Universita degli Studi di Napoli FEDERICO II

Dottorato di Ricerca in Scienze Matematiche

AA. 2009-2010

Regularity for non-autonomous convex
Functionals with non-standard
Growth conditions.

Tesi di Dottorato
di

Bruno De Maria

TUTORE COORDINATORE
Ch.mo Prof. N. Fusco Ch.mo Prof. F. de Giovanni

Dipartimento di Matematica R. Caccioppoli
Universita degli Studi di Napoli Federico II

Dottorato in Scienze Matematiche XXIII Ciclo



Contents

Introduction . . . . . . ... 2
I HISTORICAL NOTE . . . .. .. .. ... .. ... . ... ..... 10
1.1 Standard growth conditions . . . . . . . ... ... L. 10

11

111

v

1.2 On the methods of proof in the case of standard growth conditions 15

1.3 Non-standard growth conditions . . . . . . .. ... .. ... ... 17
1.4 Autonomous functionals . . . . . . ... ... 20
1.5 Non-autonomous functionals . . . . .. . .. ... ... ... ... 21
1.6 The Lavrentiev phenomenon . . . . . . . ... .. ... .. .... 24
PRELIMINARY MATERIAL . . . ... ... ... .. .. ..... 26
2.1 Function spaces . . . . . . . . . 26
2.2 Blow-up tools . . . . . . ... 31
2.3 An important auxiliary function . . . . .. ..o 33
2.4 The singular set of minimizers . . . . . . ... ... ... ... .. 36
PARTIAL REGULARITY THROUGH HIGHER INTEGRA-

BILITY: THE DIFFERENCE QUOTIENT TECHNIQUE . . . 38
3.1 Higher integrability . . . . . .. .. ... ... 0000 43
3.2 Decay estimate . . . . . . ... 49

PARTIAL REGULARITY THROUGH FONSECA-MALY EX-
TENSION LEMMA . . . . .. . . . 62



VI

4.1 A Caccioppoli type inequality . . . ... ... ... ... ... .. 65

4.2 Decay estimate . . . . . . ... Lo 71

4.3 Proof of Theorem 4.0.3 . . . . . . . . . . . ... 79

REGULARITY FOR NON-AUTONOMOUS FUNCTIONALS

WITH ALMOST LINEAR GROWTH .. ... ... ....... 82
5.1 Higher integrability . . . . ... .. ... ... ... 86
5.2 Decay estimate . . . . . . ... Lo 89
5.3 Full regularity . . . . .. . ... 103

BOUNDS FOR THE SINGULAR SET FOR FUNCTIONALS

WITH STANDARD GROWTH CONDITIONS . . . . ... ... 107
6.1 A priori estimates . . . . .. .. ..o 111
6.2 The approximation . . . . . .. .. .. ... .. 120



Introduction

In this thesis we shall investigate the C17 partial regularity of minimizers of non-
autonomous integral functionals of the Calculus of Variations, with non-standard
growth conditions.

In the first chapter, we briefly outline the history of the regularity problem in
the Calculus of Variations. Moreover we introduce various examples of functionals
exhibiting non-standard growth conditions, and we analyze the main points in
which the regularity theory of minimizers of functionals with non-standard growth
differs from the standard growth situation.

In the second chapter, we fix the notations and collect several definitions and
results needed to develop the theory.

In the third chapter, we begin studying the the C'7 partial regularity of min-

imizers of functionals with (p, ¢)-growth conditions. We consider the functional

Fu:Q) = /Q (@, Du) dz (0.0.1)

with
1
TIPS Fe ) S LA+ forsome L1, (F1)
where 2 < p < g < 400, u: Q2 — RY and € is a bounded open set in R".
Here we shall assume that there exist constants C',v > 0 and an exponent

a € (0,1) such that f(z,&) is a C?*(Q, R™¥) function fulfilling (F1) and whose

derivatives satisfy the following assumptions:

| Def(x1,€) — Def(w2,8)] < Clay — x| (1+[€77); (F2)

v(1+ €% T ¢? < (Deef (2,6)¢,C); (F3)



for any £ € R™ and for any z, z;, 75 € €.

It is well known that condition (F3), which is a strict uniform ellipticity condi-
tion on D?f, is equivalent to the strict uniform convexity of f. We stress that no
control on the growth of the second derivatives of f from above will be assumed.

As it will be showed in the first chapter, from the very beginning it has been
clear that, even in the scalar case, no regularity can be expected if the exponents

p and ¢ are too far apart. On the other hand, if the ratio

<¢(n)—1 (0.0.2)

T I

as n — —+o0o, many regularity results are available both in the scalar and in
the vectorial setting. The starting issue in treating the regularity of minimizers
is to show the higher integrability of the gradient. In this direction we quote
[29, 30, 31, 44, 69]. We stress that, in this setting, this kind of regularity is
crucial; indeed, since many apriori estimates depend on the L? norm because
of the right hand side of (F1), the first step in the analysis of the regularity of
minimizers is just to improve the integrability of Du from LP to L. Moreover the
higher integrability of the gradient of minimizers has revealed to be crucial when
one try to argue approximating the integrand with a sequence of functions having
standard growth conditions. In fact, the useful apriori estimates depend on the
L7 norm of the gradient of minimizer because of the right hand side of (F1) (for
a self contained treatment we refer to [9] and the references therein).

On the other hand, C''* partial regularity results have been established (see
[5], [77]), without using higher integrability of the gradient, by means of a blow up
argument. It is worth pointing out that all the quoted results concern autonomous
functionals.

Only recently, the study of the regularity of non autonomous functionals with



non standard growth produced both higher integrability and C''* partial regular-
ity. In particular, we quote the paper [31] by Esposito, Leonetti and Mingione
where, it has been proved that if f satisfies assumptions (F1), (F2) and (F3), with
p, q such that

n+ o
l<p<gqg<p

- (0.0.3)

and if there is no Lavrentiev Phenomenon for the functional, then a WP local
minimizer of F actually belongs to W14,

The combination of the facts that f both depends on x and exhibits a gap could
determine the occurrence of the Lavrentiev Phenomenon, that translates into the
impossibility of approximate in energy a WP function with W4 functions.

We shall prove C'7 partial regularity of minimizers of F under the assumptions
(F1), (F2) and (F3), and provided that no Lavrentiev Phenomenon occurs. We
shall assume that

n—+ o

2<p<q<p ; (0.0.4)
n

that is condition (0.0.3) with p > 2. We need the right hand bound of (0.0.4) be-
cause we first establish an higher integrability property of the minimizers following
[31], and afterwards we perform a blow-up procedure. Moreover, we also confine
ourselves to the case p > 2, because the usual finite difference quotient method,
used to prove higher integrability, led us to heavy technical difficulties in the case
1 < p < 2. Indeed, even if the result of Esposito, Leonetti and Mingione [31] is
proved for every p > 1, we need an higher integrability result which had to be
uniform with respect the rescaling procedure necessary for the blow-up method.
However, the results of this chapter sensibly improve the outcome of Bildhauer and
Fuchs’ work [11], where D f was assumed to be Lipschitz continuous with respect
the x variable and D?f had controlled growth from above. Moreover, we are also

able to give a bound for the Hausdorff dimension of the singular set of minimizers,



as it is usual when higher integrability /differentiability results are available.
In the fourth chapter we prove a new C'7 partial regularity result for minimiz-
ers of the functional (0.0.1), under the assumptions (F1)-(F3), with the following

gap between growth and coercivity exponent:

1 <p<g<min {le,p+ 1}. (0.0.5)
n_

This is somehow surprising, since the condition (0.0.5) is independent of the
exponent «, which is produced by the a-Hoélder continuity dependence of D f with
respect to the x variable. Moreover the new range in (0.0.5) is wider than the one
given by (0.0.3). We also would like to stress that even in the case o = 1, which
is the situation considered by Bildhauer and Fuchs in [11], our new range (0.0.5)
is still better than (0.0.3) .

In this context, we present a completely new proof, which allows us to improve
the result on partial regularity proved in the third chapter, and directly treat the
case p > 1. The higher integrability step, which entailed the bound (0.0.3), is
replaced by the proof of a Caccioppoli type inequality for the minimizers of a
suitable perturbation of the rescaled functionals. The Caccioppoli type estimate
will present some extra terms that won’t effect the blow-up procedure. The main
difficulty in studying the regularity properties of minimizers of integrals with non-
standard growth is that the usual test functions, whose gradient is essentially
proportional to the gradient of the minimizers, don’t have the right degree of
integrability. A gluing Lemma due to Fonseca and Maly ([36]), used to connect
in an annulus two WP functions with a W19 function, will play a key role to
overcome this difficulty.

We also point out that regularity for minimizers of non autonomous functionals

with standard growth conditions is usually achieved via the Ekeland principle after



a comparison between the minimizer of the original functional and the minimizer
of a suitable ”frozen” one (see [2, 43]).

However, owing to the anisotropic growth of the functional, it seems that the
comparison method cannot work in our context.

In the fifth chapter, we shall study the case in which the functional (0.0.1) is

not too far from being linear in ||, that is

lim 1@, €| = +o00, lim EACAY) =0 Vp > 1. (0.0.6)

el—+oo [¢] lel—+oo €[
It is worth mentioning that many regularity results have been established for
integrals with nearly linear growth in case they do not depend on the z variable.
The earliest paper on this subject is due to Greco, Iwaniec and Sbordone (see
[53]), in which the higher integrability of the minimizers has been proved in the
scale of Orlics spaces for a large class of autonomous functionals satisfying (0.0.6).
After that, Fuchs and Seregin in [42] proved the C'7 partial regularity for
minimizers of

J(u):/Q|Du|log(1+|Du|)dx

under the assumption n < 4. Such result has been extended to any dimension n
by Esposito and Mingione in [32] and later on the full C'7 regularity has been
established in [33]. All the quoted papers concern the autonomous case.

Note that functionals with nearly linear growth have features in common with

ones satisfying (p, ¢)-growth conditions since, by virtue of (0.0.6), we have that

€] < f(x,6) <[€F,  Vp>1.

However, the regularity properties of the minimizers of such functionals cannot be
deduced from the those of minimizers of functionals with (p, ¢)-growth conditions,

because of the linear growth that the integrand function f exhibits on the left



hand side of the previous inequality. Indeed, the regularity results for minimizers
in the context of (p, ¢)-growth require that p, the growth exponent from below of
the integrand f, is strictly greater than one. Therefore, functionals with almost
linear growth have to be treated by means of different techniques.

We will establish C7 partial regularity of minimizers of (0.0.1) with an inte-

grand f satisfying the assumption
cohllE]) = e1 < f(x,€) < eah([€]) + s (L1)
where ¢; are positive constants, £ € R™,  is a bounded open set in R" and
h(t) = tlog(1+1t),

with t > 0.
Here we shall assume that there exist constants ¢4, c5, v > 0 and an exponent
a € (0,1) such that f is a function fulfilling (L1) and whose derivatives satisfy the

following assumptions:

| Def(2,6)] < calog(1 + [£]); (L2)

| Def(1,€) = Def (2, )] < 51 — 2| log (1 + [£]); (L3)

v(1+ |&] + [€]) e — &I < (Def(x, &) — Def(x,&), & — &a); (L4)

for any &,& € R™ and for any z,z;,2, € Q. Moreover to perform the blow
up procedure we shall need Deef € CO(Q x R™) and satisfying the following

assumptions

log(1 + [£])

2 L5
] g (L5)

v(1+[ED)THCP < (Deef (,6)C,C) < o



with a positive constant cg.

The first result of the chapter is an higher integrability property of minimizers
of the functional (0.0.1), that will be useful to prove C'7 partial regularity and it
is also of interest by itself. Thanks to these two results, we can give an estimate of
the Hausdorff dimension of the singular set of the minimizers. Afterwards, under
further assumptions, we obtaing full C1*7 regularity of minimizers (i.e. everywhere
c).

In the sixth and last chapter, we shall estimate the Hausdorff dimension of the
singular set of minimizers of functionals of the type (0.0.1) with standard growth
conditions. We shall obtain bounds which improve the ones that can be obtained
as a particular case from the paper [31], where the anisotropic growth conditions
were examined. A more careful analysis in the case of the functional (0.0.1) in
the case of standard growth conditions, allows to improve the estimate obtained
in [31].

Our proofs of ' partial regularity of minimizers are based on a decay esti-
mate for the excess function. This function, roughly speaking, measures how the
gradient of minimizers is far from being constant in a ball Bg(zg). It turns out
that in the setting of Chapter 11, where the functional is studied under the growth

assumptions (F1)—(F3) with p > 2, a suitable excess function can be defined as
E(z,7) = ][ |Du — (Du),|? + |Du — (Du),|P + 7, (0.0.7)
By (z)

where v is a minimizer of (0.0.1), while in the context of Chapter IV and V, where
also the subquadratic and almost linear growth are treated, the excess will be

defined as

E(z,r) :]{9 o \V,(Du — (Du),)|* + 77, (0.0.8)

where V' is a function defined as a suitable power of Du. When p > 2 it turns out



that the two functions E and E are equivalent.



Chapter I

HISTORICAL NOTE

1.1 Standard growth conditions

One of the most studied problem of the calculus of variations consists of the

research of a function u(x) minimizing integral functionals of the form

Z(u) ::/Qf(a:,u(:c),D(x))d:c (1.1.1)

among all the functions u : 2 C R™ — RY taking a prescribed value uo(z) on 9.
Here Q is a bounded open set and f : Q x RY x RV*" — R is a given function.

Solving the minimization problem
(P) m = inf{/(u) :u € X}
associated to the functional Z, means that we wish to find © € X such that
m=I(u) < I(u) for every ue X,

where X is the space of admissible functions.

The problem (P), that bears the name of Dirichlet, emerges in the study
of variational models of mathematical physics, where the integral represents the
energy of a physical system which is minimized by the equilibrium configurations
of the system itself.

The existence of a solution to the problem (P) strongly depends on the choice
of the space X of admissible functions. A natural choice for X would be a subspace
of C*(Q,RY), since the integrand function f in (1.1.1) depends on the gradient

of the function u. The original approach to the Dirichlet problem, implemented

10



by Euler and Lagrange, the founders of the calculus of variations, who first faced
the scalar case n = N = 1, was based on the solution of a suitable second order
ordinary differential equation associated to the functional (1.1.1). Hence, the space
X should be a subspace of C?(£2,RY). Of course, when we pass to the vectorial
case, i.e. N > 1, we are lead to systems of partial differential equations and the
Euler-Lagrange method becomes very difficult to apply.

Riemann marked a turning point in the theory, introducing the so called Direct
Methods. The essence of these methods is to split the problem into two parts.
First to enlarge the space of admissible function X so as to get a general existence
theorem. Afterwards, one tries to prove some regularity results for the minimizer
of (P).

The importance of adopting this new point of view was well realized by David
Hilbert, who attracted the attention of the international mathematical community
on the solution, in a suitable sense, of the Dirichlet problem, formulating the 19th
and 20th problem of his famous list of twenty problems for the mathematicians in
the 20th century.

The existence problem is treated considering the functional (1.1.1) as a map
Z:u€eXw—7ZI(u)eR,

and trying to prove a suitable generalization of the Weierstrass theorem, assur-
ing the existence of the minimum (and of the maximum) of any semicontinuous
function, for the map Z in this general setting.

In this way one can prove the existence of the minimum of the integral func-
tional (1.1.1) without passing through the Euler-Lagrange equation, but deducing
it directly from the properties of the functional considered as a map from the

manifold X to R.

11



The right setting in order to implement this method is the one of Sobolev
spaces, and the existence of minimizers in these spaces relies on the fundamental

property of (sequential) weak lower semicontinuity, meaning that

u, —=u in W = liminf I(u,) > I(a). (1.1.2)

n—oo

In fact, the key role in this strategy is played by the following

Theorem 1.1.1. Let X be a metric space. Let g : X — RU400 be a (sequentially)
lower semicontinuous function and let K be a sequentially compact subset of X.

Then there exists a minimum point for g in X.

It turns out that, in the scalar case, the property (1.1.2) is intimately related

to the convexity of the function £ — f(z,u,§):

f(:p,u,tf + (1 - t)g) < tf(x,u,ﬁ) + (1 - t)f(C)a

for every £,¢ € R™N and every t € [0, 1].
In the vectorial case, the convexity of the same function can be replaced by
a more general notion, the quasiconvezity (in the sense of Morrey), ie., & —

f(z,u,&) is a Borel measurable and locally bounded function such that

Flau) < oo [+ Dota) de

for every bounded open set D C R™, for every (x,u) € QxRY for every £ € RN
and for every ¢ € W™ (| - | denotes the usual Lebesgue measure).

It is now clear that convexity and coercivity, or quasiconvexity and coercivity,
ensure the existence of minimizers. We will not be concerned with the problem of
existence of minimizers for which we refer to Dacorogna [20] and Giusti [51].

Solving the existence problem in the Sobolev spaces opens up the problem of

reqularity of minimizers, that is, the attempt to prove that minimizers belonging to

12



Sobolev spaces actually are minimizers in the classical sense. Indeed, the Sobolev
functions have derivatives only in a weak sense and, in general, are not even
continuous.

In the first half of the 20th century, thanks to the contributions of various
authors such as Bernstein [8], Schauder [78], Caccioppoli [15], Morrey [70, 71, 72],
it was established that, in the case of f depending only on Du, the so-called

autonomous case, under the growth assumptions

S < f(§) < L(IE[P + 1) (1.1.3)

with p = 2, and non-degenerate ellipticity,
(Dee f(E)A,N) > V|A]? (1.1.4)

the essence of regularity theory was to prove that minimizers are functions of class
CYe i.e., functions which are Holder continuous together with their gradient. But
in general we are only able to find minimizers in Sobolev spaces. Therefore the
regularity problem is exactly the problem of filling this gap. Once C1® regularity
has been achieved, the higher regularity can be obtained by boot-straps methods
based on the Schauder estimates. This problem was solved, in the scalar case, by
Morrey when n =2 (and N = 1) and in [21] by De Giorgi and, independently, in
[74] by Nash in the general (scalar) case, at the end of fifties.

The growth conditions (1.1.3) are called standard growth conditions and rep-
resent, in some sense, the natural request to ensure the well-posedness of the
minimum problem for the functional (1.1.1).

The regularity theorem of De Giorgi and Nash does not extend to the vectorial
case (N > 1), as shown by De Giorgi himself, who constructed a linear ellip-
tic system (see [22]) with bounded measurable coefficients having discontinuous

solutions.

13



In the vectorial case, the only global regularity property that survives is the
higher integrability of the gradient of minimizers, proved by Giaquinta and Giusti
in [48]. Hence, the C'* regularity of minimizers can be achieved only in a suit-
able sense. More precisely, one can try to prove the partial regularity or almost
everywhere regularity of minimizers. This means that minimizers are C** regular
outside of a closed set, called the singular set, which has zero Lebesgue measure.
This kind of study was started by Morrey in [73]. Next, one attempts to estimate
the Hausdorff dimension of the singular set.

Of course, it is often necessary to consider integral functionals more general
than the type (1.1.1), such as functionals with integrand functions f(z,u, z) also
depending on both (or simply on one) of the other variables z and u. These are
the so-called non-autonomous functionals. Then, the growth conditions (1.1.3)
have to be reformulated and the usual assumptions in the non-autonomous case

are the following:

£ — flz,u, &) is O% (1.1.5)

Ve < flo,u,€) < L1+ |€]); (1.1.6)

v(i® +[€%)7 N < (Deef (, u, )N, N); (1.1.7)
F(,0,6) = F(y,0,6)| < Lo(lz —y| + |u— o) (1 + [¢]), (1.1.8)

for every z,y € Q, u,v € R and &, A € R™, where p € [0, 1] is a fixed constant and
w:R" — (0,1) is a continuous, non-decreasing modulus of continuity, such that
for some « € (0,1):

w(s) < s*.

Autonomous functionals for which the sole dependence on the gradient occurs
through the modulus |Du|, represent the only known structure, up to now, en-

suring everywhere C1%regularity of minimizers in the vectorial case. This special

14



structure was first identified in the fundamental work of K. Uhlenbeck [83]. It

prescribes that
flz,u,§) = f(§) = g(I€]),

for a suitable function g : [0,00] — [0,00], such that (1.1.5)—(1.1.8) are still
satisfied.

The regularity theory for non-autonomous functionals is much more delicate
with respect to the autonomous one. The Uhlenbeck structure, which up to now
is the only general condition which can ensure everywhere regularity in the vecto-
rial case, prescribes that the functional must be autonomous and, moreover, the
integrand can only depend on the modulus of the gradient.

Nowadays the partial regularity theory for non-autonomous functionals with
standard growth conditions is rather complete. Giusti’s book is an exhaustive
reference on regularity theory for minimizers of functional with standard growth
conditions. For counterexamples to regularity in the interior of €2, even the L> one,
of minimizers of regular variational integrals in the vectorial case, and solutions to
nonlinear elliptic systems, see for istance [22, 56, 75, 81, 82]. For a general survey
on regularity theory in the calculus of variations, the interested reader may look
at [69].

In the next chapter we shall begin to focus our attention on the theory of

functionals with non-standard growth conditions, which is the core of this thesis.

1.2 On the methods of proof in the case of standard
growth conditions

Ob@ partial regularity results are usually obtained using a linearization technique
and a comparison procedure of the original minimizer with the smooth solution of

the linear elliptic system with constant coefficients coming out of the linearization

15



procedure. To implement this scheme, different methods are nowadays available.
Throughout this thesis we will use the so-called indirect methods via blow-up
techniques, introduced in this context by Morrey [73] and Giusti and Miranda
[52] and then recovered directly for the quasiconvex case by Evans, Acerbi, Fusco,
Hutchinson and Hamburger [34, 2, 43, 54].

