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“What we observe is not nature itself,
but nature exposed to our method of questioning.”

Werner Karl Heisenberg
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Chapter 1

Introduction

“A person who never made a mistake
never tried anything new.”

Albert Einstein

This chapter is devoted to provide an extended introduction of the topics covered
during the Ph.D. program, in order to sensitize the reader to the motivations and the
ideas behind my research journey, in addition to allow a uid reading of the thesis.
At the end, the general structure of the latter will be outlined. The technical details
will be left for the subsequent chapters.

1.1 Two-dimensional materials: successes and challenges

The two-dimensional (2D) materials eld can be traced back to the successful isola-
tion of single-layer graphene sheets exfoliated from (bulk) graphite in 2004 by the
group of Andre K. Geim and Konstantin S. Novoselov [1]. This material showed its
own novel physical phenomena distinctly different from graphite, being a transpar-
ent semimetal with massless Dirac electrons [2—4]. Since then, novel 2D materials
have been studied and synthesized, becoming the focus of intense research. In gen-
eral, a 2D material consists of a dangling-bond-free single or few-atom-thick layer,
and can be synthesized from a bulk material with a layered structure, where the
stack is kept together by van der Waals (vdW) interactions, which are very weak
compared to the in-plane covalent bonds®. Since van der Waals interactions involve
induced dipoles between the layers, they are referred to as London interactions, i.e.,
vdW interactions act as a “quantum glue” 2. Nowadays, the 2D library includes
hundreds of thermodynamically stable materials [8], including monolayers (MLS)
of hexagonal boron-nitride (h-BN) [9], transition metal dichalcogenides (TMDs, e.g.,
MoS,, NbSe,, WSe) [10], metal nitrides/carbides (MXenes) [11], metal halides (e.qg.,
Pbl,, MgBr»,) [12], transition metal halides (TMHSs, e.g., CrX 3 [13] and Nb3Xg [14,
15], with X = ClI, Br, 1), transition metal carbon/nitrogen compounds and elemen-
tal 2D materials, other than graphene, called Xenes (e.g., borophene [16], silicene
[17], germanene [18], phosphorene [19], and bismuthene [20]). Among them, one
can nd a wide range of properties, passing through conductors (e.g., graphene and

1The vdW forces strengthis ~ 0.1-1kJ mol 1 (  1-10 meV per bond), whereas the covalent or ionic
bonds strengthis  102-103kJ mol 1( 10%-10* meV per bond).

2Van der Waals interactions between atoms or molecules can be of three types: Keesom (permanent
dipoles), Debye (permanent-induced dipoles), London (induced dipoles) interactions. Although all
of them could manifest as quantum effects, London interaction has a purely quantum origin, since its
R ©dispersion law, where Ris the dipoles reciprocal distance, can be derived only by the second-order
perturbation theory of quantum mechanics [5-7].
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FIGURE 1.1: Van der Waals heterostructures built by piling different 2D materials. Each
heterostructure brick is a dangling-bond-free single- or few-atom-thick layer with in-
plane covalent bonds and out-of-plane van der Waals interactions. The latter allow to
stack up 2D materials with different lattice parameters, geometries, atomic constituents,
and a twist angle among consecutive layers. Adapted with permission from Ref. [22].

NbSe,), semiconductors (e.g., MoS and WSe,), superconductors (e.g., NbSe), insu-
lators (e.g., h-BN), Weyl semimetals (e.g., PtCk [21]), and so on.

