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Abstract

We present a Covariant Holographic Renormalization (CHR) procedure of fake super-
gravity (sugra) systems. Holography is a strong/weak coupling duality between gravi-
tational and gauge theories, and fake sugra is a theory of gravity coupled to scalars in
which the scalar potential can be derived from a superpotential in some specific way.

Other systematic methods of holographic renormalization of fake sugra exist, but
they are all restricted to spacetimes that are asymptotically anti-de Sitter (aAdS).
According to the AdS/CFT correspondence, their dual quantum field theories are con-
formal in the ultraviolet.

Covariant Holographic Renormalization can be applied to fake sugra systems in both
aAdS and non-aAdS backgrounds. The field theories dual to non-aAdS sugra systems
are non-conformal. So far, the method is limited to the renormalization of two-point
functions.

The CHR procedure shows that the divergences from the bare fake sugra action can
be cancelled by covariant counterterms without introducing new divergences.
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Chapter 1

Introduction and outline

¢ This thesis is divided into four parts. In the first part we discuss the
required background. This comprises an overview of the literature on the
subject of holographic renormalization until the present day including an
exposition of all the formulas that are interesting to us, ending in a formula-
tion of our research question. In the second part we specifically discuss our
research, i.e the development of the Covariant Holographic Renormalization
method. In the third part we apply CHR to some case studies in aAdS and
non-aAdS. We end in the fourth part with a summary and outlook, followed
by the appendix and references. Each part is divided into a number of chap-
ters. Below we give a qualitative overview of the content of each chapter,
while we simultaneously introduce our notation and terminology. ¢

1.1 Part I: Background

Chapter 2t Renormalization in QFT Quantum Field Theory (QFT) is very suc-
cessful in describing interactions between fundamental particles. The heart of the theory
is a generating functional that is built from the action, from which correlation functions
can be found by functional differentiation. In turn, the correlation functions, or correla-
tors for short, appear in formulas that predict cross-sections and decay widths. These
are physically measurable predictions that have been scrutinously tested at particle
colliders, with great precision and success.

A major stumbling block in the development of QFT was the obiquitous occurence
of infinities. In an interacting quantum field theory, the so-called bare action leads
to a generating functional that generates infinite correlators, yielding senseless physical
predictions such as an infinite probablity for two particles to collide. The infinities arise
because the correlators are calculated by taking integrals over the virtual momenta,
which go from zero to infinity, and are therefore called ultraviolet divergences.

Luckily this problem was overcome by the procedure of renormalization. The philos-
ophy of renormalization is that the parameters in the action that in the free theory have
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the interpretation of physical particle masses and coupling constants can no longer be
interpreted this way in the interacting theory. This reinterpretation is justified because
the parameters in the action are not directly measurable quantities.

First, the interacting theory must be regularized in some artificial way, for example
by integrating the momenta from zero to some finite cut-off instead of to infinity. Then,
in many theories the dependence on the cut-off can be absorbed into a redefinition of the
masses and coupling constants. When the action is rewritten in terms of the physical
masses and couplings, it reproduces the bare action, but this time with the physical
parameters, plus other terms called counterterms. The regularized action is defined
as the sum of the bare action plus the counterterms, and the renormalized action is
defined as the regularized action in the limit where the cut-off goes to infinity. A field
theory is called renormalizable when this limit exists. All quantum field theories of the
Standard Model are renormalizable.

Counterterms do not alter the equations of motion. Their only job is to cancel the
divergences from the bare action by introducing equal divergences with opposite sign.
The renormalization procedure has an inherent ambiguity, since we are always free to
add finite terms to the action. Each finite term can be multiplied by an arbitrary
constant called a scheme constant. The dependence of the renormalized action (and
hence the correlators) on the scheme constants is called scheme dependence.

Chapter Holographic Renormalization To make predictions with quantum
field theory, one often has to rely on perturbation theory. Unfortunately, perturbation
theory only works in the regime where the couplings are small, and is unfitted for
strongly coupled interactions, such as the confinement of quarks in mesons and hadrons.
To describe such a phenomenon, we need a theory that is predictive at strong coupling.

At first sight, one might think that we are forced to look for a theory that is not based
on perturbation, since we are precisely interested in the regime where the gauge coupling
becomes too strong to be used as a perturbation parameter. But physics knows many
examples of strong/weak coupling dualities. These are dualities between two equivalent
theories, one of which has a strong coupling while the other has a weak one. We may
then perform a pertubation in the weak coupling parameter, and afterwards map the
result to the strongly decoupled description using the duality.

Weak theory = Dual <= Strong theory
l l
Perturbation theory ?
| |
Result 1 == Dual == Result 2

Indeed, there exists a strong/weak coupling duality between quantum field theories
on one side and classical supergravity theories on the other. This duality is called
holography [25],126], since the sugra theories live in d + 1 dimensions while their dual
quantum field theories live in only d dimensions.
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According to the holographic duality, the on-shell action of a supergravity theory in
d+ 1 dimensions is the generating functional of the connected correlators of a quantum
field theory in d dimensions. In some cases we may even define a quantum field theory
by its gravitational dual. The duality is quite remarkable, not only because one theory
lives in a different number of spatial dimensions than the other, but also because one
theory describes classical gravity while the other describes quantum gauge interactions.
The duality has not yet been proven, but by now the accumulated evidence in favor of
it is enormous.

When two theories are dual, all symmetries and properties in one theory have their
counterparts in the dual theory. For example, the ultraviolet (UV) divergences of quan-
tum field theory are related to infrared (IR) divergences in the supergravity theory that
arise due to the infinite volume of spacetime. Both theories therefore require regular-
ization and renormalization (which in both cases is scheme dependent). In quantum
field theory, we can renormalize the bare action by adding counterterms to it. The
dual counterpart of this procedure is called holographic renormalization: instead of
adding counterterms to the bare quantum field theory action, we add them to the bare
supergravity action.

Bare Sugra Action = Dual = Bare QFT Action
| |
Holographic Renormalization: QFT Renormalization:
Add counterterms Add counterterms
l l
Renormalized Sugra Action <= Dual <= Renormalized QFT Action

The occurence of divergences in the on-shell bare action was noted already in [12}/13/19].
The first divergence that was removed by adding a counterterm was the divergence of
the boundary volume in the setting of pure gravity (no scalar fields) on an Anti-de
Sitter (AdS) background [15]. According to the AdS/CFEFT correspondence [16}2§], the
gravitational theory in AdS has a dual quantum field theory with conformal symmetry,
and is therefore called conformal field theory (CFT). The general structure of the di-
vergent terms and the relation of the logarithmically divergent terms to the conformal
anomaly, also known as Weyl anomaly, of the dual CFT was discussed in [14], but still
in the context of pure gravity in AdS.

So far, only three systematic procedures of holographic renormalization are known
for gravity coupled to scalar fields ®: the standard method [4], the Hamilton-Jacobi
method [8,|17], and Hamiltonian Holographic Renormalization [21]. However, these
methods are restricted to supergravity theories living in a spacetime that is asymptot-
ically anti-de Sitter. Hence, their duals are always conformal field theories. We will
discuss the standard method and the Hamilton-Jacobi method in section [7], but we will
not discuss Hamiltonian Holographic Renormalization in this thesis.

In order to calculate strongly coupled correlators in non-conformal quantum field
theories, it is therefore necessary to extend the method of holographic renormalization
to spacetimes that are not aAdS. Indeed, the AdS/CFEFT correspondence is believed
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to hold more generally, including a non-AdS/non-CFT correspondence. In general the
holographic duality is called the gauge/gravity correspondence. There are many reviews
on this subject, for example [1,|9H11},20,23,24].

Chapter [4; Fake Supergravity In order to extend the holographic renormalization
program for scalars coupled to gravity from aAdS to general spacetimes, we consider
a special type of theory, called fake supergravity. The action couples gravity to an
arbitrary number of scalars ®* by some sigma-model metric G, where a and b run
from one to the number of scalars n,. By definition of a fake supergravity theory,
the scalar potential V(®) must be derivable from a superpotential W (®) by some
specific prescription. Fake supergravity theories can be supersymmetric, but they are
not necessarily so, hence the adjective “fake”. The relation between supergravity and
fake supergravity was studied in [7,)29]. The sigma-model metric and the superpotential
together define the theory completely. The fake sugra system allows for solutions which
are the gravitational duals of renormalization group flows in quantum field theory.

Fake supergravity theories arise in a variety of physical models, such as consistent
truncations of type IIB supergravity, see for example section 3 in [2]. Fake sugra is well
suited for our research, because the generic action is simple yet general enough to allow
for solutions that are either aAdS or not, depending on the choice of superpotential.
If the superpotential approaches a constant at the boundary, called a fized point, then
the solutions are aAdS, otherwise they are not. The existence of a fixed point simplifies
the holographic renormalization procedure considerably, since it allows for a Taylor
expansion of the potential and superpotential around the fixed point.

Chapter [5} Gauge Invariant Fluctuations Our work builds especially upon [6],
which focussed on the renormalization of two-point functions in a general spacetime.
To study two-point functions, an expansion of the action up to quadratic order in the
fluctuations around the background is enough. On the background, the scalars are
functions of the radial coordinate r only. When we consider small fluctuations around
the background, the scalar fields become dependent on the boundary coordinates z as
well. Similarly, we consider small metric fluctuations.

In [2] the degrees of freedom of the scalar and metric fluctuations are combined into
combinations that are invariant under diffeomorphisms (gauge invariant), denoted by
a’, b, ¢, 9’, and ¢}. The unphysical (gauge) degrees of freedom are denoted by €', H
and h.

The generating functional of the quantum field theory is the on-shell supergravity
action, so the physical fluctuations satisfy their equations of motion (The unphysical
degrees of freedom are not dynamical so they do not obey any equations of motion.) We
use the equations of motion to eliminate b and ¢ in favor of a?, and find ?* equal to zero
to the required order. We are then left with only the equations of motion for a® and e;'..
A great avantage of the gauge invariant formalism is that the equation of motion for
the gauge invariant scalar fluctuations a® decouples from the equation of motion for the
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traceless and transverse metric fluctuations eé, so that they can be studied separately.
Another advantage is that e;'- behaves like a massless scalar.

Chapter [6f Ward Identities Before we discuss the existing methods of holographic
renormalization in aAdS, we first discuss the translational Ward identity, which should
always hold (since the dual field theory should have translational invariance), and the
conformal Ward identity that holds only in aAdS (since then the dual field theory is
conformal). This allows us to define the conformal anomaly, which we need to discuss
the Hamilton-Jacobi method.

Chapter [7} Holographic Renormalization in aAdS We show how the existence
of a fixed point allows for a Taylor expansion around this fixed point, so we can write
down general expansions for the potential V(®) and the superpotential W (®). Then
we respectively discuss the standard method and the Hamilton-Jacobi method of holo-
graphic renormalization in aAdS, which rely on this Taylor expansion right from the
beginning.

1.2 Part II: Developments

Chapter [8: Divergences of the Bare Action We start our research by explicitly
writing down all divergences of the bare action in terms of the gauge invariant variables.
There are three divergent terms, involving respectively only the fields a®, e;'- and h. Each
term is of quadratic order of the same field without any mixing to other fields.

Chapter [9} Non-Covariant Counterterms In [6] a counterterm matriz U, was
constructed to renormalize the two-point functions of quantum field theory operators
dual to the fluctuations of the gauge invariant bulk scalars a® that live in a general
spacetime. Since the physical metric behaves like a massless scalar, we can immediately
write down the equivalent counterterm function 7 for the traceless transverse metric
fluctuations eé-. For simplicity, we will refer to U, and 7 collectively as “counterterm
matrices”. The counterterm matrices appear in the counterterm action “sandwiched”
between the fluctuations, like

a b iy
a’U g’ et Te;.

Clearly, the counterterms obtained this way are not covariant. As a non-covariant
counterterm for the gauge field h we just write down the divergent term from the bare
action with opposite sign. These three counterterms together form a counterterm action
Sent that cancels all divergences from the bare action, but is not covariant.

Chapter [10; Differential Equations for Counterterm Matrices The counter-
term matrices U, and 7 are defined in terms of the dominant solutions to the equations
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of motion for the scalars and metric respectively. Since these solutions satisfy differen-
tial equations, so do the counterterm matrices. These differential equations turn out to
be very useful in what follows.

Chapter Boundary Covariant Counterterms The goal of this thesis is to
show how the required non-covariant counterterm action S, arises consistently from a
boundary covariant one S .. By “boundary covariant” we mean that the counterterm
action is allowed to depend explicitly on the cut-off of the radial variable, but must
be covariant with respect to the boundary coordinates such that the dual field theory,
that lives on the boundary, is fully covariant. We will often abbreviate “boundary
covariance” to just “covariance” when it is clear from the context what we mean.

We construct the covariant counterterms in S, such that, after an expansion up
to quadratic order in the fluctuations, they produce the required non-covariant part
Sent. Starting with covariant counterterms, the expansion in fluctuations automatically
produces another part Sg,, which has to be finite by itself because the divergences
from the bare action are already cancelled by S..;. After the expansion in fluctuations,
we therefore have S.oy, = Secnt + Shn. Working with covariant counterterms has the
advantage that the unphysical degrees of freedom can be studied along with the physical
ones, without any gauge fixing.

First, we write down the general structure of all possible covariant counterterms.
Each counterterm is classified by its number of derivatives. We keep terms up to
four derivatives, which after the expansion and partial integration yields terms up to
quadratic order in the d’Alembertian [J. This order is sufficient for four-dimensional
field theories. There are seven counterterms to be determined: one at zeroth order, two
at first order and three at second order in [J.

The starting point we described above is the same as in the Hamilton-Jacobi method.
However, in the Hamilton-Jacobi method, the next step is to expand the unknown func-
tions of the scalars into a Taylor series around the fixed point. In non-aAdS spacetimes
there is no fixed point, so this step is impossible. Instead, we expand the counterterms
around the background up to quadratic order in the fluctuations.

We then fix the background values of the unknown functions by demanding that
the renormalized action is finite. Five out of seven counterterms are fixed by the
requirement that we reproduce the non-covariant counterterms proportional to a®f,,a’
and eéT ez. The other two counterterms are determined by the requirement that the
remaining part of the expanded action is finite by itself.

Chapter [12; Renormalized Action We show that we do not introduce any new
divergences. When we expand the covariant counterterm S.,, up to quadratic order in
the fluctuations, not only do we find the required non-covariant part S, that kills the
divergences from the bare action by construction, but also another part Sg,, which has
to be finite by itself. The requirement that S.,, produces the required part S., fixes
Stn up to first order in [, but we have the freedom to choose the counterterms such
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that all terms of order [0 are finite. At zeroth and first order, we explicitly show that
there are no divergences in Sy, under a reasonable assumption.

Chapter One-Scalar Systems in aAdS We show that Covariant Holographic
Renormalization reproduces the same results as the Hamilton-Jacobi method for aAdS
systems with one scalar.

1.3 Part III: Case Studies

In the third part we test our method on three aAdS systems: the GPPZ flow, the
Coulomb Branch Flow, and the two scalar SU(2) x U(1) flow, and finally on a non-aAdS
system, the Klebanov-Strassler theory. In one-scalar systems, we distinguish between
operator flows and vev flows. In an operator flow, the QFT operator O dual to the
bulk scalar ® has a vacuum expectation value (vev) that is purely scheme dependent,
while in a vev flow it has a non-zero vev independently of the scheme. We construct
the counterterm matrices Uy, and 7 in two ways. First by their explicit definition in
terms of the dominant solutions to the equations of motion, and then by solving the
differential equations they obey. Either way leads to the same result, but the second
way is much faster.

Chapter [14: GPPZ The GPPZ flow is an operator flow. The operator dual to the
bulk scalar has conformal dimension A = 3. We find the counterterms, calculate the
one-point functions and show that the Ward identites are satsified.

Chapter Coulomb Branch Flow The Coulomb Branch Flow is a vev flow.
The operator dual to the bulk scalar has conformal dimension A = 2. We find the
counterterms, calculate the one-point functions and show that the Ward identities are
satsified.

Chapter [16; Two Scalars in aAdS The SU(2) x U(1) flow has two scalars, one
with A = 2 and one with A = 3. We find the counterterms and show that when
the A = 3 scalar is made inert, the counterterms reduce to the counterterms for the
Coulomb Branch Flow, such that the operator dual to the remaining scalar has a non-
zero vev independently of the scheme.

Chapter Non-aAdS: Klebanov-Strassler The Klebanov-Strassler system is
non-aAdS. Because of its complexity, we are not yet able to construct the counterterms,
but we are able to show a non-trivial cancellation of divergences that confirms one of the
predictions of Covariant Holographic Renormalization. The cancellation of divergences
takes place at first order in [J within the counterterms themselves. This is an important
result, because it shows how the counterterms conspire to cancel divergences from the
bare action without introducing new divergences.
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1.4 Part IV: Summary, Outlook and Appendix

We summarize our work and indicate the direction of our future research. Appendix
[A] gives an overview of our notation, appendix [B] shows the details of the expansion of
the counterterm action up to second order in the fluctuations, and appendix [C] shows
how to calculate one-point functions up to linear order in the fluctuations from the

renormalized action.



Part 1

Background

13



Chapter 2

Renormalization in QFT

o We review renormalization in Quantum Field Theory (QFT), assuming
the reader is already familiar with this subject. Our working example is
scalar field theory. The action leads to physical predictions through a gen-
erating functional from which correlators can be derived. We discuss the
physical interpretation of the correlators and the philosophy of regulariza-
tion and renormalization. In this thesis, we will always use a cut-off for the
regularization and counterterms for the renormalization. This section relies
heavily on section 10.2 in [22]. ¢

A quantum field theory is defined by an action S[¢], which is a functional of some set

of fields ¢. Our goal is to make physical predictions with the action, so we need to
subtract physical quantities from it.

2.1 Free Scalar Field Theory
Consider a free scalar field theory defined by the Klein-Gordon Lagrangian
1 I 5,

where m has the interpretation of the mass of the scalar field ¢. From the Lagrangian,
we construct the generating functionall]

Z[s] = e Wl = /D¢ exp (z /d% (L +5(a:)qz5(:v)]) : (2.1.2)

where s(x) is the source coupling to the QFT operator ¢(x). The physical quantities
we can subtract from the generating functional are called n-point correlation functions,
or n-point functions for short. The n-point function is defined by taking n functional

!The quantity Ws] = ilog Z[s] is the generating functional of connected correlators. In [22] the
symbol J(z) is used for the source, while we use s(x).

14
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differentiations of the generating functional with respect to the source. For example,
the one- and two-point functions are given by

i 7] _ g2 L 07
(p(x)) = _m(ss(l’) 0’ (p(x)o(y)) = (—1) Z[s] 6s(x)ds(y) =0

The physical interpretation of the one-point function is the vacuum expectation value
(vev) of the field ¢(x), while the interpretation of the two-point function is the amplitude
for the propagation of a particle between spacetime coordinates x and y, and the square
of this amplitude is proportional to the probability for this to happen. In general, from
the n-point functions we can calculate collision cross-sections and decay widths, which
of course have to be finite values.

In the free Klein-Gordon theory, the two-point function is the Feynman propagator

4 je— - (z—y)
@) = [ (2.14)

2m)4 p?2 — m? + i€’

(2.1.3)

where € is a small positive constant needed to define the integral. In momentum space,
the propagator takes the form
. 1
d*xe®* (Hp(2)d(0)) = —————— 2.1.5
/ (p()9(0)) P2 —m? | ic ( )
In the free theory the two-point function is finite, but, without renormalization, this is
not the case in the interacting theory.

2.2 Interacting Scalar Field Theory

Consider the interacting Klein-Gordon theory
1 1 A
i B — —m2d? — Lot 2.2.1
L= 50,00"0 — Smie? — ', (2:2.1)

where A is the coupling of the scalar field to itself. From the new Lagrangian we
construct a new generating functional, and from the new generating functional we
calculate the new n-point functions. The two-point function in momemtum space that
we calculated in the free theory eq. changes in the interacting theory to

/ D're™ (3(2)6(0)) i

 p2 — Fm2 4+ 06,, + ie

where I’ and ¢, are divergent quantities. When we consider four-point functions, we
will find another divergent quantity d,. Higher point functions are finite. Thus the
interacting Klein-Gordon theory contains three divergent quantities: F|d,,,dy. The di-
vergences appear because on the left-hand side the integral over the spacetime position
x of the incoming particle comes arbitrarily close to zero, the position of the outgo-
ing particle. In momentum space the divergence comes from taking the integral over
arbitrarily high momenta. Divergences of this kind are called ultraviolet divergences.

+ finite, (2.2.2)
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2.3 Regularization

In order to proceed, we have to take a step back to the point just before things go
wrong and diverge. We must reqularize the theory so that we are always working with
finite quantities. One way to do this is by introducing a cut-off A in the integration
over the four-momentum,

<¢(:Ir)¢(y)>=/oood4p.-.—>/0d4p... (2.3.1)

The value of the cut-off is arbitrary, because eventually the limit A — oo must be
taken. At this point we have
lim F(A) = oo, (2.3.2)

A—o0

but F(A) itself is finite (regularized), so it is well defined and we can safely work with
it. The same argument applies to §,, and d,.

Since both F' and 9, are divergent functions of A, we can not identify the pole
Fm? — §,, in the propagator with the physical mass. This means that, in going from
the free to the interaction theory, either m loses its interpretation of the physical mass
(interpretation one), or the interacting Lagrangian is missing a second mass term (coun-
terterm) that will cancel the divergence from the pole, resulting in a finite physical mass
(interpretation two). Consequently, we may renormalize the interacting theory in two
equivalent ways.

