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Abstract

We study selected aspects of Theoretical Physics confronting some key issues related
to the fundamental interactions along the line of Black Holes (BHs) and Attractors
and its thread may be found in the three concepts of Supersymmetry, Supergravity
and Holography which encompass all of String theory and Quantum gravity. Then
we also had an encounter with maximally symmetric spaces in General Relativity
such as de Sitter and we did some significant computation in this backdrop which
is tempting to pursue keeping in mind the recent observational data in favor of
inflationary picture of the Universe.

We present a simple model for studying the effect of quantum perturbative cor-
rection to the N/ = 2 prepotential function. In [I], we compute the effective black
hole potential Vpp of the most general N' = 2, d = 4 (local) special Kéhler geome-
try with quantum perturbative corrections, consistent with axion-shift Peccei-Quinn
symmetry and with cubic leading order behavior.

We also determine the charge configurations supporting axion-free attractors,
and explain the differences among various configurations in relations to the pres-
ence of “flat” directions of Vpp at its critical points. Furthermore, we elucidate the
role of the sectional curvature at the non-supersymmetric critical points of Vpy, and
compute the Riemann tensor (and related quantities), as well as the so-called E-
tensor, which expresses the non-symmetricity of the considered quantum perturba-
tive special Kdhler geometry.

Then in a follow-up paper [1], we reconsider the sub-leading quantum pertur-
bative corrections to N/ = 2 cubic special Kihler geometries. Imposing the invari-
ance under axion-shifts, all such corrections (but the imaginary constant one) can
be introduced or removed through suitable, lower unitriangular symplectic trans-
formations, dubbed Peccei-Quinn (PQ) transformations. Since PQ transformations
do not belong to the d = 4 U-duality group G, in symmetric cases they generally
have a non-trivial action on the unique quartic invariant polynomial Z4 of the charge
representation R of G4. This leads to interesting phenomena in relation to theory of
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extremal black hole attractors; i.e., the possibility to make transitions between differ-
ent charge orbits of R, with corresponding change of the supersymmetry properties
of the supported attractor solutions. Furthermore, a suitable action of PQ transfor-
mations can also set Z4 to zero, or vice versa it can generate a non-vanishing 7Zj:
this corresponds to transitions between “large” and “small” charge orbits, which
we classify in some detail within the “special coordinates” symplectic frame.

Finally, after a brief account of the action of PQ transformations on the recently
established correspondence between Cayley’s hyperdeterminant and elliptic curves,
we derive an equivalent, alternative expression of Z,, with relevant application to
black hole entropy. It is worth pointing out here that, In the case of target man-
ifolds for scalars (of N/ = 2 vector multiplets) which are "symmetric spaces", the
theory of attractors displays a beautiful connection with Group Theory and Differ-
ential Geometry. And quite recently there had been a flurry of activities in the in-
terplay between two different disciplines for e.g. Black Hole Physics and Quantum
Information Theory, giving birth to new intriguing ideas such as “Black Hole/Qubit
correspondence”. We can hope for many such surprising results to come along the
way from Black Holes related research in near future.

We also studied, in [1] spinor two-point functions for spin-1/2 and spin-3/2
fields in maximally symmetric spaces such as de Sitter(dS) spacetime, by using in-
trinsic geometric objects. The Feynman, positive- and negative-frequency Green
functions are then obtained for these cases, from which we eventually display the
supercommutator and the Peierls bracket under such a setting in two-component-
spinor language. In a follow-up paper [2], we complete, the explicit representation
of the massive gravitino propagator in four-dimensional de Sitter space with the
help of the general theory of the Heun equation. As a result of our original contribu-
tion, all weight functions which multiply the geometric invariants in the gravitino
propagator are expressed through Heun functions, and the resulting plots are dis-
played and discussed after resorting to a suitable truncation in the series expansion
of the Heun function. It turns out that there exist two ranges of values of the inde-
pendent variable in which the weight functions can be divided into dominant and
sub-dominant family.

As anote, Chapters @ contain original results obtained during the PhD years.
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Chapter 1

Prolegomena

The first part of the thesis considers various aspects of black holes, which are objects
with their mass compressed to a tiny volume. Their salient feature is that nothing,
not even light, can escape from within a certain vicinity of them. Since we can’t look
beyond the boundary of this vicinity, it is rightly called the "horizon". The extraor-
dinary features of black holes raise a variety of puzzles which are worth studying.
Many different branches of Physics come together with their own proper description
of black holes. The attractive force of black holes on other objects ranges typically
over macroscopic, and even astronomical, length scales. Therefore, the classical
branches of Physics such as mechanics, gravity, electromagnetism and thermody-
namics are relevant for studying these massive objects. However, since the mass of
such objects is confined to an extremely small volume, the proper understanding of
black holes demands for a framework combining consistently physics of very large
and small length scales. Such an elusive framework is yet to be found and the most
promising candidate for this is String theory or M theory at present.

The first notion of a black hole appeared in a letter by the Rev. John Michell to
Henry Cavendish back in 27th of November, 1783. It read as follows [1] :

[...] If there should really exist in nature any bodies whose density is not less than that
of the Sun, and whose diameters are more than 500 times the diameter of the Sun, since
their light could not arrive at us, or of there should exist any other bodies of a somewhat
smaller size which are not naturally luminous; of the existence of bodies under either of these
circumstances, we could have no information from sight; yet, if any luminous bodies infer
their existence of the central ones with some degree of probability, as this might afford a
clue to some of the apparent irregularities of the revolving bodies, which would not be easily
explicable on any other hypothesis; but as the consequences of such a supposition are very
obvious, I shall not prosecute them any further. [...]

11
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Michell’s predictions, though deeply routed in 18th century concepts about grav-
ity and light and fallen into long oblivion, were well ahead of his time. Not only
did he envisage objects whose escape velocity exceeds the speed of light, render-
ing them completely dark, but also proposed an indirect method to detect them,
which is essentially one of those few currently employed. Presently there is empiri-
cal evidence for black holes to be regarded as ubiquitous in the universe, occupying
centers of most galaxies [2]. A decade after Michell’s discovery, in 1795, Laplace in-
dependently suggested the existence of black holes. The most striking thing about
the history of black holes is that although the name "black hole" seems apt enough
for such an object which does not emit light, the name itself was coined by J. A.
Wheeler nearly 200 years later, in 1967 only.

The notion of black hole was made more precise after General Relativity (GR)
superseded Newtonian gravity in 1915-16. Einstein’s GR provides a new revolu-
tionary vision on gravity in general and it was the first time in the history of physics
an equation was written with geometry on one side and matter on the other. Space
and time are no longer static, but are deformed by the presence of massive objects.
The attractive forces between massive objects is a consequence of the deformation
of space-time precisely given by the so-called Einstein’s equations. The first black
hole solution was discovered by Schwarzschild in 1915. In this solution, all mass of
the universe was concentrated in a point, which is surrounded by the horizon. GR
predicts that the horizon of a black hole with the mass of the Earth is 1cm?. Another
interesting quantity found was the surface gravity, the strength of gravitational force
at the horizon.

Soon after, more complicated black hole geometries came into being, for exam-
ple, solution of a theory which captures both GR and Electromagnetism. The black
holes of this Einstein-Maxwell theory carry electromagnetic charges and were first
described by Reissner in 1916 and Nordstrom in 1918. It turns out that the mass
of these black holes must be larger than a certain minimum value, as predicted by
cosmic censorship conjecture, and is determined in terms of the charges. At the min-
imum value of the mass, the surface gravity vanishes and then the black holes are
called extremal black holes. Such "extremal" black holes are considered in this thesis
for reasons to be explained later.

During the 1970’s, Bardeen, Bekenstein, Carter, Gibbons, Hawking and others
studied the laws that are satisfied by the black hole quantities, such as their mass,
horizon area and surface gravity. Interestingly enough, these studies revealed a
closed resemblance with the laws of classical thermodynamics. In fact, the three
laws of thermodynamics could be naturally extended to incorporate GR. This is
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more than an analogy, indeed there is a one-to-one correspondence between horizon
area with entropy and surface gravity with temperature.With these identifications,
the three laws of thermodynamics also hold good for Black Hole physics. In 1975
Hawking performed a semi-classical analysis [3] to show that black holes radiate as
objects with a certain temperature like in Planck’s black-body radiation.

After this little exposition of black holes, we hope it is clear that, not only the
astrophysical significance, but their unusual and counter intuitive properties make
them interesting in their own right to a relativist, and there are sufficiently good
reasons to study them in detail. In modern parlance black holes have acquired the
status of "the hydrogen atom of quantum gravity" as aptly put by Juan Maldacena
in his thesis [4], for it is in black holes that the urge to reconcile GR and Quan-
tum Mechanics becomes most apparent : Black Holes do not conform to the laws of
thermodynamics unless the quantum effect - the Hawking Radiation is taken into
account, but if the quantization is restricted only to electromagnetic radiation and
does not include gravity itself, the purely thermal Hawking radiation violates uni-
tary evolution of states in quantum mechanics, thus irrecoverably destroying all the
informations that have entered the black hole, this famous puzzle i.e. "information
paradox”, has a hope for resolution only in a quantum gravity set up [5].

The crucial step in any attempted quantum description of black hole consists
of identifying their micro-states. A proposed model in this direction can then be
tested by verifying whether the statistical Boltzmann’s entropy agrees with the en-
tropy computed from the macroscopic properties of black hole. In theories involv-
ing scalar fields the latter will in general depend on the horizon values of the scalar.
For charged extremal black holes this poses a potential problem regardless of the
detail of the model, because the microscopic entropy is fully determined in terms
of the quantized charges and should not depend on any continuously varying pa-
rameters. It turns out, however, that a phenomenon called "Attractor Mechanism"
ensures that the horizon values of the scalars are not arbitrary, rather they are deter-
mined in terms of the dyonic black hole charges.

The Attractor Mechanism was first invented in the context of Supersymmetric
black holes [6H9] and later was extended to non-supersymmetric extremal counter-
parts [10; 11] in four dimensions. In the absence of higher-curvature corrections to
the bosonic part of the action, the attractor equations constraining the moduli scalars
at the horizon to be functions of the moduli field, arise as the extremization condi-
tion for the effective potential, known as the black hole effective potential [8;10-12].
It is intuitively understood as the electromagnetic energy of the vector fields in a
scalar medium.



14 CHAPTER 1. PROLEGOMENA

A different way to describe the attractor mechanism is the entropy function for-
malism [13 [14]. In this approach one defines an entropy function, whose extrem-
ization determines the values of the scalar fields at the horizon. The entropy of the
black hole is then given by the value of the entropy function at the extremum. The
original calculation defines the entropy function as the Legendre transform with re-
spect to the electric field of the Lagrangian density integrated over the event horizon
and applies to spherically symmetric black holes in a broader class of theories rather
than being confined to theories with an effective black hole potential, i.e. arbitrary
theories of gravity including possible higher order curvature corrections coupled to
Abelian gauge fields and neutral scalars, provided that the gauge potentials appear
in the Lagrangian solely through field strengths or are trivial for a given solution.

The attractor mechanism reduces the problem of finding the horizon values of
the scalar field to solving a set of equations, but to obtain full solutions interpolating
between the asymptotic values of field at infinity and that at the horizon, one still
needs to solve the second-order differential equation of motion. A subset of solu-
tions can however be derived by rewriting the action as a sum of squares of the first
order flow equations [10;[15;/16]. The interpolating solutions are then given in terms
of harmonic functions [6} I8} [17-20]. This is always the case for supersymmetric so-
lutions, but there are examples where harmonic functions have also been found for
the non-supersymmetric case [21] as well and the authors of [22; 23] demonstrated
a class of non-supersymmetric solutions described by the first-order equations.

In this thesis we shall concern ourselves with the black hole attractor mechanism
in four- dimensional ' = 2 supergravity (SUGRA). The amount of supersymmetry
in this theory (8 supercharges in four dimension) already permits non-trivial dy-
namics, but is simultaneously restrictive enough to substantially simplify the analy-
sis, as the theory is completely specified in terms of a single function called the pre-
potential function. In a broader context, since N' = 2 SUGRA provide low-energy
field-theoretic description of Calabi- Yau compactifications in string and M theory,
the results obtained in the SUGRA regime might be directly employed to test the
string theoretical microscopic models of these black holes.

1.1 Timeline of Black Hole Physics updated till 2005

* 1640 - Ismael Bullialdus suggests an inverse-square gravitational force law.
* 1684 - Isaac Newton writes down inverse-square Law of universal gravitation.

* 1758 - Rudjer Josip Boscovich developes his Theory of forces, where gravity
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can be repulsive on small distances. So according to him such strange classical
bodies, similar to white holes, can exist, which won’t let other bodies to reach
their surfaces.

* 1784 - John Michell discusses classical bodies which have escape velocities
greater than the speed of light.

* 1795 - Pierre Laplace discusses classical bodies which have escape velocities
greater than the speed of light.

* 1798 - Henry Cavendish measures the gravitational constant G.

e 1876 - William Clifford suggests that the motion of matter may be due to
changes in the geometry of space.

* 1909 - Albert Einstein together with Marcel Grossmann starts to develop a
theory which would bind metric tensor g, which defines a space geometry,
with a source of gravity, i.e. with mass.

* 1910 - Hans Reissner and Gunnar Nordstrom defines Reissner-Nordstrom sin-
gularity and Hermann Weyl solves special case for a point-body source.

* 1916 - Karl Schwarzschild solves the Einstein vacuum field equations for un-
charged spherically-symmetric non-rotating systems.

* 1917 - Paul Ehrenfest gives conditional principle a three-dimensional space.

¢ 1918 - Hans Reissner and Gunnar Nordstrém solve the Einstein-Maxwell field
equations for charged spherically-symmetric non-rotating systems.

* 1918 - Friedrich Kottler gets Schwarzschild solution without Einstein vacuum
field equations.

* 1923 - George Birkhoff proves that the Schwarzschild spacetime geometry is
the unique spherically symmetric solution of the vacuum Einstein equations.

* 1939 - Robert Oppenheimer and Hartland Snyder calculate the gravitational
collapse of a pressure-free homogeneous fluid sphere and find that it cuts itself
off from communication with the rest of the Universe.

* 1963 - Roy Kerr solves the vacuum Einstein equations for uncharged symmet-
ric rotating systems.

* 1964 - Roger Penrose proves that an imploding star will necessarily produce a
singularity once it has formed an event horizon.
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1965 - Ezra Newman, E. Couch, K. Chinnapared, A. Exton, A. Prakash, and
Robert Torrence solve the Einstein-Maxwell field equations for charged rotat-
ing systems.

1967 - Werner Israel presented the proof of the no hair theorem at Kings Col-
lege in London.

1967 - John Wheeler coins the term "black hole".

1968 - Brandon Carter uses Hamilton-Jacobi theory to derive first-order equa-
tions of motion for a charged particle moving in the external fields of a Kerr-
Newman black hole.

1969 - Roger Penrose discusses the Penrose process for the extraction of the
spin energy from a Kerr black hole.

1969 - Roger Penrose proposes the cosmic censorship hypothesis.

1971 - Identification of Cygnus X-1/HDE 226868 as a binary black hole candi-
date system.

1972 - Stephen Hawking proves that the area of a classical black hole’s event
horizon cannot decrease.

1972 - James Bardeen, Brandon Carter, and Stephen Hawking propose four
laws of black hole mechanics in analogy with the laws of thermodynamics.

1972 - Jacob Bekenstein suggests that black holes have an entropy proportional
to their surface area due to information loss effects.

1974 - Stephen Hawking applies quantum field theory to black hole spacetimes
and shows that black holes will radiate particles with a blackbody spectrum
which can cause black hole evaporation.

1989 - Identification of G52023+338/V404 Cygni as a binary black hole candi-
date system.

1994 - Robert Wald and Vivek Iyer give a proposal for dynamical black hole
entropy.This is known as Wald entropy in the literature and this generalization
implies an elegant formal expression for the black hole entropy given a general
action including higher derivative terms.



1.2. A DE-SITTER SPACE ODYSSEY 17

* 1996 - Sergio Ferrara, Gary Gibbons, Renata Kallosh and Andrew Strominger
together invoked Attractor Mechanism for N/ = 2 extremal Black Holes in
Maxwell-Einstein Supergravity theory.

* 1996 - Andrew Strominger and Cumrun Vafa explains the microscopic origin
of the black hole entropy, originally calculated thermodynamically by Stephen
Hawking and Jacob Bekenstein, from string theory.

e 2002 - Astronomers present evidence for the hypothesis that Sagittarius A* is
a supermassive black hole at the centre of the Milky Way galaxy.

* 2002 - NASA’s Chandra X-ray Observatory identifies double galactic black
holes system in merging galaxies NGC 6240.

* 2004 - Further observations by a team from UCLA present even stronger evi-
dence supporting Sagittarius A* as a black hole.

* 2005 - Ashoke Sen proposes Black Hole entropy function and Attractor Mech-
anism for higher derivative gravity theories.

1.2 A de-Sitter Space Odyssey

1.2.1 Mathematical Formulation

De Sitter n-space or dS; is the maximally symmetric n-dimensional spacetime with
positive cosmological constant A. Its symmetry group is SO(1,n). If we introduce
variables xq, x1, ..., X, obeying xj — Y_{_; x?, the de Sitter metric is simply (up to a
constant factor)
n
ds? = —dxg+ Y dxi. (1.2.1.1)
i=1

Alternatively, one can write the metric as

ds* = —dt? + cosh? td0)?, (1.2.1.2)

where dO? is the metric on a unit round (n — 1)-sphere. This spacetime has compact
spatial sections (such as t = 0), so when we speak of asymptotically de Sitter space —
as we should in the presence of gravity, since the metric fluctuates — the asymptopia
in question is in the past and future. There is no notion of spatial infinity. This is
in sharp contrast with Anti de Sitter space, the maximally symmetric spacetime of
negative cosmological constant, where, as we have come to know well in the last
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few years, asymptopia is at spatial infinity. It also contrasts with Minkowski space,
which from a conformal point of view has a natural null infinity.

In de Sitter space, there is no positive conserved energy. In fact, no matter what
generator we pick for SO(1, 1), the corresponding Killing vector field, though per-
haps timelike in some region of de Sitter space, is spacelike in some other region.
For example, a typical Lorentz generator in de Sitter space is

d d
K = X1a—x0 + xoa—xl. (1213)

Whether this generator moves us forwards or backwards in time (towards increas-
ing or decreasing x() depends on the sign of x;. The conserved charge associated
with K is positive for excitations supported at positive x; and negative for those at
negative x;. This is the best we can do: there is no positive conserved energy in de
Sitter space.

Consequently, there cannot be unbroken supersymmetry in de Sitter space. If
there is a nonzero supercharge Q, we can (possibly after replacing Q by Q + Q or
i(Q — Q")) assume that Q is Hermitian. Then Q? cannot be zero, and is a nonnega-
tive bosonic conserved quantity; but there is no such object.

We can rotate de Sitter space to Euclidean signature by setting xo — ixg (or
equivalently, set t = it and take T = 7/2 — 6). The Euclidean continuation is a
standard n-sphere S”, with symmetry group SO(n + 1). After the continuation, the
operator K becomes the generator of a rotation, and obeys

exp(2nK) = 1. (1.2.1.4)

Because of this, the Euclidean de Sitter path integral can be interpreted in terms of
a thermal ensemble. This leads to the notion of a de Sitter temperature [24] and the
associated entropy [25] Like the Bekenstein-Hawking entropy of a black hole, the de
Sitter entropy can be written

S=— (1.2.1.5)

where G is Newton’s constant, and A is the area of a horizon. In this case, however,
the horizon is observer-dependent, and because of this it is not entirely clear which
concepts about black holes carry over to de Sitter space.

An observer in de Sitter space can only see part of the space. This is because
of the exponential inflation that occurs in the future: the space expands so fast that
light rays do not manage to propagate all the way around it. To make the causal
structure of de Sitter space clear, one can introduce a new “time” coordinate u by

u=2tan le, (1.2.1.6)
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so that for —oco < t < o0, u ranges over 0 < u < 71. The metric becomes

ds? =

1
—du?® +d0?). 12.1.7
sin? u ( > ( )

The asymptotic past Z_ consists of a copy of S"~! at u = 0, and the asymptotic
future 7, consists of a copy of 8"~ ! at u = 7. Any trajectory in de Sitter space
begins at some point P in Z_ and ends at some point Q in 7. From a causal point
of view, in a sense considered by Bousso [26] any observer can be identified with
the pair (P, Q). The region of de Sitter space that one can influence, and likewise
the region that one can see, depend only on P and Q, and not on the details of one’s
trajectory in spacetime. What one can see is determined only by Q, and the region
that one can influence depends only on P.

To describe in detail the horizon of an observer, let us write 40?2 = dx? + sin? xd()?,
where y is a polar angle, ranging over 0 < x < 71, and dQ)? is the round metric on
an (n — 2)-sphere. The de Sitter metric then becomes

ds? =

— (—du2 + d)? + sin? de)Z) . (1.2.1.8)
sin“ u

Consider now an observer who sits at the “north pole” of the sphere, that is, at
X = 0. (In fact, any geodesic in de Sitter space is equivalent to x = 0 by the action
of the de Sitter group.) From the form of the metric, we see that the propagation of
light rays is bounded by |d)/du| < 1. Since the spacetime “ends” in this coordinate
system at u = 7, a light ray emitted at x > 7 — u will never reach the observer at

X = 0. So the boundary of the region that this observer can see is given by
X =7 — U (1.2.1.9)

This is the horizon. In general, the (n — 2)-sphere of given x and u has metric
(sin x/ sinu)?d0)?, and its area is proportional to (sin x/sinu)"~2. Relating x to
u by we see that the horizon area is time-independent. This is in keeping
with general theorems saying that the area of the past horizon of an observer cannot
decrease in time. For de Sitter space, this horizon area is precisely constant, and for
a generic perturbation of de Sitter space, it is an increasing function of time.

By studies of D-branes and in a variety of other ways, we have learned in the last
few years to interpret the Bekenstein-Hawking entropy of a black hole like every
other entropy in statistical mechanics: it is the logarithm of the number of quantum
states of the black hole. It has been argued [27] that the same holds for de Sitter
space, more precisely that the Hilbert space of quantum gravity in asymptotically
de Sitter space time has a finite dimension N, and that the entropy of de Sitter space
is

S=In N. (1.2.1.10)
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1.2.2 Physical Consideration

The recent observational data in favor of the presence of a positive cosmological
constant in the universe make it especially important to understand how to for-
mulate consistent theory of all interactions in de Sitter (dS) space. This is highly
nontrivial: Quantum field theory in dS presents us with a lot of puzzles [28-31], and
whether and how they could be resolved in the underlying fundamental theory is
not at all clear, as is still not known how to obtain a stable de Sitter solution in the
best-so-far candidate for such a unifying theory — string theory A key ingredient
in the final picture may be holography, which is believed to be an essential feature
for any consistent theory of quantum gravity [34;35]. One realization of this idea is
the AdS/CFT correspondence [36-38], which has been studied in a huge number of
cases during the last few years (for a review see [39]). Another is the recently pro-
posed dS/CFT correspondence [40]. Although it is hoped that it may shed light on
quantum gravity in de Sitter space, the lack of a clear relation to string theory is hin-
dering an explicit realization of this proposal, and it is largely modeled on analogy
with AdS/CFT (see, for example, the prescription for computation of scalar field
correlation functions in the boundary theory [41]). There have even been papers
arguing that dS/CFT is merely an analytic continuation of AdS/CFT [42; 43]. One
should not forget, however, the fundamental differences between physics in dS and
AdS. For example, the analytic continuation of the vacuum state in AdS space does
not coincide with any of the vacua of de Sitter spaceﬂ Also, unlike AdS, dS has two
boundaries, posing the (as yet unsettled) question whether the dual theory should
be thought of as a single CFT [40; 57] or two entangled CFT’s [58].

Field theory in de Sitter space was studied extensively in the ‘80s due to interest
sparked by inflationary cosmology. A technique of calculation of propagators in
maximally symmetric spaces was developed in a series of papers [59-61]. The main
idea is the following: One chooses a basis of bitensors which are invariant under
the symmetry group of the space under consideration, and makes an Ansatz for the
propagator in terms of these bitensors multiplied by coefficients that are functions
only of the geodesic distance. The coefficient functions are then determined so that

IRecently there has been a progress in that direction: Fré, Trigiante and Van Proeyen [32] found
stable de Sitter vacua in N = 2 supergravity in 4 dimesnions. However, their embedding in string
theory is still an open problem. Another exciting recent development is [33], where metastable dS
vacua were found in type IIB string theory.

2 As known since [44H46], there is an infinite one parameter family of de Sitter invariant vacua
in dS. Their possible role in the cosmology of the early universe has been explored in [47-51] and
references therein. In addition the question which one is the most reasonable (physical) vacuum
state in dS is still unsettled [50; 52H56].
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the propagator satisfies the appropriate field equations and constraints. The original
papers considered spins 0 and 1 in arbitrary dimension and also spins 1/2 and 2 in
four dimensions. Subsequently these methods were used to find the antisymmetric
tensor propagator in dS [62] and also the propagators of various p—forms of interest
in supergravity /string theory in AdS [63—65]E| However, only quite recently was
this method extended to spin 1/2 field in arbitrary dimension [66], and the spin 3/2
field has not been treated so far. [

Since dS is not a supersymmetric background, it may seem uninteresting to con-
sider the superpartner of the graviton in it. However, if dS is to be reconciled with
the current lore of a fundamental theory, i.e. string theory, then the lack of super-
symmetry in de Sitter space should be understood as a symmetry which is present
in the theory but broken in the specific vacuum state. Given that superymmetry
breaking in supergravity leads to massive gravitinos, massive spin 3/2 fields are
essential for understanding the effective description of quantum gravity processes
in de Sitter space. Motivated by this, we will find in this thesis the propagator of
massive gravitino in four space-time dimension.

1.3 Synopsis

The physics of Black Holes is the main theme of this thesis. Black Holes (BHs) can
be studied either macroscopically in terms of geometrical quantities related to their
thermodynamics or microscopically by microstate counting, a prescription provided
by Statistical Mechanics. The Attractor Mechanism due to Ferrara, Kallosh and
Strominger connects the entropy of extremal Black Holes to the extrema of a cer-
tain effective potential, in a way which is reminiscent of the moduli stabilization
in flux compactifications. Moreover, Attractors and their entropy formula seems
deeply connected to the topological string partition functions that appear in count-
ing problems for instantons and other non-perturbative phenomena. The attrac-
tive nature of four and higher-dimensional Extremal Black Holes and extended ob-
jects (p-branes) toward universal horizon geometries is also at the heart of the holo-
graphic (AdS/CFT) Correspondence between (super)conformal Yang-Mills theories
and (super)gravity theories in Anti de Sitter spaces as was conjectured by Malda-

3The basis of bitensor structures used in the AdS/CFT literature differs from the original basis of
[59]. We comment more on that in a subsequent footnote.

4 Aspects of spin-3/2 propagation were studied already by Lichnerowicz [67]; more recent in-
teresting studies on higher spin fields in constant curvature spaces (e.g. the discovery of partial
masslessness and new local gauge invariances) can be found in [68]] and references therein.
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cena. Despite many attempts, however, a satisfactory microscopic explanation of
Black Hole entropy is still missing. The best results obtained so far show a pre-
cise agreement between the entropy determined by the microstates describing the
degrees of freedom of special configurations of D-branes wrapped on Calabi-Yau
manifolds and the macroscopic semiclassical result, obtained using the Bekenstein-
Hawking formula (or its generalization given by Wald) for supersymmetric extremal
charged Black Holes in supergravity theories, in the large charge limit. This re-
sult relies heavily on the Attractor Mechanism, which also explains why the en-
tropy does not depend on any continuous parameters, even though a large num-
ber of massless scalar fields enter the low-energy supergravity models. Although
this mechanism was first found in supersymmetric configurations, there are by now
good reasons to believe that it also extends to other non-supersymmetric, albeit ex-
tremal, configurations. The thesis aims to extend the study of Extremal Black Holes
to more general situations, and study in detail, the mathematical structure of the
moduli space of the scalars of the vector multiplets. It also aims to explore quantum
corrections to the classical formulae for the pre-potential function for ' = 2 which
are quite important for backgrounds with enhanced supersymmetry.

State-of-the-art

Supersymmetry, a deep and elegant space-time symmetry relating fermions, with
half-odd spin, and bosons, with integer spin, to one another, led to major advances
in Quantum Field Theory and accounts for the construction of a consistent candidate
for a unified theory encompassing Quantum Gravity and Standard Model of Parti-
cle Physics. When combined with local gauge invariance, global supersymmetry
yields Supersymmetric Yang Mills Theories (SYM). Thanks to remarkable cancella-
tions between bosons and fermions in their quantum corrections, SYM'’s can be re-
liably studied beyond perturbation theory, so that certain holomorphic observables
can be fully determined, and provide a possible solution of the Hierarchy problem,
a natural candidate for Dark Matter and a conceptual framework for addressing
the Dark Energy problem. When combined with general covariance, supersym-
metry becomes a local symmetry. The resulting Supergravity theories provide a
low-energy effective description of more fundamental theories such as Superstrings
and M-theory and play a crucial role in the analysis of Supersymmetry Breaking, a
necessary ingredient for all realistic elaborations beyond the Standard Model. The
gravity part of the theory reduces to the Einstein-Hilbert action coupled to a certain
number of matter fields whose specific nature depend on the particular low-energy
effective theory. Typically these fields are massless scalars, called moduli, spin 1/2
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fermions, spin 1 gauge fields and spin 3/2 fermions and gravitinos. The letter, A in
N-extended supergravity, are the gauge fields of local supersymmetry. In the past
ten years or so, (local) supersymmetry proved to be an unprecedented tool also in
the study of Black Holes (BHs), the endpoints of gravitational collapse whereby a
horizon surface prevents the possible formation of a space-time singularity. BHs are
classically inaccessible, but are known to possess rich thermodynamical properties
and emit Hawking Radiation due to quantum fluctuations. Both supersymmetric
and other extremal BHs are subject to an Attractor Mechanism that allows one to
understand better, if not to fully prove, the Bekenstein-Hawking formula relating
Entropy to Horizon area. Indeed BHs can be treated as thermodynamical objects, so
that a characteristic entropy, proportional to the area of their Horizon, can be asso-
ciated to each and every one of them. The physical explanation of this quantity is
deeply linked to quantum gravity effects. Hence, BHs present them to be an impor-
tant test candidate for the quantum theories of gravity such as Superstring Theory or
M-Theory, for which Supergravity represents a universal low-energy limit. In situa-
tions where higher curvature effects may be neglected, asymptotically flat charged
BH solutions, with a static and spherically symmetric ansatz can be identified. These
solutions generalize the famous Schwarzschild BH, but the presence of additional
quantum numbers (such as charges and scalar hair) make their properties drastically
different and brings about new phenomena. A new important feature of electrically
(and/or magnetically) charged BHs, as well as of rotating BHs, is the unconven-
tional thermodynamic behavior called Extremality. Extremal BHs are possibly stable
gravitational objects with finite entropy but vanishing temperature, where the con-
tribution to the gravitational energy comes from their electromagnetic and rotational
(angular momentum-spin) attributes. The extremal situation entails a particular re-
lation between entropy, charges and spin, since in this case the gravitational mass is
not an independent quantity. For four-dimensional stationary and spherically sym-
metric BHs, in an environment of scalar fields, typically described by a non linear
sigma-model, BHs have scalar "hair” (scalar charges) which correspond to values of
the moduli fields at (asymptotically flat-space) infinity. These values may vary con-
tinuously, since they represent the coordinates of an arbitrary point in the moduli
space of the theory or, in a more geometrical language, a point in the target mani-
fold of the scalar non-linear Lagrangian. Nevertheless the BH entropy, as given by
the Bekenstein-Hawking entropy-area formula, remains independent of the scalar
charges (no hair), and depends only on the asymptotic (generally dyonic) charges.
The apparent puzzle is resolved by the "Attractor Mechanism", a fascinating phe-
nomenon that combines Supersymmetry, BHs, Dynamical system, Algebraic geom-
etry and even Number theory. For instance, in Type II superstring compactifications
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to four dimension on Calabi-Yau manifolds, the low-energy dynamics is governed
by (ungauged) N' = 2 supergravity coupled to vector and hyper-multiplets with
no scalar potential. The corresponding dyonic BH solutions expose two different
behaviors: the hyper-scalars can take arbitrary constant values while the radial evo-
lution of the vector multiplet scalars is described by a dynamical system. Under
some mild assumptions the scalar trajectory flows to a fixed point, located at the
BH horizon radius, in the target (moduli) space. The attractive nature of the "fixed
point", a point of vanishing phase velocity that represents the system being in equi-
librium, is due to supersymmetry. Hence supersymmetric attractors, also known as
BPS after Bogomolny-Prasad-Sommerfeld, are somehow reminiscent of the dynam-
ical flows of dissipative systems. In approaching the fixed point, the orbit looses
practically all memory of initial conditions (scalar hair), even though the dynamics
is fully deterministic. As a result, the scalar fields at the BH horizon depend only
on the dyonic asymptotic charges. For all BPS, N = 2 critical points the scalars are
fixed, and the resulting attractor varieties are of interest for both Algebraic Geom-
etry and Number Theory. For "large BHs", the Einstein approximation is valid, a
non-vanishing horizon area emerges (no naked singularities), and the entropy can
be shown to depend solely on the BH gravitational mass (ADM mass) computed
at the critical point, which is satisfied at the horizon. The horizon geometry has in
this case a universal form, described by the Bertotti-Robinson metric, which is the
product of a 2-dimensional Anti de-Stter space and a 2-sphere. Non-BPS extremal
BHs exist as well, and in some specific cases they also show an attractor behavior.
However in this case not all scalars of the vector multiplets flow to a fixed point, but
some of them remain, at least in the classical approximation, as flat directions as is
always the case with hypermultiplet scalars. In spite of this, the entropy of non BPS
BHs enjoys the same property met in the supersymmetric case: it only depends on
the dyonic charges and not on the continuous values of the moduli fields. In the case
of target manifolds for scalars which are "symmetric spaces", the theory of attractors
displays a beautiful connection with Group Theory and Differential Geometry. In
this case the BPS or non-BPS nature of the BH attractors can be related to the nature
of the orbits for the dyonic (asymptotic) charge vector. Different orbits correspond to
tixed points of different BPS types. All non-flat directions are attractive, which mean
the Hessian matrix of a certain BH effective potential function is semi-positive defi-
nite. A microscopic account of the BH entropy and other thermodynamic properties
may require a more fundamental description in terms of the branes that naturally
appear both in Supergravity and in String Theory.

The structure of this thesis is then the following. In chapter 2, we discuss some
general preliminaries on Black Holes in FEinstein General Relativity and then in Su-
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pergravity theories. We give a general introduction to Supersymmetric Black Holes,
BPS bound, Extremality and the horizon geometry before giving a pictorial rep-
resentation of Attractor Mechanism at work for extreme RN BHs in N/ = 2,d = 4
Maxwell Einstein Supergravity Theory. Finally we present a realization of AdS/CFT
conjecture from low energy supergravity point of view by considering asymptoti-
cally flat D3-“black brane” as a solitonic solution of N'= 2, d = 10 Type IIB SUGRA.

In chapter 3| we recall the so-called thermodynamic properties of Black Holes,
and give a general introduction to the Laws of Black Hole thermodynamics. We
also invoke the concept of Hawking temperature and the semi-classical Bekenstein-
Hawking Entropy Area formula. Then we present a physical picture of the Attractor
Mechanism and towards the end of the chapter give an illustrative toy example
sketching the Attractor Mechanism at work for N = 2, d = 4 dilatonic BH of the
heterotic string theory.

In chapter [, we first present the field contents of N' = 2, d = 4 Maxwell Ein-
stein Supergravity theory and show that the scalar fields z* of the vector multiplets
are solely responsible for the Attractor behavior and they can be regarded as arbi-
trary coordinates on a complex manifold M, (dimcMy, = ny), which is actually a
special Kdhler manifold. We present a fairly detailed introduction to Special Kéhler
Hodge geometry and the symplectic structure of the Moduli space. Then we make
a digression and update the reader with nitty-gritty details of the mathematical for-
mulation of the Electric Magnetic duality, Central Charge and Attractor Mechanism
in this setting.

The structure of chapter 5|is the following. After a general introduction on Black
holes and Constrained geodesic motion we reconsider Extreme Black Holes in the
previously introduced ny-fold N' = 2, d = 4 Maxwell-Einstein supergravity theory
(Maxwell Einstein Supergravity Theory), i.e. a N' = 2, d = 4 supergravity theory
in which the gravity multiplet is coupled to ny Abelian vector supermultiplets, and
therefore the overall gauge group is (U(1))"™
Special Kdhler geometry (SKG) of the moduli space of such a theory allows one to

. We then show how the (regular)

simplify the investigation of the critical points of the Effective Black Hole potential
Ver. We apply the formalism not only to Supersymmetric Attractors, but also give
a flavor of the same in the non-supersymmetric case.

Chapter |§] studies the effective black hole potential Vpy of the most general
N = 2,d = 4 (local) special Kahler geometry with quantum perturbative correc-
tions, consistent with axion-shift Peccei-Quinn symmetry and with cubic leading
order behavior. Then we determine the charge configurations supporting axion-
free attractor, and explain the differences among various configurations in relations
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to the presence of “flat” directions of Vppy at its critical points and also elucidate
the role of the sectional curvature at the non-supersymmetric critical points of Vgg,
and compute the Riemann tensor (and related quantities), as well as the so-called
E-tensor, which expresses the non-symmetricity of the considered quantum pertur-
bative special Kdhler geometry.

Chapter[/]discusses the sub-leading quantum perturbative corrections to N = 2
cubic special Kdhler geometries. We prove that imposing the invariance under
axion-shifts, all such corrections (but the imaginary constant one) can be introduced
or removed through suitable, lower unitriangular symplectic transformations, called
Peccei-Quinn (PQ) transformations. Finally we stressed the important fact that since
PQ transformations do not belong to the d = 4 U-duality group G4, in symmet-
ric cases they generally have a non-trivial action on the unique quartic invariant
polynomial Z; of the charge representation R of G4 which leads to interesting phe-
nomena in relation to theory of extremal black hole attractors; i.e., the possibility to
make transitions between different charge orbits of R, with corresponding change
of the supersymmetry properties of the supported attractor solutions. Toward the
very end of the chapter, after a brief account of the action of PQ transformations,
we explain some new results on the recently established correspondence between
Cayley’s hyperdeterminant and elliptic curves, we derive an equivalent, alternative
expression of 7, with relevant application to black hole entropy.

In Chapter (8§ we switch gears and treat at length topics related to the analytic
structure of massive gravitino propagator in four-dimensional de Sitter space. In-
cidentally this chapter seems altogether different from the rest of the thesis and is
independent of considerations made in other chapters and so can be read as a sep-
arate chapter. Here we present a self-consistent analysis of spinor two-point func-
tions for spin-1/2 and spin-3/2 fields in maximally symmetric spaces such as de
Sitter(dS) spacetime, by using intrinsic geometric objects. We then obtain the Feyn-
man, positive- and negative-frequency Green functions and eventually display the
supercommutator and the Peierls bracket under such a setting in two- component-
spinor language. We also complete, the hitherto unknown, explicit representation
of the massive gravitino propagator in four-dimensional de Sitter space with the
help of the general theory of the Heun equation. We find that, all weight func-
tions multiplying the geometric invariants in the gravitino propagator can be ex-
pressed through Heun functions, and there exist two ranges of values of the inde-
pendent variable in which the weight functions can be divided into dominant and
sub-dominant families.

We round off in chapter 9] with an extensive general summary and outlook.
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Chapter 2

Black Holes in Supergravity

2.1 General considerations

The aim of the present chapter is to deal with black holes (BHs) in different space
time dimensions and find their relations to supersymmetry (SUSY). On the same
footing of monopoles, massless point-particles, massive charged particles and so
on in Quantum Field theory (QFT), BHs are indeed at the heart of any theory of
quantum gravity and play a central role for testing the correctness of these theories
such as String theory and Loop Quantum Gravity for example.

In Einstein’s GR a BH is nothing but a singular metric satisfying the Einstein
equations. The simplest example of such a metric is given by the four-dimensional
Schwarzschild metric solution. This is a spherically symmetric, static solution of the
vacuum Einstein’s equation Ry, — % guwv = 0 that follow from the Einstein Hilbert
action action:

This metric is expected to describe the spacetime outside a gravitationally col-
lapsed non-spinning star with zero charge. The solution for the line element is given

by

2GM dr?
r

where ¢ is time, r is the radial coordinate and () is the solid angle on a 2-sphere.
This metric appears to be singular at r = 2GM as some of its components vanish or
diverge. However, this is a well known fact that the singularity at r = 2GM is not a
real one but it is a coordinate artifact. The Riemann-Christoffel(RC) curvature ten-
sor is well-behaved here. The surface »r = 2M (in natural units) is called the Event
Horizon(EH) of BH. The EH is special in the sense that it is a quite particular sub-
manifold of the 4-dim Schwarzschild background which is a null hypersurface i.e.
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a codimension-1 surface locally tangent to the light cone structure. the normal four-
vector n,, to such a hypersurface is lightlike. If dx" is the set of tangent directions to
the EH, then the covariant one-tensor 1, satisfies the following relation:

nydx! =0 = nyn = gMnyn, (2.1.2)

Thus ny is both normal and tangent to the EH and represent the direction along
which the local light-cone structure is tangent to the EH, thus characterizing it as
the boundary submanifold, topologically separating the "outer" part, where the light
rays escape to infinity, from the "inner" part, where it is trapped.

The real singularity of the Schwarzschild metric appears at » = 0 where the RC
tensor diverges as follows:

48G2 M?

Hvpo _
RHYP RWPU - 76

(2.1.3)
There is a strong principle in Black Hole physics called "Cosmic Censorship Prin-
ciple (CCP)" that tells that for every point of the space-time continuum having a
singular RC tensor, it should be "covered" by a surface named event horizon (EH)
with the property of being an asymptotical locus for the dynamics of particle probes
falling toward the singularity, and preventing any information from evading away
from beneath the singularity to the rest of the universe through the horizon, thus for-
bidding existence of any "naked singularity". From this point of view, black holes
are the solutions of Einstein equations exhibiting an EH in the Penrose diagram.

Two salient features related to the EH are its area Ay and the surface gravity «s.
Ap is simply the area of the 2-sphere S? defined by the EH, while the surface gravity
is constant on the horizon and is related to the force measured at spatial infinity
holding a unit test charge in place or equivalently the red-shifted acceleration felt by
a particle staying on the EH. Formally, «; is defined to be the coefficient that relates
the Riemann-covariant directional derivative of the horizon normal four-vector n*
along itself to n*, i.e.
n'Vynt = xnt (2.1.4)

At this point a question naturally crops in our mind : "How do we incorporate
SUSY in such a framework?" and the answer is not difficult. As is well known, that
GR can be made supersymmetric by adding a spin s = % Rarita-Schwinger (RS)
field, i.e. the Gravitino, to the field content of the GR theory, we consider. The
resulting theory is the NV = 1 supergravity (SUGRA) theory. Clearly, setting the
gravitino field to zero, the Schwarzschild metric is still a singular solution of the
N = 1,d = 4 SUGRA, as it is nothing but the bosonic sector of such a theory.



2.2. SUPERSYMMETRIC BLACK HOLES 35

Nevertheless, it breaks SUSY, indeed no fermionic Killing symmetries are preserved
by the Schwarzschild BH metric background. Mathematically speaking,

5s(x)1f}l |Schw.BH =0 (2.1.5)

has no solutions with ¢(x) being the fermionic local SUSY transformation param-
eter, and Y, denoting the gravitino RS field. In general the Riemann flat metric
backgrounds preserve SUSY. For example, 4-dim Minkowski space preserve four
SUSYs related to four constant spinors which are the components of the 4-dim Ma-
jorana spinor, thus allowing one to include the fermionic Killing symmetries in the
isometries of the manifold under consideration.

In summary, while the 4-dim Minkowski space preserves the four SUSYs corre-
sponding to the constant spinors, the Schw. metric background does not have any
fermionic isometry, and therefore, it breaks all the SUSY degrees of freedom (d.o.f.s).
Of course, due to the asymptotically Minkowskian nature of the Schw. singular met-
ric, such SUSY d.o.f.s are restored in the limit » — oo. This feature will characterize
all singular spherically symmetric, static, asymptotically Minkowskian solutions to
SUGRA field equations, that will be considered in the following section.

2.2 Supersymmetric Black Holes

The most general static, spherically symmetric, charged solution of the Einstein
Maxwell theory given by the Lagrangian

1 4y /ToR _ . FHV
5_167TG/d xy/—g [R — EF"] (2.2.1)

gives the Reissner-Nordstrom (RN) black hole whose line element is given by

2 2 2
ds? — _ (1 _2M + Q_2> A + dr —~ + r2d 02 (2.2.2)
roor (1 _2M Q_>
r 2

This 4-dim RN BH metric reduces to the Schw. BH metric when the total charge Q
is set to zero. Now can be written as

ds? = —édt2 + fdrz + r?d0)? (2.2.3)
2 A -

where
A=r—2Mr+Q*=(r—ry)(r—r.) (2.2.4)
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where 7+ are not necessarily real

re =M=+ VM?2—Q? (2.2.5)

So in this case beside the real space-time singularity at r = 0 there are two other
distinct "coordinate-singular” surfaces at r+. The outer one placed at r, is called the
"Cauchy horizon", while the one at r_ is called proper EH. A general comment here
is that both Schw. and RN BHs belong to the large family of spherically symmetric,
static, asymptotically flat 4-dim singular metric backgrounds of Maxwell-Einstein
theory and thus they may be re-obtained from the stationary Kerr-Newman solution
describing the most general asymptotically-flat stationary and axi-symmetric vacuum
spacetime that is non-singular on and outside an event horizon, and obeys ‘vacuum’
Einstein-Maxwell equations.

Now the KN metric in Boyer-Linquist coordinates can be written as

A — a2 sin20 ftat—A
ds> = — ( azsm ) dt? — 2asin® Q%dt “w
2 1 22\% _ As2sin2 0 Py
N < (r* +a%) . 7 s ) sin® 0dg? + Tdr + Xdo?  (2.2.6)
where
Y = r2+a’cos’0 (2.2.7)
A = 7’2 —2Mr + aZ + ez (228)

The three parameters are M, a, and e. It can be shown that

0= % (2.2.9)

where ] is the total angular momentum, while

e=+/Q2+ P2 (2.2.10)

where Q and P are the electric and magnetic (monopole) charges, respectively. Now
setting the parameter a to be zero we get back our favorite non-rotating dilatonic RN

metric written as and setting both the parameters a and e to zero we recover
the Schw. metric given by

Clearly, the reality of the radii crucially depends on the ratio between the
mass and the total electric charge of the RN-BH. Indeed M? < Q? implies non-
existence of BH horizons and presence of space-time RN "naked" singularity, which
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is thus prohibited by CCP as discussed before. The physical and reality condition
on the radii thus, as dictated by CCD, is equivalent to the constraint

M? > Q? (2.2.11)

which is stunningly similar to the Bogomol ny-Prasad-Sommerfeld (BPS) bound for
the stability of monopole solutions in spontaneously broken gauge theories, formu-
lated in natural units as adopted here.

When the BPS-like condition arising from the CCP is “saturated”, i.e. when
M? = Q?, (2.2.12)

the EH and the Cauchy Horizon coincide; and the resulting RN BH is said to become
”extremal’ (or “extreme”), acquiring an extra feature of %-BPS SUSY-enhancement.
Indeed, it may be rigorously proved that an extremal RN BH preserves 4 supersym-
metries out of the total 8 related to the asymptotical N'= 2 Minkowski backgroundﬂ
Though a surprise, yet the appearance of the BPS-saturated bound stems
from the fact that the extremal RN BH metric background is a solitonic stationary
solution of field equations in N'= 2, d = 4 Maxwell-Einstein supergravity theory
(Maxwell Einstein Supergravity Theory).

For a generic RN BH, the surface gravity reads

lry —r— /M?2—Q?
O e S el Q& (2.2.13)
2 12 r2
It is worth pointing out that in the case of a Schw. BH (Q? =0, r, = 2M), the usual
expression for the surface gravity of a massive star is recovered
1
CAMT

n Sect. We will give a general, equivalent characterization of extreme (and non-extreme) BHs,

Ks (2.2.14)

pointing out that extreme RN BHs are only a particular subset of the class of 4-d. static, spherically
symmetric, asymptotically flat extreme BHs.
2 A generalization to electrically and magnetically charged static BHs yields a BPS-like saturated
bound of the kind
M? = Q*+P?,

allowing one to interpret the considered s-t singularity as a Schwinger dyonic massive particle with
electric charge Q and magnetic charge P (related by the Dirac-Schwinger quantization relation).