There are three essentials elements in the proof of partial regularity. The
first element is a Caccioppoli type inequality, or reverse Poincaré inequality, which
allows to control the LP norm of the derivative of a minimizer on a ball in terms
of the structure constants, by the LP norm of the solution and the averaged mean
square deviation of the derivative on a ball of larger radius. The second element of
the proof can be roughly described as a suitable improvement of the Caccioppoli
inequality. The third step consists in showing that the excess function, which
measures how the gradient of the minimizers is far from being constant in a ball,
decays faster than the square ratio of the radii. This is straightforward for solutions
to equations with constant coefficients. Therefore the idea is to reduce the problem
to that case, using a suitable freezing procedure. With the expression indirect
methods, we essentially refer to the method of proof employed in the second step
described above.

The so called direct methods consist in proving a suitable reverse Holder type
inequality for the gradient of minimizers. These methods are very technical but
they have the advantage of generating explicit information on the sensitivity of
the various estimates to changes in the structure parameters. In [51] all the proofs
of regularity results, which are contained in the Chapters 6-10, are of direct type,
so we refer to that book and the references therein for these methods.

In the indirect type of proof, one proves the desired estimate by contradiction:

if the desired inequality were false, one could construct a particular sequence of

16



minimizers, each of wich fails to satisfy the inequality but which, when appro-
priately rescaled, or blown-up, form a sequence which converges to a solution of
a linear systems of equations for which the inequality holds. Compactness argu-
ments then allow to reach the contradiction. For an introduction to regularity
results obtained in this way, the reader may look at the book [46] (in particular
Chapter 4) by Giaquinta.

We conclude by mentioning that there is also a third way to perform the second
step in the regularity proof, the so called A-harmonic approximation method. In
some casis, this technique allows to directly obtain optimal results in a simpler
way. For example, the case of nonlinear elliptic systems is treated in [26] (see also

79, 28)).
1.3 Non-standard growth conditions

As we have seen in the previous chapter, all the regularity results follow assuming

at least one common, main condition, that is a growth conditions of the type

§17 < fla, &) < L(IE)" + 1) (1.3.1)

But there are many important physical situations in which the conditions (1.3.1)
are too restrictive, and therefore more general growth conditions must be intro-
duced. For example the study of variational models in nonlinear elasticity leads

to functionals whose integrand functions f often have the form:
f(Du) = g(Du, Adj Du, det Du),

where AdjDu is the vector whose components are all the minors of the matrix Du
having order smaller than n, and the function ¢ satisfies growth assumptions of

the type (1.3.1), such as, for istance:
g(Du, AdjDu, detDu) = |Dul|P + |AdjDul|’ + |det DulP.

17



Since for every square matrix [a;;] of order n the following Hadamard’s inequality

holds

det®(a;;) < H (Z a%) )

j=i \i=1

the function f satisfies the growth conditions

S < 1F(E] < e(1+[€]™).

Therefore, the function f does not have the same behavior from above and from
below and it cannot satisfy the growth conditions (1.3.1).

Moreover, in the theory of elasticity it is also necessary to consider medium
composed by different materials. The simpler case it that of two different materi-
als, that is:

Q=0,UD,

with Q; N Qy = (. In this case the functional which models the problem is of the

/ | DulP®) dz
Q

D1 if e

type:

where
p(z) =
D2 if xell
If the non-homogeneity of the material is modelled at a mesoscopic level, the
function p(z) can also be a function varying from point to point, instead of being
a piecewise constant function as in the previous case.
From nonlinear elasticity theory the so-called anisotropic functionals also come

out. These functionals have a structure of the type:

Mgl < fo<tL (Z &7+ 1) ;
i=1 =1

so they exhibits a variable growth.

18



There are many other possible examples of integral functionals which don’t
satisfy (1.3.1). To see this, it is enough to fix two real numbers 1 < p < ¢ and

consider, for istance, the following functionals:
Fi= /Q | Du|?log(1 + |Dul) dz;
Fy = /Q | Dul? + a(x)|Dul? dz, 0<a(z) <L
Fs = /Qiai(:cﬂDiu
i=1

0<ai(z) <L 1<p=p<pp<...<p,=ig;

Pi d,

Fom [ dn, 1<p i) <o
Q
It is also possible to consider functionals with oscillating growth such as
f5 — / |Du|2+sinloglog(1+\Du|) dr.
Q

None of the integrands corresponding to the functionals F; — F5 satisfies (1.3.1),
for any possible choice of the exponent p > 1. But all of them satisfy, for a couple

of numbers (p, ¢), and suitable v and L, the more general growth conditions
VEP — L < f(z,§) < LA+ [€]7), 1<p<q. (1.3.2)

Functionals satisfying conditions (1.3.2), and not meeting the ones in (1.3.1), are
called functionals with (p, q)-growth conditions, according to the terminology of
Marcellini, who was the first to initiate a systematic study of these integrals in a
series of seminal papers [61, 62, 63, 64, 65, 66].

The usual assumptions to study the regularity of minimizers of functionals of

the type (1.3.2) are the following (p, ¢) version of (1.1.5):

£ — flz,u, &) is C% (1.3.3)

v(1+ €T < fla,u,€) < L1+ [€]7); (1.3.4)
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q—2

VIEPT2IN? < (Deef (2, u, )N, A) < L1+ [€7) =A% (1.3.5)

|f(2,&) = f(y, 9] < Llz —y[* (1 + [£]7), (1.3.6)

It is worth noting that the conditions (1.3.2) are of polynomial type, so that
they are of the same type of (1.3.1). In the literature we also find the study of
the regularity under more general growth conditions. For istance, when p = 1
the functional F; doesn’t satisfy (1.3.2), because the integrand grows too slowly
in the gradient variable and it fails to be polynomially super-linear. This kind
of functionals also appears in mathematical physics, for example in the study of
plasticity problems with logarithmic hardening, and they are called functionals
with almost linear growth. The functional F; with p = 1, which is often called
Llog L functional, is the model for this family of functionals. Using the theory of
duality in Orlicz space (see, for example, [6]), it is possible to define the ”dual”

functional of Llog L, that turns out to be

/Qexp(|Du|)d:1:.

Also this functional doesn’t satisfy (1.3.2), because in this case the integrand grows

faster than any power.

1.4 Autonomous functionals

The study of regularity of minima of functionals with growth of (p, ¢)-type (we will
also use the terminology (p, ¢)-growth) was initiated by Marcellini (see references
in Section 2.3), who first identified a condition which, under suitable smoothness
assumptions on the integrand f, ensures the regularity of minima. This condition
prescribes that the gap ratio of the integrand f, or simply the gap, defined as
q/p > 1, cannot differ too much from 1, in other words the number p and ¢ cannot

bee too far apart.
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This restriction on the gap, even in the autonomous case, is suggested by a
first series of examples constructed in [63] by Marcellini himself which show the
existence of unbounded minimizers if the gap differs too much from 1. Even though
Marcellini’s examples concern with degenerate integrals, it is possible to observe

the same phenomenon for the regular, non-degenerate elliptic functional
2 1 4
|Du|” 4+ =|Dyu|® dx,
Q 2

having a regular integrand, and exhibiting the following minimizer for n > 6:

() In—4 22 2 [n—4

u(z) = —
24 /2221 22 " 2 24

This example, considered in [55] by Hong, confirms the intuitive fact that, for

functionals with (p, ¢)-growth, problems mainly come from the behaviour of the
integrand f(z) for large value of |z|. Indeed, unless we are not dealing with
degenerate problems, the behaviour of a non-standard growth functional differs
from that of the standard one only for the growth conditions in the gradient
variable z, and therefore for large values of |z|.

When dealing with (p, ¢)-growth conditions, autonomous functionals are more
simple to study for two principal reasons. The first one is the non occurrence of
the Lavrentiev phenomenon (see section 2.6 below). The second one is that the
higher integrability theory for non-autonomous functionals strongly depends on
the interaction between the ¢/p gap and the regularity of the function x — f(x, &),

as it will be showed in the next section.

1.5 Non-autonomous functionals

Throghout this thesis we shall restrict our attention to non-autonomous function-

als of the type
F(u) = / f(z, Du) dx (1.5.1)
Q
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where  is an open bounded set in R, f: Q x R™ — [0, +00) is a function whose
regularity properties will be specified according to the problem we are going to
treat, and u : Q C R® — R¥ is a function belonging to a suitable Sobolev class.
In the case of non-autonomous functionals with (p,¢)-growth, the presence
of the = drastically changes the regularity theory, as far as concern the higher
integrability properties of the gradient of the minimizers. A first theorem which
shows the effect of the presence of the x dependence in (1.5.1), has been proved

by Fonseca, Maly and Mingione in [37].
Theorem 1.5.1. For every choice of the parameters
2 <n, a € (0,00), l<p<n<nt+a<qg<oo, e>0,
there exists a functional
G:ueW(Q)— /Q [(1 + |Du|2)% +a(z) (1+ |Du|2)%] dx,

with Q C R™ being a bounded Lipschitz domain, a € C*(Q), a > 0, a local

minimizer u € WHP(Q) of F and a closed set ¥ C § with
dimy(3) >n—p—e,

such that all the points of ¥ are non-Lebesque points of the precise representative

of u.

In other words, the authors show that, provided p and q are far enough, depend-
ing on the dimension n and the regularity of x — f(z, z), the set of non-Lebesgue
points of minimizers can be nearly as bad as that of any other W1P-function. In-
deed, a well known measure theory result states that the set of non-Lebesgue point
of the precise representative of a W1P-function has Hausdorff dimension not larger

than the maximal dimension n — p (see, for istance, [51], Chapter 2). Therefore,
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in the non-autonomous case, if the ratio ¢/p is too far apart from 1, it is possible
to find a convex, regular and scalar variational integral whose minimizers have a
singular set of nearly maximal dimension.

If we look at the case p = ¢ we see that the degree of Holder continuity of f(z, z)
with respect to x only influences the degree of Holder continuity of Du but not
the fact that Du is Holder continuous or not. In other words, any degree of Holder
continuity of = — f(x,z) suffices in order to get a Holder continuous gradient.
The modest influence of the presence of the z-variable in the integrand is also
clear when looking at the techniques of proof of regularity theorems when p = g,
because the x is treated essentially using local perturbation methods. This is not
possible when dealing with (p, ¢)-growth conditions, when the presence of the z
cannot be treated as a perturbation anymore. Look, for istance, at the functional
F5 at the beginning of this chapter. If we keep x fixed and let z vary, the integrand
exhibits standard growth conditions: p growth if a(z) = 0, ¢ growth otherwise.
But if the z-variable is varying simultaneuosly with z it globally exhibits (p, q)-
growth conditions. This tells us that the presence of the x can be itself responsible
for the (p, ¢)-growth conditions to appear.

However, we want to stress that the regularity of the integrand with respect
the x variable only affects the higher integrability properties of the gradient of
minimizers and then the estimate of the dimension of the singualar set, while it is
irrelevant to obtain C'%® partial regularity of the minimizers.

Note that functionals of the type (1.5.1) with almost linear growth, that is

functionals whose integrands which are not too far from being linear in |z|, i.e.,

lim M:—i—oo lim ————~—
|2| =400 ‘Z| ’ |z|—+o0 |z‘p

=0 Vp > 1.

have features in common with ones satisfying (p, ¢)-growth conditions since, from
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the previous relations, we have that
2l < flw,2) < J2P, Vp>1

1.6 The Lavrentiev phenomenon

The Lavrentiev phenomenon is a feature that functionals of the type (1.5.1) typ-
ically exhibit when they satisfy (p,q)-growth conditions. It occurs at a map
v € WHP(,RY) when it is not possible to find a sequence of more regular maps
v, € WH(Q,RY) such that v, weakly converges to v in W,"?(Q,RY) and the

loc loc

following approximation in energy takes place

/f(ﬂf,DUn)dxﬁ/f(x,Dv)da:,
A A

for every A € ). The phenomenon plays an important role in non-linear elasticity,
see [7, 39, 40].

When a Lavrentiev phenomenon occurs at a local minimizer u it then follows,
in particular, that it is not possible to realize locally minimizing sequences {u,}
for F with more regular maps u, € W 9(Q,RY). If u is a minimizer such that
u € WEI(Q,RY), then by definition there is no Lavrentiev phenomenon at u.

The Lavrentiev phenomenon is a clear obstruction to the existence of minimiz-
ers in a specified class of admissible functions. For this reason, the usual finite
element methods (by taking piecewise affine functions, which are in W*) in nu-
merical analysis will then not be able to detect a unique and well defined minimum
of integrals such as the one in the Theorem 1.6.1 below.

It is interesting, and significant, to see that F never exhibits Lavrentiev phe-
nomenon either when p = ¢ or when f(x,z) = f(z). Therefore the phenomenon

results from the coupling of (p, ¢)-growth conditions with dependence on x in the

integrand.
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It is important to observe that the Lavrentiev phenomenon can also occur
in the scalar case. In fact, examples of this phenomenon can be constructed
even in the case of one dimensional integrals, thus showing that a careful choice
of the space of admissible functions is necessary in order to get both existence
and regularity results. The following Theorem, which shows an example of the

Lavrentiev phenomenon for one dimensional integrals, is due to Mania (see [60]).

Theorem 1.6.1. Let f(z,u,§) = (v — u?)¢° and

I(w) = /0 F(@, u(@), o (@) da.

Let
Wao i={u € WH(0,1) : u(0) =0, wu(l)=1},

Wy = {ue W"(0,1) :u(0) =0, wu(l)=1}.

Then
inf{l(u) : u € Wy} > inf{l(u): u e W}

3

Moreover, @(x) = 2'/3 is a minimizer of I over W;.

We refer to [20] for the proof and further details. It is also interesting to note

that a result similar to that of the Theorem 1.6.1 holds for a function such as

fl@,u,€) = (2" —u®)[¢]" +el¢f?,

with ¢ > 0 and s > 27. This last example has the advantage of leading to an
integral which grows from below as |£|?, i.e., it is coercive in W12 while this is
not the case in the previous theorem.

For a nice survey on the Lavrentiev phenomenon see, for istance, [14], while
for several examples of this phenomenon in the setting of functionals with (p, q)-

growth see [84, 85].
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Chapter 11

PRELIMINARY MATERIAL

In this chapter we recall some standard definitions and collect several Lemmas
that we shall need to establish the main results of this thesis. We shall indicate
with Bg(zo) the ball centered at the point zy € R™ and having radius R > 0. We
shall omit the center of the ball when no confusion arises. All the balls considered
will be concentric unless differently specified.

As usual {es}1<s5<pn is the standard basis in R™ and if u,v € R* the tensor
product u ® v € R¥* of u and v is defined by (u ® v);; := vyw;.

In the estimates ¢ will denote a constant, depending on the data of the problem,

that may change from line to line.

2.1 Function spaces
We first recall the definition of the Sobolev space WP,

Definition 2.1.1. If A is a smooth, bounded open subset of R" and 1 < p <
+00, a function u belongs to the Sobolev space WP(A;RY), if and only if u €
LP(A;RY) and the weak partial derivatives % exist and belong to LP(A;R), i €
{1,...,n}.

If we define

B =

[ullwos = ( [ Gutp+ puop das)
for 1 < p < 400, and

lullwre o= ess sup(ful + D),
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we obtain a norm making W1?(A; RY) a Banach space.

In order to prove regularity of minimizers for functional with (p, ¢)-growth con-
ditions, in the sense of higher integrability and higher differentiability properties
of minimizers, we shall need the machinery of fractional order Sobolev spaces.

Regularity results of this kind are important to reduce the dimension of the
singular set or minimizers and they often are useful in the proof of C'1® partial
regularity results too.

Today the thoeory of fractional Sobolev spaces is well developed and the reader
may look at Chapter 7 of [6]. In particular, the fractional Sobolev spaces we are
going to use extensively, named Nikol’skii spaces, are treated in the Section 7.7.3.

These spaces are defined as follows.

Definition 2.1.2. If A is a smooth, bounded open subset of R and § € (0,1), 1 <
p < +00 a function u belongs to the fractional order Sobolev space W%P(A; RY)

if and only if

[ (/A|u(x)|pdx);+ (/A A%dmy); < .

This quantity is a norm making W%?(A; RY) a Banach space.

In the context of fractional order Sobolev spaces we have to use fractional

difference quotients. Therefore we recall the finite difference operator.

Definition 2.1.3. For every vector valued function F' : R® — R the finite

difference operator is defined by
T F () = F(x + hes) — F(x)

where h € R, e, is the unit vector in the z, direction and s € {1,...,n}.
The difference quotient is defined for h € R\ {0} as

Ts,hF(Jf)

A&hF(l‘) = h
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The following proposition describes some elementary properties of the finite

difference operator and can be found, for example, in the Section 8.1 of the book

[51] by Giusti.

Proposition 2.1.4. Let F and G be two functions such that F,G € WP (Q), with

p > 1, and let us consider the set
Qpy = {z € Q: dist(x,00) > |h|}.
Then

(d1) TsuF € WHP(Q) and
Di<Ts,hF) = Ts,h(DiF)-

(d2) If at least one of the functions F' or G' has support contained in Q) then

/FTS,hG dr = —/ G 15 _pFdx.
Q Q

(d3) We have

Tsn(FG)(x) = F(x + hes)Ts 5y G(2) + G(2)75 5 F' ().

Next Lemma was proved in [3]. (See Lemma 2.2).

Lemma 2.1.5. For every v € (—1/2,0) and p > 0 we have

G2+ 1620 — G2+ nfynl __elh)
A R T

& —n)

for every &€,n € RE.

The next result about finite difference operator is a kind of integral version of

Lagrange Theorem (see Lemma 8.1 in [51]).
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Lemma 2.1.6. If0 < p < R, |h| < &2, 1 < p < 400, s € {1,...,n} and

2

F,D,F € LP(Bg) then

|Tsn F(2)|P do < |h|p/ |DsF(z)|P dx.

B, Br

Moreover

|F(x 4 heg)|P dx < c(n,p)/ |F(x)|P dx.

By Br

(2.1.1)

(2.1.2)

Next Lemma, useful to estimate the different quotient of a function, is of

particular interest for us.

Lemma 2.1.7. For every p > 1 and G : Bg — R* there exists a positive constant

¢ = c(k,p) such that

(141G (@))P2AG ()P < e(1+ (G () +|Gla + hey) [P) 722 |7,,G (@)

for every x € B, with |h| < % and every s € {1,...,n} .

Now we recall the fundamental embedding properties for fractional Sobolev

spaces. (For the proof we refer to Chapter 7 of [6]).

Lemma 2.1.8. If F: R* — RN, F € L?(Bg) and for some p € (0, R), 3 € (0, 1],

M >0,
S [ lraF @) de < Az,
s=1 "B
for every h with |h| < ?, then
F € W*(B,;RY) N L7 (B,; RY),
for every k € (0, 5) and

[ < (M A+ IFl|zasn) -

2n
L7 (1)

with ¢ = ¢(n, N, R, p, 3, k).
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Previous Lemma can be reformulated as follows

Lemma 2.1.9. If F : R® — RN, F € LP(Bg) with 1 < p < +oo and for some
€ (0,R), B €(0,1], M >0,

Z/ [T F'(2)|P do < Mp|h|pﬁ
s=1 By
for every h with |h| < 32, then

F e Wk(B;RY)N L"%P(BP;RN)’

for every k € (0, 5) and

[ F]| _no < c(M+||F||oBr)) -

Ln=kp (By)

with ¢ = ¢(n, N, R, p, B, k).

To study regularity for functionals with almost linear growth, the main tool are
the Orlicz-Sobolev spaces (for more details on this topic we refer to [6], Chapter

8).

Definition 2.1.10. a) A function ¢ : [0,00) — [0,00) is called a Young func-

tion, if ¢ is strictly increasing, convex and satisfies

limM = lim L =0.
t—0 ¢ t—o00 gp(t)

b) If ¢ satisfies in addition a global (As)-condition, i.e.
o(2t) < cp(t) forallt >0,
then we define
L,(Q,RY) = {u € Li(Q,RY): /ng(|u|)dx < oo} :

which is a Banach-space together with the Luxemburg norm

ull, = inf{kZO: /@(M) dx < 1}.
0 k
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¢) A function u : 2 — RY belongs to the space Wh¢(Q,RY) if u € L,(Q, RY)
and its distributional gradient Du € L,(Q, R™Y). W#(Q, RY) is a Banach-

space together with the norm
[ull1e = Nlully + | Dull,

d) We define W, ?(Q, RY) as the closure of C5°(€, RY) with respect to the
Whe(Q, RY)-norm.

2.2 Blow-up tools

In this section, we collect several tools which we shall extensively use in the blow-
up procedure we shall perfom in the next chapters. As we saw in the first chapter,
the proof of regularity results essentially consists in three steps, and the first two
steps rely on the proof of a Caccioppoli type inequality and in the improvement
of such an inequality.

Next Lemma finds an important application in the so called hole-filling method.
Its proof can be found in [51] (See Lemma 6.1). This method is often used to obtain

Caccioppoli type inequalities.

Lemma 2.2.1. Let h : [p, Ro] — R be a non-negative bounded function and 0 <
0<1,0<A 0<Band0< 3. Assume that

A
(d—r)s

hr) < + B+ 0n(d)

forp<r<d< Ry. Then

where ¢ = ¢(0, 3) > 0.
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Since we treat functionals with growth exponents p > 1 and even almost linear
growth, we shall need the following Poincaré-Sobolev inequality, whose proof can

be found in [27] (for other versions of this inequality we refer to [17, 16]).

