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Preface

The aim of this PhD Thesis is to collect the results which I obtained during my PhD
course at University of Naples Federico II under the supervision of Prof. Nicola Durante.

In the following, we briefly describe the structure of this thesis.

In Chapter 1, we recall some definitions and notions regarding projective spaces, polarities
and polar spaces, and we also give an overview on sesquilinear forms on vector spaces.
Here a classification result regarding non-degenerate, reflexive sesquilinear forms is shown.
These ones are in 1 to 1 correspondence with polarities and give rise to the so called
finite classical polar spaces. Since the classification of sesquilinear forms does not include
quadrics when the field has even characteristic, quadratic forms on vector spaces are
described. Finally, we introduce the concept of m-ovoid of a finite classical polar space
and describe the link between the ovoids of the Klein quadric Q+(5, q) and the line
spreads of a projective space PG(3, q).

In Chapter 2, we deal with the theory of rank distance codes (or for short RD-codes). An
RD-code attaining the Singleton-like bound is known as maximum rank distance code (or
for short MRD-code). We present the setting of σ-linearized polynomials, the state of art
of the known families of MRD codes and we show how to construct families of RD-codes
from exterior sets. Finally, we describe in detail the family of MRD codes obtained in
[28].

In Chapter 3, Chapter 4, Chapter 5, the so called σ-quadrics are described. In particular,
in Chapter 3 we give a complete classification of correlations, associated to non-reflexive
sesquilinear forms, of a projective line PG(1, qn) [23] and a projective plane PG(2, qn)
[23, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56] in the degenerate and the non-degenerate case.
Also, the classification of correlations, associated to degenerate non-reflexive sesquilinear
forms, of a projective space PG(3, qn) is given [29]. In Chapter 4 and Chapter 5, we study
correlations associated to degenerate non-reflexive sesquilinear forms, of the projective
spaces PG(4, qn) and PG(5, qn), respectively. Moreover, we show how σ-quadrics are re-
lated to ovoids of polar spaces. We highlight that nothing is known about classification of
correlations associated to non-degenerate non-reflexive sesquilinear forms, of a projective
space PG(k, qn) with k ∈ {3, 4, 5}.

In Chapter 6 and Chapter 7, we deal the classification of "low-degree" ovoids of the
hyperbolic quadric Q+(5, q) and the parabolic quadric Q(6, q). This research is inspired
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by the paper of Bartoli and Durante [7], in which they obtain classification results re-
garding ovoids of the parabolic quadric Q(4, q). Ovoids of the Klein quadric Q+(5, q)
of PG(5, q) have been studied in the last 40 year, also because of their connection with
spreads of PG(3, q) and hence translation planes. Beside the classical example given by a
three dimensional elliptic quadric (corresponding to the regular spread of PG(3, q)) many
other classes of examples are known. First of all the other examples (beside the elliptic
quadric) of ovoids of Q(4, q) give also examples of ovoids of Q+(5, q). Another important
class of ovoids of Q+(5, q) is given by the ones associated to a flock of a three dimen-
sional quadratic cone. To every ovoid of Q+(5, q) two bivariate polynomials f1(x, y) and
f2(x, y) can be associated. We classify ovoids of Q+(5, q) such that f1(x, y) = y + g(x)

and max{deg(f1),deg(f2)} < ( 1
6.3q)

3
13 − 1, that is f1(x, y) and f2(x, y) have "low total

degree" compared with q. Ovoids of the parabolic quadric Q(6, q) of PG(6, q) have been
largely studied in the last 40 years. They can only occur if q is an odd prime power
and there are two known families of ovoids of Q(6, q), the Thas-Kantor ovoids and the
Ree-Tits ovoids, both for q a power of 3. It is well known that to any ovoid of Q(6, q) two
polynomials f1(x, y, z), f2(x, y, z) can be associated. We classify ovoids of Q(6, q) with
max{deg(f1), deg(f2)} < ( 1

6.3q)
3
13 − 1.

In Chapter 8, we provide a construction of (q + 1)-ovoids of the hyperbolic quadric
Q+(7, q), q an odd prime power, by "glueing" (q + 1)/2-ovoids of the elliptic quadric
Q−(5, q). This is possible by controlling some intersection properties of (putative) m-
ovoids of elliptic quadrics. Secondly, we also construct m-ovoids for m ∈ {2, 4, 6, 8, 10} in
Q+(7, 3). Therefore we first investigate how to construct spreads of PG(3, q) that have
as many secants to an elliptic quadric as possible.

In Chapter 9, we give a geometric construction of a new family of non-linear MRD codes.
These codes are obtained from a cone of a projective space whose vertex is a proper
subspace and whose base is a special subset of a subspace skew with the vertex. The
base of such a cone is linked to the non-linear MRD codes constructed by Cossidente
et al. [17], Durante and Siciliano [33] and Donati and Durante [28]. These latter can be
obtained in turn by puncturing codes in relevant family. Finally, we show that this class
of codes is not equivalent to the one constructed by Otal and Özbudak in [69].



Chapter 1

Finite classical polar spaces

1.1 The projective space PG(V )

We will denote a field by F and a finite field with q elements, q a prime power, by Fq.
For any subset S of an F-vector space V , we will denote the subspace spanned by the
elements of S by ⟨S⟩. We recall the definitions of linear and semilinear map between
vector spaces.

Definition 1.1.1. Let V and W be two F-vector spaces. A map f : V −→ W is called
linear if

f(u + v) = f(u) + f(v) and f(av) = af(v)

for any u,v ∈ V and a ∈ F. If f is bijective, then f is an isomorphism between V and
W ; in this case V and W are isomorphic. If f is an isomorphism of V into itself, then f
is an automorphism of V .
The set of all automorphisms of V

GL(V ) = {g : V −→ V : g is an automorphism of V }.

is a group with respect to the map composition and it is called general linear group of
V ; if dimV = n + 1 then it is isomorphic to the group of invertible (n + 1) × (n + 1)
matrices over F. If V = Fn+1

q , then the linear group will be denoted by GL(n+ 1, q).

The next definition generalizes the notion of linear map.

Definition 1.1.2. Let V and W be two F-vector spaces. A map f : V −→ W is called
semilinear or σ-linear if there exists an automorphism σ of F such that

f(u + v) = f(u) + f(v) and f(av) = aσf(v)

for any u,v ∈ V and a ∈ F. If f is bijective, then f is a semilinear isomorphism between
V and W . If f is a semilinear isomorphism of V into itself, then f is a semilinear
automorphism of V .
The set of all semilinear automorphisms of V

ΓL(V ) = {g : V −→ V : g is a semilinear automorphism of V }

1



1.1 The projective space PG(V ) 2

is a group with respect to the map composition and it is called semilinear group of V . If
V = Fn+1

q , this group will be denoted by ΓL(n+ 1, q).

The following proposition shows how many k-dimensional subspaces are contained in
an n-dimensional vector space over a finite field Fq and it is easily proved.

Proposition 1.1.3. Let V be an n-dimensional Fq-vector space and 1 ≤ k ≤ n. The
number of k-dimensional subspaces of V equals[

n

k

]
q

=
k−1∏
i=0

qn−i − 1

qk−i − 1
.

Let V be an (n + 1)-dimensional F-vector space. We will denote the set of all 1-
dimensional subspaces of V by PG(V ), and we will call them points of PG(V ). Any
point P of PG(V ) will be also denoted by ⟨v⟩, where v is a non-zero vector of V . Let S
be a k-dimensional subspace of V , 0 ≤ k ≤ n+ 1, the set of all 1-dimensional subspaces
contained in S will be called (k−1)-dimensional projective subspace of PG(V ), or shortly
(k− 1)-space of PG(V ). In the sequel if S is a vector subspace of V , we will denote with
the same symbol S the associated projective subspace of PG(V ). A projective subspace
of dimension 1, 2, n − 1 will be also called line, plane, hyperplane, respectively. We will
assume that the empty set is a projective subspace of dimension −1. For any −1 ≤ j ≤ n,
let Sj be the set of all j-dimensional projective subspaces of PG(V ).

Definition 1.1.4. Let V be an (n + 1)-dimensional vector space over Fq. The pair
(PG(V ), (S−1,S0, . . . ,Sn)) is called either n-dimensional projective space with underlying
vector space V or n-dimensional projective space over F or n-dimensional Desarguesian
projective space.

We will denote the n-dimensional projective space with underlying vector space V =
Fn+1 by PG(n,F). In the case F = Fq is a finite field, the projective space will be denoted
by PG(n, q) and it will be also called n-dimensional finite projective space.

The number of k-dimensional projective subspaces contained in PG(n, q) is given by
the following proposition:

Proposition 1.1.5. Let 0 ≤ k ≤ n. The number of k-dimensional projective subspaces
of PG(n, q) equals [

n+ 1

k + 1

]
q

=

k∏
i=0

qn+1−i − 1

qk+1−i − 1
.

Definition 1.1.6. The points P1 = ⟨v1⟩, P2 = ⟨v2⟩, . . . , Pr = ⟨vr⟩ of PG(V ) are linearly
independent (resp. linearly dependent) if, and only if, the vectors v1,v2, . . . ,vr of V are
linearly independent (resp. linearly dependent).

Definition 1.1.7. An (n+ 2)-tuple

R = (P1, P2, . . . , Pn+1, P )
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of points of PG(V ) such that any n+ 1 of them are linearly independent is a projective
frame of PG(V ). The points P1, P2, . . . , Pn+1 and P are called the fundamental points
and the unit point of R, respectively.

It is easy to see that if B = {e1, e2, . . . , en+1} is a basis of V , then

R(B) = (⟨e1⟩, ⟨e2⟩, . . . , ⟨en+1⟩, ⟨e1 + e2 + . . .+ en+1⟩)

is a projective frame of PG(V ) called the associated frame of PG(V ). For any point

P = ⟨
n+1∑
i=1

xiei⟩

the vector X = (x1, . . . , xn+1), defined up to a non-zero scalar multiple, is the vector
of the projective coordinates of P with respect to the frame R(B). This yields there is a
bijective map

γR : P = ⟨
n+1∑
i=1

xiei⟩ ∈ PG(V ) −→ ⟨(x1, . . . , xn+1)⟩ ∈ PG(n,F).

So, fixing a projective frame in PG(V ), we can identify any point P of PG(V ) with its
projective coordinates (x1, . . . , xn+1) and we will write P = (x1, . . . , xn+1).

Definition 1.1.8. Let f : V −→ W be an isomorphism between two F-vector spaces V
and W . The bijective map

f̃ : ⟨v⟩ ∈ PG(V ) −→ ⟨f(v)⟩ ∈ PG(W )

is called projectivity between PG(V ) and PG(W ) induced by f . The set of all projectivity
of PG(V ) into itself

PGL(V ) = {g : PG(V ) −→ PG(V ) : g is a projectivity of PG(V )}

is a group with respect to the map composition and it is called projective linear group of
PG(V ). If V = Fn+1

q , this group will be denoted by PGL(n+ 1, q).

Definition 1.1.9. Let f : V −→ W be a linear map with kerf ̸= {0} and let K =
{⟨v⟩ ∈ PG(V ) : f(v) ̸= 0}. The map

fK : ⟨v⟩ ∈ PG(V ) \ K −→ ⟨f(v)⟩ ∈ PG(W )

is called degenerate projectivity between PG(V ) and PG(W ) induced by f .

Definition 1.1.10. Let V and W be two F-vector spaces such that dimV = dimW > 2.
A collineation between PG(V ) and PG(W ) is a bijective map g : PG(V ) −→ PG(W )
sending lines into lines. If dimV = dimW = 2, a collineation is a bijective map g : ⟨v⟩ ∈
PG(V ) −→ ⟨f(v)⟩ ∈ PG(W ) induced by a semilinear isomorphism f : V −→ W . The
group of all collineations of PG(V ) into itself will be denoted by PΓL(V ). If V = Fn+1

q ,
we will use the following notation PΓL(n+ 1, q).
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Theorem 1.1.11 (Fundamental Theorem of Projective Geometry). Let V and W be two
F-vector spaces, with dimV = dimW > 2. Any collineation between PG(V ) and PG(W )
has the form

g : P = ⟨v⟩ ∈ PG(V ) −→ P ′ = ⟨f(v)⟩ ∈ PG(W ),

with f : V −→ W a semilinear isomorphism.

Proof. See [14, Theorem 1.5].

Definition 1.1.12. Let f : V −→ W be a semilinear map with kerf ̸= {0} and let
K = {⟨v⟩ ∈ PG(V ) : f(v) ̸= 0}. The map

fK : ⟨v⟩ ∈ PG(V ) \ K −→ ⟨f(v)⟩ ∈ PG(W )

is called degenerate collineation between PG(V ) and PG(W ) induced by f .

1.2 The dual space of PG(V )

Let V be an (n+ 1)-dimensional F-vector space and let V ∗ be its dual space, that is the
vector space of the linear maps from V to F. If B = {e1, . . . , en+1} is a basis of V , then
B∗ = {e∗1, . . . , e∗n+1} defined by

e∗i (ej) = δij =

{
1 if i = j

0 if i ̸= j

is the dual basis of B. For every v ∈ V such that v = a1e1 + . . .+ an+1en+1, it is

e∗i (v) = ai.

For any subspace U of V the corresponding subspace U∗ of V ∗ is given by

U∗ = {f ∈ V ∗ : f(u) = 0, ∀u ∈ U}.

So, we have a bijective correspondence between the subspaces of V and the subspaces of
V ∗ satisfying:

• (U∗)∗ and U are isomorphic;

• U ⊂ W if, and only if, W ∗ ⊂ U∗;

• dimU∗ = n+ 1− dimU .

The projective space PG(V ∗) is the dual space of PG(V ) and it will be also denoted
by PG(V )∗.

Definition 1.2.1. If R = (⟨e1⟩, ⟨e2⟩, . . . , ⟨en+1⟩, ⟨e1 + e2 + . . . + en+1⟩) is a projective
frame of PG(V ), then R∗ = (⟨e∗1⟩, ⟨e∗2⟩, . . . , ⟨e∗n+1⟩, ⟨e∗1 + e∗2 + . . . + e∗n+1⟩) is the dual
projective frame of PG(V )∗.

We can think at the dual space PG(V )∗ as the projective space whose points are the
hyperplanes of PG(V ) and whose k-dimensional subspaces are the (n−k−1)-dimensional
spaces of PG(V ).
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1.3 Sesquilinear forms, correlations and polarities

Definition 1.3.1. Let V be an F-vector space. A map

⟨ , ⟩ : (v,v′) ∈ V × V −→ ⟨v,v′⟩ ∈ F

is a sesquilinear form on V if it is a linear map on the first argument and a σ-linear map
on the second argument, i.e.

⟨v + v′,v′′⟩ = ⟨v,v′′⟩+ ⟨v′,v′′⟩, ⟨av,v′⟩ = a⟨v,v′⟩

⟨v,v′ + v′′⟩ = ⟨v,v′⟩+ ⟨v,v′′⟩, ⟨v, av′⟩ = aσ⟨v,v′⟩

for any v,v′,v′′ ∈ V , a ∈ F and σ an automorphism of V . If σ is the identity map, then
⟨ , ⟩ is a bilinear form on V .

The term sequi comes from the Latin, and it means one and a half.
Now, let V be an (n + 1)-dimensional F-vector space. Let B = {e1, e2, . . . , en+1} be a
basis of V . Let X = (x1, x2, . . . , xn+1) and Y = (y1, y2, . . . , yn+1) denote the vectors of
coordinates of two elements x,y ∈ V with respect to B. Then we have

⟨x,y⟩ = XtAY σ,

where A = (⟨ei, ej⟩) is the associated matrix to the sesquilinear form with respect to the
basis B, the superscript t denotes the matrix transposition and Y σ = (yσ1 , y

σ
2 , . . . , y

σ
n+1).

For any subspace U of V , we define the right and the left orthogonal subspaces of U
as

U⊤ = {y ∈ V : ⟨x,y⟩ = 0,∀x ∈ U}

and
U⊥ = {y ∈ V : ⟨y,x⟩ = 0,∀x ∈ U},

respectively.

Proposition 1.3.2. Let U,W be two subspaces of V . We have:

i) both U⊤ and U⊥ are subspaces of V ;

ii) U⊥ ∩W⊥ = (U ∩W )⊥, U⊤ ∩W⊤ = (U ∩W )⊤;

iii) W ⊂ U =⇒ U⊤ ⊂ W⊤, U⊥ ⊂ W⊥.

Proof. We prove the statement for the right orthogonal subspaces. A similar argument
can be applied to the left orthogonal subspaces.

i) Let y, z ∈ U⊤ and a, b ∈ F, then for any x ∈ U

⟨x, ay + bz⟩ = aσ⟨x,y⟩+ bσ⟨x, z⟩ = 0

and so ay + bz ∈ U⊤.



1.3 Sesquilinear forms, correlations and polarities 6

ii) If v ∈ U⊤ ∩ W⊤ then ⟨x,v⟩ = ⟨y,v⟩ = 0 for any x ∈ U and y ∈ W . Hence
⟨z,v⟩ = 0 for any z ∈ U + W and so U⊤ ∩ W⊤ ⊂ (U + W )⊤. If ⟨x + y,v⟩ = 0
for any x ∈ U and y ∈ W , then ⟨x,v⟩ = 0 for any x ∈ U and ⟨y,v⟩ = 0 for any
y ∈ W , and so v ∈ U⊤ ∩W⊤, that is (U +W )⊤ ⊂ U⊤ ∩W⊤.

iii) Let W ⊂ U and y ∈ U⊤. Hence, for any x ∈ U we have ⟨x,y⟩ = 0 and, in
particular, this holds for any x ∈ W , that is y ∈ W⊤.

The subspaces V ⊤ and V ⊥ are called the right and the left radicals of ⟨ , ⟩, respectively.

Proposition 1.3.3. Let V be an (n+ 1)-dimensional F-vector space. The right and the
left radicals of a σ-sesquilinear form on V have the same dimension given by

dimV ⊤ = dimV ⊥ = n+ 1− rk(A),

where A is the associated matrix with respect to a basis of V .

Proof. Note that the right and the left radicals have the following matrix equations

V ⊤ : Aσ−1
X = 0 and V ⊥ : AtX = 0,

and rk(Aσ−1
) = rk(At) = rk(A).

Definition 1.3.4. A sesquilinear form on V is called non-degenerate if V ⊤ = V ⊥ = {0}.
Otherwise, it is called degenerate.

Proposition 1.3.5 ([4, Lemma 3.1]). Let V be an (n + 1)-dimensional F-vector space.
If ⟨ , ⟩ is a non-degenerate sesquilinear form on V , then

dimU + dimU⊥ = dimV = dimU + dimU⊤.

Proof. We will prove the claim for U⊤. Let {e1, . . . , er} be a basis of U . Define the linear
maps αi, i = 1, . . . , r, by

αi(v) = ⟨ei,v⟩.
If
∑r

i=1 λiαi = 0, then
∑r

i=1 λiαi(v) = 0 for any v ∈ V . Therefore,

0 =
r∑

i=1

λiαi(v) =
r∑

i=1

λi⟨ei,v⟩ = ⟨
r∑

i=1

λiei,v⟩,

and so
∑r

i=1 λiei = 0, since ⟨ , ⟩ is non-degenerate. Thus, λ1 = . . . = λr = 0, which
implies that α1, . . . , αr are linearly independents. Now, note that

U⊤ =

r⋂
i=1

ker(αi).

It is easy to see that {α1, . . . , αr} is a basis of the dual subspace (U⊤)∗, and so

dimU⊤ = n+ 1− r.
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Definition 1.3.6. Let ⟨ , ⟩ be a sesquilinear form on V . A vector u ∈ V is isotropic if
⟨u,u⟩ = 0. A totally isotropic subspace U of V has the property

⟨u,v⟩ = 0

for any u,v ∈ U . A maximum totally isotropic subspace is a totally isotropic subspace
which is not contained in a larger totally isotropic subspace.

Theorem 1.3.7 ([4, Theorem 3.3]). A totally isotropic subspace, with respect to a non-
degenerate sesquilinear form on an (n+ 1)-dimensional F-vector space V has dimension
at most

⌊
n+1
2

⌋
.

Proof. Let U be a totally isotropic subspace of V , then by definition U ⊂ U⊥, U⊤. Hence,
by Proposition 1.3.5

2 dimU ≤ n+ 1.

Definition 1.3.8. A sesquilinear form ⟨ , ⟩ is reflexive if for any u,v ∈ V it holds

⟨u,v⟩ = 0 ⇐⇒ ⟨v,u⟩ = 0.

In this case, for any subspace U of V the subspace U⊥ = U⊤ will be called orthogonal
subspace of U .

Proposition 1.3.9 ([4, Theorem 3.4]). Let ⟨ , ⟩ be a reflexive sesquilinear form. For any
subspace U of V

U ⊂ (U⊥)⊥.

Moreover, if ⟨ , ⟩ is non-degenerate then

U = (U⊥)⊥.

Proof. Let u ∈ U . For any v ∈ U⊥, we have ⟨u,v⟩ = 0. Since ⟨ , ⟩ is reflexive, ⟨v,u⟩=0
and so u ∈ (U⊥)⊥, that is U ⊂ (U⊥)⊥.

Now, suppose ⟨ , ⟩ is non-degenerate. Then, by Proposition 1.3.5,

dimU = n+ 1− dimU⊥ = dim(U⊥)⊥,

and so U = (U⊥)⊥.

Definition 1.3.10. A bilinear form ⟨ , ⟩ on V is called symmetric if for any x,y ∈ V

⟨x,y⟩ = ⟨y,x⟩,

and alternating if for any x ∈ V
⟨x,x⟩ = 0.

A σ-sesquilinear form ⟨ , ⟩ on V is called Hermitian if σ2 = 1, σ ̸= 1 and for any x,y ∈ V

⟨x,y⟩ = ⟨y,x⟩σ.
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Let A denote the matrix associated to the form ⟨ , ⟩ with respect to a basis B of an
(n+1)-dimensional F-vector space V . If ⟨ , ⟩ is symmetric then A is a symmetric matrix,
i.e. A = At. If ⟨ , ⟩ is alternating then for any x,y ∈ V we have

0 = ⟨x + y,x + y⟩ = ⟨x,x⟩+ ⟨x,y⟩+ ⟨y,x⟩+ ⟨y,y⟩ = ⟨x,y⟩+ ⟨y,x⟩,

that is ⟨x,y⟩ = −⟨y,x⟩. This yields that A is a skew-symmetric matrix, i.e. A = −At. If
⟨ , ⟩ is non-degenerate, since |A| = (−1)n+1|At|, then n must be odd. Note that if the field
F has even characteristic then any alternating form is also symmetric (but the converse
is not true). Therefore, in the following we will assume that a symmetric bilinear form is
not alternating when F has even characteristic. Finally, if ⟨ , ⟩ is Hermitian then A is a
Hermitian matrix, i.e. At = Aσ.

Theorem 1.3.11 ([4, Theorem 3.6]). Let ⟨ , ⟩ be a non-degenerate, reflexive σ-sesquilinear
form of an (n+ 1)-dimensional F-vector space V . Then, up to a scalar factor, the form
⟨ , ⟩ is one of the following:

• an alternating form.

• a symmetric form. Moreover, if F has even characteristic then there is a non
isotropic vector.

• a Hermitian form.

Definition 1.3.12. Two σ-sesquilinear forms ⟨ , ⟩ and ( , ) on an F-vector space V are
equivalent if there is f ∈ ΓL(V ) such that ⟨f(x), f(y)⟩ = (x,y) for any x,y ∈ V .
A linear map f ∈ GL(V ) is called an isometry of ⟨ , ⟩ if ⟨f(x), f(y)⟩ = ⟨x,y⟩ for any
x,y ∈ V .

In [4, Chapter 3], it is shown the following:

Theorem 1.3.13. • In Fn+1
q , q odd, there are, up to equivalence, one or two of

non-degenerate, reflexive symmetric bilinear forms according as n is even or odd,
respectively.

• In Fn+1
q , q even, all non-degenerate, reflexive symmetric and not alternating bilinear

forms are equivalent.

• In Fn+1
q , n odd, all non-degenerate, reflexive alternating bilinear forms are equiva-

lent.

• In Fn+1
q , all non-degenerate, reflexive Hermitian forms are equivalent.

Remark 1.3.14. Let ⟨ , ⟩ be a non-degenerate, reflexive σ-sesquilinear form on Fn+1
q .

