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Abstract

In recent years novel inference techniques have been developed based on the construc-
tion of summary statistics with neural networks by minimizing inference-motivated
losses via automatic di Lerkntiation. The inference-aware summary statistics aim to
be optimal with respect to the statistical inference goal of high energy physics anal-
ysis by accounting for the e [edts of nuisance parameters during the model training.
One such technique is INFERNO (P. de Castro and T. Dorigo, Comp. Phys. Comm.
244 (2019) 170) which was shown on toy problems to outperform classical summary
statistics for the problem of confidence interval estimation in the presence of nui-
sance parameters. In this thesis the algorithm is extended to common high energy
physics problems based on a diLerkntiable interpolation technique. In order to test
and benchmark the algorithm in a real-world application, a complete, systematics-
dominated analysis of the CMS experiment, “Measyrement of the tt production cross
section in the t+jets channel in pp collisions at s =7 TeV” (CMS Collaboration,
The European Physical Journal C, 2013) is reproduced with CMS Open Data. The
application of the INFERNO-powered neural network architecture to this analysis
demonstrates the potential to reduce the impact of systematic uncertainties in real
LHC analysis.



Preface

The work presented in this thesis summarizes the main research project that | car-
ried out as a Marie Sktodowska-Curie fellow in the context of an interdisciplinary
European Innovative Training Network INSIGHTS, funded by the European Union’s
Horizon 2020 research and innovation program, call H2020-MSCA-ITN-2017, under
Grant Agreement n. 765710. The main research project is the result of a collabora-
tion with Tommaso Dorigo and Giles Strong. The purpose of this manuscript is to
describe my original contributions to this work. The Chapters 2-5 are intended as
an introduction to the main research project presented in Chapters 6 and 7 and do
not describe my own work. The code for my main research project has been made
public [1].

During my PhD as a Marie Sktodowska-Curie fellow of the INSIGHTS network,
I also collaborated with members of other institutions and collaborations. The
projects carried out within CMS and INSIGHTS that lead to a publication during
my PhD are briefly described in the following.

Automatic log analysis with NLP for the CMS workflow handling [2]

In this work an approach is presented that considers the error log files of failing
CMS Monte Carlo production workflows as regular text to leverage modern tech-
niques from Natural Language Processing (NLP). In general, log files contain a
substantial amount of text that is not human language. Therefore, dilerent log
parsing approaches are studied in order to map the log files’ words to high dimen-
sional vectors. These vectors are then exploited as feature space to train a model
that predicts the action that an operator has to take. This approach has the advan-
tage that the information of the log files is extracted automatically and the format
of the logs can be arbitrary. The performance of the log file analysis with NLP is
compared to previous approaches. | have contributed to this work by setting up a
pipeline with Apache Spark to prepare the input data and | developed and optimized
a state-of-the-art NLP model with TensorFlow.
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Measurement of CKM matrix elements in si&gle top quark t-channel
production in proton-proton collisions at s = 13 TeV [3]

In this work the first direct, model-independent measurement is presented of the
modulus of the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements [Vip|, |Vidl,
and |Vg], in final states enriched in single top quark t-channel events. The analysis
uses proton-proton collision data from the LHC, collected during 2016 by the CMS
experiment, at a centre-of-mass energy of 13 TeV, corresponding to an integrated
luminosity of 35.9fb~L. In the standard model hypothesis of CKM unitarity, a lower
limit of |Vg| = 0.970 is measured at the 95% confidence level. Several theories
beyond the standard model are considered, and by releasing all constraints among
the involved parameters, the values |Vg,| = 0.988+0.024, and |Vtc||2+|vts|2 =0.06%
0.06, where the uncertainties include both statistical and systematic components, are
measured. Within this work | have contributed to the setup of the profile likelihood
fit with the CMS combine tool.

Clustering of Experimental Seismo-Acoustic Events Using
Self-Organizing Map (SOM) [4]

In this work laboratory experiments that produce seismo-acoustic events relevant
for understanding the degassing processes of a volcanic system are studied. A Self-
Organizing Map algorithm is applied to cluster the feature vectors extracted from
the seismo-acoustic data through the parameterization phase, and four main clusters
have been identified. The results were consistent with the experimental findings on
the role of viscosity, flux velocity and conduit roughness on the degassing regime.
The neural network is capable to separate events generated under di [erent experi-
mental conditions. This suggests that the SOM is appropriate for clustering natural
events such as the seismo-acoustic transients accompanying Strombolian explosions
and that the adopted parameterization strategy may be suitable to extract the sig-
nificant features of the seismo-acoustic signals linked to the physical conditions of the
volcanic system. Within an industrial secondment at the Italian National Institute
of Geography and Volcanology, | contributed to this work with data preparation,
visualization and the application of unsupervised learning algorithms.
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Changes in the Eruptive Style of Stromboli Volcano before the 2019
Paroxysmal Phase Discovered through SOM Clustering of
Seismo-Acoustic Features Compared with Camera Images and
GBInSAR Data [5]

In this work the two paroxysmal explosions that occurred at Stromboli on 3 July
and 28 August 2019 are studied. After the first paroxysm an e [udive activity began
from the summit vents and aledted the NW flank of the island for the entire period
between the two paroxysms. We carried out an unsupervised analysis of seismic and
infrasonic data of Strombolian explosions over 10 months (15 November 2018-15
September 2019) using a Self-Organizing Map (SOM) neural network to recognize
changes in the eruptive patterns of Stromboli that preceded the paroxysms. We used
a dataset of 14,289 events. The SOM analysis identified three main clusters that
showed di Lerknt occurrences with time indicating a clear change in Stromboli’s erup-
tive style before the paroxysm of 3 July 2019. We compared the main clusters with
the recordings of the fixed monitoring cameras and with the Ground-Based Interfer-
ometric Synthetic Aperture Radar measurements, and found that the clusters are
associated with di [erent types of Strombolian explosions and di [erent deformation
patterns of the summit area. Our findings provide new insights into Strombolian
eruptive mechanisms and new perspectives to improve the monitoring of Stromboli
and other open conduit volcanoes. | contributed to this work with data preparation,
visualization and the application of unsupervised learning algorithms.

Toward Machine Learning Optimization of Experimental Design [6, 7]

In this work the research program of the MODE Collaboration (an acronym for
Machine-learning Optimized Design of Experiments), which aims at developing tools
based on deep learning techniques to achieve end-to-end optimization of the design of
instruments via a fully di Lerentiable pipeline capable of exploring the Pareto-optimal
frontier of the utility function is described. The goal of MODE is to demonstrate
those techniques on small-scale applications such as muon tomography or hadron
therapy, to then gradually adapt them to the more ambitious task of exploring in-
novative solutions to the design of detectors for future particle collider experiments.
I have been a founding member of the collaboration and the development of IN-
FERNO is part of the program.

Vi
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Calorimetric Measurement of Multi-TeV Muons via Deep
Regression [8]

In this work the feasibility of an entirely new avenue for the measurement of the en-
ergy of muons based on their radiative losses in a dense, finely segmented calorimeter
is presented. This is made possible by exploiting spatial information of the clusters
of energy from radiated photons in a regression task. The use of a task-specific deep
learning architecture based on convolutional layers allows us to treat the problem
as one akin to image reconstruction, where images are constituted by the pattern
of energy released in successive layers of the calorimeter. A measurement of muon
energy with better than 20% relative resolution is shown to be achievable for ultra-
TeV muons. | have contributed to this work with data preparation, visualization
and assisted in the training of the models.

Vii
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1 Introduction

The search for new physics at the LHC, as well as the search for known physics
signals not yet put in evidence, is in general terms a problem of distinguishing a
small signal from large backgrounds in a multi-dimensional space of observed event
features. Neural network classi ers as well as boosted decision trees are nowadays
routinely used to construct powerful summary statistics as input for inference, e.g.
for parameter estimation or hypothesis tests. However, the imperfect knowledge
of the properties of the background and signal results in systematic uncertainties
that have to be accounted for in statistical models by the inclusion of nuisance pa-
rameters [9]. Neglecting the nuisance parameters during the training of a classi er
causes a reduction of the statistical power of the summary statistic during inference.
Nuisance parameters are therefore one of the main limiting factors of the preci-
sion of high energy physics (HEP) analyses, while the statistical uncertainty can
be reduced by collecting more data. The understanding and mitigation of system-
atic uncertainties is crucial for precise measurements at the LHC, in particular for
model-independent searches that are becoming increasingly important in the search
for new physics. Thus, addressing directly the statistical inference objective with
modern machine learning techniques that account for the e ect of nuisance param-
eters has attracted a lot of attention and various methods are being developefl0].

In recent years, a novel approach, callednferno [11], an acronym that stands
for Inference-Aware Neural Optimization, has been developed to construct machine
learning based summary statistics that are optimal for statistical inference. The
inferno  technique promises to fundamentally improve the power of neural network
classi cation by embedding the e ect of all systematic uncertainties on the param-
eter of interest in the loss of the neural network. On toy problemsinferno clearly
outperformed classical summary statistics for the problem of con dence interval es-
timation in the presence of nuisance parameters. The original code for thaferno
algorithm has been developed for a synthetic example. However, the structure of the
data and systematic uncertainties in HEP is special and therefore one of the main
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aspects of this work is the development of a framework where real LHC data can be
used with the inferno  algorithm. In order to benchmark the framework, a com-
plete, systematics-dominated analysis of the CMS experiment, Measurement of the
tt production cross section in the +jets channel in pp collisions at P s=7 TeV [12]
is reproduced with CMS Open Data. The study of top-quark production, decays,
couplings and other properties with the highest possible precision is an important
part of the physics program of the CMS experiment and is one of the most promis-
ing avenues for the discovery of new physics due to the critical role of the top-quark
mass in the consistency of the Standard Model. Thenferno algorithm will be
applied to the reproduced top pair cross-section measurement and the inference
with the obtained summary statistic will be compared to a classi er trained in a
classical approach with a standard binary cross-entropy loss. Several studies with
di erent setups are performed in order to understand under which conditionsin-
ferno can reduce the impact of systematic uncertainties in a realistic LHC analysis.

The work in this thesis is organized as follows: in Chapter 2 the foundations of
the machine learning and statistical methods are laid that are necessary to un-
derstand the working principle of the inferno  algorithm. In Chapter 3 the use
of machine learning to build summary statistics for inference is reviewed from a
statistical perspective and its limitation in the presence of nuisance parameters is
discussed. Additionally, an overview over existing approaches to deal with nuisance
parameters in machine learning is given. Subsequently thénferno algorithm is
described and its performance on a synthetic example is discussed. In Chapter 4
the Standard Model of particle physics and its limitations are discussed, as well as
possible extensions. Then an introduction to the phenomenology of proton-proton
collisions is given and some of the key aspects of top physics at the LHC are re-
viewed. In Chapter 5, the design of the Large Hadron Collider at CERN and the
CMS detector is discussed, as well as the event reconstruction and simulation of the
CMS experiment. In Chapter 6, the reproduction of the analysis Measurement of
the tt production cross section in the +jets channel in pp collisions at P s=7 TeV
with CMS Open Data is presented. The main result in this chapter is the measure-
ment of the top pair cross-section based on a summary statistic obtained by training
a neural network classi er with a binary cross-entropy loss with CMS Open Data.
In Chapter 7, the extension of theinferno algorithm to HEP-like data and sys-
tematic uncertainties is described. Its performance is quanti ed in a performance
study based on the reproduced analysis and compared to models trained with bi-
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nary cross-entropy. Finally, an inferno model is trained with the most relevant
systematic uncertainties. The resulting summary statistic is used to measure the
top pair cross-section and compare the results to the classical approach described in

Chapter 6.



2 Machine Learning and
Statistical Inference at the
LHC

Machine learning (ML) is a very broad eld that has grown substantially in the last
decade, driven mainly by the emergence of deep learning (DL). Deep learning has
seen an enormous growth in its popularity and usefulness, mainly due to more pow-
erful hardware, larger datasets and advanced techniques to train deeper networks.
Particle physics o ers a variety of use cases for machine learning techniques. The
experimental high-energy physics (HEP) program has two main objectives: probing
the Standard Model (SM) with increasing precision and searching for new particles
associated with physics beyond the SM. Both tasks require the identi cation of rare
signals in very large backgrounds. The increasing number of collisions at the High-
Luminosity LHC will make this a signi cant challenge. Exploiting the full potential

of machine learning in many di erent areas will be a key ingredient for the success
of the LHC program. In the area of statistical data analysis, machine learning tech-
nigues have become particularly important to construct powerful summary statistics
that are used as input for inference. Due to the importance of machine learning and
inference for the topic of this thesis, the core concepts will be introduced in the fol-
lowing. The review is based on the standard literature for machine learning13] and
the Statistics and Machine Learning chapters of the Particle Data Group Review{9],
which are also recommended for further reading.

2.1 Core Concepts of Machine Learning

Most machine learning algorithms can be described as the optimization of some
objective, which can be formulated as minimizing a quantity called risk, that in-
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cludes three main ingredients: the model familyF , the loss function L, and a data
distribution p(u). The risk for a modelf 2 F is de ned as its expected loss:

Z
RIf]:= EpylL (u;f (u))] L(u;f (u)); p(u)du : (2.1)

In general, the goal of machine learning is to solve the optimization problem:
f =arg rfnzllr:1 RI[f] (2.2)

where F includes all possible functions. In practice, the data distribution p(u) is
unknown, and the input for the machine learning algorithm are n i.i.d. samples from
that distribution. This leads to the corresponding empirical risk

X
Remplf 1= Ep[L (U5 (W] — L(uisf (u) 23)
i=1

P . . S
where p(u) = % L1 (u u) is referred to as the empirical distribution of the
samplesu;. The empirical risk minimization approximates f with the empirical
analogue

' = argmin R emplf ] (2.4)
f2F

where F are all possible functions with the model parameters . In the in nite
parameter limit, machine learning models are universal approximators, such that
they cover all functions and F = F. However, this is not necessarily true for
models with nite parameters in real world applications. The capacity of a model
characterizes the ability to t a wide variety of functions and depends on the model
architecture and its parameters such as the width and depth of neural network layers.
To evaluate the abilities of a machine learning algorithm, a quantitative measure of
its performance needs to be designed, which is usually speci c to the learning task.

2.1.1 Generalization and Bias-Variance Tradeoff

The central challenge in machine learning is that the algorithm must perform well
on previously unseen samples - not just on those which have been used for the
training procedure. The ability to perform well on previously unobserved inputs is
called generalization. More formally, while the empirical risk might be minimized
Remplf]! 0, the true risk might be large R[] 0. The gap R[f] R emplf] is
typically referred to as the excess risk. In general it is not possible to evaluateR [f']
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exactly because the true data distribution p(u) is unknown, however, an independent
testing dataset can be used to obtain an unbiased estimate of it. This motivates the
splitting of the data in train and test sets. The factors determining how well a
machine learning algorithm will perform are its ability to reduce the training error,
while also keeping the gap between test and training error small. These two factors
correspond to two important concepts in machine learning: under tting and over-
tting. Under tting occurs when the model is too simple and is not able to perform
well on the training set. Over tting occurs when a su ciently exible model ts

the training data very well, but the gap between the training error and test error is
large and the model does not generalize well to unseen data. By altering a model's
capacity, one may control under and over tting. Models with low capacity might
not be su ciently exible to t the training set. Models with high capacity can
over t by memorizing statistical uctuations of the training set.

The statistical concepts of bias and variance are useful to formally characterize

the concept of generalization. Bias and variance quantify two di erent sources of er-
ror in an estimator, where an estimator " is de ned as a function of the data used to
estimate the value of the parameter . The varianceV[b] provides a measure of the

Figure 2.1: As capacity increases, bias tends to decrease and variance tends to increase,
yielding an U-shaped curve for the generalization error [13].
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deviation from the expected estimator value that any sampling of the data causes,
while bias measures the expected deviation from the true value of the parameter:

(2.5)

Ideally, an estimator has both a low bias and a relatively low variance. The mean-
squared error (MSE) is a measure of an estimator's quality which combines bias and
variance: h i
MSE=E (P )2 =V[O+ (2.6)

Desirable estimators have a small MSE, which means that they manage to balance
both their bias and variance. The relationship between bias and variance is linked to
the discussed concepts of capacity, under tting and over tting. When the general-
ization error is measured by the MSE, increasing capacity tends to increase variance
and decrease bias. Typically, the generalization error has a U-shaped curve as a
function of the model capacity, which is illustrated in Fig. 2.1. The optimal ca-
pacity corresponds to the minimum of the generalization error. Left to the optimal
capacity, the bias dominates and the model tends to under t, while right to the op-
timal capacity the variance dominates and the model tends to overt, and the gap
between training and generalization error increases. It is also possible for the model
to have optimal capacity and yet still have a large gap between training and gener-
alization errors, which can be reduced with more training examples. A common way
to control the bias-variance trade-o is to use cross-validation. In the basick-fold
cross-validation approach, the training set is split into k smaller sets andk models
are trained on k 1 folds. The models are then evaluated on the remaining part
of the data and the performance is measured by the average of the computed val-
ues such that an estimate of the mean value and the variance of the predictions can
be obtained. This allows to choose a suitable model with a low generalization error.

Surprisingly, recent studies have shown that overparametrized models can achieve
good empirical generalization. Overparametrized models are highly complex with
respect to the size of the training dataset, which results in them interpolating the
training data. A wide range of interpolating models have been observed to generalize
extremely well on unseen test data[14]. The double descent phenomenon shown in
Fig. 2.2, indicates that highly overparametrized models can improve over the best
underparametrized model in test performance. This counter-intuitive behaviour is
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Figure 2.2: Double descent of test errors with respect to the complexity of the learned
model. In this qualitative demonstration, the global minimum of the test er-
ror is achieved by maximal overparametrization [14].

studied by the theory of overparametrized ML, called TOPML, that tries to explain
these ndings from a statistical signal processing perspective.

