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Abstract

In this article we investigate some impulsive integro-functional inequalities for func-
tions of n independent variables. The problem of reducing multidimensional integro-
sum functional inequalities to one-dimensional inequalities is also considered (us-
ing conditions of Chaplygin problem solvability for impulsive integral inequalities).
Some new analogies of Wendroff-type inequalities for discontinuous functions with
finite jumps are obtained.
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1 Introduction

Over the last 20 years, the theory of ordinary impulsive differential systems

has undergone extensive development, and this explains the appearance of
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new problems in several fields of the investigation such as: physics, biology,

chemistry, electronics and many others.

The integral representations of the solutions of ordinary impulsive differential
systems usually have both a continuous and a discrete part and may be written

in the following form:

to<tp <t

2(t) = o(t) + [ k(ts,2()ds + Y wilt, m)L(u(m - 0)) (A)

where ¢(t) characterizes the initial perturbations, k(t, s, z) describes the con-
tinuous perturbations (right—hand side of system for ¢ # 7;) and I; character-
izes the impulse perturbations value of the system (z € R"), in fixed moments

of time {7;}, 9; certain functions.

The representation (A) is preserved when the impulse perturbations take place
not only in fixed moments of time {7;} : 70 < 7 < ... lim 7;(x) = oo, but also
1—00
on some hyper—surfaces
{ri(z) : 7o(z) < m1(z) < ...lim 73(x) = 0o, uniformly for z}.
71— 00
In this case, 7 is a moment of time when the impulsive system solution z(t)

intersects with {7;(z)} (under certain conditions this occurs in one place).

If we investigate some concrete processes, which can be described by impulsive
differential systems, we have to use information about the values of initial, con-
tinuous and discrete perturbations (for example, estimates of ||¢||, ||k, ||Zi]])-

Then, for ||z||, we obtain an inequality, which can be described by

ult) < o (t) + / Kt s,u(s) ds+ Y 0t ) I (u(n — 0) (B)

to<t; <t

where u, ¢*, 1f, I} are nonnegative functions and a comparison impulsive
equation

t

v(t) =¢" (1) +/k*(t,8,v)(8))d8+ > Uit (v(r - 0)) (©)

to to<t; <t



Equation (C) and inequality (B) have strong relations. Under certain condi-

tions (see [36]) u(t) < v, (t), where v,~ represents one solution of the equation

(C).

In the continuous case (I; = 0) the integral inequalities theory is based on
fundamental results of Bellman [6], Bihari [7], and their numerous generaliza-
tions [1]-[5], [22], [23], [25], [26], [30]-[32], [35], [38]-[42] and many others. For
investigations of discrete inequalities (k = 0) and its applications, see [2] and

references therein.

For the generalization of the integral inequalities method for discontinuous
functions and their applications for qualitative analysis impulsive systems:
existence, uniqueness, boundedness, comparison, stability, etc. we refer to the
results [5], [8]-[21], [27], [33], [34], [36], [37]. While for investigating periodic
boundary value problems, where representation (A) is used, see [28], [29] (and

references therein).

In paper [11] Wendroff type impulsive integral inequality (B) is studied, when
t = (t1,t2), to = (tor, toz2), k = f(t1,t2) - u™(t1,t2), m > 0, 7; = (7}77), later
different kinds of multidimensional impulsive inequalities (B) are investigated
in monograph [36], for function u(t) of n-independent variables t = (t1,...,t,),
k= f(ty, .., to)u™(t1, ... tn)7i = (7}, ..., 7") under assumptions that ;I; =
Biu(t; — 0), B; = const. > 0,i=1,2,...

The results of [17], [18] ,[20], [27] generalize the investigations of [36] to the
case when ¢, I; = Biu™(t; — 0), m > 0, and kernel k = f - u™.

The following cases have not been explored: when function u(t) of two (many)
independent variables satisfies inequality (B) with k(t,s,u) = f(t)W]u| , I; =
Biu™(t; — 0), where W is one function which includes also delay for ¢ in u =

u(o (), (o(t) <1).

Our paper is devoted to investigate impulsive integral inequalities for discon-

tinuous functions with n-independent variables (n > 2).



In Section 2 we consider an impulsive integro-functional inequality for discon-

tinuous functions of n-independent variables.

By using the results in [11], we reduce, under some assumptions, a multidi-

mensional inequality to a unidimensional one.