By Theorem 1.3.13, we may assume that:

• if ⟨ , ⟩ is symmetric, q odd, there is a suitable basis B of Fn+1
q such that either

⟨x,y⟩ = x1y2 + . . .+ xn−1yn + xn+1yn+1
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if n is even, or

⟨x,y⟩ = x1y2 + . . .+ xn−2yn−1 + f(xn, yn+1),

with f(xn, yn+1) an irreducible polynomial of degree two over Fq, or

⟨x,y⟩ = x1y2 + . . .+ xnyn+1

if n is odd.
The group of all isometries of ⟨ , ⟩ is called orthogonal group and it is denoted
by GO(n + 1, q), GO−(n + 1, q) and GO+(n + 1, q), respectively. The groups of
all projectivities of PG(n, q) induced by elements of GO(n+ 1, q), GO−(n+ 1, q),
GO+(n + 1, q) are denoted by PGO(n + 1, q), PGO−(n + 1, q), PGO+(n + 1, q),
respectively.

• if ⟨ , ⟩ is symmetric and not alternating, q even, there is a suitable basis B of Fn+1
q

such that
⟨x,y⟩ = x1y1 + . . .+ xn+1yn+1.

• if ⟨ , ⟩ is alternating, n odd, there is a suitable basis B of Fn+1
q such that

⟨x,y⟩ = x1y2 − x2y1 + . . .+ xnyn+1 − xn+1yn.

The group of all isometries of ⟨ , ⟩ is called symplectic group and it is denoted by
Sp(n + 1, q). The group of all projectivities of PG(n, q) induced by elements of
Sp(n+ 1, q) is denoted by PSp(n+ 1, q).

• if ⟨ , ⟩ is Hermitian, q square, there is a suitable basis B of Fn+1
q such that

⟨x,y⟩ = x1y
√
q

1 + . . .+ xn+1y
√
q

n+1.

The group of all isometries of ⟨ , ⟩ is called unitary group and it is denoted by
GU(n + 1, q). The group of all projectivities of PG(n, q) induced by elements of
GU(n+ 1, q) is denoted by PGU(n+ 1, q).

Usually symplectic, orthogonal and unitary groups are called finite classical groups.
Regarding the dimension of a maximum totally isotropic subspace, the following have
been proved:

Theorem 1.3.15 ([4, Theorem 3.8]). A maximum totally isotropic subspace, with respect
to a non-degenerate alternating form defined on Fn+1

q , has dimension n+1
2 .

Theorem 1.3.16 ([4, Theorem 3.11]). A maximum totally isotropic subspace, with re-
spect to a non-degenerate hermitian form defined on Fn+1

q , has dimension
⌊
n+1
2

⌋
.

Definition 1.3.17. A (degenerate) correlation of PG(n,F) is a (degenerate) collineation
between PG(n,F) and its dual space PG(n,F)∗.
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Remark 1.3.18. A correlation of PG(n,F) can be seen as a bijective map of PG(n,F)
that maps k-dimensional subspaces into (n − k − 1)-dimensional subspaces reversing
inclusion.

Theorem 1.3.19. Any (possibly degenerate) correlation of PG(n,F), n > 1, is induced by
a σ-sesquilinear form of the underlying vector space Fn+1. Moreover, every σ-sesquilinear
form of Fn+1 induces two (possibly degenerate) correlations of PG(n,F). The two corre-
lations coincide if, and only if, the σ-sesquilinear form is reflexive.

Proof. A (possibly degenerate) correlation of PG(n,F), n > 1, is induced by a σ-linear
map f of Fn+1 into its dual, since it is a (possibly degenerate) collineation. Define a map

⟨ , ⟩ : Fn+1 × Fn+1 −→ F

in the following way:
⟨u,v⟩ = f(v)(u),

that is the result of applying the element f(v) of (Fn+1)∗ to u. It follows that ⟨ , ⟩ is a
σ-sesquilinear form. Indeed it is easy to see that ⟨ , ⟩ is linear on the first argument and
since

⟨u,v1 + v2⟩ = f(v1 + v2)(u) = f(v1)(u) + f(v2)(u) = ⟨u,v1⟩+ ⟨u,v2⟩

and
⟨u, av⟩ = f(av)(u) = aσf(v)(u) = aσ⟨u,v⟩,

it is semilinear on the second argument. Moreover ⟨ , ⟩ is non-degenerate if, and only if,
f is a bijection.
Conversely, any σ-sesquilinear form on V = Fn+1 induces two (possibly degenerate)
correlations of PG(n,F) given by

⊥: P = ⟨u⟩ ∈ PG(n,F) \ V ⊥ −→ P⊥ = {⟨v⟩ : ⟨u,v⟩ = 0} ∈ PG(n,F)∗ (1.1)

and

⊤ : P = ⟨v⟩ ∈ PG(n,F) \ V ⊤ −→ P⊤ = {⟨u⟩ : ⟨u,v⟩ = 0} ∈ PG(n,F)∗. (1.2)

Definition 1.3.20. Let ⟨ , ⟩ be a sesquilinear form of Fn+1. A point P = ⟨v⟩ of PG(n,F)
is called absolute if ⟨v,v⟩ = 0, i.e. if the vector v is isotropic.

Note that a correlation of PG(n,F) applied twice gives a collineation of PG(n,F).

Definition 1.3.21. A (degenerate) polarity is a (degenerate) correlation whose square
is the identity.
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Hence, if ρ is a (possibly degenerate) polarity, then for every pair of points P and R
the following holds:

P ∈ Rρ ⇐⇒ R ∈ P ρ,

and in this case the points P and R are said conjugate points. A subspace U is called
totally isotropic with respect to ρ if U ⊂ Uρ. In this case, a totally isotropic subspace U
of PG(n,F) has dimension at most

⌊
n−1
2

⌋
.

Definition 1.3.22. Let ρ be a (degenerate) reflexive polarity of PG(n, q), the set of
totally isotropic subspaces with respect to ρ is called a (degenerate) finite classical polar
space.

Proposition 1.3.23. A (degenerate) correlation is a (degenerate) polarity if, and only
if, the induced sesquilinear form is reflexive.

Proof. Let ⟨ , ⟩ be a reflexive σ-sesquilinear form of Fn+1. If u ∈ ⟨v⟩⊥, then v ∈ ⟨u⟩⊥.
Hence the map ⟨u⟩ 7→ ⟨u⟩⊥ defines a (possibly degenerate) polarity. Conversely, given
a (possibly degenerate) polarity ρ, then ⟨u⟩ ∈ ⟨v⟩ρ if, and only if, ⟨v⟩ ∈ ⟨u⟩ρ. So, the
induced sesquilinear form is reflexive.

1.4 Quadrics, Hermitian varieties, Symplectic geometries of
PG(d, q)

By Proposition 1.3.23, we have seen that polarities of PG(n,F) are in one to one corre-
spondence with non-degenerate, reflexive σ-sesquilinear forms on Fn+1. Hence, to every
polarity of PG(n,F) there is an associated pair (A, σ), with A a non-singular matrix of
order n+ 1 and σ an automorphism of F. From Theorem 1.3.11, we have the following:

Corollary 1.4.1. Let (A, σ) be a polarity of PG(n, q), one of the following holds:

• σ = 1, A is a symmetric matrix, q is odd. The polarity is called an orthogonal
polarity.

• σ = 1, A is a symmetric matrix, q is even. There is a non absolute point and the
polarity is called a pseudo polarity.

• σ = 1, A is a skew-symmetric matrix, n is odd. Every point is an absolute point
and the polarity is called a symplectic polarity.

• σ2 = 1, so σ : x 7→ x
√
q, q is a square, A is a Hermitian matrix. The polarity is

called a Hermitian or unitary polarity.

Remark 1.4.2. Let ⟨ , ⟩ be a σ-sesquilinear form on an (n + 1)-dimensional Fq-vector
space V . The restriction of ⟨ , ⟩ on a subspace U of V is a σ-sesquilinear form that is
symmetric, symmetric and not alternating, alternating or Hermitian according as ⟨ , ⟩ is
symmetric, symmetric and not alternating, alternating or Hermitian. This yields that the
restriction of a polarity ρ of PG(n, q) on a projective subspace of PG(n, q) is a polarity
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that is orthogonal, pseudo-polarity, symplectic or Hermitian, according as ρ is orthogonal,
pseudo-polarity, symplectic or Hermitian.

Each of the above polarities of PG(n, q) determines a set Γ : XtAXσ = 0, as set
of absolute points. The three type of polarities give rise to the following, well known,
subsets of PG(n, q):

Definition 1.4.3. If (A, σ) is a polarity of PG(d, q), then one of the following holds:

• Γ is called a quadric of PG(n, q) (q odd, orthogonal polarity).

• Γ is a hyperplane of PG(n, q) (q even, pseudo polarity).

• Γ is the full pointset of PG(n, q) (n odd, symplectic polarity) and the geometry
determined is a symplectic polar space.

• Γ is a Hermitian variety of PG(n, q) (q a square, σ2 = 1, σ ̸= 1, unitary polarity).

In all the cases of the previous definition, the set is often called also non-degenerate
since the associated σ-sesquilinear form is non-degenerate. All the above sets have been
classified and for each of them it is possible to give a canonical equation. By Remark
1.3.14, we have:

Theorem 1.4.4. If (A, σ) is a polarity of PG(n, q), then let Γ : XtAXσ = 0 be the set
of its absolute points. The following holds:

1) If Γ is a quadric, so q is odd, then we have:

i) If n is even, then Γ = Q(n, q) is a parabolic quadric and has the following
canonical equation

x1x2 + . . .+ xn−1xn + x2n+1 = 0.

ii) If n is odd, then either Γ = Q−(n, q) is an elliptic quadric and has the following
canonical equation

x1x2 + . . .+ xn−2xn−1 + f(xn, xn+1) = 0,

with f(xn, xn+1) irreducible polynomial of degree two over Fq, or Γ = Q+(n, q)
is a hyperbolic quadric and has the following canonical equation

x1x2 + . . .+ xnxn+1 = 0.

2) If Γ is a hyperplane, so q is even, then Γ : x1 + . . .+ xn+1 = 0.

3) If Γ = W (n, q) is a symplectic polar space, so n is odd, then the associated bilinear
form ⟨ , ⟩ has the following canonical equation

⟨x,y⟩ = x1y2 − x2y1 + . . .+ xnyn+1 − xn+1yn.
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4) If Γ = H(n, q) is a Hermitian variety, then q is a square and H(n, q) has the
following canonical equation

x
√
q

1 + x
√
q

2 + . . .+ x
√
q

n+1 = 0.

Remark 1.4.5. Let ⟨ , ⟩ be a degenerate, reflexive σ-sesquilinear form on V = Fn+1
q and

let A be the associated matrix with respect to a basis B. Let Γ be the set of absolute
points with respect to the associated degenerate polarity ρ. Then dimV ⊥ = r+1, r ≥ 0,
and let Vr be the associated projective subspace of PG(n, q). Now, let Sn−1−r be a skew
subspace with Vr, i.e. Sn−1−r ∩ Vr = ∅, and let S denote the underlying vector subspace
of Sn−1−r. Since rk(A) = n − r, then the restriction of ⟨ , ⟩ on S is non-degenerate and
induces a non-degenerate polarity ρ′ on Sn−1−r. Hence, the set of absolute points Γ′

of Sn−1−r with respect to ρ′ is either a quadric (q odd) or a hyperplane (q even) or a
Hermitian variety (q square) or a symplectic polar space (n and r are both either odd or
even). Then, the set Γ is the cone with vertex Vr and base Γ′, i.e. it is the union of the
lines joining a point of Vr and a point of Γ′, and it will be called either degenerate quadric
or degenerate Hermitian variety or degenerate symplectic polar space accordingly to Γ′ is
either a quadric or a Hermitian variety or a symplectic polar space.

1.5 Quadratic forms

We see, from Section 1.4, that we have missed quadrics in the q even case. In order to
include quadrics for the q even case, we give the following definition:

Definition 1.5.1. Let V be an F-vector space. A quadratic form on V is any map

f : V −→ F

such that

• f(λv) = λ2f(v) for any v ∈ V and λ ∈ F;

• ⟨u,v⟩ = f(u+v)−f(u)−f(v) is a bilinear form on V and it is called the polarisation
of the quadratic form f .

The quadratic form f is non-degenerate if ⟨ , ⟩ has the property that ⟨u,v⟩ = f(u) = 0
for all v ∈ V implies u = 0, otherwise it is degenerate. A vector u is singular if f(u) = 0.
A subspace U is totally singular if u is singular for all u ∈ U . A maximum totally singular
subspace is a totally singular subspace which is not contained in a larger totally singular
subspace. A subspace U is called non-singular if for any non-zero vector u of U one has
f(u) ̸= 0.

Clearly, the bilinear form ⟨ , ⟩ given in Definition 1.5.1 is symmetric. More precisely,
if F has odd characteristic the following characterization holds:

Proposition 1.5.2. Let V be a vector space over a field F with odd characteristic. Then,
any symmetric bilinear form ⟨ , ⟩ on V induces a quadratic form on V .
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Proof. Let f : V −→ F be a map defined by

f(v) = ⟨v,v⟩

for any v ∈ V . Clearly, f is a quadratic form.

Let f be a quadratic form on V and ⟨ , ⟩ the polarization of f . Regarding the subspaces
of V , the following hold:

Proposition 1.5.3. If U is a totally singular subspace then U ⊂ U⊥.

Proof. For any u,v ∈ U we get u + v ∈ U and so

⟨u,v⟩ = f(u + v)− f(u)− f(v) = 0.

Proposition 1.5.4. Let U be a subspace of V . If F has odd characteristic and U ⊂ U⊥

then U is a totally singular subspace.

Proof. For any u ∈ U , we have

0 = ⟨u,u⟩ = 2f(u).

Hence, if F has odd characteristic then f(u) = 0.

Definition 1.5.5. A (degenerate) quadric of PG(V ) is any set

Q = {⟨v⟩ ∈ PG(V ) : f(v) = 0},

for some (degenerate) quadratic form f on V . A point P ∈ Q will be called singular.

Remark 1.5.6. Let V be an (n+ 1)-dimensional vector space over F.

• If F has odd characteristic, then there is a bijective correspondence between (possi-
bly degenerate) quadratic form on V and (possibly degenerate) symmetric bilinear
form on V . Hence, the definitions of quadric given in Definition 1.4.3 and Defi-
nition 1.5.5 are the same, and a subspace U of V is totally singular with respect
to a quadratic form f if, and only if, U is totally isotropic with respect to the
polarisation of f .

• If F has even characteristic, then the polarisation of the quadratic form f on V is
alternating and is non-degenerate unless n is odd.

Regarding the dimension of a maximum totally singular subspace, the following has
been proved:

Theorem 1.5.7 ([4, Theorem 3.28]). Let f be a non-singular quadratic form on an
(n+ 1)-dimensional F-vector space V . Then

n ∈ {2r − 1, 2r, 2r + 1},

where r is the dimension of a maximum totally singular subspace.
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1.6 Properties of polar spaces

By Theorems 1.5.7, 1.3.15, 1.3.16, any two maximum totally isotropic subspaces of a
polar space Γ have the same dimension and are called generators of Γ. This common
vector space dimension is called the rank of Γ. In Table 1.1, polar spaces of rank r and
parameter e are listed. The meaning of the parameter e is explained in Proposition 1.6.2.

Table 1.1: Γr,e polar space of rank r and parameter e

Γr,e Q+(2r − 1, q) H(2r − 1, q) W (2r − 1, q) Q(2r, q) H(2r, q) Q−(2r + 1, q)

e 0 1/2 1 1 3/2 2

The term k-space of Γr,e will be used to denote a totally isotropic k-dimensional projective
space of Γr,e.

Lemma 1.6.1. Let Γr,e be a finite classical polar space in PG(n, q).

• For any point P of Γr,e, the set P⊥ ∩ Γr,e is a cone with base Γr−1,e and vertex P ,
with Γr−1,e a finite classical polar space of rank r − 1 of the same type as Γr,e.

• Let ℓ = ⟨P,Q⟩ where P,Q are two distinct points of Γr,e. Then ℓ⊥ is an (n − 2)-
space of PG(n, q) intersecting Γr,e in a polar space Γr−1,e if P ̸∈ Q⊥, or in a cone
having as vertex the line ℓ and as base a polar space Γr−2,e, if P ∈ Q⊥.

• Let Πk−1 be a (k − 1)-space of Γr,e. Then Π⊥
k−1 is an (n − k)-space of PG(n, q)

intersecting Γr,e in a cone having as vertex Πk−1 and as base a polar space Γr−k,e,
where Γr−k,e is of the same type of Γr,e.

Proof. It follows from Remark 1.4.5.

Proposition 1.6.2 ([4, Theorem 4.10]). The number of points of a finite polar space Γr,e

is
(qr − 1)(qr+e−1 + 1)

q − 1
,

of which q2(r−1)+e are not conjugate with a given point of Γr,e. In particular, any finite
polar space of rank one has qe + 1 points.

Proposition 1.6.3. The number of (k − 1)-spaces of Γr,e is given by[
r

k

]
q

k∏
i=1

(qr+e−i + 1).

Proof. By induction on k. The case k = 1 holds true by Proposition 1.6.2. Suppose
that the formula is valid up to k. Count in two ways the pairs (Π,Π′), where Π is a
(k − 1)-space of Γr,e, Π′ is a k-space of Γr,e and Π ⊂ Π′. For a fixed Π′, we have

[
k+1
k

]
q
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possibilities for Π. On the other hand, Π ⊂ Π′ ⊂ Π′⊥, hence Π ⊂ Π′⊥ and Π′ ⊂ Π⊥. By
Lemma 1.6.1, the number of k-spaces through a fixed (k− 1)-space Π equals the number
of point of Γr−k,e. Therefore,

#k-spaces of Γr,e ·
[
k + 1

k

]
q

= #(k − 1)-spaces of Γr,e ·#points of Γr−k,e.

By the induction hypothesis we have

#k-spaces of Γr,e =

[
r

k

]
q

k∏
i=1

(qr+e−i + 1)
(qr−k − 1)(qr−k+e−1 + 1)

q − 1

q − 1

qk+1 − 1

=

[
r

k

]
q

qr−k − 1

qk+1 − 1

k+1∏
i=1

(qr+e−i + 1)

=

[
r + 1

k

]
q

k+1∏
i=1

(qr+e−i + 1).

Let P(n, q) be a polar space of PG(n, q). In Table 1.2 the possible intersections of
a k-space Σ of PG(n, q) and the (n − k − 1)-space Σ⊥ with a polar space P(n, q) are
described. Let Πk−t−1P(t, q) denote a cone of Σ having as vertex a (k−t−1)-dimensional
subspace Πk−t−1 and as base a polar space P(t, q) contained in a t-dimensional subspace
skew with Πk−t−1.

A k-space Σ of PG(n, q) will be also called hyperbolic, elliptic, parabolic, symplectic
or hermitian k-space of PG(n, q) accordingly to Σ meets the polar space Γ in Q+(k, q),
Q−(k, q), Q(k, q), W (k, q) or H(k, q).

1.7 m-ovoids of polar spaces

m-Ovoids in finite classical polar spaces have been defined in e.g. [78].

Definition 1.7.1. Let Γr,e be a finite classical polar space. A set of points O of Γr,e is
an m-ovoid if each generator of Γr,e meets O in m points.

The following lemma is well known and easily proved, see e.g. [79].

Proposition 1.7.2. Suppose that O is an m-ovoid, then |O| = m(qr+e−1 + 1).

Lemma 1.7.3 ([5, Lemma 1]). Let O be an m-ovoid of Γr,e, then for any point P ∈ Γr,e

|P⊥ ∩ O| =

{
(m− 1)(qr+e−2 + 1) + 1 if P ∈ O,

m(qr+e−2 + 1) if P ̸∈ O.
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Table 1.2: Intersections of a k-space Σ of PG(n, q) and the (n− k − 1)-space Σ⊥ with a
polar space P(n, q) of PG(n, q).

n odd Σ ∩W (n, q) Σ⊥ ∩W (n, q)

t odd Πk−t−1W (t, q) Πk−t−1W (n− 2k + t− 1, q)

n odd Σ ∩Q+(n, q) Σ⊥ ∩Q+(n, q)

t odd Πk−t−1Q
+(t, q) Πk−t−1Q

+(n− 2k + t− 1, q)

t odd Πk−t−1Q
−(t, q) Πk−t−1Q

−(n− 2k + t− 1, q)

t even Πk−t−1Q(t, q) Πk−t−1Q(n− 2k + t− 1, q)

n odd Σ ∩Q−(n, q) Σ⊥ ∩Q−(n, q)

t odd Πk−t−1Q
+(t, q) Πk−t−1Q

−(n− 2k + t− 1, q)

t odd Πk−t−1Q
−(t, q) Πk−t−1Q

+(n− 2k + t− 1, q)

t even Πk−t−1Q(t, q) Πk−t−1Q(n− 2k + t− 1, q)

n even Σ ∩Q(n, q) Σ⊥ ∩Q(n, q)

t odd Πk−t−1Q
+(t, q) Πk−t−1Q(n− 2k + t− 1, q)

t odd Πk−t−1Q
−(t, q) Πk−t−1Q(n− 2k + t− 1, q)

t even Πk−t−1Q(t, q)

{
Πk−t−1Q

+(n− 2k + t− 1, q)

Πk−t−1Q
−(n− 2k + t− 1, q)

Σ ∩H(n, q2) Σ⊥ ∩H(n, q2)

Πk−t−1H(t, q2) Πk−t−1H(n− 2k + t− 1, q2)

An m-ovoid of Γr,e is called trivial if it is the empty set or consists of all points of
Γr,e, and hence if m = 0 or m = qr−1

q−1 , respectively. A 1-ovoid will be simply called ovoid.
Let O and O′ be an m-ovoid and an m′-ovoid of Γr,e. If O and O′ are disjoint, then
O ∪ O′ is an (m + m′)-ovoid of Pr,e. Furthermore the complement of an m-ovoid is a( qr−1

q−1 −m
)
-ovoid.

m-Ovoids are rare objects, see e.g. [19, 43] for an overview on known examples and
some non-existence results for ovoids. Bounds on m for the existence of m-ovoids of three
classes of finite classical polar spaces can be found in [5], with some recent improvements
in [20].

Also in [78], l-systems of finite classical polar are introduced. An l-system is a gener-
alization of ovoids and spreads, in fact unifying the two concepts in one definition.

Definition 1.7.4. Let Γr,e be a finite polar space of rank r ≥ 2. A l-system of Γr,e, with
0 ≤ l ≤ r− 1, is any set S = {π1, . . . , πk} of k = qr+e−1 + 1 l-spaces of Γr,e such that no
generator of Γr,e containing πi has a point in common with ∪j ̸=iπj , i = 1, . . . , k.

Definition 1.7.5. Let Γr,e be a finite polar space of rank r ≥ 2. A spread S of Γr,e is a
set of generators, which constitutes a partition of the pointset.

By Definition 1.7.4, we have that a 0-system is an ovoid and a (r − 1)-system is a
spread. The following theorem shows that a putative l-system will yield an m-ovoid.



1.8 Spreads of PG(3, q) and ovoids of Q+(5, q) 18

Theorem 1.7.6 ([78, 6.1]). Let S be an l-system of the polar space Γr,e, and O the set
of points given by the union of the l-dimensional subspaces in S. Then O is an m-ovoid
of Γr,e with m = ql+1−1

q−1 .

1.8 Spreads of PG(3, q) and ovoids of Q+(5, q)

Now, we briefly describe the relation between ovoids of the hyperbolic quadric Q+(5, q),
also called the Klein quadric, and line spreads of PG(3, q).
Let u = (u1, u2, u3, u4), v = (v1, v2, v3, v4) be two linearly independent vectors of V = F4

q .
The Plücker coordinates of (u, v) are pij = uivj − ujvi for every i ̸= j. Let τ be the map
from pairs of linearly independent vectors of V to points of PG(5, q) defined by

τ(u, v) = ⟨(p12, p42, p14, p23, p13, p34)⟩.