Lemma 2.2.2. Assume 1 < p < 2 and let u € WHP(Q,RN). Then there exists a

positive constant ¢ = c¢(n, N, p) such that

2 S 2
7[ Vy (LW)P) dx <c 7[ \V(Du)|* dz | .
Bp(mo) P Bp(mO)

Next result is important in the comparison of the minimizer of the functional

with the smooth solution of the linear elliptic system with constant coefficients
coming out of the linearization procedure required by the blow-up method. It is a
simple consequence of the a priori estimates for solutions to linear elliptic systems

with constant coefficients.

Proposition 2.2.3. Let u € WYP(Q;RY), p > 1 be such that
/Q AZ;Dou' Dy’ d = 0

for every o € C(SLRY), where Agﬁ s a constant matrix satisfying the strong

Legendre Hadamard condition
AT NN papg > vAPIpl? VAERY, peR™,
Then u € C* and for any ball Br(xy) € Q we have

sup |Du| < %/ | Du| dx
Br

B%(xo)

For the proof see [46, 51] in case p > 2 and see [16, 17] in case 1 < p < 2.
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2.3 An important auxiliary function

We shall use the following auxiliary function, which is a common tool in treating

functionals with subquadratic growth. For £ € R, we define

Va(€) = (1+ €))7 ¢,

for any exponent 3 > 1. Recall that for 5 > 1

|V3(€)| is a non-decreasing function of |]; (2.3.1)

V(€ + )] < c(B)(IVB(E] + [Va(n)]); (2.3.2)

min{, CHVHOP < V(P < max{ PNVAO5  (233)
I+ P)E <1+ U+ [P+ )T (6P + ) if 5<% (234)

c(B)(IEP +1€1%) < Vs < CO(IEP +1¢l”)  if B >2; (2-3.5)
[V5(6)|? is convex if l<p<2. (2.3.6)

Many of the previous properties of the function Vj can be easily checked and
they have been successfully employed in the study of the regularity of minimizers
of convex and quasiconvex integrals under subquadratic growth conditions ([3, 17,
16, 79]).

Next Lemma can be found in a slightly different form in [36] (Lemma 2.2), see
also [77] and [79], and it will be crucial in the following chapters. In fact it will
allow us to construct admissible test functions needed to establish Caccioppoli

type inequalities.

Lemma 2.3.1. Let 0 <r < s <1 and let v € WH(B(0);RY). If1 <p<q<

P there exist a function w € WP(By(0);RY) and two radii 0 < r <1’ < &' <
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s < 1 depending on v such that

w = (2.3.7)

v in B\ By

<s—r<s—r

and

/ |w|P dx < c(n,p)/ |v|P dx; (2.3.8)
Bs\Br

Bs\Br

/ |Dw|Pdx < c(n,p)/ | Dv|P dzx. (2.3.9)
Bs\By Bs\Br

Moreover if p > 2 we have

q
q

/ lw|?dz < e(n,p,q)(s — r)"(lfi) (/ lv|P dx) ’ ; (2.3.10)
BJ\B,, Bo\B,

g

/ |Dw|?dz < c(n,p,q)(s — r)"(lfi) (/ | Dv|P d:zc) " (2.3.11)
B, \B,/ Bs\B:

While, in case 1 < p < 2, we have that

/ m(w)\?dxgc(n,p)/ IV, (0)[2 e (2.3.12)
Bs\Br Bs\Br
/ WV, (Dw)|2 dz < c(n, p) / V(Do) 2 da. (2.3.13)
Bs\By Bs\Br

/BS/\BN Vy(w)| 7 dx < c(n, p, g)(s — )" (=) (/BS\BT IV, (0)]? d:c)g L (2.3.14)

g

/Bs/\Br/ |V;)(Dw)|% dx < c(n, p, q)(s_r)"(lﬁ) (/BS\BT |V;,(Dv)|2dx)g . (2.3.15)

In the study of functionals with subquadratic growth, the following inequality
will also be useful. It is standard a standard result if p > 2 and can be inferred

from [3] (Lemma 2.2) in the case 1 < p < 2.
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Lemma 2.3.2. For 3> 1 and n,& € RYN*" there holds
2 2y 22 ! 2\ 22 2 2y 22
Cil+ "+ 1[e1) = < | A+ n+t&]") = dt < Co(1+ |n|” + [£]7)
0
with some positive constants C,Cy depending only on f3.

When we shall treat functionals with almost linear growth, the following two

elementary inequalities will also be useful.

Lemma 2.3.3. Set
V(&) = 1+ [P T e

Then for every p > 0 and function v with the suitable integrability degree, we have

|V,(Dv)|? dx < C/B \Vi(Dv)|*dz +c [ |[Vi(Dv)[* dz.

B, B,

Proof. We start by noting that
(L+ 1672 < e[l + 1+ [¢)7z1e)- (2.3.16)
Indeed if [£] < 1 we have
(1+]e)? < V2,

while, if || > 1 we have

R S
L+ 13~ 1+ [e)3

Hence, recalling that p > 1, we can conclude that

(1+¢)2 =

Wp(Dv)|2daz:/B IDul(1 + | Dul?)"5" da
P

By
_ / DuP(L+ Do) (1 + |DoP) T de
By

1 1 -1
g/ |Dv|*(1 + |Dv|*) "2 [1+|Dv\2(1—|—|Dv\2)7]p dx
By

< / |Dv|%(1 + | Dv[?)"2 dx
B

P

35



_I\P
+ c/ ((|Dv|2(1 + | Dol?) ) dz
BP
where we also used (2.3.16). O
Lemma 2.3.4. For every x > 0 and 1 < p < 2 we have

log(1+ ) < Ma(1+2°) 2 .

Proof. The function

log(1 -
ola) = LD () | oy
is nonnegative for every x > 0 and
lim p(z) = 1.
Moreover, since p < 2, we have
li =0.
Jim ()

Since ¢ is continuous, there exists M > 0 such that ¢(x) < M for every x €

[0, +00]. Hence the conclusion follows. O

2.4 The singular set of minimizers

Let us recall that the singular set ¥ of a local minimizer u of the functional F is
included in the set of non-Lebesgue points of Du.

In the sequel we shall obtain estimates on the Hausdorff dimension of the
singular set of minimizers, by applying the following proposition that can be found,

for example, in [59] (see also Section 4 in [68] for a simple proof).

Lemma 2.4.1. Let v € W9P(Q,RY) where 6 € (0,1), p > 1 and set

A= {;L’ cQ: limsup][ |U<y) - <U>m,p|p dy > O} )
B(=,p)

p—0t
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B = {x € Q:limsup [(v)g,| = +oo} .

p—0T

Then
dimyp(A) <n—~0p and dimy(B)<n—0p.

As it is clear from the statement of the previous proposition and as we already
observed at the beginning of this chapter, a key role in the estimate the Hausdorft
dimension of the singular set is played by higher integrability/differentiability
property of minimizers. In this context the best way to prove such regularity

results is to work in fractional order Sobolev spaces.
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Chapter III

PARTIAL REGULARITY THROUGH HIGHER
INTEGRABILITY: THE DIFFERENCE QUOTIENT
TECHNIQUE

The results of this chapter have been obtained in [24]. We prove C1* partial regu-
larity of minimizers of the functional (0.0.1), passing through higher integrability
of minimizers. The proof of the higher integrability heavily relies on the difference
quotient technique.

Throughout the chapter we shall assume that the integrand f is a C?(QxR™ )
function satisfying the non standard growth conditions (F1)-(F3).

We recall that in the paper [31] by Esposito, Leonetti and Mingione, under the
above assumptions on f, it has been proved that a minimizer u € VV;)CP(Q) of F
actually belongs to VVlicq(Q) if % < 2 provided that for the functional F does

not occur the Lavrentiev Phenomenon. More precisely, introducing for a fixed ball
Br CC Q and for every u € W1P(Bpg) the gap functional relative to F:
L(u, Bg) := F(u) — F(u), L(u,Bg) =0 if F(u)=+o0

where F is the sequentially lower semicontinuous (s.l.s.) envelope of F:

Fi=sup{G: W"P(Bg) — [0,+00] : G is sls, G<F on

W'P(Bg) NW"(Bg)},
the requirement is that:

L(u,Br) =0, forany Bgr CC. (F4)
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When the dependence on z is allowed, it is clear that a bound similar to
(0.0.2) has to be assumed with ¢(n) replaced by c¢(n,«) where « is the Holder
continuity exponent appearing in (F'3). More precisely Esposito, Leonetti and
Mingione proved in [31] that a sufficient condition in order to have that a W'»

local minimizer of F belongs to W4 is

n+ o

% = (3.0.1)

Actually, by mean of a counterexample, in [31] the authors showed that (3.0.1)
cannot be avoided in order to prove higher integrability of minimizers. In fact,
if % > 2 there are local minimizers u € I/Vlicp of suitable functionals such that
u g Wy

In [11], assuming (3.0.1), Bildhauer and Fuchs proved C'# partial regularity
assuming that D f is Lipschitz continuous with respect to « and that the second
derivative of f with respect to £ have a (¢ —2)-power type growth. These assump-
tions are stronger than the usual when one tries to establish C'Y# partial regularity
results.

The aim of the present chapter is to remove these stronger assumptions on f

showing that C1# partial regularity still hold for minimizers. In fact we are able

to prove the following

Theorem 3.0.2. Let f € C?(Q2x R™N) satisfy the assumptions (F1), (F2), (F3),

(F4) and let uw € W,oP(Q;RN) be a local minimizer of F. Assume that p > 2 and

oc

(3.0.1) holds. Then there exists an open subset Qo of Q such that
2\ Q| =0

and u € CH*(Q; RY) for some pu € (0,1).
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Our proof is based on a decay estimate for the excess function defined in (0.0.7),

and that we recall for the reader’s convenience:
E(z,r) :7[ |Du—(Du)r|2+ | Du — (Du)r|p+rﬁ,
By ()

with < a, where « is the Holder continuity exponent appearing in (F3).

We shall prove the decay estimate by using a standard argument consisting in
blowing up the solution in small balls and reducing the problem to the study of
convergence of minimizers of a suitable rescaled functionals in the unit ball. A
useful tool in order to let this argument work is the higher integrability of the
minimizers of the rescaled functionals. Note that we need an higher integrabil-
ity result which is uniform with respect to the rescaling procedure. Hence we
cannot use the result in [31] and the higher integrability result will be proved in
Proposition 3.1.1.

We also mention that by the method introduced in [59] we are able to estimate

the Hausdorff dimension of the singular set. In fact we have the following

Theorem 3.0.3. Under the same assumptions on f, p and q as in Theorem 3.0.2,

if u € WEP(QRN) is a local minimizer of F then

oc

dimy(Q\ Qo) <n — %p (3.0.2)

where « is the exponent appearing in (F3).

We recall the definition of local minimizer for a functional with nonstandard

growth conditions.

Definition 3.0.4. A function v € W2 (2, RY) is a local minimizer of F if z —

loc

f(z, Du(z)) € L},.() and

loc

/ f(z, Du)dx < / f(z, Du+ D) dx,

suppp

for any ¢ € WE1(Q,RY) with supp ¢ C Q.

loc
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Now, for our future needs, we introduce the rescaled functional on the unit

ball B = B4(0)
Z(v) = / g9(y, Dv) dy
B
where

f(xo + 10y, A+ AS) — f(0 + 710y, A) —fo(woJrToy,A))\ﬁ'

9y, &) = 2

(3.0.3)

Here A is a matrix such that |A| is uniformly bounded by a positive constant M
and A is a parameter such that 0 < A < 1. Next Lemma contains the growth

conditions on g.

Lemma 3.0.5. Let p > 2 and let f € C*(Q x R™N) be a function satisfying the
assumptions (F1), (F2) and (F3). Let g(y,&) be defined by (3.0.3) then we have

c(|€]? + AP2[EfP) <gly, &) < e(|€* + AT2[¢]); (11)
|Deg(y, €)] < e(le] + A2, (12)

Deg(un, ) — Deglum O] < L (14Nl —wals (13
o1+ N[E[) "7 [¢[2 < (Deeg(y, €)C, €) (14)

where the constant ¢ depends on M and on q.

Proof. The (I1) can be proved as in Lemma 2.3 of [4] and the (I2) is an immediate
consequence of the convexity of g.

Now we prove (I3). Thanks to the definition of g we have that

Deg(u.) = 5 [Def o + 1oy, A+ X6) — Def (o + oy, A)].
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So by (F3) we get

1
|Deg(y1,€) — Deg(y2,6)| Sx|D§f($o + 1oy, A+ A) — Def (o + 1oy, A+ AE)|
1
+ X|D§f($o +roy1, A) — Def(z0 + roy2, A)|

re _ _
§70|y1 — o *[(1+ [A+XE]77H) + (1 + |A]77H)]

T o _ _
< lyn = ol (e(M) + ATHE[T)
7,,0[
< gy — (14 g,
where the constant ¢ depends on M and on gq.

To prove the (I4) it is enough to develop the second derivatives of g with

respect to £ and to observe that

So we are led to the ellipticity condition (F2) on f. O

We shall denote by M F' the Hardy-Littlewood maximal function of a function
F € L, .(R™), which is defined as

loc

MPF(z) = sup][ F(y)] dy,
z€Q JQ

where the supremum is taken over all cubes ) C R", with sides parallel to coor-
dinate axes.

The following Lemma can be found in [1].
Lemma 3.0.6. Let u € WHP(R™, RY) and p > 1. For every K > 0, if we set
Hx ={z €R": M(|Du]) < K},

then there exists v € WH(R™ RY) such that | Dv||ee < ¢ K, v =u on Hg, and

c|[Dol[7

meas(R™ \ Hg) < Tor
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3.1 Higher integrability

The first step in the proof of Theorem 3.0.2 is to obtain an higher integrability
result for minimizers of the rescaled functional Z. To be more precise we need this

result for the following perturbation or 7

D¢ f(xg+ 1oy, A
J(v) ::/ g(y, Dv) dy + ef (20 3 0y >(Dw — Do) dy.
Bj

R

where v € w + VVO1 “I(Bg) and xg, 19, A are the same appearing in the definition of
g, therefore |A| < M.

We obtain the higher integrability with the following

Proposition 3.1.1. Let us suppose that g € C?*(B1(0), R™N) satisfies the as-
sumptions (I1), (I2), (I3) and (I4) with 2 < p < q < p (2£2). If the function

v € WH(Q;RY) is a local minimizer of J then there exist 6 > 0, 0 > 0 such that

[ (Do 2pe e dy< e ([ @+ Do)l + ¥ po)l) ay)

v . (3.1.1)
for every B CC (), p < R and for a positive constant ¢ which depends on p and
R but does not depend on v and it is also independent of the parameters A\, ro and

of the point xo appearing in the definition of g(y,&).

Proof. Let us fix a ball B CC €; by the minimality of v € Wh(Q; RY) we have

fo Zo + ToyvA)
A

/ 9(y, Dv) dyi/ 9(y, Dv + Do) dy+
B B s

R R

Dpdy. (3.1.2)

for every ¢ € W,Y(Bp; RN). For a fixed ¢ € (0, 1) we can write (3.1.2) as follows

/ De f(xo +r0y,A)

/ l9(y, Dv+¢e Dyp) — g(y, Dv)] dy + eDpdy >0
B

R

which is equivalent to

D¢ f (o + oy, 4)
A

1
/ / Deg(y, Dv+ etDy) e Dy dt dy + eDpdy > 0.
B Jo
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Dividing the previous inequality by ¢, changing ¢ in —¢ and taking the limit as
e — 0%, thanks to the assumption of continuity of the function De¢g, we get the

Euler-Lagrange equations

Déf To + Toy, A)
A

/ Deg(y, Dv) Dcpdy+ Dydy = 0. (3.1.3)

Let uspick 0 < p<r<d< R <1 and let 1 be a cut-off function in C(C]’O(B%)
with 0 <n <1,n=1on B, and |Dn| < 4/(d —r). Let us consider the function
© = Ts _n(n*7spv) with s fixed in {1,...,n} (which from now on we shall omit for
the sake of simplicity) and 0 < |h| < (d —r)/4. Now we plug such function ¢ into
(3.1.3) and use (d1) and (d2) of Propostion 2.1.4 to get

~ [ 7 (Degty. Do) Do) dy
1

B X/B [De f (0 + oy + hes), A) — De f(zo + 1oy, A)] - D(n*mv) dy = 0.

R
We develop the derivatives inside the first integral and use the Holder continuity

condition (F3) and the bound |A| < M into the second one obtaining the estimate

/ 1 7h (Deg(y, Dv)) mDody < — 2/ N Th(Deg(y, Dv)) Dn @ v dy
B

7 By

il |h|a/ Defmo) dy  (3.14)
A B

R

with the constant ¢ depending on M. Observing that

/ 727 (Deg(y, Dv)) 7D dy
B

R

1° [Deg(y + hes, Du(y + he,)) — Degly, Do(y))] mDv dy

R

1° [Deg(y + hes, Du(y + hey)) — Deg(y, Do(y + hes))] mDv dy

S 5

R

+/B 1° [Deg(y, Du(y + hey)) — Deg(y, Dv(y))] Do dy

R

44



we can write (3.1.4) as

1
/ / 772[D55g(y, Dv + t1, Dv)|D(10) D(hv) dt dy
Br J0

< — / n® [Deg(y + hes, Du(y + hes)) — Deg(y, Dv(y + hey))] - 7oDv dy
B

R

T,CM
~2 [ om(Degty, Do) Dy mody+ Ll [ Do) dy
B B

R R
Now we use ellipticity condition (I4) in the left hand side and the growth conditions
(I2) and (I3) in the right hand side. Thus the following estimate holds:
p—2
/ (1 + X[ Do(y)[* + N[ Do(y + he,)[*) = |7, Dv|* dy
Bg

< cl|h|® r%o /B (1 + XY Do(y + hey)|? 1) |7 Dv| dy

R

te / 0 1Dl(IDv(y)| + |Doly + e+

Bp

A2Du(y)|* + A2 Du(y + hey)|*) [l dy

ce g [ 1Dt dy
= (I)+ (II) + (IID), (3.1.5)

with ¢ = ¢(n, N, p,q, L,v, M).
The use of Lemma 2.1.7 in the left hand side of (3.1.5) yields
/ (1 4+ )\2|D1)|2)17772Dv)|2 dy < (I)+ (II) + (I11). (3.1.6)
Bp
We have to estimate the integrals (1), (1) and (/1I). For (I) we simply use the
definition of 7, Dv and remember how we choose |h| so that we can apply (2.1.2)
of Lemma 2.1.6 as follows
[0 Ta -
(1) < el ™S [ (Do) + 31 Do(y)) dy
Bq

where ¢ = ¢(n, N, p,q, L,v, M).
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To estimate (/1) we remember the assumptions on |Dn| and use triangle in-

equality which yields

(1) < [ Du)+ Doty + el ol dy

. A"Q/ (IDu()|*™! + | Doy + hes)|"™") ol dy
(d - r) Bd+

axnr

then we apply Holder inequality to each integral and we use (2.1.1) of Lemma

2.1.6 in each of the resulting addend, thus getting:

C 2

(] |Dv<y>\2dy)% ([ 10stwra)

+ (di,,,) |h| A9 (/Bd |Dv(y)\qdy)1_é (/Bd ‘Dv(y”qdy)%

C

(1) < s ( [ (Detw + X2 iDotl) dy)

(1) <

that is

To estimate (I11) we develop the derivative inside the integral and use triangle

inequality, the assumptions on 1 and |Dn| and (2.1.1) of Lemma (2.1.6):

Ty c Ty
I11) < c|h|* 2 Du(y)|d h|*-2 d
el [ oy g e [ ey

2 2

T

<cln [ Do)l dy
Bq
where we also used the assumption |h| < &
Collecting the estimates for (1), (/1) and (/II) and summing up on s €
{1,...,n} we get, in place of (3.1.6), the following estimate

/ S lma((1+ X2 Do[?) 5 Do) dy
B=

R s=1

re _
< el [ (Dol 3 D)) dy
d

c
+——71h Du(y)|* + X\172|Dv|?) dy,
ety RLEOIER LD
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with ¢ = ¢(n, N,r,d,p,q, L,v, M) independent of v, A\, ro and zy. Notice that, in

what follows, we shall have % < 1. Now we apply Lemma 2.1.8 and find that
(1+ N|Du)* T Dv e L% (B,), Ve (o, %) (3.1.7)

and

n

p—2 n n—20
/ ((1+ X[ Do) "2 [Do)mdy < c ( / (1+ Do) + Aq2|Dv<y>|q>dy) /
B

Br d
where

> 1.

n — 20

But, since 2 < p < g we have
= [ AP+ 2= De)) s ay
T
<c (/ (14 |Dv(y)* + X172 Du(y)|%) dy) . (3.1.8)
Bg

Now we are going to estimate (.J) from below in order to have an inequality which

can be used to perform the same iteration procedure of [31]. We have

24P

(J) = /(\Dv(y)|M+A(7"2>55\Dv(y)|pé’i)n_—’aedy

> elpq) [ (Do) + NP 2E D dy (319)
where we used the elementary inequality
(a? +b°) > c(p)(a + b)*, Vp>0.
Thus we have

() = /(1+\Dv(y)|25+)\(p2)Z‘Dv(y)|q)§n"29dy

T
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n—20

<. ( / (L Do)+ X Dul)) dy) (3.1.10)

But we also have

() = C/ (L4 [Do(y)[*) + A7 | Do(y)|) 7= dy

T

> c/ (1+|Dv(y)]> + AP35 | Du(y)|?) a2 dy (3.1.11)
since
(1+ |[Du(y)|*)» = 1+ |Do(y)|*.
Now we remember that 0 < A < 1 and observe that

q
(p—2)=<qg—2

]

since 2 < p < ¢, so that

)\Q*2 < )\(p72)% .

