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Preface

The aim of this thesis is the analytical study and the development of a numerical method to

solve the following non-linear, integro-differential boundary value problem on the half line:

v(y) g (y) — Jo k(z)g(x)dz [D (y) g (0)] = p (v) Cus0 o)

g'(0)=0,  limy,i10g(y) =0
This problem is representative of a class of non-standard integral equations where the
derivatives of the unknown function are multiplied by an integral term depending on the
unknown itself. The problems of this class are related to some real phenomena like plasmas
kinetics (see for instance [16]-[18], [27], [41]) and population dynamics (see i. e. [6]).
In particular equation (0.0.1) contains all the peculiarities of a more complicated model of
kinetic equations arising from the study of dust production and dynamics in the vacuum
chamber of the experimental fusion devices [41]. This equation is defined on the half line,
and its non-standard nature makes the analytical and numerical study rather complicated.
As a matter of fact, the knowledge about the existence, uniqueness and other properties of
the solution is missing and the numerical methods are still undeveloped.
Hence, the first part of this thesis concerns with the theoretical analysis of problem (0.0.1),
which provides useful informations about the existence and other qualitative properties of
the solution itself and represents an essential preparation for a numerical resolution of the

problem.
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The approach followed in this thesis consists in rewriting problem (0.0.1) in the equivalent

form as follows:

v(y)g(.q) —a[D ) g .9 =p) Y 0.0.2)

g, (07 q) = 07 limy—>+00 g (y> q) =0

+00
F@=q- [ k@g(,q)de =0, 0.03)

where, (0.0.2) is a classical Sturm-Liouville boundary value problem depending on a param-
eter ¢ and it coincides with the problem (0.0.1) when ¢ is a zero of the non-linear function
F(q) defined by (0.0.3).

Theoretical results show that for any ¢ > 0 fixed, there exists a unique solution g(y,q) €
C*([0, 4+o0)) of problem (0.0.2), which is positive and bounded together with its derivatives
up to order 4. Furthermore, we have proved other important properties, like the uniform
boundedness of g(y,q) and its derivatives up to order 4, with respect to the parameter g,
and the uniform continuity of g(y,q) with respect to ¢q. In particular this last property
allows us to get the uniform continuity of the function F'(q).

In order to prove the existence of a solution of (0.0.1), we show that there exists an interval
[a, b] where the function F'(q) has at least a zero ¢*, and g(y, ¢*), solution of the differential
problem (0.0.2) with ¢* fixed, is a solution of the integro-differential problem (0.0.1).

It remains an open problem the uniqueness of the solution of the integro-differential problem
(0.0.1).

The second part of this thesis concerns with the development of the numerical method to
solve the integro-differential problem (0.0.1) and the study of the convergence of it.

At first, we rewrite problems (0.0.2)-(0.0.3) in a compact interval [0, T'], where the end point
T is sufficiently large. Then, we discretize problem (0.0.2) by a finite difference scheme and
the integral term in (0.0.3) by a truncated composite trapezoidal rule, on a uniform mesh,

{y;:}}¥, on [0, 7. In this way we get the discrete version of (0.0.2)-(0.0.3)

A(q)g(q) = p- (0.0.4)



PREFACE 9

N
Fu(q) =q—hY_ wik(yi)gi(q) =0, (0.0.5)
i=0

where h is step size.

Under suitable assumptions the system (0.0.4) has a unique solution g(q), positive and
continuous with respect to ¢. This last property ensures the continuity of the function Fj,(q)
with respect to ¢q. Furthermore we have proved the convergence of F}, to F' when h tends
to zero, hence, for h sufficiently small, F}, has at least a zero, g}, in the same interval [a, b]
found for function F(g) in continuous case. The corresponding value g(q;) = A~1(g})p is
the numerical approximation of the solution of the integro-differential problem (0.0.1).
Starting from the interval [a, b], we develop an iterative process based on bisection method,
which converges to the zero of Fj,.

An important part of this research work is devoted to the analysis and proof of the con-
vergence of the numerical method for h — 0 and T' — +oo. It is possible by means
of a non-standard technique which involves the virtual computing of a sequence {¢" },cn,
obtained applying the same iteration process to the continuous problem (0.0.2)-(0.0.3).
The thesis is divided into 4 chapters.

The aim of Chapter 1 is to furnish the basic concepts used in the remaining part of the
thesis. At first we give some notions about two point boundary value problems for ordinary
differential equations on finite intervals, the theorem of the existence and uniqueness of
the solution and some qualitative properties of the solution itself and its derivatives. All
these results will play an important role in Chapter 2 where we focus on the analysis of
the solution of the integro-differential problem (0.0.1). Finally, we give some results about
finite difference method for boundary value problems for ordinary differential equations.
In Chapter 2 we present a theoretical analysis of the integro-differential problem (0.0.1),
which provides useful informations about the existence of a solution itself and its derivatives
and represents an essential preparation for a numerical approach to the problem. All the
studies reported in this section on the properties of the solution of problem (0.0.1) turn to be

essential for the comprehension of the problem itself as well as for its numerical analysis.
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In Chapter 3 we design and analyze a numerical method to solve the integro-differential
problem (0.0.1). This method consists of two steps: discretization of the differential and
integral terms by using finite differences and a quadrature formula respectively, resolution
of the non-linear system which comes out from this discretization. In order to prove the
convergence of our method, at first, we analyze the convergence properties of the finite
differences method related to the differential problem (0.0.2) with a fixed value of the pa-
rameter g. Then, we describe the algorithm that we implement, and finally we prove the
convergence of our method.

In Chapter 4 some numerical experiments on problems of type (0.0.1) are described. The
tests performed consists of the choice of the best interval [0, 7] on which to apply the nu-

merical method , and to verify the experimental order of convergence when h — 0.
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1.1 Introduction

The aim of this chapter is to recall some basic notions that we need in the future chapters.
To start we present an overview about two point boundary value problems for ordinary
differential equations on finite intervals, the most important results about the existence and
uniqueness of the solution and some properties of the solution itself and its derivatives (see
i. e. [7]-[11], [14], [15]). All these results will play an important role in Chapter 2 where
we focus on the analysis of the solution of the integro-differential problem (0.0.1). Finally,
we provide some notions about finite difference method for boundary value problems for

ordinary differential equations.

1.2 Two point boundary value problems on compact intervals

A boundary value problem in one dimension is an ordinary differential equation together
with conditions involving values of the solution and/or its derivatives at two or more points.
The number of conditions imposed is equal to the order of the differential equation. Usually,
boundary value problems of any physical relevance have these characteristics: the condi-
tions are imposed at two different points; the solution is of interest only between those two
points. We are concerned with cases where the differential equation is linear and of second
order. In contrast to initial value problems, even the most innocent looking boundary value
problem may have exactly one solution, no solution, or an infinite number of solutions.

In this chapter we consider the following linear second order boundary value problem:

0<y<T. (1.2.1)

Definition 1.1 Boundary value problem (1.2.1) is called regular if both the end points are
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finite, and the function D(y) # 0 for all 0 < y < T. If one and/or both end points are

infinite and/or D(y) = 0 for at least one point y € [0,T)], then the problem is said to be

singular.

In this chapter we focus on regular boundary value problems. We report some results about
the existence and uniqueness of the solution g(y) of the problem (1.2.1) together with the
analysis of other useful properties such as the sign of g and the boundedness of g(y), ¢'(y),

g"(y). These results will play an important role in next chapter.

1.2.1 Existence and uniqueness of the solution

The existence and uniqueness theory for the boundary value problems is more difficult than
that of initial value problems. In fact, in the case of boundary value problems a slight change
in the boundary conditions can lead to significant changes in the behaviour of the solutions.

For example, the initial value problem:

9"+g=0
g(0)=c1,  ¢(0)=c

)

has a unique solution ¢g(y) = ¢1 cosy + co siny for any set of values ¢;, co. However, the

boundary value problem
9"+g9=0
9(0) =0,  g(m) =€(#0)
has no solution; the problem
9"+9=0
9(0)=0, g(B)=e
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siny

0 < 8 < 7 has a unique solution g(y) = €%, while the problem

9" +g9=0
9(0)=0,  g(m)=0

has an infinite number of solutions g(y) = csiny, where ¢ is an arbitrary constant.

The theory of existence and uniqueness of bounded solutions of linear and non linear bound-
ary value problems over a compact interval is well developed, see i.e. [7]-[11], [14], [15].
Below we briefly report a theorem about the existence and uniqueness of the solution of

problem (1.2.1).

Theorem 1.1 Assume that:
1. DeC'([0,T]), wv,peC([0,T)),
2. D(y) >0, yel0,T]
3. v(y) >0, yelo,T]

are satisfied. Then the boundary value problem (1.2.1) has a unique solution

g € C%([0,T)).

Proof.

Let us consider the following homogeneous problem:

0<y<T (1.2.2)
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It is clear that the function

g*(y) =0, Yy €[0,77,

is a solution of (1.2.2). Under the assumptions made, this problem has only the trivial

solution. Indeed, let g(y) be a non trivial solution of (1.2.2), we have:

v(y)gly) — [D(y)d' (v)] = 0.

Multiplying by ¢(y) the last equation and integrating from 0 to 7, we get:

T /
0 = | 9 [rw)ew) - [P ]| dy = (123)
0
T T .
= t/‘ V(y)gz(y)dy‘fl/m 9(y) [D(y)d' ()] dy.
0 0
Assumption 3., ensures that
T
A v(y)g*(y)dy > 0.
Then, integrating by parts the second integral in (1.2.3) we get:
T T ,
/ v(y)g*(y)dy — / 9(y) [Dw)g' (v)] dy >
0 0
T
>~ [9(y) [DWI W]y + Asﬂ%@ﬂ%@d@aﬂ@=

T
= / (D) w)] dy >0
0

a contradiction for (1.2.3). Hence, g(y) = 0 is the only solution of (1.2.2).

If the problem (1.2.2) has only the trivial solution, then the inhomogeneous problem

[Dy)g' W) =v () gy) —py)
g(0)=0, g(T)=0

., 0<y<T (1.2.4)

has a unique solution g(y), for all p(y) € C([0,T1]). In fact, consider the following IVPs:

D] = v (y) g1 (y) — p(y)
g1(0) =0, g1(0)=0

0<y<T (1.2.5)
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[D(y)gh(W)] = v (y) g2 (y)
g2(0)=1,  g5(0)=0

and let g;(y) and g2(y) be their respective solutions . Let us define a function g(y, s)

0<y<T (1.2.6)

depending on a parameter s by:

9(y,s) = g1(y) + sg2(y), v €1[0,7T], (1.2.7)

it satisfies both the inhomogeneous differential equation of (1.2.5) and the first boundary
condition of (1.2.4). Therefore, the boundary value problem (1.2.4) has a unique solution
if and only if there exists an only value of the parameter s, such that g(y, s) satisfies the

second boundary condition of (1.2.4):
9(T,s) = g1(T) + sg2(T) = 0. (1.2.8)

It happens if and only if go(7") # 0. Hence

s= 0@ (1.2.9)

g(T)

and the second boundary condition of (1.2.4) can be solved uniquely for s in (1.2.9). Note

that g (7") is not equal to zero, otherwise it would be a solution of the homogeneous bound-
ary value problem, but the latter has only the trivial solution, and g2(0) = 1.

