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CHAPTER 1

Introduction

Isoperimetric and Sobolev inequalities are the best known examples of geometric-functional
inequalities. In recent years new and sharp quantitative versions of these and other important
related inequalities were obtained and applied to variational problems such as shape optimization
problems, inequalities concerning eigenvalues of elliptic operators, local minimality of critical
point of energy functionals used as models in materials science—see [1,4,13, 14,25, 31, 32,
35-37,40,41,44,46,47,55,59]. All these results have been obtained by the combined use of
classical symmetrization methods, new tools from mass transportation theory, deep geometric
measure theory tools and ad-hoc symmetrizations.

The purpose of this thesis is twofold. In the first part we discuss the equality cases in
the Polya-Szegd inequality for the Steiner symmetrization of Sobolev and BV functions and
the quantitative version of this inequality. In the second part of the thesis we show how the
above mentioned techniques come into play in derive a (quantitative) local minimality criterion
for critical points with positive second variation of a free discontinuity problem coming from
material science.

The arguments treated in Part I make a strong use of symmetrization techniques and various
techniques from the theory of BV functions and from Geometric Measure Theory.

Symmetrization techniques are a powerful tool to deal with those variational problems whose
extrema are expected to exhibit symmetry properties due either to the geometrical or to the
physical nature of the problem (see, for instance, the classical book [60] and [56]).

It is well known that the perimeter of a set decreases under several types of symmetrizations
such as polarization, standard Steiner symmetrization or the general Steiner symmetrization
with respect to a n — k dimensional plane.

Similarly, the so-called Pdlya-Szegé inequality states that Dirichlet-type integrals depending
on the modulus of the gradient of a real-valued function decrease under rearrangements such as
the Schwarz spherical rearrangement and standard or higher codimensional (see Definition 2.15)
Steiner rearrangements.

In this framework, a natural question, which has been extensively studied in recent years,
is to give a characterization of the equality cases in the Pélya-Szeg6 inequality as well as in
inequalities concerning symmetrization of sets.

In a celebrated paper [16] Brothers and Ziemer characterized the equality cases in the
Poélya-Szeg6 inequality for the Schwarz rearrangement of a Sobolev function under the minimal
assumption that the set of critical points of the rearranged function has zero Lebesgue measure
(see also [39] for an alternative proof). The corresponding inequality for BV functions was first
proved in [53], while a much finer analysis is carried out in [27], where also the equality cases
are characterized.

Concerning the standard Steiner symmetrization and its higher codimension version, the
validity of the isoperimetric inequality and of the Pdlya-Szegé principle are also well-known, see
for instance a proof via polarization given in [15] and the references therein. On the other hand,
the characterization of the equality cases seems to be a much harder problem. The first result
in this direction was proved in [23] in connection with the perimeter inequality for the standard
Steiner symmetrization. In analogy to what was pointed out in [16], also in this case it turns
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CHAPTER 1.

out that such characterization may hold only under the assumption that the boundary of the set
is almost nowhere orthogonal to the symmetrization hyperplane. However this condition alone
is not yet enough and a connectedness assumption, in a suitable measure theoretic sense, must
be required on the set.

Very recently, in [8] the equality cases in the perimeter inequality for the Steiner symmetriza-
tion in codimension k were characterized using a different approach from the one in [23], aimed
to reduce the problem to a careful study of the barycentre of the sections of the original set.

In Chapter 3 we present an alternative proof of the results contained in [23], which simplifies
a lot the original argument. To this aim we use some ideas introduced in [8], but since we deal
only with the standard Steiner symmetrization, many of the arguments are simpler—see Remark
3.10.

The equality cases in the Pdélya-Szegd inequality for the standard Steiner rearrangement of
Sobolev and BV functions were investigated in [30]. Again, the crucial assumption was that the
set where the derivative of the extremal function in the direction orthogonal to the hyperplane
of symmetrization vanishes is negligible. As for sets, also some connectedness and geometrical
assumptions have to be made on the domain supporting the function.

In Chapter 4, we present the result obtain in our paper [20], where we further develop
the analysis made in the above papers by considering the Pélya-Szeg6 inequality for the higher
codimensional Steiner symmetrization of Sobolev and BV functions. First, we prove the Pélya-
Szegd inequality for general convex integrands f depending on the gradient of a Sobolev function
u. Besides convexity, we assume that f is non-negative, vanishes at 0 and depends on the norm
of the y-component of the gradient of u, y € R* being the direction of symmetrization.

In order to characterize the equality cases, i.e., to show that u coincides with its Steiner
rearrangement u’ up to translations, the strict convexity of f is required together with the as-
sumption that V,u? # 0 a.e.. Note that the result is false if one of the two previous assumptions
is dropped. As in [30], suitable assumptions on the domain € of u are also needed.

A similar analysis on the Pélya-Szegd inequality and on the characterization of the equality
cases is also carried out in the more general framework of functions of bounded variation. In
this case, however, one has to assume that f has linear growth at infinity and to suitably extend
the integral by taking into account the singular part of the gradient measure Du, see (4.9).

These results are proved via geometric measure theory arguments based on the isoperimetric
theorem, the coarea formula and fine properties of Sobolev and BV functions (the relevant
background is collected in Chapter 2). In particular, to deal with the BV case one has to
rewrite the original functional, which in principle depends on Du, as a functional defined on the
graph of u and depending on the generalized normal to the graph.

The latter approach could be also carried out in the Sobolev case and therefore we could
have chosen to deal from the beginning with BV functions and then to deduce the Sobolev case
as a corollary. However, we have preferred to give in the Sobolev case an independent proof that
avoids the heavy machinery required in the BV case.

It is also worth mentioning that, though the general strategy follows the path set up in
previous papers, namely in [23] and [30], we have to face here an extra substantial difficulty
which appears only when dealing with the Steiner rearrangement in codimension strictly larger
than 1. This difficulty appears for those functions that Almgren and Lieb, in [3], called coarea
irregular (see the discussion at the end of Section 4.1). These functions, which can even be of
class C, are precisely the ones where Schwarz rearrangement in discontinuous with respect to
the WP norm.

Finally in Chapter 5 we discuss a quantitative version of the Pélya-Szegd inequality both for
the Steiner and the Schwarz rearrangement in the class of concave functions. As already observed
in [28,29], in general one cannot expect to control the L' distance [, [u—u®| of a function u from
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its symmetral u® only in terms of the gap in the Pélya-Szegd inequality [, [VulP — [, [VuP[%. In
fact, to control the distance between u and u®, one should also take into account the measure of
the set of points where the gradient of u® is ‘small’ in a proper sense. Due to this fact, the only
available estimate is a rather complicate expression containing both the gap in the Pélya-Szeg6
inequality and the measure of the set where Vu?® is small. This estimate is very far from being
optimal—see [26].

The advantage of dealing with concave functions is that instead in this case is possible to
estimate ||u — u®|| ;1 using only the gap ||Vulf, — ||[Vu®||},. Indeed, this is done in Chapter 5
where we present a few results obtained in our forthcoming paper [9]. In particular, we show
that the quantitative estimate we obtain is optimal when 1 < p < 2.

In Part II, we present the results contained in our paper [21], where we consider a variational
model used to describe formation of nano-structures. The role of roughness appearing onto the
surfaces and interfaces of nano-structures has been proved to be of great significance in several
fields such as micro-electronics, metallurgy and materials science. For instance the roughness
can strongly modify the mechanical properties of multilayered structures as confirmed by the
observation that dislocations, islands and cracks can be generated from a rough surface (see
[33]). Many efforts have been devoted to the investigation on how to control the roughness
appearing onto the surfaces and interfaces of nano-structures, leading to the study of the so-
called Driven Rearrangement Instability, i.e., the morphological surfaces instability of interfaces
between solids generated by elastic stress. This phenomenon has been detected, for instance, in
hetero-epitaxial growth of thin films with a lattice mismatch between film and substrate and in
stressed elastic solids with cavities.

The theoretical investigation of the stability of the free surface of a planar non-hydrostatically
stressed solid has been performed in the pioneering papers by Asaro and Tiller [7] and Grinfeld
[51]. These authors showed that the free surface is unstable with respect to a given family
of sinusoidal fluctuations. They also gave a first insightful description of the phenomenon,
nowadays named Asaro-Grinfeld-Tiller instability, in which a thin film growing on a flat substrate
remains flat up to a critical value of the thickness, after which, the free surface becomes unstable
developing corrugations and irregularities. This instability is explained as a consequence of the
presence of two competing energies, usually identified with a bulk elastic energy and a surface
energy. After these results the interest of the scientific community on the rigorous mathematical
study of the morphological instabilities has rapidly grown. Starting from the paper [52] where
Grinfeld follows the Gibbs variational approach to model the morphology of thin films, it became
clear that a second order variational analysis could be successfully used. This approach has been
used in the context of epitaxial growth first for a one dimensional model in [12]. Then in [11] and
[42] the model introduced in [52], which is a more realistic two-dimensional model, corresponding
to three-dimensional configurations with planar symmetry, is studied and the problem of finding
a proper functional setting is successfully addressed. This settled the framework in which a
precise and detailed analysis of qualitative properties of regular equilibrium configurations has
been carried out by Fusco and Morini in [45] via a second order variational analysis. Indeed they
prove a sufficient condition for local minimality in terms of the positivity of second variation
and provide a sufficiently complete picture of the phenomena that occur in epitaxially-growing
thin films.

Such detailed analysis was instead far from being complete in the framework of stressed
elastic solids with cavities. Here we perform a second order variational analysis for a two-
dimensional variational model that has been recently used to describe surface instability in
morphological evolution of cavities in stressed solids (see for instance [48,61,64]) with the aim
of deriving new minimality conditions for equilibria and studying their stability. The model can
be roughly described as follows. Consider a cavity in an elastic solid, that will be identified
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with a smooth compact set F' C R2, starshaped with respect to the origin. The solid region is
assumed to obey to the classical law of linear elasticity, so that the bulk energy can be written

in the form
[ aww)
Bry\F

where E(u) is the symmetric gradient of the elastic displacement v and @ is a bilinear form
depending on the material (see Section 6.1 for details). The surface energy is simply assumed
to be the length of the boundary of F'. Then the energy for a regular configuration is expressed
by the functional
F(F,u) = Q(E(u))dz + H'(OF).
Bo\F

In this framework the shape of the void plays a key role in the evolution of cavities in stressed solid
bodies, while the effects of the volume changes are negligible. Hence, one usually assumes that
the void evolves preserving its volume. The equilibria are therefore identified with minimizers
of F(F,u) under the volume constraint |F| = d. Since admissible configurations need not
to be regular, the energy of such configurations has to be defined via a relaxation procedure.
This issue, together with the study of the regularity of minima, has been addressed (even for
more general functionals involving anisotropic surface energies) in [43] where, in order to keep
track of the possible appearance of cracks, the relaxed functional with respect to the Hausdorff
convergence has been studied. The relaxed functional can be expressed in the following form:

(1.1) F(F,u) = /BO\FQ(E(U))dz—FHl(FF) L oH(Sp),

where F' has finite perimeter, I'r is the “regular” part of OF and X represents the cracks (see
Section 6.1).

The main result presented here is a quantitative minimality criterion that relies on the study
of the second variation of the functional (1.1). To be more precise we prove in Theorem 6.19 that
if (F,u) is a smooth critical configuration and the non local quadratic form 92F (F,u) associated
to the second variation of F at (F,u) is positively defined, then there exists a constant ¢y such
that

(1.2) F(G,v) > F(F,u) 4+ co| GAF?

for any given admissible configuration (G,v) with G sufficiently close to F' in the Hausdorff
distance and G # F. In particular this implies not only that (F,u) is a strict local minimizer of
(1.1) but also provides a quantitative estimate of the deviation from minimality for configurations
close to (F,u) in the spirit of the recent result obtained in [1]. The minimality criterion is then
applied to the case of a disk subjected to radial stretching where the second variation can be
explicitly estimated to prove the local and global minimality of the round configuration if the
applied stress is sufficiently small.

We point out that an important open problem is how to remove the assumption of star-
shapedness. Indeed, even the explicit form of the relaxed functional is unknown.
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Symmetrization techniques






CHAPTER 2

Background

We give here the basic definitions and a fast review of the mathematical background needed
throughout Part I, namely the theory of sets of finite perimeter and BV functions. Most of the
cited results are nowadays standard. The reader can refer to, e.g., [38], [5] or [50] for the full
details of the theory. The definitions will be given here in general codimension k, whereas in
the next chapter we will use k& = 1.

Given two sets E and F', we denote the symmetric difference by EAF := (EUF)\ (ENF).
Given two open sets w C (2 we write w €  if w is compactly contained in €2, i.e., if w C 2 and
w is compact. Let n > 2 and 1 < k < n. We write a generic point z € R" as z = (z,y), where
z € R"* and y € R¥. In order to clarify the different roles of the variables we will also write
R™ = R"* x R¥ and R""! = R"* x RF x R;.

Given a measurable set E C R" % x R* for x € R" ¥ we define the section of E at x as

(2.1) E,:={y €R": (z,y) € B}.
Then we define the projection of E as
(2.2) T k(E) = {z € R" ™ (z,y) € B}

and the essential projection as
(2.3) o (E) = {:L' eR"*: (z,y) € E, L(z) > 0},

where L(x) := L¥(E,) and £F is the k-dimensional Lebesgue measure. We define the Steiner
symmetral (in codimension k) E? of E as

L
(2.4) E° = {(x,y) eR"FxRF:zent (B), y* < (:”)}
Wi
where wy, is the volume of the k-dimensional ball.
When E C R"F x R’yf x Ry, its Steiner symmetral FE? is defined in the same way, after

replacing (2.1)—(2.4) by similar definitions. In particular, we set

L(xz,t
E7 = {(x,y,t) e R"* x ]RI; xRy : (z,t) € W;LM(E), \y|k < (:C’)}

Wk

T o(B) = {(2,0) €R"F xRy : (w,9,1) € B, L(z,1t) > 0},

where L(z,t) := L¥Y(E,,) and B, = {y € R* : (z,y,t) € E}.

Given an open set 2 C R", we denote with BV (2) the class of functions of bounded
variation, i.e., the family of functions in L!'(£2) whose distributional gradient Du is a vector-
valued Radon measure in  of finite total variation |Du|(€2). The space BVio(f2) is defined
accordingly. By Lebesgue’s Decomposition Theorem, the measure Du can be split, with respect
to the Lebesgue measure, in two parts, the absolutely continuous part D?u and the singular part
DSu. It turns out that D*u agrees L™-a.e. with Vu, the approximate gradient of u (see, e.g.,
[5, Definition 3.70]). Moreover, the set D,, of all points where u is approximately differentiable
satisfies | D%u|(D,) = 0—see, e.g., [38, §6.1, Theorem 4] or [5, Theorem 3.83].
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A measurable set £ C R" is said to be of finite perimeter in an open set  C R™ if Dy is
a vector-valued Radon measure with finite total variation in 2. The perimeter of E in a Borel
subset B of Q is defined as P(F;B) := |Dxg|(B). For B = R" we will simply write P(FE); if
XE € BVioe(92) then we say that E has locally finite perimeter in Q.

Denote by u, the function u, : £, — R defined by setting u,(y) := u(z,y) for all x €
Tn_k(Q), vy € Q. From [5, Theorems 3.103 and 3.107] we easily infer that for £" *-a.e. x €
Tn—k(€2) the function u, belongs to BV (§2;) and that

(2.5) Oiug(y) = dyu(x,y), i =1,...,k, for LFae yeQ,.
Given any non-negative and measurable function u, we define the subgraph of u as
Sy = {(m,y,t) eER"™ (z,y) € B, 0<t < u(fv,y)}

The following theorem (see [49, §4.1.5, Theorem 1]) completely characterizes functions of
bounded variation in terms of their subgraphs. Let us remark that a slightly different notion of
subgraph is needed here. In particular we set

Sy i=A{(x,y,t) e R"™ - (2,y) € Q, t <wlz,y)}.

THEOREM 2.1. Let @ C R™ be a bounded open set and let u € L*()). Then S, is a set of
finite perimeter in Q x Ry if and only if u € BV (Q2). Moreover, in this case,

P(S;;Bx]Rt):/ 1+ [Vu? dz + |D%u|(B)
B

for every Borel set B C Q.

Let E be a set of finite perimeter in an open set Q C R”. For i = 1,...,n we denote by v
the derivative of the measure D;yp with respect to |Dxg/|, that is

E — lim DiXE(B(Tﬂ Z)) i = n
(2.6) u (z)_}—)O—|DXE’(B(7’72))’ 1,....n,

at every x € () such that the previous limit exists.

Then, the reduced boundary 0*E of E consists of all points z of € such that the vector
vE(2) = (WF(2),...,vF(2)) exists and satisfies [v¥(2)| = 1. The vector v¥(z) is called the
generalized inner normal to E at z. Moreover, denoting by H" the n-dimensional Hausdorff
measure, the following formulae hold (see, e.g., [5, Theorem 3.59]):

Dxp =vPH" 'L O'E
(2.7) |Dxgp| =H"'LO*E
|Dixg| = WP H"ILO*E fori=1,...,n.
Given any measurable set £ C R", the density of E at x is defined as

o CEN B
O, 2) = iy = Bl

provided that the limit on the right-hand side exists. Then, the measure theoretic boundary of
FE is the Borel set defined as

OME :=R"\ {z € R" : either O(E,z) =0 or O(E,z) =1} .
Given any two measurable sets Fq and Es in R™, we have

(2.8) 8M(E1 U Es) U 8M(E1 N Ey) C 8ME1 U 8ME2 .
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Moreover, if a set E has locally finite perimeter in 2, the following holds (see, e.g., [5, Theo-
rem 3.61))

(2.9) FENQCIMENQ and HH(OME\O'E)NQ) =0.

The reduced boundary of level sets plays an important role in the coarea formula for functions
of bounded variations. In its general version (see, e.g., [5, Theorem 3.40]), it says that if
g:Q — [0,400] is any Borel function and u € BV (Q2), then

(2.10) /gd|Duy / dt/ gdH"
Qﬁa*{u>t}

The following proposition is a special case of the coarea formula for rectifiable sets (see
[5, Theorem 2.93])

PROPOSITION 2.2. Let © C R”™ be an open set and let E be a set of finite perimeter in €.
Let g : 2 — [0, 400] be a Borel function. Then

ey [ e e = [ e [ gt i )

Next theorem links the approximate gradient of a function of bounded variation to the
generalized inner normal to its subgraph—see [49, §4.1.5, Theorems 4 and 5].

THEOREM 2.3. Let Q be an open subset of R™ and let u € BV (Q2). Then
ohu(z,y) Opu(z,y) -1 )

W \/1+\Vu] \/1+\Vu]

for H"-a.e. (z,y,t) € 0*S,; N (Dy X Ry) and

yf’: (x,y,t) =0 for H"-a.e. (x,t) € 0*S, N[(Q2\ Dy) x Ry].
In particular, if u € WHY(Q), then (2.12) holds for H™-a.e. (x,t) € 9*S; N (Q x Ry).

(2.12) VS (z,y,t) = (

By Theorem 2.1, if Q is a bounded open set and u € BV (Q2), the set S, has finite perimeter
in Q x R¢. Thus, also S, has finite perimeter in €2 x R;; moreover

S, N (xRS =0*S, N(2 xR))
vSe =15 on 9*S, N (Q x RY).

An important result we will use several times is Vol'pert’s Theorem on sections of sets of
finite perimeter—see [63] or [5, Theorem 3.108] for the codimension 1 case and [8, Theorem 2.4]
for the general case.

(2.13)

THEOREM 2.4. Let E be a set of finite perimeter in R™. For L *-a.e. x € R"* the following
assertions hold:
(i) E, has finite perimeter in R¥;
(ii) HF1(0*(Ey) A(O°E),) = 0;
(iii) For H* 1-a.e. s such that (x,s) € 0*(E,):
() vy (w,5) #0;
(b) vy (x,5) = v (s)|v) (2, 5)].
In particular, there exists a Borel set Gg C m ,(E) such that L *(x} ,(E)\ Gg) = 0 and
(i)—(iii) hold for every = € Gg.

In view of the previous theorem, we will use the same notation 0*E, to denote (0*E), and
0*(E,) when they coincide up to H*~! negligible sets.
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REMARK 2.5. Note that in the special case k = 1 we have that 0*(E,) = (0*FE), and 1/;/E # 0
for every s such that (z,s) € 0* E—see also Remark 3.10 and [8, Remark 3.2].

Given a non-negative measurable function u defined on E such that for £ F-ae. z €
+
Trnfk(E)

(2.14) LF({y € By u(x,y) > t}) < 00, ¥t >0,
we define its Steiner rearrangement (in codimension k) u’ : E° — R as
(2.15) u?(z,y) := inf {t >0: Ay (z,t) < wk\ylk} ,
where

Au(z,t) := LF ({y € R* :ug(z,y) > t})
is the distribution function (in codimension k) of u(x,-) and wyg is the extension of u by 0 outside
E. Clearly, u” = 0 in R™ \ E?. Let us observe that

(2.16) u"(a;,.) = (u(xv ))*7

where (u(z, ))* is the Schwarz rearrangement (which is also known as spherical symmetric
decreasing rearrangement) of u with respect to the last k variables. Let us recall its definition.
Given any non-negative measurable function ¢ : R¥ — R, such that £F({y € R* : u(y) > t}) is
finite for all ¢ > 0, the Schwarz rearrangement q* of q is defined as

¢"(y) = int{t > 0: p(t) < wplyl"},
where u(t) := LF{y € R¥ : q(y) > t} is the distribution function of u. The Schwarz rearrange-

ment satisfies an important property: it is non-expansive on LP (Rk) for every 1 < p < oo (see,
e.g., [57, Theorem 3.5]), i.e., for every qi, g2 € LP(R¥)

[ai-at < [ o -al,
Rk Rk

and this clearly implies the continuity of the Schwarz rearrangement on LP. Given any two non-
negative measurable functions u,v defined on E and satisfying (2.14), on applying the previous
inequality to u*(z,-) and v*(z,-) and integrating with respect to =, we see that
(2.17) [u” = 07| ooy < Mlw =0l Loy
for all 1 < p < 4o00. In particular the Steiner rearrangement is continuous on LP.

Let us observe that for every (z,t) € R"* x R}, then £*((Sy)zt) = Au(,t) and for

Lr*ae z € R"* we have u(z,y) > t if and only if A\y(z,t) > wily|". Hence, we easily
deduce that

2.18 S.)7 and Syo are £ equivalent.
(

Moreover also the sets {(x,y) : u(z,y) > t}? and {(z,y) : u?(x,y) > t} are equivalent (modulo
L") for every t > 0. The latter fact assures us that u and u? are equidistributed functions.
Actually, by the definition of the Steiner rearrangement, for £ *-a.e. 2 € 7,_;(FE) the functions
u(z,-) and u?(x, -) are equidistributed. Therefore, Steiner rearrangement preserves any so-called
rearrangement invariant norm of a function, i.e., a norm depending only on the measure of its
level sets—here important examples are any Lebesgue, Lorentz or Orlicz norm.



CHAPTER 3

The perimeter inequality for the Steiner symmetrization

As previously said, the aim of this Chapter is to present a fast and elegant proof of the
perimeter inequality for the Steiner symmetrization and the characterization of the equality
cases.

3.1. Statement of the main results

Recalling the definitions from Chapter 2, we note that for £k = 1 the Steiner symmetral F*
of a measurable set £ C R" is

(3.1) E*={(z,y) eR" 1w € m]_y(E), [yl < L(x)/2},

where L(z) = £1(E,) is the measure of the section E,.
Our first result shows the perimeter inequality and establishes some properties of the set
when the inequality holds as an equality.

THEOREM 3.1. Let E be a set of finite perimeter in R™. Then
(3.2) P(E*; B xR) < P(E;B xR)

for every Borel set B C R"™'. Moreover if P(E®) = P(E), then either E is equivalent to R,
or L(E) is finite and for LV '-a.e. x € ©}_(E)

n—1
(i) Ey is equivalent to a segment.

(ii) The functions vE(z,-) and |1/f|(:13, -) are constant on O*E,.

One might think that conditions (i) and (ii) are enough to conclude that E is Steiner sym-
metric, but this is not the case. Indeed, the following examples show that though P(F) = P(E?®),
the sets F and E* are not equivalent.

As first example let us consider Figure 3.1. We clearly have P(E) = P(E®) but E is not
equivalent to any translate of E®. The point here is that £* (and E) fails to be connected in
a “proper sense” in the present setting, although both E and E*® are connected from a strictly
topological point of view.

The second example is depicted in Figure 3.1. We clearly have P(E) = P(E®) and both
E and E° are connected in any reasonable sense. However the two sets are not equivalent.
What comes into play now is the fact that 0*E® (and 0*F) contains straight segments parallel
to y, whose projection on the z-axis is an inner point of ﬂxfl(E). However we stress out that
preventing 0*E® and 0*F only from containing “non-trivial flat segments parallel to y” is not
yet sufficient to ensure the Steiner symmetry of . Indeed define

E={(z,y) eR?: |z| <1, =2¢(|z]) <y < c(|z|)},

where ¢ : [0,1] — [0,1] is the decreasing Cantor function with ¢(0) =1 and ¢(1) = 0. As cis a
function of bounded variation, F is a set of finite perimeter and by using Theorem 2.1 we get
P(FE) = 10. Moreover

B = {(z,y) € R®: Ja < 1, Jy| < 3e(|a])/2}

11
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FiGure 3.1.

ES

I

FiGuRrE 3.2.

and P(E®) = 10. However E is not equivalent to E*. The problem here is that both 0*E*® and
0*FE contain “uncountably many infinitesimal segments parallel to y” whose total “length” is
strictly positive. Therefore for an open set Q C R?™!, we are led to assume

(3.3) H"_l({z € 0"E*: I/f (2) =0}N(QxR)) =0.