2.4 Redefinition of parameters

First, we may think of the Lagrangian as physical (renormalized), but its parameters
as unphysical (bare),
1 1 Ap

L, = 5 L Pu0" by — 5m§¢>§ - I@l- (2.4.1)
We already saw that in the free theory, the interpretation of the bare quantities coincides
with the physical quantities, but in the interacting theory this interpretation must be
modified. In other words, if we set A\, = 0, then m;, has the interpretation of the physical
mass m, otherwise my diverges and can not have this physical interpretation anymore.
Since we replaced ¢ — ¢, and m — m,;, in the Lagrangian, we must do the same in the
two-point function that follows from it,

iF

/d4;z:eip.x (p(2)p(0)) = D FmZ 1o, tic + finite. (2.4.2)
b m

The divergences can be absorbed into the bare parameters as follows

Or = op=F—1, 6m = Fmi —m?, 6= F2N — A\ (2.4.3)

5
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From now on we consider ¢,, m,., A, as the physical quantities. The physical two-point
function then becomes finite, since we can divide by F' on both sides,

’ i
d*ze?® (¢, ()P, (0)) = ——————— + finite, 2.4.4
[ 6, (@)6.0)) = S+ i (24.4)
and thanks to the renormalized coupling constant A, the physical four-point function
becomes finite as well, but we will not discuss that here. In terms of the physical
quantities, the Lagrangian reads

1 1 A 1 1 )
_ = by —n242 _ DT a4 T oy 28 b2 — A pd
L, 5 NoNogos 2mr¢r o o, + 2(5;:8#@8 Or 2(5m¢r o o, (2.4.5)

Let us summarize what we have done. We started with a Lagrangian that is known
to give the correct equation of motion for a free scalar field. From the Lagrangian
we constructed a generating functional, from which we calculated n-point functions.
Unfortunately, when we consider interactions, the two- and four-point functions be-
come infinite. We then reinterpreted the three quantities in the interacting Lagrangian
Op, My, \p as unphysical, and rewrote the same Lagrangian in terms of physical quanti-
ties ¢, m,, A\, that are defined by the requirement that the correlators calculated from
¢, give finite values in terms of the measurable parameters m, and A,.

2.5 Counterterms

We may use the equivalent method of counterterms: instead of viewing the parameters
&, m, X in the Lagrangian as unphysical (bare), we may view the interacting Lagrangian
itself as unphysical (bare),

1 1 A
- " Zm2e? — Zhpt 2.5.1
Ly, = 5 00" Oy 2mr¢r m o, (2.5.1)

As we have seen, calculating correlators from this Lagrangian yields infinite and thus
unphysical results. But we can construct the physical (renormalized) Lagrangian by

L.=Ly+ L., (2.5.2)
where the counterterm Lagrangian is given by, see eq.({2.4.5)):

Ox

e (2.5.3)

L= L000,0,0"0, — 26,67 —
2 2
Thus, neither the bare Lagrangian £, nor the counterterm Lagrangian L. is physical
by itself, but their sum is. It is £, that appears in the generating functional, which
then produces finite correlators.
We shall use the counterterm renormalization method in the rest of this thesis. This
has the advantage that all fields and their masses and couplings are always physical.



Chapter 3

Holographic Renormalization

¢ The heart of holography is the idea that the on-shell action of a grav-
itational theory acts as the generating functional of connected correlators
in a dual quantum field theory. To obtain finite correlators, in holographic
renormalization we add counterterms to the gravitational action instead of
directly to the quantum field theory action. ¢

According to the AdS/CFT correspondence [9,/16,24], a classical theory of gravity in
a d + 1 dimensional Anti-de Sitter geometry (the bulk) is dual to a Conformal Field
Theory (CFT) living on the d-dimensional boundary of the bulk. Similarly, there exists
an non-AdS/non-CFT correspondence. In general, the duality is called holographic
duality or gauge/gravity duality.

We can visualize the bulk geometry as a (d + 1)-dimensional ball with radial co-
ordinate r. The boundary is a d-dimensional sphere with boundary coordinates z‘
(1t = 1,...,d), which we collectively denote by x. Infinities arise since the quantum
field theory lives on the boundary, which lies infinitely far away at r — oo, called
the infrared (IR) limit. The IR divergences are the holographic duals of the infamous
ultraviolet (UV) divergences in quantum field theory.

3.1 Holographic Generating Functional

Let us rewrite the QFT generating functional eq.(2.1.2) in Eucledian signature for a
general number of dimensions d and a general number ng of operators O; coupled to
sources §; (1 =1,...,ny),

exp (=W [s]qer) = /D¢ exp ( /ddx —Lown +5i(x)(9i(:v)]> | (3.1.1)

18
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The holographic duality states thatE|

The renormalized, on-shell action of the gravitational theory S en[s|
is identified with
the generating functional of connected correlators Ws| in the dual quantum field
theory

W[ﬁ]QFT = Sren[ﬁ] . (312)

The gravitational action consists of bulk terms, which are (d+ 1)-dimensional integrals,
plus boundary terms, which are d-dimensional integrals. The equation of motion for a
physical field is found by the requirement that the bulk terms varied with respect to that
field Vanishﬂ The on-shell action thus contains only integrals over the d-dimensional
boundary. This agrees with the idea that the quantum field theory lives in d dimensions,
while the gravitational theory lives in d + 1 dimensions.

The goal of holographic renormalization is to obtain finite quantum field theory
correlators by adding counterterms to the on-shell gravitational action instead of the
quantum field theory action. The one- and two-point functions for the quantum field
theory operators O; can thus be calculated from the renormalized, on-shell gravitational
action S)e, through the following formulas

0S 528
O; =—— , Oi(z)0; = . 3.1.3
O = @l (OO = e ) oo (3.13)
The ezact one-point function is defined without setting the sources to zero,
6SI‘EH
Qi) oo = 7~ - 3.14
< ( )) #0 (551($) 20 ( )

The exact one-point function thus carries information of higher point functions. For
example, the two-point function can be obtained from the exact one-point function as

follows 5
0:(2)0; - _ O, i 3.1.5
(OO ) = 5 0 O], (315)
Given a bare action Sy, the challenge is to find the counterterm action S, such that
the renormalized action Sien = Spare + Scov vields finite correlators. The bare action
that we will work with is the fake supergravity action, which we will now present.

1Since Spen[s] is the generating functional of connected correlators, we will always imply the con-
nected correlators whenever we talk about correlators or use the brackets (...).

2Before the variation, it is ambiguous to speak of bulk terms and boundary terms, since by Stokes’
theorem a boundary term can always be written as a bulk term and vice versa. However, after the
variation with respect to some field is performed, the varied action can be unambiguously split into
bulk and boundary terms.
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Fake Supergravity

o We present the fake supergravity action, its background solutions and
small fluctuations around the background. The fluctuations are decomposed
into irreducible components so that the physical degrees of freedom can be
isolated from the gauge degrees of freedom, which we shall do in the next
section. ¢

4.1 Bare Action

The bare gravitational action we consider is that of n, scalars with potential V(®)
coupled to gravity through the sigma-model metric G;, where a,b=1,...ng,

1 1
S = [ardteyg (R + 3 Cul®)0,80,0° + V(@) ) +

+%ﬁ%ﬁn (4.1.1)

Here, K = K is the trace of the second fundamental form, which we present later in
eq.(8-1.3). The first integral runs over the (d + 1)-dimensional bulk while the second
integral, the Gibbons-Hawking boundary term, runs over the d-dimensional boundary.
The equations of motion follow from the bulk term only. The counterterms are boundary
terms, and therefore do not modify the equations of motion.

Fake supergravity systems are defined as systems for which the scalar potential V (®)
can be derived from a function called superpotential W (®) as follows

1 d
V(CI)) — EWaWa - mw2, (412)

where we have used the notation

W= G*W,, W,=0,W = (4.1.3)

20
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The motivation for the requirement eq. becomes clear when we consider the
Hamilton-Jacobi method in section [7.3] The equations of motion that follow from the
action are second order differential equations, so there are two independent solutions,
one of which is dominant and the other one is subdominant at the boundary,

DUr, ) = DUr)Dyi(z) + DU(r) Dy (). (4.1.4)

where ®g; is the source of the dominant solution i)f and ®.; the response of the sub-
dominant solution ®¢. The indices a and ¢ both run from 1 to n,, the number of
scalars.

Background solutions The fake sugra system allows for background solutions which
are the gravitational duals of renormalization group flows in quantum field theory,

ds* = dr® + *Anda’da? o*(r), ,j=1,...d, (4.1.5)

where 7;; is the constant Minkowski metric and A(r) is the warp function. The warp
function goes to infinity when r goes to infinity, which allows us to think of A as an
alternative radial coordinate. The domain wall background satisfies the equations of
motion that follow from the fake supergravity action if (but not only if)E] the warp
function A and the scalar background solution ¢* satisfy

. 2W ‘o v
A—_m, ¢ —W . (4.1.6)

Here A =0,A, ¢ = d,¢p and W = W(¢) is the background value of the superpotential.

4.2 Fluctuations around the background

In this thesis, we are only interested in calculating one- and two-point functions. Then
it is sufficient to know the solutions to the equations of motion up to second order in
small fluctuations around the background. Since we want to formulate the fluctuation
dynamics gauge invariantly, we expand the scalar fields in a way that is sigma-model
covariant by using the exponential map [27],

(r,x) = expy (¢)" = ¢ (r) + ¢*(r,z) — % Jhe (M) (r @) (r ) + ..., (4.21)

where g‘gc is the sigma-model connection evaluated on the background,

1L _ _ _
Ghe = §Gab (0:Gap + 0yGac — 0aGie) - (4.2.2)

!The Euler-Lagrange equations are second order differential equations, so when we substitute the
domain wall background, we obtain second order differential equations for A and ¢. These second
order equations are solved automatically when the first order equations above are satisfied, but not
the other way around. The first order equations for A and ¢ are therefore sufficient but not necessary,
and thus represent only a subclass of solutions.
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For further details, see section (4.1) in [2].
To study metric fluctuations, we conveniently rewrite the background eq.(4.1.5)) as

ds* = (n® + nin')dr® + 2n;drdz’ + ~y;da’da’ (4.2.3)
The matrix 7% is the inverse of 7;;, and is used to raise hypersurface quantities,
Yy = 67, n' =~"n;. (4.2.4)
However, indices on the partial derivative are raised with the inverse Minkowski metric,
' =n"0;, 0= 0'0; = n"9,0;. (4.2.5)
The source of the boundary metric 7,;;(z) is defined by
Vij (A, x) = yg(@) + ... (4.2.6)

The metric fluctuations can be written as
n=1+v, n, = v;, Vij = 24 (mi; + hij) - (4.2.7)

All the dependence on the boundary coordinates x in ®%, n, n; and v comes through the
fluctuations. We recover the background solutions eq. by setting the fluctuations
to zero.

We decompose v; into longitudinal and transversal parts,

vy = 0V, v = 7, (4.2.8)
where the transverse projector is defined by
I =6, — 071 9'0;. (4.2.9)
We decompose h;; into irreducible components as well,
i i i i, 0'0; o3h
B =D+ O+ 05€ + —5H + (4.2.10)
Here, R is traceless and transversal, and ¢ is transversal,
WTi=0,  9;p"TI =0, 9 =0. (4.2.11)
Thus we find the useful relations
; h
aihj = |:|€j —1—8] (H+ ﬁ)
o0 = O H+
T d—1
k d
hy = H+ ——h. (4.2.12)

d—1
The following fields are all independent and irreducible,

“© y, vy, vh, RYTE € H, h. 4.2.13
¥ T J
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Gauge Invariant Fluctuations

¢ Due to diffeomorphism invariance (or gauge invariance), the degrees of
freedom in eq. are not all physical degrees of freedom. In this section
we isolate the physical fluctuations from the gauge fields, and recombine the
fluctuations into new fields that are invariant under diffeomorphisms. For
further details, see [2]. ¢

5.1 Diffeomorphism invariance

Physics is invariant under diffeomorphisms. Consider a diffeomorphism generated by
an infinitesimal vector field &

1 v
1" = exp, [£(2)]" = 2" + &M (2) — iF[g]’ljp(x/)g ()& (2') + (9(53) , (5.1.1)
which again uses the exponential map. Under this coordinate transformation, the scalar
fields transform as ® — ® + 0P, with 0P given by

50 = 19, + %§“§”V[g]u81,® +0(&). (5.1.2)

Note that this expression is covariant, since 0,® = V([g|,®. The metric transforms as

08 = V[gl.éy + 0(&). (5.1.3)

The metric is thus not gauge invariant, and neither are the connections I'[g]};, derived
from it. The important thing is that the gravitational action is invariant, 45 = 0. The
situation is analogous to classical electrodynamics. The potential A, is not directly
measurable, only the field strength tensor F),,. Any variation 0A, leading to the same
field strength is therefore physically equivalent. The requirement 0F,, = 0 is auto-
matically satisfied by 04, = d,A, for any arbitrary A. Since A, and A, + J,\ are
physically equivalent potentials, A is an unphysical (gauge) degree of freedom of A,,.
The connections F[g]fjp are the gravitational analogue of the gauge potential A, and &

23
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is the analogue of A. Since p runs from 1 to d + 1, £* encodes d 4+ 1 unphysical degrees
of freedom of the metric.

As we will show below, we can view the fields €/, H and h as unphysical. The scalars
H and h carry one degree of freedom each, and the vector €' carries d — 1 degrees of
freedom (i runs from 1 to d, but one degree of freedom is killed by the constraint of
transversality, 9;¢' = 0). In total, €', H and h carry all d + 1 degrees of freedom of .

Gauge invariant fields We combine the seven fields in eq.(4.2.13]) into five new fields
such that they become invariant under diffeomorphisms (gauge invariant) up to first
order, see [2,[5]:

a __ a we 2
a® = ¢ +4Wh+(9(f)
— h 2
_ o Uh 1
c=e€ 2AVL+€ 2Am—§3rH+O(f2)
o = 6_2AV§~—8T€i+O(f2)
s = K"+ O(f). (5.1.4)

Sets of fields Three sets of fields are distinguished,
I={a%b,c0, e;}, Y = {¢" v, v, v, hTT;}, X ={¢, H,n}. (5.1.5)

The fields in I are identified as the physical fields while the fields in X are gauge degrees
of freedom. The inverse relations Y = I + X are

W(l
a — a _ h
L IS,

h
vV = b—ar(m)

: , -0 Or 1
e Ay = 4 0. + = (c —eM 8TH)

O W 2
RTTE = i (5.1.6)

J J

Linearized equations of motion The linearized equations of motion for the gauge
invariant fields that follow from the action are derived in section (4.4) of [2], and read

Weu o _Wa
W W
2d

|:<52D7« + Mg - mé?W) ((SSDT — MIC)) + G_QAég Ll a®=0. (518)

b=— (60D, — M) a®, v =0. (5.1.7)
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2d —24 i
The mass matrix is symmetric,
Wew,
M = DyW* — = . (5.1.10)

Covariant derivatives The background covariant derivative and sigma-model co-
variant derivative are respectively defined by

d
D,F* = JF“ + Ge WP F©, DyF® = 0,F* + G°, F°. (5.1.11)

On the background we have, see eq.(4.1.6)),
D, F(¢) = ¢"0pF* + GLW'F = WP (0,F* + G F°) = W'D, F". (5.1.12)

Note that e§ satisfies the equation of motion of a massless scalar, and that the equations
of motion for eé and a® are decoupled. These are two advantages of working with gauge
invariant variables.

Solutions Like in eq.(4.1.4), the fluctuations have two independent solutions, one of
which is dominant and the other one is subdominant at the boundary, see eq.(2.10)
in |6]

a’(A, z) = aj(A O)ag(z) + a3 (A, O)aw.(z)

ei(A,x) = e(A,D)eg; () + e(A,O)ey; (), (5.1.13)
where ag, and eij are the sources of the dominant solutions af and e, and a.;, and eij the
responses of the subdominant solutions aj and ¢. Since e;'. is traceless and transversal,
so are its source and response functions. Since the indices a and k£ both run from 1 to
ns, the number of scalars, the most general solution to the scalar equation of motion

a®(A, x) is therefore an ng x ng matrix. The equations of motion show that we can
expand the dominant solutions as

a(A,0) = a2 (A) +af,(A)e 2 O +ag(Ae 0% +. ..
¢(A,0) = 1+e(A)e > O4ep(A)e 0% +... (5.1.14)

The leading terms are independent of [J. We can make a similar expansion for the
subdominant solutions,

a%(A,0) = ad,(A) + a4 (A)e A0 +a (A e A0+ ... (5.1.15)
Then we can write
a® = al + ale A O4aje M2+ ... (5.1.16)

with
ag = ag;0s; + 63,0, aj = af;as; + 67,0, (5.1.17)
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Gauge fields We saw in eq. that we can obtain field theory one- and two-point
functions by taking functional differentiations of the on-shell, bare supergravity action
with respect to the sources. The sources of the gauge invariant scalar fluctuations are
given by ag;(z) and the source of the traceless transverse metric fluctuation is given by
et;(x), see eq..

The gauge fields H, h and € do not have equations of motion, and therefore we
can not write them in the form eq.. To calculate correlation functions involving
operators dual to the gauge fields, we must take the functional differentiation of the
on-shell action with respect to the full gauge fields H(r,z), h(r,z) and €(r,z), even
though the gauge fields generally depend on r. The way the gauge fields depend on r
therefore does not affect the correlation functions. This is as it should, because the way
the gauge fields depend on r depends on the choice of gauge. The asymptotic behaviour
of the gauge fields can therefore never cause divergences in the correlation functions, in
contrast to the asymptotic behaviour of a(r, ) and e(r, x).

Zero modes In section (4.4) of [2], one starts with the equations of motion for the
scalars and the normal component and the mixed components of Einsteins equation,
and solves these equations algebraically for b, ¢ and d°. However, one assumes that
¢ # 0 in order to derive the equation of motion for b.

The equation of motion for b in eq. is not valid for zero mode solutions of the
scalars a®(r). A zero mode means that the solution depends only on r, not on [J. From
the scalar equation of motion eq. we see that a zero mode solution is given by

W[l

a® 5.1.18
ot~ ( )
which follows directly from the identity
we we
D = MO 5.1.19
= My (5119

From this identity also follows that ¢ = 0 for the zero mode solution a®, in which case
the equation of motion for b is altered. When we consider the on-shell action, we will
use the equation of motion for b given by eq., so this excludes the zero modes.
Finally, we notice that in general we may write

where ¢;,¢; are constants and the zero modes afj;, af;, are the leading terms of the
expansions for af, a¢ respectively, see eq.(5.1.14)).
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Ward Identities

¢ Dual theories share the same symmetries. Each symmetry has an asso-
ciated Ward identity. Invariance under diffeomorphisms leads to the trans-
lational Ward identity, and invariance under Weyl transformations (only in
aAdS) leads to the conformal Ward identity. Checking explicitly that the
Ward identities are satisfied provides a good consistency check. When a
classical symmetry is broken after quantization, this leads to an anomalous
Ward identity. The most important goal of this section is the concept and
definition of the Weyl anomaly, also known as conformal anomaly [14]. ©

6.1 Translational Ward identity
From invariance under diffeomorphisms, see (4.18) in [4],
Y ==Vigh, b, =V, Py, (6.1.1)
we derive the translational Ward identity
VA{Ty) = —(0;) V; s, (6.1.2)

where T;; is the energy-momentum tensor of the field theory. Since we know (7;;) only
up to first order, we can keep the right-hand side to first order as well

ViA(Ty) = = (0i) 0508 + O(f?) . (6.1.3)

6.2 Conformal Ward identity

If the gravitational theory is aAdS, its dual field theory is conformal. Consider the
Weyl transformations in a one-scalar system, see eq.(4.20) in [4]

679 = —20+4 0®; = —(d — A)od,, (6.2.1)

27
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where A is the conformal dimension of the tree-level operator dual to the scalar, related

to the spacetime dimension d of the field theory and the square of the scalar mass
m? = V"(0) by

d d?
_ 2 il 2
A 5 1 + m2. (6.2.2)
The invariance under the Weyl transformations leads to the conformal Ward identity
(T}) + (d - D) D, (0) = A, (6.2.3)
where the rescaled conformal anomaly is given by
1 1 6Sc0v
=—1 : 6.2.4
A= Jim /7 0A (6:24)

The variation is with respect to the explicit cut-off, and therefore comes only from the
counterterm action. Furthermore, we may split the counterterm action into a part that
depends explicitly on the cut-off and a part that does not

Seov(7, @, A) = S(7,®) + S(v, @, A), (6.2.5)
showing that only S contributes to the anomaly,
A 1 65
=—1 —. 2.
A=- i =5a (6.2.6)

We will see later that S kills the power divergences from the bare action, while S kills
the logarithmic divergences.

Since we take the limit of the cut-off going to infinity in eq., the rescaled
anomaly is by definition independent of the cut-off. It is useful to introduce the un-
rescaled conformal anomaly A by the definition

VIA = A (6.2.7)

We will refer to both A and A as “the anomaly” when it is clear from the context
which quantity we intend. Since the right-hand side is finite, the left-hand side is finite
as well, although both /7 and A depend on the cut-off. In general, A has a part that
does not explicitly depend on the cut-off A and a part that does, see also eq.,

Ay, ®,A) = A(v, ®) + A(y, @, A), (6.2.8)

where we shall refer to A as the linear anomaly and to A as the non-linear anomaly.
The linear anomaly only appears in even dimensions d and the non-linear anomaly
only appears for scalars dual to operators with conformal dimension A = d/2. The
anomalous part of the Lagrangian thus reads

L=—AA(y,®) - /AdA’fl(%CI),A’). (6.2.9)
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6.2.1 Anomaly, scheme dependence and finite terms

The anomalous part of the counterterm depends explicitly on the cut-off, and therefore
always introduces scheme dependence due to the inherent ambiguity in choosing the
cut-off at any arbitrary finite value. Instead of choosing the cut-off at A, we may just
as well choose the cut-off at A + C, where C' is any finite constant, called a scheme
constant.

The general expression for the anomalous Lagrangian thus readsE]

B 3 A+Co B
£ = —(A+C)A(, @) - / dA Ay, ®, A'). (6.2.10)

Making a Taylor expansion in the second term yields

A

F = —AA(y,d) — / dAA(y, , A) — CLA(y, ®) — Cod(y, ®, A) + ... (62.11)

The first two terms are the divergent parts of the anomalous counterterm, the terms
proportional to the scheme constants give the finite contributions, and the terms on the
dots go to zero at the boundary. This is consistent with the fact that \/yA = \/7.A is
finite.

