeding, however, in the classification of scalar-tensor theories
according to the attractor features of the field trajectory, we briefly recall
here the relevant equations describing the cosmological expansion assuming
a Friedmann Robertson Walker (FRW) background metric. In the follo-
wing we will operate in the framework of scalar-tensor theories described
in the previous Chapter, containing both a scalar field φ coupled to gravity
through the function F (φ) and a contribution of perfect fluid components
with pressure and energy density generically indicated with pfluid and ρfluid;
in particular we rewrite here for convenience the action and the equations
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which will turn useful for the subsequent analysis:

S =
∫

d4x
√−g

[
1
2
F (φ)R− 1

2
φ;µφ;µ − V (φ) + Lfluid

]
(5.4)

H2 =
(

ȧ

a

)2

=
1

3F

(
ρfluid +

1
2
φ̇2 + V (φ)− 3HḞ

)
(5.5)

φ̈ + 3Hφ̇ =
1
2
F,φR− V,φ (5.6)

where we have used (4.7) and we have chosen Z(φ) = 1 in (4.1). For flat
cosmologies, the distance is specified by (1.3) in term of the cosmic time t
or by (1.6) in terms of the conformal time variable η, related to the cosmic
time via the transformation (1.4).

5.3 Scaling solutions in scalar-tensor cosmologies

In order to proceed to the analysis, we will closely follow what has been done
in [90] in the case of minimal coupling, where the authors have classified the
allowed forms of the true potential V (φ) in order to have attractors in the
form of scaling solutions. With the latter we mean that we are interested
in solutions of the Klein Gordon equation which scale as a power of the
scale factor. In particular, assuming that in the Friedmann equation the
terms involving the scalar field are negligible with respect to the fluid energy
density

ρfluid À ρ̃φ , (5.7)

which is true in the epoch of early Universe we are interested in, and that
the fluid scales as

ρfluid ∝ a−m , (5.8)

we want to find the forms of the coupling F (φ) which admit solutions of the
equation (5.6) of the form

ρ̃φ ∝ a−n , (5.9)

where m and n are two integer positive defined numbers.
Note that we have considered the generalized energy density defined in

(4.42) which, as stated in the previous Chapter, is different from the con-
served one (4.34). Nevertheless, the present aim is to look for trajectories
of the scalar field as a function of time, determined by the effective gravi-
tational potential in the Klein Gordon equation. In the energy density, this
contribution is entirely kinetic [8], which therefore is the relevant energy
density component for our purpose, as we see in detail in the next section.
In other words, we are interested in attractor paths which solve the Klein
Gordon equation for the field, which is unique regardless of the definition
of the energy density. In this perspective, it is convenient to refer to the
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generalized energy density ρ̃φ, which has a direct intuitive meaning for the
dynamics of cosmological expansion, as it regroups the scalar field terms
which compete with ρfluid in the Friedmann equation (5.5).

Assuming that the approximation (5.1) for the Ricci scalar is still valid
and since the potential V (φ) in eq.(5.6) has no relevant effect up to recent
times, we can rewrite the Klein Gordon equation in the following way:

φ̈ + 3Hφ̇ =
1
2

ρmnr0

a3

Fφ

F
(5.10)

Assuming that the perfect fluid is the dominant component, Friedmann equa-
tion (5.5) allows us to calculate the behavior with time of the scale factor
a(t) as

a =
(

t

t∗

)2/m

, (5.11)

where t∗ stands for a fixed reference time in the RDE and we neglected any
initial condition, assuming to work with t large enough with respect to t∗. In
eq.(5.11) we have assumed that the time dependence of F in the Friedmann
equation is modest enough not to affect significantly the dependence on the
scale factor of the right hand side of equation (5.5). Also, the last two terms
in the Friedmann equation must be small in order to satisfy the condition
(5.7). However, we will still verify a posteriori that these assumptions are
plausible. Substituting in eq.(5.10) we get:

φ̈ = − 6
m

1
t
φ̇ +

1
2
ρmnr0

(
t∗
t

)6/m Fφ

F
(5.12)

At this stage the energy density of the field φ is mainly given by its kinetic
contribution, acquired through slow rolling onto the effective gravitational
potential in the Klein Gordon equation. Thus ρφ ' φ̇2/2 and assuming the
desired scaling behavior (5.9) we obtain φ time dependence

φ̇ ∝ t−n/m (5.13)

We will now proceed by distinguishing the two cases m = n or m 6= n.

5.3.1 Case m = n

If m = n then φ̇ ∝ t−1 and integrating this expression we get

φ = A ln
t

t∗
+ φ∗ (5.14)

where A is a constant with the dimensions of a field, i.e. proportional to the
Planck mass mP = 1/

√
(G) in our units. Substituting (5.14) and its first

and second derivatives in eq.(5.12) we obtain the following expression

Fφ

F
=

2A

ρmnr0

1
t∗2

(
6
m
− 1

)
e[2(

3
m
−1)φ−φ∗

A ] (5.15)
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If m 6= 3, the condition on the coupling, obtained by integrating eq.(5.15),
is

F = F∗e[B(eC(φ−φ∗)−1)] , (5.16)

where

B =
A2

ρmnr0

1
t∗2

6−m

3−m
, C =

2
A

(
3
m
− 1

)
(5.17)

and F∗ is the value the coupling has at t∗. Note that the combination ρmnr0t
2∗

has a direct interpretation in terms of the abundance of the non-relativistic
components at the t∗ time; indeed ρmnr0t

2∗ ∝ (a∗/a0)3ρmnr∗/H2∗ .
If m = 3, which is the case of a Universe dominated by ordinary matter,

eq.(5.15) becomes
Fφ

F
=

2A

ρmnr0

1
t2∗

(5.18)

and the form of the allowed coupling is

F = F∗e
h

2A
ρmnr0

1
t∗2

(φ−φ∗)
i

(5.19)

Notice that in minimal coupling theories the case m = n corresponds to a
scenario in which the Dark Energy scales as the dominant component, thus
never achieving acceleration unless such regime is broken by some physical
mechanism, as in the case of quintessence with exponential potential [147,
90]. On the other hand, in scalar-tensor theories of gravity the case m = n is
fully exploitable in its context, since it has been obtained precisely with the
assumption (5.7) and neglecting the true potential V in the Klein Gordon
equation (5.6). Actually, its relevance is on the capability to provide an
attractor mechanism when the dark energy is sub-dominant, independently
on the form of the potential energy driving acceleration today. Indeed, it
does not exclude a different behavior of the φ field at present time, when the
potential V starts to have a dominant effect on the dynamics of φ.

5.3.2 Case m 6= n

Integrating eq.(5.13) in the case m 6= n we get:

φ = Ã
(
t1−

n
m − t∗1−

n
m

)
+ φ∗ , (5.20)

where Ã has the dimensions of a time derivative of a field. Substituting
this expression in eq.(5.12), together with its first and second derivatives,
we obtain the following condition

Fφ

F
=

C̃

Ã

(
φ− φ∗

Ã
+ t∗1−

n
m

) eB
, (5.21)
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where

C̃ =
2Ã2

ρmnr0

1
t∗6/m

(m− n)(6− n)
m2

B̃ =
6−m− n

m− n
. (5.22)

As in Section 5.3.1, note the combination ρmnr0t
6/m
∗ ∝ (a∗/a0)3ρmnr∗/H

6/m
∗ .

Again we have to distinguish the two cases in which the exponent B̃ is equal
or not to −1.