Furthermore, by hypothesis 1. it follows that g € C?([0, T7). ]

1.3 Some properties of the solution and its derivatives

In this section we report some qualitative properties of the solution of the problem (1.2.1)
as the sign of g and the boundedness of g, ¢’, ¢”; these properties will be crucial in order to
develop a theoretical analysis of the integro-differential problem (0.0.1). We want to specify
that these results are reported in non-linear case by several authors [7]-[11]. We follow this

way to get these properties for linear equations.
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1.3.1 Positivity and boundedness of the solution

We have seen that, under the assumptions 1., 2., 3., the differential boundary value problem
(1.2.1) has a unique solution g(y) € C%([0,T]). About the sign of g, the following theorem
holds.

Theorem 1.2 [n addition to 1.-3., assume

4. p(y) >0,y €10,7T],

then Arg > 0, such that

0<g(y) <ro, yel0,T]. (1.3.10)

Proof.

Hypotheses 1., 3. and 4. allow us to define the following constant:

7o := Imax M (1.3.11)
0<y<T v(y)

By the assumptions made on the functions D(y), p(y), v(y), the solution g(y) cannot have

a minimum negative at s € (0,7"), since if it did we would have:

D(s)g"(s) = v(s)g(s) — p(s) <0,

because ¢'(s) = 0, and g(s) < 0, a contradiction.
Suppose g(y) has a negative minimum at yo = 0, then since g(0) < 0, there exists § > 0,

such that g(y) < 0 for y € (0, §). This implies:

/

[D(y)g'(y)]" = v(y)g(y) — p(y) <O
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fory € (0,0) and

Dl)gw) = [ D5 O] dt = [ wit)a(t) — pe))dt <.

This is a contradiction because should be ¢'(y) > 0 fory € (0,7) C (0,0).
Moreover, g(T") = 0 hence
9(y) =20,  0<y<T

By previous assumptions, g(y) cannot have a maximum at = € (0, n) such that g(z) > ro,

since if it did we would have:

D(z)g"(z) = v(x)g(x) — p(z) >0

because ¢'(z) = 0, and g(z) > rg, a contradiction. Suppose g(0) > ¢ is a local positive

maximum then, there exists 6 > 0 such that g(y) > ro for y € (0, ). This implies

fory € (0,0) and

D)) = [ (D @) de = [ w(t)a(t) = p(0)]dt > 0.

This is a contradiction because should be ¢'(y) < 0 fory € (0,7) C (0,0). Thus, in

conclusion,

0<gly)<r, 0<y<T. (13.12)

Remark 1.1 The positiveness of the solution g arises from the positiveness of the right hand

side p in (1.2.1). However, if no information on the sign of p is given, we can still say that
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a unique solution g(y) of the problem (1.2.1) exists, and

(1.3.10 ) becomes:

lg(y)l <m0, 0<y<T. (1.3.13)

1.3.2 A priori bounds for derivatives

In this section we provide a priori bounds for derivatives of the solution of problem (1.2.1).
Also in this case we apply an idea stated in [7]-[11] to the linear case and the following

theorem holds.

Theorem 1.3 Assume that the hypotheses of Theorem 1.2 are satisfied. Then, there exist

71, 9 > 0 such that:

9| < rn, yelo,T] (1.3.14)

l9"(y)| < ro,  ye0,T], (1.3.15)

Proof.

Starting from the equation of (1.2.1) and under the assumptions made we get:

9" W)| < ‘g((yy))‘yg/(y)H ZI;((Z))‘M(?J)ﬂL ZI;((yy))‘ (1.3.16)
< IDillg W)+ o ol + |22, o<y

Where, as usual, fy,q = maxo<y<r f(Y), frmin = ming<y<7 f(y). Furthermore,

D'(y) ‘

D= D(y)

= Imax
0<y<T

(1.3.17)
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and g is defined in (1.3.11). Thanks to the inequality |z| < 2%+ 1, we deduce the so called

Bernstain growth condition:

9" <Ag” +B, 0<y<T, (1.3.18)

where:
= Dy (1.3.19)
— D+ ‘Zzn iro| + g’;n‘ | (13.20)

In order to obtain (1.3.14) we note that g € C[0, T and since ¢'(0) = 0, there exists § > 0
such that ¢’(y) does not change sign in [0, 4] C [0,7]. Assume that ¢’(y) > 0, y € [0, ]

then,
J"(y) < Ad*(y)+ B, ye[0,4].

Multiplying both sides by 2A¢’(y), gives:

249 (y)g" (y) /
W < 244'(y).

Integrating from 0, to y, with y € [0, d]:

U
~
N

Yy
/ 244 (t)dt,
0

2AT07

,_.
o
09
/N
b
Q
)
—~
SN
~_—
A

1/2
[i (eQA’"O - 1)] . y€[0,0). (1.3.21)

©,
—~
<

=
IN

If ¢’(y) changes sign on [0, 7], because of continuity of ¢'(y) we can choose ¢ such that

¢'(6) = 0 and assume ¢'(y) < 0, Vy € [4, u] C [0, T]. Then, from (1.3.18), we have:

—(A¢%@) +B) <g"v), ye b4 (13.22)
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and in a easy way we obtain that:

B 1/2
l9'(y)] < [A (240 — 1)] . Y€ [0,ul. (13.23)

Then,

g (y)| <ri,y € [0,T] with,

= {lj (egm _ 1)} 1/2. (1.3.24)

Finally, from (1.3.10), (1.3.14), (1.3.16), (1.3.17) and hypotheses 1.-4., we get

9" ()| < o (1.3.25)
with,
o v(y) P(y)
ro = Dir1 + Or%ayaécT D) ‘ ro + oglyang 7@) (1.3.26)
[ ]

Finally, the following proposition is straightforward.

Proposition 1.1 Assume that the hypotheses of the Theorem 1.3 are satisfied. If in addition

we assume that v, p € C?([0,T)) and D € C3([0,T)) then, the solution g(y) of (1.2.1) is

in C*([0,T)).

1.4 Finite Difference Method

In this section we report some notions about finite difference methods (see for instance [22],

[30]-[33], [37]). Let us consider the boundary value problem (1.2.1) which we write as:

L{g} == -D(y)y" — D'(y)g' +v(yg=ply), yel0,T], (1427
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g'(0) =0, g(T) = 0. (1.4.28)

Let us assume that the hypotheses of the Proposition 1.1 are satisfied, in this way the bound-
ary value problem has a unique solution g in C*([0, T']). Furthermore, we make the follow-

ing assumption
v(y) >v* >0, y €10,7). (1.4.29)

In order to solve numerically this problem we define a uniform mesh on [0, T']:

I 0=yo<y1 <y <..<yn-1 <yn =1, (1.4.30)
T
=i, i=0,..N,  h=.

Then we replace the derivative terms in (1.4.27) with finite difference approximations. We

choose the centered difference formulas, which means we use the following expressions

i — i— 1

g'(yi) _ g(y +1)2h9(y 1) . 6h29(3)<m)’ (14.31)
i+1) — 29(yi) + 9(yi— 1 _

() = 9(Yi+1) 9}5?2;) 9(¥i-1) _ﬁh29(4)(77i)7 (1.432)

with n;, 1; € [yi—1, yi+1]. Let us set
and consider the following difference equations:

Gi+1 — gi—1 gi+1 — 29i + gi—1
Lp{gi} = V(yi)gi—D/(yi)Hzihz_D(yi) = h; :

= ply), i=0,...,N—1. (1.4.34)

The boundary conditions in (1.4.28) are replaced by:

9-1 =91, gy = 0. (1.4.35)

We note that the first one comes out from the fact that ¢’(0) = 0. Equations (1.4.34) together

with (1.4.35) lead us to a system of N algebraic equations:
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Ag =,

25

(1.4.36)

where ¢ = [go,...,gn_1]T € RN, p = [p(wo),...,p(yn—1)]7 € RN and the tridiagonal

matrix A = (a; ;) € RN*Y is the coefficient matrix,

aq bo 0 0 0
1 a; by 0 0
A=1| o0 0
0 0 -+ ev—2 an—2 byn_2
0 0 - o en1 an_1
with:
2D 2
ap = v(yo)+ h('j/O)’ bo = —ﬁD(yo);
o [D(yi)  D'(yi)]
! h? 2h |’
2D(y;
a; = v(y;)+ h(zy)v 1=1,....N—1;
[D'(y:) | D(yi)] .
bi = - y :1,...,N*2.
on T | ’

(1.4.37)

(1.4.38)

(1.4.39)

(1.4.40)

To solve the difference problem in (1.4.34)-(1.4.35) we must, in fact, solve the Nth order

linear system (1.4.36).

We assume that the step size h is so small that:
hDy < 2
where we recall that D1 = maxo<y<r ‘% ‘ So we deduce that

laol > [bol
\ai] > |bi|+|6i‘,’i:1,...,N*2

lan—1| > len—1]

(1.4.41)

(1.4.42)
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Of course, this furnishes a proof of the existence of a unique solution of the difference
equations (1.4.36) provided (1.4.41) is satisfied.

The local truncation errors, 7;, are defined by:

Li{g(y)}y =plyi) +7; i=0,...,N—1. (1.4.43)

Since g(y) is a solution of (1.4.27) and we have assumed that g is continuous together that

its derivatives up to order four, using Taylor’s theorem we get

i = Ln{g(yi)} — L{g(yi)} =
— D(w) [g(yi-i-l) - 29}5292') +9(yi-1) o g”(yi)}

— D) {g(yz-+1)2—hg(yi—1) _g/(yi)} _

= f%iﬂ [g“) () + 2127/&"))9(@ (m)] (1.4.44)

Now we consider the classical theorem about the error estimate.

Theorem 1.4 Assume that 1.-3. hold. If in addition we assume that the stepsize h satisfies

(1.4.41), then

h2 Dma.’lf
l9i — 9(yi)| < 12 (G4 +2D1G3), (1.4.45)

where G; = maxo<y<T |g(i)(y)|, 1=3,4.

Proof.

Let us define

ei=9i—9g(i), i=0,...,N. (1.4.46)
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Then subtracting (1.4.43) from (1.4.34) we have

ae; = bje;_1 + ciejr1 — 7.