This is the first example of electric-magnetic duality, due to the U(1)-invariance of the classical
Maxwell Egs., corresponding to SL(2,R)-duality rotational covariance on the Abelian field strength
F and its Hodge dual *F. In presence of n electric and n magnetic charges, the electric-magnetic
duality group is enlarged to Sp (2n,R) ([1], [2]). As it will be seen later, the existence of dyons is
strictly related to the number of s-t dimensions being considered.

In what follows we will not explicitly consider magnetic charges, but such a fact will not touch the
core and the generality of the whole treatment.
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But the most interesting consequence of Eq. is that the saturation (2.2.12)
of the BPS bound implies the vanishing of the surface gravity. Actually, the ex-
treme RN BH is just a particular example of 4-d. static, spherically symmetric and
asymptotically flat extreme BHs, which, within such fundamental structural fea-
tures, may be characterized as the most general (U(1))"-charged class of singular
Riemann backgrounds with vanishing surface gravity (with n € IN).

As is well known, the N'= 2, d = 4 Maxwell Einstein Supergravity Theory may
be obtained from the classical, non-SUSY, 4-d. Maxwell-Einstein theory (whose field
content is given by the Riemann metric g;,, and the Maxwell vector potential A, ) just
by adding two s = 3 RS gravitino fields ‘Yﬁa (x) (A = 1,2 is the SUSY index, while
1 and a are the Lorentz vector and spinor indices, respectively). Notice that, in such
an approach to supersymmetrization, no extra bosonic fields are introduced; con-
sequently, all non-SUSY solutions of Maxwell-Einstein theory (including RN BH)
are also solutions of N'=2 Maxwell Einstein Supergravity Theory, provided that
fermions are set to zerof]

For generic values of the couple of parameters (M, Q), neither does the RN BH
possess a regular Horizon geometry, nor does it preserve any of the 8 supersym-
metries of the local maximal N'= 2, d = 4 SUSY algebra. The necessary condition to
obtain a minimal regularity of the geometric structure in proximity of the Horizon(s)
is expressed by the CCP BPS-like constraint (2.2.17).

The 8 supersymmetries related to the asymptotical maximally-SUSY Minkowski
background in N'= 2, d = 4 Maxwell Einstein Supergravity Theory simply come
from the existence of two Majorana spinors, each with 4 real components. Moreover,
in N'= 2, d = 4 Maxwell Einstein Supergravity Theory it is possible to prove the
CCP by using the local SUSY algebra in the same way the Positive Energy Theorem
can be proved in GR with the use of SUSY. Roughly speaking, we may obtain the
condition M2 > Q? from the requirement of positivity of the operators appearing on
the right-hand sides (r.h.s.’s) of the anticommutator of two supercharges in the RN
BH metric background. The saturation of the CCP BPS-like bound makes the
RN BH “extremal”, and allows one to obtain 4 independent solutions to the Killing
spinor Egs.

N =0. 2.2.15
e(x) K extreme RN BH ( )

3Such an argument is very powerful and versatile; for instance, it may be applied to disentangle
some symmetry structures of ordinary pure QCD. In fact, such a theory (containing only gluons)
may be supersymmetrized just by adding some s = 3 fermionic fields; such an additive procedure
makes nothing but explicit some hidden SUSY properties of the starting theory. For instance, this has
been used in literature in the calculation of tree-level gluonic amplitude in pure QCD.
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Thus, BPS-saturated RN BHs can be actually described in terms of massive charged
particles, corresponding to (M, Q?)-parameterized, pointlike representations of the
N'=2,d =4SUSY algebra. BPS-saturation implies nothing but the extreme RN BH
solution to preserve one half of the supersymmetries related to 4-d. asymptotical
Minkowski background.

Another fundamental feature of the N'= 2 (d = 4) extreme RN BHs is the restora-
tion of maximal SUSY at the EH.

Denoting with rg = r4 = r_ the radius of the EH, for an arbitrary value r > ry
of the radius the spherically-symmetric solutions of N'= 2, d = 4 Maxwell Einstein
Supergravity Theory represented by extreme RN BHs preserve only one half of the
8 supersymmetries related to their asymptotical limit, i.e. to the 4-d. Minkowski
space, and therefore to the associated N'= 2, d = 4 superPoincaré algebra. Going
towards the EH, i.e. performing the limit r — r};,, one gets a restoration of the
previously lost 4 additional supersymmetries, reobtaining a maximally-symmetric
N'= 2 metric background, for e.g. the 4-d. Bertotti-Robinson (BR) AdS, x S?> BH

metrid ([3]-[5]).

It is instructive to explicitly show that the “near-Horizon” limit of the extreme
RN BH metric in d = 4 is the BR metric AdS, x S2. First of all, let us BPS-saturate

the 4-d. RN BH metric given by Eq. , by simply putting M? = Q?

2
dsRN,extreme (M)

Q2:M2

M)\ 2 M)\ 2
- (1—M) A2 + (1— re )) 42 + 240,
2r 2r
(2.2.16)

ds2 (M, Q2>

Eq. describes a 1-parameter family of static, spherically-symmetric, asymp-
totically flat, charged singular metrics in d = 4. The metric functions diverge at
two points, i.e. at r = 0 (real s-t singularity) and at rg = r¢ (M) /2 (EH), where
r¢ (M) = 2M is the Schwarzchild radius. It is worth noting that the charged nature
of the extreme RN BH decreases the radial coordinate of the EH, which is now at
one half of the value related to the corresponding uncharged Schw. BH with same
mass.

4 Actually, the BR metric provides the first example of the celebrated Maldacena’s AdS/CFT con-
jecture, i.e. the AdS,/CFT1 case. Indeed, the dynamics of superstring theories in the bulk of AdS,
may be associated with a supersymmetric conformal field theory on the 1-d. boundary of such a
space, i.e. with the superconformal (quantum) mechanics (see e.g. [6], [7] and [8]).
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Redefining ry = ry = rg (M) /2, and dropping the prime and the notation of the
dependence on M, we get

To\ 2 Toy —2
ds%{N,extreme (M) = - (1 - 7g> dt? + (1 — 7g> dr? —+ r2dQ) =

= —rlz (r—rg) 2 df? + 72 (r — 1) "2 dr? + r2dQ.
(2.2.17)

Jr

By performing the limitr — rJ

and considering only the leading order, we therefore
obtain

. 1 _
lim, .+ ASEN extreme (M)] =3 (r— rg)z a? +rg (r—rg) 2dr? + rzdQ). (2.2.18)
8

The mass of the spherically-symmetric BR geometry is related to the area Ay = 4m’§,
of its EH by the simple relation

A
2 _ AAH 2.
MBR = E = T’g, (2219)

by substituting such a relation in Eq. (2.2.18), we get

. 1 2 5
llmrar; [ds%{N,extreme (M)} = - M%}R (1’ - T’g) dr? + M2BR (7’ — Vg) dr? + M%Rdﬂ
(2.2.20)
Now, by performing the change of radial variable
r=r—rg (2.2.21)

and dropping out the prime once again, we get the following expression:

2 2
_ o Mero o
r(/):rrg:| o M%Rdt +—r2 (dr +r dQ). (2.2.22)

. 2
l”’”rHOJr dSRN,extreme (M)

It is easy to recognize that this is nothing but the BR metric AdS, x S?, with
opposite scalar curvatures for AdS, and S2. Indeed, the metric given by Eq. (2.2.22)
belongs to the general class of static 4-d. black hole metrics of the kind

ds? = —2U @) g2 4 p=2U(x) 352 (2.2.23)
with U (x) satisfying the 3-d. D’ Alembert equation

Ae U — o (2.2.24)
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In particular, the spherically-symmetric BR metric corresponds to the choice

A M3
—2U(x) H BR (2.2.25)
e = = , 2.
47 |x)? r2

which consequently relates U (x) to the Newtonian gravitational potential (see Sub-

sects. p.I]and ??).

Notice that the change of radial coordinate specified by Eq. encodes the
very relationship between the extremal RN BH and the BR metric background: in-
deed Eq. yields that the real s-t singularity of the BR geometry is on the EH
of the extreme RN BH, which, as previously observed, is at one half of the gravi-
tational radius of the Schw. BH of the same mass. Consequently, the BR geometry
may be seen as the “near-Horizon” asymptotical metric structure of the extreme RN
BHﬂ the rh.s. of Eq. should always be considered for small values of the
radius (i.e. for r — 07), physically corresponding to the proximity to the EH of the
extreme RN BH.

The BR metric AdS; x S? yielded by Eq. corresponds to the direct prod-
uct of two spaces of constant (and opposite) Riemann-Christoffel scalar curvature.
Consequently, it is R-flat, and it may be also shown that it is conformally-flat, i.e.
that all components of the related Weyl tensor vanish. Such a peculiar feature may
be made manifest by choosing a suitable system of coordinates, called “conformal
coordinates”, defined as follows:

_ Mig _ Mg
p= IR & M = (2.2.26)
By exploiting such a change of coordinates, we finally get
, M5 M5
limp—co ds%N/extreme (M)‘{EM%R} = —%dﬂ + % (dPZ +P2dQ) =

M2
_ )_Bg <—dt2 + df) , (2.2.27)

y

which is manifestly conformally flat, as it can be also seen by explicitly checking
that the Weyl tensor vanishes

Cyurs = 0. (2.2.28)

5In Subsects. and ?? we will see that such a result may be extended to a generic (4-d., static,
spherically symmetric and asymptotically flat) extreme BH.
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Notice that the conformal coordinates make the conformal flatness of the BR metric
manifest by giving a stereographic treatment of the singularity, because they map
the real s-t singularity at r = 0 to the point at the infinity p — oc.

The phenomenon of the doubling of the SUSY near the EH was discovered for
the first time in Maxwell Einstein Supergravity Theory in [9] (see [10] for an intro-
ductory report and further References). As we will see later, it is related to the ap-
pearance of a covariantly-constant on-shell superfield of N'= 2 (d = 4) SUGRA [11].
In presence of a dilaton such a mechanism was studied in [12]. In the context of ex-
act 4-d. BHs, string theory and conformal theories on the world-sheet, the BR metric
has been studied in [13]. Finally, the idea of extremal, singular p-branes metric con-
tigurations interpolating between maximally-symmetric asymptotical backgrounds
has been developed in [14].

Therefore, for what concerns the SUSY-preserving features of the considered ex-
treme RN BHs, there is a strong similarity between the asymptotical (r — o) and
“near-Horizon” (r — r;) limits. They share the identical property corresponding to
maximally-SUSY metric backgrounds in 4 dimensions, thus preserving 8 different
supersymmetries, although they do deeply differ on the algebraic side. The asymp-
totical 4-d. Minkowski flat background is associated to the N'=2, d = 4 super-
Poincaré algebra (rigid SUSY asymptotical algebra). Instead, the Horizon geometry
has an AdS, x S? structure of direct product of two spaces with non-vanishing, con-
stant (and opposite) curvature, and it is associated to another 4-d. maximal N'= 2
SUSY algebra, i.e. to psu(1,12).

psu(1,1]2) is an interesting example of superalgebra containing neither Poincaré
nor semisimple groups, but (direct products of) simple groups as maximal bosonic
subalgebra (m.b.s.). Indeed, in this case the m.b.s. is s0(1,2) @ su(2), with related
maximal spin bosonic subalgebra (m.s.b.s.) su(1,1) @ su(2). This perfectly matches
the corresponding bosonic isometry group of the BR metric, which is nothing but
the direct product of a 2-d. hyperboloid and a 2-sphere
SO(1,2) SO(3)

2 _
AdSy x §° = S0(1,1) X 50(2)° (2.2.29)

Summarizing, it may be shown that the N'=2, d = 4 extreme RN BH is a %-
BPS SUSY-preserving soliton solution in N'= 2, d = 4 Maxwell Einstein Supergrav-
ity Theory. It interpolates between two maximally supersymmetric metric back-
grounds, i.e. Minkowski for r — oo and BR for r — rf, related to two different
4-dim. N = 2 superalgebras, i.e. respectively to the rigid N'= 2, d = 4 SUSY algebra
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Figure 2.1: The d = 4 extreme RN BH as a 3-BPS SUSY-preserving soliton solution
in N' = 2, d = 4 Maxwell Einstein Supergravity Theory. It interpolates between two
maximally supersymmetric metric backgrounds, i.e. Minkowski (related to the rigid
N = 2,d = 4 superPoincaré algebra) for r — oo and Bertotti-Robinson (related to
the psu(1,1|2) superalgebra) for r — rf;. SQM stands for supersymmetric (but not
superconformal) quantum mechanics, related by ADS/CFT correspondence to the
interpolating regime of the considered RN extremal BH.

given by the superPoincaré algebra and to the psu(1,1|2) superalgebraﬁ See Fig.
2.1 for a graphical synthesis.

There exists an interesting connection with the statistical mechanics of dynamical
systems, which will be amply treated in the following Sections; here we anticipate
that the radius ry of the EH of the extreme RN BH may be considered as an “attrac-
tor” for the evolution dynamics of the (scalar fields of the) physical system being
considered, corresponding to the restoration of maximal SUSY.

®N'=2,d = 4 superPoincare and psu(1,1|2) are the only superalgebras compatible with the con-
straint of asymptotically flat metric background in the considered case.

The situation drastically changes when one removes such a constraint (i.e. when generic, asymp-
totically Riemann geometries are considered). For example, asymptotical maximally symmetric
metric configurations could be considered; among the Riemann manifolds with non-zero constant
Riemann-Christoffel intrinsic scalar curvature, one of the most studied in such a framework is the
anti De Sitter (AdS) space. When endowing the AdS background with some local SUSY, one obtains
a particular case of the so-called “gauged” SUGRAs.
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Generalizations of the previous treatment to the case of p-dim. objects in d s-t di-
mensions are also possible. Nevertheless, as we will discuss later, it may be shown
that for d > 6 it is not possible to have regular (generalized) Horizon geometries,
and the calculations of the entropy of the considered (possibly extended) s-t singu-
larities always give vanishing (or unphysical constant) results. The aforementioned
case of the extreme RN BH is a particular example of p = 0-dim. braneind = 4
s-t dimensions, and, as shown by Gibbons and Townsend in [14], BR geometry is
nothing but a p = 0-“black brane”.

In general, a p-dim. extreme “black brane” in d s-t dimensions is an extended p-
dim. object saturating a suitable generalization of the BPS bound (2.2.12), for which
the (p + 1)-dim. generalization of EH may be construed, together with a dimension-
ally extended version of the CCP. Also notice that in this case the real s-t singularity
extends over a p-dim. (hyper)volume in s-t. The “near-Horizon” asymptotical ge-
ometry of a p-dim. “black brane” is given by the (p, d)-generalization of BR metric,
i.e. by the direct product

AdSp,p x STP72, (2.2.30)

In general, the request of asymptotically Minkowski d-dim. s-t geometry in pres-
ence of a p-brane implies the consistency condition [15]

p<d-—3. (2.2.31)

Moreover, in d s-t dimensions an electric p-brane has a (d — p — 4)-brane as mag-
netic dual. In the particular case in which the dimensions of an electric brane and of
its magnetic dual coincide, i.e. when the pair (p, d) satisfies the condition

g —p+2, (2.2.32)

the considered p-brane can be dyonic, i.e. it may have both electric and magnetic
charge, respectively denoted with e and m. Finally, when the p satisfying the dyonic
condition is odd, the related p-brane may be self- (or anti-self-)dual, i.e. with
e = +m, depending on the projective (or anti-projective) nature of the Hodge *-
operator

(¥)? = +I. (2.2.33)

Therefore, in d = 4 the only possible choice is p = 0, corresponding to the
extreme BHs. Moreover, the couple (p,d) = (0,4) satisfies the dyonic condition
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(2.2.32), but p is not odd. Consequently, in d = 4 the 0-brane may be dyonic, but not
self-(or anti-self-)dual. In other words, the extreme BH, such as the extreme RN one,
may have simultaneously electric and magnetic charge, but they will not be related
by the simple relation e = £m.

For d = 5 the condition (2.2.31) yields p = 0,1 as allowed values. The relation
(2.2.32) is never satisfied, therefore 5-dim. dyons do not exist.

1) p = 0 corresponds to the Tangherlini extreme BH ([21], [22]); its “near-Horizon”
geometry corresponds to AdS; x S3, admitting two Killing spinors. Moreover, by
AdS/CFT it corresponds to completely solvable superconformal field theory (SCFT2)
on the 2-d. Minkowski manifold corresponding to the boundary of AdSs.

2) p = 1 corresponds to a “black-string” in 5 dimensions, which is the magnetic
dual of the Tangherlini extreme BH. It has an AdS; x S? “near-Horizon” geometry
and, by application of the AdS/CFT correspondence, it yields a completely solvable
superconformal quantum mechanics (SCFT1).

2.3 A Prelude to AdS/CFT

The most popular realization of Maldacena’s AdS/CFT correspondence is given by
the 10-dim. manifold AdSs x S°. By the previous reasonings, this may correspond
to the “near-Horizon” geometry of a 3-“black-brane” in a 10-dim. s-t. It is worth
noticing that, by the previous analysis, in d = 10 the asymptotical flatness implies
0 < p < 6, and the dyonic condition holds true for the odd value p = 3.
Therefore, a 3-“black-brane” in d = 10 may be dyonic, with e = +m, depending on
the projectivity (or anti-projectivity) of the 10-dim. Hodge *-operator.

Actually, AdSs x S° describes the “near-Horizon” geometry of a D3-brane in
N=2,d =10 Type 1IB SUGRAH In such a context, the flat asymptotical (r — o)
geometry is the 10-d. Minkowski space with the associated maximally symmetric
N=2,d = 10 rigid superPoincaré algebra (32 supersymmetries, related to the exis-
tence of two Majorana-Weyl spinors, each with 16 real components). On the other
side, also AdSs x S° is maximally supersymmetric, being related to the psu(2,2 [4)
superalgebraﬂ (with 32 real fermionic generators).

"We do not consider Type ITA SUGRA simply because it does not admit D3-“black-branes” as
solutions. In general, the p-dim. “black-brane” solutions have p even in IIA and p odd in IIB
theories.

8The considered Lie superalgebras psu(1,1|2) and psu(2,2|4) belong to the so-called unitary
series of superalgebras psu (11, n2|m), admitting su (11, n2) & su (m) & (1 — Oy 4nym) u(1) asm.s.b.s..
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psu(2,2]4) is another example of superalgebra containing neither Poincaré nor
semisimple groups, but (direct products of) simple groups as m.b.s.; indeed, in this
case the m.b.s. and m.s.b.s. are respectively s0(4,2) @ s0(6) and su(2,2) @ su(4), and
there is a perfect match with the corresponding bosonic isometry group of AdSs x
S°, which is nothing but the direct product of a 5-d. hyperboloid and a 5-sphere
SO(4,2) _ SO(6)

Ad 5= .
525 = 551 < 5005)

(2.3.1)

Notice that the isometry group SO(4,2) of AdSs is nothing but the conformal
group in 4 dimensions, i.e. the symmetry group of the N'= 4 Super Yang-Mills
(SYM) gauge theory on the 4-dim. Minkowski space corresponding to the boundary
of the 5-dim. hyperboloid AdSs. Thus, the conformally invariant 4-dim. A'= 4 SYM
gauge theory stands to the embedding of a D3-“black brane” in a 10-dim. (asymp-
totically flat) s-t, as the superconformal quantum mechanics (SC (Q) M = CFT1)
stands to an extreme BH, eventually of the extremal RN type treated above, in 4-d.
(asymptotically flat) space-time.

Such cases are different realizations of the AdS/CFT, which conjectures a close
(holographic) duality between gravity theories (superstrings and their low-energy
limit given by SUGRA theories) in the bulk of AdS manifolds and strongly coupled,
conformally invariant gauge theories on the flat Minkowskian boundaries of such
spaces.

Thus, as shown in Fig. 2.2, the considered asymptotically flat D3-“black brane”
is a solitonic solution of N'= 2, d = 10 Type IIB SUGRA, which interpolates between
two maximally supersymmetric metric backgrounds, i.e. Minkowski at » — oo (by
construction) and AdSs x S° (which may be seen as an higher-dim. generalization
of BR metric) in the “near-Horizon” limit. It corresponds to a consistent %-BPS solu-
tion, therefore preserving 16 supersymmetries out of the 32 related to the maximally
SUSY backgrounds.

It is worth noticing that such a %-BPS solution can still be interpreted in terms
of a N=4SYM gauge theory, but the conformal invariance is lost (or better, spon-
taneously broken) for a generic value o]ﬂ rg < r < oco. This is due to the fact that

In general, Lie SUSY algebras admit a classification similar to their non-supersymmetric counter-
parts (see e.g. [16]-[20]). For instance, beside the exceptional cases, another infinite series of Lie su-
peralgebras is the orthosymplectic one, i.e. osp (11, np|m), admitting so(n1,12) & sp(2m) as m.s.b.s..

In general, the fermionic generators are in the bi-fundamental representation of the corresponding
superalgebra, e.g. in (17 + 1y, m)-repr. for both psu (11, np|m) and osp (11, ny|m).

7y now stands for (the set of parameters specifying) the suitable generalization of the EH in the
case of spatially-extended s-t singularities embedded in higher dimensions.
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Figure 2.2: The asymptotically flat D3-“black brane” as a 1-BPS SUSY-preserving
soliton solution in N' = 2, d = 10 Type IIB SUGRA. It interpolates between two
maximally supersymmetric metric backgrounds, i.e. 10-d. Minkowski (related to the
rigid V'= 2, d = 10 superPoincaré algebra) for r — oo and AdSs x S° (related to the

psu(2,2 |4) superalgebra) for r — 1.
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for ry < r < co the N=4 SYM gauge theory “living” on the boundary may be
approximately described in terms of a Born-Infeld action, containing higher-order
derivative terms which (spontaneously) break conformal invariance. The conformal
invariance of the 4-d. N'= 4 SYM gauge theory defined on the boundary manifold
is restored only in the “near-Horizon” limit, i.e. when r — rlfl, and therefore when
the bulk tends to a direct product structure AdSs x S°. The restoration of the max-
imal supersymmetry of the metric background at the (generalized) EH (from 16 to
32 preserved supersymmetries) yields an enhancement of the symmetry features ex-
hibited by the (holographically) related “boundary” (strongly-coupled) N'= 4 SYM
gauge theory, which correspondingly becomes conformally invariant.

Concluding, in d-dim. N -extended SUGRAs there exist stable (i.e. BPS-saturated),
static, spherically symmetric, asymptotically flat p (< d — 3)-dim. solitonic metric
background solutions. They interpolate between two maximally supersymmetric

backgrounds, i.e. the d-dim. flat Minkowski space in the limit ¥ — oo, and the d-dim.

+
HI

and it may be expressed as the direct product of a constant, (strictly) negative-

generalized BR geometry. The latter is obtained in the “near-Horizon” limit » — r

curvature space (the (p +2)-dim. hyperboloid, or anti de Sitter space AdS,,, =

%) and of a constant, (strictly) positive-curvature space (the (d — p — 2)-dim.

4 pa _ SO[d—p-1)
sphere S%~F _WZQ))'

Depending on the number of (real) supersymmetries preserved by the maximal
backgrounds (and therefore depending on d and ), the interpolating solitonic so-
lutions may have different BPS SUSY-preserving features. Despite being extremal
(i.e. saturating - a suitable generalization of - the BPS-like bound (2.2.T1))), they may
also be non-BPS, i.e. they may also not preserve any of the supersymmetries of the
two regimes considered above. For example, in 4-dim. ' = 8-extended SUGRA
(having 32 real fermionic generators) we may have 3-BPS, 1-BPS, 1-BPS and non-
BPS stable (i.e. BPS-saturated) singular solitonic metric backgrounds, with 16, 8, 4
and 0 supersymmetries preserved out of 32, respectively.

Lastly, it is possible to classify the BPS-preserving features of such solutions in
an invariant way, using the lowest-order invariants and the orbits of the U-duality
symmetry groups of the starting SUGRA theory. Such groups are Lie non-compact
exceptional groups of various ranks and correspond to the isometry groups of the
manifold of the non-linear sigma model related to the relevant set of scalars. Such
a manifold is nothing but a moduli space of the considered SUGRA theory. The
process of restoration of maximal SUSY in the “near-Horizon” dynamics of the con-
sidered system is deeply related to the “Attractor Mechanism” in the moduli space.



Chapter 3

Black Hole Entropy and Attractors

One of the remarkable properties of black holes is that one can derive a set of laws
of black hole mechanics which bear a very close resemblance to the laws of thermo-
dynamics. This is quite surprising because a priori there is no reason to expect that
the spacetime geometry of black holes has anything to do with thermal physics.

3.1 Laws of Black Hole Mechanics and the concept of
Hawking Temperature

(1) Zeroth Law : In thermal physics, the zeroth law states that the temperature T of
a body at thermal equilibrium is constant throughout the body. Otherwise heat will
flow from hot spots to cold spots. Correspondingly for black holes one can show
that the surface gravity « is constant on the event horizon. This is obvious for spher-
ically symmetric horizons but is also true for more general non-spherical horizons
of spinning black holes.

(2) First Law : As is well known, the first law of thermodynamics reads
O0E =TS — péV, (3.1.1)

and expresses the total variation of the energy E as equal to the temperature T times
the variation of the entropy S, plus other work terms, such as a term proportional
(through the pressure p) to the change of the volume V of the considered system.
The corresponding formula for BHs is [23]

Ks §AH

49



50 CHAPTER 3. BLACK HOLE ENTROPY AND ATTRACTORS

It states that the variation of the mass M of the BH is related to the variation of the
EH area Ay, with two kind of additional terms: a work term proportional (through
the rotational angular frequency w) to the variation of the total angular momentum
J, and another term proportional (through the electric/magnetic potential ¢ evalu-
ated at the Horizon) to the variation of the charge 4.

Second Law : In a physical process the total entropy S never decreases, AS > 0.
Correspondingly for black holes one can prove the area theorem that the net area
never decreases, AA > 0. For example, two Schwarzschild black holes with masses
M; and M, can coalesce to form a bigger black hole of mass M. This is consistent
with the area theorem since the area is proportional to the square of the mass and
(Mj + M)? > M2 + M3. The opposite process where a bigger black hole fragments
is however disallowed by this law.

The formal analogy is actually much more than what it seems. Bekenstein and
Hawking discovered that there is a deep connection between black hole geometry,
thermodynamics and quantum mechanics.

Hawking ([24], [25], [26]) has shown that I—;T can be interpreted precisely as the

temperature of the BH

Ks
Tpy = —. 1.
BH = 4 — (3.1.3)

Therefore, by comparing Eqgs. (3.1.1) and (3.1.2), one obtains the Bekenstein-
Hawking entropy-area (BHEA) formula, relating the entropy S of a s-t singularity

with the area Ay of its EH (that should be always there, if one forbids the existence
of “naked” singularities by advocating the CCP)

_An

5=

(3.1.4)

In Egs. and the various quantities have been defined in Planck
units, i.e. they have been made dimensionless by multiplication with an appropriate
power of Newton’s constant G (recall we set i = ¢ = Go = 1). By recalling that
such a constant appears in the Einstein-Hilbert Lagrangian density

1
LEy = 167Gy \/ 18IR, (3.1.5)

it is clear that the chosen normalization makes all quantities appearing in the first

law of BH mechanics independent of the scale of the metric.

In the case of extreme BHs in SUGRA theories, the formula (3.1.4) may be macro-
scopically determined by using the U-duality symmetries of string theories encoded
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in the SUGRA low-energy actions. More specifically, the classical Einstein-Maxwell
theory may be naturally embedded into N'= 2 Maxwell Einstein Supergravity The-
ory, leading to extensions involving a number of Abelian gauge fields and a related
variety of massless scalar moduli fields. The BH mass M will, in general, depend on
the values taken by the moduli at the spatial infinity, and therefore additional terms

on the rh.s. of Eq. (3.1.2) will appear.

For Schw. BHs the only relevant parameter is clearly the mass M, and, beside

Eq. , we get the relationﬂ

Ay =16M? = 4773 g s (3.1.6)

where 7y sonw. = 7 (M) = 2M. By differentiation, Eq. (3.1.6) is consistent with Eq.
(3.1.2) constrained by (6) g =0 = (¢) J.

For the RN BH, the situation is more involved, due to the previously performed
classification based on the ratio between M and 4. As previously pointed out, for
extreme RN BHs (i.e. with M = |g|), the surface gravity vanishes; the other relevant
relations read

47

2 2 q

Ay =4nM* = 47TrH,extreme RN: P = 1 q= , (3.1.7)
H VYH extreme RN

where 7y extreme RN = M = rh’% As it has to be, by differentiating, we obtain

consistency with Eq. constrained in the subspace of static, extreme RN BHs
(i.e. with ] = 0 and 6M = Jg). Since in this case x; = 0, and therefore the extreme
RN BHs, as all extreme BHs, have Tgy = 0, by the “BH counterpart” of the third
law of thermodynamics one would expect that the entropy vanishes. Clearly, this
is not the case, because Eq. yields that the area of the Horizon remains finite
for zero surface gravity (and thus, by Eq. (3.1.3), for Tgy = 0), and the BHEA
still holds, yielding

SpH = TM* = T} pxireme RN- (3.1.8)

3.2 Attractor Mechanism : A Propaedeutic Introduction

This part of the thesis deals with a general dynamical principle, named “Attrac-
tor Mechanism” (AM), which governs the dynamics inside the moduli space, and
therefore allows one to determine the BH entropy through the special role that the
moduli of the theory have in (generalized) BR geometries. In such a framework,

nall spherically symmetric 4-d. BHs Ay = 47‘[1*%{, where ry is the radius of the EH of the BH.
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SUSY is related to dynamical systems with fixed points, describing the equilibrium
state and the stability features of the syste When the AM holds, the particular
property of the long-range behavior of the dynamical flows in the considered (dis-
sipative) systems is the following: in approaching the fixed points, properly named
“attractors”, the orbits of the dynamical evolution lose all memory of their initial
conditions, but however the overall dynamics remains completely deterministic.

The first example of AM in supersymmetric systems was discovered in the the-
ory of extreme BHs in N'= 2, d = 4 and 5 Maxwell Einstein Supergravity Theorys
coupled with matter multiplets (i.e., Abelian vector multiplets and hypermultiplets)
([27], [28]]). The corresponding dynamical system to be considered in this case is the
one related to the radial evolution of the configurations of the relevant set of scalar
tields of such theories (in this case, as it will be explained later, only the scalars from
the vector multiplets have to be taken into account for the dynamics in the “near-
Horizon” limit).

Otherwise speaking, we have to consider the behavior of the moduli fields of
the theory as they approach the core of the s-t singularity. When reaching the prox-
imity of the EH, they dynamically run into fixed points, getting some fixed values
which are only function (of the ratios) of the electric and magnetic charges of the
configuration of Abelian Maxwell vector potentials being considered.

The inverse distance to the Horizon is the fundamental evolution parameter in
the dynamics towards the fixed points represented by the “attractor configurations”
of the moduli. Such “near-Horizon” configurations of the moduli, which “attract”
the dynamical evolutive flows in the moduli space, are completely independent of
the initial data of such an evolution, i.e. on the asymptotical (r — o) configurations
of the moduli. Therefore, for what concerns the dynamics of the moduli, the system
completely loses memory of its initial data, because the dynamical evolution will
be “attracted” by some fixed configuration points, exclusively depending on the
electric and magnetic charges of the Maxwell vector field content of the theory.

Thus, there is a substantial (and irreversible) loss of physical information in the

2We recall that a point x;, where the phase velocity v (x fix) vanishes is called a fixed point, and
it gives a representation of the considered dynamical system in its equilibrium state,

v (xﬁx) =0.
The fixed point is said to be an attractor of some motion x (t) if

limi—oox(t) = Xfix.



3.2. ATTRACTOR MECHANISM : A PROPAEDEUTIC INTRODUCTION 53

motion of moduli configurations towards the EH of the extreme BHs, which there-
fore may be considered as dissipative dynamical systems from an information the-
ory perspective (for recent developments along this line, see e.g. [29]).

Now, it should be reminded that there exists an interesting phenomenon in the
physics of BHs, described by the so-called No-Hair Theorem: there is a limited num-
ber of parameters describing (geo)metric structures and physical fields far away
from the s-t singularity represented by the BH, i.e. in the r — co limit. In other
words, the spatial asymptotical configurations of BH metric are finitely-determined.

In the framework of SUGRA theories extreme BHs may be interpreted as BPS-
saturated interpolating metric singularities in the low-energy effective limit of higher-
dim. superstring or M theory. Their asymptotically relevant parameters include the
mass, the (conserved, quantized) electrical and magnetic charges (defined by inte-
grating the fluxes of related field strengths over 2-spheres at the infinity), and the
asymptotical values of the (dynamically relevant set of) scalar fields.

From what shortly mentioned above, we may generalize and strengthen the No-
Hair Theorem for extreme BHs in SUGRA theories, stating that such BHs lose all
their “scalar hair” near the EHP| This means that the extreme BH metric solutions,
in the “near-Horizon” limit in which they approach the BR metric, are character-
ized only by those discrete (quantized) parameters which correspond to the con-
served charges associated with the gauge symmetries of the theory, but not by the
continuously-varying asymptotical values of the (dynamically relevant set of) scalar
fields.

Thence, it appears evident that our ability to make (microscopic) sense of the
entropy of a BPS-saturated BH in SUGRA is deeply based on the AM.

Indeed, by such a general dynamical principle, starting from unconstrained,
continuously-varying scalar field configurations, in the “near-Horizon” limitr — 7
we obtain some discrete, “attractor” field configurations, completely independent
of the initial data of the evolution, but instead totally determined by the conserved
charges of the system.

The change of the nature (continuous—discrete, quantized) of the scalar field
configurations approaching the EH allows one to consistently define the concept of
entropy of an extreme s-t singularity, at least in a microscopic approach. Indeed,
being the moduli some continuous parameters which can be freely specified in the
asymptotical Minkowskian metric background of the theory, in general one could

3 As it will be shown in Subsect. 4.2, such a phenomenon holds, under certain conditions, also in
generic, non (necessarily) supersymmetric frameworks.
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think that the entropy might depend on such values. Such a dependence on un-
constrained values of the moduli would presumably lead to a possible violation
of the Second Law of Thermodynamics, because, due to the functional moduli-
dependence exhibited by the entropy, one could be allowed to quasi-statically de-
crease it by performing infinitesimal transformations in the moduli space. Thanks to
the AM, the entropy actually depends only on the values of the moduli at the EH of
the BH, and such “attractor configurations” of the moduli turn out to be insensitive
to the asymptotical continuous moduli configurations. Therefore, the BH entropy
ends being a function purely of the (quantized) conserved charges of the system.

At this point, one could (and should) ask the following question: how the initial-
data-independent “attractor” moduli configurations are fixed?

A priori, one can expect that the answer would be completely model-dependent,
i.e. that such fixed, quantized values of the “near-Horizon” moduli configurations
would (strictly) depend on the features of the dynamical dissipative system given by
the evolution of the (dynamically relevant set of) scalar fields in the moduli space.
In other words, one would expect that such an answer would (heavily) rely on the
(geo)metrical structure of the moduli space of the considered SUGRA theory.

But actually this is not the story. Indeed, at least in supersymmetric frameworks,
the AM characterizes the “attractors” as stable fixed points corresponding to the
critical points of the absolute value of the “central charge function” Z in the moduli
space. This is an universal, model-independent feature of the ”attractors’ﬁ The area
Ap of the EH is proportional to the square of such an absolute value, computed at
the point where it is extremized in the moduli space [30].

Let us denote with {¢} a configuration of the relevant set of scalar fields of the
considered SUGRA theory. {¢} will correspond to a point in the moduli space M
and, in general, it will depend on the continuously varying, unconstrained initial
configuration { ¢}, i.e. on the initial point of the dynamical flow in M correspond-
ing to the radial evolution of the moduli (which is the only relevant in the considered
class of static, spherically-symmetric SUGRA solutions)

{o} ={9 ()} (3.2.1)

4Strictly speaking, this holds only for supersymmetric extreme BH attractors, i.e. for attractor

configurations which preserve % of the original supersymmetries of the N' = 2, d = 4 Maxwell
Einstein Supergravity Theory being considered.

But non-supersymmetric extreme BH attractors may exist, too. Such a class of attractor configura-
tions, which has been recently pointed out to be “discretely disjoint” from the class of supersymmet-
ric attractors (at least in the one-modulus case, see [72]), is defined as the class of critical points of a
suitably defined “BH effective potential” function Vpp, which are not also critical points of |Z|. For
a detailed teatment, see Sect. [5] and in particular the Subsubsects. and[5.3.2}
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The AM states that the “near-Horizon” asymptotical moduli configurations { ¢y} =
limr_ﬁl {¢} will be independent of {¢@}. Moreover, at least at the quantum level, it

will be discrete, since it exclusively depends on the (quantized) asymptotical values
of the electric charges {g} and magnetic charges {p} of the system

{on}t # {on (9=)},
AM : (3.2.2)

{ou} ={ou(p.q)}.

Such a functional dependence on the charges may be determined by solving the
general, model-independent “Attractor” or “Extremal” Equations (AEs)

o 9=¢u(q,p)

where Z is the “central charge” functio of the SUSY algebra in N' = 2 SUGRAs, or

SUsually, what is initially known is the central charge Z, which is the asymptotical (r — oo) value
of the “central charge” function

Z (@ p,q) = limy—eeZ (¢ (1);1,9),

for a given BH charge configuration (p, q).

Clearly, if no other informations are available, the extrapolation of Z (¢ (r) ; p,q) from Z (¢eo; p, q)
is simply obtained by substituting ¢« with ¢ (r). Consequently, such an operation relies on the
assumption (implying a certain loss of generality) that the limit r — oo is “smooth”, in the sense
that there are no functional structures vanishing for r — oo (they potentially would contribute in
determining the criticality conditions (3.2.3), and thus they would eventually modify the form of the
AEs).

Let us analyze this issue a bit more in depth. Let us consider the function Z (¢ (r) ; p,q), assuming
that

Flimy—o09® (1) = 9o;
Va :
| PG < oo

First of all, one should assume that, at least for the considered BH charge configuration, the fol-
lowing limit exists:

limr—eoZ (@ (r);7,9) = S (Peos 1,q) , |S (@o0; p, )| < 00.

Now, in general, it holds that
S(e(r);pa) #Z(e(r);p.9),

where
[

S ()ip.a) = S (92,0 po=g(r) -

In other words, in general,

limy—eZ (¢ (r);p,9) # Z (limy—cop (1) ;0,9) = Z (@c0; P, q) :



56 CHAPTER 3. BLACK HOLE ENTROPY AND ATTRACTORS

the highest absolute-valued eigenvalue of the complex antisymmetric central charge
matrix in /' > 2-extended SUGRAS (see Sect. 6 for explanations).

Eq. has the following meaning. The (charge-dependences of the) “near-
Horizon” moduli configurations {¢p} are such that, when substituted in the func-
tion Z (g, p, ¢), they give an extremum value of Z with respect to (w.r.t.) its func-
tional dependence on {¢}. Otherwise speaking, the “near-Horizon” value (inde-
pendent of { ¢o })

Zu(q,p) =Zq,p 9= @ (q,P)) (3.2.4)

the asymptotical limit of a function is, in general, different from the function of the asymptotical
limit(s). Clearly, this yields that, in general,

9Z (¢ (r);p.9) y IS (@oo; P, q)
dg“ (r) oQs,

Now, if one assumes the asymptotical limit » — oo to be “smooth”, i.e. that it holds true that

, Va.
Peo=0(r)

limy—eoZ (9 (r);1,9) = Z (903 P,49) ,

it is thence clear that
0Z (¢ (r);p.9) _ 9Z (s P, q)

= , Va.
a(/)a (I’) aqogo Peo=0¢(1)
Thus, by also assuming that
3 limrﬂrﬁlq)“ (r) = ¢4y
Va : ’
|(p’ﬁ| < 00,
and that the Horizon limit » — rIJg is “smooth”:
, 9Z(¢(r);p.q) _ 9Z
lim —_— = — r);p, ,
g (r) a1 (?(r)ipa) oo
one finally gets
, 9Z (¢ (r);p.4) 9Z
lim —r el = = r):p, —
= 9 (1) agr (#(1)ipa) oo
0Z (9o P 4)
= s , Va.

Poo=lim,__+ ¢(r)=¢n
B

Therefore, by such assumptions the general criticality conditions of the function Z (¢ (r); p,q) at
the “attractor” points read

oz (@ (r);p.9) _ 9Z(9~;P.9)

— =0, Va,
09" o()=gn(p.) 095

Poo=¢H(p.9)

corresponding to a more precise formulation of Eq. (3.2.3).
We will assume all aforementioned hypotheses to hold throughout this thesis.
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isan extremumﬂ value in the functional dependence of Z on { ¢} at given BH charges
(p.4)-

®It is worth noticing that usually such an extremum is assumed to be a (local, not necessarily
global) minimum, as it can be explicitly verified in some models.

However, for the time being it is not possible to exclude situations with different extrema (such
as local or global maxima, flex or cusp points), or also cases in which Eq. does not admit
solutions.

By the way, due to positive definiteness of the potential in SUSY theories, for sure a minimum will
exist, but a priori nothing forbids the existence of an entire, discrete or (not necessarily countable)
continuous family of minima. If this happens, the Horizon geometry of a p-dim. “black brane” in
a d-dim. s-t will still be given by the (p, d)-generalization of BR metric, i.e. by the direct product
AdSpi2 ¥ $%=P=2, but such a limit geometry will now be realized by each one of the “near-Horizon”
moduli configurations belonging to the considered family.

Also, given the set of moduli { ¢’} icps it could happen that a subset | of the discrete index range [
exists, such that

P lim ¢/, Vje]Cl, (%)
rﬂr;}
i.e., that a certain subset of the moduli does not admit a “near-Horizon” limit.

Consequently, in order to preserve the core of the AM in such a particular case, a priori a number

of possible assumptions may be made:

1) actually Z = Z (q, p, {qok }k K) , where K is the complementary set of | with respect to I;
€
or 2) AEs should be slightly generalized as

9|Z (¢;p,9)]

=0, Vk ek,
gk <

Pk=ok ()

meaning that the “near-Horizon” extremization of the central charge function happens only w.r.t. the
moduli well-defined at the EH. Thus, in the limit r — r; the central charge function, extremized w.r.t.

to its functional dependence on {(pk }k < might still possibly depend on the subset of unconstrained,
€

continuously-varying asymptotical configurations of moduli {go{x,} ‘ ]:
j€

ZH <{¢£o}je];p’q> =Z <{¢k}keK - {go’ﬁ(p,q)}keK,{q){;o}jej;p,q) '

Such a possibility, however, should be disregarded, because, in general, it should lead to a violation
of the Second Principle of Thermodynamics in the BH physics;

or 3) in general, Eq. (*) corresponds to a vanishing Horizon value of the central charge function

Zy (p,q) =Z (¢ = @u (p.q);p,9) =0,

and therefore the BHEA (and ADM mass -see a bit further below in the main text-) formulae become
inconsistent and inapplicable, leading to a non-regular Horizon geometry. As we will see later, this
happens for all non-minimal BPS SUSY-preserving extremal solutions in N > 2-extended, d = 4, 5-
dim. SUGRAs, and also in N > 2-extended, d > 6-dim. SUGRAs (where the BHEA formula may

also give unphysical, constant non-zero results).



58 CHAPTER 3. BLACK HOLE ENTROPY AND ATTRACTORS

3.3 An Illustration

A simple example illustrating the AM at work may be given by the N' = 2, d = 4
dilatonic BH of the heterotic string theory. In this case the BPS-saturation condition
tixes the so-called Arnowitt-Deser-Misner (ADM) mass of the BH to be equal to the
absolute value of the central charge function, which in turn will be a function of the
electric charge g and magnetic charge p of the BH, and of the asymptotical value ¢«
of the dilaton

Mapm (4,9, Peo) = |Z (4,0, $o0)| = 3 (€79 [p| + 9= |q]),

P €R, (g,p) € Z? (in suitable units).
(33.1)

The general theory based on the AM, when applied to the present case, gives the
following “four-step recipe” to obtain the entropy of the dilatonic BH:

i) Write down the extremization condition for the absolute value of the central
charge function depending on the dilatonic function g (¢) = e?, at fixed values of
the charges (p, q) (see Footnote 6)

AZ(p(g);pq) 10 (1 1 _
o3 =23 <§|p|+g|q| = g—2|P|+Iq|—0~ (3.32)

ii) Solve such a condition, obtaining the fixed value of the dilatonic function

1
2

d|Z(¢(g);p.9)l
g

) (3.3.3)

=0<:>g=gﬂ(p,q)=‘§

In the present pedagogical treatment we will implicitly assume, for simplicity’s sake, that the AEs
admit, at least in relation to the minimal BPS SUSY-preserving extremal backgrounds, (at least) one
regular solution, corresponding to a purely charge-dependent “near-Horizon” moduli configuration.

Finally, it should be mentioned that for an arbitrary geometry of the moduli space the form of the
relevant central charge function Z (¢; p,q) may be also very complicated. For instance, this is what
happens for the N' = 2, d = 4 SUGRA obtained by the compactification of N' = 2, d = 10 type IIB
SUGRA on Calabi-Yau threefolds.

Nevertheless, despite this fact, the extremization procedure expressed by the AEs allow one to con-
sistently compute the entropy of the corresponding extremal singular metric backgrounds following
a model-independent, universal procedure.

As far as we know, no Existence and/or Uniqueness Theorems have been proved for Eq. (3.2.3),
even though substantial progress has been made in the study of the topological properties of the
moduli spaces as “attractor varieties” (see e.g. [31], [32] and [33]).



3.3. ANILLUSTRATION 59

20 f

e~ 20

15¢

10

Figure 3.1: Realization of the Attractor Mechanism in the N' = 2, d = 4 extremal
3-BPS dilatonic BH. Independently of the set of initial (asymptotical r — o) mod-
uli configurations (corresponding to the initial data of the dynamical flow inside
the moduli space), the “near-Horizon” (r — 07, with r denoting the radial dis-
tance from the Event Horizon) evolution of the moduli-dependent dilatonic function
¢ 2(¢) = e 2 converges towards a fixed “attractor” value, which is purely de-
pendent on the (ratio of the) quantized conserved charges of the BH. Such a purely
charge-dependent phenomenon of “attraction” of the moduli field configurations
encodes the intrinsic loss of information in the (equilibrium) thermodynamics of the
extremal dilatonic BH.

and therefore of the dilatonic moduli at the EH

¢u () =¢(8u(p.q) =Inlgn(p.q)] = %ln

= |

‘ . (3.3.4)

An example of the evolution of the moduli-dependent dilatonic function g2 (¢) =
e~2? towards a purely charge-dependent value at the EH of the N' = 2, d = 4 dila-
tonic BH is shown in Fig. 3.1.

iii) Insert such a fixed value into the expression of the central charge function,
by putting ¢ (§) = ¢y (g). In such a way, one gets the fixed value |Zy (p, q)| of the
absolute value of the central charge function at the EH of the dilatonic BH; clearly,
due to the saturation of the BPS bound, it equals the value of the ADM mass of the
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EH, too (see Eq. (3.3.1))

rl. ):

q,p,q

B. )’:
q,p,q

1
= [pq]?. (3.3.5)

1
Maowss (70) = Maous (#(8) = (5) = 31

= |Zu(p,9)| = ‘Z (<P(g)=¢H(g)=%ln

iv) Use the BHEA formula to get the (semiclassical, leading-order) entropy of the
N =2,d = 4 dilatonic BH

A orizon
o = HIE AR () = T Zn (PP = lpl, (336)

where we used the definition of the ADM mass at the EH of the BH
Axgori
2 _ Horizon
= . . .7
MupmH yp (3.3.7)

Notice that the BH entropy given by Eq. (3.3.6) is purely charge-dependent, and it
may be checked that it coincides with the result obtained by completely different
(model-dependent, microscopic) methods.

In the d = 4 (5)-dim. N/ = 2 SUGRAs coupled to ny Abelian vector multiplets
(named N = 2 ny-fold Maxwell Einstein Supergravity Theorys), the extremization
of the central charge function Z through Eq. may be made “coordinate-free”
in the moduli space M,,,,, by using the fact that such a ny-dim. complex manifold
has actually a (real) special Kdhler metric structure. The geometric properties of the
moduli space and the overall symplectic structure of such N' = 2 SUGRAs will be
considered in the next Section.

