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Introduction

The present work is devoted to the study of dynamical systems described by
integral equations of Abel kind.

This equation - introduced by N. H. Abel in order to describe the mechan-
ical problem of isochrone curves - have found a wide range of applications in
the framework of Continuum Mechanics (e.g. in [1]) as well as in Quantum
Physics. Usually Abel, or more general fractional integral equations, are ex-
pected to appear in connection with singular perturbations of the Laplace
operator, when source or potential terms supported by set of null measure
are added to the laplacian. A classical example is given by the the problem
of heating an infinite rod by an influx of heat through a pointwise source of
strenght p(¢) placed in the origin. The temperature field u(¢, x) is decribed
by the equation:

{ ot x) £ Lou(t, ) + p(t)d(x)
u(0, z) = ug(x)

which has to be intended in the weak sense. Using Dhuamel’s formula, we
may write the solution u(¢, x) of this problem in the form:

t
u(t, r) = e®ug +/ e =)8(5)0(x) ds
0

where e'? is the propagator associated to the one dimensional Laplace oper-
ator, whose action is defined by the relation:

1 —+00 ‘z71/|2
etAf = - / e” a f(z')da
e —00

By definition of the Dirac delta §, we get:

SIS

e'25(x) =

-
~



Then, assuming a vanishing initial temperature, we obtain:
22
)= - [
ult,x) = — | ——
™ Jo t—s b
If the interior boundary temperature: 0(t) = limy,_o u(t, z) is known (for ex-
ample a result of an experimental continuous monitoring), we may determine
the corrisponding unknown influx strenght as the solution of the following
Abel equation:

(s)ds

t
=/ 25) s — g
VT Jo VE—s

In this work we will consider the energy transfer between discrete and
continuous spectral components in nonautonomous quantum systems gener-
ated by time dependent point interaction operators. The properties of these
operators, as we shall see, allow to describe energy exchanges in terms of
a system of two coupled integral equations of Abel kind with non constant
coefficients, reducing in this way the real degree of freedom of the problem.

In the first Chapter, after a brief introduction to fractional integrals equa-
tions of Abel kind, we study the finite time and the large time asymptotic
behavior of the solutions, taking into account the case of nonconstant coeffi-
cients. Results presented there form the main contribution of this work and
will be largely applied in the subsequent chapters.

In the second Chapter we introduce the operators of point interaction
in Quantum Mechanics giving the main properties of the related quantum
systems. It will be shown that the state ¢ of a quantum particle subjected
to the action of a 3-D point interaction is determined by the system:

t 77:42659
U(t,z) = e®Pepy(z) + L / e 09 q(s)ds
0

(mi)? (t—5)?

¢ t eisA =
Q(t)+4vﬂi/0—a%)d8:4\/ﬁ/o—< % 9 s

where 1), is the initial state and a(t) is the dynamical parameter charac-
terizing the interaction as a function of time. It is immediate to recognize
that the auxiliary variable ¢(t) - which will be defined as the "charge" of the
system - satisfies an Abel integral equation with a nonconstant coefficient
a(t) in the integral kernel.

Chapters three and four are devoted to the applications of Abel kind
equations in the context of quantum system generated by point interactions.
In the third Chapter we consider the problem of energy-mass transfer from
scattering to bound states for a one body quantum system uder the action of
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a time dependent point interaction. Under suitable assumptions on the initial
state of the particle and using results on the finite time asymptotic behavior
for solutions of Abel equations, we prove a theorem of local controllability
of this process. In the fourth Chapter we study the time evolution of a
three dimensional quantum particle under the action of a time-dependent
point interaction fixed at the origin. We assume that the “strength” of the
interaction «(t) is a periodic function with an arbitrary mean. Under very
weak conditions on the Fourier coefficients of a(t), and making use of large
time asymptotic results of Ch.1, we prove that there is complete ionization
as t — oo, starting from a bound state at time ¢ = 0.



Chapter 1

Fractional Integral Equations

In this chapter we shall consider some basic integral equations of fractional
order; in particular, we will focus our attention on the asymptotic behav-
iour of the solutions. This analysis will be extended also to the the case of
equations with time periodic coefficients.

A rather complete exposition on the subject of integral and differential
problems of fractional order may be found in [2], [3]. For the specific case of
fractional integral equation with time dependent coefficients, we refer to [4].

1.1 Introduction to Abel integral equations

According to the Riemann-Liouville definition, the fractional integral of order
a (a € RT), of a function f, is given by:

vl L[S
= ‘r<a>/o s (1)

where I'(z) denotes the Euler Gamma function. This expression may be
thought as a natural generalization of the well known Cauchy formula:

np_ 1 b f(s) <
T = (n—l)!/O (t_s)lfnd

representing the n-fold primitive of the function f - J"f in our notation - in
terms of a convolution integral.

The simplest equations involving the operators J* are the Abel equations
of the first and of the second kind:




1.1.1 Abel integral equation of the first kind

The equation is:
1 ou(s)
ds = f(t ae (0,1 1.2
o) ), =0 e 12
Let us solve (1.2) using Laplace transform ’L’; first we observe that the
L-transform of the kernel function is given by:

1 1 1
L|=—= = — Ya >0 1.3
Rorai R -
from which we get the following relation for the Laplace transform of (1.2):
a(p) = p*f(p) (1.4)

where @ and f denote the transforms of u and f respectively. Next observe
that there are different ways to perform the inverse Laplace transform of
(1.4); in fact we may write this relation in the form:

_ fp
i(p) = ppl(_i (1.5)
obtaining, under the regularity condition:
f € Lige(0, 00)
{ f o v vel0,l—a) (1.6)

the following solution:

1 d [" f(s)
U(t):mafo (t—s)ads (1.7)

Otherwise, equation (1.4) could also be set in the form:

i) = 100 foh)

u(p) = ps + o (1.8)
from which, under the condition:
f € Lipe(0, +00)
UlrorirSs (9)

we get an alternative form of the solution:
1 bf(s) 1 1
t) = d 0N — 1.10
u(t) F(l—a)/o(t—s)a s+ )F(l—a)to‘ (1.10)
We notice that the expressions (1.7) and (1.10) are not eqiuvalent, and, in

order to write the solution in the last form, a stronger regularity condition
on the source term f is required.




1.1.2 Abel integral equation of the second kind

The equation is:

A bou(s) B
u(t) + (o) /0 i 8)1_ads = f(t) ae(0,1), NeC (1.11)

Its solution may be represented by the Picard series:

u(t) = 3% ta(t)
uo(t) = f(t) (1.12)

Uy, = — A Up_1
The explicit expression of w,, is:
un(t) = (=N)" T (1) (1.13)

and, using Laplace transform, this reads as:
" tomfl

tn = (=) I'(an)

« f (1.14)

where %’ indicates the convolution product. Then, the solution u(t) of equa-
tion (1.11) is, at least at a formal level, given by the limit:

. n ) tok—1 ‘ n ) tok—1
(1.15)
Next we observe that, due to the rapid growth of the gamma function, the
series Y p_ ( —\)" % is uniformly convergent to a continuous function in
every bounded interval ¢ € [tg,7T] such that t; > 0. Moreover, this sum
diverges as tl%a for t — 0%. This implies that there exists a solution:

n=1

e tanfl
t)= f(t A" 1.1
ul(t) f<>+(2< ) F(Om)>*f (1.16)
of equation (1.11) for any function f fulfilling the following regularity condi-

tion: 1
feL,. (0 +00)
{ Fetr e 0, 0) (1.17)

t—0

The uniqueness of this solution is a straightforward consequence of expression
(1.16).



A compact form for the solution of equation (1.11) can be given in terms
of Mittag-Leffler functions. These functions are defined on the complex plane
by the relation:

(o) n

z
E = _
o(2) E Flan 1) a>0,2zeC

n=0

The convolution kernel in (1.16) may be expressed as the derivative of a
Mittag-Leffler function as follows:

d o e (SN S () (an) T SN (=) e
PN = ) T2 =2 T

(1.18)
then, the solution (1.16) reads as:

u(t) = f(t) + EL(=X%) * f (1) (1.19)

The same solution may still be given into different forms; the £-transform of
(1.11) reads:
u(p)

p
P

= f(p) (1.20)

from which we find two alternative forms for «:

i(p) = p [,’,’L;f (p)]

i(p) = By | F0) = £(01)] + s £(07)

a(p) + A

Recalling that:

LEa(~\%)] = pﬁa:A Rep > |A[* (1.21)
we obtain: P
u(t) = %/0 f(t —s)Eo(—As%)ds (1.22)
and
w(t) = F(0F) Bo(— M) +/O Flt—$)Ba(-As")ds  (1.23)

Again we notice that the expressions (1.19), (1.22) and (1.23) are not equiva-
lent because they require different condition of regularity on the source term
f. In particular, the validity of (1.23) implies the condition:

f e L, (0,+00)
{ F(01)] < oo (1.24)

which is stronger than (1.17), needed for the validity of (1.19) and (1.22).
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1.1.3 Fractional integral equation with time dependent
coefficients

Here we shall consider a fractional integral equation of order i where the

2
solution appears multiplied by a time dependent coefficient:

d = 1.25
o+ [ Lo pn (1.25)
We will study the properties of equation (1.25) on a finite time interval:
t € [0,7T] under the assumptions:

{ a € L>®(0,T; C) (1.26)

feL=(0,T; C)

Firts observe that, by a simple iteration procedure, the solution u(t) may be
formally expressed using the Picard series:

u(t) =32, % un(t)
uo(t) = f(t) (1.27)
t a(s)un—1(s
un(t) = [, ofs) un1(s) )\/E( Lds
which admit the following estimate:
+oo +00
OIS UF Ol oy |1+ D Nl foory Anm? 83 (1.28)
n=0 n=1
with:
1_ 7 even
A, = ((272?;%) (1.29)
2 ey % n odd

Thus (1.27) defines a sum of continuous functions which is, by virtue of our
assumptions (1.26) and of the estimates (1.28), uniformely convergent into
[0, 7. It remains proved the following result:

Theorem 1 Let a and f satisfy the assumptions (1.26). Then equation
(1.25) admits an unique continuous solution on the interval t € [0,T], given
by the Picard series (1.27), (1.29), for which holds the estimate:

lulloo < 1F Moy |1+ D el Gmory Anm® T (1.30)

10



Proposition 2 The homogeneous equations associated to (1.25) with o €
L>(R) has no non-zero solution in LY (RT), 1 <p < oco.

Proof The proof (see e.g. [26]) exploits the fact that, due to the estimate
(1.28), the homogeneous equation associated to (1.25) with o € L*(R)
has a null solution in any LP(0,7,,) with 7, increasing to infinity for
increasing n.

O

1.2 Small Time Asymptotics

Our aim is to study the small time behaviour of the solution wu(t) of the

equation (1.11) with o = 1:

At ouls)
u(t) + () /0 mds = f(t) reC (1.31)

under the following hypothesis on the source term f:

() = uf By (M2) + g(t) (1.32)
g(t) = ap s 4 0(tm+%); Ay # 0 (1.33)

with: \
‘0(tm+2) <ct™z >0 (1.34)

for t € [0,0),d € R, m € N.
First we notice that the solution of (1.31) may be expressed as the sum
of the solutions ug and u, of the equations:

AT ue(s)
(%) o Vt—s

uo(t) + o ds = ui Bx (\t?) (1.35)

A b oug(s) B
ugy(t) + o o mds = g(t) (1.36)

Using the Laplace transform (1.35) become:

11



then we have for ug(t) an exponential solution:
uo(t) = uir ! (1.37)

For the second equation we have:

~ )\ ~ p% ~ p*% _
ig(p) | 1+ — | = 3(p) = ty(p) = — (p) =p—t—3(p)
p2 p2 + A p2 + A
whose solution of reads as:
t
uy(t) = / Bl (~Mb)g(t — s) ds (1.38)
0 2

Thus, the solution of equation (1.31) admits the following representation:
t
u(t) = ul et + / EY (=Mt2)g(t — s) ds (1.39)
0 2

Recalling that, from definition (1.18), the function E’(—\t2) may be ex-
2

pressed as:
A1
— A 4ot

') vi

D=

By (—At2) = — ) (1.40)
2
with: . .
‘o(ﬁ) <cat2, >0 (1.41)
in a suitable right neighbourhood of the origin, by substitution in (1.39), we
have:

t
u(t) — uir Nt = / B\ (=At2)g(t — s)ds =
0 2

)\am /t gm ) /t /t 1 2\ /t 0(8m+1)
= — ds+\ a,, | s"ds+a,, | s"o((t—s)2)ds— ds+
F(%) 0o Vi—s 0 0 ({t=s)*) F(%) 0o Vt—s
t t
+)\2/ 0(8m+1)d8+/ o((t — 8)2)o(s™ ) ds
0 0

which, after explicit calculations, becomes:

A A 2m+1m! thrl

t) — uin Xt = fmts 4 A2q M3y (1.42
u(t) —ug'e r(1) 2m + 1)1 PN o o(tTTR) (142)

with:

)o(tm+%) < ept™ 3, ey >0 (1.43)

for any t in a neighbourhood [0, 7).