In Section 3, for n = 2 we obtain new analogies of Bihari’s result for a Wendroff
type inequality with different kinds of W and non-Lipschitz type discontinu-

ities of the function u(t, z) in fixed points (¢;, x;)-

Our results are based on investigations [1-42].
2 Multidimensional Inequalities. The problem of reduction

Following the investigation of papers [3], [11], [42], let us consider n-dimensional
Euclidean space R™ with points t = (t1,...,t,), to = (t10, - - -, tno) and natural
orderingto <tsto<t;fori=1,...,n

By using term integro-sum inequality [11], [36] (or impulse integral inequality

[5], [24]) we have a one-dimensional inequality of the following type

u(t) < ot +/Ktsu()ds+ S ult ) - m(ult; — 0))

t0<t1,<t
t>1>0, t11<tz Vi=1,2,..., lim t; = oo, (21)
1—00

where u(t) is a piecewise continuous function with 1-st kind discontinuity
points {¢;}; we consider the most general kind of n-dimensional impulse in-

tegral inequalities with delay (integro-functional inequality) of the following

type:
(tl,...,t ) <g0(t1,,tn)+
+/ /K[tl,... try S1y ey SnyU(0(S1y .-y 8n))|dsy ... ds, +

+ Z 2 tl: .. ns (1)a e '7Ti(n)) ) nz[u(p(Tz(Z) - Oa s aTi(n) - 0))],

to<t;<t



o<t <ty en<t™ <t, (2.2)

Let us suppose that the following assumptions are fulfilled:

(Hy) u(ty,...,t,) is a real valued nonnegative discontinuous function with

finite type of discontinuities in the points

(7'1(1),...,7'1(")), (7'2(1), . .7'2(")), co U(T(I) — 0,...,7'@) —0) #
#u(r) +0,..., 7" +0), j=1,2 (2.3)

Remark 2.1 Ifu(ty,...,t,) satisfies (2.3), we say that the function u(ty, ..., t,)
has a finite jump in the points {1;} = (T;l), .. .,T;n)), j=1,2.

(H2) In a finite bounded domain [¢,T] = {[c1,T1], ... [cn, Tn]} the set {7;} is
bounded and for infinite domain [c, 0o] the set of points {r;} is IV, the set
of natural numbers.

(H3) The functions ¢(t) > 0, p;(t,7) > 0, n;(p(u)) > 0 and also f, p; are
continuous functions, 7; are continuous and nondecreasing at u.

(H4) The kernel K(t,s,y) > 0 and it is nondecreasing at y with fixed ¢, s.

(Hs) ¢ < 1; < Tiy1, Vi =0, 1,2,...}3&@- =00

(Hg) o(s), p(s) belong to the space T of continuous functions F' : R — R"
which satisfy the following conditions [3]:

i) F(z) = Fi(z),...,F,(z), F;:R"—= R, i=1,...,n

i) lim =o00, i=1,...,n

i) F(2) < z.
In the following, as done in [11] (see also [36], [42]) we denote by t = (¢4, ..., t,),
t* = (tay...,tn), t = (1, %), uy = max{0,u(t)}, a(t) = supuy(s), s; € [c;, ti],

T; = (Ti(l), . ,TZ-(")), tr = (Tz-(Q), .. .,Tz-(n)), T; = (Ti(l), 7).

Then from the inequality

t

u(t) < ¢(?) +/K(t,8,0(U(S)))dS+ > wlty7i) - milu(p(ri — 0))]

to to<m; <t

we obtain



u(t) < o(1) +/K(t,s,0(ﬂ(8)))d8+ > ultm) - milu(p(u(r = 0)] <

c<T; <t
t
<@ + [ K(t,s,0(a(s1,5))ds +

+ 3wt ) - mlale(rY = 0,77 = 0))] <

<1<t
t
<p() + [ K(t,5,a(0(51,57)))ds +

+ Y ) - mla(p(r — 0,77 = 0))],
c<T; <t
where
@(t) = Ssup 90(0)’ K(ta S, O-(g)) = Ssup K(G, S, 0(p))1 p’z(q, Tz') = sup /J/z(w) Ti) .