2.1.2 No-Free Lunch Theorem and Regularization

The no-free lunch theorem for machine learning states that, averaged over all
possible data-generating distributions, every classi cation algorithm has a similar
error rate when classifying unseen data, thus no learning algorithm is universally
better than any other [15]. However, by making assumptions about the kinds of
probability distributions, learning algorithms can be designed to perform well on
these particular distributions. Thus, the goal of machine learning is not to nd a
universal learning algorithm, but rather to understand what kinds of distributions
are relevant and what kinds of machine learning algorithms perform well on data
sampled from particular data-generating distributions.

The no-free lunch theorem and the bias variance tradeo motivates the addition
of a regularization term to the loss function. A common form of regularization is
Tikhonov regularization, which penalizes the loss of a model with parameters by
the L2 norm of the parametersk k2. Another possible form of regularization is the
restriction of the model classF, since in real-world problems some models perform
better than others, depending on the concrete application. This form of regulariza-
tion is typically encoded in the architecture of a neural network and the choices are
referred to as inductive bias in the model. In addition to explicit regularization, it
is also possible to regularize implicitly, for example with early stopping, where the
loss is monitored on the training and test dataset. Early stopping terminates the
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training when the test loss does not improve anymore for a number of pre-de ned
epochs. The no-free lunch theorem makes clear that no optimal machine learning
algorithm and no best form of regularization exists, instead a form of regularization

has to be chosen that suits the particular task.

2.1.3 Supervised Learning

Supervised learning refers to the class of problems where the training dataset consists
are the corresponding target Iét;els. The resulting trained model is then used to
predict the labels for a dataset where labels are not available, which can be seen as
an estimate of the conditional probability p(yjx), to predict y given x. Furthermore,

it is typically assumed that the input features (x;;y;) are i.i.d. and are generated
according to the distribution p(x;y), that usually is unknown.

Regression

The goal of regression is the prediction of a labely 2 Y given an input feature
vector x 2 X. To solve this task, the learning algorithm is asked to output a
function f : RXI I R. When Y is a discrete variable, the task is referred to as
classi cation. Regression and classi cation are closely related, since many classi ers
predict continuous probabilities for each class, followed by an operation that results
in a discrete label, e.g. logistic regression. A common loss function for regression is
the mean-squared error (MSE):

Luse(y;f ) =(y  f(x)?: (2.7)

It can be shown with calculus of variations that the optimal regressor for the MSE
loss is the conditional expectation ofy given x:

fuse(X) = Enyix) Iyl : (2.8)

Here regression yields a functiorf (x) that provides a point estimate for y, however,

also alternative approaches to regression exist that try to model the full conditional

distribution p(yjx). A drawback of the MSE as a loss function is its sensitivity

to outliers. Therefore also various other loss functions exist that can be used in
regression problems, such as the Huber logs6], that aims to be more robust to

outliers than MSE.
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Classification

The goal of classi cation is the prediction of a discrete number of class labelg 2 Y
given an input feature vector x 2 X . Typically, the learning algorithm produces a
function f : RXI I RIYI If the number of discrete labels is twoy = f0; 1g, the task
is referred to as binary classi cation and the mean-squared errot pyse (y; f (X)) can
be used as loss function. The resulting model approximates the optimal classi er
fuse and the conditional expectation of equation 2.8 can be written as:

p(xjy = 1) p(y = 1)

" p(xiy=0)p(y = 0)+ p(xiy = 1)p(y = 1) -
(2.9)

This expression shows that the MSE loss for binary classi cation results in the
Bayesian posterior probability that the label y is equal to class 1 given the feature
vector x. As will be discussed further in 3.1.1, binary classi cation is equivalent
to hypothesis testing in frequentist statistics. If the classi cation task considers
multiple classes, the binary cross-entropy loss can be generalized to the cross-entropy
loss:

fmse(X) = Epgixlyl! ply = 1jx)

R
Lxe(y; (X)) = 1(y = ) log(fc(x)) (2.10)
c=1

where f¢ : X ! RIYI and the indicator function selects the term in the sum for
the corresponding class labely. This loss can be derived from maximizing the
posterior of the Bayes theorem using a discrete set of class labgjs and enforcing
the constraint P cfe(X) =1 and f¢(x) 0. The risk associated with the cross-
entropy loss function is given by:

% °

Ruelf1= Epyy® 1y = 0)logfe(x)S (2.11)

c=1
and calculus of variations can be used to show that the optimal classier is the
conditional expectation for y given x:

fyec(X) = py = ¢jx) : (2.12)
In general, the cross-entropy between two distributions can be written as:

Hp;f]= Ep[ logf]: (2.13)

10
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This is related to the Kullback-Leibler (KL) divergence that measures the degree of
dissimilarity between two probability distributions:

KL (pkf ) := Ep[logp(x) logf ]= Hp;f ]+ HIp] (2.14)

where H[p] := Rp(x) log p(x)dx is the entropy and independent off . The KL
divergence is equal to zero if and only ifp = f. Minimizing the cross-entropy
H[p;f ] with respectto is equivalent to minimizing the KL divergence, sinceH [p]
does not depend on . It can further be shown that minimizing the empirical risk
of the cross-entropy loss function:

1 X

Rempelf 1= ﬁi . logf (x) (2.15)
is equivalent to maximum likelihood estimation for the parameters of the classi er
f with likelihood function L( )= Qi”:lf (Xj). Thus, minimizing the cross-entropy
loss yields the optimal parameters for the model f . In general, any loss consist-
ing of a negative log-likelihood is a cross-entropy between the empirical distribution
de ned by the training set and the probability distribution de ned by the model.
Therefore, maximum likelihood estimation in the context of classi cation can be seen
as an attempt to minimize the dissimilarity between the empirical distribution de-
ned by the training set and the model distribution, with the degree of dissimilarity
measured by the KL divergence.

2.1.4 Unsupervised Learning

Unsupervised learning addresses the class of problems that use unlabeled training
that the input feé.'[L’JI’ES (xj) are i.i.d. and are generated according to the distribution
p(x), that usually is not known. A concept related to unsupervised learning is that
of self-supervised learning, which aims to learn useful features without requiring su-
pervision labels for every sample in the input data. Common tasks for unsupervised
learning are clustering and representation learning.

The goal of clustering is to group the datax into k clusters. Some clustering al-
gorithms require the speci cation of k. Often, clustering uses a distance measure
d(xi;X;), which for example can be theL, norm kxj X; kp. A popular clustering
algorithm is the k-means algorithms, where the number of clusters is specied

11
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each cluster.

Another important topic in machine learning and statistics is data representation
and in particular how to construct a low-dimensional summary statistic that contains
the relevant information from high-dimensional data for a particular task. An exam-
ple of a linear dimensionality reduction is principal component analysis (PCA)[17].
A common algorithm for representation learning and nonlinear dimensionality re-
duction is the auto-encoder:

f=g e: XX (2.16)

wheree : X ! Z is called the encoder andg : Z ! X is called the decoder.
Typically the dimensionality of Z is smaller than the one ofX, and z = e(x) yields

a compressed representation of the input, also called a bottleneck. A possible loss
function for an auto-encoder is the reconstruction error:

Lae (Xf (X)) = kx f(X)k?: (2.17)

After the training phase, the encoder part g(x) can be used independently of the
decoder to obtain low-dimensional representations of the data.

2.1.5 Stochastic Gradient Descent

Most machine learning algorithms are powered by the important Stochastic Gradient
Descent algorithm (SGD), which is an extension of the Gradient Descent algorithm.
The parameters of a parametrized modelf (x; ) and a loss functionL(x; ) can
be optimized with the Gradient Descent algorithm by performing iterative updates:

t= t1 LX) (2.18)

where is a small, real-valued hyperparameter called learning rate. The algorithm
further requires an appropriate initialization of the parameters (-g. By de ning

t t 1 and considering a small variation of the loss function (L(x; )) the
following relation can be obtained for small :

(L(x; )) roL(x )= jr L(x )j? (2.19)

12
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which shows that the loss function decreases monotonically, and the parameter val-
ues are moved in the direction of loss function minimization.

Typically in machine learning large training sets are necessary for good general-
ization, which has the drawback that the training process becomes computationally
expensive. The idea of Stochastic Gradient Descent is that the gradient is an expec-
tation, which may be approximately estimated using a small set of samples. Thus,
SGD is based on GD but replaces the exact gradient termm L(x; ) with a stochas-
tic approximation, where the loss function is evaluated usingN i.i.d. sub-samples of
the total dataset, also called mini-batches:
1 X

r Epxl N i r L; (2.20)
and L; is the loss function for data samplei. An important advantage of SGD is the
computational cost, since only a small subset of data has to be evaluated at each
update, and thus the cost per SGD update does not depend on the training set size.
Moreover, vectorization libraries and GPU architectures can be exploited.

Based on the SGD algorithm, more advanced optimization algorithms can be con-
structed. The loss is often highly sensitive to some directions in parameter space
and insensitive to others. The method of momentum can mitigate this by comput-
ing a running average of current and past gradients with a forgetting factor that
controls how far back the averaging goes. Moreover, the convergence of SGD can be
improved by making the learning rate depend on the individual ;, for example by
using the gradient norm squared(r iL)2. The popular ADAM (Adaptive Moment
Estimation) algorithm makes use of both the momentum and gradient norm con-
cepts by computing running averages of both the gradient and the gradient norm
squared, each with a separate forgetting factof18].

2.1.6 Boosted Decision Trees

Many di erent algorithms exist for supervised learning. Some of the most impor-

tant are logistic regression, the k-NN algorithm, support vector machines, random
forests, boosted decision trees, and neural networks. Due to its importance in HEP,
the boosted decision tree algorithm will be brie y described, while neural networks

are discussed in the next section.

13
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Boosted decision trees (BDT) are popular algorithms for supervised learning that
work particularly well with tabular data and are used in many HEP applications. A
decision tree takes a set of input features and splits the input data recursively based
on those features. Each split at a node is chosen such that it maximizes information
gain or minimizes entropy. The information gain is the di erence in entropy before
and after the potential split, where the entropy is maximized for a 50/50 split and
minimized for a 1/0 split. The splits in the decision tree are created recursively until
a stop criterion is met, for example, the depth of the tree or no more information
gain. Boosting is a method of combining many weak learners, such as single deci-
sion trees, into one classi er. Usually, each tree is created iteratively and the tree's
output h(x) is given a weightw relative to its accuracy. The ensemble output then
corresponds to the weighted sum:

X
$(x) = whi(x) : (2.21)
t
After an iteration each data sample is given a weight based on its misclassi cation.
The more often a data sample is misclassi ed, the more important it becomes. The
goal of the algorithm is to minimize an objective function:

X X
ox)=I(gisy)+  (fy) (2.22)
[ t
wherel(¥i; ;) is the loss function and ( f) is a regularization function that penalizes
the complexity of the t" tree. There are many di erent ways of iteratively adding
learners to minimize a loss function. Some of the most common algorithms are
AdaBoost [19], GradientBoost [20], and XGBoost [21]. Some common tree parameters
that are usually tuned to increase accuracy and prevent over tting are:

the maximum depth of a tree, that speci es how tall a tree can grow,

the number of maximum features, that speci es how many features can be
used to build a given tree, where features are randomly selected from the total
set of features,

and the minimum number of samples per leaf, that speci es how many samples
are required to create a new leaf.

Common boosting parameters are the learning rate that speci es how much to adjust
the data weights after each iteration and the number of trees, which is the same as

14
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the number of iterations. Bene ts of the BDTs are that the training and prediction

is fast and the results are interpretable. Moreover, they are not sensitive to the
scale of the input data, which means that the features can be a mix of categorical
and continuous data. However, BDTs are sensitive to over tting and have limited
application in deep learning.

2.2 Deep Learning

Modern deep learning is characterized by the composition of a large number of
various types of layers that are optimized with the SGD algorithm. Training a deep
neural network with more than one layer that generalizes well can be challenging
and can require large training datasets, powerful hardware, and a suitable network
architecture.

2.2.1 Feed Fomward Neural Networks

A Feed Forward Neural Network consists ofL layersf = f (L) f . The It
layer is a function that maps a d, ; dimensional input to a d, dimensional output:
f:RY 11 RY. Forl<L, the functions f () are called hidden layers, and the
number of neuronsd, is called the width of the hidden layer. The layers in a Feed
Forward Neural Network are de ned as:

fOwy= O why+ g (2.23)

where W() 2 R4 d 1 js called the weight matrix, the components of the vector
B 2 RY are referred to as the biasespy 2 R% 1 is the input from the previous

layer, W(u denotes a matrix-vector product, and () is a non-linear activation

function that is usually applied element-wise. The parameters of the network are
given by the set of all weights and biases, = W®;:::: W) gD gb)

The activation function  in neural networks is a nonlinear function and its choice
depends on the model architecture and application. A popular choice in deep learn-
ing is a Recti ed Linear Unit (ReLU):

x ifx>0
X) = 2.24
(x) 0 otherwise ( )
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for which the computational cost is small and the gradient does not vanish. For
classi cation tasks the logistic function

1
(x) = Trexp( X (2.25)
is a popular choice for the nal layer. Another important function in deep learning is
the softmax function that can be used to normalize the elements of a discrete vector
u and to interpret the output of a model as a probability over a set of n discrete
categories. It is commonly used at the last layer in multi-class classi ers. Given a
real-valued input vector u 2 R", the softmax function computes the output vector

v 2 R" and the i-th component is given by:

Vi = :
' -1 exp(u;)

P
The output vector has the property that v; 2 (0;1) and v; = 1. The components
of the input vector u are also called logits, due to their connection to the logistic
function used in logistic regression.

The universal approximation theorem states that a Feed Forward Network with
a single layer is su cient to represent any function, but the layer may be impossibly
large and may fail to learn and generalize correctly[22]. Often the use of deeper
models can reduce the required number of neurons to approximate the desired func-
tion. In general, a neural network can be visualized as a graph, which is illustrated
in Fig. 2.3.

2.2.2 Neural Network Variants: CNNs, RNNs and GNNs

Many variants of neural networks have been developed that are particularly suitable
for speci ¢ data-structures and applications. Among the most important ones for
HEP applications are Convolutional Neural Networks, Recurrent Neural Networks
and Graph Neural Networks that will be brie y described in the following.

Convolutional Neural Networks (CNNSs) are commonly used for image-like
data. CNNs convolute the input imageu and a Iter W, also referred to as kernel.
The parameters of the kernel are learnable and the convolution operation traverses
over the input and calculates the inner product of the kernelW with the part of
the input in the receptive eld, which has the same spatial shape as the kernel and
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Figure 2.3: Sketch showing feed-forward, recurrent, and recursive neural network architec-
tures. Diamonds represent inputs and outputs, while processing units are repre-
sented with circles and squares. The gure is taken from [23].

is centered at the target pixel. Each pixel can have a vector of features associated
with it. The components of the features, indexed byc and c® are called channels.
The convolution operation is often denoted with a and can be written as:

Ve(j) = (W ue)(j) = XO § Weo(i)uo(\j %) (2.27)
C 1

where j i denotes the pixel index corresponding to the translation from pixel |
to i. The result of a kernel convolution is also an image, and the image for a xed
channel index is referred to as a feature map.
Larger kernel sizes allow the lters to learn more complicated patterns, with the
drawback of having more model parameters. In practice, kernel sizes of 3 are very
common. A kernel size of 1 is referred to as & 1 convolution, which can be
used to perform linear operations on the input features, such as increasing or de-
creasing the number of features. This is an important technique to extract more
powerful features that can be used by the following layers, and also to compress
features. Moreover, a typical CNN architecture often uses pooling, which e ectively
down-samples the image such that it can be processed at di erent resolutions. An
important feature of CNNs is equivariance, which means that if the input image
is shifted, then the output is also shifted by a similar amount. The CNN can be
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interpreted as a fully connected Feed Forward Network with shared weights that
maintains the equivariance property.

Recurrent Neural Networks (RNNS) are a class of neural networks that are
particularly suitable for sequential data. RNNs process sequences in such a way
that information across the entire sequences can be accumulated and the model can
operate on the previous states of the system. RNNs are commonly used for three
types of tasks:

One-to-many tasks : this task takes a single input and generates a sequence.
An example is the generation of sequence data, such as a sentence or waveform,
given a category.

Many-to-one tasks : this task takes a sequence and generates an output. An
example for this task is sequence-labeling.

Many-to-many tasks : this task takes a sequence and generates a sequence
where the length of input and output sequence may be the same. An example
for this task is sequence to sequence mapping.

For sequential data wherex; represents each step in a sequence with2 [1;n] and
h; denotes the hidden state of the system, a simple RNN cell, which is a set of
operations at each time step, may look like:

he = gh(Wxe+ Vi 1+ b)

2.28
Yt = Go(Uhy) ( )

whereW 2 R% di v 2 R dh Y 2 R% %4 gre matrices andg, and g, represent
functions. The dimension of input, hidden state and output are denoted asd;; dy,
and do, and b2 R% is a bias term. An RNN applies the same functionsg, and go
repeatedly for each element of the sequence, which is similar to the shared weights
in a convolutional lter. In practice, since recursive networks can grow very deep,
simple recursive units encounter problems with vanishing or exploding gradients.
Long sequences can be handled using a technique known as gating, where activation
functions and transformations are applied selectively, or inputs can be ignored en-
tirely. This mitigates the exploding and vanishing gradient problem at the expense
of a more complicated recurrent unit. Examples for these units are long-short-term-
memory (LSTM) units [24], and gated recurrent units (GRU) [25]. An extension of
RNNs are bi-directional RNNs [26], that train two instead of one RNN on the input
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sequence, one on the input sequence as-is and the second on a reversed copy of the
input sequence. This can provide additional context to the network and result in
faster and more detailed learning of the problem.