We set: e = maxo<y<7 |€;], T = maxo<;<n |7| and we have:

laiei| = [|bi| + |cil]le + 7.
By (1.4.38)-(1.4.40) and (1.4.41) we get
.
e < —
l/*

and by (1.4.44) we get

< h’2 Dmaa:
*

<13 [G4 + 2D1G3)

e

27

(1.4.47)

(1.4.48)

(1.4.49)

(1.4.50)

From this theorem we can see that the difference solution converges to the exact solution as

h — 0 and, in fact, the error is at most O(h?).
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2.1 Introduction

The aim of this chapter is to introduce a theoretical analysis of the following non-linear

non-standard integro-differential boundary value problem:

v(y)g(y) = o™ k(@)g(x)dx [D (y) g W) = p(y) Coys0. @l
g(0)=0,  g(+00)=0

The peculiarity of this equation is that the coefficients of the derivatives of the unknown
function depend on the unknown function itself by means of an integral over the semi-axis.
This feature makes the analytical study of this problem rather complicated . Furthermore,
the knowledge about the solution and its qualitative properties is poor, hence the analytical
study that we present provides useful information about the solution of the problem (2.1.1)
and represents an essential preparation for a numerical approach to the problem that we will
see in the next chapter.

In order to analyze the integro-differential problem (2.1.1), it is useful to consider the clas-

sical Sturm-Liuoville differential problem depending on a parameter q:

v(y)g(y,q) —q[D ) d(y,q)] =p ) s 012
g (0,9) =0,  g(400,q)=0

and observe that, when

+o00
q= / k(x)g(x)dz, (2.1.3)
0

it coincides with problem (2.1.1). Theoretical results about two point boundary value prob-
lems on infinite intervals for ordinary differential equations are well known in literature.
Several authors (see for instance [12]-[13]), have investigated about the existence of the
solution and some of its qualitative properties as the positiveness and boundedness of the
solution itself and of its derivatives, in non-linear case. We have fitted these results on the
form of the parametric problem (2.1.2) and connected them in order to obtain a complete

theory and prepare the basis for the analysis of the problem (2.1.1).
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In Section 2.2 we examine problem (2.1.2), assume that ¢ > 0 is a fixed parameter and
report results about existence, uniqueness, positiveness, regularity and boundedness of the
solution. All these results will be crucial for the investigations carried out in Section 2.3 on
the complete problem (2.1.1) or the equivalent problem (2.1.2) with (2.1.3), where we will
prove the existence of a non-negative solution g which is uniformly bounded together with
its derivatives. All the studies reported in this chapter about the properties of the solution of
problem (2.1.1) turn to be essential for the comprehension of the problem itself as well as

for its numerical analysis. Finally Section 2.4 contains some conclusions.

2.2 Analysis of the solution of the parametric differential

boundary value problem

Boundary value problems on infinite intervals frequently occur in mathematical modelling
of various applied problems. As examples (see i.e. [13]), in the study of unsteady flow
of a gas through a semi-infinite porous medium, discussion of electrostatic probe measure-
ments in solid-propellant rocket exhausts, analysis of the mass transfer on a rotating disk
in a non-Newtonian fluid, heat transfer in the radial flow between parallel circular disks,
investigation of the temperature distribution in the problem of phase change of solids with
temperature dependent thermal conductivity, as well as numerous problems arising in the
study of draining flows, circular membranes, plasma physics, radially symmetric solutions

of semi-linear elliptic equations, non-linear mechanics, and non-Newtonian fluid flows.
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2.2.1 Existence of global solution

In this section we consider the differential boundary value problem (2.1.2) with ¢ > 0
fixed and, following a standard procedure (see i. e. [12], [13]), report some results on the
existence and the uniqueness of the solution g(y, ¢) together with the analysis of other useful
properties such as the sign of ¢(y, ¢) and the boundedness of g(y, ¢) and its derivatives.
The proof of the existence of the solution of problem (2.1.2) can be divided into two steps.
At first we consider sufficient conditions on the functions which define the problem that
yield a global solution of the equation in (2.1.2), which is continuous and bounded together
with its derivatives up to order two, on [0, +00). Arzela-Ascoli Theorem and the results
presented in the previous chapter about boundary value problems on finite intervals will
play an important role in order to obtain a global solution to (2.1.2). Furthermore, it is
easy to get a global solution to (2.1.2) which also satisfies the boundary condition at zero,
¢'(0,q) = 0. Next, to satisfy the boundary condition at infinity is more complicated, in fact,
constant a priori bound alone is not suffice to give the existence of a solution that satisfies the
second boundary condition of (2.1.2). We need further a priori information which implies
that the solution tends to zero at infinity, as we will see in the following section.

From now on we will consider boundary value problems of the kind (2.1.2) with q positive

and fixed and we make the following assumptions on the involved functions:

1. D e C([0,+00)), v,p€C([0,4+x)),
2. 0<Dmf§D(y) SDsup, y >0,

3. 0 < supy>g ‘%((;l))’ < 400,

4. 0< Vinf < V(y) < Vsup» Yy > 09
50<p(y) <P, y>0,

—+o00
6. o ply)dy < 400

7. limy 540 p(y) =0
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As usual, we denote by BC")[0, +00) the space of functions f(z) with

f9(z), j =0,1,...,r, bounded and continuous on [0, +-c0) and

1flloo = supy>o [ £ (y)].

In order to show the boundedness of ¢(y, ¢) and its first and second derivatives, we note that
hypotheses 2.-5. allow us to define the following constants:

1%

D’ D’
—|1£ — = 2.2.4
F I I I I
and we set
o = |2 (2.2.5)
v oo
o B 2Arg 1/2
- {A (e 1)} 7 (2.2.6)
D/
= 227
R e R i a2

Moreover, in order to make the discussion clear, we report the following classical definitions
about uniform boundedness and equicontinuity of a sequence of

continuous functions, and the Arzela-Ascoli Theorem .

Definition 2.1 A sequence { [, }nen of continuous functions on an interval

I = [a,b] is uniformly bounded if there exists a positive constant M < +oo such that

Vn € N,

[ fn(x)| < M, x € a,b].

Definition 2.2 A sequence of functions, { fn}nen, is equicontinuous if, for every e > 0,

there exists 0. > 0, such that |y — s| < d,

fu(y) = fa(s)] <€ Vne N —{0}.
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Theorem 2.1 (Arzela-Ascoli Theorem) Let I be a compact interval. If a sequence of func-

tions { fntnen in C(I) is uniformly bounded and equicontinuous then it has a uniformly

convergent subsequence‘

Now, following a classical procedure (see for instance [12], [13]) based on particular ap-
plications of Arzela-Ascoli Theorem, we report the result on existence of a global solution
g € BC2([0, +00)) of equation in (2.1.2), satisfying the boundary condition at zero. In
the following theorem we need all the results about the solution of the differential boundary

value problem on finite intervals, reported in Sections 1.2-1.3

Theorem 2.2 Assume 1.-7. are satisfied. Then, for any fixed q > 0, the ordinary differential

equation in (2.1.2) has at least one non negative solution such that

g € BC?([0,+)), (2.2.8)
ylirgg J(y,q) =0. (2.2.9)

Proof.

Let us consider, for all n € N — {0}, the boundary value problem:

v(y) gn (,9) — ¢ [DW)gn (v, q)) = p(y)
9,0,0) =0,  gn(n,q)=0

. yelonl (2.2.10)

Under the assumptions 1.-5., theoretical results described in the previous chapter show that,

foralln € N — {0}, problem (2.2.10) has a unique solution
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an(y,q) € C%([0,n]), positive and such that

0 < gn(y,q) <o, y € [0,n], (2.2.11)
lon(y, @)l <ri,  yelon] (2.2.12)
lgn(y,q)| <re,  ye[0,n], (2.2.13)

where the constants rg, 1 and ro are defined in (2.2.5)-(2.2.7). Hypotheses 4., 5. and

(2.2.11) enable us to define the following estimate:
)[qD(y)g;(y)]'\ <M, ye0,n], YneN-{0} (2.2.14)
with,
Moy = |Veup| 0] + | P|. (2.2.15)
Let us consider the equation

7 [DW)gn(y, )] = v(y)gn(y.q) — p(y),

an integration from 0 to y € (0, n] yields

gn(y.q) = /0 ’ [v(7)gn(T,q) — p(T)] dT

and another integration produces

i) =00 = [ [ sl

At the same way, for s € (0, n] we have

9n(8,q) — gn(0,q) = /OS qDl(t) /Ot [v(T)gn(T,q) — p(7)] drdt,

subtracting the two previous relations we get

0u(00) ~ ons.0) = ‘/squl(t [ Wir)ontr.a) — pio)]

195, Q) — gn(s0)| < / / () ga(r, @) — p(r)| drdt

< / B0 /d dt —MO/ —dt (2.2.16)

VYn € N —{0}.
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It is easy to see that

9, (4, 9) — gh(s,9)| <72

y
/ dt‘ =ryly — s (2.2.17)

with 72 given in (2.2.7).

Let us define the sequence of functions {2z, (v, q) }nen in this way

zn(y,q) = oy @), v € [0ml . (2.2.18)

0, y>n

It is clear that z,(y, q) is continuous with respect to y on [0, +00) and twice continuously
differentiable except possibility at y = n, where there is a jump. By (2.2.11) and (2.2.12) it

comes out that:

0<z,(y,q) <719, 0<y <400, neN—{0} (2.2.19)

lzh(y,q)| <71, 0<y <400, neN—{0} (2.2.20)
and by (2.2.16) for y, s € [0, 00) we have:

My /s t
(Y, q) — zn(s,q)| < — ——dt, Yn e N —{0}.
l2n(y, @) — 2n(s, q)| . ), D {0}

By assumptions made on D(y), the integral function:% it ﬁdt, is continuous hence,
Ve > 0,30 > 0, such that |y — s| < 4,

My (v t
n(¥,q) — gn(8,q)] < — ——dt <e, Vne N —{0}.
190y, 9) — gn(s,9)| T {0}

s0 2z, (y, q) are equicontinuous with respect to y.
The functions z],(y,q) with n = 2,3, ... are equicontinuous with respect to y on [0, 1],

because from (2.2.17)

|z (y,q) — zp(s,0)| < rily —sl, y,s €[0,1]. (2.2.21)

By Arzela-Ascoli Theorem there is a subsequence of index N of N — {0, 1} and a contin-

uous function

hi(y,q) on [0,1]
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such that

210y, 9) = hi(y,q)

uniformly with respect to y € [0, 1], as n — +oo through N;. We consider the subsequence
of {zn(y,q)} of index Ny C N — {0, 1}, {z17(y, ¢) }1neNy, these functions are uniformly
bounded and equicontinuous with respect to y on [0, 1], hence by Arzela-Ascoli Theorem

there is a subsequence of index N7 of N and a continuous function

k1(y,q) on [0,1]

such that

Zn,1 (y7 Q) — kl (y7 q)

uniformly with respect to y € [0, 1], as n, 1 — +o0o through Nj.

We note that the subsequence of {27’1 1 (y, q)} e is uniformly convergent to the function
’ n,leiNy

hi(y, q), and thanks to the uniform convergence we have:

d ,
hi(y,q) = @k1(y, q) = k1(y,9)- (2.2.22)

Again we consider the sequence {2}, 5(y,¢)} with n,2 > 3 these functions are equicontin-
uous w.r.t y on [0, 2], and the Arzela-Ascoli Theorem implies that there is a subsequence of

index N2 of N'! and a continuously differentiable function
k2(y,q) defined on [0,2],
such that
Zn,2(Y: q) = k2(y, q)
Zn2(y.a) = ka(y,q)

both uniformly with respect to y € [0, 2], as n — oo through N2.