1Both A and A stand for a collection of anomalous terms. Although it was impossible to indicate
here, each anomalous term has its own independent scheme constant in general.
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Holographic Renormalization in

aAdS

¢ In this section we focus on one-scalar systems in aAdS. We respectively
discuss the standard method and the Hamiltonian-Jacobi method of holo-
graphic renormalization in aAdS. Both methods rely on a Taylor expansion
around the aAdS fixed point, and can therefore not be applied to non-aAdS
backgrounds. ¢

7.1 Fixed point

The fake supergravity system is general enough to describe both aAdS and non-aAdS

spaces, depending on the choice of the superpotential WW. If we choose a potential with a

fixed point, then the spacetime becomes aAdS. A fixed point means that VW approaches
a non-zero constant value at the boundary,

. d—1

Hm W= ==

We have chosen to write the unknown non-zero constant value in terms of the finite

constant L, because now we find from eq.(4.1.6)

(7.1.1)

o1
lim A= —, lim A = % + constant, (7.1.2)

7—00 L T—00

where the constant can be removed by a change of coordinate. Then we see that the

metric given by eq.(4.1.5) becomes AdS at the boundary

dr? o
lim ds* = % + ¥y datda? (7.1.3)

r—00

Any AdS metric can be brought into this form by a suitable coordinate transformation.
An asymptotically AdS metric metric is defined as

r—
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From eq.(7.1.3)), we see that the constant L represents the characteristic AdS length
scale, which is conventionally set to unity, L = 1.

7.1.1 Expansion around the fixed point

For simplicity, we will consider one scalar systems only in the rest of this section. In
aAdS, the leading behaviour of a scalar field on the background is

p=e By 4. (7.1.5)

where the background scalar source ¢, is a constant. The constant A is given by
eq.(6.2.2) and can be interpreted as the conformal scaling dimension of the operator
dual to the scalar. Operators with A < d are called relevant, while operators with
A = d are called marginal. For scalar fields dual to relevant operators d > A, the fixed
point is zero,

lim ¢ = 0, (7.1.6)

T—00
while for scalars dual to marginal operators d = A the fixed point is a non-zero constant,

lim ¢ = g,. (7.1.7)

T—00

From now on we will consider only relevant operators. Then we have, away from the
background,
lim ®(r,z) =0, (7.1.8)

r—00

which is true for any finite but otherwise arbitrary value of the source ®¢(z). In aAdS
we can always Taylor expand the potential V' (®) and the superpotential W (®) around
the fixed point & = 0,

V() = V(0>+%V”(0)<I>2+. L W(D) = W(O)+W’(0)<I>+%W”(O)CI>2+. .. (7.1.9)

The potential V(@) has no term linear in ®. The mass of the scalar m can be found in
the usual way from the quadratic part of the potential,

m? = V"(0). (7.1.10)
Furthermore, for L = 1 we know that V' (0) and W (0) are given by, see eq.(7.1.1]),

0 DA Gt o S Uty (7.1.11)

Thus the expansions of V(®) and W (®) around the fixed point read

dd—1) 1 5.9 1 5,1 4 5
W = ——— + w1 ® + wy®® + —w3® + —w, d* + O(%). (7.1.12)

2 2 3! 4]
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We will now determine the coefficients wy, ws, ... for one-scalar, fake supergravity
systems, which must satisfy eq.(4.1.2)),
1 2 d
V=-(W) — —W2 7.1.13
JUME (7.1.13)

To lowest order in the expansion around the fixed point, this requires w; = 0. Thus,
in fake supergravity neither V' nor W has a linear term. At quadratic order in the

expansion, eq.(7.1.13)) becomes
m? = w3 + dws. (7.1.14)

This is a quadratic equation for ws, so there is a sign amibiguity

d d?
=—=44/— 2. 1.1
However, we have the requirement
=W =wg, (7.1.16)
which has the solution
¢ = e ¢s, (7.1.17)

with some constant background source ¢;. Since we require ¢ to vanish at the boundary,
we require wy to be negative. Since the square root is always positive, we must choose
the plus sign to ensure that wy is always negative, for any d and m,

wy = —(d — A), (7.1.18)

where we have used the definition of A from eq.(6.2.2)). Our requirement ws < 0 is only
satisfied for A < d, and hence we consider only these cases.
From the cubic order, we find
O 3A-2d
If A = 2d/3, the relation between V' and W that defines a fake sugra system can not be
satisfied at the cubic order, unless vy = 0E|We conclude that fake supergravity systems
in aAdS have the following superpotential
d—1 d— A U3
— Pz 2
2 2 - 18A — 12d

2d
ws for A # 3 (7.1.19)

W=—

®* + O(9%). (7.1.21)

! In general, the relation eq.(7.1.13) can not be satisfied (and hence the system is not a fake
supergravity system) if there exists some integer k > 2 such that
k—1

A="= 1.2
—d, (7.1.20)

unless the coefficients of the potential v; coincidentally have some specific values. An example is
GPPZ, where A = 3 and d = 4, so for k = 4 we indeed have A = d(k — 1)/k. However, in GPPZ the

values of vz and vy are such that this is still a fake supergravity system, see eq.(28) in [17], where the
GPPZ case is discussed below.
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7.2 Standard method

To keep things as simple as possible, we discuss the standard method of holographic
renormalization using as an example the Coulomb Branch Flow in a fized background
metric. This way we only obtain the scalar counterterms, but this suffices to demon-
strate all features of the standard method. In general one has to include the metric in
each of the steps.

Given a potential V(®), the standard method of holographic renormalization con-
sists of the following steps:

1. Taylor expand the potential V' (®) around the fixed point ® = 0. The mass term
is given by m? = V”(0) and the conformal dimension A by eq.([6.2.2)).

2. Derive the equation of motion for ® from the bare action using the variational
principle.

3. Find the solution for ®(z,r) recursively by substituting the ansatz into the equa-
tion of motion, each time using a higher order in the expansion. The result will
be an expansion in e~?" with leading terms

d
eI 4 e AP 4 A=

o= 3 (7.2.1)
e (rd, + B) + ... A:§,

where ®.(z) is the source and ®.(x) the response. The required order to which
we need to keep the terms in the expanded potential depends on d and A. For
example, a term like
\/gq)n ~ 6[d—n(cl—A)]r
goes to zero when
d
d— A"

4. Substitute the solution for ® into the bare action Spa.e[®] to obtain the on-shell
bare action Spare|Ps, 7).

n >

5. Integrate Spare[®Ps, 7] over r from zero until the cut-off r to obtain Spape[®Ps, 7]-
6. Isolate the finite number of divergent terms in Shae[®s, 7| as 7 — oc.

7. Define the non-covariant counterterm action Sc|®s, 7] as minus the divergent
terms from the bare, on-shell action Spare[®Ps, 7).

8. The covariant counterterm Sc.,[®,r] is the unique covariant on-shell action that
contains the non-covariant counterterm Sen[®s, 7] as the only divergent terms,
plus finite terms S, [Ps]. The covariant counterterm Scoy = Sent + Shn can be
found by inverting the expansion ®(x,r) in terms of ®4(z); that is by writing
®,(z) in terms of ®(x,r), up to the required order.
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Let us now discuss each step in more detail, using as an example the Coulomb Branch
Flow (CBF, see section , given by the potential

V(®) = -3 —20> 4+ O(2%). (7.2.2)
The mass is given by
m? = V"(0) = —4, (7.2.3)

and the conformal dimension of the operator dual to the scalar follows from eq.(6.2.2)),
A = 2. The action, with V(&) expanded as above, yields an equation of motion for the
scalar that has the solution

(z,7) = e [rQq(z) + Pe(z)] + O(e™), (7.2.4)

where the source ®4(z) and the response ®.(x) are two independent, unknown functions
of . We need to keep terms in the potential including terms of order ®", where

d

TA (7.2.5)

n

Thus, cubic terms of order O(®3) can be neglected. To keep things as simple as possible,
we keep the background metric fized so we can use the familiar result that AdS is a
maximally symmetric spacetime with constant negative curvature

Rlg) = —d(d— 1) = —12, (7.2.6)

where we used d = 4. The action thus read?
4 1 Ny 2 3
Sare[®] = [drd'w /g | 58" 0,20, —20° + o(@?%) ). (7.2.9)

Since /g = €', 47 = e * 7", and ® ~ re~?", the only contributions to the on-shell
action are

1
Share|®] = / drd*ze' (5 (8,0)% — 202 + .. ) . (7.2.10)
Substituting the solution for ® yields the on-shell, bare action
1
Spare|Ps, 7] = / drd*x (—27@52 + 5@2 - 2q>5<1>t> : (7.2.11)

2Notice that the leading (constant) in the potential V' (0) = —3 cancelled against the Ricci scalar
1
— ZR[g] +V(0) =0. (7.2.7)

This is no coincidence, since in general we have, in aAdS

V(0) = —d(j ;21)7 Rlg| = —d(dL; D _ 4V(0). (7.2.8)
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Now we perform the integration over r from zero to the cut-off r
1
Spare|Ps, 7] = / d*x (—7"2@52 + 57@52 - 27“(I>5<I>t) : (7.2.12)

Notice that the on-shell bare action has only divergent terms; there are no finite contri-
butions. We define the non-covariant counterterm as minus the divergent terms coming
from the bare action

1
Sent[Ps, 7] = / d*x (rQ(I)f - 57@3 + 27~c1>5<1>r> : (7.2.13)

Now there is a unique covariant counterterm that contains these divergent terms plus
finite terms

Seov|®, 7] = /d“xﬁ (1 - %) P2 (7.2.14)

where the scalars are evaluated at the cut-off, ®(x,r). The uniqueness is actually only
true up to scheme dependence. Since we could have chosen the cut-off at r + C' for any
finite constant C', we find the general counterterm, including the scheme dependence

1 1 C
Seon[®, 74+C] = /d%ﬁ (1 _ m) 92 = /d%ﬁ (1 ot 5 O 3)) 92,
(7.2.15)
where the scalars are evaluated at the shifted cut-off ®(z,r + C'). The covariant coun-
terterm can be split into the required non-covariant counterterm plus a non-covariant
finite part

Seov|[®, 7+ O] = Sent[®s, 7] + Stin[Ps, C], (7.2.16)

where the finite part is given by

Spn[®s, C] = / d'z (@3 — oD, + gqﬁ) : (7.2.17)

By construction, the divergences from the counterterm cancel against those coming
from the bare action, but there are remaining finite terms. The renormalized, on-shell
action is explicitly finite

Sren - Sbare + SCOV = Sﬁn- (7218)

We can now calculate the exact one-point function as follows

. 1 6Sren o _5Sﬁn
Vs 0P 0D,
The vev is what remains after we put the source to zero, (0), = ®.. The vev is non-

vanishing independently of the scheme. This shows that the CBF is a vev flow instead
of an operator flow.

(0) =

= ¢, — COP,. (7.2.19)
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In this case, the contributions to the one-point function come exclusively from the
counterterms, but this is not always the case. In general, the on-shell bare action has
a finite part as well. In any case the procedure above demonstrates the importance
of using covariant counterterms: the difference between the covariant counterterm Seqy
and the non-covariant one S, is precisely the finite part Sj, that contributes to the
correlators. Furthermore, covariance of the counterterms ensures that the translational
Ward identity is satisfied. Notice that the standard method relies on the Taylor ex-
pansion of the potential V(®) around the fixed point. This restricts the procedure to
aAdS, because in non-aAdS there is no fixed point.

7.3 Hamilton-Jacobi method

The starting point of the Hamilton-Jacobi method is similar to Covariant Holographic
Renormalization, as we will discuss later in section [II} One writes down a general set
of counterterms, where each term is multiplied by some unknown function of the scalar.
Then one determines these functions by requiring that the Hamiltonian constraint is
satisfied. This constraint yields a descent equation at each order in [J. When the
descent equation can not be resolved completely, the unresolved remainder contributes
to the linear anomaly. For further details, we refer to the original paper [17].
We recall from eq.(9.1.1) that the regularized action is defined as

Steg = Share + Scovs (7.3.1)
where the Lagrangian of the covariant counterterm can be split as follows, see eq.,
Leow(7, @, A) = L(7,®) + L(v, D, A). (7.3.2)

Now we make a further split
L(y,®) = Ligg(7,®) + L (7, @) + ... (7.3.3)

In the Hamilton-Jacobi method, one assumes that the counterterms are covariant and
that Spp; contains k inverse metrics. Then

L = Co(@)
- 1
Lpy = 5C1(®) (V®)? + Co(P)R
Ly =
~ — A ~
L= —AA(~y,®) — / dA' A(y, @, A"). (7.3.4)

The functions Co(®),C1(P), Co(P), ... are unknown functions of the scalar ®. The
Hamiltonian constraint yields a number of descent equations that determines the un-
known functions and the anomaly, and therefore the complete covariant counterterms.
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The unknown functions are determined by the parts of the descent equations that can
be resolved, while the linear anomaly A is identified with the remaining part of the
descent equations that can not be resolved (the non-linear anomaly A has to be derived
separately). There are remaining parts at each level of the descent equations, so there
are contributions to the linear anomaly at each level,

A= /—l[o} + /_l[g} + ./Zt[4] + ... (7.3.5)

Level 0 descent equation The level zero descent equation reads

1 1\2 d 2
V3 (C) — ——Cs=0. (7.3.6)

We remarked in eq.(4.1.2]) that in fake supergravity the potential V' (®) can be derived
from a superpotential W (®) as follows

(W) - d;flw% (7.3.7)

Hence, the level 0 descent equation is automatically satisfied for Cy = —W. Since
this solves the level 0 descent equation completely, there is no remainder and hence no
contribution to the linear anomaly at this level. This means Ay = 0 in fake supergravity
systems.

Level 2 descent equation The level 2 descent equation reads:

1
2
d—2
d—1

d—2 / 1 all
0 = (—d_ -CoCl +4C0CY — S04 -

) (VD) +

1
+ (4CoCY — C{CL) V2D + (—2 CoCq + CLCYH + —) R. (7.3.8)

4

We assume that the counterterms are wniversal, meaning they work for any aAdS
system. Then, functionally independent terms must vanish separately, leading to the
following three descent equations

0= —2_ fooc1 L ACCl — %ogc’l —%
0 = 4CC) — CIC,
d—2 1
0 = —25—7CoCa+ CyCh + 7. (7.3.9)

1
Co=co+c®+ 502c1>2 +0(9%). (7.3.10)
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cp = 4(d1—2)’ for d+#2
C1:0
__(@d=2)(d-4) d
CQ_(d—l)(A—d/Z—l)CO’ for A%§+1, d+#1
Ch = _Q(A—cll/2—1)+0(q))’ for A#g—i—l. (7.3.11)

The contributions to the anomaly are those terms of the descent equations that remain
unresolved

. 1 s d—2 d
A[Q] 2 (V ) _'_ 8(d _ 1) R? or 2 + Y

- 1

Ap = _ZR’ for d=2

_ 1 1, ii

A[4] = E gR —R ]Rij s for d=4. (7312)

We refer to section 3.3 of [17] for a derivation of the non-linear anomaly in the Hamilton-
Jacobi method. We simply present the result,

1/d)° d
NECR
A={ 2 2 (7.3.13)
AL 2
0 45,
and we notice that the non-linear anomaly is indeed finite
N 1 P\ 2 d
VYA Zﬁ <A> , or 5 (7.3.14)
which follows because
O =2 (rd, + ®,), VP ~ 12, for A= g (7.3.15)
The anomalous part of the counterterm is thus given by, see eq.(6.2.9),
2
o (caasE Al
L= 24 ?z (7.3.16)
—AA A # 3

Summary We can summarize the results of the Hamilton-Jacobi method as follows

Leov(7,®,A) = L(7,9) + L(7, P, A), (7.3.17)
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where
A (V(I))2
L= -W(P)— A 42 1)
1 d— A )
+(4(d—2)_S(d—1)(A_d/2_1><I>)R+... (7.3.18)

The last two terms are not present for d = 2 and A = d/2 + 1. The anomalous part of
the counterterm is given by eq.(7.3.16|), and the linear anomaly is given by

A= ./Zl[o} + ./4_1[2} + ./4_‘[4] +..., (7.3.19)
where A[O} = 0 for fake sugra systems, and
1 —2
~(V®)® + d d’R A:£l+1,
Ay = {2 8(d—1) 2
1
_ZR d=2
_ 1 1 9 ii
A[4] = 1— gR - RJRz’j s for d=4. (7320)

7.3.1 Case studies: GPPZ and CBF
Example: GPPZ The GPPZ flow (d = 4) has the following potential

3 1
V(®)=-3- 5<I>2 — §q>4 +0(2%. (7.3.21)

From this we read off
m? = -3, A =3, vg = 0. (7.3.22)

Then we find from eq.([7.1.21)) that the GPPZ is a fake supergravity system with super-
potential

3 1 1
P)=—=— 9> - —o* P°) . 3.2
W(P) = =5 = 50 = 2+ O(2") (7.3.23)
The counterterm is given by Scov = S + S , where
_ 1 ~ _
L=-W()+ éR’ L=—-AA, (7.3.24)
and A = ./Zl[o} + A[g] + _[4], where
A =0 A —1(v<1>)2+ L o2 Ay =~ (Lr2_ pig, (7.3.25)
(0] =4 2= 5 12 ; W= 163 ij | - 3.

The full counterterm (excluding the finite, scheme dependent terms) thus reads

1
Leow = —W(P)+ =R+

8
+ A _l(v¢)2_iq>23+i RUR~—1R2 (7.3.26)
2 12 16 Y3 ' o
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Example: CBF The CBF flow (d = 4) has the following potential

4
V(@) =—3-20"+ —0° + O(d). 7.3.27
@ a0 (7220
From this we read off
44/6
m:=—4, A=2 « 3= Tf (7.3.28)
Then we find from eq.([7.1.21]) that the GPPZ is a fake supergravity system with super-
potential
3 6
W=—3 - P — %@3 +0(9%), (7.3.29)

The counterterm is given by Seov = S + S , where

- 1 2 1 1
= -W(@®)+ - (VP -+ =0
i W()+4(V)+(8+12 )R,
- P2
— _AA - — 3.
C A= (7.3.30)
and A = A[g] + flp] + AM], where
_ _ - 1 1 9 i
A =0, Ap =0, Ay = 6 gR — RYR;; | . (7.3.31)
Putting everything together, we find
1 1 . 1 b2
= —W(P) + - —A(RYR;; — =R*| — —. .3.32
Loy W( )+8R+16 (R Ry 3R> 5 (7.3.32)
Expanding the superpotential W (®) up to quadratic order yields
3 1 1 y 1 1
cov — & S —A " i T = 2 1—— (1)2. 0.
L 2+8R+16 (R R;; 3R)+< 2A> (7.3.33)

The last term is exactly what we found earlier in eq.([7.2.15]) using the standard method
and keeping the background fixed. The preceding terms are the gravitational countert-
erms.
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Chapter 8

Divergences of the Bare Action

o In [6] a counterterm is presented that renormalizes the gauge invariant
scalar fluctuations a®. However, the counterterm is not covariant. Here we
want to renormalize the full system, including the metric fluctuations eé and
even the unphysical fluctuations H, h, €, using boundary covariant countert-
erms. The first step towards this goal is to write down the divergences of
the bare action in these gauge invariant variables. ¢

8.1 Bare Action Redefined

We find it convenient to redefine the fake supergravity action as
d 1 1 v a b
Share = [drd®z\/g —ZR[g] + ig’ Gap(9)0,9°0,2° + V(D) ) +
1
+ /dda:ﬁ <§IC — W) , (8.1.1)
where we have only added a boundary counterterm proportional to —W (®) to the
original definition in eq.(4.1.1)). This has the advantage that the expression of the bare
on-shell action in terms of the gauge invariant fluctuations simplifies, as will become

clear below. By Stokes’ theorem, we can rewrite the Gibbons-Hawking boundary term
as a bulk term,

1 a1
Sbare = / drd’zn /Y (_Z (R+K* - KIK]) + 58" 0,9"0,%0 + V((I))) +
- /dd:pﬁW((I)). (8.1.2)

The second fundamental form is given by

1
Kij = o (Vangy — 0vy) , (8.1.3)

42
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where the boundary covariant derivative uses the boundary connection

ij

For more details on the geometry of hypersurfaces see [2]. The gravitational part of
the action is now given in terms of hypersurface quantities only. We will calculate the
on-shell, bare action following the steps below.

1. Vary the supergravity action with respect to ®* and %-j,ﬂ
2. Split the varied action into bulk and boundary terms, and ignore the bulk terms,

3. Expand the boundary part up to second order in the fluctuations ¢%, v, vy, vk,
hi; using eq.(%.2.1) and eq.(4.2.7),
4. Decompose h;; into the irreducible components h™"?, €', H and h using eq.(4.2.10)),

5. Eliminate the variables ¢%, v, vy, vk, hTT; in favor of the gauge invariant fluctu-

ations a%, b, ¢, ', ¢} and the gauge fields ¢, H, h, using eq.(5.1.6),
6. Substitute the equations of motion for b, ¢ and ?* from eq.(5.1.7) to render the

action on-shell.

8.2 Scalar variation
Variation of Spae with respect to @ yields the following boundary term

(BoSture)y = /dda:\ﬁ(N“Gab&HCI)“ — W) 60, (8.2.1)

where the subscript 0 denotes the restriction to boundary terms and N* is the inverse
of the vector N, normal to the boundary

1 .
N, = (n,0), Nt = —(1,—n"). (8.2.2)
n
Expanding eq.(8.2.1)) up to quadratic order in the fluctuations yields

(00Share)y = Gy [dia (D, ") — VW* — "D V) 6" (8.2.3)

Variations with respect to n and n’ do not yield any boundary terms, and therefore do not
contribute to the on-shell action.

2Thanks to the boundary term that we added to the definition of the bare action (the integral over
—W), there are no zeroth order terms within the brackets. This would have created a problem, since
after the substitution to gauge invariant variables eq., the a zeroth order term would oblige us
to use da’ up to second order, and the second order terms contain derivatives with respect to r, while

the first order terms do not, see eq.(5.1.4).



CHAPTER 8. DIVERGENCES OF THE BARE ACTION 44

Now we switch to the gauge invariant variables using eq.(|5.1.6)),

b
(65 Share)y = € Clap / d?z ((Dya®) — a*DIV® — BAVY) (6ab - :V—Wah) . (8.24)

Note that the gauge field h has cancelled; we have not set this field to zero by hand.
Finally, we put the action on-shell by using the equation of motion for b from eq.(5.1.7))
up to first order. Then we find

b
80 Spare = " Glap / d%z ((D,a%) — M%) (6ab - Z"Wah) , (8.2.5)

where M? is defined in eq.(5.1.10). After we put the action on-shell, we may drop the
subscript 0 because the bulk terms vanish on-shell by definition.