Graph Neural Networks (GNNSs) are a class of neural networks that are suitable
for graph-structured data. A graph consists of multiple nodes and edges between
them. Graphs are highly exible and allow to describe many types of structured
data including images and sequences. An example for graph-structured data in HEP
is the point cloud data type, which is an unordered set of points, for example the
raw hits in a detector. Graph-based neural networks can be seen as a generalization
of many types of machine learning models such as Recurrent Neural Networks and
Convolutional Neural Network, which is studied in detail in the formulation of ge-
ometric deep learning[27]. In general, there are three types of prediction tasks on
graphs: graph-level, node-level, and edge-lev§sg]. In a graph-level task the goal is
to predict a single property for a whole graph. A node-level task aims at predicting
some property for each node in a graph and in an edge-level task the goal is to
predict the property or presence of edges in a graph. For a mathematical review of
GNNs it is referred to reference[29].

2.2.3 Automatic Differentiation

Optimizing the parameters of a neural network often requires the calculation of gra-
dients with respect to millions of parameters. Automatic di erentiation (AD) is a
technique for e ciently and accurately evaluating derivatives of numeric functions
expressed as computer programs. It is much faster for the calculation of partial
derivatives with a large number of inputs than traditional approaches, such as sym-
bolic and numerical di erentiation, and does not su er from increasing errors when
calculating higher derivatives. Moreover, symbolic di erentiation has problems to
convert a program into a single expression, and numerical di erentiation su ers from
round-o errors. Theterm r L =r L(f(x; )), which needs to be computed in the
Stochastic Gradient Descent algorithm, requires computing partial derivatives with
respect to the parameters ;. If f is a composite modelf = f,(fn 1( ; n 1); n)),
and if the functions f; are di erentiable, the chain rule can be applied:
_afx)_ @ @x Q@x

- @ @ @x: @ (2.29)
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Figure 2.4: Overview of backpropagation. (a) Training samplesx; are passed forward, gen-
erating corresponding activationsy; and an error E between the output y; and
the target output t is computed. (b) The error is propagated backward, giving

the gradient with respect to the weights r ,,E = &E;:::; @& | which can

then be used in the gradient-descent algorithm. The gure is taken from [30].

where x, denotes the output of n-th composite function f,. The computation of
r ,L for f; requires the computation of a gradient at all preceeding functions. Ac-
cumulating the gradients of the di erentiable functions in the reverse order of the
composite model is referred to as backpropagation, which is widely used to train
neural networks. An example for backpropagation is shown in Fig. 2.4.

More generally, there are two modes of AD: the forward and backward mode. For a
composite functionf (x; ), the forward mode evaluates the chain rule in the same
order of the forward evaluation of f by rst computing @i=@xthen @$=@1, and
nally @f=@f 1. The backward mode evaluates the chain rule in the reverse di-
rection: starting from the last function @f=@# 1, then @f 1=@# », and nishing
with @f{=@x The backpropagation algorithm in equation 2.29 can be implemented
using the backward AD mode.

2.2.4 Vanishing Gradients and Regularization

As shown in equation 2.29, the gradient of thei-th function f; is a product of gra-
dients of the preceeding functions. If the gradients of these functions are very large
or very small, the magnitude can either increase or decrease exponentially with the
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number of layers, which is referred to as exploding and vanishing gradient prob-
lems that are particularly critical for deep neural networks that consist of many
composite functions. One way to mitigate an exploding gradient is to use gradient
clipping, which treats the maximum gradient as a model hyperparameter. Moreover,
many architecture designs are motivated by the vanishing and exploding gradient
problem, such as LSTM cells. Moreover, the initialization of model parameters and
normalization of input data can cause vanishing and exploding gradients. Thus, it is
often useful to center the input values around zero with a similar level of covariance
across the inputs. Since the mean and covariance of the data representations in hid-
den layers are evolving during the training phase, it is also often useful to explicitly
normalize features in between hidden layers, for example with batch normalization
that xes the means and variances of each layer's inputs. Another common form of
regularization for neural networks is called dropout, which randomly omits some of
the model units during training and can be interpreted as a type of model averaging.

2.3 Inference

Statistical inference refers to the problem of making inferences about a probabilistic
model given a sample of data. The two main approaches to statistical inference
are frequentist and Bayesian. Frequentist statistics interprets probability as the fre-
quency of the outcome of a repeatable experiment and, importantly, a probability
for a hypothesis or for the value of a parameter is not de ned. In Bayesian statistics,
the interpretation of probability is more general and includes a degree of belief and
it is therefore possible to de ne a probability density function (PDF) for the true
value of a parameter. The frequentist and Bayesian approaches are fundamentally
di erent interpretations of probability, however, for many inference problems they
give similar numerical values. The following description of basic statistical methods
is based on the Statistics chapter of the Particle Data Group review9].

For an experiment with data x, a hypothesisH is a statement about the proba-
bility for the data p(xjH). If the probability p(xjH) is a function of the hypothesis
H, it is called the likelihood L (H) of H. If the hypothesis is characterized by one or
more parameters , the likelihood function can be written as L( ) = p(xj ). In the
Bayesian approach, inference is based on the posterior probability foH given the
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data x, which quanti es the degree of belief that H is true given the data x. This
can be obtained from Bayes' theorem:

L P(xjH) (H)
T p(xjH9 (H9dHO

where p(xjH) is the likelihood for H. The quantity (H) is the prior probability
for H, which represents the degree of belief foH before the measurement. The
integral in the denominator serves as a normalization factor. IfH is characterized
by continuous parameters then the posterior probability is a PDF p( jx).

p(Hjx) = (2.30)

The statistical methods described in the following are implemented in the ROOT-
based software packageRooFit /RooStats [31, 32]. Recently also a statistics pack-
age calledpyhf [33] has been developed that implements many statistical methods
based on modern tensor arithmetic provided by the popular ML frameworks,Ten-
sorFlow , PyTorch and JAX .

2.3.1 Parameter Estimation

In the frequentist approach, parameters are estimated with the maximum likelihood
method or least squares ts. For a set of measured quantitiex and the likelihood
L( )= p(xj ) characterized by parameters , the maximum likelihood (ML) estima-
tors for are de ned as the values that give the maximum ofL. To avoid numerical
problems, it is often better to work with the log-likelihood InL, that is maximized
for the same parameter values of . An important property of maximum likelihood
estimators is that they are consistent, e cient and for large datasamples unbiased.
If the data consist of i.i.d. values, the joint PDF of the data sample factorizes and
the likelihood function is given by:

Y
L()= f(xi; ): (2.31)
i=1
If the probability to observe n events follows a Poisson distribution with mean
and the independent observationsx all follow f (x; ), then the likelihood can be
written as:

nooow
LC)= e f(xi; ) (2.32)

i=1
which is often called the extended likelihood. Under a change of parameters from
to ,the ML estimators " transform to ("), which means that the ML estimators
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are invariﬁnt uqder change of parameters. The invers&/ 1 of the covariance matrix
Vi =cov B;B for a set of ML estimators can be estimated with the relation:

g1 @InL

ij 0. (2.33)

For a small number of samples, this equation can result in a misestimation of the
variances. In the asymptotic limit (i.e., for large data samples)InL is parabolic
and s times the standard deviations ; of the estimators for the parameters can be
obtained from the hypersurface de ned by the parameters such that:

INL( )=In Lmax S°=2 (2.34)

where In L max is the value of InL at the solution point. The minimum and maxi-
mum values of ; on the hypersurface de ne an approximates-standard deviation
con dence interval for ;.

In Bayesian statistics, all knowledge about is contained in the posterior PDF
p( jx). The posterior can for example be summarized with the mean value and
covariance matrix.

2.3.2 Nuisance Parameters

In the presence of systematic uncertainties, the models are not perfect and the esti-
mated parameters can have a systematic bias. The imperfections can be addressed
by including additional parameters such that the more general modelp(xj ; ) de-
pends on the parameters of interest and the nuisance parameters . The presence
of nuisance parameters increases the statistical uncertainties for the parameters of
interest. This happens because the estimators for the nuisance parameters and the
parameters of interest will in general be correlated, which enlarges the contour de-
ned by equation 2.34. To reduce the impact of the nuisance parameters they can
be constrained with control measurements. If the control measurementy are sta-
tistically independent from x and are described by a modepy(yj ), the joint model
for both x andy is the product of the probabilities for x and y, and the likelihood
function for the full set of parameters becomes:

LC )= px(Xj s )py(y) ) - (2.35)
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Using all of the parameters( ; ) in equation 2.34 to calculate the statistical errors
for the parameters is equivalent to using the pro le likelihood [34], which depends
only on . The pro le likelihood is de ned as:

Lo( )= L( ;B()) (2.36)

where B denote the pro led values of the parameters , de ned as the values that
maximize L for the speci ed parameters .

In the Bayesian treatment of nuisance parameters one can obtain the posterior PDF
for Dby integrating over the nuisance parameters:
Y4
p( jx)= p(; jx)d (2.37)

which often needs Markov Chain Monte Carlo techniques to compute the integrals.

2.3.3 Confidence Intervals

Con dence intervals are intervals constructed such that they cover the true value of
a parameter with a speci ed probability [9]. Frequentist intervals can be obtained
with a procedure proposed by Neyman[35]. The boundary of the interval is given
by a function of the data, that would uctuate if the experiment was repeated many
times. The coverage probability refers to the fraction of intervals that contain the
true parameter value. Con dence intervals are constructed such that they have a
coverage probability greater than or equal to a given con dence level, regardless of
the true parameter's value. To illustrate the procedure, a PDFf (x; ) is considered,
where x represents the outcome of the experiment and is the parameter of interest
for which a con dence interval will be constructed. With a pre-de ned probability

1 , for every value of a set of valuesxi(; ) and x2(; ) can be found such
that the coverage condition is ful lled:
z,,
P(Xx1<Xx<X ;)= f(x; )dx 1 : (2.38)

X1

This is illustrated in Fig. 2.5, where a horizontal line segment[x1(; );x2(; )] is
drawn for several values of . The union of the intervals for all values of , indicated
in the gure as D( ), is referred to as a con dence belt. When an experiment is
performed to measurex and a valueXxg is obtained, one draws a vertical line through
Xo. The con dence interval for is then de ned as the set of all values of for which
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Figure 2.5: Construction of the con dence belt. The gure is taken from [9].

the corresponding line segmenfxi(; );X2(; )] is intercepted by this vertical line.
The con dence interval [ 1; 2], marked in red in Fig. 2.5, then has a con dence level
(CL) equalto 1

If the experiment is repeated a large number of times, the interval[ 1; 2] covers
the xed value in a fraction 1 of the experiments. The values ofx; and x»
are not determined uniquely by the condition of coverage. Central intervals can
be chosen such that the probabilities to nd x below x; and above x, are each
= 2, while for upper limits the lower bound can be set to zero and the upper to ,
adapting equation 2.38. Due to the freedom to decide which values to include in the
Neyman construction, also likelihood ratio ordering can be used to determine which
values ofx should be included in the con dence belt. The test statistic based on
the likelihood ratio is de ned as:

_ i)

RIS

where " is the value of the parameter which maximizes (x; ) in the physical region.
This results in the Feldman-Cousins intervals[36]. The Feldman-Cousins intervals
have the advantage that they do not exclude parameter values to which one has
little sensitivity and the prescription determines whether the interval is one- or two-
sided such that the coverage probability is preserved. If the model contains nuisance

()

(2.39)
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parameters , they can be incorporated by pro ling the likelihood as discussed in
the section above.

An important example of constructing a con dence interval is when the data consist
of random variables that follow a Gaussian distribution. In this case, the shape
of the likelihood function around the maximum likelihood estimator " can be used
to approximate con dence intervals. Using Wilks' theorem [37], it can be shown
that the con dence region for , that covers the true values with a certain, xed
probability, can be determined using the following relation:

INnL( ) InLmax In L (2.40)

where In L depends on the number of parameter dimensions and the desired cov-
erage. For example, the values of inside the 1- con dence region and for a one
dimensional parameter, are given by In L = 0:5.

In the Bayesian approach, the Bayesian posterior probability can be used to de-
termine regions with a given probability of containing the true value of a parameter
of interest, however evaluating the posterior is often computationally expensive.

2.3.4 Hypothesis Tests

Frequentist hypothesis tests determine whether a hypothesis is accepted or rejected
depending on the outcome of an experiment. A frequentist test of a hypothesisig

is a rule that states for which data x the hypothesis is rejected. A critical region,w,

is de ned such that the probability to nd x under Hg in w is smaller than a given
probability , referred to as the signi cance level of the test:P (x 2 wjHg) . The
hypothesis Hg is rejected if the data is observed in the critical region. As will be
discussed in 3.1.1, signal-versus-background classi cation corresponds to hypothesis
testing. The choice of the critical region is not unique and should take into account
the probabilities for the data predicted by an alternative hypothesis H1. Rejecting
Ho if it is true is called a type-I error, while not rejecting Hy if an alternative Hj is
true is called a type-Il error. The probability for a type-I error is by construction no
greater than , while the probability for a type-Il erroris givenby = P(x 2 wjH1).
The quantity 1 is referred to as the power of the test ofH with respect to the
alternative Hj. A sketch of a hypothesis test is shown in Fig. 2.6. The important
Neyman Pearson lemma states that the power of a test ofHy with respect to the
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Figure 2.6: Sketch of a hypothesis test for the null hypothesisH, and the alternative hy-
pothesisH1. The gure is taken from [38].

alternative H1 can be maximized by choosing the critical regionw such that for all
data valuesx inside w, the likelihood ratio

_ F(xjH4)

= F(xjHo) (241)

(x)
is greater than or equal to a given constantc , and outside the critical region one has
(x) <c . The value of c depends on the signi cance level of the test [9]. The

Neyman Pearson lemma is equivalent to the statement that the likelihood ratio is
the optimal test statistic. Type-I and type-II errors are also known as false positives
and false negatives and the receiver operating characteristic (ROC) curve, that is a
popular metric in machine learning, can be obtained by plotting the true positive
rate against the false positive rate at various thresholdsc .

To quantify the level of agreement between the data and a hypothesis without con-
sidering an alternative hypothesis, one can de ne a statistict whose value re ects
the level of agreement between the data and the hypothesis. The hypothesid
will then determine the PDF f (tjHg) for the statistic. The p-value quanti es the
signi cance of a discrepancy between the data andHg. If t is de ned such that large
values correspond to a poor agreement with the hypothesis, then the-value can be
written as: z,

p= f (tjHo)dt (2.42)

tobs

27



2 Machine Learning and Statistical Inference at the LHC

where tops is the experimentally observed value of the statistic. A hypothesis test
can be formulated by de ning the critical region such that that obtaining a p-value
p implies that the data outcome was in the critical region. When searching for
a new phenomenon in HEP, one often tries to reject the hypothesisig that the data
is consistent with the Standard Model. If the p-value of Hg is su ciently low, then
one accepts that some alternative hypothesis is true. Often the-value is converted
into an equivalent signi cance Z, de ned such that a Z standard deviation upward
uctuation of a Gaussian random variable would have an upper tail area equal top:

Zz= a p (2.43)

where is the cumulative distribution of the standard Gaussian, and ! is its
inverse function. In HEP usually the level of signi cance for a discovery isZ =5,
corresponding to ap-value of 2:87 10 7. However, in general the actual degree of
belief that a new particle is discovered will depend on other factors as well, e.g. that
the analyzers followed best scienti ¢ practices.

To nd a p-value for when the model also contains nuisance parameters, a
test statistic q can be constructed such that larger values of it correspond to in-
creasing incompatibility between the data and the hypothesis. For an observed value
of the statistic q.qps, the p-value of is given by:
Z,
p()= f(qj; )dg : (2.44)
d; obs

In the frequentist approach, is rejected only if the p-value is less than for all
possible values of the nuisance parameters. This requires to de ne a test statistic
g such that its distribution f(qj ; ) is independent of the nuisance parameters.
While exact independence is only possible in special cases, it can be achieved ap-
proximately with the pro le likelihood ratio. This is given by the pro le likelihood
divided by the value of the likelihood evaluated with the ML estimators b and b:

L(;b())
= — 2.45
P( ) L(b; b) ( )
Wilks' theorem [37] can be used to show that in the asymptotic limit the distribution
of 2In ( ) approaches a 2 distribution independent of the values of the nuisance

parameters
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In the Bayesian approach, all knowledge about the model is contained in its posterior
probability. A challenge in Bayesian hypothesis tests is the de nition of the prior
probability, since the posterior p(H jx) is proportional to the prior probability p(H),
and often there is no consensus about the prior probabilities, e.g. for the existence
of a new particle. However, it is possible to construct a quantity called the Bayes
factor [39], which quanti es the degree to which the data prefers one hypothesis over
another and is independent of their prior probabilities.

2.4 Applications in HEP

Machine learning has many di erent applications in particle physics. Some of the
diverse areas where modern machine learning algorithms are used in HEP include
event classi cation, tracking, triggering, object reconstruction, particle identi ca-
tion and calibration, fast simulation, as well as detector monitoring and production
work ows. A more complete overview over the various applications in HEP can be
found in [40]. In the following some selected examples for machine learning applica-
tions in HEP are discussed, based on the reviews ife3] and [41]. For a collection
of relevant literature it is referred to [42].

2.4.1 Event Selection

One of the main applications of machine learning in high energy physics is supervised
learning for the selection of signal events. Applying a selection on the classi er score
often improves the signal e ciency and reduces the background, which overall im-
proves the sensitivity of the measurement. It has been demonstrated that algorithms
trained with physics-inspired high-level features are outperformed by deep networks
based on features to which less pre-processing has been applied (low-level features).
In the left panel of Fig. 2.7 the performance of deep networks in signal-background
classi cation is compared to shallow networks with low- and high-level featureq43].
The study demonstrates that deep networks with only low-level features outperform
shallow networks that rely only on physics-inspired features such as reconstructed
invariant masses. This suggests that by using only high-level features some of the
information is lost. Feature engineering generally improves the performance of shal-
low neural networks and BDTs. However, with the rise of deep learning this is often
no longer necessary and rather limits performance compared to working with the
low-level features. By training all layers of a deep neural network simultaneously
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Figure 2.7: Left panel: comparison of the performance in signal-background classi cation
between deep neural networks (DN), and shallow networks (NN) with low- and
high-level features [43]. Right panel: the BDT-score distribution to separate
signal and background for a search for the Higgs boson decaying to a tau-lepton
pair by the ATLAS experiment is shown for one kinematic region [44].

one can interpret the intermediate layers as learned representations of the data, such
that the neural network automatically engineers useful features.