2D materials have revolutionized the way we think about materials for many
reasons. First of all, nanoscale thin materials have opened up the possibilities of
subnanometer engineering, in order to realize central processing units (CPUs) with
hundreds of . 1 nm thick transistors (see [23]). They are ideal platforms for the
state-of-the-art electronics applications, such as exible displays, due to their high
space-ef ciency and exibility [24—26]. More importantly, 2D materials allow to con-
struct a huge variety of novel layered structures, that are built much like “Lego” at
an atomic-scale by vertically stacking the 2D blocks [27]. Indeed, due to the absence
of dangling bonds and the weak intensity of the out-of-plane vdW interactions, it is
possible to integrate highly different 2D materials without the constraints of crystal
lattice matching, with a control on single layers relative orientation or twist angle
their order and number, as sketched in Fig. 1.1. The layered structures obtained by
acting on such an unprecedented number of degrees of freedom (DOFs) are known
as van der Waals homostructurésdWHos) or heterostructuregvdWHes), depending
on whether layers of the same material or of different materials are stacked together.
All these DOFs directly affect the interactions characterizing such vdW structures,
thus providing a unique way to understand and predict their novel physical prop-
erties and phenomena. Therefore, the vdW interaction between adjacent layers,
named as interlayer coupling is expected to have a key role in the switching on of
the latter. This has recently been proven in several types of vdW systems, such as
bilayer graphene (BG) and TMDs, acting in particular on the twist angle [28-35],
which provides a direct response on the interlayer coupling through the steric ef-
fects® between the atoms of faced layers.

Besides the great structural advantages and the high degree of tunability of vdW
materials, the interest of research and technological communities on such systems

3A steric effect is a nonbonding interaction affecting the spatial distribution and reactivity of atoms
and molecules.
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FIGURE 1.2: Repetition of the multiatomic supercell of TBG for the twistangle q= 2.65.
The supercell is de ned by the red box re ecting the hexagonal symmetry, enclosing the
top layer of red carbon atoms twisted with respect to the bottom layer of blue carbon
atoms.

has exponentially increased due to their novel and remarkable properties, both ex-
perimentally observed and con rmed or predicted by more and more accurate theo-
retical predictions. Before to proceed, we will mention only some of the most striking
outcomes of selected 2D families, i.e., twisted bilayer graphene (TBG), TMDs, and
TMHs, that will play a central role in this thesis.

1.1.1 Twisted bilayer graphene

Theoretical predictions and experimental measurements on TBG, favored by the pre-
cise control of the twist angle through the recent tear-and-stack fabrication technique
[36], unveiled coexistent phenomena and phases of intriguing and complex branches
of condensed matter physics, such as Mott insulating behavior and unconventional
superconductivity. This is enormously bene cial both for the chance to experimen-
tally access tunable complex physics regimes in a easily realizable system and for
providing new insights for topics that have been the object of intense research the
last 30 years.

Since 1988, the moiré patterns on graphite surface formed by the misorientation
g between two faced layers with the same symmetries was observed in STM images
[37-45], where the name refers to the induced visive moiré pattern effect. While the
moiré pattern exists for any g, there are particular twist angles, known as commen-
surate anglesthat realize a superlattice, that is a strickly periodic repetition of some
large multiatomic supercell, as shown in the example of Fig. 1.2. The existence of
commensurate (twist) angles is a great advantage from a theoretical point of view,
since it allows to study a twisted bilayer (BL) by using theories or methods, such as
density functional theory (DFT) or tight-binding (TB) method, that take advantage
from the periodicity induced by the repetition of a unit cell in the space (i.e., the
Bravais lattice). In general, the resulting supercells in commensurate structures may
contain contain hundreds or thousands of atoms. For instance, the number of carbon
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FIGURE 1.3: Band structure and DOS of TBG with g = 1.05 obtained by using a contin-
uum model. Red dashed lines are the bands obtained by using the at-layer assumption
on the TBG, i.e., with unrelaxed structure, according to Ref. [46]. Black solid lines are
the bands obtained by taking into account the in-plane relaxation of TBG. As shown in
the DOS, the relaxation induces a band gap opening at the Gpoint of the MBZ for both
electron and hole sides with sizes of 12 meV and 13 meV, respectively. Adapted
with permission from Ref. [28].