8.3 Metric variation

The variation of the action with respect to the boundary metric yields the following
boundary term

(6’ySbare)a -
g/ddmﬁ" L (yikndm — ko im) <V<k”i> = (0m) = 5 W j) 0Ymj- (8.3.1)

Expanding this up to quadratic order in the fluctuations yields

dA
(6, Sbase)y = % dda:[ (2 240K — W — 40" W, — (8,hE)) 5h™ +

+ ((0:h5) — 2e740;0%) o1l . (8.3.2)

Again, the zeroth order terms multiplying the variations have cancelled thanks to the
boundary term. Now we substitute the irreducible components for h; from eq.(|4.2.10))

and the gauge invariant variables from eq.(j5.1.6]),

€dA

. (8.3.3)

2d o sl
—(ﬁ(W“W“aHd—f”e 4W)5h

The contribution with € has disappeared after partial integration. We need the action
on-shell, so we substitute the equations of motion for b and ?* from eq.(5.1.7)),

6dA

1o e
5’}'Sbare = T ddx [5 (arej) (523 —+

1 —2A

il ay a b €
+ W (Wa (D,a®) = W, Mja 1 Dh> 6h]. (8.3.4)
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8.4 Total variation

Adding the scalar variation eq.(8.2.5)) to the metric variation eq.(8.3.4) yields

—2A

OSbare = ¢ / d'z [(Dra“ ~ Mia) b, + ¢ (0rel) 06 —

1mN(Dhym]. (8.4.1)

Then we find the following expression for the on-shell, bare action up to quadratic order

€—2A

16W

edA

= 1 . )
Sbare = 5 ddf (aa (GabDr - Mab) ab + ge;areg -

> hDh). (8.4.2)

In general, each of these three terms diverges. These divergences must be cancelled by
three corresponding non-covariant counterterms, which we shall now construct.



Chapter 9

Non-Covariant Counterterms

© We construct non-covariant counterterms that cancel the divergences from

the bare action. Since the on-shell, bare action eq. only has quadratic
terms, so do the non-covariant counterterms, allowing us to only calculate
the two-point functions, not the vevs. We show that the two-point functions
are finite and discuss scheme dependence. ¢

9.1 Regularization and renormalization

The on-shell bare action Spae [7ij, %] is a functional of the full boundary metric (in-
cluding fluctuations) +;; and the full scalar fields (including fluctuations) ®*. We saw in
eq.(8.4.2) that the on-shell, bare action contains divergences in the limit of A — co. To
regularize it, we assume that A has been cut-off to some finite but arbitrary constant
value, for which we use the same symbol A since the distinction between A as a variable
and as a fixed cut-off should be clear from the context. On the cut-off boundary, we
are going to add a covariant counterterm action S.., that are functionals of 7;;(A, z)
and ®?(A, x), but may also depend ezplicitly on the cut-off A. The regularized action
is defined as the sum of the bare action and the counterterms, evaluated at the cut-off
boundary;,

Sreg [Vij> P, Al = Share [Vij> P + Scov [7ij. @, A . (9.1.1)

The job of the counterterms is to kill the divergences of the bare action, such that the
regularized action remains finite in the limit where the cut-off goes to infinity. This
limit is by definition the renormalized action,

Sren [’75@']'(:6)7%%(1:)7 (I)M'(x)? (I)tl(x>] = I}I_I)I;o Sreg h/ij(Av x)v (I)a(A7 QZ), A] ) (9'1'2)

where the sources 7s;;(2), ®s;(z) and responses 7y;;(x), @y (x) of the boundary metric
and the scalars depend only on the boundary coordinates x. By construction, the
renormalized action is independent of the cut-off,

dS'en
dA

— 0. (9.1.3)
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Since we are working to quadratic order in the fluctuations, we must also expand the
counterterm action up to quadratic order in the fluctuations. Later in section we
will see that the expansion of the covariant counterterm action leads to two different
pieces,

SCOV = Scnt + Sﬁn, (914)

where S kills the divergences from the bare action and Sy, must be finite by itself
because the divergences from the bare action are already cancelled by Sc,. Neither Sy
nor Sg, is covariant by itself, but their sum is. Before we look for the covariant form of
the counterterms, let us first construct the part S, that cancels the divergences from
the bare action.

9.2 Counterterms

The counterterm that renormalizes the scalar fluctuations a® is given by eq.(3.1) in [6]:
odA

7 ddiC aauabab,

where the ng x n, matrix U, (evaluated on the background) is given by eq.(3.3) in [6]:

Lo

Z/{ab(A, gb) = Mab — 56( Drdb)i. (921)

i(a

We have written U, (A, ¢) because we assume the background value of the counterterm
matrix comes from a fully covariant matrix Uy, (A, ®), as we will explain later in section
Since the metric satisfies the equation of motion of a massless scalar, the counter-
term that renormalizes the traceless transverse metric fluctuations 23'- follows directly
from the scalar counterterm by setting M = 0 and omitting the indices a,b,7 (since
they run from 1 to the number of scalars ng), which allows us to simplify D, — 0,,

dA

€ d. i o
—E d:l:ejTef,

where the function 7 is the analogue of the matrix U

T(A, ¢)=¢10,e. (9.2.2)

We have written 7 (A, ¢) because we assume the background value of the counterterm
comes from a fully covariant function T'(A, ®). The matrix U, and the function 7 are
built from the dominant solutions to the scalar equation of motion a?(A) and the metric

IThe metric counterterm has a different numerical factor with respect to the scalar counterterm,
and there is a relative sign difference in our definitions of Uy, and 7.
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equation of motion ¢(A) respectively. Since these solutions af and ¢ have expansions in
[ as given by eq.(5.1.14), we can expand U,, and 7 in [J as well,

uab<A7 (ba D) = anb(A7 ¢) + ulab(A7 ¢)€72A Il +u2ab<A7 ¢)674A |:|2 +O (DS) 9
T(A,¢,0) = T1(A,¢)e > O+To(A ¢)e " ?+0(0°) . (9.2.3)

Notice that 7o = 0, because the expansion of ¢ starts with a constant, see eq.(5.1.14]).
For the h-fluctuation, we simply add the last term of eq.(8.4.2) with opposite sign,

€;d2;\)j dzhOh.
The non-covariant counterterm then reads
edh [ ] , 1, e
Sent = 53 dx (a U’ — gej’fef + 16WhDh) . (9.2.4)
The renormalized, on-shell action reads
A - 1. ,
Sen = - die [aa (GabDyr — Map +Ug) + ge; (0, —T) e{] + Sgn. (9.2.5)

The renormalized action eq. leads to finite two-point functions for the operators
O; dual to the scalar sources as; and for the traceless transverse part of the quantum
field theory energy-momentum tensor denoted by ’];i, which is the dual operator of
the source ¢y;. The two-point functions follow from the linear part of the one-point
functions. We can not calculate the vevs because we the terms linear in the sources
as; are contained in the action Sg,, which we do not know yet. In section we take
a covariant approach in which these terms appear automatically. For now, we content
ourselves with the computation of two-point functions.

9.3 Finite two-point functions
The exact one-point function is defined in eq.(3.1.3)),
Swn 00" 0Sum ( | 0y > 5 S en

0;) = = — a; a 9.3.1

(0:) dag; dag; dad " Oag ?) dar’ ( )
where we have used eq.([5.1.13]) in the last step. Since the sources are not set to zero, the
linear part of the exact one-point function carries information for the two-point function.
Since we do not yet know Sg,, we can so far calculate only the linear contribution to

the one-point function, denoted by the subscript 1,

o 00y o\ A v »
(Oi)y = — (a? + W”,aj) (G Dy — Map + Uap) (80 + d'ay) . (9.3.2)
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The calculation is done in section 3.1 of [6] and the result is given by eq.(3.7) of that
paper,
1-
(Oi), = Zy05 + §Zija5ja (9.3.3)
where the matrices Z;; and Zij are given by eq.(3.4) in the same paper,

250 = [(Dd), - & (D), Zy(0) = (D) dy,  (934)

where the antisymmetrization brackets are defined without any numerical factor. It
follows from the scalar equation of motion eq. that these matrices are independent
of r, and hence that the one-point function is finite in the limit » — oco. They do depend
on [, so we can writd’]

(9.3.5)
The calculation of the one-point function for 77 is completely analogous, and the result
read<’]

(1) = 1ve, (9.3.6)

g

where Y is the equivalent of the matrix Z,
Y = e (20,6 — ¢0,¢) . (9.3.7)

From the metric equation of motion eq.(5.1.9)) one can show that Y is independent of
r. Notice there is no term proportional to el; in eq.(9.3.6). This follows because the

matrix Zij is antisymmetric, so its analogue for the metric Y is zero.

From the exact one-point functions one can immediately obtain the two-point func-
tions by functionally differentiation with respect to the sources once more. The results
are

(OO, = ZuGe + 5 Zudle =), (TWTIW) -

1, 0ey;(x)
4 den (y)

(9.3.8)

2Since the matrices do not depend on A, we do not include factors of e~24 in the expansion.
3The traceless transverse part of the quantum field theory energy-momentum tensor ’];-’ can be
obtained from the full energy-momentum tensor T; using the projection,

i — rikl
Tj = AT,

where the traceless transverse projector is given by eq.(C.2.5).
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9.4 Scheme dependence

As explained in section (3.3) of [6], the decomposition eq.(5.1.13)) of a and ¢ into domi-
nant and subdominant solutions is not unique. Let us consider the scalars first. We will
omit the index a for simplicity. We have the freedom to reshuffle the decomposition as
follows,

Et; = Az-j&j + )\ijflj, a; = /Lijﬁj, (941)
where the non-degenerate matrices A;;, A;; and p;; are polynomials in [J. Under this
transformation, the matrices Z;; and Z;; transform as

~ / ~
Z = NaDjZ + (Aadji — Njrdin) Zw
Zz{j = Aikﬂlekla (942)

while the source and response functions transform as

Os) = 0, (A’l)ji, Gy =[O — ag (A7), Akj] (/fl)ﬂ.. (9.4.3)
Finally, the QFT two-point function transforms as
1
<Oin>/ — AikAjl <OkOl> - 5 (Aik)\jl —|— Ajk>\il) Zkl- (944)

We see that the matrix A;; induces a rotation of the basis of the operators, while \;;
changes the contact terms. The contact terms do not influence physical scattering
amplitudes, so changing them corresponds to changing the renormalization scheme. As
argued in [6], it is reasonable to assume that the matrix A;; and p,;; can always be

chosen such that Zi; = d;;, and \;; can always be chosen such that Z;j =0.
For the metric, the only freedom we have is

¢ = A+, € =, (9.4.5)

where we omitted indices ¢+ and j for simplicity. Under this transformation, the matrix
Y and the source ¢, and response functions transform as

Y' = AuY, e, = Ale,, e =¢.— A '), (9.4.6)
Finally, the QFT two-point function transforms as
(/T = N (TITF) — MY (9.4.7)

Again we assume that we can always choose A and p such that Y/ = 1.
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9.4.1 Scheme dependence and finite terms

This shows that changing the renormalization scheme is equivalent to adding finite
terms to the action. Consider the scheme transformation eq.(9.4.1)) with A;; = p;; = 65,

a; = a; + Ai;d;, a; = ;. (9.4.8)

Then the linear part of the one-point function transforms to

1,
(Oi)y = Zij0q + 5235055, (9.4.9)

which reads, using eq.(9.4.2) and eq.(9.4.3),
<Ol>/1 = <OZ>1 — )\ijz‘jask + )\ijikasj — )\iijkasj. (9410)
Since (a®)" = a“, the only scheme dependence in the one-point function comes from U,

Lo

)
235 e aU gpa® — MejZijOsk + NjpZikOsj — Nk Z ey,  (9.4.11)
-7

dA ja7 4 b
e“a'U 00 = ——
ab 25051'

from which we derive that the scheme change corresponds to adding a finite term to

the action,
edAa“Ll;bab = e a'U pab — Agi N 2 i O (9.4.12)

The last two terms in eq.(9.4.11)) have cancelled each other. Similarly, if we change the
scheme according to eq.(9.4.5) with A = p =1

¢ =e+ e, ¢ =¢, (9.4.13)
then we find o o o
eMelT'el = e™elTe! + Ael;Yel,, (9.4.14)
which is consistent with, see eq.(9.3.6)) and eq.(9.4.6]),
T = 1y (@) = Ly (e — aé 9.4.15
(T7) = 7V (&) = 7V (& — Aey) - (9.4.15)

4 4



Chapter 10

Differential Equations for
Counterterm Matrices

© We derive first order differential equations for the counterterm matrices
U and 7. We can use these differential equations to find the counterterm
matrices Uy, and 7 by solving the differential equations, as we show later

in the case studies in sections [I4] [I5] [I6] and [17] ©
10.1 Counterterm Matrix

Eq.(9.2.1) shows that we can write the symmetric counterterm matrix as

U = % (Iflab +Ztha> , (10.1.1)

where we have defined the non-symmetric matrix
Uy = Moy, — 63, Dy, = —ay! (05D, — M) @ (10.1.2)
Then we find
Dl = — (D)) (55D, — M) i — 45D, [(5D, — M) . (10.1.3)
We simplify the first term using some algebra,
— (D,85) (05D = M§) i = (a71)] 5! (D,8,0) (D1 — M) e
= Uy (Uaa = Maa) (10.1.4)
and we simplify the second term using the scalar equation of motion eq.,

— 8" D, (05D — M§) a;e] = Gupe > O —~MiUyq — dAU,,. (10.1.5)
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Combining this yields
(Dr + dA) Uy = Gape A 0 = Moald®y — MU g + U a. (10.1.6)
We can write this back in terms of the symmetric matrix U, except for the last term,
(Dr 4+ dA) Uny = G D= MUy + U L. (10.1.7)
When we expand this in [J as in eq., we find the following differential equationsﬂ

0 = <DT —+ dA> anb -+ MfaUOb)C — Z:{Salfl(]bc

Gav = (D’" +(d— 2)A> Unap + M{Urp)e = Z)S(adlb)c- (10.1.8)

10.2 Counterterm Function

We obtain the analogue of the differential equation for U, eq.(10.1.7) for 7 by setting
M = 0 and substituting U,, — —7: E|

(dii — dA) T =—0-7T2 (10.2.1)

Again, we expand 7 as in eq.(9.2.3)
T =Tie > O0+Te P +0(0°) . (10.2.2)
Then we find the analogue of eq.(|10.1.8])

(dii +(d— Q)A) T, = -1, (dii + (d — 4)A) T, = -T2 (10.2.3)

Since 71(A, ¢) is a function of the cut-off A and the scalars ¢%, we can rewrite its
differential equation as

we 2 2(d - 2) 1

—D, — — T =——. 10.2.4

(W o T g=1%4 d—1> Y (102.4)

This relation is only true on the background, since we have used eq.(5.1.12)). Similarly,
we have ( ) -
we 2 2(d—4 1

D, — — To=——-. 10.2.
(W o« T g=1%4 d—l) T W (102:5)

IThere are also differential equations for Uaqp, Uszas and so on, but we will not need them.
2The minus sign comes from our definition 7 = ¢~10,¢.
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10.3 Away from the Background

The differential equations are also valid away from the background,

0 = (Dr + dA) UOab + M?aUOb)c - f](c]aUObC

Gy = (D,, + (d — Q)A) Utap + M{U)e — UgoUtp)e-

d .

(dii (d— 2)A> T = -1, <% +(d— 4)A) T, = —T

(10.3.1)

(10.3.2)



Chapter 11

Boundary Covariant Counterterms

o In section [9] we obtained the non-covariant counterterm action S, that
cancel the divergences from the bare action. In this section we show how a
covariant counterterm action S.,, reproduces S¢,: plus another part Sy, that
is finite by itself and has terms of zeroth and linear order in the fluctuations,
from which we can calculate the vacuum energy and the vevs of the operators
dual to the bulk scalars. ¢

The start of our method is similar to the Hamilton-Jacobi method, so let us review the
first steps.

11.1 Comparison to Hamilton-Jacobi method

In the Hamilton-Jacobi method, one starts with the general counterterm
Leov(7,®, A) = L(7,D) + L(7, D, A), (11.1.1)

where B B B
L(7,®) = Lioj(7, P) + Liz(7, P) + ... (11.1.2)

Each term in £ is fully covariant, which means that none of the terms depends explicitly
on the cut-off, so we can write

Loy = Co(®)

. 1

Ly = 501(@) (V®)* + Co(P)R

Lig=... (11.1.3)

The functions Cy(®), C1(P), Cay(P), ... are unknown functions of the scalar ¢ only, not
of the cut-off A. The only explicit cut-off dependence is in the anomaly

A
L=—AA(y,®) —/ dA' A(v, ®, A"). (11.1.4)

95
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Putting everything together, the counterterm reads

Leow = Co(®) + C1p(®)V"D*V,, 0" + Co(P)R + ... +

A
- A4(,0) - [ ax A0, 0) (11.15)
The functions Cy, C1, Cs, ... and the linear anomaly A are simultaneously determined

by the recursive descent equations, while A has to be derived separately. By definition,
A is the remaining part of the descent equations that can not be resolved. There are
remaining parts at each level of the descent equations, so we can write

A:A[o} —l—fi[g] —|—¢4I[4] + ... (11.1.6)

An important ingredient in the Hamilton-Jacobi method is the expansion of the poten-
tial around the fixed point. Only then can we solve the descent equations for a generic
potential. Unfortunately, the expansion around the fixed point is only possible in aAdS.
Since our goal is to find a holographic renormalization procedure in general spacetimes,
we can not take this step.

Instead of expanding around the fixed point, we will now expand the general counter-
term around the background. Since we are interested in calculating two-point functions,
an expansion up to quadratic order in the fluctuations is sufficient. Another important
difference between our method and the Hamilton-Jacobi method, is that we will allow
the functions Co(®, A), C1 (P, A), Co(P, A),. .. to depend not only on the scalars & but
also explicitly on the cut-off A. This has the advantage that we can treat the anomalous
terms simultaneously. Finally, we do not determine the functions Cy, Cq,Cs, ... by de-
scent equations that follow from the Hamiltonian constraint, but by making the simple
requirement that all correlators that follow from it have to be finite. This requirement
can be split in two steps:

1. The non-covariant counterterm S, given by eq.(9.2.4) has to be contained in the
covariant one S.ov = Sent + Stn,

2. The remaining terms contained in Sg, all have to be finite.

Both requirements are necessary and sufficient to determine the covariant counterterm
completely. We compare our method to the Hamilton-Jacobi method in table [11.1]

11.2 Covariant Holographic Renormalization

We want to find a gravitational theory whose dual field theory is invariant under trans-
lations. The gravitational theory must share the same symmetry, so it must be trans-
lationally invariant as well, but only on the d dimensional boundary where the field
theory lives. The translational invariance is guaranteed if we work with counterterms
that are boundary covariant. That means that the action must be covariant with re-
spect to the boundary coordinates x, but not necessarily with respect to the radial



CHAPTER 11. BOUNDARY COVARIANT COUNTERTERMS o7

Hamilton-Jacobi method Covariant Holographic
Renormalization

Co(®),C1 (D), Co (D), ... Co(®,A),C(P,A),Ca(P,A),...

Expansion around aAdS fixed point | Expansion around background

Determine counterterms by Determine counterterms by

Hamiltonian constraint requiring finite correlators

coordinate r. Thus the counterterm may explicitly depend on the cut-off r, where it is
defined. Terms that depend explicitly on the cut-off always lead to scheme dependence,
since we always have the freedom to redefine the arbitrary cut-off value by shifting it
with any finite constant.

The most general boundary covariant counterterm reads]|

Leow = Co+ C1gp V'OV, + Cppy V2OIVZD + C3VIVIOV,V,d" +
+ O4R + CsR* + Cs R Ryj + CrRF™ Ry +
+ C5,V'®*V;R + CyV’R + O () . (11.2.1)

We have not included the term V'V/R;; because it is related to V2R by the Bianchi
identity. We can leave out even more terms since we are going to expand this up
to second order only. For example, to second order R*™ Ry, is a combination of
R? and RYR;;, and VIVI®*V,V;® can be partially integrated to be proportional to
V20eV2®b. Finally, we have, using that R is linear in the fluctuations and dropping
boundary terms

CoV?R = — (V;Cy) V'R = — (DoCy) (Vip*) V'R + O( f?) . (11.2.2)
To second order, this term has the same structure as the term
Cga (V’CD“) VZR = Cga (Vzip“) VZR + O(fg) . (1123)

We will therefore keep only the term (V‘®%) V;R, since then we do not have to worry
about integrability of the function Cy. To second order, we therefore find the following
boundary covariant counterterms

1 . 1
‘Ccov = UO - §U1abvlq)aViq)b + §U2abv2¢>av2<bb —+
1 1
~-“T\R—~
47y

(11.2.4)

. 1 )
T,RVR;; + BR® + 1CaV'®"ViR + o).

'We may also introduce similar counterterms but with additional insertions of the background
covariant differential operator D,.. However, we shall argue that the counterterms given here are
sufficient.
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For future convenience we inserted numerical factors and used the names Uy, Ujgp,
Usw, T1, Ty, B, C, for the unknown functions of A and ®*. In the following we will
use the notation

Z/{Oa = DauO, anb = DanLIO, (1125)

where Uy (A, ¢) is the background value of Uy(A, ®). Similarly, we denote the back-
ground values of Uyap, Usap, 11, Ty, B and C, by U1y, Usap, 11, T2, B, C, respectively.
Expanding the counterterms up to second order in the fluctuations yields, up to O(D3),

edA e(d—2)A
ViLeow = —-a (Uoas + Urape > O +Usgpe %) o + Wh Oh+

- (T DT ) e | M,

+ (W;V—zwulab + %ﬂ — 2%%71 — %) e A0+

+ (W;V—Zwum + 328 — 2cha - dz_leg) e M2 h+

+ ?aa [ — %bu(mb + (Daz — %bulab) e 0+

+ (ca — %bum) e D2 | b+ Uy |1+ %H + ﬁh +

— ;lekmefn—k %ekljek — %HQ + 4:;;_21) (H+ %d;'l_l)h) h| +

+ e, <1 + %H + 2(d;‘l—1)h) (a“ - mh) . (11.2.6)

Details of this calculation can be found in appendix . The last term is just /y¢*Up, up
to quadratic order. To obtain the required counterterm S.,; given by eq., we must
identify the functions Ugep, U1ap, Usap, 11, T2 with the coefficients of the expansions of
the matrix U, and 7 respectively. The matrix U, is defined by eq., the function
T is defined by eq., and their expansions are given by eq.. We anticipated
this result by giving already the correct names Ugy, Uiap, Usap, 11, 15 to the functions
in the counterterm. Using these identifications, the first three terms provide precisely
to the required counterterm S, given by eq.E| Since Scov = Sent + Shn, the
remaining terms form the finite part of the counterterm action Sg,.