For B̃ = −1 the condition (5.21) gives, after integration, polynomials of
φ of the type:

F = F∗

[
1 +

φ− φ∗
Ã

t∗
n
m
−1

] eC
(5.23)

Notice that if the solution (5.20) is exactly a power law of the time t, namely
Ãt

1− n
m∗ , the coupling (5.23) becomes exactly a power law as well, as in in-

duced gravity models (see e.g. [108] and references therein). Therefore, this
class of gravity theories admits scaling solutions: however, those may arise
in the radiation dominated era only, as B̃ = −1 with m = 4 induces n = 3
while the same condition with m = 3 is not satisfied regardless of the value
of n. For B̃ 6= −1 the result of the integration of eq.(5.21) is

F = F∗ e

h
C̃

1+B̃

h
(φ−φ∗

Ã
+t∗1−

n
m )B̃+1−(t∗1−

n
m )B̃+1

ii
(5.24)

Expression (5.24) is general for values of B̃ 6= 0 and includes exponential
functions with general coupling constant Ã contained in C̃ and defined in
(5.20).
The case, m = 4 = 2n yielding B̃ = 0, also corresponds to the R-boost
solution exploited in [8] in the radiation dominated era. The reason why our
formalism does not show that the form of the non-minimal coupling in that
case, F = 1/2κ+ξφ2, is compatible with such a solution, is the following. For
small values of the coupling constant ξ, the field dynamics is correspondingly
reduced. Eventually one enters the regime in which the second term on the
right hand side of (5.20) dominates over the first one, yielding a scalar field
value as a function of time which is effectively constant; this is a clearly
transient phase, as eventually such regime is broken, but before that the
relation (5.21) remains approximately true. Although this is formally not
a scaling solution as that found in the exponential case [112], the values
of ξ may be chosen so small that for interesting initial conditions on φ, its
variation due to the R-boost is not relevant at all interesting epochs in the
radiation dominated era, keeping the solution m = 4 = 2n effectively valid
also for the coupling considered in [8]. We may refer to the solutions of
the Friedmann and Klein Gordon equations in these scenarios as transient
scaling solutions, meaning that they hold until the true R-boost dynamics
takes over moving the field value away from its initial condition. Note finally
that the same reasoning applies in general in all cases where F is the sum
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of a constant plus a positive power of the field, normalized by a coupling
constant.

5.3.3 Summary and consistency criteria

We have found, up to now, all possible choices of the coupling F which
can have scaling solutions verifying (5.7) - (5.9), in the sense that there
are no other forms of the coupling admitting scaling behavior in scalar-
tensor theories of gravity; for some of them, like in the non-minimal coupling
considered in [8], transient scaling solutions are admitted in the time interval
preceeding the epoch in which the R-boost motions moves the field away from
its initial condition. We have found exponential forms of the coupling [112]
for general choices of m, n and the B̃ exponent in (5.24); also, we have seen
that (5.23) allows polynomials of φ. Eq.(5.16) also suggests that a family
for the coupling F might be allowed, in the case m = n, namely made by
exponentials of exponentials. Though no other coupling can allow for scaling
solutions, we have by now no guarantee that the general solution of all these
expressions for the coupling will indeed have an attractor behavior and this
is what we are going to investigate in the next section.
Before moving to that, let us briefly check the consistency of the scaling
solutions we found with the assumptions we made. They are essentially
three, concerning equations (5.5), (4.46) and (5.11). It is important to note
that the variation of F induces corrections which are small in the limit
ωJBD À 1. For example, Ḟ /F = φ̇Fφ/F ∝ φ̇/

√
ωJBD; therefore, even if the

field dynamics may be important as in (5.13), the coupling constant may be
chosen small in order to yield a small variation in time of F . More precisely, it
is easy to see that the kinetic contribution in (5.5) is the lowest order term in
1/ωJBD; all the others, involving a change in F , yield terms like Fφφ̇, which
are of higher order due to the presence of Fφ, which brings another 1/

√
ωJBD.

Indeed, it is important to stress again that the R-boost dynamics is caused
primarily by a non-zero Ricci scalar, diverging in the early universe if at least
one non-relativistic species is present, and not only to the underlying scalar-
tensor gravity theory. Thus in the limit of a small coupling, all the three
approximations mentioned above are satisfied. However, it is interesting to
push the analysis a little further here, by computing the scaling of the terms
in (5.5, 4.46) coming from the scalar-tensor coupling. Concerning the last
term in (5.5), which may be written as −HFφφ̇/F , using (5.12) and (5.13)
it may be easily verified that it scales as 1/t

2m+2n−6
m ; when compared with

the first term in the right hand side of (5.5), it yields the condition n < 3
both in matter and radiation dominated eras. Note that if one ignores the
issue related with the coupling strength mentioned above, this relation is
quite stringent, confining all the scaling solution in scalar-tensor theories of
gravity to possess a shape not steeper than a−3. The same criteria lead to
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n < 3 and n < 2 in the matter and radiation dominated eras, respectively,
for neglecting the last two terms in the right hand side of (4.46). Also in this
case, this requirement may be bypassed by working in a small scalar-tensor
coupling regime.

We now turn to study which scaling solutions represent attractors for
the field dynamics.

5.4 Attractors

Our purpose here is to check whether the various forms of the coupling F
found in the previous section lead to attractor solutions to the Klein Gordon
equation (5.10). With this aim, we will investigate whether the particular
solutions found for the cases m = n and m 6= n are indeed attractors or
not. Following the criteria developed in [90], we will proceed by linearizing
the Klein Gordon equation with small exponential perturbations around the
critical point, represented, as we will see, by our particular solution. At a
linear level, the attractor behavior will be guaranteed whenever the pertur-
bation will converge to zero with time. We shall also investigate numerically
a few cases without linearization.
With the following change of variable

u =
φ

φe
(5.25)

where φe is the exact particular solution of eq.(5.12), eq.(5.10) can be rewrit-
ten as

üφe + u̇
[
2φ̇e + 3Hφe

]
=

ρmnr0

2a3

Fφ

F
(1− u) . (5.26)

We will now distinguish what happens in the two cases discussed in the
previous section, for m 6= n and m = n.

5.4.1 Attractor behavior for m 6= n

As we have discussed in the previous section, in the case m 6= n the coupling
needs to satisfy eq.(5.21) and the exact solution φe depends on time as in
eq.(5.20). For simplicity in the following we will consider t À t∗ in such a way
that the t∗ term in eq.(5.20) can be neglected; also, for t large enough, the
initial condition φ∗ can be neglected too and eq.(5.20) reduces to φ = Ã t1−

n
m ,

where Ã is an arbitrary constant as defined in eq.(5.20). Substituting the
first and second derivatives of φe in eq.(5.10) we get

ρmnr0

2a3

Fφ

F
=

(6− n)(m− n)
m2

φe

t2
(5.27)
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Using this expression in eq.(5.26) and with the change of variable

τ = ln
t

t∗
, (5.28)

we obtain

u′′ +
m− 2n + 6

m
u′ =

(6− n)(m− n)
m2

(1− u) , (5.29)

where the derivatives are calculated with respect to τ . As we can see, this
equation admits a critical point for u = 1 and u′ = 0. If we consider a
perturbation δu around the critical point, such that u = 1 + δu we can
rewrite eq.(5.29) as

δu′′ +
m− 2n + 6

m
δu′ = −(6− n)(m− n)

m2
δu (5.30)

which is a homogeneous differential equation of the second order in τ with
constant coefficients. The generic expression of the perturbation δu is thus
a combination of exponential terms (δu = c1e

λ1τ + c2e
λ2τ ) where c1 and c2

are arbitrary constants and λ1,2 are equal to

λ1,2 = −m− 2n + 6
2m

± |m− 6|
2m

. (5.31)

It is easy to see that the eigenvalues are real and negative for n <min{6,m}.
As a consequence, for these values of the parameters, the perturbation will
go to zero with time and the solution of the Klein Gordon equation (5.29)
will converge to u = 1 making φ = φe to behave as a stable attractor.