S

Roughly speaking, this condition says that we are excluding 0* E® to have non-negligible flat
parts parallel to y inside the cylinder © x R.
Let us note that the following condition

(3.4) H* ' ({z€*E v (2) =0} N (2 x R)) =0.
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is in general weaker with respect to (3.3). However, if we assume that P(E;Q xR) = P(E*; Q x
R), then the two conditions are equivalent—see Proposition 3.7.

With regard to the issue showed in the first example, a suitable assumption is to assume
that the Lebesgue representative L* of L—see, e.g., [38, §1.7.1] for the definition—satisfies

(3.5) L*(z) >0 for H" 2-a.e. x € Q.
We can now state the characterization of the equality cases.

THEOREM 3.2. Let Q C R™™! be a connected open set and E be a set of finite perimeter such
that P(E®;Q x R) = P(E;Q x R). If conditions (3.3) and (3.5) are satisfied, then E'N (2 x R)
is equivalent to E* N (2 x R) (up to a translation in the y direction).

3.2. Proofs

We begin giving some properties of the function L and of its distributional and approximate
gradients.

LEMMA 3.3. Let E C R™ be a set of finite perimeter. Then, for L '-a.e. x € R"™!, either
L(z) = 400 or L(z) < +o0o. In the latter case, L € BV (R" 1) and for every Borel set B C R"!

(3.6) IDL|(B) < P(E;BxR) and

E
3.7 DLB:/ A" (2 +/d/ RGN
(37) (B) o* EN(BxR)N{vff= 0} (x y)d ! o* ExN{vEF#0} ’VE( Y| ).

Moreover for L' -a.e. v € m}_|(E)

vy (2,9) 0
(3.8) VI(z) / |VE W),

PRrROOF. Note that if L were both infinite and finite on two subsets of R"~! of positive
measure, then it would follow that both E and R™ \ E would have infinite measure. As F
is a set of finite perimeter, this is impossible (see e.g., [5, Theorem 3.46]). Thus, either L is
L™ 1lae. infinite or finite. In the latter case, we have £L?~}(R""!\ E) = 400 and therefore
LMY(E) < +oo.

Now, let p € CL(R"1) and {¢;};en C CL(R) be any sequence of functions satisfying 0 <

1; <1 and 1; — 1 pointwise as j — oo. Then, by Fubini’s Theorem, for every i =1,...,n -1
we have
8@
d
/Rn_laxl /Rn1 /6 z)xe(z,y) dy
(3.9) = lim 2 (@) (y)xp(x.y) dr dy

j—00 Rn a

=—lim [ o(z);(y)dDixe = — /R p(w)dDixE -

J—00 JRn

As F is a set of finite perimeter, xg € BV (R"). Therefore, taking the supremum in (3.9) among
all p € C! with |l¢[|, <1, we have L € BV (R"™1) and for every ¢ € C}(R"!)

(3.10) | ¢@dDiLw) = [ @) dDixse.y).

We claim that the last formula holds true for any bounded Borel function ¢ as well. Indeed
it is sufficient to note that the space C1(R"~!) is dense in L'(R™, 1) both when p = |D;L| and
when g is the Radon measure defined by

1(B) = Dixg(B xR)  for every Borel set B ¢ R"" !,
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Now, for B open, (3.6) follows immediately from (3.10) and then the general case of a Borel set
B c R*" ! is deduced by approximation. Moreover, we have that

pL(B) = [ vE (2, ) dH" (2, ).
&* EN(BxR)

Now formula (3 7) follows by writing the integral as the sum of an integral over the set 0*E N

(B x R) N{v} = 0} and an integral over the remaining set 9*E N (B x R) N {v} # 0}. The

latter is then calculated using the coarea formula (2.11).

Let Gg be the set given by Theorem 2.4 and assume without loss of generality that L is
finite on Gg. By (2.6), (2.7) and (iii) of Theorem 2.4 we have that for every z € Gg with
(z,y) €0'E

I/iE(.’Ij,y) — lim DZXE(B<T7 ((L‘, y)))
v (z,y)l - =0 [Dyxe|(B(r, (z,9)))

On applying the Besicovitch Differentiation Theorem (see, e.g., [5, Theorem 2.22] or [38, §1.6])
we have

E
V;:

(3.11) DiXE‘—(GE XR):ﬁ‘DyXE‘L(GE XR).
Y

For any function g € C.(R"!) set p(z) := g()xcy (). Then, by (3.10) and (3.11) we have

g@)dDL = [ gl)xa, (@) dDixs
(3.12) cr o
' v (,y)
= x)dD; :/ e d|D
e taDxe = [ gDl
By (2.7) and the coarea formula (2.11) we also have

v (z,y)
U z)d|D =
/GEXR ’I/yE( g( ) | yXE‘

)P (x,y) dH™ !
o o), y)

(313) /B*EQ(GEXR)

= [ g | w@w) o).
Gp o B, vy (z,9)|
Combining (3.12) and (3.13) we get

ro_ VE( Y) 0
(3.14) /GE g(z)dDiL = . g(x) dx /8*Ez 7|VE( m dH (y) .

Recalling that g is arbitrary we deduce

DGy = [ G
E ( 0, |VE‘ ( )) E
and then (3.8) follows, since L~ !(7;" |(E)\ Gg) = 0. O

REMARK 3.4. As an application of the previous lemma with Theorem 2.4 applied to E® we
have that for £ !-a.e. z € Gps

P G0 N CR ACOTE)
(3.15) VL(@—2|V5$(9;,-)|‘8*ES 2|vEs(fv L(x)/2)

Next lemma provides a first estimate of the perimeter of . We will use it in the proof of
Theorem 3.1.
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LEMMA 3.5. Let E C R™ be a set of finite perimeter with L"(E) < +00. Then E*® has finite
perimeter and for every Borel set B C R"™!

(3.16) P(E*; B x R) < |DL|(B) + |Dyxp:|(B x R)
PROOF. Let {L;}jen C CHR™ 1) be a sequence of functions such that L; — L a.e. and

|DL;|(R"!) — [DL|(R"!). Let Ef be defined as in (3.1) replacing L with L;. Let Q@ c R"!
be an open set and ¢ = (p1,...,¢n) € CH(Q x R;R™). Then by the regularity of L; we have

s div dz—/dx/ d sz
/Q RXEJ SD Z 8$1 QxR XE] 8y
e 2 91 L“””) (5] 5
— — = SO’L x) - ()02 x? d
2 Jrn_1(supp ) ,2:1 2 2 0x;
0
+ XE3 £n dz
QxR oy

DN | =
7 N
5
7 N
\'H

~
<
N[ —~
8
~—
N———
|
5
7 N
\?3
l\Dkab4
—~
8
~—
N——
N————
—_
D
<
b(
2
S

n—1
< >
m—1(5uPP®) \ ;—1

Hence, whenever [|¢||,, <1 we have

dz .

' Opn
/ xg: divp dz < |DLj|(m,—1(supp ¢)) +/ XE;
QxR J ay

Now, since Xpi = XE L"-a.e. and m,_1(supp ¢) is compact, taking the limsup as j — oo in the
last formula ylelds

/Q xgs divpdz < |DL|(m,—1(supp ¢)) +/
xR

(€) + [Dyxe|(Q2 x R).

Hence, we proved (3.16) whenever B is open. The general case then follows by approximation.
O

We are now in position to prove Theorem 3.1

PROOF OF THEOREM 3.1. Step 1. If L = 400 L" '-a.e., then E° is equivalent to R™ and
therefore P(E®; B x R) = 0 for every Borel set B C R*~! and (3.2) is fulfilled.

By Lemma 3.3 we have that L < +ocoL" '-a.e. Let Gg and Gps be the sets given by
Theorem 2.4 applied to E and E* respectively. We now prove (3.2) when either B C R"~!1\ Gs
or B C Gps, the general case following on noting that B = (B \ Ggs) U (BN Gps).

Step 2. Suppose that B C R*~!\ Gg,. From (2.7), (2.11) and Theorem 2.4 we have

[Dyxps|(B xR) = vy |dH" 7 (2)

/8*ESO(B><R)

:/ HO(*E?) da :/ HOD'ES)de = 0,
B (Rn-W\m} (E)NB

where we used L~ }(r7 | (E)NB) = L Y(Gg,NB) = 0. Hence, from (3.6) and (3.16) it follows
that

(3.17) P(E*; B xR) < |DL|(B) < P(E; B x R).
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Step 3. Suppose that B C Ggs. Therefore, by the coarea formula (2.11) and the fact that
LY mt (E)\ Gg), we have

1

P(E*: B xR :/ dH’H:/dx/ e
( ) 9*EsN(BxR) B 0*E3 ’Vf (z,y)] )
1

T p—
GgNB O*Es |VE (z, )]

2
:/ dx/ Jl + Z ( > dH°(y) because |[vF’| =1
GgNB o*Es T,y
= dx/ 1+ 1\VL(ac)\ dH(y) from (3.15)
GgNB *BS
\/4+|VL|dz
GgNB

2
S/GEHE}J(/M MOy > +Z</8*E Md?—to( )) dr.,

where the last inequality is due to the isoperimetric theorem in R and (3.8). Applying Jensen’s

dH’(y)

(3.18)

inequality to the convex function & — /1 + |¢[* we have

Lo\ U 00) 5 (L, 25 00
S/GEde:E/ \ll+z <u5 )) dH"(y)

=1
= P(E;(GENB) xR) < P(E; B xR).

(3.19)

Now (3.2) follows from (3.18) and (3.19).
Step 4. If P(E®) = P(E), then inequality (3.2) implies that for every Borel set B ¢ R*~!

P(E*BxR)=P(E;BxR).

Therefore, choosing B = Ggs, we have from (3.18)-(3.19), that all the following inequalities

P(E®:Gps x R) = /cEmaE A+ VL(@)]? de
vE () i
S/GEHGESJ(/B*EIMO ) +Z </8E |VE( y)|d7-[0( )) da
</ da:/ \lH"Zl (V’E(x’y)yd?i"(y)
~ JapnGps B, = \vy(z,y)

< P(E;Gps x R)

must hold indeed as equalities. The first of which, by the isoperimetric theorem, give us
HY(O*E,) = 2 for L' 1-a.e. x € R" ! therefore yielding that E, is equivalent to a segment. The

second one, by the strict convexity of the function £ — /1 + |€ |2 and by the characterization of
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equality cases in Jensen’s inequality, gives that for £* '-a.e. x € Ggs the function

vy (2,y)

Y= N

vy (2,9)]
is constant on 0*E, (note that we are using the counting measure ") and, since v is a unit
vector, also the function y +— 1/;/E (z,y) is constant on 9" FE,,. O

We continue the analysis of the equality cases. Next result gives conditions equivalent to
(3.3).

LEMMA 3.6. Let Q be an open set of R*™' and E be a set of finite perimeter such that
LM'EN(QXxR)) < +4o00. Then the following conditions are equivalent
(i) H''({z € 0°E® : [ (2) = 0} N (2 x R)) = 0.
(ii) L € WhH(Q).
(iii) If a Borel set B C §) satisfies L~ *(B) = 0, then P(E*; B x R) = 0.

PrOOF. (i)=(ii): by (3.7) if B € R™ ! is a set of zero measure, then DL(B) = 0 and
therefore L € W11(Q).

(ii)=-(iii): first observe that B is the disjoint union of B \ Ggs and B N Ggs and therefore
P(E*;B xR) = P(E%;(B\ Ggs) x R) + P(E*;(BNGgs) xR) = Py + P,. If L Y(B) =0,
from (3.17) and L € Wh! it follows P, = 0 and from (3.18) that P> = 0.

(iii)=(i): since {z € O*E* : st (2) =0} C (mp—1(0"E®) \ Ggs) x R we have

H* ' ({2 € 0" E* 1 v[7(2) =0} N (2 x R)) < P(E% (1,—1(0"E®) \ Gps) X R) =0,
since L1 (m,-1(0*E*) \ Ggs) = L" Y71 (0*E%) \ 7 (E)) = 0. O
We show now how conditions (3.3) and (3.4) are mutually related.

PROPOSITION 3.7. Let E and Q) be as in Lemma 3.6. If

(3.20) H ' {z€"E: v =01N(QxR)) =0,
then
(3.21) H" ' ({z€0E° v =0} N (2 xR)) =0.

Conversely, if E satisfies P(E;Q x R) = P(E®;Q x R), then condition (3.21) implies (3.20).

PROOF. If (3.20) holds, by (3.7) we have L € W11(Q) and hence by the previous lemma
(3.21) holds as well.

Conversely, if P(E*;Q x R) = P(E;Q x R), by (3.2) and by the previous lemma, for every
Borel set B C 2 of zero measure it holds

P(E;BxR)=P(E*;BxR)=0.
Now the conclusion follows arguing exactly as in the proof of the implication (iii)=-(i) in the

previous lemma, having replaced E° by FE. [l

We introduce the definition of the barycenter, which will be the key tool to prove Theorem
3.2.

DEFINITION 3.8. The barycenter of the sections of a set E is the function b : R»™! — R

defined as .

b(z) :={ L(x)
0

/ ydy if0< L(z) < oo and |y| € LY(E,),
By

otherwise.
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The following theorem gives the regularity of the barycenter and provides an explicit formula
for its gradient.

THEOREM 3.9 (Properties of the barycenter). Let E C R"™ and let Q@ C R™! be an open
set such that E has finite perimeter in Q0 X R. Assume that E, is equivalent to a segment for
L a.e. x € Q. If conditions (3.4) and (3.5) are satisfied, then b € VVl})Cl(Q) and for every
1=1,....,n—1

1 v; ( Y)
3.22 8-bx:—/ ~p(a)] A Y 4340
(3:22) ) = 75 o 0~ PO ).

As previously said, in order to keep the exposition short and elegant we give here the proof
in a simpler case. Namely we assume the set E to be bounded. We refer to [8, Theorem 4.3] for
the general case. We explicitly note that the general proof is much more involved and requires
a slicing argument in higher codimension.

PROOF. As E is bounded, the function z € m,—1(E) = m(z) := [ ydy is bounded in

Tn—1(E). Arguing as in the proof of Lemma 3.3 we get that m € BVjye(m,—1(F)) and that for
L lae € m,1(E)

(95 Y) 0
3.23 Vm(x) = / yidﬂ
(3:23) D= Joe, o P
where Vm stands for the absolutely continuous part of Dm with respect to £*~!. By Lemma
3.6, we have that L is a Sobolev function. Let us now prove that the same assumptions imply
that m € VVlic1 . Indeed the same argument used to prove (3.17) shows that for every Borel set
B C m,—1(F) it holds
|Dm|(B) < M P(E;B xR),
where M is a constant such that E C R"™! x (=M, M). Hence, if L*71(B) = 0 by (3.2) and
Lemma 3.6 we have
P(E;BxR)=P(E*;BxR)=0
and therefore Dm is absolutely continuous with respect to £7~1.
Without loss of generality we can assume L to coincide with its Lebesgue representative L*.
By (3.5) L is a strictly positive function. Hence, b € I/Vli’cl(Q) Now, from (3.23) and (3.8) we
have, recall b = m/L, that for every i =1,...,n—1

m(x T vE(x
&-b(:c):ai( ()): (%m()Jrl/a*E y,lg’y)dﬂo()

L@) = |L@) L) VB (@, y)
M) [ vE@) o 1 VEwy)
=203 by T G 0+ 7 /a*Ez%f(x,yndH )

_ 1 —b(x ViE(m,y) 0

O

Now the proof of Theorem 3.2 is a direct consequence of the properties of the barycenter.

PROOF OF THEOREM 3.2. By Theorem 3.1 we have that for £ -a.e. € Q the section E,
is equivalent to a segment and that v/Z(z,-) and |1/yE |(x,-) are constant on 0* F,. By Proposition
3.7 condition (3.4) is satisfied. By Theorem 3.9 we have that

VE$
dib(e) = LT[ any) =0

L*(z) vy (2)] Jor B,
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where we dropped the variable y for functions that are constant in 0* F,. Moreover b € VVli)’Cl(Q)
and since Vb = 0 we have that b is constant in €. O

REMARK 3.10 (The higher codimension case). In Chapter 2 we have introduced the Steiner
symmetrization in any codimension k. It is natural to ask whether results similar to the ones
just proved hold for £ > 1. The answer is positive and we refer to the recent paper [8].

Note that in the higher codimension case, despite the general strategy being similar, the
proofs are actually much more delicate due to the fact that the Radon measure

BCR" — u(B) = / vE (z,y) dH"*
o* EN(BxRF)N{vF=0}

has a different behaviour depending on whether £k =1 or k£ > 1. Indeed, when k = 1, p is purely
singular with respect to £~ %, while for & > 1 it may contain a non-trivial absolutely continuous
part. In other words, assume that H"{z € 9*F : 1/5(2:) = 0} = 0 (i.e., the “flat pieces of the
boundary parallel to y” are negligible). Then, when k = 1 its projection on R"* is a negligible
set with respect to £~ %, while if & > 1 this projection may be smeared out on a set of positive
L7~ measure.

A completely similar issue arises for the Steiner rearrangement in codimension strictly greater
than 1—see the discussion at the end of Section 4.1.






CHAPTER 4
The Pélya-Szeg6 inequality

In this Chapter we analyze the Steiner rearrangement in any codimension of Sobolev and BV
functions. In particular, we prove a Pélya-Szeg6 inequality for a large class of convex integrals.
Then, we give minimal assumptions under which functions attaining equality are necessarily
Steiner symmetric. The chapter is organized as follows. In Section 4.1 we state and comment
the main results. Section 4.2 is devoted to Sobolev functions while Section 4.3 deals with BV
functions and functionals depending on the normal.

4.1. Statement of the main results

Let f: R" — [0,400) be a non-negative convex function vanishing at 0. We say that [ is
radially symmetric with respect to the last k variables if there exists a function f : R**+1
[0, 4+00) such that

(4.1) flay) = fx,lyl),

for every (z,y) € R".
Given f as above and an open set {2, we are interested in studying how functionals of the

type
U / f(Vu)dz
Q
behave under Steiner rearrangement. The class of admissible functions for these functionals will

be
W&;(Q) = {u Q= R:ug e Wh(w x RZ), Vw € mp—r(€2), w open } .

Roughly speaking, Wolyl(Q) consists of those functions that are locally Sobolev with respect to
the z variable and globally Sobolev with zero trace (in some appropriate sense) with respect
to the y variable. Let us remark that this space is bigger than I/VO1 1(Q) For instance, if
Q = [0,27)?, the function u = (siny)/x € W&;(Q) but does not belong to Wol’l(Q). We can

define, in a similar way, also the space WOI;’(Q) for p > 1. For Vu = (O1u, ..., 0yu) we set
Veu = (01u,...,0h—ku) and Vyu := (Op—g+14, . . . , Onut),

where d;ju := d,,u(z) fori=1,...,n.

Note that the Steiner rearrangement maps Wolyl(Q) to Wolyl(Q") (see [15] and Proposition 4.9
below). Let us remark that in general the mapping is not continuous, see [3].

We can now state the Pélya-Szegé principle for the Steiner rearrangement.

THEOREM 4.1. Let f be a non-negative convex function, vanishing at 0 and satisfying (4.1).
Let Q) C R™ be an open set and u € Wolyl(Q) be a non-negative function. Then

(4.2) [ (V) dz < /Q F(Vu) dz.

21
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In Theorem 4.1 the space W&’;(Q) can be replaced by any space W&’;’(Q), see Remark 4.13.
We will call u an extremal if equality holds in (4.2). We are now interested to find min-
imal assumptions to have a rigidity theorem for the extremals, i.e., in finding conditions that
necessarily imply an extremal u to be Steiner symmetric. It turns out that these assumptions
concern both the function v and the domain €.
Regarding u, we set, for x € m,_(Q),
M (z) :=inf{t > 0: A\ (z,t) =0} .
Clearly, for L' *-a.e. 2 € 7, (),
M (z) = esssup{u(z,y) : y € Qg }.

Also, M is a measurable function in 7,_;(Q) and by (2.14) is finite for £ *-a.e. z € m,_1(Q).
We require that
(4.3) L"({(z,y) € Q: Vyu(z,y) = 0}n{(x,y) € Q : either M(z) =0 or u(z,y) < M(z)}) =0.

Note that this condition is similar to (3.4). Roughly speaking, this condition means that the
subgraph of u does not contain any non trivial portion of a k-dimensional hyperplane in the
y-direction, except at the highest value of u(z,-).

REMARK 4.2. It is known that the Schwarz rearrangement, in dimension n > 2, shrinks
the set of critical points of a Sobolev function (see [3]), while the Steiner rearrangement in
codimension 1 preserves its measure (see [17]). Hence, by (2.16) and using the fact that the
Steiner rearrangement of a Sobolev function is still weakly differentiable (see Proposition 4.9),
we have

£"({(z,y) € Q: Vyu(e,y) = 0}) = /Tr o £ (Tul@) = 0p aL @)

< [ LT = o) dem )
ank(ﬂ)
=L"{(z,y) € Q7 : V,u°(z,y) = 0}).
Therefore, if u satisfies (4.3) then the same holds for u?.
Regarding the open set €2, we require that

(4.4) Tn—k(€2) is connected and €2 is bounded in the y direction,

i.e., there exists M > 0 such that Q, C B(0,M) for every x € m,_;(2), where B(0, M) is the
ball in R* of radius M centered in 0. We also require that, in some sense, the boundary of € is
almost nowhere parallel to the y-direction inside the cylinder 7, _;(£2) x ]RI; . To be precise, as
we already did in the previous chapter, we shall assume that

(45) 2 is of finite perimeter inside m,_;(£2) x R’; and
' H {(2,y) € 0°Q: v = 0} N {mpie(Q) x RE}) = 0.

We can now state the following result which gives a characterization of the equality cases in
(4.2).

THEOREM 4.3. Let f : R" — R be a non-negative strictly convex function satisfying (4.1)
and vanishing at 0. Let  C R™ be an open set satisfying (4.4)—(4.5) and let u € Wol’yl(Q) be a
non-negative function. If

(4.6) /g f(Vu?)dz = /Qf(Vu) dz < 400,
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then, for L "1 q.e. (z,t) € 7f _.(Su) there exists R(x,t) > 0 such that the set
{y 1 u(z,y) >t} is equivalent to {|y| < R(x,t)}.
If in addition u satisfies (4.3), then u” is equivalent to u up to a translation in the y-plane.

At first sight, one could think that the assumptions made in the above statements are too
strong. However, one can easily construct counterexamples even in codimension 1 (see [30])
showing that assumptions (4.3)—(4.5) cannot be weakened.

As we have seen before, if u satisfies condition (4.3), then the same condition holds for u°.
In general the converse is not true, as one can see with some simple examples. However, it turns
out that if equality holds in the Pdlya-Szeg6 inequality, then the two conditions are equivalent
(see also Proposition 3.7).

PROPOSITION 4.4. Let f and Q) be as in Theorem 4.3 and let u € W&’;(Q) be a non-negative
function. If equality (4.6) holds, then

L"({(z,y) € Q: Vyu(z,y) =0} N{(z,y) € Q: either M(z) =0 or u(z,y) < M(z)}) =0
if and only if
(4.7)
L ({(z,y) € Q7 : Vyu’ (z,y) = 0} N {(z,y) € Q7 : either M(x) =0 or u’(z,y) < M(z)}) =0.

We now shift to the more general framework of functions of bounded variation. In this
context, it is still possible to show a Pélya-Szeg6 principle, provided that the involved functional
is properly defined. Consider any non-negative convex function in R™ growing linearly at infinity,
i.e., for all z € R™
(4.8) 0<f(z) <C+|z]),
for some positive constant C'. Let us now define the recession function fo, of f as

f(tz)
foolz) = lim ——.

Then a standard extension of the functional [, f(Vu) to the space BVio.(£2) is defined as

(4.9) Tp(u: Q) /fVu dz+/foo(’DS |> d| D" .

Actually, Theorem 4.22 states that J¢(u;$2) coincides with the so-called relaxed functional
of [o f(Vu) in BV () with respect to the L{. -convergence.

Then, a Pélya-Szegé principle for functionals of the form (4.9) holds in the space of BVj,(2)
functions vanishing in some appropriate sense on 992 N (m,—r(2) x ]R’;) To be precise, we set

BVoy(Q) = {u: Q=R |uy € BV (w x RE) and [ Dug|(w x RE) = [Dul (2N (w x RE))
for every open set w € TI'n_k(Q)} .

THEOREM 4.5. Let f : R™ — [0,400) be a convex function vanishing at 0 and satisfying
(4.1) and (4.8). Let Q C R™ be an open set and let u € BV ,(2) be a non-negative function.
Then u® € BV (w % RZ) for every open set w € m,—(2) and

(4.10) Jr(u?597) < Jp(u; Q) .

As before, we are interested in finding suitable conditions ensuring that a function satisfying
the equality in (4.10) is Steiner symmetric. It turns out that one needs the same assumptions
on u and € as in Theorem 4.3. Note that now the vector Vyu in (4.3) is the y-component of
the absolutely continuous part of the measure Du. However, in order to deal with the singular
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part D%u of Du we need some extra assumptions on the recession function f.. We will assume
that for every z € R, setting foo(2,7) = foo(, |y]),

(4.11) foo(,-) is strictly increasing on [0, 4-00)
and that the function
(4.12) T+ foolx, 1) is strictly convex,

THEOREM 4.6. Let f : R™ — [0,400) be a strictly convex function vanishing at 0 and
satisfying (4.1), (4.8), (4.11) and (4.12). Let Q@ C R™ be an open set satisfying (4.4)—(4.5) and
let w € BVp () be a non-negative function such that

(4.13) Jp(u?; Q%) = Jp(w; Q) < 400,
Then, for L 1 qa.e. (z,t) € 71 (S,) there exists R(x,t) > 0 such that the set
{y :u(z,y) >t} is equivalent to {|y| < R(x,t)}.

If in addition u satisfies condition (4.3), then u is equivalent to u® up to a translation in the
y-plane.