12



1.3 Large Time Asymptotics

In this section we will perform the analysis of the long time behaviour of the
solution of an (1.25)-type equation of order 3:

A [Mals) als)
q(t) + / ds = f(t 1.44
under the following assumptions for the source term and the coefficients:
A =4mV/i (1.45)
() = 47/2[a(0)] By (Aa(0) £2) (1.46)

In the physical applications - as we shall see - the meaningful parameter of
the system is the negative lower bound of «(t). Hence we require that:

a(0) <0 (1.47)

Moreover we shall assume that «(t) is a real periodic continuous function of
period T'. The continuity of a(t) guarantees that it can be decomposed in a
Fourier series, for each t € R*, and the series converges uniformly on every
compact subset of the real line. In terms of the Fourier coefficients «(t) is
given by:

a(t) = > ae ™™ {a,} €l (Z), w= 2%
= (1.48)

o, =a
In order to justyfie our use of Laplace transform in the analysis of equation
(1.44), our next task is to prove the following;:

Lemma 3 Let q(t) be the solution of equation (1.25) with «, f € L>®(R).
Then, the laplace transform Lq(p) exists and is analytic at least in the open
half plane of C defined by the condition:

p€C:Rep> N ol (1.49)

Proof Consider the function: ¢'(t) = e ?q(t) with p € C and Rep > 0, it
satisfies the equation:

ta(s)e Pt g(s
(0 + x5 | g — e = o) (150)

2
where, from our hypothesis, we have p(t) € L*(0, +00). Then, applying
the Young’s inequality:

1+ gl < 115 Mgl

13



to the convolution in equation (1.50), we obtain the following estimate:
e Pt

I (1- 2055 |7

which provide an effective bound for the norm ||¢'(|; if the coefficient

Hauoo) < el
1

A ] ept . .- .
(1 — F|(%|) \/’% 1 HaHOO> is positive. Recalling that for Rep > 0:
e Pt T
Vit 1 a Rep

we get the condition:

Al m 2 2
1> —_— = Rep > |\ 1.51

Following the same line, it’s easy to prove that the partial derivatives
of the function ¢'w.r.t Rep and Im p:

ORepqd = Ompqd = —te Plq(t)

are bounded by measurable functions of ¢ if the condition (1.51) is
fulfilled:

< 00

[te™*q(®)]], < Hte—(16”2lla||§o+iy)tq(t) 1

Then e ?'q(t) is C' measurable w.r.t. ¢ € [0,+00) for any p in the
domain (1.49) and, in the same hypothesis, its partial derivatives w.r.t.
p are bounded by measurable functions of ¢. This allows us to conclude
that the Laplace integral:

+o0o
Lq(p) = / g(t)e " dt
0
defines a C* class function for p in the domain (1.49)
0J

Lemma 3 allow us to say that, under the hypothesis (1.45) and (1.46),
the Laplace transform of the solution ¢(t) exist analytic at least for:

peC:R(p) > 1672 ||a||C2>o

In the notation:



the Laplace transform to equation (1.44), reads as:

ilp) = —dm [+ S awilp+ i) + F(p) (1.52)

where

) = 4m\/210(0)| £ | B

1 p
(RO )] () = 4/ 20—

with the choice of the branch cut for the square root along the negative real

line: if p = pe™, ‘
N ERV X (1.53)

N

1
2

with —7m < 9 < 7.

In the following sections we shall perform the asymptotic analysis of sys-
tem (1.44): we shall prove that, under generic conditions on «(t), the solution
of equation (1.44) goes asymptoticaly to zero with a polynomial power law.
Although the result does not depend on the sign of the mean «aq of a(t), we
have to discuss separately the case ag < 0 and g > 0, because of the slightly
different form of equation (1.52).

1.4 Case oy < 0: the L-transform analysis of
the problem

In what follows we introduce the analysis of equation (1.44) using as main
tool the Laplace transform.
Since a(0) < 0, we will assume that a(t) satisfies the normalization con-

dition: .
Y oy =—— (1.54)

47
nez

In the framework of applications, this condition represents a change in the
energy scale of a physical system; on the other hand, it provide a simplifica-
tion of the Laplace transform calculus, but does not effects the asymptotic
behaviour of the solution.

Moreover we introduce another condition we shall use later on: let 7 the
right shift operator on ¢;(N), i.e.

(7a), = an (1.55)

15



we say that « = {a,,} € ¢1(7Z) is generic with respect to 7, if & = {a, }ns0 €
/1 (N) satisfies the following condition

(1,0,0,. \/ Tra (1.56)

For a detailed discussion of genericity condition see [14].
If (1.54) holds, equation (1.52) becomes (at least for R(p) > 0)

47 2iv/ 21 1—+/—p
q(p) = «Q + iwk - - 1.57
ap) 47ra0 4+ /—1ip % kP )~ drag++/—1p 1+1ip ( )
k£0
Setting ¢, (p)

G(p+iwn), we obtain a sequence of functions on the strip
(

IT={peC, 0<3J(p) <w}. Setting

q(p) = {an(P) }nez

equation (1.57) can be rewritten in the form:

q(p) = B(p)q(p) + g(p) (1.58)
where

and g(p) = {ga(p) nez with

. 2i\/ 27 1—+/wn—1p
gn(p) = drag + Jwn —ip 1+1ip —wn

We observe that (1.58) defines an equation in the Hilbert space H = (5(Z)
for any p € Z. From the explicit expression of the operator (1.59) and (1.60),
it is clear that the coefficients of the equation fails to be analytic on the
imaginary axis at p = ((4wag)? — wn)i, for some 71 € Z and then the solution
may be singular there.
Since J(p) € [0,w), one has

2 2
(4ray) en< (4rag)
w w

(1.60)

(1.61)

and then the singularity appears at most in the equation for ¢; (there is only
one integer! which satisfies the previous inequality) at p = ((4mr)? — wn)i.
For instance, if w > (4mp)?, the pole may be at p = (4rag)?i in the equation
for qo.

The next Proposition shows the properties of operator B:

'In fact 7 must be non negative.

16



Proposition 4 Forp € Z, R(p) =0, p #0,p, B(p) is an analytic operator-
valued function and L(p) is a compact operator on ls(Z).

Proof: Analyticity on the imaginary axis for p # 0, p easily follows from
the explicit expression of the operator.
Moreover B(p) can be written

B(p) = b(p) > axT"*

keZ
k0

where b(p) is the operator

47q,(p)

_47Ta0 + Vwn —ip

and 7 is the right shift operator on ¢5(Z).

Since ||7|| = 1, the series converges strongly to a bounded operator. More-
over b(p) is a compact operator on the imaginary axis for p # 0, p: b(p) is the
norm limit of a sequence of finite rank operators, because lim,, ., b,(p) = 0.
Hence the result follows for example from Theorem VI.12 and VI.13 of [27].

(b@)n(p) = bu(p) gulp) =

O
Let us first consider the behavior of the solution for Rep > 0:

Proposition 5 There exists a unique solution q,(p) € l3(Z) of (1.58) and
it is analytic for Rep > 0.

Proof: The key point will be the application of the analytic Fredholm
theorem to the operator £(p) (Theorem VI.14 of [27]), in order to prove that
(I — B(p))~* exists for p: Rep > 0.
Since there is no non-zero solution in L2 (R™) of the homogeneous equation
associated to (1.44) (see the Proposition 2), then the homogeneous equation
associated to (1.58) has only the trivial solution in ¢3(Z). Moreover the
operator B is compact and thus analytic Fredholm theorem applies. The
result easily follows, because g(p) € ¢2(Z) and each g,(p) is analytic for

p:Rep>0.
O

In the following subsections we shall extend the equation (1.57) above to
the imaginary axis and study the behavior of the solution there.

17



1.4.1 Behavior on the imaginary axis at p # 0

Actually we have to distinguish the so called (see [14]) resonant case, i.e.
when
(4m)? = Nw

for some N € N, because in that case we can have a pole only at p = 0 and
then the solution is immediately seen to be analytic on the whole imaginary
axis except at most for p = 0.

At first we consider the behavior of the solution on the imaginary axis for
p # 0, p # p. We are going to prove that the solution is in fact analytic
there.

Proposition 6 There exists a unique solution q,(p) € l3(Z) of (1.58) and
it is analytic on the imaginary azis for p # 0, p.

Proof: The Proof of Proposition 5 still applies because each g,(p) is
analytic for p # 0, p on the imaginary axis.

OJ

We can now study the equation (1.58) in a neighborhood of p (if p # 0).
An important preliminary result is the following

Lemma 7 Let (1.48) and the genericity condition (1.56) be satisfied by {cv, }.
The system of equations

4
rn=— TS it halp) (1.62)
drag + Jwn — ip o
k#n,n

has a unique solution {r,} € s(Z\{n}) in a pure imaginary neighborhood of
D, where n € Z and p € Z, R(p) = 0, are defined by (1.61), for every h,(p)
such that

ha(p)

hl
(P) drag + y/wn —ip

belongs to lo(Z \ {n}).
Moreover, if h,(p) is analytic in a neighborhood of p, the solution is analytic
in the same neighborhood.

18



Proof: Equation (1.62) is of the form
r=Br+n

where h' = {h],} belongs to ¢5(Z \ {n}) and B’ is a compact operator (see
Proposition 4).

In order to apply analytic Fredholm theorem to the operator B’, we need
to prove that there is no non-zero solution in a neighborhood of p of the
homogeneous equation. Suppose that the contrary is true, so that {R,} €
05(Z \ {n}) is a non-zero solution of

4
Rn = - > « 7an
Aoy + Jwn — ip keZZ g

k#n,n

Multiplying both sides of equation above by R; and summing over n €
Z \ {n}, one has

Z\/wn —ip ]Rn|2 = 4 Z R, op_n Ry

nez n,k€Z
n# N n,k#n

and, since the right hand side is real,
S0 Vwn —ip R[] =0
nez

n#nN

for p =i\, 0 < A < w, and then R, = 0 for n < 0. Now suppose that R # 0
and let ny € N be such that R, = 0, n < ng, and R,,, # 0 (hence ny > 0).
Fixing R; = 0, for each n < ny the homogeneous equation gives

f: ak_an =0

k=ng

or, setting k =ng — 1 + &/, for n > 0,

oo
E ak’+ano—1+k’ =0

k=1
which implies (see (1.48)), for each n > 0,
(R, T") ) =0

where R, = R} _,,, and (-,-) stands for the standard scalar product on

05(N).
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If {«a,} satisfies the genericity condition (1.56), R’ has to be orthogonal also
to e; and then R,,, = 0, which is a contradiction. Therefore R = 0.

The first part of the Lemma then follows from analyticity of B’(p) and ana-
lytic Fredholm theorem. Moreover if {h,(p)} is analytic in a neighborhood
of p, analyticity of the solution is a straightforward consequence.

OJ

Proposition 8 If {a,} satisfies (1.48) and the genericity condition with
respect to T (1.56), the unique solution {q,} € l2(Z) of (1.58) in analytic on
the tmaginary azis except at most for p = 0.

Proof: If (4mag)? = Nw for some N € N (resonant case) there is nothing
to prove, since the coefficients of (1.58) fails to be analytic only at p = 0. On
the other hand, in the non resonant case, Proposition 6 guarantees analyticity
on imaginary axis for p # 0, p. Therefore it is sufficient to study the behavior
of the solution in a neighborhood of p, where the coefficients of (1.58) have a
singularity. We are going to prove that in fact the solution is analytic at p.
The strategy of the proof is to analyze separately the terms g, n # n, n being
defined in (1.61), and then prove that also g5 is analytic in a neighborhood
of p.

By Lemma 7 there is a unique solution of the system

4oy,
tn = Q—nl = 1.63
47T040 + vwn — Z honth Ao + Jwn —ip ( )
k;én n
Setting ¢, = ry, + t,qn, n # 1, on (1.58), one has
+i in + Y +than) § o+
Tn ndn = Ap—ndn (07 e T’ 5
¢ Ao + wn — ip I —~ fon \Th 7 L
k#n,n
2iV/ 21 1 —+/wn —1p
Aty + Jwn —ip 14+ 1p —wn
and therefore the equation for {r,}, n # n, becomes
4 1 1 —+/wn—1p
Th = — - Qg Tnak + - 1.64
drag + J/wn —ip é BT Vor 1+ ip —wn (1.6
k#0,—n
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while ¢; satisfies the equation

4dr v 1 —+/wn—1p
n = — —— g ap—n (i + than) + - -
Aoy + Jwn — ip s Vor 14+wp—wn
k#n

or

20\ 27
4 Vwn —ip+ 47 Y " ap_aty| gn= AT > apprp — ——
Ty + /wn —1p + 47 o—nti | @ ™ Ok I

kez kez Wi —1p
k#n k#n

Since the last term is analytic in a neighborhood of p and {t,}, {r.} €
05(Z\ {n}) are both analytic, as it follows applying Lemma 7 above to (1.63)
and (1.64), it is sufficient to prove that

E Oék—ﬁfk # 0
kEZ
k27

where
tn = tn<p) ’p:ﬁ

Assume that the contrary is true: from equation (1.63) we obtain

Z (47ra0 + v/ wn — iﬁ) !fn|2 = —A4r Z f;';ak_nfk — 47 Z afl_ﬁf;‘; =

nez n,kEZL neE”L
n#n n,k#n,n#k n#£n
~ ~
= —4m E tnak_ntk
n,kE€Z
n,k#n,n#k

where we have used the second condition in (1.48). The previous equation
implies (the right hand side is real) ¢, = 0, Vn < N = % and then, since

~1< N <0,t,=0,Vn < 0. Hence from (1.63) we have, Vn < 0,

Z ak:—ntNk + =0
k>0
kZn

Now supposing without loss of generality that t, # 0 and setting T}, = #,,_1,
n #n+ 1, and T, = 1, we obtain, Vn > 0,

Z Qpqndy, =0
k=1
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and using the genericity condition (1.56) (as in the proof of Lemma 7) we
get Th =ty = 0, which is a contradiction.