The numerical solution of equation (5.29), in full generality and without
linearization, is shown in fig.(5.1) for a somewhat large set of initial con-
ditions. On the left side the time dependences of u and u′ are shown, in
the case (m = 4 , n = 2). Different curves correspond to different initial
conditions for u and u′ and they all converge to the stable attractor solution
(u = 1 , u′ = 0). On the right side it is shown the u′ vs u plot for the same
choices of initial conditions of the left hand side plot.

5.4.2 Attractor behavior for m = n

In the case m = n the exact solution φe depends on time as in eq.(5.14) thus
we have

ρmnr0

2a3

Fφ

F
=

A

t2

(
6
m
− 1

)
, (5.32)

where A is the same as in expression (5.14). With the change of variable
(5.28) the Klein Gordon equation becomes:

u′′ + u′
(

2A

φe
+

6−m

m

)
=

A

φe

6−m

m
(1− u) . (5.33)
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Figure 5.1: Numerical solutions of eq.(5.29) are shown: on the left side u

(black) and u′ (red) are plotted versus τ , in the case (m = 4 , n = 2) and

converge to the stable attractor solution (u = 1 , u′ = 0). Different curves

correspond to different initial conditions for u and u′: (u0, u
′
0) = (100, 200)

(solid), (100, 100) (dashed), (250,−100) (dotted). The τ scale is logarithmic.

On the right side u′ vs u is plotted for the same initial conditions.
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Note that, unlike what happens in the previous case, the coefficients in
eq.(5.33) depend on time through φe(t). Nevertheless, (u = 1 , u′ = 0)
still behaves as a critical point for the equation and we are still allowed to
consider a generic perturbation δu to the critical point such that u = 1+ δu.
Eq.(5.33) then becomes:

δu′′ + δu′
(

2A

φe
+

6−m

m

)
= − A

φe

6−m

m
δu . (5.34)

However, we are now dealing with a homogeneous differential equation of
second order in which the coefficients vary with time:

δu′′ + P (τ)δu′ + Q(τ)δu = 0 , (5.35)

where

P (τ) =
2A

Aτ + φ∗
+

6−m

m
(5.36)

Q(τ) =
A

Aτ + φ∗
· 6−m

m
(5.37)

In order to find the expression of the perturbation δu we consider the fol-
lowing change of variables:

δu = δze−
1
2

R
P (τ)dτ (5.38)

in terms of which eq.(5.34) can be rewritten (if δu 6= 0) as:

δz′′ +
[
Q(τ)− 1

2
P ′(τ)− 1

4
P 2(τ)

]
δz = 0 . (5.39)

It is easy to check that for our values of P and Q we get

δz′′ − (6−m)2

4m2
δz = 0 (5.40)

whose generic solution is

δz = c1 + c2e
(6−m)2

4m2 τ , (5.41)

where c1 and c2 are arbitrary constants. Substituting this expression in
(5.38) we get the form of the perturbation δu:

δu =
c1k

τ + φ∗
A

e−
(6−m)

2m
τ +

c2k

τ + φ∗
A

eατ , (5.42)

where k is a constant and α = 3(2−m)(6−m)
4m2 . It’s then immediate to see that

the generic perturbation goes to zero for 2 < m < 6, a range including both
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radiation (m = 4) and matter (m = 3) dominated backgrounds, thus making
φe a stable attractor.

The numerical solution of equation (5.33) is shown in fig.(5.2) for a some-
what large set of initial conditions. On the left side the time dependences
of u and u′ are shown, in the case (m = 3 , n = 3) and for the test values
A = MPl and φ0 = MPl: different curves correspond to different initial con-
ditions for u and u′ and they all converge to the stable attractor solution
(u = 1 , u′ = 0). On the right side it is shown the u′ vs u plot for the same
choices of initial conditions of the left hand side plot.

In conclusion, focusing on scalar-tensor theories as a viable model to
connect Dark Energy and gravity, we have explored the possible choices of
the coupling between a scalar field and the Ricci scalar, in order to select
those expressions which give rise to scaling solutions for the Klein Gordon
equation, in the form (5.9). Our analysis resulted in selecting three classes
of couplings, namely functions of the exponential form (5.19), polynomial
functions (5.23), and the exponential of polynomial (5.24), depending on
the coefficient m characterizing the scaling (5.8) and on the value of B̃ on
(5.22).
Our analysis recovers all the possibilities to have a scaling behavior. Most
importantly, it has been found that these solutions actually possess stable at-
tractor properties, which is an extremely appealing feature in view of the old
fine-tuning problem of minimally-coupled Quintessence models. In particu-
lar, we have shown that all the scaling solutions of the form (5.9) with n < 3
and 4 in the matter and radiation dominated era, respectively, represent at-
tractors. Clearly, this enforces the case for extending the theory of gravity
beyond General Relativity, and opens a window on the solution of “initial
values” problem. Cosmological models, characterized by the non-minimal
couplings we have selected out, will deserve further investigation.

5.5 Exponential coupling

We will now provide a comprehensive analysis of cosmologies involving an
exponential coupling of the extended quintessence scalar field to gravity. The
latter case may be relevant for string cosmology, where the dilaton appears as
an exponential which multiplies the fundamental lagrangian [76], although in
the usual formulation the coupling multiplies all terms of the lagrangian and
not just the Ricci scalar. We will work again in the framework described
by the action (5.4) . However, we now fix the F (φ) coupling to have the
following expression:

ω(φ) = 1 ,
f(φ,R)

2κ
=

F (φ)R
2

=
R

16πG
exp

[
ξ

M
(φ− φ0)

]
, (5.43)
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Figure 5.2: Numerical solutions of eq.(5.33) are shown: on the left side

u (black) and u′ (red) are plotted versus τ , in the case (m = 3 , n = 3)

and converge to the stable attractor solution (u = 1 , u′ = 0). Different

curves correspond to different initial conditions for u and u′: (u0, u
′
0) =

(9, 70) (solid), (100, 20) (dashed), (50,−50) (dotted), (200, 40) (dot-dashed).

We have chosen the test values A = MPl and φ0 = MPl. The τ scale

is logarithmic. On the right side u′ vs u is plotted for the same initial

conditions.
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where ξ is a dimensionless coupling, φ0 is the present value for the φ field,
introduced to make explicit that at present F (φ0) = 1/8πG.

Hence, action (5.4) assumes the following expression:

S =
∫

d4x
√−g

[
M2

2
e

ξ(φ−φ0)
MP R− 1

2
φ;µφ;µ − V (φ) + Lfluid

]
(5.44)

The Jordan-Brans-Dicke parameter in this scenario is

ωJBD = F

(
dF

dφ

)−2

=
8π

ξ2
exp

[
− ξ

MP
(φ− φ0)

]
(5.45)

whose present value is ωJBD 0 = 8π/ξ2.
Note that we expect the exponential coupling to have attractor solutions

since it corresponds to one of the expressions found in the previous section1.