The map τ is well defined from the lines of PG(3, q) into the points of the quadric
Q+(5, q) : X0X5+X1X4+X2X3 = 0 and it is called the Klein correspondence. It follows
that there is a bijective correspondence between the line spreads of PG(3, q) and the
ovoids of Q+(5, q); see [4, Section 4.6], [11, Section 4.8]. Hence, Q+(5, q) has ovoids for
all values of q. We can always assume that an ovoid of Q+(5, q) contains the points
(1, 0, 0, 0, 0, 0) and (0, 0, 0, 0, 0, 1) and hence it can be written in the following form:

O(f1, f2) = {(1, x, y, f1(x, y), f2(x, y),−yf1(x, y)− xf2(x, y))}x,y∈Fq ∪ {(0, 0, 0, 0, 0, 1)}

for some functions fi : F2
q −→ Fq with fi(0, 0) = 0, i ∈ {1, 2}; see [85, Chapter 1].

The set O(f1, f2) is an ovoid if and only if

⟨(1, x1, y1, f1(x1, y1), f2(x1, y1),−x1f2(x1, y1)− y1f1(x1, y1)), (1.3)
(1, x2, y2, f1(x2, y2), f2(x2, y2),−x2f2(x2, y2)− y2f1(x2, y2))⟩ ≠ 0,

for every (x1, y1) ̸= (x2, y2) in F2
q , where ⟨ , ⟩ is the symmetric for q odd (or alternating

for q even) form associated to the quadratic form of the quadric Q+(5, q). Note that

⟨(1, x1, y1, f1(x1, y1), f2(x1, y1),−x1f2(x1, y1)− y1f1(x1, y1), (0, 0, 0, 0, 0, 1)⟩ = 1.

Using the Klein correspondence, we can translate an ovoid O(f1, f2) of Q+(5, q) to the
corresponding line spread of PG(3, q). This results in the set S(f1, f2) = {ℓx,y : (x, y) ∈
F2
q} ∪ {ℓ∞}, where ℓ∞ : X0 = X1 = 0 and

ℓx,y :

{
X2 = −f1(x, y)X0 + f2(x, y)X1

X3 = xX0 + yX1.

Now, let K be a quadratic cone of PG(3, q) with vertex the point (0, 0, 0, 1) and base
the conic with equations X0X1 − X2

2 = X3 = 0. A flock F of K is a partition of the
points of the cone, different from the vertex, into q conics. Without loss of generality, we
can suppose that the planes containing the conics of the flock F are given by

πt : tX0 − f(t)X1 + g(t)X2 +X3 = 0, t ∈ Fq,
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for some functions f, g : Fq −→ Fq with f(0) = g(0) = 0. We denote this flock by F(f, g).
In particular, the set S(F) = {rx,y : (x, y) ∈ F2

q} ∪ {ℓ∞}, where

rx,y :

{
X2 = −(y + g(x))X0 − f(x)X1

X3 = xX0 + yX1,

is a line spread of PG(3, q); see [37] and also [44, Theorem 54.2]. We will say that the
ovoid of Q+(5, q) corresponding to the line spread S(F) is associated to the flock F(f, g).



Chapter 2

Rank distance codes

2.1 Preliminary results and notions

Let Fq be the finite field of q elements, q a prime power, and let Fm×n
q be the set of m×n

matrices with entries over Fq endowed with rank distance

d : (A,B) ∈ Fm×n
q × Fm×n

q 7→ rk(A−B) ∈ {0, 1, . . . ,min{m,n}}.

A subset of Fm×n
q , including at least two elements is called a rank distance code. The

minimum distance d(C) of a code C is naturally defined by

d(C) = min{d(A,B) : A,B ∈ C, A ̸= B}.

If d = d(C), we will say that C is an (m,n, q; d)-rank distance code. An (m,n, q; d)-rank
distance code is additive if it is an additive subgroup of Fm×n

q . An additive code is Fq-
linear if it is a subspace of Fm×n

q seen as a vector space over Fq. A code that it is neither
linear nor additive is called a non-linear code.

It is well-known that the size of an (m,n, q; d)-rank distance code C satisfies the
Singleton-like bound, see e.g. [21, Theorem 5.4]:

|C| ≤ qmax{m,n}(min{m,n}−d+1).

When this bound is achieved, C is called an (m,n, q; d)-maximum rank distance code, or
shortly (m,n, q; d)-MRD code. The adjoint code of C is defined as the code consisting of
transposed matrices belonging to C:

C⊤ = {Xt : X ∈ C}.

As in [84, Theorem 3.5], two rank distance codes C, C′ ⊂ Fm×n
q , m,n ≥ 2, are called

equivalent if there exist P ∈ GL(m, q), Q ∈ GL(n, q), R ∈ Fm×n
q and a field automorphism

ρ ∈ Aut(Fq) such that

C′ = PCρQ+R = {PXρQ+R : X ∈ C} .

20
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When m = n, in addition to being equivalent, two codes are said adjointly equivalent if

C′ = P (C⊤)ρQ+R =
{
P (Xt)ρQ+R : X ∈ C

}
.

If both C and C′ are additive, then one may assume that R is the zero matrix.
Similarly, if both C and C′ are linear, then ρ can be chosen, without loss of generality,
as the identity. The code C′ ⊂ F(m−u)×n

q obtained by C ⊂ Fm×n
q deleting the last u rows,

1 ≤ u ≤ m− 1, is called the punctured code of C . In [13, Corollary 7.3], it is showed that
if C is an MRD code then C′ is MRD as well.
The left and right idealisers of a code C ⊂ Fm×n

q are defined as the sets

IL(C) =
{
P ∈ Fm×m

q : PX ∈ C, ∀X ∈ C
}
,

IR(C) =
{
Q ∈ Fn×n

q : XQ ∈ C,∀X ∈ C
}
,

respectively.
Although the rank distance codes are subsets of matrices, they can be represented in a
particular setting, that of σ-linearized polynomials. From now on, suppose m = n and let
σ : x ∈ Fqn 7→ xq

s ∈ Fqn be a field automorphism of Fqn with (s, n) = 1. A σ-linearized
polynomial over Fqn is a polynomial of the form α(x) =

∑ℓ
i=0 αix

σi ∈ Fqn [x], ℓ ∈ N. If
αℓ ̸= 0, the integer ℓ is called the σ-degree of α(x) and it will be denoted by degσ α(x)
or degqs α(x). The set

Ln,q,σ =

{
n−1∑
i=0

αix
σi

: αi ∈ Fqn

}
(2.1)

with the usual sum, the scalar multiplication by an element of Fqn and the map composi-
tion modulo xq

n −x is an algebra isomorphic to the algebra of the endomophisms of Fqn

seen as vector space over Fq. Indeed, it is well known that any Fq-linear endomorphism
of Fqn can be represented uniquely as a σ-polynomial beloging to Ln,q,σ, [59, Chapter 3].
Then any rank distance code C, |C| ≥ 2, can be seen as a suitable subset of Ln,q,σ.

So, the definitions of transposed matrix, adjoint code and equivalence between codes
can be naturally reformulated in this environment. Let α(x) =

∑n−1
i=0 αix

σi ∈ Ln,q,σ, then
the adjoint polynomial of α(x) is defined as

α̂(x) =

n−1∑
i=0

ασn−i

i xσ
n−i

and if C ⊂ Ln,q,σ is a rank distance code, C⊤ = {α̂(x) : α ∈ C}. Moreover, two rank codes
C and C′ are equivalent or adjointly equivalent if and only if there exists (f, ρ, g, h) such
that f, g, h ∈ Ln,q,s, with f and g permutation polynomials, and ρ ∈ Aut(Fq) such that

C′ = {f ◦ αρ ◦ g + h : α ∈ C} or C′ = {f ◦ α ρ ◦ g + h : α ∈ C⊤},

respectively, where the automophism ρ acts only over the coefficients of a polynomial α
in C or C⊤, respectively. A map

(f, ρ, g, h) : α ∈ C 7→ f ◦ αρ ◦ g + h ∈ C′
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is called an equivalence between C and C′. If C = C′, an equivalence is called an auto-
morphism of C. The set Aut(C) of all automorphisms of C is a group with respect to the
product

(f, ρ, g, h) ⋆ (f ′, ρ′, g′, h′) = (f ′ ◦ fρ′ , ρρ′, gρ
′ ◦ g′, f ′ ◦ hρ′ ◦ g′ + h′)

where the composition is taken modulo xq
n − x.

Now, we shall present the state of the art regarding the known (n, n, q; d)-MRD codes
in the linearized polynomials setting. We shall start from maximum rank distance code
that are Fq-linear subspaces of Ln,q,σ.

2.1 Linear MRD codes

The first class of linear MRD codes, discovered by Delsarte [21] and Gabidulin [34], are
known in literature as Delsarte-Gabidulin codes. Later in [35], Gabidulin and Kshevetskiy
provided a generalization of them, called the generalized Gabidulin code: let 1 ≤ k ≤ n
be integers, then generalized Gabidulin code is the set of linearized polynomials

Gk,σ =

{
k−1∑
i=0

αix
σi
: αi ∈ Fqn

}

and it is an (n, n, q;n− k + 1)-MRD code.
In [76], Sheekey exhibited a wider class of linear MRD codes, called twisted Gabidulin

codes and later generalized in [66] by Lunardon, Trombetti and Zhou. Let n, k, h be
positive integers, k < n and let η be in Fqn such that Nqsn/qs(η) ̸= (−1)nk 1, then the
generalized twisted Gabidulin codes is the set

Hk,σ(η, h) =

{
k−1∑
i=0

αix
σi

+ ηαqh

0 xσ
k
: αi ∈ Fqn

}

and it is an (n, n, q;n− k + 1)-MRD code.
Puchinger et al. provided a further generalization of generalized twisted Gabidulin

codes in [73].
Finally, a family of maximum rank distance codes in Ln,q,σ, n = 2t, 2 ≤ d ≤ n and q odd
is discovered by Trombetti and Zhou in 2019 and described in [82]: let ξ ∈ Fqn satisfying
that Nqn/qt(ξ) is a non-square in Fq, then

Dk,σ(ξ) =

{
k−1∑
i=0

αix
σi

+ ξαkx
σk

: α1, . . . , αk−1 ∈ Fqn , α0, αk ∈ Fqt

}

1The symbol Nqm/qℓ(x) = x
qm−1

qℓ−1 denote the norm of x ∈ Fqm over Fqℓ , where m, ℓ are integers with
ℓ | m.
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and it is an Fq-linear (n, n, q;n− k + 1)-MRD code.

2.2 Additive MRD codes

In [68], Otal and Özbudak showed a family of non-linear additive MRD codes as a
generalization of generalized twisted Gabidulin codes. Let n, k, u, h be positive integers
satisfying q = qu0 and k < n. Let η ∈ Fqn such that Nqsn/qs0

(η) ̸= (−1)nku. Then the set

Ak,σ,q0(η, h) =

{
k−1∑
i=0

αix
σi

+ ηα
qh0
0 xσ

k
: αi ∈ Fqn

}
is an Fq0-linear (n, n, q;n− k + 1)-MRD code.

2.3 Non-linear MRD codes

In finite geometry (n, n, q;n)-MRD codes are known as spread sets (see e.g. [22]) and
there are examples for both the linear and the non-linear case. The first class of non-
linear MRD codes whose codewords are not invertible and so different from spread sets,
are the (3, 3, q; 2)-MRD codes constructed by Cossidente et al. [17]. These arise from a
geometrical context and are generalized in two steps: firstly, by Durante and Siciliano
[33] obtaining a family of (n, n, q;n − 1)-MRD codes, n ≥ 3, and then by Donati and
Durante obtaining a family of (d+1, n, q; d)-MRD codes, d ≤ n− 1, see [28]. As we shall
extend this family in Chapter 9, we will describe it in detail in Section 2.3.

The second family of non-additive MRD codes for all n, d has been constructed by
Otal and Özbudak in [69]: let I be a subset of Fq, 1 ≤ k ≤ n− 1 and consider

C(1)
n,k,σ,I =

{
k−1∑
i=0

αix
σi

: α0, . . . , αk−1 ∈ Fqn ,Nqn/q(α0) ∈ I

}
, (2.2)

C(2)
n,k,σ,I =

{
k∑

i=1

βix
σi

: β1, . . . , βk ∈ Fqn ,Nqn/q(βk) ̸∈ (−1)n(k+1)I

}
.

Then Cn,k,σ,I = C(1)
n,k,σ,I ∪ C(2)

n,k,σ,I ⊂ Ln,q,σ is an (n, n, q;n − k + 1)-MRD code. In [69,
Corollary 2.1], they proved

1. if q = 2 or I ∈ {{0},F∗
q ,Fq, ∅} then Cn,k,σ,I is equivalent to a generalized Gabidulin

code

2. if q > 2 and I ̸∈ {{0},F∗
q ,Fq, ∅}, then Cn,k,σ,I is not an affine code (i.e. not a

translated version of an additive code).

2.2 The geometric setting

Let E = End(Fqn ,Fq) be the vector space of all endomorphisms of Fqn seen as a vector
space over the field Fq. As any element of E corresponds 1-to-1 to a linearized polynomial
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f(x) =
∑n−1

i=0 αix
σi ∈ Ln,q,σ, it will be called rank of f : Fqn −→ Fqn , rkf = dimFq imf .

Also, the Fq-linear map f(x) has rank r if and only if the Dickson matrix

Df =


α0 α1 . . . αn−1

ασ
n−1 ασ

0 . . . ασ
n−2

...
...

...
...

ασn−1

1 ασn−1

2 . . . ασn−1

0


has rank r, see for more details [59].

Let V be a v-dimensional vector space over the field Fqn and let PG(v − 1, qn) =
PG(V,Fqn). A set ∆ of points of PG(v− 1, qn) is an Fq-linear set if each point is defined
by a non-zero vector of an Fq-linear vector space U ⊂ V , in symbol

∆ =
{
⟨u⟩Fqn

: u ∈ U,u ̸= 0
}
.

If dimFq U = u, we say that ∆ has rank u. The size of ∆ can be at most qu−1
q−1 and if

it is attained, ∆ is said to be scattered. If u = v and ⟨∆⟩ = PG(v − 1, qn), then ∆ is a
(canonical) subgeometry of PG(v − 1, qn). It follows that ∆ is a canonical subgeometry
if and only if any its frame is also a frame of PG(v − 1, qn).

Let (X0, X1, . . . , Xn−1) denote the homogeneous projective coordinates of PG(n −
1, qn) and let σ̂ be the collineation of PG(n− 1, qn) defined by

(X0, X1, . . . , Xn−1)
σ̂ = (Xσ

n−1, X
σ
0 , . . . , X

σ
n−2).

Then, the collineation σ̂ fixes pointwise the canonical subgeometry

Σ = {(α, ασ, . . . , ασn−1
) : α ∈ F∗

qn} ∼= PG(n− 1, q). (2.3)

Let S = PG(W, qn) be a subspace of PG(n − 1, qn), the integer dimFqn
W = w will be

called rank of S. Then S = S ∩Σ is a subspace of Σ of rank at most w. We will say that
S is a subspace of Σ if S and S have the same rank. In particular, this holds if and only
if S is fixed by the collineation σ̂ (see e.g. [62]).

Any point P of PG(n− 1, qn) defines the subspace

L(P ) = ⟨P, P σ̂, . . . , P σ̂n−1⟩.

Note that L(P ) has rank at most n and it is fixed by σ̂, and so L(P ) is a subspace of Σ.
If P (α0, α1, . . . , αn−1) is a point of PG(n− 1, qn), it will be of type r with respect to Σ if
L(P ) has rank r, or equivalently if f(x) =

∑n−1
i=0 αix

σi has rank r, or also the Dickson
matrix Df has rank r.
Let PG(Fm×n

q ,Fq) = PG(mn − 1, q), m ≤ n, and let Sm−1,n−1 be the Segre variety
of PG(Fm×n

q ,Fq), i.e. Sm−1,n−1 is the set of all points ⟨M⟩ in PG(Fm×n
q ,Fq) such that

rankM = 1, see [43, Section 4.5]. This can be seen as the Fq-field reduction of the set of
points

Σm,n = {(x, xσ, . . . , xσm−1
) : x ∈ F∗

qn} ∼= PG(n− 1, q)
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of PG(m− 1, qn) in PG(mn− 1, q), see [58].
Let A be a subset of PG(n − 1, q) and denote the h-secant variety of A by Ωh(A),
i.e. the union of the h-dimensional projective subspaces spanned by collections of h + 1
independent points of A, [41]. A set of points E ⊂ PG(n− 1, q) is called an exterior set
with respect to Ωh(A) if any line joining two points of E is disjoint from Ωh(A). The
following theorem proves an upper bound for the size of an exterior set.

Theorem 2.2.1. Let A ⊂ PG(n−1, q) such that ⟨A⟩ = PG(n−1, q). Let E ⊂ PG(n−1, q)
be an exterior set with respect to Ωh(A), then

|E| ≤ qn−h−1 − 1

q − 1

for any 0 ≤ h ≤ n− 1.

Proof. Firstly, we may assume h ≤ n − 3. Indeed, if h ∈ {n − 2, n − 1} the claim is
trivially satisfied: if h = n − 1, then Ωn−1(A) = PG(n − 1, q) and E = ∅; if h = n − 2,
then Ωn−2(A) contains hyperplanes and |E| ≤ 1.
Now, let h ≤ n − 3 and let Sh be an h-dimensional subspace contained in Ωh(A). The
number of (h+1)-dimensional projective subspaces of PG(n− 1, q) containing Sh equals
the number of points of an (n− h− 2)-dimensional projective subspace of PG(n− 1, q).
Since E is an exterior set, then it meets any (h + 1)-dimensional projective subspace
containing Sh in at most one point. This proves the claim.

Given M and N a subspace and a subset of points of PG(n− 1, q), respectively, with
M ∩N = ∅, we will denote the cone with vertex M and base N by K(M,N).

Corollary 2.2.2. Let A ⊂ PG(n− 1, q) such that ⟨A⟩ = PG(t− 1, q), 1 ≤ t < n, and let
E ⊂ PG(n− 1, q) be an exterior set with respect to Ωh(A). Then E is contained in a cone
K = K(Sn−t−1, Ē), with base Ē = E ∩ ⟨A⟩ and vertex an (n− t− 1)-dimensional subspace
Sn−t−1 complementary with ⟨A⟩. Moreover,

|E| ≤ qn−h−1 − 1

q − 1
,

for any 0 ≤ h ≤ t− 1.

Proof. Clearly, Ē ⊂ ⟨A⟩ is an exterior set with respect to Ωh(A) ⊂ ⟨A⟩. By Theorem
2.2.1, one gets

|Ē | ≤ qt−h−1 − 1

q − 1

for any 0 ≤ h ≤ t− 1. Then

|K| = |Ē | · |Sn−t−1| · (q − 1) + |Ē |+ |Sn−t−1|

≤ qt−h−1 − 1

q − 1
· q

n−t − 1

q − 1
· (q − 1) +

qt−h−1 − 1

q − 1
+

qn−t − 1

q − 1

=
qn−h−1 − 1

q − 1
.



2.3 Non-linear MRD codes arising from Cσ
F -sets 26

An exterior set E ⊂ PG(n − 1, q) with respect to Ωh(A), ⟨A⟩ = PG(t − 1, q), 1 ≤
h+ 1 ≤ t ≤ n, is called maximum if |E| = qn−h−1−1

q−1 . Note that the image of Ωh(Σm,n) ⊂
PG(m − 1, qn) under the Fq-field reduction is the h-secant variety Ωh(Sm−1,n−1) of the
points whose representative matrices in Fm×n

q have rank at most h+ 1.
The (maximum) exterior sets with respect to Ωh(Σm,n) are related to (maximum)

rank distance codes. More precisely,

Theorem 2.2.3. Let E ⊂ PG(m−1, qn) be an exterior set with respect to Ωh(Σm,n) and
denote the image of E under the Fq-field reduction by E ′. Then, the set

C =
{
ρM : ⟨M⟩Fq ∈ E ′, ρ ∈ Fq

}
(2.4)

is an (m,n, q;h+ 2)-RD code. In addition, if E is maximum then C is an MRD-code.

See [16, 17, 29] and the references therein for more details on exterior sets.

2.3 Non-linear MRD codes arising from Cσ
F -sets

In [28], G. Donati and N. Durante exhibited a class of non-linear MRD codes with
parameters (d+ 1, n, q; d) with q > 2, n ≥ 3 and 2 ≤ d ≤ n− 1 by means of a family of
maximum exterior sets with respect the (d−2)-secant variety of a subgeometry isomorphic
to PG(d, q) in Σd+1,n. Now, we recall briefly their construction. So, let PG(d, qn) be a
d-dimensional projective space and consider A and B two distinct points of PG(d, qn),
SA and SB be the stars of lines (pencils of lines if d = 2) through A and B, respectively.
Let σ be the Frobenius automorphism of Fqn defined by σ : x 7→ xq

s with (n, s) = 1
and consider Φ a σ-collineation between SA and SB which does not map the line AB
into itself and such that the subspace spanned by the lines Φ−1(AB), AB,Φ(AB) has
dimension min{3, d}. The set X of points of intersection of corresponding lines under the
collineation Φ is called Cσ

F -set of PG(d, qn) and the points A and B are called the vertices
of X , see [27, 28]. There, it is proved that every Cσ

F -set X of PG(d, qn) with vertices A
and B is the union of {A,B} and q − 1 pairwise disjoint subsets, called the components
of X , each of which is a scattered Fq-linear set of rank n, for more details on linear sets
see e.g. [72].

Let Na = {y ∈ Fqn : Nqn/q(y) = a} for any a ∈ F∗
q . Without loss of generality, we

may assume that A = (0, . . . , 0, 1) and B = (1, 0, . . . , 0) and then the sets

Xa =
{
(1, t, tσ+1, . . . , tσ

d−1+...+σ+1) : t ∈ Na

}
,

with a ∈ F∗
q , are the components of X . Since every Xa has (qn−1)/(q−1) points, then X

has qn +1 points. In particular, every Xa is isomorphic to PG(n− 1, q), see [29, Remark
3.5]. For any a ∈ F∗

q , the line AB of PG(d, qn) is partitioned into {A,B} and the q − 1
sets

Ja =
{
(1, 0, . . . , 0, (−1)d+1t) : t ∈ Na

}
,
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each of which is an Fq-scattered linear set (of pseudoregulus type with transversal points
A and B), see [27, Remark 2.2] and [64]. Note that X1 = Σd+1,n and let Π be a subge-
ometry of Σd+1,n isomorphic to PG(d, q). Then for any T ⊂ F∗

q , 1 ∈ T , the set

E =

(
X \

⋃
a∈T

Xa

)
∪
⋃
a∈T

Ja

is a maximum exterior set with respect to Ωd−2(Π), see [28, Theorem 5.1]. Hence, to the
set E corresponds a (d+ 1, n, q; d)-MRD code.



Chapter 3

Absolute points of correlations of
PG(d, qn), d ∈ {1, 2, 3}

3.1 The σ-quadrics of PG(d, qn)

Let V = Fd+1
qn be a vector space. If V is equipped with a σ-sesquilinear form ⟨ , ⟩ we

may consider in PG(d, qn) the set Γ of absolute points of the associated correlations ⊥,
⊤, defined as in (1.1), (1.2) respectively, i.e. the set of points P such that P ∈ P⊥ (or
equivalently P ∈ P⊤). If A is the associated matrix to the σ-sesquilinear form ⟨ , ⟩ w.r.t.
a basis of V , then the set Γ consists of the points satisfying the equation XtAXσ = 0.
Throughout we can assume σ ̸= 1, since we have seen that if σ = 1, then Γ : XtAX = 0
is either a (possibly degenerate) quadric or a (possibly degenerate) symplectic geometry.
Let L = V ⊥ and R = V ⊤ denote the left and right radicals of ⟨ , ⟩ respectively, seen as
subspaces of PG(d, qn) that will be called the vertices of Γ.

Definition 3.1.1. A σ-quadric of PG(d, qn) is the set of the absolute points of a (possibly
degenerate) σ-correlation, σ ̸= 1, of PG(d, qn). A σ-quadric of PG(2, qn) will be called a
σ-conic.

The σ-quadrics include Hermitian varieties and have been considered in [23, 29].

Proposition 3.1.2. Let Γ : XtAXσ = 0 be a σ-quadric of PG(d, qn). Every subspace S
intersects Γ either in a σ-quadric of S or it is contained in Γ.

Proof. Let (x1, . . . , xd+1) be the homogeneous projective coordinates of PG(d, qn). Let
S be an h-dimensional subspace of PG(d, qn). We may asssume, w.l.o.g., that

S : xh+2 = . . . = xd+1 = 0.