0;<t; 0 <t w<q
7> Ug

p<¢

So, denoting by

K@&Mﬂ&ﬁwﬁiﬁ“/K@&Md%fm@}“%m

ﬂi(tv Ti(l); Ti*) ) ﬁz [Ia(p(’rz(l) - O: Tz(*) - 0))] =
it 70, ) - mlalp(rY — 0,787 — 0)),

|
g

for every fixed t* and 7 the function @(t1,t*) satisfies the one-dimensional

impulse integral inequality

a(t,#7) < §() + [ K(t,5,(0(s1,)))dsi +

C1

+ S ) mla(e(r) — 0,78 — 0))]. (2.4)

c1 <7'1-(1)<t1

Let t, = (ti4,---,tns) be an arbitrary point so that ¢, > ¢;, i = 1,2,...,n.



By virtue of the assumptions (Hs), (Hy), for every t; € [c;, t;] we obtain the

following integro-sum inequality

t1
alts, 1) < @(t.) + / R(ta, s1,a(c(s1,5%)))dsr +

+ S it nY ) - mlae(r = 0,77 — o). (2.5)

c1 <’7’1(1)<t1

Impulse integral inequality (2.5) is a one-dimensional inequality similar to
(2.1). By using the result from [34] (Theorem 3.1.1, p. 174) about the Chap-
lygin solvability problem for inequality (2.5) we obtain the following estimate:

u(t) < Op.)(t), (2.6)

where 65, (t) is an arbitrary solution of the equation:

8(t) = 3(t.) + /f((t*, 51,0(0))ds1 +

+ > Bt ) - mO(p( = 0))] 2.7)

c1 <Ti(1)<t1

continuous in each interval [Ti(i),ﬁ(}r)l |, © € N. Finally, since the point ¢, is

arbitrary, we obtain
u(t) < a(t) < Opp(t) VE>c. (2.8)

Remark 2.2 Ifin (2.2) o(t) = p(t) = t, the above results are the same as the
ones in [11], (§3, p.1640-1641).

3 General Bihari theorems for Wendroff type impulse inequalities
with delay

Now we consider the space Ri. Next statement holds:

Theorem 3.1 Let us suppose that a nonnegative function u(t,x) is defined



in the domain D C R%r:

D:{ U ij,ij =

k,j>1
={(t,z) 1t € [tp—1,tl, z € [zj_1,24[}, k=1,2,..., j=1,2,...},

continuous in D except for {t;, x;} points of finite jump: u(t;—0, 2;—0) # u(t;+

0,2; +0), i =1,2,... and satisfies the impulse integro-functional inequality

u(t,2) < ot,2) +alt2) [ [ FEW (w(o1(©), o2(n)))dedn +

to Zo

+ > Biu™ (t; — 0, z; — 0), (3.9)

(to ,.’[0)<(t7; ,mi)<(t,m)

where q(t,x) > 1, (t,x) > 0 V(t,x) € D is nondecreasing with respect to
(tz):p1 < po, 1 < @2 = @(p1.q1) < ©(p2,a2) at (p1,q1), (P2:q2) € Dy

m = const. > 0, B; = const. > 0 Vi € N; function f is nonnegative and

satisfies such a condition

flt,z)=0, (tx)eDy i#j (i=1,2,... j=12..);

function W (u) belongs to the class K of functions such that

i) W) =W(mW(s)

ip) W :[0,00[— [0,00[, W(0)=0;

i3) W is nondecreasmg

is) 0i(8) € i=1,2 (0;: R— R, 0i(s) <s, lim o0;(s) = 00);

[s]—00

here (tZ,QJZ) < (ti+1, xi+1) ’Lf b < i1, Ti < Tig1 Vi= 1,2,... and llm t; = 00,

1— 00

lim x; = co. Then for every (t,z) € D we obtain:
1—00




with t; <t < tivi, Ti < T < Tjy1,

[ IEm .
t/m/ (e ) (#01(8); 2(m), 4(01(8), o2(n)))dEdn € Dom (") (3.11)

[ode Pode
%(U)ZI/W, ¢i(U):c[W(£), i=12,...

ci = (14 Bi™ H(ti, i) d™ (b, i) -

w( /] (g’n)W(w(al(S),aa(n)),Q(01(£),02(77)))d£d72) (312)

O<m<land A=1
for Vi=1,2,...