Hence we conclude that

[ @+ Do)+ AT Dol )i dy

>c [ (L41DuwP + 3| Dely)) i dy, (3.1.12)

T

Collecting (3.1.8), (3.1.9), (3.1.10), (3.1.11) and (3.1.12) we can conclude that

/ (1 + | Do(y)2 + N[ Du(y)|?)s = dy

T

<e ( / (1 D) + X7 Do)l dy) .

From here we can complete the proof using exactly the same iteration scheme of

[31] with the same exponents. O
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3.2 Decay estimate

Let u € W,2"(Q) be a local minimizer of F under the assumptions (F1), (F2),

loc

(F3), (F4) and recall that its excess function is defined as in (0.0.7):
E(z,r) = 7[ |Du — (Du),|? + |Du — (Du), | + r° (3.2.1)
B, (z)

with (6 < a.
As usual the proof of Theorem 3.0.2 relies on a blow up argument which is

contained in the following

Proposition 3.2.1. Fiz M > 0. There exists a constant C(M) > 0 such that,

for every 0 < 7 < i, there exists € = e(7, M) such that, if
|(Dw)gr| < M and E(xg,7r) <e,

then
E(xg, 1) < C(M) 7P E(x0,7).

Proof. Step 1. Blow up

Fix M > 0. Assume by contradiction that there exists a sequence of balls

B,,(r;) CC Q such that

[(Dt)g, 0| <M and X = E(z,1;) — 0 (3.2.2)

but

Elr: 1. .
w > C(M)r° (3.2.3)
J

where C’(M) will be determined later. Setting A; = (Du)a,,;, a5 = (u)s,,r, and

) —as — 1A
v(y) = u(z; + rjy;T gj riAYy
i

(3.2.4)
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for all y € B1(0), one can easily check that (Dv;)o; = 0 and (v;)o1 = 0. By the
definition of A; at (3.2.2), we get
r?
7[ | Dv;|* + )\§_2|va|” dy + )\—Jz =1 (3.2.5)
B1(0) J

Therefore passing possibly to not relabeled sequences

v; v weakly in Wh2(B;(0); RY)
Aj — A
r!
r; — 0 )\—% — 0, v > . (3.2.6)

Step 2. Minimality of v,

We normalize f around A; as follows

flxy +ryy, Ay + N6) — fxy +ryy, Aj) — Def (x5 + ryy, Aj)A;€

fi(y, &) =

A2
j
(3.2.7)
and we consider the corresponding rescaled functionals
Zj(w) = / [fi(y, Dw)]dy. (3.2.8)
B1(0)

Observe that Lemma 3.0.5 applies to each f; thus having that (I1), (12), (I3), (I4)

hold for f;. The minimality of u yields that
[ fatry Dutastr)dy < [ flogbri Dutaytrig) Doty tryy) dy
B1(0) B1(0)
for every ¢ € Wh4(B, (z;); RY) that is
f(xj+ 15y, Aj + AiDu;(y)) dy

B1(0)

< / o flxj+rjy, Ay + XNjDv(y) + Do(z; + rjy)) dy
B1(0

50



for every ¢ € Wh4(B,,(z;); RY). Thus by the definition of the rescaled functionals,

we have

De f(x; + 15y, Aj) Do dy.

(3.2.9)
B1(0) )‘j

Zi(v;) < Zj(vj + ) +

Hence using (13)

Zi(v;) < Ij(vj+90)+/ [fo(‘”j+rjy’AJ))\_ D f(x;, Aj)| Dy ay
B1(0) j

«

re
= Ij(vj+90)+0(M)ﬁ/ [ Dl dy. (3.2.10)
J J B1(0)

Step 3. Higher integrability

Since u € I/Vlicp(ﬂ) is a local minimizer of F under the assumptions (F1), (F2),

(F3), (F4), by Theorem 4 in [31], v € W"4(B,,(z;)). Therefore, by a simple
change of variables, we also have that each v; € Wh(B;). Moreover, since v;
satisfy (3.2.9) and f; satisfy (I1), (I2), (I3) and (I4), we are legitimate to apply

Theorem 3.1.1. Hence there exist § > 0 and ¢ > 0 such that for all p < 1

[ D@ + 321Dy dy

B,

<(/ 0+ D)+ 2 D)) w) G2

with ¢ depending on M and p. But (3.2.5) yields

| D wP + 3 21Dus () dy < e

By

for every ball B, contained in B;. ;jFrom that we obtain

v = v weakly in W22 (B (0); RV).

loc

Step 4. v solves a linear system

Using that v; satisfies inequality (3.2.10), we conclude that

C
0<% ( >[D§f($j + 75y, Aj + AjDvj) = Def(w; + ryy, Aj)| D dy
] Bl 0
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c(M)T?‘
— |Do|dy. (3.2.12)
Ai o)

Following the argument in [2, 77], let us split
Bl(O) = ijJr U E; = {y € Bl . )\j|D’Uj| > 1} U {’y € Bl . )\j|DUj| S ]_}
By (3.2.5) we get

|E}] g/ A2 Du;? dy < )\f/ | Du;|? dy < X3 (3.2.13)
ET +

J EJ

By assumption (F1) and the convexity of f, applying Hélder’s inequality we obtain

1
X [m [De f(xj + iy, Aj + AjDvj) — De f(x; + rjy, Aj)| Do dy
J i
€\t -2 -1 €\t -2 N +1
<CiBf 1+ [ Dyl < 1B+ o (/Efwvjwdy) P
q—1
<c), 1+<Aj2 / |va\qdy> : (3.2.14)
B
J

The last term in (3.2.14) vanishes as j — oco. In fact, the higher integrability at

(3.2.11) implies that

)\?2/ |Dv;|?dy < c.
5

Hence we infer that

. c
lim —
J—00 A

/E+ [Dgf(.l’] + ij, Aj —+ )\jDUj) — Dgf(.rj + T’jy, AJ)]D()O dy = 0.
J (3.2.15)

On EJ_ we have

1
[ [Def (@ 4y, A+ X Dvj) = Def (2 + 1y, 45)| D dy
i JE;
1
= / / Dggf(l‘j + T‘jy, Aj + t)\jDUj) dtDUjDQO dy (3216)
E; Jo
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Note that (3.2.13) yields that X, — Xp, in L", for every r < co. Moreover by
i

(3.2.6) we have, at least for subsequences, that
AjDv; — 0 ae. in By, r;,—0 and z; — xo.
Hence the uniform continuity of D¢ f on bounded sets implies

) 1
HP;/[Qﬂ%+%%&+MHM—DJ%+W%&WM@
]E;

= Dee f (g, A)DvDy dy. (3.2.17)

B1
Observe that by (3.2.6)

T
lim 5= = 0. (3.2.18)

7oAy

By estimates (3.2.15), (3.2.17) and (3.2.18), passing to the limit as j — oo in
(3.2.12) yields
0< | Deef(wo, A)DvDydy

By

Changing ¢ in —¢ we finally get

Dee f(x9, A)DvDedy = 0,

B
that is v solves a linear system which is elliptic thank to the convexity of f.
Classical regularity results (see [45], [51]) imply that v € C*°(B;) and for any

O<r<xl1

][ \Dv— (Do) 2dy < er2d |Dv— (Do) Pdy < e, (3.2.19)
B.

By

for a constant ¢ depending on M.
Step 5. Upper bound

Let us fix r < i. Passing to a subsequence, it is not restrictive to assume that

li]m[Ij,r(Uj) —Zjr(v)]
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exists. We shall prove that
lim(Z,., (1) — T, ()] < 0 (3.2.20)
J

Let us choose s < r and a cut-off function n € C§(B,) such that n = 1 on B,

0 <n<1and |Dn| <-%. Using in (3.2.10) as test function ¢; = n(v —v;), we

get
c(M)re
Zir(vg) = Lip(0) < Ly (05 + 95) = Ly (0) + —— ; [ Dpjldy
J ™
c(M)rs
< / /iy, Dvj + De;) = fily, Do)l dy + ——= | " [Dep;ldy
B,\B. i JB,

< of D+ Dul dyte [ (Do A Dol dy
B,\Bs B

T\BS
v —vl* | gmav —v) C(Mw/
Lt BT N R A S ST Do. — Dol d
i C/BT\BS <('f’— s)? T (r—s)? yr by T| Uj v| dy
N c(M)r§ / | d .
Yo (r — o) v; —vjay, 92
Aj(r—s) B,\B. J

thanks to the growth conditions on f;. Now, we use (3.2.5) and (3.2.11) in order

to have

1
gEn)
/B\B(|va\2 + AT Duj|)dy < </B \B(|va\2+)\?2|va\q)(l+5)dy) B, \ B[
<c(r— 5)%5 (3.2.22)
Moreover, since v € C*(By), we get

/ (|Dv|2+)\?_2|Dv|q) dy < c {1+sup|Dv|2} (r—s). (3.2.23)
B\Bs B,

For the third integral in (3.2.21) we have that

|v; — v]? —2/ lv; — vl
c W00 gy 4 A B el S SR 5 8 3.2.24
(/BT\BS (r—s)? 7 Jpas. T —8)dy ’ ’ ( )
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Note that, by (3.2.6), v; — v strongly in L?(Bj), hence

lim7; = 0. (3.2.25)
J
Moreover denoting by
(
n"—_qq if g<n

r>q ifq>n
\

there exists p € (0,1) such that % = qﬂ* + 1_7“ Using Hoélder and Sobolev Poincaré

inequalities we get

a(1—p)

II; < )\372 </ lv; — U\Qdy) (/ lv; — v|T dy) '
B1 B

|>Q
*=

q. ap

< e’ ( lvj —v = (v — U)Bl\q*dy) +ery ( |(v; — U)Bl\q*dy)
B1 By
p p
< c)\?._Q (/B |Dv; — Dv|qdy) + c)\j-_Q < c)\j-_Q (/B |va|qdy) + c)\j-_Q
—92)(1—
< el (3.2.26)

Since 0 < p < 1 we obtain

limI7; =0 (3.2.27)
J
Moreover we have that
c(M)rs c(M)re
|Dv»—Dv|dy+7]/ lv; — v| dy

Aj By ’ Aj(r—s) B \Bs !

c(M)re 3 c(M)re 3

< (M) J ( |va|2dy) + (M) J ( |Dv|2dy)

)‘j B1 )\j B1

n % (/BT\BS |v; — v|2dy)% (r—s)z. (3.2.28)
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&

Hence, using that lim; ;]J = 0, the fact that v € C*°(B;) and (3.2.5) we get that
the right hand side of (3.2.28) vanishes as j — oo. Therefore we conclude with

(3.2.20), taking first the limit as j — oo and then as s — r in (3.2.21).
Step 6. Lower bound

We claim that fort <r < i we have

limsup [ |Dv; — Dv|* + )\§772\va — Dv|Pdy < climsup(Z;,(vj) — Z; - (v)].
J By J

Let us choose a cut-off function ¢ € C’Ol(B%) such that ¢ = 1 on B%, 0<¢p<1
and |D¢| < c. Set

’ljj = ¢Uj V= gbU.
We can always suppose that the higher integrability exponent § of (3.2.11) is such

that 2(1 4 ¢) < ¢*, so we may apply Sobolev-Poincaré inequality to have that
/ (ID%; > + A2 Dy ) dy < c. (3.2.29)

Fix k > 0. By Lemma 3.0.6 we can find a sequence (w;) € WH°(R";R") such

that if S;, = {y € R*: M(|Dv;|) > k} then
w; = ’l?j on R" \ Sj,k (3230)

and

|| Dwjl|eo < c(n)k. (3.2.31)

Passing to a subsequence we may suppose that
w; — w weakly™ in W1 (R™; RY). (3.2.32)
By the maximal theorem and (3.2.29) we deduce that

[ QDo) + (D)) dy < (3.2.33)
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hence the sequences
{(D5; P+ X205y | ), {(M(IDF])* + A2 M(| D)) }

are uniformly bounded in L'*(R™) and therefore also equiabsolutely continuous

in L'(R™). Then

lim [ (Do D dy = Jim [ (DG XM (D)) dy = 0.

Fix € > 0 and observe that
Ik, if k> k., Vj / (M(|D#;])* + M2 M (| D)) dy < e. (3.2.34)
S],k

Therefore, from the definition of S;, for k sufficiently large we get
Sialk? < [ (D3 < ¢
Sk

and so

£
il < 7 (3.2.35)

Let us write

Zjr(vj) = Lin(v) =[Z;r (05) = Ljw(wy)] + [Zjr (wy) — i (w)] + [Zj0(w) — Zjr (v)]
1 2 3
=R} + R’ + R} (3.2.36)
Now, by (3.2.30) and (3.2.31), we have
RI< [ 1505 = hDuldy< [ Do+ |Dl) dy
',knBT

j Sj’kﬂBT

T / (1Dw,? + X2 Duy[) dy
S.

J’kﬁBr
< / (1D%;? + X2\ D, |9) dy + ck?| S, (3.2.37)
Sj,kﬂBr
since for every k > k. there exists jo = jo(e) such that

j>jo = |Dw;’ + A7 Dw;|? < 2k,
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Therefore, by (3.2.34) and (3.2.35) we get
klim sup |Rj| < e. (3.2.38)
Choose s < r and take ¢ a cut-off function between B, and B,. Define

Yy = ((w; — w)

and split R? as follows:

R = [T, (w;) — i (w + )] + [Zjr (w + 05) = Tjp(w) — Ly (05)] + .o (1))

_pd o pbo pb
= Rj+ R+ RS (3.2.39)
Then, by (3.2.31), (3.2.32) and the growth conditions on f;, we have

RY| < / M50 D) = Sy, D+ D) dy < / (IDw,[? + X2 Du |7) dy
B\ Bs B

’I‘\BS

4 / (IDw]? + A2 Dul) dy + / (w0 — wy? + X2 — wy]) dy
B, \Bs Br\Bs

<BIBAB+ [ (w4 = ) dy (3.2.40)

Br\Bs

Using (3.2.32), we conclude that

lim sup |R?| < (k)| By \ Bsl. (3.2.41)
J

To bound R?, we use the definition of f; in order to have
1 pl
. 0o Jo

Hence

limsup |R}| =0 (3.2.43)
J

thank to (3.2.32), since D?f(x; +r;y, A; + s\jDw + tA; D1);) uniformly converges
to D?f(xg, A).
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On the other hand, by (I1), we get

|RS| = Z;, (1) = / fi(y, D;) dy > / (|IDw; — Dwl* + Xe™%| Dw; — Dwl|?) dy.
B, Bs

(3.2.44)

Therefore, passing possibly to a subsequence, we may suppose that lim; R? exists

and collecting estimates (3.2.41), (3.2.43) and (3.2.44), we obtain

. ) . 2 -2
thRj > hmjsup /BS(|ij—Dw| + N7 | Dw; — Dwl?) dy — c(k)(r — s). (3.2.45)

Setting S = {y € B, : v(y) # w(y)} and S = SN{y € B, : v(y) # lim;v;(y)}
we have |S| = |S|. We claim that

5] < 2—’; (3.2.46)
In fact, suppose by contradiction that |S| > 2. Then by (3.2.35) for j large
enough we would have
1S\ Sjul > -

But by Lemma 3.0.6 there exists § € B, such that § € S \ S for infinitely many

7 and hence
v(y) = w(y)

and this is a contradiction. Since Dv = Dw in B, \ S, we have

RY) < / 18w Dw) = . Do) dy < / (IDw]? + A7 Dw|?) dy
BN B

NS

_ ce
+/ (IDv|* + A ?|Dv|?) dy < ¢|S| < oL (3.2.47)
BrNS

Estimates (3.2.38), (3.2.45) and (3.2.47) leads us to

: ce
lim{Zj,r(v) = Zjs(v)] 2 = 75 — e(k)(r —5)
+ limsup/ (|Dw; — Dw|* + X;’*Q\ij — Dw|?) dy.
J B,

(3.2.48)
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Now, if t < s < r we have that
/ (|Dv; — Dv\2+)\§72|va — DvlP) dy
Bt
< /BS(|ij — Dwl|? + A§_2|ij — Dw|P) dy
+ [ 4Dy = D4 7Dy = Do) dy
—i—/ (|IDw — Dol* + X7%| Dw — Dol?) dy. (3.2.49)
Last two integrals in (3.2.49) can be treated exactly as le» and R? thus leading to

lm(Z;,(v5) = Zip(0)] 2 = 5 = e(R)(r = 5)

+ limsup/ (|Dv; — Dv]* + )\;’_2|va — Dol|P) dy.
J Bt

(3.2.50)
The desired estimate follows letting first s — 7 and then & — oo in (3.2.50).
Step 7. Conclusion

From previous two steps we can conclude that

lim |Dv — Dv;|” + X7*| Dv — Doy [P = 0. (3.2.51)

T

The conclusion follows observing that

8P
(1D = (D), [+ |Du = (D), ) dy + lim
] B

J

E(z: A
tim 28075 gy L

<lim (|Dv; = (Dvj), > + Xo7%|Dv; — (Dv;),P) dy + 7°

7 JB.0)
=lim (|Dv; —Dv|2+)\§_2|va — Dvl?) dy
7B (0)
+ lim (|(Dvj)r = (D), |* + X *[(Dy); — (D)o |”) dy
7 JB.(0)
+ lim (|Dv — (Dv),|* + )\?72‘DU — (Dv),|P) dy + 7°
7 JB.(0)
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§7[ |Dv — (D), P dy < ey +7° < eyt (3.2.52)
B.(0)

since the first integral vanishes as j — +oo thanks to (3.2.51), the second one

vanishes since (Dv;), — (Dv), as j — +00,
—2 —2
N7 Dv — (Do), [P < NP

vanishes as j — +oo and thanks to (3.2.5)

3,.0
Ter
lim —- < 7.
j~>+oo )\]

Estimate (3.2.52) is a contradiction if we choose ¢(M) > c¢j and this concludes

the proof. O

The proof of Theorem 3.0.2 now follows by a standard iteration procedure, see
[46]. The following proof of Theorem 3.0.3 is an immediate corollary of the higher
differentiability result for the gradient of minimizers of F that can be inferred
from the proof of the Proposition 3.1.1 (see (3.1.7)) or from the proof of Theorem
4 in [31].

Proof. (of Theorem 3.0.3) The singular set ¥ of minimizers of F turns out to be

contained in the set

p—0%

Yo 1= {x € Q:lim supj[ |Du(y) — (Du)q,,|” dy > 0}
B(w,p)

p—0+

U {x € Q:limsup [(Du),,,| = +oo} .

Hence Lemma 2.4.1 applies in order to conclude the proof. O
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Chapter 1V

PARTIAL REGULARITY THROUGH FONSECA-MALY
EXTENSION LEMMA

The results of this chapter have been obtained in [25].

As in the previous chapter, we consider the functional (0.0.1), satisfying the
assumptions (F1)—(F3), and we shall prove C'7 partial regularity of minimizers,
with the gap between growth and coercivity exponent defined in (0.0.5), and that

we recall here for the reader’s convenience:

n
1<p§q<min{p—,p+1}.
n—1

As we already observed, the main difficulty in studying the regularity properties
of minimizers of integrals with non-standard growth is the costruction of test
functions having the right degree of integrability. The gluing Lemma 2.3.1, due to
Fonseca and Maly ([36]), will play a key role to overcome this difficulty and partly
provide the bound (0.0.5). In fact Lemma 2.3.1 holds if

n

< .
q pn—l

To be more precise we could allow ¢ < p+ 1 if

n
p+1<p—,
n—1

that is when p > n — 1. This restriction on ¢ is explained in the following remark,

taken from [77].

Remark 4.0.2. [The Euler-Lagrange system for ¢ < p+1.] If u is a local minimizer

of the functional F and ¢ € C}(Q,RY) we get by the minimality condition that
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for any € > 0:

LoF .
0< /Q[F(Du +eD¢) — F(Du)|dz =¢ /Q/O a—%(Du +etD¢)D,¢" dt dx

where the usual summation convention is in force. Dividing this inequality by e,

and letting € ™\, 0, we infer from the growth assumptions and since ¢ < p+1, that

oOF .
O (Du)Dy&' dx > 0.
/Qafa< )

Consequently, u is a weak solution to the Euler-Lagrange system for Z:

QS—Q(DU)DQQV dr =0 Vo € CHQ,RY).

After having established the Caccioppoli type estimate, the blow-up argument,
aimed to establish a decay estimate for the excess function of a minimizer, can be
started up. Moreover, by skipping the higher integrability step, it is not necessary

to assume the non occurrence of the Lavrentiev Phenomenon (see [31]).

The main result of this chapter is the following.

Theorem 4.0.3. Let f be a C?(Q,R™YN) integrand satisfying the assumptions

(F1), (F2) and (F3) with growth exponents p,q such that

1<p§q<min{p%,p+1}. (4.0.53)

If u € W'llOf(Q,RN) is a local minimizer of the functional F, then there exists an

open subset o of € such that
meas(€)\ Qo)

and
u e CLY(Q, RY) for every v < %,

where « is the exponent appearing in (F2).
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Since our regularity result is only partial, we are not in contradiction with
the counterexample of [31], which shows that (0.0.3) is unavoidable to boost the
integrability of the W1P-minimizers up to Wh.

As we saw in Chapter 11, partial regularity results are a common feature when
treating vectorial minimizers, because everywhere regularity cannot be proved in
this case. Hence, the next issue is trying to estimate the Hausdorff dimension of
the singular set. In the case of functionals with standard growth conditions, these
estimates have been established in [59] (see also [23]). But in our setting, this kind
of result cannot be achieved. In fact, the example constructed in [37] (see Chapter
IT) shows that if p and ¢ are far enough, depending on the dimension n and the
regularity of = +— f(z, Du), then the set of non-Lebesgue points of a minimizer
can be nearly as bad as that of any other WP function.