Let A′ be the submatrix of A obtained by deleting the last d − h rows and columns of
A. If A′ = 0, then S ⊂ Γ. If A′ ̸= 0, then S ∩ Γ is a σ-quadric of S.

In [29] the following result regarding subspaces contained in σ-quadrics has been
proved.

28
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Proposition 3.1.3. If Sh is an h-dimensional subspace of PG(d, qn) contained in a σ-
quadric Γ with equation XtAXσ = 0, then h ≤

⌊
d− rk(A)

2

⌋
. Moreover, for any σ there

exists a σ-quadric with equation XtAXσ = 0, containing a subspace with dimension⌊
d− rk(A)

2

⌋
.

Definition 3.1.4. Let Γ : XtAXσ = 0 be a σ-quadric of PG(d, qn). A line ℓ is i-secant
to Γ if it has exactly i ≥ 1 points in common with Γ. In particular, if i = 1 the line is
also called tangent.

Proposition 3.1.5 ([29, Proposition 2.3]). Let Γ : XtAXσ = 0 be a σ-quadric of
PG(d, qn).

• For every point Y ∈ Γ\R, the hyperplane Y ⊤ is the union of lines through Y either
contained or 1-secant or 2-secant to Γ.

• For every point Y ∈ Γ\L, the hyperplane Y ⊥ is the union of lines through Y either
contained or 1-secant or 2-secant to Γ.

Corollary 3.1.6 ([29, Corollary 2.4]). Let Γ : XtAXσ = 0 be a σ-quadric of PG(d, qn)
and let L = V ⊥, R = V ⊤.

• For every point Y ∈ L, the set Y ⊤ ∩Γ is the union of lines through Y contained in
Γ.

• For every point Y ∈ R, the set Y ⊥ ∩ Γ is the union of lines through Y contained
in Γ.

Proposition 3.1.7. Let Γ : XtAXσ = 0 be a σ-quadric of PG(d, qn), n ≥ 2. A line
through a point Y of L = V ⊥ (or R = V ⊤) and contained in Y ⊥ (or Y ⊤) has one or all
points in common with Γ.

Proof. Let Y ∈ L and let Z be a point of Y ⊤. Let X = λY + µZ, λ, µ ∈ Fqn , (λ, µ) ̸=
(0, 0), be a point on the line joining Y and Z. Then X ∈ Γ if and only if

Y tAY σλσ+1 + Y tAZσλµσ + ZtAY σλσµ+ ZtAZσµσ+1 = 0 (3.1)

where Y tAY σ = Y tAZσ = 0, since Y ∈ L and ZtAY σ = 0, since Z ∈ Y ⊤. Hence,
Equation (3.1) becomes ZtAZσµσ+1 = 0 and two cases occur: either ZtAZσ = 0 and
the line Y Z is contained in Γ or ZtAZσ ̸= 0 and the line Y Z intersects Γ exactly in the
point Y .
If Y ∈ R, the result follows in a similar way.

3.2 The σ-quadrics of PG(1, qn) and PG(2, qn)

Now, we can start with the study of σ-quadrics. First we describe the set Γ in PG(1, qn),
for more details see [23].
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Proposition 3.2.1. Let Γ be a σ-quadric of PG(1, qn). Then Γ is either the empty set
or a point or two points or an Fq-subline.

Now, we describe the set Γ in PG(2, qn) when |A| = 0, i.e. the σ-sesquilinear form
⟨ , ⟩ on F3

qn is degenerate, see [23].

Proposition 3.2.2. Let Γ : XtAX = 0, |A| = 0, be a σ-conic of PG(2, qn) with an
associated degenerate σ-sesquilinear form. Then Γ is one of the following:

• a cone with vertex a point P projecting a σ-quadric on a line not through P (hence
either the point P or a line, or two lines, or q + 1 lines through R);

• a (possibly degenerate) Cσ
F -set (see [24, 25, 26, 27]).

The sets of absolute points with respect to a non-degenerate, non-reflexive σ-sequilinear
form, σ ̸= 1, of F3

qn have been completely determined by B.C. Kestenband in 11 papers.
We refer the interested reader to [46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56]. In what follows
we will use the following definition.

Definition 3.2.3. A Kestenband σ-conic is the set of absolute points of a non-degenerate,
non-reflexive σ-sequilinear form, σ ̸= 1, of F3

qn .

In the next two theorems let σ : x 7→ xq
m with (2n+ 1,m) = 1.

Theorem 3.2.4. Let Γ : XtAXσ = 0 be a Kestenband σ-conic of PG(2, q2n+1), n > 0,
q odd. Let f be the collineation defined by X 7→ (At)−1AσXσ2. Then one of the following
holds:

• if f fixes no points of PG(2, q2n+1) \Γ, then |Γ| = q2n+1+1. Moreover, f fixes one
point of Γ and Γ is projectively equivalent to the set satisfying

x3x
σ
1 + xσ+1

2 + (x1 + ex3)x
σ
3 = 0,

where eq
2n+1+1−1

e−1 ̸= 0.

• if f fixes more than one point of PG(2, q2n+1) \Γ, then |Γ| = q2n+1 +1. Moreover,
Γ is projectively equivalent to the set satisfying

xσ+1
1 + xσ+1

2 + xσ+1
3 = 0,

the collineation f fixes PG(2, q) pointwise and hence it fixes the q + 1 points of Γ
on the set

{(x1, x2, x3) ∈ PG(2, q) : x21 + x22 + x23 = 0}
and q2 points of PG(2, q) \ Γ.

• if f fixes one point of PG(2, q2n+1) \ Γ, then Γ is projectively equivalent to the set
satisfying

axσ+1
1 + (bx1 + cx2)x

σ
2 + dxσ+1

3 = 0,

with a, b, c, d ̸= 0. Moreover, f fixes either 0, 1, 2 or q+1 points of Γ. In particular,
we have:
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– if f fixes either 0, 2 or q+1 points of Γ, then |Γ| = q2n+1 +1. In the last case
the q + 1 points of Γ fixed by f are collinear.

– if f fixes 1 point of Γ, then |Γ| ∈ {q2n+1 − qn+1 + 1, q2n+1 + qn+1 + 1}.

Theorem 3.2.5. Let Γ : XtAXσ = 0 be a Kestenband σ-conic of PG(2, q2n+1), n > 0, q
even. Let f be the collineation defined by X 7→ (At)−1AσXσ2. Then one of the following
holds:

• if f fixes no points of PG(2, q2n+1)\Γ, then |Γ| ∈ {q2n+1−qn+1+1, q2n+1+qn+1+1}.
Moreover, f fixes one point of Γ and Γ is projectively equivalent to the set satisfying

x3x
σ
1 + xσ+1

2 + (x1 + ex3)x
σ
3 = 0,

where eq
2n+1+1−1

e−1 ̸= 0.

• if f fixes at least one point of PG(2, q2n+1) \ Γ, then |Γ| = q2n+1 + 1. Moreover, Γ
is projectively equivalent to the set satisfying

xσ+1
1 + ρx1x

σ
2 + xσ+1

2 + xσ+1
3 = 0,

for some ρ ∈ Fq2n+1 . The trinomial xqm+1 + ρx+ 1 can have one, two, q + 1 or no
zeros. In particular:

– if it has one or q + 1 zeros, then ρ = 0 and the collineation f fixes PG(2, q)
pointwise and hence it fixes the q + 1 points of Γ on the Fq-subline

{(x1, x2, x3) ∈ PG(2, q) : x1 + x2 + x3 = 0}

and q2 points of PG(2, q) \ Γ.
– if it has two zeros, then the collineation f fixes 2 points of Γ.
– if it has no zero, then the collineation f fixes no point of Γ.

In the next theorems let σ : x 7→ xq
m with (2n,m) = 1.

Theorem 3.2.6. Let Γ : XtAXσ = 0, with A a diagonal matrix, be a Kestenband σ-conic
of PG(2, q2n), n > 0. Then

|Γ| ∈ {q2n + 1 + (−q)n+1(q − 1), q2n + 1 + (−q)n(q − 1), q2n + 1− 2(−q)n}.

Moreover:

• if |Γ| = q2n+1+(−q)n+1(q−1), then Γ is projectively equivalent to the set satisfying

xσ+1
1 + xσ+1

2 + xσ+1
3 = 0.

• if |Γ| = q2n+1+(−q)n(q−1), then Γ is projectively equivalent to the set satisfying

xσ+1
1 + xσ+1

2 + axσ+1
3 = 0,

with a ̸∈ {xq+1 : x ∈ Fq2n}.



3.2 The σ-quadrics of PG(1, qn) and PG(2, qn) 32

• if |Γ| = q2n + 1− 2(−q)n, then Γ is projectively equivalent to the set satisfying

xσ+1
1 + bxσ+1

2 + xσ+1
3 = 0,

with a, b, a/b ̸∈ {xq+1 : x ∈ Fq2n}.

Theorem 3.2.7. Let Γ : XtAXσ = 0, with A a non-diagonal matrix, be a Kestenband
σ-conic of PG(2, q2n), n > 0, q even. Then

|Γ| ∈ {q2n − (−q)n+1 + 1, q2n − (−q)n + 1, q2n + 1}.

Theorem 3.2.8. Let Γ : XtAXσ = 0, with A a non-diagonal matrix, be a Kestenband
σ-conic of PG(2, q2n), n > 0, q odd. Then one of the following holds:

• Γ is projectively equivalent to the set satisfying

rxσ+1
1 + ρx1x

σ
2 + sxσ+1

2 + xσ+1
3 = 0.

Moreover, the trinomial rxqm+1 + ρx+ s can have 0, 1, 2 or q + 1 roots and

|Γ| ∈ {q2n + 1 + (−q)n+1(q − 1), q2n + 1 + (−q)n(q − 1), q2n + 1− 2(−q)n}.

Moreover:

– if it has q+1 zeros or no zero, then Γ is projectively equivalent to one already
studied in the diagonal case, see [3, Corollary 7, Proposition 29, Proposition
30].

– if it has one zero, then either

|Γ| ∈ {q2n − qn+1 + 1, q2n + qn + 1}

if n is odd, or
|Γ| ∈ {q2n + qn+1 + 1, q2n − qn + 1}

if n is even.

– if it has two zeros, then |Γ| = q2n + 1.

• Γ is projectively equivalent to the set satisfying

xσ+1
1 + x1x

σ
2 + rxσ+1

2 + τx2x
σ
3 + sxσ+1

3 = 0.

Moreover, |Γ| ∈ {q2n − qn + 1, q2n + 1, q2n + qn + 1}.
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3.3 The σ-quadrics of PG(3, qn)

We describe the set Γ in PG(3, qn) when |A| = 0; see [29]. We distinguish three cases
according to the rank of A.

Proposition 3.3.1. Let Γ : XtAX = 0, rk(A) = 3, be a σ-quadric of PG(3, qn) with an
associated degenerate σ-sesquilinear form, with

σ : x ∈ Fqn 7→ xq
m ∈ Fqn ,

and (n,m) = 1. If q is even and n is even, put r = (qn − 1, qm +1). Then the vertices R
and L are points and Γ is one of the following:

1. If L ̸= R, then:

• Γ is an elliptic σ-quadric of PG(3, qn) with vertex points R and L and has
canonical equation xσ+1

2 − bxσ+1
3 + x1x

σ
4 = 0, with b a non-square if q is odd

and b(q
n−1)/r ̸= 1 if q is even and n is even. Moreover, |Γ| = q2n + 1 and

contains no line.

• Γ is a parabolic σ-quadric of PG(3, qn) with vertex points R and L, q is even
and has canonical equation xσ+1

2 − bxσ+1
3 + x1x

σ
4 = 0, where the equation

xσ+1 = b has a unique solution. Moreover, |Γ| = q2n + qn + 1 and contains a
unique line through R and a unique line through L.

• Γ is a hyperbolic σ-quadric of PG(3, qn) with vertex points R and L, both q
and n are odd and has canonical equation xσ+1

2 − bxσ+1
3 + x1x

σ
4 = 0, where

xσ+1 = b has exactly two solutions. Moreover, |Γ| = q2n+2qn+1 and contains
exactly two lines through R and exactly two lines through L.

• Γ is a (q+1)-hyperbolic σ-quadric of PG(3, qn) with vertex points R and L, n
is even and has canonical equation xσ+1

2 − bxσ+1
3 + x1x

σ
4 = 0, where xσ+1 = b

has exactly q+1 solutions. Moreover, |Γ| = q2n+2qn+1 and contains exactly
q + 1 lines through R and exactly q + 1 lines through L.

2. If L = R, then Γ is a cone with vertex the point R and base a Kestenband σ-conic
of a plane π not through R.

Proposition 3.3.2. Let Γ : XtAX = 0, rk(A) = 2, be a σ-quadric of PG(3, qn) with an
associated degenerate σ-sesquilinear form. Then the vertices R and L are lines and Γ is
one of the following:

• If R ∩ L = ∅, then Γ is a σ-quadric of pseudoregulus type with vertex lines R and
L, and has canonical equation x1x

σ
4 − x2x

σ
3 = 0. The only lines contained in Γ are

R, L and the qn + 1 lines of a pseudoregulus with transversal lines R and L (see
[64]).

• If R ∩ L = {P} is a point, then Γ is a cone with vertex the point P projecting a
(possibly degenerate) Cσ

F -set in a plane not through P .
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• If R = L, then Γ is a cone with vertex the line R over a σ-quadric of a line skew
with R.

Proposition 3.3.3. Let Γ : XtAX = 0, rk(A) = 1, be a σ-quadric of PG(3, qn) with an
associated degenerate σ-sesquilinear form. Then the vertices R and L are planes and Γ
is one of the following:

• If L ̸= R, then Γ = L ∪R.

• If L = R, then Γ = L.

Remark 3.3.4. In contrast to the case of PG(2, qn), nothing is known for the sets of
absolute points in PG(3, qn) of a non-degenerate, non-reflexive sesquilinear form of F4

qn .



Chapter 4

Absolute points of correlations of
PG(4, qn)

We recall that σ-quadrics have been completely classified in PG(d, qn) for d ∈ {1, 2}
(see [23]) and partially classified for d = 3 (see [29]). Here we will deal with the four
dimensional case. As in [29], we will divide the study σ-quadrics of PG(4, qn) into several
cases, depending on the rank of the associated matrix. We will say that Γ : XtAXσ = 0
is a σ-quadric of rank i if rk(A) = i ∈ {1, 2, 3, 4}. We will fix

σ : x ∈ Fqn 7→ xq
m ∈ Fqn

with (n,m) = 1. In the last section, we will show that these objects are related to ovoids
of the parabolic quadric Q(4, q). The results of this chapter have appeared in [30].

4.1 σ-quadrics of rank 4 in PG(4, qn)

Let Γ : XtAXσ = 0 be a σ-quadric of PG(4, qn) associated to a σ-sesquilinear form ⟨ , ⟩.
In this section we assume that rk(A) = 4. Therefore the vertices L and R are points of
PG(4, qn). We distinguish several cases:

1) L ̸= R.
We may assume w.l.o.g. that the point R = (1, 0, 0, 0, 0) is the right radical and the point
L = (0, 0, 0, 0, 1) is the left radical. It follows that

A =


0 a12 a13 a14 a15
0 a22 a23 a24 a25
0 a32 a33 a34 a35
0 a42 a43 a44 a45
0 0 0 0 0

 ,

and
Γ : (a12x1 + a22x2 + a32x3 + a43x4)x

σ
2 + (a13x1 + a23x2 + a33x3 + a43x4)x

σ
3 + (a14x1 +

35
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a24x2 + a34x3 + a44x4)x
σ
4 + (a15x1 + a25x2 + a35x3 + a45x4)x

σ
5 = 0.

The degenerate collineation

⊤ : Y ∈ PG(4, qn) \ {R} 7→ XtAY σ = 0 ∈ PG(4, qn)∗

associated to the sesquilinear form maps points onto hyperplanes through the point L.
Points that are on a common line through R are mapped onto the same hyperplane
through L. Therefore ⊤ induces a collineation Φ : SR −→ S∗

L, where

SR = {lα,β,γ,δ : (α, β, γ, δ) ∈ PG(3, qn)} with

lα,β,γ,δ :



x1 = λ

x2 = µα

x3 = µβ

x4 = µγ

x5 = µδ

, (λ, µ) ∈ PG(1, qn)

and

S∗
L = {Σα′,β′,γ′,δ′ : (α

′, β′, γ′, δ′) ∈ PG(3, qn)} with

Σα′,β′,γ′,δ′ : α
′x1 + β′x2 + γ′x3 + δ′x4 = 0.

The collineation Φ is given by Φ(lα,β,γ,δ) = Σα′,β′,γ′,δ′ , with

(α′, β′, γ′, δ′)t = A′[(α, β, γ, δ)t]σ,
where A′ is the matrix obtained by A by deleting the last row and the first column. Note
that |A′| ≠ 0 since rk(A) = 4. It is easy to see that Γ is the set of points of intersection
of corresponding elements under the collineation Φ.
If Y = (y1, y2, y3, y4, y5) is a point of Γ \ {R}, then the tangent hyperplane to Γ at the
point Y is the hyperplane ΣY = Y ⊤ with equation XtAY σ = 0. It follows that, for every
point Y of Γ \ {R} the hyperplane ΣY contains the point L. The tangent hyperplane
ΣL = L⊤ to Γ at the point L is the hyperplane with equation XtALσ = 0, that is:

ΣL : a15x1 + a25x2 + a35x3 + a45x4 = 0.

In what follows, we will assume that Φ maps the lines of a fixed projective frame of SR

into the hyperplanes of a fixed projective frame of S∗
L. We again distinguish some cases.

• First assume that ΣL contains the line RL. We have the following:

Proposition 4.1.1. Let Γ : XtAXσ = 0 be a σ-quadric of PG(4, qn), with rk(A) =
4, L ̸= R and RL ⊂ ΣL, then one of the folowing holds:

i) Γ is a degenerate elliptic σ-quadric of PG(4, qn) with collinear vertex points
R and L. Then Γ satisfies x1x

σ
4 + xσ+1

2 − cxσ+1
3 + x4x

σ
5 = 0, with c a non

square if q is odd and c(q
n−1)/r ̸= 1, r = (qn − 1, qm +1), if q and n are even.

Moreover, |Γ| = q3n + qn + 1 and Γ contains only the line RL.
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ii) Γ is a degenerate qn-parabolic σ-quadric of PG(4, qn) with collinear vertex
points R and L. Then q is even and Γ satisfies x1xσ4+xσ+1

2 −cxσ+1
3 +x4x

σ
5 = 0,

where the equation xσ+1 = c has a unique solution. Moreover, |Γ| = q3n+q2n+
qn +1 and Γ contains qn lines through R and qn lines through L (beside RL).

iii) Γ is a degenerate 2qn-hyperbolic σ-quadric of PG(4, qn) with collinear vertex
points R and L. Then q and n are odd and Γ satisfies x1x

σ
4 + xσ+1

2 − cxσ+1
3 +

x4x
σ
5 = 0, where xσ+1 = c has exactly two solutions. Moreover, |Γ| = q3n +

2q2n + qn + 1 and Γ contains 2qn lines through R and 2qn lines through L
(beside RL).

iv) Γ is a degenerate (q + 1)qn-hyperbolic σ-quadric of PG(4, qn) with collinear
vertex points R and L. Then n is even and Γ satisfies x1x

σ
4 + xσ+1

2 − cxσ+1
3 +

x4x
σ
5 = 0, xσ+1 = c has exactly q + 1 solutions. Moreover, |Γ| = q3n + (q +

1)q2n + qn + 1 and Γ contains (q + 1)qn lines through R and (q + 1)qn lines
through L (beside RL).

v) Γ is a non-degenerate parabolic σ-quadric of PG(4, qn) with collinear vertex
points R and L. Then Γ satisfies −xσ+1

2 +x1x
σ
3 +x3x

σ
4 +x4x

σ
5 = 0. Moreover,

|Γ| = q3n+q2n+qn+1 and Γ contains qn lines through R and qn lines through
L (beside RL).

Proof. Since ΣL contains the line RL, w.l.o.g., we may put ΣL : x4 = 0. Hence
a15 = a25 = a35 = 0 and we can put a45 = 1, obtaining
Γ : (a12x1+a22x2+a32x3+a42x4)x

σ
2 +(a13x1+a23x2+a33x3+a43x4)x

σ
3 +(a14x1+

a24x2 + a34x3 + a44x4)x
σ
4 + x4x

σ
5 = 0.

With this assumption the collineation Φ maps the line RL into the hyperplane ΣL.
Consider now the star SR,ΣL

of lines through R in ΣL. We distinguish two cases.

a) Suppose that Φ maps the lines of SR,ΣL
into the hyperplanes through the line

RL.
In this case, we can assume that Φ maps the line x3 = x4 = x5 = 0 into the
hyperplane x2 = 0, the line x2 = x4 = x5 = 0 into the hyperplane x3 = 0 and
the line x2 = x3 = x5 = 0 into the hyperplane x1 = 0 obtaining

Γ : ãx1x
σ
4 + b̃xσ+1

2 − c̃xσ+1
3 + x4x

σ
5 = 0,

with ãb̃c̃ ̸= 0. Then, via the projectivity
x′1
x′2
x′3
x′4
x′5

 =


ãb̃σ 0 0 0 0

0 b̃ 0 0 0
0 0 1 0 0
0 0 0 1 0

0 0 0 0 b̃



x1
x2
x3
x4
x5


Γ is projectively equivalent to the set satisfying

x1x
σ
4 + xσ+1

2 − cxσ+1
3 + x4x

σ
5 = 0,
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where c = c̃b̃σ. By Corollary 3.1.6, we know that R⊥ ∩ Γ is the union of
lines through R. Since R⊥ has equation x4 = 0, then a line lα,β,γ,δ through
R is contained in Γ if, and only if, ασ+1 − cβσ+1 = 0. Hence, the number
of lines through R contained in Γ, different from the line RL, depends on
the cardinality of the set {lx,1,0,y ∈ SR : xσ+1 = c}, and this is given by
qn|{x ∈ Fqn : xσ+1 = c}|. Moreover, the number of lines through L contained
in Γ, different from the line RL, is equal to qn|{x ∈ Fqn : xσ+1 = c}|. Indeed,
let SL = {tα,β,γ,δ : (α, β, γ, δ) ∈ PG(3, qn)} be the set of lines through L,
where

tα,β,γ,δ :



x1 = λα

x2 = λβ

x3 = λγ

x4 = λδ

x5 = µ

, (λ, µ) ∈ PG(1, qn).

By Corollary 3.1.6, ΣL ∩Γ is the union of lines through L. Then a line tα,β,γ,δ
is contained in Γ if, and only if, βσ+1−cγσ+1 = 0. This yields that the number
of lines through L contained in Γ, different from the line RL, depends on the
cardinality of the set {tx,y,1,0 ∈ SL : yσ+1 = c}. The number of solutions of
the equation xσ+1 = c is either 0, 1, 2 or q + 1 depending upon q even or odd
and n even or odd. We distinguish several cases:

- If q and n are even, then there are either 0 or 1 or q + 1 solutions giving
either 0 or qn or (q+1)qn lines through R (and hence through L) contained
in Γ.

- If q is even and n is odd, then there is a unique solution of the equation
giving qn lines through R (and through L) contained in Γ.

- If q is odd and n is even, then there are either 0 or q + 1 solutions of the
equation giving either 0 or (q + 1)qn lines through R (and through L)
contained in Γ.

- If q and n are odd, then there are either 0 or 2 solutions of the equation
giving either 0 or 2qn lines through R (and through L) contained in Γ.