The final result of the AM in such theories is the macroscopic, model-independent
derivation of BHEA formula, yielding

A
Spy = 1= Zu (p,q) (3.3.8)

and

NI

A
SBH = i Zy (p,q)|2, (3.3.9)

ind = 4 and d = 5, respectively.

Recently, many applications of the above ideas have been worked out, especially
in the case of string theory compactified on 3-dim. Calabi-Yau manifolds. Also, by
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using some properly formulated D-brane techniques, the topological entropy for-
mula of BH has been obtained, by counting the related microstates in string theory.
The results of such a procedure, whenever obtainable, are in agreement with the
model-independent determination of the entropy which uses the Attractor Mecha-
nism. The four-step algorithm given by Egs. (3.3.2)-(3.3.6) is just one of the possible
realizations of such a model-independent approach to the equilibrium thermody-
namics of BHs.

It should be also mentioned that several properties of the fixed “attractor” mod-
uli configurations have been investigated. In particular, it has been shown that the
Attractor Mechanism is also relevant in the discussion of the BH thermodynamics
out of the extremality (i.e. when the BPS-like bound is not saturated).

In the remaining part of these introductory notes we will see how the AM works
in the relevant context, for e.g. in the so-called N' = 2, d = 4, ny-fold Maxwell
Einstein Supergravity Theorys.
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Chapter 4

Attractor Mechanismin N =2,d = 4
Maxwell-Einstein Supergravity

The multiplet content of a completely general N' = 2, d = 4 supergravity (SUGRA)
theory is the following (see e.g. [34] and [35]):

1. the gravitational multiplet

(vt 9 9a, A°), (4.0.1)

described by the Vielbein one-form V* (a = 0, 1, 2, 3) (together with the spin-connection
one-form w“b), the SU(2) doublet of gravitino one-forms lpA, P4 (A = 1,2, with the
upper and lower indices respectively denoting right and left chirality, i.e. y5¢4 =
—v5%p? = 1), and the graviphoton one-form AY;

2. ny vector supermultiplets
(AI,AZ'A,X"A,ZZ') ) (4.0.2)

each containing a gauge boson one-form Al (I = 1,...,ny), a doublet of gauginos

(zero-form spinors) AiA,Xi‘, and a complex scalar field (zero-form) Z(i=1,..,ny).
The scalar fields z' can be regarded as arbitrary coordinates on a complex manifold
M, (dimc My, = ny), which is actually a special Kdhler manifold;

3. ny hypermultiplets
(Car 8% 0"), (4.0.3)

each formed by a doublet of zero-form spinors, that is the hyperinos {4, (* (¢ =
1,...,2np), and four real scalar fields g% (u = 1, ...,4np), which can be considered as
arbitrary coordinates of a quaternionic manifold Q;,, (dimr Qu,, = 4ng).

63
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In this Section we will sketch the formulation of the N’ = 2, d = 4 SUGRA cou-
pled to ny Abelian vector multiplets in presence of electric and magnetic charges,
i.e. of the so-called N' = 2, d = 4 ny-fold Maxwell Einstein Supergravity Theory.
We will then show how the Attraction Mechanism explicitly works, in relation to
the special Kéhler geometry of the manifold M,,,, of the scalars z'’s from the Abelian
vector supermultiplets, finally specializing the AE for such a frameworkﬂ

'Here we will not deal with the ny hypermultiplets. Indeed, in the N' = 2, d = 4 ny-fold
Maxwell Einstein Supergravity Theory the symplectic special Kdhler geometry is completely deter-
mined by the ny complex scalar fields coming from the considered ny Abelian vector supermulti-
plets.

Such a fact may be understood by looking at the transformation properties of the Fermi fields:
the hyperinos (4, (*’s transform independently of the vector fields, whereas the gauginos’ SUSY
transformations depend on the Maxwell vector fields.

Consequently, the contribution of the hypermultiplets may be dynamically decoupled from the
rest of the physical system. Thus, it is also completely independent of the evolution dynamics of the
complex scalars z'’s coming from the vector multiplets (i.e. from the evolution flow in the moduli
space M, ).

Disregarding for simplicity’s sake the fermionic and gauging terms, the SUSY transformations of
hyperinos (see Eq. further below) read

80 = iUy uq" Y ehe apCop. (%)

Eq. (**) does not constrain the asymptotical configurations of the quaternionic scalars of the hyper-
multiplets, which therefore may continuously vary in the manifold @, of the related quaternionic
non-linear sigma model.

In the gauged N -extended SUGRA (generally corresponding to asymptotically non-flat back-
grounds), and consequently also in the N' = 2, d = 4, (ny,ny)-fold gauged Maxwell Einstein
Supergravity Theory, the situation is much more complicated.

Of course, the geometry of the scalar sigma models remains the same, since it is completely fixed by
the internal metric structure of the kinetic terms of the scalars. For a generic value of (ny,nyg) € INZ,
it is given by the direct product

M?’l\/ X Q?’lH

of the special Kdhler-Hodge manifold of the complex scalars from the Maxwell vector supermulti-
plets and of the quaternionic manifold of the scalar fields from the hypermultiplets, respectively.

But, unlike the “ungauged”, asymptotically flat case which will be treated in the following pages,
some interaction terms between the above two different sets of scalars will arise in the bosonic part
of the gauged SUGRA Lagrangian. Such terms are generated by the Killing vectors coming from the
introduction of covariant derivatives w.r.t. the gauging of (some of) the isometries of Q,,,, and they
do not allow one to dynamically decouple the hypermultiplets any more.
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4.1 Special Kihler-Hodge Geometry and the Symplec-
tic structure of Moduli Space

Let us start by considering the moduli space M,, of the N' = 2, d = 4 ny-fold
Maxwell Einstein Supergravity Theory; it is a complex ny-dim. manifold having
the ny scalar complex fields zt (i = 1,...,ny) as local coordinates; such fields come
from the vector multiplets coupling to N' = 2, d = 4 SUGRA.

The key feature is that M, is a Kdhler-Hodge manifold with special Kdhler
structure, i.e. a ny-dim. special Kdhler-Hodge manifold with symplectic structure.

Firstly, M,,, is a Kdhler manifold, i.e. a complex Hermitian manifold with the
metric

G;i (2,2) = 09K (z,2), (4.1.1)

where K (z,Z) is the so-called (real) “Kdhler potential” scalar function. The Her-

miticity of the metric directly follows from the reality of K (and from the fact that

such a function is assumed to satisfy the Schwarz Lemma about partial derivatives
on My,)

G = a;aiK = dj0;K = 9;0;K = Gjj- (4.1.2)

Secondly, since My, is a special Kidhler manifold, its Riemann-Christoffel curva-
ture tensor satisfies the so-called “special Kdhler geometry (SKG) constraints”

Ri = GiGyg + GGy — CirpCiipG'P. (4.13)
where Cjj is the rank-3, completely symmetric, Kahler-covariantly holomorphic
tensor of SKG

Cijk = Cijry;
(4.1.4)
D;Cij = 0.
It is also immediate to show that [56]
D;Cyix =0, (4.1.5)

where square brackets denote antisymmetrization w.r.t. the enclosed indices. In-
deed, the (differential) Bianchi identities for the Riemann-Christoffel tensor read

DR, 0; (4.1.6)

kip —
by using the SKG constraints (7.2.1.39) and recalling the Kéhler-covariant holomor-
phicity of Cjj (chijk = 0) and the validity of the Metric Postulate in M,,,, (Dng =
0), one immediately gets

(D[ZCi]jn) CinG™ =0, (4.1.7)
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and Eq. (#.1.5) follows from the observation that Eq. (4.1.7) holds for any (non-

vanishing) Cp; = EEWG”H.

Since in a (commutative) Kdhler manifold the completely covariant Riemann-
Christoffel tensor R -

ijlm

may be rewritten asﬁ
the SKG constraints (7.2.1.39) may be reformulated as follows:

el <57578m1<) 0i0rdK + 30,0 K =
(4.1.9)
= (5;81]() giakK + (57811() gjakK — Cikpéﬁﬁcpp}
)
" [(339nK) (3:394K) — CitnCis] =
(4.1.10)
= 0;9,0:0,K — <§7ai1<> 970K — <§Tail<> 9:0kK;

0

il

- @aiK) 9K + (éjaiK) 99K+

—~30:0:0K + G (éjéjamK> (aiéﬁak@ )

4.1.11)

where, as usual, the contravariant and covariant metric tensors are related by the
orthonormality condition . .
GUGZ; = G”a]falK = 0. (4.1.12)

Thirdly, since M, is a Kdhler-Hodge manifold, it admits a U(1) line (Hodge)

21t should also be recalled that in a Kihlerian manifold the (completely covariant) Riemann-
Christoffel tensor, as well as its contractions R;; and R and the (completely covariant) Weyl conformal
curvature tensor Cz‘]kff are all real [37]
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bundle ¥, whose first Chern class coincides with the Kahler class of M,
c1[S] =K [Mpy,]. (4.1.13)
Such a property allows one to locally write the U(1) connection Q as
Q= —é [(aiK) dzt — (5;1() dﬂ . (4.1.14)
Let us now consider a Kdhler transformation
K(z,zZ) — K(z,2) + f(2) + f(2), (4.1.15)

where f is an arbitrary holomorphic function. Clearly, due to definition (.1.1), such
a transformation does not affect the Kéahler metric structure, and thus it actually
expresses an intrinsic gauge metric degree of freedom of the considered manifold.
Consequently, beside the usual Hermitian covariance, one will have to take it into
account when writing down the Kahler-covariant derivatives of any tensor quan-
tity. In a general (commutative) Kahler geometry, a generic vector V' which under

transforms as
VieD) —ep {3 [pf@ + 7@ VD, ppeR, @l

is said to have Kéhler weight (p,P). Its Kahler-covariant derivatives are defined
as follows:

DV (z,z) =9V (2,2) + l"jki (z,2) V¥ (2,2) + § (0)K (2,2)) V' (2,2);

DV (z,2) =3V (z,2) + § (3K (2,2)) VI (z.2),

(4.1.17)

where I ]-ki (z,Z) denotes the symmetric connection given by the Christoffel symbols
of the second kind of the Kahler metric

riz2) = {i} 22 =6"(z29Gy (72 =

= G"(2,2)9,004K (2,2) = T jf) (2.7). (4.1.18)
The Kéahler transformation property (4.1.16) may be rewritten as follows:

Vi(e0) — exp {3 (D) Re (F2) fexp { =5 (= P) m (F2) |V (2.9)
(4.1.19)

3The Kahler weights are real. Notice that p is not the complex conjugate of the holomorphic
Kéhler weight p, but it rather simply stands for the anti-holomorphic Kahler weight.
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it is then immediate to realize that a generic Kédhler transformation may always
be decomposed in a U(1) phase transformation (singled out by p = —p) and in
a proper Kihler transformation (singled out by p = p). Due to the reality of the
Kéhler weights, the complex conjugation of Eq. yields

V (22) - ep{ = [+ @]}V 22), 4120)

and thus one gets that the complex conjugation simply exchanges the Kéhler weights:
if V' has Kéhler weights (p,7), then V' has Kahler weights (7, p).

Since we are considering a U(1) line bundle & over the moduli space My, only
the quantities with Kahler weights constrained by p = —p will properly belong
to the related U(1) ring. Clearly, real or (anti)holomorphic quantities will not be-
long to such a U(1) ring, unless they are Kdhler gauge-invariant, i.e. they have
(p,7) = (0,0). An example of tensor belonging to the U(1) ring is the completely
symmetric, Kahler-covariantly holomorphic rank-3 tensor C;j (z,z), having Kah-
ler weights (2,-2); as a consequence of the general formulae , its Kdhler-
covariant derivatives read

( DiCijk (z,2) =
= alCi]'k (Z,Z) — l"l;” (Z,Z) Cm]k (Z,Z) — Fl;ﬂ (Z,Z) Cimk (Z,Z) +

—I'i (2,2) Cijm (2,2) + (9K (2,2)) Cijx (2,Z) ;

DiCii (2,2) = 9,Cijk (2,2) — (571< (z, z)) Cijk (2,2) = 0.

\

(4.1.21)
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Therefore, the integrability condition (4.1.5) may be rewritten as follows:

(4.1.22)
i
) (aléEajK) Cin — (aiégajk) Crot
91Cij — 9;Crjx — G™™*
+ (alagakk) Ciju — (aiaEakK) Cljm
+ (1K) Cij — (9iK) Cyjp = 0.
(4.1.23)

A more intrinsic characterization of M,,,, which makes its Sp (2ny + 2)-covariance
manifest, is the following one.

Let us start by defining the (Kdhler-covariantly holomorphic with Kdhler weights
(1, —1)) symplectic sections of the Hodge bundle & on M, (A =0,1, ..., ny)
LA (z,2) L
V(z,z) = , with D;V = (ai — Eag) V =0. (4.1.24)
My (z,2)
Notice that such sections may be arranged in a Sp (2ny + 2)-covariant vector V. By
defining a scalar product in the related representation space using the (2ny + 2)-

(0 -1
e:(l . ) (4.1.25)

(I stands for the (ny + 1)-dim. identity), the symplectic sections may be normalized

dim. symplectic metric

as follows:
(V,V) = VTeV = T"My — ML = —i. (4.1.26)

Therefore, it is natural to introduce the (2ny + 2)-dim. vector of the holomorphic
Kahler-covariant derivatives of the sectionsd of &

1 LA A
i = DiV = ai —al'K = ! ; 4.1.27

4In general, fiA and h;, are functions defined in M,,,,, with a local index i and a global index A.
As the n-bein allows one to transform local Poincaré-covariant indices in global diffeomorphism-

covariant indices (and viceversa), similarly such quantities allow one to switch between global
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consequently, the Kihler-covariant holomorphicity of V implies U; = D;V = 0 =
U; = D;V. It may be then shown that in SKG

DU; = iCyuG*UL, (4.1.28)

DiU; = GﬁV; (4.1.29)

here C;jx may be defined to be the (2, —2)-Kéhler-weighted section of (T*)® © 2,
totally symmetric in its indices and Ké&hler-covariantly holomorphicﬂ In [36] it was
shown that Eqs. (7.2.1.34)-(4.1.29) (with the properties and the constraints
(7.2.1.39) - or equivalently the integrability condition for Cjj) define a flat
symplectic connection; thus, the symplectic-covariant derivatives always coincide

with the ordinary, flat derivatives.

It is worth mentioning that, while Eq. (7.2.1.38) is typical of SKG, Eq. (4.1.29)

holds in contexts more general than SKG. To clarify such a point, let us derive it, by
considering, without any loss of generality, the section L*. As stated above, this is
a Kéhler-covariantly holomorphic symplectic section with Kéhler weights (1, —1);
thus, it holds that

— —A 1 = 1 /= —A
DDL" = (ai—i(aiK)> (a].+§ <ajK>) =
==A 1/ = N=A 1/= —A
= 9L+ (aiajk) "+ (87K> L™ +
1 ==A 1 =\ =A
—5 (BiK)IL" = 7 (3,K) (a]—.K> L (4.1.30)
now, by recalling Eq. and using the fact that the K&hler-covariant holomor-
phicity of L” implies
A 1 —A
oL =5 (KL, (4.1.31)

Sp (2ny + 2)-covariant indices and local indices in the Kdhler-Hodge manifold M, associated to
the non-linear o-model of the complex scalars coming from the ny, considered vector multiplets.

It is also worth noticing that, in the particular cases in which such a manifold is a symmetric space
of the kind G/H (as it happens for all N' > 3, d = 4 SUGRAs, and in particular for the maximal
N =8, d = 4 SUGRA with non-compact E; (7 symmetry: see Subsect. 6.2), the functions fA and hip
are nothing but the representative cosets of such a space.

5In an alternative defining approach, Egs. (]7.2.1.34]), (]4.1.27]), (]7.2.1.38]) and (]4.1.29]) may be also
considered as the fundamental differential constraints defining the local special Kdhler geometry of
M,,. Indeed, it may be shown that they yield the SKG constraints (see e.g. [38]). For a
thorough analysis of the various approaches to the definitions of (global and local) SKG, see e.g. [40]
and [41]].
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one gets

— —A 1 —A 1 = =A

. A s . . . . .
since L' satisfies the Schwarz lemma on (flat) partial derivatives in M, by reusing

Eq. (4.1.31), this implies

DiﬁjiA - GﬁEA. (4.1.33)

By repeating the same procedure for M, one obtains the result , which there-
fore relies only on the Kahler-covariant holomorphicity of the vector V with Kahler
weights (1, —1) (and, rigorously, on the commutation of flat partial derivatives act-
ing on K and V).

The SG constraints (7.2.1.39) (or (4.1.9)-(4.1.10)) may be solved by formulating

the following fundamental Ansétze:
Ma (2,2Z) = Nax(z,2)L*(z,2), (4.1.34)

hin (z,2) = Nax(z,2) f7(2,2). (4.1.35)

where N,y is a complex symmetric matrix. Such Ansétze are the fundamental rela-
tions on which the symplectic special Kihler geometry of the N’ = 2, d = 4 ny-fold
Maxwell Einstein Supergravity Theory is founded. They express the Sp(2ny + 2)
symmetry acting on the special Kdhler geometry of the moduli space M, .

By conjugating Eq. (4.1.34), the symmetry of My, and the conditions of normal-
ization of sections given by Eq. (4.1.26) imply

—i=(V,V) = T"My — MpL? =
= I Npsl®E — NpsLT LA =
= (NAZ - NAz) LAZZ =2ilm (NAZ) LAZZ,'
)
1

Im (Nag) LAT™ = - (4.1.36)

Thence, by using Eqs. (#.1.26), (7.2.1.38), (4.1.29), (#.1.34) and (4.1.35), it may be
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explicitly calculated that
(L{(V, ;) =0< (V,U;) =0;

II.Gs = —i <ul-,U]f.>; (4.1.37)

| 1. Cijp = (D;U;, Uy) .

Notice that the first result, i.e. (V,U;) = 0, is trivial because U; = D;V = 0 by
construction.

Moreover, it can also be proved that
(V,Uj) =0« (V,U;) = 0. (4.1.38)

Indeed, by exploiting the distributivity of the Kdhler-covariant derivative w.r.t. the
symplectic scalar product (-, -) and the Kéahler-covariant holomorphicity of V, and

using Eq. (7.2.1.38), one gets
D; (V,U;) = (D;V,U;) + (V,D;U;) = iC;u.G* (V, 1) . (4.1.39)
Now, by also recalling the normalization (4.1.26), it holds that
0=D;(V,V) =(D;V,V)+(V,D;V) = (U;, V) = —(V,U;). (4.1.40)
By substituting such a result back into Eq. (4.1.39), one gets

Cix (2,2) G (2,2) (V (2,2),U; (2,2)) = 0, ¥ (2,Z) € My,

Uz
0
—

(V,T;) = 0 <= (V,U;) = 0, (4.1.41)

g.ed. .

Moreover, it is straightforward to calculate

— — = —A
(V,U;) VIel; = —L%;, + Mpf; =

= —LANAsfF + NasL=fA =0, (4.1.42)

where in the second line we used the Ansétze (4.1.34) and (4.1.35) and the symme-
try of Mpy. Summarizing, in the SKG framework the vector V is symplectically
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orthogonal to all its Kdhler-covariant derivatives

[ (V,U;) =0;
(v u) =0,
(4.1.43)
<V, U1> = 0,'
\ <V’ Uf> =0.
Notice that Eq. (7.2.1.38) and the last relation of Eq. (4.1.43) yield
(V,DiU;) = (V,DiD;V) = iCijka% (V,DfV) = 0. (4.1.44)

By applying the Kéahler-covariant holomorphic derivative to (V,U;) = 0 and

using Eqgs. (4.1.26) and (4.1.29), it is immediate to prove the result II of Eq. (4.1.37);
indeed

0 = D;(V,U;) =D;j(V,D;V) = (D;V,D;V) +(V,D;D;V) =
= (DjV,D;V) +G;(V,V) <= (D;V,D;V) = iG. (4.1.45)

Now, by complex conjugating the Ansatz (4.1.34) and considering the Ansatz

(4.1.35), one gets
Ma = NaxL%,
(4.1.46)
hin = N asfF.

It then appears natural to define some square matrices with (ny + 1)2 complex en-
tries, corresponding to completing the (ny + 1) x ny complex matrices f* and hjp
to a square form as follows:

= (f;\,f"), hin = (hin, Ma) ; (4.1.47)

consequently, Ny, may be written as

Nas, = hip (f1>1 : (4.1.48)

p

Itis clear that Eq. (4.1.48), through the definitions given by Eq. (4.1.47), is completely
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equivalent to the set of Ansétze (4.1.34) and (4.1.35)

M (z,2Z) = Nax (2,2) L* (z,2),

_ _ N\ _. Egq. B1.47)

Nas (z,Z) = hia(z2) <f 1>Z (z,2) 7 8LY
hiA (Z,Z) = NAZ (Z,Z) le (Z,Z) .

(4.1.49)

Moreover, by Kahler-covariantly differentiating Eq. (4.1.34) and using Eq. (4.1.35)
and (7.2.1.34), we may obtain the following results:

(NMaz —Naz) f7 = — (DiNaz) L™ (4.1.50)

(D;Ns) L* = 0. (4.1.51)

Clearly, the very definition of Ny, by Eq. #.1.34) implies that such a matrix has van-
ishing Kéhler weights, because M, and L” are components of the same (2ny + 2)-
tet in the vector representation of the symplectic group Sp(2ny + 2). If Npy were
not Kahler gauge-invariant, it would violate the symplectic inner structure of the
special Kihler-Hodge geometry of M,,, (such a feature of N,y is clear also by look-

ing at Eq. (4.1.36), by simply noticing that a quantity and its complex conjugate have
always opposite Kadhler weights: see Eqs. (4.1.16)) and (4.1.20)).

Therefore, Eqs. (4.1.50) and (4.1.51) may actually be rewritten as follows:
(Maz — Nag) fF = — (0iNaz) L*

)
2i (Im (N)) ps f7 = — (3:iNaz) L% (4.1.52)

(&NAZ) LT =o. (4.1.53)

It is worth mentioning that Eq. (4.1.53) does not imply the holomorphicity of Ny,
as it will be clear further below.

Now, due to the Kihler-covariant holomorphicity of the sections L’s and M’s
of the Hodge bundle & over M,,,, we may define some symplectic-indexed holo-
morphic functions X (z) and F, (z) in the moduli space M,,, by using the related
Kéhler potential

LA (z,Z) = exp (%K (z,Z)) XA (z);
(4.1.54)
My (z,2) = exp (%K (z,Z)) Fa (z);
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we may then arrange them in the holomorphic (2ny + 2)-dim. symplectic vector

d(z) = = exp (—%K(Z,E)) Vi(z,z). (4.1.55)

It is also easy to realize that Egs. define nothing but sections of an holomor-
phic line bundle over M, and all previous formulae may be rewritten in terms of
such sections. First of all, we may obtain a simple symplectic-invariant expression
of the Kahler potential in the moduli space by recalling the normalization of the

sections given by Eq. (4.1.26)

—i=(V,V) =exp(K(z,2)) (P (z),®D(2)) (4.1.56)

- N (Xe
= —In i(XA(Z), PA@))(E 011) _ N
_ Fu ()
| (4.1.57)
—FA (2)
= —In i( XA (z), Fal(z) ) B
_ X" (2)

exp[—K(z,2)] =i [X (Z) Fa (z) — X* (2) Ea (z)] . (4.1.58)
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Eq. (4.1.55) trivially yields

(0:K) X* (z) + 9; X" (2)
Ui (z,2)) = exp (3K (2,2)) :
(9iK) Fa (2) + 9iFA (2)
(4.1.59)

and therefore, using Eq. (4.1.41), we get that

(V,U;) = 0 & XD (2) 9iFa (2) — (aixA (z)) Fa(z) =0, Vi=1,..,ny. (4.1.60)

Notice that the symplectic holomorphic vector & has Kahler weights (2,0), i.e.
under a Kdhler gauge transformation it transforms as ® (z) — @ (z) e /(2.
This is clearly due to the fact that the symplectic holomorphic sections X (z) and
FA (z) have Kéhler weights (2,0), and therefore under a Kéhler gauge transforma-
tion they respectively transform as

XA (z) — e fEXA (2);
(4.1.61)
Fp (z) — e fF, (2).

Thus, X” (z) and F4 (z) may be considered as symplectic sections of the holomor-
phic line bundle over M,,. Due to its Kahler transformation properties (4.1.61),
the set {X*} A=0,1,.,n, May be regarded, at least locally, as a set of homogeneous
coordinates in the Kdhler-Hodge manifold M, provided that the ny x ny holo-
morphic matrix of change between the Kédhler gauge-invariant sets of coordinates

==1,...,

{t"(2) Yoz, = {§Z 8 }a_l o (4.1.62)
ie.
ef (z) =9, (; g) , (4.1.63)

is invertible.
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If, as we suppose, this is the case, then
Fan(z) = FA (z (X)) = FA (X). (4.1.64)
By using the relation and the homogeneity of degree 1 of Fy (X)
X*95.Fp = Fu (4.1.65)

(where 9y = 9/0X%), it is thus possible to state that a symplectic coordinate frame
{X"} always exists such that F (X) may be written in terms of a scalar potential F,
holomorphic and homogeneous of degree 2 in the X**'s

Fa (X) = 95F(X),
(4.1.66)
X*9yF = 2F.

The function F(X) = F(X (z)) is the (holomorphic) prepotential of vector multiplet
couplings ([39], [42], [43], [44]) in the considered N' = 2 (d = 4) Maxwell Einstein
Supergravity Theory. Due to the additivity of the Kéhler weights, by definition the
prepotential F has Kahler weights (4, 0).

From the definition it follows that the t*’s are Kédhler gauge-invariant
coordinates, i.e. they have Kahler weights (0,0). It is also possible to choose a
particular set of homogeneous coordinates in M;,,, named “special coordinates”
([45], [46], [47], [36], [48]), corresponding to the position

X% (z
ef (z) =0 <—X0 8) =4, (4.1.67)
i.e. to
X' =1;
—  f) =D = 3KDxN = 3K
X =t =7

(4.1.68)

By such considerations, it is then clear that the coordinates z'’s and Z'’s and the
related partial differential operators 9;’s and ;s have vanishing Kahler weights.

By using the definitions (4.1.54), the lower-boundedness of the Kahler potential
allows one to rewrite Eq. (4.1.53) as follows:

(&NAZ> XT = 0. (4.1.69)
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By considering the set of local homogenous coordinates {t*(z)}

a=1,..ny previously

defined, the above result may be recast in the following form:

[%NAZ (z, z)} X% (z) = 0

5[(§_) (z)} L&)NAZ (X,%)| X==0
T
& (z) L(%)NAZ (X, X)| XX =0,

(4.1.70)

where in the last line we introduced ¢ (z) = ¢ (z). By specializing Eq. (4.1.70) to

“special coordinates”, we may rewrite it as

9

2 Ao (X, X) + | —Nyj (X, X)| X/ =0. (4.1.71)
X'

X'

Thus, provided that the matrix ef exists (and it is invertible), due to the generally
non-trivial dependence of My on the (eventually “special”) homogenous coordi-
nates of M, it is clear that

(E;NAZ> [X =0 0:Npg =0, 4.1.72)

as previously pointed out.

At this point, in order to investigate more in depth the differential properties
of the complex symmetric matrix Ny, let us consider the non-trivial orthogonal
relation given by Eq. (4.1.41), and let us use the Ansitze (4.1.34) and (4.1.35)

0= (V,u;) = Vel

0

MpfP — Lhip = 2i (Im (N)) px LA f7 = 0. (4.1.73)

Thence, Egs. (4.1.52) and (4.1.73) imply (for lower-bounded Kéhler potential)

(3iNax) LALY = 0 & (9:Npy) X2 XT = 0. (4.1.74)
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It is interesting to notice that, despite the symmetry of 9;\5y and X*X* in the
symplectic indices, the dipendence of Ny, on the X’s is such to make the product
(0;Nax) X2 X* vanish. Thus, the differential properties of A/ may be summarized
as follows:
<§7NA2> XZ =0;
(4.1.75)
(0:Naz) XAXE = 0.

It should also be noticed that under coordinate transformations the holomorphic
symplectic vector of sections & (z) transforms as

P (2) = e fsBS(2)® (2), (4.1.76)

where the holomorphic (2ny +2) x (2ny + 2) matrix S(z) has a symplectic real
structure, i.e. itis an element of Sp(2ny + 2, R), preserving the (2ny + 2)-dim. sym-
plectic metric defined in Eq. ; the S-dependent factor e~/s(?) corresponds to
(an holomorphic) Kdhler transformation. We may naturally divide S(z) in (ny 4 1)-
dim. sub-blocks

S(z) = . (4.1.77)
C(z)  D(z)
The symplecticity condition ST (z)eS(z) = e then implies the following relations
among the sub-blocks:
ATD-CTB =1,
(4.1.78)
ATC—-CTA=B"D-D'B=0.

Now, by differentiating both sides of the degree 2 homogeneity property of F (X)
(with Kdhler weights (4,0))

1
F(X) = EXAFA, (4.1.79)
we trivially reobtain that F5 (having Kahler weights (2,0)) is homogeneous of de-
gree 1 in the X*’s (see Eq. (4.1.65))
E = X2Fas, (4.1.80)
9°F

aXAoXxE’
denoted with F (z) in symplectic matrix notationﬂ By iterating the differentiation,

where we defined the Kihler gauge-invariant rank-2 symmetric tensor Foy, =

6 Attention should be paid to carefully distinguish between:
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we get
XMFasz =0, (4.1.81)

simply meaning that the completely symmetric, rank-3 symplectic tensor Faorz =
a){,\gzﬁ is homogeneous of degree 0 in the coordinates X**’s; moreover, by a sim-
ple counting, such a tensor turns out to have Kahler weights (—2,0).

By recalling the definitions (4.1.27) and (4.1.54), the Kdhler covariant derivatives

of Fpy read

aFAZ (Z) = BFAZ (Z)
DiFAZ = az'FAZ = —Bzi = DZX (Z) —aXE‘ =
z = oF %) (8 —
= e_%K(Z’Z)Dl‘L“ (Z,Z) é\%g(Z) = e_%K(Z’Z)fi"‘ (Z,Z) FAZE (Z) .
(4.1.82)
Consequently, by using such a result we may write
hin = D;,Mp = E%KDZ'FA = e%KDi (XZFAZ) =

= 2K (Dixz) Faz + e2KXEDiFpy = (DiLZ> Fas + fiX*Fazz =

= Fasf?.
(4.1.83)

By recalling the Ansatz (4.1.35), we thus obtain that the two following formulae are
equivalent:

hin = Nasfi (4.1.84)

hin = FaxfF. (4.1.85)

Nevertheless, it is worth pointing out that, whereas Eq. (4.1.84) always holds, Eq.
(4.1.85) is meaningful only in the cases in which the prepotential F may be definedﬂ

1) the quantities F, Fp, Fay = a}("j\zﬁ =F
and
2) the quantities F A FHA FA and * FA, which are related to the Abelian vector field strengths in
the N = 2, d = 4 ny-fold Maxwell Einstein Supergravity Theory; they will be introduced in Subsect.
3.2.
"For a discussion of some relevant cases in which F does not exist (such as the low energy effec-
tive action of A/ = 2 heterotic string theory), see e.g. [38].
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Now, by using the definition (4.1.27) and Egs. (4.1.82) and (4.1.83), from the third
of Egs. (4.1.37) we get

Cijk = <Diu]', uk> = (Din)TeLIk =

D, LA
0—11) k

= ( DiDjLA, DiD]‘MA > ( I 0

DiMp

—DMp
= (DDA, DiDM, ) =
D LA

= — (D,D]-LA> DMy + (D;D;My) Dy =

= —HADif} + fEDiin = N asfEDif + 2D (N afF) =
= —NasfeDif + f& (DiN as) fF + fON asDifF =

= fi 0N az) fi = fit (0iFaz) f} =

_l = _l o
= e NP fFase = e 2N fA T fi Fasa, (4.1.86)

where we also used the Kéhler gauge-invariance of the complex matrix My and
the symmetry of the tensor C;j. The symplectic-invariant and Kéhler-covariant ex-
pression for C;jx may be further elaborated (at the price of losing the manifest
Kihler covariance) by expliciting the Kihler-covariant derivative encoded in f* and

using Eq. (4.1.81)

Cijx = e_%KszijkaFAZE — ¢ 3K (DiLA> <DjLZ> (DkLE> Fpasz =
— oK (DiXA> (Dsz) (DkXE) Frgz =
— K [aiXA + (3;K) XA] {a,-xz + (9jK) XE] {akxE + (%K) X:} Frss =

— K (8,-XA> (8]-XZ) (akXE) Fasz. (4.1.87)

By further specializing such a result in the symplectic frame (4.1.68) of “special co-
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K(SzA’

ordinates”, for which f/ = ez one finally gets (see also Eq. (4.1.62))

Cijk = €K(51-A5]-2(5}(EFA):E (t) = €KFijk (t) = eKaia]’akF (i’) ,
(4.1.88)

which is symplectic-invariant, but manifestly Kdhler-non-covariant.

It is easy to see that, in the case in which the prepotential F exists, the symplectic-
orthogonality relation between the Sp (2ny + 2)-covariant vectors V and U;
reduces to nothing but an integrability condition in the “special coordinates”
of My, In order to show this, let us firstly explicit the relation (4.1.41), by writing

TA
0 —I DiL
I 0

0 = (V,u;) = viel; = ( LA, My ) (
D;Mx

—D;Mx
= (1% My ) = MAD;L® — LAD;Mj =
D,LA

= K (XADiFA — FADiXA> =
= _.K {XA [0;FA + (9;K) FA] — Fa [aiXA + (9iK) XA] } -
= K (XAaiPA — FAaz‘XA> =" [ai (XAFA> B 2FAaiXA} B

— oK [a,- (XAFA) _ 2al-F] — Ko, (XAFA - 2F) . (4.1.89)

If we now specify the result (4.1.89) to the “special coordinates” (4.1.68)) and recall
the property (4.1.81) of homogeneity of degree 0 of the function Fpyz, we get

(V,U;) = 0 <= 9,F — X/0;0,F = 0;
Y
9k0;F — 0;0kF — X/940;0,F = 0;

(i
Ak0;F (£) = 3;9¢F (1), V (i,k) € {1,...,ny}?, (4.1.90)

which is satisfied iff the function F (t) satisfies the Schwarz Lemma on partial deriva-
tives, i.e. if it is integrable in the “special coordinates” of M. Thus, we may say
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that, whenever the prepotential F exists, its generalized, symplectic-invariant inte-
grability condition in the moduli space M, is given by the orthogonality relation
(V,U;) =0.

Now, by recalling Eqs. {#.1.76)-(4.1.78) and using the relation (4.1.79), we may
rewrite the transformation law of X** and F (X) under symplectic transformations

(disregarding the Kdhler transformation factors) respectively as follows:
X(z)=[A(z)+B(z) F(2)] X(2); (4.1.91)
F (5&) — F((A+BF)X) = 1XAF, =

= [F(X) + X" (CTB)} Fx + 3 XA (CTA) \x X= + Fx (DTB) " Fy |
(4.1.92)

Analogously, by using the Ansatz (4.1.34), the transformation property (4.1.76) yields

the following transformation law for the matrix \V:
Nz (X,F) = (C+DN (X, F)) (A+BN (X,F)) . (4.1.93)

Eq. (4.1.91) shows that the transformation X — X can eventually be singular, thus

implying the non existence of the prepotential F (X), depending on the choice of
the symplectic gauge ([49], [38]). On the other hand, some physically interesting
cases, such as the N' = 2 — N = 0 SUSY breaking [50], correspond to situations
in which F (X) does not exist. Therefore, the tensor calculus constructions of the
N = 2 theories actually turn out to be not completely general, because they use
special coordinates from the very beginning, and they are essentially founded on
the existence of the prepotential F (X).

By considering the low-energy N' = 2, d = 4 Maxwell Einstein Supergrav-
ity Theory Lagrangian density, we may observe that Im (N,y) and Re (Npyx) are
respectively related to the kinetic and topological terms F? and FF of the (field
strenghts of the) Maxwell vector fields; for this reason, usually the matrix Ny is re-
ferred to as the “kinetic matrix” of the N' = 2, d = 4 Maxwell Einstein Supergravity
Theory.

Furthermore, from the Ansatz (4.1.35) and the second result of (4.1.37) we obtain
an interesting relation, relating the metric G;; of the Kédhler-Hodge manifold My, to
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the symplectic vector functions fiA and h; through Im (Ny)

G; = —i<ui,Uj> = —iUel, =

= [— (DiLA> NAZEjZZ +Nas (DiLZ> _'_A] -

= 2Im (Nys) (DiLA> D.L" = —2Im (Nax) fAF5 - (4.1.94)

Whenever the prepotential F may be defined, by using Eq. (4.1.85) it may be analo-
gously obtained that

G;; = 2Im (Faz) fiAf? : (4.1.95)

As previously noticed, the function fiA, endowed with a local index in the SKG of
M, and with a global index in Sp(2ny + 2) (symplectic symmetry), plays a key role
in intertwining such two different levels of symmetry, revealing the inner special
Kihler-Hodge symplectic structure of the N’ = 2, d = 4 Maxwell Einstein Super-
gravity Theory.

In regular SKG, the Kéhler metric Gj; is (strictly) positive definite in all M,,,.
By using Eq. (4.1.94), this implies the (strictly) negative definiteness of the real
(ny +1) x (ny + 1) matrix Im (Nax); a shorthand notation for such a condition,
encoding the regularity of the SKG of M,,,,, reads

Im (Nax) <0, (4.1.96)

which also follows from the position of such term in the low-energy N’ = 2 (d = 4)
Maxwell Einstein Supergravity Theory Lagrangian density.

At this point, whenever the Jacobian matrix ef (z) exists and is invertible, a num-
ber of useful formulae may be obtained, relating the two main symplectic matrices
introduced so far, i.e. the “kinetic”one (M,y) and the one given by the double sym-
plectic derivatives of the prepotential (Fpy, also denoted with F). The main result
i

Nas = Fas — 2iTpATs (LIm (F) L), (4.1.97)

8Provided that the holomorphic prepotential F (X) satisfies the Schwarz lemma in the moduli
space, the symmetry of the (ny + 1) X (ny + 1) complex matrix Ny is evident from Eq. (#.1.97),
which anyway holds true only whenever the holomorphic Jacobian matrix ef (z), defined by Eq.
(4.1.63), exists and is invertible.
In general, the fundamental Ansétze, expressed by Egs. and and formulated in
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where the symplectic vector T, is defined as follows:

)_A =2i(Im(N)L),, (4.1.98)

TAT® = —i; (4.1.99)

7

| 4LIm (F)L = (LIm(N)L)".

. . .. 1. 2
Now, instead of saturating the symplectic indices of the product f 5, as made
in (4.1.94) and 1 , we may instead saturate the K&hler ones, and the obvious
choice is to use G7; by doing this, we introduce the symplectic tensor

urs = Gy == (m(v)7)

where in the last passage we used Eqs. (4.1.37) and (4.1.94). Notice that in our
notation NA¥ is nothing but the inverse of Ny

AT _
~ThE (4.1.100)

NAENGA = 68, (4.1.101)

and moreover it holds that
AT TA

Nag = Nep = ((Im]\/)_l) - ((Imj\/)_l) . (4.1.102)
By considering Eqs. (4.1.94), (4.1.95) and (4.1.100), we finally get
A _
urs - 1 ((m (F) ) 4+ IAT" =
2
= TAGUTT. (4.1.103)

order to solve the so-called “Special Geometry constraints” given by Eq. (7.2.1.39), does not imply
the symmetry of Nx. Therefore, assuming such a property, which is then largely used, would seem
to imply some loss of generality.

Actually, also in the particular cases in which it is not possible to define a local system of homoge-
nous coordinates in the moduli space (i.e. when the matrix ef (z) does not exist or it is not invertible),
it may be shown that Eqs. and are always solved by a symmetric matrix Nay.

Thus,

Nas = Nsa

does not yield any loss of generality in the study of the symplectic special Kéhler structure (of the
moduli space) of the N = 2 (d = 4) ny-fold Maxwell Einstein Supergravity Theory.
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In the second line we defined the (ny + 1)-dim. square matrix
TA = (7/\, T = LA) (4.1.104)

and, similarly to what previously done for the f’s and h’s, we extended the Kdhler
metric to a (ny + 1)-dim. square form

Gll = (Gz‘j = Gil G0 —0,G" — _1) , (4.1.105)

Because of Eqs. (4.1.94), (4.1.95) and (4.1.96), we obtain that Im (F) is a (ny + 1)-
dim. square symplectic matrix, with ny positive and one negative eigenvalues. U”>

isa (ny + 1)-dim. square symplectic matrix, too, but instead it has rank ny because,
as it may be explicitly shown, it annihilates the Vectorﬂ Tx and its conjugate T

TAUME = UM Ty, = 0. (4.1.106)
From Eq. (4.1.103) we can further compute

[det (2Im (F))] " = det (uAE - LAIZ> , (4.1.107)

and using the (ny + 1)-dim. square matrices 7;* and G/, we obtain

det (2Im (F)) = —det ((317) \det (T)| 2. (4.1.108)
By means of simple properties of the determinants, such relations yield the follow-
ing result:
det (T) = exp [(nv +1) %K] (det (¢)) (XO)”V+1 (4.1.109)
4

+1
_0)"V , (4.1.110)

et (T)|* = exp [(ny + 1) K] |det (e) |2 <XOX

where det (e) is the determinant of the (ny + 1)-dim. square matrix defined in
(4.1.63), i.e. it is nothing but the Jacobian of the change of basis of coordinates

. %o
{Zl}i—l,...,nv — {t" (D) ozt = {XO 8 }QZLW (4.1.111)

in the Kédhler-Hodge moduli space M,,,, of the considered theory.

%In the next Subsection we will see that T, is nothing but the graviphoton projector in the N = 2,
d = 4 Maxwell Einstein Supergravity Theory.
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It then follows that ([40], [41]], [43], [44])
9;0;ln (det (Im (F))) = 8;0;n (det (Gy)) — (nv +1) Gy (4.1.112)

At this point, by using the SG constraints (7.2.1.39) satisfied by the RC tensor in the
moduli space, we may compute the corresponding Ricci tensor as follows:
— 1 ~_ ~ll~pp
Ri} = RiﬂiG = (1’1\/ + 1) sz — CﬂpCﬁﬁG GPP. (4.1.113)
By using Eq. (4.1.112), and recalling that on a Kdhler manifold the Ricci tensor can

always be written as [37]
Ri; = 9;05ln (det (Gyg)), (4.1.114)

we finally get

3;3:ln (det (ImF)) = —Cy,Csp; G GP. (4.1.115)

Notice that such a result generally characterizes every special Kdhler-Hodge sym-
plectic manifold which admits local coordinates defined by means of the (ratios of
the) sections of the related holomorphic line bundle, i.e. for which the (ny + 1)-dim.
square matrix defined in (4.1.63)) exists and it is invertible.

4.2 Electro Magnetic Duality, Central Charge and At-
tractor Mechanism : A Primer

In this Subsection we will briefly report how, in N’ = 2, d = 4 SUGRA coupled
with ny Abelian vector multiplets (and ny hypermultiplets), the phenomenon of
the doubling of preserved supersymmetries (and therefore of the restoration of max-
imal supersymmetry) occurs near the EH of the %-BPS stable soliton metric solution,
whose simplest example is represented by the previously considered extremal RN
BH. Furthermore, we will see the AM at work in the dynamical evolution of the
relevant set of scalars, i.e. in the on-shell dynamics of the manifold M, .

For simplicity’s sake, let us set the fermionic bilinears and the N/ = 2 gener-
alization of the Fayet-Iliopoulos term to zero (i.e. let us disregard the fermionic
contributions and the presence of supersymmetric gaugings). We may then write
the local supersymmetry transformations for the gravitino, for the gaugino and for
the hyperino in a manifestly symplectic covariant way as follows (see [34] and [35],
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where the complete, general SUGRA transformations may be found, too):
( (SIPAy = DysA + €AB€BTI;/’)/V,'

5)\1'14 — Z'EA’)"uayZi + €AB€Bf;4;’)/yV; (421)

L 0Cn = ieABSAufﬁ’)’yCaﬁayquz

where we recall once again that A'4, ¢ Au and {, respectively are the chiral gaugino,
gravitino and hyperino fields. Moreover, ¢4 and & respectively denote the chiral
and antichiral local supersymmetry parameters, and €2 is the SO(2) Ricci tensor

B = _eBA 2 = 7, (4.2.2)

i.e. the 2-dim. contravariant counterpart of the symplectic metric defined by Eq.
1} The moduli-dependent, symplectic-invariant quantities T;,, and .7-";,; re-
spectively are the (imaginary self-dual) graviphoton and vector field strenghts. For
what concerns the gravitino field ¢ 4,, apart from being a spinor-valued one-form on
space-time, it behaves as a section of the bundle & ® SU, where SU is an SU(2) prin-
cipal bundle on the quaternionic scalar manifold My, (dimrM,,, = 4npy) related to
the considered ny hypermultiplets. Consequently, the derivative D), appearing in
the first line of the transformations is the covariant derivative w.r.t. the (un-
gauged) U(1)-bundle S on M, (with connection Q given by Eq. (4.1.14)) and the
(ungauged) SU(2) principal bundle SU on M,,,, (with connection w*, where x is an
SU(2) index). In the formalism of forms, we thus have

1 . ,
Dey =dey — nyabw”b Neg+ %Q NeEa+ %wx (O’X)i N €, (4.2.3)
where d is the flat space-time differential, ™ is the spin-connection and ¢ denotes
the vector of Pauli matrices. Finally, UL and C,p respectively stand for the quater-
nionic Vielbein 1-form and the Sp(2ny)-invariant flat metric

Cup = —Cpo, C* = —1L (4.2.4)

In order to describe the restoration of the maximal supersymmetry of the metric
background of the N = 2, d = 4, ny-fold Maxwell Einstein Supergravity Theory, i.e.
the doubling of the number of preserved supersymmetries with respect to the four
ones preserved by the %-BPS stable solitonic solution represented by the extremal
(eventually RN) BH, we have to find solutions with unbroken N' = 2, d = 4 local
SUSY.
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In the present case, the relevant Killing spinor conditions to be solved are those
given by Egs. (4.2.1), with the r.h.s.’s set to zero, i.e.

Spay = SN = 60, = 0. (4.2.5)

I. The first solution to Eqs. (4.2.5) is the one corresponding to the standard flat
vacuum, which is the asymptotical limit (r — o0) of the spherically symmetric, static
extremal RN BH metric background. The corresponding unbroken, maximal N = 2,
d = 4 SUSY algebra is the N' = 2, d = 4 superPoincaré one (asymptotical rigid N = 2
SUsy).

Concerning the field content of the theory in such a case, the 4-d. metric is the
flat, Minkowski 7y, there are no vector fields, and all complex scalar fields in the
considered ny Abelian vector supermultiplets, as well as the quaternionic scalars in
the ny hypermultiplets, take arbitrary constant values

/

Suv = Nuv,

Tw=0=F,

(4.2.6)
0uz =0z =z, €C,

( 9uq" =0 q" =q5 € H.

zL, is an unconstrained scalar field configuration in the ny-dim. Kahler-Hodge com-
plex moduli space My, of the N = 2, d = 4, ny-fold Maxwell Einstein Supergravity
Theory. The positions do provide solutions for the unbroken N' = 2,d = 4
SUGRA Killing spinor equations with constant, unconstrained values of the SUSY
parameter ¢ 4, which therefore makes the local SUSY structure “rigid”, i.e. global.

Thus, the unbroken SUSY manifests itself in the fact that each non-vanishing
scalar field is the first component of a covariantly-constant ' = 2 superfield for the
vector and/or the hypermultiplet, but the supergravity superfield vanishes.

II. The second solution to Egs. is much more sophisticated; as we will
see by solving the related consistency conditions, it corresponds to the 4-d. BR met-
ric, which is the “near-Horizon” limit (r — r}) of the spherically symmetric, static
extremal RN BH metric background.

Firstly, it is possible to solve the Killing conditions for the gaugino and the hy-
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perino just by using a suitable part of the previous Ansétze (4.2.6), i.e.

(( Fp =0,
0,z =0z =z, € C, (4.2.7)
( 9uq" =0 q" =q5 € H.

Secondly, we observe that the Killing equation for the gravitino
51/)14” = DygA + €ABTP;/’)/V€B =0 (4.2.8)

is not gauge-invariant. Consequently, without loss of generality we may consider
variation of the gravitino field strength in a particular, suitable way, as shown in [11]
and [12].