The strategy in proving Theorems 4.5 and 4.6 is to convert the functional Jy into a geomet-
rical functional depending on the generalized inner normal and having the form

(4.14) /8*EF(I/E) dH" .

Here, F : R"*! — [0, +-00] is a convex function positively 1-homogeneous vanishing at 0, i.e., for
every A > 0 and (&1,...,&,41) € R

(4.15) F(X1, ..., nt1) = AF (&1, .-+, &nt1) and F(0) =0.
Let us define

_£n+1

foo(é.la"'agn) if§n+120~
The following result gives the link between the functional J; and the functional in (4.14).

(4.16) Fe(&r, .. 6ng) == {f< rdGOR ’5”)) (=€n+1) i &ni1 <0,

PROPOSITION 4.7 ([30, Proposition 2.7]). Let f : R™ — [0,+00) be a convezr function van-
ishing at 0 and satisfying (4.8). Then Fy is a convex function satisfying (4.15). Moreover, if
Q C R™ is an open set, then for every non-negative function u € BVio.(Q2)

(4.17) Tp(u; Q) = / Fy(vSe) dH™ .
9*SuN(QxRy)
This allows us to reduce the proof of Theorem 4.5 to the proof of a Pdlya-Szegd inequality
for functionals of the form (4.14), where in addition we assume that F is radial with respect to
the y variables, i.e., there exists a function I’ : R"“*+2 — [0, +-00] such that

(4.18) F(z,y,t) = Fa,ly|,t),

for every (z,y,t) € R""!. Clearly, the function F is convex and positively 1-homogeneous.

It turns out that if F' satisfies (4.15) and (4.18) and if E C R™"! is a set of finite perimeter,
then
(4.19) / F(EydH™ < F(EydH™,

*E° OE

see Theorem 4.19. Then, Theorem 4.6 is proved thanks to Proposition 4.7 and to a first charac-
terization of the equality cases in (4.19) contained in Proposition 4.20. In addition, an essentially
complete characterization of the equality cases in (4.19) is given by Theorem 4.21.
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Here, we want to point out that in order to give the characterization of the equality cases
in (4.6) one has to face with an extra difficulty. In fact, writing up

Ml 1) = L5 ({y € R* s wo(w,y) > ¢} N {Vyu # 0}) + L ({y € R : wg(z,y) > 1} N {Vyu = 0})
= AL(2,t) + A2 (2,1),

it turns out that \!(x,t) € VVI})CI(]R"_’c x R;"), while A? is just a BV function. However, when

k = 1 the distributional derivative DA? is purely singular with respect to the Lebesgue measure

on R*F x R;, while if & > 1 the measure D)2 may contain also a non-trivial absolutely

continuous part. This fact was first observed in a celebrated paper by Almgren and Lieb [3]
who showed that this phenomenon may occur even if u is a C' function.

4.2. The Sobolev case

In this section we prove the Pélya-Szegd inequality for the Steiner rearrangement in codi-
mension k of Sobolev functions and Theorem 4.3 concerning the equality cases.

Next result, proved in [8, Lemma 3.1], deals with some properties of the function L and
its derivatives. Recall from Section 4.1 that L(x) := £F(E,). The result is a generalization in
higher codimension of Lemma 3.3.

LEMMA 4.8. Let E be any set of finite perimeter in R™. Then, either L(x) = +oo for
Lk q.e. x € R"F or L(z) < +oo for L' *-a.e. z € R"* and L"(E) < +oco0. Moreover, in
the latter case, L € BV (R" %) and for any Borel set B C R"™*

(120) pL(B) = | vE (e, y) dH" (2, )
9* EN(BxRF)N{vF=0}

vg (2,9)
+/ dx/ s dH T (y),
B Jom.nprroy [V (2,y)|
DLLGge =VLL" " and for L7 *-a.e. x € Ggo
vy ()
vy (z)]

where we dropped the variable y for functions that are constant in 0*EY.

(4.21) VL(z) = H" 1 (0" E?)

We observe that the Steiner rearrangement of a function in Wolyl(Q) belongs to Wolyl(Q")

PROPOSITION 4.9. Let  C R™ be an open set and let u € Wolyl(Q) be a non-negative
function. Then u® € Wol’yl Q).

PROOF. By [15, Theorem 8.2] we know that if v € W11(Q) is a non-negative function, then
v? belongs to WH1(09). Given a non-negative function u € W&;(Q) and fixed w € m,_x(2)
we can find a cut-off function ¢ € C}(m,_x(2)) such that ¢ = 1 in w. Hence, the function
v := pu belongs to WH1(Q). Then, v* € WH1(Q7). Besides, v7(z,y) = u°(z,y) for all z € w
and y € R¥. This proves the assertion. O

Next lemma gives formulae for the approximate derivatives of the distribution function of a
Sobolev function.

LEMMA 4.10. Let Q C R™ be an open and bounded set, u : @ — R be a non-negative function,
u € Wolyl(Q) satisfying (4.3). Then, A, € Whi(w x R;") for every open set w € m, () and
for L% q.e. x € mF (Su),

1
(4.22) Oh(, ) = — / dHE 1 (y),
' o* {yu(z,)>ty | Vyul
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(4.23) Didu(z,1) :/ O dH" ' (y),i=1,...,n—k,

o {yu(zy)>ty [Vyul
for Ll-a.e. t € (0, M(x)).

PROOF. Let 7 > 0 be large enough to have Q C R** x B(0,r) and let w € 7, () For
the sake of simplicity we shall identify the extension ug with u. Hence, we may assume that
u € Wh(w x ]RI;) and u(z,y) = 0if |y| > r.

If p € CH(Q x R/), by Fubini’s Theorem we get, for i = 1...,n — k,

[ ot dedt= [ Oele xs. (.t de dydt
WwxRS wxREXRF

xR}

u(z,y)
a2y = [ dedy [ dplwt)dr
wxRE 0

u(x,y)
=/ o U p(z,t) dt] dx dy —/ oz, u(z,y))du(z, y) d dy
wxB(0,r) 0 wxB(0,r)
The first integral in the last expression vanishes over w x B(0,7). Applying the coarea formula
(2.11) and recalling that by Theorem 2.4
(0*Sw) ey MR = 0*(Su)ey NRY = 0*(0,u(z,y)) NR;
for L-a.e. (z,y) € w x B(0,r), we get

/ . Pla ol v (. 0| dH”
9*SuN(wx B(0,r)xRY)
(4.25) = dx dy . ) dgu(x, y) dHO(t)
wxB(0,r) (0*Su) e,y RS
= oz, u(z,y))Ou(z, y) de dy.
wxB(0,r)
Moreover, from (2.12) and (2.13), we have
(426) I/S“(.’If,y,t) — ( VIU(IE,y) , vyu(m’y) , -1 )
\/1 + | Vaul? \/1 + [ Vaul? \/1 + | Vul?

for H™-a.e. (z,y,t) € 0*Su N (w x B(0,7) x R}).
Combining (4.24)—(4.26), we have

| ot dedt =~ [ ol 0, y) v (2,9, 0)| K
wxR}F 9*SuN(wxB(0,r)xR;)
1

oz, t)diu(z,y) - ———=—=dH".

(4.27)
- /6*5um(wa(o,r)ij) 1+ \Vu|2

The last equation implies that the distributional derivative D;\,, is a finite Radon measure on
w X Rzr . A similar argument shows that the same holds for D;\,. Therefore, since

/ - Az, t)dx dt = / u(z,y) drdy < +o0,
WwXIRy

k
wXRy

we get A\, € L'(w x R}) and thus A\, € BV (w x R}").
Notice that (4.27) implies that for every ¢ € C}(w x R;") we have

4.28 / 2, 8) dDiA :/ zt) 2N Y)
(4.28) iy O = fo e oy PO 1+ vl

dH™ .
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By density, the same equality holds for ¢ € C(w x R;").
We claim that (4.28) holds also for every bounded Borel function in w x R;". In fact, for any
Borel set B C w x R}, define the Borel measure p by setting

H(B) = |Did|(B) + H" (9", N (B x RY))

and let ¢ be any bounded Borel function in w x R;". By Lusin’s Theorem, for any ¢ > 0 there
exists a function ¢, € C(wxR;") such that ||¢c|l < |l¢llo and p{(z,t) : pe(z,t) # @(z,t)} < e.
Since ¢, is continuous, equality (4.28) holds for ¢., and hence the absolute value of the difference
of the left-hand side and the right-hand side is not greater than 4e||¢|| . From the arbitrariness
of €, the claim follows.

Let g € Ce(w x R}). From (4.28), (4.26) and using condition (4.3) with the coarea formula
(2.11), we get

1

x,t dDi/\u:/ z,t)0iu(z,y)  —F—mx=
Lo 90D gy 9 D) e

o,
_ g(x, t) Zu(x, y)
9*SuN(wxREXR]) Vyu(z,y)|
du(z,y) k1
- g(x,t) da dt/ = dH T (y)
/OJXR;‘— (a*su)z,t ’vyu(x7 y)‘
Since ¢ is arbitrary, we have that the measure D;)\, is absolutely continuous with respect to

L7 %41 and is equal to
Oiu(,y) k—1 > —k+1
W (y) | LR
</( *Su)w,t |Vyu($,y)| )

thus proving that A, € Wh!(w x R;"). Because of (ii) in Theorem 2.4, equation (4.23) holds for
Lkl ae. (x,t) € 77:5_“(5'”) N (wx RY).
Since
(4.29) 7, (Sy) is equivalent to U {z} x (0, M(x)),
a:EW:Lr_k(Su)
we see that for L7 F-a.e. x € w1, (S,) equation (4.23) holds for L1-a.e. t € (0, M(z)).
It remains to prove (4.22): this follows from the same calculations and applying (2.5) and
(4.20). O
REMARK 4.11. If Q and u are as in Lemma 4.10, then, by Proposition 4.9 u% € Wo{’yl(Q), by
Remark 4.2 u” satisfies condition (4.3) and we get that for L *-a.e. z € w1, (Sy)
HN (0 ]y u (2, y) > t})
- ’Vyuo" ‘6*{y:uf’(x,y)>t}
8iu"
[Wyue] o e >0

aH"

vy (z,y,t)| dH"

(430) 8t)\u(£(),t) =

(4.31) Oidu(z,t) = HF 1Oy 1 u” (z,y) > t})

The following approximation result will be useful in the proof of Theorem 4.1.

LEMMA 4.12. Let w C R"* be an open set and let u € WHP(w x R’;), p > 1, be a non-
negative function. Then for every w' € w and for every e > 0 there exists a non-negative
Lipschitz function w : R™ — R with compact support such that

(4.32) L"({z € R" :w(z) >0, Vyw(z) =0}) =0 and

(433) ||U — UJ||W1,p(w/><RI;) <eE.
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PROOF. On multiplying u(z,y) by a smooth compactly supported cut-off function ¢ :
R™* — R with ¢ = 1 on '/, we can assume without loss of generality that v € WHP(R™).
By density, for every choice of ¢ > 0 there exists a non-negative function u. € C}(R"™) such that
[|u — UEHWLP(]R") <e.

Let r > 1 be such that suppu. C B(0,7). Standard approximation results assure us that
there exists a polynomial p. such that [[ue — pel|c1 (o2 < €/ r™/P. On replacing, if necessary,
pe with p, +&/r™/P + 6|y|2, for § > 0 sufficiently small, we may assume p. to be strictly positive
and V,p. # 0 L"-a.e. on B(0,r).

Define n, : R™ — R as

1 if |[z] <7
nr(z) = 7(4r2:));2|z|2) if r <|z|] <2r
0 if |z| > 2r

and let w = pe7y. Then there exists a constant ¢ = c(n,p) > 0 such that [Ju — wl|y1pgn) < ce
and so equation (4.33) holds.

Finally, (4.32) is proven by considering that w(z) > 0 if and only if z € B(0,2r) and that
w = p. on B(0,r) and w = p.n,. on B(0,2r) \ B(0,7) and hence w is still a polynomial with
Vyw # 0L -a.e. O

ProoOF oF THEOREM 4.1. We are going to prove a stronger inequality that actually implies
(4.2), i.e.,
(4.34) / F(Vu®) dz < / F(Vu) dz,
BxRE BxRE

for every Borel set B C m,_x(f2). As before, we will identify u with its extension uy. We can
assume that the right-hand side of (4.34) has finite value. If not the inequality trivially holds.
Step 1. Let us first prove inequality (4.34) under additional assumptions: we assume that Q
is bounded with respect to the last & components and that u € Woly1 () is non-negative and
satisfies

(4.35) LF{y e RY : Vyu(z,y) =0}y N {y € R¥ :u(x,y) >0}) =0

for L7 *-a.e. x € T, r(Q). By Remark 4.2, equation (4.35) holds also for u®. On applying the
coarea formula (2.10) and (2.5), we get that

400 g
(4.36) / F(Vu®) dy = / dt / TV gt
{y:u® (z,y)>0} 0 *{yu (z,y)>t} |vyu ’

for L *-a.e. z € m,_1(Q). Hence, for any such z, assumption (4.1) and (4.30)—(4.31) give

—— (O, ... Oy, ..., Opu’) dHF!
/3*{y:ua(rr,y)>t} Vyu?|

1
o+ {yue (zy)>t} | Vyu?|

Vada(z,t) HHO ]y u”(2,y) > t})
*&s)\u(ﬂ%t) 7 *at)\u('%t) ’
for £!-a.e. t > 0. Let us note that for £ *-a.e. € 7, _(Q), the set {y : u(z,y) >t} C R¥ is of

finite perimeter for £L'-a.e. t > 0 and £*({y : u(x,y) > t}) < +oo for t > 0. By the isoperimetric
inequality in RF,

(438) LUy u(ay) > 1)) < HUO Y ulzy) > 1)) = / dHE!
O {y:u(z,y)>t}

(4.37) = F@, ... 0 gu®, |Vyu?|) dHF?

= O u(z,0)f (
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holds for £ *-a.e. z € m,_x(Q), for L'-a.e. t > 0. By assumption (4.1) the function f(¢&,-) is
non decreasing in [0, +00) for every & € R *. Therefore, (4.38) and Lemma 4.10 imply that for
Lk ae z€m, k()

B z, =10 {y : u’(x
W) o )f< i(( t)) H (a_{gt (<,)y>>t}>>

(DR e e
Ip |v:;u|de_1’” Ip v, u|de v Ip |Hk ! D |Vyu|

for L1-a.e. t > 0, where D := 0*{y : u(z,y) > t}. Recalling that f is convex and so f is, Jensen’s
inequality gives

IN

1
4.40 I</ F(V o, [V yul) dHF 1.
(4.40) o {yu(zy)>t} | Vyul d
Putting together (4.37), (4.39) and (4.40) we get
1 -
4.41 / F(Vou | Vyu®]) dHF
Al o {yu () >t} [ Vyu| ( !
1 -
g/ F(Vgu, [V yul) dH"1
o {yu(zy)>t} [Vyul !

for L7 *-a.e. x € m,_1(Q) and for L'-a.e. t > 0.
Integrating (4.41), first with respect to ¢ and then with respect to x, using equation (4.36)
for both u and u?, yields

/ f(Vu? )dacdy—/ diL‘/ f(Vu?)dy
BxRk *{y:ue (x,y)>0}
+oo
_/ da:/ dt/ F(Vu ) -1
{yu (z,y >t} ‘V UU|

+0o0
/ d / dt / F(VW) et
yu(ey)>t) | Vyul

= f(Vu)dzdy.
BxRk

(4.42)

Step 2. Let us remove the additional assumptions we used in Step 1. Let u € Wolyl(Q) be
non-negative and let w € m,_1(€2) be an open set. Lemma 4.12 gives the existence of a sequence
{up} of non-negative Lipschitz functions, compactly supported in R", that satisfy (4.35) and
such that uy, — u strongly in Whl(w x R’;)

If we assume that

(4.43) 0< f(&) <C(1+€|) for some C >0, VEeR™,

then f is globally Lipschitz continuous and therefore f(Vuy) — f(Vu) strongly in L' (w x R’;)
The continuity of Steiner symmetrization, see equation (2.17), with respect to the L'-convergence
gives us uf — u’ strongly in L' (w x ]R];) By semicontinuity (see, e.g., [18, Theorem 4.2.8]) and
(4.42) we have

f(Vu?)dr dy < liminf f(Vu?) dr dy
h
xRE h—+4oc0 JuwxRE
< lim inf f(Vup) dedy = / f(Vu)dzdy,
h—+o00 JwxRE wxRkE
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and so (4.34) holds.

Let us remove assumption (4.43). Since f is non-negative and convex and satisfies (4.1),
there exist a sequence of vectors {a;} C R"~* and two sequences of numbers {b;} C R, {¢;} C R
such that

F(&) = sup{aj - & + bjl&y] + ¢;} = sup{(a; - & + bjl& | +¢) T}, VEER™.
JEN JEN

For N € N define

In(€) == sup {(aj-& +bjl&] +¢;)T}.
1<j<N

Clearly, fn(&)  f(€) pointwise monotonically. Observing that fxy satisfies (4.1) and (4.43)

we get that (4.34) holds for such fy. Now the thesis follows by the Monotone Convergence
Theorem. ]

REMARK 4.13. Actually, inequality (4.2) holds also for any wu in WOI”;J(Q). To verify this,
define, for every ¢ > 0, u. := max{u — €,0}. Clearly, the support of u. has finite measure
in w x RY for every w € mp_4(Q2). Therefore u. € W&;(Q) Since (uz)? = (u?): and Vu, =
Vux {usey L-a.e. in R™, by the Monotone Convergence Theorem and applying (4.34) to ue, we
get

Vu?)dz = li V(u?)e)dz = 1i V(ue)?)d
fog (V012 = i [ ST o= i [ (V07 dz
< lim f(VuE)dz:/ f(Vu)dz.
=0t /BxRE BxRE

We now pass to the equality cases. Next result shows that if equality holds in the Pélya-Szego
inequality, then almost every (z,t)-section of the subgraph is equivalent to a ball.

LEMMA 4.14. Let f : R™ — R be a non-negative strictly convex function satisfying (4.1) that
vanishes in 0 and let u € W&’;(Q) be a non-negative function. If equality (4.6) holds, then for
Lkl ge. (z,t) € ml, (Su) there exists R(z,t) > 0 such that the set

{y 1 u(z,y) >t} is equivalent to {|y| < R(x,t)}.

PROOF. We prove here the lemma under the additional assumption that u satisfies (4.3).
For the general case see Remark 4.24.
Assumption (4.6) and inequality (4.34) imply that

(4.44) | fvundz= [ f(u:

BxRE BxRk
for every Borel set B C m,_(€2). On choosing A := 7 ,(2)NGs, N Gs,,, from Theorem 2.4
and (2.12) we see that L *(71  (2)\ A) = 0 and that Vyu(z,y) # 0 on A x ]R’;.

Equality (4.44) assures us that equality holds in (4.42) with B replaced by A. By (4.3) u is
L"-a.e. strictly positive in €2, and therefore we have equalities also in (4.39) and (4.40). Since
f(&,) is strictly increasing in [0, +00) we get an equality in (4.38). Applying the isoperimetric
theorem in R¥, is clear that {y : u(z,y) > t} is equivalent to a ball of radius R(z,t) for
L' Fae x € m, () and Ll-ae. t € (0, M(x)). By the L-a.e. positivity of u, we have that
7 1 (Su) is equivalent to m,_(Q2). Equation (4.29) implies that Wzik?t(Su) is equivalent to
Usen, {z} x (0, M(z)). Hence the lemma is proven. O

PROOF OF PROPOSITION 4.4. The proof is based on the same induction argument of [8,
Proposition 3.6]. We already observed in Remark 4.2 that condition (4.3) implies (4.7). Let us
now prove the converse implication. The case k = 1 is proven in [30, Proposition 2.3].
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Step 1. Let £ > 1 and let v € W(i’yl(ﬂ) be a non-negative function satisfying (4.3) and such
that for H" **lae. (z,t) € 71, (S,) the set {y : v(z,y) > t} is equivalent to a k-dimensional
ball. Fori=1,...,k, set

O = {(x,y) € Q: 9yv(zx,y) = 0}y N {(z,y) € Q: either M(x) = 0 or v(z,y) < M(x)}.
We claim that for v as above H"(C?) = 0. Indeed, by Theorem 2.3, we see that the set
Al = {(z,y,t) € O*S, : S“ =0} n{(z,y,t) € 0"S, : either M (z) =0ort < M(x)}
satisfies
(4.45) H™(AY) > H™(C) .
From Theorem 2.4, up to H¥~! negligible sets, we get
Ay ={y €(07Sy)ay : (3“ ot =0} N{(x,y,t) € 9*S, : either M(x) =0ort < M(z)}.

Since almost every section of the subgraph of v is a ball, we see that Hk_l(Afv,t) = 0. Hence,
using (4.45), assumption (4.3) with Theorem 2.3 and the coarea formula, we have

X . X k—1
H(CP) < HP(AT) = HP (AP {05 # 0}) :/ di dt/ am—
Tn k:,t(a*s'u) (6 Su)z tﬂAl

iz

and so the claim is proven.

Step 2. For i = 0,...,k define recursively Q° := Q, Q¢ := (Q1)%, where S; is the 1-
codimensional Steiner symmetrization with respect to y;. The functions u’ are defined accord-
ingly. Assumption (4.6) and Theorem 4.1 imply that

- f(Vu?)dz = /

k-1
Hence, by Lemma 4.14, we see that S, is equivalent to S,o. From (4.7) and (4.45) we see that

H" ({(x,y) € Q" : V, uF(z,y) =0} N {(x,y) € Q¥ : either M(x) =0 or 0 < u” < M(z)}) =0.
Since the assertion holds for £ = 1, we deduce
H({(z,y) € "1V, w1 =0}n{(z,9) € Q" M(x)=00r0<u" ' < M(z)}) =0
and this clearly implies that
H"({(z,y) € Q"1 Vyub ™t = 0} N {either M(z) =0o0r 0 <u" ' < M(z)}) =0.

The assertion now follows iterating this argument. U

f(VuFYdz=-- = f(Vul)dz = / f(Vu)dz
Ql Q

PROOF OF THEOREM 4.3. The first statement is Lemma 4.14, see also Remark 4.24.

By (2.18) it is sufficient to show that (S,)? is equivalent to S,,. From the previous statement,
we know that for £ **+1a.e. (z,t) € ﬂ:_k’t(Su) every section of (Sy), ¢ is equivalent to a ball in
R* with radius R(z,t) and denote by b: R" ™% x R; — R™*! the center of this ball. On replacing
u by u in Lemma 4.14, we see that for L7 **la.e. (z,t) € ﬂ;_k,t((Su)") every (x,t) section
of (S,)7 is equivalent to a ball of the same radius R(x,t) and denote by b: R" % x R; — R*1
the center of the ball. From the very definition of the Steiner rearrangement we have that
b(x,t) = (x,0,t). Now it is sufficient to show that b — b = (0, ¢,0) for some ¢ € R¥.

The case k = 1 is [30, Theorem 2.2]. Let k¥ > 1 and for i = 1,...,k let S; be the Steiner
symmetrization in codimension 1 with respect to y;. Clearly, Q7 = (Q7)% = (Q%)7 and therefore
(4.2) implies

(4.46) f(Vu?)dz < F(Vusi)dz < / f(Vu)dz
Qe Q5 Q
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for i =1,...,k. From (4.6) we get equalities in (4.46). Since almost every section (S, )z is a
ball, arguing as in Step 1 of the proof of Proposition 4.4 we get

LM{z€Q:0yu(z) =0} N{z e Q: either M(z') =0oru(z) < M(z)}) =0,
where 2’ := (2,91, ..., Yi—1,Yi+1,- - - Yr). Similarly, we also get that
H ({2 €0"Q 1y =0} N {m1(Q) xRy, }) =0,

where 7,1 is the projection on z’. Therefore, by the k = 1 case, we have that (b(x,t)),, = ¢ for

some ¢; € R. Now iterate the procedure and obtain (b(z,t)), = (c1, ..., c;) and so b—b = (0, ¢,0)
with ¢ = (¢1,...,¢k). O

4.3. The BV case

In this section we are going to prove the Pélya-Szeg6 inequality for the Steiner rearrangement
of a function of bounded variation and the characterization of the equality cases. As already
observed in the introduction, we will first prove analogous results for geometrical functionals
depending on the generalized inner normal. In this setting, we will first show a Pdélya-Szeg6
principle in Theorem 4.19 an the characterization of the equality cases in Theorem 4.20.

Next two Lemmata will be used in the proof of Theorem 4.19.

LEMMA 4.15. Let U C R"* x R; be an open set. Let F' : R*™' — [0, +00] be a convex
function satisfying (4.15) and (4.18) and let E be a set of finite perimeter in U X R’; such that
LMY(EN (U x ]Rl?j)) < 4o00. Then

. . (DL D,_1L DL
FWP d’H”g/F( .0, >dDL
(4.47) /é)*Ef’m(Bx]R];) ) B \|DL| |DL| "7 |DL] DL

+F(0,...,0,1,0)| Dyxe-|(B x RE)

for every Borel set B C U.