In conclusion ¢; is analytic in a neighborhood of p: analyticity of ¢,, n #
n is then a straightforward consequence of analyticity of {r,}, {¢,} and
decomposition ¢, = r, + t,qz. The proof is then completed, since r, and t,
belong to l5(Z \ {n}) in a neighborhood of p = p.

O

1.4.2 Behavior at p =20

We shall now study the behavior of the solution of (1.58) on the imaginary
axis at the origin. With the choice (1.53) for the branch cut of the square
root, it is clear that we must expect branch points of ¢(p), solution of (1.57),
at p = iwn, n € Z, which should imply a branch point at p = 0 for each ¢,
in (1.58).

We are going to show that ¢,, n € Z has a branch point at p = 0. The
non-resonant case and the resonant one will be treated separately.

Proposition 9 (non resonant case)

If (47ag)? # Nw, VN € N and {a,} satisfies (1.48) and (1.56) (genericity
condition), the solution of equation (1.58) has the form q,(p) = c,(p) +
dn(p)\/P, 1 € Z, in an imaginary neighborhood of p = 0, where the functions
cn(p) and d,,(p) are analytic at p = 0.

Proof: Setting ¢, = r, + t,qo, n # 0 and choosing a solution {¢,} €
05(Z\ {0}) of the system of equations (1.63) with 7 = 0, we obtain that {r,}
must satisfy (1.64). It is easy to see that the result of Lemma 7 holds also
in a neighborhood of p = 0 with 7 = 0, so that {r,}, {t,} € (2(Z\ {0}) are
unique and analytic at p = 0.

Thus it is sufficient to prove that ¢, which is solution of

. 20\ 2m(1 — v/—1
4’/T060 + vV W + 4m E Oéktk; do = —47 E R’y — 1<+ - p)
k€eZ kEZ tp
k#£0 k#£0

has the required behavior near p = 0.
First, setting t2 = ¢, (p = 0), we have to prove that

E Ozktg #* —ay
kEZ
k20
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but, assuming that the contrary is true and multiplying both sides of equation
(1.63) by t9" and summing over n € Z, n # 0, one has

Z von |22 = —4n Z 12" Y + ATy
nez n,k€Z
n,k#0
and then, because of genericity condition (1.56), {t°} = 0, Vn € Z \ {0},
which is impossible, since {t,,} solves (1.63).
Now, calling

kezZ

k0
and

= —4n Z Tk

keZ

k20
we have

2027 (1 — /—1
[47Tao+\/—ip+F]q0:G—l— 1(—|—ip )

and

:F/‘i‘\/ﬁG/

where F” is analytic in a neighborhood of p = 0, because of analyticity of F’
and GG, and

202w (dmog + F+ 1) +v/=i(1 +1ip) G

¢'= 1+ ip)[(4mao + F)2 + ip)

(1.65)

OJ

The resonant case, i.e. 4rag = —vwN for some N € N, is not so different
from the non-resonant one and we shall prove that the solution has the same
behavior at the origin. The proof is slightly different because we need to
show the absence of a pole at p = 0: from (1.58) one has

4 i 1 —+wN —
an(p) = > gk guik(p) + I N
VwN = VwN —ip | 1= Vo2r 1+ip—w

and the coefficients have a singularity at p = 0.

We are going to prove that in fact the solution has no pole at the origin:
proceeding as in the proof of Proposition 8, let us begin with a preliminary
result, which take the place of Lemma 7:
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Lemma 10 Let (1.48) and the genericity condition (1.56) be satisfied by
{a,}. The system of equations

4
T = . E axTnik + ha(p) (1.66)
VwN —ywn—ip | =
k#0,—n

has a unique solution {r,} € l,(Z\ {N?}) in a pure imaginary neighborhood
of p=0, for every h,(p) such that

ooy — ha(p)
W)= R o=

belongs to l5(Z \ {N}).
Moreover, if h,(p) is analytic in a neighborhood of p = 0, the solution is
analytic in the same neighborhood.

Proof: We shall proceed as in the proof of Proposition 8, separating the
contribution of ry, which may be singular: setting r,, = w,, +v,rn, n # 0, N,
on (1.66), one has

+ i + Y (pre + ) ¢+
UpTUpTN = x AN-—nTN O \(Untk T UntkTN
VWN — y/wn —ip en
k#0,—n,N—n
n 20V 21 1—+/wn—1p
VwN —y/wn —ip 1+ip—wn

and requiring that {v, }, n # 0, N, solves

4 dran_y,
Uy, = - Z OpUntk + - (167)
VwN — y/wn —ip » = VwN — y/wn —ip

the equation for {u,}, n # 0, N, becomes

4 Z . 1 1—+/wn—1p
= QU : :
VWN — y/wn —1p e wnk V2r  1+ip—wn

k#0,—n,N—n

Unp

(1.68)
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Moreover ry satisfies

4 Z (ug + )+ 1 1 —y/wn—1p
rN = oy (up + vgr ‘
N VwN — \JwN —ip Pt RATH FN Vor 1+4+1ip—wn
k#0,—N

or

\/(,UN— \/wN—ip—47r Z Ap_NVUE | TN =

keZ
k#0,N
1 1 —+/wn—1ip
=4r E Op_NUE + -
Pyt Vor 1+ip—wn

k£0,N
Applying the discussion contained in the proof of Lemma 7, it is not difficult
to see that the solutions of equations (1.68) and (1.67) are analytic in a
neighborhood of the origin and belong to ¢3(Z\ {0, N'}). Therefore it remains
to prove that (setting v2 = v, (p = 0))

Z Oék_NU,g §é 0

kEZ
k#0,N

but the argument in the proof of Proposition 8 excludes this possibility, if
{«a,} satisfies the genericity condition. The proof is then completed, because
analyticity of ry implies analyticity of all r,, n # 0, N.

O

Proposition 11 (resonant case)

If (47ag)? = Nw, for some N € N and {«a,} satisfies (1.48) and (1.56)
(genericity condition), the solution of equation (1.58) has the form q,(p) =
cn(p) + dn(p)y/P, 1 € Z, in an imaginary neighborhood of p = 0, where the
functions c,(p) and d,(p) are analytic at p = 0.

Proof: See the proof of Proposition 9 and Lemma 10 above.
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1.4.3 Asymptotic behaviour of the solution in the generic
case

Summing up the results about the behavior of the Laplace transform ¢(p) of
q(t) we can state the following

Theorem 12 If {«,} satisfies (1.48) and the genericity condition (1.56)
with respect to 7, ast — o0,

lg(t)| < At 2 + R(2) (1.69)

where A € R and R(t) has an exponential decay, R(t) ~ Ce Pt for some
B > 0.

Proof: Propositions 6, 8 and 9 guarantee that ¢(p) is analytic on the
closed right half plane, except branch point singularities on the imaginary
axis at p = iwn, n € Z.

Therefore we can chose a integration path for the inverse of Laplace transform
of G(q) along the imaginary axis like in [14].

Proposition 9 implies that the contribution of the branch point at p = 0 is
given by the integral

2i / dp/pG'(—p) e
0

where G’ defined in (1.65), is a bounded analytic function on the negative
real line: from explicit expression of F' and G and equations (1.64) and (1.63),
it is clear that G’ is analytic and lim, ... G’(—p) = 0 on the real line. So
that the corresponding asymptotic behavior as t — oo is

/ dp /pG'(=p) e gc/ dp/pe ™ = At >
0

0
Let us consider now the contribution of branch points at p = iwn, n # 0:
from Propositions 9 and 11 it follows that, in a neighborhood of p = 0,

qn(p) = cu(p) + dun(p) /P

where ¢, (p) and d,(p) are analytic at p = 0. Moreover using the decompo-
sition ¢, = r, + t,qo, n # 0, as in the proof of Proposition 9 and 11, and
studying the equation (1.63) for t,,, we immediately obtain {d,} € ¢,(Z\{0}),
because of condition 2 in (1.48). Since g,(p) = ¢(p + iwn), the contribution
of singularities at p = iwn, n # 0, is then given by

22/ dpd,(p — iwn)/p — iwn e’ =

nez Twn—oo

n#0
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=20 /OOO dp{Zdn(_p) eiwnt}\/ﬁe—pt _

neL
n#0

Zdn ( —p) et

neEL

n#0
converges uniformly to a bounded function of ¢, because {d,} € ¢1(Z\ {0}).
Adding up the contributions of every branch cut, one obtain the required
leading term in the asymptotic behavior. Indeed the rest function R(t) is
given by the contribution of poles outside the imaginary axis and then shows
an exponential decay as t — oo.

and the series

O

1.5 Casell: o) =0

If a(t) = ap = 0 does not depend on time, the problem has a simple solution:
the spectrum of H, ) is absolutely continuous and equal to the positive real
line, with a resonance at the origin; hence there is no bound state and the
system shows complete ionization independently on the initial datum.

On the other hand if «a(t) is a zero mean function, we shall see that the
genericity condition (1.56) is still needed to have complete ionization.

So let us assume that ag = 0, the normalization (1.54) holds and the initial
datum is given by (4.4): equation (1.52) then becomes

i(p) = —4w\@zak q(p + iwk) — 2 mil = V=ip (1.70)

keZ p 1+ip
k0

with the choice (1.53) for the branch cut of \/p. By Proposition 5 the solution
is analytic on the open right half plane. In the following section we shall study
the singularities on the imaginary axis.

1.5.1 Singularities on the imaginary axis

Setting ¢,,(p) = G(p + iwn), p € T = [0,w), as in Section 3.1, equation (1.70)
assumes the form (1.58),

q(p) = M(p)a(p) + o(p) (1.71)



with

(Mq), (p) = —\/%%ak Gn+k(P) (1.72)
k0
and o(p) = {0n(p) }nez,
22 (1.73)

lP) = = L+ ar =)

Proposition 13 Forp € Z, R(p) =0, p # 0, M(p) is an analytic operator-
valued function and M(p) is a compact operator on ls(Z).

Proof: See the proof of Proposition 4.

OJ

Proposition 14 There exists a unique solution q,(p) € l2(Z) of (1.71) and
it is analytic on the imaginary azis for p # 0.

Proof: See the proof of Proposition 6.
OJ

Proposition 15 If {«,} satisfies (1.48) and the genericity condition (1.56),
the solution of equation (1.71) has the form q,(p) = c,(p) +dn(p)\/p, 1 € Z,
in a neighborhood of p = 0, where the functions c,(p) and d,(p) are analytic
at p=20.

Proof: Let us proceed as in the proof of Proposition 9: setting ¢, =
Tn + tnqo, n € Z \ {0}, where {t,} is the solution of

dmal,
tn = § Uty — —et (1.74)
Vwn —ip ~ wn —1p
k#O —-n

A slightly different version of Lemma 7 guarantees that the solution {¢,} €
(5(Z \ {0}) is unique and analytic at p = 0.
By means of this substitution we obtain

4r 21V 2m
—— Z Tk —
Vwn —ip £~ wn —ip (1 4+ y/wn — ip)

k#0,—n

(1.75)

Tp = —
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and

47 21\ 27
. Zak (rr + trqo) — - .
i VeI

k+£0

(Vi F)w=0- 20

qo = —

or

where (like in the proof of Proposition 9)

F= 47TZOéktk

keZ
k0

and

G = —471'20[ka

k#£0

Moreover F'(0) # 0, because of genericity condition (1.56) (see the proof of
Proposition 9), F' and G are analytic in a neighborhood of p = 0 (see Lemma
7), so that

q@=F+pG
where F' and G’ are analytic and

2y/=2mi(F + 1) — v/—=i(1 +ip)G

¢'= (1+ip)(F2 + ip)

As in section 4 of this Chapter, we can now state the main result:

Theorem 16 If {«,} satisfies (1.48) and the genericity condition (1.56)
with respect to T, ast — oo,

lg(t)| < At 2 + R(2) (1.76)

where A € R and R(t) has an exponential decay, R(t) ~ Ce Pt for some
B > 0.

Proof: See the proof of Theorem 12.
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1.6 Case III: oy > 0

To complete the analysis of the problem, we shall consider the case of mean
greater than 0: taking the normalization (1.54) and the initial condition
(4.4), (1.52) assumes the form (1.57):

2iv2r 1 —/—ip

4
j(p) = ————» arpq(p+iwk) — , : 1.77
a(p) 47r040+\/—2p§ kalp ) Aoy ++/—ip 1+ip ( )
k#£0

Analyticity of the solution on the open right half plane is a consequence of
Proposition 5.

Moreover, following the discussion contained in section 4 and setting ¢, (p) =
G(p +iwn), S(p) € [0,w), the equation assumes the form (1.58).

Let us now consider the behavior on the imaginary axis: singularities for
R(p) = 0 are associated to zeros of 4magy + wn + s, s € [0,w), but, since
ap > 0, it is clear that the expression can not have zeros on the imaginary
axis. Hence the proof of Proposition 6 can be extended to the closed right
half plane except the origin:

Proposition 17 If{«,} satisfies (1.48), the solution q(p) of (1.77) is unique
and analytic for R(p) > 0, p # iwn, n € Z.

Proof: See the proof of Proposition 6, Propositions 4 and 2 and the
previous discussion.

O
Moreover the behavior at the origin is described by the following

Proposition 18 If {«,} satisfies (1.48) and the genericity condition with
respect to T (1.56), then, in an imaginary neighborhood of p = iwn, n € 7Z,
the solution of equation (1.77) has the form G(p) = ¢,(p) + d,(p)v/p — iwn,

where the functions c,(p) and d,(p) are analytic at p = iwn.