5.5.1 R-boost for an exponential coupling

In the following we derive the R−boost in the case of an exponential cou-
pling. We shall write an analytic expression for that, both in matter domi-
nated and radiation dominated eras, which is manifestly independent on the
initial conditions; that represents an important new aspect with respect to
earlier works [8], in which the initial field value appeared explicitely in the
R−boost energy density. Moreover, exploiting a perturbative analysis [90],
we demonstrate that such solution represents an attractor. Also, we shall
see that the energy density corresponding to the R−boost depends on the
value of ωJBD.

We shall compare what we find here with previous models of extended
quintessence, based on a quadratic coupling between the dark energy and the
Ricci scalar, and with a case of minimally coupled quintessence (QCDM). In
order to satisfy the constraint (5.45) the constant ξ is obtained through (5.45)
by fixing ωJBD0 = 105. The remaining cosmological parameters are chosen
consistently with the concordance model (see e.g. [153]). The present dark
energy density is 73% of the critical density, Ωφ = 0.73, with a Cold Dark
Matter contribution of ΩCDM = 0.226, three families of massless neutrinos,
baryon content Ωb = 0.044 and Hubble constant H0 = 72 Km/sec/Mpc.
The quintessence potential is an inverse power law

V (φ) =
m4+α

φα
, (5.46)

1We mention here that the analysis of the exponential case has been actually performed

in [112] before the classification we have illustrated in the previous section, which can be

found in [113].
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with α close to zero in order to have ωφ close to −1 at present (see e.g. [9]
and references therein). We choose the initial conditions at 1 + z = 109;
in typical runs, with ωφ = −0.9 at present, the value of the field today is
φ0 = 0.35M ; the dynamics induced by the potential V and the R−boost
makes φ ¿ φ0 at early stages; the condition on ωJBD 0 sets the value of the
coupling constant ξ = 1.6×10−2. As a consequence, the BBN bounds (5.97)
or (5.98) are largely satisfied.

Before proceeding in our analysis, we also note that, in order to de-
rive the evolution of perturbations for our model and to study its impact
on the observations as described ahead in this work, we have implemented
the DEfast code, based on CMBfast [46] and originally written to study
quintessence scenarios in which the Dark Energy scalar field is minimally
[109] or non-minimally [108, 8] coupled to the Ricci scalar. After taking
a set of cosmological parameters as an input, the code returns the CMB
spectra (both for temperature and for polarisation) and the matter power
spectrum. This is performed considering a dynamical and fluctuating scalar
field, playing the role of the Dark Energy and/or of the Brans Dicke like
field, together with the other cosmological components. We have imple-
mented DEfast by adding the possibility of investigating the case in which
the coupling of the scalar field to the Ricci scalar depends exponentially on
the field [112].

We will now derive the Dark Energy dynamics before the onset of accel-
eration.

5.5.2 Radiation dominated era (RDE)

With our choice of the coupling (5.43) the Klein Gordon equation (5.6) for
the field can be rewritten as

φ̈ + 3Hφ̇− 1
2

ξ

M

ρmnr0

a3
+ V,φ = 0 (5.47)

or equivalently, in terms of the conformal time η, defined in (1.4), as

φ′′ + 2Hφ′ − 1
2

ξ

MP

ρmnr0

a
+ a2V,φ = 0 , (5.48)

where we have used (5.1) to write the Ricci scalar in terms of the non rela-
tivistic matter contribution. For our purposes here we neglect the departure
from general relativity in the RDE, i.e. we assume F ' 1/8πG and we ig-
nore all the contributions in the Friedmann equation except radiation. The
above assumption is justified because we aim at deriving the R−boost dy-
namics at first order in 1/ωJBD: a general analysis would yield corrections
of higher order in 1/ωJBD in the effective gravitational potential appearing
in the Klein Gordon equation. The expansion is given by

a ' Cη , (5.49)
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where C =
√

8πGρr0/3 and ρr0 represents the cosmological radiation density
calculated at present; note that expression (5.49) corresponds to a ∼ t1/2 in
(5.11). Since H ∼ 1/η, the equation of motion for φ reduces to

φ′′ +
2
η
φ′ − 1

2
ξ

M

ρmnr0

Cη
= 0 , (5.50)

which is solved by

φ(η) =
ξ

4
ρmnr0

√
3

8πρr0
(η − ηbeg) + φbeg , (5.51)

where φbeg is the initial condition for φ. This solution corresponds to the
slow roll phase which starts when the cosmological friction and effective
gravitational potential effects in the equation of motion are comparable,
yielding the R−boost equation

2Hφ′ ' a2R

2
dF

dφ
. (5.52)

In this phase, the energy of the quintessence field is dominated by its kinetic
contribution

1
2

(
dφ

dt

)2

=
3
32

ρmnr0
2

ρr0

1
ωJBD 0

(1 + z)2 . (5.53)

from which it is possible to derive that the R-boost solution is equivalent
to a tracking one with equation of state −1/3. Expression (5.53) imme-
diately tells us that the R-boost solution found during RDE in the case
of an exponential coupling is characterized by an energy density scaling as
ρφ ∼ φ̇2/2 ∼ a−2, corresponding to the case m = 4 and n = 2 in (5.8) and
(5.9) respectively. It is interesting to note that at first order in 1/ωJBD the
R−boost energy density is related only to the present value of the Jordan-
Brans-Dicke parameter. In Figure 5.3 we have plotted the energy density of
the various cosmological components: besides matter and radiation we can
observe the behavior of φ for minimal and extended quintessence, starting
from zero initial kinetic energy. In the minimal coupling case the field be-
haves nearly as a cosmological constant until the true potential V starts to
be relevant. In the extended quintessence case, instead, the field accelerates
and soon enters the R−boost phase. In Figure 5.4 we show the absolute
values of the four terms in the Klein Gordon equation (5.50). The potential
term starts to be dominant only for z ≤ 102; the friction term is zero at the
beginning and then increases, joining the R−boost. The quintessence field
accelerates until the sign inversion in φ′′ occurs; then the field accelerates
again for z ∼ 102 when the potential V starts to have a relevant effect. The
timing of the different phases of the trajectory depends on the details we
have fixed, but the general behavior is model independent.
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5.5.3 Matter dominated era (MDE)

In the matter dominated era, equation (5.52) still holds but the expansion
parameter has a different behavior with time

a =
2
3
πGρmnr0η

2 . (5.54)

As in the RDE case, we neglect the departure from general relativity to
get the R−boost dynamics at the lowest order in 1/ωJBD. The R−boost
equation is

φ′ =
3

16π

ξ

η
M , (5.55)

which is solved by

φ =
3

16π
ξ M log

η

ηbeg
+ φbeg , (5.56)

also shown in Figure 5.3. As a consequence, the behavior of the kinetic
energy of the field changes, too

1
2

(
dφ

dt

)2

=
3
32

1
ωJBD 0

ρmnr0(1 + z)3 . (5.57)

Hence, this case corresponds to the choice m = 3 and n = 3. If we now look
at Figure 5.3 again, we notice that the R−boost has a bigger effect on ρ in
the exponential case with respect to the quadratic coupling, also shown in
the figure. In both cases φ receives a strong kick, which determines a major
change in the dynamics with respect to the minimally coupled scenario.
However, for an exponential coupling the path of the field departs from
the standard one earlier with respect to the case of a quadratic coupling,
reflecting the fact that the exponential coupling enhances the departure from
general relativity as it depends exponentially on the field dynamics. We shall
come back to this issue in the next Section.