atoms in the TBG supercell, starting from the AA or AB stacking #, increases with de-
creasing the angle of twist and reaches very large values, such as 11164 atoms for
g = 1.08, as will be deeply explained in Sec. 3.1. Correspondingly, the periodicity
of the honeycomb superlattice represents the new scale of periodicity of the system.
In 2007, Lopes dos Santoset al. carried out the rst study on the TBG electronic
structure by analyzing the electronic structure close around the Fermi energy, re-
ferred to as low-energy spectrumin the continuum limit ° for small commensurate
angles smaller than 10, in terms of massless Dirac fermions coupled by a slowly
varying periodic interlayer hopping [47]. The low-energy electronic structure was
quite different from the AB-stacked BG . Indeed, Dirac cones were persistent, but
the Fermi velocity vg of the massless Dirac fermions was substantially reduced with
respect to the MG. Moreover, unlike the AB-stacked BG, the particle-hole symmetry
was absent and the external electric eld did not open a gap in the electronic spec-
trum, but just gave a k-point dependent energy shift. Subsequently, the continuum
model was improved by Bistritzer and MacDonald through a low-energy effective
Hamiltonian valid for q . 10 [46], irrespective of whether or not the twist angle

4When putting two graphene layers on top of each other, two fundamental stacking geometries can
be realized. In the rst, an atom of the top layer is exactly superimposed to an atom of the bottom
layer. In the second, an atom of the top layer is put on top of the center of a hexagon of the honeycomb
lattice. These are referred to as AA and AB stackings, respectively. AB stacking is more stable and
corresponds to the Bernal stacking observed in graphite.

5The continuum limit holds for long-wavelength electronic states and excitations. In graphene this
implies the condition jgjag 1, where q is the wave-vector separating an electronic state from the
Dirac pointand &y is the lattice parameter.

5The low-energy spectrum of BG is quadratic rather than linear as in ML, and the Fermi velocity is
momentum dependent, unlike the ML [48, 49].
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was commensurate, and by Lopes dos Santoset al. through the analytical calcula-
tion of the spatially modulated hopping amplitudes for any type of commensurate
structures in the low twist-angle limit [50]. When the twist angle reached the values
g= 1.05,0.5,0.35,0.24, 0.2, referred to as magic anglesthe Fermi velocity van-
ished and showed maxima between them. Then, this was con rmed through the TB
method applied to TBG by Trambly de Laissardiére et al. [51], also noting that the
magic angles were de ned by the series g, = 1.05/ n. Furthermore, close to the rst
theoretically predicted magic angle o, = 1.05, the interlayer hybridization induced
four nearly at low-energy bands around the charge neutrality point (CNP), that are
known as minibands well distinct from the others and having a bandwidth of the
order of 10-20 meV, as shown in Fig. 1.3 (red dashed lines). They were predicted by
both the continuum model [46] and the TB method [51], and then con rmed by the
two symmetric van Hove singularities in the density of states (DOS) [50]. Further-
more, the local density of states (LDOS) associated to the at minibands were highly
peaked at the AA stacking regions of the moiré pattern, prohibiting the tunneling
from the AA to the AB or BA regions.

The rst experimental observations on TBG con rmed the Fermi velocity behav-
ior and the at minibands, but insulating gaps of the order of 10 meV at G point
of the mini Brillouin Zone (MBZ) of the superlattice separated the latter from the
other valence or conduction bands for g= 1.8 [52] and g = 0.99 [53]. This discrep-
ancy between theory and experiments was associated to the at-layer assumption
adopted because of the inaccessible computational cost behind the lattice relaxation.
This was con rmed in 2017 by Nam and Koshino [28], when the lattice relaxation in
general TBGs was obtained by an effective continuum theory, although the out-of-
plane components of the atomic displacement vectors were neglected for the sake of
simplicity. Indeed, for 0.99 < q < 1.20, gaps opened up at Gpoint, as shown in
Fig. 1.3 (black solid lines) for q = 1.05, where there is a gap of 12 meV on the
electron side and a gap of 13 meV on the hole side.