In these cases we will call the set Γ either an elliptic or a qn-parabolic or a
2qn-hyperbolic or a (q + 1)qn-hyperbolic σ-quadric with collinear vertex points
R and L according as the number of lines through R (different from the line
RL) contained in Γ is either 0 or qn or 2qn or (q + 1)qn.
Now, let l a line through R. If l /∈ SR,ΣL

then Φ(l) ̸⊃ RL and so l ∩ Φ(l) is a
point. If l ∈ SR,ΣL

then l∩Φ(l) is either the point R or the line l. Recalling that
Γ contains the line RL, we get |Γ| = q3n+qn ·qn|{x ∈ Fqn : xσ+1 = c}|+qn+1.

b) Now, suppose that Φ does not map the lines of SR,ΣL
into the hyperplanes

through the line RL.
In this case, there exists a hyperplane Σ containing RL such that the lines of
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the star SR,Σ are mapped, under Φ, into the hyperplanes through RL. Hence
there is another line through R (together with RL) contained in Γ. In this
case we may assume that Σ : x3 = 0 and Φ maps the line x3 = x4 = x5 = 0
into the hyperplane x2 = 0, the line x2 = x4 = x5 = 0 into the hyperplane
x1 = 0, and the line x2 = x3 = x5 = 0 into the hyperplane x3 = 0. Hence:

Γ : −axσ+1
2 + bx1x

σ
3 + cx3x

σ
4 + x4x

σ
5 = 0,

with abc ̸= 0. Then, via the projectivity
x′1
x′2
x′3
x′4
x′5

 =


baσ(caσ)−σ 0 0 0 0

0 a 0 0 0
0 0 caσ 0 0
0 0 0 1 0
0 0 0 0 a



x1
x2
x3
x4
x5


Γ is projectively equivalent to the set satisfying

−xσ+1
2 + x1x

σ
3 + x3x

σ
4 + x4x

σ
5 = 0.

Since R⊥ has equation x3 = 0, then a line lα,β,γ,δ through R is contained in
Γ if, and only if, ασ+1 = γδσ. Observe that if α = 0 then either γ = 0, which
gives the line RL, or δ = 0, which gives the line l0,0,1,0. So, the number of lines
through R contained in Γ, different from the lines RL and l0,0,1,0, depends on
the cardinality of the set {l1,0,x,y ∈ SR : xyσ = 1}. A pair (x, y) is a solution
of xyσ = 1 if, and only if, y = x−σ−1

. Hence there are qn − 1 solutions of the
equation giving qn−1 lines through R contained in Γ. We will call the set Γ a
non-degenerate parabolic σ-quadric with collinear vertex points R and L.

• Next, assume that ΣL does not contain the line RL (or equivalently Φ does not
map the line RL into a hyperplane through the line RL). We have the following:

Proposition 4.1.2. Let Γ : XtAXσ = 0 be a σ-quadric of PG(4, qn), with rk(A) =
4, L ̸= R and RL ̸⊂ ΣL, then one of the following holds:

i) Γ is a non-degenerate σ-quadric of type 1 of PG(4, qn) with vertex points R
and L. Then q is odd and Γ satisfies xσ+1

2 +xσ+1
3 +xσ+1

4 +x1x
σ
5 = 0, where the

Kestenband σ-conic of PG(2, qn) given by the equation xσ+1+yσ+1+zσ+1 = 0
has qn + 1 points. Moreover, |Γ| = q3n + q2n + qn + 1 and Γ contains exactly
qn + 1 lines through R and exactly qn + 1 lines through L.

ii) Γ is a non-degenerate σ-quadric of type 2 of PG(4, qn) with vertex points R
and L. Then n is even and Γ satisfies xσ+1

2 +xσ+1
3 +xσ+1

4 +x1x
σ
5 = 0, where the

Kestenband σ-conic of PG(2, qn) given by the equation xσ+1 + yσ+1 + zσ+1 =
0 has qn + 1 + (−q)n/2+1(q − 1) points. Moreover, |Γ| = q3n + q2n + qn +
qn(−q)n/2+1(q− 1)+ 1 and Γ contains exactly qn +1+ (−q)n/2+1(q− 1) lines
through R and exactly qn + 1 + (−q)n/2+1(q − 1) lines through L.
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iii) Γ is a non-degenerate σ-quadric of type 3 of PG(4, qn) with vertex points R
and L. Then n is even and Γ satisfies xσ+1

2 +xσ+1
3 +cxσ+1

4 +x1x
σ
5 = 0, where the

Kestenband σ-conic of PG(2, qn) given by the equation xσ+1+yσ+1+czσ+1 = 0
has qn+1+(−q)n/2(q− 1) points, with c /∈ {xq+1 : x ∈ Fqn}. Moreover, |Γ| =
q3n+q2n+qn+qn(−q)n/2(q−1)+1 and Γ contains exactly qn+1+(−q)n/2(q−1)
lines through R and exactly qn + 1 + (−q)n/2(q − 1) lines through L.

iv) Γ is a non-degenerate σ-quadric of type 4 of PG(4, qn) with vertex points R
and L. Then n is even and Γ satisfies xσ+1

2 +bxσ+1
3 +cxσ+1

4 +x1x
σ
5 = 0, where

the Kestenband σ-conic of PG(2, qn) given by the equation xσ+1 + byσ+1 +
czσ+1 = 0 has qn + 1 − 2(−q)n/2 points, with b, c, b/c /∈ {xq+1 : x ∈ Fqn}.
Moreover, |Γ| = q3n + q2n + qn − 2qn(−q)n/2 + 1 and Γ contains exactly
qn +1− 2(−q)n/2 lines through R and exactly qn +1− 2(−q)n/2 lines through
L.

Proof. W.l.o.g. we may put ΣL : x1 = 0. In this case there is a hyperplane through
R (not containing L), say ΣR, such that the star of lines through R in ΣR is mapped,
under Φ, into the hyperplanes through RL. We may assume that ΣR : x5 = 0.
Hence Φ maps the lines lα,β,γ,0 into the hyperplanes Σ0,β′,γ′,δ′ so we may assume
that Φ maps the line l1,0,0,0 into the hyperplanes Σ0,1,0,0, the line l0,1,0,0 into the
hyperplanes Σ0,0,1,0 and the line l0,0,1,0 into the hyperplanes Σ0,0,0,1. Hence the
points of Γ satisfy the equation

Γ : ãxσ+1
2 + b̃xσ+1

3 + c̃xσ+1
4 + x1x

σ
5 = 0,

with abc ̸= 0. Then, via the projectivity
x′1
x′2
x′3
x′4
x′5

 =


1 0 0 0 0
0 ã 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 ã



x1
x2
x3
x4
x5


Γ is projectively equivalent to the set satisfying

xσ+1
2 + bxσ+1

3 + cxσ+1
4 + x1x

σ
5 = 0,

where b = b̃ãσ and c = c̃ãσ. Since R⊥ has equation x5 = 0, then a line lα,β,γ,δ
through R is contained in Γ if, and only if, ασ+1 + bβσ+1 + cγσ+1 = 0. Hence, the
numbers of lines through R contained in Γ depends on the number of points of the
Kestenband σ-conic of PG(2, qn) given by the equation xσ+1 + byσ+1 + czσ+1 = 0.
We distinguish several cases:

- If q and n are odd, then there are qn +1 points giving qn +1 lines through R
(and through L) contained in Γ.
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- If q is even and n is odd, then there are qn + 1 points giving qn + 1 lines
through R (and through L) contained in Γ.

- If n is even, then there are either qn + 1 + (−q)n/2+1(q − 1) or qn + 1 +
(−q)n/2(q−1) or qn+1−2(−q)n/2 points giving either qn+1+(−q)n/2+1(q−1)
or qn +1+ (−q)n/2(q− 1) or qn +1− 2(−q)n/2 lines through R (and through
L) contained in Γ.

In these cases we will call the set Γ either of type 1 or of type 2 or of type 3 or
of type 4 with vertex points R and L according as the number of lines through R
contained in Γ is either qn+1 or qn+1+(−q)n/2+1(q−1) or qn+1+(−q)n/2(q−1)
or qn + 1− 2(−q)n/2.
Now, let l a line through R. If l is not contained in ΣR, then Φ(l) ̸⊃ RL and so
l∩Φ(l) is a point. If l is contained in ΣR, then l∩Φ(l) is either the point R or the line
l. Recalling that Γ does not contain the line RL, we get |Γ| = q3n + qn|{(x, y, z) ∈
PG(2, qn) : xσ+1 + byσ+1 + czσ+1 = 0}|+ 1.

2) L = R.
The following proposition holds:

Proposition 4.1.3. Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, qn), with rk(A) = 4,
L = R, then Γ is a cone with vertex the point R projecting a σ-quadric of rank 4 in a
hyperplane Σ, with R /∈ Σ.

Proof. We may assume w.l.o.g. that the point R = L = (1, 0, 0, 0, 0) is both the left
radical and the right radical. It follows that, in this case, Γ is a cone with vertex the
point R projecting a σ-quadric of rank 4 in a hyperplane not through R. Indeed, since
the matrix A has rank four with first column and last row equal to 0, by choosing a
hyperplane not through the point R, e.g. Σ : x1 = 0, we get that the set Γ ∩ Σ is a
σ-quadric of the hyperplane Σ with associated matrix of rank 4.

4.2 σ-quadrics of rank 3 in PG(4, qn)

Let Γ : XtAXσ = 0 be a σ-quadric of PG(4, qn) with rk(A) = 3. Therefore the vertices
R and L are lines of PG(4, qn).

Proposition 4.2.1. Let Γ : XtAXσ = 0 be a σ-quadric of PG(4, qn), with rk(A) = 3.
Then one of the following holds:

1) If R ∩ L = ∅, then Γ is one of the following:

i) a degenerate hyperbolic σ-quadric with skew vertex lines R and L satisfying
the equation x1x

σ
3 +x2x

σ
4 +x3x

σ
5 = 0. Moreover, |Γ| = q3n+2q2n+ qn+1 and

Γ contains qn trasversal lines with R and L and q2n lines incident with R and
skew with L.
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ii) a non-degenerate parabolic σ-quadric with skew vertex lines R and L satisfying
the equation xσ+1

3 + x2x
σ
4 + x1x

σ
5 = 0. Moreover, |Γ| = q3n + q2n + qn + 1 and

Γ is the union of q2n + qn + 1 lines whose qn + 1 lines are trasversal with R
and L and q2n lines are incident with R and skew with L.

2) R∩L = {V } and Γ is a cone with vertex the point V projecting a σ-quadric of rank
3 in a hyperplane Σ with two (collinear or not) vertex points, with V /∈ Σ;

3) R = L and Γ is a cone with vertex the line R projecting a Kestenband σ-conic of a
plane π not through R.

Proof. Since rk(A) = 3, the vertices L and R are lines of PG(4, qn). We distinguish three
cases:

1) R ∩ L = ∅.
We may assume w.l.o.g. that R : x3 = x4 = x5 = 0 and L : x1 = x2 = x3 = 0. Then:

Γ : (a13x1+a23x2+a33x3)x
σ
3 +(a14x1+a24x2+a34x3)x

σ
4 +(a15x1+a25x2+a35x3)x

σ
5 = 0.

Let
PR = {πa,b,c : (a, b, c) ∈ PG(2, qn)},

where

πa,b,c =



x1 = λ

x2 = µ

x3 = γa

x4 = γb

x5 = γc

, (λ, µ, γ) ∈ PG(2, qn)

and

SL = {Σa,b,c : (a, b, c) ∈ PG(2, qn)}, where Σa,b,c : ax1 + bx2 + cx3 = 0.

The σ-quadric Γ is the set of points of PG(4, qn) of intersection of corresponding elements
under a collineation Φ : PR −→ SL. Let ΣRL be the hyperplane spanned by the lines R
and L, it follows that:

ΣRL : x3 = 0.

Let π the plane through R s.t. ΣRL = Φ(π). We distinguish two cases.

a) First assume that ΣRL contains the plane π.
W.l.o.g., we may put π : x3 = x4 = 0. Then Φ(π0,0,1) = Σ0,0,1. We may assume that
Φ maps the plane π1,0,0 into the hyperplane Σ1,0,0, the plane π0,1,0 into the hyper-
plane Σ0,1,0 and the plane π1,1,1 into the hyperplane Σ1,1,1 and hence a canonical
equation of Γ in this case is given by

Γ : x1x
σ
3 + x2x

σ
4 + x3x

σ
5 = 0.
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The set Γ is the union of the plane π and q2n + qn lines. Let P be a point of the
plane πa,b,c ∈ PR, then P = (λ, µ, γa, γb, γc). Observe that P belongs to L if, and
only if, λ = µ = a = 0 and γ ̸= 0. It follows that the plane πa,b,c is skew with L if,
and only if, a ̸= 0. Therefore, Γ contains qn lines which are trasversal with R and L,
and q2n which are incident with R and skew with L. Hence Γ has q3n+2q2n+qn+1
points. We will call this set a degenerate hyperbolic σ-quadric with skew vertex lines
R and L.

b) Now assume that ΣRL does not contain the plane π.
It follows that, w.l.o.g., we may put π : x4 = x5 = 0. Then Φ(π1,0,0) = Σ0,0,1.
We may assume that Φ maps the plane π0,1,0 into the hyperplane Σ0,1,0, the plane
π0,0,1 into the hyperplane Σ1,0,0 and the plane π1,1,1 into the hyperplane Σ1,1,1 and
hence a canonical equation of Γ in this case is given by

Γ : xσ+1
3 + x2x

σ
4 + x1x

σ
5 = 0.

The set Γ is the union of q2n + qn + 1 lines whose qn + 1 lines are transversal
with R and L, and q2n lines are incident with R and skew with L. Observing that
π ∩ ΣRL = R, it follows that Γ has q3n + q2n + qn + 1 points. We will call this set
a non-degenerate parabolic σ-quadric with skew vertex lines R and L.

2) R ∩ L = {V } is a point.
We may assume w.l.o.g. that R : x3 = x4 = x5 = 0 and L : x2 = x3 = x4 = 0. In this
case the σ-quadric Γ is a cone with vertex the point V . Since the matrix A has rank
three with first two columns and first and last rows equal to 0, by choosing a hyperplane
not through the point V , e.g. Σ : x1 = 0, we get that the set Γ ∩ Σ is a σ-quadric of
the hyperplane Σ with associated matrix of rank three and two (collinear or not) vertex
points given by R ∩ Σ and L ∩ Σ. It follows that Γ is a cone with vertex the point V
projecting a σ-quadric of rank 3 in a hyperplane not through V with two (collinear or
not) vertex points.

3) R = L.
We may assume w.l.o.g. that R = L : x3 = x4 = x5 = 0. It follows that, in this case,
Γ is a cone with vertex the line R. Since the matrix A has rank three with first two
columns and first two rows equal to 0, by choosing a plane not through the line R, e.g.
π : x1 = x2 = 0, we get that the set Γ ∩ π is a σ-conic of the plane π with associated
matrix of rank three. Hence it is a Kestenband σ-conic of π. It follows that Γ is a cone
with vertex the line R projecting a Kestenband σ-conic in a plane not through R.

Remark 4.2.2. Let Γ : XtAXσ = 0 be a σ-quadric of PG(4, q2) with rk(A) = 3 and
σ2 = 1. If R = L then Γ is a Hermitian cone with vertex the line R.

4.3 σ-quadrics of rank 2 in PG(4, qn)

Let Γ : XtAXσ = 0 be a σ-quadric of PG(4, qn) with rk(A) = 2. Therefore the vertices
R and L are planes of PG(4, qn).
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Proposition 4.3.1. Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, qn), with rk(A) = 2,
then one of the following holds:

1) R∩L = {V } is a point and Γ is a cone with vertex the point V projecting a σ-quadric
of pseudoregulus type in a hyperplane Σ with skew vertex lines, with V ̸∈ Σ;

2) R ∩ L = t is a line and Γ is a cone with vertex the line t projecting a (possibly
degenerate) Cσ

F -set of a plane π, with t ∩ π = ∅;

3) R = L and Γ is a cone with vertex the plane R projecting a σ-quadric of a line
v, with v ∩ π = ∅. Hence Γ is either the plane π or one, two or q + 1 hyperplanes
through π forming an Fq-subpencil.

Proof. Since rk(A) = 2, the vertices L and R are two planes of PG(4, qn). We distinguish
three cases:

1) R ∩ L = {V } is a point.
We may assume w.l.o.g. that R : x4 = x5 = 0 and L : x1 = x2 = 0. It follows that, in
this case, Γ is a cone with vertex the point V . Since the matrix A has rank two with first
three columns and last three rows equal to 0, by choosing a hyperplane not through the
point V , e.g. Σ : x3 = 0, we get that the set Γ∩Σ is σ-quadric of the hyperplane Σ with
associated matrix of rank 2 and vertices the lines

r : x3 = x4 = x5 = 0 and l : x1 = x2 = x3 = 0.

Hence it is a σ-quadric of pseudoregulus type of Σ with skew vertex lines r and l (see [29]
and also Proposition 3.3.2). It follows that Γ is a cone with vertex the point V projecting
a σ-quadric of pseudoregulus type in a hyperplane not through V with skew vertex lines.

2) R ∩ L = t is a line.
We may assume w.l.o.g. that R : x4 = x5 = 0, L : x3 = x4 = 0. In this case the σ-quadric
Γ is a cone with vertex the line t projecting a (possibly degenerate) Cσ

F -set in a plane not
through t. Indeed let π a plane not through the line t and let A = R ∩ π, B = L ∩ π. It
follows that Γ ∩ π is a set of points of π generated by a collineation between the pencils
of lines of π with center the points A and B induced by the collineation between the
pencil of hyperplanes PR and PL that is associated to Γ.

3) R = L.
We may assume w.l.o.g. that R = L : x4 = x5 = 0. In this case the σ-quadric is a cone
with vertex the plane R over a σ-quadric of a line skew with R. That is Γ is either the
plane R or a hyperplane through R or a pair of distinct hyperplanes through R or q + 1
hyperplanes through R forming an Fq-subpencil of hyperplanes through R.

4.4 σ-quadrics of rank 1 in PG(4, qn)

Let Γ : XtAXσ = 0 be a σ-quadric of PG(4, qn) with rk(A) = 3. Therefore the vertices
R and L are hyperplanes of PG(4, qn).
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Proposition 4.4.1. Let Γ : XtAXσ = 0 be a σ-quadric Γ of PG(4, qn), with rk(A) = 1,
then one of the following holds:

1) L ̸= R and Γ = L ∪R.

2) L = R and Γ = R.

Proof. Since rk(A) = 1, the vertices L and R of Γ are two hyperplanes of PG(4, qn). We
distinguish two cases:
1) L ̸= R.
We may assume that R : x5 = 0 and L : x1 = 0. Hence Γ : x1x

σ
5 = 0, that is the union

of two different hyperplanes.
2) L = R.
We may assume that R = L : x5 = 0. Hence Γ : xσ+1

5 = 0, that is a hyperplane of
PG(4, qn).

4.5 σ-quadrics of PG(4, q) and ovoids of Q(4, q)

In this final section we will show, as an application of σ-quadrics of PG(4, q), that two of
the known ovoids of Q(4, q) can be obtained as intersection of a suitable σ-quadric with
Q(4, q).
We recall that an ovoid of Q(4, q) is a set of q2 + 1 points intersecting any generator
in exactly one point. Let (X1, X2, X3, X4, X5) denote the homogeneous coordinates of
PG(4, q). Let Q(4, q) : X1X5 +X2X4 +X2

3 = 0. We can always assume that an ovoid of
Q(4, q) contains the points (1, 0, 0, 0, 0) and (0, 0, 0, 0, 1) and hence it can be written in
the following form:

O4(f) = {(0, 0, 0, 0, 1)} ∪ {(1, x, y, f(x, y),−y2 − xf(x, y)) : x, y ∈ Fq}

for some function f : F2
q −→ Fq with f(0, 0) = 0; see [85, Chapter 2]. They are rare

objects and, beside the classical example given by an elliptic quadric, only three classes
are known for q odd, one class for q even and a sporadic example for q = 35. They
have been studied since the end of the ’80s also because of their connections with many
other important and well studied objects such as semifield flocks of a three dimensional
quadratic cone, ovoids of PG(3, q), eggs of finite projective spaces, translation generalized
quadrangles, rank 2 commutative semifields etc. etc. In Table 4.1 the known ovoids of
Q(4, q) are listed; see [45, 70, 71, 81].

In the following we show that two classes of ovoids of Q(4, q) are related to σ-quadrics
of PG(4, q).

Proposition 4.5.1. Let n be a non-square of Fq, q = ph, q odd and h > 1, and let σ ̸= 1
be an automorphism of Fq. The σ-quadric Γ of rank 2 of PG(4, q) given by the equation
X4X

σ
1 +nX1X

σ
2 = 0 meets the quadric Q(4, q) : X1X5 +X2X4 +X2

3 = 0 in the union of
a Kantor ovoid and a quadratic cone contained in a hyperplane of PG(4, q).
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Table 4.1: Known ovoids of Q(4, q).

Name f(x, y) Restrictions

Elliptic quadric −nx q odd, n non-square
Elliptic quadric ax+ y q even

Penttila-Williams −x9 − y81 q = 35

Thas-Payne −nx− (n−1x)1/9 − y1/3
q = 3h, h > 2,
n non-square

Ree-Tits slice −x2σ+3 − yσ
q = 3h, h > 1,

σ =
√
3q

Kantor −nxσ
q = ph, q odd
h > 1, σ ̸= 1

Tits xσ+1 + yσ q = 22h+1, σ = 2h+1

Proof. Observe that Γ = {X1 = 0} ∪ {(1, x, y,−nxσ, z) : x, y, z ∈ Fq}.
First let P = (1, x, y,−nxσ, z) be a point in Γ \ {X1 = 0}. It follows that P belongs to
Q(4, q) if, and only if, z = −y2 + nxσ+1.
Now observe that the intersection {X1 = 0} ∩Q(4, q) is given by{

X1 = 0

X2X4 +X2
3 = 0,

that is a quadratic cone of the hyperplane X1 = 0.

Proposition 4.5.2. Let q = 22h+1 and let σ = 2h+1. The σ-quadric Γ of rank 3 of
PG(4, q) given by the equation X4X

σ
1 + Xσ+1

2 + X1X
σ
3 = 0 meets the quadric Q(4, q) :

X1X5 +X2X4 +X2
3 = 0 in the union of a Tits ovoid and the line X1 = X2 = X3 = 0.

Proof. Observe that

Γ = {X1 = X2 = X3 = 0} ∪ {(1, x, y, xσ+1 + yσ, z) : x, y, z ∈ Fq}.

First let P = (1, x, y, xσ+1+yσ, z) be a point in Γ\{X1 = X2 = X3 = 0}. It follows that
P belongs to Q(4, q) if, and only if, z = y2 + xσ+2 + xyσ.
Now observe that the quadric Q(4, q) contains the lines {X1 = X2 = X3 = 0}.



Chapter 5

Absolute points of correlations of
PG(5, qn)

In this chapter, we will deal with the five dimensional case. We will divide the σ-quadrics
of PG(5, qn) according to the rank of the associated matrix.
Let V = F6

qn , let ⟨ , ⟩ be a degenerate σ-sesquilinear form and let Γ : XtAXσ = 0 be the
associated σ-quadric with rk(A) = i ∈ {1, 2, 3, 4, 5}. We will say that Γ is a σ-quadric of
rank i. We will fix

σ : x ∈ Fqn 7→ xq
m ∈ Fqn

with (n,m) = 1. As an application, in the last section we will show that σ-quadrics
of PG(5, q) are related to ovoids of the hyperbolic quadric Q+(5, q). The results of this
chapter have appeared in [31].

5.1 σ-quadrics of rank 5 in PG(5, qn)

In this section a σ-quadric Γ of PG(5, qn) will have equation XtAXσ = 0 with rk(A) = 5.
Hence the vertices L and R of Γ are two points of PG(5, qn). We distinguish two cases.

1) L ̸= R.
We may assume w.l.o.g. that R = (1, 0, 0, 0, 0, 0) and L = (0, 0, 0, 0, 0, 1). It follows that

A =



0 a12 a13 a14 a15 a16
0 a22 a23 a24 a25 a26
0 a32 a33 a34 a35 a36
0 a42 a43 a44 a45 a46
0 a52 a53 a54 a55 a56
0 0 0 0 0 0

 ,

and
Γ : (a12x1+a22x2+a32x3+a42x4+a52x5)x

σ
2+(a13x1+a23x2+a33x3+a43x4+a53x5)x

σ
3+

(a14x1+ a24x2+ a34x3+ a44x4+ a54x5)x
σ
4 +(a15x1+ a25x2+ a35x3+ a45x4+ a55x5)x

σ
5 +

47
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(a16x1 + a26x2 + a36x3 + a46x4 + a56x5)x
σ
6 = 0.