5.5.4 Stability

The stability analysis we have carried out in the previous sections can be
specified to the case of the exponential coupling. Following the method
illustrated in this chapter and already exploited in [90], we now show that the
R−boost solution found above is an attractor. We look for scaling solutions
of the Klein Gordon equation, i.e. solutions in which the energy density of
quintessence field scales as a power of the scale factor

(
dφ

dt

)2

∝ a−2 , (5.58)
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in the RDE and (
dφ

dt

)2

∝ a−3 , (5.59)

in the MDE, as found in (5.53, 5.57). The behavior of the background energy
density is also given by a power of the scale factor. In particular

ρr ∝ a−4 , ρm ∝ a−3 , (5.60)

for radiation and non-relativistic matter respectively. As far as a(t) is con-
cerned, neglecting again the corrections of the order 1/ωJBD induced by 1/F
in front of the right hand side of the Friedmann equation (5.5) as well as the
other dark energy terms, one has

aRDE ∝ t1/2 (5.61)
aMDE ∝ t2/3 (5.62)

The corresponding time dependence of the field φ is given by

φe
RDE = φ∗

(
t

t∗

) 1
2

, (5.63)

φe
MDE = φ∗ log

(
t

t∗

)
, (5.64)

where the subscript ‘∗’ stands for a given reference time and the subscript
‘e’ reminds us that this is the R− boost exact solution.
We verify that the R−boost solution is an attractor by rewriting the Klein
Gordon equation (5.6), with the change of variables seen in (5.25) and (5.28).
During RDE, we obtain

2
d2u

dτ2
+ 3

du

dτ
+ u− 1 = 0 , (5.65)

As we immediately see, this equation admits a critical trajectory for u = 1
and u′ = 0, corresponding to the R−boost. Linearizing equation (5.65)
by choosing small exponential perturbations around the critical point (u =
1 + eλτ ) and solving for the eigenvalues λ1,2 we get

λ1 = −1 ; λ2 = −1
2

. (5.66)

The fact that the eigenvalues are real and negative shows that the generic
perturbation will be suppressed with time, thus flattening the trajectory on
the critical one φ = φe.

Similarly, during MDE, the Klein Gordon equation (5.6) can be rewritten
as

u′′ +
(

2φ∗
φe

+ 1
)

u′ =
φ∗
φe

(1− u) , (5.67)
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which again admits (u = 1, u′ = 0) as a critical point. The perturbed
equation reads now as follows:

δu′′ +
3 + τ

1 + τ
δu′ +

1
1 + τ

δu = 0 (5.68)

In this case, however, the coefficients depend explicitly on τ and hence the
analytical resolution follows the procedure described in section (5.4.2). In
particular, using the change of variables introduced in (5.38) eq.(5.68) can
be rewritten as

δz′′ − 1
4
δz = 0 (5.69)

whose solution is
δz = c1 + c2e

τ/4 (5.70)

where c1 and c2 are two arbitrary constants. The latter expression corre-
sponds to

δu ∝ c1

1 + τ
e−τ/2 +

c2

1 + τ
e−τ/4 (5.71)

which implies that δu → 0 so that the generic solution of the Klein Gordon
equation tends to u = constant.

Summarizing, the simple choice of an exponential as a coupling between
dark energy and Ricci scalar in the Lagrangian leads to the existence of an
attractive R−boost solution in both matter and radiation dominated eras.
This result agrees with the general treatment illustrated at the beginning
of this chapter; in particular, the general classification allows us to recover
the exponential coupling both for m = n and for m 6= n; for m = n = 3,
which is the case of matter domination, eq.(5.19) reduces to the exponential
coupling if we define A ≡ ξ

M
t2∗ρmnr0

2 , where ξ is a dimensionless constant, in
the regime φ À φ∗. Furthermore, the exponential case is included in 5.24
when B̃ = 0 and thus m + n = 6 with m 6= n. If m = 4 and n = 2, hence in
the case of radiation dominated era, we obtain again the expression of the
coupling found in 5.24. The exponential case may be obtained exactly in
the limit in which t∗ and φ∗ may be neglected in (5.20).

5.6 Weyl scaled exponential extended quintessence

In the case in which the coupling to gravity has the form of the exponential
(5.43), action (5.44) can be rewritten using the Weyl scaling we have illu-
strated in section 4.1.1. In particular, the part of the action containing the
scalar field terms reads as follows:

Sexp
φ =

∫
d4x

√
−g̃

[
M2R̃

2
− k̃2(φ)φ;µφ;µ − Ũ exp(φ)

]
(5.72)
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where the non standard kinetic term is specified by

k̃2(φ) ≡

 3ξ2

32π
+

e
− ξ

MP
(φ−φ0)

2


 (5.73)

and the rescaled potential is equal to:

Ũ ≡ V (φ)e−
2ξ

MP
(φ−φ0) (5.74)

The fluid part of action (5.44) becomes:

Sexp
fluid = −

∫
d4x

√
−g̃

[
3iξ

4MP

¯̃
ψγ̄µ(∇µφ)φ̃ + i

¯̃
ψγ̃µ∇µψ + ηexp(φ) ¯̃

ψψ

]

(5.75)
where the mass of the matter fields is now a function of the scalar field φ via

ηexp(φ) = me
− ξ

2MP
(φ−φ0) (5.76)

A first immediate remark is that the model apparently looks quite compli-
cated in the Einstein frame, where the scalar field, now characterized by a
non standard kinetic energy and a different potential, is now coupled uni-
versally to all matter scalar fields. As we have pointed out, the choice of the
frame is matter of convenience and we might equivalently choose one or the
other according to the aim of our analysis. The case of a scalar-tensor the-
ory with an exponential potential looks much more straightforward in the
Weyl frame; nevertheless, it is indeed incredibly interesting to investigate
the problem in the Einstein frame, in order to check the consistency of our
results. Our aim will be therefore that of solving the background equations
of our scalar-scalar model, in which φ is coupled to matter fields, just as if
it were a completely independent coupled quintessence (CQ) model. Notice
also that this procedure will guarantee a valuable test for the numerical code
used to solve the exponential model in the Weyl frame; indeed, a successful
independent comparison of the same model in two different frames, will en-
courage us to deeply trust the implementation of the DEfast code we have
performed in the Weyl frame.

The coupling of the Dark Energy scalar field to matter can now be
treated, in the Einstein frame, as illustrated in [87]. From now on, we will
omit for simplicity the˜used up to now to identify quantities in the Einstein
frame. We will therefore consider a model described by the following action:

Sexp =
∫

d4x
√−g

[
M2R

2
− k2(φ)φ;µφ;µ − U(φ) + Lkin,ψ −m(φ)ψ̄ψ

]

(5.77)
Here the potential is given by:

U(φ) = V (φ)e−4 β
M

(φ−φ0) = V0

(
φ0

φ

)α

e−4 β
M

(φ−φ0) (5.78)
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where we have introduced the constant β defined as

β ≡ ξ

2
√

8π
(5.79)

in order to match the formalism usually used in coupled quintessence theories
[4]; furthermore, we have written the potential V (φ) explicitly, using the
same expression we had used in the Weyl frame (see eq.(5.46)) and indicating
with the constant V0 the value of the potential today, fixed in agreement with
the amount of Dark Energy observed by experiments at the present epoch.
The non standard kinetic function can be rewritten in terms of β as:

k(φ) =
√

6β2 + e−2 β
M (φ− φ0) (5.80)

Hence, the energy density and pressure of the quintessence scalar field read
as:

ρφ =
1

2a2
k2(φ)φ′2 + U(φ) (5.81)

pφ =
1

2a2
k2(φ)φ′2 − U(φ) (5.82)

where the derivative is performed with respect to the conformal time η; the
motion of the field is described by the Klein Gordon equation, now given by

k2(φ)φ′′ + 2k2(φ)Hφ′ + k(φ)
∂k

∂φ
φ′2 + a2 ∂U

∂φ
= a2 β

M
ρm (5.83)