Proor. Without loss of generality we can assume that B is a bounded open set.
Step 1. Let us prove inequality (4.47) assuming that F' is everywhere finite, hence continuous.
By approximation we can find a sequence of functions {L;} C C°°(B) such that L;(x,t) > 0 for
every (z,t) € B, Lj — L in L'(B), VL; £L" — DL weakly* in the sense of measures and

(4.48) / IVL;| dedt — |DL|(B).
B

For j € N define the sets E; := {(z,y,t) : (z,t) € B, wk\y|k < Lj(z,t)}. Then xp, — xge in
LY (B x R’y“) and since
|Dxg,|(B x R}) = P(E;; BxRE) < C,

for some constant depending only on B, we deduce that

(4.49) Dxg; — Dxges weakly* in B x RZ.
Using the convexity of F', assumption (4.15) and (2.7) we have
/ F(WE) dn”
9*EoN(BXRE)
wso) </ P 0.0y + | (0,07 0) dn
9" EoN(BXRE) 9*EoN(BXRE)

=~ ( Daxge . Dixge ) = ol
_ o ((Daxee o 4D U+Fo,1,o/ V| dH |
BXR’y“ <‘DXE”’ ’DXEU‘ ’ XE | ( ) 8*Eam(B><RZ) | v ’



THE POLYA-SZEGO INEQUALITY

33

Using (4.49), Reshetnyak’s Lower Semicontinuity Theorem (see, e.g., [5, Theorem 2.38]) and
(2.7) we get

(4.51)

_ (Duxpe . Dixse (D Dixs,
/B RkF( 2XBT g IXE |>d|DXEo| < liminf | RkF( XE; o, tXEJ>d|DXEj|
X X

|Dxge|" " |Dxee J=00 [Dxe;|” " |Dxs,l
= lim inf F(I/x .0, l/t N dH™ .
J=00 Jo*B;n(BxRE)
Since the functions L; are smooth, for ¢ =1,...,n —k,t
i O; L
B (0, ,1) = i)

\/p] (z,1)2 + |V L (z,1)|?

for every (z,y,t) € 0*E; N (B x R’;), where p;(z,t) stands for the perimeter of (£}),,. Using
this equality with (4.50), (4.51) and (2.7) we see that

/ FWP)dn"
0*EN(BxRY)
< lim inf F( aiLj 0, atLj ) dH"
j=o0 o B;n(BxRE) \/p? + ’VLj‘Q \/pj2 + ‘VLj‘Q
(4.52) + F(0, 1,0)/ vy | dH"
o*E°N(BxRE)

= lim inf F(v L;,0,0,L;) dx dt + F(0,1,0)|Dyxp-|(B x R)

]—>OO
VoL, oL ) k
(VL ‘ |VLJ’> IVLJ‘dﬂ:’dt—FF(O,l,O)’DyXEa’(B XRy)

= lim inf
]-}OO

Since VL; L — DL weakly* and (4.48) holds, we can apply Reshetnyak’s Continuity Theorem
(see, e.g., [5, Theorem 2.39]) and get

L. V L 8t ~ DxL Dt
4.53 liminf | F 0, Ljldvdt = [ F (=220, d|DL
(4.53) ity (yVL\ VL y) VL] da /B <|DLy \DL|) DL}

Then, inequality (4.47) follows combining (4.52) and (4.53).

Step 2. Let us remove the additional assumption made in Step 1. Since F' is a convex function
satisfying (4.15) and (4.18), we see that there exists a sequence {(a;,bj,c;)} C R"* x R x R
such that

F(&) =sup {(&x - aj + |&]bj + &) T},
jEN
for every ¢ € R"*1. Define, for N € N,
Fn(§) == sup {(& - aj +[&|bj + &ej) T}
1<j<N
Note that Fy is a continuous function and satisfies (4.15) and (4.18). Since Fy(&) 7 F (&)

pointwise monotonically, inequality (4.47) follows applying Step 1 to the functions Fy and
using the Monotone Convergence Theorem. U

The following lemma gives informations on the gradient of the function L. It is a simple
variant of [23, Lemmata 3.1 and 3.2], see also Lemma 3.3.
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LEMMA 4.16. Let U C R* % x R, be an open set and let E be a set of finite perimeter in
U x ]RZ such that LY E N (U x R’y“)) < 4o00. Then L € BV(U) and for any bounded Borel
function g in U

(4.54) /Ug(x) dD;L(x) = /U o g(x)dD; xp(x,y), fori=1,...,n—k,t.

LEMMA 4.17. Let U C R"% x Ry be an open set and let F : R"1 — [0, 4-00] be a convex
function satisfying (4.15). Let E be a set of finite perimeter in U x R’; such that L"YY(EN (U x
R’;)) < 400. Then

- (DL D,_L = DL 5 B
4.55 /F(,..., ,0, )dDL S/ Fv ,...,yn L0, vF) dH"

for every Borel set B C U.

PRrROOF. As in the previous proof, we can assume that B is a bounded open set. Since F'
is a non-negative convex function satisfying (4.15), there exists a sequence of vectors {a;} €
R % x R, such that

(4.56) F(€:,0,&) = sup{(0; - &)"
JeN

for every ¢ € R*! where &,; = (£;,&) € R**1. Hence we deduce that (see, e.g., [5, Lemma
2.35])

(4.57) /BF(’%”;‘ ’DLO d|DL| = Sup{Z/ o - ‘DL, dIDL\},

where the supremum is extended over all finite sets J C N and all families {B;};c; of pairwise
disjoint Borel subsets of B. For a fixed family {B,};c; and a fixed j € N let us define

P = {(a: t)e Bj:aj- ’gZ(az,t) > 0}.

Hence, on applying (4.54), we get
n—k

(e pry) @ = [0 (Sesdiip + e ) aipn
n—k .
_ Z / (a)i xp, (. £) ADi L(z, 1) + / (a): xp, (2, ) dDyL(z, £)

= Z/U R oeg i X(Pj ka)(x Y, )dDzXE+/ tX(P XRk)(g; v, )thXE-
Combining the last equality with (2.7) we have

DL n n
/Bj (aj ' @) d|DL| = / X(p,xb) 5 Vary AH / X(B, <t (0 - viy) " dH

Hence, on using (4.56) we see that

j DL
S [, o ppptapu <X |,
JjeJ

Then, combining (4.57) and the last inequality, we get (4.55). O

(vE 0,vF)dH™ < / F(wE 0,vF)dH™.
EN(B; ka) 9* EN(BXRE)
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LEMMA 4.18. Let U C R* % x R, be an open set and let E be a set of finite perimeter in
U x R’; such that L(x,t) < 400 for L™-a.e. (x,t) € U. Then, for every open set U' € U

(4.58) LY EN (U xRY)) < +o0.
PROOF. Given an open set U’ € U define
E,=En (U x B(0,h)) for h € N.

Without loss of generality, let us assume that OU’ is smooth. Since E}, has finite perimeter in
U’ x R’;, then by (2.8) we see that

(4.59) OME, N (U x RE) € (AME U {ly| = h}) N (U x RE).

Since L"TH(E, N (U’ x R’;)) < 400, arguing as in the proof of Lemma 4.15 and using (4.59),
(2.7) and (2.9) we deduce that

P((Ep)°; U x RE) < P(Ep U xRE) < C,

for some constant C' depending only on U’. Define my, = §;, Ly (x, t) dx dt, where Ly (x,t) stands

for L7 **+1((E}),4). Using the Poincaré inequality for functions of bounded variations (see, e.g.,
[5, Theorem 3.44]) we have that

(4.60) /U \Ln(z,t) — m| dzdt < C DL, |(U") < C P((E]);U' x RE) < C,

for some constant C' depending only on U’. Up to subsequences, we have that mj, — m for some
m € [0,400]. As Ly(z,t) = L(z,t) for L™a.e. (x,t) € U', using (4.60) and Fatou’s Lemma we
infer that

/ L(z,t) —m|dzdt < C.
U/

Since L(x,t) is finite for L™-a.e. (z,t) € U’, the last inequality gives m < +oo and L(z,t) €
LY (U"). Hence, (4.58) follows. O

THEOREM 4.19. Let F : R"™ — [0, +00] be a convex function satisfying (4.15) and (4.18).
Let U € R"% x R, be an open set and let E be a set of finite perimeter in U X R]; such that
L(z,t) < 400 L ¥l g.e. in U. Then

(4.61) / F(E) aH" g/ F(E)dH™
8" E°N(BxRE) 8* EN(BxRE)
for every Borel set B C U. In particular, if E is a set of finite perimeter in R" L, then
(4.62) / FOP)an" < [ FOP)dn".
o0*E° o*E

PROOF. Step 1. Let us first assume that LT (EN (U x R’;)) < 400. Let Ggo be the set given
by Vol’pert’s Theorem 2.4. For any Borel set B C U define By = B\ Ggs and By = BN Ggo.
By inequalities (4.47) and (4.55) we see that

(4.63) / F(WE ) dH" < F(")dH" 4+ F(0,1,0)|Dyx | (B x RE).
9*E°N(B1 xRk)

/8*Eam(31 xRE)
Moreover, by (2.7), coarea formula (2.11) and (ii) of Theorem 2.4 we get

(@64)  IDxeel(By xR = [

WE | " :/ HEV(O*ES,) dedt = 0,
0" E°N(B1 xRk) ’

B
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where the last equality holds since £™(r" , ,(E) N By) = 0. Hence, (4.63) and (4.64) give

(4.65) FE )y dH™ < vEYydH™ .

/a*Eom(Bl xRE) /B*Eﬂ(Bl xRE)

For all (z,t) € By, we have I/yEG #0 H+ lae. on OE7 ;. Hence, since E7 , is a ball, we get
that indeed VyEJ # 0 at all point on E7 ;. Therefore, VyEg # 0 for all point on 0*E? N (By X R’y“)
and we can apply the coarea formula, thus getting

/ FOP) dH”
8" Eo (B2 xRE)

. WE | dH" by (4.15) and (4.18)
9*E°N (B2 xRE) |VyEU’ Y e .

E° E°
(4.66) / dwdt/ Ze 1,2 anE () by (2.11)
By “(B%), | " vy

vy’

= | F(V.L(z.1), Hk’l(a*E;’,t), OL(x,t))dedt by (4.21).
Bs

< / F (VIL(:L', t), HF 10" Eyy), 0; L(, t)) dx dt by the isoperimetric inequality .
Bs

Since F' is a non-negative convex function satisfying (4.15) and (4.18), we see that there
exists a sequence of vectors {(&, pn, 7h)} € R"7F x R x R such that

F(z r,t) =sup{(z - &, +ropn + tTh)+} .
heN

Hence, we deduce that (see, e.g., [5, Lemma 2.35])

/ (V L(x,t), H* 1 (0" Epy), 0 L(z, t)) dﬁdt—SUP{Z/ (VoL -&p+p(x,t) pr+ 0L 7h) }7
B> heH

where p(z,t) := H*"1(9*E,+) and the supremum is extended over all finite sets H C N and all
families {Ap }ren of pairwise disjoint Borel subsets of Bs. For a fixed family {Ap}rey and a
fixed h € N, define

Py :={(z,t) € A, : Vi L(x,t) - &, + p(a, t) pp + O L(x,t) 7 > 0} .
Let us define

E
th(x7y7t) k—1
gt ::/ Vel W0 k=1 (y)
( ) O*Eqyt ‘VyE(x7y7t)| ( )
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From (4.20) and considering that DL is absolutely continuous on B, setting Ay = A, N Py, we
have

(4.67)

Z/ (VaL(x,t) - & + plz, t)on + O L(w, t)m,) " da dt

heH

- Z/ VaoL(z,t) - &+ p(x, t)pn + O Lz, t)1), d dt
heH

[/ ~ (fhaTh) 'Z/mE:t(xayat) d;._[n—i_/~ g(-ﬁU,t)(5h,7h)+p(x,t)phd$dt]
heH 8*E0(Ah XRk)ﬂ{I/yEZO} Ap

/ ) PP, 0,07) dH"
her L0 EN(ApxR*)N{vf=0}

[ F / Ve gy 1/ dH’H/ ) deai
Ah o* Ea:t ‘Vy | 8*Ea:,t o* Ea:t |Vy |

E E
< Eyaur + [ d dt/ Jol a1 )| = 7,
2 [/a « EN(Ap xRE)N{1F =0} F@) o o, \|VE]"[VE| )

heH

where the last inequality is due to Jensen’s inequality. On applying the coarea formula, we see
that

T=2 l [ FOPydn + | F(v) d%”]
her L9 BN(Ap xRF)N{v =0} & BEN(A xRF)N{vF#0}
(4.68) <> l / vP)dH"™ + F(v) d%“]
hen /0" EN(ApxRF)N{vf=0} o* EN(Ap xRF)N{rF#0}
- / Fv)dH" .
9* EN(B2 xRk)

Now inequality (4.61) follows combining (4.65)—(4.68).
Step 2. If the set E is such that L(z,t) < +oo for L **lae. (z,t) € U, then (4.61) follows
from Step 1 and from Lemma 4.18.
Step 3. It remains to prove (4.62). If E has finite perimeter in R"*! then the isoperimetric
inequality (see, e.g., [5, Theorem 3.46]) assures that either F or R**!\ E has finite measure. In
the first case (4.62) is proven by the above calculations taking U = R*~*+1. In the second one,
(4.62) trivially holds, since E? is equivalent to R"*! and so 90*E° = . O

In order to prove Theorem 4.6 we need some results for the equality cases in (4.61) and
(4.62). For this, we need to strengthen the assumptions. Namely, we require that for every
(z,t) € R***1 and for every s1,s0 € RT with s; < s9,

(4.69) F(x,s1,t) < F(z,0,1),
whenever the right-hand side is finite.

PROPOSITION 4.20. Let F' : R"1 — [0, +00] be a convex function satisfying (4.15), (4.18)
and (4.69) and let U C R"% x R; be an open set. Let E be a set of finite perimeter in U x R’y“

such that L(z,t) < +oo L kLl ge. in U. If

(4.70) FP ) dH" = / FP)dH" < oo,

/8*Eom(Ufoyv) 8 En(UxRE)
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then for L7 * 1 q.e. (x,t) € W:_M(E) NU the section E,; is equivalent to a k-dimensional ball.

PROOF. Assumption (4.70) and inequality (4.61) assure us that

(4.71) FE Yy dH" = F(wP)dH"

/a*Evm(BxR;;) /6*Em(BxR’;)

for every Borel set B C U. Possibly replacing U by U’, where U’ € U, from Lemma 4.18 we can
assume that LY EN(U XRS)) < +400. Hence, on choosing B = UNGgNGEo in (4.71) we have
equalities in (4.66). This, in combination with assumption (4.69) and the fact that the integrals
in (4.70) have finite value, gives us that H"*~1(0*E, ;) = H*1(0*EZ,) for L *Tl-a.c. (z,t) € B
and therefore for £ *+1l-a.e. (z,t) € W:_k’t(E) NU. On applying the isoperimetric theorem the
result is proven. O

Theorem 4.19 and Proposition 4.20 are sufficient to prove Theorem 4.6. The problem of
whether a set satisfying (4.70) is necessarily Steiner symmetric or not is the content of the
next result. Here, we need stronger assumptions. In particular we require that the precise
representative L* of L satisfies—similarly to condition (3.5)—

(4.72) L*(x,t) >0 for L7 ¥ ae. (z,t)eU.
We introduce the following notation. Given i = 1,...,n — k, for (z,t) € R" % x R; we
write @; := (T1,...,Ti_1,Tis1,-+,Tn_g,t) and £ := x. If g is a function defined on an open

set U C R x Ry, we set 9i; = flung,.» Where R;, is the straight line passing through
(z1,...,2i-1,0,Zi41,...,Zn_k,t) and orthogonal to the hyperplane z; = 0. Then f; is defined
accordingly.

THEOREM 4.21. Let F : R"*1 — [0, 4+00) be a convex function satisfying (4.15), (4.18) and
(4.69). Let U C R™* x Ry be an open set and let E be a set of finite perimeter satisfying (4.72)
and such that

(4.73) L(zx,t) < 400 for L " ge. (x,t) € U.

Assume that there exists a convex set K C R"™* x Ry such that the function
K 3 (&4, &) — F(&, 1,&) is strictly convex and

(4.74)

vE uf .
r_ L) eK H"-ae ond*EN (U xR¥).
vyl vy

Assume also that
(4.75) H" ({($,y, t) € 0"E7 : Z/yEU(x,y,t) =0} N (U x ]Rl;)) =0.

If (4.70) is fulfilled, then for each connected component U, of U, E N (Uy X ]RI;) is equivalent
to E7 N (U, % R’;) up to tramslations in the y-plane. In particular, if U is connected and

E”*k“(ﬂ:_kt(E) \U) =0, then E is equivalent to E° up to translations in the y-plane.

ProOOF. Step 1. Let U, be any connected component of U. From Proposition 4.20 we know
that for L7 **1la.e. (z,t) € 7, ,(E)NU, the section E,; is equivalent to a k-dimensional ball
of radius R(x,t) and clearly the same holds for £ with the same radius. Denote by b(z,t) and

b(x,t) the center of these balls. Since E“ is Steiner symmetric we have that b(z,t) = (,0,1).
The result will follow if we show that 5(z,t) := (b(az,t))y is constant. Notice that §(x,t) is a

measurable function which, by (4.72) and (4.73) is finite a.e., and is equal to

B(.Qf,t) =

dy .
L(.Z',t) E:c,t y y
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Step 2. Since equality (4.70) holds, arguing as in the proof of Proposition 4.4 we deduce that
condition (4.75) is equivalent to

(4.76) H" ({(z,y,t) €JE: Vf(x,y,t) =0} N (U x ]Rl?j)) =0.
Therefore, using [8, Theorem 4.3] we get that the function (;, € I/VI(IDCI(U N Rz,; R¥) and for
Ll-a.e. z, € UN Rg@i

(a1 ) = T fop 0 P ).

A similar equality holds for 83(?).
By (4.71) we have equalities in (4.66) and (4.67). Hence, from (4.76) we get

E E E E
F / =i dH‘H,/ d%’“,/ R :/ (e S )
8*Eac,t ’Vy ‘ a*Eac,t a*Eac,t |Vy | 8*Ex,t ’Vy ‘ |Vy |

From (4.74), ygt/\uyE] is constant with respect to y. Moreover, as 0*E,; is a sphere, ]1/5\ is

is constant. Hence, from (4.77) we get

/ 1 Vz‘E (x>t) k—1
(479) ) = T o o )] g I~ O ) =0,
where we dropped the variable y for functions that are constant in 0*E, ; and the last equality
is due to the definition of the function 5.
Step 3. We claim that [ is constant. Indeed, if 3 is bounded, it is locally integrable. Therefore,
B € L (Uy; R¥) and its restrictions 3z, and fB; are absolutely continuous and integrable. Hence,
by a standard characterization of Sobolev functions (see, e.g., [38, §4.9, Theorem 2|) we have
that 8 € VVI})’Cl(Ua;]Rk) and V5 = 0 in U, and so f is constant in U,. For g = (f1,...,0Bk)
unbounded, fix 7' > 0 and define the truncated function 57 as

Bi(x,t) if [Bj(z,t)| < T
Bf (z,t) =T if Bj(x,t) > T
=T if ﬁj(l’,t) < —T,

constant and so Vft
b

for j =1,...,k. Hence
T v_ )0 if [Bj(z,t)| > T
G ={3, Haeier.
with a similar equality holding for (Biji)’ . Therefore, since 47 is bounded, from (4.78) and the

previous equality we deduce that 7 = CT a.e. for some constant CT € R*. Finally, as

_ T 1 T
B(x7t)_TgI£ooﬁ (l‘,t)— lim C

T—o0
and since ( is finite a.e., we deduce that [ is constant. O
After proving the results concerning functionals of the form (4.14), we deal now with the

Polya-Szegé6 principle for BV functions. In the proof of Theorem 4.5 we will use Theorem 4.22
below, a consequence of relaxation results concerning BV functions, see e.g., [5, Theorem 5.47].

THEOREM 4.22 ([30, Theorem F]). Let f be a convex function satisfying (4.8). Let Q@ C R”
be an open set and let Jy be the functional defined by (4.9). If w € BV () and {u;} is any
sequence in BV (Q) such that uj — u in Li (), then

Jp(u; Q) < liminf Jp(uj; Q) .
7 (u; ) < Lim inf Ty (5 €2)
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PROOF OF THEOREM 4.5. We are going to prove a stronger inequality than (4.10), i.e.,
(4.79) Jr(u”; B x R}) < Jy(u; B x R,

for any Borel set B C m,_1(2). As before we identify ug with w.

Step 1. Let us first prove that u? € BV (w X ]R’;) for every open set w € m,_(£2). Since
u € BVpy(Q) then u € BV (w x R’;) Hence, by approximation we can find a sequence of
non-negative functions {us} C C*'(w x RE) such that uj — u in L'(U x RE) and

lim |Vuy| dz = |Dul(Q x RY).
h—o0 wxRE

By the continuity of the Steiner rearrangement—equation (2.17)—we get that (up)? — u? in
L' (w xRE); moreover by (4.34) we have that the sequence || Vu | Li( ) is bounded. Therefore

(see, e.g., [5, Theorem 3.9]) we conclude that u” € BV (w x Rf).

Step 2. Let us assume, for the moment, that u is compactly supported in §2. By Theorem 2.1,
S, is a set of finite perimeter in R™*!. On applying Proposition 4.7, Theorem 4.19 and (2.18)
we deduce that for every Borel set B C m,_; ()

k
wXRy

Je(u®; B x RE :/ Fe(v5u) dH™
f( y) *Syuo N(BXREXRy) f( )

<

Fr(vS) dH™ = Jg(u; B x R¥),
/B*Suﬂ(BxR’;xRt) ) it v)

hence (4.79) holds.

Step 3. Let us now drop the extra assumption. Fixed w € m,_,(2) we can find a smooth
cutoff function compactly supported in m,_x(€2) such that ¢ = 1 on w and a smooth function 7
compactly supported in RF with = 1 in B(0,1). Let us define the functions

v(z,y) = u(z, y)p(z) and vp(z,y) = v(w‘,y)n(%) , for h e N.

Clearly, v € BV(R") and v, — v as h — +oo in L'(R"). Hence, by Theorem 4.22 we deduce
that

(4.80) Jr(u5w x ]RZ) = Jr(v7w x ]R];) < liminf Jg¢(vf;w x ]Rl;)

h—+o00

Moreover, since |D(v — vp)|(R™) — 0 as h — +00, we get
(4.81) l}igig J¢(vp; w x RZ) = Jr(v;w x RZ) = Jr(u;w x ]Rl;)

Now, for B = w inequality (4.79) follows from (4.80), (4.81) and the second step applied to vp,.
Then, the general case where B is any Borel set, is derived by approximation. O

PrROOF OF THEOREM 4.6. The proof is very similar to the one of Theorem 4.3. Thanks to
(2.18), it is sufficient to show that (S,)? is equivalent to S,.
Step 1. We claim that for £" **lae. (2,t) € 7 ,(S,) there exists R(x,t) > 0 such that the
set

{y : u(x,y) >t} is equivalent to {|y| < R(z,t)}.

From (4.13) and (4.79) we see that equality holds in (4.79) for any Borel set B C 7, ().
Given any open set w € m,_x(Q2) let ¢ be a smooth cutoff function with compact support in
Tn—k(2) such that ¢ = 1 on w. Identifying u with its extension ug, define v := ug. Then, we
have the following equality:

Jr(v75w x R’;) = Jr(v;w x RZ)
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Hence, on using Proposition 4.7 we get

/ F(r/5) dH" = F(S) dH.
0*Syo N(wxREXRy) 9*SyN(wXRE XRe)
Since v belongs to BV(R™) and it is non-negative, from (4.4) we deduce that v has compact
support and therefore S, has finite perimeter in R"*!. By the last equality and Lemma 4.23
below, the claim is proven from Proposition 4.20 and from the arbitrariness of w.
Step 2. We have just proved that for £ *+l-a.e. (z,t) € ﬂ:_m(Su) the (z,t) section of S, is
equivalent to a ball in R* with radius R(z,t). Define b : R"™* x R, — R"™ to be the center of
this ball. On applying Step 1 to the function u® we see that for L **la.e. (z,t) € W;LM(SUJ)
every section (S,)7 ; is equivalent to a ball of the same radius R(z,t) with center b(z,t). From
the definition of the Steiner rearrangement we get b(z,t) = (z,0,t). Now the Theorem follows
once we prove that b — b = (0, ¢,0) for some ¢ € R,

The case k = 1 is [30, Theorem 2.5]. Let k > 1 and denote by S; the Steiner symmetrization
with respect to y; for i = 1,...,k. Since Q7 = (Q°)% = (Q%)?, from (4.10) we have the
following inequalities

(4.82) Jf(uU;QU) < Jf(usi;QSi) < Jf(u; Q).

From the assumption (4.13) we get equalities in (4.82). Since almost every section (S,)z+ is a
ball, arguing as in Step 1 of the proof of Proposition 4.4 we get

LM{z€Q:0yu(z) =0} N{z e Q: either M(z') =0or u(z) < M(z')}) =0,
where 2/ := (2,91, ..., Yi—1,Yit1, - - - Yg). Similarly we also have
H ({2 €0"Q:yy) =0} N {m1(Q) x Ry, }) =0,

where 7,_1 is the projection on z’. Since Q7 = (Q7)%!, by the k = 1 case, we have that
(b(x,t))y, = c1 for some ¢; € R. Now iterate the procedure and obtain (b(x,t)), = (c1,...,cx)
and so b—b=(0,¢,0) with ¢ = (¢1,..., k). O

The following lemma shows how properties of the function f are inherited by FY.

LEMMA 4.23 (([30, Lemma 6.1]). Let f : R™ — [0,400) be a convexr function vanishing at
0. Then, the functions Fy defined by (4.16) is a convex function satisfying (4.15). Moreover,
if in addition f is as in Theorem 4.6, then Fy satisfies (4.18), (4.69) and (4.74) with K =
R % x (R; U{0}).

REMARK 4.24. Here we want to observe that if f is a non-negative function as in Theorem

4.3, then the function Fy(¢1,...,&+1), possibly attaining infinite value if &,41 > 0, defined as

in (4.16) satisfies the assumptions of Proposition 4.20. However, if u € Wolyl(Q) then (4.17) still
holds and thus Lemma 4.14 follows arguing as in Step 1 of the proof of Theorem 4.6.






CHAPTER 5

Stability estimates for the Pélya-Szeg6 inequality

We are now interested in studying the stability of the Pélya-Szeg6 inequality both for the
Steiner and the Schwarz rearrangement in terms of the L! distance between u and u® (or u*).
It is known (see [28]) that such an estimate is in general not true. Therefore we need some
additional assumptions on u. Namely, we will require the function uw to be concave. Here we
will consider only the case in which the convex integrand is |-|P, with 1 < p < oo.