Proof: The proof of Proposition 9 still applies with only one difference:
since, independently on w, the solution can not have a pole on the imaginary
axis, we need not to distinguish between the resonant case and the non-
resonant one.

OJ

We can now prove the asymptotic result:
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Theorem 19 If {«,} satisfies (1.48) and the genericity condition (1.56)
with respect to T, ast — 00,

lq(t)] < At™% + R(t) (1.78)

where A € R and R(t) has an exponential decay, R(t) ~ Ce P! for some
B > 0.

Proof: See the proof of Theorem 12.
O

Remark: If a(t) > 0, V¢t € R*, Proposition 18 holds without the gener-
icity condition on the Fourier coefficients of «(t): for instance the genericity
condition enters (see the proof of Proposition 9) in the proof of absence of
non-zero solutions of the homogeneous equation

" 47T Z "
n — (07°X2%
Aoy + VJwn + s b ok

keZ
k#0,—n

where s € [0,w). Let us suppose that there exists a non-zero solution {7, } €
l5(Z). Multiplying both sides of the equation by T7*, one has

Z\/ wn —+ s |Tn|2 = —4n Z T;O&k,nTk

nez n,k€Z
n#0 n,k£0

Since the right hand side is real, 7,, = 0, Vn < 0. Moreover, fixing Ty = 0
and setting

T(t)=) Tpe ™"

nez
it follows that

n,k€Z

because «a(t) > 0, Vt € [0,7T], but the left hand side is positive and then
@, =0,VneZ.
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Chapter 2

Point Interactions in Quantum
Mechanics

2.1 Introduction

A perturbation of the laplacian supported by a finite set of points {y;};_, in
R? - with d < 3 - defines a special case of singular perturbation referred to
as point interaction. At a formal level, the associated Schrodinger operator
can be written as':

H= —A—i-zn:ozzﬁ(x—yi) (2.1)

A point interaction hamiltonian, then, is intended as the selfadjoint realiza-
tion in L?(R?) of the formal expression (2.1) [5].

These operators appeared first in Theoretical Physics during the 30’s.
They were introduced in order to realize a model for the interaction of par-
ticles in nuclei [6]. After then, they became a natural tool to describe short
range forces or "small" obstacles for scattering of waves and particles.

In the applications perspective, the main reason of interest of this sub-
ject rests upon the fact that point ineractions often lead to models which are
explicitely solvables. It turns out that the spectral characteristics (eigenval-
ues and eigenfunctions) of operators (2.1), and then all the physical relevant
quantities related to, can be explicitely computed [7]. This circumstance
motivates an increasing attention on this subject in the application of math-
ematics in various sciences, e.g. in physics, chemistry, biology, and in tech-
nology.

INote that this expression is always to be intended in a weak sense when working in
dimension greater than one.
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The rigorous definition of a one point interaction - due to F.A. Berezin
and L.D. Fadeev [5] - is based on the theory of selfadjoint extensions of
symmetric operators. Let us consider the set of all selfadjoint extentions of
the operator:

{ H=-A
D(H) = C=(R?/{0})

it may be expressed in the form:
H=H,
D) = {1 € UR) [0 = o4 06, 6 € (R, ligo = fa+ ) |
(Ho + M) = (A4 X)) ¢

where G* is the Green function of the laplacian with respect to A > 0: 22
(~A = NG = §(a)
whose explicit expression is:
G*z) = e—VAlzl (2.3)
o An |z

while « is a real parameter. From definition (2.2) results that every function
in the domain of H,, is then composed of a regular part ¢ in H?and a singular
part given by G*. Moreover it can be shown that the domain D(H,) doesn’t
depend on the choice of \. In particular for @ < 0, we may choose the

parameter A such that: (54 -+ ){—5) = 0, giving rise to the following domain’s
representation:

D(Ha) = {tp € L*(R®) | ¢ = o+ qu,, ¢ € H*(R?), p(0) =0, g € C} (2.4)

which will be extensively used in this work.
By projecting the action of H, on a space of test functions we get®:

((Ha + /\) 77Z)7 SO) - ((_A + /\) ¢7 90) =
= (—Aw + X\ + AG — G, gp) =
= (=AY + M)+ pAGY — 26 — G, @) = (=AY + M) — 26, )

then we have:

(Hoth, ) = (=AY — q\0, ) Y € space of test functions (2.5)

2Here (-,-) denotes the usual L? scalar product
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This relation shows that, in a weak sense, we may consider H, as the operator
associated to a delta shaped potential placed in z = 0. We will refer to
H, as a point interaction Schrodinger operator.

In the following some basic properties of point interactions operators are
resumed.

2.2 Spectral Properties

Assume that the couple A € R and ¢ € D(H,) satisfies the eigenvalues
equation for the operator H,,.

(Ho + M) =0
By definition (2.2), we have:

{ (—A+XN)p=0
¢ € H*(R?)

whose unique solution in H%(R?) is: ¢ = 0. Then, the eigenfunction related
to A should be proportional to the Green function G*:

=G
and the boundary condition in (2.2) implies that:

V= —dra
na+L2) =50 = { or (2.6
g =0

Relation (2.6) implies that the discrete spectrum of H, is empty if a > 0,
othervise, if o < 0, it consists of one eigenvalue A\, = —1672a%  The
corrispondent normalized eigenfunction is:

/9 dm o[z
V2[afem (2.7)

||

Yo =

The risolvent operator associated to H,, may be expressed as follows:

HalJr Selr) = /Ra RE(x, y)e(y) dy (2.8)

where the integral kernel R%(z,y) - obtained by an application of Krein’s
formula to H, (e.g. [7])- is given explicitely by the relation:
4m

R (z,y) = G*(z —y) + mGZ(@GZ(y) (2.9)
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where the Green function G*(x) -with the usual definition- provide the inte-
gral kernel for the laplacian resolvent ——. From (2.9) easily follows that
the continuous spectrum of H, is purely continuous and coincides with the
interval equal to [0, +00).
The generalized eigenfunctions of H, are defined by the relation:
il k| |z|

oy (z) = e*® — _;We—

a — Ukl

B 4 |£|

with £ € R3. Then all scattering states may be expressed in the integral
form:
V6 € D(Ha) : (6,95) =0 = 3¢ € L*(R?)
1 ~ . 1 i|E| ||
= o) = —— [ o) (———) ko (210)
R3 a— =

(27)? =l

2.3 Quantum Dynamics of Point Interactions

The dynamics of a quantum particle subjected to the action of a point inter-
action H, is described by the evolution of a state function v which satisfies

the equation:
{ gy = Hat) (2.11)
$(0) = ¢y € D(Ha) '
The existence of the dynamics for Schrodinger operator of type H,, is a well
established fact (e.g. [20]); this implies that H, is the generator of a strongly
continuous unitary group of operators e ‘!fe acting on the space D(H,).
The time evolution of system (2.11) is determined by the relation:

P(t) = e ey

An explicit expression of the time propagator may be achieved setting
equation (2.11) in the weak form:

(0, ) = (Hath,¢) Vg € CZ(R?) (2.12)
From (2.5) and (2.12) we get:
(100, ) = (=AY — 0, ¢) Vo € CF(R?) (2.13)

Let us denote with e~ the unitary group generated by the laplacian oper-
ator. Its action is well defined on the space H?(R3) and may be represented
in the following integral form:

. 1 |z’ —z
it () = / i 5 o) o (2.14)
Ri’)




In what follows we will refer to the integral kernel of (2.14) also as U(t, z).
The same letter will be used also to indicate the operator itselfs:
e "o = Usp
Setting: e“A{D = 1), and taking into account the relation:
z'ate“% _ —Aeim{b + eitAz'atZZJ

we get:

(10, 0) = (~are "2 0,0) ¥y € CR(RY) (2.15)

Observing that ¢ and 1) have the same initial conditions, a direct integration
of (2.15) gives the following solution:
t

@(E) = %(&) + 7//0 Q)\(S) e e A 5(@) ds (2.16)

where the time dependece of the parameter ’gy’ is connected with the time

variation of the regular part of the state via the boundary condition:
A
lim ¢ = g\ (o + £) (2.17)
x—0 47T
From (2.16) we obtain the equation:
t
(¥, ) = <€“A¢o + Z/ q(s) eI ads, @) Vi € C(R?)
0

from which we get the weak solution of (2.11)3:

t

0) = Opnla) i [ 0) b ds =
= e"y(z) 4 / /n Ut —s,z—2')qn(s)d(z") ds =

= "ipy(z) + i / Ut —s,z) q(s) ds (2.18)

which, due to the existence of the dynamics for the system (2.11), is a strong
solution as well.

3Here the function U is the kernel of the free propagator in n dimensions:
1 PE
(4mit) 2

U(t,z) =
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2.4 The Charge Equation

As shown in equation (2.18), the dynamics of a quantum particle, subjected
the action of the Schrodinger operator H,, is determined by the time evo-
lution of the boundary condition (2.17). From the decomposition properties
of the domain D(H,) we see that relation (2.17) may also be written in the
form:

A
)1(12% (v —GY) =qa(a+ ZL/_;> (2.19)

Acting on (2.19) with the Laplace transform operator £’ and making use of
(2.18), we get the equation for the coefficient g,:

lim [ Le®py + il / Ut —s,2) qx(s) ds — LG | = Logra + QLq,\

x—0 47

from which follows:

VA

L[e"%9o] (0) + lim (iLU(t ) 4r(p) — x(p)G*(2)) = Llara] + ()

(2.20)
where ¢, (p) defines the Laplace trensform of ¢, (¢). Observing that the trans-
form of the free propagator kernel U is:

e\/‘m

LU(t,z)(p) = iy

the limit at first member of (2.20) is explicitely given by:

e~VEzl Vil i
lim (iU (2, 2) 42 (p) — Br(p)GN(2)) = d(p) lim ( - ) _ D)3y B

x—0 x—0 \ 47 |z] 4 ||

then, by substitution into (2.20) we get:

RIS Q) 1

\/Z_jﬁ [elt 77ZJ0] (Q) + 471_\/; = %

Applying the inverse transform and observing that £~}

L[gra] (2.21)

, an equation
for the parameter ¢(t) is obtained:

4\/_/Mds—q( —4a\/_/ (2.22)

m
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In what follows, the complex scalar field ¢(t) will be referred to as the
charge associated to the point interaction H, and to the initial state . It
is worthwile notice that dynamics of ¢ does not on the particular choice of A
in the domain representation.

The charge evolution in time is defined by an Abel integral equation of
IT kind; the existence and uniqueness of solutions for this kind of problem
- depending from the regularity of the nonhomogeneous term - have been
analyzed in Chapter 1.

As an aside we notice that by a simple iteration it is possible to regularize
the integral kernel of the charge equation:

q(t) +4a\/_/ d3—4\/_/mds:>

Vi—s

:q(t)+4a2¢%/\/% 4W/md5’+4ﬁ/%¢__‘)]§@d§ ds =

_4\/_/%@

Applying Dirichlet formula to the double integral we obtain the equation:
t

t ZSA
q(t)+16a27r2i/ q(s)ds = —160427722'/ [e"29,] (0) d8+4\/_/L)dS
0

' (2.23)

which describes the motion of a forced armonic obscillator in the complex
plane.

2.4.1 Solving charge equation

The charge equation (2.22) may be considered as a particular case of the
following problem:

q(t) +4\/_2a/ \/Tsd _4\/_/ (2.24)

Oparating a Laplace transform of (2.24), we have:

~ Aran/i 477 ~ ~ A7t/ ~
q(p) (1+ N )Z N f(P):>Q(p):mf(p)
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Ka(t) (2.25)

and taking into account the relation
— (4maV/i)e ™ op fe(dman/it) =

1

i \/_+47Toz\/5 N Vit
. i ed:
(2.26)

p
an explicit expression for the solution ¢(¢) is obtained
t
t) = 477\/5/ K,(t—s) f(s)ds
0

From (2.26) we get an explicit expressions of the charge ¢ in terms of the
(2.27)

initial state function v,
s) Ustho(0)ds

—4mf/ Ko

2.4.2 The charge associated to the bound state
If the particle is in the bound state (2.7) at ¢t = 0, the nonhomogeneous term
in (2.23) may be explicitely computed. The Fourier integral of the function

itAq)  evaluated in the point z = 0 is

¢ 2a(0) = —— | Fuak)e " dk (2.28)

where we denoted with F1) the Fourier transform of 1. As already mentioned
is proportional to the Green function (2.3) with A\ =

1
G167r2a2 k —
(&) (2r)% k? + 16720

the bound state v,
16m2a?, whose Fourier transform is given by
1

—iRt gk (2.29)

Gita 4#«/2\04
w() ( /Rskz—i-167TOé2

where C' is a suitable constant. Passing to the Laplace Transform £ w.r.t
time and using Fubini’s theorem to change the order of space and time inte-
1

grations, equation (2.29) reads as
E[e”A@ZJ ( )]( ) 47n/2\04 / 1
R (27 rs k2 + 1672% ik2 +p —
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and, after some calculation, the following Laplace transform is deduced:
, 4m/2 | i
L [e'*24, (0 = 2.30

Expression (2.30) may be used to evaluate the nonhomogeneous term in
equation (2.22) when 1, = 1; recalling that:

™
L— = ,]—
\/7? p

the Laplace transform of the source nonhomogeneous term is:

4\/_/Mds (p) = dm\/2a] 2" (2.31)

Vit—s p2—47r04\/_

from which we have'
zsA¢ )
ANri ds = 4m+\/2 |a| E (47?04\/_t2) (2.32)

Then, the charge equatlon associated to the bound state reads as:

47rﬁa/

q(t) + 6a(0) Ex (4Tav/it2) (2.33)

m

whose solution is given by (1.37) with A\ = 47+/i a:

2

q(t) = ga(0) €07 (2.34)

We stress out that relation (2.34) could also be recovered directely from
the Schrodinger equation (2.11). In fact, once assumed the initial condition
Yy = 1, the state function at time ¢ is:

e*itHaw — efit /\aw

e «

with A\, = —16 a® 2. Then from the operator domain representation, (2.4),
it is immediate to conclude once more that the charge associated to the bound
state is given by (2.34).