Note that

ka(y,q) = k1(y,q), v €[0,1],



THE CONTINUOUS PROBLEM 38

because N2 ¢ N%.
In this way we obtain for j = 1,2, ... a subsequence of index N/ C N — {0} with N7 C

N7~ and a continuously differentiable functions k; on [0, 5], such that,

(Y, 0) = ki (y,q)
2.5y, 9) = k;3(y,9)

uniformly with respect to y € [0, j], as n — +oo through N7. Also
k‘j == k‘j_l on [0,] — 1].

Define ¢(y, ¢) and ¢'(y, q) as follows: fix y € [0,+00) and consider j € N — {0} with

y < j, then:
9(y,q) = k;(y,q)
9'(y,q) = kv, 9)

g and its first derivative are well defined and g € C|0, +00) (because of the uniform con-

vergence). Hence, for n € N7 and n > j we have:

alva) = [ : i | T)2n(rsq) — p(r)] drdt + 20, q).

Thanks to the uniform convergence of z,(y, q) to k;(y,q), for n — +oo through N7 we

have:
ki(y,q) = — /y] qDl(t) /Ot [v(T)k;(T,q) — p(7)] drdt + k;(j,q)-
Hence,
j t
9(y,q) = — /y] qDl(t)/O [v(T)g(T,q) — p(7)] drdt + g(3, q)-
Then
¢ (yq) = qDl(y) [ 0.0 - p)dr

is a continuous function with respect to y on [0, +00).
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Moreover,

lim ¢D(y)g'(y,q) = lim [ [v(r)g(r,q) —p(r)]dT =0,
y— y— 0

and thanks to the uniform convergence we have

0<g(y,q) <r9, 0<y<+00 (2.2.23)
19'(y.q)| <71, 0<y < +o0. (2.2.24)

Furthermore,
[aD(W)d' (y,0)" = v(¥)g(y,q) — p(y) (2.2.25)

and assumption 1. implies g € C?[0, 4+-oc) and
[4D(y)d (v, @)| < Moy, y >0

\[qD(y)g’(y,q)]'] < My, y>0

2.2.2 Study of a significative boundary value problem

The previous theorem ensures the existence of solution, g(y,q), of the equation (2.1.2)
satisfying the first boundary condition. In this section we analyze some properties of the
solution of a particular class of boundary value problems for ODE which allows us to show

that lim,_,0 g(y, ¢) = 0. By hypotheses 2. and 4. we define the following constant:
m := (¢DinVins)''?, (2.2.26)
and introduce the following differential two point boundary value problem:

laD()e' (v, )] = she5e(y,a) = —p ()
W (0,0)=0,  w(+00,q)=0

y=>0 (2.2.27)
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where the constant m, defined above, satisfies
Im >0, s.t. ¢D(y)v(y)g > m?g, y e [0, +00), g € [0,r0] (2.2.28)

In this section we want to show some of the most important properties of the solution of this

problem. At first it is easy to prove that the function

1 _m v Dd(s) +00 _me%d

= R q s q 0 s

w(y,q) 5 /0 p(T)e T

1 _m (v D(i(s) y m T%d

+ —e 9 J0 s eaq Jo s
5 /0 p(7) T
1 m (v _ds [+ —m [T ds

P R e / p(r)e @ Jo BT dr (2.2.29)
2m Yy

satisfies the equation (2.2.27).

Furthermore, w(y, q) satisfies also the boundary conditions of the (2.2.27).

Proposition 2.1 Assume that hypotheses 1., 2., 4.-7. hold. Then, the function w(y, q), de-

fined by (2.2.29), satisfies the boundary conditions of the problem (2.2.27).

Proof.
It is easy to prove that w'(0, ¢) = 0.

In order to show that lim,_,, - w(y, ¢) = 0, we note

_m (Y _ds
hmy—H—ooe a Jo D(s) = (),

S

m (Y _d m [T _ds
limy o0 e 5 Jo BT [+ p(r)e 5 Jo BIdr = 0,

by Hopital’s rule :

. _m [Y _ds Yy m [T _ds . q
1 q Jo D(s) q Jo D(s) d = 1 —_— D = 0
A e /0 p(r)e 7= lim —p(y)D(y) =0,

by Hopital’s rule :
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Hence limy o w(y, q) = 0.

Moreover, hypotheses 2., 5., ensure that w(y, q¢) > 0,y € [0, +00).

Proposition 2.2 Assume that 1., 2., 5. and 6. are satisfied. Then, w(y, q) and &' (y, q) are

bounded.

Proof. In order to prove the boundedness of w(y, ¢) we note that under the assumptions 2.,
5. and 6. we have:

_m (Y _ds
e 4 Jo D(s)

<1, y>0,

0 p(y)dy < Pin,

m [T _ds m (Y _ds
Ji e o Pop(rydr < 5 B [ p(y)dy

_m (Y _ds m (Y _ds

Pint e aJo Ds)eqa Jo D) (Y
= d
Wiyl < 2m + om /0 p(r)dr +

m (Y ds m (Y _ds
67 0 D(S)e_7f0 D(s) +o00 dr <
+ 5 /y p(T)dr <
3P,
< mt_ Q. (2.2.30)
2m

Finally also w'(y, ¢) is bounded:

10p € RT, s.t. |W'(y,q)| < Qp, fory € [0, +00) and for fixed g. Indeed by the

assumptions 2., 5. and 6. we have:

m (Y ds

W < /m ()% o B at
W (y.a) < p(t)e” @ Jo Pt +
2¢D(y)  Jo
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m (Y _ds
e 4 Jo D(s) /y ﬂft ds
p(t)ea Jo DG dt +
2¢D(y) Jo
m (Y ds
edq Jo D(s) [+oo (t)_mft%dt<
2¢D(y) Jy
_m (Y _ds m Y _ds_
< P e aJo D(s)eaq Jo D(s) Pt
m (Y ds _m (Y ds_
eaJo D(s)e q Jo D(s)
Pt =
+ 2qunf int
3F;
= QQDWf = Qp. (2.2.31)
m

Finally, we show how to get the solution w(y, ¢) of (2.2.27) in easy way as follows.
I STEP

m Y _ds
We multiply both sides of the equation (2.2.27) fore ¢ Jo 565 and integrate from zero to

infinity:
400 m (Y ds 2 400 m (Y _ds
,ff = ’ I m w(yv Q) - —
e 4 Jo D(s) qDyo_) Y, q dy - — erD(S)dy
/ (4D () (4.0) D
+00 o (Y _ds
_ / e~ Jo BT Py)dy (2.2.32)

0

Integrating by parts the first term of the first side of the equation we obtain:

m (Y ds +oo

too _m (v _ds , , , _m (Y _ds_
/O e @ Jo D& [¢D(y)w'(y,q)] dy = {qD(y)w (y,q)e Jo D) . +

[ a0 " yge i I B
gD (y)w' (y, q)e” 7 Jo PC y:m/ W'(y,q)e 1 )0 PO dy =
0 qD(y) Jo
[<>‘m”s+m " wyage i B B g
m |w(y,q)e 4 D(s) er/ w(y,qle ¢ D(s) —— Y =
0 0 qD(y)
2 r4oo ( m (Y _ds
m w(y,q) —m [V de
= —mw(0,q) + — ———=e¢ 1 Jo D) dy. (2.2.33)
0.9) q Jo  D(y)

By replacing the last result in the equation (2.2.32) we have:

m? (T w(y,q) _m (v g m? (T w(y,q) _m v _ds
_ mwO,q _|_7/ LT AP oD(s>dy_7/ Y 6T g OD(s)dy:
Co+=- D) ‘b D)
too —m [V _ds
- P(y)e aJo P& dy. (2.2.34)

0
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Hence,

1 [toe _m Y _ds_
w(O,q):E ; P(y)e” @ Jo DI dy. (2.2.35)

II STEP

m (Y ds
We multiply both sides of the equation (2.2.27) for e ¢ Jo D(s) and integrate from y to

infinity:

3

+o00 _m t ds 2 +oo t —m b _ds
/ e Jo B [¢D(t)w'(t, q)] dt — m—/ ! ’Q)e a Jo D) dt =
y qa Jy

+00 m [t _ds
- / e 0 Jo DO P(t)dt (2.2.36)
Yy

Integrating by parts the first term of the first side of the equation we obtain:

m [t _ds

—+00
/ e ¢ Jo DO [¢D(t)w'(t, q)}/dt =
y

_m [t _ds T
- [QD(t)w’(t,q)e el
y
oo _m [t ds_
+ / gDt (t,q)e” @ Jo D) dt
, PO aD({)
_m fy ds +o0o —mftﬂ
= —qD)W'(y,gle «Jo P +m [ Wt q)e” @ o POt =
y
_m (Y _ds_ _m [t ds +oo
~ 4D F R L |t e h
y
2 pto0 mort ods gt
+ ﬂ/ e aJo D L( ’q)dt. (2.2.37)
q Jy D(t)
By replacing the last result in the equation (2.2.36) we have:
_m (Y _ds_ _m [V _ds 2 rto0 mot_ds (¢
— qD(y)w'(y,g)e 170 PO —mw(y,g)e @ Jo PE) +m*/ e o o 0D gy
qa Jy D(t)
2 +o00 m [t ds +o00o m [t ds
_ ”i/ iy ozad(s)w(t’q)dt:_/ P(t)e” @ Jo DG gt
q Jy D(t) Yy
/ —mfyﬂ _m (Y _ds_
qD(y)o'(y,q)e @70 PO +muw(y,g)e @ Jo PO =

+oo _mfz ds
P(t)e« Jo DG dt
Y

Thus

m (Y ds +o0 m [t _ds
gD (y)w'(y,q) = —mw(y,q) + e Jo DG / P(t)e ¢ Jo 5 gt (2.2.38)
Yy
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III STEP
m Y _ds
We multiply both sides of the equation for e ¢« Jo DG) and integrate from zero to y:
Y om ot , m? (Y w(t,q) m [t ds_
edJo D) [gD(t)W'(t,q)] dt — — e JoDEIdt =
/ laD()/ (1)) di = " [T
Y m [t _ds_
—/ e Jo D) P(t)dt (2.2.39)
0
Integrating by parts the first term of the first side of the equation we obtain:
Y m t ds ’ /
/ e Jo DG [¢D(t)w'(t,q)] dt =
0
t_ds Y Y m [t _ds_
= D(t t eqfoD()} —/ D)’ t, eqfoD@)idt:
4D () " ap(t)st.o B
[V e b ds_
= qD(y) /(y q)eq 0 D(s) —m/ t q eq 0 D(s) dt =
7[7,/7 m t ds m
qD(y)w' (y,q)ea Jo D& —m [w(t,q)e a Jo D<S)} —|—m/ (t,q)e T Jo B dt =
qD(t)
f m Y _ds
= qD(y) (y,9)e o PG — mus(y,q)e’s Jo PE 4+ muw(0,q)
Y t
n / wl q) Jo 565 a (2.2.40)
By replacing (2.2.35) in the last equation and we have:
’ mfy ds m (Y _ds_
qD(y)w (y7q)eq D(s) — mw(y q)eq 0 D(s) 4
+o0 _m [t ds Y w(t
+ Ptye 7o 4 I w( w(t.9) [ 5 g (2.2.41)
0 D(t)

