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Introduction

An approach based on the construction and the analysis of simple mathematical
models is used in this thesis to investigate two kinds of problems in classical
theoretical physics: the appearing of classical behavior in quantum systems and
the dynamics of fields together with their own sources in acoustics.

The former is a typical problem associated to the investigation of the frontier
between theories describing phenomena on different scales.

Actually there is no example of a completely successful reduction from a theory
on a higher hierarchic level to one on a lower level. The Boltzmann attempt
of explanation of thermodynamics laws in mechanical terms is a paradigmatic
example of the enormous difficulties of such reduction programs.

The theory of decoherence gives an explanation of the disappearing of quantum
features in terms of interaction of subsystems with the environment.

The loss of quantum coherence in a subsystem is a trivial consequence of the
interaction and of the process of reduction of the density matrix. Our efforts
are addressed to analyze the manner and the characteristic times with which
this happens.

The search for a complete theory of the field with its point sources is a well
known topic in electromagnetism. We analyze the analogous subject in acous-
tics.

Our investigations are in the same line with what was done in the framework of
the decoherence program. One expects that in a system consisting of a subsys-
tem with discrete spectrum (the mechanical oscillators) and another subsystem
with continuous spectrum (the acoustic field) the energy diffuses all on the con-
tinuous spectrum. Our aim is to give an explicit example of system for which
the expected result can be proved and to obtain some estimates for the charac-
teristic times of the diffusion of energy.

The approach followed and the type of problems analyzed makes clear our need
to have suitable mathematical tools. Since they generate non-trivial but explic-
itly computable dynamics point interactions have revealed very useful both in
the analysis of quantum mechanical and acoustical systems.

The structure of the thesis is the following.

In the first part we analyze two applications of point interactions in the frame-
work of the decoherence program.

In a brief introduction we discuss the reasons that have led to the formulation of
the program, basic ideas laying underneath, its relevance in theoretical physics
and some practical applications of the results related to the decoherence theory.
Chapter 1 is devoted to a brief historical and mathematical introduction to point
perturbations of the Laplacian. A detailed description of the way the theory of



self-adjoint extensions of symmetric operators is used to obtain all the singular
perturbations of the Laplacian in one and three dimensions is given.

In chapter 2 point perturbations of the Laplacian in three dimensions are used
to study the evolution of a system consisting of two particles interacting via a
repulsive point potential and undergoing a single scattering event. The estimates
obtained for the asymptotic dynamics in the limit of small mass ratio are used
to evaluate the effects of decoherence induced by the interaction.

In the last chapter of part I we analyze the dynamics of a system made up of
a quantum particle and one localized spin interacting via a point potential that
depends on the state of the spin. We discuss the applications of our model to
estimate the loss of quantum coherence due to the interaction.

The second part of the thesis begins with a short introduction to the motiva-
tions that have led us to use point perturbations to study a problem of sources
interacting with their own field in acoustics.

In the following chapter we introduce our model and express the results obtained
in a one dimensional setting for a finite and infinite number of sources and in
the continuum limit.

Few pages in which we summarize our results and discuss the future develop-
ments of our research conclude the thesis.



Part 1

Point Interactions in
Quantum Mechanics






Point interactions were introduced in quantum mechanics as point limits of
short range potentials in the Schrédinger equation. In order to understand the
structure of nuclei it appeared conceivable to analyze general features about
interactions with a range much smaller then the atomic size. The zero range
limit was justified by the lack of a physically relevant minimal length and as a
tool to investigate the low-interaction-energy regime. Only recently a complete
characterization of the family of Hamiltonians with point interactions was made
available. The quantum dynamics they generate is at the same time non trivial
and explicitly computable.

In the following we will discuss two applications of such Hamiltonians in the
framework of the decoherence program.

Physical models are always realized to work on a suitable scale (of time, length,
energy or number of elements). An important and non trivial task is to define
the range of applicability of physical models and to investigate the hierarchic
structure of different theories. A fundamental example is the study of the bor-
derline between quantum and classical mechanics.

Some of the most peculiar and counterintuitive features of quantum theory are
consequences of the superposition principle. While results of experiments on
“microscopic” systems support the validity of the superposition principle every
day experience leads to the conclusion that it does not hold for “macroscopic”
objects. A popular wisdom suggests that what discriminate a classical system
from a quantum one is the large number of components.

It is a puzzling problem to understand how large a “large number” should be. In
fact experiments on Bose-Einstein condensates show that systems consisting of
several thousands of atoms behave in a quantum fashion for times of the order
of milliseconds. On the other side the binding in a molecule, composed of few
atoms, is fairly well described by using rods and strings. It is evident that the
number of components cannot be the only parameter to define which systems
are classical. A clearer understanding of the physical mechanism that leads a
quantum object to behave as a classical one is needed.

Schrédinger equation has revealed an extraordinary tool to describe the behavior
of a great number of systems on the atomic scale. On the other hand the
“classical behavior” of a “macroscopic” object was never derived starting with
a quantum mechanical description of its “microscopic” components.

The decoherence program attempts, and partially succeeds, in shading some
light on the problem of the quantum origins of classical behavior. The program
is based on the idea that even a weak interaction of the subsystem with its en-
vironment causes a diffusion of quantum correlations towards the whole system
leading to a suppression of interference effects in the subsystem.

This idea dates back to the origins of Quantum Mechanics (see e.g. [33]), but
the modern formulation of the decoherence program appeared in the early 1970s
in the papers of H.D. Zeh ([56], [57]). The work on the program continued in
the following years in particular with W.H. Zurek ([58], [59], [60]). For a recent
review on the decoherence program see [61] and [44]. In recent years inter-
est in decoherence has gone beyond the subject of the foundations of quantum
mechanics. Experiments in mesoscopic physics [34] and developments on quan-
tum computing [54] are only two examples of fields of application of the results
connected with the theory of decoherence.

In the original scheme of the decoherence program physical systems are ar-
ranged in three subsystems conventionally referred to as observable, apparatus



and environment. This is basically related to technical reasons connected with
Schmidt’s theorem (see e.g. [44]). Since we are not going to investigate the
problem of the preferred basis we will not make use of such decomposition.
We will consider systems made up of only two quantum subsystems 4 and B.
The state of the system is a vector in the product Hilbert space

H= Ha & Hb (1)
and its dynamics is generated by the Hamiltonian
H=H,+ H,+H™ (2)

where H, and H, describe the “free” evolution of subsystem A and B respec-
tively while H*** determines interaction.

At an intuitive level the mechanism of decoherence is very simple: interaction
induces entanglement between subsystems; ignorance about the subsystem B
corresponds to take the trace over Hj and this procedure partially cancels cor-
relations making the reduced density matrix in H, a statistical mixture, even
when the initial state of the system is a pure state.

Although there are opinions not supporting the relevance of the decoherence
theory as a solution of the measurement problem it is generally accepted that
this mechanism plays an important role in explaining the transition from quan-
tum to classical.

We will avoid general questions inside the debate on the foundations of quantum
mechanics. Our aim, in line with many other works in literature, is to provide
concrete examples of systems for which one can show that decoherence leads an
initially quantum subsystem to appear more classical.

In the following the subsystem A will be a quantum particle. The subsystem
B, on which we take the trace, represents the environment (or the measurement
apparatus). In principle subsystem B should be “larger” (made up of a greater
number of elements) of A, so that the trace over B will correspond to a high loss
of information. On the other hand the energy exchange should be weak enough
to left almost unchanged the dynamics of subsystem A.

We study the evolution of the whole system generated by the Schrédinger equa-
tion to detect the entanglement dynamically induced. This allows us to investi-
gate the effects of tracing out the environment. To reach our goal we make use
of the highly computable dynamics generated by point Hamiltonians.

The entanglement induced by an event of scattering between two particles is
analyzed in the limit of small mass ratio. In the system the “light” particle
is intended to represent the environment. While the “heavy” particle proceeds
substantially free the “light” particle is “instantly” sent in its scattering state.
The attenuation of interference fringes observed in the evolution of an initial
state of the heavy particle made up of a superposition of head-on colliding wave
packets is a clear sign of decoherence. A better model of environment should be
realized with N “light” particles. For a generic smooth potential the expected
result that the decoherence effects exponentially grow with N has been proved
in a recent work by R. Adami, R. Figari, D. Finco and S. Teta (preprint in
preparation).

In the other system analyzed the environment is made up of a lattice of spins.
The idea is to realize a model for a measurement apparatus recalling a Wilson
chamber in which the atoms ionized by the passage of the particle are replaced



by spins. We were able to define spin dependent point interactions and to
analyze the entanglement between a particle and a single spin.

The following step consists in generalizing the Hamiltonian to the case of N
spins. A realistic model of Wilson chamber should be realized by interacting
spins initially in a metastable state. It is commonly believed that this will
produce an enhancement of the decoherence effects.






Chapter 1

Singular Perturbations of
the Laplacian

In 1930s there was great interest in modelling the interaction between nucleons.
The structure of the nucleus and the early experiments of scattering of neutrons
by heavy nuclei suggested that interaction between nucleons should have been
with very short range. In those years the idea of a potential with zero range
was proposed.

If exists such potential should represent the simplest model of potential with
very short range. A particle moving in a potential supported by a point should
propagate as a free particle everywhere except in the point in which the potential
is placed.

This kind of potential exists in one, two and three dimensions and represents
a non trivial but completely solvable limit model of potential with very short
range.

Formally the Hamiltonian describing a free particle everywhere except that in
the point y should be (in natural units, h?/2m = 1)

“H, = —A + as,” (1.1)

where A is the Laplacian, « is a real constant and d, is the Dirac delta centered
in the point y. If the point y is not in the support of the wave function, the
particle has only kinetic energy else there is also a term of potential energy.
Inverted commas indicate that formula (1.1) is only a formal writing and thirty
years was needed from its introduction in one dimension to a satisfying mathe-
matical formulation as self-adjoint operator in three dimensions.

This chapter is devoted to clarify the meaning of the Hamiltonian (1.1).

1.1 A brief history of H,

Historically the first relevant model in quantum mechanics based on point in-
teractions dates back to 1931 when the article of Kronig and Penney [31] was
published. Kronig and Penney studied the motion of electrons in solids. They
considered a one dimensional setting in which ions are fixed and placed on the
sites of a regular lattice. Every ion is supposed to produce a zero range potential



for the electrons in the conduction band that are considered non interacting,
thus the Hamiltonian for one electron in the conduction band is

d2
HEP = -0 + > ajdy, (1.2)
J

where j runs over the points of the lattice, a; are real constants and 4, is
the Dirac delta centered in y;. In (1.2) we omitted inverted commas because
in dimension one, and only in dimension one, formula (1.1) represents a well
defined operator. It is possible to obtain the domain of HX” in few simple
steps, consider the equation

i—p = HEPy = —os Zaj 8y, 0 (1.3)
J

by integrating in = from y; —e and y; +¢ and taking the limit € — 0, one obtains
Uy ) =¥ (yy) = agv(y;) - (1.4)

Thus in one dimension —A+3 a;d,; corresponds to the Laplacian with domain
whose elements are continuous functions with first derivative discontinuous in
y; and satisfying boundary condition (1.4). In the following we will give a more
precise mathematical definition of the Hamiltonian HX”. However the essence
of the operator HX? is completely kept in the boundary condition (1.4), which
is all that one needs to study in detail the spectrum of HX”. This is what
Kronig and Penney did, in the special case of a periodic lattice with o; = «,
obtaining the band structure of metals.

In two and three dimensions it is not possible to derive the structure of the
domain of H, by simple integration as was done in one dimension. Because of
the singularities that characterize the Green’s functions of the free Schrodinger
operator in two and three dimensions also perturbation theory fails when applied
to the operator H,, it is easy to verify that the series expansion of resolvent
(Hy — 2)~1 with z € C\R, diverges already at the second order in dimension
greater than one.

In spite of these difficulties since 1930s physicists worked to understand if Hamil-
tonian (1.1) could have made sense in dimension three. This topic was particu-
larly interesting in nuclear physics, where was clear that a zero range potential
should have represented a perfect model of potential between nucleons and in
problems of scattering with slow neutrons. Bethe-Peierls [12] and Thomas [53]
started to study Hamiltonian (1.1) in dimension three. They obtained an ap-
proximation of H, by means of local, scaled short-range potentials realizing that
a renormalization of the coupling constant was necessary. Similar results were
obtained, almost at the same time, by Fermi [24] in his work about the motion
of neutrons in hydrogeneous substances where he introduced for the first time
the Fermi pseudo-potentials that can be identified with point interactions, for
this reason sometimes, usually in nuclear physics, point interactions are referred
to as Fermi pseudo-potentials.

For the first precise mathematical definition of Hamiltonian (1.1) in dimension
three we have to wait until the publishing of the work by Berezin and Faddeev
[11] in 1961. For the first time H, was written as a self-adjoint operator derived
by using Krein’s theory of self-adjoint extensions.
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A simple definition of H, in three dimensions is

D(H3) = {0 € PP(RY) : (e) = 00() + s 00 € HE(RY)
(1.5)
Vo e L2(RY), Ay’ € L(R?), g = @}
Hip = —Ay (1.6)

where HIQOC(RS) indicates the homogeneous Sobolev space of locally square-
integrable functions with their first and second (distributional) derivative. No-
tice that functions in D(H32?) may have a singularity in y of order |z — y|™!,
hence does not make sense to apply the distribution 6, on D(H3%).

The operator defined by (1.5) and (1.6) matches up with the point Hamiltonian
formally written in (1.1) in the sense that if y ¢ supp[¢°] functions v and °
coincide and H2? acts on 1 as —A.

At the present time operators of the class of H, are well known and completely
classified, the reader interested can refer to the “Bible” [9] and references therein.
Examples of recent applications of point Hamiltonians in modern mathematical
physics concern time dependent and non-linear problems (see e.g. [18], [19], [4],
[1], [2])-

In the following two sections we discuss the structure and the characterization
of all the point perturbations of the Laplacian in one and three dimensions by
using the theory of self-adjoint extensions briefly discussed in appendix A.

1.2 Singular perturbations of —A in one dimen-
sion

We call singular perturbations of operator —A in the point y all the self-adjoint
operators which coincide with the Laplacian everywhere except that in the point
y. All the singular perturbations of the Laplacian can be derived by using the
theory of self-adjoint extensions described in appendix A.

Hamiltonian H, is a singular perturbation of —A and can be derived by ex-
tending several symmetric operators. Since in dimension one H,, is not the only
singular perturbation of —A we will follow a very general construction to obtain
all the singular perturbations of the Laplacian, afterwards we will analyze with
more detail the one corresponding to the operator (1.1).

Consider the symmetric (closable) operator

D(Hy) = C&*(R\{y})  yeR (1.7)
Hotp = —j—; Y € D(Hy). (1.8)

Functions ¢* satisfying the equation

(6%, Hov) = (2¢%,9)  ¢° € L*(R), ¥ € D(Hy), 2 € C\R,  (1.9)

if exist, are eigenfunctions of H{ relative to the eigenvalue z, where * indicates
the adjoint. In fact (1.9) is equivalent to

Hi¢? = 2¢°  ¢* € D(H}), z € C\R. (1.10)

11



A solution of equation (1.9) is
eiVzlz—yl
Gz(x—y):—w z € C\RY, Im (v/2) >0 (1.11)
In fact G* € L%(R) and satisfies, in the sense of distributions,
d2
(de - z> G*=4§, z€C\RT, (1.12)
where J, is the Dirac delta centered in y. It is easily seen that

(G*)(z—y) = —weiﬁlw—y‘ ze C\RT, Tm (v2) >0  (1.13)

where the apex indicates the derivative with respect to x, is another independent
solution of equation (1.9) and there are not other solutions of (1.9) independent
from G* and (G#). Then {G*, (G%)'} and {G~% (G~%)'} span respectively the
deficiency spaces K and K~ and the deficiency indices of Hy are (2,2). Two
orthonormal basis of K£# and K? are {g*, g7} and {¢7, g} respectively where

sy Gy VIM(VZ) ey
9 (x—y) Teg] 7 (1.14)

sita =) = CQE — -\ in (s - e (11s)
2 € C\R", Imy/z > 0.

Following the von Neumann construction (see appendix A) we have that if U is
a unitary application from K’ to K%, operator HY defined by

D(HY) = {¢ 1 =g+ c1g' + cagi + g7 + char s Yo € D(Hy),

1.16

c1,c2 €C, C;n: Z UmnncCn, m:]~72} ( )
n=1,2

HY4 = Hothg +i(c1g’ + cagi — cg™" — chgi ") (1.17)

where U,,, is the 2 X 2 unitary matrix representing the unitary application U

in the basis {g%,¢{} and {g~% g; '}, is self-adjoint and is an extension of Hy.

Moreover all the self-adjoint extensions of Hy can be written in the form (1.16)-

(1.17).