Another relation, which will be useful for further calculations, is obtained
applying the general formula (2.27) to the case we're taking into account:

t) = 4mi / t Kot — s) Ugb, (0)ds

from which, using (2.34), we deduce:

t
am\/i / Ko (t — 5) Ui, (0)ds = ¢'16° ™1 (2.35)
0
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2.4.3 The charge associated to a scattering state

From general properties of generator set of L?(R?), we know that any func-
tion ¢ € L?*(R3) may be represented as the sum of a radial part ¢,(r) €
L*(Ry, r?), r = |z|, plus a term given by a linear combination of spherical

harmonics:
+o00 l
=D fim()Y(0, )

=1 m=-I
1#£0

which are both in L?(R3):

¢(x) = ¢s(r) + ¢p(z) (2.36)

This implies also that the charge ¢ associated to the hamiltonian H, and to
the initial state ¢, can be splitted in two contributions:

q=4qs +qp

which satisfie the equations®:

=

t
qs(t) +4a\/_fj/stLS 5_4m{U"’¢;i(S)ds

t (2.37)
qp(t) +4om/_fqp(s 5—4\/E{Ui7g)ds

—~
=

Next we observe that, due to the ortogonality relation:

/dQ YEm<197 (10) ler:’ (197 90) = 6”’5mm’

the free propagator of ¢p is always null when evaluated in the point x = 0.
From this follows that the source term in the second of equations (2.37) is
zero. By the uniqueness of solution of equation (2.22), we conclude that the
charge associated to any state of 'p’ kind is zero:

% =0 (2.38)

As an aside we notice that from (2.38) and from the definition (3.4) follows
that a particle, initially placed in a p state, ¢,, and subjected to the action

4Here we follows the already introduced notation:
Ut _ 6itA

for the free propagator at time ¢
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of any hamiltonian of type H,, simply evolves under the action of the free
propagator:
V() = e "0,
In these conditions, the particle does not ’feel’ the interaction and behave
like a free particle.
Now consider the case in which the initial state of system (2.11) is a
scattering state of radial type:

w[) = ¢r
Using Fourier transform, the action of the free propagator on ¢, at time ¢ is:
1 N / 12
Uigr(w) = — [ Fo,(K)e'==" i (2.39)
(2m)2 JR3

Moreover, by definition (2.10), the transform F¢, may be represented as
follows:

~ Am ~ 1 1
Fo) =o00) - 5 | S0 s (240
4m
where k = |k|. From (2.39) and (2.40), we obtain:
Ui, (0) = ! / Dkt d) — / / il dk dk'
R (27?)% R3 R3xR3 O — 4~ Zk k2 —k*

(2.41)
The integral representation of the charge ¢, then follows from (2.41) and
(2.26):

A7\/i
(27)

q-(t) = o(k) /K (t — s)e=**ds dk'+
R3

2 Ka t— —ik’zsd
167 f// (t—s)e S dhedl
R3 xR3 o — kl2 - k2

2.5 A Time Reversed Point Interaction

Consider a particle which moves back in time, under the action of the Schrédinger
operator Hg, starting at ¢ = 7' from the initial state 1/;; the state of this
system is described by the equation:

(st
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which admit the following integral form:

t

P(t) = T2 +i / U(s —t,x)q(s)ds (2.43)

T

where U(t, z) is the integral kernel of the free propagator associated to the
Schrodinger equation. If we set:

{ T=T—-1
9(r) = ¥(t)
equation (2.43) become:

T

g(1) =™ gy +i / Ut —2)q(T — z)dz (2.44)

The related charge equation comes from a Laplace transform analysis of the
boundary condition on the operator domain. Adopting the representation®:

D(H,) = {¢ € L2(R?)

=+ qGy, p € H*(R?), p(0) = ¢ <@+Z—§> }

the modified state function, g(7), is splitted into a regular and a singular
part:

e(T —7)=g(1) = q(T'— 7)G\

and the domain boundary conditions at time 7 become:

lim |e™2go +1i / Ut —z,2)q(T —1)dz — (T — 7)Gx(z) | = q(T—7) (& +—

z—0

0

Setting ¢'(7) = ¢q(T — 1), the Laplace transform analysis of this relation,
w.r.t. the variable 7, gives:

L [ go] (0) + lm(iLU (7, 2)q (p) = 4 () Ga(x)) = 7 (p) (@ + Z—X> (2.45)

1

°For the general form of D(Hj) see for instance [7]. Here ) is an arbitrary positive real
parameter.
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where ¢'(p) defines the Laplace trensform of the charge. The transform of
the free propagator kernel U is given by,

o~V 5zl

Ar |z

then we have:

lim(iLU(r, 2)7 (p) — 7 (0)Ga(z) = @(p) hm<

x—0 x—0

e—\/?lz\ e~ VAlzl >

Avlz|  4rlz]

q'(p) p
= L0 '
AT (\/_ * \/Z>
By substitution in (2.45) we get:

L [e7go] (0) + %(\/XJF \/g) = d(p) <a 1 E) N

I W _dw)
= \/]_)L[ 9] (0) + ey R (2.46)

Applying the inverse transform and observing that L‘lx/iﬁ

S

= \/+Tt’ we finally
obtain the equation for the charge:

(+4\/_a/m

From (2.27) we know that the solution ¢'(7) my be expressed as

'(r) = 47rﬂ/0T G(r = 5)Usgo(0) ds

T—S

ds = 4v/7i / Usg(@ (2.47)

moreover, being by definition: ¢'(7) = ¢(t), go = 15, we have:

t) = 4Wﬂ/Tt G(T—t—s)Us4(0) ds = 4m\/i /T G(s'—t)Ur_g15(0) ds

(2.48)
Now, observing that the solution (t) of (2.42) is explicitely given in terms
of the time evolution operator associated to Hj:

w(t) — e*i(T*t)Hawa — e*i(T*t))\awa

and comparing this expression with (2.4), it is easily deduced that the charge
associated to equation (2.43) is:

q(t) = e D (2.49)




From (2.48) and (2.49) we finally obtain:

T
/ G(s' — ) Up_g1p,(0) ds = ;e*i@*% (2.50)
t

/2 | @

2.6 Time Dependent Point Interactions

A time dependent point interaction is defined, at a formal level, by assigning
the interaction parameter « as a function of time: o = «(t). The Schrodinger
equation associated to the family of hamiltonians H, is

100 (t) = Hawt (1)
{ ¥(0) = ¢y € D(Hau()) (2.51)

In the weak formulation, the solution of (2.51) can be derived, following the
same lines of previous sections, from (2.13) and (2.21):

7 o+ ()t ds
{ ¢(t)+4\/_¢f+ tf 3_4¢)—(ﬁ) a0, (2.52)

The system (2.51) defines properly a quantum dynamics if the condition

€ C?.(0,+00) is satisfied. It can be proved, indeed, that, under this
Condltlon H, ) is the generator of continuous flux of unitary operators on
D(Hgw) [8]. As a consequence (2.51) has the unique solution:

P(t) = e a0y, € D(Hyw) Vi (2.53)

which is described explicitely by system (2.52).
In what follows we recall some basic properties of the charge equation
associated to time dependent point interaction.

2.6.1 The charge equation in the time dependent case

The charge associated to a time dependent point interaction H,; and to the
initial state v, (ref. (2.52)) is described by the following equation:

+4\/_/ als)als) . _4\/_/ ““’wo (2.54)

m

This is a equation of type (1.25) and with a nonhomogeneous term given,
once again, by a fractional integral of order % From Theorem 1, we have the
following result:
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Corollary 20 Let o € L®(R), ¥y € D(Hu)). Then, equation (2.54) has
an unique continuous solution for any finite interval of timet € [0,T]. More-
over, the following estimate holds:

il < v [ D,

“+oo
1+ Z ‘4\/71'@" ez oo 0.1 A, 2 T2

n=1
(2.55)

L°°(0,T)

Proof From definition (2.4), any function 1, € D(H() is the sum of a
regular part plus a bound state term:

Yo =@+ q(0)1y), v € HX(R?), (0) =0, g€ C (2.56)
Then the source term in (2.54) may be splitted in two components:
U US O ¢ US « Q
/ Vol 4 20 gy 4 4(0) [ Lo 0O (2.57)
o Vt—s Va? —5 o Vt—s

We want to prove that (2.57) defines a bounded function on finite
time intervals. To this aim we consider the two contributions of (2.57)
separately.

The first term at second member is the one half integral of U;p(0). Making
use of the representation (2.36) we have:

Uip(0) = Usp,(0)

where ¢, € H?*(R?) denotes the radial part of ¢. The Fourier integral
of Uy evaluated in x = 0 is:

Up(0) =

1 2
o )S/R Fo,(k)e "t dk (2.58)
T 2 3

Next observe that the Fourier transform of a radial function ¢, €
H?(R3) has the following characterization:

Fop, € L*(R?) : K Fo,(k) € L*(R?) (2.59)
which implies:

limk—>+oo

Fo, € LNQ) VOQCR? Q< L
Pl g = Fo, € L'(RP)  (2:60)
k2o

Relations (2.58) and (2.60) allow us to conclude that U;p(0) as well as

t Us
the first source term f U\/‘Pf ds are continuous functions of time.
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The second source term of (2.57) may be evaluated explicitely; from (2.30)
we get:
!

B L —iC
Utwa([)) (Q) =L <§> (\/@ — i47r0z(0)) B

/ 1 N\ _i(4ma(0))3t ;
=C {\/ﬁ + (4m(0)V/5)e'me ) erfc(47r04(0)\/ﬁ)]
(2.61)

where C' and C" are a suitable complex constants. Then the second
contribution of (2.57) is:

¢ Us wa(O) (Q>

W) s

ds = ¢q(0)C'

Vt—s
(2.62)
From the boundedness of the function e/4™O)* er fe(4ma(0)V/it), we

conclude that ¢(0) (f %(_Ol@ds is continuous.

The continuity of the nonhomogeneous term (2.57), allows us to apply
Theorem (1) to equation (2.54) for any finite time interval.

t oi(4ma(0)*t o £ (A i
v+ ama(O)V) | = (O)ﬂ)“]

O
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Chapter 3

Energy Transfer Control via
Point Interaction

In this Chapter we build up a point interaction model of a time dipendent
Schrodinger operator; this interaction will be used as a control for the energy
transfer between continuous and discrete spectrum of a one body quantum
system. We will investigate the possibility of finding a time dipendence profile
such that part of the energy of a particle, initially placed in a scattering state,
moves on the bound state in finite time.

3.1 Introduction

Any state belonging to the domain of a Schrédinger operator H may be
represented as the sum of two ortogonal contributions: the first one, ¥, is
given by the projection of ¢/ on the stationary states of H; the other one, 1°,
is a scattering state simply defined as the rimainder: 1° = ¢ — ¢®. Then,
consider a quantum particle subject to the action of the hamiltonian H and
assume that the initial state of this system is given by

Due to the ortogonality relation between 1? and 1°, the unitary evolution
e~ preserves indipendently the L? norms of these vectors, and the mass

conservation law for the system can be written in the following form:

102, = 2]
{ I (31)

where 1/1? and ¢f are the bound state and scattering state components of
e~ tHq), respectively.
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This relation does not hold anymore if a time dependent Schrodinger
operator is considered. In this case - altough the total mass is still preserved
- the spectrum of H(t) may change at any time and it is not possible, in
principle, to identify state components of constant mass.

In what follows we consider a quantum system defined by an hamiltonian
operator H which depends on time through a real parameter «:

H = H(«a)
a € R x [0,7] (control function) (3.2)
a(0) = a(T) = @ € R (boundary condition)

Let us suppose that, for any possible choice of « in a suitable space of control
functions B, is well defined the propagator associated to H(«), given at a
formal level by:

Uttays = el Jy H(e)(s)ds

This is equivalent to assume that exists an unique solution for the Schrodinger
equation:

Ly = H )

{ ¥ (o

¥(0) =¥y € D(H(a))

in the strong sense.
By virtue of the boundary condition in (3.2), the propagator associated

to H(«) at time 7" maps the initial operator domain into itself:

Un(e),r - D(H(@)) — D(H(a))
For the space D(H (@)) we may use the decomposition already introduced:
v eD(H (@) =¥ =y" +9° (3.3)

Let vy, ¥p € D(H(@)) be the initial state and its evolution at time 7'; using
(3.3), they can be written in the form:

{ wo=¢5+¢§
¢T:¢$+¢§g’

Then, for any a € B, it results to be defined an application F'(a,-,-) de-
fined on the sector RT x R™ which maps the couple (Hw(? || . Wy || 2) into

(o]l [[92],)-
Definition 1 F(«,-,-) is controllable in the point (x1,x5) if for any:
(y1,92) € RY x RT 1 ||y = |||
does exist o« € B such that:
F (o, |||

2 196 ls) = (1,92
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This propertie implies the possibility of transfer mass between stationary
states and scattering states of the operator H (&), by using a monodimen-
sional time dependent control «.