The degenerate collineation

⊤ : Y ∈ PG(5, qn) \ {R} 7→ XtAY σ = 0 ∈ PG(5, qn)∗

associated to the sesquilinear form maps points onto hyperplanes through the point L.
Points that are on a common line through R are mapped onto the same hyperplane
through L. Let SR = {lα,β,γ,δ,ϵ : (α, β, γ, δ, ϵ) ∈ PG(4, qn)} be the set of lines through R,
where

lα,β,γ,δ,ϵ :



x1 = λ

x2 = µα

x3 = µβ

x4 = µγ

x5 = µδ

x6 = µϵ

, (λ, µ) ∈ PG(1, qn)

and let S∗
L = {Λα′,β′,γ′,δ′,ϵ′ : (α′, β′, γ′, δ′, ϵ′) ∈ PG(4, qn)} be the set of hyperplanes

through L, where

Λα′,β′,γ′,δ′,ϵ′ : α
′x1 + β′x2 + γ′x3 + δ′x4 + ϵ′x5 = 0.

Therefore ⊤ induces a collineation Φ : SR −→ S∗
L given by Φ(lα,β,γ,δ,ϵ) = Λα′,β′,γ′,δ′,ϵ′ ,

with
(α′, β′, γ′, δ′, ϵ′)t = A′(ασ, βσ, γσ, δσ, ϵσ)t,

where A′ is the matrix obtained by A by deleting the last row and the first column. Note
that |A′| ≠ 0 since rk(A) = 5. It is easy to see that Γ is the set of points of intersection
of corresponding elements under the collineation Φ, i.e. a point P belongs to Γ if and
only if {P} = lα,β,γ,δ,ϵ ∩ Φ(lα,β,γ,δ,ϵ) for some lα,β,γ,δ,ϵ ∈ SR.
If Y = (y1, y2, y3, y4, y5, y6) is a point of Γ\{R}, then the tangent hyperplane to Γ at the
point Y is the hyperplane ΛY = Y ⊤ with equation XtAY σ = 0. It follows that, for every
point Y of Γ \ {R} the hyperplane ΛY contains the point L. The tangent hyperplane
ΛL = L⊤ to Γ at the point L is the hyperplane with equation XtALσ = 0, that is:

ΛL : a16x1 + a26x2 + a36x3 + a46x4 + a56x5 = 0.

In what follows, we will assume that Φ maps the lines of a fixed projective frame of SR

into the hyperplanes of a fixed projective frame of S∗
L.

We distinguish two cases.

• First assume that ΛL contains the line RL.

We will prove the following proposition:

Proposition 5.1.1. Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, qn), with rk(A) =
5, R ̸= L and RL ⊂ ∆L = L⊤, then one of the following holds:
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i) q odd and Γ satisfies x1x
σ
5 +xσ+1

2 +xσ+1
3 +xσ+1

4 +x5x
σ
6 = 0. Moreover, Γ has

q4n + q3n + q2n + qn + 1 points and contains exactly (qn + 1)qn lines through
R (or L), beside RL.

ii) n even and Γ satisfies x1x
σ
5 + xσ+1

2 + xσ+1
3 + xσ+1

4 + x5x
σ
6 = 0. Moreover, Γ

has q4n+ q3n+ q2n+ q2n(−q)n/2+1(q− 1)+ qn+1 points and contains exactly
(qn + 1 + (−q)n/2+1(q − 1))qn lines through R (or L), beside RL.

iii) n even and Γ satisfies x1x
σ
5 + xσ+1

2 + xσ+1
3 + xσ+1

4 + x5x
σ
6 = 0. Moreover, Γ

has q4n + q3n + q2n + q2n(−q)n/2(q − 1) + qn + 1 points and contains exactly
(qn + 1 + (−q)n/2(q − 1))qn lines through R (or L), beside RL.

iv) n even and Γ satisfies x1x
σ
5 + xσ+1

2 + xσ+1
3 + xσ+1

4 + x5x
σ
6 = 0. Moreover,

Γ has q4n + q3n + q2n − 2q2n(−q)n/2 + qn + 1 points and contains exactly
(qn + 1− 2(−q)n/2)qn lines through R (or L), beside RL.

v) either q odd and c a non-square or q, n even and c(q
n−1)/r ̸= 1, with r =

(qn − 1, qm + 1), and Γ satisfies x1x
σ
4 + xσ+1

2 − cxσ+1
3 + x4x

σ
5 + x5x

σ
6 = 0.

Moreover, Γ has q4n + q3n + qn + 1 points and contains exactly q2n + 1 lines
through R (or L), beside RL.

vi) q even and xσ+1 = c has a unique solution and Γ satisfies x1x
σ
4 + xσ+1

2 −
cxσ+1

3 +x4x
σ
5 +x5x

σ
6 = 0. Moreover, Γ has q4n+ q3n+ q2n+ qn+1 points and

contains exactly q2n + qn + 1 lines through R (or L), beside RL.

vii) q, n odd and xσ+1 = c has two solutions and Γ satisfies x1x
σ
4 +xσ+1

2 −cxσ+1
3 +

x4x
σ
5 +x5x

σ
6 = 0. Moreover, Γ has q4n+q3n+2q2n+qn+1 points and contains

exactly q2n + 2qn + 1 lines through R (or L), beside RL.

viii) n even and xσ+1 = c has q+1 solutions and Γ satisfies x1x
σ
4 +xσ+1

2 −cxσ+1
3 +

x4x
σ
5 + x5x

σ
6 = 0. Moreover, Γ has q4n + q3n + (q + 1)q2n + qn + 1 points and

contains exactly q2n + (q + 1)qn + 1 lines through R (or L), beside RL.

Proof. Since RL ⊂ ΛL, we get a16 = 0. Up to projectivity, we may put ΛL : x5 = 0.
Hence a26 = a36 = a46 = 0 and we can put a56 = 1, obtaining
Γ : (a12x1 + a22x2 + a32x3 + a42x4 + a52x5)x

σ
2 + (a13x1 + a23x2 + a33x3 + a43x4 +

a53x5)x
σ
3 + (a14x1 + a24x2 + a34x3 + a44x4 + a54x5)x

σ
4 + (a15x1 + a25x2 + a35x3 +

a45x4 + a55x5)x
σ
5 + x5x

σ
6 = 0.

With this assumption the collineation Φ maps the line RL into the hyperplane ΛL.
Consider now the star SR,ΛL

of lines through R in ΛL. We distinguish two cases.

I) Φ maps the lines of SR,ΛL
into the hyperplanes through the line RL.

In this case, we can assume that Φ maps the line x3 = x4 = x5 = x6 = 0 into
the hyperplane x2 = 0, the line x2 = x4 = x5 = x6 = 0 into the hyperplane
x3 = 0, the line x2 = x3 = x5 = x6 = 0 into the hyperplane x4 = 0 and the line
x2 = x3 = x4 = x6 = 0 into the hyperplane x1 = 0 obtaining

Γ : ax1x
σ
5 + bxσ+1

2 + cxσ+1
3 + dxσ+1

4 + x5x
σ
6 = 0,
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with abcd ̸= 0. Then, via the projectivity

x′1
x′2
x′3
x′4
x′5
x′6

 =



abσ 0 0 0 0 0
0 b 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 b





x1
x2
x3
x4
x5
x6


Γ is projectively equivalent to the set satisfying

x1x
σ
5 + xσ+1

2 + c̃xσ+1
3 + d̃xσ+1

4 + x5x
σ
6 = 0,

where c̃ = cbσ and d̃ = dbσ. By Corollary 3.1.6, we know that R⊥ ∩ Γ is the union
of lines through R. Since R⊥ has equation x5 = 0, then a line lα,β,γ,δ,ϵ through R is
contained in Γ if, and only if, ασ+1+ c̃βσ+1+ d̃γσ+1 = 0. Hence the numbers of lines
through R contained in Γ, different from the line RL, depends on the cardinality
of the set⋃

h∈Fqn

{(h, x, y, z) : xσ+1 + c̃yσ+1 + d̃zσ+1 = 0, (x, y, z) ∈ PG(2, qn)}.

Now, it is easy to see that the cardinality of the set above is also equal to the
number of lines through L contained in Γ, different from the line RL. Observe that
the set K = {(x, y, z) ∈ PG(2, qn) : xσ+1 + c̃yσ+1 + d̃zσ+1 = 0} is a Kestenband
σ-conic of PG(2, qn) We distinguish two cases:

– If n is odd, then K has qn + 1 points.

– If n is even, then K has either qn+1+(−q)n/2+1(q−1) or qn+1+(−q)n/2(q−1)
or qn + 1− 2(−q)n/2 points.

Now, let l be a line through R. If l /∈ SR,ΛL
, then Φ(l) ̸⊃ RL and l ∩ Φ(l) is either

the point R or the line l. If l ∈ SR,ΛL
, then l ∩ Φ(l) is either a point or the line

l. Recalling that Γ contains the line RL, we have |Γ| = q4n + qn · qn|{(x, y, z) ∈
PG(2, qn) : xσ+1 + c̃yσ+1 + d̃zσ+1 = 0}|+ qn + 1.

II) Φ does not map the lines of SR,ΛL
into the hyperplanes through the line RL. In

this case, there exists a hyperplane Λ containing RL such that the lines of the star
SR,Λ are mapped, under Φ, into the hyperplanes through RL. Up to projectivity,
we may assume Λ : x4 = 0. Hence there is another line through R (together with
RL) contained in Γ. In this case, we may assume that Φ maps the line x3 = x4 =
x5 = x6 = 0 into the hyperplane x2 = 0, the line x2 = x4 = x5 = x6 = 0 into the
hyperplane x3 = 0, the line x2 = x3 = x4 = x6 = 0 into the hyperplane x4 = 0,
and the line x2 = x3 = x5 = x6 = 0 into the hyperplane x1 = 0. Hence:

Γ : ax1x
σ
4 + bxσ+1

2 − cxσ+1
3 + dx4x

σ
5 + x5x

σ
6 = 0,
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with abcd ̸= 0. Then, via the projectivity

x′1
x′2
x′3
x′4
x′5
x′6

 =



abσ(dbσ)−σ 0 0 0 0 0
0 b 0 0 0 0
0 0 1 0 0 0
0 0 0 dbσ 0 0
0 0 0 0 1 0
0 0 0 0 0 b





x1
x2
x3
x4
x5
x6


Γ is projectively equivalent to the set satisfying

x1x
σ
4 + xσ+1

2 − c̃xσ+1
3 + x4x

σ
5 + x5x

σ
6 = 0,

where c̃ = cbσ. Since R⊥ has equation x4 = 0, then a line lα,β,γ,δ,ϵ through R is
contained in Γ if, and only if, ασ+1 − c̃βσ+1 + δϵσ = 0. Hence the numbers of lines
through R (and also through L) contained in Γ depends on the number of points
of the σ-quadric Γ′ of PG(3, qn) given by the equation Γ′ : xσ+1− c̃yσ+1+ ztσ = 0.
We distinguish several cases:

– If q and n are even, then Γ′ has either q2n+1 or q2n+qn+1 or q2n+(q+1)qn+1
points.

– If q is even and n is odd, then Γ′ has q2n + qn + 1 points.
– If q is odd and n is even, then Γ′ has either q2n + 1 or q2n + (q + 1)qn + 1

points.
– If q and n are odd, then Γ′ has either q2n + 1 or q2n + 2qn + 1 points.

Now, let l be a line through R. If l /∈ SR,Λ, then Φ(l) ̸⊃ l and l ∩ Φ(l) is a
point. If l ∈ SR,Λ, then l ∩ Φ(l) is either the point R or the line l. We have
|Γ| = q4n + qn|{(x, y, z, t) ∈ PG(3, qn) : xσ+1 − c̃yσ+1 + ztσ = 0}|+ 1.

• OPEN CASE: ΛL does not contain the line RL (or equivalently Φ does not map
the line RL into a hyperplane through the line RL).
Since RL ̸⊂ ΛL, then a16 ̸= 0. Up to projectivity, we may put ΛL : x1 = 0. In this
case there is a hyperplane through R (not containing L), say ΛR, such that the star
of lines through R in ΛR is mapped, under Φ, into the hyperplanes through RL. We
may assume, up to projectivity, ΛR : x6 = 0. Hence Φ maps the lines lα,β,γ,δ,0 into
the hyperplanes Λ0,β′,γ′,δ′,ϵ′ so we may assume that Φ maps the line l1,0,0,0,0 into
the hyperplanes Λ0,1,0,0,0, the line l0,1,0,0,0 into the hyperplanes Λ0,0,1,0,0, the line
l0,0,1,0,0 into the hyperplanes Λ0,0,0,1,0, and the line l0,0,0,1,0 into the hyperplanes
Λ0,0,0,0,1. Hence the points of Γ satisfy the equation

Γ : axσ+1
2 + bxσ+1

3 + cxσ+1
4 + dxσ+1

5 + x1x
σ
6 = 0.

Since R⊥ has equation x6 = 0, a line lα,β,γ,δ,ϵ through R is contained in Γ if, and
only if, aασ+1+ bβσ+1+ cγσ+1+ dδσ+1 = 0. Hence the numbers of lines through R
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contained in Γ depends on the number of points of the σ-quadric Γ′ of PG(3, qn)
given by the equation axσ+1+ byσ+1+ czσ+1+dtσ+1 = 0 with associated matrix of
rank four. In this case, we cannot determine the behaviour of the σ-quadric Γ since
nothing is known about the set of absolute points of a non-degenerate correlations
of PG(3, qn), different from a polarity.

2) L = R.
The following proposition holds:

Proposition 5.1.2. Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, qn), with rk(A) = 5,
R = L, then Γ is a cone with vertex R and base a σ-quadric of rank 5 in a hyperplane
Λ, with R /∈ Λ.

Proof. We may assume w.l.o.g. that R = L = (1, 0, 0, 0, 0, 0). It follows that, in this case,
Γ is a cone with vertex the point R projecting a σ-quadric of rank five in a hyperplane
not through R. Indeed, since the matrix A has rank five with first column and first row
equal to 0, by choosing a hyperplane not through the point R, e.g. Λ : x1 = 0, we get
that the set Γ ∩ Λ is a σ-quadric of the hyperplane Λ with associated matrix of rank
five.

5.2 σ-quadrics of rank 4 in PG(5, qn)

In this section a σ-quadric Γ of PG(5, qn) will have equation XtAXσ = 0 with rk(A) = 4.
Hence the vertices L and R of Γ are two lines of PG(5, qn). We distinguish three cases:

1) R ∩ L = ∅.
We may assume that R : x3 = x4 = x5 = x6 = 0 and L : x1 = x2 = x3 = x4 = 0. Then:
Γ : (a13x1 + a23x2 + a33x3 + a34x4)x

σ
3 + (a14x1 + a24x2 + a34x3 + a44x4)x

σ
4 + (a15x1 +

a25x2 + a35x3 + a45x4)x
σ
5 + (a16x1 + a26x2 + a36x3 + a46x4)x

σ
6 = 0.

Let PR = {πa,b,c,d : (a, b, c, d) ∈ PG(3, qn)} be the set of planes through R, where

πa,b,c,d =



x1 = λ

x2 = µ

x3 = γa

x4 = γb

x5 = γc

x6 = γd

, (λ, µ, γ) ∈ PG(2, qn)

and let SL = {Λa,b,c,d : (a, b, c, d) ∈ PG(3, qn)} be the set of hyperplanes through L,
where

Λa,b,c,d : ax1 + bx2 + cx3 + dx4 = 0.

The collineation Φ is given by Φ(πa,b,c,d) = Λa′,b′,c′,d′ , with

(a′, b′, c′, d′)t = A′(aσ, bσ, cσ, dσ)t,
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where A′ is the matrix obtained by A by deleting the first two columns and the last two
rows. The σ-quadric Γ is the set of points of PG(5, qn) of intersection of corresponding
elements under a collineation Φ : PR −→ SL, i.e. a point P belongs to Γ if and only
if {P} = πa,b,c,d ∩ Φ(πa,b,c,d) for some πa,b,c,d ∈ PR. Note that the intersection of corre-
sponding elements under a collineation Φ can be either a line or a plane.
Let πa,b,c,d be a plane through the line R. Note that πa,b,c,d meets the line L at the point
(0, 0, 0, 0, c, d) if, and only if, a = b = 0. Now, suppose that πa,b,c,d ∩ Φ(πa,b,c,d) = πa,b,c,d
and let Σ : x3 = x4 = 0 be the subspace spans by the lines R and L. It follows that
Σ ⊂ Φ(πa,b,c,d) and so we have Φ(πa,b,c,d) : c

′x3 + d′x4 = 0, with (c′, d′) ∈ PG(1, qn). Let
PR,Σ = {π0,0,c,d : (c, d) ∈ PG(1, qn)} be the set of planes through the line R contained
in Σ. The following proposition holds:

Proposition 5.2.1. Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, qn), with rk(A) = 4,
R ∩ L = ∅, then one of the following holds:

i) Γ satisfies x1x
σ
3 + x2x

σ
4 + x3x

σ
5 + x4x

σ
6 = 0. Moreover, Γ is the union of qn + 1

planes through R and incident with the line L and q3n + q2n lines each of whose is
contained in a plane through R and skew with L.

ii) either q odd and α a non-square or q, n even and α(qn−1)/r ̸= 1, with r = (qn −
1, qm + 1), and Γ satisfies αxσ+1

3 − xσ+1
4 + x1x

σ
5 + x2x

σ
6 = 0. Moreover, Γ is the

union of the line R and q3n+q2n lines each of whose is contained in a plane through
R. In particular, there exist exactly qn + 1 lines incident with R and L.

iii) q even and xσ+1 = α has a unique solution and Γ satisfies αxσ+1
3 − xσ+1

4 + x1x
σ
5 +

x2x
σ
6 = 0. Moreover, Γ is the union of a plane through R and q3n + q2n lines each

of whose is contained in a plane through R. In particular, there exist exactly qn+1
lines incident with R and L.

iv) q, n odd and xσ+1 = α has two solutions and Γ satisfies αxσ+1
3 − xσ+1

4 + x1x
σ
5 +

x2x
σ
6 = 0. Moreover, Γ is the union of two planes through R and q3n + q2n lines

each of whose is contained in a plane through R. In particular, there exist exactly
qn + 1 lines incident with R and L.

v) n even and xσ+1 = α has q+1 solutions and Γ satisfies αxσ+1
3 −xσ+1

4 +x1x
σ
5+x2x

σ
6 =

0. Moreover, Γ is the union of q + 1 planes through R and q3n + q2n lines each of
whose is contained in a plane through R. In particular, there exist exactly qn + 1
lines incident with R and L.

vi) Γ satisfies xσ+1
3 + x1x

σ
4 + x2x

σ
5 + x4x

σ
6 = 0. Moreover, Γ is the union of a plane

through R and q3n + q2n lines each of whose is contained in a plane through R. In
particular, there exist exactly qn lines incident with R and L.

Proof. We distinguish two cases.
• First, assume that Φ maps the planes of PR,Σ into the hyperplanes of SL containing
the subspace Σ. W.l.o.g., we may assume that Φ maps the plane π1,0,0,0 into the hyper-
plane Λ1,0,0,0, the plane π0,1,0,0 into the hyperplane Λ0,1,0,0, the plane π0,0,1,0 into the
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hyperplane Λ0,0,1,0, the plane π0,0,0,1 into the hyperplane Λ0,0,0,1 and the plane π1,1,1,1
into the hyperplane Λ1,1,1,1. Under these assumptions, it follows that Φ maps the plane
πa,b,c,d into the hyperplane Λaσ ,bσ ,cσ ,dσ and hence

Γ : x1x
σ
3 + x2x

σ
4 + x3x

σ
5 + x4x

σ
6 = 0.

If (a, b) ̸= (0, 0), then πa,b,c,d∩Λaσ ,bσ ,cσ ,dσ is a line different from the line R. If a = b = 0,
then π0,0,c,d ⊂ Λ0,0,cσ ,dσ .
• Next, assume that Φ does not map the planes of PR,Σ into the hyperplanes of SL

containing the subspace Σ. Hence, there exists a 3-dimensional subspace Σ′ through the
line R not containing the line L such that the planes of PR,Σ′ are mapped, under Φ, into
the hyperplanes of SL containing Σ. We again distinguish two cases.

I) Σ′ ∩ L = ∅.
In this case, we may assume that Σ′ : x5 = x6 = 0 and so PR,Σ′ = {πa,b,0,0 : (a, b) ∈
PG(1, qn)}, and Φ maps the plane π1,0,0,0 into the hyperplane Λ0,0,1,0, the plane
π0,1,0,0 into the hyperplane Λ0,0,0,1, the plane π0,0,1,0 into the hyperplane Λ1,0,0,0,
the plane π0,0,0,1 into the hyperplane Λ0,1,0,0. Hence:

Γ : αxσ+1
3 − xσ+1

4 + βx1x
σ
5 + γx2x

σ
6 = 0,

with αβγ ̸= 0. Then, via the projectivity

x′1
x′2
x′3
x′4
x′5
x′6

 =



β 0 0 0 0 0
0 γ 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1





x1
x2
x3
x4
x5
x6


Γ is projectively equivalent to the set satisfying

αxσ+1
3 − xσ+1

4 + x1x
σ
5 + x2x

σ
6 = 0.

It follows that Φ maps the plane πa,b,c,d into the hyperplane Λcσ ,dσ ,αaσ ,−bσ . If (c, d) ̸=
(0, 0), then πa,b,c,d ∩ Λcσ ,dσ ,αaσ ,−bσ is a line different from the line R. If c = d = 0,
then πa,b,0,0 ∩ Λ0,0,αaσ ,−bσ is either the line R or the plane πa,b,0,0. The number of
planes through R contained in Γ depends on the number of points of solutions of
the equation xσ+1 = α and hence:

– If q and n are even, then there are either 0 or 1 or q + 1 solutions.

– If q is even and n is odd, then there is a unique solution.

– If q is odd and n is even, then there are either 0 or q + 1 solutions.

– If q and n are odd, then there are either 0 or 2 solutions.
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II) Σ′ ∩ L is a point.
In this case, we may assume that Σ′ : x4 = x5 = 0 and so PR,Σ′ = {πa,0,0,d : (a, d) ∈
PG(1, qn)}, and Φ maps the plane π1,0,0,0 into the hyperplane Λ0,0,1,0, the plane
π0,1,0,0 into the hyperplane Λ1,0,0,0, the plane π0,0,1,0 into the hyperplane Λ0,1,0,0, the
plane π0,0,0,1 into the hyperplane Λ0,0,0,1 and the plane π1,1,1,1 into the hyperplane
Λ1,1,1,1. Under these assumptions, it follows that Φ maps the plane πa,b,c,d into the
hyperplane Λbσ ,cσ ,aσ ,dσ and hence:

Γ : xσ+1
3 + x1x

σ
4 + x2x

σ
5 + x4x

σ
6 = 0.

If (b, c) ̸= (0, 0), then πa,b,c,d ∩ Λbσ ,cσ ,aσ ,dσ is a line different from the line R. If
b = c = 0, then πa,0,0,d ∩ Λ0,0,aσ ,dσ is either the line R or the plane πa,0,0,d. The
plane πa,0,0,d is contained in Λ0,0,aσ ,dσ if, and only if, a = 0.

2) R ∩ L is a point.
The following proposition holds:

Proposition 5.2.2. Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, qn), with rk(A) = 4,
R ∩ L = {V } is a point, then Γ is a cone with vertex the point V projecting a σ-quadric
of rank 4 in a hyperplane Λ with two (collinear or not) vertex points, with V /∈ Λ.

Proof. We may assume w.l.o.g. that R : x3 = x4 = x5 = x6 = 0 and L : x2 = x3 = x4 =
x5 = 0. In this case the σ-quadric Γ is a cone with vertex the point V . Since the matrix
A has rank four with first two columns and first and last row equal to 0, by choosing
a hyperplane not through the point V , e.g. Λ : x1 = 0, we get that the set Γ ∩ Λ is a
σ-quadric of the hyperplane Λ with associated matrix of rank four and two (collinear or
not) vertex points given by R′ = R ∩ Λ and L′ = L ∩ Λ. It follows that Γ is a cone with
vertex the point V projecting a σ-quadric of rank 4 in a hyperplane not through V with
two (collinear or not) vertex points.

3) R = L.
The following proposition holds:

Proposition 5.2.3. Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, qn), with rk(A) = 4,
R = L, then Γ is a cone with vertex the line R projecting a σ-quadric of rank 4 in a
3-dimensional subspace Σ, with Σ ∩R = ∅.