5.1. Statement of the main results

As before, we write z € R" as (z,y) € R"™! x R and given a non-negative Sobolev function
u € Wol’p(]R") (1 < p < +00) we denote by u® its Steiner rearrangement (with respect to the
hyperplane y = 0) and by u* its Schwarz rearrangement. Moreover, we denote by A(u,w) the
deficit between two Sobolev function u and w

/ ]Vu|pdz—/ |[Vw|P dz
RTL R’I’L

We can now state the main theorem of the chapter, namely the quantitative Pdlya-Szego
inequality for the Steiner rearrangement.

Au,w) :=

THEOREM 5.1. Let u € Wol’p(]R”) be a non-negative and concave function. Then
(5.1)

n+2 1 2-p 1
inf lu(z,y + h) —u’(z,y)|dedy < c L)Y | Vu®|[ 2 Au,u®)2 if 1 <p<2,
heR JRrn [[ll 1
and
M2 1 1
inf | |u(z,y+h) —u’(z,y)|dvdy < c LM Q)P A(u,u’)r  if p>2,
hek Jrn ]l 1

where ¢ = ¢(n,p) is a positive constant, Q is the support of u, and M is the mazimum between
lullree and the outer radius on ) (i.e., the radius of the smallest ball containing 2).

The main idea—which we already used extensively in the previous chapter—is to identify
a non-negative Sobolev function u, with its subgraph S,. Then we describe it by a couple
of functions (b,[), the barycenter and the half measure of the one dimensional sections of the
subgraph of u. More precisely, let w be the projection of S, on the hyperplane y = 0, i.e.,
w = Tp—1,(Sy), then (recalling Definition 3.8 and the definitions from Chapter 2)
1

1
l(x,t) = §L(az,t) and  b(z,t) = Nt /(SH)M ydy.

If S, has the segment property, i.e., for every (z,t) € w the section (S,), , is a segment, and if
S, has not “flat zone”, i.e., it satisfies

(5.2) L"({(z,y,t) € 0*Sy : yu(z,y) =0} N(wxR)) =0,

then it can be deduced by [23, Proposition 1.2], [8, Proposition 3.5] (see also Lemma 3.6) that
le Whi(w) and b e Wbl (w).

43



44

CHAPTER 5.

The point here is that we can use the segment property to write S, as the domain between
the functions b — [ and b+ [, and then reformulate the energy [ |VulP in terms of [ and b. This
can be done by means of the generalized inner normal to the subgraph of u—see Lemma 5.4.

The quantitative version of the Pdlya-Szeg6 can be extended to the Schwarz symmetrization.

THEOREM 5.2. Let u € Wol’p(]R”) be a non-negative and concave function. Then

M2 1 2-p 1
(5.3) inf lu(z + h) —u®(2)|dz < c 7———L"(Q) ¥ || Vu*|| ;3 Au,u)2z if 1 <p<2,
nn oo ull e

and
n+2 1 1
L) Au,u™)r  if p > 2,

inf u(lz+h)—u®(2)|dz <c
ot [ et ) w2l de < e
where ¢ = ¢(n, p) is a positive constant, Q is the support of u, and M is the mazimum between
lu|lLs= and the outer radius on ).

The idea is to apply Steiner symmetrization n times along n perpendicular directions so to
transform u in a n-symmetric function, and then to use the following stability result, generalizing
[47, Proposition 2.4] (see also [25, Theorem 3]).

LEMMA 5.3. Let w € Wol’p(R”) be a non-negative and n-symmetric function, 1 < p < 4o0.
Then

2-p
(5.4) / w —w*|dz < e L) TV | 2 Alw,w)E if1<p <2
and
(5.5) / lw —w*|dz < cﬁ”(Q)ﬁJr%A(w,w*)% if p>2,

where ¢ = ¢(n,p) is a positive constant, and Q is the support of w.

Finally, we observe that for 1 < p < 2 the quantitative Pélya-Szegd inequality for the Steiner
and the Schwarz rearrangement are sharp, in the sense that the exponent 1/2 in the deficit of
the estimates (5.1) and (5.3) cannot be improved—see the discussion at the end of the chapter.

5.2. Proofs
We start by proving a representation formula of [ |Vu|? in terms of the functions b and I.

LEMMA 5.4. Let Q C R™ be a bounded open set, u € WHP(Q) be a non-negative function and
set w = mp_14(Sy). Assume that S, has the segment property and satisfies (5.2). Then

P P
2 2

1+ Vb — V1|2
da:dt—i—/( + [V V_|1) dx dt.
w \8tb—8tl\p

(1+ Vb + Vil[%)
|0:b + 1P !

(5.6) /Q\Vu(x,y)\pda:dy:/w

PROOF. For the sake of simplicity we set F := S,. As FE has the segment property in
direction y, we have E = E* N E~, where

Et .= {(x,y,t) ER" : (z,t) € w, y < blx,t) —i—l(ac,t)} ,
E™ = {(2,y.t) e R™ : (2,8) €w, y > b, 1) — Uz, 1)} -
Note that since E is a subgraph, we have that 0:b + 9l < 0 and 0:b — 9l > 0 and therefore
Ol <0 and 0] < |04
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Note that by (2.12) we have

. VE*(x,y,t):( Wb+ Vil 1 ab + 0l )

VI+IVb+ VP 1+ Vb +VIP 1+ |Vb+ Vi
and a corresponding equality for v~ . By (2.12) we have

[Vul” V|’

Vu(z,y) dr d :/ 76[7{”:/

dH"™ .

Splitting the last integral over Et and E—, by (5.7) we get

Ve |P v
/ ]Vu(x,y)]pdacdy:/ | xf_lld”f["—i-/ | xf pdH”
Q 9 E+N(QxR) |14 & E-N(QxR) |1

1 b l 1
- (LISl oy vy tan
o ETN(QxR)  |Oib + Ol|P

b
2

1+ |V — Vil 1
“) LT B0 (1 o - v e
*E-N@QxR)  |0ib — O l|P

hence, on using coarea formula, the lemma is proven. (I
REMARK 5.5. Note that, if u € W1P(Q) is nonnegative, then
(1+ %1%
|Vu? xy|pdxdy—2/ d dt,
/ Pt
since in this case b is constant.
In order to prove our main result we will need the following key lemma.

LEMMA 5.6. Consider the function f, : R" — R defined for x = (2/,z,) € R*! x RT as

112\ %
) = LI
Tn

For a fived z, given y = (y,yn) € R"™1 x R, let ®(x,y) be the second order increment of f in
the direction vy, i.e.,

O(z,y) = fp(z +y) + folz —y) — 2fp(2).
If |yn| < x, there exists a positive constant ¢ = c(p) such that, for 1 < p < 2 we have

—2
(L+ |2 + |y '? ol

5.8 P >

( ) (Cﬂ,y) ZC ngl 1+ |$/‘2 + l’% ’

while for p > 2 we have

O(z,y) > c = (( V] p—i—’np|>.

T 1+ [2']?)2 Zn

PROOF. The proof is based on some careful estimates of a suitable expansion of ®(x,y). We
start observing that a straightforward second order expansion of ®(z,-) allows us to rewrite it

as follows
1
= p/ Jp(ar) do
-1
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where
p—2

(1l o) " 1 ey

Jp(a) = .| I +p-2)——

(Tn + ayn) 1+ |2+ o]

m’+ay’,y'y 1+x’+ay'2y2
Ty + QYp (xn + ayn)

First case. Let us start dealing with the case 1 < p < 2. By means of easily verifiable
computations, we can write J,(c) as

(5.9)
/ 72 p772
(@) :(H'x +oufP) 0—1) Iy — 29, Y] o 2/ + oy}
b (xn‘kayn)pfl " Tn + QYn n(xn+ayn)2
2 / N2
y2 )2 (' + oy y)
+p-1)— s+ (2 +(p-2) LI
(p )(%Jro%)2 @-ply"+( )1Jr =+ oy’
9 p=2
/ / 2
:(1“37 +oay| ) (p—1) yna’ — 2y + [ynl® re-p (- (@' +ay,y)
|z, + ayp P! |z, + ayp|? 14 |2 + oy ?

Noticing that by Schwarz inequality

'+ o /7 "2
RN (e AT Y
1+ |2/ + ay/|
and by taking in account that |a| < 1 and the assumption |y,| < z,, implies 0 < z,, + ay, < 2z,
we have

p—2

L+ + 1)) * 'y P+ 2
(5.10) Jp(a)>c< il | ‘) (Y2’ = 20| +yn.

= —1
0 fU%

Finally a dichotomy argument will give us the result. Indeed, if 2|y, ||2'| > z,|y/|, we can write

2
i o A AN A [
z2 T a2 T 222 gt

/‘2

Otherwise, if 2|y, ||2| < z,|y|, or equivalently

2(xnly'| — ynll2']) > zaly/|,

we have

lyna’ — 20y’ * + yn _ (zaly'| = lyull2’])?
(5.11) 5 > 5 -5 =
Ty i z 4
Combining (5.10)-(5.11) we get (5.8).
Second case. The case p > 2 is more involved. While in the previous case we could get the result
just performing pointwise estimates, here we will need to exploit the integral form of ®(z,y).
2
We use again a dichotomy argument. Let « be sufficiently large so that (p—1) 8;;;2 +2—p> %
and suppose first that |y'| > ~|2'|. Then we have

1
(5.12) & + /] > lally'] — || > (a - 7) W
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and, for 2/y < a < 3/,

i

1-1/y _

A o e e P W A

5.13
( ) |zn +ayn| —  zaltalynl T 14«

> |y =

Using (5.9), (5.12) and (5.13), we can estimate ®(z,y) as follows

®(x,y) :p/_ll J(a) da > /j J(a) da

p
3 / 712\ 2 2
>/w (1+|9U +ay!) (p_1)|ynx’—a?ny’| + 42
—J2 (Tn + ayn )Pt (2n + ayn)?

3 Tn (’V + 3) 41‘%

()™

L+ y)7) * - 1 |y
>e———— (W[ +5 | >c (y”’+")-

On the other hand, when |y/| < v|2'| and |a| < 1/27,

1
|2+ ay'| = |2| = ally'| = (1 = |aly)la’| = S|2'].

| L
v+3

+(2 —p)yyﬂ da

3 (14 112 pT% e )
ZC[; (hfﬁl) [(p— 1 (MW!Q + y") +(2 —p)y’!Q] do
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Let g = ﬁ. By rearranging the expression of J, we have

p—2
(1 + |z’ + ay’|2) 2
(xn + ayn)p_l
2
DRy | (e
Tp + QYp (wn + ayn)2

p—2

(1 + |z’ + ay’|2)T
B (xn +ayn)p71

1 1
+(p— D"+ oy, \2 —
=D y) L+ ]a + ] 1=+ + oy

(@' +ay',y)?

712
+(p—2
™+ (p )1 I

Jp(a) =

—2(p—

2 2
W2 — (@' + oy, y) (p—1) (@' + oy, y)

1+ |2/ 4 ay'|? 1- B+ 2"+ ay[’

/ ! 2
_2(p_1)(w +ay,y)yn+(p_1) BYn

Ty + ayp m
1— / 112y, 2
+(pf1)( B+ |z +ag| )Y
(CUn + ayn)
o 52
/ / 2
_ (1 + 2" + ay/| ) |2 — (@' + oy y)? (= Dy
(2 + ayn )P~ L+ +ay P (@ + ayn)

(' +ay',y)?
1+ 2"+ ay'P)(1 = B+ |2/ + ayf/[*)

2
+(p—1) (@ + oy, y) yn\/1—5+lw’+ay’!2 ]
D — - .

\/1—ﬂ+\a?’+ay’|2 T+ QYn

Therefore, by using Schwarz inequality and removing the square term

- Bp—1)

p—2
/ N2y 2z r 2 2
7 () >(1+|x +ay'P) ¥/l (P=Vya _ , =Dy
P (a0 4 agn)P? |1+ ]2" + ay'|? (2r + ayn)? 1+ |2/ + ay|?
p—2
/ N2\ 2 r 2
>(1—Hx —|—ay]) /| ﬁ
- op P! |1+ |2" + ay > Ax

This allows us to estimate ®(z,y) as follows

p=2
2
L (142 +ay) "2 2
ze [5 U)W i),,
_% zP 1+ \x’—i—ay’I Thn
22
1 "2 2
s (Wl T P P P
zc - 2 5| do 2> c—= 2 P
—+ b 1+ |2 xy ah 1+ || In

The last tool to prove Theorem 5.1 is the following easy geometrical estimate.
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LEMMA 5.7. Let E C R™ be an open, bounded and convex set with outer radius R. Then its
inner radius v (i.e., the radius of the largest ball contained in E) can estimated by

£
(5.14) r> R
PROOF. Let S be the maximum ellipsoid included in E. Up to a roto-translation, we can
assume that S = {x € R" : 37 | (2;/1;)® < 1} with [y < ... < I,. Clearly, R > l,, and r > [;.
By John’s ellipsoid theorem (see [10, Theorem 2.4]), the inclusion E C nS holds and therefore
R Y > |S| > |E|/n. O

PROOF OF THEOREM 5.1. By rewriting [ Vu? in terms of b and [, we have
(5.15)  Afu) = /w (1 ﬁigi);;lﬁxll'g)g (1 ﬁflzxf@lﬁxlf)g .a HZPAF)?
We recall that by construction

Ob+ 0l <0, Ob— 0l >0, 0 <0, |0:b] < |0
Note that the integrand (5.15) can be written as f(x +y) + f(z —y) — 2f(z) with

1 112 p/2
f(l') = % and :E/ = _vzl7 y/ = _be7 Tp = _8tl7 Yn = _atb

Tn

dx dt.

Therefore, by using Lemma 5.6 we have through a second order expansion

—2
1+ |2 + [bf2) T Ak b|?
/(+|V|+|V|) l |Vzb| |at|1dxdtwhen1<p<2;

p—1 2 2
A(u7us) > |8tl| ‘ ‘ 1 +’|v:cl| |8tl|
1 V0P O.b|P

c + dz dt when p > 2.

/w |0l [P~ [(1 +[Vl[2)2 \&l\p] P

Using twice Holder’s inequality we get, in the case 1 < p < 2,
1
b o ! ™! 2
+ dx dt < cA(u,u’®)?2 / — dx dt
w 1+ [VRl)? |04l w (1+]%l|2+|%b\2)p72

2—p

p—1
< eA(u,u®)3 (/ |6tl|dxdt> ’ </ \/1—|—|Vxl|2—|—|%b|2dmdt> ’

By using (5.6) and Holder’s inequality (with p = 1) we have the estimate

2/\/1+|Vzl|2+|vxb|2dxdt§/\/1+|V$b+vxl|2dxdt+/\/1+\be—vxl]2dxdt
= [ Vuldzdy < £1(@)7 |Vulzr,
Q

while, denoted by E?® the subgraph of u® and by v® the inner normal to 0* E®, by the coarea
formula,

2/ 10,1 du dt :/ AR = L) = L7(9).
w 8* EsN(QxR)

Gathering all we have

b b 1 2-p 1
bl 100, gy < coni)7 Va2 A, w)?.

wVIHNVIE |0

(5.16)
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Similarly, in the case p > 2 we have
bl ol 1 (/ > 1 1
5.17 drdt < cA Ol| dx dt <L) A .
617) [ Tt o Aty ([ (odldedt)” < eLr ()7 A,

It remains to estimate the left hand sides of (5.16) and (5.17). As already pointed out in
[8, Theorem 1.4], because of the concavity of u® we have
vy > dist((z,t), Ow)
|Vx,t‘ l(xa t)

V(z,t) € w,

so that, if 15| > 1/v/2, then
o  dist((z,1), 0w)
vy > ——F2"——.
V2M

Of course this inequality is still true if |15, < 1/v/2, because vyl > 1/ V2. Therefore, since

VIFIVIP =1/,

| Vbl Iatbl V|
5.18 drdt > | ———=dx
(5.18) w \/1+|le|2 |04 w1+ |VI]?

Finally, since w is convex, by means of a weighted Poincaré inequality (see [8, Corollary 5.2] and
[24, Theorem 1.1])

1
dt > m/wwm dist((x, t), Ow) d dt.

/ IVb| dist((z, 1), w) da dt > c%/ b — bo| dz dt > c%/ LMNES A (B, — bo))da dt
- c—ﬁ"(EsA( —(0,by)))
= / u(z,y —bo) —u’(z,y)|dz dy,

for a suitable by € R. Here r and R are the inner and outer radius of w, respectively. Their ratio
can be estimated from below by using (5.14):

roo £Mw) o el ufl
R~ nR™ — 2nMn™tl  2ppMntl”
This last estimate completes the proof. Il

We prove a version of the quantitative Pdlya-Szegd inequality in the restricted class of the
n-symmetric functions.

PROOF OF LEMMA 5.3. By the coarea formula, for ¢ > 0 we have

0o n—1
u(t) =L ({w > 1} N {Vw = 0}) + /t /{w:s} d\fgw!

Therefore, for a.e. t > 0

5.19 —’t>/ —7—(”1
(5.19) w(t) > toe) V0]

Moreover, we have that

H ™ ({w =t}) = P({w > 1}),
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where P stands for the perimeter. Applying the coarea formula, Holder’s inequality and (5.19),

we get
00 0o n—1 — p
/ IVl = / / Vw[P~t ap Tt dt > / i ({wn O g
Rn 0 J{w=t} 0 (frpmp B 2)P
(5.20) {w=t} Vuwl
> H T ({w =t})P > P({w > t})
> dt = / =) gy
- /o (= ()P~ o (=p()Pt
Given a measurable set F C R", define the Fraenkel asymmetry of E to be
. LMEAB) n .
A(E) = 1nf{£n(E) . B ball, £"(B) = £ (E)} .

The quantitative isoperimetric inequality (see, e.g., [44] or [58]) assures us that there exists a
constant 7y, depending only on n, such that

nwy" LM (E)™ (14 70A(E)?) < P(E),

for every measurable set £ C R™ having finite measure and finite perimeter, where n’ is the
Holder conjugate of n. Moreover (see [58, Lemma 5.2]), if E is symmetric with respect to n
orthogonal hyperplanes containing 0, then

1 LY(EAE™)
5.21 AE) > -———~—2
(521) (B)= sy
where E* is the ball centered in the origin having the same volume of E. Since w is n-symmetric,
so are its level sets {w > t} for ¢t > 0. Hence, combining (5.20)—(5.21) with ' = {w > t}, we get

P 2\ P
> t) Y (F(?)
5.22 / Vuwl'dz > nwl/"p/ a 1+< ) dt,
22 S R 7 O) A RN )
where F(t) := L"({w > t}A{w* > t}) for t > 0.
Let us observe that, if we replace w by w* in (5.20), we have then all equalities, because
|Vw*| is constant on the ball {w* > t} for a.e. ¢ > 0 and because (see [27, Lemma 3.2]) also

(5.19) turns into an equality. Thus, P({w* > t}) = nwrl/nu( )7 for a.e. t > 0 and

D
(5.23) / IV [Pdz = (nwl/™)? / Mdt
R o (=(®)P
Since (14 s)? > 1+ ps for s > 0, we deduce from (5.22) and (5.23) that
® (E®))* _p®)
5.24 /VP—V*de/( ) dt,
(5.24) oo |Vl = [Vw'dz >y | D) Cap

for some constant v > 0, depending only on n and p.
Note that, by Jensen’s inequality, for any ¢ € L' we have

(Jrora) = (fr2) < (Jo) (/)

Then, by the layer-cake representation formula we have

([ o) = ([ s

(5.25) < (/Ow(—u’(t))(u)idt)p_l (/OOO (ig)p (—Z’((tz)r?pldg '
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Note that .
00 Loyt
/0 p(t)* - (= (1)) dt = OE+)1 for every o > —1.
As 0 < F/u < 2 we have for p > 2 that
2
(F(ﬂ)? ~ o2 (F(t))
p(t) p(t)
Therefore,
P < R\ pt)r
(/ ]w—w*\dz) < ALMQ)P / ( ( )> ,u(,) —dt
n o \u)/) (=p/(t)P
and using (5.24) we obtain (5.5).
On the other hand, if 1 < p < 2, by Hélder’s inequality we have
<P\ b N e awd T
Ig/ < > et / LY
o \u(t)/) (= (1) o (=#'@))P
Hence, by using (5.25) and (5.23), we obtain (5.4). O
PROOF OF THEOREM 5.2. We give the proof only for the case 1 < p < 2, being the other
one similar. We set ©*0 = u and, for every i = 1, ..., n, we indicate by u* the Steiner symmetral
of u®~! with respect to the hyperplane z; = 0. Note that u®" is n-symmetric. Since the Steiner
symmetrization decreases the outer radius, by (5.1) we get for every i = 1,...,n
M2 i 2-p 1
(5.26) / |u¥i—t —u¥|dz < ¢ Tal L) || Vul| 2 A(u®=t,u’)z,
n u Lt

up to a suitable translation of u®-! along the z; axis. Moreover, since £"(Q) < (2M)" and
ullr < (2M)™, by (5.4) we get
M2

[l o

If |[Vul|}, < 2[|Vu*|},, a triangular inequality applied to (5.26) and (5.27) gives (5.3).
Otherwise, since the support of u* is a ball of volume £™(),

1 2-p
(5.27) / |u'™ —u*|dz < ¢ L) || Vull 2 A(us",u*)%.

inf lu(z + h) —u®(2)|dz < 2[ju*|| 1 < CL”(Q)%HVU*HLl
heR™ Jrn

141 141 2=p >
< (@) |V = @7 |V 3 ( [ 1)
Mn+2

<c
[[ull e

N|=

1 2—p
LY )7 [Vutll s Alu,u®)z.
O

Here we show two examples proving that for 1 < p < 2 the power 1/2 of the deficit in the
estimates of Theorems 5.1 and 5.2 is sharp. The first example concerns the Steiner rearrange-
ment.

EXAMPLE 5.8. Let € € (0,1) and let u : R — R defined as
(x+1)/(e+1) if —1<zx<e¢;

wz)=9(x—-1)/(e—1) ife<z<I;
0 otherwise.
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Then its Steiner rearrangement is

() 1—Jz| if —1<2<1;
u’(x) =
0 otherwise.

: l' h S r :Z

it is clear that we may assume h € [0,e]. Then, a straightforward computation shows that for
any such h

h2(4 +¢) — 4eh + 22

u(x 4+ h) —u’(x)| de =
[ e+ 1) — (@) S
Hence, the infimum is attained at h = 2¢/(¢ + 4) and is equal to

2e
44+¢

1
~ = — 0.
25 as &

On the other hand, a direct computation shows that A(u,u®) = (1 +&)' P 4+ (1 —e)!P -2 ~
p(p — 1)&2, hence showing the sharpness of the power 1/2 in the estimate (5.1).

FIGURE 5.1. Example 5.8. The grey area represents [ |u(x + h) — u®(x)]
1 le=h

u® u(z + h)

-1-h -1 0 1—-h 1

The second example concerns the Schwarz rearrangement.

EXAMPLE 5.9. Let € € (0,1) and denote by E the ellipse {(z,y) € R? : (1+¢)22? +y%/(1 +
£)?2 < 1}. Let u : R? — R defined as u(z,y) = 1 — (1 +¢)%2? — y2/(1 + ¢)? if (z,y) € E and
extended by 0 outside E. Then, its Schwarz rearrangement is u*(z, y) = 1 -2 —vy? for (z,y) € B
and extended by 0 outside B, where B is the ball of radius 1 centered in 0. As the function u
is 2-symmetric, the infimum

inf h) —u® d
Jnf |, lu(z + h) —u®(2)|dz
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is attained at h = 0 and is equal to cL*(BAE) ~ ce as ¢ — 07. By a direct computation we
obtain

27PA(u,u*) = /

B

Ka:Z(l +¢)+ a _|_2€)2

:/B[(x2+y2)+2€(m2—yz)+62(x2+3y2)+0(53)y2)p/2— (:B2—|—y2)p/2]d:vdy

9 (22 — 22 242 1 392 p/2
Z/B(x2+y2)p/2[<1+ £;§+y§>+€ fQiny)JrO(s?’)) —1}d:1:dy

p/2 /o
) — (22 +yH)? }d:c dy

2 _ .2
_ 2 2w —Y0)
=pe [ (z°+ dz d
pe [ @+t
2 2 2,122
D 2 2 2p/2<f5 + 3y (p—2)(x _y)>d du+ O(&3
tof /B(x ) x2 +y? * (22 +y2)? zdy +0()
p —
=58 | @ )PV + %) + (0 - 1)@® = ) e dy + O() ~ e(p)e?,
for some positive constant ¢(p) and where in the second and third line we have used the Taylor
expansion of (14 ¢)~2 and (1 4 -)?/2 respectively. Hence, our claim is proven.
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CHAPTER 6

A quantitative second order minimality criterion for cavities in
elastic bodies

Recall from the introduction that we are studying the functional (1.1)

(6.1) F(F,u) := Q(E(u))dz+H (Tr) + 2H (Zp) .
Bo\F

We outline now the structure of this chapter and make some comments about the proofs.
In Section 6.2 we calculate the second variation of F at any regular configuration (see Theorem
6.8) and we exploit the volume constraint to define the associated quadratic form in a critical
configuration. At the end of the section in Lemma 6.11 we prove a “weak” coercivity property
of 0> F(F,u) in a critical point, which is the first step towards the proof of Theorem 6.19. In
Section 6.3, as an intermediate step, we prove that the positivity of the second variation implies
the local minimality among configurations (G, v) for which G close to F in the C'!-topology.
The main point in achieving this result is to overcome the lack of C''!-coercivity, which would
immediately imply the result. This is done by proving the stability of the weak coercivity under
one parameter perturbation of the critical configuration (see Lemma 6.18). In section 6.4 we
exploit the regularity theory for a class of obstacle problems which arise as perturbations of (6.1)
to show that the C'!'-minimality actually implies the minimality with respect to the Hausdorff
distance thus proving the theorem. In the last section we apply the previous analysis to the
explicit case of a disk subjected to a radial stretching.