The more general 2 X 2 unitary matrix can be written as
U ( —e¥cosw et gin w)

—eP=Plginw  —e? cosw (1.18)

w? 07 s07 p 6 [0’27(-)'

By straightforward calculations one can check that, with this choice of U, func-
tions in D(HY) satisfy boundary conditions

¢wﬂ—w@v:q(WVVW@W>+@<W@W+W@W)

2 2
B / L (119)
¢'(y+)w’(y)03(¢(y+);r¢(y )>+C4<w(y+)-2kw(y )>

12



where C1, Ca, C5 and Cy are complex constants defined by

2v/2e—iP—¢) gi
O = - 2 sinw (1.20)
i(14 e0+9)) + (et% — ei?) cosw
+i)V/2 (i + et0F¢) 0 1 e’ cos
Cy— @ V2 (i+e _(e e ) cosw) (121)
i(1+ €i0+9)) + (eie — ei?) cosw

(
a —i)V2 (i — !0+ — (e — e'?) cosw)
i(1 + el0+9)) + (ei® — ei?) cosw
226 +0) sin w
i(1 + el0t9)) + (et — ei?) cosw

(1.22)

Cy=— (1.23)

Constants Cy, Co, C3 and Cj characterize all the singular perturbations of
the Laplacian in dimension one via boundary conditions. A different, and well
known in literature (see e.g. [17], [7] and [14]), characterization of all the self-
adjoint extensions of Hy reads

1/1(1/*)1 w(y:)+nb¢:(y:) (1.24)
' (yT) =ne(y™) +ndy'(y~)

with a, b, ¢, d € R, n € C, ad —bc =1 and |n| = 1. Tt is possible to show that
boundary conditions (1.19) and (1.24) are equivalent, the following relations
hold

201 —n* —n(a —d))

Cy = — 1.25
! 1+n2+n(a+d) (1.25)
4n?b
Cy = 1.26
2T 12+ (et d) (1.26)
4n’c
Cy = 1.27
ST I+ 4 nla+d) (1.27)
—n2 _
04:_2(1 n° +n(a—d)) (1.28)

14+n?+n(a+d)

Diagonal unitary matrices (w = 0 in the formula (1.18)) correspond to a sub-
family of extensions of Hy in which the discontinuity of the function depends
only on the value of the left and right limit of the derivative in y (C; = 0) and
the discontinuity of the derivative depends only on the value of the left and right
limit of the function in y (C4 = 0). Straightforward calculations show that if
w=0

Cr=Cy=0 (1.29)
2(cos ¢ — si —1
Cy = V2(cos ¢ sing ) (1.30)
1+singp
V2(cos +sinf — 1)
= 1.31
Cs 1—sin® (1.31)

Notice that both Cy and C3 are real constants and that Cy depends only on ¢
while C'3 depends only on 6.

13



The extension given by w = 6 = ¢ = 0 corresponds to the operator

b{#) = {w Y=oty —g7) +ealg — 91

(1.32)
1/)0 S D(Ho), C1,Co € (C}

Hv = Hoho +i(c1(g' +97°) + c2(gi +9177)).- (1.33)

Functions in the domain of H are continuous and have continuous derivative in
y, from its definition the operator H coincides with the “free” Hamiltonian i.e.

D(H)=H*R) Hy¢= —dd—;w Y€ D(H). (1.34)

Operator H? = —A + ad, is given by w = ¢ = 0, from boundary conditions
(1.19) it is easily seen that

D(HY) = {v e H'R) N HA(R\{y}) :

(1.35)
V') - (yT) = agly), —co<a< oo}
d2
HY'=——. 1.
@ pre) (1.36)
Constant « is related to 6 by formula (1.31)
o V2(cosf +sinf — 1) (1.37)

1—sin6

Interaction given by Hamiltonian H'? is often referred to as d-interaction.
We indicate with H’!¢ the other well known extension of Hy given by w = 6 = 0,
again boundary conditions (1.19) give

D(HG) = {v € HAR\{y}) : v/(y*) = v'(y"),

(1.38)
h) —v(y7) = AU (y), —oo <A< o0}
/ d
Hy' = ——s. (1.39)
Constant ( is related to ¢ by formula (1.30)
5= V2(cos p —sinp — 1) (1.40)

1+singp

Interaction given by Hamiltonian H gd is often referred to as ¢’-interaction.
From (1.30), (1.31), (1.37) and (1.40) it is easy to convince ourselves that
the subfamily given by w = 0 corresponds to a point potential given by a
d-interaction plus a ¢’-interaction.

Operators H) or H} coincides with H if v = 0 or 3 = 0 respectively.
Equivalently all the self-adjoint extensions of Hy can be obtained by using the
Krein’s formula for the resolvent, such formula allows to evaluate the difference
of two resolvents of two different self-adjoint extensions of Hy (see appendix A).

14



We indicate with H® the generic self-adjoint extension of Hy, usually it is useful

to express the resolvent of H® with respect to the “free” resolvent (H — z)7!,

formula (A.10) reads

(H® —2)'=(H -2+ Y (CE)an(@h )0 2€p(H®) (141)

m,n=1,2
where functions ¢, are defined by
¢i(x) =G*(x—y); ¢3(x)=(G*)(r—y) z€C\R' (1.42)
By direct calculation one can check that ¢, satisfy relation
G = O + (2 = 20)(H = 2) 950 m=1,2; 2,2 € p(H) (1.43)
Matrix I'(z) is defined by
P(@mn =D )mn = (2 = 2)(07,07)  myn=1,2 2,2" € p(H®) (1.44)

and
T(z)*=T(2) z¢€p(H®) (1.45)

Functions I'(2),, and ¢Z,, are analytic in z € p(H®), notice that p(H®) C
p(H).

Relation (1.44) does not define univocally the matrix I'(z), by direct calculation
one can verify that

1 0
I'(z) = <2z(\)ﬁ ﬁ> +0, (1.46)
21

where © is a 2 x 2 arbitrary, constant, Hermitian matrix, satisfies conditions
(1.44) and (1.45). Then the resolvent is found by inverting the matrix I'(z) and
by formula (1.41). Matrix © plays the role of the unitary application U in the
von Neumann construction, in fact a 2 x 2 Hermitian matrix is determined by
four real independent parameters. The domain of H® is then given by the range
of the resolvent (H® — z)~%.

It is a simple exercise to write down the resolvent of H1¢. The maximal common
part (see appendix A) of H and H'? is not Hy but

2
fy= 0, DUl = {v € () () =0}, (14)
its adjoint is
Hy =0 D) = HFR\(y)) 0 H'(B). (1.48)

Then the only independent solution of equation
(Hy —2)¢* =0  ¢* € L*(R), 2 € C\R (1.49)

is G*(z — y). Function
1

Fe) =57~

(1.50)

Q|+

15



with o € R satisfies
D(2)—T()) = (' = 2)(G5,GF) 2,2 € p(HM) (1.51)

and
T =T() =€ p(HM) (1.52)

Then resolvent of H1? ca be written as

gt - 2VE ey e —
(Y =27 = (=27 = (B (@ =) )G )

z € p(Hy")
and operator H:? can be defined as

D(HM) = LQR::Z—MZ G*(- —y);
(Hy") {¢e R):p =1 zoz—|—2\/51/)(y> (- w50

v* € D(H), 2 € p(HY), Tm /% > 0}

(HA = 2) = (H — 2)y~ (1.55)

Function ¢ is called regular part of v, if 9*(y) = 0 then ¢ = ¢* and Hl%) =
Hvp. Starting from formula (1.54) it is easy to verify that functions in D(H1?)
satisfy boundary condition

W'yt =9 (y7) = avly) (1.56)

As we will see in the following the characterization of the domain D(H}?) given
in formula (1.54), with a regular part plus a term proportional to the value of the
regular part in the point y and to the Green’s function of the “free” Hamiltonian,
is recurrent in the structure of the point perturbations of self-adjoint operators.
An exhaustive analysis of all the singular perturbations of —A in one dimension
is in [7]. The reader interested will find there the spectrum of HY for § and &'
interactions and the analytic expression of the integral kernel of the propagator
in the general case expressed by boundary conditions (1.24).

The generalization to a finite or infinite number of points and the analysis of
the band structure obtained with the Kronig and Penney Hamiltonian (1.2) is
in [9].

1.3 Singular perturbations of —A in three di-
mensions

As we stated in section (1.1) in three dimensions it is not easy to obtain an
intuitive definition of H, as it was done in dimension one. In spite of this the
procedure to define H,, in three dimensions by using the theory of self-adjoint
extensions is substantially identical to the one dimensional case and in some
sense more simple.

Consider the operator

D(Ho) = C*(R*\{y}) yeR? (1.57)
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Hop = —Ay 4 € D(Ho) (1.58)

where A = 8672% + 88723 + 3‘9—%. In three dimensions the only independent solution
of equation

H¢® = 2¢°  ¢* € D(HY), 2 € C\R (1.59)
is
iVl
Gr—y)=—-— z € C\R, Im+/z > 0, (1.60)
Ar|z —y|

like in dimension one, G* satisfies, in the sense of distributions, the equation
(—A — 2)G* = §,, where §, is the three dimensional Dirac delta centered in y,
in three dimensions the derivative of G* is not in L?(R?).

Functions G* and G~ span the deficiency spaces K’ and K~ respectively and
the deficiency indices are (1,1). A unitary application between one dimensional
spaces is defined by only one real parameter then all the self-adjoint extensions
of Hy are elements of a one real parameter family of self-adjoint operators.
The more general function in X can be written as

#'(z) = cG'(x) ceC (1.61)

Being ||G?|| = |G™*| = (V/47v/2)~! a function ¢~ obtained by ¢° via a unitary
application U is ‘ A ‘ ‘
i =U¢' = —ecG™" 0 €0,2m) (1.62)

Indicating with HY the self-adjoint extension of Hy corresponding to the unitary
application U, von Neumann formula gives (see appendix A)

D(HU) = {1/) S L2(R3) Dh =)y + C(Gi . ewG_i);
(1.63)
Yo € D(Hy), ceC, 0 ¢ [0’2ﬂ-)}

HY4 = Hytpg + ic(G' + G (1.64)
Owing to the presence of the term c(G* —e? G™%) in general functions in D(HY)
are not in H2(R3).
Noticing that

lim (G'— G = L vVt

|z—y|—0 4
one obtains (G — G~%) € H%(R3), then for § = 0 operator HY coincides with
the “free” Hamiltonian

(1.65)

D(H) = H*(R3), Hiyp=-Avyp, e D(H). (1.66)
Function
T(z) = fizl/—j +a (1.67)
where « is a real constant, satisfies
D(z) ~T(2) = (2 = 2)(G",G") 2,2 € p(H)) (1.68)
and
I'(z) =T(z) (1.69)



then indicating with H3¢ the self-adjoint extension of Hy corresponding to
from Krein’s formula one obtains

(3 =)™ = (=) (@) )G ) (LT0)

Being D(H32?) = Ran[(H32¢ — 2)71] it is easily seen that

D(H3) = {w € LA(R?) 1 v = v* +qG*(- —y); v* € HA(RY),

- (1.71)
= m, z € p(H3?),Im/z >0, —00 < a < oo}
(H3 — 2)y = (H — 2)y* (1.72)

Function ¥*(z) is called regular part and often constant ¢ is referred to as
charge.
Of course formulas (1.71) and (1.72) represent a good prototyped of point in-
teraction in dimension three, in fact if y ¢ ¥ then ¢ = * and H3%) = H1).
It is worth to note that constant ¢ does not depend on z, in fact it can be defined
as

q= | 111{1 047r|x —ylY(x) (1.73)

T—y|—

The operator defined in (1.71)-(1.72) coincides with the one given in (1.5) and
(1.6). In fact function

7
dr|z — y|

q

0 _ _ R

=*(x) +¢G*(x — y) (1.74)

satisfies ¥° € HZ (R?), Vy© € L?(R?), Ay° € L2(R?), ¢°(y) = ag and
H3")p = Hy® — 2 — ) = (1.75)
e R Er i < PV RN Ry
4| — y|

The real constant « is related to the behaviour of functions in D(H,) near the
point y, in fact
ory

lim == —dmar =0 Y€ D(H3%) (1.77)

r—0 r

where r = |z — y|.
The relation between o and @ can be deduced by imposing condition (1.77) on

Y=o+ c(G'— G 4y € D(Hy), ceC (1.78)
one obtains /3
2 sin 6

notice that & — oo when 6 — 0, then contrarily to the one dimensional case
the “free” operator corresponds to a = 0o, according to the fact that —(47a) !
represents the scattering length of H3<.

Since we will use the operator H2? in chapter 2 we state the main results about

its spectrum and the integral kernel of propagator e a't

18



Theorem 1.1. The essential spectrum of H3? is purely absolutely continuous
and
Oess(H3Y) = 04 (H3Y) = [0, 00), o5 (H3Y) = @ (1.80)

If a <0, H3? has one eigenvalue
opp(H3Y) = {—(4m)?} —oco<a<0 (1.81)

the corresponding normalized eigenfunction is

€
®o =V 2|a| ——
o] |z — y

Aralz—y|

(1.82)

If o« >0, then opp = .

The proof is based on the analysis of resolvent (H3? —2)~!, the reader interested
can refer to [9].
iH3?

The integral kernel U! (z,2’) of the propagator e~ *a"* is obtained by a formal

inverse Laplace of the resolvent (see [43], [6], [7])
2it

Ul(z,)=U'(r—2) + ———————
@) =V =)t gy =g

Ul(le =yl + |2 — y)+

Srait S
o omart et (y 4 |z —y| + |2’ — y)du a >0
lz —yllz" =yl Jo
0 a=0 (1.83)
+ 2| | 4‘n'i|a|2te_4ﬂ—|a‘ |I—y‘ 6_47r|a‘ |30/—y\
ale
|l‘ - y| |Jfl — y|
8mait o , 0 <0
Tl gl €U e =yl = la’ — yl)du
B —YlJo
where Ut(z — 2') is the integral kernel of the “free” propagator e~*#* in dimen-

sion three

i \xfa:/\2
X2
e it

(47it)3

—iHt _ t x_x/ J)/ x/ _ Z‘/ J)/ )
() @) = [ U= = [ T paha s

The generalization of the construction to N and infinite points, the approxi-
mation by means of local and non local scaled-short range potential and much
more is in [9].
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Chapter 2

Decoherence Induced by
Scattering

We give a rigorous treatment of the asymptotic dynamics of a quantum particle
undergoing a single scattering event with a much lighter particle.

A detailed knowledge of such a process is the necessary preliminary step for
the formulation of more realistic models for the dynamics of a quantum particle
evolving in an environment made up of many light particles. In this perspective
this problem was investigated by Joos and Zeh [29] first and by many others
([25], [51], [27], [26], [13] and references therein) successively.

Starting from a dynamical hypothesis about a single scattering event, since then
referred to as Joos and Zeh formula, those authors deduced a master equation
for the reduced density matrix of the heavy particle, from where they computed
the characteristic times of the processes of decoherence and dissipation induced
by the interaction.

Joos and Zeh noticed that as a consequence of a small mass ratio two time scales
characterize the evolution of the two particles: a slow one relative to the heavy
particle and a much faster one relative to the light particle.

In order to specify the details of their idea let us suppose that the state of the
two particle system is initially given in a product form of the type p(R)x(r)
where R and r describe respectively the spatial coordinates of the heavy particle
and of the light one. The authors proposed that, in the roughest approximation,
the scattering process would be described by the instantaneous transition

@(R)x(r) — @(R) (S%x) (r) (2.1)

where ST is the scattering operator for the light particle corresponding to the
heavy one fixed at the position R. The R dependence of the scattering operator
indicates that entanglement has taken place in the sense that the state of the
scattered light particle keeps track of the position of the heavy one.

Details of the process of entanglement dynamically induced by a single scattering
event, outlined above, was analyzed in a series of recent papers ([20], [23] and
[3]) for different models of two body interaction. In [23] and [3] the authors
gave rigorous estimates of the asymptotic dynamics, in the limit of a small mass
ratio, for particles interacting respectively via a point interaction in dimension
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one and for a class of smooth potentials in three dimensions. Their results can
be considered as a rigorous formulation of the Joos and Zeh formula (2.1).

We give a detailed analysis of the dynamics of a three dimensional system made
up of two quantum particles interacting via a repulsive §-like potential.

All the results presented in this chapter are published in [15].

2.1 The model

In order to define the model we need to introduce some notation and to recall
few results concerning scattering theory and wave operators.

We indicate with H, , the family of self-adjoint perturbations of the free Lapla-
cian in dimension three. The operators H, , coincide with H3? defined in section
1.3.

In order to simplify notation we will use H, instead of H, . For a > 0 the
explicit form of the propagator e~ e of H,, (see [43], [6] and [7]) is

24t

—itH, N —itH (.
e (x,2") =e (x x>+|$||$"

e (|| + 2"+

8rait [ (2:2)

—4mou ,—itH !
- e e (lz] + |2'| + u) du
|z[|2'] Jo

where H is the “free” Hamiltonian (1.66) and e~ is the “free” propagator
with integral kernel

/2

|z—x
—itH / e
— = . 2.3

¢ (z—2) (47?2'25)% (2:3)

For every k € R? the generalized eigenfunction of H, , corresponding to the
energy E = |k|? in the continuous spectrum is given in closed form by

etky  Filkllz—yl
dra +ilk| |z — vyl

Y (2, k) = " + (2.4)
Using the generalized eigenfunctions ®Y it is possible to define the unitary maps
(see e.g. [21]) FY : L?(R3) — L*(R3)

FLAMW =5 = Jim_ oz [ @b fa)da (25)

I
R (21)

where Bp indicates the sphere of radius R in R3. The wave operators (see e.g.
[42] and [46]) for the Hamiltonian H, ,

H

Q% =s— lim emHowemimHo (2.6)

T—Fo0
are unitary for a > 0 and are related to F¥ by
Ol =(FYTF (@) =F1A (2.7)

where F indicates the usual Fourier transform.

Now we have all the ingredients to define our two particle model. The “free”
Hamiltonian describing two non interacting particles of mass M and m is the
operator

2 2
D(H) = H*(R3,dR) ® H*(R*,dr) H= fh—ARf h—Ar. (2.8)
m
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where R and r are the coordinates relative to the particle of mass M and
m respectively while Ar and A, indicate the Laplacian with respect to the
coordinates R and r. To simplify notation we fix M = 1 and h?/2 = 1 and we

— m
define € = ;.