For what concerns the s-t metric, we may consider the geometry of the back-
ground with vanishing Riemann-Christoffel intrinsic scalar curvature R, vanishing
Weyl tensor C,15 and covariantly constant graviphoton field strength T,

([ R=0,

Cuvas =0, (4.2.9)

| Dy <T;;,) — 0.

While the first solution had a vanishing supergravity superfield, it may be shown
that such a configuration corresponds to a covariantly constant superfield of N = 2,
d = 4, ny-fold Maxwell Einstein Supergravity Theory W, (x,0), whose first com-
ponent is given by a two-component graviphoton field strength Tp.

The phenomenon of the doubling of preserved supersymmetries near the EH of
the extremal RN BH may be qualitatively explained as follows.

It may be shown that the algebraic condition for the choice of broken versus un-
broken N' = 2, d = 4 local SUSY is given in terms of a combination of the Weyl
tensor and of the Riemann-covariant derivative of the graviphoton field strength.
However, by the set of Ansitze on the structure of the “near-Horizon” metric
background, both the Weyl tensor C;,,1s and the Riemann-covariant derivative of

the graviphoton field strength D, <T};,> separately vanish in proximity of the EH.
Thus, all supersymmetries are restored in this limit, and one gets a covariantly con-
stant superfield of N' = 2, d = 4, ny-fold Maxwell Einstein Supergravity Theory

Wocﬁ (X,G).
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Considering a generic configuration of such a theory, in which the supergravity
multiplet interacts with ny Abelian vector supermultiplets and ng hypermultiplets,
we obtain that, beside the N/ = 2 supergravity superfield W,g (x,6), we also have
covariantly-constant ' = 2 superfields, whose first component is given, similarly to
what happened for the first solution, by the scalars of the corresponding multiplets.

However, whereas the flat vacuum given by the first solution admitted any value
of the scalars, in the present case the non-trivial geometry of the metric background
(which will then reveal to be the 4-d. BR metriﬂ, defined by the positions ,
imposes two consistency conditions for this second solution, i.e.

1. The Riemann-Christoffel tensor must match the product of two graviphoton
tield strengths

Ruparp = TapTup- (4.2.10)

2. The vector field strength must vanish (as given by the first position of Ansétze

(4.2.7), too)
Fpy =0. (4.2.11)

Later on, we will analyze the consistency conditions and more
in depth. Now we move to deal with some noteworthy symplectic features of the
special geometry of the ny-dim. Kdhler-Hodge complex moduli space M, of such
a theory. The additional symplectic structure allows one to introduce a central ex-
tension operator (and the related Kdhler-covariant condensate) by purely geometric
reasonings and in a completely symplectic-invariant way.

Considering the low-energy effective action of the N' = 2, d = 4 Maxwell Ein-
stein Supergravity Theory, the Kidhler metric of M,,, appears in the kinetic term of
the complex scalars coming from the considered ny Maxwell vector multiplets; it
reads

Gz Zg" \/=g. (42.12)

As previously mentioned, the symmetric matrix Ny, appears in the vector part
of the action, which reads (setting the fermionic contributions to zero)

_2Im (f,;UAJT/ Azf—zw> — _2Im (f;vf\g ;”V> ) (4.2.13)

19Notice indeed that the conditions of vanishing Weyl tensor and zero (overall) scalar curvature,
respectively expressed by the second and first position of the Ansétze (4.2.9), are compatible with the
properties of the BR metric (see Section 1).
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where }—PE/A is the complex, imaginary self-dual Maxwell field strength (see below).
Instead, in general G is the Legendre transform of F

oL
SFul
As yielded by Eq. (4.2.13), in the symplectic structure of the N' = 2, d = 4 ny-
fold Maxwell Einstein Supergravity Theory, the above functional derivative may be

Gy =

(4.2.14)

equivalently re-expressed as the following linear combination:
Gy = NasF = (4.2.15)
F N is clearly moduli-independent
uF N=0=0;F"" (4.2.16)

Through the functional derivative of £ given by Eq. , instead G, depends on
the moduli purely through the matrix A/ 5y, which however, as previously pointed
out, has vanishing Kahler weights, because otherwise the Kahler structure of M,
would clash with the Sp(2ny + 2)-covariance of electric-magnetic duality of the
theory. In general, the differential properties of G, are the following:

DG, =0d:G, = (aNAZ) F = (Di-/T[AZ) FE 4o,

(4.2.17)

E;QX = ;QX = (5;./T/’Az> Fr= (E;NAz) FE # 0.
The upperscript “—” in 7~ and G, denotes the (imaginary) self-duality of such
complex symplectic vectors. In order to clarify such a point, let us now briefly ad-

dress the issue of the general structure of an Abelian theory of vectors endowed
with Hodge duality (for more details, see e.g. [34], [1] and [2]).

In general, in the considered context we may introduce a formal operator H that
maps an Abelian field strength into its Hodge dual
1 1
(H]:A) = <*fA) = —ewpg]-"Ap‘T = —gp)‘g”erwpg}"ﬁ. (4.2.18)
nv 123% 2
It is immediate to check that such an operator is anti-projective

(087, = (), =3 (), -

1
= ZLg“’ngg)\ngPTeywéeaﬁan/{\p =

(4.2.19)

- 5 (A=) -7
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where we used the result

A
gavgﬁég/\agpfewv(seaﬁ(ﬁ = €uw aﬁeaﬁ = _2 (5355 — 555{)) . (4.2.20)
Thus, since H? = —I, its eigenvalues are +i, and out of the real Abelian field

strengths }—;ﬁ\u we can introduce imaginary anti-self-dual and imaginary self-dual
complex combinations, respectively as follows:

, i
Falt = Fpei(HFY) = Fh & 3e's el 6220)
such that
+A _ A (42 A _
— FiFh+ (H ;cA) = FiFEN, (4.2.22)
‘MV

Notice also that L

]:ﬁl\ — _7:;//\, (4.2.23)

In N = 2,d = 4 ny-fold Maxwell Einstein Supergravity Theory the symplectic
symmetry underlying the geometric structure of the equations of motion becomes
elegantly manifest by considering the following four different kinds of vectors:

1) the (2ny +2) x 1, Sp (2ny + 2)-covariant complex symplectic vector of imag-
inary self-dual Abelian field strengths

FA FN —iHFA
Z7 =

; (4.2.24)
N G —THGA
recall that Sp (2ny +2,IR) is the generalized electric-magnetic duality symmetry

group, i.e. the U-duality symmetry groupEL in the N = 2, d = 4 ny-fold Maxwell
Einstein Supergravity Theory.

'More correctly, it should be said that Sp (2ny + 2, R) is the “classical supergravity limit” of the
U-duality group of the corresponding quantum theory, i.e. of the “discrete” version Sp (2ny +2,2Z).
Indeed, the quantization of the conserved charges (related to the Abelian gauge-invariance exhib-
ited by the Maxwell Einstein Supergravity Theory) leads to the “discretization” of the numeric field
of definition of the group classifying the electric-magnetic transformations. In the case at hand, this
yields
Sp(2ny +2,R) — Sp 2ny +2,2Z).

The classical formulation of the theories is recovered in the (semiclassical) limit of large values of the
integer quantized charges.

For simplicity’s sake and with a slight abuse of language, in the following treatment we will simply
talk about “discrete” and “continuous” versions of the same U-group.
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2) By complex-conjugating Z~, we get the (2ny +2) x 1, Sp (2ny + 2)-covariant
complex symplectic vector of imaginary anti-self-dual Abelian field strengths

F-A FHA FA+iHFA
Zt = (Z2-) = =
N g1 Ga +iHG A

(4.2.25)

By definition, the real and imaginary parts of Z~ and its complex conjugate Z
are the real Abelian field strengths of the theory and their Hodge-duals, respectively
reading

3)
fA
Z=Re(Z7) = % (Z27+2%) = : (4.2.26)
ga
4)
) Z, HFA
‘Z = HZ=N {E (2 +z+)} gz = mm(z) =
HGA
(4.2.27)
Thus, we may summarize Eqs. (4.2.24)-(4.2.27) as follows:
FEA FAN L iHFN
Z+ = = , (4.2.28)
Gy G +iHGA
with
ZE=2F, HZF=Fiz* (4.2.29)

Since Z7, Z%, Z and *Z are all Sp (2ny + 2, R)-covariant vectors, it is clear that
[C,Sp (2ny +2,R)] =0=[H,Sp (2ny +2,R)], (4.2.30)

where C is the complex conjugation operator, H stands for the Hodge duality oper-
ator, and “Sp (2ny + 2,R)” denotes the covariance w.r.t. the action of such a group.
Otherwise speaking, the complex coniugation and/or the Hodge Abelian dualiza-
tion do not have any effect on the symplectic covariance.
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Using the summarizing relations (4.2.28), it is therefore possible to decompose
Eq. (4.2.15) in a real and imaginary part

g/: = NAZ:F_Z = [Re (NAz) —ilm (NAz)] (fz —1 *,}fz) —

= |Re(Nag) = = Im (Nag) *F=| =i |Re (Naz) *F=+ Im (Nag) F=,
(4.2.31)
implying, for instance
Ga = Re (Gy) = Re (Nax) F= — Im (Nag) *F=. (4.2.32)
Thus, in a source-free theory we may write, in the differential form language

d[Re(27)] =0, (4.2.33)

Instead, in presence of electric and magnetic sources with non-vanishing fluxes,
we obtain the following “space-dressing” of the components of Re (Z7):

Jso, TN =3,

(4.2.34)
fsgo Ga =1,

where the integration is performed in the physical space, and S2, is the 2-sphere at
the infinity.

The integration of 7 and its Legendre transform G, performed in may
respectively be considered as the definition, in a suitable system of units, of the
asymptotical values of the magnetic and electric charges characterizing the charge
configuration of the ny + 1 Maxwell vector fields of the theory (indeed we get a
vector potential from the gravity multiplet plus another one for each considered
vector multiplet).

Clearly, the quantization of such conserved charges (related to the (LI(1))" "
gauge invariance of the N' = 2, d = 4 ny-fold Maxwell Einstein Supergravity The-
ory) implies a discrete range for the quantities on the r.h.s.’s of (4.2.34), and there-
fore a “discretization” of the symplectic covariance. Consequently, since for a fixed
A (n%, nﬁ\) € 72, it is clear that the “dressings” will be covariant only un-
der Sp (2ny +2,7Z), which is the “discrete” counterpart of the symplectic symmetry
group Sp (2ny +2,R).
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Therefore, the defining Eqs. (4.2.34) allow one to introduce the (2ny + 2)-dim.
symplectic vector of the electric and magnetic charges of the system as the (asymp-
totical) “space dressing” of Re (Z7)

n
n= | Re(Z7)= : (4.2.35)

5%

A
m

A
Once again, due to the quantization of the electric and magnetic charges, such a
vector is actually Sp (2ny + 2, Z)-covariant.

Particular attention should be paid to the issue of moduli dependence. As is

clear from Egs. (4.2.16) and (4.2.17), Z~ is composed by a moduli-independent term

F~A and a moduli-dependent Kahler-scalar G, . Of course, the same holds for its
real part Re (Z7). The subtle, key point is that 7, which, as defined in Eq. (4.2.35), is
nothing but the (asymptotical) “space dressing” of Re (Z7), is completely moduli-
independent

ain:ai(/sgoke(z)) :o:‘i<

In particular

i)

/S Re (Z)) — 3n. (4.2.36)

FA =nl (4.2.37)

5%
defines (in suitable units) the magnetic charges of the system; we have moduli inde-
pendence both at the “pre-dressing” and “post-dressing” stages.

ii) By recalling Eqs. (4.2.14) and (4.2.32) we obtain that
oL
29 = /szoRe ((SF—A> B

- /sgo [Re (Naz (2,2)) F* = Im (Nax (2,2)) *fz} ="y

(4.2.38)

defines (in suitable units) the electric charges of the system; while at the “pre-dressing”
stage there is non-trivial moduli-dependence through Ny, (z,Z), the (asymptotical)
“space-dressing” of G, is such that in the “post-dressing” stage there is no moduli
dependence.

By using the previously introduced symplectic-invariant scalar product, we can
now define two symplectic-invariant combinations of the symplectic field strength
vector Z~.
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The first one is
T-=—(27,V)=M\F *-LAG, =
= NAzLZ}—_A — LA/T/Azf_Z =
(4.2.39)
=2i(Im(N)L), F A=

= TA.F_A,

where use of the symmetry of My and of Eqs. (4.1.34), (4.1.98) and (4.2.15) has been
made. Tp may be considered the symplectic vector counterpart of the graviphoton

field strength T, (or, more rigorously, the graviphoton projector).

In general, since the U-duality group Sp (2ny +2,R) is defined over the real
numbers, a complex symplectic invariant will yield two distinct real symplectic in-
variants, given by its real and imaginary parts, or by (linear) combination of them.
In such a “decomposition” the symplectic invariance is mantained simply due to
the saturation of symplectic, uppercase Greek indices. Further below, we will see
that the two fundamental SKG Ansitze and will always determine
the vanishing of one of the two real symplectic invariants obtained by some kind of
“decomposition” of a complex Sp (2ny + 2, R)-invariant quantity.

Let us start by considering the complex Sp (2ny + 2)-invariant T~ defined in Eq.

(#.2.39). By using Eq. (#.2.26), we obtain
T-=—(27,V)y=-2(Re(Z27),V)+(27,V). (4.2.40)

Moreover, Egs. (4.1.34), (4.2.29) and (4.2.15) yield

(2F,V) = LAGL — MAFA = NasLAF ™ — MAF ™ =

= MpNF - MpyF™ =0. (4.2.41)
Thus, the first complex Sp (2ny + 2)-invariant may be written as

T"=—(2,V)=-2(Re(Z7),V) =2MpF" —2L"G,. (4.2.42)

On the other hand, the second complex symplectic-invariant combination which
may be considered reads (recall that 5]7 denotes the antiholomorphic Kdhler-covariant
derivative in the moduli space)

Fi=-G1(2°,DV) =1 [(DM,) 72 - (D) 65]. @243
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By complex-conjugating it, we get

Ff = Fi=-Gi(2-,D;V) = -GI(2",D;V) =

— Gl [(DiMA) FHA (DiLA> gﬂ : (4.2.44)
By using Eq. (4.2.26)), we obtain
FH = —GI{(2*,D;V) = —2GT (Re (Z27),D;V) + G (2=, D;V).
(4.2.45)

As before, Eqgs. (4.1.34), (4.2.29) and (4.2.15) yield
(Z7,D;V) = <Dl~LA> Gy — (DiMp) F A =

= Nas (DiLA> FE—Nys <D1-LZ) FA=0. (4.246)
Thus, the second complex Sp (2ny + 2)-invariant may be written as

FH = ~GT(2*,Dv) = 267 (Re (27),DV) =

— 2l [(DiMA) FA <Dl~LA> QA} . (4.2.47)

By complex-conjugating Eqs. (4.2.41) and (4.2.46), we may summarize the ob-

tained symplectic-orthogonality relations as follows:

(Z7,V)=0& (Z%,V) =0,
(4.2.48)
(Z7,DiV) =0« (Z2%,D;V) =0.

Let us now consider the “space-dressing” of —3T~ in the case of staticity and
spherical symmetry of the moduli configurations (which therefore will at most be
radially dependent z' = z' (r)). Eqs. (4.2.37), (4.2.38) and (4.2.42) yield

_% S&,T_ = /SgOLA(Z(T’)/Z(V))gA—/S%OMA(Z(r)’Z(r))fA:

= Lé\o/ gA_MA,oo/ Fh =
52 52

A
= Lgny — Mpeon

Z (Zoo, Zoo; i, N°) , (4.2.49)
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where zqo, LY and M o respectively stand for the asymptotical values of the moduli
and of the symplectic section

zh, = lim, 0z (1); (4.2.50)
LY = LM (2o, Zoo) = limy—eoL? (2(7),2(7)); (4.2.51)
M o = Mp (Zoo, Zoo) = limy—oaMp (2(1),Z(r)) . (4.2.52)

Rigorously, the Z defined by Eq. (6.3.0.6) should be denotedﬁ by Ze: the central
charge of the asymptotical supersymmetry algebra is the asymptotical value of the
so-called “central charge” function (see Footnote 6 of Sect. 2)

Z(z(r),z(r);nmn®) = LY (z(r),Z (r)) n% — Ma (z (1) ,Z (r)) n. (4.2.53)

In the considered static and spherically symmetric caselﬂ Egs. (6.3.0.6) and (4.2.53)
yield

Zoo (Zoo, Zoo; N, M) = limy 00 Z (2 (1), Z (¥) ; i, 1°) . (4.2.54)

From the above definitions, it follows that both the central charge Z., and the “cen-
tral charge” function Z (z (r),z (r) ; nm, n°) are symplectic invariant and they have
the same Kdhler weights as the symplectic, Kdhler-covariantly holomorphic sections
LA and M,, ie. (1,—1). Here and in the following treatment, unless otherwise
noted, we will formulate the hypotheses of staticity and spherical symmetry.

12Egs. and clearly yield the assumption that the asymptotical limit r — oo is
“smooth” for the symplectic sections L™ (z(r),Z(r)) and Mp (z(r),Z(r)), in the sense specified in
Footnote 6 of Sect. 2.

13 As for the symplectic sections L (z(r),z(r)) and My (z(r),z(r)), the asymptotical limit r — oo
is assumed to be “smooth” also for Z (z (1) ,z (r) ; nm, n°), in the sense specified in Footnote 6 of Sect.
2.

In what follows, we will mainly deal with “central charge” function Z (z (r),z (1) ; ny, n°). The

distinction from the central charge Z., of the asymptotical SUSY algebra will usually be clear from
the context, thus we will sometimes omit the subscript “co”.

4When considering the most general case in which the hypotheses of spherical symmetry and
staticity are both removed, at least the central charge Z., may still be defined as follows:

1
Zoo = ——= T =
2 Js2,

= [ IMG(4n0,9) Z(L1,0,9))Ga— [, Ma(z(L7,0,9), 2 (7,0,0) F,

where (7,6, ¢) denotes the usual spherical spatial coordinates. Clearly, in this case Z., will generally
be a non-trivial function of the time ¢ and of the asymptotical configurations (ze, Zeo ) Of the moduli.
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Let us now “space-dress” —3F +7G17; by recalling Eq. (4.2.47), we obtain

_ % - f‘*’jGﬁ = % Gi]Glj [(DILA> Ga — (DIMy) ]—"A} _

_ /S , [(DZLA) Ga — (DiMy) }“A} . (4.2.55)

Here the following subtlety arises. For what concerns the first term, by using Eq.

E23) we get

[, o)en = [, i(126:) - 110s,) -

(o)

_ /52 {Di (LAQA) — LAD; [Re (Nax) F* = Im (Nas) *]:Z]} -

= Dz’,oo /S%o LAgA
[ 1 o (Re(Wan)) 25 = s (Im (W) * ]
(4.2.56)

where D, , denotes the Kdhler-covariant derivative w.r.t. the asymptotical configu-
rations of the moduli defined by Eq. (#.2.50). Therefore the holomorphic Kahler-
covariant derivative cannot be moved outside the “space-dressing” integral, be-
cause G is a moduli-dependent Kéhler-scalar.

Nevertheless, it should be recalled that the asymptotical “dressing” of such a

Kéhler-scalar, i.e. the electric charge (see Eqs. (4.2.34) and (4.2.38)), is by definition
moduli-independent. Therefore it holds that

/S , (DiLA> Ga = (DiLA)oo " Ga = Diw {Lg}, ( /S , gA)} : (4.2.57)

For what concerns the second term, no problems arise, because F A s moduli-independent,

and therefore we may move D; outside the spatial integral over S2, after collecting
the term D; (MAF?) inside it

/52 (DiMp) FA = /52 D; (MAF) =

(e (o)

= Di,oo/ MAFA = Di,oo (MA,OO/ fA) .
S%, S2,
(4.2.58)
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Thus, by collecting Eqs. (4.2.57) and (£.2.58), we finally get

— % - .7:+EGZ7 = /S%O [(DiLA> GA — (DiMA)fA} =

= Diw |2 ( / QAH ~Diw (MA,OO / fA) —
L S, S,

= Dim |12 [ G Man | fA] _
L % %

= Di,ooZoo (Zoo/ Zoo; M, ne) = Zi,oo (Zoo/ Zoo; N,y ne) ’
(4.2.59)

where in the last line we recalled the definition of the central charge Z., given by

Eq. (6.3.0.6). Once again, the quantit Z; 0o (Zoo, Zoo; i, n°), defined by 1i and

called Kihler condensate of the asymptotical SUSY algebra, may be seen as the asymp-
totical limif% of the so-called “Kihler condensate” function

Zi(z(r),z(r);nm,n®) = (D;Z) (z(r),z(r); nm,n°). (4.2.60)

Such a function is the K&dhler-covariant derivative (w.r.t. the r-dependent moduli) of
the “central charge” function defined by Eq. (4.2.53). Thus, in the considered static
and spherically symmetric case, Eqs. (4.2.59) and {#.2.60) yield

Z; oo (Zoos Zoos i, 1°) = liMy 00 (D;Z) (2 (1) ,Z(7) ; iy, 1) . (4.2.61)

Summarizing, in the assumed hypotheses of staticity and spherical symmetry, Egs.

(6.3.0.6) and (4.2.59) respectively are the definitions of the central charge of the
asymptotical N' = 2, d = 4 SUSY algebra and of the so-called K&hler condensate

In  what follows, we will mainly consider the “Kahler condensate” function
(D;Z) (z(r),Z(r);nm,n). The distiction from the Kéhler condensate Z;q (Zoo,Zoo; i, 1°) of
the asymptotical SUSY algebra will usually be clear from the context, thus we will sometimes omit
the subscript “co”.

16As for the “central charge” function Z (z(r),Z (r);nm,n°) and for the symplectic sections
LA (z(r),Zz(r)) and My (z(r),Z(r)), the asymptotical limit r — oo is assumed to be “smooth” also
for the functions Z; (z (1) ,z (r) ; nm, n°), in the sense specified in Footnote 6 of Sect. 2 (the reasoning
made in such a Footnote for Z and Z,, may be repeated in a completely analogous fashion for Z; and
Zi,oo)-
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of such a central extension operator. Such Egs. are nothing but the asymptotical
limit of the definitions of the “central charge” function Z (z (1) ,z (r) ; ny, n°) and of
the “Kédhler condensate” function (D;Z) (z (1) ,z (r) ; nm, n°), respectively given by

Eqs. (£253) and @EZ60).

A number of equivalent expressions for the “central charge” function and the
related “Kédhler condensate” functiorFZ] may be easily obtained. First of all, we may

rewrite Eq. (4.2.53) by recalling Eqs. (4.1.34) and (4.1.54)

Z(z,Z;ny,n’) = LA (z,Z2) ny — Ma (2,2) n% =
= LM (z,2)n% — Nax (2,2) L* (z,2) n) =

— (ng — Nas, (z,2) ng) [ (z,2) =

(4.2.62)

Egs. (7.2.1.34) and (4.2.53) directly yield the Kdhler-covariant holomorphicity
of the central charge Z (z,z;ny,n°) of N = 2, d = 4, ny-fold Maxwell Einstein

Supergravity Theory

D:Z (z,Z;nm,n°) = 0 < D;Z (z,Z; i, n°) = 0. (4.2.63)

By definition, a Kdhler-covariantly holomorphic scalar function f with antiholomor-

phic Kédhler weight —1 satisfies

=

f(z2) = [exp (3K (22)] 2 (), Fg(z)=o0.
(4.2.64)

17Since we will always be dealing with functions in the r-dependent moduli space, in the follow-

ing treatment we will omit to say “function”.
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By considering f (z,z) = Z (z,Z; nm, n°), clearly Eq. (4.2.62) implies

g (z;ny,n) = (nez — Nas (2,2) nﬁ) X% (z).
(4.2.65)

Such a function, despite the presence of My (z,Z), is holomorphic due to the differ-
ential property of Ny, (z,Z) expressed by Eq. (4.1.69); indeed

08 (z;m, n) = 0; [(ng—/\//\z (z,%) ng) x> (z)] =

= —njy (INaz (2.2)) X5 (2) = 0. (4.2.66)

Now, in order to explicit the Kédhler condensate, we must apply the holomorphic

Kéhler-covariant derivative to the central charge; by using Eqs. (4.1.27), (4.1.35),
(4.2.36) and (4.2.62)), we obtain

Zi(2,Z;1m,n°) = DiZ(2,Z;nm,n%) = D; [L? (2,Z) n, — M, (2,Z) nh] =

= (DiL" (2,7)) ny — (DiMa (2,2)) njy =

= (DiL? (2,2)) n, — Nax (2,2) (DiL* (2,Z)) nly =

= (n§ — Nax (z,2) nky) DiL* (z,2) =

= (n§ — Nas (z,2)nhy) fF (2,2) =

= (n& — Nax (2,2) nd) (ai n %8J<> [exp (%K (z, 2)) X= (z)]
= (18, — Nax (2,2)ny) (0K) exp (3K (2,2) ) X (2)| +

+ (n — N ax (2,2) ndd) exp (%K (z, z)) (0: X% (2)) =

= (0K) Z (1%, 2,2) |y, s +

+ (1§, — N ax (z,Z) nly) exp (%K (z,Z)) (0:X* (2)).

(4.2.67)

Attention should be paid to the complex conjugation of the Kdhler-condensate.
Indeed

Z:=D;Z=0+# Z; = (D;Z) = D:Z. (4.2.68)
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On the other hand, Z: = 0 & Z; = 0.
By using the second relation of Egs. (4.1.99), the expression (4.2.39) of the symplectic-

invariant quantity T~ may be rewritten as follows:
T~ = 2i(Im(N)L)y F 2 = T\F 2 =L Tp F 2T,
(4.2.69)

On the other hand, by using the Ansatz (4.1.35) and Eqs. (4.1.27) and (4.2.15), the
expression (4.2.43) of the other symplectic-invariant quantity F ' yields

F = GT[(DMy) F* = (D) G5 | = 2iGT (1m (N)) o f F =
(4.2.70)

Now, we can introduce F ~* as the component of the imaginary self-dual Maxwell
field strength F~* orthogonal to the graviphoton projector Tx

FAT, =0. (4.2.71)
By putting
FA=FALFA (4.2.72)
Eq. (#2.69) yields
FA = Ty FE (4.2.73)

and therefore

_ <5§ _ iZATZ> FE (4.2.74)

Let us now apply the antiholomorphic Kéhler-covariant derivative to Eq. (4.1.36);
by using Eqgs. (7.2.1.34), (4.1.27) and (4.1.51)), we get

D: <Im (Max) ZALZ> =0 ImNpsfr LE =0, (4.2.75)

Notice that such a result cannot be obtained by complex conjugating Eq. (4.1.73). By
adding Eq. (4.1.73) to Eq. (4.2.75), one gets
(ImNys) (ReL?) (RefF) = 0;
(ImNps) L (RefF) = 04

(ImNys) (ImL?™) (RefF) = 0.
(4.2.76)
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On the other hand, by subtracting Eq. (4.1.73) to Eq. (4.2.75), one instead obtains
(ImNax) (ReL?) (ImfF) = 0;
(ImNps) LA (Imf?) = 0&

(ImNas) (ImL?™) (ImfF) = 0.
(4.2.77)

Now, due to Eq. 1) in Eq. 1} we may substitute F~* with 7~/ given

by (4.2.74)), because the extra term is zero

Im./\/‘Azfj{\ﬁfz = Im./\/Azj?]i\fiz — iIm/\/AJ]f\ZZTA}"*A =

= Im/\/AJ;A FE (4.2.78)
Consequently, it holds that

F =216 (Im (M) pp f7 75, (42.79)

and the symplectic-invariant quantity ' is orthogonal to the graviphoton projec-
tor Ty, too.

This result allows us to interpret Eq. as the geometrization of the fluxes
of those Maxwell field strengths which are orthogonal to the graviphoton projector
Th.

It is also worth noticing that actually, by the previous construction, the “charge
operators” (Z, Z;) are in correspondence with the integer conserved charges (n4, 15, ),
but they refer to the eigenstates of the vector supermultiplets, and therefore, in gen-

eral, they exhibit a non-trivial functional dependence on the moduli.

In a generic point of the ny-dim. K&ahler-Hodge complex moduli space of the
N = 2,d = 4, ny-fold Maxwell Einstein Supergravity Theory there exist, in gen-
eral, two independent Sp (2ny + 2)-invariants homogeneous of degree two in the
(quantized) electric and magnetic charges of the system. Such invariants may be
expressed in a model-independent way as follows [51] :

I (2, %1, 1) = | Z (2, %31, 1°) + G (2,2) Zi (2,5 1, 1) Z; (2, %1, 1) ,

I (z,Z; 1y, n) = |Z|2 (z,Z; N, ) — Gil (2,2) Zi (2,z; nm,ne)zjf (z,Z; 1, n°) .
(4.2.80)
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At this point it is useful to introduce the real symplectic (2ny + 2)-dim. square

matrix
M (Re(N),Im(N)) = RT(Re(N))D (Im (N))R (Re (N)),
(4.2.81)
where
I 0 Im (N) 0
R (Re(N)) = , D(Im(N)) = ;
—Re(N) I 0 (Im (N))
(4.2.82)
consequently
M (Re (N) ,Im (N)) =
Im (N) 4 Re (N) (Im (N)) "' Re (V) —Re (N) (Im (M)~
—(Im (N)) ™' Re (V) (Im (X))~
(4.2.83)
Notice that
[Re(N), (Im (M) '] #£0 (4.2.84)
but, since Nay = N, (ax) (see Footnote 8) and
[Re (W) (1m (A)) ] L (m (V) Re(N), (4.2.85)

the real matrix M (Re (N') ,Im (N)) is symmetric.

By using Eqs. (4.1.97)-(4.1.99), (4.2.35) and (4.2.83) and by recalling the definition
of the (ny + 1)-dim. complex symmetric square matrix Fxy = aXaf\Zﬁ’ denoted with

F (z) in matrix notation, we can rewrite the two symplectic-invariants of degree two
as follows (recall Footnote 6, too):
1
L (z,Z;ny, n°) = —EnT./\/l (Re(N),Im (N))n =
1 . _\AA
= =3 <nf\ —NAzr%) ((Im (N)) ) (neA —/\/’Arn;> ,
(4.2.86)
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b (2,2 1) = —%nTM (Re (F), Im (F))n =
= e —Faen®) (am () (s — By ;
2 ( ) (

(4.2.87)

As is evident, Eqs. (4.2.86) and (4.2.87) are simply related by the matrix interchange
N« F.

By considering Eqgs. (4.2.81)-(4.2.83), it is easy to realize that Re (N') and Re (F)

do not play any role in the expressions (4.2.86) and (4.2.87), because the matrix func-
tion R can be included in the symplectic vector n by a simple redefinition. Indeed,
defining ng ) = R (K) n (where £ = N, F in this case), one immediately gets

n' M (Re(K),Im(K))n = n'RT (Re(K))D (Im(K)) R (Re (K))n =

= nggeyD (Im (K)) nr k). (4.2.88)

Therefore, by looking at the signatures of the quadratic forms appearing on the
rh.s.’s of Egs. (4.2.86) and (4.2.87), we get that n%(,C)D (Im (K)) ng k) is manifestly
a quadratic form with negative signature for £ = N, and with ny positive and one

negative eigenvalues for £ = F. Summarizing, Eqs. (4¢.2.86) and (4.2.87) reflect the
fact that Im (N) is negative definite and that, as previously mentioned, Im (F) has

an (ny, 1) signature (i.e. has ny positive and one negative eigenvalues).

We will now explicitly derive some important identities of the SKG of M,,,,
which generalize the calculations of Ferrara and Kallosh in [30]. Further below, we
will see that, when evaluated at some particular points in M, the obtained identi-
ties will yield the so-called non(-BPS)-SUSY extreme BH Attractor Equations, recently
rediscovered by Kallosh [52] (and explicitly checked in some examples in [53]), but
which had actually already been written in a slightly different fashion in [54].

Let us start by considering D;Z; by recalling the definition (4.2.53), we may write

D.Z = n4D.L" — n’\D:Ma; (4.2.89)
by using the Ansatz (4.1.35) we thus get
D.Z = nyD:L" — s NaaD:L". (4.2.90)

The contraction of both sides with GD;L* then yields

T2,

(4.2.91)
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now, by using Eqs. (#.1.27) and (4.1.100) and the symmetry of M,y and its inverse
NAZ (see Eq. (4.1.102)), such an expression may be further elaborated as

I
S
>0
|
N|—=
/~/
—~
—~
R
=
R
N———"
™M
|
=
™M
h
>
||
|
S
z
>
>
|
N[ =
/
—~
—~
R
=
R
N———"
™M
|
h
™
h
>
| |

+% ((ImN)_1>ZA [(ReN)AA + i (ImN)AA] 71711\1 +ZZNAALATZ$ =
1 SN L = A, A
= 1 ((1mN) )y — T (LA, — Manfy) +
1 —1\ A AL i, T
3 (mA) ) (ReA )y iy + 5 =

— %n% _I*Z+ % ((ImN)_1>ZA (ReN)jp 15 — % ((Im./\/)_1>ZA ns,
(4.2.92)

where in the last two lines we used the Ansatz (4.1.34) and the definition (4.2.53).
Now, by subtracting from the expression (4.2.92) its complex conjugate, one gets

ny = 2Re|iZLA+iG" (DIL") Diz| = —21m |ZL" + G* (DiL") DiZ] .
(4.2.93)

On the other hand, the contraction of both sides of Eq. 1} with GﬁDng
yields

7 = I’li\Gﬁ (DiMz) D;LA - nﬁNAAGH (DiMZ)

i

GH (DiMz) _sz =
= 4G Nya (DiL*) DIL® = npNanG'Nxz (DiL®) DL,

(4.2.94)

where in the last line we used the Ansatz (4.1.35). Once again, by using Eqs. (4.1.100)

and the symmetry of M5y and its inverse V"%, the above expression may be further
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elaborated as follows:

= |3 (0 T (R )y — (1))

+ {% (™) " ZELA] [(ReN ) gz — i (IMA )] Npanh =

=-1 ((Imj\/')l)AA (ReN)gp 16 + Ang — ZALANZAn‘j\—i—
—I—% <(ImN)_1>EA (RBN)ZE ./\/'AAn,ﬁ — %NAZYL% + IELA./T/’ZE./\/’AAI’[Q =
_ 1 -1 AA e 1.6 _ A_TA,e
=—3 ((ImN) ) (ReN)gp 1 + 515 — MsLAnG +

. 1\ EA _ N
+3 ((ImN) )7 (ReN ) gz [(ReN) gy + i (ImA) o] ik +
—iNpsndy + My Mpnty =
_ _1 —1\ A0 e iqe _ S
=_1 ((ImN) ) (ReN)g 1S, + ins — My Z+
1 (mA) ™)™ (ReA )z (ReA) pp iy 4 (RN )y p miht
—5 [(ReN) px +i (ImN) 5] iy =

AN . I
= 3 ((ImA) 1) (ReN )y iy + dnf, — M Z+

3 ((mN) )™ (ReN) g (ReN) 2y 4 (I g 1,
(4.2.95)
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where in the last lines we used the Ansatz (4.1.34)) and the definition (4.2.53). Thence,
by subtracting to the expression (4.2.95) its complex conjugate, one gets
ny = 2Re|iZMy +iG" (D;Mp) DiZ| = ~2Im |ZMy + G (D;M4) D;Z] .
(4.2.96)

By expressing the identities (4.2.93) and (4.2.96) in a vector Sp (2ny + 2)-covariant

notation, one finally gets

—==A
7’1% B LA - ( i )
0 My (D;¥2)
==A
(Y (B

= 2Im|Z + G" D;Z |, (4.2.97)
Ma (D:Ma)

or in compact form

n = 2Re|iZV+iG" (D;V) D;z| = —2Im |ZV +G" (D,V) D;z],

(4.2.98)

where we recalled the definitions and of the (2ny +2) x 1 vectors
V and n, respectively. It is worth pointing out that the vector identity has
been obtained only by using the properties of the SKG of M,,,. Such an identity ex-
presses nothing but a change of basis in the lattice I of BH charge configurations, be-

tween the real basis (n2,n% ), and the complex basis (Z, D;Z . Such
mr MA) A=01,... 1y P v

i=1,..n
a change of basis also introduces a non-trivial dependence on the moduli (zi,2i>,
since the complex charges (Z,D;Z),_; ,  refer to the supermultiplet eigenstates,
and they thus are moduli-dependent. The relations yielded by the identity
are 2ny + 2 real ones, but they have been obtained by starting from an expression
for D;Z, corresponding to ny complex, and therefore 2ny real, degrees of freedom.
The two redundant real degrees of freedom are encoded in the homogeneity (of de-
gree 1) of the identity under complex rescalings of the symplectic BH charge
vector 1; indeed, by recalling the definition it is immediate to check that the
rh.s. of identity acquires an overall factor A under a global rescaling of n of
the kind

n— An, A eC. (4.2.99)
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The summation of the expressions (4.2.92) and (4.2.95) with their complex conju-
gates respectively yields
AT

((ImN)—l)AA (ReN) s 15 — <(Im./\/)_1) ng. =

= 2Re 7L + G7 (DY) Diz]

(4.2.100)
=2A
{ImNAZ + ((Im./\/)_1> (ReN) o5 (ReN)ZA] nx -+
AX
= ((amA) ) (ReN ) pp 16 =
= 2Re |ZMy + G (D;My) DiZ] .
(4.2.101)

In order to elaborate a shorthand notation for the obtained SKG identities (4.2.93),
(4.2.96) and (4.2.100), (4.2.101), let us now reconsider the starting expressions (4.2.92)

and (4.2.95), respectively reading

AX

{‘%\ —i <(IT”N)_1)AA (REN)AZ} Moy - <(Imj\/')_1> ng =

— —2iL*7 —2iG (D,L*) D.Z;

(4.2.102)
=2A
i [N ) (Re ) g (ReN gy + (1) s | i
AT
+ {512\ +i ((Im/\/)A) (ReN)AA} ng, =
= —2iMZ —2iG# (D;M,) D:Z.
(4.2.103)

By recalling the definitions (7.2.1.34), (4.1.25) and (4.2.35) and Eq. (4.2.83), the iden-
tities (4.2.102) and (4.2.103) may be synthesized in vector notation as follows:

n—ieM(N)n = —2iVZ—2iG"(D;V)D:Z,

1

(4.2.104)
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where M (N)  denotes the (2ny+2) x (2ny+2) real matrix
M (Re (N), Im (N)) given by Eq. (4.2.83). By using the symplectic-orthogonality
relations given by Eqs. (4.1.26), II of (4.1.37), (4.1.44) and first and fourth of (4.1.43),
the SKG identity yields the following relations:

[ (V,n—ieM (N)n) = —2Z;

(V,n—ieM (N)n) =0;
(4.2.105)
(D;V,n—ieM (N)n) =0;

L <5;V,Tl —ieM (N) 7’l> = —ZE;Z
The real part of the general, fundamental SKG vector identity (4.2.104) yields
n = —2Re|iVZ+iG" (DV)DZ| = 2Re [iVZ +iG" (D,V) D;z| =

= 2im |VZ+G" (D) DiZ| = ~21m [VZ + G" (D;V) DiZ|,

(4.2.106)

which is nothing but the SKG vector identity (4.2.98), which in turn summarizes the

identities (4.2.93) and (4.2.96). On the other hand, the imaginary part of (4.2.104)
yields

eM(N)n = 2Im [iVZ+iGﬁ(DiV)

7] =2 [-ivZ - ic' (D) Diz] -

1

= 2Re [VZ+G"(DiV)DiZ| = 2Re |VZ + G (D;V) DiZ],

|

(4.2.107)

and it summarizes the identities (4.2.100) and (4.2.101). Notice that the imaginary
and real parts of the SKG identity (4.2.104) are linearly related by the (2ny 4 2) x
(2ny + 2) real matrix

eEM(N) =

(Im (N)) ™' Re (N) —(Im (N)) ™

Im (N) + Re (N) (Im (N)) " Re (NV) —Re (N) (Im (N)) !

(4.2.108)
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By transporting such a relation to the r.h.s.’s of the identities (4.2.106) and (4.2.107),

one obtains

Re [Vz + G (D;V) 5;_] = eM(N)Im [Vz + G (D;V) 5;.7} :
(4.2.109)

the real and imaginary parts of the symplectic-invariant quantity VZ + G (D;V) D;Z
are simply related through a “symplectic rotation” given by the matrix e M (N), ex-
plicited in Eq. (4.2.108). Clearly, all this is consistent with the previously performed
counting of the real degrees of freedom, since there are only 2ny real independent
relations.

In Sect. we will see that the algebraic Attractor Equations, both for the %-BPS—
SUSY extreme BH “attractor(s)” and for the non(-BPS)-SUSY extreme BH “attractor(s)”,
are given by nothing but the evaluation of the SKG identity at some pecu-
liar points in the moduli space M, i.e. at the critical points of a suitably defined
“BH effective potential” function Vpy (z,Z; nym, n°).

At this point, we may come back and reconsider the consistency conditions
(4.2.10) and (4.2.17) for the second solution of the unbroken N = 2, d = 4, ny-fold
Maxwell Einstein Supergravity Theory Killing spinor Egs. (4.2.5).

In particular, the condition expresses the vanishing of the Abelian vector
tield strengths of the vector supermultiplets. It may be shown that it is nothing
but an extremum condition for the radial dependence of the moduli of the theory;
i.e. we may equivalently reformulate condition as follows (Vi = 1,...,ny

understood throughout):
d

EZ

where 7 is the radial distance from the surface of the EH. It should be recalled that

“(r) =0, (4.2.110)

the radial dependence is the only relevant in this framework, due to the spherical
symmetry of the (geo)metric structures involved. Let us remind also that the moduli
of the considered N = 2, d = 4, ny-fold Maxwell Einstein Supergravity Theory are
the ny complex scalar fields coming from the ny Abelian vector supermultiplets
coupled to the supergravity one.

Notice that Eq. (4.2.110), even though not resembling the previously considered
AEs, is the first case in which some extremizing equation arises in the dynamics of
extremal supersymmetric BHs.

By using the whole formal-geometrical machinery reported above, it may be
proved that Eq. (4.2.110)) implies the vanishing of the holomorphic Kidhler-covariant
derivative of the central charge, i.e. of the so-called Kédhler condensate of the local
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N =2,d =4SUSY algebra
Z;=D,Z = (Bi + %&K) Z (z,z;ny,n°) = 0. (4.2.111)

As explained in Sect. 2, the fixed values of the moduli at the EH of the extremal
RN BH will be obtained by solving Egs. (4.2.111)), provided that such equations do
have (at least one) solution, i.e. provided that the ny-dim. Kdhler-Hodge complex
moduli space M, of the N = 2, d = 4, ny-fold Maxwell Einstein Supergravity The-
ory may be characterized as an “attractor variety” with at least one “attractor” point
([31], [32], [33]). When existing, such “attractor” solutions will be independent of
the asymptotical values of the moduli, i.e. on the initial data of their dynamical evo-
lution flow inside the moduli space, and instead will depend only on the conserved,
quantized electric and magnetic charges of the considered system.

Thus, Eq. (4.2.111) should be more precisely specified at the “attractor” points

Zil 2=z = (PiZ) 2=z =
(4.2.112)

= (9 + 39iK) Z (2,Z; i, n° =0,

[( i+ 271 > (Z 2 Tm, 1 ):| (z2)=(zg,zy)

where (zy,zy) = (zg (nm, 1),z (1w, n°)) determines the position of the “attrac-
tor” point in M,,,. As already pointed out, such a point is independent of the set of
continuously varying, unconstrained initial (asymptotical r — c0) data (zeo,Zeo) =
lim, 0 (z(r),z(r)) € My, but instead depends only on the set of quantized electric
and magnetic charges (1, n°) € T of the system. Consequently, (zy,Zf) generally

corresponds to a discrete set of quantized “attractor” fixed points.

Therefore, beside being always a Kahler-covariantly holomorphic function (see
Eq. (#.2.63)), in correspondence of the “attractor” point(s) the central charge be-
comes a Kéhler-covariantly anti-holomorphic function, too. Otherwise speaking,
the set of “attractor” point(s) in Mj,, could be characterized as follows:

(DZZ) (ZH/zH; N, 7’16) = O,

My > {(zn (1, 1°) 20 (o, 1%)) } -

(D;Z) (21, Z; im, n°) = 0.
(4.2.113)

Such a set of Kdhler-covariant differential conditions may be seen as the realiza-
tion of the Attractor Mechanism in the moduli space, or equivalently as the Kahler-
covariant extremization of the central extension operator of the considered superal-
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gebra. The AM selects the configurations of the moduli at the EH as the ones that
make the central charge Kéhler-covariantly anti-holomorphic.

Indeed, we will show that for non-vanishing Z Eq. (4.2.113) is the Kadhler-covariant
form of the general, model-independent “Attractor” or “Extremal” Egs. (3.2.3), the
so-called %—BPS extreme BH Attractor Egs..

Before doing this, let us briefly comment on the Kahler weights of the central
charge Z. As previously mentioned, from its very definition it follows that
Z is a Kahler-scalar function in the moduli space M,,, with Kéhler weights (1, —1).
Therefore, as largely used above, its Kdhler-covariant derivatives read

(4.2.114)

As, in general, it follows from Eqgs. (4.1.16) and (4.1.20), the complex conjugation

acts as a parity on the Kahler weights. Thus, Z is a Kéhler-scalar function in My,
with Kéhler weights (—1,1), and its Kdhler-covariant derivatives read

(4.2.115)

Since the Kéhler weights are additive under multiplication, it is clear that the
square absolute value of Z, i.e. |Z ]2 = ZZ, is a Kéhler gauge-invariant quantity, i.e.
it has Kéhler weights (0,0). Consequently, the Kdhler-covariant derivatives of such
a Kédhler-scalar trivially correspond to the ordinary, flat ones; this can be seen also
by explicitly calculating that the terms of Kidhler connections 9;K cancel each other

D,-(]ZF) — D;i(2Z) = (D;Z)Z+ Z (D;Z) =

— |(3r 30K) 2] Z+ 2 | (8- 30K ) 2 -

= 9 (2Z) =0, (|Z|2> =2(z|2; 2. (4.2.116)
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Let us now calculatd™®|

= 1
- L (a-Z)Z+1(a.K)ZZ —zDZ (4.2.117)
20z [ 2 20z -

where in the second line we used the K&hler-covariant anti-holomorphicity of VA
expressed by Eq. (4.2.63), recalling Eq. (6.3.0.7). Thus, we showed that

|Z| = 75-DiZ & DiZ = 4.2.11
al ‘ ’ 2 |Z| 1 = 1 0/ ( 8)
or, by complex conjugating, that
o:|Z| = 2 D7 eDZ=0 (4.2.119)
i - 2|Z| i = e
Eq. (4.2.118) yields

This means that, when considering a Kéhler-covariant holomorphic Z, its Kahler-
covariant extremization is equivalent to the ordinary extremization of its absolute

value. Thus, we may complete Eq. (4.2.113), obtaining Eq. (3.2.3), i.e. the general
form of the %—BPS extreme BH Attractor Egs.

Zil (2 =(znzn) = (Di) 22)=2pzn) =

— [(a: 4+ 1. Z; ¢ -
= [(al + 281K> Z (Z/Z/ Ny, N ):| (Z,Z):(ZH/ZH) 0
)
[9i |Z (2,21, 1) |] (2 2)= (24y.200) = O
0 (4.2.121)
[a;. |Z (z,Z; iy, 1 )|} (22)=(z1.21) =0

8Throughout this thesis we will, in general, assume the non-vanishing of the central charge

|Z| #0 Z#0& Z #£0.
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Thus, in a generic supergravity theory (having a Kahler moduli space) with a
non-vanishing and Kéhler-covariantly holomorphic central charge Z, we explicitly
showed that the Kdhler-covariant extremization of such a function (expressed by
Eq. (#2.112)) is equivalent to the ordinary, flat extremization of its absolute value
(given by Eq. (4.2.121)).