6.1. Preliminaries

In this section we fix the notation and describe precisely the required background for our
analysis. We are interested in cavities identified as closed sets F' with H!'(0F) < +4oo and
starshaped with respect to the origin. The fact that F' is starshaped allows us to describe it as
a subgraph of a function. Since F' has finite perimeter, the function associated to its boundary
turns out to have bounded pointwise total variation. This will allow us to deal with functions
rather than sets.

We denote by S! the unit circle in R? and by ¢ : R — S! the local diffeomorphism defined
by o(#) = (cosf,sin@), by o1 its local inverse and by o*(#) = (sinf, — cosf) its orthogonal.
We set C’i (R) to be the collection of functions in C?(R) which are 27-periodic. In a similar way
we shall define the function spaces H# (R), etc.

With a slight abuse of notation we set
(6.2)

BV4(R) :={g : R — [0, Ro] | g is upper semicontinuous, 27-periodic and pV'(g, [0, 27]) < oo},

where pV (g, [0, 27]) is the pointwise total variation of g in [0, 27] and Ry is the radius of a large
ball Bg,. For a function g € BV4(R) we define the extended graph of g as I'y U ¥, where

(6.3) Ly :={po(0) €R*| g~ (6) < p<g"(h), 0 cR}
and
(6.4) Yg={po(0) eR?[ gt(0) <p<g(0),0€R}.
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Here g~ (0) := liminf;_,, g(0) and gt () := lim SUPj_g g(0). We shall refer to &, as the set of
cracks.

Let us consider a compact set F' C Bp, starshaped with respect to the origin. Then, for
o € S!, we can write

F={ro#) cR*|0cR,0<7r<pr(d)},
where pr is the radial function of F' and is defined by

pr(0) :=sup{p € R | po(0) € F'}.
It is clear that pr : R — [0, Rp] is upper semicontinuous. Moreover we have the following result,

see [43, Lemmata 2.2 and 2.3].

LEMMA 6.1. Let F' C BRO be a closed set starshaped with respect to the origin and let pr be
the radial function of F. Then

OF =T,, US,,.

Moreover HY(OF) < +oo if and only if pr has finite pointwise total variation.

The previous lemma rigorously shows that we may use radial functions instead of sets.
Hence, for g € BV4(R) we set

F,:={po(0) eR*|0<p<g(0)} and Q,:=Bg,\F,

We may think of F; as the void and of {2, as the elastic solid.

We can now define properly the space of admissible pairs. Given ug € C*°(R?\ Bg,) we set
(6.5) X (uo) = {(g,v) | g € BVx(R), v € Hp .(R?\ F,;R?), v = g outside Bg,},
and we shall use the notation X (0) for ugp = 0. We define also the following subspaces of X (ug)

(6.:6) Xvip(uo) == {(9,v) € X(up) | g is Lipschitz},
. Xreg(UO) = {(Qav) € X(uo)|ge C;&O(R)a v e COO(QQ)}-

We are now in position to give the proper definition of convergence in X (ug).

DEFINITION 6.2. A sequence (gn,v,) C X (up) is said to converge to (g,v) in X (up) and we
write (gn, vn) X, (g,v) if
(1) supH'(9F,,) < +oo,
eN

n
(2) F,, — F, in Hausdorff metric,
(3) vp — v weakly in H'(w;R?) for any open set w compactly contained in R?\ F.

In view of [43, Lemma 2.6], we see that X (ug) is closed under the convergence of Definition
6.2.

The elastic energy density is defined by Q(E(u)) := 1CE(u) : E(u), where C is the fourth
order tensor

(Cp A+ A1+ A 2012
t = ( 201812 (2p + A)a2 + >\§11>

and F(u) is the symmetric gradient of u
1
E(u) := §(Du + (Du)T).

The constants p, A are called the Lamé coefficients and they are assumed to satisfy the following
ellipticity conditions
p>0 and > —pu.
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Since Q(&) > min{u, u+A}|€|? for every symmetric 2 x2 matrix &, the above conditions guarantee
that @ is coercive. We also set the ellipticity constant

n = min{p, p + A}.

For a pair (g,v) € Xyip(up) we may write the value of the functional (6.1) as
Flgw) = [ QUE@)dz+H!(T,),
g9

Since this functional is not lower semicontinuous with respect to the convergence in X (uyp), in
order to effectively address the minimization problem we consider the relaxed functional

Flg,v) = inf{liminf F(gn, vn) | (9n,vn) € Xvip(t0), (gn> v) = (g,0)}.

The following integral representation of F is proved in [43, Theorem 3.1], where the more general
case of anisotropic surface energy is also considered.

THEOREM 6.3. Let (g,v) € X(up), then
Flaw) = [ QU d= +H!(Ty) + 21 (%),

From now on we will always deal with the relaxed functional appearing in Theorem 6.3 and
with abuse of notation we will denote it simply by F(g,v). The minimization problem can now
be properly stated as

(6.7) min{F(g,v) | (9,v) € X(uo), Q| = d}

for some given constant d < |Bpg,|. Existence of solutions of the problem (6.7) is then ensured
by [43, Theorem 3.2].

Given g € BV4(R) there is one particular elastic displacement v which is the minimizer of
the elastic energy ng Q(E(v))dz under the boundary condition v = ug outside Br,. We call
this map the elastic equilibrium associated to g. If (h,u) € X (ug) solves (6.7) then u has to be
the elastic equilibrium associated with h.

Assume now that a solution (h,u) belongs to Xyeg(up) and h > 0, then (h,u) satisfy the
Euler-Lagrange equations

divC(E(u)) =0 in Qp
(6.8) C(E(u)[v]=0 on Iy,
Q(E(u)) — kp, = const. on I'y,

where kj, is the curvature of I'j,. The first two equations are standard whereas the third one is
the first variation of the functional (6.1). This motivates the following definition.

DEFINITION 6.4. A pair (h,u) € Xyes(uo) is said to be critical if it solves the equations (6.8).

We remark that if (h,u) is a critical pair, then from the first two equations in (6.8) it follows
that u is the elastic equilibrium associated to h. We also point out that in the definition of a
critical point we only need to assume h to be smooth. Indeed, if we only assume (h,u) € X (ug)
and h € C*°(R), then it follows from the standard elliptic regularity theory (see [2]) that
u € C OO(Qh).

At the end we note that the regularity for minimizers of (6.7) was studied in [42] and we have
the following result. If the pair (h,u) is a local minimizer of (6.7) and 0 < h < Ry then there
exists an open set I C [0,27) of full measure such that h € C*°(I). In fact h is even analytic in
1. Hence our regularity assumption on a critical point in Definition 6.4 is not restrictive when
0 < h < Ry and the singular set is empty.
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Finally, we recall a version of the Korn’s inequality which will be used throughout the paper,
see e.g. [54].

THEOREM 6.5 (Korn’s inequality). Let Q2 C R? be a bounded domain with smooth boundary
and v € WL2(Q;R?). There exists a constant C = C() such that if

/Dvdz:/Ddez,
Q Q

/ \Duf2dz < o/ |E(v)[2 dz.
Q Q

Moreover if Q is an annulus A(R,r), R > r, the constant C depends only on the ratio r/R
and C — 4 asr/R — 0.

then

6.2. Calculation of the second variation

The goal of this section is to calculate the second variation of the functional F at any point
(h,u) € Xieg(up), where u is the elastic equilibrium associated to h and 0 < h < Ry, see
formula (6.12). We then define a quadratic form for a critical pair (6.24) and give a definition
of positiveness of the second variation, see Definition 6.10.

To this aim we will introduce the following notation. Given a 27-periodic function f : R — R
we will denote by f:R?\ {0} — R? the map

For a parameter s € (—¢,¢) let (hs,us) € Xieg(uo) be a smooth perturbation of (h,u),
where u; is the elastic equilibrium associated to hs. By smooth perturbation we mean that the
function (s, 0) ~ hs(0) is smooth and lims o ||hs — h||c2®) = 0. Moreover we set hs = %hs,
Ug = %us and hl, = %hs. Notations 1, h mean that we evaluate the time derivatives at s = 0.

We explicitly point out that A and @ depend on hs. Finally, for a given h, we define the set of
functions

(6.10) AQ) == {w: Q — R? | (h,w) € X(0)}.

Roughly this means that w € A(},) if w = 0 outside Bp,.
We will first write the equation for %. In the following we will denote by 7 the tangent unit
vector to I', clockwise oriented and by v the unit normal to I'j, pointing outward the set Fj,.

PROPOSITION 6.6. Let (h,u) € Xreg(uo) be such that u is the elastic equilibrium associated
to h and 0 < h < Ry. Suppose (hs,us) is a smooth perturbation of (h,u). Then the function
e A(Qy,) satisfies

CE(4) : E(w)dz = / (h, ) CE(u) : E(w) dH"

Qp T'n

(6.11) ) . 1
= _/Fh div, ((ﬁ, v) (CE(u)) ~wdH,

for all w € A(Qp).

PROOF. The proof is very similar to the one in [45]. Arguing as in [19, Proposition 8.1] we
obtain a one parameter family of C*°-diffeomorphisms ®4(-) : R? \ {0} — R?\ {0} such that
¢y = id and ®4(z) = hs on OF),.
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Suppose first that w € A(Qy) N C>®(Q,). We may extend w outside €, such that w €
A(Qp,) N C>®(Qy,,). Since us is the elastic equilibrium in €25, we have

CE(us) : E(w)dz = 0.
Q,

Differentiate this with respect to s and evaluate at s = 0 to obtain
21

/Qh CE(i) : B(w)dz— [ hh[CE(u): B(w)](ho(6))dd = 0.

Using the area formula and notation (6.9) we may write

CE(4) : E(w)dz = /F {h,v) CB(u) : Buw) aH’

Qn
: : : _ ho+h'ot
where we have used the fact that the normal can be written in polar coordinates as v = NGEvR

The rest will follow by integration by parts and from the fact that CE(u)[v] = 0 on I'j, as in
(6.8).
To obtain (6.11) for every w € A(€2) one may use a standard approximation argument. [

REMARK 6.7. Notice that the equality (6.11) clearly holds also for test functions of the form
w(z) = w(z) + Az + b, where w € A(£,), b € R? and A is an antisymmetric matrix.

In the next theorem we derive the formula for the second variation of F.

THEOREM 6.8. Suppose that (h,u) and (hs,us) are as in Proposition 6.6. Let v be the outer
normal of T'y, = OF},, T be the tangent (positively oriented) of I'y, and k be the curvature of T'y,.
The second variation of F at (h,u) is

j;f(hs,usﬂszo = —/ dz+/ (b, V)] dH
-/ h(&@(E(u)) T 12) ()2 dH
+ [ @) = 1) o ((hsv)th 7)) ant
- [ @) b <<<}2>> + G u>) ',

Proor. We will treat the elastic and the perimeter part separately and write

(6.12)

Flhsus) = | Q(E(us))dz + HY (Th,) = Fi(hs,us) + Falhs).
hs
Since hs is smooth, we notice that X = () and denote by ® the family of diffeomorphisms as
in the proof of Proposition 6.6.
1st Variation : We start by differentiating the perimeter part Fa(hs).

Since H'('1.) = [2™ /A2 + B2 df we have
d 2% hghg + B R,

=2 Fy(hy) = s fbs T Thg Ibs
i N

Integrate the second term by parts and obtain

2 h/ h/ 2 h/l h (h/ )2 + (h/ )Qh// .
— = — == 25| hgdb.
0 \/W /0 (W (h2 + h12)3/2 )




62

CHAPTER 6.

Then we have

d 2w . h2 4 2h/2 _ hsh” 2 .
—Fa(hs) = hshs [ =2 = 5] df = hs hs ks(hso) do,
oy BT ( (2 + WE) : (ho)
= [ (hs,vn,) ks dH .
Th.
where ks = RS 420 —hshi] is the curvature of I'j,, in polar coordinates.

(h3+h2)3/2
Let us now treat the elastic part Fj(hs, us). Differentiate it with respect to s and get, as in
the proof of Proposition 6.6,

d on
Pl us) = / CE(ay) : B(ug)dz — | iy hy Q(E(us))(hso) db.
s Qpg 0

The first term disappears since ug satisfies the Euler-Lagrange equations (6.8) and us € A(Qp,).
Hence, we are only left with
27

s s QE () (o) d = —/ (s vn,) QB (ug)) dH.

d
14 L Filhg,ug) = —
(6:14) = Filhs,u)

0

Combining (6.13) and (6.14) gives the first variation of F.

2nd Variation : We will divide the proof in two steps.

Step 1: As in [45], we begin by making a couple of general observations.
Let d be the signed distance function from I'y, i.e.,

d(z) = —dist(z,T) if z € Fy,

| dist(z,T3) if z & Fj,.
Since the boundary I'y, is a graph of a C*®-function, d is C' function in a small tubular neigh-
bourhood of I'y,. Setting v(z) := Vd(z) and k(z) := (divv)(z), we observe that on I'y,, v is the

outer normal to I'y, and k is the curvature of I'y,.
First we claim that

(6.15) Ok =—k? onTy.

Differentiating the identity |v| = 1 with respect to v yields Dv[v] = 0. This shows that
(6.16) Dv=D,v=kr®7 and divv=div,v, onl}.
Differentiating the identity Dv[v] = 0 yields z?zl(%wuj + 0jv;0kv;) = 0 for k,7 = 1,2. Hence

we have

ik

2 2
(0 (Dv)); = Z 8]2»kuil/j = — Z 0jv;iOpvj = — ((DV)2>
j=1

j=1
for i,k = 1,2. Using the previous identity we obtain

Ok = Trace (0, (Dv)) = —Trace ((DV)Q) = —k? on I'p,

where the last equality follows from (6.16). Hence we have (6.15).
Next we claim that

(6.17) (0,7) = =0, (h,v), onT}.

Recall that ®,(2) : R?\ {0} — R?\ {0} is a one-parameter family of C*°-diffeomorphisms such
that ®4(z) = hs on I'j, and &g = id. Notice that we have

(6.18) (®,0) = (h,v), onTy,.
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Differentiating D®; T D®T[v] = v and calculating at s = 0 gives D&~ T[] = —D®T[v]. Differ-
entiate the identity

Do T
Vs O (I)s = sz[V]
D@5 [v]|
with respect to s, evaluate at s = 0 and use the previous identity to obtain
(6.19) v+ Dv[®] = —D®T [V + (DO [v),v) v, onTy.

By (6.16) we have Dv = D,vT on T'j,. Therefore, multiplying (6.19) by 7 we obtain
(,7) = —(D®T[v],7) — (Dr[d],T)
= (DT[], 7) — (Dv'[®],7)
= ((=D(®,v)),7) = —0,(h, v) only

and (6.17) is proven.
Step 2: Let us start with the perimeter part and differentiate (6.13)

A B
d? 2 . 27
—Fa(hs)| _o= | hhi(ho)do+ |  hh28,k(ho)dd
d82 s=0 0 0
2, 2T
+ | h2k(ho)dd+ | hhk(ho)ds.
0 0

For the term A we have that

2T . . .
A= hhk(ha)daz/ @,u)kcml:/ (h,v) div, v dH"
0 I'y ry

:_/ (0, 7) O (i, ) M :/ 10, (h, ) M,
Fh 1—‘h,

where we have used (6.17). For the term B, noticing that

314;_L@k_h7/@k and T_M
g VhZ+n2 " N VRZ + h2’
we may write
2r . . .
B= [ hi?d,k(ho)dd :/ (b )2 Ok dHY + | () (b, 7) Ok A
0 Ly 'y

=~ [ R = [ ko ((hv)ih) an,

where we have used (6.15) and integration by parts. Hence, we have
d2

as _ 2 gl DoN2 .2 g1
Pl o= [ 1octhmPar! — [ (bR an

(6.20)

i i 1 @a v)? i 1
- / ko, ((hv) (7)) dH' + [ & aH + [ k() an
Ty r, (k) Tp
We are left with the elastic part. Differentiate (6.14) to obtain
2 2 . 2 .
d—}"l(hs,us)| =— CE(4) : E(u)hhdf — 05Q(E(u)) hh? df

d82 s=0 0 0

_ /0 T O(B(w)) (h? + i) do.
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Since @ € A(€,), we may rewrite the first term using (6.11) as follows

u CE(w) : E(u)hhdo :/ (h,v) CE(u) : E(¢) dH!
0 Ty
_ / 20Q(E(i)) d-.
Qp
For the second term, noticing that
h n
aO'Q(E(u)) = \/ﬁ aVQ(E(u)) - \/W a’T‘Q(E(u))

and using integration by parts, we get
2m

0,QUEW) hi*d) = [ 0,Q(EW) thv)*di' + [ 0:QEW) ((hv)thr)) dH!
0 Ty Ty

= |, 2QEW) o) at' — | QUEw)0r (b v) (b)) dH .
Finally we have that

) .
%f1(h5,us)|s:0 =— /Q 2Q(E(1)) dz — /F 0, Q(E(u)) (b, v)? dH'

(b, v)?

(6.21) + [ QUB@) . (R, ) (h, 7)) dH* — [ QUB@) dH!
I Q(E(u)) (h,v) dH".
Combining (6.21) with (6.20) yields the formula (6.12).
|

In the formula (6.12) we considered any smooth perturbation hs of h. However, in order
to be admissible for our minimization problem, a perturbation hg has to satisfy the volume
constraint |F}, | = |Fy|, or equivalently

2T 27
(6.22) h2 do :/ W26 forall s> 0.
0

0
REMARK 6.9. If (h,u) € Xyeg(uo) is a critical pair and the perturbation (hs) satisfies the
volume constraint (6.22), then the last two terms in (6.12) vanish. Indeed one term vanishes
because the term Q(F(u)) — k is constant on I', by (6.8). The second one vanishes since
differentiating two times the volume constraint (6.22) with respect to s we obtain

/F %:”V); + (h,v)dH' =0.

Motivated by the previous observation, for any i € H;E(R) satisfying

2w
(6.23) hipdd =0,
0

we define the quadratic form associated to a regular critical pair (h,u)

PF(hu)iv)i=— [ 2Q(E(u¢))dz+/r 10, (1, )2 dH!
(6.24) n n
- [ @B w) + ) (w02,
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where u,, € A(§2) is the unique solution to

(6.25) /Q CB(wy) : Bw)dz =~ [

div (¢, 1) CE()) -wdH',  Yw € A(Qy).
T'p

We define now what we mean by the second variation of F being positive at a critical pair.

DEFINITION 6.10. Suppose that (h,u) € Xyeg(uo) is a critical pair. The functional (6.1) has
positive second variation at (h,u) if
OPF(h,u)[¢)] >0
for all ¢ € H;E(]R) such that ¢ # 0 and satisfies (6.23).

We point out that if the second variation is positive at a critical point (h, ), then the formula
(6.12) and Remark 6.9 imply that for every smooth perturbation hs of h satisfying the volume
constraint %]—“(hs, us)|,_q > 0.

At the end of the section we prove the following compactness result.

LEMMA 6.11. Suppose that a critical pair (h,u) € Xieg(uo) s a point of positive second
variation, and 0 < h < Rg. Then there exists cog > 0 such that

O°F (h,u)[W] = col (&, )|,
for every ¢ € H#(R) satisfying (6.23).

PROOF. First we notice that the condition (6.23) can be written using the notation (6.9) as

(6.26) / (1, vy dH' = 0.
r,
Using the Sobolev-Poincaré inequality |[(¢, v)||r2(p,) < Cl|0-(¥, V)||12(r,) and (6.26) we easily
see that it suffices to show that
co := inf {82f(h, w)y] | € H#(R) satisfying (6.23), /

Iy

0, ()2 M = 1} > 0.

Choose a sequence (i) such that ¢, are smooth, satisfy (6.23), Jp, [0-(¢n, V)[PdH! =1
and
O*F(h,u)[Yn] — co.
By restricting to a subsequence, we may assume that (¢, v) — f weakly in H L(T'y). By defining

_ [ (h®)0(9)) _ f (h(6)(6) ,
p{0) = T S = S JhR(0) £ 12(0)

we see that f = (i, v), for some v € H;FL(R) Moreover since [p, fdH! = 0, the function v
satisfies (6.23).
Next we prove that F(h,u) has the following lower semicontinuity property

(6.27) lim O*F(h,u)[yn] = O°F (h,u)[)].

Indeed, since (¢,,v) — (3,v) weakly in H'(T') then (v,,v) — (1,v) strongly in L?(T'},).
Therefore we only need to check the convergence of the first term in (6.24).

First of all, the smoothness of 9, implies that wu,, is smooth. Consider the domain Q) =
Bog, \ Fp, and the map wy(z) = uy, (2) + Apz + by, where A, is an antisymmetric matrix and
b, € R? is chosen such that Jown dz = 0. Notice that w, € H 1(Qh) and by Sobolev-Poincaré
inequality it holds [lwn| ;2q,) < Cl[Dwnll;z2q,)- By choosing A, such that [, Dw,dz =
Ja, Dw? dz we have by Korn’s inequality (Theorem 6.5) that || Dwy,| 20,y S ClE(Wn)] 120,
Moreover, since uy, = 0 outside Bg,, we have |[E(wn)||12,) = [[E(uy,)l[12(0,)- By the
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Remark 6.7 we may use w, as a test function in (6.25) and using Holder’s inequality and the
trace theorem we get

[ 2Q(B(m,) dz = - / divr ((nv) CE(u)) - w, dH!

I

(628) S H<%7 V> (CE(U)HHl(Fh)HwnHLQ(Fh)
< Cl[(@n, ) CE)|| 1 () 1 Dwnll 126,
< O, ) CE) 0 1Bt 2 -

Therefore
[Dwnlle,) < CHE()l 2, < C-

However, since u,, = 0 outside Br, we get

Bar \ By 1A = [ Dun|?dz < C.
Bary \Br
This implies that the matrices A,, are bounded and therefore || Duy, || 2, < C.

By the compactness of the trace operator we now have that uy, — uy in L2(T';) up to a
subsequence. Use uy,, as a test function in (6.25) to obtain

lim /Q 2Q(E(uy,))dz = — lim div, ((%, V) (CE(U)) Sy, dH!

n—oo n—oo Fh

= —/ div, ((@, V) CE(u)) ~uy dH
T'n
_ /Q 2Q(B(uy)) d=

This proves (6.27).
The claim now follows since if ¢ # 0, the lower semicontinuity (6.27) implies

co = lim &*F(h,u)[hn] = O°F(h,u)[¢)] > 0.
On the other hand if ¢ = 0 then the constraint [r, [0r(¢n, v)|2dH! = 1 yields

ey = lim O°F(h,u)[ihn] = 1.

6.3. C!-local minimality

In this section we perform a second order analysis of the functional (6.1) with respect to
C11-topology in the spirit of [34]. The main result is Proposition 6.12 where it is shown that a
critical point (h,u) € Xieg(up) with positive second variation is a strict local minimizer in the
C1-topology, and that the functional satisfies a growth estimate. We point out that, according
to Lemma 6.11, the second variation at (h,u) is coercive with respect to a norm which is weaker
than the C''-norm. Therefore the local minimality does not follow directly from Lemma 6.11.
The idea is to prove a coercivity bound in a whole C'*!-neighborhood of the critical point, which
is carried out in Lemma 6.18. The main difficulty is to control the bulk energy, which will be
done by using regularity theory for linear elliptic systems. We prove the main result first without
worrying about the technicalities. All the technical lemmata are proven later in the section.
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PROPOSITION 6.12. Suppose that the critical pair (h,u) € Xieg(uo) s a point of positive
second variation such that 0 < h < Rg. There exists 6 > 0 such that for any admissible pair
) 1,1
(9,v) € X(uo) with g € Cy (R), [|gllL2(0,.2)) = lIPl[L2([0,27)) and [|h — gl[cr1(r) < 0 we have

F(g,v) = F(h,u) +c1llh = gll72(0.2m))-
PROOF. Assume first that g € C3°(R) and [|h — g|[c2r) < 0. By scaling we may assume
1
that [kl 12(02m) = (/5™ h2d0)* = 1. We define

o= h+t(g—nh)
=

[|h+t(g — h)l[ 2
so that g; satisfies the volume constraint, and set

f@t) = F(gt,vt),

where v; are the elastic equilibria associated to g;. We calculate j—;f (g¢,v¢) for every t € [0,1)
by applying the formula (6.12) to (g¢)s = gr+s of g+ and get

2
110 = o) == [ 2QUEG) dz+ [ 10l P!

gt

- /F (00, Q(E(vt)) + kf) (9¢, ]/t>2 dH!
(6.29) o
+/F (Q(E(vt)) — kt) Or, ((@ ) (g, Tt>) a1

)

Here 14 is the outer normal, 7; the tangent, k; the curvature of I'y, and ¥ is the unique solution
to

<$7 Vt>2
<ﬂv Vt>

(Q(E(ve)) — ki) ( + (G, ut>> dH'.

gt

/Qgt CE(%) : BE(w)dz = — /F divr, (@, v CE(vt)) cwdH',  Yw e A(Qy,).

Remark 6.9 and Lemma 6.11 yield
d? . .
11(0) = S F g0,y = PF R w)lg] = coll(g ) 3 e, -
It will be shown later in Lemma 6.18 that, when § > 0 is chosen to be small enough, the previous
inequality implies
d2

(6.30) 1) =

c .
2 () 2 F e vlling,,,  forall te0,1).

It is now clear that (g, Vﬁ\ﬁp(rq )= cHgtH%Q([O oy holds for all £ € [0, 1]. Since f027r g df =
2T 1% d we have [;7(h — g)2dd =2 [" h(h — g) df and therefore

- 1 /2” oo 1 </2ﬂ ) >2
| _ _ 1 h—g)2do) | .