In the system of coordinates of the center of mass x = Rl'_"‘_? and of the relative
coordinate y = r — R, the Hamiltonian H reads
1 1
D(H) = H*(R® dz) ® H*(R*,dy) H=--A,——-A,. (2.9)
v M

€

T is the reduced mass.
£

where v = (14 ¢€) is the total mass of the system, y =
At formal level the operator (2.9) can be written as

H=H"@I+1® H* (2.10)

where H” = v~'H and H* = u~'H, while I indicates the identity operator on
L2(R?).
The operator

H,=H' @l+I1e H" (2.11)

with H# = (u) "1 H, is self-adjoint and coincides with H on functions satisfying
the condition W(R,r)|gr=, = 0. Notice that in (2.11) H* = p~1H, suggest that
a rescaling of the coupling constant « has been made (compare with the cases
of two body potentials [23] and [3]).

We consider the problem

ia‘gf) — HLU() (2.12)
U(0; R, r) = o(R)x(r) (2.13)

in the limit of small €.

Because of the particular initial conditions (2.13) the positions of the two parti-
cles are uncorrelated at time zero. Nevertheless the dynamics is not factorized
with respect to the coordinates R and r. The mutual interaction of the two
particles, described by the static J-like potential in the relative coordinate, will
eventually produce correlations between the positions of the two particles.
Expressed in the language of weighted Sobolev spaces H™* (see e.g. [55])

< +oo}
L2(R4)

with L2(R?) = H%*(R?) and H™(R?) = H™O(R?), we will assume that initial
state satisfies

m
2

H™*(RY) = {u € L?(RY) : H (1+]- |2)5 (1—-A)

u ‘

Condition 1. p(R) € HM(R?) and x(r) € HMY(R3) N H2(R3).

Our main result is expressed in the following theorem where we indicate with
| - || the L?(R?) ® L?(R3)-norm.

Theorem 2.1. There exist two constants A > 0 and B > 0 such that for any
initial state (2.13) satisfying condition 1 and any fized o > 0 and t > 0, one
has

19 (t) — wo(t)]| < A(%)% + Be (2.14)
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where

T (t) = e tH g (2.15)
H*=H®l+1® H* (2.16)
WH(R) = (R) [(2F) " x| (1) (217)

and the constants A and B depend only on the initial state and on the constant
a.

The result of theorem 2.1 expressed by (2.15), (2.16), (2.17) can be thought
as an exact formulation of the Joos and Zeh conjecture (2.1) for the special
case of point interactions in three dimensions. As stressed by many authors
(see e.g. [51], [27], [23], [3], ) formula (2.1) can not be correct, as it stands,
inasmuch as one is looking for a relation between initial and scattering states
and not between in and out states. Roughly speaking (2.17) shows that the
approximation formula holds true if in (2.1) the scattering matrix S* is replaced
with the wave operator (Qff)~*

The proof of theorem 2.1 is in appendix B.

2.2 Decoherence induced by scattering

We want to apply the results obtained in theorem 2.1 to the analysis of the deco-
herence effects induced by a single scattering event at the level of approximation
of the dynamics given by the Joos and Zeh formula. As it was done in the one
dimensional case [23], the estimate allows to compute how much quantum inter-
ference observed in the evolution of the state of the heavy particle, initially in
a superposition state, is decreased by the presence of the light particle. We will
interpret the decreasing of interference as a sign of a more classical behavior of
the heavy particle.

The reduced density matrix for the heavy particle in the spatial coordinates rep-
resentation is the positive, trace class operator p,(t) in L?(R3) with Tr p, (t) = 1
with integral kernel

pa(t; R, R) :/ dr¥(t; R,7)¥(t; R ,7) (2.18)
R3

where W(t; R, ) is the solution of problem (2.12), (2.13).

In the small mass ratio limit, using the results contained in theorem 2.1, one

easily obtains the following approximation for the density matrix (2.18)

pt(t) = efithgeitH (2.19)

where
po(R, R') = p(R)P(R)I(R, R') (2.20)
I(R, R) = () 'x, (@) ) (2.21)

It is easily seen that the following proposition holds
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Proposition 2.1.1. Under the same assumptions of the theorem 2.1 one has

Tr [pa(t) — p2(1)|% < A (%) 'y Be (2.22)

Without interaction the dynamics of the heavy particle is described by the
reduced density matrix p(t) obtained from the free evolution of the density
matrix po(R, R') = ¢(R)p(R’). Being po(R, R') a projector operator one has

Tr(p(t))? = Tr(po)? = 1 (2.23)

The amount of entanglement due to the interaction at the order of approxima-
tion of the Joos and Zeh formula is expressed by the term Z(R, R') in the initial
density matrix. Given the unitarity of the operators (Qf)*l it is obvious that
for R # R’ one has |Z(R, R')| < 1. This implies that

Tr(p®(1))* = Tr(pg)* < 1 (2.24)

which in turns means that the reduced density matrix (2.19) describes a mixed
state.

In addition to these immediate consequences of the unitarity of (Q%)~! it is in
principle possible in our specific model to compute explicitly Z(R, R').

Given the unitarity of the Fourier transform and the definition of (Q%)~! we
can write

I(R,R) = (Fiy, FE'x) (2.25)

We introduce the notation
Fl=F+Kpg (2.26)

where F is the usual Fourier transform and K is the operator

dr e—ikR  gilk|lr—R|

K 0= [ o (227)

with this notation
Z(R,R') = (x,x) + (Krx, Fx) + (Fx, Kr'x) + (KrX, KrrX) (2.28)

Notice that because the unitarity of (Q%)~!, Z(R, R) = (x,x) and the (2.28)
implies

(Krx; Fx) = —(Fx, Krx) — (Krx; KrX) (2:29)
To get an estimate for the amount of decoherence we consider a normalized

state (x, x) = 1 and compute the quantity 1 —Z(R, R'). From (2.28) and (2.29)
we obtain

1-Z(R,R) = (Fx,(Kr — Kr)x) + (Krx, (Kr — Kr/)x) (2.30)

We will analyze (2.30) in the particular relevant case in which the initial state
of the light particle is given by a symmetric wave packet centered at the origin,
in particular let us choose

x(r) = (2.31)



We will address our efforts on the special case in which R' = —R and we will
evaluate Z(R, —R). It is easy to see that for every state such that x(r) = x(—r)

(Fx, (Kr = K_g)x) =0 (2.32)

Under the same assumption on x(r) the second term in the r.h.s. of (2.30) can
be written as

dk 1— 62ikR y

2m)3 (dra)? + |k|?

(Krx, (Kr — K_R)X) :/Rs (

etk eilkllr]
x/ drs (r—i—R)/ dr’ x(r'+ R)
RS | R3 ||
(2.33)
The two integrals in 7 and 7’ in the r.h.s. of the last expression are one the
complex conjugate of the other. Using the specific form (2.31) of x(r) we obtain

e—ilklIr
’/ alri‘r| X(r+ R)

2
. 3
3 O |k|2 2

=972
|R[?

X

‘ ‘ - 2
MRl £(2) + e~ iFIRIGr F(2) — 2isin \k|\R|’

(2.34)
where z = IRIT}%"’Q. Inserting this in (2.33) and integrating on the angular

part of k we have

2 .
1 - Z(R,—R) = 1K (1 - Sm(Q"“”RD) LR

03/ e i —
[RI2V/7 Jo (4ma)? + |k[2 2|k||R|

4 , - 2
elflIBler f(2) + e FIIBler £(2) — 2isin \kHR|’
(2.35)
Expression (2.35) clearly shows that for every R one has 1 —Z(R,—R) > 0
moreover it is easy to see that, for fixed R, 1 —=Z(R, —R) is a decreasing function
of a. For this reason we focus our attention on the evaluation of (2.35) when
a=0.
We define the dimensionless variables £ = |k||R| and R = |R|/c and we pose
Z(R,—R) =I(R). With this notation one has

1-Z(R) :\Rl%ﬁ /Oo d¢ <1 - Sinz(gg)> e R x

eerf (f + f?i) + e Serf (R2 - if) —2ising
(2.36)

Analyzing the asymptotics of the positive integral in (2.36) it is easy to check
that 1 — Z(R) tends to zero as 1/R? when R grows to infinity and as R when
R tends to zero.

It is more interesting to investigate the range of values of R for which quantum
interference is expected. The integral in (2.36) is not computable in closed form;
its numerically computed behavior as a function of the parameter R is given in
the figure.

Together with the initial state (2.31) for the light particle, let us consider an
initial state of the heavy particle which is a coherent superposition of two wave

X
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packets concentrated in regions symmetrically placed around the origin, at a
distance |R| each one with average momentum +pg heading toward the origin.
At a time approximately given by the classical flight time |R|/|po| one expects
quantum interference to take place for distances of the order of the dispersion
of the two wave packets.

Formula (2.20) for the approximate initial density matrix suggests that if o is
of the same order of the distance of the wave packets a maximum decoherence
effect will take place.

Joos and Zeh, in their seminal paper on the subject [29], proceeded from the
single scattering event toward the analysis of the decoherence effects induced on
the heavy particle by the interaction with a gas of light particles.

In the case of a large number of non interacting light particles one expects to be
able to prove a generalization of theorem (2.1) in the direction suggested by Joos
and Zeh. In turn this would imply a decoherence effect which is exponentially
increasing with the number of the particles of the environment.

Although conceivably true on a heuristic basis, the above mentioned result is
not easy to prove, taking into account the complete Schrodinger dynamics. In
fact the light particles are coupled through the heavy one, in the sense that the
dynamics is not factorized in any coordinate system.
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Chapter 3

Spin Dependent Point
Interactions

All the quantum particles when revealed by detectors exhibit classical trajecto-
ries. This phenomenon was first investigated by N.F. Mott in his work on the
tracks left by a-particles in a Wilson chamber, his words well summarize the
problem: “It is a little difficult to picture how it is that an outgoing spherical
wave can produce a straight track; we think intuitively that it should ionise
atoms at random throughout space”, from the article The Wave Mechanics of
a-Ray Tracks, 1929 [33].

In his analysis Mott deduced that to explain the appearing of straight tracks
one has to take into account the environment represented by the atoms in the
gas inside the Wilson chamber. By using the stationary Schrédinger equation,
he showed that two atoms in the gas cannot both be ionized unless they lie in
a straight line with the radioactive nucleus. The use of the stationary theory
is questionable but Mott’s idea was undoubtedly ingenious and in the spirit of
the decoherence program.

Our investigations are addressed to the realization of a model of Wilson cham-
ber. We propose a system in which the environment consists of an array of
spins. A quantum particle, interacting with the spins via a spin dependent
point potential, plays the role of the quantum subsystem under observation.
The high degree of computability of the dynamics generated by point Hamilto-
nians should allow to show that, because of the interaction with the spins, the
reduced density matrix relative to the particle initially in a pure state dynami-
cally evolves towards a statistical mixture.

A realistic measurement apparatus should consist of a large number of spins.
The effect of the interaction should be a “small” perturbation of the “free”
evolution. The particle should proceed almost freely while the state of the spins
will change substantially.

Following the same strategy as in the analysis of decoherence induced by scat-
tering we start from the study of the dynamics in the two body problem.

As a preliminary step we concentrate our attention on the characterization of
all the possible spin dependent point interactions between one particle and one
spin that can be obtained from an assigned “free” dynamics. Details on such
characterization in one and three dimensions are given in appendix C.
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In this chapter we analyze the dynamics generated by a class of Hamiltonians
among the ones obtained in appendix C. Our results indicate that entanglement
occurs and that decoherence effects can be explicitly computed.

The generalization to a system of IV spins, which do not interact between them,
seems to be feasible although not trivial. The work on this system is in progress.
Formally the structure of the Hilbert space of our system is identical to the one
proposed in [10] in the analysis of the interaction between a particle with spin
1/2 and a quantum dot. It is easy to establish a close analogy between the
Hamiltonian analyzed in [10] and the one (in dimension one) proposed in our
model.

3.1 Free dynamics

We consider a system consisting of a quantum particle and one spin localized
in the point y. From the mathematical point of view the spin is treated as a
vector in C2. This approach is usual in solid state physics to study impurities
in superconductors.

The natural Hilbert space for our system is

H=L*RY)xC?, (3.1)

where d is the dimension of the space.
In the following we will indicate a vector in H with a capital Greek letter. In
our analysis we will use the decomposition formula

U=> t(r)®x, TVEH (3.2)
o==+

where 1, (2) € L?(R?) while x+ are the normalized vectors in C? satisfying
0xX+ = tx+ and o, is the Pauli matrix that on the standard basis of the spin

operator & is expressed by
0 1
Op = <1 0) . (3.3)

The scalar product in H is naturally defined by

(U1, W2) = > (Y10,025) W1, Uy €H (3.4)
o=+

where (-, ) indicates the standard scalar product in L?(R?).

The choice of the “free” Hamiltonian for the spin part is arbitrary, we consider
the case in which the “free” dynamics of the spin is generated by a term in the
Hamiltonian of the whole system proportional to o,. The operator

DH)=H*R)®C* H=-A®I+I®ac, acR. (3.5)

is self-adjoint. The action of H on a generic vector ¥ € H can be written as

HU =Y " [(-A+ 0a)t](x) @ Xo (3.6)
o=%4
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The resolvent of H is
(H—2)"'0 = Z[(—A+0a—z)_1wg}(m)®xg z € p(H) (3.7)
o=%
where p(H) is the resolvent set of H and
[(—A = N1, ](x) = G — 2" )y (2')da’ A€ C\R* (3.8)
Rd

with G* () integral kernel of (—A — \)~!

ezﬁ\xl
i NE d=1
z
GMz) = AeC\RT, Im(VA)>0 (3.9)
e
d =
47 || 5

The spectrum o f H is easily obtained from (3.7) and from the spectral structure
of the “free” Schrodinger operator. The point spectrum of H is empty, opp(H) =
& and the essential spectrum is only absolutely continuous

0(H) = 0css(H) = 0ac(H) = [—|a, +00). (3.10)

Notice that the part of the (continuous) spectrum [|a|, +00) is four fold degen-
erate. While the part of the (continuous) spectrum [—|af, |a]) is only two fold
degenerate.

By using the property of the Laplace transform £~! (E(f)( +a)) (1) =e""f(7)
and from the expression of the resolvent of H one obtains the explicit form for
the propagator e**. The solution of the Cauchy problem

A

— =HV!
at (3.11)
‘l/tzo — \I’O
is given by
Yt = e~ HEgY = Z (Ut¢2) () ®e 7y, , (3.12)
o=%
where
R
) @ = [ (3.13)
R (4mit)?z

The spin can be in a superposition of states x4 and x_.

3.2 Interacting dynamics
We call point perturbation of Hamiltonian (3.5) every self-adjoint operator

which coincides with H on vectors in ‘H for which the wave function part has
no support in the point y.
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In appendix C we discuss in detail the characterization of the family of self-
adjoint perturbations of the operator H obtained with the theory of self-adjoint
extensions. In dimension one elements in such family are identified by sixteen
real parameters while in dimension three only four real parameters are required.
In this section we state the main results about the spectral structure and the
propagator of the subfamily of self-adjoint perturbations of H corresponding to
a generalization of the d-like interactions discussed in chapter 1. In our model
the “intensity” of the point potential depends on the value of the z-component
of the spin. As we will see in the following section this occurrence generate
entanglement between the particle and spin.

We indicate with H the operators in this subfamily. The following theorem is
obtained by direct construction in appendix C.

Theorem 3.1. The operator H

DUT) = {WeH: =0+ 3 (To(2)) 'i(y)®3; W° € D(H)
o=+

. (3.14)
P =) 2 () @ Xo; —00 < 7+ < 00, zEp(H)}
(H—2)¥=(H-2)0° zepH) (3.15)
with
_vEFe
(Ti(2)™ ' = Wijl_:”'z:':a zepH), Im(VzFa)>0
- d=3
AdtyL — V2 F«
(3.16)
and
0L = G-y @xs  z€p(f) (3.17)

where G#(x) is the integral kernel of the Laplacian which expression in dimen-
sions one and three is given in (3.9), is self-adjoint and its resolvent is

(H—2)"'=(H =27+ ) (L(2)7H(®Z, )25 zep(H). (3.18)
o=+

It is a simple exercise, and it is done in appendix C to verify that in dimension
one vectors in D(H) satisfy

Y (yh) = Vi (y™) = v2v+(y) (3.19)

where ¥4 (x) individuates the wave function part relative to x4+ of the generic

vector ¥ € D(H). While in dimension three the wave function part of a vector
in D(H) has a singularity of order |x — y|~! and

Y() =03 @) + g VR gt (0) € (Y

z€p(H), Im(VzFa)>0
(3.20)
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with
= Amyi(y)
* Adtyy —ivVz Fa

notice that g+ do not depend on z.

(3.21)

The structure of H in one and three dimensions is very similar to the well known
operators H1? and H3? introduced in chapter 1, this makes very easy to know

the spectral structure of H and to find an explicit expression for the propagator
e—iHt

Theorem 3.2. Both in one and three dimensions the essential spectrum is only
absolutely continuous and

Oess(H) = 04e(H) = [—|al, +0) . (3.22)

If v4 < 0 and/or v~ < 0 then

o — ﬁ —a— ﬁ d=1
E, = 4 and/or FE_ = 4 (3.23)
o (477 )? o () d=

are eigenvalues.

Ifd=1 for a >0 and —2v2a < v, < 0 the eigenvalue E. is embedded in the
continuous spectrum, for a < 0 and —24/2]a| < v— < 0 the eigenvalue E_ is
embedded in the continuous spectrum.

Ifd =3 fora >0 and —/2a < 4wy, < 0 the eigenvalue E is embedded in the
continuous spectrum, for a < 0 and —+/2|a| < 4dwy_ < 0 the eigenvalue E_ is
embedded in the continuous spectrum.