In 2018, Caoet al. unveiled the coexistence of Mott-like insulating [29] and un-
conventional superconductivity phases [30] in TBG by performing measurements
of conductance of an electrostatically doped TBG and switching-on perpendicu-
lar magnetic elds. In Fig. 1.4(a), the conductance measured at the magic an-
gle g = 1.08 and the temperature T = 0.3 K [29] shows that, in addition to the
insulating states related to the gaps at the G point of the MBZ at the total lling

ns = 2.7 102 cm 2 of the electron/hole at minibands, another pair of insu-
lating states occurs for a narrower density range near the half- lling charge doping

ng/2 of the at minibands. Furthermore, such half- lling insulating states exhibit
a strong dependence on the temperature, since the system is a metal above 4 K, be-
comes an insulator at 4 K, and the conductance drops to zero from 4 K to 0.3 K. Since
they were not expected in absence of interactions between the electrons and corre-
sponded to localized electrons on AA-stacked regions, Cao et al. proposed a Mott-
like insulating phase for explaining them. The rst con rmation was obtained by
verifying the condition U/ W > 1, i.e., the guenching of the quantum kinetic energy;,
for an Hubbard model on a triangular lattice of sites as the AA-stacked localized
regions, where U is the effective on-site Coulomb energy and W is the bandwidth
of the E > 0 at-miniband branch in TBG for 0.04 < g < 2 . The suppression of
the half- lling insulating states under a perpendicular magnetic eld provided an-
other proof of the Mott-like insulating phase. Indeed, the gap separating the electron
at minibands from the upper bands is reproduced only within a many-body pic-
ture of the DOS, i.e., by including the many-body interactions, and the application
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(@)

(b) (©)

FIGURE 1.4: Mott-like insulating and unconventional superconductivity phases of TBG.
(a) Measured conductance at the magic angleq = 1.08 and the temperature T = 0.3 K.
Adapted with permission from Ref. [29]. (b-¢c) Measured longitudinal resistance Ryx as
a function of carrier density and temperature for g = 1.16 and g = 1.05. See text for
details. Adapted with permission from Ref. [30].

of B, polarizes the excitations of the spectrum according to their spin, thus allow-
ing charge conduction when the Zeeman energy exceeds the charge gap. As far as
the superconductivity is concerned, the longitudinal resistance Ryyx was measured
for g = 1.16 and q = 1.05 as a function of carrier density and temperature, re-
vealing two pronounced superconducting domes near half- lling of the lower at
minibands, that are similar to cuprates (copper oxides) temperature-carrier-density
phase diagrams (see Figs. 1.4(b) and (c)) [30]. The superconducting phase was con-
rmed by the current-voltage curves, for g= 1.05 TBG as an example, that become
ohmicfor T & 2Katn = 1.44 102 cm 2. Moreover, critical eld values evi-
dently depended on the doping density with two similar domes on each side of the
half- lling state and a good agreement to the Ginzburg-Landau theory. In addition

to the superconducting domes, the unconventional character of superconductivity is
motivated by the ratio between the critical temperature and the Fermi temperature,
since most conventional superconductors have a ratio of about 0.01-0.05, conven-
tional superconductors have a ratio of order 0.001, and TBG exhibits values from
0.04 to 0.08. In other words, the measurements of Caoet al. strongly suggested
that the magic-angle TBG superconductivity originates from electronic correlations
instead of weak electron-phonon coupling.

The most recent works on TBG have been aimed to nd a theoretical explanation
of the observed phenomenology and to further investigate on the four minibands,
whose role has proven to be certainly central. Therefore, many efforts have been
made to focus only on the minibands, by nding the suitable set of real space Wan-
nier orbitals and the corresponding centers to perform a TB calculation. Also this
task has turned out to be not easy. For instance, the model proposed in Refs. [54]
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