Since [;7(h — g)2d# is very small we obtain from (6.31) that

. 1
(6.32) 19¢ 120,27y = Slh = 9ll72(0,2m))-
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From (6.30) and (6.32) we conclude that f”(t) > &||h — g[|3,. Since (h,u) is a critical pair
we have f’(0) = 0 and therefore

Flgw) — Flhw) = £(1)  f0) = [ (- 1)5"(0)
> &[|h = gl172(0.2n) /1(1 —t)dt

¢
D) [[h — 9HL2( [0,2))"
which proves the claim when g is smooth.

When g € C’#l’(R) the claim follows by using a standard approximation. U

It remains to prove (6.30). The proof is based on a compactness argument and for that we
have to study the continuity of the second variation formula (6.12). To control the boundary
terms in (6.12) we need fractional Sobolev spaces whose definition and basic properties are
recalled here. The function h is as in Proposition 6.12 and Iy, is its graph.

DEFINITION 6.13. For 0 < s < 1 and 1 < p < oo we define the fractional Sobolev space
W#P(T'y,) as the set of those functions v € LP(I'},) for which the Gagliardo seminorm is finite,
ie.

’U w)|? 1 )1/p
(6.33) Vlopir, = (/F /F ’Z_w‘mp dH (w)dH (2)) < oo,

The fractional Sobolev norm is defined as |[v|[ys.»(r,,) == |[v]Le(r,) + [V]sp; Ty

The space W~5P(I',) is the dual space of W*P(I'},) and the dual norm of a function v is
defined as

lollw-ssteyy = sup{ [ oud @) | ullwesiory <1}
h

We also use the notation H*(I'j,) for W*2(I',) for —1 < s < 1 and the convention WoP(T';) :=
LP(T'y). By Jensen’s inequality we have the following classical embedding theorem.

THEOREM 6.14. Let —1 <t < s <1,q > p such that s — 1/p >t — 1/q. Then there is a
constant C' depending on t,s,p,q and on the C'-norm of h such that

lollwea,) < Cllvllwsr,)-

We also have the following trace theorem.

THEOREM 6.15. Ifp > 1 there exists a continuous linear operator T : Whe(Qy) — Wi=1/pr ()
such that Tv = v|r, whenever v is continuous on Q. The norm of T' depends on the C'-norm

of h and ~.
The next lemma will be used frequently.

LEMMA 6.16. Let —1 < s < 1 and suppose that v is a smooth function on I'y, . Then the
following hold.

(i) If a € CY(T'},) then
HGUHW&P(Fh) < C|\a|’Cl(rh)HUHWsm(rh),
where the constant C depends on p, s and the C*-norm of h.
(ii) If ¥ : Ty — W(T}y,) is a Cl-diffeomorphism, then
v o U™ [wswwry)) < Clvllwenm,),

where the constant C' depends on p, s and the C*-norms of h, ¥ and U1,
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We will also need to control the regularity of the elastic equilibrium. To this aim, the
following elliptic estimate turns out to be useful, see [45, Lemma 4.1].

LEMMA 6.17. Suppose (g,v) € X(0) is such thaty < g < Ry—~, g € C’i(R) and v € A(Qy)
satisfies

(6.34) /Q CE(v) : E(w)dz = /Q f:E(w)dz for every w € A(£y),

where f € Cl(Qg;MQXQ). Then for any p > 2 we have the following estimate

- IE@Ilwis@umees) +IVCE@ g 0 o

< C (IIEQ)l|2@paze) + 1fllor @ amxe) ) »

where T denotes the space of third order tensors and the constant C' depends on ~y, p and the
C?-norm of g.

We are now in position to give the proof of the inequality (6.30). To control the bulk energy
we use techniques developed in [45]. The main difference is that we use directly elliptic regularity
rather than dealing with eigenvalues of compact operators.

LEMMA 6.18. Suppose that a critical pair (h,u) € X (ug) is a point of positive second varia-
tion with 0 < h < Ry and ||h||;2 =1 . Then there exists § > 0 such that for any admissible pair
(9,v) € Xreg(uo) with ||g|[z2 =1 and ||h — gl|c2w) < 0 we have for

. h+t(g—h) 7
[1h +t(g — h)l|r2
that
d? co ... 9
(6.36) T o) = D,y Jor all te [0.1]

where vy s the elastic equilibrium associated to g.. The constant cq is from the Lemma 6.11.

PRrROOF. Choose 7 > 0 such that v < h < Ry — . Suppose that the claim is not true and
there are pairs (gn,vn) € Xreg(uo) and t,, € [0,1] with

Ih = gnllc2@) — 0

for which the claim doesn’t hold. Denoting

0 ( h+t(gn —h)

i 0? < h+t(gn —h) >
gn - 6t|t:t t=t

and ¢ := ==
Hh+t(gn—h)HLz) o [P+ t(gn — R L2

this implies

1!
(6.37) lim G n)

‘0
w50 (g o) |Bprr, 5 2
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where by the notation F”(gy, v,) we mean

F'lgnon) == [ 20(B@)dz+ [ 105, (gu ) !

an

[ (0 QU + k) (i)

an

(6.38) + [ (Q(E(vy)) — ky) 0y, (<@, Vn)(Gn, Tn>) dH!
an

- [ (@B ~ k) (
r

:Il+12—|-[3+14—|-15.

<9;na Vn>2
<97m Vn)

an

+ {Gn, un>> dH*

Here v, is the outer normal to F,
and v, is the unique solution to

T, and k, are the tangent vector and the curvature of Iy,

(6.39) CE(éy) : B(w)dz = — / divr, ({n:va) CE(va)) -wdH!, Vo € A(Qy,).
an an o
As in Proposition 6.6 we find C*-diffeomorphisms W¥,, : €}, — an such that ¥, : I'j, = Iy, and
1, — idl] 2 gy, z2) < CllI — gullce o).

The goal is to examine the contribution of each term in (6.38) to the limit (6.37). We begin by
proving that the contribution of I, and I5 to (6.37) is zero.

Notice that the C?-convergence of g, implies k, o ¥,, — k in L>(I';,). Moreover, since v,
solves the first two equations in (6.8) and sup,, ||gn||c2(j0,2r)) < €, we have by a Schauder type
estimate for Lamé system, see [45], that there is o € (0,1) such that

(6.40) sup [onllc1,e (g m2) < 00, for ), = Bry—~ \ Fy,.
Next we prove the following elliptic estimate

—1 —1
(6.41) [E(uo W) — E(vn)|lwir(q,, m2x2)+|VCE(uo W, 7) — VCE(vn)HH,%(an;T)
< Cllh = gnllc2mw)

where p > 2 and C depends on 7, p and the C2-norms of h and u. Indeed by the equations (6.8)
satisfied by u and v, and a standard change of variables we obtain

(6.42) / C(E(uo W,y — E(vy)) : E dz—/ fn i E(w)dz,  Vw e A(Qy,),

where f,, € C! (an;M2X2) satisfies
[ fnller@,,) < Clih = gnlle2m)
for C' depending only on the C2-norm of u. Lemma 6.17 yields the estimate
[|E(uwo ¥, 1) — E(v,)||w. P(Qy, M2x2) T I[VCE(uo ¥ 1) — VCE(”n)HH%(an;T)
< C (|[B(uow;") = B(va)l| 2y, m2x2) + [1h = gulloxe) ) -

On the other hand, using w = uo ¥ ! — v, as a test function in (6.42), we obtain

an>

|| E(uo ‘1’51) - E(”n)HN(an;MZ“) < CanHN(an;MZX?)-
This concludes the proof of (6.41).
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By the trace theorem 6.15, Lemma 6.16 and (6.41) we obtain
|E(vn 0 ¥y) — E(u) ) < Cl|E(vn 0 ¥n) — E(u)l| g1, p2x2)
< Cllgn — blle2mw)-
This estimate together with (6.40) implies v, 0 ¥,, — u in C1®. In particular, we have that

(Q(E(vy)) — kp) oW,y = Q(E(u)) —k = A

uniformly, where \ is a Lagrange multiplier. We may use this to estimate the term I5 in (6.38).
By explicit calculations one easily obtains that ||(Gn, vn)l|z1 < C||(gn,vn)|||22 and recalling that
the functions g, and §, satisfy the volume constraint, as in Remark 6.9,

HH%(F}I;MQXQ

<gn7Vn>2 . 1
Iy (G dH = 0
J, ey *

we get

(QUE(va) — k) <<9V>

<gj7 Vn)

J

+ (G, yn>> dH?!

an

_ L (Gnsvn)® . .

< ClIQ(E(vn)) = kn = Allzoo(r,, ) I1gns vl 122, -

/1 17 . .
79”019“02 and 7, = 79”02 92 Since (Gn, T)(2)
V9rtan V 9ntan -
<Z,Tn> <Z7T’ﬂ>

e {(Gnsvn)(2) and || o) |1 (r,,) < C we have as above that

/F (Q(E(vy)) — k) Or, (@J, Vn><gjan>) dHL

n
< ClIQ(E(vn)) — kn — Mlzoo(r,, ) [1{gn vad i (r,,.

Hence the contribution of the terms I4 and I5 to the limit (6.37) is zero.
The remaining terms I; , Is and I3 form a quadratic form. The goal is to show that

Using the polar decomposition we have v, =

" O2F (hy ) [t
(6.43) i — L G tn) gy, O F ()
= (g vl r,,) "7 1 ns ()
where .
_ 9nfn
Un ==
and uy,, solves
(6.44) CE(uy,) : E(w)dz = — / div, (g, v) CE(w)) - wdH',  Yw € A(Q).
Qh In T

Notice that 1, satisfies the volume constraint f027r hip, df = 0 then we may use the Lemma 6.11
to conclude that

im a2f(h7u)[¢n]
n—>00 ||<%7 V}H%—[l(Fh) -

which then contradicts (6.37) and proves the claim.
To show (6.43) we will compare the contribution of each term in the quadratic form

O*F(h,u)[tn] = — 2Q(E(u%))dz+/rh |07 (Y, v)|? d?-[l_/rh(ayQ(E(u))+k2) (Yn, v)? dH!

7. Q,

€o ,
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with respect to the one given by I, I and I3 in (6.38).
We first point out that since g, — h in C? we have that v, o ¥,, — v and 7, 0 ¥,, — 7 in
C1(T'1,). Therefore from the definition of 1, we get

[{ons )| 11 1)

lim - =1
n=2 ||(gn, Vn>\|H1(rgn)
and the convergence of I,
[ 10: v ant
lim —2ih =1

n_)oo/ 'rn gann>|2dH1

The convergence of I; follows from the equations (6.39) and (6.44). Indeed, by using a
standard change of variables, these equations yield
(6.45)

/Q (CE(uy, 0 0;") ~ CE(in)) : Ew) dz:/Q (Fo Eug, 00:Y) : B(w)dzt [ do-wdH!

an an an

for any w € A(£,). Here
dp, = dive (¥, v)CE(u)) o ¥, ' | Dy, U1t = dive, ((Gn, vn) CE(vn))
and f, € L*(Q,, ; M?*?). For f, we have

(6.46) | foll 2o @, , a2x2y — 0.
By the estimate (6.41) we get
-1y
[|IVCE(uo W, ") VCE(%)HH*%(F%;'JI) — 0.

Therefore, by Lemma 6.16, the choice of ¥,, and from ||Qgp—: — 1]|c1(m) — 0 we have that

(6.47) llnll g, oy 180 v,y = 0.
Choose
w(z) = (uy, o Vit —0n)(2) + Az +b
as a test function in (6.45) where A is antisymmetric and b is a vector. This yields

(6.48)

Q(E(uy, oV, b —1,)) dz
an

< C|| fullze (e, m2x2) | E(uy, |20, m2x2) || E(uy, o U1 — On)l| L2, M2x2)

an>
+[ldn ||H‘§F R2|| ||H2(F R2)

By the Theorem 6.15 we get that
|||

As in the proof of Lemma 6.11 we choose A such that

oA, R2) < Cl|lw|| g1, m2x2)-

gn

[wll 1 (0,, m2x2) < ClIEw)||r2(0,, me2x2y = ClIE(uy, 0 ¥t — o) 120, me2x2),

by Korn’s and Poincaré’s inequalities (choose b accordingly). The two previous inequalities and
(6.48) yield

1B, 0% =00 120 ety <1 ol ey B 2@y + ldall g o)

gn>
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Arguing as in (6.28) we may estimate

1B (g, )| 20y m2x2) < Cl[{&n, )] 111y -

Therefore using (6.46) and (6.47) we deduce that

HE(uwn)H%Q(Qh;M2X2) - HE(bn)H%?(an;M2x2) 50

G ) B,

This proves the convergence of I;.
We are left with the term I3 in (6.38). We need to show that
I

Due to the C%-convergence of g, and the C'-convergence of % we just need to show

(D0 QB +2) () M [ (O, QUB() ) (o ) a1 i ), = O

gn

(6.49) 1100, Q(E(vn)) © Uy — 8,Q(E(u)) - 0.

HH*%(F )
h
This will be done as [45, Proposition 4.5]. For every ¢ € H%(Fh) we have

/Fh (;mQ(E(vn)) o, — ai@(]g@))) o dH!

B ovy, ou ' 1
-/ ((CE (%) oW, — CE (%))  (B(vn) 0, 0 dH

ou

+ | CE (8> . (E(vn) o U, — E(u)) @ dH!
Ty €1
< [[(VCE(vy)) o ¥y, — VCE(U)I!Hf%(Fh;T)H(E(vn) o Wn) ¢l

+ C||E(vy) 0 Wy, — E(u)||L2(r), 222y @l L2(r,)

1
H2(Dp;M?%2))

where the constant depends on C2-norms of u and h. Fix p > 2. By the definition of Gagliardo
seminorm, Holder’s inequality, Theorem 6.14 and Theorem 6.15, we obtain

I(E(vn) 0 W)

Pl 0y a2y

< ON(E@n) o Wn)lliwqoypap 2l g g, + CUE@) 0 W)l gz, - Hellorery
=¢ (H(E(v") © W)l zoe (rppazx2y) + [ (E(vn) o \I]n)le’I’?p?(Qh;MQx?)) HSOHH%(M)‘

By repeating the previous argument for 8%2 we obtain by (6.40) and (6.41) that

IVQ(E(vn) 0 ¥n — VQIE@)I| -4 1 oy

(6500 <C (H(V(CE(vn)) O W = VCEWII, - g, o+ 1B (0n) 0 W - E(u)||L2(Fh;szz))

< Cllgn — hlc2w)-

Since v, o ¥, — v in C!, (6.50) implies (6.49). This concludes the convergence of the term I3
and completes the proof. O
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6.4. Local minimality

This section is devoted to prove the main result of the paper, the local minimality criterion.
Namely, we show that if a critical point (h,u) € Xyeg(uo) has positive second variation, then it
is a strict local minimizer in the Hausdorff distance of sets and a quantitative estimate in terms
of the measure of the symmetric difference between the minimum and a competitor holds. Due
to the sharp quantitative isoperimetric inequality, the exponent 2 in (6.51) is optimal.

THEOREM 6.19. Suppose that (h,u) € Xreg(ug) is a critical pair for F with 0 < h < Ry. If
the second variation of F is positive at (h,w), then there is 6 > 0 such that for any (g,v) € X (uo)
with [Qq] = |Q] and 0 < dy(T'g ULy, T'p,) < 0 it holds that

(6.51) Flg,v) > F(h,u) + c|QAQ%,
for some ¢ > 0.

The proof is based on a contradiction argument and follows some ideas contained in [45],
[31] and [1]. Assume, for a contradiction, that (h,,u,) is a sequence satisfying
1
F (b, upn) < F(hyu) + co |, AQ> and 0 < dy(Ty, US,,,Ty) < =
The idea is to replace (hy,, u,) with the minimizer (g,,v,) of an auxiliary constrained-penalized

problem, and to prove that the (gn,v,) are sufficiently regular to apply the Cl!'-minimality
criterion to get a contradiction. As auxiliary problem we choose

. 1
min { F(g,0) + %]~ 94]]+ (A~ )2+ 2 (9.0) € X(uo) , g <h+ ],

where the second penalization term will provide the quantitative estimate in (6.51) and the
obstacle g < h + 1/n plays a key role in proving the regularity of (g, v,).

The regularity proof is divided in three steps. In Lemma 6.24 we prove that g, is Lipschitz
using some geometrical arguments. Then, in Lemma 6.25, we show that g, is a quasiminimizer
for the area functional which in turns implies its C'®regularity. Finally, we deduce the C!:'-
regularity in Lemma 6.26, by using the Euler-Lagrange equation for (g, vy,).

The following isoperimetric-type result will be used frequently in this section. The proof can
be found in [1, Lemma 4.1].

LEMMA 6.20.

(i) Let f € CF(R) be non-negative and let g € BVy(R), then there exists a constant C,
depending only on f, such that

HI(Ty) = HI(Ty) = —ClQAQy|.
(ii) Suppose D is a set of finite perimeter. Then
1
P(DU B, (z)) = P(B(z)) 2 ~|D,
where P stands for the perimeter.

We will also need the following property of concave functions.

LEMMA 6.21. Suppose that f, € C'(R) and f € CY(R) are such that || f,, — fllzeem) — 0. If
the f, are concave then

an - fHClloc(R) — 0.
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PROOF. Let R > 0 and fix € > 0 . Since f € C'(R) we find § > 0 such that
6 +2) — f@) = /(2)d - <6
for every |z| < R. On the other hand, since the f,, are concave, we have

5 < fal@).

Hence

Fia) - fyay < LOFDZIOED D =10 | o oy,

when n is large. The reverse inequality f, (x) — f/(x) < 2¢ follows from a similar argument. O

We begin the study of the properties of solutions of the auxiliary problem by proving an
exterior ball condition.

THEOREM 6.22. Let h € CFF(R) such that 0 < h < Ro. Then for every c,e € [0,1] and
n € N every solution of the problem

1
(6:52) min { Fg,0) + AlI0%| — 1]| + e/ (AR ~ 22 2 (9.0) € X(un) g <ot 1}
satisfies the following uniform exterior ball condition: for every z € 0F,; and for every r <

min{1/(A + 1), 1/||kn|| o}, where Ky, is the curvature of T'y, there exists zo such that By(zy) C
R?\ F, and 0B, (20) N (LyUY,) = {z}.

FIGURE 6.1.

o". 0

PrOOF. The proof follows the argument from [45, Lemma 6.7]. Recall that 0F, =T, UX,.
Given a ball B,.(29) define the half circle S,(z9) = 9B,(20) N {z € R? : (2 — 20, 20) < 0}. Assume
that there exists a ball B,(z9) C R? \ F, such that S,(z) intersects 'y U ¥, in two different
points z; = (p1,01) and 22 = (p2,62). When r < 1/||kp]|,, it is clear that the arc f = f(6) of
Sr(z0) connecting z; and z» satisfies f(6) < h(#) + 2 for 6 € (61,62). Let § be defined by § = f
for 6 € (61,02) and g = g otherwise. Denote by f the arc of I'y U X, connecting 21 and 29 and
by D the region enclosed by f U f, see Figure 6.1.
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Notice that
V(A — )+ — /(100 — )2 + ¢
(195A0] —)® — (|2 AQ] —¢)?
(6.53) 1280 - )2+ & + (19,804 — 2)? +e
_ (9AQ] + [2,A2] - 25) (12,40 — [2,A%)
- [[Q5AQ — | + [|QAQ| — €
< |Q5A0,] .
Since Q3AQ, = D and Q5 C Q, we see that
F(@,v) + Alls] 11| + e/ (12408] )2 +2
< F(g,v) + Al[Q] = [0l + /(9] — )2 +e + H () = H'() + (A + 1)| D).
Moreover from Lemma 6.20 we infer that

H(f) — H'(f) < P(By(z0)) ~ P(DU By (z0)) < — [P

(6.54)

Hence, since r < 1/(A + 1), the inequality (6.54) contradicts the minimality of (g,v). The
conclusion now follows arguing as [22, Lemma 2] or [42, Proposition 3.3, Step 2]. O

LEMMA 6.23. Let h,c,e and n be as in the previous theorem. Suppose (g,v) € X (ug) is any
minimizer of (6.52). Then there exists Ay > 0, independent of c,e and n, such that if A > Ay
then |Qg| > [Qn].

PROOF. We argue by contradiction supposing that |Q,| < |€24] for every A > 0. We observe
that there exists 0 < r < 1 such that, if we define Qf = Bpg, \ 7y, we have [Qp] = |Qp].
Moreover, since

2 r2n
rp_._p2 T 2
|Qg‘ = 7TR0 — 5/0 g d(g,

1
TRZ — Q] 2
=|——] <1.
' (WR(Q) — [9y]
Clearly Q = Qg for g,(0) = rg(0). Define the function v, : g, — R? as

vr(z) _ Uuo (ﬁRo) if TRO S |Z| S Ro
v (%) if g, (é) < |z| < rRy.

we get

Since 4, D €, we see that Qg AQ| = |Qp| — [Qy]. Using the inequality (6.53) we have, for A
sufficiently large, that

Fgrovr) + Al | — 2] + e/ (120, A| — )% + €
— Flg,v) — A|l] — |90]] — e/ (19A02] — )2 +¢
</ QUE(vr)) dz = A (1] = [ + cl€2, ALy
rRo<|z|<Ro

SO —7r) = (A=1) (|2%] = [2])
< O(1%] = [9]) = (A = 1) (|2] — [24]) <0,

which contradicts the minimality of (g, v). O
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In the following we study convergence properties of solutions for the constrained obstacle
problem (6.52).

LEMMA 6.24. Let h be as in Theorem 6.22. Assume g, € BVy(R) is such that g, < h+1/n
and it satisfies the uniform exterior ball condition. If

(6.55) gn = hin L' and lim H'(Ty, UZg,) = H'(Tn),
then g, — h in L*°. Moreover, for n sufficiently large, the g, are uniformly Lipschitz continuous.
PROOF. Here we follow an argument from [45, Theorem 6.9, Steps 1 and 2]. We claim that

s%p lgn — h| = 0 as n — +o0.

Let us first note that I'g, U3, is a connected compact set. Up to a subsequence, we can assume
that I'y, U X, converges in the Hausdorff distance to some compact connected set K. The
continuity of h and condition (6.55) imply that I', € K. By Gotab’s semicontinuity Theorem
(see, e.g. [6, Theorem 4.4.17]) and assumption (6.55) we see that

H () <HUK) < Tim HY(Ty, U, ) = H(Th).

This implies that H!(K \ T';,) = 0. Since K is connected, it follows from a density lower bound
(see, e.g. [6, Lemma 4.4.5]) that K = T'j. Now the claim follows from the definition of the
Hausdorff metric and from the continuity of A.

From the previous claim we see that, for n sufficiently large, it holds v < g, < Rg — -y for
some v > 0 small, independent from n. Hence, since the polar coordinates mapping is a C'*°-local
diffeomorphism far from the origin, the representation in polar coordinates of Fy,, (still denoted
by F,, ) satisfies the uniform exterior ball condition up to changing the radius r to 7 € (0,1) by
a factor depending only on 7. Now we prove that g,, are L-Lipschitz with L < & Rl (w)-

We argue by contradiction and assume that there exists 6 and 6 — 6 such that

. |gn(9k) - gn(9)|

1
oo |0p — 0]

8
2 = [Pl (r)

and set z = (6, 9,(0)). Without loss of generality we may assume that the sequence {0y}, € N
is monotone and g,(fx) is increasing. By the uniform exterior ball condition we find a ball
Bi(z9) C R?\ Fy, such that dB;(zo) N (Ly, UX,,) = {z} and

M 1
V1I+ M2 1+ M?

4
z0:z+f< >, for MZ;Hthl(R)

Let 2z’ € OB5(zp) such that

, (VME—3 2
2 =z0—T ) :
OV M2 VIt M2
We write 2/ =: z + 7 (w;, we) with

M —+vM? -3 -1

>0 and wy=-——=<0
V1+ M? SRV VR

and since Bj(zp) C R?\ F,, we have g,(0 + fw1) < g, (0) + Fws. Setting &, = supg |h — g,| and
recalling [|A]|c1@r) < M/4 we get

w1 =

M r M
(0 + Fwy) > h(0) — %wl > g (6) — 6, — %wl .
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Therefore we deduce

4

L ki)

h(@ + fwl) — gn(H + 7771)1) Z —(571 - 7T (Mw1 — wg)

S S . il >4
VI M2 4(M + VM2 =3) "

where the last inequality, which holds for n sufficiently large, gives a contradiction. O

In the next lemma we show the C1“-regularity of the minimizer for the penalized obstacle
problem.

LEMMA 6.25. Let h be as in Theorem 6.22 and (gn,vn) € X(up) be any minimizer of the
problem
(6.56)

1
min {f(g,’l)) +A|’Qg| - |Qh|‘ +C\/(|QQAQh| 76“)2 +6TL : (g,'U) € X(UO) » 9 S h+ n},

where ¢ € [0,1] and &, — 0. Assume also that g, — h in L' and that

lim HY(T,, U, ) =H'(T)) and sup Q(E(vp))dz < +00.

n—oo n an
Then for all o € (0, %) and for n large enough g, € C»*(R), the sequence {Vv,} is equibounded
in C%%(Qg,; M**%), and g, — h in CH*(R).

PROOF. From Lemma 6.24 we infer that g, is sufficiently regular to ensure a decay estimate
for Vuy,. Indeed, for 2y € Ty, there exist ¢, > 0, a radius 7, and an exponent «, € (0,1/2) such

that
/ \an\Q < ¢pritian,
BT(ZO)QQQn

for every r < r,. This follows from the fact that v,, minimizes the elastic energy in €y, and the
boundary Iy, is Lipschitz, see Theorem 3.13 in [42].
Since gy, is Lipschitz, we may extend v, in B;(zp) such that

(6.57) / V|2 < cprlt2en,
Br(20)

where 7,, stands for the extension.