Besides training machine learning algorithms in order to apply selections on the
output score of the classi er, a common use case of supervised classi cation is the
construction of low-dimensional event summaries, which allow to perform statis-
tical inference on the parameters of interest. The learnt summary statistics can
e ciently combine high-dimensional information from each event into one or a few
variables, which may be used as the basis of statistical inference. These techniques
improved the sensitivity of the measurements and were used in various analysis,
among them the discovery of the Higgs bosoi1]. An example for such an analysis
is the measurement of the Higgs boson decaying into tau-leptons by the ATLAS
collaboration [44]. In this analysis the data sample is divided into six kinematic
regions. A BDT was trained to separate signal and background in each region using
12 discriminating input features. An example BDT output distribution obtained in
one region is displayed in the right panel of Fig. 2.7. The combined analysis of all
six regions provided strong evidence that the Higgs boson couples to tau-leptons,
with about 40% better sensitivity achieved through the use of a BDT algorithm.
The simulation that was used in this work was the basis of the 2014 Kaggle Higgs
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Machine Learning Challenge and now is often used as a benchmark for novel al-
gorithms. Moreover, multi-class classi cation has become a popular technique to
de ne analysis categories.

2.4.2 Jet Identification

Machine learning has also been applied to a wide range of jet classi cation problems,
in order to identify jets from heavy or light quarks, gluons, and W, Z, and H bosons.
The application of machine learning improved the identi cation by using the low-

Figure 2.8: Sketch of the CMS DeepJet architecture that makes use of Recurrent Neural
Networks. The gure is taken from [45].

level particle features within a jet. Since jets typically contain between 10 and 50
particles, the number of features is di erent for each jet. RNNs have proven to be
highly successful at processing long sequences of data and thus are particularly suit-
able for jet classi cation problems. Applying an RNN to jet classi cation requires
the particles in the jet to be ordered sequentially, such as sorting them according
to the value of the transverse momentum. A set of features for each particle can
then be provided to train the RNN to discriminate jets originating from di erent
sources. Both ATLAS and CMS have developed avor-tagging neural networks that
rely on individual particle features. The ATLAS recurrent-network-based approach
combined with traditional high-level features reduces the background by roughly
a factor of two [46]. The CMS DeepJet neural network [45], shown in Fig. 2.8,
uses three separate branches to process charged candidates, neutral candidates and
secondary vertices. The algorithm appliesl 1 convolutional layers to perform
automatic feature engineering for the di erent classes of jet constituents. The infor-
mation for each sequence of constituents is combined with three LSTM layers. The
full jet information is then combined using a fully connected layer. The DeepJet
algorithm outperformed all previous avour tagging approaches developed by the
CMS collaboration. The newest generation of avour tagging algorithms is based
on GNNSs and further improves the performance of jet identi cation [47, 48].
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2.4.3 Design Optimization of Detectors

The rise of deep learning also enables ambitious new programs to optimize complete
work ows, such as the end-to-end optimization of detectors. Optimizing the design

of detectors is a challenging task due to the complex interplay of physical processes
with the detector material and the large choice of detector elements and geometries.
However, as will be discussed in more detail in Chapter 4, so far the LHC has not
detected any new physics, and therefore making optimal use of nancial resources
to build new detectors might become crucial for the progress of high energy physics
in the future. The MODE collaboration [6] (an acronym for Machine-learning Op-

timized Design of Experiments) aims at developing tools based on deep neural net-

Figure 2.9: Conceptual layout of an optimization pipeline for a muon radiography appara-
tus [6].

works and modern automatic di erentiation techniques to implement a full modelling

of all elements of the experimental design, achieving end-to-end optimization of the
design of instruments via a fully di erentiable pipeline. The objective function for
this task can for example be de ned as the expected precision of a measurement, and
may be represented as a combination of performance and cost considerations that
are balanced within reasonable limitations. Neural networks are naturally suitable
for this task, since they can be used as surrogates for simulators to enable gradient-
based optimization in cases where a simulator is non-di erentiable. An example for
an optimization pipeline for a muon radiography apparatus is shown in Fig. 2.9.
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Cosmic rays are fed to a fast simulation of detection apparatus and scanned volume.
The simulation of multiple scattering, particle propagation, and resulting electronic
signals in the detector can be directly produced by a di erentiable program. Alter-
natively, a di erentiable module based on deep generative models or local generative
surrogates can be used. A generation and validation loop keeps the model appro-
priate as the layout parameters are modi ed during the optimization task. After
applying a reconstruction step, the output is used to compute a loss function that
describes as closely as possible the real goal of the system. Exploratory studies have
shown that very large gains in performance are potentially achievable even for very
simple apparatals, 49].
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As discussed in Section 2.4, classi cation and regression models have become very
popular in HEP to construct powerful summary statistics that are used for infer-
ence. However, as will be discussed in more detail in the following sections, neither
the standard cross-entropy loss, nor the standard measures of performance for the
learning task are aligned with the inference goal when the simulated events depend
on nuisance parameters. The presence of nuisance parameters then causes a reduc-
tion of the statistical power of the summary statistics during inference. In recent
years, a novel approach, callednferno [11], an acronym that stands for Inference-
Aware Neural Optimization, has been developed to construct machine learning based
summary statistics that are optimal for the speci c analysis goal. In the following,
event classi cation will be reviewed from a statistical perspective. Subsequently,
an overview over existing approaches to deal with nuisance parameters in machine
learning will be given. In the last section the inferno algorithm and its perfor-
mance on a synthetic example will be reviewed. The following sections are based on
the review in [10], the thesis [50], and the Statistics and Machine Learning chapters

of the Physics Data Group review[9] and are the main references for the material
presented below.

3.1 Event Classification

Event classi cation in HEP is commonly based on the training of probabilistic clas-
si ers with samples of di erent processes obtained from MC simulations. In the
following, the relation between probabilistic classi ers and probability density ra-
tios will be reviewed, as well as the limitations of using probabilistic classi ers to
construct summary statistics.
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3.1.1 Classification and Density Ratios

In Chapter 2.1.3 it has been shown that a probabilistic classi er trained with the
cross-entropy losd_ e (y; f (X)) will approximate the optimal classier f . For binary
classi cation with labels y = f0; 1g this is equal to the Bayesian posterior probability
p(y = 1jx) that the label y equals 1 given the featurex:

p(xjy =1)p(y = 1) .
p(xjy =0)p(y =0) + p(xjy =1)p(y =1)

face (X) = (3.1)
The prior distributions p(y) on the labels of the classes represent the frequency
in the training dataset. For binary classi cation problems, it is common to use a
balanced training dataset with p(y =0) = p(y =1) = % The true pYy = 1) in the
experimental data can be very small if the true signal is small, or even zero in the
case of a hypothetical particle. IfpYy) and p(y) are known, the posteriorp(yjx) can
be re-calibrated from one prior to another with the Bayes theorem. An example of a
re-calibration is the correspondence of binary classi cation to frequentist hypothesis
tests, where according to the Neyman-Pearson lemma the optimal classi er is given
by the likelihood-ratio:

p(xiy = 1)

p(xjy = 0)

which does not depend on the prior probabilitiesp{y = 0) and pYy = 1).
With the Bayes theorem it can be proven that both functions are related by a
monotonic transformation:

fnp (X)= (3.2)

ply =0) fpce(X)
ply=1)1 fBCE (x)

which is also referred to as the likelihood-ratio trick. The tradeo of type-l and
type-Il error is not a ected by this transformation, therefore the ROC curve for

(3.3)

fnp (X) =

fnp. and fgeg are identical and do not depend on the prior probabilitiesp(y). By
training a probabilistic classi cation model with binary cross-entropy, the likelihood
ratio r(x) = p(xjy = 1) =p(xjy = 0) can be approximated by:

p(y = 1)
p(y = 0)

where the equality is only true for the optimal Bayes classi er. This relation can also

fece(¥)  _ pxiy=1) ply=1) _
1 fgee(X)  p(xjy=0) p(y =0)

r(x) (3.4)

be obtained for other approaches that minimize continuous relaxations of the zero-
one loss and can be generalised for the multi-class case. Interpreting probabilistic
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classi ers as approximations for density ratios allows to study the limitations of
traditional machine learning approaches.

3.1.2 Sufficient Summary Statistics

X  RYis ad-dimensional representation of the event information, is a function of
the data D that reduces the dimensionality fromn dton b

s(x): X RI1Y RP (3.5)

where X  RY is the original feature space, andY  RP the new low-dimensional
space. Since the generating probability distribution p(xj ) is in general not known
analytically and has to be estimated from a nite number of simulated samples,
only summary statistics that are as low-dimensional as possible and approximately
preserve the information are relevant for inference. In HEP applications, often sim-
ple sample-wise statistics, such as histograms, are constructed fros(x), that are
then used to construct Poisson-count likelihoods. The e ect of nuisance parameters
is modeled by producing sets of simulations with di erent values of the nuisance
parameters and making use of interpolation algorithms.

The Fisher Neyman factorization theorem states that a summary statistic for a
set ofn i.i.d. observations x is su cient with respect to a statistical model and a set
of parameters if the generating probability distribution function of the data p(xj )
can be factorized as:

p(xj ) = a(x)r(s(x)j ) (3.6)

where g(x) is a non-negative function that does not depend on the parameters and
r(x) is a non-negative function that depends on and depends on the datax only
through the summary statistic s(x). A su cient statistic contains all information
about the relevant model parameters , and no information can be added by any
complementary statistic.

For a two-component mixture model it can be shown analytically that an approxi-

mately su cient summary statistic can be obtained by training a probabilistic clas-
sier. The two-component mixture model forms the basis for both cross-section
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measurements and new physics searches and thus is of particular importance in
HEP. In the absence of nuisance parameters, it can be written as:

p(xj )=@  Jpp(x)+ ps(x) (3.7

where is a parameter corresponding to the signal mixture fraction andps and py
are the PDFs for the signal and background distribution. This can be rewritten as:

. Ps(X)
Xj )= x) 1 3.8
pxj ) = po(x) G (38)
from which can be proven that the density ratio
Ps(X)
Se=p(X) = 3.9
is a su cient summary statistic for the mixture coe cient  , according to the Fisher-

Neyman factorisation criterion de ned in equation 3.6. It can be shown that any
bijective function of a su cient summary statistic is also a su cient summary statis-
tic, thus the conditional probability

Ps(X)

p(X) + Po(X) (310)

Ss=(s+b) (X) =

is a su cient summary statistic as well. This quantity can be approximated by
training a balanced probabilistic classi er as de ned in equation 3.1:

p(xjy = 1)
p(xjy = 0) + p(xjy =1)

face (X) = (3.11)
with the additional advantage that the output score of this classi er is bounded
between zero and one. The fact that signal-versus-background classi cation allows
to obtain an approximately su cient summary statistic for the mixture model and
mixture fraction  explains why these techniques are frequently used in HEP.

3.1.3 Why Is Classification Not Enough?

In the previous section, signal-versus-background classi cation was reviewed from
a statistical perspective. It has been shown that training a probabilistic classi er
approximates the density ratio r (x) = p(xjy = 1) =p(xjy = 0) between the signal and
background generating distributions. In the case when the generating probability
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distributions of the data are not fully speci ed, but depend on additional unknown
nuisance parameters , a probabilistic classi er trained to distinguish samples from
the data-generating distributions p(xj ;y =1) and p(xj ;y = 0) will approximate a
function of the density ratio

p(xj;y =1)

"o )= p(xj;y =0)

(3.12)
that will itself depend on the actual value of the parameters and the Neyman-
Pearson lemma does not hold any more. Thus, in the presence of nuisance pa-
rameters, even an optimal probabilistic classi er is not guaranteed to provide a
transformation that is optimal for inference. Moreover, if it is assumed that the
true value of the parameters is xed but unknown, as usually done in frequentist
inference in HEP, then the optimal classi er is not uniquely de ned. Training a clas-
si er with simulated data generated for a speci ¢ value of the nuisance parameters
might not be optimal for the classi cation of experimental data that correspond to
the unknown true parameter values e . This is the main issue when probabilistic
classi ers are used to construct summary statistics for inference. In practice, clas-
si ers can be trained for the most probable value of the nuisance parameters and
their e ect can be accounted for during inference. However, with this approach the
statistical power for inference can degrade even if the classi er is optimal.

The limitations of classi cation for statistical inference can also be formulated based
on the su ciency conditions for summary statistics, as de ned by the Fisher-Neyman

factorisation criterion. If the mixture model depends on additional nuisance param-
eters it can be written as:

Ps(X] )
Po(X] )

P(Xj; )= po(xj) 1 (3.13)

and it can be seen that the Fisher-Neyman factorisation criterion from equation 3.6
is not ful lled any more, since py and ps depend on the nuisance parameters. Thus,

even a Bayes optimal probabilistic classi er does not provide a su cient summary
statistics and useful information for inference might be lost if a low-dimensional
classi cation-based summary statistic is used.
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3.2 Nuisance Parameters in Machine Learning

There is a growing interest in the development of new technigues to mitigate the
e ect of nuisance parameters in inference problems. Recent work has shown that
some of the innovations in the eld of machine learning can be used to deal more
closely with the statistical inference objective of HEP analyses and several methods
have been developed. In the following, the various existing approaches are summa-
rized based on the review in[10], which is also recommended for a more detailed
reading.

3.2.1 Nuisance-Parametrized Models

The most direct way to account for the e ect of nuisance parameters in the construc-
tion of a summary statistic is to include them in the physical model by parametrizing
their e ect on the event features. For simple problems it is sometimes possible to
develop an analytical solution. An example in HEP is the decorrelation of the vari-
able i that is used to study the sub-structure in hadronic jets[51]. The »; variable
has a dependence on the jepr, thus applying a selection on this variable biases the
distribution of the reconstructed jet mass. It is possible to remove this bias almost
entirely by parametrizing the dependence of »; on the jet pr [52].

If experimental data is available that is informative of the value of the nuisance
parameters it sometimes can be exploited in the construction of summary statistics
with probabilistic classi ers. This was rst studied by Neal [53], who addressed the
problem of how the construction of a su cient summary for the signal fraction
with a binary classi er is a ected by unknown parameters , when these modify
the PDF of the signal and background events. The proposed solution is the con-
struction of low-dimensional summary statistics for both the nuisance parameters
and the observable event featurex with a probabilistic classi er. If suitable para-
metric models of the summaries can be constructed, they can be used for inference,
exploiting the informative power of the data to constrain the nuisance parameters.
Approximate su ciency can be reached, if the parametrizations do not cause a sig-
ni cant loss of information.

In case no knowledge or constraints on a nuisance parameter is available, some-

times it is possible to parametrize its e ect on the observations. An example of
this situation is the search for a new particle whose true mas yye is unknown.
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A classi er trained with signal events simulated assuming a masM1 = Mype +
su ers from a progressive degradation in performance a$ j increases. A possible
solution [54, 55]is to independently train a set of classi ers using data simulated
with di erent mass values for the unknown signal. However, this approach is still
sub-optimal, since each classi er is ignorant about the information processed by the
other ones. A way to avoid this limitation is to parametrize the e ect of the nuisance
parameter in the construction of the classi er [56] by including the unknown value
of Myue in the set of features of the signal events when training the classi er. The
advantage of this procedure is that an interpolated classi cation score for events
with mass values never seen during training can be obtained.

3.2.2 Feature Decorrelation and Penalized Methods

If a direct parametrization of the e ect of nuisance parameters is not feasible, sev-
eral alternative approaches exist. In the context of the search for new physics,
the ATLAS and CMS experiments have developed methods to increase the signal
purity without modifying the shape of the distribution of the reconstructed mass,
Mec. The goal of these methods is to avoid that a selection on the output of a
classi er biases the background towards displaying a signal-like mass distribu-
tion, which enhances systematic uncertainties on the estimate of the signal fraction
and hinders the application of bump-hunting techniques. The technique to reduce
the dependence of a classi cation score on the mass is callgdanning [57, 58]. It
is implemented by pre-selecting training samples for signal and background such
that they have the same marginal PDF in the variable one aims to decorrelate,
Ps(Mrec)®® = pg(Mec)®®. This can be implemented by weighting each eveni by
a mass-dependent valuev(M rec;i ):

lzm(Mrec;i)train ,l 2 S )

W(Meci) = .
( rec,l) 1=p3(Mrec;i)tra|n ,| 2 B

(3.14)

The weights are applied in the loss function of the classi er in the training stage,
but are not used during the validation and testing stage. It has been shown that
planning can signi cantly reduce the correlation between the classi er output and

the planed variable in speci ¢ situations. However, the e ectiveness of this approach
is limited when the classi er learns the value of the planed variable indirectly from

other event features.

In [57]it was also shown that a decorrelation of the output of a neural network classi-
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er from the mass of boosted hadronic jets can be possible by feature pre-processing
based on principal component analysis.

If a decorrelation of the classi er output from a variable of interest is not feasi-
ble due to other informative event features, a di erent type of solutions tries to
make the classi er score independent from variations in the value of the nuisance
parameters by implementing a robust optimization objective for classi cation. The
rst algorithm that designed such an objective is uBoost [59], which relies on boosted
decision trees to improve signal purity. The method is based on theAdaBoost algo-
rithm of increasing the weight of training events misclassi ed by the decision tree in
the previous iteration. It augments the algorithm by modifying the weight of signal
events depending on the disuniformity of the selection. The uniformity weight is
de ned as the inverse of the density of signal in the proximity of the event, and is
computed with the k-NN algorithm. Applied on a Dalitz analysis [59], the method
was shown to achieve uniformity with almost no degradation in classi cation perfor-
mance. Several other approaches that try to achieve a uniform selection e ciency
of a BDT classi er were introduced in [60] and it was shown that they outperform
uBoost in speci ¢ situations.