The normalized eigenvectors relative to the eigenvalues Ey and E_ are ford =1

vl _ v_|
Dp, =/ %6_ Fllgyy s @p = %e‘ Tl g v (3.24)

while for d =3

(I)E+ =V 2|7+|

e—4mv+ | lz—yl

|z =y

e—4mlv-Ilz—yl

|z -yl

X+ Pr. = V2|

@x_ (3.25)

The proof of theorem 3.2 is a simple generalization of the analogous proofs about
the spectrum of the singular perturbations of the Laplacian in one and three
dimensions that one can find in [9].

The solution of the Cauchy problem

AVt
g =AY (3.26)
\Ijt:U _ \I/O
is given by
Ul =7 M0 = N " (UL 40) (x) @ e 7%y, (3.27)
o==+



where for d =1

UL, (z,2") =U"(z — 2")+

—% e_%“Ut(u+|x—y|+|x'—y|)du v+ >0
0
0 Y+ = 0
+ |7i|ei%t6—¥|m—y\e—‘gﬁ‘|m’—y\+
27i 0 L, Y+ < 0
+ 2 [T o -y -~ yl)da
0
(3.28)

while for d = 3

2t
Ul (z,2)=Uzx —2")+ ———————U'(Jz —y| + |2’ —y|)+
(o) = U =)+ B0 e =y e~ )
8 iit *° —
_m e T (4 o — y| 4 |2 — y))du v+ >0
0
0 Y& =0
+ 2|ryi|e4mhi‘2t674ﬂhi\ le—y| g—4mlyz] |z’ —y| N
T — ' —
. =~ |2 —y| e <0
e [T u— fa = y| — |2~ yl)du
[z —yllz" =yl Jo
(3.29)

where U'(x) is defined in (3.13). The derivations of propagators Ul (z, ') is
in [43], [6] and [7].

3.3 Application to decoherence

We are interested in showing that because of interaction some entanglement
occurs also when the initial state is factorized. In the spirit of the decoher-
ence program we analyze the time evolution of entanglement and the effects of
decoherence obtained by tracing out the environment.

Consider the initial state

+ Xx—
0 = 0(x) ® [“] 3.30
Y- () 7 (3.30)
where ¢%(z) € L?(z) and |[¢°]| = 1.

The “free” evolution of ¥y given by the Hamiltonian H is easily obtained by
applying formula (3.12)

(3.31)

Ut — (UtwO) (z) ® [6iatX+ + emtX—}

V2

We will use the formalism of the density matrices. In the “free” case the density
matrix associated with U? is

plt) = WV, (3.32)
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In the standard representation of the algebra of Pauli matrices in which y; =
(1/v/2,1/3/2) and x_ = (1/v/2,—1//2), the reduced density matrix obtained
from p(t) by tracing out the wave function part is

1 672iat

pred,x(t) = TrL2 (p(t)) = 5 it 1 (333)

Since there is no interaction between the spin and the particle preq,y is still a
projector and still represents a pure state. In particular Trc2 (pfed’x(t)) =1. As
expected no effect of decoherence is produced if there is no interaction.
The same result is obtained by tracing out the subsystem consisting of the spin,
in fact

preay(t;z, @) = Trez(p(t)) = (UY°) () (U0)(2) (3.34)

and Trpz (744 (1) = 1. )
If the generator of the dynamics is H things are quite different. Suppose that
v+ # v—, then from formula (3.27) it is clear that interaction generate entan-
glement between the particle and the spin in fact the state

. e—iatX eiatx,

0= (U 0") (@) 8 2+ (Ue) (@) @ 3.35

L) @e 2 () @ e S as (339)

is no more factorized. We expect that by tracing out the spins (or the particle)
we will obtain a reduced density matrix that does not describe a pure state but
a statistical mixture. This is true, in fact, proceeding as in (3.32) and (3.33)
one has

pt) =TI, ) (3.36)
and )
1 1 u(t) e—2w¢t
preant) = Tz (p(0) = 5 | (3.37)
U(t) echt 1
with

() = [ o (U1, 60) (@) (U 00) @) (339)
If v, # v_ because the unitarity in L?(R?) of U, and Ul one has

1 w(t)]?
Tres(pZa0) = 5 + 1200 <1 (3.39)
In principle, given g, function u(t) is computable at any time.
Notice that the same result holds if we consider the reduced density matrix
obtained by tracing out the spin part,

preaoltm,a') = Trea (p(1)) =3 (U2, 0°) () (U2, w0) (') +

) A (3.40)
+5 (U2 ") @) (U ) @)
and )
Trpa (g ) = Tres(a®) = £+ U0 <1 gy
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Notice that interaction it is not the only requirement to have entanglement.
If v+ = - no decoherence can be observed because the particle is unable to
distinguish the state of the spin.

Moreover if the initial state is

W0 = 0(a) @ x4 (3.42)

the state persists to be factorized and no entanglement is produced. Decoherence
does not take place because there is no transfer of information between the
subsystems.

The results obtained suggest to increase efforts in the analysis of the systems
proposed. Analytic estimates of w(t) are of interest both in one and three
dimensions. The next step should be the generalization to a system of N spins.
The analysis of self-adjoint perturbations of H different from H is of some
interest. In our opinion more attention should be payed to Hamiltonians that
do not commute with o.
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Part 11

Point Interactions in
Acoustics
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Singular extensions of symmetric operators turned out to be a powerful tool in
modelling classical systems made up of a compressible fluid and several mechan-
ical oscillators, coupled to the acoustic field they produce in the fluid.

The physical system under study was suggested by the appearance in 1999 of a
paper by J. D. Templin [52]. In that paper the author analyzed the dynamics
of a simple model of a spherical oscillator interacting with the acoustic field it
generates. The pressure field at the surface of the sphere completely character-
izes the contact forces responsible of the interaction between source and field.
The existence of a spherically symmetric radiation field, the acoustic monopole,
makes possible detailed analysis of the field emitted by the acoustic monopole.
Explicitly computing both its radiation and near-field components Templin no-
ticed that a deduction of the reaction field obtained from the emitted radiation
power, therefore neglecting the near field component, brings to an equation for
the radius of the oscillating sphere showing runaway solutions, i.e. solutions
for which the acceleration increases beyond any bound even in the absence of
external fields.

Runaway solutions are well known in classical electromagnetism where all at-
tempts to construct a complete, covariant, causal, divergence free theory for the
evolution of the fields together with their sources were unsuccessful up to now.
Actually it is hard to say that there is a single case in classical or in quantum
physics in which this problem was completely solved.

Whereas theories with extended rigid charges are quite well understood both
at the classical and the quantum level (see e.g. the recent book [50] for a
systematic introduction to the subject and for a long list of references), there
is no mathematically consistent theory of point charges interacting with their
own electromagnetic field. Indeed Newton equations with Lorentz force require
the fields to be evaluated at the particle positions, and this produces infinities
due to the presence of the point-like sources. These difficulties directly lead
to the need of mass renormalization. In his seminal paper Dirac [22] (also see
[28], [30], [32]), without using Lorentz force but exploiting the conservation of
energy and momentum and considering their flow through a thin tube of radius
r, derived an equation for the motion of a charged point particle (the Lorentz-
Dirac equation). As Dirac himself pointed out the equation obtained in the
limit r | 0, together with the mass renormalization, leads to the presence of
runaway solutions.

An approach based on the theory of singular perturbations of the free dynam-
ics was initiated in [35] and [36] for the case of classical electrodynamics of a
point particle in the dipole (or linearized) case. Here the generator of the limit
dynamics of both the field and the particle appears to be a singular perturba-
tion of the generator of the free dynamics. The phenomenological mass plays
the role of the parameter describing a suitable family of self-adjoint extensions
and the boundary condition naturally appearing in the domain of the genera-
tor results to be nothing else that a regularized (and linearized) version of the
usual velocity-momentum relation in the presence of an electromagnetic field. In
this framework runaway solutions are unavoidable because a negative eigenvalue
appears in the spectrum of the generator after mass renormalization.

In analogy with what was done for the electromagnetic case in [35] we provide
a formalization of the problem of oscillators coupled with their acoustic field
in terms of singular perturbations of the generator of the free dynamics. As
an immediate consequence of the third Newton’s law and of the assumption of
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persistent contact between the fluid and the surface of the oscillators, the total
energy, sum of the (positive) energy of the acoustic field E,. and the (posi-
tive) energy of the oscillators F,s., is a constant of motion. As an immediate
consequence one can exclude the existence of runaway solutions in this case.
Moreover, lacking a mechanism of reflection of the acoustic waves at some exte-
rior boundary, the motion of the oscillators should be damped and the energy
should finally diffuse over the field degrees of freedom, for almost every initial
condition. The situation is reminiscent of the one investigated in [47], [48] and
[49] about the diffusion of energy from bound states to continuous states trig-
gered by time dependent perturbations in quantum and classical systems even
though in our system there is no external potential the interaction being given
by internal forces.

In chapter 4 we state our results in one dimension. In this case it is possible to
study a system made up of several mechanical oscillators coupled to the acoustic
field in the fluid surrounding them for different settings of the oscillators array.
The generalization to three dimensions is not straightforward. From one side
a model of a physically relevant, symmetric, mechanical oscillator with finite
degrees of freedom is lacking. On the other side point perturbations of the free
dynamics are much more singular in higher dimensions.
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Chapter 4

Point Interactions in
Acoustics: One
Dimensional Models

We analyze the dynamics of a one dimensional system made up of mechanical os-
cillators interacting with the acoustic field they produce in the fluid surrounding
them.

We suggest a formalization of the problem in terms of singular perturbations of
a free skew-adjoint operator. In our setting the dynamics of the whole system
(mechanical oscillators and acoustic field) is generated by a strongly continuous
unitary group of evolution.

Although in dimension one the model is more simple of the three dimensional
one introduced by Templin in 1999 [52] the formalization proposed is completely
new. With our approach the description of a system with finite oscillators
becomes trivial and the generalization of the results about the damping of the
oscillations, obtained by direct evaluation in the simple case of a single oscillator,
is an immediate consequence of the unitarity of the evolution group generating
the dynamics.

The generalization of the construction to the case of infinitely many sources is
given. In the case of sources periodically placed on the real line it is possible to
obtain detailed results on the characteristic band structure of the spectrum of
the generator of the dynamics.

The results obtained are used to analyze a one-dimensional problem of homog-
enization.

4.1 The acoustic monopole in one dimension

We give a detailed description of our model in the simplest case of one oscillator
coupled with the acoustic field.

Consider an infinite pipe filled with a non viscous, compressible fluid. We sup-
pose that there is no friction between the fluid and the pipe and we choose a
coordinate system with the z-axis parallel to the axis of the pipe. The mechan-
ical oscillator is made up of a very thin wall of mass M positioned in the pipe
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perpendicularly to the axis in & = 0. The thin wall is connected to a spring of
elastic constant K. We analyze only one dimensional cases, hence the acoustic
field is described by the pressure field p(z,t) and the velocity field v(z,t). The
motion of the mechanical oscillator is described through the position and the
velocity of the thin wall.

The field p(x,t) represents deviations of the pressure in the point = at time ¢
with respect to an equilibrium pressure Py. In the linearized acoustics regime
the continuity equation, the Newton’s second law and the adiabatic equation of
state read

ap v v dp

9p v _ ov__9% = q2 4.1
5 TPogy =00 pogy 5e0 P=aP (4.1)

where p(z,t) is the deviation of the density in the point x at time ¢ with respect
to the equilibrium density py and a is the velocity of sound in the fluid.
Then we have for p(z,t) and v(z,t) the following coupled differential equations

dp 45 Ov ov 1 0p
ot~ " P ot T pox (42)

We consider only small oscillations of the thin wall around its equilibrium posi-
tion = 0, we indicate with y(t) the displacement of the wall from its equilib-

rium position at time ¢ and we suppose that the wall remains always in contact
with the fluid
dy(t)

v(y(t),t) = T vVt >0. (4.3)

Notice that we consider a wall of zero thickness. We make the approximation
v(y(t),t) ~ v(0,t) and condition (4.3) becomes

0(0,) = dil—it) VtE>0. (4.4)

The equation of motion for the position of the thin wall y(t) is

Mij(t) = —Ky(t) — S (p(07,¢) — p(0~, 1)) (4.5)

where S is the area of the transversal section of the pipe and we made the
approximation p(y*(t),t) ~ p(0F, 1).
The total energy of the system is given by

Etot = Eac + Eosc (46)
with
S > 2 Spo [~ 2
Eac = 2a2p0 [mp(I) dx + T . ’U(I’) dx (47)
K M
Eosc = 53/2 + ?yQ ; (48)

E,. is the energy stored in the acoustic field while E,. is the energy of the
mechanical oscillator.

As the system is isolated the energy is constant. The motion of the wall produces
acoustic waves thus transferring continuously energy from the oscillator to the
acoustic field. One then expects that y(t) decreases to zero when ¢t — oo.
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To evaluate the decay rate one have to solve the following Cauchy problem of
coupled partial and ordinary differential equations with time dependent bound-
ary conditions

% _ _a2p0% V¢ > 0 Ve € R\{0}
g;):_plog?; Vi > 0V € R\{0}

i(0) = —Bu(t) — 2 (p(0*,1) ~p(0.1) VI >0

pl(z,0) = f() Va € R\{0} 4
v(z,0) = g(z) vz € R\{0}

y(0) = yo

9(0) = 7o

o(0.6) = (1) vt >0

where f(z) and g(z) are two real functions and w3 = K/M.
It is not hard to find the exact solution to problem (4.9) and to verify that if

) € CRR): (@) € CRE) and o= e f'(0): G =9(0), (410

than y(t) and g(t) are both continuous and decrease exponentially to zero with
decay constant 7 = appS/M. In spite of being a simple exercise, the exact
computation of the solution of problem (4.2), (4.4), (4.5) and, in turn, of the
damping rate of the oscillations rarely appears in textbooks, the details of the
solution of Cauchy problem (4.9) are in [16].

4.2 Singular perturbations of the free dynamics

In this section we present a generalization of problem (4.9) formulated in terms
of a unitary flow on a space of finite energy.

In analogy with what was done for the electromagnetic case in [35] we define
the generator A of the interacting dynamics, as a singular perturbation of the
generator of the free dynamics.

We consider a system of n thin walls positioned in the pipe perpendicularly to
its axis. Let § = {s1,...,8,} C R be the set of equilibrium positions of the
thin walls. The é-th thin wall, placed in s;, has mass M; and is connected to a
spring of elastic constant K.

We will use a capital Greek letter to indicate a generic vector (p,v,y,z) €
L*(R)® L2(R)®C"aC", where L?(R) is the space of square-integrable functions
on the real line,

Yy=y1e; + -+ yne,, z=2z1€ + -+ 2ne, (4.11)

and e, ...,e, is the canonical orthonormal base in C".

Consider the Hilbert space

H:=L*R)o L*R)oC"oC" (4.12)
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with the scalar product

(W1, ¥2))

1 1~ _
= Zm (p1,p) + po(v1,v2) + 3 ZK]' Y15Y2j + M Z1j205,  (4.13)
=1

where a, pg, K;, M;, 1 < j < n, are positive real constants representing the
physical parameters previously defined, S is the area of the transversal section
of the pipe, (-,-) indicates the standard scalar product in L?(R) and ~ denotes
complex conjugation.
The square norm of a vector ¥, ||¥]|?2 = ((¥, ¥)), defines the total energy of the
system in the state ¥

S
Eior = 5”\1/”2 = Fuc + Eose (414)

where E,. is the energy stored in the acoustic field while E,,. is the energy of
the oscillators

poS 1 —
w0 = gaap, PP T (00 e =52 (Kilyi* + M |%[°) . (4.15)

Jj=1

Define
dv 1 dp " K.
L —a’py — I L
(pﬂ)vﬂv ) a” po dxv 0 d$7 E2) JE::IMJ Yjig; (416)
(p,v,y,2) € H.

Indicating with H'(R) the homogeneous Sobolev space of locally square-integra-
ble functions with square-integrable (distributional) derivative and with H'(R)
the usual Sobolev space H!(R) := H'(R) N L?(R), the operator A

D(A):=H'R)oH'(R)oC"®C" - H  AV:=LU ¥ e D(A) (4.17)

A is skew-symmetric and real, i.e. it preserves the (physical) linear subspace of
real elements

{(p,v,y,2) e H : p(z) €R, v(z) ER, y e R", z€R"} . (4.18)

The resolvent of A is

_ 2 G\ dv ¢
(~A+0) 7 (prv,y,2) = (ﬂo (—dxz " ) (‘di e p) ’
1 2 dp Mz + (M.
0 ( ) + a2) (— + CPO'U> Z KZJ+ CQM Qj ) (4.19)

~ Ky + (M2 ‘
ZW% (p,v,y,2) € H, ¢ € C\iR.

Jj=1

Since Ran(—A £ 1) = H, A is skew-adjoint.
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Moreover the essential spectrum of A is purely absolutely continuous and

Oess(A) = 0ae(A) = iR,  opp(A) = {ii,/]\}z, 1<j< n} . (4.20)

Consider the linear, closed, densely defined, skew-symmetric operator Ag
D(Ao) = {(p,v,y,g) ceH'R) e H(R)aC'&C":
v(Sj)=Zj,j:1,...,n} (4.21)

AV =LY Ve D(Ao)

A is a skew-adjoint extension of Ag. We want to find all the skew-adjoint
extensions of Ay different from A which coincide with A on D(Ay).

Since Ag is a skew-symmetric operator formulas given in appendix A are slightly
different. Equation (A.9) is substituted by

ApdS = (B¢ @C € D(A}), ¢ € C\iR (4.22)

It is easy to verify that for { fixed there are n independent solutions of equation
(4.22), they read

; ¢ ) —CS )
(el — | ! —8;), —Si), . 2,
o) = (-4t —53). o Oclo =) e &+ T T T
(4.23)
where a
% e~Slel/a Re( >0
Ge(z) = O el Rec <0 (4.24)
— 2 e e( <
1 ~lel/a
/ d - §sgn(x) e Re( >0
Ge(z) = ﬁgg(x) = 1 (4.25)
- §sgn(a:) eslzl/a Re( <0
and j =1,...,n. The deficiency indices of Ay are (n,n).