m>1 and A =m

Proof. We prove the statement using the inductive method for each domain

D;; of continuous function u(¢, z). It is obvious that

<t qtto) [ [ LTEDW o) catm)acan +

U,m(tZ —_ 0,$Z‘ — 0)
R IR e




Then we obtain:

u(t, z) < @(t, z)q(t, z)u" (¢, x),

u(t; — 0,2, — 0) < @(ti, zi)q(ti, zi)u*(t; — 0,2; — 0),

(u(o1(t), 02(x))) < Wlp(01(t), 02(2))q(01(t), 02(2))u"(01(t), 02(2))] <
< Wip(o1(t), 02(2))g(01(t), 02(x))u" (¢, 2)] <
Wlp(o1(t), 02(x))q(o1(t), o2(2)) W (u” (¢, ). (3.15)

u*(t,z) <

<1+ [ [ LD le(01(6),0alm)aor(€). ool)W (o €. mhicn +

+ > Bio™ H(ti, ) g™ (i, )u ™ (t; — 0, 2; — 0). (3.16)
(to—z0)<(ti,zi)<(t,x)

Let us consider the domain D;;; inequality (3.16) reduces itself in the next
one:

|/\
\“

£), 02(n))q(01(£), o2(n)IW (u* (&, m))dEdn.

(3.17)

By using results [3], [34] we obtain:

“(t,7) < v { / / e (n))q(ol(ﬁ),@(n))]dfdn}, (3.18)

10



where )y (v / W—g Yo o | is the inverse function of ¢y and t > t5, z > o
t

such that

[]5es

to To

o2(n))a(01(€), o2(n))ldédn € Dom (). (3.19)

Thus from (3.15), (3.17), (3.18), (3.19) it follows

ult,2) < p(t, 2)alt, 2)esy { / / e M (n))q(ol<s>,az(n))]d§dn}

Y (t,z) € D;; which satlsﬁes (3.19) (3.20)

By following the scheme in [11] (see also [15], [34]) based on the inductive

method, we consider domain Dyy. Then

*(t, x) <1+//f

| [ 2Dt 6) ot a6 i

;02(n))q(01(8), o2(n))IW (u” (€, n))dEdn +

P AA(3Y))
+B810™ (b1, 1) (B, 1) u ™ (8 — 0,3 — 0) <
t1 o1
<y {t/mo / g Z 0’2(77))(1(01(5),Uz(ﬂ))]dfdn} +

f(&m) .
+t1/ / (6. Vo010, 02(m)a(01(€), o2 ()W (u” (€, m)) el +
+B810™ (1, 1) g™ (t1, 1) -

{7 f(en)
v { / / e n)W[mm(g),02<n>>q<al<5>,oz<n>>1d§dn}

m

<

cor ] W p(01(6)oa(m)a(o(©) )W (u" €, mhicn, (321

t1 T1

where
cr = [1+ B1e™ Mt 21) g™ (t1, 1) |0y * -

11



{ /] S Wlp(ou(6), am))q(al(g),02(n>>]dgdn},

if 0<m<1 (3.22)

1 = [14 Bie™  (tr, 1) g™ (b1, 21)] -

—1 i f(ga 77) "
: [% { / / gD(mW[so(ol@),02<n))q<ol(s>,02<n>>1dsdn}]

it m>1 (3.23)

Let us point out that the inequality 1/)(v) > 0 guarantees that 15 ' exists and

it is an increasing function. By using (3.11) with ¢ = 1 from (3.21) we obtain:

“(t,z) < 7 {//f

with 1 <t <ty, x1 <z <2

(£);02(n))q(01(8), 02(77))]d5d77}

so, u(t, x) satisfies (3.10) for (¢,z) € Da.

Now let us suppose that (3.10) holds for (¢,x) € Dgg; then for (¢, ) € Dyi1x41

we have
u*(t,x) <
<ot / / S (©), 22(m)al(€), o2 (m)IW (o (€, m)) el
t, <t < tk_|_1, Tp <X < Tg4 (324)

where ¢ is defined by (3.12). Thus, on this step we have completed the proof.

Remark 3.1 The result of Theorem 2.1 is a new Bihari analogy statement
for discontinuous functions of two independent variables with non—Lipschitz

type discontinuities and delay.

Remark 3.2 A
(1) If B; = 0, q(t,z) = 1, W(u) = u, a(&,n) = (01(£),02(n)) = (&,n), we

12



obtain the classical result by Wendroff (see [22]).