The robustness to nuisance parameters has also been addressed by adding suit-
able regularizer terms to the loss function of neural network classi ers. In[61] a
measure is introduced that quanti es to which extend two sets of featuresx and

y are independent. The proposed measure is calleDisCo ( distance correlation)
and is bound between 0 and 1, where a value of 0 indicates that and y are fully
independent. The measure is di erentiable and and its value can be added as a
penalty term to the loss of the classi er. A hyperparameter allows to control the
amount of interdependence ofx and y when minimizing the penalized loss.

A similar approach is taken in [62] where the authors aim at decorrelating a neural
network classi er output from nuisance parameters based on an approximately dif-
ferentiable histogram. The loss of the classi er is penalized by a term derived from
the di erence in the smoothed bin counts of the nominal output and its nuisance-
varied value, which decorrelates the classi er output from the nuisance parameters.

3.2.3 Adversary Losses

Another possible approach is the use of adversarial techniques to nd the best com-
promise between signal discrimination and impact of nuisances. The main idea of
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adversarial setups are two independent neural networks that compete with each
other in the search for the optimal working point in a constrained classi cation
problem. The global loss function is the combination of a classi cation loss and a
penalization loss that tries to learn information about the nuisance parameter from
the output of the classi er. Adversarial neural networks in HEP problems were rst
studied by Louppe, Kagan and Cranmer[63], who introduced adversarial techniques
to make the classi cation score pivotal, such that its distribution is independent on
the value of nuisance parameters. If the nuisance parameters a ect the shape of
the decision boundary, a hyperparameter multiplying the adversary loss can be
introduced. Louppe et al. study this approach both with a synthetic example and a
HEP use case where the nuisance parametét is categorical, describing the absence
(Z =0) or presence Z = 1) of pile-up in LHC collision data. In the case ofZ =1
they show how a compromise between the classi cation and the pivotal tasks can
be obtained by tuning the parameter

The adversarial technique has been applied to the discrimination of the decay of
boosted heavy particles[64] where background systematics a ect the inference of
the neural network based selection. In65]the e ectiveness of the adversarial train-
ing to alternatives based on data augmentation and tangent propagation is studied
based on the Higgs Kaggle Challengg6]. Another study in [67] examines adversar-
ial classi cation as a preliminary step to reduce the dependence of an autoencoder
task on systematic uncertainties. Moreover, the study in[68] addresses the problem
of theoretical uncertainties with adversarial networks. While adversarial methods
were shown to achieve approximate independence of the classi er output from nui-
sance parameters, there is no guarantee that the equilibrium point between the two
competing tasks is optimal for the inference goal of the analysis.

3.2.4 Semi-Supervised Approaches

An alternative approach to deal with nuisance parameters is exploiting experimental
data to complement or substitute simulated samples in the model training. This aims
at minimizing the gap between the inference performance of real and simulated data.
The approach is based on novel ideas from weak supervision and semi-supervised
learning and has the advantage that a classi er could be trained using data from
the experiment. Dery et al. [69] proposed a method, referred to as learning from
label proportions (LLP ), where a neural network is trained only based on class pro-
portions. The method is applied to a quark-versus-gluon tagging problem, and the
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authors nd that the performance is similar to that of a fully supervised classi er,
while being more robust to mismodelled input variables. However, this approach
requires knowledge of the label proportions in the mixed samples, which might be
unknown during the training stage.

To overcome this limitation, a method called classi cation without labels (CWoLA)
was developed by Metodiev et al[70]. The main idea of this approach is to train a
probabilistic classi er to distinguish between two mixed samples with di erent, and
possibly unknown, component fractions. This simpli es the LLP approach because
it is based on a standard classi cation loss, where the label is not the observation
class but an identi er of the mixed sample it belongs to. The authors show that the
optimal binary classi er to distinguish samples from each of the mixed samples is a
function of the density ratio between the components. Both,CWoLA as well asLLP
are tested with practical examples such as a quark-versus-gluon discrimination prob-
lems. Two other studies have applied variations ofCWoLA to a new-physics search
for gluino production [71] and the quark-versus-gluon discrimination problem([72].
However, while weak supervision can in principle be useful to build classi ers that
are more robust to certain types of mismodelling, existing practical approaches do
not fully address the issue of dealing with nuisance parametergL0].

3.2.5 Bayesian Neural Networks

Recently, there have also been proposals to use Bayesian Neural Networks for the es-
timation of uncertainties. Bayesian Neural Networks allow to estimate uncertainties
of neural networks by treating their weights as distributions, such that the network
output is a distribution instead of a xed value. The uncertainties of a network can
then be estimated by combining multiple measurements of the same test data to cal-
culate the mean prediction and its standard deviation. Recently, several attempts
have been made to apply Bayesian Neural Networks to HEP problems. [1ji73] the
authors show that Bayesian Neural Networks can be used in the event reconstruction
of collider events to improve the prediction accuracy and uncertainties. The authors
in [74] demonstrate how to treat systematic uncertainties with the use of Bayesian
Networks for a synthetic top tagger example that uses jet images. Building on this
work, in [75] a Deep Bayesian Neural Network is used in a regression task to treat
systematic uncertainties on the momenta of boosted top quarks forming fat jets.
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3.2.6 Simulation Based Inference

The goal of simulation-based inference is to extend statistical procedures to the sit-
uation where one does not know the explicit likelihoodp(xj ), but has access to a
simulator that de nes the likelihood implicitly [76]. The key idea of the concept
is the training of a classi er using supervised learning to discriminate two sets of
data, that both come from the simulator and are generated for di erent parameter
points ¢ and 1. The classi er output function can be converted into an approxi-
mation of the likelihood ratio r(Xj o; 1) = p(Xj o)=p(Xj 1) between ¢ and 1. The
approach is amortized, which means that after a simulation and training phase,
the surrogates can be evaluated e ciently for arbitrary data and parameter points.
The use of neural networks eliminates the requirement of low-dimensional summary

Figure 3.1: Sketch of a typical HEP analysis. Simulation based inference methods propose to
obtain additional information from the simulator that can be used to train neural
networks to e ciently approximate arbitrary likelihood ratios for inference. The
gure is taken from [77].

statistics, because the model learns the structures in high-dimensional data, which
potentially improves the quality of inference. With the drawback of a more complex
training procedure, this technique is the rst general solution for dealing with nui-
sance parameters when using machine learning for HEP inference. In the original
paper [78], Cranmer et al. introduced a generic framework for inference using cali-
brated parametrized classi ers referred to ascarl

Brehmer et al. further extended the approach of parametrized classi ers to better
exploit the latent-space structure of generative models from complex scienti ¢ simu-
lators [77, 79, 80, 81].The authors show that in some situations, that are common for
HEP analysis, it is possible to extract additional quantities from the simulator that
characterize the likelihood of the latent process. A sketch of a typical HEP analysis
is shown in Fig. 3.1, where the simulator is a Monte Carlo event generator. The ad-

44



3 Inference Aware Neural Optimization

ditional information can be used to augment the training data for surrogate models.
This often allows to solve the supervised learning task more e ciently, which can
improve the sample e ciency in the inference task. In some cases, one can augment
the training dataset to include the joint likelihood-ratio

r(Xi;zij o, 1) == P(Xi;zij o)=p(Xi;zj 1) (3.15)

where z; are unobserved latent variables from the simulator. This can be used
to reduce the variance of the loss function. While the marginal likelihoodp(xj )
is intractable due to the high-dimensional integral over the latent space, the joint
likelihood is often tractable and therefore it is often possible to augment the training
dataset with the joint score

t(Xi;zij o) == 1 logp(Xi;zij )i, : (3.16)

Based on this additional information, Brehmer et al. developed several new methods
that extend carl to more e ciently approximate the parametrized likelihood ra-
tio r(xj o; 1) and they demonstrate the e ectiveness in several example problems.
Moreover, they developed a new class of methods referred to aslly using the
regressed score approximatiorf(xj o) at a single reference parameter point o to
construct a summary statistic. The scoref de nes an optimal summary statistic
in the neighborhood of , and thus is useful for inference. To further reduce the
dimensionality if the number of parameters is large, the authors propose another
technique, referred to assallino

A challenge for the application of these methods in HEP, particularly for the meth-
ods that use augmented data from the simulator, is to approximate or model the
e ect of all relevant nuisance parameters in the joint likelihood ratio and score. To
facilitate this, Brehmer et al. developed a software librarymadminer [82] to simplify
the application of these techniques to LHC measurements.

3.3 INFERNO

In the previous sections it has been shown that classi cation-based summary statis-
tics cannot easily account for the e ects of nuisance parameters and their power for
statistical tests is reduced when nuisance parameters are taken into account dur-
ing inference. The simulation-based inference techniques, that propose a general
solution for dealing with nuisance parameters in machine learning, do not construct
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summary statistics, but aim at directly addressing the inference problem. While
this approach has great potential, it is quite di erent from the typical approaches in
HEP. Therefore, adapting it in large experimental collaborations may be challeng-
ing. In recent years complementary inference-aware techniques have been developed,
that aim at constructing machine-learning based summary statistics that are better
aligned with the statistical inference goal of HEP analysis and can be used in place
of traditional histograms. A generic technique in this category isinferno [11]. In
this work the authors P. De Castro and T. Dorigo show how non-linear summary
statistics can be constructed by minimizing inference-motivated losses via stochastic
gradient descent. The algorithm is studied with a synthetic example, inspired by a
typical cross-section measurement. The proposed algorithm can be used to directly
minimize the approximated variance of the parameter of interest, fully accounting
for the e ect of relevant nuisance parameters.

3.3.1 Algorithm

The inferno  algorithm [11] aims at directly minimizing the expected variance of
the parameter of interest (POI) obtained via a non-parametric simulation-based
synthetic likelihood. The parameters of a neural network are optimized by stochastic

Figure 3.2: Sketch of theinferno algorithm. Batches from a simulator are passed through a
neural network and a di erentiable summary statistics is constructed that allows
to calculate the variance of the POI. The parameters of the network are then
updated by SGD. The gure is taken from [11].

gradient descent via automatic di erentiation, where the loss function accounts for
the details of the statistical model and in particular the e ect of nuisance parameters.
The original algorithm has been implemented inTensorFlow 1 [83]. A sketch of
the inferno  algorithm is shown in Fig. 3.2. An inference-aware summary statistics
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is learnt by optimizing the parameters of a neural network f in order to reduce
the dimensionality d of each input observationx:

f(x; ):RY1 RP: (3.17)

tained from a simulator g with parameters 5. Here Gs denotes one batch of sam-
ples. The number of nodes in the last layer of the network determines the dimension
b of the summary statistics. Since histograms are not di erentiable, the original
algorithm uses a softmax function as a di erentiable approximation for the neural

network output y:
X efi(X; )=

§i(Gs; )= P
|( s ) jb=0 efi (x; )=

(3.18)

X

where the temperature hyperparameter regulates the softness of the operator. For
small temperatures ! 07, the probability of the largest component will tend to
1 while others to 0. With this approximation it is possible to construct a summary
statistic for each batch by computing the Asimov Poisson-count likelihood"s [84]:

Cal 3 )= Y Pois($i(Gs; )isi(Gs; )) : (3.19)
i=0

The MLE for the Asimov likelihood is the parameter vector ¢ used to generate the
simulated datasetGs, i.e. argmax La( ; ) = s. The concept of Asimov data is
also referred to as saturated models in statistics. The e ect of the parameters of
interest and the main nuisance parameters can be included by changing the mixture
coe cients of mixture models, translations of a subset of features, or conditional
density ratio re-weighting. An example for this will be discussed in the next section,
where the application of the algorithm to a synthetic example is described. From the
Asimov likelihood the Fisher information matrix is then calculated via automatic
di erentiation according to:

L)y = logCa( ;) : (3.20)

@
@@
As has been discussed in Chapter 2.3.1, the covariance matrix can be estimated
from the inverse of the Fisher information matrix if “ is an unbiased estimator of
the values of :
cov (™ 1() *t: (3.21)
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It is also possible to include auxiliary measurements that constrain the nuisance

AC =LAl ) Le(): (3.22)

The loss function used to optimize the parameters of the neural network can be

any function of the covariance matrix at ¢, depending on the concrete inference
problem. The diagonal elementsl; 1( ) correspond to the expected variance for
the parameter ;. Thus, if the aim is optimal inference about one of the parameters
l 0 = K a possible loss function is:

U= 14" s) (3.23)

which corresponds to the approximated expected width of the con dence interval
for ! o.

3.3.2 Synthetic Example

The performance ofinferno  has been studied with a synthetic three-dimensional
mixture model with two components [11] and the authors show that the summary
statistics learnt with inferno outperform those obtained by using a classi er trained
with binary cross-entropy (bce). The studied model is de ned by the following PDFs
for the background:
#!
. . 50 .
fp(xjr; )= N (Xo;x1)j(2+ r; 0); 0 9 Exp(x2j ) (3.24)

and the signal:
#l
. 10 .
fs(x) = N (Xo;x1)j(1;1); 0 1 Exp(x2j2) (3.25)

such that (xg;x31) are distributed according to a multivariate normal distribution

while x» is given by an exponential distribution. The signal distribution is fully
speci ed while the background distribution depends on the parameterr, that shifts
the mean of the background density, and a parameter that speci es the rate of the
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exponential distribution. A common model for physics analyses at the LHC, where
the expected number of observations can be inferred from simulations, is given by:

S
s+ b

p(xjs;r; ;b) = fo(xjr, )+ fs(x) (3.26)

s+ b

where s and b correspond to the expected number of signal and background events.
The performance ofinferno is compared to a neural network trained with binary
cross-entropy. Furthermore, the performance is also compared to the optimal infer-
ence baseline obtained from the analytical extended likelihood:

L(s;r; ;b ) =Pois(njs+ b)Yl p(xjs;r; ;b) (3.27)

and the performance is also compared to the optimal classi er, given by:

. fs(x)
s (Xjr; )= - X 3.28
O )= 60+ i ) 329
As described in Section 3.1.1s is a su cient summary statistic for a two-component
mixture model if the only unknown parameter is the signal mixture fraction.

In the inferno  paper the authors consider ve inference benchmarks withs = 50
signal events andb= 1000 background events, that vary in the number of nuisance
parameters and their constraints:

Benchmark 0: no nuisance parameters are considered, both signal and back-
ground distributions are taken as fully specied (r = 0:0; = 3:0and b =
1000).

Benchmark 1: r is considered as an unconstrained nuisance parameter, while
=3:0 and b= 1000 are xed.

Benchmark 2: r and are considered as unconstrained nuisance parameters,
while b= 1000 is xed.

Benchmark 3: r and are considered as nuisance parameters but with the
following constraints: N (rj0:0;0:4) and N ( j3:0; 1:0), while b= 1000 is xed.

" Benchmark 4: allr; and bare all considered as nuisance parameters with the
following constraints: N (rj0:0;0:4); N ( j3:0; 1:0) and N (bj100Q 100).
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In the training of inferno , the expected number of signal and background events,
s and b are included in the computation graph by scaling the Poisson counts of the
signal and background observations. The e ect of the nuisance parameters and

is modelled as an analytical transformation of the input data.

200,000 events have been considered for the training, while 1,000,000 events are
used for evaluation. The same network architecture is used both for cross-entropy
and inference-aware training: two hidden layers of 100 nodes followed by RelLU ac-
tivation functions. A temperature of = 0:1 has been used for the inference-aware
models, which were trained during 200 epochs with SGD using mini-batches of 2000
observations and a learning rate =10 6. The models based on a cross-entropy loss
were trained during 200 epochs using a mini-batch size of 64 and a xed learning rate
of =0:001 The results of the study are provided in Fig. 3.3. The median and 1-
percentiles on the expected uncertainty ors are reported for 100 randome-initialized
instances of each model and the optimal classi er and likelihood-based inference are
included for comparison. The conclusion of the study is that con dence intervals ob-

Figure 3.3: Summary of the results for the benchmarks de ned in the text. Details can be
found in [11].

tained using inferno -based summary statistics are more precise compared to those
obtained with binary classi cation and tend to be closer to the con dence intervals
expected when using the true likelihood for inference. The improvement over binary
classi cation increases when more nuisance parameters are considered. The authors
also show for Benchmark 2 that the inference-aware summary statistics learnt forg
work well if the value used during the training deviates from the true value of .
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3.3.3 Novel Developments and Related Work

Charnock et al. [85] propose a machine learning technique, called information maxi-
mizing neural networks, that aims at nding non-linear functionals of the data that
maximize the Fisher information. By design, this approach will nd transformations
that are minimally a ected by nuisance parameters while being maximally sensitive
to the parameters of interest. Related to this work, Alsing et al. [86] have developed
a transformation that can be applied to marginalize the summary statistics resulting
from information maximizing neural networks.

Additionally, alternative approaches exist that may be useful in speci c situations.
In [87] a variation of boosted decision trees is developed, referred to agdt . The
loss is based on the statistical signi cance, and can also include the e ect of nuisance
parameters in its approximation.

In [88] the expected signi cance approximation formula for a single-bin counting ex-
periment that can include the e ect of a single source of systematic uncertainty is
used as a loss function of a neural network. Related to this work, irig9] the authors
use an approximation of the Punzi gure of merit as a loss function. The Punzi loss
is used in the search for new physics and maximizes the inverse of the minimum
detectable cross-section, which de nes a sensitivity region for which the experiment
will certainly give conclusive results.

More recently, the authors of [90] proposed a custom loss function for the search
of new physics where the e ect of di erent nuisance parameters is included with a
polynomial approximation.