By replacing the last result in the equation (2.2.39) we have:

m (Y ds

, mfyﬂ m
qD(y)w'(y,q)e ® Jo DG mw(y, q)e

/ P(t)e 0D<s>dt+m /ywtq) O

t ds

0 D(s) dt.

- /0 P(t)e a

Thus:

gD (y)o’

_m (Y _ds
— q Jo D(s)

(y,q)

/p e o DG

= mw(y7q) - 6_%

0 D(s) |

t S
fo %dt _

+oo
P(t)e

Y ds
0 D(s)

0

2 m ’ S
@/y w(t’Q)e? f(; Dd(s) dt =
q Jo D(t)

fo D(S) dt +

(2.2.43)
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By comparing (2.2.43) with (2.2.38) we have:

_m (Y _ds +o0 m f f?:’ d: m t ds
= mw(y’ q) — e 4aJo D(s) P(t) q Jo D( )dt —e D(S P t)e q 0 D(s)
0
L2 [ [ pge 3o g i [ piet i v
—_ q Jo D(s D(s t - q 0 D(s 0 s
w(yo0) = 5 ¢ [ Pe e |
1 ﬂfy ds +00 _m ft ds
+ e D& / P(t)e” 5 Jo DGt (2.2.44)
2m y

2.2.3 Existence and uniqueness of the solution

In Section 2.2.1 we have seen that under the assumptions 1.-7. there exists a solution,

g(y, q), of the equation (2.1.2) such that ¢’(0, ¢) = 0. Now we have to see that

1i — 0.
A 9(y,q) =

In the previous section we have analyzed a particular class of boundary value problems

defined by (2.2.27), with a known solution w(y, ¢) given by (2.2.29) and we have seen that
w(y,q) = 0,y € [0,+00),
e there exists € > 0 such that w(y, q) < 2,y € [0, +00),
e lim, ,o w(y,q) = 0.

Our aim is to show that
9(y,q) <wl(y,q), Yy >0,

and form this it follows that

yli_}rgo 9(y,q) =0. (2.2.45)
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Theorem 2.3 Under the assumptions 1.-7. and for any q > 0, the boundary value problem

(2.1.2) has a non negative solution g € C*[0, +00).

Proof.

From Theorem 2.2 we have that there exists a solution g € C2[0, +00) of the equation
(2.1.2) such that ¢’(0,¢q) = 0 and 0 < ¢(y, q) < 7o, with rg defined in (2.2.5). In order to
prove (2.2.45) we define r(y,q) = g(y,q) — w(y, q). At first we show that r(y, ¢) cannot

have a local positive maximum on [0, +00). To see this we note that for y > 0

" _ _D,(y) / v(y) . p(y)
9" (y,q) = D(y)g(y,Q)JrqD(y) (v, q) D(y)’
" _ m® w . D/(y)w/ _ p(y)
S it T R T
Hence,
"(y,q) = ¢"(y,q) —w'(y,q) =
v ! m2
= qD(g(Jy))g(y, q) — lz)x(;)) (9" (y,q) — ' (y,q) — mw(%q) =
! 12 m2
= —f)((yy)) (9'(y,9) = (v, 9)) + qD(?(J;)g(yvq) - 20 W9
and )
[aD() (y.0)]' = v(¥)g(y.q) - QDL@W, 9).
By (2.2.28) we have
v(y)gD(y) _oom m? om
D0 9(y,9) D) (y,Q)ZqD(y)g(y,Q) D) (v, q)
= D) 9(y,q9) —w(y,q)] = qD(y)r(y, q). (2.2.46)
Hence,
m2
[gD(W)r'(y,q)] > r(y, q). (2.2.47)
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Suppose 7 has a local positive maximum at yo > 0, then r'(y9) = 0 and " (yo) < 0. But

we have

m2

aD(yo)r" (yo) = [¢D(yo)r’ (yo. q)]" > qT(yO)T(yo,Q) >0,

a contradiction. Suppose 7 has a local positive maximum at ¢y = 0, then since

7(0,9) = g(0,q) — w(0,q) >0,

there exists § > 0 such that

r(y,q) = 9(y,q) —w(y,q) >0

for y € (0,6). Hence, (2.2.47) implies [¢D(y)r’(y, q)]" > 0 for y € (0,6),

aD(y)r'(y,q) = /0 ’ [qD(t)r(t,q)]" dt > 0

a contradiction because should be ’(y, ¢) < 0 fory € (0, ). Thus, r(¢) cannot have a local

positive maximum [0, +00). Our aim is to show that

r(y,q) = 9(y,q) —w(y,q) <0, Yy € [0,+00).

If r(y,q) > 0 fory € [0,+00), then there exists a ¢; > 0, with r(c1,¢) > 0. Now since
7(y, q) cannot have a local positive maximum on [0, 4+00) it follows that for all yo > y; >
c1, r(y2,q) > r(y1, q), otherwise r(y, ¢) would have a local positive maximum on [0, ys].
Thus r(y, q) is strictly increasing for y > ¢;. We note that both g(y, ¢) and w(y, q) are
bounded on [0, +00) and

lim r(y,q) = yggloo(g(y, q) —w(y,q)) = yggpoog(y, q) =k <o,

y—+o0

with 0 < k < 7. Now there exists co > ¢ such that g(y, q) > g fory > co. Fory > 0 we

have

1

[aDW)g' (v, )] = v()g(y,q) —ply) = mqD(y)V(y)g(%q)—(y)

2

qD(y)

v

9(y,q) — p(y) (2.2.48)
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So fory > ¢ (g(y,q) > %) we have

m2
[aD(y)d' (v, )] > ! (k—qD(y)P(y)). (2.2.49)

Assumption 7. implies that there is a constant c3 > casuch that

1 km?2 S
s C
gD(y) 2 ' V7

Two integrations together with the fact that g(y, ¢) > 0 on [0, +00) yields

[4D(y)g' (y,9)]' =

Y m2 y
[ g wa)a > T [0 o

Cc3
km2 v 1
D) (y,q) > qD(c3)d (cs, +—/7dt
qaD(y)g' (y,q) > qD(c3)g'(c3,q) > . oD@
2 Yy

D(cs) , km

/ dt  (2.2.50
9q = D(y)g(c3’q>+2q2D(y) es D(t) ( :

y Y D(c3) v km? t 1
'(t, dt>/ "(es, dt+/ drdt
f o= [P [Toanes [ o

Hence,

Y dt Em? v 1t 1

+ drdt + g(cs,
o DO T2 Ly, D) Joy D) T 9l 4)

9(y,q) > D(c3)g'(c3,9)

and this shows that g(y, ¢) is unbounded on [0, +00), because,

vy dt Em? v 1 t o1
D(c3)q (c3, + drdt + g(c3,q) >
el | D T e Sy D) o DT
km?2
> Oy — — (y—c3)? 2251
= (y C3) + 4q2Dgup (y C3) ( )
where :
Dles) (¢ if ¢(c <0
oo ) s 9(esa) if ¢'lesq) 2.2.52)

D .
qp(ifzz,gl(c?)ﬂ)v if g,(CS,Q) >0

a contradiction. Thus,

(Y, q) = 9(y,q) —w(y,q) <0, Yy >0
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and

0<g(y,q) <w(y,q).

Hence, the thesis

lim g(y,q) = 0.

Yy—>—+0o0

Theorem 2.4 Assume thatl., 2. and 4. are satisfied. Then, for any q > 0 the problem

(2.1.2) has at most a solution.

Proof
In order to prove the uniqueness of the solution of the differential problem (2.1.2), it is
sufficient to show that the homogeneous problem has only the trivial solution. Let u &€

C? ([0, +00)) satisty:

viyuly,q) — q[D)'(y,q)] =0, y>0 (2.2.53)
u'(0,q) = 0, u(+00,q) =0 (2.2.54)

From (2.2.53) we have

/0 m u(y,q) [V(y)U(y, q) — q [Dy)u (y, q)]’} dy = 0. (2.2.55)

that is

0 = /0%o v(y)u*(y, q)dy — Q/()+Oo u(y, q) (D) (y,9)]" dy
+0o0 +oo
= /0 v(y)u?(y, q)dy — [u(y, ) D(y)u'(y,9)]3 > +4q ; D(y)u"(y, q)dy.
+oo +oo
= [ vweleady+a [ Doy,
0 0

which implies u(y) = 0, Vy > 0, because of the positiveness of v, ¢ and D.
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Remark 2.1 The positiveness of the solution g(y, q) arises from the positiveness of the right
hand side p in (2.1.2). However, if no information on the sign of p is given, we can still say

that a unique solution g(y, q) of the problem (2.1.2) exists, and (2.2.23) becomes

lg(y)| <ro, y>0. (2.2.56)

A classical result in Calculus states that if a function is lower bounded and decreasing,
then it converges to a limit. However, we cannot conclude whether its derivative will de-
crease or not. If we want to guarantee that ¢’(y, q) — 0 as y — 400 we must impose some
smoothness property on ¢'(y, q). That is, we must require that ¢’ is uniformly continuous
with respect to y. We have in this way a well-known form of the Barbalat’s lemma (see e.g.

[28], [29]).

Lemma 2.1 (Barbalat’s lemma) Let f(y) be a differentiable function with a finite limit as

y — +oo. If f' is uniformly continuous, then f'(y) — 0 as y — +oc.

Corollary 2.1 Assume 1.-7. hold, then lim ¢'(y) = 0.
Yy—r+00

Proof.
From Theorem 2.2 we know that g” (y, q) is bounded for any fixed value of the parame-
ter ¢, hence, ¢’ is uniformly continuous for all y > 0. From here and the Barbalat’s Lemma

we have that lim,_, ¢’ (v, ¢) = 0. [ |

Now we show some other useful properties of the solution of the differential boundary value

problem g(y, q). Let us observe that if g(y, ¢) is a solution of (2.1.2), it satisfies

g%%®=—g8phmﬁ+

V@)(’) p(y)

9y, q >0,
qD(y)

DI
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hence, the proof of the following theorem is straightforward.

Theorem 2.5 Let v € N. In addition to 1.-7., assume p,v € BC"[0,+00), and D €
BC™1[0, +00). Then, for any fixed q > 0, the solution of (2.1.2)
g € BC"™2(0, +-00). Moreover, for any G > 0, the derivatives g9)(y,q), j =0, ..., +

2, are uniformly bounded with respect to q € [q, +00).

All these properties together with the uniform continuity of g(y, ¢) as function of ¢, that
we are going to prove in the following section, represent the basic material to deal with the

difficult task of proving the existence of the solution of the integro-problem (2.1.1).