(2) If B; = 0, from Theorem 2.1 Akinyele result ([3], Th. 4 as n = 2) follows.

(8) If q(t,z) = 1, W(u) = u, o(&,n) = (&,n), m = 1 we obtain Borysenko
result ([11], Theorem p. 1638).

(4) If q(t,x) = 1, W(u) = u, o(&,n) = (&,n) we have: a) Borysenko—Ilovane
result ([16], th. 2.1 ); b) if q(t,x) = 1, W(u) = ™, m # 1, m > 0,
Theorem 2.2 in [16]; ¢) if W (u) = u™ Theorem 2.3 in [16]; d) if W (u) = u
Theorem 3.1 in [16]; e) if W (u) = u™, Theorem 8.2 in [16].

(5) If q(z,t) = 1, we have Gallo—Piccirillo results [18]: Theorem 2.1, if
W(u) = u; Theorem 2.2, if W(u) =u™, n = 2.

B

From Theorem 2.1, for one-dimensional case (n = 1), it follows:

(1) Agarwal results ([2], Corollary 4.12 for m = 1, similar Theorem 4.21 for
m#1).

(2) Classical Bellman results [5, p. 58], Bihari [7].

(8) Borysenko, Gallo, Toscano results [9, 10 lemma 1, lemma 2], if in The-

orem 2.1 we assume
g=1, W) =u™, ¢>1, ot)=t.

(4) Gallo, Piccirillo [17, Theorem 2.1], if W (u) = u; [17, Theorem 2.2/, if
W(u) = u™; Borysenko [34, Theorem 3.71, p. 232], if m = 1; Borysenko,
Samoilenko [34, Theorem 3.7.6 (9 = 0)/, if m = 1; Tovane [20, Theorem
2.1], if ¢ =1, W(u) = u™; [20, Theorem 2.2/, if W (u) = u™.

By using the results by Pachpatte [31] and Akinyle [3], we consider the class
F' of functions f such that

a) f(x) is nonnegative, continuous and non decreasing as x > 0;

b) Vo >1,Vy>0 a7 'f(y) < flz™'y)
and we obtain the following statement:

Theorem 3.2 Let us suppose that function u(t,x) in domain D satisfies

13



inequality (2.9) and the conditions of Theorem 3.1 (with the exception of
conditions about function W (u). Then, if W € F', we obtain for arbitrary
to <t <t* xg <z <zx* the following estimate:

u(tv ‘T) < Qo(ta :L')q(t, x)&z_l )
'{/ / f(f,n)q(al(f),Uz(n))¢(al(§)’GQ(U))dfdn}, (3.29

o(&,m)
where t; <t < tip1, i < T < Tigpy, Yo(v) = 1/ %, Vi(v) :!%,
i=1,2,...,
ci = (1+ Bi™ " (tiw) g™ (ti, 2:)) -
ti x; A
- {w ( |/ f(f,n)W(Q(Gl(O,az(n)))dﬁdn)]
i1 Ti—1
, {A—lif0<m<1 .
with Vi=1,2,... (3.26)
A=mifm>1

and t*, x* are chosen such that

(t*,2%) =

[ o(01(), 95(n)) .
—sup{(t,a:) . / J F(€ ma(o1(€), a(n) =7 2 dedn € Dom (v )},
7=0,1,2,... (3.27)

Proof. It is obvious that

where u*(t, x) is defined by (3.14). Then

14



w(t) <1+ [ [ e malo:(€).oal) AT

to Zo
W (u* (€, n))dEdn +
+ Z ﬁi(pmfl(ti, xz)qm(tz, .’L‘Z)U*m(tz — 0, T; — O) (329)
(to,zo)<(ti,z:)<(t,x)
Later for inequality (3.27) we use the same inductive method procedure as for

inequality (3.16) in order to conclude the proof of Theorem 2.2.

Remark 3.3 Theorem 3.2 (similar to Theorem 8.1) is a new Bihari analogy

result [7] for discontinuous functions.

Remark 3.4 By using the results of Section 2 we can prolong the results of

Theorems 3.1, 3.2 to the n-dimensional case of impulsive integral inequalities.

Remark 3.5 If 3; = 0, Theorem 8.2 is similar to result by Akinyle [3, Theo-
rem 5, if n = 2J; for m = 1, the estimate (3.25) is more precise than (7.10),
the one in [36, Theorem 3.7.2].
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