While inferno  focuses on uncertainty-aware loss functions, there is a complemen-
tary line of research that focuses on the pro ling aspect of uncertainty awareness.
The authors in [91] train a classi er that is fully aware of uncertainties and their
corresponding nuisance parameters. Speci cally, the nuisance parameteris treated
as a feature alongside the observed data, such that the network learns a decision
function which varies with the nuisance parameter, allowing for later pro ling over
the nuisance parameters during inference. The method is studied using a synthetic
Gaussian dataset, as well as the Kaggle Higgs Challendé6]. For both cases the
authors show that the uncertainty-aware approach can achieve a better sensitivity
than alternative machine learning strategies.

More recently, there has also been some work that is based on the ideasioferno
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Wunsch et al. [92] approximate the bins of a histogram with Gaussian functions
and use a neural network with a sigmoid function in the last layer as the basis for
the inference-aware loss to construct a Poisson count likelihood. The authors study
the approach with a synthetic example and the Higgs ML dataset including nui-
sance parameters. The authors oheos [93, 94]implement a di erentiable version of
kernel-density estimation to construct a di erentiable summary statistic and com-
pute the gradients of the pro le likelihood with a technique referred to as xed-point
di erentiation that directly minimizes the expected upper CLs limits.

Moreover inferno  has been rewritten in TensorFlow 2 and a PyTorch version
PyTorch_Inferno [95] has been developed by G. Strong, that besides analyti-
cally parametrizing the e ects of nuisance parameters, allows to use a di erentiable
interpolation algorithm, which is important for typical HEP analysis. Details of
this implementation will be further discussed in Chapter 7, where the INFERNO
algorithm will be applied to a realistic CMS measurement of thett production cross-
section in the +jets channel. The following two chapters will provide an overview
over the Standard Model and the CMS detector that are essential for this analysis.
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Following the introduction of the INFERNO algorithm, this chapter will provide an
overview over the Standard Model of elementary particles (SM) that is studied in
detail at the LHC, and is of particular relevance for the tt cross-section measurement
discussed in Chapter 6.

The Standard Model is one of the great triumphs of modern physics. Itis a Quantum
Field Theory that describes three of the four known fundamental interactions in
our world. Its development started in the early 1970s with the formulation of a
uni ed theory of the electromagnetic and weak interactions by Glashow, Salam and
Weinberg [96]. The theory became widely accepted by the discovery of neutral weak
currents at CERN in 1973[97]. Various precision measurements and discoveries have
established the validity of the Standard Model at energies up to the electroweak
scale. The discovery of the Higgs boson by the ATLAS and CMS collaborations in
2012 completed the spectrum of particles in the Standard Mode[98, 99]. Despite
its great success, the Standard Model cannot explain several physical phenomena,
therefore it is not a complete theory of fundamental interactions. One of the most
promising avenues to discover new physics that can lead to the development of a
complete theory of fundamental interactions is the study of top physics at particle
colliders, such as the Large Hadron Collider (LHC) in Geneva. This chapter will
provide an overview over the mathematical foundations of the Standard Model, as
well as its limitations. It will then introduce the physics of proton-proton collisions
and give an overview over the top physics program of the CMS experiment at the
LHC.

4.1 The Standard Model

Mathematically the Standard Model can be specied as a Quantum Field The-
ory with gauge group SU(3) SU(2) U(1) with 15 left-handed spinor elds in
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three copies of the representation 1; 2; % (1;1;+1) 3; 2;+% 31; %

3;1; +% . The rst entry of each triplet refers to the representation of the group
SU(3), the second entry to the representation of SU(2) and the last entry corre-
sponds to the value of the U(1) hypercharge. The eight gauge bosons that mediate
the strong force are called gluons and are associated to the generators of the group
SU(3). The Higgs mechanism induces a mixing of the gauge bosons that couple to

Figure 4.1: Overview of the particle content within the Standard Model of particle physics.
Diagram adapted under licence CC BY 4.0.

the generators ofSU(2) and U(1). A linear combination of the bosonsA%?, asso-
ciated with the group SU(2), form the two physically observable gauge bosonsv™*
and W . The photon, that couples to the electric charge, is a linear combination of
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the third boson of SU(2), A% and the bosonB that is associated with the group
U(1). The linear combination orthogonal to the photon corresponds to theZ boson.
The spinor elds in the SU(3) SU(2) U(1) representation 3; 2;+% correspond
to the up- and down-quark, while their conjugate right-handed partners are in the

representation 3;1; 2 and 3;1;+3 . The electron and neutrino are in the rep-

resentation 1;2; % , while the conjugate right-handed partner of the electron is

in the representation (1;1;+1) and the neutrino does not have a conjugate right-
handed partner. The fact that the up- and down-quarks, as well as the neutrino and
electron, transform as a doublet underSU(2), while their conjugate partners do not,
implies that the theory is parity violating. The masses of the elementary particles
are explained by the Higgs mechanism. The Standard Model Lagrangiah contains
all terms that are allowed by the gauge symmetries and Lorentz invariance and are
of mass dimension four or less. The action of a quantum eld is de ned as:

Z
S= L(;@ )d* (4.1)

and the equations of motion for the eld can be obtained with the action principle,
which requires the action integral to be stationary under small perturbations, i.e.
S =0, yielding the Euler-Lagrange equations:

!

Q@ @ .
@ @6 @-0. (4.2)

The important Noether theorem states that every continuous global symmetry of
the action leads to a conserved current] :

@J =0 (4.3)

which implies a conserved charge for solutions of the equations of motion. The
description of the Standard Model in this chapter is based on the standard lit-
erature [100] and [101], which is also recommended for a more detailed review on
Quantum Field Theory and the Standard Model.

4.1.1 Gauge and Higgs Sector

The electroweak part of the gauge group,SU(2) U(1) with the complex scalar

Higgs eld ' in the representation 2 % gives rise to the electromagnetic and the
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weak force and provides an explanation for the masses of the massiWW¢ and Z
vector bosons. The covariant derivative of the Higgs eld' is given by:

h i
(D')=@ i @ATo+gB Y " (4.4)

with T2 = % a where 2 are the Pauli matrices, g, and g; the coupling constants of
SU(2) and U(1), and Y is the hypercharge generator. The form of the Higgs potential
V(' ), which is displayed in Fig. 4.2, is chosen such that it provides degenerated
vacuum states and a local maximum:
1 1, 2
[ —— vy - 2

V() 2 5V (4.5)
where is a positive constant. As a result, the Higgs eld acquires a honzero vacuum
expectation value v that spontaneously breaks the groupSU(2) U(1) to U(1). It

Figure 4.2: Sketch of the Higgs potentialV (' ). Selecting one of the points at the bottom of
the potential breaks spontaneously the rotational U(1) symmetry [102].

is possible to make a global gauge transformation to bring the vacuum expectation
value in the rst component and make it real:

HOj* (x)j0i = 1952 (4.6)
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and by replacing ' with its vacuum expectation value and inserting this relation
in the kinetic term of the Higgs eld ', which is given by (D ' )D ', the mass-
squared matrix for the gauge elds can be identi ed as:

0 12
LA gB g Al iAZ A 1

1
Lmass = 5v2(1;0)@ 4.7
This matrix can be diagonalized by de ning the weak mixing angle:
w tan Yom=g) (4.8)

and the physical gauge boson elds, that correspond to the normalized eigenvectors
of the mass-squared matrix, are then de ned as:

W 1952 Al A2 (4.9)
Z owA® syB (4.10)
A swA3+ ouwB (4.11)

where sy sin w and oy cos w. The physical elds are mixtures of the
massless bosons associated with the U(1) and SU(2) local gauge symmetries. In
terms of these elds, equation 4.7 can be written as:

1
Lmass= MaW*H W éMzzz z (4.12)

where My = gpv=2 and Mz = Mw=cos w. The mass of theW boson is deter-
mined by the coupling constant of the SU(2) gauge interactiong, and the vacuum
expectation value of the Higgs eld. The Z boson, which is associated with the neu-
tral Goldstone boson of the broken symmetry, has acquired mass through the Higgs
mechanism, while the eld A that corresponds to the photon remains massless.
This means that there is an unbroken U(1) subgroup that can be identi ed with the
gauge group of electromagnetism. The two complex components of the Higgs eld

result in four real scalar elds. After the spontaneous breaking of the symmetry,
three of the scalar elds give the longitudinal degrees of freedom of th&Vv and Z
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bosons, while the remaining scalar eld accounts for shifts in the overall scale of .
Therefore, the Higgs eld in unitary gauge can be written as:

= ey T

. . (4.13)

whereH is a real scalar eld. The particle corresponding to the eld H is the Higgs
boson. With this the potential becomes:
. 1 5,21 3, 1 4
= = + = + — .
V() 4v H 4vH 16H (4.14)
and the mass of the Higgs boson can be identi ed am3 = %v 2. The kinetic term
for H can be written as %@H@ H, while the kinetic terms for the gauge elds are
iven by:
’ ’ L= lpa pa g g (4.15)
T4 4 '
Fi Z@A' @AI + o ukAJAk
B @B @B

By forming the combinations F*  iF 2 and using equation 4.8, one can de ne a
covariant derivative that acts on W*:

(4.16)

D @ igA®=@ iga(swA +cwZ) (4.17)

and A can be identi ed as the electromagnetic vector potential. By assigning an
electric chargeQ = +1 to the W* boson, then it follows from equation 4.17 that
the electromagnetic coupling constante is identi ed as:

e= gsin w : (4.18)
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All of this can be assembled into the complete Lagrangian for the electroweak gauge
elds and the Higgs boson in unitary gauge with the electromagnetic eld strength
F = @A @A ,andZ @Z @Z which nally gives:

1 1
L= FF 22 Z DW DW"+DYW D W*
+ie(F +cot wZ )W'W
1 .
5 €f=sin® y WEW WT W WEWTW W (4.19)
1 2
M2W* W+ EMzzz Z 1+v H
1 1 1 1
>@H@H EmﬁH2 Emﬁv q3 émav 2H4

Many properties of electroweak phenomena were veri ed by experiments, including
the discovery of the massiveW [103, 104]and Z bosons[105, 106],and the exis-
tence of weakly-interacting neutral and charged currents[97]. The observed masses
of the W and Z bosons areMy = 80:4 GeV and Mz = 91:2 GeV [9] which implies
cos w = 0:882 In 2012 the CMS and ATLAS collaborations discovered a parti-
cle with a mass of125 GeV consistent with the expected properties for the Higgs
boson[98, 99].

4.1.2 Lepton Sector

Leptons are particles with a spin value of one-half. Since they are singlets of the color
group SU(3), they are not a ected by the strong force. There are three generations
of leptons: eand ¢, and , and . The electron and its neutrino can be
described by left-handed spinor elds™ and e in the representations 2; % and
(1;+1) of SU(2) U(1). The SU(2) components of can be written as:
1
T = : (4.20)
e

Since only the left-handed spinor elds of" transform as a doublet underSU(2) the
gauge theory is parity violating. The covariant derivatives of the lepton elds are
given by:

(D )= @ igAYNT?Y  igs

D e= @e igi(+1)B e

B i

NI =

(4.21)
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and their kinetic terms are:
Lin =i (D "), +i¢ D e: (4.22)

The Higgs mechanism does not only generate the masses of the gauge bosons, but is
also responsible for the masses of the leptons. Since the left- and right-handed elds
transform di erently under SU(2), a mass term involving only ~ and/or e does not
respect the gauge symmetry ofSU(2) U(1). However, it is possible to introduce
mass terms for fermions with a Yukawa coupling that respects the gauge symmetry
and takes the form:

Lvuk = y"ij' i‘je+ h.c. (4.23)

where h.c. refers to the hermitian conjugate,’ is the Higgs eld in the 2; % rep-

resentation, andy is the Yukawa coupling constant. In unitary gauge this equation
becomes:

Lvue pl—zy<V+ H) ee+ &'

(4.24)

pl—zy(v + H)EE

with the de nition of a Dirac eld for the electron and a Majorana eld N for the

neutrino: ! !

e
E ; NL PN = 4.25
o L P 0 (4.25)

with P = %(1 5). From equation 4.24 it can be seen that the electron has

acquired the massme = yv= 2, while the neutrino is still massless. By expressing
the covariant derivatives in equation 4.21 with the elds W ;Z , and A , one can
identify the generator of the electric charge:

Q=T3+Y (4.26)

and from the de nitions of the generators T2 and Y the following relations can be
obtained:

T3 =+ 2, 7%= 1o Tl%=o

i 12 (4.27)
Y = —-:; Ye= —e; Ye=+e

2 2

and the values of the charge of the spinor elds are given by:

Q =0; Qe= e Qe=+e (4.28)
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which are the electric charges that are expected for the electron and the neutrino.
In terms of the Dirac elds one nds the following relations for the couplings of the
gauge boson elds to the leptons:

e

1 1
Lint = %gzww + P5eW J* o+ Z J, + eA Jgy (4.29)

Sw Cw

with the de nition of the conserved charged and neutral currents:

J* E. N_
J N. B
Jz  J3 S3v\1|z|v| (4.30)
1 1_
J3 EN L N|_ EEL EL
Jem E E:

From equation 4.29, equation 4.19, equation 4.22 and equation 4.24 the Lagrangian
of Quantum Electrodynamics for the electron Dirac spinor E and the photon eld
A can be identi ed:

= 1 _
Loep =iE @E ;F F  mMcEE+ eA Jgy (4.31)

where  are the Dirac matrices. Applying the Euler-Lagrange equations, as de-
ned in equation 4.2, with respect to the eld of the photon A yields the Maxwell
equations that form the foundation of classical electromagnetism:

@F = ey (4.32)
and applying the Euler-Lagrange equations with respect to the eldE yields:
(i @ mgE=e AE (4.33)

which is the original Dirac equation on the left side and the interaction with the
photon eld A on the right side. It can further be shown that the exchange of the
W boson generates the Fermi weak interactiorj107] that was developed to describe
the -decay and can be interpreted as a low-energy E ective Field Theory of the
SM. The Fermi constant can be de ned as:

e?

G -
T4 2siP WM2

(4.34)
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which corresponds to the historical de nition of the Fermi coupling.

4.1.3 Quark Sector

Quarks are spin-one-half particles that transform under the color group SU(3). The
Quantum Field Theory of the strong interaction associated with the group SU(3)
is also referred to as Quantum Chromodynamics(QCD). There are three families of
quarks: up u and down d, charm c and stranges, top t and beauty (or bottom) b.
A single quark family can be described by left-handed spinor eldsg, u and d in the
representation 3;2;+% ; 3;1;, % ,and 3;1;+% of SUB) SU@2) U(1). The
SU(2) components ofg can be written as:

= : 4.35
q q (4.35)
As in the case of the leptons, only the left-handed spinor elds ofg transform as
a doublet under SU(2) implying that the theory is parity violating. Experimen-
tally, parity violation was rst discovered in the Wu experiment in 1956 [108]. The
covariant derivatives of the quark elds are given by:

(D 9, = @q igsA TS ai  ig2A%(TS) a; gy +1 B g
(Du =@u igsA*(TE) u g1 2 Bu (4.36)
Dd =@d igsA*(T$) d g1 +:Bd

and the kinetic terms can be expressed as:

Lkn =ig¥' (D @; +ivY (D u) +id Dd (4.37)

As in the case of the leptons, a mass term can be generated via Yukawa couplings:

Lvak = Y¥U'ig;d  y®Ygiu +he (4.38)

where' is the Higgs eld in the 1;2; I representation, andy®and y®are the
Yukawa coupling constants. In unitary gauge this becomes:

L vuk pl—zyo(v+ H) dd + dd pl—zyo‘fv+ H) uu +uwuw

(4.39)

pl—zyo(v+ H)D D pl—zyo?v+ H)U U
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with the de nition of the Dirac elds for the down- and up-quarks:
! !
D gy U o (4.40)
From equation 4.39 it follows that the up-quarks have acquired the massm, =
yOQ/:pé and the down-quarks have acquired the massngy = y‘\/zp 2. With the
de nition of the generator of the electric charge Q = T3+ Y the following charges

are assigned to the up- and down-quarks:

Qu:+§u; Qd= %d; Qu = %u; Qd:+%d (4.41)

which are the charges that are expected for the up- and down-quarks. By express-
ing the covariant derivatives in equation 4.36 with the elds W ;Z , and A and
using the de nitions of the four-component elds, the following couplings of the
electroweak gauge elds to the quarks can be found:

e

1 1
Lin = P=W'J  + p=gW J* + Z J, + eA Jgy (4.42)
2 2 Sw Cw

where the conserved currents have been de ned as:

J* DL U
J U, D,
2
Jz  Jz Swlem (4.43)
Jj; 0. u b D
3 Z0 U SDbL D
2 1
Jew +30 U 3D D:

The Yukawa couplings can be generalized for multiple quark generations by de ning
the elds q, ;u;, andd,, wherel =1;2;3 denotes the generation index. The kinetic
term for these elds is given by:

Lyn = ig¥" (D ){ gj +iwy (D) u +id (D) d (4.44)

where the sum runs over the generation indeXd. The most general Yukawa term
that is possible in unitary gauge can be written as:

1 1
Lvuk = %(w H)d, y9 d; %(w H)u; y?Qu; + h.c. (4.45)
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wherey?, andy® are complex3 3matrices, and the generation indices are summed.
It is possible to make transformations between the di erent generations of the elds:

d! Dydy; d! Dyd

(4.46)
u! Ugus; u! Uju

where U;D; U and D are independent unitary matrices. These matrices can be
chosen such thatD Ty®D and UTy%U are diagonal and contain only positive real
entries y? and y® The down-quarks D, thus acquire massesng, = y’v= 2, and the
up-quarks U, acquire massesn,, = y?¥= 2. While in the neutral currents simply
a generation index| is added to each eld, the charged currents become:

J+

Du VY Uy
13 (4.47)

J UL Vs Dk

whereV  UYD is called the Cabibbo Kobayashi Maskawa (CKM) matrix. Making
use of phase rotations of the elds allows to eliminate 5 out of the 9 parameters of

the 3 3 unitary CKM matrix, leaving 4 free parameters: 1 (the Cabibbo angle),
2. 3,and , and V can be written as:

0 1
C1 +S1C3 +51S3

V 2% S1C> C1C2C3 5253ei C1CpS3 + 5203ei § (4.48)
S1S; C1S2C3 + €836 €1S,S3  CpCz€

with the coecients ¢ = cos ; and s; = sin ;. The experimentally determined
values of these angles aresin 12 = 0:226 sin 13 = 0:003 sin 3 = 0:040 and

=1:196[9]. Since the charged currents have some terms with a phase factef ,
and some without, it is implied that the weak interactions are violating the CP
symmetry. CP-violation was rst discovered experimentally in 1964 in the decay of
neutral Kaons [109].