2.3 Existence of the solution of the non-standard

integro-differential boundary value problem

In this section we focus our attention on the integro-differential problem (2.1.1), whose
analysis requires all the results already described for (2.1.2). It is worthwhile to observe that
whereas the results reported in the previous section for problem (2.1.2) with fixed ¢ > 0 are
mainly obtained by elaborations of already existing studies, the investigations we are going
to start in this section represent the real innovative part of our research work.

In Section 2.2.3 it has been shown that, for any ¢ fixed and positive there exists a unique
solution g(y, q) of problem (2.1.2). Thus, the following function:

400
P@)=q= [ k@g.odr. q>0. (23.57)
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is well defined. Let us assume that the kernel k satisfies:
8. k€ C?([0,4+0)),
9. [+ k(x)dr < +o0,
10. k(z) > 0,z € [0, +00).

In order to prove the existence of a solution of (2.1.1), we show that there exists a solution
of the equation F'(¢) = 0. In details, if F' is continuous and there exist two positive values a
and b such that F'(a) F'(b) < 0 then, for the Intermediate Value Theorem, equation F'(¢) = 0
has at least one solution ¢* and the corresponding function ¢(y, ¢*) is the solution of the

integro-differential problem (2.1.1).

Theorem 2.6 Assume that hypotheses 1.- 10. hold. Then ¥q > 0, F(q) is uniformly con-

tinuous on [, +00).

Proof.

Note that by (2.2.23) and hypotheses 9. and 10., the improper integral f0+°° k(z)g(x,q)dx
is uniformly convergent with respect to ¢ (see i. e. [26]). Hence, we are allowed to take
the limit under the integral sign. Thus, in order to prove that the function F' is uniformly
continuous, we have to prove that g(y, ¢) is uniformly continuous with respect to ¢ > g and

y > 0,i.e. Ve > 0, 36, > 0, such that
l9(y, 1) — 9(y,q2)| <€, Yaq1,q2 such that|q — q2| < 6., Yy >0.  (2.3.58)

Let g1, g2 > q be arbitrarily fixed, then the functions ¢(y, q1) and g(y, ¢2) satisfy respec-

tively :

v(y)g (y.q1) = @ [D)g' (y.q)] +p (y)
g (0,q1) =0, g(+00,q1) =0

. y>0, (2.3.59)
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v(y)9 (v, q2) = 2 (D) (y, 02)] +p (y)
g'(0,g2) =0, g(+00,q2) =0

, y > 0.

Subtracting both hands of (2.3.59) and (2.3.60) we have that

e(y) =9, q1) — 9. ),
1s a solution of

v(y)e(y) = a1 [DW)e)] + (a1 — @2) [D(W)g (v, @2)]'
¢0)=0, e(+o0)=0 ’

Thanks to (2.2.56) the following inequality holds

D()g (. ¢2)]|
v(y)

le(y)| < |q1 — ga| sup
y=>0

)

where by using hypotheses 2. and 4. and Theorem 2.5, it comes out that

DG)g (v, @) |
sup

S MO?
y>0 v(y)

y = 0.
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(2.3.60)

(2.3.61)

(2.3.62)

(2.3.63)

(2.3.64)

with My independent of the parameters ¢, g2 > q. Hence, we conclude that Ve > 0,

6. = MLO > 0 such that (2.3.58) holds.

The following theorem plays an important role in order to prove the existence of the solution

of the integro-differential problem (2.1.1).

Theorem 2.7 Let F'(q) be the function defined in (2.3.57), assume that hypotheses 1. — 10.,

hold and that

v e C*([0,+00)),

(2.3.65)
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W' (y)| <e, Vy>0,

K )l < b
aEE

T k(y) _
/0 @p(y)dy = (5 < .

Yy >0,

dy = C1 < o0,

Then, there exist a,b € (0, +00) such that F'(a)F(b) < 0.

Proof
By (2.1.2) we have

F(q) =

q-— /;oo k(x)g (z,q) dx

_ q<1/0+°°fg;(

Integrating twice by parts by (2.3.65)-(2.3.67) and Corollary 2.1 we get

(z)

[ g 0y @ = [E] 0000+ [ [(

(2)
Thus,

—+o0

F(q) < q[1470(Co+ C1)] — Co,

v(z)

54

(2.3.66)

(2.3.67)

(2.3.68)

(2.3.69)

)'Dm} ' (ea) s

(2.3.70)

where 79, C1 and Cy are defined respectively (2.2.5), (2.3.68) and (2.3.69), and Cy =

5] (o)

D(0). By (2.3.70), F'(¢) < 0 for any g < a with

a .= 02
" 1479(Co+Ch)’

(2.3.71)
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Finally observe that, from (2.2.23) and 10., we have:

+oo “+oo
F@ = a- [ keg@aodezg=r [ kade,
which gives F'(q) > 0 for any g > b with

+oo
b:= 7“0/0 k(z)de. m (2.3.72)

From Theorem 2.7 there exist a,b > 0 such that F'(a)F(b) < 0 and from Theorem 2.6, F’
is uniformly continuous in [a, b]. Hence, by using the Intermediate Value Theorem, we get

our main result

Theorem 2.8 Under the hypotheses of Theorem 2.7 there exists at least one solution g of

the integro-differential problem (2.1.1), such that:

a< /+OO k(x)g(x)dr < b, (2.3.73)
0

where a and b are defined in (2.3.71) and (2.3.72).

2.4 Conclusions

Observe that this theorem gives the existence but does not assure the uniqueness of the
solution of (2.1.1), which remains an open problem. Moreover, since a solution of (2.1.1) is

a solution of (2.1.2), it satisfies all the properties reported in Section 2. In particular, under
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the hypotheses of Theorem 2.7 and from (2.2.5)-(2.2.7), we define:

1 D’
v D D’ 2’ﬁ
L, == |1 - L -
o= e (sl oI5 1] (¢
D’ v D
2, = ||=| rl.+|—= £
I e o I o
thus we have for y > 0
0<g(y) < ro
|g/(y)| < rl,
]g”(y)| < 12

56

1/2
~ 1) } (2.4.74)

(2.4.75)

(2.4.76)
(2.4.77)

(2.4.78)
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3.1 Introduction

In this chapter we introduce a numerical method to solve the following nonlinear integro-

differential boundary value problem

v(y)g(y) = o™ k(@)g(x)dx [D (y) g W) = p(y) Cy»0. GLD
g(0)=0,  g(+00)=0

whose theoretical analysis we developed in the previous chapter. This equation is defined
on the half line, what is more, the coefficients of the first and the second derivatives of
the unknown function g depend on the unknown function g itself by means of an integral
over the semi-axis. These peculiarities make the numerical treatment rather complicated.
In the previous chapter and in [34] we discussed the analytical study of equation (3.1.1)
and proved the existence of the solution and other additional properties which are useful
in the current investigation. In this chapter we focus on the numerical method to solve
problem (3.1.1). In section 3.2 we describe our numerical approach which consists in two
steps: discretization of the derivative and integral terms by using finite differences and a
quadrature formula respectively, solution of the non linear system which comes out from
this discretization. Section 3.3 is devoted to the study of the convergence of the overall

method. Finally, Section 3.4 contains some conclusions.
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3.2 Continuous problem and Discrete problem

In the previous chapter, in order to prove the existence of the solution of the integro-

differential problem (3.1.1), we rewrote it in the following way:

v(y)g(.a) —a[D W) g .9 =p)
g, (07Q) =0, g(+OO,q) =0

y >0, (3.2.2)

+o00o
Flg)=q— /0 k(z)g(x, q)dz = 0, (3.2.3)

where g(x, q) inside the sign of the integral, under suitable assumptions (see Theorem 2.3
and Theorem 2.4), is the unique solution of problem (3.2.2) for any ¢ > 0 fixed. We re-
call that the parametric differential problem (3.2.2) coincides with the integro-differential
problem (3.1.1) when ¢ is a zero of the non-linear function defined by (3.2.3). Hence, prob-
lem (3.2.2) and the non-linear equation (3.2.3) are the equivalent version of the integro-
differential problem (3.1.1), for this reason we refer to them by the name continuous prob-
lem.

In order to make clear the discussion we report, in a more compact form, the hypotheses

that ensure the existence of a solution of problem (3.1.1)
hi) D € C*([0,4)), v, k€ C?([0,4)), pe€ C([0,+c0)),
h2) 0 < Diny < D(y) < Dsup,  |D'(y)| < D1y >0,
h3) 0 < Vins < v(y) < Vsups |V(i)(y)| <y, 1=1,2, y=>0,
ha) 0<p(y) <P, y=0,
hs) limy 400 p(y) =0,
he) Jo*° ply)dy < +oc,

h7) k(y) =20, y=>0,



THE NUMERICAL METHOD 61

hs) fof™ [k (z)|dz < +oo, i=0,1,2.

Moreover, when hs2) holds we set

D'(y)
D(y)

In the previous chapter we proved that under the assumptions h1)-hg), Vg > 0, the function

D = sup
y=0

’ < +o0. (3.2.4)

Flg)=q— /0 ™ k(@)g(a, g, (3.2.5)

is uniformly continuous on [g, +0c0) (see Theorem 2.6). Furthermore, there exist a,b €
(0, +00) such that F'(a)F(b) < 0, where:

+o00 k(y)p(y)d
Yy
0 = 0 v (3.2.6)

e[l (11 @] 2o+ ][ () 2] | )

%Hm /0+OO k(y)dy, (3.2.7)

as proved in Theorem 2.7.
Finally, let us denote by BC"[0,+00) the space of functions f(x) with fU)(z), j =
0,1,...,7, bounded and continuous on [0, +00), we report the following result which will

play a very important role in this chapter.

Theorem 3.1 In addition to hy)- hs), assume p € BC?[0, +00), and D € BC?[0,+00).

Then, the solutions g(y) of (3.1.1) and g(y,q) of (3.2.2), for any fixed ¢ > 0, are in

BC*0,+00). Moreover the derivatives g9)(y,q), j = 0,...,4, are uniformly bounded

with respect to q € |a, b).