We still have the freedom to choose B and C,. These functions appear at the
order (0% in the finite part of the action Sg,, and they must be chosen such that the
correlators are finite at order (J*. We have enough freedom to ensure that the action is

2We have simply added the required term proportional to Ak on the first line and subtracted the
same term on the third line.
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finite at order (0. First, we can choose C, such that the term proportional to a®d*h
in eq.(11.2.6)) is finite, and then we still have the freedom to choose B such that the
term proportional to hO0?* h in eq. is finite too. Then, the whole action is finite
at order (1%

We might even choose B and C, such that the terms proportional to a®[3? h and
hO? b are zero, which would fix the functions B and C, unambiguously, but this re-
quirement is too strong. We will therefore leave the functions B and C, as unknown,

and we keep in mind that they give us enough freedom to kill all divergences at order
mi

Vacuum energy The forelast term in eq.(11.2.6) contributes e = e, to zeroth
order in the fluctuations. In eq.(C.2.16) we show that the vacuum energy density is
given by

(Tj), = dje, (11.2.7)

where T;’ is the energy momentum tensor of the quantum field theory. The requirement
that a®,a® yields the right counterterm fixes only Ugpw, = DDyl rather than U,.
We have the equivalence relation

Uy ~ Uy + f(A), (11.2.8)

where f(A) is a function only of A and therefore boundary covariant. In other words,
adding any function f(A) to the action is boundary covariant and does not affect the
matrix Upqy, but it does affect the vacuum energy,

e~e+ e f(A). (11.2.9)

We will choose f = —Uj, such that e = 0. Then we can forget about the forelast term
in eq.((11.2.6)).

Recombination We saw that the matrix components Uo.p, U1ap, Usep, 71 and 7o
combine to form the full matrices U,, and 7 in S¢y. This seems to be happening in
the finite part Sg, as well. Let us choose

B 472 7. Co = DoTs + (11.2.10)

_S(d_l) 2 ey a — a“<?2 .« .. V4N

where the terms on the dots allow for other terms that may be needed to obtain finite
correlators. Now we use the differential equations for 77 and 75, given by eq.([10.2.4])
and eq.(|10.2.5)), to eliminate 7; and 75 in favor of D,77 and D,75. Then the finite part
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of the counterterm becomes

edA Wwe Wb
VLo = e (aa - 8Wh> [Da% - Wu()ab +

Wb
+ <Da71 — WUnw) 6_2A |:| +

b
+ (DaTg — mugab +.. ) e | h+

4%

eclA

C16(d—1)

1 d we
dA - o+ a_ VO
+ MU, (1+ LT 1)h) (a 4Wh). (11.2.11)

We included terms with 7y = 0 just to show that we indeed recover the full matrices
Uy and T,

h(0aTo + e 02T O +e M0, T, %) b +

iLm = a0 (pr - W +0(?) e S o+
V&~fin = A W a w ab 16(d—1) A41
1 d we
+ edAan (1 + §H+ mh) (Cla — 4Wh) . (11212)

We see the full matrices U, and 7 appear in the first term. In the second term appears
the component 77, but it may be that the functions B and C, give contributions propor-
tional to e(Y49,Toh 0% h as we have indicated on the forelast line of eq., and
we have left this possibility implicit in the O(DZ) ambiguity that we indicated. Notice
that this ambiguity affects only terms proportional to a®[* h and h[*h, and not the
other terms in the action. The vector Uy, is not a component of some expansion.

Our choices for B and C, in eq. yield the following counterterms

i g 1 ij d—2
(D,T5) V'OV, R, _ZTQ (R Ri; — Q(d——l)R ) .
The desired term proportional to D,75 comes more naturally from the counterterm
proportional to T, V2R, which we left out because to quadratic order it is equivalent
to the counterterm proportional (D,T3) VI®*V;R, as we showed in eq. and
eq.(11.2.3). In d = 4 the fraction in the last term gives the correct factor of minus one
third. The total, on-shell, renormalized action is given by

oA - pdA .
ﬁﬁren = TCla (GabDT — My + Z/{ab) Clb + 1_62; (8r — T) e +

(]

edA Wb Wea 6(d—2)A
—h (D, T — — mE @ ——h| - ———Th01
+ h( a Wuab+0( )) (a 8Wh) 6@ 1) hOh +

1 d we
A 1+-H+—— a_ . 11.2.1
be uoa( ' +2(d_1>h> ( W) (112.13)
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Finite correlation functions In the next section we will show that the renormalized
action leads to finite correlation functions. The correlation functions are obtained from
the action by functional differentiation with respect to the sources ag(x) and el;(x)
of the ﬂgctuations a’(A, ) and ¢%(A, 1), see eq., and the full gauge fields H,
h, and €. The dependence on A of the gauge fields, which does not follow from an
equation of motion but depends on the choice of gauge, is therefore irrelevant as it does
not affect the physical correlators. Since the first line of eq.(11.2.13) is renormalized by
contruction and the rest of the action, given explicitly by eq., depends only on
the fluctuations a®, H and h, all we have to do is to show that the parts multiplying
the source a; and the gauge fields H, h go to finite values at the boundary. After
functional differentiation of the finite action eq. with respect to the sources a,;
and the gauge fields H, h the following combinations appear in the one-point functions,

ap = 24T,
v = —edAL{OGVV\C
7,(0) = dAg;‘Si (DaT %buawo(m?))
w@ = 0 (D7 - D+ o)
vi(0) = —edAMOagz; (11.2.14)

In the next section we will prove that these combinations approach finite values at the
boundary, under reasonable assumptions. Notice that ar and v do not depend on [,
while the other expressions are expansions up to quadratic order in [].

We can expand w and z; in [J as follows,

U)(D) :w0+w1D+w2 |:|2, LUZ<|:|> = X +.T1i|j+$2i |:|2, (11215)

where each order in [J has to be finite by itself. We already noticed that we can always
choose the counterterms proportional to B and C, such that w, and x9; are finite. We
therefore only need to prove the finiteness up to first order in [J.
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11.3 Anomaly

Finite correlation functions automatically imply a finite anomaly. Nevertheless, we find
it convenient to discuss both at the same time, so let us calculate the rescaled anomaly
A from our action, to first order in the fluctuations. The first order terms in the
full renormalized action can come only from the following two terms of the covariant

counterterm, given by eq.(|11.2.4))
1
Seow = /dda;ﬁ (UO(A, D) — ZTl(A, <I>)R) +0(f?). (11.3.1)

The anomaly comes from the ezplicit dependence on A, see eq.([6.2.4)),

o 1 5Scov
Vs 0A

Keeping only the terms up to linear order yields

A

= —eM0,Uo(A, @) + iedAaATl(A, P)R+ O(f?). (11.3.2)

A 1
A= —e"0Uy — ™" 0slhon — Ze<d*2>AaATl Oh+O(f?%). (11.3.3)

Let us define
a = —eoU,, ap = e “DA,T. (11.3.4)

Then we find

A

1
A =a— e 0alho, — 10RO+ O(f). (11.3.5)



Chapter 12

Renormalized Action

o We will now prove that, under some reasonable assumptions, the renor-
malized action eq. is free of divergences. This is straightforward
to zeroth order in [J. To first order, we must assume that the vevs of the
operators dual to the bulk scalar sources are finite. The strategy consists
of three steps. First, we show that ar and v are finite. Then we show that
the next two terms in the list above are finite to zeroth order in [J. Then
we assume that the last term is finite to all orders in [J, which we need to
show that the action is also finite at first order in [J. ¢

12.1 Two finite functions

Let us start by considering ag, which appears both in the anomaly and in the renor-

malized action eq.(11.2.13)).

There exists an intimate relation between the homogeneous solutions to the linear
differential equations for 77 and 75, given eq.7 the explicit cut-off dependence
in the anomalous counterterms and scheme dependence. A linear differential equation
has a particular solution and a homogeneous solution, where the homogeneous solution
can be multiplied by any finite constant. Looking at eq., we see that T and T5

satisfy linear differential equations with known homogeneous solutions,
T1 = particular + che_(d_2)A, T, = particular + che_(d_4)A. (12.1.1)

Here, cr; and cpy are arbitrary finite constants with the interpretation of scheme con-
stants. Indeed, in the action eq.(|11.2.4)) we have

VIR,  ATR7R,;. (12.1.2)

The contributions to the action due to the homogeneous solutions are

CT1€_(d_2)AﬁR, CT2€_(d_4)AﬁRinij. (1213)

63
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These terms are finite, since /7 ~ e and R;; ~ e 24, We see that the homogeneous
solutions are related to adding finite terms to the action, which is related to scheme
dependence, as we saw in subsection [9.4, We also know that the explicit dependence
on the cut-off is directly related to scheme dependence, since we can always add any
finite constant to the cut-off. The general solutions, including the scheme dependence,

are therefore
Ti(A+ Crp, D), T5(A + Cra, @), (12.1.4)

where C'rp and C'ry are scheme constants (in general not equal to ¢r; and cpg). We can
always choose the cut-off A large enough with respect to the finite constants Cp; and
Cr2 such that we can Taylor expand around the small ratios C7ry/A and Cry/ A,

Ty(A+ Cry, ®) = Ti(A, @) + Cri04Ti (A, D)
TQ(A + CT27 q)) == TQ(A, qJ) + CTQaATQ(A, (I)) (1215)

Since we have changed the renormalization scheme, this should be equivalent to adding
finite terms to the action mutliplied by arbitrary scheme constants. Indeed, comparing

eq.(|12.1.5)) to eq.(12.1.1)), we read off
OaTy ~ e DA 9Ty ~ e (DA (12.1.6)

which shows that ar goes to a constant at the boundary.
Before we move on to v, let us first consider

a=—eM0,U,. (12.1.7)

In the action we have \/7Uy(A, ®). If Uy is independent of the explicit cut-off A then
a = 0 identically. If Uy(A, P) depends on A, we can always change the scheme such
that

VIUo(A+C, @) = \/AUo(A, @) + C\/704Uo(A, ®) + ..., (12.1.8)

where the second term is finite, because it comes from changing the scheme. Thus, a is
finite. Since according to eq.(|11.2.9)) we can always choose e to be a constant, we have

de d d—1we
_ ﬂ _ ﬂ (edAUo) — edA (duo _ T W Uo, + aAZ/{O) ) (1219)
from which we find the relation]
-1
a=de+ d v. (12.1.10)

IThis is just the conformal Ward identity up to zeroth order in the fluctuations, see eq.,
eq.(C.2.16) and eq.(C.3.2), R
Ao = <T,f>0 + ¢s <O>0 )
where ¢, is the background value of the scalar source
d—1,
c.

¢5: D)
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Since e and a are constants, so is v. For completeness, let us show that all terms in the

anomaly eq.(11.3.5) are finite. From eq.(12.1.8) we find that ,/704Uq(A, ®) is finite,
so its derivation with respect to the sources ¢s;(x), which do not depend on A, is finite

as well,

0 dp® 0 Op®
finite = ™ ——0,U, = ™ 04Uy = e ——0,U,.
T o T T Bpa 0t T T g 1Y
This remains finite on the background,
a; = e ¢ 04l o, = finite. (12.1.11)
89051'
Since the sources pg; do not depend on A, it follows
04U, = finite. (12.1.12)

We have now shown that all terms in the anomaly eq.(11.3.5) are finite. Since ¢® is
related to a® by eq.(5.1.6), we find

ea%0,U, = finite. (12.1.13)

12.2 Zeroth order terms

We will now prove that xg; and w are finite. We can give an explicitly finite expression
for xg; by considering the identity

oal Wb oa% , _

dA 0 dA 0 ~ Ab . vb

g = — Lla——— GGDT—MG ua 0o, + G0 ) 12.2.1
Zo e N Oab W e N ( b » + Uy b) (C Qg C aOz) ( )

which follows from the original definition of z; in eq.(11.2.14)) with 7q = 0 and the iden-

tities eq.((5.1.19) and eq.(5.1.20]). Comparing this expression to eq.(9.3.2)) and eq.(9.3.3)),
we find

1 -
Now consider Wapph
_ dA
wy = —e 2 Uoup. (12.2.3)

To prove this is finite, we first note that we may write

dag WP v Oa, wh ca we
o = e 0 et (84 G ) U s = s (12:24)
51 51

where the last step follows since we have seen in eq.(9.3.2)) and eq.(9.3.3) that the term
proportional to ay; does not contributeﬂ For the same reason, we may write
wh A WP
—e

~ dA (4 ~a v xa
CiTo; = —€ (Cia()i + CiaOi)UOabW = W2

2There is also a term proportional to dg; inside WP /W which does contribute, so the final result
depends on ¢;.

anb = Wyp- (1225)
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From eq.([12.2.2) we then find
Wy = éiilf(]i = éiéjZOij; (1226)

where we have used that Z 0ij 1 antisymmetric.

Assumption To continue with the first order terms, we must first derive two equa-
tions, and to do so we must assume

v;(0) = —e™afU, = finite, (12.2.7)

which gives an alternative definition of v;, as we will now explain. From eq.({12.2.7))
follows
e aU o, = 0, (12.2.8)

because the strongest term in a¢ is weaker than the weakest term in a?. Another way
to look at this is by writing,

eMUpqtf = (a7"),, ap (e Uoad?) = — (a7"),, ajus. (12.2.9)

The left-hand side is zero because v; is finite by assumption and (a='),, @} goes to zero,
see also page 7 of [6]. The definition eq.(|12.2.7)) therefore implies the expression for v;

given in eq.(|11.2.14}), but not the other way around.
Since there is only one term linear in the fluctuations, it means we assume that the

vevs vg; of the operators O; dual to the scalar sources a,; are all finite, see eq..
This is a very reasonable assumption, because at zeroth order in [J there exists only
one counterterm Ug(A, @), which we determined by requiring that edAa‘éUOabag yields
the correct counterterm. Therefore, if a system has remaining divergences already at
zeroth order in [, then that system can not be renormalized by covariant counterterms.
However, it is very reasonable to assume that the vevs are finite in any system, because
we have already shown that the other combinations that appear at zeroth order in [J
in the renormalized action eq. are all finite in any system,

finite = e™Uy,  eM0ally, e al (GuD, — Map +Uow) a5,
4% we
W e a0,Uo,, edAu()aW. (12.2.10)

dA La
e“agloap

Especially the last two terms are interesting are similar to v; since they involve Uy,.

12.3 Preliminaries for the first order terms

Now let us derive two equations, which we need to show that the action is finite at first
order in [1.
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First equation To derive the first equation, we will take the derivatives with respect
to r of v;, which should go to zero because v; is assumed to be finite. In taking the
derivative, we will use, see eq.(7) from [18]

D,af = — (ddoy; — Ayy) A&?, (12.3.1)

In aAdS with one scalar, A has the interpretation of the conformal dimension of the
tree-level operator O dual to the scalar, see eq.(6.2.2)). In a physical theory, every
element of the matrix A;; is finite. Then we find

0 = D, (" &)
= aguoaaredA + edAanDra? + GdAa?DrZ/{Oa
= " <d/ld?b{0a + 00U D65 + GW Uoay + 6 AaA“m)
= 4 <dAEl?U0a Cl,;alakUOb (Cl(sij — Aij) Aﬁ? + agwbu()ab n a?AaAU()a)
= edA <dAa?u0a - uObag (d(Sw — A”) A + a?WbZ/{Oab N ﬁfA(?AL{og)
_ edA <AAiju0ba‘; AW U gy — agAaAu0a> . (12.3.2)
Dividing by A yields
. d—1, W
oA (Aijz/{()ba? - 5

We assumed in eq.((12.2.7]) that the first term is finite to all orders in [, and from this
assumption it follows that the last term is finite to all orders in [J as well,

ealo U, = finite, (12.3.4)

which is consistent with eq.(12.1.13]). Thus we conclude that the term in the middle of
eq.(|12.3.3)) is finite by itself,

——Uopap + aAMOQ) =0. (12.3.3)

ea 7%%@ — finite (12.3.5)

to all orders in [J. Eq.(12.2.4) shows that this is definitely true to zeroth order in [.

Then it follows that

1A%

oA

fWUOab (12.3.6)
because the strongest term in af is weaker than the weakest term in af. We can combine

eq.(12.3.5)) and eq.(12.3.6)) into

b
edd );/VV Uoap = finite. (12.3.7)
To first order in [, we find
eld=24 a%umb — finite, (12.3.8)

which is the first of the two equations we will need later.
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Second equation Now let us derive the second equation. In the renormalized action

appears
e™a® (G Dy — Moy + Uy a° (12.3.9)

We know this is finite by construction. It must be finite order by order in [J. We focus
on the first order part in [,

+af (GaDr — M) al + af (G Dy — M) uI{] , (12.3.10)
where
agy = ag;0s; + ag; 0., aj = af,as; + aj;a,;. (12.3.11)

The first order contribution must be finite for arbitrary values of the sources as; and
responses a;, in particular for the specific values ay; — ¢; and a,; — ¢;. Then we find

a

ag = ag;0s; + 5,0y — ¢;a5, + ¢ag5, = W (12.3.12)
Using also the identity eq.([5.1.19)), the contribution eq.(12.3.10|) simplifies to
WP WaWe we
Ist = e D4 (2o + —— Uiy + — (G Dy — M) ab ) . 12.3.13
st=e yy oart Wz e T ( b b) 1 ( )

We know this combination of terms is finite, and from eq.(12.3.8)) it follows that the
first term is finite by itself. Then it follows that the following terms are finite

b a
od=2) AWWZV Uny + e(d_Q)A% (@abpr _ _/\/lab) a’ = finite. (12.3.14)

The combination of these two terms is finite, so its derivative must vanish

b a
Dr < (d-2) AWW);V ulab) + Dr (€(d2)AWW (GabDT - Mab) ali) = 0. (12315)

Let us calculate each term individually. Using the differential equation for U1, given

by eq.(10.1.8]) and the identity eq.(5.1.19), we find

4% 4% WW, Wb
D, ((d 2)A v U1ab) :e(d—Q)AW+ (d—2)A s Uo(auw)c (12.3.16)

Now we calculate the second term

D. (edAVVVV“ (GuDy — May) (62Aal{)) _

WE e (A _
e (dAS: + M2) (GuDr = Ma) (eal) +
+ edA%DT [(GayDy — M) (e7*"a})] . (12.3.17)
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In the last term we use the scalar equation of motion eq.(5.1.8)), which we can rewrite
as

D, [(GaDr = Ma) @] = = (4G + M) (82D, = M) & = ¢ D, (12.3.18)

The first order contribution is

Dr [(Gabpr - Mab) eizAaﬂ = - <dAGab + Mab) (621)7’ - MZ;) (672Aa§) +
24 VV‘; (12.3.19)

where we have used eq.(12.3.12)) to obtain the last term. Then we find

=AW Wa
W2

D, <edAWa (Gab Dy — M) (e‘“a?)) = (12.3.20)

4%

This terms cancels exactly against the first term in eq.(12.3.16). Thus, combining
eq.(12.3.15) with eq.(12.3.16]) and eq.(|12.3.20)), we find the second equation we need

WWe - -
eld=24 iz Uohine = 0. (12.3.21)

The cancellation between eq.(12.3.16) and eq.(12.3.20) indicates the cancellation of

a potential divergence. For example, in section we will discuss the GPPZ flow,
where the term on the right-hand side of eq. is a constant. Since the same
term appears with opposite sign in eq., we see that each individual term in
eq.(12.3.14)) is linearly divergent. We conclude that the first term in eq. is finite
by itself, while the second term has a term that may be divergent, but this divergence
is always cancelled by the third term.

12.4 First order terms

Now let us continue with the first order terms. From eq.([11.2.14]) we find
YRA% WP
w, = e(d 2)AW (DaTl - Wulab) . (124].)

We use the differential equation for 7; given by eq.(10.2.4) to rewrite the term as

_ 2(d—2) 1 Wewb 2
d—2)A
Wy 6( ) (—1 ,],1 — _W — —W2 Ulab> + l 1(ZR. (1242)

Since ag is a constant by itself, the part within brackets has to be a constant by itself
too. Earlier we mentioned that the three terms above are not constant by themselves.
For example, we saw that the last term is linearly divergent in GPPZ. That is fine,
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as long as the combination of the three terms is finite. We have shown by explicit
calculations that this is indeed the case in all cases we studied, including Klebanov-
Strassler, and we will now give the proof. Using the differential equations for 77 and

U1qp given by eq.((10.2.4) and eq.((10.1.8]) respectively, we find

2(d —2 1 Wwb WaW? -
- D, |:6(d—2)z4 (%’]’1 _ W — W ulab):| — (d 2)A e uc( ulb (1243)

The term on the right-hand side is equal to the one in eq.(12.3.21]), which goes to zero
fast enough. It is interesting to see that a similar cancellation of divergences appears
as before. Namely, in taking the derivative, the middle term contributes

WW,

DW= — W

(12.4.4)

which cancels an opposite contribution from the last term. There is another cancellation
between the first term and the last term.
Finally, we consider xy;. From eq.(11.2.14]) we find

d IV WP
T = €(d_2)A@ [ al Wanb + a() (D Tl - Wulab):| . (1245)

Eq.(12.3.8) shows that the first term is finite by itself, so the second term must be finite

by itself too
WP
€(d 2)A a (D ,Z-l o Wulab)

We can not evaluate this for arbitrary values of the sources, because we do not know
T, away from the background. But when we replace ay; — ¢; and a,; — ¢;, we recover
wy, see eq.(12.3.12)) and eq.. Unless this happens due to systematic cancella-
tions independently of the system, the above term is finite too. This is a reasonable
assumption, because we saw that the zeroth order term xzg; is finite.

12.5 Second order terms

We have mentioned several times before that we can always choose the counterterms
proportional to B and C, such that the action is finite at order (0. We may even
choose them such that the contributions propotional to a® %k and h[O? h dissappear
completely, without affecting the term proportional to a® (0* a®. This (overly restrictive)
requirement would fix the counterterms to

we WaWP d

Co = —Usm, B = —~7Ump+ m

o 02 Ts. (12.5.1)
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The counterterm Lagrangian then reads

1 1 1 g d
— S npay b — T R — ~T. UR.. — — — R2
Leow = Uy 2U1abV V. 1 1R 1 (R R;; 4(d—1)R>+
1 2 ogp , WOWP o, W b 3
- OVIP”  ——— — V" L) .
+2U2ab <V VZo© + 16W2R +2WV V. R +(’)( )

The correlations functions that follow from these counterterms are manifestly finite
at order 0%, because at this order the renormalized action contains only the terms
proportional to a®[? a® and e§~ 02 e{, which are finite by construction. However, the
requirement that the contributions proportional to a®3? h and h[1* h disappear com-
pletely from the action is overly restrictive, because any other choice of the counterterms
proportional to B and C, that leads to finite contributions propotional to a®0* h and
hO? b is equally acceptable. The difference between one choice of counterterms and
that leads to no contributions propotional to a®d*h and A[J*h, and another choice
of counterterms that leads to finite contributions propotional to a®0*h and h3? h is
clearly scheme dependent, because we have seen that changin the scheme is equivalent
to adding finite terms to the action.