Now, we can specialize the general form of the %-BPS extreme BH At-
tractor Egs. to N = 2, d = 4, ny-fold Maxwell Einstein Supergravity Theory. Such a
theory has a complex moduli space M, endowed with SKG, and the explicit form
of the central charge is given by Eq. (4.2.62). Thus, by also using Eq. [#.2.67), we get
a more explicit (model-dependent) form of the Kahler-covariant extremization of Z
at the Event Horizon

(DiZ)(Z,Z)Z(ZH,ZH) = 0’
T
[(”Z Nz (22) n’”) i (Z’Z)} (22)=(zm2n) 0,

=0,
+ (1§~ Nax (z2)n) exp (3K (2.2)) (3% (2)) o
(z2)=(zn,ZH)
i
(0:iK) Z (i, 1, 2,2) |y, .7 \s T
= 0.
+ (ng, — Nax (2,2) njy) exp (%K (Z’Z)> (0% (2) | 2o
(z2)=(zy,zg)

(4.2.122)
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By using Eq. (4.2.121) and recalling Eq. (4.2.53)), we finally get

(0iK) Z (1, 1%, 2,2) | 5, s T

+ (n§, — Nax (z,2) ny) exp (%K (z, Z)) (0:X* (2))

(zz)=(zn.ZnH)

. [exp (%K (z, z))] <ng — Nz (2,7) ng) X" (z)

o
(z2)=(zn.2H)
(4.2.123)

where in the last three lines the flat derivatives may be substituted by the Kahler-
covariant ones, due to the vanishing of the Kédhler weights of the absolute value of
the central charge Z. Egs. 1} and 1) are the 1-BPS extreme BH Attractor Eqs. of

N =2,d = 4, ny-fold Maxwell Einstein Supergravity Theory.

Now, it should be recalled that in (N = 2) supersymmetric theories the satura-
tion of the BPS bound fixes the ADM mass of the BH to be equal to the absolute
value of the central charge

MADM (ZQQ,ZOQ; nm, TZE) = |Z| (Zoo,Zoo; nm, Tle) . (4.2.124)

By admitting an extension of such a saturated bound to the r-dependent moduli
space M,,,, one get
Mapm (z(r),z(r) ;nm,n®) = |Z| (z(r),z () ; nm,n°), (4.2.125)

Y Otherwise speaking, we move to consider the “ADM mass” function in M,,; moreover, we
assume the limits 7 — co and r — r; to be “smooth” (in the sense specified by Footnote 6 of Sect. 2)
also for such a function.
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such that Eq. (4.2.124) is the asymptotical limit r — oo of Eq. (4.2.125). Thus, in
the considered case of %-BPS extremal BHs we may directly translate the previous

results in terms of the “ADM mass” function, obtaining

[aiMADM (Z,Z,' N, ne)](z,f):(zH,fH) =0 (42126)
0

[5;MADM (2,%; fi, 1 — 0. (4.2.127)

)
(22)=(z0/2H)
Moreover, at the EH it holds that
Mapm (z =z (m, 1) ,Z = Zy (N, 1) ; 1, %) =
(4.2.128)
= Mapm,u (nm,n°) = Mg (1w, n°),
where we recalled that the “near-Horizon” geometry is described by the BR metric.

Consequently, the extremum value of the “ADM mass” function of the BPS solutions
at the EH is equal to the mass of the BR geometry.

Thus, we may conclude that the AM for %—BPS extremal BHs, encoded in the
condition of Kéahler-covariant anti-holomorphicity of the central charge (see Eq.
(#.2.113)), also implies the extremization of the “ADM mass” function w.r.t. its de-
pendence on z and Z.

More in particular, by considering Eq. (4.2.62), we get the explicit expression
of the “ADM mass” function of the 3-BPS extremal BHs in the framework of the
N =2,d = 4, ny-fold Maxwell Einstein Supergravity Theory

Mapm (2,21, 1) = ‘(n% — Nas (2,2) nﬁ) LE (z,Z)) —

= [exp (%K (z,Z))} ‘ (nez — Naz (z,2) nﬁ) X* (z)’ .
(4.2.129)

An example of the extremizatior@ of the absolute value of the “central charge”
function Z of the local SUSY algebra (or equivalently for BPS extremal BHs, of the
“ADM mass” function) in the Kdhler-Hodge moduli space My,, of the N' = 2,d = 4,
ny-fold Maxwell Einstein Supergravity Theory is shown in Fig. 4.1.

2In Subsect. 4.4 it will be shown that in ' = 2, d = 4, ny-fold Maxwell Einstein Supergrav-
ity Theory with strictly positive definite metric of the moduli space and with a single continuous
branch of the function |Z| (z, z; n,, n°), at most only one extremum point exists, and it is a minimum.
Clearly, the situation completely changes if the hypotheses of strictly positive definiteness of the
metric and/or single continuous branch for |Z| are removed. See e.g. [55].
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2] 4

2L (p,q) z

Figure 4.1: Minimization of the absolute value of the "central charge" function
|Z| (z,Z; ny, n°) of the local SUSY algebra in the (holomorphic part of the) Kahler-
Hodge complex moduli space M, of the N' = 2, d = 4, ny-fold Maxwell Einstein
Supergravity Theory. In the picture zi;y (p,q) stands for zy (1, n°), i.e. for the
“attractor”, purely charge-dependent value of the moduli at the Event Horizon of
the considered %-BPS extremal (eventually RN) BH. The Attractor Mechanism fixes
the extrema of the central charge to correspond to the discrete “fixed” points of the
“attractor variety” ([31], [32], [33]) M,,. Of course, the moduli-dependence of the
central charge is shown at a fixed charge configuration of the system, i.e. for a fixed
(2ny + 2)-dim. symplectic-covariant vector n defined in Eq. (4.2.35).
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Moreover, at the “attractor” point(s) corresponding to the radius r = rp, the
two independent Sp (2ny + 2)-invariants I; and I, homogeneous of degree two in
the (quantized) electric and magnetic charges (defined in Egs. and then
explicited in Egs. and (4.2.87)) coincide one with the other, “degenerating”

in one unique valu

IH (nm/ ne) = Il (ZH (”mr ne) IZH (nm/ ne) My, ne) —
= L(zg (nm, n°) ,zg (M, n°) ; Ny, n°) =
= |Z(z1 (1), Zp1 (g, 1) 5100, 1°) |* = | Zy (1, 1) | =

= M%xDM,H (i, n®) = M%R (1, n°);
(4.2.130)

0

n" M (N (zg (nm, %),z (nm, 1)) n = nT M (F (zg (nm, n°) , Zg (1, 1)) n =

= [1’15\ - NAZ (ZH (ﬂm, ne) ,ZH (nm, ne)) 1’1%1] ((Im ((ZH (nm/ ne) ,ZH (nm; ne))))—1>AA .

- [n4 — Nar (zu (nm, %), ZH (1w, 1)) nk,] =

= [n% — Fax (zu (nm, 1) , 2 (1, 1)) 135 ((Im (F (zgg (g, n%) , 2y (nm,ne))))_1>AA.

(14 — Ear (21 (1), Zp1 (i, n%)) 1y, | =

= Mg (1, 1) = Mg (1, 1) = | Z[3 (1, 7).
(4.2.131)

|Z| iy (1, n°) is the purely charge-dependent extremized value of the absolute value
of the “central charge” function of the local N' = 2, d = 4 SUSY algebra, reached at
the EH of the BPS extremal (RN) BH.

Now, by recalling the relation between the Horizon area and the BR mass
_ A
CAm

2L As done above, we assume that the limit r — r}; is “smooth” (in the sense specified by Footnote
6 of Sect. 2) for all considered functions in the moduli space.

M3 (1, %) (4.2.132)
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and by using the BHEA formula, we may relate the entropy of the extremal BPS
(RN) BH to the area of its EH, and therefore to its “ADM mass” function, whose
“near-Horizon” limit coincides with the BR mass.

Thus, the final result is the expression of the entropy of the extremal BPS (RN) BH
in terms of the extremized (minimized) square absolute value of the “central charge”
function of the local N = 2, d = 4 SUSY algebra, reached in correspondence of the
discrete “attractor” moduli configuration(s) at the EH

A
Sgy = TH = anBR (ny,n’) =

= TMipum (zH (M, 1%) 25 (i, 1°) 5 1, 1°) =

= ”MiDM,H((”mr”E)):
= 70|Z[% (nm, n°). (4.2.133)

As mentioned above, a key feature of the d = 4 and 5, N' = 2 SUGRASs coupled
to ny Abelian vector supermultiplets is the fact that the extremization of the “central
charge” function Z through the AEs may be made “coordinate-free” in the moduli
space M,,,, by using the fact that such a ny-dim. complex manifold is endowed with
a special Kédhler metric structure, on which we reported above for the d = 4 case.

Clearly, the U-duality-invariant, i.e. symplectic-invariant, (re)formulation of the
BHEA in the case of d = 4 and 5, N' = 2 Maxwell Einstein Supergravity Theorys
has various advantages, coming from its manifest symmetry.

Finally, one can also check the first consistency condition for unbroken
N = 2 SUSY at the EH; such a relation relates the Riemann-Christoffel tensor of the
metric background to the graviphoton field strength. By using the definition of the
“central charge” function, and by evaluating it at the “attractor” fixed point(s), it is
possible to show that one obtains nothing but the BPS-saturation condition for the
BR metric, expressing the validity of the Cosmic Censorship Principle, and conse-
quently yielding the existence of an EH with a regular geometry covering the inner
s-t singularity
M3 g (11, 1°) = | Z[3; (1, 1) . (4.2.134)

while, by recalling Eq. (4.2.132), one reobtains the main result given by Eq. (4.2.133).



Chapter 5

Black Holes and Critical Points in

Moduli Space

As we have seen, the d = 4, N' = 2 ungauged SUGRAs have two types of ge-
ometries: the space-time geometry and the moduli space geometry. In this Section,
mainly following the seminal paper [55] of Ferrara, Gibbons and Kallosh, we will
consider the fundamental interplay between these two geometries, especially in re-
lation with the Attractor Mechanism.

5.1 Black Holes and Constrained Geodesic Motion

Let us start by considering the 4-d. Lagrangian density of a system of real scalars
and Abelian gauge fields coupled to gravity [55]

R 1 1 1 .
Lo = —5 +5Gadud"0ug’s" — JpuasFn Fr,88" — quasF " Fiogts™,

2
(5.1.1)

with space-time lower Greek indices running from 0 through 3, moduli lower Latin
indices running 1, ..., my, and symplectic capital Greek indices running 1, ..., ny + 1.
g" (x) and G (¢) are the 4-d. space-time metric and the my-dim. moduli space
metric, respectively. pias (@) and vax (@) respectively are the real, strictly[l| posi-

'We may disregard the possibility to have vanishing eigenvalues for the matrices yay (¢) and
vay (¢). Indeed, such zero modes would correspond to Abelian gauge fields with vanishing kinetic
term, which can be thus omitted from the considered Lagrangian density (5.1.1). Consequently, since
the matrices ppy and vpy are real, symmetric and without zero modes, they are always invertible by
an orthogonal transformation. By the way, as it will be evident by looking at Eq. (6.2.0.8), only pxx
needs to be invertible in order for Vpy to be consistently defined.

123
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tive definite, moduli-dependent matrices of dilatonic and axionic couplings of the
Abelian gauge fields (they may be considered symmetric without loss of generality).
Finally, *ffp denotes the usual Hodge *-dual

. 1
By = yerneg P27, (5.1.2)

where €7 is the 4-d. completely antisymmetric Ricci-Levi-Civita tensor.

We restrict our attention to static (i.e. time-independent) metric backgrounds,
described by the metric Ansatzﬂ (remind that, unless otherwise indicated, we put
c=h=Gyp=1andij=1,273)

ds? = 24X g2 e—ZU(z)%j (x) dx'dx/. (5.1.3)

Such an Ansatz is a generalization (with non necessarily Euclidean spatial sections)
of the previously considered 4-d. BH metric given by Eq. (2.2.23). The assumption
of staticity allows one to get a 3-d. effective Lagrangian density, from which the field
Egs. may be derived

R Yii 1 i el G~
L3 = [211} —E’)’l]aigbaajgbbef’ (5.1.4)

where R [7;j] denotes the intrinsic scalar curvature related to the 3-d. spatial met-
ric ;i (x). Moreover, the “hatted” scalar fields include, beside the scalar fields ¢*
of the 4-d. theory, also the function U (x) defining the space-time metric and the
electrostatic ¢ and magnetostatic x potentials related to the U (1) gauge fields

& = (U " " xn ), (5.1.5)

with the “hatted” indices 7 ranging in a set of cardinality mgy + 2ny + 3.

In other words, in the passage from the 4-d. theory to the related effective 3-d.
theory, it is convenient to enlarge the scalar manifold My as follows:

P

(Mg, {9}, Gap (¢)) — <M4;, {4’”} G (93)) : (5.1.6)

where it should be noted that the U(1)"v*! gauge invariance implies that éﬁg is
independent of the e.m. potentials

G (¢) =G5 (U, 9). (5.1.7)

21t has been shown by Tod [81] that in ' = 2 supergravity theories the general form of static
metrics admitting supersymmetries is given by Eq. (5.1.3).
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We further increase the symmetry of the considered s-t metric background, by
formulating the hypothesis of spherical symmetry corresponding to the Ansatz [55]

o ctdr? c?
§ i3 2 in? 2 1.
vij (x) dx'dx sl (c7) t iz () (d@ + sin“0d ¢ ), (5.1.8)
where 1
T = p— (5.1.9)

Therefore, since r € [ry, +00), it follows that T runs from —oco (BH Event Horizon)
to 0~ (spatial infinity). Moreover,

A
¢ = KSSNH = (2SpuTsH)?, (5.1.10)

where in the last passage we recalled Eqs. (3.1.3) and (3.1.4) (Sgy and Tgy respec-
tively denote the entropy and the temperature of the BH).

Summarizing, we are considering the following 4-d. static, spherically symmet-
ric BH metrics:

472 2
2 2U() g42 _ ,—2U(T) c*dt c 2 0 win20d 02
as ear e sinh* (¢T) T sz (cT) <d9 +sin“0de ) ’

(5.1.11)

where 7 is the 1-dim. effective evolution parameter defined in Eq. (5.1.9), and we
introduced U’ (t) = U (r) and dropped the prime out. By further using the spheri-
cal symmetry (i.e. the (6, ¢)-independence) of the BH metric (5.1.11), one obtains a
1-dim., T-dependent effective theory.

It can be shown that the 1-dim. effective Lagrangian from which the radial Egs.
of motion may be derived has the purely geodesic form [57]

R i b
£i=C.(Up) ™ dT(T) a9 dT(T) (5.1.12)

constrained by the condition

d§" (1) dg’ ()
y (5.1.13)

Gﬁ@(ul (P) T dT =C,

which characterizes T as a “generalized proper time” for the enlarged scalar mani-
fold M@

Consequently, by assuming the space-time symmetries expressed by Egs. (5.1.3)
and (5.1.8), the dynamics related to the starting 4-d. Lagrangian (5.1.1) may be
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shown to reduce to a geodesic, constrained dynamics described by Eqgs. (5.1.12)

and (5.1.13).

In order to further explicit £, we may formulate the following “block-diagonal”
Ansat for éﬁg

~ _ lGab ((P)
G (U, ¢) = 2 Gz (L) ) , (5.1.14)
G (U, ¢)

where as usual
GAX (U, ¢) Gyz (U, ¢) = 65, VU, ¢, (5.1.15)

and the unwritten components vanish. Therefore, £, read

_|_

AU\ 1 g (n) dg? (7)
b = ( dt ) +§G”b(¢) dt dt

s (UL g) dy™ (1) leZT(T) LG (1 g) dxa (%) dxs (7)

at at at
(5.1.16)
Now, since éﬁ@ is independent of ¥ and x A, we obtain that
dp dqa
ro—, 12—, 5.1.17
at 0 at ( )
where
A—1_6L1 _ AAxdy
—1_4c A dy*
a = 3 WA = Az
()
(5.1.18)

3 A particular(ly simple) formulation of the “block-diagonal” Ansatz (5.1.14) reads
p y simp &

%Gab (‘P) ’
env+l

where €, 11 is the (2nny 4 2)-dim. symplectic metric given by Eq. (4.1.25).
The factor % in front of G, (¢) is introduced for later convenience.

—_

é\aﬁ (u/‘P) = (
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are identified with the magnetic and electric charges of the BH, respectively (p* =
ni, qn = n4). Thus, by using the definitions (5.1.18), Eq. (5.1.16) can be further

elaborated as

b = (HOY ) L, WD L W0 i)

(5.1.19)
Now, it can be shown ([58], [57], [59] and [60]; see also [61]) that
d A T d T
1A lpdT( ! +pt Xﬁr( ) _ Ve (¢5p.9), (5.1.20)

where Vpy (¢; p, q) is the so-called “BH effective potential”, i.e. a particular, positive

function of the scalars ¢’s and of the BH charges, constructed from the (strictly)
positive definite couplings pax (¢) and vpy (¢) as follows:
_ 1A p

Ven (¢,p;9) = 5 (p ,qA) M (¢) : (5.1.21)
q=

where the (2ny +2) x (2ny + 2), ¢-dependent matrix M (¢) is defined as

Has (¢) +van (@) (1 () vax (9) vaz () (1 (9))™

AE
fal

(1 ()" vax (9) (1 (9)
(5.1.22)

The reality, symmetry and (strict) positive definiteness’| of jiax, (¢) and vax (¢) im-
ply the reality, symmetry and (strict) positive definiteness of the matrix M (¢), and
consequently the positivity of Vpg (¢, p;q) in all My x T

By substituting Eq. (5.1.20) in Eq. (5.1.19), we can finally write the 1-dim. effec-
tive Lagrangian density as

L1[U(T),¢(T);pq] =

2 (T bt
= (HE2) "+ 3G (9 (1) LA 1 Uy, (9 (1) 5 p,g)
(5.1.23)

41t is worth pointing out once again that, in order for M (¢) to be well-defined, at least yayx. (¢)
must be strictly positive definite on the whole moduli space M.
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Analogously, it may be shown that the constraint (5.1.13) is equivalent to

2 a(T) do? (T
(452)" + 3G (¢ (1) G — Uy (¢ (1) p,g) =

= C2 = (ZSBHTBH)2'
(5.1.24)

The general formalism described above, which allows one to treat 4-d. static, spher-
ically symmetric, c?>-parameterized BHs with “scalar hairs” coupled to Abelian vec-
tor fields, essentially relies on the metric G, (¢) of the moduli space My and on the
“effective BH potential” function Vg (¢; p, q).

To a certain extent, the presented geodesic formulation is the most symmetrical
one, in which the “hatted” fields ¢ comprise the real scalars ¢“, as well as the electro-
magnetic potentials ™, x» and the Newtonian gravitational potential U. The en-
largement of the scalar manifold is related to the performed dimensional reduction
procedure (d = 4 — d = 1), which allows one to put U, ¢* and ™, x» all on the
same footing.

Physically, by exploiting the (U(1))"V " gauge invariance of éaA, it is more con-
venient to eliminate the potentials ¢, x5 by introducing their canonically conju-

gate variables g,, pA

, corresponding to the BH electric and magnetic charges. Such
a procedure allows one to define a “BH effective potential” function Vzy (¢;p,q),
whereas the real scalars ¢*’s and the Newtonian potential U remain on the same
footing, and they are described by a simple dynamical model in the (U, ¢)-

space, with a potential Vgy (¢; p,q), and constrained and c¢?>-parameterized by Eq.

(5.1.24).

5.2 [Extreme Black Holes and Special Kihler Geometry

We now reconsider the previously introduced ny-fold N' = 2, d = 4 Maxwell-
Einstein supergravity theory (Maxwell Einstein Supergravity Theory), i.e. a N = 2,
d = 4 supergravity theory in which the gravity multiplet is coupled to ny Abelian
vector supermultiplets, and therefore the overall gauge group is (U(l))”VH. We
will see how the (regular) Special Kédhler geometry (SKG) of the moduli space of
such a theory allows one to simplify the investigation of the critical points of the
function Vpp. In this and in the next Subsection we will refer to and complete the

treatment presented in Sect. 3. We will denote the BH charges as follows: 16, = gqx,
A — A
n, =p-.
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Let us start by switching to a complex parametrization of the moduli space: in
order to do this, we assume me to be even, i.e. mey = 2np, ny € IN. Therefore,
by complexifying the 2n4-dim. real Riemann manifold M, (with local coordinates
{¢"},a = 1,..,myp), we obtain a ng-dim. complex Hermitian manifold M, > with

local coordinates {zi, Zg} (G,i=1, ey M) [72]

Gy (9) dp"dg® = 2G;(z,2)d2'dz, G =Gy (5.2.1)

In particular, as it pertains to the framework of ny-fold N’ = 2, d = 4 Maxwell Ein-
stein Supergravity Theory, we assume that such an Hermitian geometry is a Kdh-
lerian one, regular (i.e. with the metric tensor strictly positive definite everywhere)
and of the special type; i.e., we assume that

2 > . -
Gap (¢) dgdg® = ZLwdzldzf, K(z,%) = K(z,2); (5.2.2)
dz/ 9z
Gj (z,z) strictly positive definite V (z,z) € M,z; (5.2.3)
Rijm Gileﬁ + GimGg — CilpE]TTpGp 7, (5.2.4)

where the real function K (z,z) (satisfying the Schwarz Lemma in M, >) is called
Kéhler potential, Rz’]lm is the K&dhler Riemann-Christoffel curvature tensor and C;j,,
is the rank-3, completely symmetric, Kdhler-covariantly holomorphic tensor of SKG
(with Kdhler weights (2,2)).

Now, in order to study the “BH effective potential” function Vzy (2,Z; p,q) in
(regular) SKG, we need to identify it with a symplectic-invariant, Kéhler gauge-
invariant, real positive function in such a geometric context. The natural and imme-
diate choice is given by the first invariant I (z,z; p, q) of the SKG, defined as [51]

h(zZpaq) = |2 (zZp.q) +G" (27) (DiZ) (z.Zp.9) (DZ) (2 Fp.9),
(5.2.5)
where Z (z,z; p, q) is the central charge function of ny-fold N' = 2, d = 4 Maxwell
Einstein Supergravity Theory; let us also recall that Egs. (4.1.54) and (4.2.53) yield
Z(zZpq) = L"(z2)qa—Ma (22) p" = 562 (XM (2) g0 — Fa (2) ]
(5.2.6)
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By recalling Eq. (4.2.86), I may also be defined as

pZ

(pA, qA> M (Re (N}, Im () . (527
qx.

L(z,Zp,q9) = —

N~

with M (Re (N), Im (N')) defined by Egs. (4.2.81)-(4.2.83) to be the real (2ny + 2) X
(2ny +2), (z,z)-dependent symmetric matrix

M (Re (N (2,2)) ,Im (N (z,2)))

Im (N (2,2)) o5 +

+Re (N (2,2)) ap

-
AE
i

((ImN (z,z))*l)

Re (A (2,2))as
o —1\AE _ 1\ AZ
- ((Im/\/ (z,2)) ) Re (N (z,%))z=y ((ImN (z,2)) )
(5.2.8)
Consequently, by performing the fundamental identification
Veu (z,z,p,9) = —h(zZpq), (5.2.9)
the comparison of Egs. (6.2.0.7)-(6.2.0.8) with Egs. (5.2.7)-(5.2) yields
Re (N (2,2)) Ay = —Vax (2,Z)
= Nax (2,Z) = —vax (2,Z) — iups (2,2) -
Im (N (2,2)) s = —Haz (2,7)
(5.2.10)

The reality, symmetry and (strict) positive definiteness of the matrices yay (z,2)
and vay (z,Zz) imply the reality, symmetry and (strict) negative definiteness of the

—Re(N (z,2))5z ((ImN (z,2)) ")

[1]
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matrix My, (z,Z), and thence of its real and imaginary parts separately (concern-
ing its imaginary part, this was already noted in Eq. (#.1.96)). Consequently, the
matrix M (Re (N'), Im (N)) is (strictly) negative definite, and Eq. yields that
L1 (z,Z; p,q) (and thus, by the identification (5.2.9), the “BH effective potential” func-
tion Vpy (z,Z; p,q)) is (real and) positive in all M,z x T. The (strict) negative defi-
niteness of the quadratic form of BH charges appearing in the r.h.s. of Eq. im-
plies that I} and Vpp vanish iff the fluxes of the ny + 1 Abelian vector field strengths
all vanish

L(z,Zp,9) =0=Vpy (2,Z,p,9)

0

ph=0=gp VA=0,1,.., ny. (5.2.11)

By using Egs. (5.2.1 (Gij = éjaiK understood throughout) and (5.2.10), we may
rewrite the 4-d. Lagrangian density (5.1.1)) as follows:

Ly = -8+ G020, 7"+

+1 (ImNog) EAFLE50 + § (ReNg) ) “ g,

(5.2.12)

Now L4 denotes the purely bosonic part of the Lagrangian density of ny-fold N =
2, d = 4 Maxwell Einstein Supergravity Theory, with i,i € {1,..,ny} and A, X €
{O, 1, ceey nv}.

Let us now consider the infinitesimal Kdhlerian metric interval in M z; by using

Eq. (5.2.2) we get

dz]? = Gydzidz) = <§7ai1<> dz'dzl = %Gabdwd(pb; (52.13)

)
dz | dzidz /- dzidz 1 d¢® deb
= (3:9) Cov g g

idrdt

drdt 2 "4t dr

(5.2.14)

Thus, by recalling Egs. (5.2.5) and (5.2.9), Egs. (5.1.23) and (5.1.24) may be respec-
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tively rewritten as

dz(7) |2

dt

L1 [U(),2(0),2(x);pg) = (M40)" +

+62U(T)
(DiZ) (z(7),Z2(7);p,q) (D;Z) (2 (7),Z(7); p,q)
(5.2.15)
(2SpuTpH)? = ¢* = (%@)2 + dz(;) ’ +
2 (z(1),2(1);p,9) + G (2(1),2 (1))
_p2U(7)
(DiZ) (z(7),Z(7);p.q) (D;Z) (z(7),Z(7); p,9)
(5.2.16)

5.3 Ciritical Points of Black Hole Effective Potential in
Special Kidhler Geometry

We will now study the critical points of the “BH effective potential” function Vpy in
the (regular) Special Kdhler Geometry (SKG) of the vector supermultiplets” moduli
space M,z of the ny-fold N' = 2, d = 4 Maxwell Einstein Supergravity Theory. As
previously pointed out, such critical points are “attractors” in the dynamical system
describing the radial evolution of the moduli from r — oo to r — ;. In order
to perform such an analysis, we need to recall a few results from SK(ﬂ beside the
Kéhler-covariant holomorphicity of Z, i.e. (see Eq. (4.2.63))

D;Z=0% DiZ =0, (5.3.1)
we will largely use Egs. (7.2.1.38) and (4.1.29) which, by definition (4.2.53), yield
D;D,Z = iC;G*D;Z; (5.3.2)

5Beside Sect. 3, see e.g. [B6l, [44], [45], [46l, [47], [56], 73], [74], [46], [75] and [76] for further
insights on SKG and moduli space geometries of N = 2 SUGRA more in general.
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Let us start from the fundamental identification (5.2.9)

Veu (z,z,p,9) = hL(zzZpq) = ]
= |Z)*(zZp.q9) + G (2,2) (DiZ) (z.Zp.9) (

D;Z) (z,%p,q) -
(5.3.4)

Thence, by recalling that Vg and |Z (z,Z; p, q)| are Kahler-gauge invariant scalars

in Mz, by using Eqs. (¢.2.117), (5.3.2) and (5.3.3) we can calculate (also remind that
in M > the Metric Postulate holds)

DiVgu = 9iVpu =9; [|Z|2 +G* (D;2) (EE_)} =

~—

= 27ZDiZ +iC;3GI"G* (DyZ) (D;Z) . (5.3.5)
Therefore, we get that the critical points of | Z| are critical points also for Vgp; indeed,
by assuming that Z # 0 (everywhere in M.z, and in particular at the Horizon,
critical “attractor” points) and using Eq. #.2.117), Eq. (5.3.5) yields

0; ’Z| =0« D;Z=0= 0;Vgyg = 0. (5.3.6)
It should be stressed that the opposite, in general, is not true
aiVBHZO#a,‘|Z| =0& D;Z=0. (5.3.7)

Thus, in the framework of the ny-fold N' = 2, d = 4 Maxwell Einstein Supergravity
Theory with (regular) SKG of Mz, the Horizon, “attractor” points for the consid-
ered extreme BH, i.e. the critical points of the “BH effective potential” function
VsH (2,Z; p,q) in Mz, may be divided in two disjoint classes:

1] the “attractors” which are critical points also of the absolute value of the cen-
tral charge |Z| (z,Z; p,q) (the so-called 3-BPS-SUSY preserving extreme BH “attrac-
tors”, treated in Subsubsect. 4.3.1)

and

2] those that are not critical points of |Z| (z,z; p,q) in Mz (the so-called NON-
(BPS-)SUSY extreme BH “attractors”, treated in Subsubsect. 4.3.2).

Clearly, such a distinction (and the whole treatment given below) is paramet-
rically dependent on the BH charge configuration, i.e. it is parameterized by the
Sp (2ny + 2)-covariant vector (p?,q,), with the group Sp (2ny + 2) defined on R
at classical level and on Z when the charge quantization is taken into account.
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5.3.1 Supersymmetric Attractors

Let us start by considering the %—BPS—S USY preserving extreme BH “attractors”, i.e.
the points (zsusy (P,9) , Zsusy (P, q)) in Mz defined by

(ai |Z|)(Zsusyrzsusy) =0 (Diz)(zsusyrzsusy) - O/
0
Vi e (Lo} P RKER] 2@ =061
4
\ (aiVBH)(Zsusﬂsusy) = 0.

In order to eventually characterize such points as maxima or minima of the func-
tion |Z| (z,Z; p,q) in Mz, we have at least to calculate the K&hler-covariant second
derivatives of |Z|, and then evaluate them at (zsusy, Zsusy). By using Eqs. (5.3.1),

4.2.117), (5.3.2) and (5.3.3)), we obtain

7
D;D;|Z| = D;9;|Z| = D; (mpjz> —
7z 7 -
S D;Z) D;Z + C; G*D.7Z| : 5.3.1.2
D;|zZ| = D;|Z| = z ——DiZ
J - 2|Z|
1 _
= 17 (DZ)DZ+ Z| G, (5.3.1.3)

On the other hand, by recalling the general properties of Hermitian and K&hlerian
manifolds [37], one gets

D;Dj|Z| = Did;|Z| = 9;0;|Z| — ;0 |Z] =
— 9;9;|2] -G (a,-égajk> VAR (5.3.1.4)
D;D;|Z| = D;9;|Z| = 9;0, | Z]. (5.3.1.5)

Since the Kahler potential K and the central charge |Z| are both assumed to sat-
isfty the Schwarz Lemma in Mz, such Egs. respectively yield
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D:D;|Z| = D,D;|Z], (5.3.1.7)

as it can be checked by looking at the explicit expressions (5.3.1.2) and (5.3.1.3). Con-
sequently, by evaluating at the point(s) (Zsusy, Zsusy) in Mz defined by Eq. (5.3.1.2),
Egs. (5.3.1.2)-(5.3.1.5)) yield

(DZD] |Z|) (Zsusy/zsusy) = (ala] ’Z|) (Zsusyrzsusy) = 0, (5318)
(DI 1ZD) () = <afaf Z1) (o)
= |Z| (Zsusy/ Zsusys P 5]) G (Zsusy/ Zsusy) (5.3.1.9)

It is now possible to introduce the 2ny x 2ny complex Hessian matrix HJ]Z | of the
function |Z| (z,Z; p,q) in Mz, as follows:

|
H;;
zp0)
g
ji
D;D; |Z| D;D; |Z|
D,D; |Z| D;D;|Z|
- z\Z| Z ., (D;Z) D;Z+
VA
"217] )
+Cijkak5E7

L

171 (DZ) DiZ + 3 12| G,

12
i
HZ
i
D;D; |Z|
D;D]- |Z|
1
4z
A
~hz]

(5.3.1.10)

Kk
+CG* Dz

where the “hatted” indices 7 and j may be holomorphic or anti-holomorphic (14 =
ny) Thus, by evaluating at the point(s) (zsusy (P,4) ,Zsusy (p,q)) in M,z defined by
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Eq. (5.3.1.2), the Hessian becomes

Z —
f|j ‘ (ZSMS]/ (p/ q) IZSLLSy (Pr q) ’ p’ q) =

= % 1Z| (Zsusy (Pr”l)rzsusy (PIQ)?PrQ) '
0 Gi} (Zsusy (]9/ Q) zzsusy (P, Q))

Gﬁ (Zsusy (P, q)  Zsusy (P, q)) 0
(5.3.1.11)

since G_z} = Gj;, we obtain

4
(HZA‘]AZ| (Zsusy (P, Q) /Zsusy (P, Q) ' Py ‘])> = HleZ| (Zsusy (P, Q) /Zsusy (Pz ‘7) Py f]) .
(5.3.1.12)

Eq. (5.3.1.12) means that the 2ny x 2ny complex Hessian matrix HJ]Z | evaluated at

the %-BPS-S USY preserving extreme BH “attractor” point(s) (zsusy, Zsusy) in M,z is
Hermitian for any BH charge configuration. Consequently, J]Z | (zsusy, Zsusys p,q) is
always diagonalizable by a unitary transformation, and it has 2ny real eigenval-
ues; from Eq. and well known Theorems of mathematical analysis, it then

follows that, for an arbitrary but fixed BH charge configuration (p*,qs) € T

Gy (Zsusy, Zsusy) strictly positive (negative) definite

)

(Zsusy» Zsusy ) at least local miminum (maximum) of |Z| (z,Z; p,q) in M,z. (5.3.1.13)

Since we assume that the SKG of M > is regular, i.e., that the metric Gi} is strictly
positive definite everywhere, we obtain at least a local minimum of |Z| at the %—
BPS-SUSY preserving extreme BH “attractor” point(s). However, if we go beyond
the regular regime of SKG, G;; may be singular (i.e. not invertible) and/or without
a well-defined definiteness (i.e. with some positive as well as negative eigenvalues);
in such a case, Eq. yields that the eventually existing (at least local) maxima of
|Z| are reached out of the regular SKG of M. In general, going beyond the regular
regime of SKG, some “phase transitions” may happen in Mz, corresponding to
a breakdown of the 1-dim. effective Lagrangian pictureﬁ of 4-d. (extreme) BHs
presented in Subsects. 4.1-4.3, unless new massless states appear [55].

®Such a 1-dim. effective framework should be understood as being obtained by integrating all
massive states of the theory out.
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Moreover, by recalling Eq. and using the very definition (5.3.1.2), the value
of the function Vpy at the %—BPS—S USY preserving extreme BH “attractor” point(s)
reads

VBH (Zsusy/ Esusy; p, Q) = ‘Z ’2 (Zsusy/ Zsusy} p, Q) ’ (5.3.1.14)
implying that the (semiclassical, leading order) entropy at such 3-BPS-SUSY preserv-
ing extreme BH “attractor(s)” is

SBH,susy =T |Z|2 (Zsusyz Zsusy; Ps I]) . (5.3.1.15)

Now, in order to establish if the points (zsusy, Zsusy) are eventually maxima or
minima of Vpy (z,z; p,q) in Mz, we have at least to calculate the Kdhler-covariant
second derivatives of Vgy, and then evaluate them at (zsusy,fsusy). By using Egs.

@.1.4), (.3.1), (5.3.2), (6.3.3) and (5.3.5) and exploiting the validity of the Metric

Postulate in M z, we obtain

DiDjViy = Di 2ZD;Z +iCju GG (DyZ) (DiZ) | =
(5.3.1.16)

= 2i 20 G*ZD;Z +} (D(Cyu ) GG (DnZ) DiZ] ;

(5.3.1.17)

=2|(DZ) DjZ + G; |Zf + CuCiyg GGG (Du2) DiZ ],
where in the last lines of both Egs. we used the symmetry of the rank-3 tensor Cj;:
Citi = C(jxy, and in the last line of Eq. also the symmetry of the Kéhler-

covariant derivative of such a tensor (D};C;j; = 0, see Eq. (4.1.5)).
By using Egs. (7.2.1.39), (4.1.8) and (4.1.9)-(4.1.11), the expression (5.3.1.17) can

be further written as follows:

D:DjVgy = 2 [(51—.7) D;Z+ Gy 1Z|* + Cjszﬁ:kaGﬁG”E (D, 2) 57_] -

imk
( (ﬁgajK) 2|2+
26701 + G (9,9K ) +

= 2¢ +
+GIGMGM™ (33,0, ) 3j30,K — GI'G™*3,3,0,K

-

~J
NI

[+ 19) ] [+ 39 ,
(5.3.1.18)
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On the other hand, by recalling the general properties of Hermitian and Kéahle-
rian manifolds [37], one gets

DiDjVBH = Dia]'VBH = aiajVBH + I“i;-‘akVBH = aia]’VBH + szazézajKakVBH;
(5.3.1.19)
D;D;jVgy = D;0jVpy = 0;9;Vah. (5.3.1.20)

Since the Kahler potential K and “BH effective potential” Vpy are both assumed to
satisfy the Schwarz Lemma in Mz, such Egs. respectively yield

D;D;Viy = DiD;Viy; (5.3.1.21)

D;D;Vgy = D;D;Vgy, (5.3.1.22)
as it can be checked by looking at the expressions (5.3.1.16)), (5.3.1.17) and (5.3.1.18).

For completeness, since D;Z = (5; + %%K) Z and Cjy is a rank-3 completely
symmetric, Kdhler-covariantly holomorphic tensor with Kahler weights (2, —2) for

which then (see Eq. (4.1.21))
DiCjkl = al'c]'k[ + (alK) Cjkl — l"l-;ﬁkal - FifC]-ml - l"i}” ik (5.3.1.23)

Eq. (5.3.1.16) may be further elaborated as follows :

D:D;Vpy = 4iC;G*¥ZDiZ + i (D (icj)kl) GGl (DwZ) DjZ =

= iGi™ [(% * %_WK> Z] ' (5.3.1.24)

4ZCy+ G | (3,+13,K) Z| -

: [a(ic

i)k + (8(1K> Cj)kl — GmEkaléEa,'a]’K — ZGmElemﬁEa‘i)akK}

Now, by evaluating at the point(s) (zsusy (p,q) ,Zsusy (P, 4)) in Mz defined by
Eq. (5312), Eqs. (5:3.1.16), (53.1.24), (5.3.1.17) and (5:3.1.19) yield

(DiD]'VBH)( = (aia]‘VBH)( = 0,‘ (5.3.1.25)

Zsusyxzsusy)

Zsusyrzsusy)

(E;Dj VBH) ( = <§;8]' VBH ) -y T

Zsusyfzsusy) (Zsusy,Zsusy)

= 2 ‘Z|2 (Zsusy/ Zsusys P Q) G]‘{ (Zsusy/ Esusy) .(5.3.1.26)
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As previously done for the function |Z|, it is now possible to introduce the 2ny x 2ny
complex Hessian matrix H;]{BH of the function Vg (2,z; p,q) in Mz, as follows:

HiVBH HZBH
] ij
Vi (,, = _
g (22 p,q) = =
HYBH HXBH
Jt )
[ 2¢G*ZDZz+ | [ (DiZ)DiZ+ G |2 + ]
i | +3DCiu- +CogCinmk G G GFT.
| -G"G! (DwZ) DZ | - (D#Z) D1z |
=2
[ (D-Z 2.7 [ e kk
(D;Z) D;Z + G4 |Z|" + 2CHG*ZDy Z+
o 1= =
+Ci G GG G- —1 | DG
| - (DuZ) DjZ | | -GG (D,,Z2) D, Z |

(5.3.1.27)

Thus, by evaluating at the point(s) (zsusy (p,q) ,Zsusy (P, 4)) in M,z defined by Eq.
(5.3.1.2) and recalling Eq. (5.3.1.14), the Hessian becomes

Hi™ 2oy (1. 9) Zsusy (pr) o) =
= 2VBH (ZSMS]/ (p/ q) ;Zsusy (pl ‘7) ’ p’ q) )
0 GZ] (Zsusy (p/ Q) /ZSMS}/ (p’ q))

Gﬁ (Zsusy (P, 4) s Zsusy (P, Q)) 0

(5.3.1.28)
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Since G_Z} = Gﬁ' also in this case we obtain

+
(Hf‘j/BH (Zsusy, Zsusy; P q)) = H;](BH (Zsusyzzsusy} P,Q) , (5.3.1.29)

i.e. the 2ny x 2ny complex Hessian matrix H;]ZBH evaluated at the %—BPS—S UsY pre-
serving extreme BH “attractor”, point(s) (zsusy,isusy) in M= is Hermitian for any
BH charge configuration. Thus, Hi‘]{BH (zsusy, Zsusy; p,q) is always diagonalizable by
a unitary transformation, and it has 2ny real eigenvalues; from Eq. (5.3.1.28) it then
follows that, for an arbitrary but fixed BH charge configuration (p*,qs) € T

Gij (Zsusyz zsuSy) strictly positive (negative) definite

)

(Zsusy» Zsusy ) at least local miminum (maximum) of Vg (z,Z; p,q) in M.
(5.3.1.30)

Such a result also follows from the comparison of HJ]Z | (zsusy, Zsusy; Vs q) (given by
Eq. (5.3.1.11)) with Hf‘]fBH (zsusy,zsusy,' P, q) (given by Eq. (5.3.1.28)), yielding

HyH (Zsusy, Zsusy; ,9) = 41Z| (Zsusy, Zsusy; P, 9) HzLZ | (Zsusy, Zsusy; P, q) =
] ]
= 4 (VBH (Zsusy, Zsusy} p, 0]) ) 12 1A|]A2| (Zsusy, Esusy} p, Q) ’

(5.3.1.31)
where in the last line we recalled Eq. (5.3.1.14).

As mentioned above, since we assume that the SKG of M > is regular, we obtain
at least a local minimum of Vpy at the 3-BPS-SUSY preserving extreme BH “attrac-
tor” point(s). However, different situations may arise if we go beyond the regular
regime of SKG; in such a case, Eq. yields that the eventually existing (at least
local) maxima of Vpp are reached out of the regular SKG of M.

Summarizing, in the context of regular SKG of M, 3, all 3-BPS-SUSY preserving
extreme BH “attractor” points, defined by the differential Eq. Vi=1,..,ny)
(9 |Z]) (Zsusy, Zsusy; P, 9) =0 (5.3.1.32)
0
(DiZ) (Zsusys Zsusy; P, 1) =
(5.3.1.33)

= (32) 2z p.0) + 3 (0K) (2.2 Z (2% p.q)| oy Zoy)
I

(aiVBH) (Zsusy/ Zsusy; P Q) =0, (5.3.1.34)
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are (at least local) minima[] of both the real, positive functions Vg (2,z; p,q) and
|Z| (z,z; p,q), for the arbitrary but fixed BH charge configuration being considered.

However, if one considers only one (p, q)-parameterized continuous branch of
Vey (2,Z;p,q9) and |Z| (2,Z; p,q) in M, z, then just one critical point

(zsusy (P, 9)  Zsusy (p,9)) = lim, .+ (z(r) 2 (r)) (5.3.1.35)

exists as solution of the set of ny complex differential Egs. (5.3.1.32)-(5.3.1.33), and it
is a global minimum for the (p, q)-parameterized continuous branch of Vg (z,z; p, q)
and |Z| (z,Z; p,q) in M=

Clearly, the situation changes if, for the considered Sp (2ny + 2)-covariant BH
charge configuration (p*, g, ) € T, more than one continuous branch of Vg (2,Z; p, 9)
and |Z| (z,z; p, q) may exist in M z, or also if one considers not only the continuous
branch(es) of Vg and/or |Z|. In such cases, one would obtain that a variety of criti-
cal points may exist, corresponding to (at least local) minima of Vpy and |Z| in Mz,
in 1 : 1 correspondence with possibly existing disconnected continuous branches of
such functions, or in (not necessarily 1 : 1) correspondence with eventually existing
disconnected, non-continuous branches of Vpy and |Z]|.

Furthermore, by going beyond the regular SKG of M >, and thus by admitting

changes of definiteness of the Kidhlerian metric Gﬁ, one would obtain various possi-

’Since the real functions |Z| and Vpy are (strictly) positive in M, 3, their stable critical points are
(at least local) minima. Since the “attractor” points are generally defined as stable critical points, it
follows that in the considered framework of regular SKG of M, > all critical points of |Z| and Vg
are actually “attractors”.
In general, this does not continue to hold when the assumption of regularity of SKG is removed.
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ble cases’} 1)

Gy (zsusy (P,9) ,Zsusy (P, q)) strictly positive definite (5.3.1.36)
)

Hf‘]A/BH (Zsusy/ Zsusy; P 5])
strictly positive definite (6.3.1.37)

HY (2susy, Zousyi P2 9)
)
(Zsusy (P, q)  Zsusy (Pﬂ)) = limr—w; (z(r),z(r))
(at least local) minimum for both Vppy and |Z| in M= (5.3.1.38)

(for the considered (p*,q4) €7T)
[proper %-BPS supersymmetric extreme BH “attractor”];

2)

Gj (zsusy (P,9) ,Zsusy (p,q)) strictly negative definite (5.3.1.39)
)
HXBH (Zsusy/ Zsusy} P, 5])

strictly negative definite (5.3.1.40)

7 —
lAl]A | (Zsusy/ Zsusy; p, q)

)
(Zsusy (P, q) ,Zsusy (P, GI)) = limr—)]"?_} (z(r),z(r))
(at least local) maximum for both Vpy and |Z| in M, > (5.3.1.41)
(for the considered (pA, q A) el);

8Notice that the not strict positive (negative) definiteness of Gi} at the critical points
(zsusy (1, 9) + Zsusy (p,q)) is only a necessary, but not necessarily a sufficient, condition for them to
be (at least local) minima (maxima) for the functions Vpy and |Z| in M =.

Indeed, when the positive (negative) definiteness of Gi] is not strict, explicit counterexamples may
be considered in which (zsusy (P, 9) + Zsusy (p,q)) is a saddle point for Vg and |Z|. Thus, when the
definiteness of Gij is not strict, in order to discriminate between the different possibilities a more
detailed investigation is needed, for instance consisting in the study of the function Vgy and/or |Z|
in a neighbourhood of the considered critical point(s) (zsusy (,q) ,Zsusy (P, q))
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3)

Gjj (zsusy (P, q) /Zsusy (P, 7))

neither positive nor negative definite

o o . (5.3.1.42)
(i.e. it has some positive, some negative,
and possibly some vanishing, eigenvalues)
0
H;]{BH (Zsusy/ zsusy} P, Q)
neither positive nor negative definite (5.3.1.43)

Hlljzl (Zsusy/ ZSMS}//' p, q)
)

(Zsusy (P,q) / Zsusy (P, q)) = limrﬂrlfl (z(r),z(r))
saddle point for both Vg and |Z| in Mz (5.3.1.44)
(for the considered (p”,ga) € I).

Thus, when going beyond the regular SKG of the vector supermultiplets” mod-
uli space Mz, one gets a much richer casistics, for example consisting in the pos-
sibility to have different maxima and minima, together with saddle points, also
for only one (p, g)-parameterized continuous branch of the functions Vpy (2,Z; p, q)
and |Z| (z,z;p,q). In such a non-regular geometric framework, also disconnected
and/or non-continuous branch(es) of Vg and |Z| might be considered.

In [77] Kallosh et al. performed a detailed analysis of the issue of the uniqueness
of the critical points of both Vpy and |Z|, not necessarily relying on the regularity
of the Kéhler geometry. They worked in the framework of V' = 2, d = 5 Maxwell
Einstein Supergravity Theory, whose moduli space is endowed with a “very special”
(or “real special”) Kdhler geometry. An analogous approach in the corresponding
4-d. framework of SKG of the vector supermultiplets” moduli space M,z of ny-
fold N' = 2, d = 4 Maxwell Einstein Supergravity Theory was sketchily outlined in
[55].

5.3.2 Non-supersymmetric Attractors

Let us now consider the case of the non-supersymmetric, non-BPS (NON-(BPS-
)SUSY) extreme BH “attractors”. They are stable critical points of Vpy (2,z;p,q),
but not of |Z| (z,z; p,q), in M 3. In the considered context of ny-fold N' = 2,d = 4
Maxwell Einstein Supergravity Theory, their existence has been firstly pointed out
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in [55]; recently, they have been rediscovered and studied in a number of papers,
also in not necessarily supersymmetric frameworks ([61], [66], [71], [72], [78], [79],
[80]).