Experimentally, there is evidence for the existence of quarks. However, despite
many experimental attempts, free quarks have not been observed directly so far.
This can be explained by the hypothesis of colour con nement, which states that in
the non-perturbative regime only objects with net-zero colour charge can propagate
as free particles. The origin of colour con nement is believed to be the gluon gluon
self-interactions that are possible because the gluons themselves carry colour charge.
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So far there is no analytic proof of colour con nement, but there is strong evidence
for it from the calculations of lattice QCD [9].

Another important feature of QCD is asymptotic freedom which means that the
interactions between particles become asymptotically weaker as the energy scale
increases. Asymptotic freedom can be derived by calculating the beta-function de-
scribing the variation of the coupling constant under the renormalization group.
Evaluating the beta-function of QCD for the strong coupling at the momentum

Figure 4.3: Summary of the measurements of s as a function of the energy scal€Q. The
degree of QCD perturbation theory used in the extraction is indicated in brack-
ets [9].

scale denedas s( ) g( )?=4 yields the following relation for g at a scale
Q:

s( )
= 49
o(Q) 1+(1=4) 11 2n¢ s( )log(Q%= 2) (449

where ns is the total number of quark avours. This result shows explicitly that
s(Q) ! O logarithmically as Q ! 1 . Dierent ways exist in which s can be
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measured, including studies of the hadronic decays of the tau-lepton, the spectra
of bound states of heavy quarks, measurements of deep inelastic scattering, and jet
production rates in electron-positron annihilation [101]. Figure 4.3 summarizes the
most important measurements of g [9]. As predicted, s decreases with increasing
Q and the data are consistent with the QCD predictions for the running of s with

a value of s at Q>= M2 of:

s M2 =0:1179 0:0010: (4.50)

At LHC energies s is su ciently small that perturbation theory can be used,
however often higher order corrections have to be taken into account.

4.2 Beyond the Standard Model

The Standard Model is the most successful particle physics theory up to date. How-
ever, there are several phenomena that the Standard Model cannot explain. Various
proposals for physics Beyond the Standard Model exist that modify the Standard
Model in a way that they are still consistent with the existing experimental data,
but are able to predict possible deviations from the Standard Model in new experi-
ments. In this section the limitations of the SM, as well as two important proposals
for extensions of the SM are discussed.

4.2.1 Limitations of the Standard Model

The Standard Model is not the ultimate theory of particle physics since there are
several fundamental physical phenomena that the Standard Model does not explain.
Some of the most important ones are:

~

Gravity : the addition of a graviton to the Standard Model is not consistent
with the existing experimental data without requiring other theoretical modi-
cations that have not been observed yet. In the last decades there have been
several theoretical e orts that tried to unify the Standard Model and General
Relativity, such as loop quantum gravity [110]or string theory [111], but so far
there is no experimentally veri able theory that ts the Standard Model and
Einstein's General Relativity theory in a single framework. However, at the
scale of particle physics at the LHC, the very small e ect of gravity can be
neglected in most of the calculations.
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Dark matter : cosmological observations, such as galaxy rotation curvegs12],
gravitational lensing [113] and the Cosmic Microwave Background[114], indi-
cate the existence of matter that does not interact with the electromagnetic
force. This matter is referred to as dark matter and it is estimated that it
makes up about 26% of the total matter-energy budget of the universe. It is
also estimated that only 5% of the matter-energy budget of the universe is
contained in the observable stars and galaxies. However, the Standard Model
does not predict any fundamental particles that are suitable candidates for
dark matter.

Dark energy: cosmological observations such as the Cosmic Microwave Back-
ground [114]and the redshift of type la supernovae[115], indicate that the uni-
verse is accelerating. A possible way to describe this in cosmological models
is the inclusion of a cosmological constant that corresponds to an intrinsic en-
ergy density of the vacuum which drives the observed expansion of the universe.
This is referred to as dark energy, and it is estimated that approximately 69%
of the universe's energy consists of it. The dark energy cannot be explained
with the vacuum energy of the Standard Model.

Neutrino masses : according to the SM, neutrinos are massless particles.
However, there is experimental evidence that neutrinos oscillate between di er-
ent avour eigenstates, which implies that neutrinos do have a small non-zero
mass[116, 117].1t is possible to extend the SM Lagrangian with mass terms for
the neutrinos by introducing Yukawa couplings similarly as has been done for
guarks and leptons. However, this leads to new theoretical issues, in particu-
lar the Yukawa couplings to the Higgs eld turn out to be unnaturally small
and the existence of weakly interacting right-handed neutrinos is required. An
alternative way of explaining the masses of the neutrinos is the inclusion of
a Majorana mass term in the SM Lagrangian assuming that neutrinos are
their own anti-particles. Several experiments are currently investigating this
problem.

Matter antimatter asymmetry . as discussed in Section 4, in the SM ev-
ery particle has an anti-particle with opposite quantum numbers, thus the
Standard Model predicts that the amount of matter and antimatter should
be similar. However, it is observed that our universe consists mostly out of
matter. The CP violation that is predicted by the SM seems to be insu cient
to explain this observed matter-antimatter asymmetry of the universe [101].
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Furthermore, the Standard Model is constructed in an ad-hoc fashion in order to

reproduce the experimental data. This is no issue of the model, but some of the
features of the SM are considered unnatural by theorists and they imply a lack of
understanding. The most important ones are:

Hierarchy problem : as described in Section 4.1.1 the masses of the patrticles
in the SM are generated by spontaneous symmetry breaking caused by the
Higgs eld. Within the SM theory, virtual particles introduce large quantum
corrections to the mass of the Higgs. These corrections require a ne-tuning of
the bare mass parameter of the Higgs in the SM, such that the quantum cor-
rections are canceled almost completely. This level of ne-tuning is considered
unnatural by many theorists [101].

Number of parameters : if neutrinos are Dirac fermions, the Standard
Model has 19 free parameters: the 12 Yukawa couplings of the fermions to
the Higgs eld, the three coupling constants describing the strength of the
gauge interactions, the three coupling constants describing the strengths of
the gauge interactions, and the parameters of the CKM matrix. The values
of these parameters have to be inferred from experiment and the origin of the
values is unknown. Between the di erent parameters certain patterns are vis-
ible and the coupling constants of the three gauge interactions are of a similar
order of magnitude, which may be a hint that they are di erent low-energy
manifestations of a Grand Uni ed Theory [101].

Strong CP problem : in principle the SM can contain a term that leads to CP
symmetry breaking in the strong interaction [101]. However, experimentally
it was found that this strong CP phase is very close to zero, which is also
considered unnatural by many theorists.

To the date of writing this thesis, no experimental result is known to contradict the
Standard Model at the 5- level [9]. Due to statistical and systematic uncertainties,
it is expected that some of the experimental tests of the SM will signi cantly di er
from the predictions of the SM. So far, most of these contradictions turned out
to be statistical uctuations once more data was analyzed. However, any possible
new physics beyond the SM will rst show up in experimental data as a statistical
discrepancy between the prediction of the SM and the measured data. In order to
distinguish statistical uctuations from signs of new physics, a precise modelling of
systematic uncertainties is crucial. To the date of the writing of the thesis, the two
most notable experimental results that are in tension with the SM prediction are:
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Anomalous magnetic dipole moment of the muon : the experimentally
measured value of the muon's anomalous magnetic dipole moment di ers sig-
ni cantly from the Standard Model prediction. Muons that travel through the
strong external magnetic eld of a storage ring have the direction of their mag-
netic moments precess at a rate that depends on its strengtly. The g-factor is
predicted to be equal to two by the Dirac equation, but higher order loops add
an anomalous momenta = (g 2)=2, which can be calculated with very high
precision. In the early 2000s the Brookhaven National Laboratory conducted
an ultra-precise experiment and the measured data are disagreeing with the
SM at the 3:7 level [118]. The experiment was rebuilt at Fermilab and in
2021 the rst run of the muon g-2 experiment has reported a disagreement
with the SM prediction of 3:3 [119], in agreement with the Brookhaven ex-
periment. Combining the results of both experiments, the disagreement with
the SM prediction currently stands at 4:2

Anomalies in avour-changing B decays : the LHCb collaboration has
measured a avour anomaly in the decay ofB mesons into ak and a pair of
muons [120, 121]. The B! K © *  decay is sensitive to new physics since
this decay is forbidden at the lowest perturbative order in the SM and instead
occurs via higher-order penguin and box processes, which are sensitive to the
presence of new, heavy particles. Such particles could signi cantly change
the decay rate and the angular distribution of the nal-state particles. The
LHCb collaboration rst reported the anomaly in 2013, which was con rmed
with more data in 2020 and currently stands at a disagreement with the SM
prediction at 3:3

4.2.2 Possible Extensions

Due to the limitations of the Standard Model discussed in the previous section,
alternative theories to describe fundamental interactions are being developed. Most
of the proposed theoretical models contain the SM as a low-energy E ective Field

Theory. Two important extensions of the SM that are being tested experimentally
at the LHC are:

Supersymmetry (SUSY) :which is a possible solution to the hierarchy prob-
lem based entirely on symmetrieq122]. The basic idea of SUSY is that each
Standard Model particle has a super-partner sparticle which di ers by half
a unit of spin. In the minimal supersymmetric Standard Model (MSSM), the
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particle content of the SM is approximately doubled. The super-partner of
each fermion is a spin-0 scalar (sfermion) and the super-partners of the spin-
1 gauge elds are spin-half gauginos. For example, for a quark there is a
squark, for a lepton there is a slepton, and for the gluon and photon there
is a gluino and a photino. The MSSM enlarges the SM Higgs to two Higgs
doubletsH, and Hy, which have spin-1/2 superpartners called Higgsinos. Un-
der electroweak symmetry breaking, the Higgsinos and gauginos mix and form
the physical chargino and neutralino states. In the formalism of SUSY, the
large quantum corrections to the mass of the Higgs in the SM are canceled by
corresponding loops of superpartners. Furthermore, in many supersymmetric
models, the lightest neutralino is a weakly interacting stable particle, and is a
possible WIMP candidate for the dark matter in the universe [101].

Composite Higgs models aim at solving the hierarchy problem through a
combination of strong dynamics and symmetry[122]. It is assumed that the
Higgs boson is a composite bound state of an additional strongly coupled sec-
tor. The compositeness scale is constrained by direct searches and electroweak
precision tests to be at least in the multi-TeV range. Modern composite Higgs
models generally also introduce an approximate global symmetry in the com-
posite sector to explain why the Higgs boson is a narrow, light state that
is separated from the other resonances of the composite sector. When the
global symmetry is spontaneously broken, the SM Higgs boson emerges as a
pseudo Nambu Goldstone boson similar to the pion of QCD. Many composite
Higgs models predict towers of electroweak vector resonances, such as e
and colored fermionic resonances starting at around the compositeness scale.

Despite extensive searches for BSM physics by the ATLAS and CMS experiments,
so far no evidence for new physics has been found and stringent limits have been set
on many BSM models[122].

4.3 Proton-Proton Collisions at the LHC

In order to analyze the data of the proton-proton collisions recorded by the LHC
experiments, it is crucial to understand the hard scattering processes of the proton
constituents, called partons. These processes are characterized by a momentum
transfer that is large compared to the proton mass and they can be calculated to
high accuracy with perturbative Quantum Chromodynamics (pQCD). Recording
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the nal states of the hard scatterings in proton-proton collisions at the LHC allows
to confront the predictions of pQCD with the experimental data. The discussion of
hard processes in this chapter is based on referenge23].

4.3.1 PDFs

The initial stage of the proton-proton collisions is dominated by the e ective densities
of the parton distribution functions (PDFs) of the proton. The quarks inside the
proton interact with each other through the exchange of gluons. At high energies
a sea of virtual quark-antiquark pairs is generated by the constant gluon exchange
between the three constituent quarks of the proton. Therefore, in the interaction of
two protons, both the constituent quarks and the gluons and sea quarks take part in
the hard scattering procesg101]. The dynamics of this interacting system results in a
distribution of quark momenta within the proton and the distributions are expressed
in terms of PDFs. In practice, the functional forms of the PDFs depend on the

Figure 4.4: Results of the latest global PDF t by the NNPDF Collaboration. PDFs are
shown at factorization scales of 2 = 10 GeV? (left) and 2 = 10 GeV? (right).
The gure is adapted from [124].

detailed dynamics of the proton and have to be inferred from experiments. There
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are many complementary ways to measure the proton PDFs and the PDFs that are
usually used in LHC analysis are extracted from a global t to the experimental data
from various experiments[125]. The theoretical framework of QCD, in particular the
DGLAP evolution equations allow to calculate the evolution of the PDFs at di erent
scales once that they have been measured at a xed scal@26, 127, 128]. Various
groups provide parametrizations of PDFs based on ts of the experimental data,
the most popular are those from the CTEQ [129], MSTW [130], and NNPDF [131]
Collaborations. Figure 4.4 shows the parton distribution functions at two di erent
energy scales at 2 = 10 GeV? (left) and 2 = 10* GeV? (right) estimated by the
NNPDF collaboration [124]. Valence quarks are dominant at lower energies, while
at higher energies gluon scattering is the dominant process.

4.3.2 Hard Processes

Hard scattering processes probe distance scales far below the radius of the proton
and can be described as collisions between partons. The cross-section can be calcu-
lated by factorising the PDFs f;, of the proton and the cross-section of the parton
processes. The full expression for the cross-section can be written g3]:
z
(pp! X)= dxidxofip X1; 2 fip X2; 2 MNj1 x XiXoS; &; &2 (4.51)
1)

where the sum runs over all possible initial-state partons with longitudinal momen-
tum fractions Xxj.2, that can give rise to a nal state X at a center-of-mass energy
of P X1X2S, with s denoting the total proton-proton center-of-mass energy squared.
The renormalization scale 2 and the factorization scale 2 originate from trun-
cated expansions in the strong coupling constant. The hard cross-sectiofi can be
calculated at leading order (LO) in the strong coupling, s, and can also incorporate
next-to-leading-order (NLO) and next-to-next-to-leading-order (NNLO) corrections.
In general, xed-order predictions are associated with nal states that have a small
number of partons.

4.3.3 Underlying Event, Hadronization and Parton Showers

Every LHC analysis requires a thorough understanding of QCD processes which
involves more than studying only the hard scattering [132]. An overview over the
process of a hard scattering in a proton-proton collision is shown in Fig. 4.5. The re-
sulting event contains initial and nal-state radiation, as well as particles that come
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Figure 4.5: Sketch of a proton-proton collision, where a quark-gluon scattering results in a
nal state consisting of a Z boson and a jet [123].

from the breakup of the proton and antiproton, also called beam-beam remnants.
The underlying event is everything except the two outgoing hard scattered par-
tons and receives contributions from the beam-beam remnants plus initial- and
nal-state radiation. The hard scattering component consists of the outgoing two
partons plus initial and nal-state radiation. Shortly after hard partons are pro-
duced, they repeatedly radiate low-energy and collinear gluons in a process called
parton shower[123]. After the particle shower has terminated, the partons transition
to hadrons, which is called hadronization. In this energy regime non-perturbative
e ects become important and so far there exists no exact theory that analytically
describes hadronization. However, models exist that can describe hadronization and
parton showers, forming the basis of popular general-purpose Monte Carlo (MC) sim-
ulation programs such as PYTHIA [133], HERWIG [134], and Sherpa[135]. These
MC generators allow to obtain realistic descriptions of proton-proton collisions with
all nal-state particles. Often, parton showers are matched with multileg tree-level
matrix elements, e.g. from MadGraph [136] and also with NLO matrix elements,
making use of methods such as MC@NLQ@137] and POWHEG [138]. Usually the
results of the measurements at the LHC are compared either with NLO or NNLO
xed-order predictions or with results from parton-shower programs.
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4.3.4 Jets

A high energy parton emitted from a hard scattering in a proton-proton collision

cannot be recorded directly in the detector. According to the hypothesis of colour
con nement, the reason for this is that the QCD force that becomes stronger the
farther the parton gets from the proton. Soft gluons are radiated at small angles

Figure 4.6: Measurement of the double-di erential inclusive jet cross-section as a function
of the jet transverse momentum and rapidity by the CMS collaboration and
comparison with NLO QCD predictions [139].

relative to the original parton, until the threshold for hadronization is reached and
the partons form colour-neutral hadrons. This results in a collimated jet of hadrons
where the collective energy and momentum re ect those of the initially scattered
parton. Several algorithms exist that allow to combine these hadrons into a jet.
Typically, these algorithms have to be collinear and infrared safe, which means that
the resulting hard jets are not a ected by the collinear and soft splittings that orig-
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inate from the parton shower. This feature is important because it ensures that
the calculations in pQCD are nite at every order in perturbation theory. Mea-
surements of jet properties at very high energies allows to confront the pQCD with
experimental data. An example for a measurement of the inclusive jet production
cross-section in intervals of y = 0:5 of rapidity by the CMS collaboration [139]is
shown in Fig. 4.6. The NLO QCD calculations are in good agreement with the data
over the full considered range. In general, QCD is found to provide an excellent
description of jet phenomena in proton proton collisions.