In what follows we will make use of the weaker concept of local control-
lability:

Definition 2 Set (z1,22) € RT x RT and let (y1,y2) be he value of F in x
for a fixed control & € B:

F (o, x1,72) = (Y1, 92)

Then I is locally controllable in (v, x2) if exists a neighborhood Iy, ..y of
(y1,92) such that:

I(y1,y2) c C
V (41,yy) € Iy = Ja€ B:F(a,z1,22) = (41, Ys)

with:
C={zeR*: |zl = |||}

The local controllability of F' allows to reach points in a neighborhood of
(y1,y2) by choosing a suitable control.

It is trivial notice that controllability properties are strongly connected
to the specific form of the interaction taken into account. The problem we’re
going to study is the partial transfer on the discrete spectrum of the energy
of a quantum particle which at time ¢t = 0 is placed in a scattering state and
which evolves under the action of a time dependent 3-D point interaction.

3.2 The Model

Consider a quantum particle subject to the action of a point interaction
placed into the origin of the 3-D space!; its state, 1, at time ¢ is defined by
the equations (2.52) that we recall here:

w()—e”% +iftU z)q(s)ds
(t) + 4v/mi [ L) s)ds_w_ﬁUs%

where U (t, x) is the kernel of the free propagator for the Schrodinger equation,
1, is the initial state and a(t) is a real valued function which characterizes
the time dependence of the point ineraction Hamiltonian H,). We refer to

(3.4)

1'We adress to the Albeverio’s book [7] for an extended treatement of this subject.
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the previous chapter for an introduction to time dependent point interactions
in particular for what concern the properties of the charge equation in (3.4).

As already metioned in system (3.4) defines properly a quantum dynamics
if the condition @ € C?(0, +00) is satisfied. In what follows we will always
assume, for the function a(t), regularity hypothesis strong enough to garantee
the validity of this result.

Fix a real value @ < 0 of the parameter a; the discrete spectrum of
the point interaction operator H; contains a single point, given by: A\ =
—1672a2. The eigenstate related to A5 is:

7| edralz|
o LT 9

Moreover Hg has an absolute continuous spectrum which coincides with the
set of nonnegative real numbers.

Our purpose is to analyze the possibility of an energy transfer from con-
tinuous to point spectrum of H; by the use of a control interaction of the
type Ha(t)-

Let us suppose that at time ¢t = 0 the particle is placed in some scattering
state of the Hamiltonian Hj:

o= € D(Hz) : (¢, ¢5) 12 = (3.6)

Then, choosing a suitable «(t) in a control function space B, we look for
a control interaction able to stress the system into a state, with non null
component along ¢, for t > T.

We will use a control interaction of the form: H, 5, where & is fixed and
a belongs to the space:

B={ae H0,T;R)|a(0) =0} (3.7)

the boundary conditions on a guarantee that at the inital and final times the
Hamiltonian is Hj.

The projection on the bound state, v, of the solution at time 7' of
equations (3.4) for a system evolving under the action of the operator H,, 5,
is given by:

F(a) == (eiTA¢+i [ U(T = s,2)V()(s)ds, ¢(m))L2(R3) .
V(Od) q( ) _|_4\/_f0 O‘(S)ta] q(s dS _ 4\/_ft Uso ra ’

This is a complex valued map on B such that*: F(0) = 0. In order to
move some energy on the discrete spectrum, or, as it is equivalent, a part of

2For a(t) = 0, our system evolves under the action of Hy, remaining in a scattering
state.

51



the mass on the bound state, it is necessary (and in fact sufficient) to have
F(«) # 0 for a suitable choice of & € B. Then, a sufficient condition for the
solvability of our problem results to be the local surjectivity of the map:

{ Fla)=z€C (3.9)

a€ B

around the point o = 0.
The main goal of this Chapter is to demonstrate the following:

Theorem 21 Let ¢ be a scattering state of the Hamiltonian Hy fulfilling the
condition:

pe{pe LR p=7—(7,¢5)20s 7 =(z]) € C(0,4+00) } (3.10)

Then the functional F' : B — C, defined by (3.8), (3.7), is a locally surjective
map around the point o = 0.

We will adopt here a standard procedure in the analysis of nonlinear
systems. First we prove the surjectivity of the linearized map doF'. To this
aim we will study a non controllability condition for the linearized system:;
it will be shown that, under the hypothesis (3.10) on the initial state, this
condition is never satisfied, obtaining, in this way, a controllability result.
Then we conclude using a Rank Theorem for functional defined on Banach
spaces.

3.3 The Linearized System

We’re intrested into study the controllability properties of the system:

{ Zog(g) —F (3.11)

where dyF' is the Frechét derivative of functional F' evalueted in o = 0. Our
aim is to prove the following result:

Theorem 22 In the assumption of Theorem 21, the map defined by (3.11),
(3.7) is surjective.

The proof of Theorem 22 will be given in Sections 3-6 following an ad
absurdo procedure.
First we set the functional (3.11) into an explicit form:
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doV (u) = q(t) : q(t) +4VTi & f(f j%ds = —4\/mi f(f %\/g(s)ds
(3.12)
The dependence of dyF'(u) on the charge of the umperturbed system, V'(0)(¢),
may be obtained by observing that the function doV (u) satisfie an equation
of type (2.24), whose solution may be expressed through (2.26) in the form:

doV (u)(t) = 471'\/;/0 G(t —s)u(s) V(0)(s)ds (3.13)

Making use of (3.13) plus the Fubini Theorem - to invert time and space
integrations in (3.12) - we get:

doF(u) = i /0 (Ur—o, ) e, doV () (s5)ds =

T s
= —47m'g/0 (UT—S,@/)a)Lz(R:%)/O G(s — ) V(0)(s") u(s") ds'ds

and applying Dirichlet formula to the double integral we finally obtain:
T T
doF(u) = —47rz'g/ ds'V(O)(s’)u(s’)/ (Ur—s, ¥a) oy G(s — 8')ds
0 s’
(3.14)
Let us suppose that doF' : B — C is not a surjective map; then doF'(u)

should have a constant direction in the complex plane for any u € B. We
can express this as a non-controllability condition:

C+0
C- [y ds' V(0)(s) uls') [ (Ur—,v0g) pagasy G(s — 8')ds = 0

where ’-” indicates the scalar product in C. In particular, being this condition
true for any real valued u € C§°(0,7), it results equivalent to:

EIC'E(C:{ Yue B

C 40
ICeC: Vi€ [0,T
L C V00 7 Or Gl yis =0 TEOT]
(3.15)
Making use of (2.50), we get:
[ C#0
1CeC: { CV(0)(B)e= T — vt € [0,7] (3.16)

Next we will investigate the small time asymptotic properties of condition

(3.16)
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3.4 Small Time Asymptotics for the Charge

The charge of unperturbed system, V' (0), satisfies an Abel equation of the
second kind:

drani [ q(s) - [" Us(0)
q(t) + / ds = 4v/i / —
F(%) 0 \/t—S 0 \/t—S
where the source term - according with our hypothesis on the initial state
(3.10) and with relation (2.33) - is given by:

4W/ d—4f/ IO 45 (1 0) 2 00 0) Es (dmain/i 1)

1
2

Vi—s m

Then, the solution V(0)(t) may be written (see (2.27) and (2.34)) in the
following form:

V(0)(t) = /i / Kalt — $)U(0) ds — (7, tha) g2 a(0) %™ (3.17)

and its small time behaviour is connected to the limiting behaviour of K (t)
and U;y(0) for ¢ — 0. To study this problem we need the following Lemma:

Lemma 23 Let vy belong to the space of functions of rapid decrease S(R?).
If we assume that:

Dy = {n € Nu{0} : d—Ut’y(O)

t:o + o} (3.18)

1s a non empty set, then the function fo l{;ﬂ ds admit the expansion:

" U~ (0) 1 3
L) s = ap £ + o(t"2); @y # 0 3.19
with
lo(t™ )| < o t™ p €RT (3.20)

forte0,0), e RY, meN.

Proof First recall that the Fourier transform operator, that we shall indicate
with F, is an homeomorfism of the space S into itself (e.g. [9]). It acts
on Uyv(0) as follows:

FUAk) = Fr(k) e
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Then we may represent U;v(0) in the integral form:

dm oo 2 —ik2¢
Un(0) = —— [ BFy(k) e i (3.21)
(2m)3 o

From the regularity assumptions on v, we have Fy(k) € S(R?) and
Uiy(0) € C*(0,+00). Now, setting m = min Dy - whose existance
is assured by our hypothesis - i—iUﬂ(Q)! i is the first derivative of
U;v(0) which is different from zero in the origin and the Taylor’s ex-
pansion of U;y(0) up to order m in a right neighborhood of the origin,
t €10,0), is:

Uy(0) = rp t™ + o(t™)

with a,, explicitely given by 4 UW(Q)L:O’ which, from (3.21), is:

m! dt™
R
- 7T3 ( Z)‘ / k?m-‘r? F’V(E) dkﬁ
(27’(’)5 m: 0

Moreover, the reminder term, o(t™!), can be evaluated using Taylor’s
formula:
1 dm+1

o™ ) = o g U 0)

tmth o £e(0,1)
t=t

from which follows the estimate:
Fep €RT o™ )| < e t™ Vit €0,0)

The one-half integral of the function U;y(0) is given for any t € [0, )
by the following relation:

t t m t tm+1
/ Un(©) ds =1, / ds + / of )ds
0 \/t - S 0 t—s 0 t—s

from which a simple calculation lead us to the result:

" Uyy(0)
o Vi—s

ds = aput™ 2 4 o(t™3)

with: ) )
‘0(tm+5) <t™r >0 Vite0,0)
and: I 0
m +
U, = /T Ty ——————==
VT I'(m + %)
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We will use this result to get an expansion in power of t2 for the charge
(3.17). First we notice that assumptions (3.10) on the regular part, 7, of the
initial state are consistent with the hypothesis: v € S(R?), of Lemma 23. If
we assume condition (3.18) to hold, then relation (3.19) may be applied to
our case (with the only restriction m # 0 due to the boundary condition:
7(0) = 0 of definition (2.4)): this allows us to use the formula (1.42) with
A\ = 47a4/i in order to obtain a power expansion of the solution V(0) in a
right neighbourhood of the origin:

V(O)(t) + (7, ¥a) 12 4a(0) 7" =

dran/1 Am 2m+1 ! 1 2 t
( \/—) mn tm+5—|—(47rd\/g> U

7 m+1
L3 @m+1n! m+

Fo(t™E)  (3.22)

with:

o(t™t2)| < ¢3t™t2 ¢y € RY (3.23)

3.5 The Non Controllability Condition in the
limit ¢t — 0

Here we study condition (3.16) in a neighborhood [0,6) of the origin with
0 < T. First, we set the problem in the form:

3K €[0,27) : arg V(0)(t)e T = K Wt € [0,T) (3.24)
which is equivalent to (3.16). Making use of (3.17), we see that:
arg V(O)(t)e_i(T_t)Aa =
t
~ang { [zmﬁ / Kalt — $)Uiry(0) ds — (7, ths) 2 q@(O)e‘“Aa] e—w’—ma} _
0
t
— arg [M\ﬁ/ Ko (t — s)Ugy(0) ds e " T — (7,40 1 Qa(O)G_im}
0
Then, condition (3.24) implies also:

t
JK' €[0,2n) : arg4nVi / Ka(t — s)Ugy(0) dse T2 = K'Yt e[0,T)]
0

(3.25)
In order to analyze (3.25), we prove the following:
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Lemma 24 In the assumptions of Lemma23 the function:
t
arg 4#\/5/ Ka(t — 5)Uyy(0) ds e T —Da
0
admit the following expansion:
t
arg 4#\/5/ Ka(t — 5)Ugy(0) ds e T=0e =
0
1 1
= % + arg a,, + csin(argby) tz — 025 sin (2argby) t — (T — t)\g + o(t%)
(3.26)
fort €10,9).