We recall once again, for the reader’s convenience, the definition of local min-

imizer for a functional with nonstandard growth conditions.

Definition 4.0.4. A function u € W21 (Q,RY) is a local minimizer of F if

oc

f(z, Du(z)) € L},.(Q) and

/ f(z, Du)dx < / f(z, Du+ D) dx,

supp @

for any o € Wh1(Q, RY) with supp p C Q.

loc

In the linearization procedure we shall use the translated functional of F on

the unit ball B = B;(0)
I(v) = /Bg(y, Do) dy
defined by setting
9(y, &) = flxo+ 1oy, A+ &) — f(wo + 1oy, A) — De f(zo + roy, A)E,  (4.0.54)
where A is a matrix such that |A| is uniformly bounded by a positive constant M.

Next Lemma, whose proof is given in [24], contains the growth conditions on g.

64



Lemma 4.0.5. Let f € C*(Q2 x R™N) be a function satisfying the assumptions
(F1), (F2) and (F3) and let g(y,&) be the function defined by (4.0.54). Then we

have
Vo€ <9(5,€) < ealVy(©) % (1)
|Deg(y, )] < e(1+ [ [¢]; (12)
1Deg(y1,€) = Deg(y2, ) < erf [yr — vl ™ (14 1€]771); (13)
c(1+ 6T [CP < (Decg(y, ), C) (14)

where the constant c,c1 and co depend on M,p and q.
4.1 A Caccioppoli type inequality

In order to perform the blow up procedure, it will be convenient to introduce
suitable translations of minimizers of the functional F. More precisely, if u is a
local minimizer of F we shall consider the function

B u(xog + 1oy) — roAy — (u) B, (0)
v(y) = :

To

The minimality of u implies that

f(wo+roy, Du(zo+roy)) dy < f(wo+roy, Du(zo+roy)+Do(zo+10y)) dy

Bi1(0) B1(0)
that is
f(xo+roy, Du(y) + A) dy < f(xo+ oy, Dv(y) + A+ Dp(xo+10y)) dy
B1(0) B1(0)
and hence

/ g9(y, Dv) dyé/ 9(y, Dv + D) dy+cr8‘/ |Deldy,  (4.1.1)
B1(0) B1(0) B1(0)
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for every ¢ € WH(B(0); RY) with compact support, where g is the function
defined at (4.0.54).

Therefore, the first step in the proof of Theorem 4.0.3 is to obtain a Cacciop-
poli type inequality for every function v € W'P(B;(0); RY) which satisfies the

minimality inequality (4.1.1).

Proposition 4.1.1. Let us suppose that g(y,&) € C?(B1(0);R™) satisfies the
assumptions (11), (12), (I3) with

1<p§q<p(n7i1> (4.1.2)

and set t = min{2, p}. If the function v € W'P(By(0); RY) satisfies the inequality
(4.1.1) then, for every p < 1, we have

2\ ¥
v v
Vil — Vil =) dy
7{9 g (p) ’ <p> )

1 1
« t t lo' |v|t t

+ crg |Dv|"dy | + crf —dy | (4.1.3)

B, B, p

for a positive constant c¢ independent of the parameter ro and of the point x

V(D) dy s@[

B,

2
dy + ¢ ( |V,,(Dv)|* +
By

4
2

appearing in the definition of g(y,&).

Proof. Let us fix two radii § < r < s < p. Lemma 2.3.1 implies that there exist

Y € WHP(B1(0)) and r < r’ < s’ < s such that

Y=v on By =v on B\ By,

<s —r<s—r. (4.1.4)

w
|

Thanks to the assumption (4.1.2), the function 1) satisfies the estimates (2.3.8)—
(2.3.11) in case p > 2 and (2.3.12)—(2.3.15) in case 1 < p < 2.
Fix now a cut-off function n € C§°(By) such that 0 <n <1,n=1on B, and

|Dn| < =% and set

s —p/
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By the left hand inequality in assumption (I1), we get

| sy ipepay<c [ g0z dy
B B

r! s’

:/B . [9(y, D@) — g(y, Dv)] dy+/ [9(y, Dv) — g(y, Dp)] dy

B

s/

+/) l9(y, Do)l dy =T + 11+ 111, (4.1.5)
BS/ \B’I‘/

where we used that in B, one has ¢ = v and ¢ = 0 . By the minimality inequality

(4.1.1) for v we have that

IT <crg /
B

since v—p € Wol’p(BS/) Moreover, since g(y, &) > 0 for all y € By and all £ € R™V,

S/

|Dv — Dy dy) , (4.1.6)

we have that
1< / l9(y, D3] dy. (4.1.7)
By \B,

Hence inserting (4.1.6) and (4.1.7) in (4.1.5) we get

/‘(1+\DUFV;WDUde
B

r!

IA

¢ / l9(y, D)) dy + / l9(y, D)) dy + 1§ (/ |Dv—Dso|dy)
BS/\B’IJ BSI\BTI B

= J+JI+JJJ (4.1.8)

s/

Now we treat the cases 1 < p < 2 and p > 2 separately.
o The case 1 < p < 2.

In order to estimate J, we use the right inequality in assumption (/1) thus getting

7 e QeePFIDaPdy—c [ 1+ |DaP) I Do dy
BJ\B,, By\B,,
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- ¢ / (- IDGR) S 1+ D) 5 D dy
BS/ BT/

< ¢ / (1+ D3P DR |1+ DR+ [Dg)'"| 7 dy.  (4.1.9)
BS/\BT/

where we used (2.3.4) in the last line. Hence

b

J < ef aeipa Dty e [ (IDgP+ D) dy
By \B, B

S/\BT/
<cf WDerdyre ey (4.1.10)
B\B,/ B,\B,/
Arguing exactly in the same way we have
p<ef WDePdyre [ Do) dy (4.111)
B\B,/ BJ\B,/

iFrom (4.1.10) and (4.1.11), using the properties of the function V, and the defi-

nition of ¢ and ¢ we obtain
J4al < e WDaP e[ DR dy
Bu\B,/ BJ\B,,
2q

sl mDaPde [ o dy
B,\B,/ By\B,

= e f WUy [ D0 el dy
B \B,:

B_/\B,/

sef WM e [ ol dy
BBy By\B,/

o[ monEae [ V($)
B,/\B, By \B, §—=r

pof moaFase) u(S0)
Bs/\BT/ Bs’\Br’ S =T

where we also used the properties of 1. Therefore, using (2.3.12)—(2.3.15) and

2

IN

2q

T dy, (4.1.12)

68



(4.1.4), we get

2

dy

J+JJ < c/

Bs\Br

V(Do) dy + ¢ /

4 (75)
B:\B- S—7rTr

Foem (<s 5 o, BP0+ [ ()

Concerning JJJ, recalling that ¢ = 0 on B,,, using Holder’s inequality and

2 v
dy>4.1.13)

Lemma 2.3.1 we have

JJJ =cry / \Dv|dy+/ | D] dy
By By \B,s

<crg |Dv\dy+/ |Dz/z\dy+/ /W)' ~dy
/B, B\B,/ B\B, (s =1")

n n P ’
<crgpr’ / |Dv|Pdy| 4+ crgp? / IDwI”dy+/ /W}‘ / pdy
B, B\B, Bs/\Br/(S — ')

B =

n n [ |’U|p
<crg pe’ |Dv|Pdy| + crip? / dy| (4.1.14)
0 /B, 0 B, (s—1)P

Al
=

where p’ is the Hélder conjugate of p and we used again (2.3.8), (2.3.9) and (4.1.4).
e The case p > 2.

In this case we use the right inequality in assumption (I1), property (2.3.5) and

the definition of ¢ and ¢ as follows

a1 < e Qe DEFIDgldye [ (1 Do) F Do dy
By\B,, B

\B,./

s/

< ef ADRrIDAtdy e DGl Dpltdy
BS/ BTI ! /

S \BT

2

Y

8/—7’/

Y

s — !

' (y1.15)

< c/ | Dy|? + Ileqdw«:/
BS/\BT'/ BS/ \BT'/

Hence, by Lemma 2.3.1, we get

J+JJ < c/ |Dv|* + c(s — r)"(l_%) </ |Dv|pdy>p
Bi\B, Ba\Br
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2

+ c/ +c(s—r)"(1‘%) </ ’ Y pdy)p
Bs\Br Bs\B, 'S T
v 2
<of wwarae] () a
Bs\Br Bs\B s—r
1 v
V -
()

©oes— )" / V(Do) +
((5 —r)" B:\B, P
Now we argue exactly as in (4.1.14) and obtain that

S—T

A

2 dy) ,(4.1.16)

where we used again (4.1.4).

JJJ =cry / |Dv|dy+/ | Dy| dy
By By \B,

<erg | [ Apeldy+ [ pujay+ [ 1y,
|/ B, B\B,s B\B,s (s —1")

2 2
<crgp: | | |DvfPdy| +erfp? / \lezdy+/ _Ir_ dy]
BSI\BTI

/B, B\B,/ (8" —17)?

NI

2 2
<er§p? |Dv*dy| + crip? / id dy] . (4.1.17)
BP

N

B,

Hence we can write a final estimate for JJJ as follows:

1

1
t t t
JJJ < crgpi /|Dv\tdy + ergpt /@dy : (4.1.18)
B, By p

where ¢ = min{2, p} and ¢’ is the Holder conjugate of ¢.

Inserting (4.1.13) and (4.1.18) or (4.1.16) and (4.1.18) in (4.1.8) in case 1 <

“(+5)
g

p < 2 and p > 2 respectively, we obtain

2

dy

V,(Dv)2dy < ¢ /

Bs\Br

V,(Dv)? dy + ¢ /

Bs\Br

5(:5)

By

b oos = <(s_1r)n [, o0

SAS)
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1

T
+ crgpg( |Dv\tdy> —|—cr8‘p3<
By

where ¢ = min{2, p}.

1
ol .\
/ —dy | (4.1.19)
B, P

Now, we fill the hole by adding the quantity

c | Vo(Dv)*dy
B
to both sides of (4.1.19) and use the iteration Lemma 2.2.1 to obtain that

;) ;) )

V(D) Pdy < /

2
1
dy + cp" (—n / V(D) +
P JB,

B B,
1
t t t
+crgpi ( |Dv\tdy> + crdpt (/ @ dy> . (4.1.20)
B, B, p
The conclusion follows dividing both sides by p". O

4.2 Decay estimate

As usual the proof of Theorem 4.0.3 relies on a blow up argument aimed to estab-

lish a decay estimate for the excess function of the minimizer, which is defined as

in (0.0.8)

E(z,r) = 7{9 . \V,(Du — (Du),)|* +r° (4.2.1)

with 3 < a. The blow up argument for a local minimizer u € I/Vlif of F with

an integrand function f(x,£) € C?(Q, R™¥) fulfilling assumptions (F1), (F2) and

(F3) for a couple of exponents satisfying (0.0.5), is contained in the following

Proposition 4.2.1. Fiz M > 0. There exists a constant C(M) > 0 such that,

for every 0 < 7 < %, there exists € = (1, M) such that, if

|(Dw)zer| < M and  E(xg,r) <e,
then
E(zo, ) < C(M) 7% E(z¢,7).
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Proof. Step 1. Blow up

Fix M > 0. Assume by contradiction that there exists a sequence of balls

B,,(r;) CC Q such that

(D) g ;| < M and A\ = E(xj,rj) =0 (4.2.2)

J

but

g%¥ﬁ>aMW (4.2.3)
J

where C’(M) will be determined later. Setting A; = (Du)a,,;, a5 = (u)s,,r, and

u(z; +rjy) —a; — 1Ay
vi(y) = DL T — i~ T4

3t

(4.2.4)

for all y € B1(0), one can easily check that (Dv;)o1 = 0 and (v;)p; = 0. By the

definition of A; at (4.2.2), we get

V(\;Dv)[? I
f VD) g 15y, (4.2.5)
By A Aj
and hence
7[ |Dv;|Pdy < C l<p<2 (4.2.6)
B;(0)
7[ o |Dvj|* + )\§72|va|” dy < C p> 2. (4.2.7)
B1(0

Therefore passing possibly to not relabeled sequences

vj = weakly in WHP(B,(0); RY) I1<p<2
vj = weakly in W2(B,(0); RY) P> 2
rl
r; — 0; )\—% — 0, Vv > 3. (4.2.8)



Step 2. Minimality of v,

We normalize f around A; as follows

[y + 1y, Ay + €)= flag + 15y, Aj) = Def (x5 + 1y, Aj) A€

j
(4.2.9)
and we consider the corresponding rescaled functionals
Ziw) = [ (. Dwldy. (4210)
B1(0)
The minimality of u yields that
f@i+ryy, Du(zj+rsy)) dy < f@it+riy, Du(zj+ry)+Deo(z+riy)) dy

Bi1(0) B1(0)
for every p € Wy (B,,(z;); RY), that is
fj+ 13y, Ay + X Duj(y)) dy
B1(0)

< o fxj+ 1y, Aj + X Dv(y) + Do(x; +rjy)) dy,
B1(0

for every ¢ € W, ’1(Brj (z;); RY). Thus, by the definition of the rescaled function-
als, we have

De f(z; + 1y, Aj) Dy a

T(vy) < Zi(vj + ) + )
B1(0) J

(4.2.11)

Using (F2) we conclude that

D : a4, A — D - AND
Ii(v;) < Ij(vj+go)+/ [Def(x; + 159, ]3\ ef (5, Ay)] ? 4y
B1(0) J

a

.
= Ij(vj+so)+6(M)A—7/ [ Do dy. (4.2.12)
J J B1(0)

Step 3. v solves a linear system

Since v; satisfies inequality (4.2.12) we have that

T~
0 < Z;(v; + sp) — Z;(v;) +C(M)/\—J/ |sDy)| dy, (4.2.13)
J 7/ B1(0)
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for every ¢ € C}(B) and for every s € (0,1). Now, by the definition of the rescaled

functionals we get

1
Ti(vj + sp) — Zj(v;) = / o / [De fi(wj + 15y, Aj + Xj(Dvj +tsDg))|sDp dt dy
B1(0 0

C
=1 ( )[Dsf(xj + 15y, Aj + Xj(Dv; + sDp)) — De f (x5 4 151, Aj)|s Do dy.
] Bl 0

(4.2.14)
Inserting (4.2.14) in (4.2.13), dividing by s and taking the limit as s — 0, we
conclude that

C

r/ ( )[Dgf(fﬂj + 75y, Aj + A\jDvj) — Def (x5 + 15y, A)| D dy
] Bl 0

o
IA

c(M)rs
—_— |De| dy. (4.2.15)
A B

Let us split
Bl(O) = Ej_ UEJ_ = {y € B )\j|DUj| > ]_} U {’y € B )\j|DUj| < ]_}
By (4.2.6), in case 1 < p < 2, we get

g2 [ vpupay < [ pupay<ey. @2

J E]

By assumption (F1) and the convexity of f we have that

| Def (@, )] < e(L+¢]"7)

Since ¢ < p+ 1, we can apply Holder’s inequality thus obtaining

1

Aj

/E+ [Def(xj + 15y, Aj + A\jDvj) — De f(x; + 15y, A;)| Do dy
J

€t -2 -1
< )\_j‘Ej‘_'_C)\? /EJDUJ»P dy

J
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q—1

_ _ P p—q+1
e\l 1—1-0)\;1- 2 </E+\va|pdy> |E]ﬂ P

J

IN

< el (4.2.17)

In case p > 2, by (4.2.7) we get

|E}] g/ A2 | Du;|* dy < A?/ |Dv;|? dy < ). (4.2.18)
Ef EF

J J

Arguing as before, we have

1

T /E+ [D§f<.l’] + iju Aj + )\jDUj) — Dgf(.rj + ij, AJ)]DQO dy

J j

¢ + q—2 q—1
< —\Ej | +c)\j / | Dv; |77 dy

)‘j Ej

29-p=2 _ v p—g+1

< cAjteN T (/E* A 2|va|1”dy> |Ef|
< o (4.2.19)

Hence, for every p > 1, we infer that

) c
lim —
Jj—00 )\j

/+[D§f(ZL‘j + ij, Aj -+ )\jDUj) — Dgf(l‘j + rjy, AJ)]DQp dy = 0.
Ej
(4.2.20)

On EJ’ we have

1
| Def (@ +ry, Ay + A Dvj) — Def(w + 1y, 47)| D dy
J EJ_
1
= / / Dggf(l‘j + T‘jy, Aj + t)\jDUj) dtDUjDQO dy (4221)
E; 0

Note that (4.2.16) yields that X,- = Xag, in L", for every r < oo. Moreover by
i

(4.2.8) we have, at least for subsequences, that

AjDv; — 0 a.e. in By

1)



r;j — 0

and

ZT; — Xo-

Hence the uniform continuity of D¢ f on bounded sets implies

. 1
hjm x / [Def(xj + 15y, Aj + A\jDvj) — Def(x; + 15y, A;)| Do dy
J EJ_

= Dee f(z0, A)DvDe dy. (4.2.22)

By
Since 8 < a, by (4.2.8) we deduce that

re

lim £ = 0. (4.2.23)
J )\j

By estimates (4.2.20), (4.2.22) and (4.2.23), passing to the limit as j — oo in
(4.2.15) yields

0< | Def(xo, A)DvDypdy
B

Changing ¢ in —¢ we finally get

Dee f(x0, A)DvDp dy = 0
By

i.e. v solves a linear system which is uniformly elliptic thanks to the uniform
convexity of f. The regularity result stated in Proposition 2.2.3 implies that

v € C®(By) and for any 0 < 7 < 1

][ Do — (Do) dy < e |Dv— (Dop Py < er?, (4.2.24)
B.

By

for a constant ¢ depending on M.
Step 4. Conclusion
Fix 7 € (0,1), set b; = (v;)B,,, B; = (Dv;)p, and define

w;(y) = v;(y) — b; — Byy.
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After rescaling, we note that A\;w; satisfies the following integral inequality

/ 9;(y, \jDw;) dy < / 9;(y, \jDw; + Do) dy + crf‘/ | Dl dy,
B1(0) B1(0) B1(0)

for every ¢ € Wy'(B;(0)) where

9;(y, )= f(x; +ry, Aj + Ny Bj + &) —f(wj+ry, Aj + A\; Bj)

Dy f(x; + 15y, Aj + N\ Bj)E.

It is easy to check that Lemma 4.0.5 applies to each g;, for some constants that
could depend on 7 through |A;B;|. But, given 7, we may always choose j large
enough to have |\;B;| < ’\—é < 1, where t = min{2,p}. Hence we can apply

Proposition 4.1.1 to each A\jw;. In case 1 < p < 2 we have that

E(SL’ 7'7") 1 Tﬁrﬁ
lim ——22—22 — lim — Vo (Du — (Du),,.)|? dy + li J
PR T O P i
1
<tim V(D) dy + 77
J j B,
1 w2
< cli — |V, | = d
sc 1;11 o )\? p( - ) Y
2(4-p) IV, (\Dw)))? 1 w2 »
+ HmM\. P 7[ P\ J + — V. J d
elim, ( T AN
lim % M| Dw; P d lim < N g p
+c 1Jm)\? (]{BT L Dwl y) —i-CIJm)\? <]€;T i y) +7
1 s\ |2
< clim 5 V;;( ij) dy + 77
] BQT )\] T
since
) 2(g—p) ) JC.“
h;jn A =0, h;jn v 0

and the integrals appearing as their factors are bounded as 7 — oo. Now, since
v; — v strongly in LP(B;(0)), using the Sobolev-Poincaré inequality stated in

Lemma 2.2.2, one can easily check that

(. — 2
hm |‘/p()\j (U] U))| d

Jj—+oo B )\3
2

y = 0. (4.2.25)
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In fact, for every ¢ € (0,2) we can use Holder’s inequality of exponents £ and

2 20
zﬁ as follows
Vol (v, — 2 -
/B | p( J<1;\]2 U>>| dy:/B |Uj—U|2<1+)\?|Uj—U|2)¥ dy
1 J 1
2 2 2
r
p(p—2)
<{ [ o= o s =)y
%
p—2¢
2p(1—19) 9 9 p(p—2)(1-9) !
X v — v P72 (1 + Ajv; — v[) @20 dy
=
20 p=29
” Ve =)\ = )
< —olPd AN A d
<[ m=iay) ([ (PR T,
2 2
2 1-9
P
|V,(\;(Dv; — Dv))|?
< / |v; —vlP dy / P )\]2 dy
B B j

1 1
2 2

Last inequality is obtained applying Lemma 2.2.2 to the second integral, choosing
v € (0,%) such that % = 2. Hence (4.2.25) follows noticing that the first
integral vanishes as j goes to infinity and second one stays bounded thanks to

(4.2.7), since v € C§°(B1(0)).

Since b; — (v)2, and B; — (Dv),, using (4.2.25) and the definition of w; we get

~ 2
limmgclim L Vi Aiw; —v+v) dy +7°
J )\32 J Bor )\j2 T
2
—clim ] L I@,(Aj(vj_”Jrv_bj_Bjy)) dy +7°
i JBy A T
. . 2
< |v = (v)2r — (Dv),y| dy + B8
BQT T2
< “7[ [v — (V)27 —Q(DU)QT?/P dy+c7[ [(Dv)ry —Z(DU)QTZUP dy
Bar T Bar T
+ 77

< 4 |Dv — (DU)27—|2 dy + c|(Dv), — (D'U)27-|2 + 7P
BQT
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<cr?+er? < C’MTB.