The elements of such a particular class of critical points of Vgy (z,Z; p,q) will
be denoted as (zpon—susy (P, q) , Znon—susy (p,q)). They are Horizon, “attractor” vec-
tor supermultiplets” scalar configurations which do not preserve any supersym-
metric degree of freedom out of the ones of the underlying ny-fold N' = 2, d =
4 Maxwell Einstein Supergravity Theory. By recalling Eq. (5.3.5), they are de-
fined by the following set of differential conditions (also remind that we assume

Z (Znon—susy (Pz Q) /Znon—susy (P, Q) P Q) 7’é 0):

( (

(DiVBH) (Znonfsusy (Pz 5]) /Znon—susy (Pr 5]) 7Py Q) =

:| (Znonfsusy (P/Q)rznonfsusy (P/l]) )
(53.2.1)

\ Vi e {1,...,nv},‘

(DiZ) (Znon—susy (Pz 5]) ;Znon—susy (P/ ‘7) P, Q) 7£ 0
\ ieIg{l,...,nV},I;éQ

which may be written explicitly as follows:

( / ( — )

27 (z,z;p,9) [(ai + %81-1( (z,Z)) Z(z,z; p,q)] -+

+1C1]k (Z/ E) G]W (Z/ Z) Gkk (Z, Z) ’

L Vi e {1,...,7’lv};

{ (81‘ + %81'1( (z, Z)) Z(z,z; PIQ)}(ZWsusy(p,q),znonsusy(p,q)) #0

L ielC {1,...,1’1\/},1 75 Q.

\

Thus, by inserting the explicit expressions of K (z,z), Cijx (z,z) and Z (z,z; p,q) as

(Znan —susy (Pﬂ)rznon—susy (Prﬂ) )

(5.3.2.2)
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inputﬂ the set of differential conditions (5.3.2.1)-(5.3.2.2) should give, as output, the
purely charge-dependent NON-(BPS-)SUSY extreme BH “attractors”

(Znon—susy (P, 49) » Znon—susy (P, 9)) = lzmr_ﬂH (z(r),z(r)). (5.3.2.3)

Let us now reconsider the condition of criticality for Vpy (z,Z; p, q) in M, z. From

Eq. (5.3.5) it reads (Vi € {1,...,ny})

27D,7 = —icijkcfﬁckk (DiZ) (D{Z); (5.3.2.4)
i
i Z AR (BT (B.7
D,Z = _EWCW‘GJ G* (DwZ) (D:Z) ; (5.3.2.5)
i
DZ = ;| ZZ| CiG"IGH (D 2) (Dy2). (5.3.2.6)

By using Eqgs. (5.3.2.4)-(5.3.2.6), the evaluation of Eq. (5.3.1.16) at the critical points
of Vgr (2,Z; p,q) in Mz yields

2C;xG*ZD;Z+
wy =2 1 Wi~ (P77 .7
+3 (DyCyu ) GG (DwZ) DiZ

a, VBHZO, Vr

=2i { 77 2 (DuZ) (DpZ) - (5.3.2.7)

i ((5;1(5]'? + 875 — GWGWRW) +
1 Il ~n7t PP qq (1T
+8|Z| [ ( (G CHGHGHGTR jmpC lqr)} (qu) brz 9 V=0, Vre{1,...ny }

In the last line of Eq. (5.3.2.7) we used the result

(DiC kl) Cman GkﬁGlfGnﬁGpﬁGqﬁGﬂ — —D( i (GllGnnGPPG‘MGwRU)mp lqr> ’

(5.3.2.8)

Igr

%It is worth recalling once again that, beside Gjj = 9;9;K, the Kahler potential K also determines
the contravariant metric by the orthonormality condition

foaja,K = 6.
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following from the Metric Postulate in M z, from the SKG constraints and
from the Bianchi identities for the Riemann-Christoffel tensor.

On the other hand, by means of the criticality conditions (5.3.2.4)-(5.3.2.6) of
Vgy (holding for non-vanishing Z, as we assumed) and recalling Eq. (5.3.1.18),
we can express D;D;Vpyy at the critical points by using either holomorphic or anti-
holomorphic Kahler-covariant derivatives of Z, respectively as it follows:

DZD]VBH a,VBH:O, VTE{l,...,nv} o

2
G lZ]" +
:2 =
26751 + G"G- — GIG"™R .- ) (D,Z)D-Z
+< ot ji ﬂlk>( nZ) Dy 3, V=0, ¥re{1,..ny}

(5.3.2.9)

r 2
Gﬁ’Z| +

_ _i Z n sl nle~_ _ llenkp .
=2| -44, (20761 + GG — GG R )

| -CunG7G* (DZ) (DiZ) Ds

B,VBH:O, VTE{l,‘..,i’lv}

Notice that the expressions (5.3.2.7) and (5.3.2.9) are manifestly symmetric, as, in
general, it holds true for Egs. (5.3.1.16), (5.3.1.24) and (5.3.1.17), (5.3.1.18).

In general, Egs. (5.3.2.7) and hold for every critical point of the func-
tion Vg (2,Z;p,q) in M,z In the case of 3-BPS-SUSY preserving extreme BH “at-
tractor” point(s) (which, by definition are also critical points of the func-
tion |Z| (z,z; p,q)), such Egs. reduce to the much simpler expressions and
, respectively. Thus, since we already treated the %-BPS-SLISY preserving
extreme BH “attractors” in Subsubsect. 4.4.1, we will here understand Eqs.
and in their non-trivial form in ny-fold N = 2, d = 4 Maxwell Einstein Su-
pergravity Theory, i.e. evaluated at the NON-(BPS-)SUSY extreme BH “attractor(s)”
which, by the definitions (5.3.2.1)-(5.3.2.2), are critical points of Vg, but not of |Z|.

Thus, by evaluating the Hessian H;;BH (z,z;p,9) at the point(s)
(znon—susy (P, 49) » Znon—susy (p,q)) in M z defined by the differential conditions (5.3.2.1)-
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(5.3.2.2), we get

Hg]{BH (Znon—susy (Pr Q) ,Enon—susy (p/ q) P 5]) -

2

. - 2 7
21% (DnZ) (DpZ) - Gy 1Z]" +
P sP T _i Z_.
i +
—G""GPF Rz 25?55 +G"G+
2| .
—_1_ (D C. ) Coiii Cr- _GIGkIR. -
8z[Z \ ")kl ) ~mnp™igy ijkl
_GkﬁGlTGnﬁGpﬁ_ .ClmmemGP?.
|GG (Dyz) Dz (D7) Dw?) D7 |

— - . ZZ — = — =
G |Z* + —2i75 (Daz) (DyZ)
i Z_, i 5P | 5P s ]
+is 5767 + 8737+
i +
1 I~ _CHACPIR - -
26761 + GG i+ G"GPPR
2
_llpnkp . 1 (5~
GG R i i (DG ) ConnpCagr
.ED’TPGWWGP?. _GmEGZTGnﬁGpﬁ
| - (DuZ) (DwZ) DpZ i I -GMG'™ (DgZ) DsZ |

where the subscript “non — susy” means that everything inside the matrix is eval-
uated at the point(s) (Znon—susy (P, q) , Znon—susy (P,q)) in Mz defined by the differ-
ential conditions (5.3.2.1)-(5.3.2.2).

It is worth pointing out that at the critical points of Vpy the Kéhler-covariant
Hessian of Vpy coincides with the “flat”, ordinary Hessian, defined through ordi-

non—susy
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nary derivatives:

HIYBH HZBH
] ij

9, Ve =0, VTE{l,...,nv}

i (zZp.9)
l] (
g HgYeH

Jt 1 arVBH:O,VVG{l ..... I’lv}

D;DjVgy  DiD;Vgy

D:D-V, D-D-V,
] BH ] BH 0 V=0, Vre{l,...,nv}

This is clearly due to the fact that the (regular) Special Kdhler moduli space M, >

is linearly connected (see Egs. (5.3.1.19) and (5.3.1.20))).

Now, by knowing the explicit expressions of the functions Z (z,z; p,q), K (z,%)
and Cjji (z,Z), and by solving the differential conditions (]5.3.2.1[)-45.3.2.2[), one should
explicitly calculate the Hessian Hi‘]fBH (znon—susy (P, 49) » Znon—susy (P,4) ; P,q) given on
the last page and study, case by case (if more than one solution exists to (5.3.2.1)-
(5.3.2.2)), the definiteness of such an Hessian, i.e. the sign of its eigenvalues.

i Vi = — oV -
By denotlng HffBH (Znon—susy (pl ‘1) IZVIOTZ—SMS]/ (P, q) ; p, q) = ff,]jﬁm—susy (p, q), 1t 1s
immediate to check that the Hessian Hf]{{,?d%n—susy (p,q) is not Hermitian
VBH VBH
v + Hfj,non—susy (p’q) Hif,non—susy (Pl q)
(Hff,ljilzm—susy (P’ q)) = ” y #
Hﬁf}nién—susy (p’q) Hijﬁdfén—susy (p' Q)

v V
Hz’]’,Banm—susy (p.4) Hﬁ%”_susy (p4)

VBH

(p,q) H sy (Pr11)

1 VeH
ji,non—susy

V
Hfj,lizlzm—susy (p’ q) .
(5.3.2.11)

Such a non-Hermiticity is, in general, due to the diagonal terms of the above block-
diagonal arrangement, i.e. essentially to the ny x ny matrix H i]‘./%n_susy (p,q), which

is symmetric but, in general, not real, and therefore not Hermitian (see also [72]).

Let us now evaluate the “BH effective potential” function V3 at its critical points.

By using Egs. (5.3.4), (5.3.5) and (5.3.2.4)-(5.3.2.6), one gets that the (semiclassical,
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leading order) BH entropy reads

= {|z]’+ G (Diz) D;Z}
B,VBH:O, VVE{l,...,Hv}

(5.3.2.12)
1Z)* +

I
|

+-1,C"*C"" (DsZ) (D;Z) (DnZ) DuZ
4|Z|2 ! ( " ) ( k ) ( " ) ! BVVBH:0, Vre{l ..... HV}
Thus, the (semiclassical, leading order) BH entropy at the NON-(BPS-)SUSY ex-

treme BH “attractor(s)” is
SBH,non—susy = Sy (Znonfsusy (p,9) s Znon—susy (p.9);p, Q) =
(5.3.2.13)

— 2, 1 _
=izl +

€, GIGH (DyZ) 5;\2} ,
non—susy
where the subscript “non — susy” in the rh.s. has the same meaning as above.
CiG™G* (DyZ) D;Z ’ *is the square norm of the complex, Kahler gauge-invariant
covariant vector Cjj GImGKk (DmZ) D¢Z in M, z. Since we assume the SKG of M. -

to be regular, i.e. that the metric tensor Gj; is strictly positive definite in all M., it
holds true that

o _|2 T -
CijkG" G (D Z) DEZ‘ = C"C;"" (DZ) (D;Z) (DwZ) DuZ >0, (5.3.2.14)

vanishing iff B

CikG™G* (DwZ) DfZ = 0,Vi € {1,...,ny}. (5.3.2.15)
Notice that the condition (5.3.2.15) is trivially satisfied at the %—BPS-S USY preserv-
ing extreme BH “attractor” point(s) defined by the differential conditions (5.3.1.2).

However, it might happen also that, depending on the BH charge configuration

(p™,ga) € T and on the explicit expressions of Cyjx, K and Z, condition (5.3.2.15) is
satisfied at some particular NON-(BPS-)SUSY extreme BH “attractor(s)”.

Thus, by recalling Eq. (5.3.1.15) one gets that the BH entropy Sgy,non—susy at the
NON-(BPS-)SUSY extreme BH “attractor(s)” is larger than the entropy Sy susy at

the %-BPS-S USY preserving extreme BH “attractor” point(s) (having the same |Z |2).
In other words, by assuming

|Z]2 (Zsusy (P, 49)  Zsusy (P, 9) ; qu) =
(5.3.2.16)

= |Z‘2 (Znon—susy (Pr@zznon—susy (P/Q)/'P/”l) = |Z|?r (p.q),
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it holds that

A (P; Q) = SBH,non—susy - SBH,susy -

o (5.3.2.17)
— 7 | 1,C"C; ™ (DpZ) (DiZ) (DmZ) DuZ > 0.

1z
nonfsusy

The above expressions can be further elaborated by using the SKG constraints ex-

pressed by Eq. (7.2.1.39), yielding

CpilEfLGW = Gilem + GiﬁGl] —R (5.3.2.18)

pjm i}lﬁ'

Consequently, at the NON-(BPS-)SUSY extreme BH “attractor(s)” it holds that

[Gﬁ (D;iZ)D:Z -

} non—susy

= [lc_ﬁcilrna GlGmm G Grp (D;Z) (DwZ) (DnZ) DPZ} = (5.3.2.19)

Az —iim=imp
non—susy

_ {4&2 {2 (GfiDiinZ)z ~ Ry (D'Z) (D"Z) (D"2) Dﬁz”

non—susy

Now, by recalling that in a (commutative) Kdhler manifold the completely covariant
Riemann-Christoffel tensor R ijim 18 given by Eq. l) and the SKG constraints may

correspondingly be rewritten as in Eqs. (4.1.9)-(4.1.11), the obtained result may be
further elaborated by writing

GiDizDZ| =
non—susy

( (

= __\2
2(G'DizDZ) " +

—]=

— DZ) (D"Z) (D"z) DP
el (égalamK) <ar§ﬁ§ﬁf<> ) < ) ( )D ’

Summarizing, in the (regular) SKG of M, z, the following expressions for the (semi-
classical, leading order) BH entropy Spy = mVppy at the NON-(BPS-)SUSY extreme

(5.3.2.20)

77 non—susy
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BH “attractor(s)” are equivalent:

SBH,non—susy =T [|Z|2 + GﬁDiZE;Z} =

l’lOTl—SMSy
(12> +
= 7T -~ _ - -
+}1%CijkcﬁﬁGfmGkka]G"” (DmZ) (D¢Z) (DwZ) DpZ
\ | ‘ non—susy
1Z|* +
1 in.7D.7\ _r. (D7) (D"7 i 7
\ +4|Z\2 {2 (G DZZDlz> Rlnmp <D Z> <D Z) (D Z) b Z} non—susy
4 (5.3.2.21)
V4 + 3226 G"™ (D;Z) (DwZ) -
= 7T =
’ [2 (DIZ) Dz — Rlﬁm?GnﬁGP? (D”Z) DPZ] non—susy
2 1 Iemm (77 ()7
(12P + 313676 (D7) (D) *
( 2(D;Z) DpZ+ )
=7

~ [9301959uK — G (3:010,K) (3,9:95K) | -

. L .GnﬁGpﬁ (DTlZ) DpZ ) ) TlOTl*SMS]/
In the following two chapters, we will present a self-contained analysis of our work
highlighting the interplay between Special Kdhler geometry, Supergravity, Black
Holes and Attractor Mechanism which are commonly dubbed as “On Quantum
Special Kéhler Geometry” [fand “Topics in Cubic Special Geometry”
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Chapter 6

Quantum Special Kihler Geometry

In [1] we compute the effective black hole potential Vg of the most general N' =
2, d = 4 (local) special Kdahler geometry with quantum perturbative corrections,
consistent with axion-shift Peccei-Quinn symmetry and with cubic leading order
behavior.

We determine the charge configurations supporting axion-free attractors, and
explain the differences among various configurations in relations to the presence of
“flat” directions of Vpp at its critical points and also elucidate the role of the sec-
tional curvature at the non-supersymmetric critical points of Vgy, and compute the
Riemann tensor (and related quantities), as well as the so-called E-tensor. The lat-
ter expresses the non-symmetricity of the considered quantum perturbative special
Kéhler geometry.

6.1 Introduction

The Attractor Mechanism was discovered in the mid 90’s [2]]- [7] in the context of dy-
namics of scalar fields coupled to BPS (Bogomol'ny-Prasad-Sommerfeld [7]) black
holes (BHs). In recent years, a number of studies (see e.g. [8]-[13] for recent reviews,
and lists of Refs., see also [13]) have been devoted to the investigation of the proper-
ties of extremal BH attractors. This renewed interest can be essentially be traced back
to the (re)discovery of new classes configurations of scalar fields at the BH horizon,
which do not saturate the BPS bound. When embedded into a supergravity theory,
such non-BPS configurations break all supersymmetries at the BH event horizon.

The geometry of the scalar manifold determines the various classes of BPS and
non-BPS attractors. The richest case study is provided by the theory in which the
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Attractor Mechanism was originally discovered, i.e. by N' = 2, d = 4 ungauged super-
gravity coupled to ny Abelian vector multiplets. In such a theory, the scalar fields
coordinatize a Kdhler manifold of (local) special type (see e.g. [14], [15], and [16], and
Refs. therein), determined by an holomorphic prepotential function F. In general,
(local, as understood throughout unless otherwise noted) special Kéhler (SK) geom-
etry admits three classes of extremal BH attractors (see e.g. [17] for an analysis in
symmetric SK geometry):

. %—BPS (preserving four supersymmetries out of the eight pertaining to asymp-
totical N' = 2, d = 4 superPoincaré algebra);

 non-BPS with non-vanising A/ = 2 central charge function Z (shortly named
non-BPS Z # 0);

* non-BPS with vanishing Z (shortly named non-BPS Z = 0).

6.1.1 Quantum Corrections to Prepotential

Dealing with the stringy origin of N’ = 2, d = 4 supergravity, the classical prepoten-
tial F receives quantum (perturbative and non-perturbative) corrections, of polyno-
mials or non-polynomial (usually polylogarithmic) nature, which in some cases can
spoil the holomorphicity of F itself (see e.g. [18]]- [31]).

A typical (and simple) example is provided by the large volume limit of CYs-
compactifications of Type IIA superstrings, which determines a SK geometry with
purely cubic F at the classical level. Thus, the sub-leading nature of the quantum
corrections constrains the most general polynomial correction to F to be at most of
degree two in the moduli, with a priori complex coefficients. Moreover, some sym-
metries can further constrain the structure of such sub-leading polynomial quan-
tum corrections to F. As shown in [32], the only polynomial quantum perturbative
correction to classical cubic F which is consistent with the perturbative (continu-
ous) axion-shift symmetry [33] is the constant purely imaginary term (i = 1, ..., ny
throughout):

1 -
dipt' Ut +ig, € €R, (6.1.1.1)

1 ik
diijIZ]Z — Fouant—pert. = 31

Fcluss = g

where d;j is the real, constant, completely symmetric tensor defining the cubic ge-
ometry (which is then usually named d-SK geometry [34;35]). All other polynomial
perturbative corrections (quadratic, linear and real constant terms in the scalar fields
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zi’s) can be proved not to affect the classical d-SK geometry, also because the Kadhler
potential is insensitive to their presence [32].

The explicit form of the quantum corrections to F depends on the superstring
theory under consideration, and non-trivial relations among the various corrections
arise due to the (perturbative and non-perturbative) dualities relating the various
superstring theories.

For instance, in a certain class of compactifications of the heterotic Eg x Eg super-
string over K3 x T2, the whole quantum-corrected F reads (see e.g. [19], and Refs.
therein)

ny
Fhet — sty —s Y. (?”)2 + Iy (t,1,8) + Fron—pert. <€_2ns, t, M,?) ,
a=4
1 2

2= 2 =t B = u = (6.1.1.2)

This compactifications exhibits the peculiar feature that the axio-dilaton s belongs
to a vector multiplet, and this determines the presence of (T-symmetric) quantum
perturbative string-loop corrections and non-perturbative corrections, as well. The
tree-level, classical term

class

ny
Flet —stu—sY () (6.1.1.3)
a=4

is the prepotential of the so-called generic Jordan sequence

Su(1,1) SO (2,ny — 1)

U1) ~ SO(2) xS0 (ny —1) (61.14)

of homogeneous symmetric SK manifolds (see e.g. [32] and [12;[17], and Refs. therein).
Notice that F Chlffs s given by Eq. exhibits its maximal (non-compact) symme-
try, i.e. SO (1, ny — 2), pertaining to its d = 5 uplift. Non-renormalization theorems
state that all quantum perturbative string-loop corrections are encoded in the 1-loop
contribution 1, made out of a constant term, a purely cubic polynomial term and a
polylogarithmic part (see e.g. [19] and Refs. therein). Finally, fjon—pert. encodes the
non-perturbative corrections, exponentially suppressed in the limit s — co (see e.g.

[19; 22} 1315 136]).

As mentioned above, superstring dualities play a key role in relating the quan-
tum corrected F’s in various theories. In our framework, the Type IIA /heterotic
duality allows for an identification of the relevant scalar fields (moduli of the geome-
try of the internal manifold in stringy language) such that the heterotic prepotential
becomes structurally identical to the one determined by Type IIA compact-
ifications over Calabi-Yau threefolds (CY3s). Within this latter framework, the F
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governing the resulting low-energy N = 2, d = 4 supergravity is of purely classical
origin. Indeed, there are only Kahler structure moduli, and the axio-dilaton s belongs
to an hypermultiplet; this leads to no string-loop corrections, and all corrections to
the large volume limit cubic prepotential come from the world-sheet sigma-model
[37]. In particular, as shown in [36} 38], there are no 1-, 2- and 3-loop contribu-
tions. It is here worth pointing out that the non-perturbative, world-sheet instanton
corrections (which we will disregard in the treatment below) spoil the continuous
nature of the axion-shift symmetry, by making it discrete [33]].

Thus, the relevant part of the prepotential F in Type IIA compactifications reads
(ny = hy,1) [19;36;139]:

1 . xC(3
FHA — acijktlt]tk + WOitl — 1)§§67(TB) . (6.1.1.5)

The C;j are the real classical intersection numbers, determining the classical d-SK
geometry in the large volume limit. On the other hand, the quantum perturbative
contributions from 2-dimensional CFT on the world-sheet are encoded only in a
linear and in a constant term:

¢ the linear term is determined by

1

1
Woi= o2 Ji= g /cy3 oA, (6.1.1.6)

which are the real expansion coefficients of the second Chern class c; of CY3
with respect to the basis [ of the cohomology group H* (CY3,R), dual to the
basis of the (1,1)-forms J; of the cohomology H? (CY3,R). The linear term
Wit has been shown to be reabsorbed by a suitable symplectic transformation
of the period vector; thus, in the dual heterotic picture it has just the effect of a
constant shift in Ims ([40]; see e.g. also discussion in [19]).

¢ The constant term —iﬁgg(z i¢ in Eq. (6.1.1.1)) in (6.1.1.5) is the only rele-

vant one, as proved in general in [32]. It is determined by the Riemann zeta-

function g, by the Euler charactelﬂ X of CY3, and it has a 4-loop origin in the
non-linear sigma-model [36-38]. It is worth noticing that x = 0 for self-mirror
CY3’s, such that all have ¢ = 0. Furthermore, some arguments lead to argue

IFor typical CY3's

3)
x <10 e 55 o)
This motivates the statement that attractor solutions with { = 0 can be (in certain BH charge config-
urations) a good approximation for the solutions computed with ¢ # 0 (see e.g. the remark after Eq.

(3.42) of [19]).




6.1. INTRODUCTION 163

that (at least) for some particular self-mirror models (such as the so-called FHSV
one [41] and the octonionic magic [42]), non-perturbative, world-sheet instan-
ton corrections vanish, as well (see e.g. discussion in Sects. 12 and 13 of [43]],
and Refs. therein). As a consequence, such models, up to suitable symplectic
transformations of the period vector, would have their classical cubic prepo-
tential unaffected by any perturbative and non-perturbative correction.

It should be here pointed out that CY3-compactifications of Type IIB do not ad-
mit a large volume limit; moreover, in Type IIB the Attractor Egs. only depend on
the complex structure moduli (which in supergravity description are the scalars of
the A/ = 2 vector multiplets). The solutions to V' = 2, d = 4 Attractor Egs. for the re-
sulting SK geometries were studied (in proximity of the Landau-Ginzburg point) in
[44] for the particular class of Fermat CY3’s with ny = 1, and in [45] for a particular
CY3 with ny = 2.

In [46], extending the BPS analysis of [19], the N' = 2, d = 4 Attractor Egs. were
studied in the simplest case of perturbative quantum corrected d-SK geometry, i.e.
in the SK geometry with ny = 1 scalar fields, described (in a special coordinates) by
the holomorphic Kdhler gauge-invariant prepotentia]ﬂ

F =1+, 6.1.1.7)

which, up to overall rescaling, is nothing but F 4,1t —pert. of Eq. (6.1.1.1)) for ny = 1.
Despite the (apparently) minor correction to the classical prepotential, in [46] new
phenomena, absent in the classical limit { = 0, were observed:

e The “separation” of attractors, i.e. the existence of multiple stable solutions
to the Attractor Egs. (for a given BH charge configuration). This can be ul-
timately related to the existence of basins of attractions [47-49], specified by
suitable “area codes” [50] (i.e. asymptotical boundary conditions) in the radial
evolution dynamics of scalar fields in the extremal BH background.

* The “transmutation” of attractors, i.e. the change in the supersymmetry pre-
serving features of stable critical points of Vgy, depending on the value of
the quantum parameter ¢, suitably “renormalized” in terms of the relevant BH
charges. For example, by varying such a “renormalized” quantum parameter, a
%-BPS attractor becomes non-BPS (and vice versa). This can ultimately be re-
lated to the lack of an orbit structure in the space of Bh charges; this is no sur-
prise, by noticing that the SK geometry determined by F given by Eq.

is generally not symmetric nor homogeneous.

%In [46] & was named A.
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6.1.2 Critical “Flat” Directions of Black Hole Potential

Let us now shortly recall the fundamentals of the Attractor Mechanism. In the critical
implementation given in [6], the Attractor Mechanism related extremal BH attractors
to stable critical point z; of a suitably defined BH effective potential Vgp:

. aVBH (Z, Q)

21 (Q) 1 5 =0 (6.1.2.1)

z=zy(Q)

where Q denotes the Sp (2ny + 2, R)-vector of magnetic and electric BH charges (see
Eq. below). The ny complex Egs. are usually called Attractor Equa-
tions. Then, a critical point zy (Q) is an attractor in strict sense iff the (Hermitian)
2ny x 2ny Hessian matrix HV8H of Vpy evaluated at zy (Q) is positive definite:

HVeH >0, (6.1.2.2)

z=z1(Q)

with “> 0” here expressing the non-negativity of the 2ny eigenvalues.

As shown in [51; 52, in N' = 2, d = 4 ungauged supergravities with homo-
geneous (not necessarily symmetric) SK manifolds (as well as in N' > 2-extended
ungauged d = 4 supergravities, which we however do not consider here) the critical
matrix HVEH }BVBH:O has the following general signature: all strictly positive eigen-
values, up to some eventual vanishing eigenvalues (massless Hessian modes), which
have been proved to be “flat” directions of Vpy itself.

Thus, one can claim that in all homogeneous SK geometries the critical points of
Vph satisfying the “non-degeneracy” condition

are all stable, up to some eventual “flat” directions. Such directions of the SK scalar
manifold Mgk coordinatize the so-called moduli space 9 C M of the considered
(class of) solution(s) to Egs. (6.1.2.1). In other words, such “flat” directions span
a subset of the scalar fields which is not stabilized by the Attractor Eqs. (6.1.2.1)
at the BH event horizon in terms of the BH charges Q. It is worth pointing out
that, somewhat surprisingly, the existence of “flat” directions at the critical points
of Vpy does not plague the thermodynamical macroscopic description of extremal
BHs with inconsistencies. Indeed, at the considered class of critical points, Vg does
not actually turn out to depend on the unstabilized scalars; therefore, through the
relation [6]]

Spr (Q) = 7 VBHlvy,—0- (6.1.2.4)

3The subscript “H” denotes the value at the event horizon of the considered extremal BH.
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the BH entropy Spy can be consistently defined. Notice that the condition (6.1.2.3)
implies the (classical) Attractor Mechanismﬁ to work only for the so-called “large”
BHS, i.e. for those BHs with non-vanishing classical entropy.

As known since [6], “flat” directions cannot arise at %_BPS critical points of Vzp.
This is no more true for the remaining two classes of non-supersymmetric critical
points, namley for non-BPS Z # 0 and non-BPS Z = 0 ones [51} 52]]. Tables 2 and
3 of [52] respectively list the moduli spaces of non-BPS Z # 0 and non-BPS Z = 0
attractors for symmetric SK geometries, whose classification is known after [54] (see
also [35] and [32], as well as Refs. therein). Let us mention that non-BPS Z #
0 moduli spaces are nothing but the symmetric real special scalar manifolds of the
corresponding N = 2, d = 5 supergravity.

6.1.3 Quantum Removal/Survival of Critical “Flat” Directions

It should be pointed out clearly that the issue of the “flat” directions of Vpy at its
critical points, reported in Subsect. hold only at the classical, Einstein super-
gravity level. It is conceivable that such “flat” directions are removed by quantum
(perturbative and/or non-perturbative) corrections. Consequently, at the quantum
(perturbative and/or non-perturbative) regime, no moduli spaces for attractor solu-
tions might exist at all (and also the actual attractive nature of the critical points of
Vpy might be destroyed). However, this might not be the case for N' = 8, or for some
particular charge configurations in V' < 8 supergravities (see below).

By relating the issues reported in Subsects. [6.1.1]and [6.1.2} one might thus ask

about the fate of classical “flat” directions of Vppy at its (non-BPS) critical points,
in presence of quantum (perturbative and/or non-perturbative) corrections to the
prepotential F of SK geometry.

This issue, crucial in order to understand the features of the Attractor Mechanism
in the quantum regime (and thus its consistent embedding in the high-energy the-
ories whose supergravity is an effective low-energy limit, i.e. superstrings and M-
theory), was started to be investigated in [55], and it is the object of the investigation
carried out in the present paper.

Let us start by recalling the simplest symmetric 4-SK geometries, and their even-
tual non-BPS “flat” directions. For our purpose, it will suffice to consider only the

4 Attractor Mechanism can be consistently implemented at the quantum level, at least in some
frameworks, for instance within the so-called entropy function formalism (see e.g. [9] and Refs.
therein, see also [13]). See also [53] (and Refs. therein) for recent developments concerning Attractor
Mechanism and higher derivatives corrections to Einstein (super)gravity theories.
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so-called 3 and st? models:

e The t> model is based on the rank-1 symmetric SK manifold

Ssu(1,1)
TR (6.1.3.1)
endowed with prepotential (z! = t, Imt < 0)
F =1, (6.1.3.2)

which is the classical limit { — 0 of Eq. (6.1.1.7). As yielded by the analysis of
[54], it is an isolated case in the classification of symmetric SK geometries (see
also [32]]). Furthermore, such a model can also be conceived as the “s =t = u
degeneration” of the so-called stu model [56]]-[63], or equivalently as the “s = ¢
degeneration” of the so-called st> model (see below). Beside the %-BPS attrac-
tors, the t> model (whose d = 5 uplift is pure N' = 2, d = 5 supergravity)
admits only non-BPS Z # 0 critical points of Vpy with no “flat” directions
(and thus no associated moduli space) [17; 52].

e The st? model is based on the rank-2 symmetric SK manifold

<%(11)1)>2 (6.1.3.3)

endowed with prepotential (z! =5,z =t,Ims <0, Imt < 0)
F = st (6.1.3.4)

It has one non-BPS Z # 0 “flat” direction, spanning the moduli space SO (1,1)
(i.e., the scalar manifold of the st?> model in d = 5), but o non-BPS Z = 0 “flat”
directions at all. Such a model is the smallest (i.e. the fewest-moduli) symmetric
model exhibiting a non-BPS Z # 0 “flat” direction. Remarkably, the st2 model
constitutes the unique example of homogeneous d-SK geometry with ny = 2
scalar fields [34; 35]. Furthermore, as evident from the structure of the cubic
norm (see e.g. the discussion in [35], as well as Eq. (3.2.3) and Sect. 5 of [64]),
the st model is the unique ny = 2 SK geometry to be uplifted to anomaly-free
pure (1,0), d = 6 supergravity (at least in presence of neutral matter).

As mentioned at the end of Subsect. 6.1.1) the non-homogeneous model > + ig¢”
(with prepotential given by Eq. (6.1.1.7)) was studied in [46]. The “#> + i¢” model
can be conceived as the prototype of quantum perturbative corrected SK geometry,
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because it is the ny = 1 SK geometry with the most general quantum perturbative
correction consistent with the (continuous, perturbative) axion-shift symmetry [32].
However, since the > model has no non-BPS “flat” directions at all, the study per-
formed in [46] is not relevant for the aforementioned issue of the fate of the moduli
spaces of classical attractors in the quantum regime.

From the above analysis, the st model is the simplest example of SK geometry
in which the study of the fate of classical non-BPS Z # 0 moduli space can be in-
vestigated in quantum perturbative regime, i.e. considering the “st?> + i&” model,
whose prepotential in special coordinates reads

F = st? +i¢. (6.1.3.5)

Notice that Eq. is the unique homogeneous ny = 2 determination of Eq.
(6.1.1.1). Such a study was performed in [55], within the (supergravity analogues of
the) so-called magnetic (DO — D4), electric (D2 — D6) and DO — D6 BH charge config-
urations. As somewhat intuitively expected, in the magnetic and electric configura-
tions the classical non-BPS Z # 0 moduli space SO(1,1) was shown not to survive
after the introduction of the quantum parameter ¢ # 0. Interestingly, the investiga-
tion of [55] showed the that the quantum removal of classical “flat” directions occurs
more often towards repeller directions (thus destabilizing the whole critical solution,
and destroying the attractor in strict sense), rather than towards attractive directions.

Surprisingly, the study of [55] also revealed that the DO — D6 configuration ex-
hibits a qualitatively different phenomenon, i.e. that the non-BPS Z # 0 classical
“flat” direction survives the considered quantum perturbative corrections effectively
encoded in the “+4-i¢” term in Eq.(6.1.3.5), despite acquiring a non-vanishing axionic
part.

Aim and Plan of the Chapter

This unexpected fact was not completely understood in [55], and it is the starting
point of the present investigation, which aims at thoroughly investigating, within
the effective BH potential formalism, the d-SK geometries with the most general
quantum perturbative correction consistent with continuous Peccei-Quinn axion-
shift symmetry, i.e. the SK geometries with prepotential (in special coordinates) given
by Eq. (6.1.1.1). As already found in the simple cases investigated in [46] (ny = 1)
and [55] (ny = 2), the Attractor Eqs. (especially the non-supersymmetric ones) can-
not be solved analytically for a generic BH charge configuration, because they turn
out to be algebraic Egs. of high (> 4) order. However, by explicitly computing Vg
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for the prepotential (6.1.1.1), we will explain the peculiarity of the DO — D6 con-
figuration as being , in presence of { # 0, somewhat the “minimal” configuration
which does not support axion-free attractor solutions. In light of new results con-
cerning the relation between the so-called sectional curvature of matter charges at the
(non-supersymmetric) critical points of Vpy and the BH entropy Spp, we will then
compute the relevant tensors characterizing the quantum SK geometry (6.1.1.1), i.e.
the Riemann tensor and related contractions, and the E-tensor.

The plan of the chapter is as follows.

In Sect. we explicitly compute the effective BH potential Vpy for the most
general quantum perturbatively corrected SK geometry consistent with continuous
axion-shift symmetry, i.e. the one with prepotential (6.1.1.1), in general form, i.e. for
an arbitrary number ny of vector multiplets and for a generic configuration Q of
BH charges. We then determine the axion-free-supporting Bh charge configurations,
commenting on the role of D0 — D6, and (partially) explaining the findings of [55].

Sect. is devoted to the computation of the N = 2 central charge Z and the
related matter charges D;Z in the considered framework. Such a computations allows
one to draw some general statements on the 3-BPS solutions, connecting to the few
results already known from literature [19].

In Sect. [6.4|the role of the so-called E-tensor in SK geometry (and in the Attractor
Mechanism within) is recalled, and its explicit computation for the geometry
is presented. By performing the classical limit { — 0, the E-tensor for a generic d-SK
geometry is explicitly obtained. The factorizability of some functional dependences
for the classical E-tensor is explicitly found, highlighting the possibility to uplift the
theory to d = 5. The same does not happen when ¢ # 0, thus confirming the well
known fact that only 4-SK geometry admits an uplift to d = 5 (see e.g. [65] and Refs.
therein).

Then, in Sect. a number of original results are derived, pointing out the
role of the so-called sectional curvature of matter charges R in the theory of non-
supersymmetric attractors. Indeed, R vanishes at %-BPS attractors, but it is pro-
portional to the critical value of Vgy (and thus, through Eq. (6.1.2.4), to the BH
entropy Spp). In particular, in symmetric SK geometries it has the same sign of the
quartic invariant Z4 at non-BPS Z # 0 critical points, where as it is opposite to (the
double of) Z; at non-BPS Z = 0 critical points, thus being strictly negative in both
cases.

Since R is nothing but the contraction of the Riemann tensor with the matter
charges vectors (i.e. with covariant derivatives of Z itself), interesting role of R at
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non-supersymmetric critical points of Vg elucidated in Sect. [6.5|calls for an explicit
computation of the Riemann tensor itself. This is carried out in Sect. where also
the Ricci tensor and the Ricci scalar curvature are determined. We proceed by ex-
ploiting two different approaches, one merely based on Kéhler geometry (Subsect.
and the second one (Subsect. based instead on the fundamental con-
straints of SK geometry (see Eq. (6.4.0.5below). We explicitly show the equivalence
of these two approaches, by shortly commenting on the results of [54] and on the
eventual (unlikely) Einstein nature of the SK geometries (6.1.1.1).

Finally, Sect. makes a brief comment and outlook, and lists some of the var-
ious open issues, originated or highlighted by the present investigation, which we
leave for future study.

6.2 Effective Black Hole Potential

As recalled in previous Section and as firstly found in [32], the most general holo-
morphic prepotential with leading cubic behavior consistent with (perturbative, con-
tinuous) Peccei-Quinn axion-shift symmetry [33], and which affects the Kédhler po-
tential K of SK geometry, reads
iyjxk

F(X;¢) = %dl-jkx};# +iE(X%)?, (6.2.0.1)
which is nothing but Eq. before projectivizing, and before switching to
special coordinates and suitably fixing the Kédhler gauge (see below). Let us recall
once again that i = 1,..., ny throughout (ny denoting the number of Abelian vector
multiplets coupled to the NV = 2, d = 4 supergravity one), and ¢ € R.

Aim of the present Section is to compute the effective BH potential Vpp for the
SK geometry determined by the holomorphic prepotential (6.2.0.1). Below we will
present only the main formulee, addressing the reader to Appendix A of [1] for the
further details of the calculations.

A general formula determining the kinetic vector matrix My reads (see e.g. [66])
(A = 0,1, ..., ny throughout)

Im (.;EAQ) Im (fZA) XQXA
Im (f@g) XOXE
After projectivizing, it is convenient to switch to the so-called special coordinates (see

e.g. [15] and Refs. therein), defined by (a =1, ..., ny)

ef (z) = ’ E)%)

Nag = Fas +2i

(6.2.0.2)

=57, (6.2.0.3)
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where (x/, A € R) ' . '
Z'=x' — i\ (6.2.0.4)
are the ny complex scalar fields, and further suitably fix the Kdhler gauge as
X0 =1. (6.2.0.5)
Within such a framework, one can thus write:

igIm (222F) + 26 —JdjIm (2*2))
Im [Fax(z§)] = , (6.2.0.6)
—%dikﬂm (ZkZl) dl-]-kIm (Zk)
and the block components of M5y, are computed in Appendix A of [1]]

In order to compute the Vpy governing the Attractor Mechanism [2H6]], it is worth
recalling that in N = 2, d = 4 ungauged Maxwell-Einstein supergravity the follow-
ing expression holds [4; 5; [15]]:

Ven = 2" + ¢/ (D;jZ) D:Z, (6.2.0.7)

where Z is the N = 2 central charge function. On the other hand, an equivalent (and
independent of the number of supercharge generators) expression of Vpp reads [6]

Vey = —%QTM (M) Q. (6.2.0.8)

Q is the (Sp (2ny + 2,R))-vector of magnetic and electric charges, which in the spe-
cial coordinate basis of N = 2 theory reads as follows:

0

=

o=| 7| (6.2.0.9)

The (2ny +2) x (2ny + 2) real symmetric symplectic matrix M (N) is defined as
[4;15;15]

MWN) = M(Re(N),Im(N)) =

Im (N) +Re (N) (Im (N)) ' Re () —Re (N) (Im (N)) ™!

—(Im (N)) "' Re (N) (Im(N) ™
(6.2.0.10)
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Thus, in order to compute Vpy for the N' = 2, d = 4 specified by the (perturba-
tive) quantum corrected holomorphic prepotential (6.2.0.1), one has to compute the
inverse of matrix ImMNs.

It is also convenient to further simplify the notation, by recalling the definitions
used in [65], and suitably changing them|(taking into account the presence of effec-
tive quantum parameter ¢):

dij = dip)5; (6.2.0.11)
di = dipVA% (6.2.0.12)
v o= %dijk/\i)tj)\k; (6.2.0.13)

_ 1
vV = V+Z€; (6.2.0.14)
hij = dipx®; (6.2.0.15)
hi = dipad x5 (6.2.0.16)
h = digx'dxk, (6.2.0.17)

thus e.g. yielding

hij)tl)tj = dixl. (6.2.0.18)

By further introducing “rescaled dilatons” [65]]
A= & Vi ATAE = 1 6.2.0.19

one can then define the following quantities:
dj = dpAF=v"15%; (6.2.0.20)
4 = dipVAF =v2/54, (6.2.0.21)

Let us also recall Eq. (31) of [46], giving the expression of covariant metric tensor
8;j for the prepotential (6.2.0.1) within the assumptions q6.2.0.3P—q6.2.0.5I):

8ij = &ij = — T |4~ in |~ e i |-
4(v — 3¢) 4(v — 3¢6) 4(v — 3¢6) 4(v — 3¢)
(6.2.0.22)
5Notice that in [65] a different notation was used, i.e.:
Kij = dijk)\k;
K = dijk)\j)\k;

kK = digA MK =6v;

ij — i
K]K]'l = 51
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The corresponding inverse metric (g'/ gjk = 5,i) is computed as

- 1 AN 1 PIET Y
j— off — _ _Z ij_ - _ = -1/33ij _
(6.2.0.23)
where
didy = o} & didy = o}, (6.2.0.24)

The limit { — 0 consistently yields the analogue results for d-SKG, given by Egs.
(2.4) and (2.6) of [65]:

: L 237 didi\ _ .
élir(l) glj = —Zl/ (dz] - 1 = gij/ (6.2.0.25)
lim gl = 223 (XZ’XJ’ - 2517]) =g, §igyp =, (6.2.0.26)

where ¢;; and g“ij denote the covariant and contravariant classical (¢ — 0) metric
tensor.

After a lengthy but straightforward computations (see details in Appendix A of
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[1]), the following explicit expression of Vpp is achieved:
i i 2 2\ —1
o (9508) - (1 (75) "

(1 ()5) 4k - e ndas
PP (d) - (1- ()7 5) 1244
| (1= @) 5) A7 (it + e hd + ()"t did
b b - (PR
12| +5ES @+ 7 (1- ()7 &) 1244 | popi+
I +1 (1 - (?1)2 f—i) AM (%hikhl + %C#h‘k@) |
iy A0 )+ () P
| P (1= (D)%) 1245+ p'p+
|~ (1= ) 5) Ahiy _
(8- 1+
b =30y — 4 (1= () &) ATy
+2 q:ip°+
{ 25 (1- () 8) e
+2 (—4 + 3¢5°d;) qop'+
+2 [_%hixl + %CVZSdiji + 1 (1 - (%)2 v_§> Aikhfk] 9+
+q5+
+2x'qoq;+
|+ e =% (1= (D)%) A7 g

).

173

(6.2.0.27)
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By using the results (7.2.1.34) and (7.2.1.36) of Appendix A of [1], it is easy to
check that in the classical limit { — 0 Eq.(6.2.0.27) yields the effective BH potential

Vay (xj , A ,v;Q, 0) for a generic d-SKG, given by Eq. (2.13) of [65], which we report
here for ease of comparison:

2lim Vpgy = 2Vpy =
glﬂ% BH BH

h? Jij
= [V(1+4g)+¥+— hh}

#)

Py +

|_,/—\

+ |:4ngl] (h I’l + gvmnhlmhn])

iR
1 1 -
= | (1 38700 qi’”]] |

(6.2.0.28)

gij and §'/ have been respectively defined in Appendix A of [1], with contractions
consistently defined as

0Qc
Il

§ = gix'd = lim gijx'. (6.2.0.30)
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6.2.1 Axion-Free-Supporting Configurations

Let us now consider the terms of Vpy given by Eq. (6.2.0.27) which are linear in the
axions x'’s; they read as follows:

2| +i2 (1 — (3)? g—ﬁ) 124,+ pOpit

(6.2.1.1)

As a consequence, for a d-SKG corrected by ¢ # 0 (with prepotential given by Eq.
(6.2.0.1)), only two axion-free-supporting BH charge configuration exist, i.e. the electric
(D2 — D6) and magnetic (DO — D4) ones:

electric : Q, = (6.2.1.2)

D oo
SO N~

(6.2.1.3)

magnetic : Qmagn

ShS
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For such BH charge configurations x' = 0 Vi is a(n af least) particular solution of the
axionic Attractor Egs.:

PYY% :
BH 0<x =0V (6.2.1.4)
oxt |H_
Q Qel
vV, :
BH — 0<x'=0Vi (6.2.1.5)
oxt |H_
Q Qmagn

This fact is a major difference with respect to the classical limit { — 0, in which
the linear term in x'’s proportional to gop® (see Eq. (6.2.1.1)) vanishes. Indeed, it
consistently holds that

i Y 1, o0 Lok '
Zéli% VBH|linear in {x'} =2 VBHllinear in {x'} - ;szqoqi +2vgip P — Egl hquip]'
(6.2.1.6)
This implies that also the Kaluza-Klein (D0 — D6) BH charge configuration

PO

KK : Qxk = 0 6.2.1.7)
q0

0

supports axion-free (at least particular) attractor solutions [65]. Thus, besides the

classical limits of Eqgs. (6.2.1.4) and (6.2.1.5), i.e.:

oV, :
BH = 0<=x =0V (6.2.1.8)
oxt |H_
Q Qel
AL — 0<=x =0V, (6.2.1.9)
oxt |H_
Q Qmagn
for ¢ = 0 it also holds that
oV ,
aBl.H —0<x =0Vi. (6.2.1.10)
Y lo=0xkk

The non-axion-free-supporting nature of the D0 — D6 BH charge configuration in
perturbatively quantum corrected d-SKG (determined by the holomorphic prepo-
tential (6.2.0.1)) is consistent with, and sheds new light on, the results of [55].

Such a paper (developing the analysis of [46]) addressed the issue of the fate of
the unique non-BPS Z # 0 flat direction in the N' = 2, d = 4 ungauged Maxwell-
Einstein supergravity described by Eq. with ny = 2 (i.e. the so-called “st* +
i¢ model”). By analyzing the (supergravity analogues of the) DO — D4, D2 — D6 and
DO — D6 charge configurations, the following results were obtained:
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* In DO — D4 and D2 — D6 charge configurations the classical solutions (¢ = 0)
were found to lift at the quantum level ( # 0). Remarkably, it was found that
the quantum lift occurs more often towards repeller directions (thus destabiliz-
ing the whole critical solution, and destroying the attractor in strict sense), rather
than towards attractor directions.

* The DO — D6 charge configuration yielded a somewhat surprising result: the
classical solution gets modified at the quantum level, acquiring a non-vanishing
axionic part. However, despite being no more purely imaginary, such a quan-
tum non-BPS Z # 0 solution still exhibits a flat direction. The origin of such a deep
difference among electric/magnetic and DO — D6 configurations was unclear in
[55], but it is clarified (and further generalized to an arbitrary number ny of
Abelian vector multiplets) from the results of the analysis performed above:
due to the very structure of Vpp (see Egs. (6.2.0.27|and (6.2.1.1)) for ¢ # 0, the
electric/magnetic still support axion-free solutions, whereas the D0 — D6 con-

figuration do not.

On the other hand, the persistence of the flat direction also in presence of quan-
tum generated axions is still not completely understood, and we left the study of such
issues for future work.

6.3 Central Charge and Matter Charges

As given by Eq. (6.2.0.7), the effective BH potential Vpy enjoys a rewriting in terms
of the N' = 2, d = 4 central charge Z and of its covariant derivatives D;Z (usually
named matter charges), which is therefore worth computing.