Notice that functions GZ satisfy in the sense of distributions

1 S

(~L+¢) Gi(z) = (07 %5%7 0, —Mj> ¢ € C\iR, (4.26)

where 55]- is the Dirac delta centered in s;.
We indicate with R(() the resolvent of A

R(Q)=(-A+0~"  (ep(4) (4.27)

where p(A) is the resolvent set of the operator A. Being A a skew-adjoint the
adjoint of its resolvent is given by the relation R({)* = —R(—().

We indicate with AV a generic skew-adjoint extension of Ay different from A and
with RY () its resolvent, clearly RY(¢)* = —RY(—(). From Krein’s formula we

obtain

RY(¢) = R(¢) = Y T(Q)5' ((G7 - ) Ge (4.28)
i,j=1
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where ['(¢) is a matrix defined by

L(Q)ig = T(€)ij = —(¢ = OG-, GE)) (4.29)

and satisfying B -
[Q)* = -I(=0), (4.30)

where * indicates the Hermitian conjugate. R
By direct evaluation one obtains that the more general matrix I'(¢) satisfying
formula (4.29) is

L) =T)+© (4.31)
where
1 S6;4 .
F(C)z] = — <a2p0 g((si - Sj) + m> C S C\ZR (432)

and © is a constant skew-adjoint matrix.

Since we are interested only in real skew-adjoint extensions of Ay we have to
restrict the choice of © to skew-symmetric matrices. Off diagonal elements of the
matrix © determine the coupling between the j-th oscillator with the pressure
field evaluated in s; # s, since we are looking for “local” couplings between the
acoustic field and the oscillators the only possible choice is © = O,,, where O,
is the n x n matrix with all zero entries. We obtain the following theorem

Theorem 4.1. The linear operator
A:DA)cH—H (4.33)
D(A) = {(p.v,y.2) : p € LR) N H'(R\S), v € H'(R), y € C", z € C",

p(si) —p(s;y) = 04, v(s;) = 25, c€C"},

(4.34)
A(pa U?ﬂvg) =
dv 1 dpo " (K, S (4.35)
|2 av 1 app E A R
= aﬂodx, 0 dxa§7 ;(ij]"‘MjUJ QJ
is real and skew-adjoint. Here py € H'(R),
po(x) :=p(z) — 3 Z o sgn(x — s;) , (4.36)

denotes the reqular part of p. The resolvent of A, R(C) = (—A +¢)7L, is given
by

R(¢)=R(¢)— Y Tz ((G7 )G ¢(eC\iR.  (4.37)

ij=1

Proof. By general theorems on self-adjoint extensions of symmetric operators,

see e.g. [5] and by I'(()* = —I'(—(), it follows that det I'(¢) # 0 for any ¢ € C\iR
and that R(() satisfies the first resolvent identity

(€= RORKC) = R(€) — R(C) (4.38)
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and R R
R(()" = —R(=() (4.39)
Moreover from (A.12) and (A.13) components of vectors GZ and functions
I'(¢)ij, i, j = 1,...,n, are analytic in ¢ € C\iR. Therefore
A:=—-R()T+¢ (4.40)
is well defined on R R
D(A) := Ran(R(()). (4.41)

By (4.38) such a definition of A is (-independent. A is skew-symmetric by (4.39)
and is skew-adjoint since Ran(—A + 1) = H by construction.
Thus (p,v,y, z) € D(A) if and only if

n

p(x) = pc(z) — Z (D)™ 1)) (ve(sy) = 2¢5) Gelw — s4) (4.42)
o(z) = C Z )i (ve(s5) — 7¢3) Gelw —s5),  (4.43)
3,7=1
_ - ~1 v (Sj) —Z(j
y=y, S i;(ﬂc) )i W e (4.44)
oz = (8 3 (PO L) oz (4.45)

UOR e, G
o K; + (M,

with (p¢(z),ve(2) Y, ,2¢) € D(A). Posing

A(pavay7§) = (Al(p7U7y,§)7142(p,v,g,§),AS(p,”,y,é);Azl(p,v,y,é))7 (446)

The action of A on (p,v,y,2) is given by

. dv _
[Al(pvvvyvé)](‘r) = C C Z z] 'UC SJ) Zgj)gé(.’b — 81‘)
i,j=1
(4.47)
A 1 dp¢ S, -1
A - 5 T . ) . _ g
[A2(p,v,y, 2)|(z) 00 da (z) + a2po ijzzjl( ()7 )ij (velsy) — 2¢5)G¢ (@ — 54)
(4.48)
A ) ve(s5) — 2¢
A3 (pa v, y7 _ZC CS Z]z:l 1.7 m €; (449)
A K; -1 ve((s5) — 2
A4(pavay7§):_ Z yﬁjfj_c SZ 1_] W@l-
1§]<n i,j=1
(4.50)
By the definitions of D(A) and T'(¢) one has
Ay (p,v,y,z) = —d® dv (4.51)
1\, v, Y,2) = Po dz .
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A3(pvvvy7§) =z (452)

and, defining

i = p(s7) = p(s;) =D _(TQ) ™ ij (vels) — 25 (4.53)

j=1

formula (4.50) becomes

. " K. n o
A4(Pﬂ),y,§) :_Zﬁ;ijQj _CQSZ mgl = (4.54)
j=1 i=1
" (K, s
j=1

Then, posing
n 1 n
p(z) = pe(x) — Z 0 Gi(x — s5) = polx) + B Z ojsgn(x — s;), (4.56)
j=1 j=1

one obtains
[AQ(p7U7g7 )]( )

ddmg oy (dlees| (¢ N
o dz Z (dx? :zzfsj) dm2+a2 Ge(r—yj) ) =

_]:1
(4.57)
1 dpo
e 4.
po dx (4.58)
Finally
n - CS(S :
vl =ve(on) = 32 (00 (o) — 265) (T + 35 or ) =
=1 i 7
(4.59)
L o1y, velsk) — 2k n
Z‘:k CSZ:( (C) )k] Kk: + C2Mk Zk? ( 60)
O
By the previous theorem the differential equation
d -
a (pvvvgaé) = A(pav7y7§) (461)
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is equivalent to the system of equations

Op ov

v 1 Opo 1 ([ 0p -

— = ——=— | = - i s 4.
ot po Ox po \ Ox ; 73 %s; (4.63)
d

d% — (4.64)
dz [ K; S

and the corresponding Cauchy problem generates the strongly continuous uni-
tary group of evolution exp tA on H which preserves D(A)

It is worth noting that the only local, real, skew-adjoint extension of Ay different
from the free operator A corresponds to the relevant physical coupling between
the pressure field and the oscillators.

The next result will be useful in the spectral analysis of A.

Lemma 4.1. The matriz

ro(\)t:= Egr(AiE)*l (4.66)

is well defined for any X\ € iR\{0}.

Proof. We give the proof only for the matrix I";. ()), the case I'_ (\) is analogous.
Let the matrix '} (¢) the analytic continuation of T'(¢) defined for Re¢ > 0 in
(4.32) to C\ Uj_, {#i\/K;/M;}. Suppose that s; > s; if i > j, then

[y (¢Q) = —1155(¢) — T35 (<) (4.67)

where II;; is the operator

IL; = (¢~ () ® 8" (Q)) (4.68)

otCsi/a e;. While T'({) is the upper triangular matrix

with ¢*(¢) = ¥, Spmae
{ (Séi + sinh {(s;—s;) i<

K;+¢2M; apo - (4.69)
0 (>

T(C)ij =

We use the formula

1 1 1

L _ _
MO = Tmorro -t "o " Wngyrg - @Y
. © (4.71)
270 ( T(C))

for all ¢ for which this series converges.
Matrix T'(¢) is invertible and its inverse T'(¢)~! is a lower triangular matrix
with (T(()’l)ii =1/(T(¢));;- The eigenvalues of T(¢)~* are 1/(T(¢)),; and

we can write

i

T =D(T)'DE)! (4.72)
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where D(¢) is a unitary matrix, analytic for ¢ € C\{0} and

~ K+ (*M;
(707), = gt = g 0 (473)

We obtain for 'y (¢)~! the expression

I ()7 ' ==D() Y ()" (2 @x(Q)"T()'DE)™" (4.74)

n=0
with
) 20N
(4(6)), = T (D)9 (0), (175)
(x(©), = (D) ¢"(0), (4.76)
Then
L0 = ~ g D" (O #(O)er) " DIOUOEXOTO PO
" (4.77)
if the series converges one obtains
1 DY ex(OTE) DI
O TG T T T 050 47%)
Consider the scalar product in C"
"o . 20T
(OO = X DOTG @), g (DQT67(C), - (479)
i=1
Notice that, for A € iR\{0}, <K(/\),%()\)>Cn € iR and
=i (X(X),®(N)) e — 00 for A — +ico (4.80)
—i <X(A),Q(A)>Cn — —oo for A — 0% . (4.81)

Then there exists at least one point A € iR in which (x(A),¥(A))cn = 0. In a
neighborhood of this point the series converges and defines an analytic function.
By (4.78) and (4.79) it is clear that 'y (¢)~! exists for any ¢ € C\{0}. The same
relations show that one can put 't ()~ := 0if ¢ = i\/K;/M;, j=1,...,n. O

The following theorem completely characterizes the spectrum of A.

Theorem 4.2. The essential spectrum 0f/1 is purely absolutely continuous and
Oess(A) = 04e(A) =R,  o,p(A) = {0} . (4.82)

Any vector of the kind

n n

1
(2Zaj sgn(z — s;), 0, 72 inij O) ) (4.83)
° J
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with

> o;=0, (4.84)
j=1

is an eigenvector corresponding to the (n —1)-fold degenerate eigenvalue A = 0.
The generalized eigenfunctions ®()\) corresponding to the point of the abso-
lutely continuous spectrum relative to right (4+) and left (—) incidence are given

by

S\ x) = (S5 (N 2), dE (N ), GE(N,0E (V) AEiR  (485)
o+ _ +Az/a ¢ - -1 +Asj/a —Az—sil/a
Qsp ()\,.T) =Ce + % Z (].—‘+()\) )ije 7 sgn(x — Si)e

,j=1
(4.86)
o+ A Oeﬂ:)\l‘/a c - .\ ! tAsj/a,—Az—s;|/a 4.87
e Na) = FO— = F 5 Z:< O A (4.87)
R SC n G:E/\Sj/a
+ -1
12N T e 1
oy (V) =+~ ”2_:)1< + N e (4.88)
. ASC eAsq/0
)=+ Ly ij——576 4.
¢£ ()‘) apo 1<;<n( +<)‘) )ZJ K; +>\2M,L'QZ ( 89)

with C = \/apo/(47).

Proof. For ¢ € p(A)Np(A), (—A+¢)~t —(—A+¢) " is of finite rank, then from
Weyl’s criterion (see e.g. [41] Theorem XII1.14) one has 0egs(A) = 0ess(A) = iR.
Moreover, by Birman-Kato invariance principle, the wave operators Qi(fl, A)
exist and are complete (see e.g. [42], Corollary 2 to Theorem XI.11). Thus
Tac(A) = 040(A).

Let iy be the singular continuous part of the spectral measure on ¢R corre-
sponding to A and W. Since ||G(¢)¥| < oo for all ¢ € C\o,,(A) and for all

velD,
D:={¥=(puv,yz) :peL'(R)NL*(R), veL'R)NL*(R)}, (4.90)

by Lemma 4.1 and [41], Theorem XIII.19, one has supp 5 C {0} U 0,,(A4) ie.
supp ¢ = 0 since 5F has no atoms by its definition. Since D is dense this gives
ose(A) = 0.

One can check that any vector ¥ of the kind (4.83) is in the domain of A and
solves the equation AU = 0. The degeneration of eigenvalue {0} follows from
condition (4.84).

Suppose now A € iR\{0} and consider the equation AW = \U. This produces,
if U = (p,v,y,2), the equation

A2 PR
V- v = ——— 005, (4.91)
2 2 37850
a azpo i
with 0; € C, i = 1,...,n, which has no square integrable solution.

51



The expression for the generalized eigenfunctions is a consequence of the Stone’s
formula (see e.g. [39], Theorem VII.13) which gives the generalized expansion
formula

. B S -
weso lims-lim o / [RO\+2) — RO— )T dA, (4.92)

O

In the following lemma the asymptotic behavior of the oscillations of the thin
walls is characterized.

Lemma 4.2. Given ¥ orthogonal to the eigenspace relative to eigenvalue zero,
let us denote by (y(t),z(t)) the projection onto C" & C™ of e'*W,. Then

lim |ly(t)|lcr =0 and lim |[z(t)|lcr =0.

[t|— o0 [t]|— o0

Proof. Let P(dk) be the projection-valued measure corresponding to the self-
adjoint operator —iA. Since ¥, is in the absolutely continuous subspace, for
any ¥ the bounded complex measure (¥, P(dk)¥,)) is absolutely continuous
with respect to Lebesgue measure and hence its density belongs to L (R). Thus,
by the spectral theorem and Riemann-Lebesgue lemma,

lim (U, e 4W0) = lim [ e ™ (W, P(dk)¥)) = 0. (4.93)

[t]— o0 [t]|—o0 R

By taking ¥ = (0,0,¢,,0) and ¥ = (0,0,0,¢,), i = 1,...,n, one then obtains

=g 2

lim y;(t) =0 and lim z(t)=0. (4.94)

[t]—o0 [t]—o0
O]

In order to obtain more precise estimate on the asymptotic behavior of solutions
of equation (4.61), for particular initial conditions, a detailed analysis of T'(\) ™!
is required. For example in specific cases one can prove existence of frequencies
which are totally transmitted by the array of oscillators.

In [16] one can find a different derivation of operator A obtained by using the
technique developed by A. Posilicano in [37] (also see the appendix in [38] for a
compact review).

4.3 Kronig-Penney model in acoustics

It is possible to extend the previous construction to the case of an array of
infinitely many oscillators. We prove that in the case of a periodical array of
identical oscillators the energy spectrum shows a band structure.

The construction of A when S = {s1, 82,...} is a denumerable set such that

d:= 12f |si —sj| >0 4,j€N. (4.95)
i

follows closely what was done in [9]. We state the final result, for more details
the reader can refer to [16]
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Theorem 4.3. Let {K;}° {M;}°, K; >0, M; > 0 be in £>° and suppose that
{K;/M;}° and {1/M;}3° are in £ too. The linear operator

A:DA) c*R)@L*R)® @ * - LA (R)® LX(R) @ 2@ %,  (4.96)
D(A) ={(p,v,y,2) : p€ L*(R)NH'(R\S), v € H'(R), y € {*, z € (7,

p(sj) —P(Si_) = 04, v(sj) =2z, 0€ £2}7

(4.97)
Ap,v,y,2) =
dv 1 dpo > s (4.98)
U .
= apodx 2% dr 2 ;(M yj + )
is real and skew-adjoint. Here py € H'(R),
1 o0
le) =ple) = 5 3 sonle =5, (499)
J:
denotes the regular part of p. The resolvent of A is given by
R(¢) = R(¢) = Y T(Q5' ((G7 - )GE ¢ eC\R. (4.100)

4,j=1

Now we can proceed to the study of a periodic system. We use the same notation
of [8].

In this case S will be the “Bravais” lattice,

S={nL:neZ}, L>0, (4.101)
and S the “Brillouin” zone,
A b b 27
S= [2,2> , b—f. (4.102)

We consider a Hilbert space H on L? @ L? @ ¢? ® ¢? in which the scalar product
is defined by

K M
(pr,p2) + polvr,v2) + = (¥, 4,) + —5) (21, 22) (4.103)

a?po

where (-,-) represents either the usual scalar product in L?, when concerning
pressure and velocity fields, or the usual scalar product in ¢2, for y and z.

M, K and S are positive constants representing the mass of oscillating walls,
the elastic constant of the springs and the area of the transversal section of the
pipe.

The Hilbert space H can be decomposed as

H=#" H(S, b7 do; L*(|-L/2,L/2)) ® L*([-L/2,L/2)) ®C® C) (4.104)

/ (LQ([—L/z,L/Q))@L2([—L/2,L/2))@(C@(C)
[—b/2,b/2)
(4.105)

53



where

W H— H(S, b do; L3 ([-L/2,L/2)) ® L*([-L/2,L/2)) ®C® C) (4.106)

W (pv,y.2) = ((W9)(0.0). (Vo) (O.0), (Wy)(0). (W2)(6))  (4.107)
(Wp)(0,v) = p(0,v) = > " p(v + nlL) (4.108)
(Wo)(0,v) =0(0,v) = 7§ e Ly(v +nL) (4.109)
(Wy)(©) =5(0) = ej:“’ZLyn (4.110)
(Wz)(0) = 2(0) = gzemﬂzn vel-L/2,L/2), 6¢c[-b/2,b/2) (4.111)

nez

and

WL H(S, b de; L2(|-L/2,L/2)) & L*([—L/2,L/2)) ®C® C) — H (4.112)
Va(

P, 0,9, 2) =
= (W '9)w +nL), (W) +nL) AWk, (W 2),})
(4.113)
b/2
(W) (v +nL) = b~ / d0e=m0L5(0, 1) (4.114)
—b/2
) b2
(W) (v +nL)=b"" / dfe="Ly(9, ) (4.115)
—b/2
b/2
(WL, = b*l/ dfe= 9L g(0) (4.116)
—b/2

- b/2 ,
(W=12), = b—l/ dfe="Lz(0)  ve[-L/2,L/2), ne€Z. (4.117)
—b/2

The scalar product in L?([—L/2,L/2))® L?*([-L/2,L/2))®C & C is defined by
1

L L K. _ M.
o (P1,P2) L2 + po(01,02) /2 + = U1l2 + o 2122 (4.118)

S S

where (-,-)1,/2 indicates the usual scalar product in L?([—L/2, L/2)).
From Theorem 4.3 we obtain the following

Corollary 4.3.1. The linear operator
A:D(A)cH—H (4.119)
D(A) = {(p,v.y.2) sp e R)NH'(R\S), ve H'R) ,ye &, z€ 2,
p(nLt) —p(nL™) =0, ,v(nL) =2, Yn€Z, g € 62}

(4.120)
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R dv 1 dpg K S
A = (—a’po—, ————, 2z, — =y — — 4.121
(p7v7ya§) ( a podx, 0 dx ) My MU) ) ( )

where the reqular part of p(x), denoted with py € H*(R), is
1
po(x) =p(x) — 3 Z on sgn(x —nL), (4.122)
neZ
1s real and skew-adjoint.