The contradiction follows, if 1 < p < 2, by choosing ¢, > C/(M).
Now we face the case p > 2. Arguing as we did for the case 1 < p < 2 and

using property (2.3.5) we get

E(x;,1r; . _
li?% < cllin][ (|IDw;|* + Ao *| Dw;|P) dy + 7°
j B,
: wil* |\ palwyl”
sclimyg <7+A§ ) W
2(¢—p) 3
+clijm)\j P (7{9 (|ij|2+)\§72|ij\p) dy)
. 2T N . ‘ ‘2 f
T 2 T W 2
+ clim % / M| Dw;|?* d + clim % / ML q + 7P
j)\?(BQT” il” dy j)\g 5, 0 T2 Yy T
v — (v)2r — (Dv)-y/? s
< 4‘7{8 = dy+ 1
2T
v — (v)gr — (Dv)9,y|? Dv),y — (Dv)s,y|?
cof DOl Ol [ O D0l
BQT T BQT T
+ 77
<ef 1Du= (Dol dy-+ (Do) — (Do)l +77
Bar
<cr?+er? < C}(MTB.
The contradiction follows, if p > 2, by choosing ¢}, > C(M). O

4.8 Proof of Theorem 4.0.3

The proof of our regularity result follows from the decay estimate of Proposi-
tion 4.2.1 by a standard iteration argument. We sketch it here for the reader’s

convenience.

Proof of Theorem 4.0.3. Following the arguments used in Section 6 of [43], from

Proposition 4.2.1 we deduce that for every M > 0 there exist 0 < 7 < i and n > 0
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such that if
|(Dw)zo.r| < M and E(zo,R) <17 (4.3.1)

then
|(D) o ror| < 2M and E(xo, ™" R) < ¢(M)7%* E(z0, R) (4.3.2)

for every k € N. Estimate (4.3.2) yields that if (4.3.1) holds for any p € (0, R) we
have
. B .
(Dw)ay,| Sc(M)  and  Elao, p) < e(M) (%) Elwo, )

Therefore, in case 1 < p < 2, using (2.3.3) we obtain

][ \Du— (Du), | de = ][ D — (Du), | da
Bﬂ(ﬂﬁo)

By (zo)N{z: |[Du—(Du)zq,p|<1}

+7[ Dt — (D) |
By (zo){a: |Du—(Du)zq,p|>1}

f \%(Du—(Du>m,p>|dx+<7[ |vp<Du—<Du>m,p>\2dx>
Bp(mo) Bp(xo)

3 (4.3.3)

S

IN

S

< cE(xg,p) + cEv (9, p) < (M, R)p

while in case p > 2 we use (2.3.5) thus getting

][ |Du — (D) g, dx < <][ | Du — (Du)xo,p\2 dx)
Bp(JfO) Bp(xO)

< (7{9 V(D= (D) daz)

= cE* (9, p) < ¢(M, R)p

|

N

M=

(4.3.4)

From estimates (4.3.3) and (4.3.4) it is clear that, setting

Qo ={x € Q: sup|(Du)y, .| < oo and lin%EN(xo,r) =0},

r>0
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B

Q) is an open subset of Q of full measure and u € C17(Qy) for every v < 5, and

the conclusion follows since [ is any number less than a. O
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Chapter V

REGULARITY FOR NON-AUTONOMOUS
FUNCTIONALS WITH ALMOST LINEAR GROWTH

The results of this chapter have been obtained in [13]. In this chapter we will focus
our attention on integrands of (0.0.1) which are not too far from being linear in
€], in the sense of conditions (0.0.6). We will establish C'7 partial regularity of
minimizers of (0.0.1) with an integrand f satisfying the assumptions (L1)—(L5).
The first result of this chapter is the following higher integrability property of
minimizers of the functional F. It will be proved under weaker assumptions than

the ones needed to prove regularity.

Theorem 5.0.1. Let u € W,2"(Q,RN) be a local minimizer of the functional F,

loc

with an integrand function f satisfying (L1) — (L4). Then we have

Du € L, .(9), Vs < — ;

n—uo

and

V(D) ||, 25y ¢ [ | Dullog(1+ [Dulydu+c [ |[Vi(Du)| da,
(Bp)
P Baog Bar

8]

for every p < 2R and every b € (0, %), where o is the exponent appearing in (L3),

where we denoted by V;(€) = (1 + |¢])71€.

Corollary 5.0.2. Under the same assumptions of the previous theorem, if u €

WEMQ,RN)Y ds a local minimizer of the functional F, then we have

Du € WEP(Q,R™), (5.0.5)

loc

for every k € (0,%) and for every 1 < p < —%

’2 n—% -
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The higher integrability of Theorem 5.0.1 allows us to prove an C7-partial

regularity result which is formulated in the following

Theorem 5.0.3. Let f be a C*(Q,R™N)-integrand satisfying the assumptions
(L1) and (L3) — (L5). If u € WA (Q,RN) is a local minimizer of the functional

loc

F, then there exists an open subset )y of Q0 such that
meas(2\ o) =0

and

u e CLY(Q, RY) for every v < %,

where « is the exponent appearing in (L3).

Our proof is based on a blow up argument aimed to establish a decay estimate
for the excess function of the minimizer. The proof has features in common with
[32], since we use the higher integrability Theorem 5.0.1 in order to define the

excess function as

) 27{9 INLCCC Vo((Du)r)” + 17

with
V(&) = 1+ [P T e

The main difference with [32] is that, in order to perform the blow up procedure,
we use a Caccioppoli type inequality for minimizers of a suitable perturbation of
the rescaled functional, as done in [24].

The main difficulty in order to prove the Caccioppoli type inequality is a uni-
form higher integrability result for the minimizers of the rescaled functionals. We
have to combine the difference quotient method with properties of Orlicz-Sobolev

classes generated by an Orlicz function which grows almost linearly. We also
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use the properties of the function V,(¢) which is an useful tool to deal with sub-
quadratic setting.
In order to improve this to everywhere regularity additional assumptions are

necessary. The first is the modulus dependence, i.e.,

~

f(@,8) = f(z,[¢]) (F6)

for a function f: Q2 x [0,00) — R which is strictly increasing in the real variable.
According to counterexamples of DeGiorgi (compare [22]) when dealing with vec-
torial minimizers, i.e. N > 1, it is well-known that without this assumption
there is no hope for full regularity. On the other hand we need a Caccioppoli-
type inequality in order to apply DeGiorgi arguments, hence we assume for every
se{l,..,n}

OsDef € CO(Ux R™ . R™) and |0 Def(x,&)| < c(1+ [¢])P! (L7)

for an exponent 1 < p < Z_; Finally we suppose that

| Die(w, &1) — De(@, &2)| < e(L + [&1] + [€)" 7161 — &l (L8)

for all x € Q, &,& € R™ and for an exponent p € (0,1). Of course (L7) and
(L8) are true in the autonomous case for f(x, &) = |¢|log? (14 [£]), @ > 0, for every

choice of p > 1. The full regularity result of this paper is the following

Theorem 5.0.4. Let u € Wl’h(Q,RN) be a local minimizer of the functional F,

loc

with an integrand function f satisfying (L1) and (L3) — (L8). Then we have

uwe CLT(QR™Y),  forall v < 1.

loc

Thanks to Theorem 5.0.3 we have a nonempty set of regular points for every
minimizer of the functional F with a general integrand function f. Therefore
Corollary 5.0.2 allows us to apply Lemma 2.4.1 (stated in Chapter I) to give an

estimate of the Hausdorff dimension of the singular set of minimizers of F.

84



Corollary 5.0.5. If f is a C? function satisfying the assumptions (L1) and (L3)-
(L5) and the function u € WL (Q; RYN) is a local minimizer of F in Q, then for the
Hausdorff dimension of the singular set X2 of the function u the following estimate

hold

where ¢ = ——=.
n—3

As usual, the proof of C1* partial regularity will be achieved through the blow
up method. In the linearization procedure we shall use the rescaled functional of

F on the unit ball B = B;(0)

Z(v) = /Bg(y,Dv) dy

defined by setting

9(y,€) = A7?[f (mo + roy, A+ XE) — f(mo + 1oy, A) — D¢ f (w0 + oy, A)AE], (5.0.6)

where A is a matrix such that | A| is uniformly bounded by a positive constant M.

Next Lemma contains the growth conditions on g¢.

Lemma 5.0.6. Let f € C*(Q2 x R™N) be a function satisfying the assumptions
(L1)-(L5) and let g(y,&) be the function defined by (5.0.6). Then we have

e log(1 + e
T < lo( ) < B e (1)
1 A
Degy. )] < 22D, (©)
Dealn,€) — Deg(wn )] < T lyn — ol (logle + ) (13
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P
T+ xg

< (Deeg(y, )¢, €) (14)

where the constant ¢ depends on M in all statements.

Proof. (12), (I3) and (I4) can be proven as in [24] (Lemma 2.9) using the growth

conditions of f. The lower bound in (I1) is a consequence of the representation

1 t
g(yag):/o /0Dggf(l‘o+T0y,A+S)\§)(€,€)d$dt

since we have by (L4)

€7
1+ |A+ sA¢|
I¢]?
RSP

D&&f(ffo + Ty, A + 3)\6)(6, 6) Z %
>v
The upper bound is an immediate consequence of (L5). O

5.1 Higher integrability
In this section we prove Theorem 5.0.1.

Proof. Let u € W,2"(Q,RY) be a local minimizer of the functional F, with an

integrand function f satisfying (L1) — (L4). Then u satysfies the Euler system

related to the functional F:

/ D¢ f(z, Du)Dpdxr =0 (5.1.1)
Q

for every ¢ € Wy"(€). Let n be a cut-off function in C§(Bsrys) with 0 <n <1,
n=1on B and |Dn| < ¢/R. Let us consider the function ¢ = 7, _p,(n*(x)7, 5u)
with s fixed in {1,...,n} (which from now on we shall omit for the sake of sim-
plicity) and |h| < R/10. Substituting in (5.1.1) the function ¢ and using (d2) of

Propostion 2.1.4 we get

/ (D¢ f(z, Du)) D(n*mu) dz = 0.
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This equality can be written as
I :/ n? [Def(x + hes, Du(z + hey)) — Def(z + hey, Du(x))] 7 Du dx
Bar
= / n°[Def(z + hes, Du(x)) — D¢ f(x, Du(z))] 7 Du dzx
Bayr
- 2/ n (Def(x + hes, Du(x + hes)) — Def(x, Du)) Dn ® mudz
Bayr
- II-1II (5.1.2)
where we used (d1) of Propostion 2.1.4. Assumption (L4) yields that
1// n? (1 + |Du(z + hey)| + |Du(z)|) ™" |7 Dul? de < 1. (5.1.3)
Bayr
Using assumption (L3) we obtain:
1] < c|h|a/ log(1 + | Dul) 7 Du| dz
Bar

and hence, by Young’s Inequality for Young functions and properties of 7, it follows

that
|[11] <c|h|® / | Du|log(1 4 |Du|) dx + / |7, Du| log(1 + |7, Dul) dz
B3gr/2 B3gr/2
§c|h|0‘/ | Du|log(1 + |Dul) dz. (5.1.4)
Bagr
To estimate 111 we use assumption (L2) and Young’s Inequality as follows
117 gc\h\/ ol Dl los(1 + | Du(z + he.)|)| Al da
Bar

+cfhl [ nlDnllog(l + |Du(x)])[Apul dx

Bar
<c|h| log(1 + |Du(z + he,)|)| Du(x + hes)| dx
Bsgr/2
+ c|h| log(1 + |Apu|)|Apul dzx + c|hl log(1 + |Dul)|Dul| dz
Bsgr/2 Bsgr/2
gc\h\a/ log(1 + | Dul)| Dul da. (5.1.5)
Bar
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In order to estimate the Aju integral in the last step, we used the following in-

equality which is valid for each convex function ¢ according to Jensen’s Inequality:

Ld
/ @(\Ahu\)d:c:/ ¢</ u(:c+thes)dtD do
Bsgr/2 Bsgr/2 0 ds
L)
Bsgr/2

< /QRQO(\DuD dzx. (5.1.6)

Inserting estimates (5.1.3), (5.1.4) and (5.1.5) into (5.1.2) we get

(x + they)

,,/ 72 (1 + |Du(z + hey)| + |Du(2)]) ™" |7, Dul® dx
Bor
< c|h|0‘/ log(1 + |Dul)|Dul dz. (5.1.7)
Bor

The left hand side of (5.1.7) can be controlled from below as follows

2 |ThDu|2
4 n
Bon L1+ |Du(z + hey)| + |Du(z)|
2
> c/ . |7 D i
Bor (14 |Du(x + hes)|? + |Du(x)]?)2

:C/ » ( |Duz + he,) — Du(x)| 1)2 "
Bon (1 4+ |Du(x + hey)|? + | Du(x)[?)*

Lemma 2.1.5 applied for v = —% implies that

dx

|Du(z + hes) — Du(x)|
(1+ [Du(z + he,)|? + |Du(x)|?)1

> c|(1+ |Du(x + he,)|?) T Du(x + hey) — (1 + |Du(x)|?) 3 Du(z)]

= c|Ts , Vi (Du(x))].

Hence

2 ‘ThDu|2 / 2 2
dr > <n(V1(D dx.
/" T+ [Du(e + hey) + Da(@) 2 2 ¢ [, T aliD) de
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Plugging this estimate in (5.1.7) we get

/ 7)2|Ts,h(V1(Du))\2d:c < c\h\o‘/ | Du|log(1 + |Dul).
Bop

Bar

Lemma 2.1.8 implies that
Vi(Du) e Wh2 N Lt Vbhe (0, %) ,

and

%
g, < ([ 1Dultost+ 1Duds) ([ mapwpds)”,
Ln=2b(B)) Bog Bar

for every p < 2R. Hence we get the claim and the final estimate:

[IVi(Du)

| ADW) 2555, < [ 1Dullog(1+ [Dulyda e [ [Va(Du)da,
P Baog Bar

for every p < 2R. O

The proof of Corollary 5.0.5 can be immediately obtained by applying Holder’s
inequality with exponents 2/p and 2/(2 — p) to the right hand side of the following

equality
/ 1 |Th,s Dul” d = / 0"(1+ | Du(z + he)| + | Du(w)[)”2 |, Dul?
Q Q

- (1 + |Du(z + hey)| + |Du(z)])? da,

where 7 is a suitable cut-off function. Then we use estimate (5.1.7), Theorem 5.0.1

and Lemma 2.1.8.

5.2 Decay estimate

Define the excess function, as in (0.0.8), in accordance to [32] as

B(a.r) :][ D) Vi(Du )+ (5.2.1)
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with 8 < a and p < . We remark that the higher integrability stated in
Theorem 5.0.1 allows us to give sense to E(z,r) when p < —— and therefore we
may use a blow-up technique similar to the one used for functionals with p-growth,
when p < 2.

The blow-up argument we need to prove Theorem 5.0.3 is contained in the

following

Proposition 5.2.1. Fiz M > 0. There exists a constant C(M) > 0 such that,
for every 0 < 7 < %, there exists € = e(r, M) such that, if

|(Dw)zer| < M and  E(zg,7) <e,

then

E(:EO,TT) < C(M) T E(xo,r).

Proof. Step 1. Blow up

Fix M > 0. Assume by contradiction that there exists a sequence of balls

B, (r;) € Q2 such that

[(Dt)a, 0| <M and X = E(zj,1;) — 0 (5.2.2)

but

w > C(M)r° (5.2.3)
J

where C’(M) will be determined later. Setting A; = (Du)a,,;, a5 = (u)s,,r, and

u(z; +ry) —a; — Ay
vi(y) = ST — i~ T4

3t

(5.2.4)

for all y € B1(0), one can easily check that (Dv;)o; = 0 and (v;)o1 = 0. By the

definition of \; it follows that

N Dua)l? P
7[ V(A Dwy)[” dy + = = 1. (5.2.5)
B1(0)

J
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Therefore passing possibly to not relabeled sequences (note that we obtain by

(5.2.5) uniform LP-bounds on Du;)

v = v weakly in WhP(B;(0); RY)
Ajv; — 0 strongly in W?(B;(0); RY)
v = v strongly in LP(B;(0); RY)
r?
r; — 0 50 0>p (5.2.6)

Step 2. Minimality of v;

We normalize f around A; as follows

flxy +ryy, Ay +N8) — fxy +ryy, Aj) — Def(x +ryy, Aj)A€

fj <y7 5) =
Aj
(5.2.7)
and we consider the corresponding rescaled functionals
Zj(w) = / [fi(y, Dw)]dy. (5.2.8)
B1(0)

The minimality of v and a simple change of variable yield that
/B o f(@j+riy, Du(z+r;y)) dy < /B o f@i+riy, Du(zj+ry)+Do(ztriy)) dy
for every ¢ € Wy "(B,,(x;); RY), that is

f(xj + 15y, Aj 4+ A Do;(y)) dy

B1(0)

< / o f(zj+ 1y, Aj + XNjDvj(y) + Do(z; + 15y)) dy,
B1(0
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for every ¢ € W, ’h(Brj (z;); RY). Thus, by the definition of the rescaled function-
als, we have

D¢ f(zj + 1y, Aj) Dy a

Ti(vj) < Zj(vj + ) + :
B1(0) J

(5.2.9)

Using (L3) we conclude that

D ; iy, A:) — D - AND
Ti(v;) < Ij(o;+9)+ / Def (o + 1 Ay) = Def oy AID o,
B1(0) j

re
< (v + )+ c(M)—J/ Dy dy. (5.2.10)
i J)
Step 3. v solves a linear system
Using that v; satisfies inequality (5.2.9), we have that

«

7
0 <Z;(v; + sp) —Ij(vj)+C(M)—J/ |sD)| dy, (5.2.11)
i JBio)

for every ¢ € C}(B) and for every s € (0,1). Now, using again the definition of

the rescaled functionals, we observe that

1
Ti(vj + sp) — Zj(v;) = / o / [De fi(wj + 15y, Aj + Xj(Dvj +tsDg))|sDp dt dy
B1(0 0

c
=% oo [Def(xj + 159, Aj + Aj(Dvj + sDp)) = De f (x5 + 15y, Aj)|sDo dy.
J 1
(5.2.12)
Inserting (5.2.12) in (5.2.11), dividing by s and taking the limit as s — 0, we

conclude that

C
0= % ()[Dgf($j+rjy,Aj+AjD”j)—fo(ij“TJy’Aﬂ’)]Dspdy
] B1(0
M)re
o(M)r; / |Dy)| dy. (5.2.13)
Ai o

Let us split
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Using (5.2.5) we get

Ef| < /E+ N D dy < A§/+ [ Doyl dy < el (5:2.14)

J E]

Using (5.2.5), (L2) and the elementary inequality log(1 4 ¢) < ct?, we obtain

1

Aj

/+[D§f($j + 75y, Aj + NjDvj) — Def(z; + 15y, A;)| D dy
Ej

1
[ (og(1+ [A; + X Dyl) +log(1 + [4;])) dy

<
Aj Ef
< c|EJ+| i/ (|1A;P + |\, Dv;|?) dy
— )‘j )‘j E;r J J J
< e (5.2.15)

Hence, we infer that

. c
lim —
Jj—00 )\j

/E+ [Dgf(.l’] + ij, Aj —+ )\jDUj) — Dgf(x] + T’jy, AJ)]D()O dy =0.
J (5.2.16)

On EJ’ we have

1
[ [Def (@ + 1y, A+ X Dvj) — Def (2 + 1y, 45)| Do dy
J E;
1
E; 0

Note that (5.2.14) yields that X,- = Xa, in L", for every r < oco. Moreover by

J

(5.2.6) we have, at least for subsequences, that
AjDv; — 0 a.e. in By

r; — 0

and

ZT; — Xo-
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Hence the uniform continuity of D¢ f on bounded sets implies

. 1
h]m x / [De f(xj + 15y, Aj + A\jDvj) — Def(x; + 15y, A;)| Do dy
J EJ_

= Dee f(z0, A)DvDe dy. (5.2.18)

B

Since 3 < a, by (5.2.6) we deduce that

«

lim % = 0. 5.2.19

FApY (5:2.19)
By estimates (5.2.16), (5.2.18) and (5.2.19), passing to the limit as j — oo in
(5.2.13) yields

0< | Def(xo, A)DvDypdy
Bi

Changing ¢ in —¢ we finally get

De¢e f(zo, A)DvDep dy =0

By
that is v solves a linear system which is uniformly elliptic thanks to the uniform
convexity of f. The regularity result stated in Proposition 2.2.3 implies that

ve C®(By) and forany 0 < 7 < 1

7[ |Dv — (Dv).|*dy < cr*4 |Dv — (Dv)1|* dy < c7?, (5.2.20)
T Bl

for a constant ¢ depending on M.
Step 4. Higher integrability of v;

In this step we will prove a higher integrability result for Dv; which is uniform

with respect to the rescaling procedure. We will drop the index j for simplicity.

Lemma 5.2.2. Let g be a function satisfying (I11)-(I4) and v € W (B;RY) a

solution of

T
) < Twtp)+ e [ Deflan+roy ADody



for every ¢ € Wy (B1(0); RN). Then we have

n—2k
2n

(/B {3 (D)} [ dy)

NI

<< < / QUSRI dy) et ( / (DUl +log1+ ADuDADe} dy)

1
2

+ < ’ {A"Vi(ADw) }|” dy)

Here ¢ does not depend on rg, A and v.