For 7 < 1y, denote by 2. and 2z, the two points on I'y, N 0B, (zp) such that the open sub-arcs
of 'y, with end points 2], zp and z;’, zg are contained in 'y, NOB,(z0). Setting z,. = g,(6;.)o(6,.)
and 2z = g,(07)c(0!), denote by I the line segment joining z,. and 2/’ and define

o) 0 < [0,2m) \ (61,6))
)= {mmwm + LU0} o€ @0,

where [() is the polar representation of .
By (6.57) and by the minimality of the pair (g, v,) we have

(6.58) H Dy, N By(20)) — H' (T, N Br(20)) < Cyr' 2,
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Indeed we can estimate

0 Z}-(anvn) - }_(gnvﬁn> +A (||an’ - ’QhH - HQ§n| - ‘QhH)
be W(mgnm“ — e 4 mn— (90, A — =) + €n>
>H" Ty, N By(20)) — H' (g, N Br(20)) — / ( )Q(E(ﬁn))dz — (A + 1)mr?
B (20

> Hl(an N By(20)) — Hl(an N B, (z)) — Cprtt2an

We will show later that

(6.59) HY (T, N B(20)) — H (1) < Cr?.
Now the inequality (6.59) together with (6.58) gives us
(6.60) HY(Ty, N By (20)) — H'(1) < Crit2om

and the desired C1®-regularity follows from a classical result for quasiminimizers of the area
functional (see Theorem 1 in [62]) once we observe that

H (1) = inf {P(F; B,(20)) : FAQ,, € B(2)}.

The proof of (6.59) is a consequence of the C2-regularity of h and goes as follows (see Figure
6.2):

W50 B~ 10 < [ (@0 + @0 - U0+ @) a9
0/ , 0/
gv/, @ -0+ [ @+ 0@ s
—|B (z0)| + < /9 ' 1| db,

where C' depends on the Lipschitz norm of g, and [ in the interval (6.,0") and v is a positive
constant with v < ming h.

FIGURE 6.2.

0
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To estimate the last term we first note that either the set {h + 1/n < [} is empty or there
exists Oy € (0..,60)) such that g/,(6p) — '(6p) = 0 and using a second order Taylor expansion

TyYr
around 6y we easily get

0y
/ gl —U'|do < Cr?
0,

where C' depends on the C?-norm of h.

Now we claim that g, converges to h in the C'-norm. As in the proof of Lemma 6.24 we will
work in the plane (6, p) and we recall that the subgraph of g, still denoted by F,, , satisfies the
uniform exterior ball condition. From the C'-regularity and the uniform Lipschitz estimate, in
the Lemma 6.24, we obtain sup,, ||gn||ct < co. Hence, from the uniform exterior ball condition
we conclude that at every point there exists a parabola touching g, from above. In other words,
there is C' > 0 such that for every 6y it holds for P(0) = g,(00) + g.,(00)(6 — 00) + C (6 — 6)?
that

min(P — g,) = (P~ g.)(f) = 0.
This implies that the g, are uniformly semiconcave, i.e., for every n the function
0 gn(0) — C 62

is concave. We may now use Lemma 6.21 to conclude the desired C'-convergence of g,.
The convergence of g, to h in C'-norm allows us to use a blow-up method (see [45, Theo-
rem 6.10]) to infer the uniform estimate

(6.61) / |Vun|? < cortt?
By (z0

for any o € (1/2,1) and for all r < ro where ¢y and 7y are independent of n.

Once we have (6.61), we can repeat the argument used to prove (6.60), replacing (6.57) by
(6.61), to infer

HY (T, N Br(20)) — H'(1) < Cr'T2.

This implies a uniform estimate for the C1®-norms of g, for a € (0,1/2) (see for instance
[31, Proposition 2.2]). The C'®-convergence of g, now follows by a compactness argument.

To conclude the proof we have just to observe that, since v, is a solution of the Lamé system
in g, , we can apply the elliptic estimates provided in [45, Proposition 8.9] to deduce that Vu,,
is uniformly bounded in C%%(Q,, ,R? x R?) for all a € (0,1/2). O

LEMMA 6.26. Let (h,u) € Xieg(uo) be a critical point of F such that 0 < h < Ry, and let
(Gn,vn) be as in the previous lemma with |Qg, AQp| = o(\/€n) if €n is not identically zero and
194, AQs| = o(1) if e, = 0 for all. Suppose that Vv, — Vu weakly in L (Qn; R? x R?) and

loc
lim /Q QB = [ QUEG):

n—oo
Then g, € CYY(R) and g, — h in CYY(R), for n sufficiently large.

PROOF. From Lemma 6.25 we know that g, — h in C*(R). Therefore for large n there
exist diffecomorphisms ®,, : Q,, — €, such that ®, — id in ChH*. Let Bgr be any ball of radius
R € (Rp — maxg h, Ry). Since

sup {||Un||c1,a(an)} < o0
neN
by the convergence Vv, — Vu we have that

(6.62) Vo, o®, ' = Vu  in C%*(Q, N Br; M**?).
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To prove the claim set I, := {0 € [0,27] | gn(0) < h(6) + 1/n =: hy(6)}. Since I, is open,
we may write I, = (J;2;(al, b}'). Notice that

(6.63) g,(0) = hl(0) =1'(0) on [0,27] \ I,.

If I,, is empty, the claim is trivial. Therefore we may assume that I,, # (). Since g, € CY*(R),
we can write the Euler-Lagrange equation for (g, v,) in the weak sense:

(6'64) kgn (0) = Q(E(Un))(ea gn(e)) =+ ﬁn(ea gn(e)) + )\n, 0 e I,.

Here
A Qg AQ|

V(190, M| = 2)2 + &

and A, is some Lagrange multiplier. Notice that from the assumptions it follows that

A Qg AQY,| <A |9, AQp|
S92, A )2+, Vo

sign (xa, — XQ,, )

— 0.

(6'65) ‘Bn‘ -

Recall the Euler-Lagrange equation for (h,u)

(6.66) kn(0) = Q(E(u))(0, h(0)) + Ao
We will show that A, — As. Notice that for the curvature in polar coordinates it holds that
Ky, g = 90 200 = 9ndl :_< 9 >'+ g
' (92 +92)? VE+9Z) i+

Hence, multiplying (6.64) by g, integrating over I,, and using (6.66) yield
/ [Q(E(vm(e,gn(e)) + 5(0,90(0)) + M) 92 d0 = [ ki, g0t

9n

/
/ + do
I \/gn + g7 V92 + g

3 ) gala]) N9 g
; <\/gn ) + g2 (b7) \/gg(a$)+g;3(a;¢)) +/a¢ Vz + g2

.

i R (bF) hy,(af) +/b? I
= \m2 ) + 2 \/h2 )+ hi2(a?) ar 92+ g7

9n P,
= [ Ky h,do+
L V992 JhE+RZ
9n hn
- E())(0,h(6)) + A hd0+/ ke oy — ki ) +
[ [QUE)OH@) + 2] nd+ [ (o~ ) 4y

Recall that h,, = h+ 1/n. Therefore by (6.62), (6.65) and the previous calculations we conclude
that

1
lim — Angn — Aochdf =0,

n—o0 ‘I ‘ I,
which clearly implies A\, = Ao
From (6.63) and (6.64) we conclude that g, € C1'}(R). Moreover by the equations (6.63),
(6.64) and (6.66) together with the convergences (6.62), (6.65) and \,, — As we conclude that

kg, — kn  in L.
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This in turn gives us the convergence

gl — hn’ in L™°.

Now we are in position to prove the main theorem of this section.

PROOF OF THEOREM 6.19. Step 1: We show first that (h,u) is a strict local minimizer,
i.e., we prove the claim without the estimate on the right-hand side of (6.51).

Observe that from the results of the previous section we may assume that (h,u) is a C1:!-
local minimizer. The result will follow once we prove that the Cl'-local minimality implies
the local minimality. Arguing by contradiction let us assume that for any n € N there exist
(hn,upn) € X(up) with |Qp,, | = |Q] such that

./_"(hn, un) < ]:(h,u) and 0< dH(th U Zhn,l“h) <

S| =

Consider the sequence (g, v,) € X (ug) of minimizers of the following penalized obstacle problem
: 1
min {f(g,”u) + A||Qg] = ]| : (g9,v) € X(w), g < h+ n} ,

for some large A. Since (hy,,u,) and (h,u) are clearly competitors, we have that
F(gn,vn) < F(hn,un) < F(hyu).

By the contradiction assumption we may assume that (hp,u,) # (h,u).

By the compactness property of X (ug) there exists (g,v) such that, up to subsequences,
(gn,vn) = (g,v) in X(up). Let (f,w) € X(up) with f < h, by the lower semicontinuity of F
and the minimality of (g, v,), we get

F(g.v) + Al19] — ]| < lim inf [F(gn, v) + A[12, | — [2]]]

(6.67)
< F(fw) + A€y | = [Qn]]-

Choosing (f,w) = (h,v) in the previous inequality, we obtain that
(6.68) H'(Tg) + Al|2] — || < H'(Th)

When A is sufficiently large, (6.68) and Lemma 6.20 imply that g = h. Moreover, we observe
that from (6.67) it follows that (h,v) minimizes F in the class of all (f,w) € X (up) with f = h.
In particular v must coincide with the elastic equilibrium u.

Choosing (f,w) = (h,u) in (6.67), using the lower semicontinuity of g — H!(T',) with
respect to the L'-convergence and the lower semicontinuity of the elastic energy with respect to
the weak H'-convergence, we deduce

lim H'(T,, UX,,) = H' (Th),

n—oo

lim [ Q(E(vy))dz = / Q(E(w)) dz.
n—oo an Qh
From Lemma 6.26 we get g, — h in CL1(R).

We only need to modify g, such that it satisfies the volume constraint. We simply define
Gn(8) := gn(0)+0, where §,, are chosen so that |Q3, | = |24|. By Lemma 6.23 it holds |24, | > [€2,]
and therefore 6,, > 0 and Qj, C Qg,. Hence v, is well defined in 5, and (gn, vy) is an admissible
pair.
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Since h > 0 and g, — h uniformly, we have g, > v for some « > 0 independent from n and
0n, — 0. We may estimate

2
#'(Tg,) —H'(Ty,) ‘/ y/gn+-5 +92— /g2 + g2 db

gf an5 + 62 df
Y Jo

and
1 2w 9 9 1 2w 9
19, ] — 19,1 = f/ (o + 62 — g2 df = f/ 2 + 62 dO.
2 Jo 2 Jo
Therefore whenever A > % we have
The claim now follows, since by the choice of g, and by (6.69) we have
F(Gnsvn) = F(Gny vn) + Al1Qg,] — Q]|
< F(gn,vn) +AHan| - ‘QhH < F(hnyun) < Fhyu).
This contradicts the fact that (h,u) is a strict C''-local minimizer.

Step 2: We will now prove the theorem. The proof is very similar to the first step. Arguing by
contradiction we assume that there are (hy,u,) € X (ug) with |Qp,, | = |Qn| such that

1
f(hn,un) SF(h,U)—i—Co‘thAQhP and 0<d7.,5(rhn UEgn,l“h) < —.
n
Denote e, := |, AQp|. Notice that dy (I, UX,,,I's) — 0 implies xo, — xq, in L' and
therefore ¢,, — 0.
This time we replace the contradicting sequence (hy,u,) by (gn,vn) € X(up) which mini-
mizes

. 1
min { F(g,0) + %] ~ 2]+ (RAD] 2?4 20+ (90) € X(uo) g <ot}

By compactness we may assume that, up to a subsequence, (gn,v,) — (g,v) in X(up). By
a completely similar argument as in Step 1 we conclude that (g,v) = (h,u) whenever A is
sufficiently large. Moreover, we have that

lim M (T, US,,) = H'(Th).

lm [ Q@) dz = [ QUEwW)d:

n—oo Qg Qn
To conclude that g, — h in CL1(R), we will prove that

n—00 En

(6.70) =1
and apply Lemma 6.26.

Suppose that (6.70) were false. Then there exists ¢ > 0 such that ||Qg, AQy| — &,] > cep.
Using the minimality of (gy,v,) and the contradiction assumption for (hy,,u,), we obtain

F(grnr vn)+A]12, | — ]| + 1/ (129, AQ| — £0)? + €0
(6.71) < Flhmtn) + v/2m
< F(h,u) + coe2 + \/zn.



84

CHAPTER 6.

Now we observe that from [43, Proposition 6.1], for A sufficiently large, (h,u) is also a
minimizer of the penalized problem

F(g,v) + A||Qq] — [Qu]|-
Hence we have
(6.72) F(h,u) < F(gn,vn) + A|[Qq, | — Q4]
Combining (6.71) and (6.72) we get

\/025% +eéen < \/(|QgHAQh| - €n)2 +en <o 6721 + v/€n,

which is a contradiction since &, — 0 proving (6.70).
Arguing as in (6.71) and by using (6.70) we obtain

F(gn>vn) + A[|Qg,| — 19Qn]] < F(hn,un) + ven — \/(IanAQh! —¢en)? +én
(6.73) < F(h,u) + coes,
< F(hyu) 4 2¢0 |y, AQ|?,

when n is large.
As in Step 1 define g, (0) := gn(0) + 9, where d,, > 0 are such that [Qz, | = |Q|. By choosing

A large enough we have
A
< —
-2

Therefore since
[0, A < 2], A + 2|05, AQy, [F = 2/, A + 2[|0y, | — [][*
we have by (6.73) and (6.74) that

- A
]:(gnavn) < ]:(gnavn) + §||an| - |Qh||
A
< F(hu) + 200 |29, AQ[* — S [, | — ||

A
< Fhyw) + deg 0, A [ = T 119, — |9] + 4o |19, ] — 1]
< F(hyu) + deo |9, A2,

when n is sufficiently large. This contradicts Proposition 6.12 when ¢g is chosen to be small
enough. [l

6.5. The case of the disk

In this section we consider the particular case when a radial stretching is applied to a material
with round cavity F' = B,. We prove that the disk remains stable under small radial stretching.
This result is similar to the case of flat configuration in [45]. The main difference to the flat
case, where the minimal shape is a rectangle, is that the curvature of the disk is nonzero and
therefore the second variation formula becomes considerably more complicated. Instead of trying
to explicitly write the second variation, we use fine estimates to find a range of stability.

The Dirichlet boundary condition has the form of radial stretching,

(6.75) up(po(0)) = aRyo(0) for p > Ry,

where o € R is some constant. The region occupied by the elastic material is the annulus
A(Ro,r) := Bp, \ Br. For ug as above we say that (h,u) € X(up) is a round configuration if
h(6) = r and w is the elastic equilibrium associated to h.
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For the next theorem we define

B(t) : _1+TR70

Recall also the definition of the ellipticity constant 7 = min{u, u + A}.
THEOREM 6.27. Let

70 :—sup{t§R0 | (1 +t2)10g<R ) > 477}
n

and define the function G : R — [—o00, Ry) as

Gla) = sup {1 < Ro | log (70) B2(0) > mg)} .

If r € (ro, Ry) and « € R satisfy
(6.76) r>G(a),
then the round configuration is a strict local minimizer of F under the volume constraint.

The elastic equilibrium w can be explicitly calculated. Indeed, because of the symmetry we
can write

u(po(0)) = f(p)o(0)
and applying the first equation in (6.8) we have

f'(p)  [flp
o+ PO T
P p
This can be easily solved
a
for some a,b € R. To find a and b observe that

(6.77)

CE(u) = M((f’() ﬂp))gm@cose f'(p) sin 04—%00829

0 1

f/(p)cos?@—i— 1) in2 g (f’(p) p))s1n9(:os€) +)\(f/(p)+ fi)p)) (1 0>‘

Therefore, the second equation in (6.8) gives

2u+ N f'(r) + )\fsﬂr) =0.
This and the Dirichlet condition (6.75) yield
a _ptA @
6.78 — = b and b=——.
(07%) R 5r)

It is trivial to check that the round configuration is a critical point of F. To prove Theorem
6.27 we need to show that the round configuration is a point of positive second variation. To
this aim, let us explicitly write the quadratic form (6.24). By (6.77) and (6.78) we have

sin? 6 —sinfcosf

CE(u) =4b(pu + ) <_ sin 0 cos 0 cos2 0 ) =4b(p+A) T®T,

on the boundary 0B,. Hence, for ¢ € Hs}# (R), we have
divr((, ¥)CE(u)) = 4b(p + M) (=(¢, v)v + 0 (b, v)7T)
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and the equation (6.25) for u, becomes

(6.79) /A - CE(uy) : E(w)dz = —4b(u + \) /a N (=@ v)(w,v) + (0w, ) w, 7)) dH".

Moreover, in the case of a round configuration the elastic energy is
2

a
(6.80) Q(E(u)) = 2(u + N> + QME
and therefore, by (6.78), we get
272
0,Q(E(u)) = _8(;1:)\)1; on 0B,.

Hence, (6.24) becomes
2 _ 2 191
O2F (h,w)[v)] = /A 1y 2B ) d 4 /8  10- ()P

(6.81) 2.9
+ (Wb _ 12> (g, ,/>2 df;_[l’
8B, 7 roor
where uy, € A(Bg \ B,) solves (6.79), and ¢ satisfies [ 1 df = 0.

Now the goal is to prove that (6.81) is positive whenever the assumptions of Theorem 6.27
are satisfied. The main obstacle is to bound the first term in (6.81) which will be done by using
the equation (6.79). To this aim we need the following simple lemma, which we prove to keep
track of the optimal constant.

LEMMA 6.28. Suppose that v € W12(A(Ry,7);R?) is a continuous map with v =0 on Bg,
and A is a matriz. Then for w(z) = v(z) + Az we have that

/ lw|? dH' < rlog <Ro> /
0By r A(Ro,r)

PRrROOF. Consider w in polar coordinates. Fix an angle 6 and integrate over [r, Ry]

Ry
ARpo(0) —w(ro(9)) = Dw (pa(0)) o(0) dp,

T

r

2
A‘ dz.

D_
"R

which implies

Ro r
wire@)| < [ [Doe(6)) - A dp.
r 0o—7T
Integrate over 6 and use Holder’s inequality to obtain
o 2r [ (Ro r 2
| twtpopide < [ [ [Dotpoo) ~ - a|dp ) a
0 0 r Ry —r

</2ﬂ /Rold /ROD( 9)) — —" A‘Z dp ) do
Zdp- vlpo(0) —
= Jo . D P ; p Ro—r pap
R 2
= log <0> / oy p— A‘ dz
r A(Ro,?’) 0o—T
The inequality follows from [,z |w|?dH =r 02” lw(r, 0)|? d6. O

PrROOF OF THEOREM 6.27. As we stated before, by the local minimality criterion it is
enough to prove that the second variation of F at (h,u) is positive. Suppose that ¢ € H;#(]R)
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satisfies f027T ¥ df = 0 and ¥ # 0. Without loss of generality we may assume 1 to be smooth. To
estimate the first term in (6.81) we claim that

2(p+ A)2b?
§73 (+A) T10g<RO

r

(6.82) 2/A(RO r)Q(E(w,))dz )/83 (, V) + |0 (3, v) | dH .

To this aim, choose w(z) = uy(2) + Az as a test function in (6.79) where A is antisymmetric,
to obtain

2 [ o QU)o = b+ ) /8 N

<wuen) ([, o lownran)” ([ raos)

Apply Lemma 6.28 to w to get

(6.84) / lw|? dH' < rlog <Ro> /
0B, r A(Ro,r)

Let Ry — oo and for every k choose an antisymmetric Ag such that

(=, v w, v) + O, ), 7)) dH

(6.83) 1/2

r

2
A‘ dz.
—r

DU,w—R

r

Duy, — A dz:/ pul + -1 A, de.
/A(Rk,r) v R—r F A(Rg,r) ¥ R—r g

By Theorem 6.5 we get

/A(Rk,r)

Together with (6.84) this yields

[Pt <riog ()i [ B
OB, r A(Ro,r)

Since Cy, — 4 as Ry — oo we have that

/ w2 di < 2 og <R°> / Q(E(uy)) d=.
0B, n A(Ro,r)

r

2
4] dngk/

Duy, —
*"R A(Ry,r)

Blug)Pdz=Ci [ By d.
A(R,r)

-Tr

T

Now (6.82) follows from (6.83) and from the previous inequality.
We estimate (6.81) by using (6.82) and obtain

PF(ha)lu) = 320 (e N rlog (2) [ (0.0)2 410, (0 m) a!

-
2?1
o, oty [ (SR L
oB, 0B, poooormor)
(6.85) = |aT<w,u>\2—%<w,v>2d’H1
OB, - o

=32 ot 2 rlog (20) [ jortwn) P amt
[ lotw

T

1
+ (; —4n~1r3log (?)) 8(1 + \)%v? /8 — (¥, V)2 dHL.

B, T

Let us first treat the last term in (6.85). For every r > ry we have that

O*F(h,u)[Y)] > (1 — 32 Y + A)*b? rlog (?’)) /6 |07 (1, v)|? — %2@, V)2 dHL.

B
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Furthermore, if (6.76) is satisfied, then
1— 3207 (u+ M)20% rlog (RO) >0.
r

By the definition (6.9) we see that (1, v) = 1 (0*1 (é)) Hence, by the Wirtinger’s inequality,
we get

1 1 21
/@B |0- (1, v)|* — 2 2dH = 7/0 1 (0)]2 = [4(0)]?do > 0.

r
which concludes the proof. O

At the end of the section we study the global minimality of the round configuration. We
begin with the following remark.

REMARK 6.29. Suppose that Ry and 7o are as in Theorem 6.27 and fix a € R and a small
e > 0. Then for every r € [ro + €, Rp] such that » > G(«) + € the proof above actually gives

2m 2m
PFh W) 2 co [ 1WOF WO do+er [ WO b,
for some small 0 < ¢; < ¢, independent of r. Using the Wirtinger’s inequality we get

O*F (h,w)[¥] > coll®]|H1 (0.2m)):

for ¢y depending only on Ry, rg,« and . This is a uniform version of the Lemma 6.11.

We can use this uniform bound of the constant ¢y to prove a uniform local C'*!'-minimality
of the round configuration for r € [rg + €, Rp] with r > G(«) 4 . Indeed, arguing as in the
Proposition 6.12 and in the Lemma 6.18 we conclude that there is 6 > 0 such that for any
(9,v) € X(ug) with |Fy| = |B;| and ||g — 7||c1.1®) < 0 it holds

f(g,v) > f(?", ur)’
where u, stands for the elastic equilibrium associated to the disk B,.

The previous remark enables us to prove the global minimality of the disk when the volume
of the annulus is small.

PROPOSITION 6.30. Suppose that Ry is the radius of the large ball and uy is the Dirichlet
boundary conditions as in (6.75) with fived o > 0. There exists rg0p < Ro such that for every
r e (T"glob,Ro) the round configuration, with a disk B, is a global minimizer of F under the
volume constraint.

PrOOF. We argue by contradiction and assume that there exist a sequence of radii r,, ,/* Ry
and a sequence (kp,wp) € X(up) of minimizers of F under the volume constraint [y, | =
|A(Ro, )| such that

F(kn,wy) < F(rn,uy),
where w,, stands for the elastic equilibrium relative to r,. Since (kp,w,) minimizes F we
immediately have that H'(T'y, U Xy, ) — 2mRg. Therefore, since Fy,, is connected, we deduce
that &, := dy (T, UXg,,ITr,) = 0asn — oco.

We may calculate the elastic equilibrium

unlp.8) = (4 +bup) 7(0)

where

-1
A 12 A
bn—<1+'u: ;g) o and an—'u: 72 by,
0
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By the Remark 6.29 we have that for large n it holds
O*F (rn, un)[¥] = col ¥l F1 (5,5

for 02 T1)df = 0, where ¢ is independent of n.
We note that wu, is also the elastic equilibrium in the annulus A(R,r,), for any R > Ry,
with respect to its own boundary conditions on 0Bg, v(R,0) = u,(R,0). For R > Ry we define

Falg) = [ QUEW)dz+H Ty) +2H'(S,)
Br\Fy
and
Xg(un) = {(g,v) | g € BVx(R), v € HL (R?\ Fy;R?), v = u,, outside B} .
Consider the estimate (6.85) for 92Fg, (7, un)[¢], i.e., replace Rg,r and b by Ry, 7, and b,. By
continuity we may choose R; close to Ry such that

&
O Fry (rmy un)[¥) = FN1¢ 1130 o5,

for 02”¢d6 = 0. Arguing as in the Remark 6.29 we conclude that (r,,u,) is a local C11-
minimizer of Fg, uniformly in n, i.e., there is § > 0, independent of n, such that for any
(9,v) € XR, (un), with [[g —r||c1,1r) < 0, it holds

(6.86) Fry(9,v) > Fry (rn, un).
Define ~
- wn(z) ifZGBRo\Fkn
Wy (2) = .
un(2) if 2 € A(R1, Rp) .
By the assumption on (k,,w,) it holds
(687) ‘FR1 (l{?n,ﬁ)n) < ‘FR1 (Tn,un).
Suppose that (g, vy,) is a solution of the problem
min{]—"Rl(g?v) + AHFg’ - ’Brn| : (g,v) € XRl(un)a g<rp+ 5n}7
where A is large. Arguing as in Lemma 6.24, Lemma 6.25 and Lemma 6.26 we conclude that
gn — Ro in CM1(R). In particular, ||g, — rnllc1a®) — 0.
By the minimality of (g,,v,) we have that Fg, (gn,vn) + A||Fy| — |Br,|| < Fr, (kn, @n).
Defining g = gn + 0, such that |Fj, | = |B,, | we obtain, as in (6.69), that
(6.88) Fri(Gn>vn) < Fry(gn, vn) + A|[Fy| = |Br, || < Fry (kn, n),
when A is large enough. Moreover &, — 0. Hence ||g, — rn|lc11@r) — 0 and therefore (6.86),
(6.87) and (6.88) imply
Fr (Tnaun) < FRr, (gnuvn) < Fr (k‘n’@n) < FR, (Tna Un)y

which is a contradiction. O
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