4.4 Top Physics at the LHC

The top-quark is the heaviest elementary particle in the Standard Model and was
discovered by the CDF[140]and DO [141]collaborations at the Tevatron proton anti-
proton collider at Fermilab in 1995. Due to its very short lifetime ( 0:5 10 2*s),
which is shorter than the hadronization timescale, no hadronic top-quark pair bound
states can form. This fact o ers a unique possibility to study the properties of the
particle as a quasi-free quark[9]. The precise knowledge of the elementary particle

Figure 4.7: Two- ellipses in the top and Higgs mass plane obtained from Tevatron and LHC
measurements (from 2012) and a possible future ILC collider, confronted with
the areas in which the SM vacuum is absolutely stable, metastable and unstable
up to the Planck scale [142].

masses and their couplings is an important element in consistency tests of the SM
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and in indirect searches of physics beyond the SM. So far, the LHC has not dis-
covered new particles that are not predicted by the SM, therefore indirect searches
for new physics, which focus on nding deviations between experimental data and
SM predictions, are becoming increasingly important. These searches require a high
level of precision and an excellent understanding of experimental systematic uncer-
tainties. The precise determination of the top mass is crucial for testing the overall
consistency of the Standard Model and to constrain new physics models through pre-
cision electroweak ts[122, 143].Due to its large value of the order of the electroweak
scale, the top mass has a direct impact on the Higgs sector of the SM, and on ex-
trapolations of the SM to high-energy scales. Therefore, precision measurements of
the top-quark mass are important to understand the stability of the electroweak vac-
uum, since radiative top-quark corrections can drive the Higgs-boson self-coupling
towards negative values, which potentially can result in an unstable vacuum. The
precision of the top-quark mass measurement is crucial for the determination of the
energy scale where the vacuum might become unstable, which possibly requires new
physics at lower or comparable energie§l44]. As indicated in Fig. 4.7, the current
experimental uncertainties do not allow to determine whether the electroweak vac-
uum is stable when the SM is extrapolated up to the Planck scale. Thus, the detailed
study of top-quark production, decays, couplings and other top properties with high
precision is an important part of the physics program of the CMS experiment. In
the following, a selective overview on some of the key properties of top-quark mea-
surements will be given. The description is based on a review on top physids45]
which is also recommended for a complete overview of top-quark properties.

4.4.1 Top Pair Production

The measurement of the inclusive top pair production cross-section 4 is an im-
portant test of Quantum Chromodynamics. Calculations of the cross-section are
performed at next-to-next-to-leading order (NNLO) including the resummation of
soft gluon terms (NNLL). Important systematic uncertainties are stemming from
scales, PDFs, and the strong coupling constant s [145, 146]. The main decay chan-
nel of top-quarks is the avour-changing charged current decayt ! Wh. Severaltt
nal states are available for the measurement of ,; that can be grouped in three
W boson decay categories: an all hadronic jet channdlV ! qg, a leptonic decay
channelW ! ° - where" stands for electrons and muons, including those from the
leptonic decays of tau-leptons, and a channel where the tau-lepton decays hadroni-
cally W! 4 . Accordingly, the tt events can be classi ed as dilepton, single-
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Figure 4.8: Summary of LHC and Tevatron measurements of the top-pair production cross-
section as a function of the center-of-mass energy compared to the NNLO QCD
calculation complemented with NNLL resummation (top++2.0). The theory
band represents uncertainties due to renormalization and factorization scale,
parton density functions and the strong coupling. The measurements and the
theory calculation are quoted at myp, = 172:5 GeV. Measurements made at
the same center-of-mass energy are slightly o set for clarity. The gure and
the description is provided by the LHC Top Working Group and adapted under

licence CC BY 4.0.

lepton, all-hadronic and categories with tau-leptons. The di erent channels are
complementary and inconsistencies between the measured cross-sections could po-
tentially indicate new physics. The most precise measurements of, at the LHC
are obtained in the dilepton channel[145],and in particular the e nal state, since

it is essentially background free. A typical analysis technique is a template t to
multi-di erential binned distributions that are characterized by the number of b-jets
and the transverse momentum and multiplicity of other jets in order to extract the
number of signal and background events. The largest yield oft events is in the
all-hadronic channel, however the large multijet background and the many possi-
ble jet combinations make the measurement challenging. CMS and ATLAS have
also measured the inclusive cross-section in events with one identi ed hadronically
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decaying tau-lepton, both in the channels , + ~ and +jets [145]. Besides test-
ing the consistency of thett cross-section measurements in di erent channels, this
channel is interesting since hypothetical charged Higgs bosons could be produced in
top-quark decays that further decay through H* ! *, which would re ect in
a modi cation of the branching fractions. The CMS analysis of the decay channel
htjets [12] is of particular importance for this thesis, since its replication will be
the main subject of Chapter 6. Figure 4.8 shows a summary of LHC and Tevatron
measurements of the top-pair production cross-section as a function of the center-
of-mass energy compared to the NNLO QCD calculation complemented with NNLL
resummation [145]. The measured inclusive cross-sections fdit pair production at
proton-proton center-of-mass energies of TeV, 8 TeV and 13 TeV are found to be
in very good agreement with the theoretical calculations.

4.4.2 Top Mass

As discussed Section 4.1.3, the top Yukawa coupling is a free parameter in the SM,
which implies that the top mass has to be inferred from experimental measurements.
It can either be measured through direct measurements, which rely on the kinematic
reconstruction of the nal-state top-quark decay products, or indirectly through re-
lations with other measured observables, such as thét cross-section at a given
center-of-mass energy[147]. Currently the most precise mass measurements come
from direct measurements. The reconstructed nal-state particles are compared
with predictions of Monte-Carlo event generators to determine the top-quark mass
value that best describes the data. The measured top-quark mass then corresponds
to the parameter implemented in the MC generator and the direct measurements
yield a world average ofm{‘{')loC = 173:34 GeV with a precision up to 0:5 GeV. The
result for the top mass obtained from direct measurementsmt'\gg is usually identi-
ed with the top-quark pole mass mfooge, which is a popular renormalization scheme
used for perturbative QCD computations at next-to-leading order and beyond[143].
However, so far no precise relation between the Monte Carlo masm{\{')g and more
fundamental and eld-theoretic mass de nitions is known. As a result, the identi -
cation yields an uncertainty of the order of 1 GeV. Indirect determinations of the top
mass, based on the comparison of inclusive or di erential production cross-sections
to the corresponding theory calculations can also be used to extract the top mass
in a well-de ned renormalization scheme, but currently are less precise than direct
measurements.

The direct measurements performed by CMS and ATLAS are based on kinematic

78



4 The Standard Model and Top Physics at the LHC

Figure 4.9: Summary of the direct top-quark mass measurements by ATLAS and CMS. The
gure is provided by the LHC Top Working Group and adapted under licence
CC BY 4.0.

observables reconstructed from top decay products for the di erent accessible top
decay and top production modes. The top-quark mass has been measured ih
events, where the top pair decays in the +jets channel, in the dilepton channel,
and in the all-hadronic channel, as well as in single-top events. Important analy-
sis techniques for the direct mass measurements are ideogram and matrix element
methods, where the likelihood of a whole reconstructed nal state compatible with

a production hypothesis is determined event-by-event{145]. Figure 4.9 provides a
summary of all state-of-the-art direct top mass measurements by the ATLAS and
CMS collaborations.
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4.4.3 CKM Matrix Elements

The CKM matrix element jVy,j can be measured in single-top events that are mainly
produced via charged-current electroweak interactions. TheVN boson virtuality de-
nes three channels: thet-channel, s-channel and the Wt-channel. The square of
the magnitude of the CKM matrix element Vy, multiplied by a form factor f_y has
been determined for di erent production modes and center-of-mass energies by the
ATLAS and CMS collaborations, using the ratio of the measured cross-section to
its theoretical prediction. For the extraction, it is assumed that jVipj | Viaj;jVis]
and that the tWb interaction is left-handed as predicted by the Standard Model.
The combination of all jf v Vipj? determinations at P s=7 and P s =8 TeV, yields
ifLv Vipj =1:02 0:04 (meas:) 0:02 (theo:) [148], consistent with the corresponding
Standard Model predictions.

CMS also extracted the CKM matrix elements Vy,, Vig, and Vis simultaneously and
model independent by separating single-topt-channel signal events into multiple
categories depending on the quark interactions at bothtWb vertices. The signal
strength of the individual single-top t-channel modes is determined from a likeli-
hood t to a multivariate discriminator response. A three-fold interpretation of the
measured signal strength parameters is provided, setting limits on the CKM matrix
elements under the SM unitary assumptionjVy,j > 0:970, jVigj? + jVisj? < 0:057 and
allowing for more quark familiesjVyj = 0:988 0:051[3].

4.4.4 Effective Field Theory

Another important approach to interpret SM measurements is the framework of
E ective Field Theory (EFT), which extends the SM Lagrangian from Chapter 4
with additional operators:

X g
Lerr = Lsmt  ——30i (4.52)

|

where O; are the e ective operators that characterize the new interactions in the
extended theory and d; is the dimension of the operator. The coe cients ¢ are
called the EFT or Wilson coe cients that parametrize the strength of the new
interactions. The e ect of an operator is expected to be suppressed byl=) 4 4,
thus high-dimensional operators can be neglected. By probing anomalous couplings
of higher order operators and their dimensionless coupling strengths represented by
the Wilson coe cients, a model-independent measurement of BSM e ects can be
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obtained.

An example of a global EFT interpretation of multiple relevant processes has been
recently published by the CMS collaboration [149]. Multilepton nal state events
are analyzed and total yields of the top production modesttZ ; ttW; ttH; tZqg; tHq
are parametrized in terms of 16 Wilson coe cients associated with E ective Field
Theory operators relevant to the dominant processes in the data. A simultaneous
t of the 16 Wilson coe cients to the data is performed and two-standard-deviation
con dence intervals for the coe cients are extracted. The results from tting the
Wilson coe cients to the data are consistent with the Standard Model prediction.
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In Chapter 4 the most successful theory of fundamental interactions, called the
Standard Model, and its limitations have been discussed. Its predictions, as well as
alternative theoretical models, can be tested by confronting the calculations with
data obtained from the analysis of proton-proton collisions at very high energies. The
Large Hadron Collider (LHC) at CERN and its experiments have been built in order
to record proton-proton collisions in a controlled setting. In this chapter, the design
of the Compact Muon Solenoid (CMS) detector at the LHC, and its techniques to
reconstruct particles produced in proton-proton collisions will be discussed.

5.1 The Large Hadron Collider

The Large Hadron Collider is the world's largest and most powerful particle acceler-
ator up to date. It is designed to achieve center-of-mass energies up td Tev with
nominal instantaneous luminosities reachingl 10** cm 's ! for proton-proton
collisions and luminosities of10?” cm 2 s ! for heavy ions (Pb) with an energy of
2:8 TeV per nucleon. The LHC accelerator is located on average 100 meters below
the surface in the 26:7 km long accelerator tunnel that previously contained the
LEP accelerator. The accelerator collides beams of protons or ions that travel in
opposite directions almost at the speed of light in two independent vacuum pipes.
The beams are guided around the accelerator ring by a strong magnetic eld main-
tained by superconducting electromagnets. The description of the accelerator in the
following sections is based on referencg51].

5.1.1 Injection and Acceleration Chain

The LHC accelerator consists of eight long straight sections and eight arcs where su-
perconducting dipole magnets are installed that de ect the particles[151]. The four
main LHC experiments, ALICE, ATLAS, CMS, and LHCD are installed at interac-
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Figure 5.1: Schematic view of the CERN acceleration complex with its main experi-
ments [150]. The protons are rst accelerated in LINAC before they are passed
on to the PS Booster, the PS, the SPS and nally to the LHC.

tion points (IP) in the middle of four long straight sections. A schematic view of the
CERN accelerator complex with the four experiments is shown in Fig. 5.1. In order
to bend protons with a momentum of up to 7 TeV per unit charge, a dipole eld of
8:3 T is generated by superconducting dipole magnets made of Niobium Titanium
(NbTi) [152]. The two beam pipes are contained in a single cryostat. In addition to
the dipole magnets, also quadrupole, sextupole and octupole magnets are installed.
The purpose of the quadrupole and octupoles magnets is the stabilization of the
beam, while the sextupole magnets allow to correct the energy dependence of the
magnetic elds. In total 8000superconducting magnets are used to control the two
beams. A super uid helium cooling system with eight continuous cryostats is used
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to cool the superconducting dipole magnets and the quadrupole magnets to a tem-
perature of 1.9 K.

In order to reach beam energies of the order of a few TeV, the protons have to
pass through several components of the CERN accelerator complgx52]. After the
extraction of a low-energy beam of protons, the protons are rst accelerated in a
linear accelerator. In the LHC Run | and Run Il this was done with the Linear
Accelerator 2 (LINAC?2), which accelerated the protons up to 50 MeV. Since 2020
the Linear Accelerator 4 (LINAC4) has become the source of proton beams for the
CERN accelerator complex[153]. The beams from LINAC are further accelerated in
the four Proton Synchrotron Booster (PSB) rings to 1:4 GeV, and in the next step
by the Proton Synchrotron (PS) to 26 GeV. Finally, the Super Proton Synchrotron
(SPS) at the end of the injection chain accelerates the protons for the LHC to an
energy of 450 GeV and injects them in opposite directions in the LHC ring. This
rst LHC injection phase lasts 20 to 30 minutes. Subsequently the beams are fur-
ther accelerated with a superconducting radio-frequency system to an energy of up
to 7 TeV in about 20 minutes. Once the LHC accelerator has been lled, the proton
beams can be used to record collisions at the IPs for several hours. In the case that
a problem occurs, the LHC Il can be terminated by forcing the proton bunches to
collide against graphite absorbers that are installed tangent to the beam pipes.

5.1.2 Performance

The particles in the beams are stored in bunches that collide at the interaction points
where the main experiments are installed. The resulting products from the particle
collisions are recorded with the di erent detectors. A high event rate, characterized
by the luminosity L, is crucial since only a small fraction of the collisions are of
interest. The event rate of a process with cross-section is given by:

dn

G Lo (5.1)

The instantaneous luminosity depends only on the beam parameters and, assuming
a Gaussian beam distribution, can be calculated as:

_ N|§ rfFrevNp

I-inst - 4 N F (5-2)
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where Ny, is the number of particles per bunch,ny, the number of bunches per beam,
frev the revolution frequency, | the relativistic gamma factor, , the normalised

transverse beam emittance, the beta function at the collision point, and F the

geometric luminosity reduction factor due to the crossing angle at the interaction
points. Since 2010 the LHC has recorded proton-proton data in multiple acquisi-
tion periods at di erent center-of-mass energies. The di erent runs and recorded
luminosity by the CMS experiment are summarized in Table 5.1.

Period  Year p§[TeV] LHC delivered [fb '] CMS Recorded[fb 1]

2010 7 4076 10 2 4022 10 2
Run| 2011 7 6:13 555

2012 8 23:30 2179

2015 13 4:22 381

2016 13 40:82 3776
Run I

2017 13 4979 4498

2018 13 67:86 6367

Table 5.1: Summary of the cumulative luminosity delivered by the LHC and recorded by
the CMS experiment. The information is accumulated from the CMS Public
Luminosity Website.

5.1.3 The Experiments

Eight experiments with diverse research programs are installed at the LHC. The
experiments are run by collaborations of scientists from institutes all over the world.
The four large particle experiments installed at the LHC interaction points are:

A~

ALICE [154]- an acronym that stands for A Large lon Collider Experiment -

is a detector dedicated to heavy-ion physics at the LHC. It is designed to study
the physics of strongly interacting matter at extreme energy densities, where
a phase of matter called quark-gluon plasma forms. Studying its properties is
a key ingredient for a better understanding of Quantum Chromodynamics, in

particular the phenomenons of con nement and chiral-symmetry restoration.

" ATLAS [155]- an acronym that stands for A Toroidal LHC ApparatuS -
is one of the two general-purpose detectors at the LHC. It investigates a wide
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range of physics, from the search for the Higgs boson to extra dimensions and
particles that could make up dark matter. It is the largest experiment at the
LHC.

CMS [156] - an acronym that stands for a Compact Muon Solenoid - is
the other general-purpose detector at the LHC and will be described in more
detail in the next sections, since the work of this thesis has been done within
this collaboration. It has a broad physics program and although it has similar
scienti ¢ goals as the ATLAS experiment, it uses di erent technical solutions
and a di erent magnet system design.

LHCb [157]- an acronym that stands for the Large Hadron Collider beauty

- focuses on precision measurements of the properties and decays of b-quark
and c-quark hadrons as well as the search for indirect evidence of new physics
that can explain CP violation.

Besides of the four big experiments, there are four smaller experiments installed at
the LHC: TOTEM [158]and LHCf [159], which focus on measuring protons or heavy
ions at forward rapidity. TOTEM uses detectors positioned on either side of the
CMS interaction point, while LHCf is made up of two detectors located at the LHC
beamline, at 140 m either side of the ATLAS collision point. MoEDAL [160] uses
detectors deployed near LHCb to search for magnetic monopoles. The newest LHC
experiment is FASER [161], located 480 mfrom the ATLAS collision point with the
goal to search for light new particles and study neutrinos.

5.2 The Compact Muon Solenoid

The Compact Muon Solenoid (CMS) [156] detector at the CERN LHC is a general
purpose detector designed primarily to search for signatures of new physics in proton-
proton and heavy-ion collisions. The CMS detector has a cylindrical geometry that
is azimuthally ( ) symmetric with respect to the beamline. Particles that are pro-
duced in a collision in the interaction region rst pass through a tracker, in which
the trajectories and vertices of charged particles are reconstructed from signals in
the sensitive layers. The next layer is an electromagnetic calorimeter (ECAL), where
electrons and photons are absorbed. The electromagnetic showers are detected as
clusters of energy in neighbouring cells, from which the energy and direction of the
particles are determined. Subsequently, the hadronic showers of charged and neutral
hadrons are fully absorbed in a hadron calorimeter (HCAL) and the corresponding
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