Proof. Let us fix two radii § < r < s < p and a cut-off function n € C§°(B;) such
that 0 <n < 1,7 =1on B, and |Vn| < 4. As in [24] using ¢ = 75 _4(n°Ts 4v)

we obtain

1
/ / 0°Deeg(y, Dv + t1, Dv) (1,Dv, 7, Dv) dt dy
B, Jo

< - / n*[Deg(y + hes, Du(y + hey)) — Deg(y, Dv(y + hes))]m,Dv dy
B

P

T,Cl
—2/ T {Dgg(y,Dv)}Dn®7'hvdy+cy0\h\°‘/ |D(n*myv)| dy. (5.2.21)
B

By
By the definition of g, we can write the second integral in the previous inequality
as follows

—2/ Nt {Deg(y, Dv)} Dn @ mpv dy =
B

P

2
= — X/ nty {D£f<~r0 + oY, A + )\DU(iy)) — Dgf(xo + ToyY, A)} D77 X TRV dy
By
2
= X/ n{Def(zo+ 1oy + h), A+ ADv(y + h)) — Def(xo +10(y + h), A)
BP

— Def(wo + 1oy, A+ ADv(y)) + De f(zo + 10y, A)} Dn @ v dy

2

= — X/B n{Dgf(xo +ro(y+h), A+ ADv(y + h)) — Def(xo + roy, A+ ADv(y + h))

+ De f(wo + 1oy, A+ ADv(y + h)) — De f(20 + 1oy, A+ ADv(y))
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— Def(o + 7oy + h), A) + Def(zo + 1oy, A) } Dy & myv dy. (5.222)

By (I4) and the argumentation at the end of the previous section the Lh.s. in

(5.2.21) is bounded from below by
c/ (1 + |[ADv| + |[ADv(y + he,)|) " |mDv|? dy
BP
> c/ 7 | AN VAOAD) Y dy. (5.2.23)
BP

Whereas on the r.h.s. of (5.2.21), taking into account (5.2.22), using (I3) and (L3)
we are led to

7y = LA [ P+ log(1 4+ ADu(y + heo) ) Dol s
B

P

T,CM
Ty, = CTOWO‘/ n|Vn|log(1l + |A] + [ADv(y + hes)|)|mv| dy
B

P

C
+ X/BPH|V77|

=T51 + 159

1
/ Dee f (20 + 1oy, A+ sAT,(Dv)))ds| | A1 (Do) ||| dy;
0

T.Oé
Ty = e |h|™ | [DOf*mo)| dy.
BP
Using Young’s inequality for h(t) = tlog(1 + t) we get

T, < C%W {IADv] + log(1 + [ADv|)|ADv|} dy;
By

T < BIh" [ (IADv] + 1og(1 + ADeAD} dys
By

T, < cT—0|h|a/ IADu| dy,
eI

In order to estimate the integral T 5 we use (L5) and Young’s Inequality as follows

1 11()g(1—|—|14—|—8)\7h<DU)|)
D + A+ s\t (D ds| < d
/0 ££Jc(fL‘o oY, SA h( U))) S| C/O |A 5y h(DU)| S

1
§c/ (14 |A + sAm(Dv) )= ds
0
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< (1 + (D))
where we used Lemma 2.3.4 and [2] Lemma 2.1. Hence

C p—2
Ta < § [ (L4 a(D0)P)F (Do)l

_dnl

N2
A%/,

(1 + |Amn(Dv)[2) "2 | A1 (D) || A AR,

p—2

We observe that for the Young function o(t) := (1 + t?) 2 * we have

P~ 1+)Tt (P () ~ p(t). (5.2.24)

Here @+ denotes the conjugate Young function. The second statement in (5.2.24)

is a consequence of

40) t t
o (1) = / ()" (s) ds = / sg(s)ds ~ / o(5)ds = p(t).

Hence we obtain with the help of Young’s Inequality for Young functions, (5.1.6)

and Lemma 2.3.4

oo <SG [ & (0 (DR ) -+ [ orsum do

<9 [ enmon dvr [ elranpan)

& [ Moo
By

E]

<c

Inserting the estimates for 7} in (5.2.21) and using (5.2.23), we finally get

/ 7 | AN VA(ADY) M dy

P

< CSEAIT [ (ADo]+ log(1 + [ADODAD} dy
P

h
+ il [V, (ADv)|* dy (5.2.25)
A B,
The conclusion follows applying Lemma 2.1.8. O

97



Step 5. A Caccioppoli type inequality

The higher integrability of the previous step allows us to prove a Caccioppoli
type inequality for minimizers of the rescaled functional, which is contained in the

following

Proposition 5.2.3. Let g be a function satisfying (11)-(14) and v € WL*(B; RY)
a solution of

«

() < T(v+ ) +e(M)L /B ey (5.2.26)

for every ¢ € Wy (B1(0): RN). Then we have
i(ADv)

2 2 2 p
¢ v — v 2p—2 / [Vo(ADv))|
<— | v, (A—=)] dy+ca» P2l g
A% X —VLP< r) e (& e Y

) ViADv)2  \? g o
+ AP 2(/ ViADv)] 1<A2 ) dy) +c% (/ |>\Dv|dy) +C)\_02 AlDw|.
Bar Bar Br

(5.2.27)

Proof. Let us fix two radii 7 < r < s < 7 and a cut-off function n € C§°(Bs) such

that 0 < np < 1,n =1on B, and |Vn| < =-. Using ¢ = n(v, — v) as a test

S—T

function in (5.2.26), by virtue of the left inequality at (I1), we get

J,

2

Vi(ADv)
A

< / g(y, Dv) dy
B

< / 9y, Dv+ D) + c(M)™D / Dyl
B A JBi0)

_ / ’ gy, Do+ D(n(v = ))) + cA)™ [ |D(n(v, — v))

Bs

(07

,
= [ syt~ Do+ Dofwr — o)+ 00 [ Dol
B:\Br Bs

+ C(M))\(s 0 /BS v — v, (5.2.28)
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The first integral in the right hand side of (5.2.28) can be estimated by the right

inequality at (I1) and the properties of 7 as follows

/B 9= D+ Dyfer )

< / log(1 + A[Dv| + A Dyllv — v )(|Dv| + | Dlo — v.])
BS\BT

< f/ log <1+A|Dv|+AM) <|Dv|+w). (5.2.29)
A B,\B, s—r s—r

By (I1), Lemma 2.3.4 and Lemma 2.3.3 we obtain

>0

/B 9 =)D Dy )

2
c

S 2 o, %(A|Dv\+)\‘vs__1:‘) dy
c 9 c v —v\|?
= A2 BS\BTMD()\'DUD| dy+ﬁ/Bs\Br %()\ S—r ) 4y
<, Dy [ VD
c o — o]\ [*
N A VI,(Aﬁ) dy. (5.2.30)

Inserting (5.2.30) in (5.2.28), we get

J,

2

Vi(ADv)

: 5] Wa(IDe)) Py

— M UsaB

C
Vi (A|Dwl) [ dy

v — v
A———
Vp( s—r

A2 B:\Br

2

dy

i C
A2 B,\B-
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+ c(M)T—O

D
s ] 1o

+ c(M)MSO_ 7 /B | D], (5.2.31)

where we also used Poincaré’s Inequality. Now we fill the hole by adding to both

J.

and use the iteration Lemma 2.2.1 to obtain

sides of (5.2.31) the quantity

Vi(ADv) |?
)

ViADu) > ¢
[ PSR <5 [ o ay
. A A I,
2z
c v — v, e
— Vil A d M D 5.2.32
g [ aean® [ p G2s

Now we apply to the first integral in the right hand side of (5.2.32) the estimate

of Lemma 5.2.2 with p = thus having

[ oo ar<e( [ (woaoory )
+cr§f’< 1D +log(1 + WD) ADu) dy)p+ (/B {Vi(ADw)}? dy)p.

(5.2.33)

2T

Inserting (5.2.33) in (5.2.32) and using again Lemma 2.3.4, we have

c v — v, ]\ |?
/. SIA Vé’@f )

p
+ 3 (/ Vo(ADv) |2dy) (/ {IADv| +log(1 + |ADwv|)|ADv|} dy)
B2‘r

Vi(ADv)|?

d
A y

[Vi(ADwv)| ) —0 >\|Dv|

< = T|) i

V,(ADv)|? P
dy_i_c)\Qp*? </ | p( )\2 U)| dy)
BQT
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D 2 p ap p
+ NP2 (/ 7“/10;\2 V)l dy) + cr)\% (/ [ADv| dy)
BQT BQT

,r.Oé
+ c(M))\—OQ / A Dv| (5.2.34)
B.
which is the conclusion. O

Step 6. Conclusion

Fix 7 € (0, 1), set b; = (v)B,,, B; = (Dv;)p, and define

w;(y) = v;(y) — bj — Byy.

After rescaling, we note that \jw; satisfies the following integral inequality

re¢
/ 9i(y, AjDw;) dy < / 9i(y, A\jDw; + Do) dy+cA—j/ | Dl dy,
B1(0) B1(0) J J B1(0)
for every ¢ € Wy"(B;(0)) where
1
9;(y,&) = 2 Lf(xj + 1y, Aj + X By + &) — f(x; + 15, Aj + N Bj)
J

—Def(z; + 15y, Aj + X\ Bj)E]

It is easy to check that Lemma 5.0.6 applies to each g;, for some constants that
could depend on 7 through |A;B;|. But, given 7, we may always choose j large
enough to have |\;B;| < ’\—% < 1 (remember (5.2.6)). Hence we can apply Propo-

sition 5.2.3 to each A\;w; obtaining

. E(xj,try) .1 . TP
h;jn # = hjm )\—? o \Vo(Du — (Du),,,)|* dy + hjm )\?j
J

1
<limgpf [V Duwy) dy+ 77

I8 Vp()\j(wj—(wj)%))r dy

1
< clim —
- J B, )\j2 T

NDw)2 N
+ Clim)‘§p72 <7[ |V;7( J w])| dy)
Bar

2
J )\j
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Dw.)|? p
+ Ch?l )\?P—Q (7[ |V1()‘J)\2 w])‘ dy)
Bor ¥

ri? P re
—|—chm )\2 <][ )\j|ij|dy) 4—clim>\—]2 <][ )\j|ij|dy) + 77
B JAy B

1 (e — (ws 2
< clim =V, ()‘J<wj (wj)%))
J Bor )\] T

dy + 77,

Ozp
since lim; )\ip =0, hmj =0, lim; = ST = = 0 and the integrals appearing as their

k;>:>|“ Q

factors are bounded as j — oco. Now, since v; — v strongly in LP(B;(0)), using

the Sobolev-Poincaré inequality stated in Lemma 2.2.2, one can easily check that

(. — 2
i [ D=0, (5.2.35)

: 2
3=+ p, A2

In fact, for every ¥ € (0,%) we can use Holder’s inequality of exponents &5 and

%asfollows
V(v —v))]2
[ BRI gy [y — o Ay — o dy
B% J 31
209
< /\ = P14+ A2y — o)™ dy
B1
p—2¢
p(1— p(p—2)(1—
([t o5 (L = o)y
B
29 (o) p—29
’ V(N (0 — o)) 2 727 ’
<\ [ eray) ([ (B dy
2 1-9
V(A (Dv; — D))
<[ w-orar) ([ y
B% ! By )\?

Last inequality is obtained applying Lemma 2.2.2 to the second integral, choosing

¥ € (0,%) such that pzsl_;g) = . Hence (5.2.35) follows noticing that the first

n—p

integral vanishes as j goes to infinity and second one stays bounded thanks to

(5.2.5), since v € C5°(B4(0)).
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Since b; — (v)2, and B; — (Dv),, using (5.2.35) and the definition of w; we get

E(x: 71 1 Ao (ws — 2
limwgclim —2\/;;< 5 v—i—v)) dy + 7"
J )\] J Bar )\] T
1 (v — — b — B. 2
= clim — |V i —vtv=b i) dy +71°
; )\2 p
J Bar \j T
_ _ 2
cof bmCl Oy,
T
Bar
— _ 2 _ 2
< ﬁ[ [v— (0)2r _ (Dv)s2ry| dy + # [(Dv)-y Q(DU)%ZJ‘ dy
Bar T Bar T
+ 77
: 4 |Dv = (Dv)or|* dy + ¢l (Dv); — (D) |* + 77
BQT
<er? er? <oyt
The contradiction follows by choosing ¢}, > C/(M). O

5.3 Full regularity

In this section we will prove that the minimizer u belongs to the space C*7(Q, RY)
for every v < 1 if we assume (L1) and (L3)—(L8). We follow the lines of [12]
(section 4) and use the fact that the range of anisotropy in the almost linear
growth situation is arbitrary small. Note that in [12] Breit studies (p,q)-elliptic
integrands. Here we just clarify the main differences. The first step is to regularize
the problem. Here we consider the standard regularization (compare, for example,

[11] and the references therein): us is defined as the unique minimizer of

Fs(u, B) := /B {f(x,Du) +0(1 + |Du|2)%} dz

in (u).+Wy9B)for B€Qand1l <p<q< “—2 (pis defined in (L7)). Thereby

(u)e is the mollification of u with parameter ¢ and

1

0 =10d(e) = )
) 1+ e+ [|D(w)ll s

For us we obtain:
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Lemma 5.3.1. e Ase — 0 we have: us — u in WHH(B,RY),
5/ (1+ [Dugl*)? dz — 0; / F(Dug)dz — / F(Vu)da:
B B B

e Dus € W2N L2

loc

(Q,RY).

For the last statement we can refer to [11] (Lemma 2.7), since u; is the min-
imizer of a isotropic problem and the second derivatives Dg, f5 fulfills a Holder-
condition by (L8) (fs(x,&) := f(x,€) + 6(1 + |¢]*)2). The rest can be quoted
from [11], Lemma 2.1. Only the week convergence needs a comment: Following
the ideas of [11] one easily sees that Dus in bounded in Lj(B). According to the
Poincaré-inequality in Orlicz spaces (see [41]) and the uniform boundedness of u,
in W"(Q) (remember u € W'"(Q)) we obtain sup; [wsllyyrn(py < co. By the De

La Valée Poussin Lemma we can select a subsequence such that
us —v € W"(B), v=u ondB

and v minimizes F (-, B) with respect to boundary data « which means v = u.

Next we prove higher integrability with respect to the parameter 9, i.e.,

Dus € L}, .(B) uniformly in ¢ for all ¢ <

loc

(5.3.1)

n—a«a
Here we proceed exactly as in section 3, observing that our bounds are now
independent of 6. We only have to calculate the additional integral (F(Z) :=
(1+127)2)
5/D§F0(DU5)DT_h(n27hu(;) dx
B

= —5/ ThDgFO(Dug)D(nQThU5) dx
B

1
- —5/ 772/ Dee Fy(Dug + t1, Dus) (75 Dus, 7, Dus) dz
B 0
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— 25/ N1 De Fo(Dugs) Dn @ mhus do
B

on the r.h.s. Here the first integral on the last calculation is nonnegative, so we

can drop it. The last one can be estimated by (using Lemma 5.3.1)

o [ (14 |Dusl) do < el

Hence we obtain (5.3.1) if we apply the arguments of section 3 (remember the
uniform WH"(B)-bounds on us).
In order to prove Lipschitz-regularity of the solution u we have to show a growth

condition for the function
1
T(k,r) = / T5 2 (ws — k) dx
A(k,r)
where we abbreviated I's := 14| Dus|?, ws := log I's and A(k,r) := B,N[|Dus| > k.

We want to show
c

T — ke

for0 < h < k,0 <r <7< Rywith exponents x,© > 0 and ¢ > 1. From (5.3.2) we

T(h,7) <

k, 7" (5.3.2)

arrive at uniform L{2-bounds on Dus using Stampacchia’s Lemma ([80], Lemma

loc

5.1, p. 219), details are given in [9]. Note that uniform bounds for 7 (which are

necessary) follows from (5.3.1) and

(07
n—s

q< .
n—uo

Hence we have us € W,2>°(B) uniformly in 6 (remember Lemma 5.3.1). Tt follows
with the help of Arzel -Ascoli’s theorem that u € W,>°(B) and since B is arbitrary

u € W™(Q). This means that

loc
/f(x, Du) dr — min

is a problem with quadratic growth (at least locally, compare (L5)) and the claim

follows from [11], Lemma 2.7.
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In order to prove (5.3.2) we have to notice that the integrand satisfies the growth

conditions

v(1+ €273 22 < D& f(x,6)(Z, Z) <A1+ |€[%)*T |27,

10, Def (x,€)| <AL+ |€]) .

Since the exponent from above (p = 1) and below are close enough, we can exactly
argue as in [12] (section 4) and obtain (5.3.2). Note that in this part of [12] the

condition p > 1 is not used.
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Chapter VI

BOUNDS FOR THE SINGULAR SET FOR
FUNCTIONALS WITH STANDARD GROWTH
CONDITIONS

The results of this chapter have been obtained in [23].

In this chapter we get bounds on the Hausdorff dimension of the singular set
for local minimizers of integral functionals of the Calculus of Variations of the
type (0.0.1) defined for Sobolev maps u € W1P(Q;RY), p > 1. Here for n > 2
and N > 1, Q is a bounded open set in R and f : Q x R™ — R is a continuous
function. The assumptions we are going to consider are the following.

There exist positive constants L, v, c > 0 such that for every p > 1

L+ [¢1%)% < f(z,€) < L1+ €)% (H1)

(
P 85%) < 308 + 36 - v+l +lal) Tl - & (12
fe(1,€) = fe(@a, )] < el — xa|® (1 + €27 (H3)

for any &,&1,& € Rz, 21,290 € Q and a € (0,1).
Bounds for the singular set of minimizers of functionals of the type (0.0.1) can

be obtained as a particular case from the paper, [31], where the anisotropic growth

conditions 1 <p < g <p ("*Ta) were examined. But a more careful analysis in the
case of the functional (0.0.1) with standard growth conditions, allows to improve
the bounds obtained in [31].

Since the functional (0.0.1) is convex there is no difference between minimizers

and critical points, i.e. minimizers are precisely the weak solutions to the Euler

107



system div f¢(x, Du) = 0. Moreover if we require f(-,&) € C?, so that (see Lemma

6.0.5 in the next section) (H2) is equivalent to the following ellipticity condition
(feea, OMN) 2 VAP (1 + [6P)F Vo € Q¥ A e RMY, (6.0.3)

the Euler system turns out to be elliptic. To show that the gradient of u belongs
to some suitable fractional order Sobolev space, the usual method consists, once
again, in exploiting the nice embedding properties of these spaces. This technique
has been used, for example, in [68] where the weak solutions to elliptic systems
like

diva(z, Du) =0 (6.0.4)
with @ : Q x MV*" — MN*" have been studied under the following growth,

ellipticity and continuity assumptions:

|Dea(z, €)] < L(1 + |€[)"7, (6.0.5a)

LA+ 167 < 2% (0 e (6.0.5b)
¢! J

la(z, &) — a(wo, )| < Llz — zo|*(1 + €))7 (6.0.5¢)

for any z, A € M™¥ and z, 2y € Q, where p > 2, L € (1,+00) and o € (0, 1) (see
also [67]). As usual, a key role in the proof of the existence of fractional derivatives
is played by assumption (6.0.5a) that in the case a(z, ) = fe(x, &) becomes in turn

an assumption on the growth of second derivatives of f,
ID?f(x,6)] < L1+ €))7 . (6.0.6)

The main purpose of this chapter is to provide a regularity result without any
assumption on the growth of D2f, and then to get the bounds for the singular
set of minimizers from the regularity property. This result relies essentially on a
fundamental approximation procedure first introduced in [35].

In the case p > 2, our main result is the following.
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Theorem 6.0.2. Let f satisfy the assumptions (H1), (H2) and (H3), with p > 2.
If the function v € WYP(Q;RYN) is a local minimizer of F in S then for every

B, C Br CC 2 we have that
Du € W 1?(B,; R") N Lk (B,; R"™)

for every k € (0, ), where ¢ = z% and

2
1Dl o5y, < ([ (4 1DuP) o) (60.7)
with ¢ = ¢(n, N, L,v, R, p,a, k,p).

As far as we know, also in [31] the authors use the difference quotient method
without the assumption (6.0.6) (or (6.0.5a)) but our higher integrability exponent
is greater than the one found in [31] where the anisotropic growth conditions
l<p<qg<p (ﬂno‘) were examined. Here, the improved regularity stated in
Theorem 6.0.2 depends on the assumption p > 2. In fact, in the case 1 < p < 2
our higher integrability exponent is slightly greater than the one obtained in [31]

in case o > % while is again better if o < % More precisely we have

Theorem 6.0.3. Let f satisfy the assumptions (H1), (H2) and (H3), with 1 <
p < 2. If the function u € WHP(Q;RY) is a local minimizer of F in ) then for

every B, C Br CC ) we have that
(14 |Du(z)]?)*T Du(z) € W**(B,; R™) N L75 (B,; R™™) (6.0.8)
for every 0 < k < min {a, %} As a consequence
Du € W*?(B,; R"™N) 0 L7 (B,; R"™Y) (6.0.9)

for every 0 < k < min {a, %} and
1
3

1Dul, ey <o ([ 0 ipu@p) o). o)
R

with ¢ = ¢(n, N, L,v, R, p,a, k,p).
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The proof of these two theorems is divided in two steps. In the first step we
assume that f(-,£) € C? but we are able to establish the estimates (6.0.7) and
(6.0.10) independently of the C? norm of the integrand f, by adopting an argument
first used in [35]. In the second step we remove the assumption f(-,£) € C? using
an approximation procedure introduced in [35] and developed in [19], [38] and
[30]. More precisely we approximate f by a sequence {f;} of C? functions which
are strictly elliptic (and the ellipticity constant is precisely the v appearing in
(H2)). The minimizers {u,} of {fn} all satisfy estimates (6.0.7) and (6.0.10).
More important the estimates are independent of the C? norm of {f,} and thus

are preserved in passing to the limit. Hence a control of the type
D (@) <c(+[EP)T, ¥ (2.6eQxR",

on the growth of second derivatives of f never enters into play.