We want to study the spectral structure of A. To this aim we introduce the
family of operators A(9)

A(9) : D(A(0)) c L*((~L/2,L/2)) ® L*((~L/2,L/2)) & C& C

(4.123)
— L*((~L/2,L/2)) ® L*((~L/2,L/2)) & C& C
D(A()) = {(ﬁ(G),ﬁ(ﬂ),ﬂ(HM(@)) :
5(0) € H'((—=L/2,L/2)\{0}), ©(8) € H'((~L/2,L/2)),
g0 eC, 3(0) eC
{5(910-’_) _~ﬁ(970~_) = ~(9)’ (4.124)
0(0,0) = 2(0), 6(0) € C,
N _
o(o8) (o).
_ Lt ior~ (2 L~ b b
(9,—2 ) =il (9,2 ) }; Vo € [—2,2)
A(0)(B(0),5(6),5(6), 2(6)) :=
B , do(0) 1 dpo(h) . K _ S (4.125)
= (e ) 2(6),—700) — 35500))
where po() € H'(R) is the regular part of ()
ol8,) = (6, ) — 55(6) sen(v). (1126)

Boundary conditions for (6, v) and 9(6, v) in v = 0 and v = £L/2 are such that
all operators in this family are skew-adjoint with respect to the scalar product
(4.118).

The operator A is related to A(6) by the relation (see [8])

o ® do .
AW :/ —A(9). (4.127)
[—b/2/2) b
The spectrum of A(6) is described by the following

Theorem 4.4. Let 6 € [—b/2,b/2) then the spectrum of A(0) is purely discrete,
in particular its eigenvalues E, (0) are given by

Ep(0) = M (0) = Qign(e)% . neZ, () eR (4.128)
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where &,(0) are the real solutions of

sin ¢ [sin& — F(€) cos €] cos? G?L = cos& [cos € + F(€) sin&] sin? % (4.129)
M 1 K
F(f) = Mg ( ZZQE §> Mg - pOSL7 wg = M, Wg = 277% (4130)

The corresponding eigenfunctions are

P, (0, 2) = (P (0,v),0n(0,1),9n(0),2,(0)) ; n€Z, 0 €[-b/2,b/2) (4.131)

(sin (fn — 9L> — F(&,) cos (En — 92L>) cos &V—i—
— isin («fn - 9L> (sin %u - F(fn)%| cos 2§lu>
(0, v) = — % [ (sm (fn - 9L> F (&) cos ( ) n—y—i—

+isin ( &, — 9L) <cos &V F(&,)sin |1/|> ] (4.133)

ﬁn(97 V) =C),

(4.132)

2 L
CnL 0L
Jn(0) = — i i = 4.134
Z,(0) :f—p’; sin (gn - QQL) (4.135)
For 0 € [-b/2,b/2) zero is an eigenvalue with eigenfunction
6L . . 0L .S 6L
Uy = (Co (COb — ~isin 23gn(1/)> ,0, 2200? sin —-, 0) (4.136)

Moreover the following chain of inequalities holds

0 < E1(0) < E1(=b/2) < Ea(=b/2) < E»(0) < E5(0) < E3(—b/2) < (4.137)
< Ey(—b/2) < E4(0) < E5(0) < Ea(-b/2) < E5(-b/2) < -
In general eigenvalues E,,(6) are all distinct and non degenerate. If w,/wg =n/2
with n € N there is just one two fold degenerate eigenvalue equal to nw/2, such
eigenvalue corresponds to 8 = 0 for n even and to |0 =b/2 for n odd.

If E(0) is an eigenvalue then —E(0) is an eigenvalue.
Given 0 € [—b/2,b/2) the following relation holds

Proof. Eigenvalues and eigenfunctions (4.128)-(4.136) are given by direct calcu-
lation. We solve the system of equations

A(0)(p(0),0(0),9(0), 2(0)) = A(B(0),0(0),9(0),2(0))  AeciR  (4.139)
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with the condition ¢(¢,0) = Z(), the solution reads

p(0,v) =C(¢) cos %TV + D(¢) {sin %TV — F(&)sgn(v) cos 215;/] (4.140)
C 2 D 2 2
0(0,v) = ia(pgo) sin % — ia(,ogo) [cos % + F(§)sin i'/qu (4.141)

where £ = —iLA/(2a) € R, C(€) and D(&) are two unknown functions of €. To
determine C'(€) and D(&) we have to take into account the boundary conditions

- Lt oL, L~
p<97_2 )—6 P(972 )
~ Lt 0L ~ L~
v<97—2 )—e v<9,2 )

This system has only the trivial solution C(§) = 0 and D(§) = 0 unless we con-
sider the values of £ for which the determinant of the matrix of the coefficients
of the system is zero, this condition implies equation (4.129) for the eigenval-
ues. For ¢ satisfying condition (4.129) the solutions of the system of dependent
equations (4.142) give the eigenfunctions.

For 6 = 0 and 6 = —b/2 relation (4.129) becomes

(4.142)

tan€ =0 or tanﬁ:F({):% <7r2552—§> ;7 0=0 (4.143)
9 g

coté =0 or —coté=F(&) = % (ﬁﬁé - g) © 0= —b/2 (4.144)
9 g

Graphic solutions of the transcendental equations (4.143) and (4.144) are given
in the upper part of figures 4.1(a) and 4.1(b). The chain of inequalities (4.137)
follows by the monotone behavior of F(£).

Degeneration of eigenvalues for w,/wy, = n/2, the fact that —E(f) is an eigen-
value if E(f) is an eigenvalue and relation (4.138) follow directly by equation
(4.129) and by F(§) = —F(=¢). O

One can show that there is a band structure writing equation (4.129) as

0L
tan®? — = tané& [

: tan& — F(§) ]

1+ F(§)tang (4.145)
It is possible to find solutions of equation (4.145) only for values of £ such that
the r.h.s. is positive. In the lower part of figures 4.1(b) and 4.1(a) the resulting
band structure is shown. The figures clearly show that the width of the gaps
is connected to the structure of the spectrum. In particular figure 4.1(b) shows
that when there is a degenerate eigenvalue, w,/w, = nm/2 with n € N, a gap
disappears because of the overlapping of two bands.

The bandwidth increases, when the ratio M /M, decreases.
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] i i T [— re HEEEE)
X i / H i === tan(&) ! - an()
\\ -cot(&) -cot(€)
00 \ / 00 \/ /
o 2x 3 },; o 2r 3n é

(a) With non degenerate eigenvalues.
M/Mg = 0.5, wo/wg =1.2

(b) With one degenerate eigenvalue.

M/Mg = 0.5, wo/wg =1

Figure 4.1: The upper part of figures shows the graphical solution of equations
(4.143) and (4.144). The lower part shows the band structure due to equation

(4.145)

4.4 Homogenization

We derive a limit equation for the velocity field when infinite oscillators are
distribuited with uniform density on a segment of lenght L of the z-axis.

As first step we find a closed equation for the velocity field when the number of
oscillators is N. Consider the system of equations

@_ 5 Ov

o = Py, (4.146)
N
v 1 9pg 1 [ 0p Z
o 20— [ N5, (4.147)
ot po Ox po \ Ox = J
dus
% =z (4.148)
dz; K; S
with
1N
p(a) = pofa) + 3 D oy sene — s, (4.150)
j=1
From equation (4.146) we obtain
Opy 1 N ) v
Bt + 3 ;aj sgn(z —s;) = —anO% (4.151)

taking the derivative of (4.151) with respect to z and the derivative of (4.147)
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with respect to t

Ozt
82 v 1 82]30

o2 py Otdx

0%po ol 0%
Z Y S
! j=1 7o e Oz

The function pg is the regular part of p, then we can assume that

OPpy  9po
ordt  Otdx

we obtain the following equation for v

N

1 0% 0% 1
- _ T _ - 55 0
292 912 a’pg ;UJ i

Taking the derivative of (4.148) and (4.149) with respect to ¢

Py (K, S,
a2~ \; 7T
and noticing that
d*z; 0%
zj = v(s;) and —dt; =52l
from (4.156)
) M; 0%v K,
=5 e, 5 V)
we obtain the closed equation for v
10 O LS (M0 K
a2 0t2 022 a2py = S Ot le=s; 8 )7

(4.152)

(4.153)

(4.154)

(4.155)

(4.156)

(4.157)

(4.158)

(4.159)

Define two positive functions pys(z) and px () such that pys, px € L (R) and

L L
M; = NpM(Sj) and K; = Np;((sj)

(4.160)

where L = max; ;(|s; — s;j|). We suppose to increase L by taking L fixed, the

following limits hold

N N
0% L 0%v
ZMjw‘z:s_jasj N ZpM(Sj)@’z:sjésj -
j=1 Jj=1
0%v(z’ 0%v(x

N /pM(x’) (,%(2 )5(x—x')dx’ = pum () 875(2 )

N XN

ZKJU(SJ)(SSJ N ZPK(SJ)U(SJ')(;S] -

j=1 j=1

N —

(4.161)

(4.162)



Then equation (4.159) for N — oo should be

1 0% 6721) _ 1 py 0% PK

a2 02 0x2 aZpy S o2 a2pOSU

_ @) oy Pu (@)
w(x) = 05 d n(x) 14 s

equation (4.163) become

Posing

0%v 0%v
ﬁ — GQ@ +w2(x)v =0

n’(z)

Consider the Cauchy problem

1 0% 0% R
—_————— = — 7 Og.
a? 0t2  9xz2  a?pg j;aj I
v(z,0) = f(z)

v

Bt im0 g9(z)

The solution of (4.166) is

r+at
vant) = 3 (fe—at) + flata) + 5. [ gla)ie'+

N
oo o0 1
—|—/ / G(x,t;x’,t')aQ—pOZc}j(t’) §(z' — s;)dt'dx’
where | |
Gzt V) =20 (t—¢ - 221
waa) =50 =

and ©(z) is the Heaviside function,

1 >0
O(x) =
0 <0

It is easy to check that

A PN (gl / 1 gt a ‘m_sj‘
Gz, t;2' )5, (t) 6(a" — s;)dt'da’ = -0 |t — ——=
Then the solution of the Cauchy problem (4.166) is
1 1 z+at , ,
v(x,t):5(f(x—at)+f(x+at))+% g(z")dz'+
r—at
TLI < Py P ]
2apg “ J a

Jj=1
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(4.164)

(4.165)

(4.166)

(4.167)

(4.168)

(4.169)

(4.170)

(4.171)



From equation (4.149)

o;(t) = —%yj (t) - %Zj(t) (4.172)
K; M, .
=~ ulsy,t) — —0(sg,t) (4.173)

where u(z, t) satisfies v = % Taking the limit N — oo

> o (t—'SE;Sj') -

j=1
o0 o
~ _po/ ) <x,,t_ |z aa: ) da'+ (4.174)
00 R,
— po/ y(z')o (a:’,t - M) dr’ N — o0
oo a

with y(z) = par(x)/(poS). It is possible to verify that

x+at
vant) = 5 (fla—at) + S +a) + 30 [ glado's

00 R _ !
L [wQ(x')u <x',t - M) + ("o <:c',t - M)] dx’
a

S 2 ) o a
(4.175)
is the solution of the limit Cauchy problem
2
n%x)% - 2% +w(z)v =0
v(z,0) = f(x) (4.176)
Ov
It li—o 9(z)

notice that n?(z) = 1 + v(z).
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Conclusions

Some applications of point interactions to quantum and classical systems have
been discussed in this thesis work. Although in very different frameworks the
subjects under investigation were addressed to give quantitative estimates on
the behavior of subsystems coupled with an environment by direct analysis of
the dynamics of the whole system.

Because of the fact that they generate explicitly computable dynamics point
interactions have revealed a powerful tool to reach our goal.

In the analysis of quantum systems the aim was to analyze the specific process
with which interaction with the environment leads a subsystem initially in a
pure state to evolve in a statistical mixture. This kind of problems is the core
of the decoherence program.

In three dimensions, an approximate formula describing an event of scatter-
ing between two quantum particles in the limit of small mass ratio, the Joos
and Zeh formula, has been proved. The control of the approximation is sig-
nificantly stronger with point interactions than with generic smooth potential.
In the model the light particle played the role of the environment. By using
the approximated dynamics and tracing out the light particle’s degrees of free-
dom an estimate of the suppression of the off-diagonal terms in the reduced
density matrix has been obtained. Given a factorized initial state, with the
light particle described by exp(|z|?/(202))/(mc?)?/* and the heavy particle in
a coherent superposition of two wave packets centered in zg and —xg with mo-
mentum respectively pg and —po heading toward the origin, it has been shown
that the maximum effect of decoherence takes place on distances of the order of
o. The above mentioned results have been published in Journal of physics A:
mathematical and general, [15].

A Dbetter model of environment should consist of N light particles. It is expected
that the decoherence effects increase exponentially with N. For generic smooth
potential this type of result was proved by R. Adami, R. Figari, D. Finco and
A. Teta (preprint in preparation).

Moreover one and three dimensional models of interaction between a quantum
particle and a localized spin have been proposed. The entire class of point in-
teractions that can be obtained as singular perturbations of an assigned “free”
dynamics has been characterized. The decoherence effects obtained by tracing
out both the spin and the particle’s degrees of freedom have been estimated.
This has been done by choosing a particular subfamily of interacting Hamil-
tonians for which the generator of the dynamics was shown to be explicitly
computable. The model proposed has revealed an interesting tool to investigate
decoherence dynamically induced by the interaction. A paper containing these
results is in preparation.
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In principle it is possible to evaluate explicitly the suppression of off-diagonal
terns in the reduced density matrix. As in the analysis of decoherence induced
by scattering it is expected that an environment made up of N (even non inter-
acting) spins will produce an exponential growth of the effects of decoherence.
This result seems in reach without particular technical difficulties and it will be
the subject of future work.

G. Sewell [45] suggested recently that an environment of N interacting spins
would be more effective in inducing decoherence. It is conceivable that, as it
happens to the supersaturated alcohol vapour of a cloud chamber, a system
of spins in a metastable state would “decay” in a different way depending on
the state of the particle. In this way an enhancement of the effects of decoher-
ence would result. The idea of Sewell is very interesting even if the technical
difficulties in controlling a system of IV interacting spins seems overwhelming
difficult.

In chapter 4 the results on a system of a finite and infinite number of mechanical
oscillators in one dimension coupled with their own acoustic field have been
presented. As it was mentioned in the introduction to the second part of this
thesis, this is an acoustical version of the long standing open problem of the
search of a complete theory of the electromagnetic field together with its point
sources.

A completely new formulation of the problem in terms of point perturbations of
a “free” operator on the Hilbert space of finite energy states has been proposed.
In particular the problem of the transmission of acoustical waves across a pe-
riodical array of identical oscillators has been solved and the band structure
completely characterized.

These results have been collected in the paper [16] submitted some months ago
to the Journal of Mathematical Physics. The article is still under review.

The effective equation for the continuum limit of infinitely many mechanical
oscillators has also been found.

In dimension three a model for a thin elastic shell with the fluid filling its inside
and outside is available but no non-trivial limit of zero radius seems to exist. On
the other hand the continuum limit should be non-trivial and will be analyzed
in future work.

It is worth mentioning that there is a growing interest in the search of physical
models of musical instruments.The most challenging goal of this program is the
quantitative analysis of the mechanism of diffusion of energy on the infinitely
many degrees of freedom of the oscillators and the acoustic field. Within this
program what we have done may be considered a toy model.
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Appendix A

Self-Adjoint Extensions of
Symmetric Operators

In literature exist beautiful and comprehensive monographs on von Neumann’s
theory of deficiency indices and Krein’s theory of self-adjoint extensions (see
e.g. [5] and [40]), in this appendix we just state the main results.

A.1 Von Neumann formula

Let Aj be a closed symmetric operator on a Hilbert space H and Aj its adjoint.
Given z € C\R we indicate with K*(Ag) the eigenspace of A relative to the
eigenvalue z

K#(Ap) = Ker(Aj — =I). (A1)

It is possible to show (see e.g. Theorem X.1 [40]) that the dimension of K* is
constant as z varies throughout the open upper half-plane or throughout the
open lower half plane.

Conventionally X' and X% play a special role and are referred to as deficiency
subspaces. Numbers n (Ag) and n_(Ap), defined as ny = dim[K?] and n_ =
dim [~ are called deficiency indices, they are two non negative integers and it
is possible to have n; and/or n_ equal infinity. To know the deficiency indices
is equivalent to know the dimension of K* for every z € C\R.