There is therefore no contradiction between the first choice of counterterms propor-
tional to B and C\, given by eq. and the second choice by eq.. The
difference between these choices are finite terms. All we have shown in eq. is
that it is possible to choose the counterterms such that there appears a pattern in the
action that allows us to recombine the components 77, 75 into the full function 7 and
the components Uoap, U1ap, Usay into the full matrix U,,. However, this choice does
not guarantee that the divergences dissappear. It may be, that in order to have no
divergences at order (0%, the terms on the dots eq. cancel the first terms, such
that no recombination of components into full matrices appears.

It is interesting to note that the choices eq.(11.2.10) and eq.(12.5.1]) respectively

lead to terms in the action

1 g d—2 1 g d
T (RR,;, — — - R? T RYR; — ———R?
42( 7 2(d-1) ) 42( T 4d-1) )

which both lead to the correct term for d = 4,
1 . 1
— T (R"Ry; — - R* .

Again, we emphasize there is no contradiction. The ambiguity simply reflects scheme
dependence. We point out that the first choice eq. guarantees a recombination
of components into full matrices but does not guarantee a finite action at order [1?
(but does not exclude it either), while the second choice eq.(12.5.1]) guarantuees a finite
action at order [0 but excludes a recombination of components into full matrices. Since
both choices lead to the correct term for d = 4, we can still hope that there exists a
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scheme in which the components recombine into the full matrices and thereby producing
finite contributions propotional to a®J* h and h 0% h. This scheme may be considered
natural.

It may even be the case that the choice eq., which allows for a recombi-
nation, is sufficient to produce finite contributions propotional to a® 0%k and h[*h
without any additional terms on the dots. We can check this by a procedure similar to
the one we just used to show the absence of divergences at first order in [J.

In what follows, we will use the counterterms given by eq. which follows
from the choice eq., because these terms guarantee a finite action at order (2.
We will indeed see that the other choice eq. differs only by finite terms.

Finally, we remark that we expect there exists a natural scheme in which the re-
combination happens such that finite terms appear proportional to a® 3% h and hO* h,
because we see similar finite terms appear at zeroth and first order in [J, proportional
to a®h, hh and a*Jh, hJh respectively.
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One-Scalar Systems in aAdS

© We will now show that Covariant Holographic Renormalization yields the
same results as the Hamilton-Jacobi method. ¢

13.1 Preliminaries

In aAdS, we can use eq.(7.1.21))

d—1 d— A V3
= — — Py 9 1) . 13.1.1
W 2 2 +18A—12d +0(?) (13.1.1)
This gives, see eq.(|4.1.6))
. 2W d—A 21}3
Alp)=———=1+—"¢" — P+ 0(eY). 13.1.2
@) =1 1 @ _naa_n° T (13.1.2)
Now we use
p=e Do 4 (13.1.3)

where ¢, is the background value of the scalar source, which is a constant. Using this,
we find

. d—A 20
A -1 —2(d—A)r ;2 3 —-3(d—A)r 43 O —4(d—A)r .
() =1+5=7¢ % T sA — 12d)(d=1)° b5+ 0(e )
(13.1.4)
The background value of the mass matrix becomes
(] _ U —(d-a)y 2
M=—(d=A)+ g7z—7¢ ¢s+ O(¢?) . (13.1.5)
13.2 Counterterms from scalar solution
The differential equation for U{ then becomes
d
(% —d+2A - ug) Uy =0(¢*), (13.2.1)
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where the primes are partial derivatives with respect to the scalars ¢, keeping A con-
stant. The solution is given by

2A —d d
Cuogre” ®27I" = Cpog”,  n= d— A A#g
Uy = N (13.2.2)
B 1 A d
A+ C -2
where Cp is a scheme constant. Integrating twice yields
Cuo d
Uy = 2 f A# - 13.2.3
"= mrmen? 73 (13.2.3)
The following counterterm is therefore finite
d
VAU ~ A0 2~ edrem (A=A — for A # 7 (13.2.4)

The fact that the counterterm is finite is consistent with the fact that the solution for
U} to the differential equation can be multiplied with any finite constant. This constant
is thus scheme dependent. In a natural scheme, the vacuum energy vanishes e = 0 as

we discussed in eq.(11.2.9). For A = d/2 we have

(I)2
2(A+ Cry)’

Our result is consistent with the Hamilton-Jacobi method, see eq.(|7.3.16)). Up to scheme
dependence, our results can be summarized by

for A= d

U = 5 (13.2.5)

A
Up = — / dAA (4, B, A, YA, (13.2.6)

where A is given by eq.(7.3.13). Then we find
L=—AA(v,®) + Ug(y,®, A), (13.2.7)

Thus Uy is related to the non-linear anomaly. This is consistent with the fact that

A= —e™9,U,(A, ®). (13.2.8)
From eq.([7.3.15)) we find
V7P? d
Up=—"———~A f A=—. 13.2.9
VU= =55 ~ 4 [ > (13.2.9)

The counterterm is logarithmically divergent, and hence a real counterterm. The vac-
uum energy automatically goes to zero when the cut-off is taken to infinity,

2
_ dA 0 1 d
= =—= "~ A fi A=—. 13.2.1
e =e"U, A1 Con , or 5 (13.2.10)
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The differential equation for i/, reads:

d
—4+2A—-d-2 U, =1 13.2.11
(dT + ) 1 ) ( )
with the solution given by
1 d
——t... A#—+1, d>2
U, =B —d=2 621 (13.2.12)

The part depending on U; in our counterterm eq.({12.5.2)) reads, for one scalar systems

1 ) d
. e (V) A£S 1
—5UL (Vo) = iﬁ 02d 4 fl (13.2.13)
—TM(W)2 A=g+1

The numerical factors are exactly what we found with the Hamilton-Jacobi method,

see eq.([7.3.18)).

13.3 Counterterms from metric solution

The differential equation for 7; becomes

d (d—A)(d-2) , 3 _
(5+d 2+ —1 ¢ +0(¢°) | Ty = —1. (13.3.1)
The solution reads
(1 d—A ) d
— O(¢? A#£—+1, d>2
T2t @ nes a9 7O Fgth o d>
T,=4 1 d—2 ) 5 _d (13.3.2)
d_2+2(d_1)(7“+0)¢ +O(¢%) A=g+1, d>2
| —(r+Cr1) + O(¢°) d=2.
The part depending on 7} in our counterterm eq.(12.5.2)) reads
( 1 d—A d
— d? ) R A#=-+1, d>2
(4(d—2) 8(d—1)(A—dj2—1) ) 7ol o d>
1 1 d—2 d
- -TiR= — Cr)®* | R A=—-+1, d>2
4! (4(d—2) S—1) " O ) p T 42
rtlnp d=2.

\ 4
(13.3.3)
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This is exactly like in eq.([7.3.18)). The last line of eq.(13.2.13)) and the last two lines of
eq.(|13.3.3)) depend explicitly on the cut-off and hence give contributions to the linear

anomaly

d—2 d
e A=
sa—nTf 2"

1
_Z d=2.
4R

L oo
S (Vo) +

Apy = (13.3.4)

This is exactly what we found with the Hamilton-Jacobi method in eq.([7.3.20)).
The differential equation for 75 becomes|

d 1
—4+d—4 )Ty =——= f d # 2. 13.3.5
(Fra-t)m=—gge = 44 1339
The solution reads |
— d>4
_ —9)2
T, = (d+ é)(d 2) (13.3.6)
Lo d=4.
4
The part depending on 75 in our counterterm eq.({12.5.2)) reads
1 . d—2
—-T, | RVR;; — ————R?).
(R - )
Thus we see that
1 . d—2
RYR;; — R? d>4
L) 4(d—4)(d—2)2( 1T o= 1) ) ~ 1337
_12...— v+ Clpg . 1 , .O.
“Ri; — = d=4.
16 RY R 3R
The second line contributes to the linear anomaly
_ 1 1 9 i
.A[4] = 1_6 gR - R]Rij s for d= 4, (1338)

which is exactly like eq.([7.3.20). We have shown that our method reproduces all results
from the Hamilton-Jacobi method.

IFor d = 2, the counterterm proportional to T5 goes to zero when the cut-off is taken to infinity.
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13.4 Four-dimensional aAdS counterterms

For four dimensions, the counterterms are classified below ]

. 1 T+CT2 ij 1 2
Low = gR+— (R Ry — 3R )+
(I>2

- = A =2
Q(T‘f‘CUo)

c "o . (13.4.1)
Uoza T Ul 2, 152 _

50 5 ((V<I>) + 50 R) A=3.

Indeed, these are the counterterms for the Coulomb Branch Flow, which is a A = 2 vev
flow as we will discuss in section [I5] and for GPPZ, which is a A = 3 operator flow as
we will discuss in section [14]F]

2We will see in section that the conformal Ward identity requires Cyy; = Cpp, which we have
anticipated here.

3The GPPZ counterterm is given by eq.(5.61) in [4], but we note the following differences in con-
ventions

1. We noticed that the constant term and the terms quadratic and quartic in ® of eq.(5.61) in [4]
are the first three terms in the Taylor expansion of —W (®). We have already included —W (®)
in the definition of the bare action, so we have left these terms out of the counterterm.

2. In the definition of the supergravity action eq.(2.1) of [4], there is a plus sign in front of the
Ricci scalar, whereas we have a minus sign in our definition. Hence, in order to compare with
our model, we adapted this minus sign to our conventions in the counterterm above.

3. The two radial coordinates € and r are related by —loge = 2r.

The CBF counterterm is equal to eq.(5.42) in [4]. We again note that the constant term and the term
quadratic in ® of eq.(5.42) in [4] are the first terms of the expansion of —W (®), which we have already
included in the definition of the bare action.
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Chapter 14

GPPZ

¢ The GPPZ flow is an operator flow. The operator dual to the bulk scalar
has conformal dimension A = 3. We find the counterterms, calculate the
one-point functions and show that the Ward identites are satsified. ¢

14.1 Conventional Construction of Counterterms

We will first construct the counterterms by solving the equations of motion for the
scalars and the metric, and using the definitions eq.(9.2.1) and eq.(9.2.2)). The GPPZ
flow has the following superpotential, see eq.(4.1) in [6],

3 2P 31 1
P) = —- h—=+1)=—=—=-3* - —0*+ 0(9%). 14.1.1
W)= (coh 22 1) = -3 - 02 - a4 0(0") (14.1.1)
This immediately yields, see eq.(|4.1.6))
2 1
A=W = 1+§¢2+(9(¢4). (14.1.2)

The superpotential yields the following mass term, see eq.(5.1.10))

N2
M:W”—WV) =—-1+0(2), (14.1.3)

where the O(®?) terms cancelled and the primes denote partial derivatives with respect
to the scalar. The background equation reads

2
Obd=W = —¢ — §¢3 +0(¢°), (14.1.4)
which has the solution
1 ., .
b= e + §¢§e—5T +0(e™), (14.1.5)
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where ¢, is the background value of the source. On the background, the superpotential

reads 5 1 5 1
W= ]38 H0(Y) = 5 = pde  +O(™). (1)
From this and eq.(14.1.2) we find

1
e = 4 §¢§e_4r. (14.1.7)

14.1.1 Scalars
The scalar equation of motion eq.(5.1.8)) becomes

(B+0,)(1+08,)+e > DOja=0(e"). (14.1.8)

The solution reads, see eq.(4.12) in [6]
1
a(r,0) = (e_” + §T€_3T O+4+Cop2e™ + Cre™™ D) as+e Tac+O0(e™), (14.1.9)
where Cy and C are scheme constants.EIUsing a = aa, + aa, from eq.(5.1.13)), we find

. 1
a(r,d) = e "+ 57’6’?” O+Copie™ + C10e™™ + O (™)

a(r,0) = e +0(e™). (14.1.10)
From eq.(5.1.14)) and eq.(14.1.7)) follows
a=dg+ae "0+0(e™), a=a+0(e™). (14.1.11)

Comparing eq.(14.1.10) and eq.(14.1.11]), we read off

. . 1 . _
dg = e "+ Cople ™, a, = (57” + C’l) e ", g =e . (14.1.12)
The zeromode solution eq.([5.1.18)) is given by (the term proportional to e™3" is zero)
W/ 2 —r —b5r
W =3+ O(e™™) . (14.1.13)

Comparing this to the general expression given by eq.(5.1.20) and using eq.(14.1.12)),

/

Jy = G0t cag = ée" + (Cogze+¢) e ™ +0(e™™), (14.1.14)

'The relation between Cy and Cy to ag from [6] is

a2200¢§+01|:|.
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we read off 5 5
A . 3
— 6., — _24%C,. 14.1.15
¢ 3¢ ¢ 3¢5 0 ( )
From the first line of eq.({14.1.10|) we construct the counterterm “matrix”, see eq.(9.2.1)),
. N 1
U=M—a'8.a=2Cpe " + ('r’ -5+ 201> e O+0(e™™). (14.1.16)
Using
U=UG+Ue " T+0(e ), (14.1.17)
we read off .
ug = 200¢§6_2r, Z/{l =T — 5 -+ 201 (14118)

To find U, from U[j, we need to integrate twice with respect to the scalar. We therefore
first need to go from Uy(r, ¢s)” to Uo(r, ¢)”, which in this case is trivial,

Uo(r,d)" = 2Co¢*. (14.1.19)
Integrating twice yields
Uy = %gb4. (14.1.20)

Any terms weaker than ¢* can be neglected. In our definition of the bare action we
already included —W, which in its expansion includes the finite term, see eq.(14.1.1]),
iqfl

18
Below eq.(4.6) in [6] it is mentioned that the coefficient of this term respects the susy
scheme, which is equivalent to the scheme choice Cjy = 0.

14.1.2 Metric

The metric equation of motion is given by eq.(5.1.9). Substituting d = 4, eq.(14.1.6))
and eq.(14.1.7)) yields

4 1 ;
{a,? + <4 + gqﬁe—?’”) O, +e 20 +§¢§e‘4’" O e =0(e). (14.1.21)

The dominant and subdominant solutions read

A 1_7= 1 —4r 1 —4r e —4ar —or
e:1+Z€2D_E¢§T64D+ET64D2+ e:e4—|—C’)(e6)

+ Creple " O+Cne P +0(e7) . (14.1.22)
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From the dominant solution we calculate 7 = ¢710,¢, see eq.(9.2.2 -,
1 1 1
T — —27‘ ] Zr— 4 s —4r O
2 + (37“ 12 Cl > gb (& +
1 3 —4r 2 —6r
+ |-t 40 ) e D +0(e™). (14.1.23)

Now we use eq.(|14.1.7) again to return to the variable A,

1 1 1
T = —§€2AD—|—( A+——4Cle>¢2 A0+

37712
(ias 3 aoy) e +O(e7) (14.1.24)
47716 % o
from which we read off
T——l A+i—4c pre 24 T——1A+i—4CA (14.1.25)
oo T\t T 12 e ’ T4 T 16 2 o
It is trivial to go from 77(A, ¢s) to T1(A, @),
-t (lap Ll _ue ¢ (14.1.26)
oo\t T2 ) o

Full counterterms Away from the background, we find

C, 1
Uy = —d*, U =A— - 120,
6 2
T, = 1+ A+1 4C T, = A+3 ACy. (14.1.27)
1= 12 Le 27y 16 2e o

14.2 Solving differential equations

Instead of first finding the explicit dominant solutions a and e, which requires solving
second order differential equations, we can find the counterterms by solving the first

order differential equations for Uy, U1, 77 and T3, given by eq.(10.1.8)) and eq.(10.2.3]).

14.2.1 Scalar
For one-scalar systems, the differential equation for U reads, see eq.(|10.1.8)),

(dii +dA +2M —ug) Uy =0(e"). (14.2.1)
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For GPPZ, this becomes, using d = 4, eq.(|14.1.2)) and eq.(14.1.3),

d
Qﬁ+2—wougzo@ﬁ. (14.2.2)
The solution reads
Uy = Cuop® + 0(¢"), (14.2.3)
where Cpy is a scheme constant. Integrating U twice yields
CUO 4
= — 14.2.4
Z/{O 12 ¢ ) ( )

where all weaker terms can be neglected. For one-scalar systems, the differential equa-

tion for U, reads, see eq.(|10.1.8)),
d .
(5 +(d—2)A+ 2/\/1) U, =1. (14.2.5)

For GPPZ, this becomes, using d = 4, eq.(14.1.2)) and eq.(14.1.3),

d
— =1. 14.2.
Tu, (14:2.6)
The solution reads
Uy =A+Cuyr +0(¢%), (14.2.7)

where Cpq is a scheme constant. As we saw in eq.(14.1.16)), we do not need the coun-
terterm proportional to Us.

14.2.2 Metric

The differential equation for 77 is given by eq.(10.2.3). Using d = 4 and eq.({14.1.2))
yields

d 2
(5 e 5&) T, = —1+0(¢), (142.8)

The solution reads 11
ﬂ:—§+yA+@ﬁ&+O@ﬂ, (14.2.9)

where C'r; is a scheme constant. The differential equation for 75 is given by eq.(|10.2.3)).
For GPPZ, we find, using d = 4 and eq.(14.2.9)),

d 1 9
iy . 14.2.1
drTg 1 + O(qﬁ ) ( 0)
The solution is then 1
Ty =——(A+ Cra) + O(¢%), (14.2.11)

4
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where Crs is a scheme constant. Away from the background, we find

C
Up=—2®,  Ui=A+Cu
12
1 1 1
Comparing to eq.(|14.1.27)), we see that the scheme constants are related by
1
Cro = 2Cy, Cyr = -5 207,
1 3
CTI = Z — 1201@, OTQ - _Z + 1602@ (14213)

From the general expression eq.({11.2.4)) we can construct the full counterterm action
for GPPZ, which is given by the second line of eq.(13.4.1)).

14.2.3 One-point functions

In GPPZ, we have

_ 2 1
7 =2, Z =0, Y = —4, ¢= ggbﬁ, ap = qug, (14.2.14)

yielding the following one-point functions, see eq.(C.4.1)),

- 1
0:(T;) =0, (T{) = =20upc — 6 (Con — Cr1) Dag — 56t Oh, - (14.2.15)

| | | 1
(T) =~y (0) =2+ ;6u(Con = Cr)Oh, A= -5 60h (142.16)

—el;,
We have set Cpyo = 0 since in this scheme the vacuum energy vanishes, e = 0. The
conformal Ward identity for GPPZ reads, see eq.(6.2.3)),

(Tf) + @5 (0) = A (14.2.17)
Up to linear order we find, using eq.(14.1.15)), eq.(C.2.7), &5 = ¢s + s and (O), = 0,
1
(T) + ¢ (0) = =0 (Con = Cr) Ops — 56,00, (14.2.18)

We see that the conformal Ward identity requires Cyy = Cpq, which we anticipated in
the second line of eq.({13.4.1). The following one-point functions then simplify

1
(TF) = —2¢5pc — Egz)g Oh,  (O)=2¢p. (14.2.19)
From the first equation in eq.(|14.2.15|) and the fact that the GPPZ is an operator flow,
i.e. (O), =0, we see that the translational Ward identity eq.(6.1.2)) is satisfied up to

linear order.
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Coulomb Branch Flow

¢ The Coulomb Branch Flow is a vev flow. The operator dual to the bulk
scalar has conformal dimension A = 2. We find the counterterms, calculate
the one-point functions and show that the Ward identities are satsified. ¢

15.1 Conventional Construction of Counterterms

We will first construct the counterterms by solving the equations of motion for the
scalars and the metric, and using the definitions eq.(9.2.1)) and eq.(9.2.2)). The super-
potential is given by

W (P) = —e 2/V6 %e‘”’/“@ = —; — 02+ O(2%). (15.1.1)
This superpotential yields the mass term, see eq.(5.1.10),
M=W"- % = -2+ 0(2%). (15.1.2)
On the background we have, see eq.
=W ==20+0(¢"), (15.1.3)

with solution, see eq.(4.22) and eq.(4.23) in [6]
¢ = pee ", (15.1.4)

where the constant ¢, is the background value of the response function ®.(x) of the full

scalar ®. From eq.(4.1.6) we find
A=1+0(¢%). (15.1.5)
The warp function A is related to the radial variable by

e =e4+0(e"). (15.1.6)
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15.1.1 Scalar
The scalar equation of motion eq.(5.1.8)) becomes

(0, +2) (0, +2)+e O a=0(¢%) . (15.1.7)
The solution reads
a=(r+a)e+0(™), a=er+0(e), (15.1.8)

where & is a scheme constant. From M and a we construct the counterterm “matrix”,

see eq.(0211),

1
U=M-a'0,a=U.+00)= —;—l—%—l—(’)(r’?’). (15.1.9)

Integrating U{ twice yields

1 o -3 2
=—-——4+— . 15.1.10
Uy ( o ))¢ (15.1.10)
The zero mode solution reads, see eq.(5.1.18]) and eq.(5.1.20)),
w4 O
W gqste—” = éa + ca, (15.1.11)
from which we read off 4
¢=0, =00 (15.1.12)

15.1.2 Metric
The metric equation of motion eq.(5.1.9)) becomes

(0 +4)0, +e 0] e, =0(e"), (15.1.13)

which has the solutions
1

s
4 +4

e O+ (%r + C&) e I*4+0(e"), e=e " +0(e%). (15.1.14)

From the dominant solution we find, see eq.(9.2.2]),

T

1 1
¢ 08 = _§e*2’“ O+ (—Zr + 13—6 - 405) e IP+0(e ). (15.1.15)

Using eq.([15.1.6)) we can rewrite this in terms of A,

T — —%62AD—|— <_iA+ 1_'?;5 . 40@) 674A D2 _i_O(efGA) ’ (15116)
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which allows us to read off

1 1 3
T, = —= Ty = —~A+ = —4C,. 15.1.17
1 27 2 4 + 16 C ( )
Away from the background, we find
1 a\ ., 1 1,3
Uy = (_ﬂ + ﬁ) o°, T = —5 T = ZA + 16 4C%, (15.1.18)

15.2 Solving differential equations

Alternatively, we can obtain the counterterms by solving the differential equations for
US, 7—1 and TQ.