We remark that the cases 1 < p < 2 and p > 2 have different technical
difficulties and therefore they have to be treated separetely. The subquadratic case
has been treated in [17] for the first time, in the quasiconvex setting; however the
paper [17] does not deal with the full case 1 < p < 2 but only with 2n/(n + 2) <
p < 2. The extension to the full interval 1 < p < 2 has been achieved in the
subsequent paper [16].

Moreover we would like to notice that in the case p = 2 we recover the same
regularity of [68] without the growth assumption on the second derivatives (6.0.5a).

Let us recall the following definition of local minimizer for the functional F.

Definition 6.0.4. A map u € W'?(Q; RY) is a local minimizer of the functional
Fif
F(u; A) < F(v; A)

whenever A CC Q and u — v € Wy P(A; RN).
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The following statement has been proved in [38]. It states that the condition
of uniform convexity of the functional F is equivalent to the ellipticity condition

for the Euler system of F.

Lemma 6.0.5. Let f : R™™ — [0,4+00) be a C? function and p > 1. Then f

satisfies (H2) if and only if there exists a constant cy such that for all ¢ € R™Y
(fecl@, OAN) = cor (L+[EP)T APV A e R,
where the constant v is the same constant appearing in (H?2).

6.1 A priori estimates

In this section we prove the estimates (6.0.7) and (6.0.10) assuming that f satisfies
the growth assumption (H1), the Holder condition (H3) and f(-,£) € C? for every
€ € R™Y. Recall (see 6.0.5) that under this last assumption (H2) is equivalent to
the ellipticity condition (6.0.3) with the same v appearing in (H2). Then in the
next section we use the fundamental approximation procedure of [35], to prove
Theorems 6.0.2 and 6.0.3. In any case we explicitly point out that in this section
we establish the estimates (6.0.7) and (6.0.10) independently of the C* norm of f.

Now we observe that the convexity assumption (H2) together with (H1) im-

plies the estimate
ez, O < c(1+ €27 V(z,6) € Q x R, (6.1.1)

where ¢ = ¢(n, N, p, L).

We start proving (6.0.7).

Lemma 6.1.1. Suppose f satisfies (H1), (H3) for a p > 2 and f(-,€) € C* for
every £ € R, Ifu € WHP(Q;RY) is a local minimizer of F then the estimate

(6.0.7) holds.
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Proof. We assumed f(-,&) € C? so f satisfies the ellipticity condition (6.0.3) by
Lemma 6.0.5. Let u € WH?(Q; RY) be a local minimizer of the functional F and
let us take 0 < R < 1 such that Byg CC €); then u is a solution of the Euler

system
/ fe(x, Du) Dy dx = 0, (6.1.2)
Q

for every ¢ € W1P(Q; RY) such that suppy CC Q.

Let 7 be a cut-off function in C§(Bsgs) with 0 < n < 1, 7 = 1 on By and
|Dn| < ¢/R. Let us consider the function ¢ = n?(z)7s _p(7spu) with s fixed
in {1,...,n} (which from now on we shall omit for the sake of simplicity) and

|h| < R/10. Substituting in (6.1.2) the function ¢ we get

| @, D) Drstma)) do = =2 | fia. Duyn(a) Dy 7 do

Bar

and thanks to (d1) and (d2) of Propostion 2.1.4 we get

/B (o hen) e+ hew Dutr +hes)) = fe-+ hes, Du(w))) Disy) do
+ /BQR n*(x + hes)[fe(x + hes, Du(z)) — fe(x, Du(x))] D(mpu) dx
T / Do+ hes) = P(@)] Sl D) D) da
=2 [ fe(w Du) (o) Dn @ () d

Assumption (H3) and inequality (6.1.1) yield
/B n*(x + hey) [fe(x + hes, Du(z + hes)) — fe(x + hes, Du(z))]D(mhu) dz
2R
<clbf* [ 1Pt he) D@l + |DuP)T do
2R
i /B (@ + hey) = (@) |D(man)| (1+ | Dul’) 7 da
2R

+ C/ n(x) | Dyl |—n(myw)| (1 + |Dul?) 7 da, (6.1.3)
Bar
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with ¢ = ¢(n, N,p, L).
Now we can use the ellipticity condition (6.0.3) in the left hand side of (6.1.3)

as follows
/ n*(z + hey)(1 + |Du(x))* + |Du(x + h65)|2)pT_2 |7, Du|* dx
Bar
< / /1 [fee(x + hes, Du + tr, Du)n?(x + hes) D(myu) D(myu) dt dx
Bar J0
and, since
|7 DulP = |7, DulP~2|m, Dul?® < ¢(n, p)(1 + |Du(z)* + |Du(z + h(38|2)p%2|7'hDu|2

and p > 2, we get the estimate

/ n*(x + hey)|mDul? d
Bar

-1

<c |h|a/ n*(x + hey)|mDu| (1 + ‘D’U,‘2)pT da
Bar
_'_C/ |772<l’+h€3) —T]2<SL’)||ThDu‘ (1—|— |Du|2)pT_1 dx
Bar
ve [ a@IDullr ] (04 DU do
Bar

= (1) + (II) + (II1]), (6.1.4)

with ¢ = ¢(n, N,p, L,v). We have to estimate the integrals appearing in the right
hand side of (6.1.4). In what follows ¢ is a real number such that 0 < e < 1 to be
chosen later.

Let us begin from (7). We can apply Young’s inequality with the exponents p

and ¢ = -£ so we have

p—1

(I)<c |h|q°‘/ n?(x + hey) (1 + |Du(z)|?)? dz + cs/ n*(x + hey)|m,DulP dx
Bar B

2R

where ¢ = ¢(n, N, p, L, v).
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Let us estimate (I); we can apply Lagrange’s theorem to estimate |n?(x +
hes)—n?(z)|, the assumptions on | Dy and again Young’s inequality with exponents

p and ¢ obtaining

(11) <c—/B n(@ + hes) +n(@)|(1 + |Du)2) 7 | Du| dz

%/ (14 |Du(z)]?)? d$+c€/ |nP(x + hes) + nP(z)||mn Dul? dx
Bar

/ (14 |Du(z)|?)? dz + cz—:/ nP(x + hes)|m DulP dx
Bar

/ x)| T Dul? dz

/ 1+ [Du(x)| )%d:c—i—ce/ n*(x + hey)|m Dul? dx
Bar

+05/ n*(x)|m DulP du,
Bar
where we used the assumptions p > 2 and 0 < 7 <1 to get the last estimate.

To estimate (/1) we use, once again, Young’s inequality and the properties

of 1 obtaining

o]

(I11) < CE/BQR(l + | Du(z)[? )2 dx + W /BQR n?(x)|m_p(mpu) P dz.  (6.1.5)

Now using the definition of 7,u we can write the last integral in (6.1.5) as follows

T = he) (e = hes) = i) (m)(a)
+(9(a) = (e — hey) )z — he,)P da
SW /BQR\Th(??Thu)( z)|Pde + —— P /BQR|77(3;) — n(x — hey)|P|(mhu) (x — hey)|Pda
<ce [ IDGra@l de+ G [ (e - hepds, (6.16)

where we used Lemma 2.1.6 and Lagrange’s theorem to get the last estimate.
Recalling how we chose 1 and |h| at the beginning we can estimate the last

sum in (6.1.6) with

ce /B DG @) dot S [ Ima) @ ds

Bar
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<ce / 7P (2)|m(Du)(@)P de + ce / DifP| () ()P e
+%‘; @) dr
() (@) d,

ce
/4
Bar

Scz—:/B n*(x)|m,(Du)(x)|P do + 7

where we used the assumptions on p and n again. So we have

(I11) gc%ém(l + |Du(z)[?)? d:L’—i—CE/ n*(x)|m,(Du)(x)|P dw

Bar
ce

+ I |(Thu) ()P dx.

Bar

Since 7, Du(z) = Du(x + hes) — Du(z) and noting that

cz—:/ nP(z)|m DulP dz <c / In(z) — n(z + hes)|P|m(Du) ()P dx
Bar Bar
+ ca/ nP(x + hey)|mDu(z)|P dx
Bar

nlP
gcu |7, Du(z)|P dx —|—ca/ n*(x + hey)|mDul? d
P Baog Bar

|Af”
Rr

<
_CR

(14 |Dul?)2dz + ca/ n*(x + hey)|m,DulPdz
Bar

Bar

we obtain

h|P p

(I171) gc% (1+ |Du(x)]*)? do + ce / n*(x + hey)|mDulP da
Bar

[hf*

q
R Bar

Bar

+c (14 |Du(z)|?)? da.

Collecting the estimates for (1), (I1) and (I11) we get

/ n*(x + hey)|m, DulP dz <ce / n*(x + hey)|m, Dul? dx
Bar

Bar
P
/4

o [ Du() )

Bar

T c|hfe / (1 + |Du(2)?)} de
Bor

+c

]

+c— 1+ |Du(z)]?)? dx.
[0+ Dute)
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Now choosing £ > 0 small enough we get

/ n*(x + hey)|mDulP dv <c \h\qo‘/ (1+ |Du(x)|?)? dz
Bar

Bar
+CW/ (1+ |Du(z))} do
Ra Bar

+CW/ (1+ |Du(x)[?)? dz
Rp Bar ’

but since qa < ¢, ¢ < 2 and recalling that R < 1 the following estimate easily
follows
/ n?(x + hey) | DulP dz < ¢ |h|p<p"1>/ (14 |Du(z)[?) dz, (6.1.7)
Bsogr Baogr
with ¢ = ¢(n, N, L,v,p, R). We can conclude applying Lemma 2.1.9 and perform-

ing a standard covering procedure. O

Now we prove (6.0.10) again under the C? regularity assumption on the inte-

grand f.

Lemma 6.1.2. Suppose f satisfies (H1), (H3), for a1 <p <2 and f(-,§) € C?
for every &€ € R"™N . Ifu € WIP(Q,RY) is a local minimizer of F then the estimate

(6.0.10) holds.

Proof. Let 1 be a cut-off function in C§(Bsg/e) with 0 < n < 1,7 =1 on Bg
and |Dn| < ¢/R. Let us consider the function ¢ = n?(z)7, _5(7spu) with s fixed
in {1,...,n} (which from now on we shall omit for the sake of simplicity) and
|h| < R/10. Substituting in (6.1.2) the function ¢ and arguing as in the first part

of the proof of Lemma 6.1.1 we get the estimate

/ nZ(x + hes)(1 + |Du(x)|2 + |Du(z + h65)|2)%|ThDu|2dl‘
Bop

SCIhI“/ i (x + hey)|mDu| (14 |Dul?)*7 da
Bar
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+c/ |n?(x + hey) —7)2(9c)||7'hDu|(1+|Du|2)’%1 dr
Bar
p—1
o [ n@IDal ] 0+ 1Du) o
Bar

= (I) + (II) + (II1),

with ¢ = ¢(n, N,p, L,v). We have to estimate the integrals appearing in the right

hand side of (6.1.8). In what follows ¢ is a real number such that 0 < e < 1 to be

chosen later.

Let us begin from (I). Observing that

we can apply Young’s inequality with the exponent 2, so we have
(1) <c |h|a/ n*(x + hey)(1 + |Du(z)|* + | Du(x + hes)\Q)pT_l\Tth dx
Bar
<ce WQ/ 2z + hey)(1+ |Du(@)2 + | Du(z + hey)2)% da
Bar
+ z—:/ n*(x + hey)(1 + |Du(z)|* + | Du(x + h(38)|2)%2 |7 Du|* dx
Bar

gcs|h|20‘/ (14 |Du(z)|?)? dz
Bar

+ z—:/ n*(x + hey)(1 + |Du(z)|* + | Du(x + h68)|2)%|ThDu|2d$ (6.1.9)
Bar

with ¢ = ¢(n, N, p, L,v), where in the last inequality we used Lemma 2.1.6.

Now let us estimate (/7). We can apply Lagrange’s theorem to estimate |n?(z+

hes) —n*(z)|, the assumption on |Dn| and again Young’s inequality with exponent

2 obtaining

h p—1
(1) <c l (@ + hes) +n(@)|(1+ [Du(@)* + [Du(z + he,)[*) = |7 Dul dz

Bar
|h/?

h P
<eelll [0+ 1Du@) + Dute + he) ) da
R Bar
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* E/ 12z + hey) + n*(@)|(1 + |Du(2)]? + |Du(x + he,)*)"?" |7, Dul*dz
Bar

|?
R

+ 5/ nZ(x + hes)(1 + |Du(x)|2 + |Du(z + h65)|2)% |ThDu|2dx
Bop

<ce / (14 |Du(z)|?) 2 dx
Bar

+ 8/ n*(x)(1 + |Du(z) | + | Du(x + hes)\Q)pT_zthu\Z dx (6.1.10)
Bar

where we used Lemma 2.1.6.

To estimate (/1) we use Holder’s inequality, the definition of 7,u and the

properties of n and h obtaining

(I11) g% (/Bmu + |Du(2)|? + |Du(x + hes)\Q)g) o (/BR 7 n ()P daz) ’

<Ih E/ (14 | Du(x)P) dz, (6.1.11)
R Bar
where we also used Lemma 2.1.6. Now set
Wi, = Wi(Du) = 1+ |Du(x)|? + | Du(z + he,)/|?
and, since 7, Du(x) = Du(x + hes) — Du(z), we get

¢ W @) nDulfdr <cs [ W, n(@) = n(e + hey) Plm(Du) () da

Bar Bar
tee | W2 93z + hey)|m(Du)(z))? dz
Bar
w % 2 % 2 2
<c—s W, % |mDu(z)|” de+¢ W, 2 n°(x + hes)|m,Du|” dx
R Bar Bar
h 2 p=2 p—2
SC% w,? |Du(z)|* dx + ce w,? n*(x 4 hey)|mDul? d
R Bar Bar
h 2 2 p—=2
SC%/ (14 |Du(x)|*)2 do + ce W, % n*(z + he,)|m,Dul? dx
R Bar Bar

Collecting the estimates for (1), (I1) and (I11), we get

/ n2(a: + heg)(1+ |Du(:1:)\2 + | Du(x + hes)|2)p7_2 |ThDu\2 dx
Bor
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p=2 h|?
<ce w,? n2(x+hes)|ThDu|2dx+c‘Rﬁ2/ (1 + [Du(z)[?) dz
Bsogr Baogr

+c€|h|2°‘/B (1+|Du(:p)|p)d:p+|h|%/ (1+ |Du(z)?) dz.

Bar

From this estimate, choosing € > 0 small enough, we get
/ n*(x + hey)(1 + |Du(z)]* + |Du(x + hes)|2)% |7, Dul|* dx
Bar

2
<" | s ipu@p)deesli [ @+ Du)P) da
Bar Bar

C

g [+ IDu@p) ds,
2R

but since 2o < 2 and R < 1 the following estimate easily follows
/ n*(x + hey)(1 + |Du(x)|? + | Du(x + h€3)|2)%‘ThDu|2 dx
Bar
gc\h\m/ (1 + |Du(x)|P) dz + c|hl (1+ |Du(x)|?) dz,
Bar

Bar

(6.1.12)

with ¢ = ¢(n, N, L,v,p, R).

Now if 2a0 < 1, that is a < %, we have
/ n2(a: + heg)(1+ |Du(;1:)\2 + | Du(x + hes)|2)p7_2 |ThDu\2 dx
Bar
< c|h|2°‘/ (14 |Du(x)|P) dx
Bar
while, if o > % we have
/ nz(x + hes)(1 4+ |Du(x)|2 + |Du(z + h65)|2)p%2 |7'hDu|2 dx
Bar
< c|hl (1 + |Du(z)?) dz.

Bar

We can get the final estimate applying Lemma 2.1.7 which yelds

/B ron((1 4 [ Du(@)2)®~2/ Du(w))[? di < clh|? / (1 + [Du(z)?) d,

Bar
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where

0=2a if a<

N — DN —

B=1 if

Q
vV

Now we can conclude applying Lemma 2.1.8 and performing a standard covering

procedure. O

6.2 The approximation

We need now the following fundamental result that can be obtained with a pro-
cedure first introduced in [35, 38] and then developed in [19] and [30], that plays

a key role in the completion of the proof of our theorems.

Lemma 6.2.1. Let us suppose that the function [ satisfies assuptions (H1), (H2)
and (H3). Then there exist a sequence f,(z,-) € C*(R™) and a constant ¢ > 1

independent of h such that, for every x € Q and \, & € R™, we have

1

gu+—+mﬁ e <t (141 +1)

(@) ZAPA+ 1) < (Dhfala AN

p—1

(i) |&nm@wdwwmms4m—maﬁ+i+mﬂ2;

(iv) fn— f uniformly on compact subsets of Bp x R™

with a € (0,1), and where the number v is the same appearing in (H1), so it is

independent of h.

Let us observe that since every f,(z,-) € C*(R™) condition (ii) turns out to
be equivalent to (H2) thanks to Lemma 6.0.5.

Now we can complete the proof of Theorem 6.0.2 and Theorem 6.0.3 at once.
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Proof. (Theorem 6.0.2 and Theorem 6.0.3.) Let us consider, for every h, the

solution uy of the Dirichlet problem
min{ fn(z, Dv) dx:vEu—l—WOl’p(BR;]RN)}.
Br

Thanks to Lemma 6.0.2 and Lemma 6.0.3, the sequence {uy} turns out to be

locally bounded in W7 (Bg; RY) for every k in (0, «), where

y= 2 if p>2;
n — kq
np .
= fl<p<2.
7 n — 2k ' b

Therefore, up to a subsequence, {uy} converges weakly to some u, in I/Vlig(B R RY);

let us prove that u., verifies the estimates (6.0.7) and (6.0.10). From (i) we have

1
2
|| Dtoc | £2(3,) <liminf |[Dupf|zo(s,) < climinf </ (1+ |Duh|2)§dx>
Br

2

1
B
Sclimhinf ( fu(z, Duh)dx> < climhinf < fr(z, Du) dx)

Br Br

< (/ (14| Dup)? da:)
Br
where we also used the minimality of uy,.
Now, exploiting the local higher equi-integrability of {u;,} which follows from
the estimates provided by Lemma 6.0.2 and Lemma 6.0.3, we shall prove that

U = u. Fixed M € N we can consider for every p < R

f(z, Duy,) dz :/ f(z, Duy,) dx +/ f(z, Duyp,) dx
B, B, {| Duy| <M} B,N{|Duy|>M}
S/ [f(x, Dup) — fu(x, Dup)| dz + [ fu(x, Duy) dx
Bpﬂ{|DUh\§M} By

+/ f(z, Duy) dzx.
ByN{|Dup|>M}

Remembering that f;, converges uniformly to f on compact subset (see (iii)) we

have

lim [f (x, Dup) — fn(x, Duy)] dx =0,

b J B,n{|Dup|<M}

121



therefore

liminf [ f(z, Duy) de <limsup [ fu(x, Duy) dx
h B, h B,

+ lim sup/ f(z, Duy,) du. (6.2.1)
h Bp{|Dup|>M}

Moreover, since

lim sup / (e, Du) — f(x, Du)] da = 0,
h Bpn{|Du|<M}

by the minimality of u;, we can control the right hand side of (6.2.1) by

f(x, Du) dr+lim sup/ frn(z, Du) dr+1lim sup/ f(x, Duy,) dz.
B B

B, h {1 Dul>M} h o {| Dun|>M}

Using the growth conditions (i) on f and f;, we have

limhinf f(x,Duy) dov < | f(z,Du) dx + cL/ (14 |Dul’)? da

B, B, B,n{|Du|>M}

+cL limsup/ (14 |Duy|?)? dx, (6.2.2)
h Bon{|Dup|>M}

where L > 0 is the same growth constant appearing in the assumption (H1).

Applying Holder’s inequality we can estimate the last integral in (6.2.2) with

1
.
lim sup cL (/ (1 + ‘Duh‘2)7 d;z:) - H{|Dup| > M} N Bp‘l—ﬁ
h B,

where the first factor is finite and independent of h. So we get the estimate

1—1
limhinf f(z, Dup)dx < | f(x, Du)dx + cL (lim sup |[{|Dus| > M} N Bp|)
B, B, h

+cL/ (14 |Dul?)? dz.
B,N{|Du|>M}
Note that

limsup/ (14 [Dul)% dz =0
M—+o00 J B,n{|Dul>M}
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and

{|Dun| > MY B,| M7 < / \Dup|" de < C,
BP
where the constant C' does not depend on h. Therefore

C
H{|Dup| > M} N B,| < el

for every h and

limsup |{|Duy| > M} N B,| =0
h

when M — +o00. Then we have

f(z, Duy) do <liminf [ f(z, Duy) do < f(z, Du) dx.

h
B, By By

Passing to the limit as p T R we can conclude

f(x, Duy) dx < f(z, Du) dx.

Br Br
Since wu is a local minimizer of the functional F and u., = u on the boundary of

Bpg, the strict convexity of f implies us, = u. O

Now we can apply Theorems 6.0.2 and 6.0.3 to get bounds on the Hausdorff
dimension of the singular set 3 of minimizers of functional F.

In our case we have the following result.

Corollary 6.2.2. If f is a C? function satisfying the assumptions (H1), (H2),
(H3) and the function u € WYP(Q;RY) is a local minimizer of F in 0, then
for the Hausdorff dimension of the singular set ¥ of the function u the following

estimates hold
dimy(X) < n—aq ifp>2;
dimy(X) <n—fFp if 1 <p<2;

where ¢ = 1% and 3 := min {a, %}
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Proof. If u € W', p > 1, is a local minimizer of the functional F as a consequence

of the Theorems 6.0.2 and 6.0.3 we have in particular that
DueWwri?  ifp>2.
for every k € (0, «) and
Du € Wh? if 1 <p<2;

for every k € (0, 3) where § := min {a,}. Therefore applying Lemma 2.4.1 we

immediately conclude the proof. O
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