The knowledge of the deficiency indices gives precise indications about the self-
adjointness of the operator and the realizability of self-adjoint extensions. This
is due to the existence of a general decomposition formula for the domain of Aj
often quoted as von Neumann formula, stating that if Ay is a densely defined
symmetric operator on a separable Hilbert space then for all z € C\R

D(A{) = D(Ap) & K#(Ap) @ K*(Ao) - (A.2)
Then it is not hard to convince ourselves that Ag is self-adjoint if and only if
n4(Ag) =n_(Ag) =0, in fact, Ap is symmetric and D(Ay) = D(A}).
If ny = n_ > 0 formula (A.2) suggests the strategy to find the self-adjoint
extensions of Ag. In fact from (A.2) if ¢ € D(A)

=1+ "+ o € D(Ap), o7 € K*, 97 € K7 (A.3)
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and

Adp = Agtho + 20° + 297 . (A.4)

If A is an extension of Ay the following chain of inclusions holds
Ag CAC A" C Af (A5)

and D(A*) must be obtained by D(A{) restricting the subspace K* & K.
Suppose that (¢* + ¢*) € D(A*), by straightforward calculations one can check
that

(67 + 6%, A(¢° + ¢7)) — (A7(¢" + ¢°), 0" + ¢°) = (2 — 2) (Ilo°]* - |¢°]*)
(A.6)
then A* is symmetric if and only if ¢* = U@® with U isometric application
from K* to K#, being Dim(K?) = Dim(K?) application U will be unitary. By
evaluating the deficiency indices it is easy to verify that operator AY

D(AY) = {¢ =vo + ¢* + U™ : g € D(Ag), ¢* € K*(Ag)} (A7)

AY (1ho + ¢ + U¢*) = Agthy + 2¢° + 2U ¢ (A.8)

is self-adjoint.

Such construction does not work if ny # n_, then self-adjoint extensions of a
symmetric operator Ay exist if and only if n4 (Ag) = n_(Ao) > 0 and every
self-adjoint extension of Aj is an element of a family of self-adjoint operators
parameterized by unitary applications U between K?(Ap) and K?(Ap). Given
U, the corresponding self-adjoint operator AV is defined by (A.7) and (A.8).

A.2 Krein’s formula for the resolvent

With von Neumann theory every self-adjoint extension is defined by formulas
(A.7) and (A.8). Often such definition is rather cryptic and not too useful in
applications. For this reason we conclude this appendix with the Krein’s formula
for the resolvent that allows a different and more readable characterization of
self-adjoint extensions.

Assume that Ag is a densely defined, closed symmetric operator in H with
deficiency indices (N, N). If AV and AV are two self-adjoint extensions of Ag
then exists an operator AO such that Ay C AU, AO C AV and Ao extends any
operator B that fulfills B C AV, B C AV, Ao is called the maximal common
part of AV and AY. The deficiency indices of Ag are (M, M) with 0 < M < N.
A set {¢7,...,¢3%} of independent solutions of

Asp* = 29 ¢* € D(Ay), z € C\R (A.9)

is a basis for K#(Ag). The Krein’s formula for the resolvent relates the resolvents
of AV and AV by

M
(A7 =) = (A =27 = Y T@)n(dh )60 2 € p(AY) N p(AY)

m,n=1

(A.10)
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where p(AY) and p(AY) indicate the resolvent set of AV and AV respectively,
['(2)~! is a non singular matrix for z € p(AY) N p(AY) satisfying

[(2)* =Tz zepAY)npAY) (A.11)

where * indicates the Hermitian conjugate. Functions I'(2),, and ¢Z,, m, n =
1,..., M, may be chosen to be analytic for z € p(AY) N p(AY). In fact ¢Z, may
be defined as

d)fn:qﬁfg—k(z—zo)(AV—z)*lqﬁfﬁ m=1,...,M, zEp(AV) (A.12)

where ¢20, m = 1,...,M, zy € C\R, are linearly independent solutions of
equation (A.9) with z = zg and matrix I'(z) as

D(2)mn =T )mn — (2 = )05, 65,)  myn=1,....M

2,2 € p(AY) N p(AY) (A1
where ¢Z,, m =1,..., M are defined according to (A.12).

It is important to underline that the von Neumann and Krein’s theory represent
two independent approaches to the same problem, the first focuses its attention
on the definition of the domain of self-adjoint extensions the second gives the
resolvent of self-adjoint extensions of a given symmetric operator.
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Appendix B

Proof of Theorem 2.1

Following the same line as in [23] and [3] we prove theorem 2.1 in three steps
each one consisting in the proof of a lemma.

Lemma B.1. If condition 1 is satisfied then there exists a constant C; > 0
such that, for any t > 0 one has

[W(t) = W1 (t)]| < Cue (B.1)

where we defined

Uq(t; R, ) E/

R6

da’ dy/ efiﬁH (‘Rl‘:_ir _ 1'/> QO(LC,)X (B 2)
—ta+e) gy / / / .
= Pe(r =Ry )x(y' +2')

Proof. Notice that ¥(¢) is the result of the evolution generated by the Hamilto-

nian H,, of the initial state U(0;z,y) = ¢ (:c - 1?5) X (x + %ﬁ) Making use

X e

of the unitarity of the evolution we obtain

[@(t) = w1 ()]* = [|(0) — L1 (0)[|* = (B.3)

gy Y
— _ =7 — B.4
[aeanlo (o= 2 ) x (o4 20) ~etantarn| (B
We get then the following estimate
[9(0) — T1(0)||* < & /RG dz dy |y|* |V (p(@)x(z +9))I* (B.5)

The r.h.s. of the last inequality is finite for ¢ € H»Y(R3) and y € HYY(R?) and
the proof is completed with

3= / dz dy |y|° |V (p(z)x(z + ) (B.6)
R6
O

As we mentioned before the evolution of the system in the limit of small €
has two different time scales. In the second lemma we quantify this statement
giving a rigorous estimate of how much the free evolution of the scattering state
[ x](y) approximates the exact evolution.
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Lemma B.2. If condition 1 is satisfied then there exists a constant Cy > 0
such that for any t > 0 one has

3
e\
[w2(t) ()] < C2 () (B.7)
where
it R+er
Uy (t; R, 1) = . dx' e~iTreH ( e a:’) o(x")x

(B.8)

S = R—y) [25(C + )] ()

x/ dy e"
]RB

Proof. Following the notation of [3] we define x,(y) = x(z + y). By direct
computation we have

H%(t)—wl(t)u?:/w da dy /R da’ dy'e” 7= ( — a') pla’) x

9 (B.9)

_jlte — —gite
X [e My =) [ X ] () — e tH“(y,y’)xxf(y’)]

Define the unitary operator

Qf = THae=iTH (B.10)
and its inverse ' 4
()t =i emiHa (B.11)
Using the unitarity of the free propagator e~ we obtain

1a(t) = 1 (0)17 = | dalola) P

B 2 (B.12)
X /Rs dy| [0 x.] (y) — {(Qﬁt) X:c:| ()
Due to the unitarity of the operators Q2 and Q4 we have
125" = @7 Xl ooy = 1@+ = 27) O 2 (B.13)
In the following we will prove that for any n € L3(R?)
C/
H Q4 — ) 77HL2(R3) < 3 for 7 — oo (B.14)

T

In fact from (2.7) we have

_ 1 i
Q) ) = (77 Fille) = oz [ dkdy@sei)e M) (B15)
whereas from its definition

Q9] (y) = / dzdy'e ™ (y,2)e”" ™ (z — y')In(y) (B.16)
]RG

70



(B.17)

By explicit computation we have
(4 —QF) n=Won+ Wan

(

(

with
%1 _ =P =lu? \2 \yl2
Wor (=) = oy [ oyl (B9
and
8miaw 1 [ o0 A
Wanl () = Gz [ S0 [ dseilsinsy
0 0
1 Lzl [y]? 2 (B-19)
(47ra +is Ve erfc(z))
with z = /=it (47ra +is+ zl‘T|> and g(|z|) = [2[* [ n(|z|, zo, 2,)dQ
We start with an estimate for Wy. From (B.18) we have
2 16 (= 2
IWonllze sy < =5 [ l9(yDI"EK-(lydly] (B.20)
)= (2m)
where
2
(v = — / 1_COS(£ ‘%) de < (B.21)
Y I :
1672 (5 _ IZJ)Q V€
1 2
< |2+ |Z|T +1 (B.22)
We obtain then
2 1 o 9 1 [ 9
[Wonllzzmsy < Do |— [ oDyl + = [ lo(yDIlyldlyl|  (B.23)
T2 T 0
The estimate for the term Wyn in (B.19) will be given in few steps. We write
W,n as the sum of four terms
miaw 1 (> g(lyl) —islz Ly
[Wan] () = 372 Tl /. dy| 522 B T dseme sinslyle’ = x
7~Iu\ il
et —1  1—e Tt
+
Ao 418 Ao 41
Lz 1 1 (B.24)
+etam — —
<47ra +15  4ra+is+ lel )
1
,.|

dra +is + i 2

—ilgl (x/%e*erfdz)
(B.25)

||Wa77HL2(R3) < Wl + W2 + W3 + W4

— €

We have then
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with

2
el (glyl) ()
Wy D/ d\x|/ ds4m+ws< 7 (1-¢ )l ) ) (B.26)
||
Wy =2D d|x\ 1—cos — | x
0 4T
= e ), i
e 18|T y ‘U‘
| [t s (e ) 0 (B.27)
2
Wa =g [ dinllafx
—is|x| 2
| [Cas ¢ s (2 ) o) a9
0 (47ra+is)(4ﬂ'oz+zs+z‘z‘) |

Wo=b [ dal| ["dseele (mez%rmz) 1|>
0 0

dro+ 18+ 1
ollyl) e ’
xs( I ey |)<>

(o)
where D = 16“ and S(f(|y]), lyl)(s) = / sin s|y| f(ly])d|y| is the Fourier-sin-
0
transform of f(|y|) Let us define

1 g(lul) (1 _ il >
h(s) = 4wa+is$ ( [yl (1 ¢ ) ’ |y|) (5) 520 (B.30)
0 5<0

(B.29)

s0 that Wy = 27 D|h]25 (0,00 < 27DIB)35 ) = 27D ||hl[72 ), Where B is the
usual one dimensional Fourier transform of h(s). A straightforward computation
gives

D oo
Wi s ?21/0 (I ly[*dly] (B.31)

It is easily seen from the definition of W5 that

1 — cos |Z7|_
W2 =2D d|$‘mx

2 . 2
= el () e
d S el ar
/0 e s (L ) o

An integration by parts in the variable s and an estimate of the integral in the
variable |z| for large T give

D 1 0o
Wy < —{ ——— d 24
2< — {(4m) /0 yllg(ly)]

fe’e] d2 S(
+/0 ds (1_d52>
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(B.32)

X

gyl i (B.33)

D57 1y (5)

y
(dra + is)

)




We rewrite W3 in the following way

2
W3 =

~ de| |
1+ [z[?

47’2
2 (B.34)

X

1— 4 —is|z| Ny
/ b (=g s (20D,
0 (47ra+zs)(47ro¢+zs+z‘z|) [yl

2

)@

V7 >0, Vm € Ny

dam 1
— | ds™ 4ma+is

am 1
ds™ 47ra+is+i%

and we use the inequality

and Vz € R3, to obtain

D 1 o0
<Z)_* 2
W5 < TQ{(4WQ)4/O dlyllg(ly[)I"+
a(lyD)

[ (1_d2)5( e o)) (o) }

ds? (Ara +1is)?
In the W, term for 7 — oo we have |z| — oo and we can use the asymptotic

(B.35)

expansion e erfe(z) — ﬁ = szs +o (25) From the inequality

dam 1
e (ezzerfc(z) - ﬁz)’ < ‘ﬁz3+m‘ for |z] — o0 (B.36)
VYm € Ny, we obtain
D [ 1
Wy < = dlz| —————
4_7_2‘/0 |x|1+|x‘gx
2

x/ds
0

With the same estimate used in (B.34) it is easily seen that

w032 [ (1- ) e (0 ) o

Notice that if n € L3(IR?) all the integrals in the (B.23), (B.31), (B.33), (B.35),
(B.38) are finite and we get estimate (B.14).

From (B.12) and (B.13) in order to conclude the proof of lemma 2.2 we need to
show that if the initial state satisfies condition A then n = Q;lxx € L3(R3) for
every x € R? and

(&) e ()

(B.37)

(B.38)

193 o | oy < €71+ )2 (B.39)

We omit the details of this last result that follows easily from an integration by
parts in the explicit definition of the L3 norm of Q_T_l Xz- O]

To conclude the proof of theorem 2.1 we will show that the evolution of the initial
state ¢(7)[Q3 " x2](y) according to the dynamics generated by the Hamiltonian
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H approximate at the order & the dynamics of the initial state o(R)[(Q25) ' x](r)
generated by the Hamiltonian H®.
Using the identity

okt (ST AR ) st (- ) =

b+e (B.40)
= e_itH(R _ R/)e_’%H(r _ ’l"/)
we obtain
Uy(t;r,R) = | dr’ dR e (R — R))e s (r — 1) x
: (B.41)

er' + R 4 [er'+ R , ,
ch( TTe >[Q+X< Tz +-)| (" =R

We prove the last lemma
Lemma B.3. There exists a constant Cs > 0 such that for any t > 0 one has
[Wa(t) — W(t)]| < Cse (B.42)
Proof. Given the unitarity of the free propagator
er+ R _ er+ R
0! . _
SD( 1+5>{ +X< 1+4¢ + )}(T R)+

2

| To(t) — Wo(t)]2 :/RG dR dr

¢ (R) [Q7'x (R+)] (r = R)

(B.43)
where we used the relation [(Q%)*x] (r) = [23'xr] (r — R). In the system of
coordinates of the center of mass this reads

Wa(t) = 9@ = | dedyle (@) [0 @ )] )+

- <a: —~ 1€+Ey> {Qllx (x— %ﬂw— ﬂ (y)‘

In the limit of small € we can write
a _ 2
at) = (0 < & [ dedyl? V. [ole)23 v 0]

< e?((o1) + (02)) (B.45)

Let us prove that the terms (01), (¢2) in (B.45) are finite. Using the definition
(2.7) of Q' and the explicit form of the generalized functions @, (z,k) we
obtain

_ 2
(o1) = [ dady [Vaila) o |9 30 =

3
:<1) / de dk |Vap(z)]? (B.46)
271' R6
_ 1 cilkll2] 2
—ikz
W [ (" i )

X < (¢3) + (¢4)
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The estimate of the term (¢3) follows easily

(03 (%) / 5 192p@) [ dsllehala)f <

<1) da |V p(x)[” /IRS dz | |z]xa(2)] + (B.47)

1
(2) de |Vap(@)? 2% X (2) 32 zay

For the term (04) we have

2

13 ,| d 1 ilkllz]
4) = — T " x >~
(o4) (%) /Rad"”dk Ve @G0 Joo @ Tra a7 )
<(05) + (o6)
(B.48)
with
- 2
Vo) eilkle
o8) = [ dedk =PI [ g ¢ B.49
(©8) = J oo P oz + 1P)R | Jyo @ o7 o) (B.49)

In (B.49) the only problem is represented by the integral in the variable z.
Making explicit the & dependence of x,(z) we have
etlkllE—=|

eilkllz] A
/Rgdz Sx+a) L RRrEr G

< ([, deora+ie) (/ 6 et ) -

2

2 2

1 1
S (CRARGEN A
EON I+ +212)2 ] s
(B.50)
where we used Holder’s inequality. An explicit computation shows that
2 2
1
H — < (B.51)
| (L4 +z?)2 L2(R3) |z
We finally estimate the term
Vaio(a)l? “akel|”
06) = [ dx dki dz Xz k12 B.52
06)= [ vk S0 | [ e (e (B.52)

To ensure convergence we need that the integral in the variable z goes to zero
at infinity faster than 1/|k|'/2. In fact integrating by parts

2
<

i &— ilk||€—z|
X e Ve

eilklle— m\
Jo T

(0]

2
/ dz x(z + z)e!lFlI7]
R3

) (B.53)

1 4
<— d
<5 |, 4 VexOF + 7




We are left to show that also the term (¢2)

02) = [ dody lo@)P bl 9297 ) (1.54)
is finite. Notice that
2 3 2 3 2
Va2 )] =D 102, (7 xa) )| =D |95 fie ()] (B.55)

i=1 =1

with f; 2(2) = 0z, X2 (2) = 0z, x(2+2) = fi(2+z). It follows that the estimate for
(02) can be obtained with the same procedure used for (¢1), the only difference

being that we must replace x(z + z) with Vx(z + z). We conclude that all the
integrals are finite if condition 1 is satisfied. O
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Appendix C

Characterization of
Self-Adjoint Extensions of
Hy

In this appendix we characterize all the self-adjoint perturbations of the operator
(3.5) in one and three dimensions. The structure of the family of Hamiltonians
obtained as point perturbations of the “free” Hamiltonian introduced in (3.5) is
derived by using the theory of self-adjoint extensions described in appendix A.

C.1 The deficiency subspaces
Consider the Hilbert space

H = L*(RY) ® C? (C.1)
an element of H can be always written as

U= Z Ve (T) @ Xo (C.2)
o=%

where 1, (z) € L*(R?) while x4 are the normalized vectors in C? satisfying
0zX+ = £x+. Where g, is the Pauli matrix that in the standard basis of the

spin operator & is expressed by
0 1
Or = <1 0) (C.3)

The scalar product in H is

(U1, 05) = > (V107 ¥20) 5 (C.4)

o=%

where (-,-) indicates the standard product in L?(R?).
On H consider the symmetric operator

D(Hy) =CPRYH®C*?  Hy=-A®I+I®aoc, acR. (C.5)
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A set of independent solutions of equation

(Hi —2)®* =0 2€eC\R, & € H (C.6)
is
{éi_Gﬁ%x_M@Xi 2eC\R  d=1 (C.7)
i+ =(GTY)(@—y) @ xz
L =G —y) @ xx 2€C\R d=3 (C.8)

Function G*#(x) is the integral kernel of the resolvent of the free Laplacian in d
dimensions, i.e. the inverse Fourier transform of

1
in dimension d, its explicit expression is
ivz|z|
e
| ————— d=1
i NE
G*(z) = ze€ C\Rt  Im(y2)>0 (C.10)
etz
_— d=3
47|z

(G*) indicates the first derivative of G* with respect to x

ei\/ﬂ:v\

(G*) (z) = —sgn(x) 2€ C\RT  Im(v2)>0 d=1 (C.11)
From (C.7) and (C.8) one easily obtains the deficiency indices n4 and n_. For
d=1,ny =n_=4whileford=3,ny =n_=2.