In order to do this, let us recall that under the assumptions (6.2.0.3)-(6.2.0.5) the
holomorphic prepotential (6.2.0.1) reduces to

Furthermore, the Kédhler potential reads (F; = 0F/ 9z!; see e. g. [15;166])
K = —log{i[2(F = F)+ & ) (F+F)|} =

— —log |~ (s ~ ) - D -F) - 8¢ -

= —log (8 <1/ — g)) , (6.3.0.2)
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where definitions (6.2.0.4) and (6.2.0.13) were used. Eq. (7.2.1.2) thus implies

exp (—K) =8 <1/ - g) & exp (K/2) = 2\/%, (6.3.0.3)

with the global condition of consistency (relevant also for previous treatment, see

for instance Eq. (6.2.0.22))
2v—¢& > 0. (6.3.0.4)

Therefore, by recalling its very definition (see e.g. [6] and Refs. therein)
Z = eK/2(XNgp — FAp™) = X2, (6.3.0.5)

where W is the holomorphic superpotential, and under the assumptions (6.2.0.3)-
(6.2.0.5), the N' = 2, d = 4 central charge function for the holomorphic prepotential

(6.2.0.1) can be computed to be:

(6.3.0.6)

g 1 Sy
Z (x]/ /\]/ v; <, ) = —=W (x]/ )\]/ v; <, > -
. 0 ~ . 0 i i~
, go+ gix' — %vz/g’dixl +Eh—Bhi+ 1/2/3%011'—1—
T 2y -¢ IO o
g ‘|‘iV1/3 (—qi)\l — %di]-xle -+ POV2/3 — 21/1—(:/3}90 + pldijx]>
g 1 oy
Dz (¥, V,1;0.¢) = T (¥ V,10.8) =
( ~
qi + %Ohi - %01/2/3di+
—p]h,']' + ivl/3 (—pox] -+ ]9]) di]'—i-
1 P 237 P
= qo + qix) — 5v*3dx) + Eh+
2\/2v—¢ < * ~
_% (2]/2/3(:)&; —%]h] + %]VZ/3dj+ .
. . ~ .
VLN Bl B dpad x4 -

Clearly, due to the different Kdhler weights of Z and W (respectively (1, —1) and
(2,0)), the covariant differential operator acting on them has different definitions,
ie.

D,Z = aiz+%(ai1<)z; (6.3.0.8)

DWW = oW+ (a,K) W. (6.3.0.9)

)

(6.3.0.7)
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Notice that in the limit { — 0 Egs. and exactly matches with
known results for d-SK geometries, given by Eq.(4.9) and (4.10) of [65]. It is worth
remarking that Eq. yields that the holomorphic superpotential W gets mod-
ified, with respect to its classical (¢ — 0) counterpart, only by a global shift of its
imaginary part:

W (xf,Xf, v Q, g) — W (xf, M0, o) — 2¢ip". (6.3.0.10)

In particular, for axion-free critical solutions (supported for ¢ # 0 only by the charge
configurations (6.2.1.2) and (6.2.1.3)) it holds that the superpotential W (on-shell for
axions x'’s) is purely imaginary and real, respectively:

W (xj =0, v; QelzC) = /3 < ql/\l + pov 2/3 _ 1/1(:/3 po) 16.3.0.11)

W (x] - 0/ A]/ V; Qmagn/ C) = EIO + V2/3%di' (63012)

Concerning supersymmetric critical points of Vg, the (3-)BPS conditions
DW=0Vi=1,..ny (6.3.0.13)

for axion-free critical solutions within the charge configurations (6.2.1.2) and (6.2.1.3)
respectively read (Vi = 1, ..., ny):

W o= Pang L v a0 5§ o)y,
DW = 0<% g, 1V 1+2(21/—§) —qiM +pv 1/3;7 =0;

(6.3.0.14)

1/3

o~ 1 ~

reducing to ny (¢-parametrized) real algebraic Egs. in ny real unknowns {/)Ii, 1/}.

In [19] the axion-free 5 1_BPS critical points of Vpy determined by the holomorphic
prepotential (6.3.0.1) were determined by introducing the Kéhler gauge-invariant
sections

LY X0

| i | x
Y=7 = KYW 6.3.0.16
My | =P RW| L (6.3.0.16)

M; F
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and evaluating the identities of the SK geometries (see e.g. [15;66] and Refs. therein)
along the BPS conditions (6.3.0.13), thus obtaining (£ € RR)

(6.3.0.17)

In the case of & # 0, the ¢-dependent value of Vpy at its %-BPS axion-free critical

points can be computed to beﬁ

2
. =y () o G
VBH,BPS,axzon—free =2 |E+--—| 90— 20E+ Erﬂ ’ (6.3.0.18)

H
—

where E satisfies the {-parametrized Eq. (see Eq. (3.34) of [19]):

3p°q0 + p'g; = 62Ep°, (6.3.0.19)
along with the condition [19]

(90 — 28) dipep'p'p* > 0. (6.3.0.20)

On the other hand, the 3-BPS axion-free solutions with E = 0 are necessarily sup-
ported only by the electric configuration (6.2.1.2), and the dependence on ¢ drops
out: the resolution of the Attractor Egs. in terms of the sections Y's and the deter-
mination of the critical value of Vpy go as for a generic d-SK geometry [58].

Concerning non-axion-free supersymmetric (if any) and non-supersymmetric (ei-
ther axion-free or non-axion-free) critical points of Vppy, the case study becomes much
more complicated.

As yielded by the analysis of 3 + i€ model (1, = 1) [46] and of st* + i& model
(ny = 2 particular case) [55], in general the corresponding Attractor Eqs. are higher-
order algebraic Eqs. which cannot be solved analytically, but only investigated nu-
merically. Furthermore, interesting phenomena occur, such as: the “separation” of
attractors (related to presence of basins of attraction / area codes in the dynamical sys-
tem describing the radial evolution of the scalar fields in the BH space-time back-
ground) [46]; the “transmutation” of the supersymmetry-preserving properties of the
attractors [46]]; and the “lifting” (with or without removal) of the “flat” directions of
the critical potential, which exist in the classical (¢ = 0) regime, at least for symmetric
d-SK geometries [55]].

®Eq. (6.3.0.18) fixes a typo in Eq. (3.35) of [19]. For the configuration DO — D6 (which however,
as explicitly shown above, is not axion-free-supporting for ¢ # 0) this was noticed in [46].
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Despite the lack of analytical expressions of non-supersymmetric (non-BPS Z #
0 and/or non-BPS Z = 0) critical points of Vpy for ¢ # 0, many issues are still to be
carefully investigated (we list some of them in the concluding Sect. [6.7).

The intricacy of the SK geometry described by the holomorphic prepotential
(6.2.0.1) (or, equivalently by Eq. (6.3.0.1)) calls for a deeper analysis of the fun-

damental quantities characterizing such a geometry, and also for a deeper under-
standing of the conditions determining the (various classes of) critical points of Vpy
itself. The study of these issues, needed for a deeper investigation of the dynam-
ics of the Attractor Mechanism in the generally non-homogeneous geometries under
consideration, will be the object of Sects. and

6.4 E-Tensor

The first quantity we want to determine is the so-called E-tensor. This rank-5 tensor
was firstly introduced in [35] (see also the treatment of [54]), and it expresses the
deviation of the considered geometry from being symmetric. Its definition reads
(see e.g. [10] for a recent treatment, and Refs. therein):

— 1—
Eﬁijkl = gDﬁDiC]’kl- (6401)

This definition can be elaborated further, by recalling the properties of the so-called
C-tensor Cjjx. This is a rank-3 tensor with Kéhler weights (2, —2), defined as (see e.g.
[15;167;168]):

Cix = (DiD;V,DyV) =X (0;Naz) D;X D X* =

= eK (aiXA> (6]XZ> <akXE> agasz (X) =
= Wi, Wi =0, (6.4.0.2)
where the second line holds only in special coordinates. Cji is completely symmetric

and covariantly holomorphic:

Cijk — C(ijk); (6.4.0.3)
D:Cjy = O. (6.4.0.4)
Furthermore, it enters the fundamental constraints on the Riemann tensor Ri}ki of
SK geometryﬂ(see e.g. [15;167;168], [15] and Refs. therein; see also e.g. [69] and [10]

"Notice that the third of Egs. li correctly defines the Riemann tensor R il and it is actually
the opposite of the one which may be found in a large part of existing literature. Indeed, such a
formulation yields negative values of the constant scalar curvature homogeneous symmetric non-
compact SK manifolds, as given by the treatment of [54].
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for more recent reVieWS):
Ry = —8:i8x — 818k + CitmCrrng™". (6.4.0.5)

The Bianchi identities for Ry (see e.g. [67]) and constraints (6.4.0.5) yield the fol-
lowing result
DiCjja =0, (6.4.0.6)

where (round) square brackets denote (symmetrization) anti-symmetrization with
respect to enclosed indices throughout. Due to its holomorphic Kdhler weight, the
covariant derivative of C;j, reads:

Dicjkl = D(ZC])kl = aiC]'kl + (aZK) C]kl + rijmcmkl + Fikmcmjl + Filmcmjk/ (64:07)
where the Christoffel connection I is defined as

r,"=- gmfaigﬁ. (6.4.0.8)

By using Egs. (17.3.0.2[)-(16.4.0.8[), Emijkl defined by (7.3.0.1) can thus be further elabo-
rated as follows:

_ 1_ o 4
B = 3DwD(iCirty = CpraCijyng™ 8" Cirpr — 381imClijh) =
_ 2 _
= §""RyijmjnCalit) + 38mCljt) = Em(iji)- (6.4.0.9)

It thus holds that Emijkl = 0 globally in (homogeneous) symmetric SK manifolds,
defined by the covariant constancy of R i itself:

DyRp = 0. (6.4.0.10)

Eq. (7:3.0.17), through the covariant holomorphicity of C;j and the constraints
(6-4.0.5), yields the global covariant constancy of Cj itself, and thus the global van-
ishing of Eg;jk:

DiCiiy = D(;Cjjy = 0 = Emijy = 0, (6.4.0.11)

which in turn, through Eq. (7.3.0.4), implies
o 4 - 2
CowCijn8™" 8" Capm = 38umClijky < 8" R(ifm|jinCalpr) = ~38mCljrr)- (6-4.0.12)

It is worth noticing that, while (7.3.0.17) defines the symmetricity of a Kdhler mani-
fold, Eq. (6.4.0.11)) (or equivalently Eq. (7.3.0.18)) is a necessary (but not necessarily

sufficient) condition of symmetricity.
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Recently, in [8]] the E-tensor was used in the expression of the value of Vpp at its
non-BPS Z # 0 critical points (see also the treatment in [71], and Refs. therein):

VBHnBPS 720 = [4 Z]? + A} I (6.4.0.13)
where (Z! = gﬁD]-Z)
ik T
p= STwmpEEE LS (6.4.0.14)
4 (CupgZ™ZPZ7)
such that (see e.g. [8;10]).
8" (DiZ) Dz = 3; (6.4.0.15)
Z 2 — 9y AU,
12 nBPS,Z#0
)
Aupps,z+0 =0 & (EMWziZjZklem)ans 20" 0, (6.4.0.16)

where in the last step the non-degeneracy of the cubic norm ciijlZ’ VA (at least at
non-BPS Z # 0 critical points of Vgp) was used. Therefore, Eq. (or equiv-
alently Eq. (7.3.0.18)) is a sufficient (but not necessary) condition for the so-called
“rule of three” to hold at non-BPS Z # 0 critical points of Vgp.

These results (and further relations with the sectional curvature treated further
below; see Egs. (6.5.0.21)-(6.5.0.25) as well as the treatment given in [10]) call for an
explicit determination of the E-tensor in the SK geometries described by the holo-
morphic prepotential (6.3.0.1), and through the limit § — 0, in a generic d-SK geom-
etry.

Thus, after a lengthy but straightforward algebra (detailed in Appendix B of [1]),
the covariant derivative of the C-tensor can be written as follows:

g
i 1 —%V2/3 (dijdkl + dikdjl + dildjk) +
- fW —2 (V - %) V3 (dijud g + dikn @iy + dipnmjic) ™"+
+12/3 (didjkl + djdikl + dkdi]'z + dldijk)

(6.4.0.17)
Notice that for ¢ # 0 there is no way to make D;Cjy = 0 globally. This con-
firms the result of [54] that, with the exception of the sequence of the minimal cou-
pling sequence CIP", all homogeneous symmetric (non-compact) SK are given by
d-geometries (i.e., by the { — 0 limit of prepotential (6.3.0.1)). Thus, the SK ge-
ometries described by the holomorphic prepotential are not symmetric, nor
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homogeneous (at least of the d-type studied and classified in [34} 35} [54], and Refs.

therein).

Through definition (7.3.0.1) and Eq. (6.4.0.17), the E-tensor can then be explicitly

computed:
= 1— 1= -
Emiji = 3DmDiCn = 3 [aﬁDiC]’kl - (amK)DiCjkz] =
- Y N N T R 7
(2v —7¢) 4(57)2 <dijdkl + dikdjl + dildjk> A+
43 [~ ~ ~ ~ N
_Z(I/——% (didjkl + djdikl + dkdiﬂ + dldijk) dm+

1224 (V_ %)2

+2v1/3 (dAimdjkz + dimdig + A + dAlmdijk> +

dijmdAkzj dklmdAijj dimd +
+djimdix + dipmdjx + djgmdin

)+

a(d— 1y
I -2 (1/ — %) (di]'ndpkl + dikndpjl + dilndpjk) (a)\m) i
(6.4.0.18)
where it is easy to show that
pn o P
gﬁim _ —di]‘mdlpd]n _ _V72/3dijmdll9d]”. (6.4.0.19)

By standard symmetrization procedures and using Eq. (6.4.0.19), Eq. (6.4.0.18)

can be further elaborated as follows:

~

|

¢ 2
V—z ~ ~
. 11 +12 % V3 gy = 24 (v = §) V172 o+
¢
V=35 2 ~ o~
( ) 12 (1/ - g) V23, iy Ao

+3¢

3
2

(

(

v—

v+

R}
~—

4
2

(v-

v+¢

)

j(ij‘;l;cl)] V434, +

~

V473 Ei\m (ij&;cl)

)

2

(6.4.0.20)
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It is here worth remarking that the observation made above that for ¢ # 0 it
is not possible to make D;Cj; = 0 globally does not imply that Emijkl = 0, and/or
E mWZ;Z7ZEZTZm = 0, locally, i.e. on a (set of) point(s), eventually at non-BPS Z # 0
critical points of Vpy. Thus, the interesting question arises (which we leave for
future investigation) whether for some charge configurations (and eventually for
some value(s) of ¢ itself) the “rule of three” still holds at non-BPS Z # 0
critical points of Vpp in SK geometries determined by the prepotential (6.3.0.1). Let
us here recall that, as explicitly found in [72], at least in some homogeneous rnon-
symmetric d-SK geometries, the “rule of three” still holds, despite the fact

that Eg;x; does not vanish globally.

Before concluding this Section, let us notice that in the limit { — 0 the result
(6.4.0.20) yields the expression of the E-tensor for a generic d-SK geometry, i.e.:

[ (4 d(idjg) — 3 dA(z’jdAkl)> dnt |

= 1 53

Eijkig=0 = =357V +12d, 5551 — 16 dy i+ | - (6:4.0.21)

| —12.dyiddygy Arsd P

It is worth noticing that Eq. (6.4.0.21) yields that the tensor

Esijki =0 = V5/3Emijk1,g:o (6.4.0.22)

is independent of v, but it rather depends only on the “rescaled dilatons” A'’s (recall
definitions (6.2.0.19)-(6.2.0.21)):

OEmijki ¢=0 0

- (6.4.0.23)

By looking at Eq. (6.4.0.20), it is easy to realize that the same does not happen for
¢ # 0: the non-vanishing of the quantum parameter ¢ does not allow for an overall
factorization of the dependence of Emijkl on v and/or other (shifted and/or rescaled)
variables. In other words, ¢ entangles the dependence of Eg;j; on v with the de-

pendence on Ai’s, and thus the “¢ # 0 analogue” of Emijkl,gzo (defined in (6.4.0.22))
cannot be introduced. This fact is related to the impossibility to uplift the quantum
perturbatively corrected SK geometry described by the prepotential tod =5
space-time dimensions. Indeed, as is well known, in general only d-SK geometries
can be uplifted to d = 5 (see e.g. [65] and Refs. therein).
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6.5 Sectional Curvature at Critical Points

In the present Section we reconsider the non-supersymmetric criticality conditions
for the effective BH potential Vpy of an N = 2, d = 4 Maxwell-Einstein supergravity
coupled to a generic number ny of Abelian vector supermultiplets. We will find that
in both classes (Z # 0 and Z = 0) of its non-BPS critical points, the critical value of
Vph (and thus, through the Bekenstein-Hawking entropy-area formula, the classical
BH entropy) is proportional to the local value of the so-called sectional curvature of
matter charges.

Within the present study, this general result then motivates the explicit compu-
tation (carried out in the next Section in two different, but equivalent, approaches)
of the Riemann tensor, Ricci tensor and Ricci scalar curvature for the SK geometries
determined by the prepotential (6.3.0.1)), as well for generic d-SK geometry, obtained
as the classical limit ¢ — 0 of these former ones. This latter calculation extends to
the inclusion of the most general axion-shift-symmetric quantum perturbative cor-
rection (see discussion in Introduction) the results on the curvature of non-compact
SK manifolds, found long time ago in [54].

Along the lines of the elaborations of [10] (see also [71]), we will now determine
a “non-BPS Z = 0 analogue” of the “rule of three” (6.4.0.15). Such a “non-BPS Z = 0
analogue” is an hitherto unaddressed issue in literature (for instance, not considered
in the fairly general treatment of [59], nor in [10]). In order to derive such a result,

let us contract the constraints (6.4.0.5) by Z'7i7"7, obtaining

— ik T _ 2 o — kT
RWZIZJZ 7l=—-2 (ZiZ1> + CamCr 221277 (6.5.0.1)
Therefore, by recalling the non-BPS Z = 0 criticality conditions for Vpp:
CnZ'Z" =0, (6.5.0.2)

as well as the definition of sectional curvaturdﬂ (of the matter charges) (see e.g. [73]] for a
recent use; notice the different definition used here, consistent with the one adopted
in [10]: see Eq. (3.1.1.2.11) therein)

R(Z) = RgyZ 2177, (6.5.0.3)
it follows that at (“large”) non-BPS Z = 0 critical points of Vpp it holds that:
(Z.Zl)2 - [ ij (8-2)57]2 - lrw) >0. (65.04)
i )upps,z—0 L& )% ppsz—0 T 2 nBPS,2=0 — = o

8Notice that in general the Riemann tensor R ikl the Ricci tensor Rl.j, the Ricci scalar curvature R
and the sectional curvature R itself all are real quantities.
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The result holds for all N = 2, d = 4 ungauged Maxwell-Einstein supergrav-
ities, not only for the ones with symmetric scalar manifolds, and it implies that the
sectional curvature of the matter charges R (Z) to be strictly negative at non-BPS Z = 0
critical points of Vpp.

Moreover, for symmetric (and actually also for homogeneous non-symmetric) SK
manifolds, recalling that along the non-BPS Z = 0O-supporting charge orbits the
quartic invariant 7 is positive, it further holds that (see e.g. [17] and [10])

T —_—— 1
7(a: - = - =
[g (2:2) a]z] I > R(D)lusps,z—0 = VI, (6.5.0.5)

thus yielding the relation

Eq. (6.5.0.6) is to be contrasted with the analogue result obtained in [10] for
(“large”) non-BPS Z # 0 critical points of Vpy in symmetric SK geometries (see Eq.
(3.1.1.2.23), as well as Eq. (3.1.1.2.20), therein):

4 3
R(Z)|ugps,z20 = —61Z|upps,z20 = gLs <0 (6.5.0.7)
Thus, at least in symmetric SK geometries, at various classes of “large” critical

points of Vpp the sectional curvature of the matter charges R (Z) takes the following

values:
( % — BPS : 0;
R (Z) =14 nBPS,Z#0: 37, <O0; (6.5.0.8)
| nBPS,Z=0:—-27, < 0.

Correspondingly, through the celebrated Bekenstein-Hawking entropy-area formula
[74] and its implementation through the Attractor Mechanism [6]

Ay
SBH = NT =TT VBH|3VBH:0’ (6509)

at (“large”) non-BPS critical points of Vg in (at least symmetric) N = 2, d = 4
ungauged Maxwell-Einstein supergravities, the value of the classical BH entropy is
proportional to the local value of R (Z) itself:

nBPS,Z # 0 : 2\/2\/|R(Z)|;

S
SBH _ (6.5.0.10)

nBPS,Z:O:%\/|R(Z)|.
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Egs. (6.5.0.8) (and consequently Egs. (6.5.0.10)) hold on-shell, i.e. at the vari-

ous classes of critical points of Vpy. Actually, they can be “unified” into an off-shell
(i.e. global) relation, involving R (Z) along with the true-vector (vanishing on-shell)
0;Vpy. In order to determine such a relation, let us evaluate the definition of sectional

curvature of matter charges (6.5.0.3) along the constraints (6.4.0.5), thus obtaining:
=i\ 2 ni = ikl
R(Z) = —2 (ZiZ ) + 8" Cit CiinZ 2" 2. (6.5.0.11)

Now, by differentiating Eq. (6.2.0.7) and using the defining relations of SK geometry
(see e.g. [66] and Refs. therein), one can then write [6]

DV = 3V = 227 + iCi Z Z' & CZ'Z" = —i (9;Vn — 227;) . (6.5.0.12)
By using Eq. (6.5.0.12), Eq. (6.5.0.11)) can thus be recast in the following way:
N2 = _ _ _
R(Z) = —2(2Z) +§7 (3iVen —222;) (3;Ven —227;) =
_‘ 2 _.
= 227 (212 - 2,7 ) +
+gtl [(akVBH) 0 Ver — 27 (9Vy) Z; — 27 @VBH) Zk}(6.5.0.13)

Eq. is nothing but an equivalent rewriting of the sectional curvature of
matter charges in SK geometry, given by Eq. (6.5.0.11). By consistently using the
criticality conditions of Vpy defining the various classes of (“large”) critical points of
Vpp itself (i.e.: %-BPS - see Eq. -, non-BPS Z = 0 - see Eq. -, and
non-BPS Z # 0 - see Eq. below), the three on-shell relations are

obtained.

Aside, let us also notice that the constraints (6.4.0.5) clearly yield a constrained
expression for the Ricci tensor (and for the Ricci scalar curvature) of a SK manifold,
in which the partial (and complete) contractions of the C-tensor with its complex

conjugate play a key role. i.e., Eq. (6.4.0.5) respectively imply:

R; = 8klRﬁk7 =—(nv+1)g;+ 88" CiuiCor; (6.5.0.14)

m
R = gIg"Ry; = g"Ryz = — (ny +1) ny + g7g"¢""CypiCipz. (6.5.0.15)
From the discussion at the end of Subsect. it will be clear that the first terms
on the right-hand sides of Egs. (6.5.0.14) and (6.5.0.15) are the constribution of the
“quadratic sector” of the SK geometry (in which C; = 0, as a consequence of its
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very definition (7.3.0.2)); notice that the contributions of such a “quadratic sector” are
missing in rigid SK geometry, see e.g. [16] and [70]).

A further elaboration for (“large”) non-BPS Z # 0 critical points of Vpy can be
performed by plugging the non-BPS Z # 0 criticality condition of Vpg (see e.g. [10])

L
D;log Z = —1|Z—c--lzfz (6.5.0.16)

into Eq. (7.2.1.39), thus getting

R (Z)|upps,z0 = [2ZiZZ (2 1Z|? - ZiZZﬂansz#o ; (6.5.0.17)
)
—in2 S 1
(zizl) - 24127 2] + 3R (2) = ; (6.5.0.18)
)
i\ _ o2 g 1 .
(zlz )i = |z + \/\21 SR (2); (6.5.0.19)
)
1z = }L&_Zl) - %Zifi, (6.5.0.20)
7Z

where the subscript “nBPS, Z # 0” has been suppressed for simplicity’s sake. No-
tice that, also when R (Z) > 0 satisfying | Z|* — IR () > 0, only one brach of Z,Z'
should be consistent with the fact that Z;Z' > 0.

Result (6.5.0.17), holding for all N' = 2, d = 4 ungauged Maxwell-Einstein su-
pergravities, not only for the ones with symmetric scalar manifolds, consistently

reduces to Eq. (6.5.0.7) when the “rule of three” (6.4.0.15)holds, as is the case for

symmetric SK manifolds (see discussion above).

By recalling Egs. (6.4.0.13)) and (6.4.0.14), Eq. (6.5.0.20) thus implies that

A A
2 (3 + —2> (1 + —2> |Z|4] , (65.0.21)
|Z| |Z| non—BPS,Z#0

or, more explicitly (evaluation at “large” non-BPS Z # 0 critical points of Vpy un-
derstood)

R(Z)|non—pps,z20 = —

4
R(Z) = —z(ﬁg(;’)ﬂzﬁ [4E(Z) |Z|2—E(Z,Z)] [%E(Z) Z* ~E(Z2,Z)|.

(6.5.0.22)
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where

cﬁzfzsz; (6.5.0.23)

F
N
I

E(Z,Z) = Eggul 21Z"7'77. (6.5.0.24)

Results (6.5.0.21) and (6.5.0.22) relate R (Z), N3 (Z) and E (Z, Z) at “large” non-BPS

Z # 0 critical points of Vpy in generic N = 2, d = 4 ungauged Maxwell-Einstein
supergravities, and they consistently reduce to Eq. (at least) for symmetric
SK manifolds. They are consistent with the treatment performed in [8; [10; [71], see
e.g. Eq. (3.1.1.2.17) of [71], here reported for ease of comparison (evaluation at non-
BPS Z # 0 critical points of Vpy understood):

1 E(Z2,Z Z Z
2_2_(_)_1: R§ )_i _5 _Zz_(k_)n _— (6.5.0.25)
1Z|* N3(2) 2|Z1* Z:Z CitnCreZ 2" 7775

Furthermore, through the definition (6.4.0.14), Egs. (6.5.0.21) and (6.5.0.22) are im-
plied also by Eq. (6.5.0.20). Notice that, while R (Z) is a real quantity, Ez, E (Z, Z)
and A are generally complex. But, (at least) at non-BPS Z # 0 critical points, A, or
E(Z,Z)

equivalently the ratio N(Z) becomes real (consistent with Eq. (6.4.0.14)); see also
Eq. (276) of [8] and Eq. (5.17) of [71]).

6.6 Riemann Tensor

The new results obtained in previous Section call for an explicit computation of
the Riemann tensor, Ricci tensor and Ricci scalar curvature for the SK geometries
determined by the prepotential (6.3.0.1)), as well for generic d-SK geometry, obtained
as the classical limit ¢ — 0 of these former ones. We will do this in the present
Section, carrying out the calculation in two different, but (proved to be) equivalent,
ways.

6.6.1 First Approach

The first approach conceives SK geometry as a particular Kidhler geometry, and
therefore one starts with the standard formula of Riemann tensor:

Ry = g"" (éjéjamK> 0i070K — 09, 950K. 6.6.1.1)
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After a lengthy but straightforward algebra (detailed in Appendix C of [1]]), the
Riemann tensor of the SK geometry determined by the prepotential (6.3.0.1) is com-
puted as

V2/3
R-- = Ring—= —
ijkl ijkl 5
32 (1/ — g)
( é,( \
V77 ~
o (y+§’> dzkd i1+ Zdz]dkl + 2d,; d]k—l—
2 NN A A
+—Y——dd:did;+
4(11_%)2 i%jlkh]
. (6.6.1.2)
_2<VV7%> (dAz]AkAz + dydidy + dyd;dy + AkszldA]) +
_¢
PG VPR
\ v ikn%jlm )

In the classical limit (¢ — 0), the expression of the Riemann tensor in a generic 4-SK
geometry is easily obtained:

L a3
Rige—o = Rijg=0=—zv """

—dydjy + 2djjdy + 2dydy + Ldiddid;+

—1 (dAz]dAdez +dydidy + dyd;dy + dAkszsz]) + 2 g d™"
(6.6.1.3)

Notice that both Egs. (6.6.1.2) and (6.6.1.3) have all the symmetry properties suitable
to the Riemann tensor.

Consequently, the Ricci tensor and Ricci curvature scalar can respectively be
computed as follows (recall ny denotes the number of Abelian vector multiplets
coupled to gravity multiplet, or equivalently the complex dimension of the consid-
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ered SK manifold):
[ [nvv3+%(nv+2)1/2§2—%véz—%(4nv+3)§3] &;C/I;—l— i
(v+8)?(v-5)
7 1 48 2 2
- GHp. ot VT [4nyv2+2(ny+3)vE—(2ny+3)8%] o _
Rl] = & Rzlk] 16 ‘ 2 | — 7 dij+
(v-5)
_&)? R
i —4—<V 1,22> digndjind*'d™™" .

1 [nvv?’ +3 (ny +2)v2¢ — Zver — L (4ny +3) 63} FPPOR
= 1% dld] —+

16 3
16 (1/ _ g) (1/+§)2
L1 [y +2(ny +3)vE— 20y +3) 8] 1psp
2 if
e (v-5) w+o)
1 ~
v i d A
= Rj (6.6.1.4)
g g
~ 9(1/_5 14 3 <V—§> (1/—7 S
= JR - — _ _ - o ) ) ik Fmn il
R = g le ny (nV+1) 5 (V+€)3 C:.(+ 27’lV V+§ ” dlknd]lmd 7 Kl

(6.6.1.5)

Thence, in the classical limit (¢ — 0), the expression of the Ricci tensor and Ricci
scalar curvature in a generic d-SK geometry is easily obtained, respectively:

u (AP ;
Rijeo = 8" Rijz=0 = T 2/3 (nvdidj —dnyd;; — 4dikndjlm5/lkldmn) = Rjjz=0;

(6.6.1.6)
i 3 o
Rg:o = glle‘]',ézo = —ny (nV + 1) —+ Env —_ dikndﬂmd]kdmndzl —
= it = i T (6.6.1.7)

Let us notice that both Egs. (6.6.1.4) and (6.6.1.6) have the symmetry properties
suitable for Ricci tensor.

As pointed out at the end of Sect. the symmetricity conditions (7.3.0.17)-
(7.3.0.18) cannot be satisfied for prepotential (6.3.0.1) with ¢ # 0. As is well known,



6.6. RIEMANN TENSOR 193

all symmetric spaces are Einstein spaces (see e.g. [75], and [76] for a comprehensive
list of Refs.), i.e. with a Ricci tensor satisfying

IA € R: Rz = Ag; = R=nyA, (6.6.1.8)

and then with a constant Ricci scalar curvature, whose sign is the one of the real con-
stant A itself. However, the opposite does not generally hold true: not all Einstein
spaces are symmetric. Thus, it is reasonable to ask whether the considered quantum
SK geometries determined by prepotential can be Einstein. By recalling Eq.
and using Eq. (6.6.1.4), the condition for such geometries to be Einstein

can be written as follows:

[ [nyv3 43 (ny+2)v28 3082 § (4ny +3)8°)] qd+ 1
(v4+2)* (v—5)
1_v [4nyv2+2(ny+3)vE—(2ny+3)8%] - ~ 1 v s
- _ y —Aldi—-—2 __dd
Hv-3) V) dij+ e
_2)? R
| —4 <VV22> dikndjlm&kldmn i
(6.6.1.9)

and it seems to us that such an Eq. does not admit solutions for any value of the real
constants ¢ and A.

The situation is pretty different for the classical limit ({ — 0), determining the
so-called d-SK geometries (described by prepotential (6.3.0.1) with ¢ = 0). For such

geometries, by recalling Eq. (7.2.1.37) and using Eq. (6.6.1.6), the condition to be

Einstein reads

4

As found in [54] (see also [34]), a (proper) subset of solutions to Eq. (6.6.1.10) is
given by the symmetric d-SK geometries, satisfying the conditions of symmetricity

(7.3.0.17)-(7.3.0.18). (At least) in such geometries, the d-tensor satisfies the following
relation ([1754;165]]; see also the treatment given in [10], and Refs. therein):

SN - - ~ did;
411 (Tlvdl‘d]' — 4nvdi]' — 4dikndﬂm&kldmn> =A (dl] - ]) . (6.6.1.10)

4
dp(kldij)naprllnsaqursq = 5(5?]1(6111]), (66111)

which is a consequence of Eq. (7.3.0.18), and in fact can be further elaborated by
using the second relation (involving the Riemann tensor) in Eq. (7.3.0.18) itself. In

Eq. (7.2.1.26) a¥ is a sort of “rescaled” metric tensor, defined as (recall Eq. (7.2.1.38);

see e.g. [65] for further elucidation of 4 = 5 origin of such a quantity):

| T .
ij — =, —2/34ij _ - iNj _ ij
al = v/ = - </\/\ 2d ) (6.6.1.12)
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Let us also notice that, from Eq. (6.6.1.8) the constancy of the Ricci scalar curva-
ture is necessary but not sufficient condition for Einstein, and in turn for symmetric,
spaces. In other words, it holds:

symmetric =~ Einstein == constant R. (6.6.1.13)

Eq. (6.6.1.5) yields the condition (2 € R)

_¢ _¢ _¢
—ny (nv+1)_gwg+§nv <V 2> _ <V 2>d'k d'l jjk&\mn&?l -0
2(V+C>3 2 v+ e y ikn4jlm ,

(6.6.1.14)
and it seems that it is not possible to have R constant for SK geometries determined

by (6.3.0.1) with ¢ # 0. On the other hand, Eq. (6.6.1.7) yields the condition
Re—o = —1% + ”7" — dypd g™ d" = Q. (6.6.1.15)

As pointed out above, a (proper) set of solutions to condition is given
by the symmetric d-SK geometries. As for all Einstein spaces, for symmetric d-SK
spaces it holds that

Q = Any. (6.6.1.16)

The results of [54] yields A = —%nv for the four irreducible symmetric d-SK ge-

2
ometries (which are nothing but the “magic” ones) and A = —W for the
S g((ll’)l) X SO(SS (ngg’(;‘lj!) (and A = — (ny + 1) for the minimal
coupling CIP"V sequence, whose prepotential is however quadratic).

reducible sequence

Analogously to the comment made at the and of Sect. it is here worth notic-
ing that Egs. (6.6.1.3), (6.6.1.6) and (6.6.1.7)) respectively yield that the quantities

_ . 4/3 ,
Rige=o = V" Rige—o (6.6.1.17)

R — .2/3 .
Riemo = v77Riey; (6.6.1.18)
Re—o; (6.6.1.19)

are independent of v, but they rather depend only on the “rescaled dilatons” A'’s
(recall definitions (6.2.0.19)-(6.2.0.21)):

OR -7
% = 0 (6.6.1.20)

OR- .
# = 0 (6.6.1.21)

ORs_
=0 _ (6.6.1.22)

ov
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By looking at Eqs. (6.6.1.2), (6.6.1.4) and (6.6.1.5), it is easy to realize that the
same does not happen for ¢ # 0: the non-vanishing of the quantum parameter ¢

does not allow for an overall factorization of the dependence of R il Riz—g and
R on v and/or other (shifted and/or rescaled) variables. In other words, ¢ entangles
the dependence of R s Rl] o and R on v with the dependence on A’s, and thus

the “¢ # 0 analogues” of R KT, E=0 and Rl] F=0 (respectively defined in (6.6.1.17) and
(6.6.1.18)) cannot be mtroduced As already pointed out at the end of Sect. 6.4} this
fact is related to the impossibility to uplift the quantum perturbatively corrected SK

geometry described by the prepotential (6.3.0.1) to d = 5 space-time dimensions.
Indeed, as is well known, in general only d-SK geometries can be uplifted to d = 5
(see e.g. [65] and Refs. therein).

6.6.2 Second Approach

The second approach is actually the one considered in [54]: the constraints (6.4.0.5),
characterizing, among others, a Kdhler geometry to be special, are exploited in order
to compute the Riemann tensor itself, yielding the same results given by Eq.
and (6.6.1.3), respectively for the prepotential and its classical limit { — 0
(d-SK geometry). The same can explicitly be proved to hold for the Ricci tensor
(6.6.1.4) and the Ricci scalar (6.6.1.5), and for their respective classical limits

and (6.6.1.7).
Thus, the approaches respectively based on (6.6.1.1) and (6.4.0.5) have been pr-

oved to be equivalent, by explicitly computing the expressions of the Riemann ten-
sor Rz’jki' of Ricci tensor Ri} and of Ricci scalar curvature R of a SK geometry of
arbitrary complex dimension ny and determined by the holomorphic prepotential
(6.3.0.1) (also considering the corresponding limit of d-SK geometry, obtained by
letting the quantum parameter { — 0). As previously mentioned, by including in
the prepotential the most general quantum perturbative correction consistent with
the Peccei-Quinn axion-shift symmetry [33] (see discussion in the Introduction), the
results and considerations of Sect. are an extension of the findings of [54] to the
quantum perturbative regime.

6.7 Conclusion

It is clear that the present investigation (completing, extending and generalizing the
work of [46] and [55]) does not conclude the study of quantum (perturbative) SK
geometries. Only some venues have been considered in the vast realm of quantum
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geometries of the moduli spaces of superstring theories. Many issues still deserve
a deeper understanding and call for a thorough analysis, and we leave them for
further future study. Below, we list only some of the most appealing ones (to us).

1. It would be interesting to determine the extent of validity of the so-called “rule
of three” (6.4.0.15), which is nothing but the sum rule determining the value
of Vpy at its non-BPS Z # 0 critical points. While its “non-BPS Z = 0 ana-
logue” has general validity, does not hold in general. Firstly
noticed in [59], the “rule of three” has been proved to hold in sym-
metric SK geometries [17], in (at least some of the) homogeneous non-symmetric
d-SK geometries [72] (and in N > 2-extended supergravities admitting non-
supersymmetric attractors with non-vanishing central charge matrix [8; [77]).
The most general results for d-SK geometries currently available are given in
[59], but they are depending on the particular considered BH charge configu-
rations; thus, it would be nice to see whether the “rule of three” still
holds in a generic BH charge configuration. On the other hand, since the con-
dition (6.4.0.16) of validity of the “rule of three” does not imply symmetricity
(nor homogeneity), it would be nice to see if and how the “rule of three” works
in the quantum corrected SK geometries (6.3.0.1).

2. In the present chapter we explained the peculiarity of the DO — D6 configu-
ration in presence of the most general axion-shift-symmetric quantum pertur-
bative parameter ¢. The DO — D6 configuration turns out to be the somewhat
“minimal” configuration which does not support axion-free critical points of
Vpr. But we did not yet completely explain the results of the investigation of
[55]. In other words, we did not explain why the classical non-BPS Z # 0 “flat”
direction of Vg of the st> model gets non-renormalized (despite acquiring a
non-vanishing axion) when switching ¢ on. We leave the investigation of this
issue (within d-SKG geometries of arbitrary complex dimension ny ) for future
study.

3. Anissue concerning both d-SK geometries and their quantum corrected coun-
terparts is the generality of the axion-free solutions (if any) to the Attrac-
tor Egs.. As found in [65], the axion-free-supporting BH charge configurations
in d-SK geometries are the electric (D2 — D6), magnetic (D0 — D4) and DO — D6
ones, whereas in the present work we obtained that for SK geometries deter-
mined by the prepotential only electric and magnetic configurations
support purely imaginary critical points of Vpy. It would be interesting to an-
alyze the degree of generality of axion-free solutions (in a model-independent
fashion, if possible) in these frameworks.
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4. Concerning d-SKG geometries, the expression of the %-BPS attractors is known
in the most explicit form possible [58], and (going beyond symmetric cases)
there are various explicit (but charge-dependent) results for non-BPS Z # 0
critical points of Vpp (see e.g. [59]). On the other hand, there are currently
no general results on the explicit form of non-BPS Z = 0 critical points of
Vpy within the same SK geometry. Thus, it would be interesting to determine
such expression and use it to elaborate the “non-BPS Z = 0 analogue” (6.5.0.4)
(obtained in the present paper) of the “rule of three” (6.4.0.15).

5. Still very little is known on the explicit expression of the critical points of the
quantum perturbatively corrected BH potential Vzp given by Eq. (6.2.0.27).
The complete analysis of 1-BPS critical points (beyond the axion-free results of
[19]; see the end of Sect. should be based on the implementation of %-BPS
conditions through the formula (6.3.0.7). More interestingly, the non-
BPS (Z # 0 and Z = 0) critical points of still need to be completely
determined and studied.

6. The phenomena of “splitting” of attractors [46], “transmutation” of attractors
[46], and “lifting” of moduli spaces of attractors [55], even if explicitly found
by studying models with only one or two complex scalar field(s), are likely
to characterize the quantum perturbatively corrected SK geometry for
an arbitrary complex dimension ny. Thus, it would be worth studying more in
depth such phenomena, eventually relating them with the presence of partic-
ular symmetry groups acting in transitive or non-transitive way on the (gen-
erally non-homogeneous) scalar manifold.

7. By extending the results obtained in [55] (at least in the magnetic and electric
configurations) to the presence of more than one “flat” direction, and includ-
ing the effects of non-perturbative corrections (see e.g. [19; 22} 31} 36]]), one
would be lead to conjecture that only a (very) few classical attractors do remain at-
tractors in strict sense at the quantum level. Consequently, at the quantum (pertur-
bative and non-perturbative) level the set of actual extremal BH attractors should
be strongly constrained and reduced. As already noticed in the Conclusion of [55]
itself, in ' = 8, d = 4 supergravity the (“large”) 3-BPS and non-BPS BHs crit-
ical points of Vpy xr—g exhibit 40 and 42 “flat” directions, respectively [51} 78].
Within the possibility of N' = 8 supergravity to be a finite theory of quantum
gravity (see e.g. [79] and [80], and Refs. therein), it would be interesting to un-
derstand whether these “flat” directions may be removed at all by perturbative
and/or non-perturbative quantum effects.
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Chapter 7

Topics in Cubic Special Geometry

In [1] we reconsider the sub-leading quantum perturbative corrections to N' = 2
cubic special Kdhler geometries. Imposing the invariance under axion-shifts, all
such corrections (but the imaginary constant one) can be introduced or removed
through suitable, lower unitriangular symplectic transformations, dubbed Peccei-
Quinn (PQ) transformations.

Since PQ transformations do not belong to the d = 4 U-duality group G4, in sym-
metric cases they generally have a non-trivial action on the unique quartic invariant
polynomial 7, of the charge representation R of G4. This leads to interesting phe-
nomena in relation to theory of extremal black hole attractors; i.e., the possibility to
make transitions between different charge orbits of R, with corresponding change
of the supersymmetry properties of the supported attractor solutions. Furthermore,
a suitable action of PQ transformations can also set Zy to zero, or vice versa it can
generate a non-vanishing Z,: this corresponds to transitions between “large” and
“small” charge orbits, which we classify in some detail within the “special coordi-
nates” symplectic frame.

Finally, after a brief account of the action of PQ transformations on the recently
established correspondence between Cayley’s hyperdeterminant and elliptic curves,
we derive an equivalent, alternative expression of 74, with relevant application to
black hole entropy.

7.1 Introduction

Special Kéhler geometry (SK) characterizes the scalar manifolds of Abelian vector
multiplets in N' = 2 supergravity theory in d = 4 space-time dimensions (see e.g. [2-
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5], and Refs. therein). Along the years, it has played a key role in various important
developments in black hole (BH) physics.

Among these, the Attractor Mechanism [6] shed light on the dynamics of scalar
tields coupled to BPS (Bogomol'ny-Prasad-Sommerfeld) and non-BPS extremal BHs.
Through the introduction of an effective BH potential Vpy [6], this mechanism de-
scribes the stabilization of the scalar fields in terms of the BH conserved charges in
the near-horizon limit of the extremal BH background (see e.g. [8-12; [12], also for
reviews and lists of Refs.).

Within theories with N' = 2 local supersymmetry emerging from Calabi-Yau
compactifications of superstrings or M-theory, the Attractor Mechanism has played
a key role in the study of connections with topological string partition functions [14]
and relations with microstates counting (see for instance [10]), and also in the inves-
tigation of dynamical phenomena, such as wall crossing and split attractor flow (see
e.g. [15], and Refs. therein).

In some seminal papers dating back to mid 90’s [6], the Attractor Mechanism
was discovered by Ferrara, Kallosh and Strominger in N' = 2, d = 4 ungauged
supergravity coupled to ny vector multiplets. This theory proved to be an especially
relevant and rich framework for the study of the attractor dynamics of scalar flows
coupled to extremal BHs.

An important arena in which many advances have been made along the years is
provided by a particular yet broad class of SK geometries, i.e. the ones determined
by an holomorphic prepotential function F which is purely cubic in the complex
scalar fields themselves:

1 .
Fy= gz;zl-,-kzlzfzk. (7.1.0.1)

F4 defines the so-called d-SK geometries [16f[17]. These geometries naturally arise
as the large volume limit of CY3 compactifications of Type II(A) superstring theories,
in which d;j; is given by the triple intersection numbers of the CY3 internal manifold
itself (see Sec. for further details, and list of Refs.).

Moreover, up to the so-called minimal coupling sequence (with quadratic prepo-
tential) [18], all non-compact symmetric coset SK spaces 1%; are actually d-spaces,
defined by a prepotential of the form [17]; G4 is the d = 4 U-duality groupﬂ and
Hy is its maximal compact subgroup (with symmetric embedding). In symmetric
SK geometries the Attractor Mechanism enjoys a noteworthy geometrical interpre-
tation, related to the fascinating interplay among orbits of the charge irrepr. R of G4

Here U-duality is referred to as the “continuous” limit (valid for large values of the charges) of
the non-perturbative string theory symmetries introduced by Hull and Townsend in [19].
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[20; 21]], the solution of the Attractor Eqs. [21] and the related “moduli spaces” [22].
Through the Bekenstein-Hawking entropy (S) -area (A) formula [23]

% _ % — J17.(9)], (7.1.0.2)

the entropy of the BH is given in terms of the unique invariant polynomial Z, of the
charge irrepr. R of G4, which is quartic in charges Q. It is also worth recalling that
also the recently introduced first order approach to non-BPS scalar flows [24] has
been completely solved in terms of geometrical quantities (U-duality invariants) in
[25].

It is therefore natural to ask what is the role and the effect of sub-leading cor-
rections to the A/ = 2 purely cubic prepotential (7.1.0.T). As is well known (see the
recent discussion in [26], and Refs. therein), such corrections are of both quantum
perturbative and non-perturbative nature, and not all of them are consistent with
the Peccei-Quinn axion-shift symmetry [27], nor all of them actually affect the SK
geometry of the scalar manifold itself (see e.g. [28]).

In this chapter, extending on some previous results in [16; 29;30], we further de-
velop the study of those sub-leading corrections to d-SK geometries which
are consistent with the axion-shift symmetry and which do not affect the geometry
of the vector multiplets” scalar ﬁeldsﬂ

It is known [16; 29] that these sub-leading corrections can be included in (or
removed from) the A/ = 2 symplectic sections by acting with suitable symplectic
transformations, and this provides an effective shortcut to the process of solving the
Attractor Eqs. (alias criticality conditions for Vpp) in the so corrected d-SK geome-
tries. As we will find in the present investigation, such symplectic transformations
have a group structure (we dub them Peccei-Quinn (PQ) symplectic transforma-
tions), but they do not belong to the suitable symplectic representation of Gy itself.

At least for symmetric d-SK geometries, this leads to interesting consequences in
the theory of charge orbits and “moduli spaces” of extremal BH attractor solutions.
Indeed, the PQ transformations do not affect the geometry of the scalar manifold,
neither the statification of the charge irrepr. space R into disjoint orbits, nor the
structure of the corresponding “moduli spaces” of attractorsﬂ but they can change the
value and the sign of Z,, thus possibly switching from one charge orbits to another.

ZFor a recent discussion of the unique (constant imaginary) term which is consistent with axion-
shift and affects the geometry, see e.g. [26].
3In this respect, the general analysis and findings of the present chapter explains the result ob-
tained in Sec. 3 and App. A of [31]], also providing a way to generalise them to generic BH charge
configuration, and to a generic model with ny vector multiplets.
Moreover, through the action of PQ symplectic group, also the results concerning non-perturbative
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For instance, an extremal “small” BH configuration (with vanishing entropy ac-
cording to formula (7.1.0.2)) within the d-SK geometry can acquire, by intro-
ducing the quantum perturbative correction under consideration, a non-vanishing
area of the event horizon, and thus a “large” nature (i.e., a non-vanishing 74, and
thus entropy, according to (7.1.0.2)). The opposite phenomenon can occur too, i.e.
that “large” extremal BH configuration can become “small” for particular choices of
the supporting charge vectors.

Another possible phenomenon is that the supersymmetry preserving features
of the attractor configurations of d-SK geometry can change in presence of
those sub-leading corrections accounted for by PQ transformations. This is some-
what analogous to some phenomena observed in presence of the “+iA” correction
in the prepotential in [32].

By exploiting the PQ symplectic transformation, we will also study how the ef-
fective BH potential Vpy gets modified in presence of the aforementioned correc-
tions, and what is the fate of those charge configurations which support axion-free
attractor solutions within the theory determined by (7.1.0.I). In general, the solu-
tions of Attractor Eqgs. for the corrected d-SK geometries can be obtained by con-
sidering the solutions in the purely cubic theory [30; 33], and by transforming the
charges in such formule with a suitable PQ transformation.