The theoretical analysis developed in the previous chapter leads us in a natural way to the

construction of the numerical method that we are going to introduce.
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In order to solve numerically the integro-differential problem (3.1.1) we break off the in-
finite interval into a finite one [0, 7], with the end point T" sufficiently large and consider

problem (3.2.2) on [0, 7. Let us define a uniform mesh on [0, T:

I, : 0=yw<y1 <ya < ...<yn—1 <yn =1, (3.2.8)

T
yi = th, 1=0,...,N, h:N,

and for all fixed ¢ > 0, we solve problem (3.2.2) by applying the classical finite difference

scheme that we described in Chapter 1. Let us set

and approximate ¢'(y;,q) and ¢”(yi,q), for all i = 0,..., N — 1, with the centred finite

differences. In this way we obtain the following difference equations:

. — i . _ 2 F g
Lugi = v(yi)gi — qD/(yi)M - qD(yz')ng g; gi-1
2h h
= pvi), (3.2.10)
1 =0, ..., N — 1.The boundary conditions in (3.1.1) are replaced by:

g—1 =01, gn = 0. (3.2.11)

While the second equation in (3.2.11) is obvious, the first one comes out from the fact that
¢'(0) = 0. Equations (3.2.10) together with (3.2.11) give rise to a system of N algebraic

equations:

A(q) g(q) =p, (3.2.12)

where g(¢) = [90(q), s gn—1()]F € RN, p = [p(vo),...,p(yn—1)]T € IRY and the
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tridiagonal matrix A(q) = (a;;(q)) € IRY*Y is the coefficient matrix,

ag bo 0 0 0
c1 a1 by 0 0
A= o ~ -~ (3.2.13)
0 0 -+ cNv—2 an—2 by_2
0 O “ e PR CN—l a/N—l
with:
2qD 2
ap = V(y0)+qh7§yo), bo := —%D(yo) (3.2.14)
2qD(y;
a; = v(y)+ h2( ),
D'(yi)  D(yi)] .
¢ = q{%_ & ],z:l,...,N—l, (3.2.15)
D'(yi;)  D(wi)] .
.= Gi=1,..,N—2. 2.1
b q[ oh T h? } ' (3210

Since the value of ¢ that we are looking for is a zero of the non-linear function F'(q) given
in (3.2.5), we discretize F'(q) as

N

Fulq) =q—hY_ wik(yi)gi(a), (3.2.17)
1=0

where we have approximated the integral in (3.2.5) by a truncated composite trapezoidal
rule (wg = %, w; =1,i=1,..., N) and g;(q), defined in (3.2.9), comes from the solution of
the algebraic system (3.2.12) for a fixed value of ¢. In this way we have the discrete version

of F'(q). The algebraic system (3.2.12) and the non-linear equation
Fr(q) =0 (3.2.18)

represent the discrete version of the continuos problem (3.2.2)-(3.2.3), for this reason we
name them discrete problem. In conclusion (3.2.12), (3.2.18) is the discrete problem that

we are going to solve.
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3.2.1 Discrete problem with q fixed

In this section we analyze the properties of the discrete problem (3.2.12), (3.2.18) with fixed
q € [a,b], where a and b are defined in (3.2.6)-(3.2.7).
For convenience, we briefly collect the following classical definitions (see for instance [38],

[39D).

Definition 3.1 A matrix A € IR"™" is called positive (A > 0), when a;; > 0 for all its

elements, and A is strictly positive (A > 0), when a;; > 0 for all its elements.

Definition 3.2 A matrix A € IR™ ™ is inverse positive or strictly inverse positive if A1

existsand A= > 0or A=1 > 0.

Let us denote by F;, the set of n x n real matrices whose off diagonal entries are non-

positive.

Definition 3.3 A non-singular matrix A € F), is an M-matrix if and only if A~" is non-

negative.

Property 3.1 A matrix A € IR™™" that is strictly diagonally dominant by rows and whose

entries satisfy the relations a; j < 0 for i # j and a; > 0, is an M-matrix.

As we have seen, Vq > 0, by applying an appropriate finite difference scheme to the dif-

ferential boundary value problem (3.2.2), we obtain the algebraic system (3.2.12) whose
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solution ¢(q) is the approximation to the solution of the differential problem (3.2.2) on the
grid points. Furthermore, from (3.2.14)-(3.2.16) it is clear that A(q) is continuous w.r.t. q.
In the following proposition we report a result well known in literature (see e.g. [21], [22]),

which gives us others important informations about this matrix.

Proposition 3.1 Assume that hy)-hs) hold. If in addition we assume that:

hg) hD < 2,

where D is given by (3.2.4), then for all ¢ > 0 and fixed, we have:

aj>0, 7=0,... N —1, bi <0, ¢4+1<0, i=0,....N—2.

Furthermore, A(q) is strictly diagonally dominant.

From the previous proposition we get that A(q) is an M-matrix, hence its inverse, A~!(q),

exists and it has positive entries. By this property we get the following result.

Proposition 3.2 Assume that hy)-hy) and hg) hold. Then, for all ¢ > 0 and fixed we have

that the system (3.2.12) has a unique solution, g(q), which is non-negative.

Moreover, following the proof in [21, pp. 427-430] it comes out that, under the hypotheses

of Theorem 3.1, we have the error estimate:

q 2Dsup -
= . — g < L
e(q,h) Jnax l9(yisq) — gi(q)| < TG Vi (r4(q) +2Dr3(q))

Dap (1 D
— 4+ = 3.2.19
+ q Vin <h2 + 2h> 9(yn, q), ( )
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where
rilq) =sup g (y,q)|, i=3.4
y=>0

and D is given in (3.2.4). Furthermore, since as we have already mentioned, A(q) is con-

tinuous with respect to g, from (3.2.14)-(3.2.16) we get the following result.

Proposition 3.3 Under the assumptions of Proposition 3.1, we have that g(q) is continuous

with respect to q.

Hence, the following proposition is straightforward.

Proposition 3.4 Assume the hypotheses hi)-hs) and hg) hold. Then the function Fy(q)

defined in (3.2.17) is continuous with respect to q.

Let us assume T sufficiently large such that
l9(y, q)| < Ch, (3.2.20)

for any y > T. This is a reasonable request since, from the formulation of the problem

(3.1.1) itself, g vanishes at infinity. Then,

e(q, h) < e(q)h” (3.2.21)
with
D _ D D
e(q) = =2 (ry(q) + 2Dra(q)) + ¢—2C (14 Th) . (3.2.22)
12 Viny Vinf 2

This error estimate is very important, because it ensures that, for any ¢ > 0 fixed, the
difference solution {g;(q)}¥, converges to the exact solution g(y,q) as h — 0, and, in

fact, the error is at most O(h?).
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Now we focus on function F and its discrete version Fj, and, in order to show the conver-

gence of Fy, to F, it is convenient to report the following theorem (see [5]).

Theorem 3.2 Let a and k be fixed and let f(x) € C**'a,b] for all b > a. Suppose,

further, that [° f(x)dx exists, that

M = /OO |F3RHD ()| da < oo, (3.2.23)
and that
fl(a) = "(a) = .. = f*D(a) =0,
F(0) = f"(00) = ... = f&FD(c0) = 0. (3.2.24)

Then, for fixed h > 0,

/:of(”f)dﬁ —h Bf(a) + f(a+n)+ f(a+2n) + H <

RPHINE(2k + 1)
= 92k - 2k+1

(3.2.25)

Here §(k) = >272,4 §7F is the Riemann zeta function.

This theorem tells us that if the integrand and all of its odd-order derivatives up to order

2k — 1 vanish at both ends of an infinite interval, then, as h — 0, the trapezoidal rule will
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converge to the proper answer with the rapidity of h2**1. If all odd-order derivatives vanish,
then the rapidity exceeds h2**! for all k.

The following theorem shows the convergence of Fj, to F, for any ¢ > 0 fixed.

Theorem 3.3 Assume the hypotheses of Theorem 3.1 are satisfied and

hio) k € C3([0,+00)) such that [, |k®) (z)|dz < +oo,

hi1) k'(0) =0,

hio) T is large enough to have |g(y,q)| < Ch*, forally > T

then:
|Fi(q) — F(g)] < Q(a)h?, (3.2.26)
where
Q(q) = Cre(q) + %h + Cyh?, (3.2.27)

with M(q) = [;F*° ‘[k(m)g(x, q)](3)‘ dz, £(3) = Zj‘:of 377 is the Riemann zeta function,

e(q) is defined in (3.2.22), C1,Cy > 0 and F}, and F are defined in (3.2.17) and (3.2.5).
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Proof.

Let us consider

+oo

Fq)=q— /O k(2)g(z, q)dz (32.28)
N

Fu(q) =q—hY_ wik(yi)gi(a), (3.2.29)
=0

by Theorem 3.2 and the error estimate (3.2.21), recalling the hypotheses on &, we get:

Fu(@) = Fla) ‘/ (@)oo, a)de ~ by skl <

=0

+oo
’/ (z)g(z,q)dz — Ry wik(y:)g(yi,q)| +

=0

+oo
+thz (i) lg(yir @) — gi(@ + b > wik(yi) l9(yi, q)] <
=0 i=N+1

M =
*fjrg(f‘) B+ (e(q)h? + Ch?) (h gwik(y¢)> <
h? (W + Cye(q) + ClCh2> , (3.2.30)

where we used his) and h 3 1% wik(y;) < C1 < 400 by virtue of Theorem 3.2 and the

hypotheses on k. ]

In the previous section we have seen that 3a, b > 0 such that F'(a) F'(b) < 0, in the discrete

case it is easy to prove an analogous result.

Corollary 3.1 Under the assumptions of Theorem 3.3 and for h sufficiently small we have:

Fp(a)Fy(b) <0, (3.2.31)

where a and b are defined in (3.2.6)-(3.2.7).
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Furthermore it comes out that

Theorem 3.4 Under the assumptions of the Theorem 3.3 and for q € [a, b] we have:

|Fu(q) — F(g)] < QR*, Vg€ [a,b], (3.2.32)

with Q constant w.r.t. q.

Proof. For ¢ € [a, b, in view of Theorem 3.1, we observe that €(q) and M (g¢), appearing
in (3.2.27), can be bounded by a constant which is independent of q. [ |
Using the same arguments and the bound in (3.2.21) we can prove that Vg € [a,b] also

e(q, h) is uniformly bounded with respect to g, so there exists a constant C' such that

e(q,h) < Ch%,  q€la,b). (3.2.33)

This result will play a crucial role in next section, since we consider g not fixed.

3.3 The convergence of the overall method

As we have seen, corollary 3.1 and the continuity of Fj(q) defined in (3.2.17) ensure that
for h sufficiently small there exists a zero of F},(q), ¢; in the interval [a,b]. Hence, it is
possible to apply bisection method searching for this zero. Starting from a and b defined in

(3.2.6)-(3.2.7) we get a sequence of values

{Q;;}TEN C (av b)

which converges to g; . The corresponding value

9(qh) = A" qp)p
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is the numerical approximation of the solution of the integro-differential problem (3.1.1).

The numerical method (3.2.12), (3.2.18) is based on the following iteration process:

0 _ atb _
4 =% =0

repeat

compute g™t from A(q))g" Tt =p

compute  Fy(q}) = q, — h Y[ gwik(yi)g; ™
Zf Fh(a)Fh(q};) <0
b=l
I (3.3.34)
else

a=q
endif

1
g, =g
r=r+1

until convergence

In order to prove the convergence of the method (3.2.12), (3.2.18), we consider an iteration
process equivalent to algorithm (3.3.34) but applied to the continuous problem (3.2.2) and
F(q) = 0. In fact, we do not perform this iterative process and therefore we name it ghost.

Consider, then, the ghost sequence
{d"}ren C (a,b)
obtained starting from the values a and b defined in (3.2.6)-(3.2.7), such that
" —q,
as r — o0, where ¢* is a zero of F'(q). The solution g(y, ¢*) virtually obtained solving
(3.2.2) with ¢ = ¢* is of course a solution of (3.1.1). In this section we want to show the

convergence of g, (g}) to g(yn,¢*) when h — 0.