Proof. We may assume w.l.o.g. that R = L : x3 = x4 = x5 = x6 = 0. It follows, that
in this case, Γ is a cone with vertex the line R projecting a σ-quadric of rank 4 in a
3-dimensional subspace not through R. Indeed, since the matrix A has rank four with
first two columns and first two rows equal to 0, by choosing a 3-dimensional subspace
not through the line R, e.g. Σ : x1 = x2 = 0, we get that the set Γ ∩ Σ is a σ-quadric of
the subspace Σ with associated matrix of rank 4.
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5.3 σ-quadrics of rank 3 in PG(5, qn)

Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, qn) with rk(A) = 3. Therefore the vertices
R and L are planes of PG(5, qn).

Proposition 5.3.1. Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, qn), with rk(A) = 3,
then one of the following holds:

1) R ∩ L = ∅ and Γ satisfies x1x
σ
4 + x2x

σ
5 + x3x

σ
6 = 0. Moreover, Γ is the union of

q2n + qn +1 planes each of which meets the plane R in a line and the plane L in a
point.

2) R ∩ L = {V } is a point and Γ is a cone with vertex the point V projecting a
σ-quadric of rank 3 in a hyperplane Λ with skew vertex lines, with V /∈ Λ.

3) R ∩ L = t is a line and Γ is a cone with vertex the line t projecting a σ-quadric
of rank 3 in a 3-dimensional subspace Σ with two (collinear or not) vertex points,
with Σ ∩ t = ∅.

4) R = L and Γ is a cone with vertex the plane R projecting a Kestenband σ-conic of
a plane π skew with R.

Proof. Since rk(A) = 3, the vertices L and R of Γ are two planes of PG(5, qn). We
distinguish four cases.
1) R ∩ L = ∅.
We may assume w.l.o.g. that R : x4 = x5 = x6 = 0 and L : x1 = x2 = x3 = 0. Then:

Γ : (a14x1+a24x2+a34x3)x
σ
4 +(a15x1+a25x2+a35x3)x

σ
5 +(a16x1+a26x2+a36x3)x

σ
6 = 0.

Let PR = {Σa,b,c : (a, b, c) ∈ PG(2, qn)} be the set of three-dimensional subspaces
through R, where

Σa,b,c =



x1 = λ

x2 = µ

x3 = ρ

x4 = γa

x5 = γb

x6 = γc

, (λ, µ, ρ, γ) ∈ PG(3, qn)

and let SL = {Λa,b,c : (a, b, c) ∈ PG(2, qn)} be the set of hyperplanes through L, where

Λa,b,c : ax1 + bx2 + cx3 = 0.

The σ-quadric Γ is the set of points of PG(5, qn) of intersection of corresponding elements
under a collineation Φ : PR −→ SL, i.e. a point P belongs to Γ if and only if {P} =
Σa,b,c∩Φ(Σa,b,c) for some Σa,b,c ∈ PR. Observe that Σa,b,c meets the plane L at the point
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P = (0, 0, 0, a, b, c). So the set Γ is the union of q2n + qn + 1 planes each of which meets
the plane R in a line and the plane L in a point.
Up to projectivity, we may assume that:

Φ(Σ1,0,0) = Λ1,0,0,Φ(Σ0,1,0) = Λ0,1,0,Φ(Σ0,0,1) = Λ0,0,1,Φ(Σ1,1,1) = Λ1,1,1.

Hence a canonical equation of Γ is given by

Γ : x1x
σ
4 + x2x

σ
5 + x3x

σ
6 = 0.

2) R ∩ L = {V } is a point.
We may assume w.l.o.g. that R : x4 = x5 = x6 = 0 and L : x2 = x3 = x4 = 0. In this
case the σ-quadric Γ is a cone with vertex the point V . Since the matrix A has rank three
with first three columns and first and last two rows equal to 0, by choosing a hyperplane
not through the point V , e.g. Λ : x1 = 0, we get that the set Γ ∩ Λ is a σ-quadric of
the hyperplane Λ with associated matrix of rank three and skew vertex lines given by
r = R ∩ Λ and l = L ∩ Λ. It follows that Γ is a cone with vertex the point V projecting
a σ-quadric of rank 3 in a hyperplane not through V with skew vertex lines.
3) R ∩ L = t is a line.
We may assume w.l.o.g. that R : x4 = x5 = x6 = 0 and L : x3 = x4 = x5 = 0. In
this case the σ-quadric Γ is a cone with vertex the line t. Since the matrix A has rank
three with first three columns and first, second and last row equal to 0, by choosing a
3-dimensional subspace not through the line t, e.g. Σ : x1 = x2 = 0, we get that the set
Γ ∩ Σ is a σ-quadric of the subspace Σ with associated matrix of rank three and two
(collinear or not) vertex points given by R′ = R∩Σ and L′ = L∩Σ. It follows that Γ is a
cone with vertex the line t projecting a σ-quadric of rank 3 in a 3-dimensional subspace
not through t with two (collinear or not) vertex points.
4) R = L.
We may assume w.l.o.g. that R = L : x4 = x5 = x6 = 0. It follows that, in this case,
Γ is a cone with vertex the plane R. Since the matrix A has rank three with first three
columns and first three rows equal to 0, by choosing a plane skew with the plane R, e.g.
π : x1 = x2 = x3 = 0, we get that the set Γ∩π is a σ-conic of the plane π with associated
matrix of rank three. Hence it is a Kestenband σ-conic of π. It follows that Γ is a cone
with vertex the plane R projecting a Kestenband σ-conic in a plane skew with R.

Remark 5.3.2. Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, q2) with rk(A) = 3 and
σ2 = 1. If R = L then Γ is a Hermitian cone with vertex the plane R.

5.4 σ-quadrics of rank 2 in PG(5, qn)

Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, qn) with rk(A) = 2. Therefore the vertices
R and L are three-dimensional subspaces of PG(5, qn).

Proposition 5.4.1. Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, qn), with rk(A) = 2,
then one of the following holds:
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1) R ∩ L = t is a line and Γ is a cone with vertex the line t projecting a σ-quadric
of pseudoregulus type in a 3-dimensional subspace Σ with skew vertex lines, with
Σ ∩ t = ∅;

2) R ∩L = π is a plane and Γ is a cone with vertex the plane π projecting a (possibly
degenerate) Cσ

F -set of a plane π′, with π ∩ π′ = ∅;

3) R = L and Γ is a cone with vertex the subspace R projecting a σ-quadric of a line
t, with R∩ t = ∅. Hence Γ is either the subspace R or one, two or q+1 hyperplanes
through R forming an Fq-subpencil.

Proof. Since rk(A) = 2, the vertices L and R of Γ are two three-dimensional subspaces
of PG(5, qn). We distinguish three cases.
1) R ∩ L = t is a line.
We may assume w.l.o.g. that R : x5 = x6 = 0 and L : x1 = x2 = 0. It follows that, in
this case, Γ is a cone with vertex the line t. Since the matrix A has rank two with first
four columns and last four rows equal to 0, by choosing a 3-dimensional subspace not
through the line t, e.g. Σ : x3 = x4 = 0, we get that the set Γ ∩ Σ is σ-quadric of the
subspace Σ with associated matrix of rank 2 and vertices the lines

r : x3 = x4 = x5 = x6 = 0 and l : x1 = x2 = x3 = x4 = 0.

Hence it is a σ-quadric of pseudoregulus type of Σ with skew vertex lines r and l (see [29]
and also Proposition 3.3.2). It follows that Γ is a cone with vertex the line t projecting
a σ-quadric of pseudoregulus type in a 3-dimensional subspace not through t with skew
vertex lines.
2) R ∩ L = π is a plane.
We may assume w.l.o.g. that R : x5 = x6 = 0, L : x4 = x5 = 0. In this case the σ-quadric
Γ is a cone with vertex the plane π projecting a (possibly degenerate) Cσ

F -set in a plane
skew with π. Indeed let π′ a plane skew with the plane π and let R′ = R∩π′, L′ = L∩π′.
It follows that Γ∩π′ is a set of points of π′ generated by a collineation between the pencils
of lines of π′ with center the points R′ and L′ induced by the collineation between the
pencil of hyperplanes PR and PL that is associated to Γ.
3) R = L.
We may assume w.l.o.g. that R = L : x5 = x6 = 0. In this case the σ-quadric is a cone
with vertex the subspace R over a σ-quadric of a line skew with R. That is Γ is either
the subspace R or a hyperplane through R or a pair of distinct hyperplanes through R
or q + 1 hyperplanes through R forming an Fq-subpencil of hyperplanes through R.

5.5 σ-quadrics of rank 1 in PG(5, qn)

Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, qn) with rk(A) = 1. Therefore the vertices
R and L are hyperplanes of PG(5, qn).

Proposition 5.5.1. Let Γ : XtAXσ = 0 be a σ-quadric of PG(5, qn), with rk(A) = 1,
then one of the following holds:
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1) L ̸= R and Γ = L ∪R.

2) L = R and Γ = R.

Proof. Since rk(A) = 1, the vertices L and R of Γ are two hyperplanes of PG(5, qn). We
distinguish two cases.
1) L ̸= R.
We may assume that R : x6 = 0 and L : x1 = 0. Hence Γ : x1x

σ
6 = 0, that is the union

of two different hyperplanes.
2) L = R.
We may assume that R = L : x6 = 0. Hence Γ : xσ+1

6 = 0, that is a hyperplane of
PG(5, qn).

5.6 σ-quadrics of PG(5, q) and ovoids of Q+(5, q)

Let (X0, X1, X2, X3, X4, X5) denote the homogeneous coordinates of PG(5, q). In the
sequel we fix the following hyperbolic quadric:

Q+(5, q) : X0X5 +X1X4 +X2X3 = 0.

We recall that an ovoid of Q+(5, q) is a set of q2 +1 points intersecting any generator in
exactly one point. Any ovoid of Q+(5, q) can be written in the following form:

O5(f1, f2) = {(1, x, y, f1(x, y), f2(x, y),−xf2(x, y)− yf1(x, y))}x,y∈Fq ∪ {(0, 0, 0, 0, 0, 1)}

for some functions fi : F2
q −→ Fq with fi(0, 0) = 0, i ∈ {1, 2}.

In this final section we will show, as an application of σ-quadrics of PG(5, q), that
three of the known ovoids of Q+(5, q) can be obtained as intersection of two suitable σ-
quadrics with Q+(5, q). We will also show that one of the known ovoids can be obtained
as intersection of two suitable degenerate quadrics with Q+(5, q). Some known ovoids of
Q+(5, q) are listed in the table below; see [37, 44, 80]. These ovoids are associated to
flocks of a quadratic cone of PG(3, q) and are the union of q conics having a common
point.

Name f1(x, y) f2(x, y) Restrictions

Fisher-Thas-Walker y − x2 x3/3 q ≡ −1 mod 3

Ganley y − dx3 −n1x
9 − n1n

2
2x

p = 3, ℓ > 2,
d2 = n1n2

Thas y − bx cx
t2 + bt+ c is

irreducible over Fq

Penttila-Williams y + x27 −x9 p = 3, ℓ = 5

Proposition 5.6.1. Let q = 22k+1, with k ≥ 1, and let σ be the automorphism of Fq

defined by x 7→ x2. Let Γ1 be a σ-quadric of rank 2 of PG(5, q) given by the equation
X4X

σ
0 = Xσ+1

1 /3, let Γ2 be a σ-quadric of rank 2 of PG(5, q) given by the equation
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(X3 +X2)X
σ
0 +X0X

σ
1 = 0, and let Q+(5, q) : X0X5 +X1X4 +X2X3 = 0 be the Klein

quadric of PG(5, q). Then Γ1 ∩Γ2 ∩Q+(5, q) is the union of a Fisher-Thas-Walker ovoid
and two planes intersecting in a line.

Proof. Observe that Γ1 = {X0 = X1 = 0} ∪ {(1, x, y, z, xσ+1/3, t) : x, y, z, t ∈ Fq} and
Γ2 = {X0 = 0}∪ {(1, x, y, y+xσ, z, t) : x, y, z, t ∈ Fq}. A point P1 = (1, x, y, z, xσ+1/3, t)
of Γ1 \ {X0 = X1 = 0} belongs to Q+(5, q) if, and only if, t = xσ+2/3 + yz. The 3-
dimensional subspace {X0 = X1 = 0} meets the quadric Q+(5, q) in the union of two
planes, say π1 and π2, given by the equations

π1 : X0 = X1 = X2 = 0 and π2 : X0 = X1 = X3 = 0.

In particular π1 and π2 have in common the line X0 = X1 = X2 = X3 = 0. So, we have
proved that

Γ1 ∩Q+(5, q) = π1 ∪ π2 ∪ {(1, x, y, z, xσ+1/3, xσ+2/3 + yz) : x, y, z ∈ Fq}.

Now, a point P2 = (1, x, y, z, xσ+1/3, xσ+2/3 + yz) of (Γ1 ∩Q+(5, q)) \ (π1 ∪ π2) belongs
to Γ2 if, and only if, z = y+xσ. Finally, π1∪π2 is contained in Γ2. The claim follows.

Proposition 5.6.2. Let q = 3l, with l > 2, let n1, n2 be non-squares of Fq and let
d2 = n1n2. Let σ1 and σ2 be the two automorphisms of Fq defined by x 7→ x3 and
x 7→ x9, respectively. Let Γ1 be a σ1-quadric of rank 2 of PG(5, q) given by the equation
(X3 −X2)X

σ1
0 + dX0X

σ1
1 = 0, let Γ2 be a σ2-quadric of PG(5, q) of rank 2 given by the

equation (X4+n1n
2
2X1)X

σ2
0 +n1X0X

σ2
1 = 0, and let Q+(5, q) : X0X5+X1X4+X2X3 = 0

be the Klein quadric of PG(5, q). Then Γ1 ∩Γ2 ∩Q+(5, q) is the union of a Ganley ovoid
and a hyperbolic cone contained in a hyperplane of PG(5, q).

Proof. Observe that Γ1 = {X0 = 0} ∪ {(1, x, y, y − dxσ1 , z, t) : x, y, z, t ∈ Fq} and
Γ2 = {X0 = 0}∪{(1, x, y, z,−n1n

2
2x−n1x

σ2 , t) : x, y, z, t ∈ Fq}. A point P1 = (1, x, y, y−
dxσ1 , z, t) of Γ1 \ {X0 = 0} belongs to Q+(5, q) if, and only if, t = −xz − y2 + dyxσ1 . It
follows that Γ1 ∩Q+(5, q) is given by

{X1X4 +X2X3 = X0 = 0} ∪ {(1, x, y, y − dxσ1 , z,−xz − y2 + dyxσ1) : x, y, z ∈ Fq},

where {X1X4+X2X3 = X0 = 0} is a cone with vertex the point (0, 0, 0, 0, 0, 1) projecting
a hyperbolic quadric in the 3-dimensional subspace X0 = X5 = 0. Now, a point P2 =
(1, x, y, z,−n1n

2
2x − n1x

σ2 , t) of Γ2 \ {X0 = 0} belongs to Γ1 ∩ Q+(5, q) if, and only if,
z = y − dxσ1 and t = −y2 + dyxσ1 + n1n

2
2x

2 + n1x
σ2+1. The claim follows.

Proposition 5.6.3. Let σ1 and σ2 be the two automorphisms of Fq, q = 35, defined by
x 7→ x3 and x 7→ x9, respectively. Let Γ1 be a σ1-quadric of PG(5, q) of rank 2 given by the
equation (X3 −X2)X

σ1
0 +X0X

σ1
4 = 0, let Γ2 be a σ2-quadric of PG(5, q) of rank 2 given

by the equation X0X
σ2
1 +X4X

σ2
0 = 0, and let Q+(5, q) : X0X5+X1X4+X2X3 = 0 be the

Klein quadric of PG(5, q). Then Γ1 ∩ Γ2 ∩ Q+(5, q) is the union of a Penttila-Williams
ovoid and a hyperbolic cone contained in a hyperplane of PG(5, q).
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Proof. Observe that Γ1 = {X0 = 0} ∪ {(1, x, y, y − zσ1 , z, t) : x, y, z, t ∈ Fq} and Γ2 =
{X0 = 0} ∪ {(1, x, y, z,−xσ2 , t) : x, y, z, t ∈ Fq}. A point P1 = (1, x, y, y − zσ1 , z, t) of
Γ1 \ {X0 = 0} belongs to Q+(5, q) if, and only if, t = −xz − y2 + yzσ1 . It follows that
Γ1 ∩Q+(5, q) is given by

{X1X4 +X2X3 = X0 = 0} ∪ {(1, x, y, y − zσ1 , z,−xz − y2 + yzσ1) : x, y, z ∈ Fq}.

Now, a point P2 = (1, x, y, z,−xσ2 , t) of Γ2 \ {X0 = 0} belongs to Γ1 ∩ Q+(5, q) if, and
only if, z = y + xσ1σ2 and t = xσ2+1 − y2 − yxσ1σ2 . The claim follows.

Proposition 5.6.4. Let b, c ∈ Fq, q = pl, such that X2 + bX + c is irreducible over Fq.
Let Γ1 be a quadric of PG(5, q) given by the equation X0(X4 − cX1) = 0, let Γ2 be a
quadric of PG(5, q) given by the equation X0(X3 − X2 + bX1) = 0, and let Q+(5, q) :
X0X5 +X1X4 +X2X3 = 0 be the Klein quadric of PG(5, q). Then Γ1 ∩ Γ2 ∩Q+(5, q) is
the union of a Thas ovoid and a hyperbolic cone contained in a hyperplane of PG(5, q).

Proof. Observe that Γ1∩Γ2 = {X0 = 0}∪{X4−cX1 = X3−X2+bX1 = 0} and Q+(5, q)∩
{X0 = 0} is a cone with vertex the point (0, 0, 0, 0, 0, 1) projecting a hyperbolic quadric
in the 3-dimensional subspace X0 = X5 = 0. Now, a point P = (1, x, y, y − bx, cx, z) of
(Γ1∩Γ2)\{X0 = 0}, with x, y, z ∈ Fq, belongs to Q+(5, q) if, and only if, z = bxy−y2−cx2.
The claim follows.



Chapter 6

Classification of low-degree ovoids of
Q+(5, q)

It is well known that to any ovoid of the Klein quadric Q+(5, q) two bivariate polynomials
f1(x, y), f2(x, y) can be associated. In this chapter, we classify ovoids of Q+(5, q) such
that f1(x, y) = y + g(x) and max{deg(f1),deg(f2)} < ( 1

6.3q)
3
13 − 1. The results of this

chapter can also be found in [9].

6.1 Introduction

Let (X0, X1, X2, X3, X4, X5) denote the homogeneous coordinates of PG(5, q) and by
H∞ the hyperplane at infinity X0 = 0. We fix the following hyperbolic quadric:

Q+(5, q) : X0X5 +X1X4 +X2X3 = 0.

An ovoid of Q+(5, q) is a set of q2 + 1 points intersecting any generator in exactly
one point. Any ovoid of Q+(5, q) can be written in the following form:

O5(f1, f2) = {(1, x, y, f1(x, y), f2(x, y),−xf2(x, y)− yf1(x, y))}x,y∈Fq ∪ {(0, 0, 0, 0, 0, 1)},

for some functions fi : F2
q −→ Fq with fi(0, 0) = 0, i ∈ {1, 2}.

In this chapter we study ovoids of Q+(5, q) associated to flocks of a quadratic cone
of PG(3, q) (see [80, 83]). These ovoids are the union of q conics sharing a point and this
property characterizes the ovoids of Q+(5, q) associated to flock of a quadratic cone of
PG(3, q). Indeed the following holds:

Theorem 6.1.1 ([37]). For each ovoid O5 of Q+(5, q), which is the union of q conics
sharing a point, there is a flock F of a three-dimensional quadratic cone such that O5 is
associated to F .

Let tr(x) = x + xp + · · · + xp
ℓn−1 denote the absolute trace of an element x of Fqn ,

q = pℓ. The known ovoids of Q+(5, q) contained in a secant hyperplane section or arising
from a flock of a three-dimensional quadratic cone are listed in Table 6.1, where n is a
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non-square of Fq, q = pℓ odd, σ ̸= 1 is an automorphism of Fq, a ̸= 1 is an element with
tr(a) = 1 of Fq, q even, and n1, n2 are non-squares of Fq, q = 3ℓ; see [37, 44, 80].

Table 6.1: Known ovoids of Q+(5, q).

Name f1(x, y) f2(x, y) Restrictions

Elliptic quadric y −nx q odd
Elliptic quadric y ax+ y q even

Kantor y −nxσ q odd, ℓ > 1

Penttila-Williams y −x9 − y81 p = 3, ℓ = 5

Thas-Payne y −nx− (n−1x)1/9 − y1/3 p = 3, ℓ > 2

Ree-Tits slice y −x2σ+3 − yσ
p = 3, ℓ > 1,

ℓ odd, σ =
√
3q

Tits y xσ+1 + yσ
p = 2, ℓ > 1

ℓ odd, σ =
√
2q

Fisher-Thas-Walker y − x2 x3/3 q ≡ −1 mod 3

Kantor-Payne y − βx3 γx5
p ≡ ±2 mod 5
ℓ odd, β2 = 5γ

Law-Penttila y − x4 − nx2
−n−1x9 + x7

+n2x3 − n3x
p = 3

Ganley y − dx3 −n1x
9 − n1n

2
2x p = 3, ℓ > 2, d2 = n1n2

Thas y − bx cx
t2 + bt+ c is

irreducible over Fq

Kantor y − x2 1
3x

3 − nx5 − n−1x p = 5

Penttila-Williams y + x27 −x9 p = 3, ℓ = 5

Note that Condition (1.3) reads

(x1 − x2)(f2(x2, y2)− f2(x1, y1)) + (y1 − y2)(f1(x2, y2)− f1(x1, y1)) ̸= 0, (6.1)

for every (x1, y1) ̸= (x2, y2) in F2
q .

In Section 6.2, using (6.1), a hypersurface Sf1,f2 of PG(5, q) will be associated to
O5(f1, f2). Investigating the existence of absolutely irreducible components defined over
Fq in Sf1,f2 , we will provide the following classification result, which is also the main
achievement of this chapter.

Theorem 6.1.2. Let f1(X,Y ) = Y +
∑

i aiX
i and f2(X,Y ) =

∑
ij bi,jX

iY j. Suppose
that q > 6.3(max{d1, d2}+ 1)13/3, where d1 = deg(f1), d2 = deg(f2). Let Ψ = {i : bi,0 ̸=
0, 0 < i < d2} and denote

h =

{
max(Ψ) if Ψ ̸= ∅;
∞ if Ψ = ∅.
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If O5(f1, f2) is an ovoid of Q+(5, q) then either d2 = d1 = 1 or bi,j = 0 for any j ̸= 0
and one of the following holds:

1. p = 2, 1 < d1 < d2 ≤ 2d1 − 1, d2 odd;

2. p = 3, h+ 1 < 2d1 < d2 = 3j and 3 | d1;

3. p = 3, h+ 1 = 2d1 < d2 = 3j and 3 | (d1 − 1);

4. p ≥ 3 and d2 = 2d1 − 1 ≤ 11;

5. p ≥ 3, h = ∞, d1 = 1, d2 = pj, ad1 = 0, and O5(Y, f2) corresponds to an ovoid
O4(f2) of Q(4, q);

6. p > 3 and (p, d1, d2, h) ∈ {(5, 2, 5, 3), (7, 2, 7, 3), (7, 3, 7, 5)}.

Remark 6.1.3. Note that when f1(X,Y ) = Y (i.e. case 5. in the theorem above), the
classification of O5(Y, f2) follows directly from the classification of O4(f2) of Q(4, q) which
has been achieved in [7, Main Theorem]. Therefore, the only examples whose associated
polynomials have small degree are the elliptic quadric and the Kantor ovoid.

The other low degree examples in Table 6.1 fall in Case 1. (Fisher-Thas-Walker,Kantor-
Payne), Case 2. (Ganley), Case 3. (Law-Penttila), Case 4. (Fisher-Thas-Walker, Kantor-
Payne), Caso 6. (Kantor).

6.2 Link between ovoids of Q+(5, q) and algebraic varieties

See [6] for a survey on links between algebraic varieties over finite fields and relevant
combinatorial objects.