Proof We make use of the following relations, regarding the argument of
a sum of complex numbers, whose proof is straghtforward: set z; =
pie¥1and zy = p,e'?2; Taylor expansions of arg(z; + 23) w.r.t. the ratio
€= Z—j up to first order are given by:

arg(z1 + 22) = ¢+ R1(E)¢e (3.27)

sin(py — 1)
B 2
Ry(z) 1+ 22+ 2z cos(py — q) >

arg(z1 +22) = ¢, +sin(p, — ) e — %Sin (2(¢y — 1)) €° + R{&29)

1 . 1+ 22+ 2z cos(py — @
Ry(x) = ——sin(p, — ) ( (22 1))3 +
6 (14 22 + 2z cos(py — ¢1))
1 . 4 (x4 cos(py — @ 2
L sin(py — ) LB )] 5 5
6 (14 2%+ 2x cos(py — ;)

where the remainders R; are evaluated in a suitable point & € [0, €).

ffzrfl) (22::?)1:; and B, = 07°¢% i (3.22), and using
I [

Now, setting A,, = —
(3.17) we have:

m—+1

t
arg 47r\/5/ K5(t — s)Ugy(0) ds e~ (T—Aa _
0

= arg [(Amam\/gtm% + Bya, it™ 4+ o(tm+%)> e_i(T_t)’\a] ; t€10,9)
(3.31)

The right hand side of (3.31) can be expanded again using (3.27) and
m43
(3.28); first, we apply (3.27) and with ¢ = mod o(i™* %)

T
mod(Amam\ﬁtm+? +Bmam itmtl) ’
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obtaining:

t
arg 47r\/5/ K5(t — s)Ugy(0) ds e~ HT—tAa _
0

= arg [(Amam\/gtm—i_% + Bm(lmitm+1> e—i(T—t)/\a] +

mod o(t™*3)

+Ry(x 3.32
il )mod(Amam\/fthr% + B i tH1) (3:32)

. mod o(tm+%) .
with x € (O, mod(Amam\ﬁtm+%+Bmamitm+1))’ then expand by (3.28) the

=

first term at second member of (3.32) w.r.t £ = mod ﬁ—’:tt

arg (Amam\/%thr% + Bmam\/%bgth) =

1
=14 arg a, + csin(ﬁ) tz — = sin (Z) t+ Ry(x) Atz (3.33)
4 4 2 2

with ¢ = mod BA—Z and 2’ € <O, 3t2 ). Equation (3.26) is a straightfor-

ward consequence of (3.32) and (3.33).
|

Lemma 24 leads us to an asymptotic formulation of the non controlla-
bility condition; from relations (3.26) and (3.25), indeed, we have:

c 1 02) 3
—t24 (da—— |t+o(t2)=0 VYtelo,i 3.34
St (a5 ) eoted 0.5 (330
Here we note that ¢ is a real positive constant different from zero, given
explicitely by:

1 (2m + )N

— D(2)dr @] 2T
¢ =TRMrlal 5 (m + 1)

while, by definition, \; is real and negative defined. Then the difference
Aa — %) is always different from zero.

Relation (3.34) is an evident contaddiction we approached to by supposing
system (3.11) to be not surjective. This concludes the proof of Theorem 22
for all choices of initial states satisfying condition (3.18) of Lemma 23.

In the next section we will study an extension of the proof to those cases
in which Lemma 23 does not hold.
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3.6 Finite Time Asymptotics for the Charge
and Proof of Theorem 22

If condition (3.18) does not hold, we may still recover our results just by
changing the point in which perform the expansions of (3.17) and (3.24).We
claim the following;:

Lemma 25 Let v € S(R3) - S being the space of functions with rapid de-
crease - and v # 0. There exists a ty € [0,T] such that the expansion:

Ut0+ 87(0)

. Vi—s —="ds = g (t—t0)" +o((t — o)™ "); am # 0 (3.35)

with:
lo((t — o)™ ™) < ecat™ ¢y €RT

holds for t € [to,to+0), 6 € RT, m € N.

Proof Define the set:

Dt:{neNU{O} @ ()

)

Di=2 Yte|0,T]=y=0

It is trivial noticing that:

Then, if v # 0 as we suppose, it is always possible to find a ty € [0, 7]
such that D,, # @.

The proof can be concluded following the same line of the proof of
Lemma 23.

OJ

Next we observe that, starting from definition (2.27), a simple change of
variables provide us an equation for the charge V' (0) when the initial time
t =ty is assigned:

i) + Amw/ ks 4\r/ Pt

where the source term - according with our hypothesis on the initial state
(3.10) and with relation (2.33) - is given by:

Uto s Uto s
Ve / Puet s — 4/ / O 4 (7, 02) 2 0a0) B

(4mavi (t+t)?)

1
2
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Once more, according to the relation (2.35), the charge V' (0) may be written
in the following form:

V(0)(r —47\/_/ Kx(T = 8)Usy457(0) ds — (7,105) 12 qa(0) e~ Ht0)Aa

(3.36)
and, taking into account the results of Lemma 25 and the formula (1.42), an
expansion of the charge in half integer power of time around the point ¢ = t,
is obtained:

V(0)(T) + (7, 15) 12 ga(0)e " THOAe =

)\CL 2m+1m! 1 thrl 3
== "z 4+ \2aq,, tmr2); to,to +0) (3.37
T @m DN g ToTE T €l fo0) - (3:37)
with: , ,
‘O(Tmﬁ) <573 o5 € RT (3.38)

Now, proceeding on the same line of Section 5, it is easy to proof the following:

Lemma 26 In the assumptions of Lemma 25 the function arg 4w\/i fot K5(t
5)Usy(0) ds e~ T=DXa qdmit the following expansion:

t
arg47rﬂ/ Ka(t — s)Uyy(0) ds e {T=0a —
0

(SIS
|
w
| —
w0
.
=
/N
)

=2 +argam+081n(4) (t —to)

: ) (= to) = (T = )a + oft3)

(3.39)
fort € [to,to +9).

This concludes the proof of Theorem 22

3.7 The Nonlinear System

Here we study the regularity properties of the nonlinear functional (3.9). To
this aim, we introduce the following lemma:

Lemma 27 LetV : B — L*(0,T) be the map such that Vo € B = V(a) =

) +4\/_/ \/_Ud N_/ U¢

with & real constant.
Then V is a functional of class C*.
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Proof Let a, § € B; the difference V' («)(t)—V(5)(¢) integrates the equation:

& q(s) a(s)] V(B)(s)
+4\/_/ \/_ ds _4\/—/ m ds

whose solution satisfies the estimate (see (2.55)):

+oo n
1+) ]4\/5‘ o+ @l A, 72 T3]
n=1

(3.40)
Taking into account the Sobolev inequality (see for instance [11]):

ltll oo 0.y < Clledl oy (3.41)

lgll., < B)l 18— all, 2T?

and the trivial bound:

vl 0,y < vl zrsomy (3.42)
we recover from (3.40) the continuity of the functional on the space B
in the topology of H3(0,T).

The Frechét derivative of V' in the point « is the map d,V whose action
on u € B is given by the solution of the integral equation:

+4\/_/ ()d_ 4\/_/t—_83)ds

The continuity of d,V on B is, once again, a consquence of the estimates
(2.55), (3.41).

O
From Lemma27 and definition (3.8) easily follows:

Theorem 28 The functional (3.9) defined by (3.8) is a C* class map: B —
C

Proof Let a and § be a couple of points in B; from the definition of F' (3.8)
we have tha the difference:

F(a) - F(8) =i / Ur—vba(0) (V(a)(s) — V(B)(s)) ds

satisfies the estimate:

F() — F(8)| < [V(@)(s) — V(8)()l / Ur_aba(0)] ds (3.43)

The continuity of F' then follows directely form Lemma 27.

The same proof allows for d, F'.

61



3.8 Proof of the Main Result

In previous sections we have shown that the functional F', (3.9), is a C! map
between a Banach space B and a finite dimensional linear space C (Theorem
28), whose differential evaluated in the point o = 0 is surjective. Then, using
Rank Theorem (e.g. [12]), we prove the existence of neighborhood [y of z = 0
in C and C* class map G : Iy — B such that:

F(G(z) =2 Vzel (3.44)

This conclude the proof of Theorem 21.

3.9 Remarks and Conclusions

Our main remark is about the assumptions (3.10) on the initial state. It is
clear that, by taking functions with radial symmetry, we exclude all scattering
state which are of p type (see section 2.4.3):

+o0o l
Sp(r0,0) =Y D fim(r)Y" (0, )

=1 m=—1
1#£0

This fact does not represent merely a thecnical restricion. Infact we already
observed that, for these states, the following relation holds:

Uipp(0) =0 Vi

Then from the definition (3.4) and the uniqueness of solution of the charge
equation, follows that a particle, initially placed in the state ¢, and subjected
to the action of any hamiltonian of type H, ), results to have a null charge
and evolves under the action of the free propagator: it means that, in these
conditions, the particle doesn’t feel the interaction at all. In this case any
transfer of energy is physically impossible.

On the other hand, we stress out that our proof, although not taking into
account all scattering state of radial type, has been performed on the set:

{9 € CZ (0, +00) & {1ha} : (¢,¢5) = 0}

which is dense in the space of scattering radial functions.

In conclusion, we have proved the local controllability of a process of
energy-mass transfer, from scattering to bound states, for a one body quan-
tum system under the action of a time dependent point interaction. Further
development of this studies may regard the global controllability of the same
process, as well as the inverse problem of finite time ionization.
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Chapter 4

Ionization for Three
Dimensional Time-dependent
Point Interactions

4.1 Introduction

We shall study the time evolution of a three dimensional system with time-
dependent Hamiltonian given by

H(t) = Hy + Hy(t)

where the “perturbation” H;(t) is a zero-range interaction with time-dependent
(periodic) “strength”. In particular we are interested in proving complete
ionization of the system as t — oo, starting from an initial condition at ¢ = 0
given by a bound state of the system. By complete ionization one can mean
two different statements. The weaker one is that the survival probability of
the bound state, i.e. the square modulus of the scalar product of the state
at time ¢ with the bound state, goes to zero as t — oco. The stronger one
is that every state ¥ in the Hilbert space of the system is a scattering state
(see for example [21, 24]) of H(t), i.e. for every compact set S C R?,

1 t
lim —/ dr/d?’f]\IfT(f)]Q:O
t=eo b Jo s

U, denoting the time evolution of the state . The last statement is related
to the absence of eigenvalues of the Floquet operator associated to H (t) (see
[25, 23, 29]).

The usual way to deal with problems of this kind is by means of time-
dependent perturbation theory and Fermi’s golden rule, which gives for the
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survival probability the well known exponential decay for each order n in the
perturbative expansion. On the other hand simple examples of regular per-
turbations show that the survival probability decays to zero as a power-law
(i.e. the limits ¢ — oo and n — oo can not be interchanged). When the
perturbation is not small, it is in general very difficult to solve the problem
and find the law of decay. Therefore it is interesting to find models in which
a non-perturbative solution exists and study the survival probability. In this
paper we study one such model, in which H;(t) is given by a three dimen-
sional point interaction. We shall see that it is possible to prove asymptotic
complete ionization and find a power law decay for the survival probability,
under generic condition on the scattering length!.

The one-dimensional version of the same problem has been widely analyzed
in [14][15][16][17], where complete ionization is proved under a suitable and
very weak condition on the Fourier coefficients of the strength of the inter-
action. We shall see that the same genericity condition is also sufficient in
three dimensions to have complete ionization of the system.

From a physical point of view, the model we are going to study is related
to the strong laser ionization of Rydberg atoms?, showing many features of
experimental data. Indeed, despite of the simplicity of the model, as in the
one-dimensional case, it is possible to reproduce many effects of multipho-
ton ionization of excited hydrogen atoms by microwave field, with a good
agreement with experiments (see [18]).

4.2 The Model

The model we are going to study is a quantum particle subjected to a time-
dependent point interaction fixed at the origin in three dimensions, namely
a system defined by the time-dependent self-adjoint Hamiltonian H,),

D(Haw) = {¥ € L*(R?) : Far(t) € C, (¥() — an(t)G(2)) € H*(R?),
(¥ — aa(1)GY) }FO = (Oé(t) + Z—j) (1)}
(Hawy +A) U = (Hy+ A) (T — x(£)G") (4.1)

where A € R, A > 0 and

\ e—ﬁ\f—f'\
— —/

T — X = -
G ) Ar|Z — 2|

'In three dimensions the parameter a(t) is proportional to the inverse of the scattering
length.
2See the discussion contained in [14, 18] and references therein.
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is the Green function of the free Hamiltonian Hy = —A.

As already mentioned in Chapter 2, it is well known (see [19, 20, 22, 28,
8]) that, under suitable hypothesis of regularity on «(t), the operator (4.1)
defines a time propagation U (t, s) given by a two-parameters unitary family,
solving the time-dependent Shrodinger equation (2.51); the state at time ¢
may be also defined as the solution of equations (2.52), that we recall here:

U (Z) = Ul(t, s)Vy(Z) = Up(t — 5)¥s(7) + Z/ dr q(T)Uo(t — 7;7)  (4.2)

+4\/_/d7\/j—4\/_/ % (4.3)

where Uy(t) = exp(—iHot), Uy(t; Z) is the kernel associated to the free prop-
agator and the charge ¢(t) satisfies the usual Volterra integral equation for
t > s. We are interested in studying complete ionization of the system de-
fined by (4.1) and (2.51), starting from initial conditions

Uo(Z) = @) (T) (4.4)

Pu(0)(T) being the bound state® of He(g).

We shall assume that «(t) is a real periodic continuous function with
period T'.

The meaningful parameter of the system is the negative lower bound of
a(t). Indeed, if inf(a(t)) > 0, the wave operator associated to (Ho, Ha))
is unitary (see [8]) so that any initial state evolves into a scattering state.
Hence we require for a(t) the validity of assumptions (1.47), (1.48) and (1.54)
and adopted in Section 1.3-1.4.

4.3 Complete Ionization in the Generic Case

In what follows we shall prove asymptotic complete ionization of the system
(4.2)-(4.3) under generic conditions on «(t).

A straightforward consequence of Theorem 12 (and of the analogous re-
sults for the case g > 0) is that the scalar product (and thus the survival
probability of the bound state)

0(t) = (Ya(0): ‘I’t)L2<R3>

tends to 0 when ¢t — oo:

3In order to do this analysis we shall require that «(0) < 0.
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Corollary 29 If {«a,} satisfies (1.48) and the genericity condition (1.56)
with respect to T, the system shows asymptotic complete tonization and, as
t — 00,

000 < Di + E(n)
where D € R and E(t) has an exponential decay.