We will also briefly comment on the action of the PQ group on the roots of certain
cubic elliptic curves, which have been recently connected [34] to the Cayley’s hy-
perdeterminant [35], i.e. to the (opposite of) Z4 for the noteworthy triality-symmetric
so-called stu supergravity model [36]. This might lead to an interpretation of the PQ
transformation within the intriguing “BH/qubit correspondence” [37].

Finally, we derive an alternative expression of 74 for symmetric d-SK geome-
tries, and more in general for symmetric cubic geometries (such as the ones of some
N > 2-extended, d = 4 supergravities). This result allows for a consistent treat-
ment of some expressions of the BH entropy available in the literature (see e.g. [33]).
Furthermore, its further generalisation to the case of non-symmetric geometries (in
which Z; is not generally related to the BH entropy) explicitly shows the contribu-
tion of the so-called E-tensor [17] introducing an explicit dependence on (some of
the) scalar degrees of freedom.

The plan of this chapter is as follows.

instantonic corrections to the prepotential, obtained in Sec. 4 and App. B of [31], can be generalised to
include the sub-leading quantum perturbative corrections under consideration. See treatment below
for further comments.
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In Sec. [7.2.]|we analyse the PQ symplectic transformations within N' = 2, d = 4
SK geometry. More specifically, in Sec. we recall the general structure of sub-
leading terms in cubic prepotential, and their consistency with axion-shift symme-
try. The PQ symplectic group is introduced in Sec. and its relation to the
U-duality group clarified in Sec. Moreover, Sec. considers some aspects
of stringy origin and topological interpretation of some generators of the PQ group.

Then, Sec. applies this general formalism to relevant issues within the
theory of extremal black hole attractors. Secs. [7.2.2| and [7.2.2] are devoted to the
study and classification (within symmetric cubic geometries) of the PQ group on

the unique invariant polynomial Z4 of the charge representation R of the U-duality
group. At the end of Sec. we briefly comment on the relevance of the PQ group
for the attractor values of the scalars, i.e. for the non-degenerate critical points of the
effective BH potential Vpy. The transformation properties of the latter are studied
in Sec. with an analysis of the possible axion-free supporting charge configu-
rations.

Sec. briefly analyses the “PQ-deformation” of the recently established in-
triguing relation between Cayley’s hyperdeterminant and elliptic curves.

Finally, in Sec. an equivalent, alternative expression for Z, is derived, by ex-
ploiting the identities characterising symmetric cubic special geometries, with rele-
vant consequences on the matching of known expressions of the black hole entropy.
In particular, the new expression Z; allows one to relate its scalar-dependence in
non-symmetric geometries directly to the so-called E-tensor.

7.2 Peccei-Quinn Symplectic Transformations

721 General Theory

Letus consider N = 2, d = 4 ungauged Maxwell-Einstein supergravity, whose vector
multiplets” scalar manifold is endowed with special Kéhler (SK) geometry, based on
an holomorphic prepotential function F, homogeneous of degree 2 in the contravari-
ant symplectic sections X (the reader is addressed e.g. to [2-5] for a thorough in-
troduction and list of Refs.).
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Cubic Special Geometries and Axion-Shifts

We start and define the most general form of cubic prepotential as followﬁ (dasz =
d( ALE) S C)

1 XAXEXE

F= gdae——0 =

1 _ . 1 . 2
+5 (Redgg; + ilmdgo) XX + = (Redooo -+ ifmdoao) (XO) L (7.2.1.1)

By denoting the real and imaginary part of X' respectively as X' = R’ + i, the
corresponding Kéhler potential readsﬂ

K = —In |:l <XAFA - XAFA>i|
4. ik 2. ipiRk _ o i Tk
= —nged,-jkI Irc— gzlmdiij RIR" — lemdiij Il
. .. .2
—ZiImei]'RlR] - ZiImei]'IlI] - ZiImeOiRl - gilmeOO- (7.2.1.2)

Thus, the invariance of K under Peccei-Quinn (PQ) perturbative (continuous) axion-

shift symmetry [27]
RISR+4a, 0l eR (7.2.1.3)
yields
Imdi]'k = Ime,-]- = Imdool' = 0. (7214)
The resulting axion-shift-invariant expression of K then simply reads
4_ i1iTk 2
K= —ngedi]-kI 1 — gzImdooo, (7.2.1.5)

and the prepotential F given by (7.2.1.1) can accordingly be split as

F=F4+5, (7.2.1.6)
where ik
1 X' XX i 2
F = gRedi = + Tmdoo (X°) (7.2.1.7)

4Greek capital and Latin lowercase indices respectively run 0,1, ..., ny and 1, ..., ny throughout.
The naught index pertains to the graviphoton, while 1y, denotes the number of Abelian vector mul-
tiplets coupled to the supergravity one. Therefore, we work within the so-called symplectic basis of
special coordinates (see e.g. [3;[17] and Refs. therein), which is manifestly covariant with respect to the
d = 5 U-duality group Gs.

5For simplicity’s sake, in Egs. (7.2.1.2), (7.2.1.3) and (7.2.1.5) we give the result for X° = 1, which
does not imply any loss of generality for our purposes.
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is the part contributing to K given by (7.2.1.5) and thus to the SK geometry, and

1

§=3

1 . 1 2
Redoy X'X/ + > Redoo: X'X° + 2 Redoog (X0> (7.2.1.8)

is a quadratic form in XA, which does not contribute to K. Thus, F given by
is the most general cubic prepotential which is consistent with the PQ axion-shift
and which affects the geometry of the scalar manifold itself [28]. Some
issues within the SK geometry based on F have been recently investigated in [26]
(see also [29]).

On the other hand, Red;j; is usually denoted simply by the real symbol d;j, and

the holomorphic function

1, XXixk
is the prepotential of the so-called d-SK geometrieﬂ [17; 40]. This will be the most
general framework we will be considering in the applications of Sec.[7.2.2]

For later convenience, let us compute the derivatives of § with respect to the
sections’| X*:

_1 i1 0.
93 So = zRedOOZXZ + gRedOO()X ;

SAEDAS:BX—A:

(7.2.1.10)
$i = RedOi]'Xj + %RedOOiXO.

It has been known (see e.g. [16}29;[30]) that § can be introduced (or removed) in
any N = 2 prepotential by performing suitable symplectic transformations. More
specifically, through the action of particular symplectic transformations one can in-
troduce the effect of the sub-leading quantum perturbative terms into the
explicit expression of horizon values of attractors and into the corresponding value
of BH entropy [29} 30].

A major part of the present investigation is devoted to a thorough analysis of
this issue in general form. In particular, we will focus on the effect of § on the BH
entropy in the general framework of d-SKG, with leading cubic prepotential given

by (7.2.1.9). This will naturally lead to the study of the effect of the so-called Peccei-
Quinn transformations, i.e. particular symplectic transformations deeply related to

®Regardless of the explicit form of djj, the corresponding special Kahler manifold has always
at least ny 4 1 global isometries, i.e. an overall scaling and PQ axion-shifts (see Eq. (7.2.1.3)), form-
ing the group SO (1,1) xs R", which can be considered the “minimal G4” of d-SK geometries. Its
relation to d = 5 uplift and further details can be found e.g. in [38] (see also Refs. therein).

7 As shown in [39], the symplectic connection of SK geometry is flat.
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§, on the duality invariants and supersymmetry properties of extremal BH attractor
solutions.

The results recently obtained in Sec. 3 of [31] provide an explicit example (with
ny = 2 and for a particular charge configuration) of some aspects of the general
treatment given here. Indeed, the prepotential given by Eq. (3.7) of [31] is nothing
but a particular caseﬁ of the general structure (7.2.1.6)-(7.2.1.8).

The Peccei-Quinn Symplectic Group

Given an element’]

u 2z
= GL (2 2,R), 72.1.11
S ( Wy ) € GL (2ny +2,R) ( )

it belongs to the symplectic group Sp (2ny +2,R) C GL (2ny +2,R) iff
STos=0e s t=0"1sTa=-0570, (7.2.1.12)

where Q) is the (2ny +2) x (2ny + 2) symplectic metric (the subscripts denote the
dimensions of the square block components):

a=( Ot L) (7.2.1.13)
_]Ii’lv-l—l Onv+1

The finite condition of symplecticity (7.2.1.12) translates on the square block compo-
nents of S as follows:

UV -wrz = 1I,,.1; (7.2.1.14)
Uw-wly = zv vz =0,,.1. (7.2.1.15)

In general, the U-duality group G4 of N' = 2, d = 4 supergravity is embedded
into Sp (2ny 4 2,R) through its relevant (i.e., smallest symplectic) (ir)repr. R (see
e.g. [3] and Refs. therein):

R
Gs C Sp (2ny +2,R) . (7.2.1.16)

8In this respect (and referring to the equation numbering of [31]), it is worth noting that the
second of Egs. (3.8) can be directly obtained from the general expression (2.9) for d-SK geometry,
because the sub-leading quantum perturbative terms appearing in Eq. (3.7) do not affect the Kédhler
potential and thus the metric.

%In all the following treatment, we work in the (semi)classical limit of large (continuous) charges,
thus the field of definition of considered linear and symplectic groups is IR, and not Z, as instead it
would pertain to the quantum level.



7.2. PQ SYMPLECTIC TRANFORMATION 215

The vector of the fluxes of the two-form field strengths of the Abelian vector fields
and of their duals

T , T
o= (phar) = (P a00) (7.21.17)
as well as the vector of the holomorphic sections
T , T
V= <XA, FA> - (XO, X K, Pi> , (7.2.1.18)

sit in R, and thus they are Sp (2ny + 2, R)-covariant, transforming under S as fol-
lows:

uApZ+ZAZqZ
Q = SQ= X ; 7.2.1.19
( Wasp™+ Vs ( )
UAXZ+ZAZFZ
VvV = Sv= z . 7.2.1.20
( WAZXZ + VAZFZ ( )

Now, by recalling (7.2.1.10), it is immediate to realize that §5 can be generated
or removed by performing a suitable symplectic finite transformation on V. Indeed,
the identification

o = Fh — VEF = Was XE = WpoX? + WX (7.2.1.21)

defines, through Eq. (7.2.1.20), the components of the (ny +1) x (ny +1) sub-
matrix Whay:

Wo() WO]' 1 2Red000 3Red00]- 0 C j
Whas = =31
Wl‘ Wl' i ' 3Red00i 6Red0,-]- C; ®ij

= Wax),

(7.2.1.22)
which inherits the symmetry properties from the relevant components of the daxz
tensor. Note that we re-named the quantities for simplicity’s sake (©;; = ©;;)).

Thus, we are going to deal with particular symplectic transformations defined
as follows:

1. In order to keep the contravariant symplectic sections X** (and thus the coor-
dinates of the scalar manifold) invariant under the considered transformations,

(7.2.1.20) imposes
ZAE =0, Ud =58, (7.2.1.23)
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2. In order to generate or remove §,, as stated above one must define Wy as in

Eq. (7.2.1.22), and furthermore Eq. (7.2.1.20) yields

VE=8 (7.2.1.24)

The (ny +1) x (ny + 1) matrices U, Z, V and W defined by Eqs. (7.2.1.22),
(7.2.1.24) and (7.2.1.23)) do satisfy the finite symplecticity condition (7.2.1.12), and

we denote the corresponding symplectic matrix as

]Il’lerl 01’1v+1

o= : (7.2.1.25)
W ]Ii’lv—i-l
It is easy to realize that O given by (7.2.1.25)) belongs to the W—dimensional
Abelian group
PQ(2ny+2,R) =Sp(2ny +2,R)NLUT (2ny +2,R), (7.2.1.26)

which we will henceforth refer to as the Peccei Quinn symplectic group. In (7.2.1.26)
LUT (2ny 4 2,R) is the (ny 4 1)*-dimensional Abelian group of lower unitriangu-
lar
2(ny +1) x 2(ny + 1) real matrices, which are unipotent (see e.g. [41]). Corre-
spondingly, the Peccei-Quinn (PQ) symplectic Lie algebra pq (2ny + 2,R) is given
by

pq (2ny +2,R) = sp (2ny 4+ 2, R) N lut 2ny + 2, R), (7.2.1.27)
i.e. by the strictly lower triangular 2 (ny + 1) x 2 (ny + 1) real matrices (which are
nilpotent) with symmetric lower (ny + 1) x (ny + 1) block.

Matrices with structure as O given by (7.2.1.25), and thus belonging to the group
PO (2ny + 2,R) defined above, appear also in other contexts. For instance, they are
a particular case (with A = II,,, 1) of the quantum perturbative duality transforma-
tions in supersymmetric Yang-Mills theories coupled to supergravity (see e.g. [42],
and Eq. (4.1) therein). In particular, Eq. defines the structure of quantum
perturbative monodromy matrices in heterotic string compactifications with classi-
cal U-duality SL (2,R) x SO (2, ny + 2) (see e.g. (5.4) of [42]).

Let us give here some other explicit results, useful in the subsequent treatment.
Egs. (7.2.1.21} (7.2.1.22) and (7.2.1.24) imply

§a =4 — Fa. (7.2.1.28)
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Thus, within the framework under consideration, it follows that

ivjyk H
SF Fy = —%Redijk—x(;{é))g -+ éImeOOXO;
FAN = DpAF=—x = 7.2.1.2
A A oXA 1 ixt ( %)
Fi = ZRedijkW;
Fj, = DaF+ DAF=DAF = of (7.2.1.30)
A = A ALY — AL = XA’ S

where Egs. and were used.
Moreover, by using (7.2.1.12), the inverse of matrix O can be easily computed to
be simply
HnV—H OnV—H
O 1l= . (7.2.1.31)
-W ]Inv+1
Thus, by recalling Egs. (7.2.1.19), (7.2.1.20), and the expressions (7.2.1.25) and (7.2.1.31)

along with Eq. (7.2.1.22), one can write down the finite transformations of Q and
V under the action of a generic element of PQ (2ny + 2,R) (the unwritten matrix

components vanish throughout):

% "
1 I
o = poo=|"* |leo=01g=|" |
qo+ep’ +ep) q0—ep" —ep”
9i + cip” + Ojp/ q; — cip" — Oyp”
(7.2.1.32)
XO X/O
i 1i
v - ov=| % 0 - |ev=01V= X, 0 ;
Fo + QX + C]'X] FO — QX — C]'X]
F + C,‘XO + @1]X] Pi/ - CiXIO - @i]'X/j
(7.2.1.33)

Relation with U-Duality Transformations

In order to highlight some important features of the Peccei-Quinn transformations
defined above, it is here convenient to briefly recall the properties of V and related
quantities under the action of Sp (2ny + 2, R) (see e.g. [2;13;43] and Refs. therein).

The holomorphic sections V defined in (7.2.1.18) belong to the holomorphic (chi-
ral) ring over the Kdhler-Hodge bundle defined over the vector multiplets” scalar
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manifold. Under a finite symplectic transformation S € Sp (2ny + 2, R) defined by
(7.2.1.11)-(7.2.1.15), V transform as

V(z) = SV (2) =exp [-f (£)] SV (¢). (7.2.1.34)

IIZII and IIZ//I

collectively denote the scalar field parametrization (i.e., the coordinate
frame) before and after the application of S. Thus, the action of S generally induces

a (generally non-linear) coordinate transformation
z — 7. (7.2.1.35)

Thus, the holomorphic superpotential W = (Q,V (z)) = QTQV (z) transforms as
(recall (7.2.1.12))

W -5 exp [—f(Z)](Q, V' (Z)) =exp [-f ()] W, (7.2.1.36)

i.e. with an holomorphic overall factor exp [—f (z')]. The holomorphic function
f (z') appearing in (7.2.1.34) and (7.2.1.36) is the gauge function of the Kéahler trans-
formation induced by S on the Kéhler potential K (z,zZ) = —In[i(V (Z),V (2))]

itself (recall Eq. (7.2.1.34)):

K(zz) - —In[i(V (), V (@) +f(2)+F ) =K' (.Z)+f (Z)+F ).

(7.2.1.37)

Egs. (7.2.1.36) and (7.2.1.37) yield that the covariantly holomorphic sections

V (z,z) = exp [K (z,z) /2] V (z), belonging to the K&hler-Hodge U (1) bundle, trans-
form under § as follows (recall (7.2.1.34) and (7.2.1.37)):

V(z,7) exp [—ilm (f (2'))] SV' (¢,Z), (7.2.1.38)

i.e. with an overall phase (Kihler-Hodge U (1) factor) exp [—iIm (f (z’))]. This in
turn implies that the N' = 2 central charge Z (z,z) = (Q, V (z,z)) transforms as

7 (2,2) = exp [—ilm (f ()] Z' (,%). (7.2.1.39)

A general consequence of Eqs. (7.2.1.34)-(7.2.1.39) is the following.

Under a transformation S € Sp (2ny +2,R), W (z) and Z (z,z) are invariant iff
S does not induce any change in the coordinates of the scalar manifold. By looking at the
conditions (7.2.1.14)-(7.2.1.15), it is immediate to realize that O € PQ (2ny +2,R)
represented by is actually the most general element of Sp (2ny + 2, R) that
does not induce any transformation of coordinates on the scalar manifold, and thus
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leaves both W and Z (as well as the corresponding covariant derivatives D;WW and
D;Z) invariant.

A direct consequence of this is that the effective BH potential [44]

Ve = |2 + 87 (DiZ) D; (7.2.1.40)
is also invariant under PQ (2ny + 2,R):
Vi (2,2 Q) - Vi (2% Q). (7.2.1.41)

For this reason, while PQ (2ny + 2,R) can be efficiently used to investigate the ef-
fects of § given by on the attractor points of Vy itself and on the BH entropy
(through the study of the transformation properties of the quartic G4-invariant Zy;
see Sec. , its use in relation to Z, D;Z and Vpy has some caveats, pointed out
at the start of Sec. The analysis of the latter Sec. relies on the results of [44]
(see also [11] for a review, and Refs. therein) on the axion-free supporting charge
configurations, and related supersymmetry properties, in d-SK geometries.

We are now going to show that

pq (2n,R) C P2V F2R) (7.2.1.42)

g4

which thus implies, through exponential map:

 Sp(2ny +2,R)

PO (2n,R) C s

. (7.2.1.43)

In other words, the PQ symplectic transformations lie in Sp (2ny + 2,R) outside of
the d = 4 U-duality group G4, whose Lie algebra is denoted by g4 throughout. Thus,

(7.2.1.27) and (7.2.1.26) can respectively be recast as

pq (2ny +2,R) = F (Zn‘f 2R) e 2y +2,R);
4
| exp
Sp (2ny +2,R)

PO (2ny +2,R) = NLUT (2ny +2,R), (7.2.1.44)

Gy
where “exp” denotes the exponential map.

Clearly, (7.2.1.42)-(7.2.1.44) hold whenever g4 is well defined, for instance in the
N = 2 models whose vector multiplets’ scalar manifold is a symmetric coset G4/ Hy,

with Hy being the maximal compact subgroup (with symmetric embedding) of G4



220 CHAPTER 7. TOPICS IN CUBIC SG

itself (see e.g. [17] and Refs. therein; see also [45] for a recent survey). Besides the
minimally coupled [18] CIP" sequence with quadratic prepotential, these models are
given by all symmetric d-SK geometries, whose prepotential is given by (7.2.1.9),
with d;j satisfying the identity [46;47]

4

=0.d

dy( 39 i)

peind™ = (7.2.1.45)

which implies that d;; and its contravariant counterpart d* are both Gs-invariant
(scalar-independent) tensors (see Sec. for further elucidation). Moreover, for all
d-SK geometries a “minimal” G4 = SO (1,1) x; IR"V always exists (see Footnote 3).

Furthermore, for a symmetric 4-SK geometry, the expression of the unique quar-
tic invariant polynomial Z4 ( Q) of the symplectic repr. R of G4 reads (in the “special
coordinates” sympletic basis [20]):

7,(Q) = - (PO)Z 96— (Pi%’)Z ~2°q0p'gi +4 [00T5 (p) = P°Zs () + {Ts (1), T3 (9)}]

(7.2.1.46)
where
1 T3 (p) oT
T2 (p) = gyt P T 0) = gty (32 (), Ta )} = 22 P00 10)
(7.2.1.47)

In d-SK geometries, the manifestly (g5 & so (1,1))-covariant form of the sym-
plectic embedding of the infinitesimal transformation of the G4 is provided by the
following 2 (ny + 1) x 2 (ny + 1) matrix (i, j, k = 1,..., ny) [38]:

30 b 0 0/
¢ A+As O diikp,
0 0; —3\ =
0  digc®  —b Al— A8

e
I1l

(7.2.1.48)

where .A;. is the electric-magnetic representation of the g5 algebra, A is the so (1,1)
parameter, ¢! are the parameters of the PQ axion-shift transformations [, and b; are
the parameters of the additional transformations I », not implementable on the vec-
tor potentials A°, A, which complete the algebra to g4 (subscripts denote weights
w.rt. so (1,1)):

g4 = (95)9 @ (50 (1,1))y B L2 B (. (7.2.1.49)

Thus, the matrix X given by (7.2.1.48) realizes the Lie algebra g4 of the U-duality
group Gy in its symplectic irrepr. R, defining the embedding (7.2.1.16). By com-
paring the matrix X given by (7.2.1.48) with the infinitesimal form of O given by
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(7.2.1.25), i.e. with the strictly lower triangular matrix

0, O

one can conclude that results (7.2.1.42), and thus (7.2.1.43)), hold.

Stringy Origin

It is here worth briefly commenting on the stringy origin of the components of the
matrix Way given by (7.2.1.22). For more details, and a list of Refs., we address the
reader e.g. to the treatment of [29} 48;49].

In Type I A compactifications over Calabi-Yau threefolds (CY3), it holds that

: 1
= =5 = Cy3cz/\]i, (7.2.1.51)

where 5 is the second Chern clasﬂ of CY3, and { ]i}izl,...,nv is a basis of H2 (CY3,R),
the second cohomology group of CY3.

Moreover, the coefficients of F (as given by Eq. (7.2.1.7)) have the following
stringy interpretation [29; 52H54]:

1
gRedijk = Ci]'k; (72152)
1 3

where C;jx and x respectively are the classical triple intersection number and Eu-
ler character of the CYj3, and ( is the Riemann zeta function.

Notice that the other components of Wiy, i.e. Woo = ¢ and W;; = ©;;, do not
have an interpretation in terms of topological invariants of the internal manifold
(see e.g. the discussion in [48]), at least in the compactification framework under
consideration. For this reason, they are usually disregarded in the stringy literature
(see e.g. [29]], in particular the discussion of Eq. (3.48) therein; see also [30]). How-
ever, it is worth pointing out that Wy and WV;; are important for fixing the integral
basis for V itself (see e.g. the discussion in [48; 55} 56].

19Note that, e.g. in presence of R?-corrections, the second Chern class also contributes non-
homogeneously to the BH entropy (see e.g. [50;51]]).

1 Actually, quantum (perturbative and non-perturbative) effects can also affect Redjy, i.e. (through
Eq. (7.2.1.52)) the classical triple intersection numbers (see e.g. [29;48], and Refs. therein).
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When setting ¢ = ©;; = 0, the transformation (7.2.1.32) yields

p() pIO

pz’ o1 p/i

A el I (7.2.1.54)
0 ]

gi q; — ¢ip”®

which is a Witten theta-shift [57] of electric charges via magnetic charges (in a gen-
erally axionful background).

Nevertheless, Wyo and W;; are perfectly consistent in a fully general supergrav-
ity analysis, and we will consider them non-vanishing throughout the applicative
developments treated below.

In general, the term determined by Red;j; in the general cubic prepotential (given
by Egs. (7.2.1.6)-(7.2.1.8)) is the leading one for large values of the scalar fields (mod-
uli), and it defines the purely cubic prepotential of the d-SK geometry of the
complex structure (or Kéhler structure) deformation moduli space of the large vol-

ume limit of the internal manifold CY3 (in Type II compactifications). All other terms
in Eqs. (7.2.1.6)-(7.2.1.8) define sub-leading contributions, which are of quantum
perturbative nature, and consistent with the continuous PQ axion-shift symmetry
(7.2.1.3). All such sub-leading terms, but the purely imaginary constant determined
by iImdyy (and eventual renormalization of classical triple intersection numbers;

see Footnote 6), can be taken into account by means of the group PQ (2ny + 2, R).

Non-perturbative effects (which can generally traced back to world-sheet instan-
tons, i.e. to non-perturbative phenomena in the non-linear sigma model) usually ex-
hibit exponential dependence on the moduli, and they are thus exponentially sup-
pressed in the large volume limit (see e.g. [29] and [58; 59]). They break down the
perturbative continuous PQ axion-shift symmetry to its discrete form, i.e.
[43]

X = X 4+1. (7.2.1.55)

In some stringy framework, exponential terms (e.g. polylogarithmic functions) can
arise also from quantum perturbative corrections (see e.g. the discussion in [29] and
[58; 59]). The effect of non-perturbative, exponential corrections to cubic prepoten-
tials on the spectrum and the stability of extremal BH attractors has been recently
addressed in [31], whose findings confirm the general belief that non-perturbative
correction lift the “flat” directions (if any) of the perturbative theory@ At the level of

12 Actually, also quantum perturbative corrections, such as the one given by the term iImdgg in
(7.2.1.7) (with stringy origin given by (7.2.1.53)) can lift (some of the) “flat directions” of extremal BH

attractor solutions [60].
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the prepotential, this can be traced back to the fact that exponential corrections to the
purely cubic holomorphic prepotential (7.2.1.9) d-SK geometries (of the kind given
by Eq. (4.1) of [31]) affect the geometric properties of the scalar manifold itself.

7.2.2 Application to Black Hole Attractors, Entropy and Supersym-
metry

As pointed out in Sec. the Peccei-Quinn symplectic group PQ (2ny +2,R) is
a proper subgroup of Spn+4+2’m. The latter is the most general group acting linearly
on the charges Q which can change the value and possibly the sign of the unique

quartic invariant Z, (Q) of the symplectic (ir)repr. R of G4 itself.

In the following treatment, within the manifestly Gs-covariant “special coordi-
nates” symplectic frame, we will analyse how PQ (2ny +2,R) acts on Z; (Q), on
the non-degenerate critical points of the effective BH potential Vpp (alias extremal
BH attractors) [6], and on their supersymmetry properties. We will work within the
d-SK geometries determined by the prepotential (7.2.1.9). When they involve the
contravariant tensor d'/¥, the results on the transformation properties of 7, gener-
ally hold only for d-SK geometries such that the coset G4/ Hy is symmetric (see e.g.
[17], and Refs. therein).

By suitably adapting its action, PQ (2ny + 2,R) reveals to be a very effective
tool to investigate the effect of the quantum perturbative sub-leading corrections

(7.2.1.8) to the leading d-SK prepotential (7.2.1.9), some of which have a topological
interpretation (see Sec. [7.2.1)).

We anticipate that, under certain conditions on the ratio between the charges
Q and the parameters (g, ¢;, ®;j) of the finite PQ transformation O (given by Eq.
(7.2.1.25) and (7.2.1.22)), the action of PQ (2ny + 2,R) can give rise to a “transition”
among the various orbits of R of G4, which in turn changes the supersymmetry-
preserving features of the extremal BH attractor solutionﬁ

13Thus, our results should have interesting connections with the d = 3 timelike-reduced geodesic
formalism and results of [61], whose thorough investigation we leave for further future study. For
some developments in a d = 4 framework, see [62] (and also [8]).
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Transformation of 7,

We start and apply the finite transformation’| O~' € PQ (2ny +2,R) (given by

(7.2.1.32)) to the G4-invariant quartic polynomial Z4 ( Q) given by (7.2.1.46)-(7.2.1.47).
Thus, after some algebra, the following result is achieved:

PQ(2ny +2,R) 5 07 14(Q) — 74 (07'Q) = 7, (07'Q') = 7, (Q) +14,
(7.2.2.1)
where the quartic quantity 14, describing the “PQ-deformation” of Z4 (Q), is given
by the following expressionm

4701 1
Iy (Q;Q,Ci,®ij) = 2(p0) (gdl]kCiCjCk—§Q2>

3 o )
+2 <P0> (QQO — gcip’ — dgicicr + d”kCiC]’@klPl>

o [ =2 (cip')” + 290¢ip’ + 0p'q; — 0Oyip'p — 2d7%gic; O p!

0
2 (p) ijk Lom o 14 ilm kL ik
+d"75¢;@; Oy p' p™ + 7dijd" " cremp! Pt + dV qiq ek

2p'qicipl — 2¢;@up'pipk + q0@iip'pl — Fodijp'p/p*

+2p° | +d*q0;0up' — A7 ;0O p'p™ + 170,10, O, p'p" p"

—did ™ pl p*g e + dipd™ pl pre;@ps p*
N2 , , 2 .
- <®ijl71p]> +2p' 3,00 p* — gczpldijkPlP]Pk
_Zdijkdilmpjpkql®msps + di]‘kdﬂmpjpk®ls®mtpspt-
Note that the degree-4 homogeneity of 7, in the charges is not spoiled, due to the
linearity of the action of PQ (2ny + 2,IR) on the charges themselves.

We now analyse various particular (both “large” and “small”) charge configu-
rations, showing how the action of PQ (2ny + 2,R) can give rise to two types of

4We consider O~! rather than O (a choice which is clearly immaterial at group level) because
operationally (as discussed in [29]) one would like to include the effects of the sub-leading (Q, i, G)l-j) -
dependent terms in the prepotential (7.2.1.6)-(7.2.1.8) on the Bekenstein-Hawking BH entropy [23]
by simply performing the computations within the purely cubic prepotential (see e.g. the
analysis of [44]) and then by applying the transformation O~! on Q. Note that we will not deal here
with the term %Imdooo (X9 %in , which has been recently studied in [26].

15 Throughout the subsequent treatment, we omit the priming of the O~ !-transformed charges.
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phenomena, both corresponding to switching among different R-orbits:

* change of sign of Z:

7,(Q) 20 7% 7, (Q) + 1, (Q0,¢;,0;) S0, (7.2.2.3)
corresponding to a switch between different “large” IR-orbits [21];

¢ generation of a non-vanishing 7,:

7,(Q) =0 "2 7,(Q) + L (Q0,¢;,0;) 20, (7.2.2.4)

or the other way around, generation of a vanishing Z:

7,(Q) 20 7% 7,(Q) + 14 (Q0,¢,0;) =0, (7.2.2.5)

both corresponding to a switch between a “large” and a “small” R-orbit (usu-
ally named “charge orbit”).

Some comments on the meaning of Egs. (7.2.2.3))-(7.2.2.5) are in order.

e Firstly, let us recall that, through the Bekenstein-Hawking formula (7.1.0.2),
“large” and “small” charge orbits respectively corresponds to Z4 # 0 and 7, =
0; furthermore, “small” orbits split in lightlike (3-charge), critical (2-charge)
and doubly-critical (1-charge) ones [20;63-66].

Then, the general treatment of Sec. implies that, in presence of (g, ¢;, ©;;)-

dependent sub-leading contributions (7.2.1.8) (recall the change of notation (7.2.1.22))
to the purely cubic prepotential (7.2.1.9) of d-SK geometry, the BH entropy S be-

comes (o, ¢;, ©jj)-dependent:

S A

—=7= \/}14(Q) +14(Q;0,¢,0j)],

(7.2.2.6)

where 1, (Q; 0, cl-,@ij) is defined in (7.2.2.2). Consequently, depending on the re-
lations between 7, (Q) and I4 (Q; 0, ¢;, ®;j), the phenomena (7.2.2.3)-(7.2.2.5) can
occur, and the ones related to ¢; have, by virtue of , a clear topological in-
terpretation within Type II CY3-compactifications.

It should be remarked that the geometry of the symmetric coset G4/ Hjy is un-
affected by the action of Sp (2ny +2,R) (which just produces a change of coor-
dinates; see Sec. [7.2.1), and thus a fortiori by the action of its proper subgroup
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PQ (2ny + 2, R). Furthermore, by virtue of the results in Sec. PQ (2ny +2,R)
does not act on the coordinates of the scalar manifolds, and thus does not induce any
Kihler gauge transformation on K, nor any holomorphic scaling
on W (and D;W) and local phase transformation on Z (and D;Z) itself.
Thus, the only effect of PQ (2ny +2,R) on the BH effective potential Vg and
its non-degenerate critical points (alias extremal BH attractors) [6] is a (Q, cl-,@ij)-
dependent transformation of the charge vector Q, as given by (7.2.1.32). This fact
will allow us to analyse the axion-free-supporting nature of the BH charge config-
urations in presence of non-vanishing parameters ¢, ¢; and ©;; by relying on the
results of [44] (holding for generic (7.2.1.9)). The results recently obtained in Sec. 3
of [31] are an expected confirmation of all this reasoning.

By virtue of the transition from (7.1.0.2) to (7.2.2.6) via (7.2.2.1), Sp (2ny +2,R)
(and therefore its proper subgroup PQ (2ny + 2,IR)) does not affect the geometry

of the scalar manifold, but it may affect the “magnitude” of the near-horizon space-
time BH background, since its action may change the event horizon area A of the
extremal BH, and thus the (semi)classical Bekenstein-Hawking BH entropy S. The
phenomena described by Eqs. (7.2.2.3)-(7.2.2.5) correspond to (g, ¢;, ©;;)-dependent
transformations moving from one charge orbit to another in the representation space
R of G4.

The geometry and the classification of BH charge orbits (and related “moduli
spaces'T®) is not affected by Sp (2ny +2,R) (and therefore by PQ (2ny +2,R)),
but symplectic transformations can induce “transmutations” of the nature of the
charge vector @ — QU) (0,¢i,0jj), and thus of its supersymmetry preserving
properties. As we will see in the case study considered in Sec. in the case
of PQ (2ny + 2,R) the actual occurrence of these phenomena depends on the very
relations between Q and the transformtaion parameters (Q, C;, @1-]') themselves.

Analysis of “Large” and “Small” Configurations

The above treatment will be further clarified by the various examples which we are
going to treat, generalising and systematically developing some points mentioned
in [29]. We will make extensive use of formulee (7.2.1.32) and (7.2.2.1)-(7.2.2.6)).

1. “Large” (po, q0) (Kaluza-Klein) configuration. It supports non-BPS Zy # 0
(possibly axion-free [44]) attractors, and it is the supergravity analogue of DO-

16This has been recently confirmed by the analysis of the particular model of Sec. 3 of [31].
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D6 configuration in Type II:

Q= (po, 0,90, O)T =1y (Q) = — (P0>2q% < 0. (7.2.2.7)

The action of PO (2ny + 2,R) reads

0 0

p p

U R . (7.2.2.8)
qo qo — Op

0 —c;p’

and thus it generates c;-dependent electric charges g;’s, which in Type II com-
pactifications corresponds to a stack of D2 branes depending on the compo-
nents of the second Chern class c, of CY3 (recall Eq. (7.2.1.5I)). The corre-
sponding transformation of Z4 reads

2 -1 402 .. 2
0“2 o 0 k 10 >
- <P ) 7 <0 — (P > lgd” CiCjCk — (F - Q) ] = 0. (7.2.2.9)
Thus, depending on whether

2

%dijkcic]-ck = (% . g> ) (7.2.2.10)
a “large” (Z4 > 0:BPS or non-BPS Zy = 0), a “small” (Z4; = 0:BPS or non-BPS),
or a “large” non-BPS Zy # 0 (Z4 < 0) BH charge configuration is generated by
the action of PQ (2ny + 2,R). As anticipated in the above treatment,
shows that the relations among the components of Q and the parameters of
the PQ symplectic transformation turn out to be crucial for the properties of
the resulting charge configuration. The change of the axion-free-supporting
nature of this configuration will be analysed in Sec. [7.2.2]

2. “Large” (pY,q;) (“electric”) configuration. Depending on 7, (Q) = 0, it sup-
ports all kind of attractors (possibly axion-free [44]). It is the supergravity
analogue of D2-D6 configuration in Type I1I:

T 2 3y
Q= (p"0,0,4)) = Zi(Q) = ~5p'd qiqqi 2 0. (7.2.2.11)
The action of PO (2ny +2,R) is
p° p°
0 o1] 0
— , (7.2.2.12)
0 —op’

di qi — Cip
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and thus it generates a o-dependent electric charge g9. The corresponding
transformation of 7, reads

o
—gpod”kqi%ﬂk 20
Lo
2 1 .. 1 y y
—gpod”k%ﬂljﬂlk +2(p%)? (gdl]kCiCjCk - 592)(790)2 — pPd"*gicicr + a7 giqie | Z 0.
(7.2.2.13)

Thus, depending on the sign (or on the vanishing) of the quantity on the last
line of (7.2.2.13), the same comments made for configuration 1 hold in this
case. The change of the axion-free-supporting nature of this configuration will
be analysed in Sec.

3. “Large” (p',q0) (“magnetic”) configuration. It is the “electric-magnetic dual”
of the “electric” configuration 2. It is then interesting to compare the action of
PQ (2ny +2,R) (which is asymmetric on magnetic and electric charges) on
configurations 2 and 3. Depending on Z4 (Q) 2 0, this configuration supports
all kind of attractors (possibly axion-free [44]). It is the supergravity analogue
of D0-D4 configuration in Type I1:

. T 2 .o
Q= (0/ pl/ qo, O) = I4 (Q) = g%dijkplp]pk 2 0. (72214)

The action of PQ (2ny +2,R) is

0 0
i _ i

A i ], (7.2.2.15)

q0 q0 — ¢;p’

0 —O;p/

and thus it generates ©;;-dependent electric charges g;’s. The corresponding
transformation of 74 reads

2 .
g%dz‘jkPlP]Pk 20

Lo
2 g i k_(@,, i ,-)2_2 . pipi ok 4 . d i ke @, pipt = 0
3‘]0 ijkP P'P ijP P 3Clp iikP P'P ijk PP YsY9mpp =V
(7.2.2.16)

Thus, depending on the sign (or on the vanishing) of the quantity in the last
line of (7.2.2.16), the same comments as made for above configurations hold.
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The change of the axion-free-supporting nature of this configuration will be
analysed in Sec. Note that for ®;; = 0, an example treated in [29] is
recovered.

4. “Small” lightlike (3-charge) g; (“electric”) configuration. This is the limit p° =
0 of configuration 2. In Type I, it corresponds to only D2 branes:

Q=(0,0,0,q:)" =74 (Q) =0, (7.2.2.17)
such that (recall definition (7.2.1.47))
I3(q) #0, (7.2.2.18)

corresponding to a “large” BH in d = 5, with near-horizon geometry AdS, x
S (see e.g. [44], and Refs. therein). Since there are no magnetic charges,
PQ (2ny + 2,R) is inactive on this configuration, which is thus left unchanged:

(7.2.2.19)
qi qi

5. “Small” lightlike (3-charge) p' (“magnetic”) configuration. This is the limit
go = 0 of configuration 3. In Type 11, it corresponds to only D4 branes:

, T
Q= (0, pi,0, o) = 7,(Q) =0, (7.2.2.20)
such that (recall definition (7.2.1.47))
T3 (p) #0, (7.2.2.21)

corresponding to a “large” black string in d = 5, with near-horizon geometry
AdSs x S? (see e.g. [44], and Refs. therein). This configuration is the “electric-
magnetic dual” of the “electric” configuration 4. However, unlike what happens
for configuration 4, PQ (2ny + 2,R) is active in this case (due to its asymmet-
ric action on electric and magnetic charges):

0 0
v o | p
— , . (7.2.2.22)
0 —C]'p]
0 —0;p!
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and it generates ©;j-dependent electric charges g;’s, as well as ¢;-dependent
electric charge qo. In Type II compactifications, the latter corresponds to a
stack of DO branes depending on the components of the second Chern class c;
of CYj3 (recall Eq. (7.2.1.51)). The corresponding transformation of 7, reads

01 AN 2 .o . .
00— — (®ijPlP] > - gclpldijkplp] p* + dipd ™ Pl p* @@, p°p 2 0. (7.2.2.23)

Thus, according to (7.2.2.23), a “large” (Z4 > 0:BPS or non-BPS Zy = 0), a
“small” (Zy = 0:BPS or non-BPS), or a “large” non-BPS Zy; # 0 (Z, < 0) BH
charge configuration can be generated. In case the quantity in does
not vanish, this is an example of phenomenon (7.2.2.4). Note that for ©;; = 0,
an example treated in [29] is recovered.

6. “Small” critical (2-charge) q; (“electric”) configuration. This is the limit 75 () =
0 of configuration 4. In Type I, it corresponds to only D2 branes:

Q=(0,0,0,4)" = 7,(Q) =0, (7.2.2.24)

such that (recall definition (7.2.1.47))

I3(q) = 0;
7.2.2.2
{ 073 (q) /9q; # 0 for some i, ( 5)

corresponding to a “small” lightlike BH in d = 5. Since there are no magnetic
charges, PQ (2ny + 2,R) is inactive on this configuration, which is thus left

unchanged (see Eq. (7.2.2.19)).

7. “Small” critical (2-charge) p' (“magnetic”) configuration. This is the limit
73 (g) = 0 of configuration 5. In Type I, it corresponds to only D4 branes:

Q= (0, pi,0, o)T = 7,(Q) =0, (7.2.2.26)

such that (recall definition (7.2.1.47))

I3 (p) = 0;
' 7.22.27
{ 0Z3 (p) /9p' # 0 for some i, ( )

corresponding to a “small” lightlike black string in d = 5. This configuration is
the “electric-magnetic dual” of the “electric” configuration 6. However, unlike
what happens for configuration 6, PQ (2ny + 2,R) is active in this case, due
to its asymmetric action on electric and magnetic charges. As given by Eq.



7.2. PQ SYMPLECTIC TRANFORMATION 231

(7.2.2.22), ©;;-dependent electric charges g;’s and ¢;-dependent electric charge
qgo are generated. The corresponding transformation of 7, reads

-1 .o\ 2 . .

0 o, (@ijplpj) + dijkd’lmp]pk(@ls@mtpspt ; 0. (7.2.2.28)

Thus, according to (7.2.2.28), a “large” (Z4 > 0:BPS or non-BPS Zy; = 0), a

“small” (Zy = 0:BPS or non-BPS), or a “large” non-BPS Zy; # 0 (Z, < 0) BH

charge configuration can be generated. In case the quantity in (7.2.2.28) does
not vanish, this is an example of phenomenon (7.2.2.4).

8. “Small” doubly-critical (1-charge) g; (“electric”) configuration. This is the
limit 073 (q) /9q; = 0 of configuration 6. In Type 1, it corresponds to only D2

branes:
Q=(0,0,0,q,)" = 74(Q) =0, (7.2.2.29)
such that (recall definition (7.2.1.47))
I3 (q) = 0;
975 (q) /9gq; = 0 Vi; (7.2.2.30)

g; 7 0 for some i,

corresponding to a “small” critical BH in d = 5. Since there are no magnetic
charges, PQ (2ny + 2,R) is inactive on this configuration, which is thus left

unchanged (see Eq. (7.2.2.19)).

9. “Small” doubly-critical (1-charge) p' (“magnetic”) configuration. This is the
limit 9Z5 (p) /9p' = 0 of configuration 7. In Type I1, it corresponds to only D4

branes: ,
Q= (o, pi0, 0) = 7,(Q) =0, (7.2.2.31)
such that (recall definition (7.2.1.47))
I3(p) = 0;
I3 (p) /op' = 0Vi; (7.2.2.32)

pi # 0 for some i,

corresponding to a “small” critical black string in d = 5. This configuration is
the “electric-magnetic dual” of the “electric” configuration 8. However, unlike
what happens for configuration 8, PQ (2ny + 2, R) is active (see Eq. (7.2.2.22))
in this case, due to its asymmetric action on electric and magnetic charges. It
generates ©;;-dependent electric charges g;’s and ¢;-dependent electric charge
go- The corresponding transformation of Z4 reads

-1

.o\ 2
095 (@i]-plp]> <o. (7.2.2.33)
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Thus, according to (7.2.2.28), a “small” (Z; = 0:BPS or non-BPS), or a “large”
non-BPS Zy # 0 (Z4 < 0) BH charge configuration can be generated. In case
the quantity in (7.2.2.33) is strictly negative, this is an example of phenomenon

(7.2.2.4).

“Small” doubly-critical (1-charge) p” (“magnetic” Kaluza-Klein) configura-
tion. This is the limit g9 = 0 of configuration 1. In Type 1], it corresponds to
only D6 branes:

T
Q= (p°0,00) =7Zu(Q) =0, (7.2.2.34)
The action of PQ (2ny + 2,R) reads

0 0

Y, o | (7.2.2.35)
—op
—eip”

o O O
S

and thus it generates o-dependent electric charge gp and c;-dependent electric
charges g;’s. These latter in Type I1 compactifications corresponds to a stack of
D2 branes depending on the components of the second Chern class ¢, of CY3
(recall Eq. (7.2.1.51)). The corresponding transformation of Z4 reads

-1 4 /2 ..
0% (PO) (gd”"cicjck - Q2> Z 0. (7.2.2.36)

Thus, depending on whether

2
3

a “large” (Z > 0:BPS or non-BPS Zy = 0), a “small” (Z4 = 0:BPS or non-BPS),
or a “large” non-BPS Zy # 0 (Z4 < 0) BH charge configuration is generated.

d’eicicr — 0> 20, (7.2.2.37)

In case the quantity in (7.2.2.33) is non-vanishing, this is an example of phe-
nomenon (7.2.2.4)). Note that for o = 0, an example treated in [29] is recovered,
ie.:
01 4
09 4(p)' () 20
(7.2.2.38)
Ig (C) = %dijkCiCjCk.

“Small” doubly-critical (1-charge) gy (“electric” Kaluza-Klein) configuration.
This is the limit p® = 0 of configuration 1. In Type II, it corresponds to only
DO branes:

Q= (0,0,40,0)" = 7, (Q) =0, (7.2.2.39)
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This configuration is the “electric-magnetic dual” of the “magnetic” configura-
tion 10. Since there are no magnetic charges, PQ (2ny + 2,R) is inactive on
this configuration:

0 0
ot 0. (7.2.2.40)

4o qo0

0 0

We conclude this Sec. with a comment on the attractor values of the scalars,
i.e. on the non-degenerate critical points of the effective BH potential Vpy. In pres-
ence of the sub-leading quantum perturbative corrections (7.2.1.8), the expressions
of such critical points can be obtained from the ones for the uncorrected (not neces-
sarily cubic) SK geometry, by applying a suitable transformation of PQ (2ny + 2,R)
on the charges.

This fact has been known for some time [29; 30]. In the case in which the uncor-
rected geometry is a d-SK geometry with prepotential (7.2.1.9), this provides a gen-
erally more efficient approach to the computation of the attractor horizon (purely
charge-dependent) values of the scalars. In other words, one has to start from the
general expression of the extremal BH attractors for d-SK geometries [30; 33], and
then apply the suitable transformation O~! of PQ (2ny +2,R) on the
charges. As an example, in this way the results recently obtained in Sec. 3 and
App. A of [31] can be recovered.

Transformation of Vzy

As mentioned above, PQ (2ny + 2,R), when acting both on the charges Q and on the
covariantly holomorphic symplectic sections V, leaves Z and D;Z, and thus Vpy given

by (7.2.1.40), invariant.

Actually, in order to investigate the effect of the quantum perturbative sub-
leading corrections to any N' = 2 prepotential on Z, D;Z, Vgy, 9;Vpn,
D;9; Vg, DiéjVBH etc., one should act with PQ (2ny + 2,R) only on charges. In or-
der to show this, let us consider (without any loss of generality for our purposes) the
N = 2 central charge Z = (Q,V) = QTQV. By recalling that § can be introduced
through the action of O € PQ (2ny + 2,R) (7.2.1.25) on the sections, the expression
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of Z for any N = 2 prepotential corrected with § (7.2.1.8) is given by

7' = Z(0V(z%);Q)=(Q,0V) =900V
= or (OT) Tav- <O—1Q,v> —7 <V (z,z);o—lg) . (7.2.2.41)

where in the second line the symplectic nature of O has been exploited. Thus, the
expression of Z for any N' = 2 prepotential corrected with § is nothing but
the expression of Z computed for the uncorrected prepotential, with the charges
transformed through O given by (7.2.1.25). The very same holds also for W, D;W,
D;Z, Vgy, 9iVpu, DidjVpy, Diéjf.VB H, and in general for all quantities depending on
scalars and charges. In the case of the locus d; Vg = 0, this allows to easily compute
the §-corrected attractors, once the ones for the uncorrecte