A comparison with equations 1.8, 1.11, 1.15 of [87] allows us to interpret the
model as follows: we are now dealing with a ‘scalar-scalar’ coupling which
corresponds to including a scalar source Qa for each component interested
by the coupling, satisfying the condition

∑
a

Qa = 0 (5.84)

and such that
T(a)

ν
µ;ν

= Q(a)µ (5.85)

In particular, the scalar source for our case is defined as

Qφ =
β

M

ρm

a
(5.86)

Qm = −Qφ (5.87)

In this framework the energy density of matter and Dark Energy are not
conserved separately anymore but they exchange each other the coupling
source contribution:

ρ′m + 3Hρm = − β

M
ρmφ′ (5.88)

ρ′φ + 3H(ρφ + pφ) = +
β

M
ρmφ′ (5.89)
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while radiation, being decoupled from Dark Energy and matter fields, still
satisfies the usual energy continuity equation:

ρ′r + 3H(ρr + pr) = 0 (5.90)

With regard to the cosmological expansion, the latter can be specified by
the time dependence of the scale parameter:

a′ = a2

√
ρ

3M2
(5.91)

which corresponds to Friedmann equation H2 = a
√

ρtot/3M2. Equations
(5.81, 5.82, 5.83, 5.88, 5.90, 5.91) completely describe the background of
our coupling quintessence model and can be numerically solved in order to
obtain the energy density behavior of Dark Energy, matter and radiation
as well as the evolution of the field φ itself. Results are shown in fig.(5.5).
The comparison of this plot to the one shown in fig.(5.3) is astonishing, in
the sense that the behavior of the energy densities is the same. We stress
again that the two plots have been obtained in two completely independent
manners:

1. the first one, shown in fig.(5.3), was derived considering the equations
which characterize an extended quintessence model in which the Dark
Energy scalar field is exponentially coupled to gravity; the coupling
has been introduced in a pre-existing code named DEfast [8] which
has been implemented to include the requested behavior. DEfast itself
is a fortran77 code obtained as an implementation of CMBfast [46] by
introducing non minimal coupled Extended Quintessence and which
allows to solve perturbation equations for a chosen cosmological model;

2. the second plot, shown in fig.(5.5), was obtained considering the back-
ground equations of a coupled quintessence model, in which a Dark
Energy scalar field with non standard kinetic energy is coupled to mat-
ter fields. This new framework was obtained applying Weyl scaling to
the exponential extended quintessence model previously investigated;
the equations were then numerically solved using a (much simpler)
hand-made code.

Eventually, the comparison is incredibly satisfying, showing that the beha-
vior of the energy densities is the same in both models; this result has several
important implications.

First of all, Weyl scaling allowed us to test the DEfast code and its
implementation, in which we can now be confident, in the sense that we
have excluded the possibility that the found dynamics was in some way
related to numerical instabilities of the code more than to the physics of the
model.
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Moreover, Weyl scaling allows us to make an easier comparison of scalar-
tensor theories and extended quintessence models with scalar-scalar coupled
quintessence models [4, 93, 95]; also, it opens the way to a future pertur-
bation analysis which might be done in the Einstein frame, using numerical
codes like CMBeasy [45] and its implementation to coupled quintessence
models [73, 100] in order to constrain CQ theory with cosmology [5, 6].

Finally, the two EQ and CQ models we have illustrated are indeed equiv-
alent. On one side, in the extended quintessence model, the gravitational
coupling is responsible for the R-boost effect, enhancing the dynamics of the
field during RDE; at that epoch the energy density of the field is mainly ki-
netic and doesn’t depend on the choice of the potential neither on the initial
conditions, the R-boost being an attractor solution. On the other side, the
same effect can equally be guaranteed by coupling Dark Energy to matter.
This enforces the need of a deeper understanding of Dark Energy interaction
with other cosmological entities, whose reciprocal influence can be extremely
relevant for the understanding of the dark sector dynamics [9, 93].

5.7 Effects on cosmological perturbations

In this section we analyze the observational impact of extended quintessence
cosmologies. In order to do so, we will consider our exponential coupling
model described in the previous sections (5.4) as a reference model and we
will investigate its effect on the spectra of cosmological perturbations. This
work will require the implementation of the Boltzmann code illustrated in
par.(5.5.1). We find that observational effects are qualitatively consistent
with those corresponding to a quadratic coupling, but quantitatively differ-
ent. For our purposes, an analysis based on the CMB power spectrum only
is sufficient. The scalar perturbations are Gaussian and described by a scalar
power spectrum with spectral index n = 0.96, and no tensors, consistently
with the cosmological concordance model [153].
Since the constant ξ is chosen to be positive and the field φ is smaller in
the past with respect to φ0, F < 1/8πG in the past. As a consequence, our
model describes a cosmology in which the gravitational constant (and thus
the Hubble parameter) is higher in the past than in the QCDM case. It
follows that for a fixed ωJBD 0, we expect a larger amplitude of the effects
induced by the behavior of F for the exponential case with respect to the
quadratic coupling: indeed, the exponential is sensitive to the field dynamics
also at the linear level, which dominates for small values of φ/φ0 − 1. This
can be seen in Figure 5.6, where we plot H(z) for three cosmological models:
two of them represent extended quintessence with the same value of ωJBD at
present, but featuring an exponential and quadratic coupling, while the third
one is the QCDM case. For the first two cases, we have set ωJBD 0 = 50;
we stress that we have chosen this small value with respect to the exist-
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ing bounds from solar system [16], in order to highlight the differences in
the models considered. The value of H0 is the same, but H(z) are quite
different functions in the three cases, in particular for the exponential case
with respect to the QCDM cosmology. In Figures 5.7 and 5.8 we plot the

Figure 5.6: The behavior of H as a function of the redshift in three cos-

mological models, extended quintessence with exponential coupling (solid),

quadratic coupling (dashed) and QCDM (dotted).

total intensity and polarisation power spectra of anisotropies for the models
considered in Figure 5.6. Two features are immediately evident. First the
different amplitude in the tail at low multipoles, and second a projection
difference in the location of the acoustic peaks. The spectra have been nor-
malized to the amplitude of the first peak, which roughly corresponds to
fixing the amplitude of the signal at last scattering. Both the effects come
from the different behavior of the coupling F with redshift. The projection
feature simply follows from the difference in the curves in Figure 5.6. In-
deed, smaller (higher) values of H−1 project the CMB power spectrum onto
smaller (larger) angular scales in the sky. The power at low multipoles is
modified through the Integrated Sachs-Wolfe (ISW) effect, which is sensitive
to the change of the cosmic equation of state at low redshift (see [81] and
references therein). The larger is that change, the larger is the ISW power.

Summarizing, the different form of the coupling function F determines
a relevant difference of amplitude in the effects induced by extended quin-
tessence models on the cosmological perturbations. Larger departures from
general relativity in the dynamics of the field in the early universe correspond
to larger effects on the perturbations. The latter aspect has to be taken
into account when constraining different theories on the basis of the present
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observations.

Figure 5.7: CMB angular total intensity power spectra for a QCDM cos-

mology (dotted), quadratic (dashed) and exponential coupling extended

quintessence (solid) with ωJBD = 50. The spectra are in arbitrary units,

normalized to 1 at the first acoustic peak in total intensity.