15.2.1 Scalars
For one scalar systems, the general differential equation for U{, is given by eq.(10.1.8)).

For CBF, it becomes, using d = 4, eq.(|15.1.5) and eq.(|15.1.2)),

d
(% - u’o’) Uy = 0(¢°%). (15.2.1)
The solution reads . C
Uy =~ + % +0(A7?), (15.2.2)
where Cypyg is a scheme constant, related to & by Cyo = &. Integrating U[ twice yields
1 C
Uy = (_Z + % + O(A3)) ¢’ (15.2.3)

15.2.2 Metric
The differential equation for 77 is given by eq.(10.2.3). Substituting d = 4 and

eq.(15.1.5)) yields

4 o) = —1106). (15.2.4)
()

The solution reads ]
T, = ) + O(9), (15.2.5)

where the integration constant is contained in the term O(¢). The differential equation

for 77 is given by eq.(10.2.3)). For CBF it becomes, using eq.(|15.2.4)

—Ty=—>+0(¢). (15.2.6)
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The solution reads

Ty =——(A+Cp) + O0(¢), (15.2.7)

1
4
where Crs is a scheme constant, related to C; by

3

Cry = = +16C;. (15.2.8)
Away from the background, we find
o2 1 1
Up=—F——"—7— W= —= Th=—(A+C 15.2.9
0 2(A+Cuo)’ 1 % 2 4( +Cr2), ( )

which, after substitution in eq.(11.2.4)), yields the first line of eq.(13.4.1])).

15.2.3 Omne-point functions
For CBF, we have

= 4 4
y Z = 0, Y = —4, c= —¢t, v; = ¢t7 To; = §¢t (15210)

Z =1
3

The vacuum energy is independent of the scheme and vanishes automatically. Then we

find to linear order, see eq.(C.4.1)),

<,];Z> = _eip az <T;> = _¢taj9057
(TE) = —20eps, (0) = 6e + e, (15.2.11)

while the anomaly vanishes A = 0 to linear order. To first order in the fluctuations the
conformal Ward identity reads, see eq.(6.2.3) and using ¢; = 0,

(TF) + 20, (0) = A. (15.2.12)

Using eq.(|15.2.11)), we see that that the conformal Ward identity is indeed satisfied.
From eq.(15.2.11)) also follows that the translational Ward identity is satisfied, see
eq.(6.1.2). The CBF flow has a scheme independent vev, in contrast to GPPZ.
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Two Scalars in aAdS

o The SU(2) x U(1) flow has two scalars, one with A = 2 and one with
A = 3. We find the counterterms and show that when the A = 3 scalar is
made inert, the counterterms reduce to the counterterms for the Coulomb
Branch Flow, such that the operator dual to the remaining scalar has a
non-zero vev independently of the scheme. ¢

16.1 Conventional Construction of Counterterms

We will first construct the counterterms by solving the equations of motion for the

scalars and the metric, and using the definitions eq.(9.2.1)) and eq.(9.2.2)). The super-
potential for the SU(2) x U(1) flow reads

W(®) = 1 exp (—2—6) [1+ cosh (2®,)] + iexp (%) [cosh (2®,) — 3], (16.1.1)

which has the following expansion

3 1 2 8 2 2 1 4
W - ———iq)x‘i‘\/;q)ﬁq)x—q)ﬁ—éq)x‘i‘

2
1 /8 1 1 /8 1
4/ -0lDs + — DD — —\ﬁqﬁ ——®% + . 16.1.2
+3\/;X6+3ﬁx635 5ox T ( )
The background equations read, see eq.(4.1.6])
5 _ 8 — o 8 2 L (et
X X 8 2 3 —5r
X = WX =—¢, +2 §¢5¢X—§¢X~I—O(e ), (16.1.3)
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with corresponding solutions
8 2., —2r —2r —4r
g = gqblre + o™ + (9(6 ) ,
—r 8 3 8 3 —3r —b5r
Oy = 17" — §¢17"+ §¢1¢2 +¢7 e+ O(e )a (16.1.4)

where the constants ¢; and ¢, are combinations of the background values of the sources
d,1, On and responses ®.q, $o of the full scalar solutions, see eq.(4.1.4). The mass

matrix eq. reads
MY =—-140(e™), Mj=-2+0(c), M= 2¢1\/§e_’"+(9( ~¥). (16.1.5)
We can switch from r to A using
r=A+ ¢2 ALo(e™), e = ¢2 AL 0(e™). (16.1.6)

In terms of A the background solutions read

b5 = \/§¢% (A+Cye 10

7
by = re” " — —¢3 (A +C* + 16) e+ 0(e™™), (16.1.7)
where we have defined
C* z; (16.1.8)

16.1.1 Scalars

The equations of motion for the two scalar fluctuations are, see eq.(5.1.8)

0 = [<0T+M§— %W) (0. - Mm5) - (M§)2+e‘2AD] o’ +
2d
- [MQ (0, — MX) — (ar + M — d—w) Mi} ax
0 = [Mg (0. - M5) - (aT+M§——d_1W) Mg} o’ +

9, +MX—2—dW (0, — MY) — (M2)* ¢4 0] aX. (16.1.9)
I )
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The dominant solutions read
. 1
aX = ae " +are (5 0 —8¢%> + Che ™™ +0(e™™)

@’ = agre ¥ — % (r+1)e 0O+

SO+ (13¢2 \[ @) \f @] - 4

1 4 9
+ Cp [€2T S —|—§¢i’ (r + =+ C’*> 64T] +

+ag

4 4
- g\éaxqﬁ? (r - g + O*) 4+ 0(e™), (16.1.10)

where C), and Cj are scheme constants.
The ﬁrst set of solutions has the basis a, = 1,a3 = 0,

. 1
B = e (5 0 _8¢§> e+ O(e )

R - 1 4 9 .\ .
afzcm{cbleQT—Zasle4’"D+§¢i’(r+1+0)e4}+

- g\/gqbi” (r + 2 - C*) e+ 0(e™), (16.1.11)

and the second set of dominant solutions has the basis a, = 0,ag = 1,

&%‘ == 02X¢]_6_3T + O(€_5r>
. 1
4y = re ¥ — 1 (r+1e 0O+

r? 4 (13¢1 \/7%) 1—30¢3+%\/§¢2 e

1 4 9
+ Cop |:6_2T - 16_4T O +§gb% (r + 1 + C’*) 6_4T:| +0(e™) . (16.1.12)

—4r

+
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In terms of A, the solutions read
. 1 1
af = e+ <§A + Cllx) Oe 34 + (—8A -5 cfx) gre 3+ O(e™)
. _ 1 _
Cl[f = C’mgzﬁle 24 _ ZCmqﬁle 44 O+

8 /8 3 /8 . 9 3 /8
+§\/; <1+1—6\/;015> (A+C>+§+g\/;01ﬂ

ay = Cyyre ™ +0(e™)
dy = (A+ Cop)e ™ +

gb?e‘“ + O (6_6A)

- % {(A +098)° + (3+C* = Cyp) (A + Cop) 4+ C* — Cop + %} pre™ 4
- % (A4 Cop+1) e O+0(e %), (16.1.13)
where we have defined O
Ciy=CY, + Cfxg%- (16.1.14)
The solutions can be combined into a matrix as follows
al = (gig giﬁ() . (16.1.15)

Counterterm Matrix From the mass matrix M, given by eq.(16.1.5) and the ma-
trix of dominant solutions a? whose elements are given by eq.(|16.1.13|) we construct the

matrix Uy, defined by eq.(9.2.1)),

32 1., 5 3 1 _ e 24
o = [ 2t (- bor -2 B} + (a- 2ot o] s 0(2)

A A2 A3
8 _ g4 g4
Z/{gx =2 §¢1€ A + CﬁXT + O(F) y (16116)
where we have defined o
Ciy = Coy + 7””. (16.1.17)

We read off

32 1 5 3 1
Uy == 2 (A — == o ) e Uy =A- 5+ 201, (16.1.18)
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From the requirements Uy, = 02Uo, Uoss = d5Uo and Uogy, = 0,05, we find

05 + (\/§ Cﬁ") Sp6” +

4 5 (Y 1 /8
A+ 2y T~ %0 : 16.1.19
+<3 t3t % T 3ﬁx>¢x ( )

Later we will show how to determine U systematically.

Zero modes The zero mode solutions are given by

RN I

& _ = 7A__ 3 * E —3A —5A
W 3¢1e 3¢l (A+C +48)e +0(e™™), (16.1.20)

from which we read off, see eq.(5.1.20)) and eq.(16.1.13]),

c = ;gbl; ¢ = —%Cb? - 2\/§¢1¢2 — g(b?C?
4 /8
g\@gﬁ, _ __f¢1 \/>¢1 —Ch). (16.1.21)

16.1.2 Metric
The results for ¢ and 7 are exactly like in GPPZ, with ¢, replaced by ¢;.

16.2 Solving differential equations

Now we determine the counterterms using the differential equations given by eq.({10.1.8))

0 = (ID,« + dA> anb + M&“Ob)c - Z;{SGZ;{%C

Gay = (D + (A= 2A) Us + MiUuye — Ui e (16.2.1)

The two scalar system is more complicated than the one scalar system since now the
differential equations are coupled, i.e. they mix the two scalar types § and x together.
For example, the first differential equation actually contains three differential equations,
one for each function Uygs,Uosy, and Up,,. But since there is a sum over ¢, the
differential equation for each function depends on at least one of the other functions as
well, so, where do we start?
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First, we will determine which of the functions is the strongest. Then we start with
the differential equation for the strongest function (in this case Uggs, as we will see),
so we can neglect the terms proportional to the weaker functions (in this case Uog,
and Uy, ). The differential equation for the strongest function thus decouples from the
other functions, and can easily be solved. Then we evaluate the differential equation
for the next-to-strongest function (in this case Ugg,). It decouples from all weaker
functions (in this case only Uy, ) but remains coupled to the strongest function (Uogga).
We already know the solution for the strongest function, so we can simply substitute
this solution, leaving us again with a decoupled differential equation that can easily be
solved. This procedure can be continued down to the weakest function (in this case
Uoyy). Every time we have found the solution for some function, we can check for
consistency if it really is of the order we expected. If everything is consistent, then we
know the solutions must be correct, since they are unique.

Let us first determine the order up to which we need U,,, Ugs and Ug,. In the
action, they appear in the combinations

€4T¢xuxx¢xa 64T¢ﬂuﬁx¢xa 64T¢Buﬁﬁ¢ﬁ- (16.2.2)
Substituting the expressions for ¢, and ¢z yields
~ e%uxxa ~re'Ugy, ~ 7"27/{,65~ (16.2.3)

We see that we need

Uy — O(e™™), Us, — O(re™), Uss — O(r?). (16.2.4)

Since we need U,, up to order e~

Uy = Uoxy + Uie > 0+0(07). (16.2.5)

We thus need to find Uogg, Uosy, Uoyy, and Uiy, From eq.(16.2.4)) we see that the
strongest function is Uggg, so let us start by substituting a = b = [ in the differential
equation for Uy, given by the first line of eq.(16.2.1])

, we need to find U, as well

d
51/{055 = (UOﬁg)Q + 0(6_2T) . (16.2.6)
The solution reads L C
Uops = —— + Zgﬁﬁ + O<r ) (16.2.7)

The next-to-strongest function is Z/{()gx, whose differential equation can be found by
substituting a = 3,b = x in eq.. This time we may neglect terms with o,
because they are weaker than Uyg,. The differential equation is still coupled to Ugg,
but we can substitute the solution given by eq., yielding a decoupled equation
for Uopy,

d 1 8, _, e"
0 = (@ + 1) Z/{ng — ; (2\/;¢16 — uOﬁx) —+ O( 7’2

) . (16.2.8)
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8 0 e " e "
Uopy = 2\/;2516 + Cropy . ( 2 ) , (16.2.9)

Finally, substituting @ = b = x and the solution for g, in eq.(16.2.1]) yields

The solution reads

d 32,
(% + 2) Uoxx = _gﬁb%e o (16.2.10)

The solution reads 39
L{OXX = _?QZ)? (T + CUOX)() 6_2T~ (16211)

Substituting a = b = x in the differential equation for U, yields, up to the required

order
d

%ulxx = 17 (16212)
which has the solution
Z/lex =7r—+ CUlXX' (16213)
Determining 7 is equivalent to the GPPZ case. Let us summarize our results
1
Uoss = ———— Upy =7+ C
033 r+ Cuops xx =T+ Cuiyy
8 e 1 1
uO@X = 2\/;¢16_r + CUOBX . T, = —5 + ggb% (7“ + OTl) e 2 (16'2'14)
32 2 —2r 1
Z/[Oxx = _E(bl (T + Conx) e T, = _Z (T + CTQ) .

The solution for the matrix Uy, is consistent with our previous estimate for the strength
of its components Uogg, Upsy, and Up,y,. The relations between the constants are

1 5) 3 -
Croyxy = —§A i 1—60&7 Crogs = Cas,  Cuopx = Cpy
- 1 1 3
Cuiyy = 2C11x T Cr1 = 1 12Cy, Crpo = 1 + 16C5;. (16.2.15)

16.3 Preferred Scheme

We see from eq.([16.2.14]) that all scheme constants come from the ambiguity in choosing
the cut-off and can therefore be written as 4 constant, with the exception of Cyygy,.
We may therefore argue that CU()gX = ( in a natural scheme.ﬂ Then we find

L{o = (7” + CUO/@B \/>¢ ¢ﬂ —_ = T + CUOxx) Qb (1631)

'In GPPZ, we have the finite term C®*. The scheme constant C' can not be written as r + C, so
it may seem unnatural. However, we can argue that the condition of zero vacuum energy is a more
important condition for a natural scheme, which sets the scheme constant to C' = 1/18. This term is
already included in the counterterm —W, so we find Cyo = 0 in GPPZ.
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We may even argue that all scheme constants at a certain order in [] have to be equal
to each other when written as r + constant. This means that all counterterms of the
same order in [ live at the same cut-off boundary. Then we find Cyo,, = Cuogs
and Cpyiyy, = Cr1. Furthermore, we may argue that the vacuum energy vanishes in a
natural scheme, e = 0. These criteria of naturalness, namely e = 0, Cpog, = 0 and
Croxxy = Cuopg, lead to Cyoyy = Crogs = C*. Then both vevs v; defined by eq.
vanish automatically. Furthermore, it allows us to complete the square,

Uy = —% (A+C) <¢§< _ \é%) . (16.3.2)

We see that our criteria of naturalness are sufficient to remove all scheme dependence
from the correlators. We also note that we would have gotten the same result by
requiring all scheme constants, at all orders in [, to be equal to C*, implying that all
counterterms live at the same cut-off boundary. The covariant counterterm then reads

2
4 3 @
_ = q)?_\/j—ﬁ
3(>< 8(A+C*)>+
!

1 1/ . 1
-3 (VD) — =>R+ — (R”Rij — 532)

1
Leow = §R+(A+O*)

— . 16.3.
12 X 16 (16.3.3)

16.4 Spontaneous Vev

If we make the scalar y inert by setting ¢; = 0, then e = 0 automatically, and the
scheme constants remain unfixed. Using eq., we see a spontaneous vev appear
vy = ¢, as expected because Ag = 2. All the terms proportional to ®,, dissappear
from the counterterm, leaving exactly the counterterm for the Coulomb Branch Flow
given by the first line of eq.E| It is intriguing that the mixed counterterm comes
from a complete square between the individual counterterms

8 2
\/;cpxcbﬁ.

Furthermore, this is exactly the same term as the mixed term in the superpotential W

20n the other hand, removing ®4 from the counterterm does not give the counterterm for GPPZ.
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16.5 Inversion in the two-scalar system

We will now show how to systematically obtain Uo(r, ¢y, ¢s) from U (r, ¢1,¢2). We

repeat eq.(16.1.4)),

8
gbﬁ — \/;QS%TS—ZT + ¢26—2r + (9(6—47’)7
Py = e+ O0(e™). (16.5.1)
The inverse relations are
¢ = ergbx + 0(6_2T)
8
by = g — \/;T€2T¢i + O(e_QT) . (16.5.2)

We repeat our result for the elements of Uou (7, 1, ¢2),

32
Uoxx = _grﬁﬁ?e*%+COHSJ5(¢17¢2)672T
8.
Uopy = 2\@?16
1 t
oy — +M (16.5.3)

where “const” stands for any combination of its arguments, reflecting the scheme de-
pendence. Using the inverse relations eq.(16.5.2)), we find the desired Upu (7, ¢y, Pg),

32 —2r
— _grgbi + COHSt(T7 ¢X7 ¢ﬁ)6 ?

8
uOBx = 2\/;¢x
1 const(r, ¢y, ¢g)
_ + 3 ,
r r

Upgs = (16.5.4)

where “const” stands for any combination of its arguments such that they combine to
a constant. Without any loss of generality we may write

Uy = fl(r7 ¢X) + fg(’l”, ¢xa ¢ﬁ) + f3(¢ﬁ) (1655)

It is easiest to start with Ug,, because it involves only f5

Uosy = 00y fo(r, by, d5) = 2\/§¢X- (16.5.6)

This can easily be integrated

Uy = fl(ra (bx) + \/§¢ﬁ¢i + f3(r7 ¢,3) (1657)
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Now we find

1
Uosp = 8§f3(¢5) = + const(r, ¢y, ¢g)T_2. (16.5.8)
The constant may be a function of ¢4, and hence when we integrate we find
Uy = fi(r,dy) + \/> Ppd’ — / d*pg const(r, ¢y, ¢p). (16.5.9)
However, we know that the last term is a scheme dependent term, so we can write
M—f(r¢)+\/§¢¢2—¢—%+ﬁnite (16.5.10)
o= J1{r, oy 3 B8Py o . 0.
From this we find
2 8 32 —2r
UQXX = Bxfl(r, ¢X) + 2 g(ﬁg = —g’/’(ﬁx + COIlSt(T, ¢X7 ¢5)€ . (16511)
Our goal is to find f;
8>2<f1(7",¢x) = —— ¢2 —2\/7¢g+const (7, Oy, Op)e”

_ _ = ¢2 727"_ 2 2T—2\/7(Z)2€ 2T+CODSJC(§Z51,¢2) —2r

= —167”¢1 4 const(¢1, pa)e”
= —16T¢i + const(r, @y, pg)e” . (16.5.12)

We can integrate this to find

4 —2r

Fire6) = ~5réi + [ const(r. 6y, 00)c > (16.5.13)

The last term is scheme dependent so it must be finite

4
filr,¢y) = —gwpi + finite. (16.5.14)
Then we find
Uy = —émﬁ“ + \/gqﬁ - ¢—% + finite (16.5.15)
T3 T TV 3T gy ' -

Now we can go unambiguously (up to scheme dependence) from the background to the
full fields,

4, 8§ ., @3 :
Uy = —grfbx + §<I>g(I>X —5, 1 finite. (16.5.16)



Chapter 17

Non-aAdS: Klebanov-Strassler

¢ Covariant Holographic Renormalization is constructed to be applicable
to both aAdS and non-aAdS spacetimes. The previous case studies were
all in aAdS backgrounds. In this section we perform a first calculation in
a non-aAdS background, namely the Klebanov-Strassler background. More
details can be found in [2] and [3]. ©

17.1 Background

The KS theory is four-dimensional, has seven scalars fields (z,p, y, ®,b, hq, hs) and the
superpotential is given by, see eq.(5.2) in [6]

1 1
W = —3 (e727** 4+ e" coshy) + 1647’_29” [@Q + 2P (bhy + hy)], (17.1.1)
The superpotential does not have a fixed point, so the metric solution will be non-aAdS.

The sigma-model metric is given by eq.(5.1) in [6], but we will not need it here. We
use the variable 7 and in favor of 7,

0, = e*0,. (17.1.2)
We also introduce
* fcothf —1
h(r) = / 02—~ [2sinh(26) — 46)'/° (17.1.3)
- sinh” 6
In the limit of large 7, we find
1

h(t) =3 (T — Z) e 3 4 O(e707/3) (17.1.4)
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The background solutions are given by

o = P
e’ = tanh(7/2)
T
b= —
sinh 7
hy = —% + Pe® coth 7 (7 coth7 — 1)
hy = Pe® (TcothT —1)sinh™' 7
2 6pr2
— T — thT —
3° comT sinh? 7
22374 — 37239 p2e®op (1) sinh?/? 7. (17.1.5)
The warp function is given by
0/3 1 -1/3
e ~ e (e sinh 7) / h(T) ~ (7‘ - Z) e84 0(6_4T/3> : (17.1.6)

where the proportionality factor sets the momentum scale. From this we find, see

eq.(4.1.6),
-1
2+ (T - i) ] , (17.1.7)

.3 1 1\ *
A= W 2p-4/3,-200/3( __ 2L
V=gt e Ty
showing that W — 0 at the boundary so there is no aAdS solution, see subsection

17.2 Cancellation of Divergences

In section 12 we showed that under some mild assumptions

J(d-2)4 (W“W” 1 2(d-2)

R TR
even though neither of the terms is finite by itself, in general. We verified this result in
all cases we considered, including the Klebanov Strassler (KS) theory. We now roughly
sketch how we performed this calculation, without focussing on the details.

The vector W*/W 1is given by eq.(5.26) in [6], and the matrix U, is given by
eq.(5.20) and eq.(5.21) in the same reference, from which we can read off Uy, using
eq.E| This allowed us to calculate the first term in eq.. The second
term follows from eq.. The last term in eq. follows from the differential

equation for 77 given by eq.(|10.2.3|), which reads, using d = 4 and eq.(|17.1.7)),

4/3 2®0/3 1) 2 1
— P#°e T_ZL = 87+§+m 717 (17‘2‘2)

Tn [6] only the leading terms are given, but we also need the subleading terms in this calculation.
This section only aims to sketch the steps of the calculation.

’]'1> = finite, (17.2.1)
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where the left-hand side is just —e=*. The solution reads

3 1\ 2/3 3 1\ /3
T — __P4/3 2P0 /3 = _ = =
L 2t € Ty 2\" 71
1 -1/3
+ Cr1 (7’ — 1) e /3, (17.2.3)

where Cr; is a scheme constant. We found that eq. is indeed finite in KS.
This is an important result because neither one of the three terms in eq. is
finite by itself. The counterterms proportional to Ui, and 77 apparently conspire to
kill the divergences at order [J coming externally from from the bare action, while the
remaining divergences within the counterterm cancel internally.