In order to prove the convergence of the method we need the following results.
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Theorem 3.5 Under the assumptions of Theorem 3.4 we have:

lim ¢y = q", for any fixedr =1,2,... (3.3.35)
h—0

Proof.
Thanks to Theorem 3.4 and Corollary 3.1, for h sufficiently small, say h = h;, and T

sufficiently large, we have that

sign(Fi(a)) = sign(F(a))
and

sign(Fi,(b)) = sign(F (b)),

for all h < hq, in this way

1 a+b 1
= D) = qhp-

Hence, for = 1, the statement is true. Then, for any fixed r, there exists h = min{hi, ..., by},

such that Yh < h,

sign(Fi,(¢’)) = sign(F(¢’)),

7 =1,...,r, therefore,

+1 _ r+1
¢ =q, .

Theorem 3.6 Let g;; and q* be respectively the limits of the sequences {q} }ren and {q" }ren.

Then,

lim |} — ¢*| = 0. 3.3.36
lim |g7, - ¢"] ( )
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Proof.

e From the convergence of the ghost iteration process

€

Ve>0,dry >0 :Vr>r \qr—q*|<3

e from the convergence of the bisection method,

Ve>0,3r0>0: Vr>r |gh —qi] < § (3.3.37)
where g does not depend on h,
e from Theorem 3.5, for o = max{ro,r1}

Ve > 0,3ho : Vh < ho |q}? —q"| < g (33.38)

Since

4 — ¢'1 < lai — @’ | + |a? — a2 +1a™ = ol
then,
Ve > 0, Jhg : Vh < ho, |q, — ¢*| <€

[ |

Now we are ready to prove the main result of our research work that is the convergence of

method (3.2.12), (3.2.18).

Theorem 3.7 Consider method (3.2.12), (3.2.18). Under the assumptions of Theorem 3.4

we have that there exists a constant C > 0 independent of q such that for all sufficiently

small h

*®\ * 1,2
max [9(a.4") = 9u(g})] < Ok + @ (1), (3.3.39)
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where limy,_,o ®(h) = 0, with y,, € [0, Nh] and Nh — 400

Proof. For the global error we have:

max [g(yn,q") — gnlqp)| <

0<n<N
*\ * *\ | <
o [9(yns ah) = galai)| + max 19(yn,a") = 9(yn: a7)| <
s o | 3.3.40
+ O?T%XN |9(Yns @) — 9(yn, a1)| ( )

where Ch? comes from (3.2.33) and it is independent of ¢. The convergence of the overall

method is proved since g is a continuous function of ¢, thanks to the previous theorem. =
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3.4 Conclusions

We have proposed a numerical method for the solution of the non-standard non-linear
integro-differential boundary value problem (3.1.1), which is based on a finite difference
scheme of order 2 and bisection method. We have proved the convergence of the overall
method and the term Ch? in (3.3.39) allows us to hope in an order 2 of convergence. How-
ever, the presence of ®(h) = maxo<n<n |9(Yn, ¢*) — 9(yn, ¢;;)| in the bound of the global
error prevents us to predict the theoretical order of convergence of the method. Neverthe-

less, the order 2 will be confirmed in the numerical experiments.






Chapter 4

Numerical Experiments
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4.1 Numerical Experiments

The aim of this chapter is to present a collection of some of the most significative numerical
experiments we have performed.

In the previous chapter and in [35] we showed that in order to solve numerically the integro-
differential problem (3.1.1), we break off the infinite interval into a finite one [0, 7] with T’
sufficiently large. Hence, one of the aims of these tests is a check on the choice of T" such
that (3.2.20) occurs. Our second aim is to verify the convergence when h — 0. For this
reason we report the classical definitions of the number of the correct digits (cd) (see for

instance [36])

cdy, = —logyperr, 4.1.1)
with,
err = 19— 90 oo (4.12)
191l00

where, for i = 0,..., N, g, = g(y;) are the components of the solution of problem (3.1.1)
on the grid points and g(gj,) is the numerical approximation of the solution of the integro-
differential problem (3.1.1) on the grid points, obtained applying the numerical method
(3.2.12), (3.2.18), whose algorithm is described in (3.3.34). Moreover, we report the defini-

tion of the experimental order of convergence

cdy, p — cd
Ord=—"2 "1 (4.1.3)
log102
Experiment 1. We consider the integro-differential problem
10%(y+1) — [F e g(2)dz [(1 + e ¥)g' (y)] =
9 (W) = Jo g(@)dz [( )9 W) =p(y) 30 @14

g’ (0) =0, limy 100 9(y) =0

where the known term p(y) is chosen such that g(y) = e~¥”. Furthermore, the involved
functions satisfy the hypotheses of the Theorem 3.7, which ensures the convergence of our

method and the interval [a, b] is obtained using (3.2.6), (3.2.7).
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T 2 4 6 15 25
cd | 1.7370 | 6.9484 | 10.6582 | 10.6582 | 10.6582

Table 4.1: cd values for increasing 7" in problem (4.1.4)

79

Test 1. In Table 4.1 we report the number of cd, computed with i = 1.0e—04, for increasing

values of the truncation abscissa 7. It is clear that 7' = 6 can be chosen as the end point

with respect to this fixed value of h, because increasing T' does not improve the accuracy

of the solution. The fact that such a small value of 7" is large enough to solve problem

(4.1.4) sufficient with accuracy can be explained by observing that the solution g has an

exponential decay. We note that this value of T satisfies (3.2.20) with A = 1.0e — 04.

Test 2. The aim of this test is to show the experimental order of convergence of the method.

The result of the implementation is reported in the following table, where h is the step size

used. Table 4.2 shows the cd values for different values of h and 7" = 6 fixed, for problem

(4.1.4). In this case we observe the convergence of our method with experimental order 2.



NUMERICAL EXPERIMENTS

h cd Ord

0.1 4.63 -
0.05 524 | 2.03
0.0250 5.85 | 2.01
0.0125 6.45 | 2.00
0.00625 7.05 | 2.00
0.003125 7.66 | 2.00
0.0015625 8.26 | 2.00
0.00078125 8.86 | 2.00
0.000390625 9.46 | 2.00
0.0001953125 | 10.06 | 2.00

Table 4.2: cd values for problem (4.1.4), when T' = 6 and h varies

80
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Experiment 2. We next consider the integro-differential problem

25+ ¢ ) g w) — ™ (250) o@)de [+ g )] = ()

g (0) =0, limy 400 g(y) =0

, ¥ > 0,415

the known term p(y) is chosen in order to get g(y) = ﬁ. Moreover, the func-
tions which define the problem satisfy the hypotheses which ensure the convergence of
our method and the interval [a, b] is obtained using (3.2.6), (3.2.7).

Test 1. In the following table we report the number of cd, computed with A = 1.0e — 03, for

increasing values of the truncation abscissa T'. This table shows that the value of T' large

cd | 4.0275 | 59093 | 6.7961 | 6.83311 | 6.83311

Table 4.3: cd values for increasing 7" in problem (4.1.5)

enough is 1" = 70, because increasing 1" does not improve the accuracy of the solution.

Test 2. This test is devoted to show the experimental order of convergence of our method.
For this test we consider 7' = 1100 so that (3.2.20) is satisfied with respectto h = 1.0e —03.

We recall that & is the step size used.
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h cd Ord
0.1 2.82 -

0.05 343 | 2.02

0.0250 4.03 | 2.01
0.0125 4.63 | 2.00
0.00625 5.24 | 2.00
0.003125 5.84 | 2.00
0.0015625 6.44 | 2.00
0.00078125 7.04 | 2.00
0.000390625 | 7.64 | 2.00
0.0001953125 | 8.25 | 2.00

Table 4.4: cd values for problem (4.1.5), when 7" = 1100 and h varies

82
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This table shows that our method converges with experimental order 2.

Experiment 3. In this experiment we consider the following problem

2

LG (y) — o e g(n)dn [(1+ e ¥)g/ (y)] = e

g (0) =0, limy 400 g(y) =0

;4 =20, (4.1.6)

where the involved functions are chosen in order to satisfy the hypotheses of the conver-
gence theorem. The interval [a,b] is obtained using (3.2.6), (3.2.7). The solution g is
unknown, for this reason we are not able to compute the cd values and then we report the

, for h = 1.0e — 04.

values of errq, = |¢} — ¢,
2

errqn | 1.1465¢e-04 | 8.4023 e-06 | 1.0604 e-07 | 1.1559e-08 | 1.1486 e-08

Table 4.5: errgy, values for increasing 1" in problem (4.1.6)

This table shows that the best value of 7', with respectto h = 1.0e — 04 is T" = 8.
In Figure 4.1 the numerical solution of problem (4.1.6) is plotted. From this plot we want
to confirm some of the qualitative properties that we have theoretically proved such as the

boundedness and the non-negativeness of g.
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Mumerical Solution
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Figure 4.1: plot of the numerical solution of problem (4.1.6) with 7" = 8 and h = 1.0e — 04

Finally we recall that each bisection iterate involves an evaluation of the function F},, which

requires the solution of the algebraic system (3.2.12), whose dimension depends on NV, the

number of the grid points, and an application of the truncated trapezoidal rule. Hence, in

the last experiment we compare the performance of our method, in terms of number of

evaluations of function F},, with respect to other iterative procedures, like Newton, Picard,

Chord and Secant.

Experiment 4. This experiment is designed to compare the efficiency of our method, based

on bisection iteration, with respect to other iterative procedures. We refer to problem (4.1.4)

and the aim of this test is to show how many evaluations of function Fj,, fe, are required in

order to get cd = 5.

Methods

Bisection

Chord

Secant

Picard

Newton

fe

42

Table 4.6: Comparison with other iterative process to get cd = 5 for problem (4.1.4)
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The method based on Newton iterations performs cd = 5 with less evaluations of function
F}, hence it could appear more efficient. However we observe that each Newton iterate
requires the computation of the first derivative of the function F}, which is, in general, very

expensive from a computational point of view.

4.2 Conclusions

In this thesis we develop a depth theoretical analysis about a particular class of the non-
linear intego-differential boundary value problems on the half-line. Then we design and
analyze a numerical method to solve these problems. We prove the convergence of our
method and the experimental order of convergence seems to be 2.

We are still working to define a check on the choice of the end point 7' such that (3.2.20) is
satisfied. This criterion is based on the construction of a function which is an upper bound
of the solution g of the integro-differential problem (3.1.1). The study of this problem will
be subject of future investigations.

About the efficiency it is important to underline that each bisection iterate requires the
solution of the algebraic system (3.2.12), whose dimension depends on N, the number
of the grid points. For this reason we have also performed experiments with other iterative
procedures, like Secant, Chord, Picard and Newton iteration which, as expected, are more
efficient from a computational point of view. On the other hand, we are still investigating
on the theoretical convergence of these methods. As a matter of fact, it is known that the
convergence of Newton and Picard iterations is not uniform and therefore the r¢ in (3.3.37)
depends on h. In conclusion two open problems remain to be addressed: the order of the
convergence of method (3.2.12), (3.2.18) and the study of convergence of methods based

on different iterative processes.
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