Then from the general theory of self-adjoint extensions one obtains that both
in one and three dimensions exist non trivial self-adjoint extensions of Hy. For
d = 1 the situation is very rich and the family of self-adjoint extensions is
parameterized by 16 real parameters, while for d = 3 one obtains a 4-real
parameters family of self-adjoint extensions of Hy.

For d = 1 we indicate with {e;,e_,ejy,e1_} the orthonormal basis of the
deficiency space K

_ Gz —y)
e4 = HGi:FO‘H @ X+ (0.12)
(GT) (x —y)
ey = 2NV o C.13
S (o I (€49)

and with {é,,é_,€,,é;_} the orthonormal basis of the deficiency space K ~*

Gz —y)

€1 = — HG_Z’¥O‘H & X+ (014)
. (G~ (z —y)

= — - '1
€14 1(G-=)] ® X+ (C.15)

Ford=1
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G*(@) _ VI (V2) 4z Im (vz) > 0 (C.16)

G
(G=)'(x) ¢ivEle]

W:_ Im (v/z)sgn(z) 2

Im (vz) > 0 (C.17)

Notice that
Gl =G7I G = (G| (C.18)

For d = 3 we indicate with {f}, f_} the orthonormal basis of the deficiency
space K*

GiF(z —y
e o

and with { f+, f_} the orthonormal basis of the deficiency space K~

S G Gl )
fr=— - ® X+ (C.20)
|G=iF
ford=3
G*(z) Im (y/2) e?VZlz=yl
= Im (v/2) >0 Cc.21
k] on Jo—yl v2) (©2)
and ||G*| = [|G7

Following formulas (A.7) and (A.8) one obtains that the family of self-adjoint
extensions of Hy is parameterized by the unitary applications U from K? to K%
We indicate the generic element of this family with HY and

D(HY) = {W € H: W= Wo+ &'+ UD'; Wo € D(H), &' € '}

(C.22)
HYW = HyVy +i®' — iU
C.2 One dimension
For d = 1 a generic vector in K’ can be written as
O = ajeq + ase_ + azeiq + ageq_ (C.23)
where a; € C and the corresponding vector in K% by U is
U = a6, + aoé_ + azé1y + 461 (C.24)

with a; = Zk Ujrak, where Ujy, is the four dimensional unitary matrix repre-
senting the application U in the basis {e;,e_,e;q1,e1_} and {é;,6_,é14,61_}.
We want to characterize different self-adjoint extensions in terms of the bound-
ary conditions satisfied by the particle wave function in the corresponding do-
mains. The more general 4 x 4 unitary matrix has 16 real independent parame-
ters, we choose a particular form of the unitary matrix with only 8 independents
real parameters. Consider the matrix U
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U ( Us Oo > U < e cosw e 0+0) gin w >
pu— 2 p— .

O, Vo —e®=Psinw €% cosw (©25)
Vo = €1 coswq e01+01) gin oy
2 —ellP1=r1) gin w1 e'P1 coswq

where 0, p, ¢, w, 01, p1, @1, wi are real parameters. While Os is the 2 x2 matrix
with all zero entries.
We write the generic element in the domain of HY as

U=y (2) © o+ v () © X (C.26)

In general functions ¢4 (x) and ¥ _(x) are not continuous and they do not have
continuous derivative in x = y. With straightforward calculations one can check
that the boundary conditions satisfied by the right and left limits of the functions
¥4, ¥_ and of their derivatives are

%(y ) — %(W) =c1 (Vy() + (W) e (- +v-(y7))
%(y ) — %(y_) =c3 (V) + () +ea (W) +v-(y7))

bl = o) = (S + 200 ) (D00 + 60
6ot = o) = o (D7) + ) )+ (SR 0+ S 00))
with

(1 —e? cosw)(e'? coswva + i — Va —1i) — 0+ gin? wy/a + i
C

[Tm (Vi — a) —ie?@*P) sinw(vVa + 1 + (Vo — 1)
Im (Vi + «) C
o = m (Vi + a) e PP sinw(va —i — Vo +i)
’ \/ m(vi—a) c

(1 — e cosw) (e coswv/a —z+\/a+z)—e (0+¢) sin? wv/a — &

J (1 — €' coswy ) (e coswiva —i — Va +1i) — eO1tesin? vy v/a — i
1 =
D

p Im (Vi — @) —ie1 P sinw, (Va+i + (Va —1i)
*"VmmWita D

)

)
g = m (Vi + a) =P sinw; (Va —i — Vo +1)
- \/ m (vi—a) D

(1 = e coswr) (e coswivVa+ i+ Va — i) — el sin? wiva F i
C

Cc1 =

Cy =

Cqp =1

d4 =1
(C.28)
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and

(i@ Va—i \/a—ki)(w Va+i va—i)
C=|(e"Ycosw + e'¥ cosw - +
VitaZ V1i+a? Vi+ta? V1i4a?

— 09 gin?
D =(e" coswiVa+ i+ Va —i)(e coswiVa —i — Va + i)+
— e+ 6in /1 + a2
(C.29)

For both ¢ () and v_(z) the difference of the right and left limits in y of the
derivatives depends only on the sum of the value of the right and left limits in
y of the functions. In the same way the difference of the right and left limits of
the functions t4(x) in y depends only on the sum of the right and left limits
of the derivative in the same point. This happens because we chose the unitary
matrix as a diagonal block matrix in which the diagonal elements are 2 x 2
unitary matrices.

The discontinuities of the functions ¥4 (x) in y depend only on the parameters
characterizing the 2 x 2 matrix V5 while the discontinuities of the derivatives
depend only on the parameters appearing in the 2 x 2 matrix Us. This means
that matrix Us is connected with d-like perturbations (continuous functions with
discontinuous derivative) while matrix V5 is connected with §’-like perturbations
(discontinuous functions but with the same right and left limits of the derivatives
in y). Constants ¢1, ¢4 do not depend on p as constants dq, ds do not depend
on p; then the parameters p and p; influence only the dependence of ¢ (x)
on t_(z) and vice versa, because p and p; appear only in off-diagonal terms.
Notice that there is a dependence of 11 () on 1_(x) and vice versa only if there
are off diagonal terms.

In the following we discuss in detail some very special extensions.

C.2.1 Free dynamics

From (C.28) it is easy to check that if Ujy = djx (w=0=p=p=w; =60, =
p1 = p1 = 0), functions ¢4 (x) are continuous in y with their first derivative.
Indicating with H the corresponding self-adjoint operator one has

DH)=H*R)®C* H=-A®l+I®ac, acR. (C.30)

H is the generator of the “free” dynamics.

C.2.2 §-like interactions

A different way to characterize the singular perturbations of a given self-adjoint
operator is to use the Krein’s formula for the resolvent. In this section we show
how to obtain the resolvent of a special class of self-adjoint singular perturba-
tions of H, the one corresponding to vectors with wave function continuous but
with discontinuous first derivative in y.

We indicate with H® a generic self-adjoint perturbation of H in this class. From
formula (A.10) we obtain that the resolvent of H® can be written as

(HO —2) ' =(H—=2)""+ > (T9(2)5)0, (2, )95,
01,00=% (031)

z € p(H) N p(H®)
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Where @7 are defined in (C.7) and I'®(2) is a matrix defined by

L9(2)ar0s = TO(W)ar0, = (w = 2)(PF,, D5,) 01,00 =%

727 C.32
z,w € p(H) N p(H®) (€52

and satisfying
()" =1°(z) (C.33)

Where * indicates the Hermitian conjugate.
Relation (C.32) does not define univocally matrix IT'®. By direct calculation one
can check that the matrix

Iz =1%2)+0 (C.34)

where O is a constant, Hermitian (©* = 0), 2 x 2 matrix and

_L 0
) = <2W5—a 1 > (C.35)
21/ 2+«

satisfies relation (C.32) and (C.33). Different self-adjoint point perturbations of
H are parameterized by different choices of the matrix ©. Being © Hermitian
H® is a 4-real parameters family of self-adjoint operators.
From the resolvent formula (C.31) it is easily obtained the structure of the
domain of H®

D(H®) = {\1/ EH: U=+ Y (T°(2)); L, 00 1)P5;

o1
0'1,0'2:ﬁ:

(C.36)
UE e D), W =" wi(0) @ xos = € p(H) N p(HO) |

It is easily seen that if ¥ € D(H®) then functions 1 () are continuous but
with discontinuous first derivative. Then operators H® belong to the subfamily
of ¢-like perturbations of H.

If the unitary matrix Ujy, is parameterized as in (C.25) with (V2)x = 0%, fixed
w, 0, ¢ and p then exists a matrix © such that H® = HY. In general it is not
easy to find the correspondence between HY and H®.

C.2.3 Diagonal ¢-like perturbations

A special case in which it is possible to explicitly find the correspondence be-
tween HY and H® is the following.
Consider the unitary matrix

_ (U2 O (€0 (10
U(O2 V2> U2< 0 ei</’> VQ(O 1> (C.37)

where Oy is the 2 x 2 matrix with all zero entries, § € [0,27] and ¢ € [0, 27]. We
indicate with H a self-adjoint operator corresponding to this choice of the uni-
tary matrix and we call “diagonal” the 2-real parameters subfamily H because
the boundary conditions in y do not mix functions ¢ (x) and ¥_(z).
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From boundary conditions (C.27) and (C.28) it is easily seen that functions in

D(H) are continuous but have first derivative discontinuous, in formulae

D) = {weH: W =" v(2) @ xos vz € H'(R) N HA(R\{y}),
o==+ (C38>

Vi (yh) =i (y™) = y2+(y), —o0 <7+ < +oo}

with v satisfying the relation

Re (e7v/a +1) + Re (Vo +1)
= —-2v1+ a2 C.39
Rl vV1+a? —acosl —sinb ( )
1=y Trarm(@vati —In(Yati)
V1+ a2+ acosp —sinp
By direct calculation one obtains that the matrix © corresponding to (C.37) is

Op105 = 00105 (Vo,) 1. In fact the expression of the resolvent corresponding to
this choice of the matrix © is

N _ _ 29,2 — o« 5 S
H - L= (H - L Y (®E, )P € p(H
(F=2)7 = (H =) = 3 00,00, 2 (i)

(C.40)

Im(vVzFa)>0
. (C.41)
and the domain of H can be also expressed as

- 2952 — o
DH)=3VeH: VU =0U%— ——————— % (y)PZ; ¥* € D(H),
(f) = {wen P e AT (H)

U =) 9i(2) @ Xo; —00 < 7+ < 00; 2 € p(H) mp(ﬁ)}

o=%+
. (C.42)
The action of H on its domain is
(H—2)¥ = (H — 2)U? zep(H)Np(H) (C.43)
C.3 Three dimensions
In dimension three a generic vector in K can be written as
' =ayfi +asf. PeK (C.44)
where a; € C and the corresponding vector in K “tby U is
UD' =ayfy +asf— (C.45)

with a; = Y, Ujrar, where Uj is the four dimensional unitary matrix repre-
senting the unitary application U in the basis {fy, f_} and {f}, f_}.

The more general 2 X 2 unitary matrix has 4 real independent parameters and
can be written as

i0 i(0+p) o
e cosw e sin w
U= <—ei(¢_p) sinw €% cosw ) (C-46)
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where 0, p, ¢, w are real parameters. Notice that being, in dimension three, the
family of self-adjoint extensions of Hy parameterized by only four real param-
eters the unitary matrix (C.46) includes all the possible Hamiltonians that are
an extension of Hy.

The generic element in the Hilbert space H can be written as

¥ =1ty (2) ® x4 +¢-(2) ® x- (C.47)

In general if ¥ € D(HY) functions 1 () have a singularity of order |z — y|~*
near y

ES

- = 2 3
471".% _ y| ¢reg7i(l‘) € HlOC(R ) (048)

P4 (x) = (breg,i(x) +

where H fOC(R?’) indicates the homogeneous Sobolev space of locally square-
integrable functions with their first and second (distributional) derivative.
Functions ¢4 +(x) are called the regular parts of ¢4 (z) and in the following
we will refer to g+ as charges. Different operators in the family HY are char-
acterized by a different relation between the values of the regular parts in the
point Y, ¢reg,+(y), and the value of ¢g+. By straightforward calculations one
obtains that the relation between the charges and ¢4+ (y) is

q+ = Cl¢reg,+(y) + C2¢r€g,*(y)

(C.49)
q— = C3¢reg,+(y) + c4¢reg,f(y)
with
. i (1 — e cosw)(e'? coswva — i — Va+ 1) — e0+?) gin? wy/a — i
1= =
M
o — A |G| O+P) sinw(va — i — vVa + i)
Cle M
i |G| ete=P) sinw(va + i — Vo —1i)
c3 = 4dmit—
’ 1GHe M
ot = 4 (1 — e cosw)(e” coswva +i+vVa —i) — e sin? wy/a + i
4 =
M
(C.50)
and
M = —i|(e" coswva + i+ Va—i)(e¥ coswva—i—Va+i)+
(C.51)

— 0+ sin? w1 + a2}

Off-diagonal terms in the matrix Uj; are responsible for the coupling between
the charge ¢4 and the function ¢,.,_ and of the coupling between the charge
g— and the function ¢;.cg .

Like in dimension one it is possible to use the Krein’s formula for the resolvent.
It is worth to note that due to dimensionality of the deficiency spaces the 2 x 2

matrix T'®(2) completely characterizes all the possible self-adjoint perturbations
of H.
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Indicating with H® the generic self-adjoint perturbation of the free operator H
from formula (A.10) one has

(H® =2)7' = (H—-2)""+ Y (19(2)5)5, (®Z,, )@,
o1,00=% (052)

2 € p(H) N p(H®)

Where ®Z are defined in (C.8) and I'®(2) is a 2 x 2 matrix defined in analogy
with (C.32) and (C.33).

Like in dimension one by direct evaluation one can check that the matrix I'®(2)
written as

Iz =1%"2)+0 (C.53)
where © is a constant, Hermitian (©* = ©), 2 x 2 matrix, and
T(z) = (ﬁ }) (C.54)
0

satisfies the analogue of conditions (C.32) and (C.33).
From the resolvent (C.52) it is easy to obtain the domain and the action of H®©

D(H®) = {\1/ EH: U =0+ ¢, U e D(H),
o=+

V= (@) @ Xoi 4o = Y (T9(2))00, %5, ()i (C.55)

o1=%
2 € p(H) N p(HO) }

(H® — 2)¥ = (H — 2)¥*  z e p(H)Np(H®) (C.56)

Notice that the charges ¢+ do not depend on z.

Different self-adjoint perturbations of H are characterized by different choices
of the matrix © and there is a one to one correspondence between the family
H® and HY.

If HY = H® functions 9% are related to Yreg,+ DY

VL () = Vreg £ (x) + ﬁ (1= ervEmatem) (C.57)

but in general it is not easy to establish the correspondence between matrices
Ujk and @]k

C.3.1 Free dynamics, d =3

The simplest self-adjoint extension of Hy corresponds to choose w = 0 = ¢ =
p=01in (C.46).

From conditions (C.50) and (C.51) it is easily seen that this choice of the pa-
rameters gives ¢; = ¢ = ¢3 = ¢4 = 0. We indicate with H the self-adjoint
extension corresponding to this choice of the unitary application U. Functions
¥+ () in the domain of H have no singularity in = y, then

DH)=H*R*)®C* H=-A®l+I®ac, acR.  (C58)

H is the generator of the free dynamics in dimension three.
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C.3.2 Diagonal perturbations, d = 3

The choice w = 0 in (C.46) corresponds to a very simple case for which it is
possible to establish the correspondence between HY and H®. Like in dimension
one we call “diagonal” the subfamily of self-adjoint extensions corresponding to
w = 0. Since for this class it is possible to evaluate explicitly the propagator we
discuss it with more detail.

It is a straightforward calculation to check that if w = 0 conditions (C.50) and
(C.51) give

(C.59)
o = 47TRe (e’Va +1i) —Re(Va +1i)
V1+a? —acosf +sind
c =0
=0 (C.60)
Im (e*va — i) — Im (Voo — 1)
cqy =4

V1+ a2+ acosp+sinp

Consider the matrix g4, = d5,0,7,- We indicate with H the Hamiltonian

corresponding to this choice of the matrix ©, H is defined by

7Y T — Amy3 (y) ..
D(H)_{\IJGH.\IJ_\I/ +;4W%—im@m
U € D(H); % = ¢Z(z) ® Xoi (C.61)
— 00 <+ <00, zep(ﬁ)}
(ﬁ —2)U =(H —2)¥~? z € p(H) ﬂp(]fl) (C.62)

To verify that the choice w = 0 in (C.46) coincides with the operator obtained

by ©.,0, = 00,0,70, Suppose that ¥ € D(H) and that

U = <¢7-eg,+($) + Cl%fﬁ'(y)) & X+ (¢7'eg7_(x) + CQW%—(?J)) ® x_

63)
The equality
CWreg+(y) _ . At (y)  eVEalaul
" -y C.64
Yreat @) Syl —yp = VRO Amyy —ivz —a Amz—y| (C.64)

holds if v4 = (c1)7 L. The analogous equality for the x_-part of ¥ holds if
v_ = (ca)~!. The operator H has the same domain of the operator correspond-
ing to the choice w = 0 then the two operators coincide.
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