5.7.1 Observational constraints from BBN

We will now derive the up to date bounds set from BBN to extended
quintessence with an exponential coupling, specifying to this case the dis-
cussion illustrated in section (4.2.4). Using the coupling defined in (5.43),
we can solve (5.48) with respect to H, getting

H =

√
8πG

3




√
a2 (ρfluid + ρφ) exp

(
−

√
8π

ωJBD 0

φ− φ0

mP

)
+

3φ̇2

4ωJBD 0
+ (5.92)

−
√

3
4ωJBD 0

φ̇

]

In the following we shall assume that the Universe is indeed radiation dom-
inated during the BBN epoch, so that ρφ can be neglected with respect to
ρfluid which receives contributions from photons, neutrinos and e±. More-
over the last two terms in Equation (5.92) are suppressed by 1/

√
ωJBD 0. In

this case the squared Hubble parameter takes the simple form

H2 =
H2

a2
=

8πG

3
exp

[
−ξ(φ− φ0)

mP

]
ρfluid . (5.93)
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Figure 5.8: CMB angular polarisation power spectra for a QCDM cos-

mology (dotted), quadratic (dashed) and exponential coupling extended

quintessence (solid) with ωJBD = 50. The spectra are in arbitrary units,

normalized to 1 at the first acoustic peak.

In this limit we see that by comparing the theoretical values for the light
nuclei abundances with the corresponding experimental determinations we
can constrain the value of the effective gravitational constant during the
BBN epoch, i.e. the quantity ξ(φ− φ0)/mP .
To bound the value of the quintessence field we construct the likelihood
function

L(ξφ) ∝ e−χ2[ξ(φ−φ0)/mP ]/2 , (5.94)

with

χ2 [ξ(φ− φ0)/mP ] = (5.95)∑

i,j=D,4He

[
Xth

i [ξ(φ− φ0)/mP ]−Xexp
i

]
Wij

[
Xth

j [ξ(φ− φ0)/mP ]−Xexp
j

]

The proportionality constant can be obtained by requiring normalization to
unity of the integral of L, and with Wij we denote the inverse covariance
matrix

Wij = [σ2
ij,th + σ2

i,expδij ]−1 , (5.96)

where σi,exp is the uncertainty in the experimental determination of nuclide
abundance Xi and σ2

ij,th the theoretical error matrix. We also consider the
two likelihood functions for each of the two nuclei to show how at present
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the Deuterium and 4He can separately constrain the value of the effective
gravitational constant at the BBN epoch.

It is important to stress that we consider the simplest case of a constant
value of φ during the whole BBN phase. This is justified a posteriori by
the fact that although the dynamics of the field in the radiation dominated
era is cosmologically relevant, it is too small to provide any change of φ
during BBN which is significant compared with the bounds we derive here.
It is also worth mentioning that in view of the possible systematics affecting
mainly the experimental determination of 4He it is unfortunately impossible
at present to use BBN to get detailed constraints on the time evolution of the
quintessence field during this phase, while it can only provide a conservative
bound on the largest (or smaller) values attainable by ξ(φ− φ0)/mP during
the nuclei formation era.
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Figure 5.9: The behavior of the likelihood functions versus the parameter

ξ(φ−φ0)/mP for ωb = 0.023. The three curves refer to the D (dashed curve),

4He (solid) and the combined D+4He (dotted) analysis discussed in the text.

Results are summarized in Figure 5.9, where the likelihood contours ob-
tained using Deuterium are shown [112], 4He and finally, combining the two
nuclei. As expected the 4He mass fraction gives the most stringent constraint
since it is much more sensitive to the value of the Hubble parameter with
respect to Deuterium. In particular using 4He only we get

−0.13 ≤ ξ(φ− φ0)/mP ≤ 0.20 , 95%C.L. (5.97)

while adding the information on D abundance does not change this result
significantly:

−0.14 ≤ ξ(φ− φ0)/mP ≤ 0.17 , 95%C.L. . (5.98)
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We see how a clear understanding of the role of systematics in the Yp mea-
surements would have a large impact on further constraints on the value of
the effective gravitational constant, at least in the minimal BBN scenario
we are here considering, with no other extra parameters, such as extra rela-
tivistic degrees of freedom.

We close this Section by recalling that for a constant value of φ during
the BBN epoch, the effect of the field on the gravitational constant can be
also conveniently recasted in terms of the effective number of relativistic
species contributing to the total energy density, as it was noticed in earlier
works [118, 108, 42] and as it has been illustrated in the previous chapter,
in section (4.2.4). Specifying eq.(4.96) to our case, it is straightforward to
get the simple relation

ξ
φ− φ0

M
= − log

(
δg∗
g∗

− 1
)

. (5.99)

This relation can be used to recast the bounds on the effective num-
ber of neutrinos, which are routinely used in the literature, in terms of a
constraint on ξ(φ− φ0)/mP for the exponential coupling considered in this
paper. Note that interesting values of the field at Nucleosynthesis largely
satisfy the bounds represented in Figure 5.9.
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The possibility that a modification of gravity could ‘solve the dark’ is very
appealing. In this sense, the interpretation of Dark Energy as a purely gravi-
tational effect has always been very tempting, due to the desire of attributing
the presence of the dark part of the Universe to a general lack of understand-
ing of a fundamental theory. Furthermore, the difficulties encountered by
quintessence models in finding a clear solution to the fine tuning and coinci-
dence problems which affect the cosmological constant, encourage the search
for alternatives which might go beyond General Relativity.

With this aim in mind we have worked in the context of scalar-tensor
theories, one of the most natural alternatives to General Relativity, defined
as generalized theories of gravity in which the metric tensor interacts with
a scalar field via an explicit coupling to the Ricci scalar. We have followed
the path of Extended Quintessence, traced out recently by several works, in
which the scalar field of the Brans-Dicke-like theory acts as Dark Energy
and provides the cosmological accelerated expansion required by experimen-
tal data. At this regard, several appealing features which characterize these
models had already been object of many analysis concerning both the back-
ground and cosmological perturbations as well as constraints imposed by
experiments [2, 8, 13, 34, 43, 68, 84, 96, 108, 110, 111, 118, 136, 140]. In
particular, a major achievement of Extended Quintessence concerns the early
universe dynamics of the quintessence field, whose motion at early times is
dominated by an effective gravitational potential which appears in the Klein-
Gordon equation, via a term which is entirely due to the non-minimal inter-
action with gravity. During radiation dominated era, the presence of non-
relativistic species, although sub-dominant with respect to radiation, makes
the behavior of the Ricci scalar playing a dominant role in determining the
dynamics of the field. The resulting motion of the field is the R−boost, an
effect first shown in [8]. In particular, it was pointed out in [96] that the
R-boost trajectory might preserve the most appealing property of minimally
coupled tracker models, i.e. that of having attractor solutions which try to
solve the problem of fine tuning of the initial conditions. Minimally cou-
pled quintessence models, however, are severely constrained by recent data
coming from different cosmological probes such as Cosmic Microwave Back-
ground, Large Scale Structures and Type Ia Supernovae which all concord to

127



128 Conclusion

indicate that the Dark Energy closely mimics a Cosmological Constant, and
that the crossing of the “phantom line”, with an equation of state smaller
than -1, is currently allowed. Within minimal coupling quintessence it is, in
particular, hard to reconcile the presence of attractor solutions with a value
of ωφ very near to −1: as ωφ approaches the latter value, potentials need to
be flatten, squeezing on a cosmological constant like behavior; as a conse-
quence the range of initial condition allowed to go into the attractor shrinks,
threatening the basis of the whole quintessence picture [18]. Interestingly, it
was recently argued that in these conditions coupling Dark Energy to other
entities may be very relevant, especially at early times, possibly saving the
existence of attractors for the initial field dynamics [96]; moreover several
authors [19] [65] [99] [107] [136] have shown that Extended Quintessence
scenarios can even cross the cosmological constant value and reach ωφ < −1.