Part 1V

Summary, Outlook and Appendix
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Chapter 18

Summary

¢ By construction, Covariant Holographic Renormalization (CHR) can be
applied to both aAdS and non-aAdS spacetimes. This is progress, because
alternative holographic renormalization programs work only in aAdS. The
advantage of aAdS is that there exists a fixed point around which one can
make a Taylor expansion, which simplifies the procedure considerably. In
non-aAdS there is no fixed point. Instead, CHR is based on an expansion
in small fluctuations around the background solutions for the scalars and
the metric. To calculate n-point functions, we need to keep terms to n-
th order in the fluctuations. In this thesis we considered only one- and
two-point functions, and therefore kept terms up to quadratic order in the
fluctuations. ©

18.1 Covariant Holographic Renormalization

Our approach was the following. First, we wrote down the divergences of the bare, on-
shell action up to second order in the gauge invariant fluctuations, given by eq.(8.4.2)),

—2A
C16W

From previous work on holographic renormalization in non-aAdS, we know the explicit
expression for the matrix U, given by eq., that appears in the counterterm
between the scalar fluctuations as a®/;a®. Since the metric behaves as a massless scalar,
we also know the equivalent expression for 7, given by eq., that appears in the
counterterm between the metric fluctuations as e}Tez . It was therefore straightforward
to write down the required counterterms, given by eq.,

edA _ 1 .
Sbare = 7 ddx (aa (GabDr - Mab) ab + ge;

hDh> +0(f%). (18.1.1)

edA ; A R e—24 5
— a ? J
Sent = = [d'z (a Uapa” — &;T e + 16WhDh) +0(f%). (18.1.2)

We showed how this non-covariant required piece arises from a boundary covariant
counterterm. We therefore wrote down the most simple and general structure of the
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covariant counterterm action which is known to reproduce the correct results in aAdsS,

Scov = /ddxﬁﬁcova (1813)

where L., is given by eq.(11.2.4]),

Leow = Ug— %Ulabvncbavn@b + %UgabVZ(P“Vz@b +

— ;lTlR - ;J:Tm”}zz-j + BR* 4+ C,V'®"V,R+O(0*).  (18.1.4)
This way we reduced the problem to finding a set of unknown counterterm functions
Uo, Urap, Usap, T1, 15, B, C,. Boundary covariance allows each of these functions to
depend both on the scalars ®* and the explicit cut-off A.

Since we focussed our attention on calculating one- and two-point functions, we
expanded the action (bare action plus counterterm) in small fluctuations around the
background, keeping terms up to quadratic order in the (gauge invariant) fluctuations.
This reduced the problem to finding only the background solutions Uy, U1ap, Uz, 71,
7Ts, B, C,, which are functions of the background scalar modes ¢* and the explicit cut-
off A. In turn, ¢*(r) and A(r) are functions of the cut-off A only, so the background
solutions Uy(A), U1 (A), ... are also functions of A only.

After the expansion, the following terms appeared in the counterterm

a [Z/[Oab + Z/{1ab<¢, A)€72A ] +u2ab(¢a A>€74A O +O(D3)} aba
eé [Tle_% O+The 0% +0 (D?’)} ez. (18.1.5)

The terms within brackets are precisely the expansions in [J of the counterterm matrices
U, and T respectively, given by eq.. Thus, the requirement that we find the
terms a®U za® and eé’]’e{ in the counterterm fixed the functions Uy, U1ap, Usap, 71, T>.
Thus we have shown how the required non-covariant piece S¢, arises from a boundary
covariant counterterm S.qy.
The next task was to show that our theory does not introduce any new divergences.
We therefore wrote
Scov = Scnt + Sﬁna (1816)

and showed in section [12| that all terms in S§g, are finite under some reasonable assump-
tions.
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We ended up with an action that

1.
2.

is boundary covariant (satisfies the translational Ward identity),

includes the zeroth and first order terms (vacuum energy e and vevs),

. includes the unphysical fields €', H, h (no gauge has been fixed),
. does not introduce any new divergences,
. reproduces the correct counterterms a®,a® and eﬁ-’fef,

. reproduces known results in aAdS and can be applied to non-aAdS as well,

is the generating functional of connected correlation functions for both conformal
and non-conformal QFT’s.

From the renormalized action that is expanded up to second order in the fluctuations
eq.(|11.2.13)) we calculated renormalized one-point functions given by eq. by func-
tional differentiation of the renormalized action with respect to the sources. We kept
the one-point functions up to linear order in the sources, so we can immediately obtain
the two-point functions from them by functionally differentiating a second time. A
finite renormalized action guarantees finite one- and two-point functions.



Chapter 19

Outlook

o We conclude by indicating the direction of our future research. ¢

19.1 Leaving the background

The counterterm matrices U, and 7 are determined on the background. We have shown
that the counterterms lead to finite correlation functions, but in order to explicitly
calculate the correlators we need to know the counterterm functions away from the
background. For example, the vevs vg; are given by, see eq.((12.2.7)),

vor = —e“ U000, (19.1.1)

where Uy, = DUo(A, ¢). We know the matrix Uo.,(A, @) as a function of A, but we
do not know which part of the dependence on A is implicit through the background
values of the scalars, and which part is explicit. This prevents us from integrating the
matrix Upg, to obtain Ugy,. Hence, we must find Uggp(A, P) from Upep(A, ¢). We have
shown how to do this systematically for a two-scalar system in aAdS in subsection [16.5]
but we do not know if we can apply the same procedure to non-aAdS. We are very
interested in developping a systematic method to leave the background and explicitly
determine the full counterterms in non-aAdsS.

19.2 Recombination

Another interesting question that we would like to answer in future research comes from

the following observation. To zeroth order in O, we have, see eq.(C.4.1)),
1- 1
<Oz> = Vo + ZOijatj + EZOijasj — Zl'zoh + O(D) . (1921)

Using the expression for z; from eq.(12.2.2)) and the expressions for ¢,; and ¢,; from
eq.(C.2.7), we find

1-
(O3) = voi + Zoijoej + §ZOij905j +0(0O). (19.2.2)
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Possibly this recombination of ay;, a,; and h into ¢,; and ¢; happens at higher order
in [J as well,

? 1~
(Oi) = voi + Zijepes + §Zz‘j<ﬂsj- (19.2.3)

We would like to check this at linear order in [J. At quadratic order in [J, we can
always choose the counterterms such that this happens (which then automatically leads
to finite correlation functions). This choice may be consistent with the recombination
of the components Ugup, Uiay, and Us,, into the full matrix Uy, and of 7; and 75
into the full function 7", which happens when we choose the counterterms according to
eq.. If this is true, then we consider the choice eq. to be a more natural
scheme than the choice eq.. The latter choice leads to vanishing contributions
proportional to a® (0* h and h [J? h, such that (O;) has no part proportional to (J* h and
no recombination is possible with Zy;; 02 a.; and ZQZ']' 2 g

It might seem natural that ay;, a,; recombine with A into ¢,; and ¢.; because we are
working with covariant counterterms, in which a* always comes from ¢®. However, when
we put the action on-shell, we use the equations of motions for b and ¢ to eliminate
them in favor of a%, see eq.(5.1.7), such that a® stems from b and ¢ instead of from
©*. We therefore can not expect that in the correlators, which come from the on-shell
action, ag;, a; always recombine with h into ¢, and ;. Still, looking at eq.,
this does seem to happen.

19.3 Translational Ward identity

The translational Ward identity should always be satisfied, because we always require
our theories to have translational invariance. Eq.(6.1.2)) gives the translational Ward
identity, '

Vi(T}) = —(0;) V; 0. (19.3.1)

Up to first order in the fluctuations, this readd]|
81- <71;> = —UOiangm' + O(f2) s (1932)

where we have used (0;), = vo; from eq.(C.4.1). On the other hand, we find from
eq.(C.4.1)

0; (T!) = e Uo,0;0" + O(f?) . (19.3.3)
Using eq.(5.1.6)), we find
. 1,
€dAZ/[0aQ0a = edAanagi (Clsi — chh) + O(D) = —V0iPsi + O(D) R (1934)

1We have used

Vi(T}) = 0:(T}) = T (Ti)y + Thi (TF)y = 9 (T}) = Tije + Tjie = 9:(T) .
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where the contributions proportional to ¢; and a,; can be neglected because vy; is finite

by assumption, see eq.(|12.2.7)). Substituting this into eq.(19.3.3) yields
0i (T}) = —v0i0jps + O(0) + O(f?) . (19.3.5)

Comparing this result to eq.(19.3.2)), we see that the translational Ward identity is
satisfied if the contributions of order [J vanish. We would like to understand better
how to interpret this result.

19.4 Higher n-point functions

This thesis focussed on two-point functions, but Covariant Holographic Renormalization
can be generalized to higher n-point functions. If we want the counterterms for three-
point functions, we have to keep terms up to cubic order in the fluctuations. We then
repeat the steps, starting by identifying the divergences of the bare action up to cubic
order, followed by an expansion of the counterterm action up to cubic order using

1 1
Up = Uy + ¢ Uoa + Egoacpbu()ab + ggoagobwpcu()ab +O(fY, (19.4.1)

and similarly for the other terms in eq.(11.2.4)). As explained below eq.(|11.2.1]), for the

two-point functions we can neglect counterterms proportional to
ViVieov,v;e'  RM™Ry... V2R,

but we expect these counterterms to be necessary for higher n-point functions. It
may happen that we can fix the counterterm matrices proportional to B and C, more
naturally when we consider higher n-point functions.

To switch terms to gauge invariant variables, we have to know the relations eq.
up to quadratic order in the fluctuations. These relations are much more complicated,
so the level of difficulty increases rapidly. Nevertheless, the conclusion of this thesis is
that one- and two-point functions of both conformal and non-conformal field theories
can be holographically renormalized by covariant counterterms, which strengthens our
hope that this continues to be the case for higher n-point functions.
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Appendix A

Notation

A.1 Scalars

Symbol | Meaning

®(r,z) | Scalar
o(r) Scalar, background

@(r,z) | Scalar, fluctuation

®.(z) | Scalar source

Os Scalar source, background
©s() Scalar source, fluctuation
®.(x) | Scalar response

O Scalar response, background
() Scalar response, fluctuation
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A.2 Metric

Symbol | Meaning

G(P) Sigma model metric

G(9) Sigma model metric, background
G(P) Sigma model connection

G(9) Sigma model connection, background
8w Bulk metric

Vij Boundary metric

e*ny; Boundary metric, background
e*4h;; | Boundary metric, fluctuation
R[gl,. | Ricci tensor, bulk

Ry; Ricci tensor, boundary

[lg]f, | Bulk connection

. Boundary connection

V[gl, | Bulk nabla

Vi Boundary nabla
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Appendix B

Counterterm expansion

We now show how we expanded the general counterterm eq.({11.2.4]) up to second order
in the gauge invariant fluctuations, leading to eq.(|11.2.6]).

B.1 Expansion of Individual Counterterms

The counterterm action is given by

Scov - /ddxﬁﬁcova (Bll)
where the Lagrangian is given by eq.({11.2.4]), which we repeat here for simplicity,

1 : 1
'Ccov - UO - EUlabvl(I)GVi(bb + §U2abv2®“V2q>b —+
1 1
~“T\R—- >

1 4T2Rinij + BR* + C,V'®*'V,;R+ ... (B.1.2)
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Up to second order and up to boundary terms, we find

1
VAU = e Up(1+ SH +

1 .
—§ﬁU1abV’<I)“Vi<Db

1

5\/§U2abv2c1>av2<1>b

1
—ZﬁTlR

1 .
~VIBRR;
VYBR?
VIC. V'@V, R

d 1,, 1
T ph— el e

5 2(d—1)h 42]624-26 € +
d—2 d(d—2)h2>
4(d—1) 8(d—1)2

H? + Hh +

1
8

ha® +

1
dA a a
“H v
+e an<Cl +2 a+2(d_1)

wel 1 d

- o5 {h+ Hh+2(d_1)h]>+

6clA w b X Wawb
+7u°“b( o 16W2h>

we WP
—eld=24 “Oa’ — ———a"0h+ ———h0
e Ui <u a 2Wa h e ——h h>

%e(d“‘)f‘uzab (a“ P — s Ot Vl\g;;\fh 0
_e(dlg)AT <e O —%h[]h)

+}1 [@=2Ap T, (a Oh— Zx;hmo

_e<d1g> T <e;i i Jr%m2 h)

e =HABR % b

eld=4c, (a“ 02 h — vaah 02 h) :

B.2 General Expansions

We made use of the following expressions below.

Metric

Connection

ko k
QFij - a(ihj)

vig = €4 (i + hig)

— akhij —

s (06h?

— 0hij) + O(").
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Riemann tensor
2R i = by = 00 T — O [ (Ol = Ol ) | +
= 00ty + 00 Pt + O [ (Dl = o) | +
+ % Dbty = 0Ny (Dbl — O hin ) +
— 5 (@0ully — 0y) (00l — 07ht) + O(1) (B.2.3)

Ricci tensor
2R = OkOmhlyy — O himn — 0n0(mhify + 00" hanie +
o+ 0 [ (Ot = 0B ) | = 01 [ (Onh) = 07hnn )| +
+ %aph;; (Onh2) = 0B ) +

— 5 (Dally — ) (00l — 07h) + O(1) (B.2.4)

Ricci scalar

i1 1 i 1 i 1 m
'R = 0;0'h} — Dhﬁ—l—zhj O hg+§aﬂhjakh§ + Zhﬁ Ohp+ O(h*)

1. . 1 d+2
= —0Oh+-¢0d+-HOR+ ——h0Oh h3) . B.2.
+ 1606+ 5 +4(d—1) + O(h?) (B.2.5)

Determinant To compute the determinant v = det v;;, we used

Y= det Yij = €2dA det (T]Z] + hZ]) s <B26)
where .
det (nij + hij) = Z - —Z T (hy) ] - (B.2.7)
m=0 ’ n=1
Up to second order, this reads
1
det (771] + h”) =1+tr hi]’ + 5 [(tr hi]’)2 — tr (hlzj)} —+ O(hf’]) . (B28)
Then we find |
=2 [1 +hf+ 5 () - h}?hfnﬂ +O(h?) . (B.2.9)

Substituting eq.(4.2.10)) and eq.(4.2.12)), we find

d 1 d
v = 244 (1 + H + ﬁh — 58?6:31 + 70 ex + Hh + mfﬁ) +O(f3) . (B.2.10)
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To calculate the square root, we use

1 1
VY=Vl 4+e=e¥ (1 +5e - 552 +(’)(53)) :

where we defined

d 1
€EH+ﬂh—§€?2fn+€kD€k+Hh+

2(d — 1)h2'

Substituting eq.(B.2.12)) in eq.(B.2.11)) yields

1 d 1 1
_ dA - oy amk ~k
VY =e <1+2H+2(d—1)h 4ekem—i—2e Oer +

1, d—2 d(d—2) , ,
g +4(d_1)Hh+—8(d_1)2h)+(’)(f).
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Appendix C

One-point functions

Here we show how to obtain one-point functions up to linear order in the sources from
the renormalized action.

C.1 Renormalized Action

The renormalized action is given by eq.(11.2.13)),

edA dA

ViLwn = 0" (GuDr = My + Unp) o + T (9, = T) el +
dA b o
N

1 d v

_(1+2H gy — —
( T3 +2(d—1)h> (”’“ 4h>+
p(d-2)A

- 71O
16(d — 1) hh +e

1
1+ -H+

R PR

1 1 d—2
B Y L

1 d
H+——(H+———-—h)h|.(C.1.1
1 > 3 +4u—1)( +2u—1)) ]( )
We used the definitions,
W(l
v
In the main text we set e = 0, but we keep it around here to show its interpretation.

The QFT one-point functions can be obtained from eq.(C.1.1]) as follows
2 5Sren 1 5Sren

e = eUY,, v; = —edAu()aag‘, v=—e"Uy,

(C.1.2)

This means that the variation of the action reads
1 .
6Sren = — /ddx Vs |:§ <ﬂj> (5’)/? + <Ol> 590% . (C14)
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C.2 Linear Expansion

Let us expand eq.(C.1.4)) first to linear and then to quadratic order in the fluctuations.

From eq.(B.2.13) we find

\/ﬁ:1+%H+2(d_1)h+O(f2). (C.2.1)
From eq. we find
Vi = e+ 0'¢j + 0;€ + GZD@]-H + d(? 1h. (C.2.2)
We decompose T]’ similar to h; in eq.,
i i g i, 0'0 5;'
T, =T'+0"T;+ 0;T" + DTH—Fd_l?}l. (C.2.3)

Here, ’];1 is traceless and transversal and 7 is transversal
T =141, 0T =0, (C.2.4)
where the traceless transverse projector H;’l“ is defined by

. 1, , 1 ,
H;’Z” =3 (H’kﬂjl + H;H;?) - ﬁnénfv (C.2.5)

and the transverse projector Hé is defined by eq. 1D We also decompose ¢;; into
as; and h. From eq.(5.1.6) and eq.(5.1.20]) we find

a a “ ~a 1 ~ -a 1 -~
o =a — 4Wh = ag; (asi - Zcih) + ag; (ati — Zcih) +0(0), (C.2.6)
from which we read off
g — Seh — e — Seh (C.2.7)
()052 - aﬁ’L 4C’L 9 ()pt’t - at’L 4CZ . o

Substituting the decompositions eq.(C.2.3) and eq.(C.2.7)) in eq.(C.1.4) yields

1 A . 1] 1
0Sien = / d'z [5 (T)y ey — (O Ti)o b€ + 3 (<TH>0 i) <Th>o) OH +
1 d Ci

+ (m (Tu)o + =17 (Tndo + 7 <Oi>0) Oh +
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From this we find

5S\

Sei = = <D Z)O

s 1,

6&% - §<7?>0

oStk 1 Tt —0 iy 4 8oy
Sho— 2(d—1) 0T @ —1)2 Mo T Ao
5% 1 1

s 2\t 2(d—1) (Tnl

55

We can invert these relations to

0Sken 0t  d—1, 85k

= —1 —2
Tl = 2 = V=5 = 25+
S 2d 65 ¢854,
(Tu)o = —2 + -
oh d—1 6H 2 dagy
, 5k
O7%, = ———
< >0 561
. 5k
77, = 2—
< ? >0 52?5]'
5k
g = Orn 2.1
<O >0 6a5i (C O)
From eq.(C.2.3) and eq.(C.2.10|) we find
d 5S4, d—1_ 654
(TE)o = (Tubo + g7 (Tado = 24 = D= + &= (C.2.11)
The linear part of the on-shell action eq.(C.1.1)) reads
1 d v
O = faty | Zerm+ ([ —2 e+ ) h— vy . C.2.12
St /dx{ze —|—<2(d_1)6+4) voa} ( )

Notice that we were allowed to replace v; by wvg;, because terms with [J acting on a,;
are total derivatives, which drop out since we integrate them over the boundary. From

eq.(C.2.12) we find

58t d 1 sS 1 550
_ ks - — i 213
oh 2d—1)" "1 sE 29 Gam (C-2.13)
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This gives
<7;j>0 =(OT"), = (Tu)y =0, (Tn)y = (d — 1)e, (0:) = voi- (C.2.14)

From eq.(C.2.11)) we then find
(T}), = de. (C.2.15)

We can summarize the two equations above as follows
<77>0 = (5;67 <Ol>0 = Vo;- <0216)

This shows that e has the interpretation of the vacuum energy density and vg; has the
interpretation of the vev of the QFT operator O;.

C.3 Quadratic Expansion

Using the results from the expansion up to first order, we can continue to expand

eq.(C.1.4) up to second order,

0Sren = /dd:c{% ((T7) — eely) degy; + O (eep — (Tp)) oe* +

+ B (o) + 2<d1_ 5T+ (%h H)] SH +

1.
)< n) + ZCi(Oz‘>+

(
1
+Z( ><H+—h) oh +
— <(9->+1 H + d h | da; (C.3.1)
DR gy ) 0% (e e
We have used the relation
V= —edAuanW = —€dAZ/{0aéia8i = éﬂ)ol', (032)

where the contribution proportional to ¢; can be neglected because vy; is finite by

assumption, see eq.(|12.2.7)).
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From eq.(C.3.1)) we read off

S = 3 (T el
555;11 = eOe, — O(T0)
55;“ _ %(THHﬁ(ThHZ (%h H)

1 /(d—-2 1 d
+Z(d_1e+§v> (H—f——d_lh)

ﬁz?::—<o»—%mﬁ(ﬂx+g%jh>. (C.3.3)
We can invert the relations to
7 = i
0(T) = eOa - 5?;“
(Tu) = d2—d1 55}1 N 26?? * %C (i) = 2(dd— 1)° (Z: ih - H) i
+% (j:ie+%v) (H+%h)
(@) = 23— )2 % L0
_% (64_%1;)}[— (dilejtgv)h
(0;) = —5;;:“ — %vm (H + %h) : (C.3.4)
For the Ward identities, the following combinations of (7x) and <7}L> are interesting,
(1) = (T + 7 (). 0T =0T+ 0, (T + T2 () ). (€39)

Substituting eq.(C.3.4) in eq.(C.3.5)) yields
- 6S 6S d—2 1
. TZ — _ r'en 2 ren |:, - . - H
9 (Ty) 5o + 20, SH e( € 2((1_1)(‘9jh+28J )

oy ogg_ )08 _d=1,

N dT ( e+ ;v> (H + —h) (C.3.6)
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Let us summarize our results with e = 0,

{7y = 2
() = 27
0(T}) =~ + 20,
(TF) + d; 1@ (0) = 2(d — 1)5*(?;;“ - d; ! (H+ %h)
(0 — —%Sa _ %vm (H + d%dlh) | (C.37)

C.4 One-point Functions

Using the renormalized action given by eq.(11.2.13) we find the following one-point
functions up to linear order

O (7;

0
<H7,k 1

d

k)
) =

< l> dAZ/{Oa 190
i) =

1 d —1 b
6 (0 4 <DJ Wt o(m?)) ot

(Ti 2 W

+ det u0a¢a—%mh

1- 1
<Oz> = Vo + Zijatj + §Zija5j — Z.Z'Zh
A = a— ™m0, — %R Oh. (C.4.1)

The matrices Z;; and Zij are given by eq. 1) the operator x;(0J) is defined by
eq.(11.2.14)), and the functions a and ag are defined by eq.(11.3.4)).
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