Proof: Using the decomposition of the wave function at time ¢ defined by
(4.2), we can write the survival probability in the following way:

e(t) = (Spoz([))a \Ilt) L2(R3) = ((pa(O)J eiiHOtgpa(O))LQ(Rs) + (45)

L <%(0) (@), /0 dr g(r)Un(t — 7 :E’>>

L2(R3)
Let us define '
Zl (t) = (9004(0)7 eilHOtSOa(O))Lz(RB)

By the usual dissipative estimate for the free propagator, one has
1Z0(1)] < ert 2

as t — oo for some constant ¢; € R. Hence Z(t) belongs to L'(RT) and
then its Laplace transform Z;(p) is analytic at least for R(p) > 0.
The second piece of the scalar product is given by

Z(t)

j (%(0)@), /0 dr (P Ut — T;f)) _

L2(R9)

t
= 2/0 dr q(7) (e_ZHO(t_T)S%(o)) (0)

and taking the Laplace transform of Z(t), we have

where
~ 44/2m|c(0)|

A = —
2(p) Ara(0) — \/—ip
is analytic for R(p) > 0 and never equal to 0, because of condition (1.47).
Hence the Laplace transform of 0(t) is given by

0(p) = Z1(p) + Z2(p) d(p)
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where Z;(p) is analytic on the closed right half plane and Z,(p) has only a
branch point at the origin of the form a; + az./p.

Hence f(p) has the same singularities as §(p) and then its asymptotic behavior
coincides with that of ¢(¢), i.e.

0(t)] < Dt 2 + E(t)

for some constant D € R and for a bounded function E(t) with exponential
decay.

OJ

In the following we shall prove a stronger result about complete ionization
of the system, namely that every state ¥ € L?(R3) is a scattering state® for
the operator Hy ), i.e.

t
lim [ |F(l#] < BUG, 0] =0 (46)
0

where F'(S) is the multiplication operator by the characteristic function of
the set S C R3 and U(t, s) the unitary two-parameters family associated to
Ha(t) (see (2.51)).

In order to prove (4.6), we first need to study the evolution of a generic
initial datum in a suitable dense subset of L?(IR®) and then we shall extend
the result to every state using the unitarity of the evolution defined by (2.51)
(see e.g. [19]).

Proposition 30 Let ¥ € C°(R?\ {0}) a smooth radial function compactly
supported away from 0 and q(t) be the solution of equation (4.3) with initial
condition Vo = V. If{a,} satisfies (1.48) and the genericity condition (1.56)
with respect to T, ast — 00,

lq(t)] < At™% + R(t) (4.7)

where A € R and R(t) has an exponential decay, R(t) ~ Ce Pt for some
B> 0.

Proof: First we notice that, using the decomposition of the wave func-
tion at time ¢ defined by (4.2), we can write the survival probability in the
following way:

0(t) = (W, V) o gay = (¥, e 0NW) + (4.8)

L2(R3)

1For the definition of scattering states of a time-dependent operator see e.g. [21, 24].
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t
+1 <\If(f),/ dr q(T)Us(t — T; f))
0 L2(R3)

Let us define A
Zl(t) = (\I}) e_ZHOt\I]) L2(]R3)

By the usual dissipative estimate for the free propagator, one has
1Z,(t)| < it

as t — oo for some constant ¢; € R. Hence Z(t) belongs to L'(RT) and
then its Laplace transform Z;(p) is analytic at least for (p) > 0.
The second piece of the scalar product is given by

2() =i (\I/(a?), /0 e a(m) Ut — 7 f;)) _

L2(R?)

- i/ot dr q(7) (e_iHO(t_T)\If) (0)

and taking the Laplace transform of Z(t), we have

where
Zz(p) =L [(e_iHOt\ll) (O)] (p)

The function of time (e’iHot\I/) (0) may be represented as a fourier integral:

—iHot _ 1 okt
() @) = [ e

which is continuous in the variable ¢, due to the regularity of Tes (class of
Schwartz functions). The dispersive estimate:

e, < e,
t—o0

assures once more that e=0'W ¢ L'(R*). This implies that Z,(p) is analytic
for R(p) > 0.
Furthermore we notice that:

£ [(efiHot\Ij) (Qﬂ (p) _ 1 /R \I!(E) dk
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If we suppose that this function has a zero in the point p of the complex
plane, then it should results also that:

_ (k)
" Y dk=0 WneN 4.
b /Rgpﬂla k=0 Wnelo (4.9)

But, from our hypothesis on ¥ we know that:

s p+ik? T (2m)2 ‘=5
n \ij k 1 nl . . " \if k

(2rm)2 Jre P+ ik (2m)? ‘= (2m)2 Jre P+ ik

Replacing this relation in (4.9) we get:
£ (e mrw) 0] () = 0
dtr
From Schrodinger equation this is equivalent to:
. » 1 n U(k)
L [(=iHp)" (e7"™"W) (0)] (p) =0 = / k? ——dk =0
[( iHy) (6 )(_)] (P) (2#)% RB( ) Pk

Next, recalling that the fourier transform of a radial function is still radial,
we have:

too U(k
/ /{2”“# dk =0 Vn € Ny

0 P+ 1k?
which implies, from the unicity of solutions of the Hamburger moment equa-
tion, 3

U =0

Then, if ¥ # 0, as we suppose, the function Z, (p) has no finite zeros in the
complex plane.

The Laplace transform of 0(t) is given by

0(p) = Zi(p) + Z»(p) d(p)

But 0(¢) is a bounded function®, because of unitarity of the evolution (2.51),
and then its Laplace transform is analytic on the open right half plane. From
analyticity of Z;(p), Za(p) and absence of zeros of Z,(p) follows that the
Laplace transform of ¢(t), solution of (4.3), is analytic at least for R(p) > 0.

®Actually [6(t)| < 1, since the initial state is normalized.
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Consider the Laplace transform of equation (4.3), which has the form

(1.52) with
2 i * —pt 3.3 (1 L —ik2t
=1/—4/— dte® d°kW(k)e
TV PJo R3

where W(k) is the Fourier transform of ¥(7).
The equation for ¢(p) is then given by

- 4m 9
= «Q +wwk) + .
q(p) “Iren s 0 % k(p )+ Tt VT
k0

where

2 [ L
= \/i / dt e / Pk (k) e
T 0 R3

It is now sufficient to show that the solution ¢(p) is also analytic on the
imaginary axis except at most square root branch points at p = iwn as in
the discussion of section 3.3.2 and 3.3.3.

For every smooth function ¥ with compact support, ‘i/(l;) is a smooth func-
tion with an exponential decay as k — oo, so that

o U(k
i 2 e
st R3 T+ ( s—l—k‘2 R3 s—i—k2

is a bounded function for s > 0. Hence the function ¢g(p) has no pole for

S(p) € (0,w) and therefore the result contained in Proposition 8 still holds.

Moreover
2 oA o o0 . 2 U
= \/j/ d3k\11(k)/ dte—”f2t:—z‘\ﬁ/ dk (%)
T JR3 0 T JRr3

which is again bounded, so that g(p) has at the origin at most a branch point
singularity of the form a(p) + b(p),/p: following the proofs of Proposition 9
and 11, we can show that ¢(p) has the same behavior at the origin.

In conclusion the solution is analytic on the closed right half plane except
branch points at p = iwn, n € Z, of the form a(p) + b(p)+/p — iwn. The proof
of Theorem 12 then implies that ¢(t) has the prescribed behavior as ¢t — oc.

OJ
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Theorem 31 If {«,} satisfies (1.48) and the genericity condition (1.56)
with respect to T, every ¥ € L*(R?) is a scattering state of Hy, i.e.

1 t
lim - [ dr |F(Z < R)U(r,0)¥|* =0

t—o00 0

Proof: We shall restrict the proof to the dense subset of L?(R3) given
by smooth functions with compact support and then we shall extend the
result to every state using the unitarity of the evolution defined by (4.2) (see
e.g. [19]). Actually we are going to prove an equivalent but slightly different
statement, i.e. Ve > 0, there exists ¢y such that Vi > ¢,

I1F(|7] < R)U(t,0)¥] < e
The evolution of an initial state ¥ according to (4.2) is given by

U,(F) = Ut, )0y (F) = Up(t — 8)Uy(F) + i / dr q(7) Up(t — 7:7)  (4.10)

Moreover, since W, € D(H,)), the following decomposition holds

0,(#) = gy() + 1 (4.11)

47 ||

where ¢(t) is the solution of (4.3), ¢, € H?

loc

. (0) = a(t)q(t)

We are going to show that, if ¢(t) € L'(RT), U, satisfies the required property.
Let us start analyzing the second term in (4.10): imposing the unitarity
condition of the evolution we have

(R?®) and

2

1917 = 119 ]|* = ' Uo(t — 5)Vs(7) +i/ dr q(7) Up(t — 7; 7)

and then

\
=29 { / r ¢ (1) (70 w,) (0)}

but, using the decomposition (4.11),

2

/: dr q(r)Us(t — 73 7)|| =29 (/t dr g(T\Up(t — 7, 7), Up(t — s)q,s(f)) _

*’L'HO(S*T)\IJ 0) = —iHo(s—7) 0 / d3E —ik2(7—s) Q(S> —
(e s)( ) (6 905)( ) + o € (27)3k2
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_ (,—iHo(s—7) q(s)
AN/ TN T — 8
Since p, € H?

2 (R?), the absolute value of the first term on the right hand
side is bounded by a constant ¢(7, s) < oo such that ¢(s, s) = ¢(s) and

lim ¢(7,5) =0

T—00

Hence there exists s;(g) > 0 such that, Vs > s,

S

2

if q(t) € LY(RT). Moreover by the same reason there exists sy() > 0 such

that Vs > so,
t 2
N q(s) 2e
2 dr ¢* (1) —————| < —
/3 7 )47r\/7m\/7' —s| 9
Setting so(¢) = max(si(g), s2(€)), one has Vs > s
t ., 2e
dr q(1) Up(t — 7;7)|| < 3 (4.12)

so that the whole L?>—norm of the second term in decomposition (4.10) is
suitably small for s > sq.

On the other hand the first term in (4.10) is the free evolution of a L?—function
and hence there exists () > 0 such that V¢t > s+ ¢ and VR < oo,

IF (17| < RU( = $)¥.)| < o (1.13)
Setting to(c) = so(e) + d(¢), from (4.10), (4.12) and (4.13) one has

IF(17] < R)We|| <&

Vt > to, if q(t) € LY(RT).

By Proposition 30 the inequality is then satisfied by every ¥ € C5°(R3\ {0}):
unitarity of the family U(, s) allows to extend the result to the whole Hilbert
space L%(R?).

O

Corollary 32 If {«,} satisfies (1.48) and the genericity condition with re-

spect to T (1.56), the discrete spectrum of the Floquet operator associated to
Ha(t);
0
=—i—+H,
L 825 (t)
18 empty.
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Proof: The result is a straightforward consequence of Theorem 31: every
eigenvector of K differs from a periodic function by a phase factor and hence
can not satisfy (4.6).

O

4.4 Further Remarks

We have proved that, under the genericity condition on «a(t), the system
defined in Section 2 shows asymptotic complete ionization.

If inf(«(t)) < 0, the genericity condition may be a necessary condition to have
complete ionization: for example, in one dimension, it is possible to exhibit
(see [14]) explicit functions «(t) for which the genericity condition fails® and
the ionization is not complete. On the other hand, also in one dimension, it
is not known whether the condition is necessary. It would be interesting to
check if non generic «a(t) give rise to asymptotic partial ionization in three
dimensions.

A possible way to investigate this problem is the analysis of the discrete
spectrum of the Floquet operator. If one can find an explicit relation between
existence of eigenvalues of the Floquet operator and the genericity condition,
it would be probably easy to check if the condition is truly necessary.

On the other hand, as we expected, if «(t) is positive at any time, no further
condition on «(t) is required to prove complete ionization.

Two interesting future applications of these methods can be the problem of
complete ionization for moving point interactions and for N time-dependent
point interactions.

6A simple example of a(t), for which the genericity condition is not satisfied is the
geometric series, a, = A"l for some A < 1.
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Conclusions and Perspectives

The asymptotic properties of solutions of fractional integral equations - as
it also emerges from this work - have a great relevance in the applications
perspective. Unfortunately most of the results obtainable in this direction
are closely connected with the tools of the Laplace transform analysis (never-
theless see the work of D.R. Yafaev [30]: "On the asymptotics of solutions of
Volterra integral equations", and the book of V. Kiryakova ([31]) for Erdélyi-
Kober fractional integral operators). As a matter of fact, in many relevant
cases the application of Laplace transform technique does not work due to the
presence of nonconstant coefficiets or nonlinearities in the integral operator,
leaving the problem of the asymptotic analysis as an open question.

In this work we studied the large time asymptotic properties of equation
(1.44) with «(t) periodic; this may be considered, to some extent, as a bound-
ary case for the utilization of the Laplace transform. Our results have shown
an interesting lack of continuity in the behavior of solutions between the
"generic" and the "non generic" case’. For a(t) generic, indeed, we proved
that the solution of (1.44) goes to zero as t — oo with a negative power
law. On the other hand, the same proof does not work anymore for periodic
coefficients of non generic kind; in this last case, there are no general results
regarding the large time behavior of the solutions, although simple examples
of this type® are known in which equation (1.44) is explicitely solvable and
the solution exhibit a non vanishing limit for t — oo.

In order to extend the analysis presented in this work to more general
cases - i.e. Abel equations with time dependent bounded coefficients or of
non linear type - it seems to be necessary the developing of a new investigation
strategy based upon different tools such as operator analysis.

"In the sense expressed by relation (1.56).
8See the discussion for the case o = cost. in Section 2.4 of this work. See also [14] for
a less trivial example of non generic periodic function.
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