Our work has consisted in further investigating the issue of a coupling
between Dark Energy and Gravity. Although there is not a priori a particu-
larly motivated form of the coupling and the possibilities among which it can
be selected cover a wide range, most of the works on Extended Quintessence
focused on non minimal coupling or induced gravity, in which the coupling
has a quadratic dependence on the scalar field. A general treatment of Ex-
tended Quintessence theories was therefore still missing.

As a first step, we provided a complete and general theoretical classi-
fication of all those scalar-tensor theories which guarantee the existence of
attractor solutions to the Klein Gordon equation [113]. In other words, we
identified all the possible choices of the coupling which give rise to R-boost
trajectories behaving as attractors in the early Universe in the form of scal-
ing solutions. Our analysis resulted in selecting three classes of couplings,
namely functions of the exponential form (5.19), polynomial functions (5.23),
and the exponential of polynomial (5.24), depending on the coefficient m
characterizing the scaling (5.8) and on its relation to the background scaling
through the value of the B̃ function in (5.22).

Our analysis recovers all the possibilities to have a scaling behavior. Most
importantly, it has been found that these solutions actually possess stable
attractor properties, which represent an extremely appealing feature able to
encompass the fine-tuning problem of the initial conditions, which still affects
minimally-coupled Quintessence models. In particular, we have shown that
all the solutions of the form (5.9) which scale shallower than the background
represent attractors, generated only by a modification of gravity and not by
a particular choice of the true potential V (φ). This enforces the case for
extending the theory of gravity beyond General Relativity, and opens the
way to the solution of the initial fine tuning problem, in view of which new
cosmological models, characterized by the non-minimal couplings we have
selected out in this papers, will deserve a further investigation.

A second effort we have made in order to generalize past works on Ex-
tended Quintessence, consisted in investigating in details the particular case
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of a coupling which depends exponentially on the scalar field, hence different
from the usual quadratic choice; the exponential case may be relevant for
string cosmology, where the dilaton appears as an exponential which multi-
plies the fundamental lagrangian [76]. At this regard we have recovered the
attractor features of the solution to the Klein Gordon equation, remarking
the enhanced dynamics that this model provides with respect to both mini-
mal and non minimal coupling models previously investigated. In particular,
with respect to the case of a non-minimal quadratic coupling, we find relevant
new results concerning both background expansion and perturbations. In-
terestingly, in the exponential scenario the R-boost looses any sensitivity on
the initial conditions of the field, while in the case of a quadratic coupling
the latter enters into the expression for the energy density along the trajec-
tory. The R−boost solution is equivalent to a tracking one with equation of
state −1/3 so that the exponential coupling is able to restore the existence
of attractors for the initial dynamics of the scalar field.

Furthermore, we have Weyl scaled the exponential extended quintessence
theory, in view of the fact that coupling a scalar field to gravity is equivalent
to coupling the scalar field universally to all matter scalar fields. We have
numerically solved the model in both the Jordan and the Einstein reference
frames, making use of two independent codes and of two different sets of
equations, eventually obtaining the same dynamical pattern for the back-
ground. The successful comparison has represented a valuable test for the
implementation of the DEfast code we had accomplished, in which we can
now be confident, in the sense that we have excluded the possibility that the
dynamics of the model was in some way related to numerical instabilities
of the code more than to the physics of the model. Weyl scaling can be
used to compare with ease our exponential scalar-tensor model with scalar-
scalar coupled quintessence models [4, 93, 95]; also, it opens the way to an
eventual future perturbation analysis of the model which might be done in
the Einstein frame, using numerical codes like CMBeasy [45] and its imple-
mentation to coupled quintessence models [73, 100] in order to constrain the
theory with cosmology [5, 6] and compare predictions of the Boltzmann code
to observations.

We studied the predicted impact of extended quintessence cosmology on
the observations, considering the case of our exponential model as a reference
scenario. In particular, we considered the Cosmic Microwave Background
(CMB) perturbation spectra, comparing the effects in the cases of exponen-
tial, quadratic and minimal couplings. The main effects derive from the fact
that the cosmological expansion rate changes, due to the time variation of the
effective gravitational constant. Consequently, angular scales and distances
are modified, shifting the angular location of the acoustic peaks in the CMB
power spectrum, and enhancing its tail at low multipoles, by means of the
modified dynamics of the gravitational potentials on large scales (Integrated
Sachs-Wolfe). For a fixed ωJBD at present, the imprint on the amplitude of
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the cosmological perturbation spectra markedly depends on the actual form
of the non-minimal interaction: indeed, the exponential form enhances the
departure from General Relativity as the field moves, with respect to the
case of a quadratic coupling, the reason being just the shape of the cou-
pling, for which the motion of the field gets exponentially amplified. This
leads to the consequence that the effect on cosmological perturbations has
to be investigated properly case by case: this aspect is particularly relevant
having in view the possibility to constrain the theory of gravity on cosmo-
logical scales and from cosmological observations, in a complementary way
with respect to what is done via observations in the solar system. As far
as the exponential model is concerned, we also derived the limits from the
Big Bang Nucleosynthesis; the constraints affect both the strength of the
non-minimal coupling as well as the field value during the nuclide formation
epoch. For interesting trajectories, those bounds are largely satisfied.

We conclude remarking that, as we have already pointed out, generalized
theories of gravity can provide attractors for the early universe dynamics of
the Dark Energy scalar field φ, independently of the shape of the potential
V (φ) chosen for φ. The relevance of this issue goes beyond the mere capa-
bility of avoiding the fine tuning of the initial conditions: indeed, it enforces
the need of a deeper understanding of Dark Energy interaction with other
entities, both with regard to gravity and with regard to matter, especially
in view of the Weyl scaling test that has been performed. On one side, in
extended quintessence models, the gravitational coupling is responsible for
the R-boost effect, enhancing the dynamics of the field during RDE: at that
epoch the energy density of the field is mainly kinetic and doesn’t depend
on the choice of the potential neither on the initial conditions, the R-boost
being an attractor solution. On the other side, the same effect can be pro-
vided by coupling Dark Energy to matter fields. The latter result suggests to
look more in detail at the effects of such couplings on the dark components
dynamics. In particular, as noted in [9], coupling Dark Energy to gravity
might lead the field φ to show non linear features and clumps through grav-
itational dragging. It would then be important to understand whether this
effect can be enhanced in the case of an exponential coupling. Furthermore,
it would be very interesting to further investigate the effects of the mutual
interaction of Dark Matter and Dark Energy perturbations within Coupled
Quintessence models: the existence in the latter of a ‘Dark Matter drag-
ging’ mechanism, analogue to the gravitational dragging one, would be very
appealing; at this regard it would be worth verifying whether Dark Matter
perturbation injection manage to drag the quintessence field perturbations
to non-linearity inside the horizon, leading Dark Energy to form structures.
Eventually, if Dark Energy density perturbations managed to be present
also on sub-horizon scales, there would be the need of a modification of the
N-body codes involved in the description of structure formation.

It is then clear that the relation between Dark Energy and other entities
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can be extremely relevant for the understanding of the dark sector dynamics
and deserves a careful study. In this sense, extended quintessence gives a
charming insight in the rich physics that can be hidden beyond a constant-
like behavior of Dark Energy.
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