An algebraic hypersurface S is an algebraic variety that may be defined by a single im-
plicit equation and having dimension 1 less than the full space. An algebraic hypersurface
defined over a field F is absolutely irreducible if the associated polynomial is irreducible
over every algebraic extension of F. An absolutely irreducible F-rational component of
a hypersurface S, defined by the polynomial F , is simply an absolutely irreducible hy-
persurface such that the associated polynomial has coefficients in F and it is a factor of
F . We will make use of the homogeneous equations for algebraic varieties. For a deeper
introduction to algebraic varieties we refer the interested reader to [42].

As mentioned in the previous section, an ovoid of Q+(5, q) : X0X5+X1X4+X2X3 = 0
can be written in the form

O5(f1, f2) = {(1, x, y, f1(x, y), f2(x, y),−xf2(x, y)− yf1(x, y)}x,y∈Fq ∪ {(0, 0, 0, 0, 0, 1)},

for some functions fi with fi(0, 0) = 0, i ∈ {1, 2} and

(x1 − x2)(f2(x2, y2)− f2(x1, y1)) + (y1 − y2)(f1(x2, y2)− f1(x1, y1)) ̸= 0

for every (x1, y1) ̸= (x2, y2) in F2
q . Let f̃i(X,Y, T ) be the homogenization of fi(X,Y ) and

let di = deg(fi). In order to obtain non-existence results and partial classifications for
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the ovoids of Q+(5, q), we will consider the hypersurface Sf1,f2 ⊂ PG(4, q) defined by
F (X0, X1, X2, X3, X4) = 0, where

F (X0, X1, X2, X3, X4) = (X1 −X3)
(
f̃2(X3, X4, X0)− f̃2(X1, X2, X0)

)
+(X2 −X4)

(
f̃1(X3, X4, X0)− f̃1(X1, X2, X0)

)
. (6.2)

Lemma 6.2.1. The set O5(f1, f2) is an ovoid of Q+(5, q) if and only if Sf1,f2 contains
no affine Fq-rational points off the three-dimensional subspace X1 −X3 = 0 = X2 −X4.

A fundamental tool to determine the existence of rational points in an algebraic
variety over finite fields is the following result by Lang and Weil [57] in 1954, which can
be seen as a generalization of the Hasse-Weil bound.

Theorem 6.2.2 (Lang-Weil Theorem). Let V ⊂ PN (Fq) be an absolutely irreducible
variety of dimension n and degree d. Then there exists a constant C depending only on
N , n, and d such that∣∣∣∣∣#V(Fq)−

n∑
i=0

qi

∣∣∣∣∣ ≤ (d− 1)(d− 2)qn−1/2 + Cqn−1, (6.3)

where #V(Fq) denotes the number of Fq-rational points of V.

Although the constant C was not computed in [57], explicit estimates have been provided
for instance in [12, 15, 38, 39, 59, 74] and they have the general shape C = f(d) provided
that q > g(n, d), where f and g are polynomials of (usually) small degree. We refer to
[15] for a survey on these bounds. Excellent surveys on Hasse-Weil and Lang-Weil type
theorems are [36, 38]. We include here the following result by Cafure and Matera [15].

Theorem 6.2.3 ([15, Theorem 7.1]). Let V ⊂ AG(n, q) be an absolutely irreducible Fq-
variety of dimension r > 0 and degree δ. If q > 2(r + 1)δ2, then the following estimate
holds:

|#(V ∩AG(n, q))− qr| ≤ (δ − 1)(δ − 2)qr−1/2 + 5δ13/3qr−1.

For our purposes, the existence of an absolutely irreducible Fq-rational component in
Sf1,f2 is enough to provide asymptotic non-existence results.

Theorem 6.2.4. Let Sf1,f2 : F (X0, X1, X2, X3, X4) = 0, where F is defined as in (6.2).
Suppose that q > 6.3(d + 1)13/3, max{deg(f1),deg(f2)} = d, and Sf1,f2 contains an
absolutely irreducible component V defined over Fq. Then O5(f1, f2) is not an ovoid of
Q+(5, q).

Proof. Since q > 6.3(d+1)13/3, by Theorem 6.2.3, with δ = d+1 and r = 3, it is readily
seen that V contains more than q2 affine Fq-rational points. This yields the existence of
at least one affine Fq-rational point (a, b, c, d) in V ⊂ Sf1,f2 such that a ̸= c or b ̸= d and
therefore O5(f1, f2) is not an ovoid of Q+(5, q).
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We also include, for sake of completeness, the following results which will be useful
in the sequel.

Lemma 6.2.5 ([2, Lemma 2.1]). Let H,S ⊂ PG(n, q) be two projective hypersurfaces.
If H ∩ S has a reduced absolutely irreducible component defined over Fq then S has an
absolutely irreducible component defined over Fq.

Lemma 6.2.6 ([10, Lemma 2.9]). Let S be a hypersurface containing O = (0, 0, . . . , 0)
of affine equation F (X1, ..., Xn) = 0, where

F (X1, . . . , Xn) = Fd(X1, . . . , Xn) + Fd+1(X1, . . . , Xn) + · · · ,

with Fi the homogeneous term of degree i of F (X1, . . . , Xn) for i = d, d + 1, . . . . Let P
be an Fq-rational simple point of the variety Fd(X1, . . . , Xn) = 0. Then there exists an
Fq-rational plane π through the line ℓ joining O and P such that π ∩ S has ℓ as a non-
repeated tangent Fq-rational line at the origin and π ∩ S has a non-repeated absolutely
irreducible Fq-rational component.

We will make use a number of times of the following lemma to show that a polynomial
F (X1, . . . , Xn) is not square in Fq[X1, . . . , Xn].

Lemma 6.2.7. Let F (X1, . . . , Xn) be a polynomial in Fq[X1, . . . , Xn]. Assume that
F (X1, . . . , Xn) is a square in Fq[X1, . . . , Xn]. Then, the following hold:

• any specialization Xi = αi of F (X1, . . . , Xn) is a square;

• the homogeneous term in F (X1, . . . , Xn) of highest degree is a square too;

• if the homogeneous terms of highest and second highest degree in F (X1, . . . , Xn) are
G(X1, . . . , Xn)

ℓ and H(X1, . . . , Xn), for some even number ℓ then G(X1, . . . , Xn)
ℓ/2

divides H(X1, . . . , Xn).

Proof. By hypothesis, there is a polynomial W (X1, . . . , Xn) such that F (X1, . . . , Xn) =
(W (X1, . . . , Xn))

2. It follows immediately that any specialization Xi = αi of F (X1, . . . , Xn)
is a square. Now, write

W (X1, . . . , Xn) =
∑
i≤m

Li(X1, . . . , Xn),

where m denotes the degree of W (X1, . . . , Xn) and Li(X1, . . . , Xn) is the homogeneous
term of W (X1, . . . , Xn) of degree i. Then, we have

F (X1, . . . , Xn) =
∑
i≤m

(Li(X1, . . . , Xn))
2 + 2

∑
i ̸=j

Li(X1, . . . , Xn)Lj(X1, . . . , Xn),

and so F (X1, . . . , Xn) has degree 2m. The homogeneous terms of highest and second
highest degree in F (X1, . . . , Xn) are given by

(Lm(X1, . . . , Xn))
2 and 2Lm(X1, . . . , Xn)Lk(X1, . . . , Xn),

respectively, where k = max{i : Li(X1, . . . , Xn) ̸≡ 0, i ̸= m}. The claim follows.
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6.3 General results

In view of Theorem 6.2.4, our goal is to find conditions for which

Sf1,f2 : F (X0, X1, X2, X3, X4) = 0,

where F (X0, X1, X2, X3, X4) is given by

(X2−X4)

∑
i,j

aij

(
Xi

3X
j
4 −Xi

1X
j
2

)
Xd−i−j

0

+(X1−X3)

∑
i,j

bij

(
Xi

3X
j
4 −Xi

1X
j
2

)
Xd−i−j

0

 ,

possesses an absolutely irreducible component defined over Fq. Recall that f1(0, 0) = 0
and f2(0, 0) = 0, therefore a0,0 = 0 and b0,0 = 0.

Remark 6.3.1. Note that we can always assume that at least one of a1,0 and b0,1 is
zero. In the following we will always assume b0,1 = 0.

Proposition 6.3.2. The hypersurface Sf1,f2 contains an absolutely irreducible Fq-rational
component in the following cases:

1. d1 = d2, a0,dbd,0 = 0.

2. d = d1 > d2 and there exists i ̸= 0 such that ai,d−i ̸= 0.

3. d = d2 > d1 and there exists i ̸= d such that bi,d−i ̸= 0.

Proof. Consider the set S ′ = Sf1,f2 ∩ (X0 = 0).

1. Suppose d1 = d2 = d. Consider S ′′ = S ′ ∩ (X3 = 0) given by

−(X2 −X4)

[∑
i

ai,d−iX
i
1X

d−i
2

]
−X1

[∑
i

bi,d−iX
i
1X

d−i
2

]
+a0,d(X2 −X4)X

d
4 + b0,dX1X

d
4 = 0,

which is of degree 1 in X4 if a0,d = b0,d = 0.

If a0,d = 0 and b0,d ̸= 0 then X1 is a non-repeated factor of S ′′.

Consider S ′′ = S′ ∩ (X2 = 0) given by

−X4

[∑
i

ai,d−iX
i
3X

d−i
4

]
+ (X1 −X3)

[∑
i

bi,d−iX
i
3X

d−i
4

]
+ad,0X4X

d
1 − bd,0(X1 −X3)X

d
1 = 0,

which is of degree 1 in X1 if ad,0 = bd,0 = 0.

If bd,0 = 0 and ad,0 ̸= 0 then X4 is a non-repeated factor of S ′′.
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2. d = d1 > d2. The equation of S ′ reads

(X2 −X4)
∑
i≤d

ai,d−i

(
Xi

3X
d−i
4 −Xi

1X
d−i
2

)
= 0.

Now, (X2 − X4) ∤ G(X1, X2, X3, X4) =
∑

i≤d ai,d−i

(
Xi

3X
d−i
4 −Xi

1X
d−i
2

)
since

there exists an element ai,d−i ̸= 0 with i ̸= 0 and then (X2−X4) is a non-repeated
component of S ′. By Lemma 6.2.5, Sf1,f2 contains an absolutely irreducible com-
ponent defined over Fq (passing through H∞ ∩ (X2 = X4)).

3. d = d2 > d1. Now, the equation of S ′ reads

(X1 −X3)
∑
i≤d

bi,d−i

(
Xi

3X
d−i
4 −Xi

1X
d−i
2

)
= 0.

Now, (X1−X3) ∤ G(X1, X2, X3, X4) =
∑

i≤d bi,d−i

(
Xi

3X
d−i
4 −Xi

1X
d−i
2

)
since there

exists an element bi,d−i ̸= 0 with i ̸= d and then (X1 −X3) is a non-repeated com-
ponent of S ′. By Lemma 6.2.5, Sf1,f2 contains an absolutely irreducible component
defined over Fq (passing through H∞ ∩ (X1 = X3)).

In what follows denote the non-negative integer max{j : ai,j ̸= 0} by j1, the non-
negative integer max{j : bi,j ̸= 0} by j2, the non-negative integer max{i : ai,j ̸= 0} by i1
and the non-negative integer max{i : bi,j ̸= 0} by i2.

Proposition 6.3.3. If (j2, j1) ̸= (1, 0) and j2 > j1 then Sf1,f2 contains an absolutely
irreducible component defined over Fq.

Proof. Let F (X4, X1, X2, X3, X0) be the polynomial

(X2−X0)

∑
i,j

aij

(
Xi

3X
j
0 −Xi

1X
j
2

)
Xd−i−j

4

+(X1−X3)

∑
i,j

bij

(
Xi

3X
j
0 −Xi

1X
j
2

)
Xd−i−j

4

 .

The surface S̃ : F (X4, X1, X2, X3, X0) = 0 is projectively equivalent to Sf1,f2 .
We study now the tangent cone Ω of S̃ at the origin, whose equation depends on j1

and j2. We distinguish several cases.

1. j1 = 0.

(i) j2 = 0. Ω reads
∑

i ai,0(X
i
3 −Xi

1)X
d−i
4 .

(ii) j2 = 1. Ω reads (X1 −X3)
∑

i bi,1X
i
3X

d−i−1
4 +

∑
i ai,0(X

i
1 −Xi

3)X
d−i
4 .

(iii) j2 ≥ 2. Ω reads (X1 −X3)
∑

i bi,j2X
i
3X

d−i−j2
4 .
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2. j1 ≥ 1.

(i) j2 < j1 + 1. Ω reads
∑

i ai,j1X
i
3X

d−i−j1
4 .

(ii) j2 = j1 + 1. Ω reads
∑

i ai,j1X
i
3X

d−i−j1
4 − (X1 −X3)

∑
i bi,j2X

i
3X

d−i−j2
4 .

(iii) j2 > j1 + 1. Ω reads (X1 −X3)
∑

i bi,j2X
i
3X

d−i−j2
4 .

If cases (1iii) and (2iii) hold, then X1 −X3 = 0 is a non-repeated Fq-rational compo-
nent of such a tangent cone. Also, there exists a non-singular point P for Ω. By Lemma
6.2.6 there exists an Fq-rational plane π through the line ℓ joining the origin and P such
that π ∩ S̃ has ℓ as a non-repeated tangent Fq-rational line at the origin and π ∩ S̃ has
a non-repeated absolutely irreducible Fq-rational component. Using twice Lemma 6.2.5,
one deduces the existence of an absolutely irreducible Fq-rational component in S̃ and
therefore in Sf1,f2 .

If case (2ii) holds, then Ω is a rational surface (X1 has degree 1). This means that Ω
contains an absolutely irreducible Fq-rational component of degree 1 in X1. It is readily
seen that affine singular points of Ω satisfy

∑
i ai,j1X

i
3X

d−i−j1
4 = 0 and therefore there

exists at least a non-singular point P for Ω. The same conclusion as above holds.

Proposition 6.3.4. If (i1, i2) ̸= (1, 0) and i1 > i2 then Sf1,f2 contains an absolutely
irreducible component defined over Fq.

Proof. Let F (X3, X1, X2, X0, X4) be the polynomial

(X2−X4)

∑
i,j

aij

(
Xi

0X
j
4 −Xi

1X
j
2

)
Xd−i−j

3

+(X1−X0)

∑
i,j

bij

(
Xi

0X
j
4 −Xi

1X
j
2

)
Xd−i−j

3

 .

The surface S̃ : F (X3, X1, X2, X0, X4) = 0 is projectively equivalent to Sf1,f2 .
We study now the tangent cone Ω of S̃ at the origin, whose equation depends on i1

and i2. We distinguish several cases.

1. i2 = 0.

(i) i1 = 0. Ω reads
∑

j b0,j(X
j
4 −Xj

2)X
d−j
3 .

(ii) i1 = 1. Ω reads (X2 −X4)
∑

j a1,jX
j
4X

d−j−1
3 +

∑
j b0,j(X

j
2 −Xj

4)X
d−j
3 .

(iii) i1 ≥ 2. Ω reads (X2 −X4)
∑

j ai1,jX
j
4X

d−j−i1
3 .

2. i2 ≥ 1.

(i) i1 < i2 + 1. Ω reads
∑

j bi2,jX
j
4X

d−j−i2
3 .

(ii) i1 = i2 + 1. Ω reads (X2 −X4)
∑

j ai1,jX
j
4X

d−j−i1
3 −

∑
j bi2,jX

j
4X

d−j−i2
3 .

(iii) i1 > i2 + 1. Ω reads (X2 −X4)
∑

j ai1,jX
j
4X

d−j−i1
3 .
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If cases (1iii) and (2iii) hold, then X2 −X4 = 0 is a non-repeated Fq-rational compo-
nent of such a tangent cone. Also, there exists a non-singular point P for Ω. By Lemma
6.2.6 there exists an Fq-rational plane π through the line ℓ joining the origin and P such
that π ∩ S̃ has ℓ as a non-repeated tangent Fq-rational line at the origin and π ∩ S̃ has
a non-repeated absolutely irreducible Fq-rational component. Using twice Lemma 6.2.5,
one deduces the existence of an absolutely irreducible Fq-rational component in S̃ and
therefore in Sf1,f2 .

If case (2ii) holds, then Ω is a rational surface (X2 has degree 1). This means that Ω
contains an absolutely irreducible Fq-rational component of degree 1 in X2. It is readily
seen that affine singular points of Ω satisfy

∑
j bi2,jX

j
4X

d−j−i2
3 = 0 and therefore there

exists at least a non-singular point P for Ω. The same conclusion as above holds.

Proposition 6.3.5. Let f1(X,Y ) =
∑

ij ai,jX
iY j and f2(X,Y ) =

∑
ij bi,jX

iY j. Sup-
pose that q > 6.3(max{d1, d2}+ 1)13/3, where d1 = deg(f1), d2 = deg(f2). Let

i1 = max{i : ai,j ̸= 0}, i2 = max{i : bi,j ̸= 0}, j1 = max{j : ai,j ̸= 0}, j2 = max{j : bi,j ̸= 0}.

If O5(f1, f2) is an ovoid of Q+(5, q) then bi,j = 0 if j ̸= 0 and one of the following
holds:

1. d1 = d2 and a0,dbd,0 ̸= 0;

2. d1 > d2 and ai,d−i = 0 for all i ̸= 0;

3. d1 < d2 and bi,d−i = 0 for all i ̸= d;

4. (j2, j1) = (1, 0) or j2 ≤ j1;

5. (i1, i2) = (1, 0) or i1 ≤ i2.

6.4 Specific f1

In what follows, f1(X,Y ) = Y +
∑

i aiX
i, f2(X,Y ) =

∑
i,j bi,jX

iY j with ai, bi,j ∈ Fq for
all i, j, d1 = max{1, i : ai ̸= 0} and d2 = max{i+ j : bi,j ̸= 0}. So,

Sf1,f2 : F (X0, X1, X2, X3, X4) =(X2 −X4)
2Xd−1

0 − (X2 −X4)

[∑
i

ai
(
Xi

3 −Xi
1

)
Xd−i

0

]
−

(X1 −X3)

∑
i,j

bij

(
Xi

3X
j
4 −Xi

1X
j
2

)
Xd−i−j

0

 = 0.

(6.4)
Let Ψ = {i : bi,0 ̸= 0, 0 < i < d2} and denote

h =

{
max(Ψ) if Ψ ̸= ∅;
∞ if Ψ = ∅.
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Remark 6.4.1. Let d1 > 1. If Sf1,f2 does not contain an absolutely irreducible compo-
nent defined over Fq, then by Proposition 6.3.2, d2 ≥ d1. Also, if d2 > d1 then j2 ≤ j1
by Proposition 6.3.3. If d2 = d1 > 1 then a0,d = 0 and so by Proposition 6.3.2, Sf1,f2

contains an absolutely irreducible component defined over Fq. So we have to deal with
the following two cases

• d1 < d2 and (j1, j2) ∈ {(1, 0), (1, 1)};

• d = d1 = d2 = 1.

Remark 6.4.2. Let

F (X1, . . . , Xn, Y ) = Y 2 + Y f(X1, . . . , Xn) + g(X1, . . . , Xn) ∈ Fq[X1, . . . , Xn],

q odd. Then F is reducible if and only if there exist r, s ∈ Fq[X1, . . . , Xn] such that
f = r + s, g = rs. Indeed, from

Y 2 +Y f(X1, . . . , Xn)+ g(X1, . . . , Xn) =
(
Y +

α1(X1, . . . , Xn)

α2(X1, . . . , Xn)

)(
Y +

β1(X1, . . . , Xn)

β2(X1, . . . , Xn)

)
,

with α1, α2, β1, β2 ∈ Fq(X1, . . . , Xn) and gcd(α1, α2) = gcd(β1, β2) = 1, one deduces
f = α1/α2 + β1/β2, g = (α1β1)/(α2β2).

6.5 p = 2

Proposition 6.5.1. Let Sf1,f2 be as in (6.4), d = d2 > d1. If j2 = 1 then Sf1,f2 contains
an absolutely irreducible component defined over Fq.

Proof. Let W = Sf1,f2 ∩ (X2 = X4) be defined by

(X1 +X3)

∑
i,j

bijX
j
2X

d−i−j
0

(
Xi

1 +Xi
3

)
= (X1 +X3)

X2

∑
0<i≤d−2

bi,1(X
i
1 +Xi

3)X
d−i−1
0 +

∑
0<i≤d

bi,0(X
i
1 +Xi

3)X
d−i
0

 .

If some of the bi,1’s, 0 < i ≤ d− 2, is nonzero then W contains a rational component of
degree 1 in X2 and therefore Sf1,f2 contains an absolutely irreducible component defined
over Fq through it.

Proposition 6.5.2. Let Sf1,f2 be as in (6.4), d = d2 > d1. If d1 = 1 then Sf1,f2 contains
an absolutely irreducible component defined over Fq.
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Proof. By Proposition 6.5.1, j2 = 0 and therefore F (X0, X1, X2, X3, X4) reads

(X2 +X4)
2Xd−1

0 + a1(X1 +X3)(X2 +X4)X
d−1
0 + (X1 +X3)

∑
0<i≤d

bi,0
(
Xi

1 +Xi
3

)
Xd−i

0 .

If a1 = 0 then Sf1,f2 is clearly a rational surface (in Z = (X2 +X4)
2) and therefore

it contains an absolutely irreducible component defined over Fq.
Suppose now a1 ̸= 0 and consider the affine part of Sf1,f2 : F (1, X1, X2, X3, X4) = 0.

It can be written as

Z2 + Z +

∑
0<i≤d bi,0

(
Xi

1 +Xi
3

)
a21(X1 +X3)

, (6.5)

where Z = (X2+X4)/ (a1(X1 +X3)) . In what follows we will prove that the surface
Y defined by the affine equation (6.5) is absolutely irreducible.

Note that the surface Y is reducible only if there exists Z(X1, X3) =
Z1(X1,X3)

Z2(X1,X3)
, with

Zi(X1, X3) ∈ Fq[X1, X3], such that (Z(X1, X3))
2 + Z(X1, X3) +

∑
0<i≤d bi,0(Xi

1+Xi
3)

a21(X1+X3)
= 0.

This condition reads

(Z1(X1, X3))
2 + Z1(X1, X3)Z2(X1, X3) + (Z2(X1, X3))

2

∑
0<i≤d bi,0

(
Xi

1 +Xi
3

)
a21(X1 +X3)

= 0.

(6.6)
Now, deg(Z1) > deg(Z2), otherwise 2 deg(Z1) ≤ deg(Z1) + deg(Z2) < 2 deg(Z2) + d− 1
and (6.6) cannot be satisfied.

Also, the same argument shows that 2 deg(Z1) = 2 deg(Z2) + d − 1 and therefore

the highest homogeneous terms in (Z1(X1, X3))
2 and in (Z2(X1, X3))

2
∑

0<i≤d bi,0(Xi
1+Xi

3)
a21(X1+X3)

must be equal.
Write d = 2jk, with j ≥ 0 and k odd. The above argument yields that, in particular,

Ld(X1, X3) =

(
Xd

1 +Xd
3

)
(X1 +X3)

=

(
Xk

1 +Xk
3

)2j
(X1 +X3)

,

the highest homogeneous term in
∑

0<i≤d bi,0(Xi
1+Xi

3)
a21(X1+X3)

, is a square in Fq[X1, X3].

• If j > 0 then (X1+X3)
2j−1 is the highest power of (X1+X3) dividing Ld(X1, X3).

Since 2j − 1 is odd, Ld(X1, X3) is not a square in Fq[X1, X3] and the surface Y is
irreducible.

• If j = 0, following the same argument as above, if Y is reducible then k = 1, a
contradiction to d > 1.

This shows that if d = d2 > d1 = 1 then Y and therefore Sf1,f2 is absolutely irreducible
or contains an absolutely irreducible component defined over Fq.
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Proposition 6.5.3. Let Sf1,f2 be as in (6.4), d = d2 > d1 > 1, (j1, j2) = (1, 0). If
d2 + 1 > 2d1 then Sf1,f2 contains an absolutely irreducible component defined over Fq.

Proof. The polynomial F (X0, X1, X2, X3, X4) reads

(X2 +X4)
2Xd−1

0 + (X2 +X4)
∑
i≤d1

ai(X
i
1 +Xi

3)X
d−i
0 + (X1 +X3)

∑
0<i≤d

bi,0
(
Xi

1 +Xi
3

)
Xd−i

0 .

The affine part of Sf1,f2 can be written as

Z2 + Z

∑
i≤d1

ai(X
i
1 +Xi

3)

ad1(X
d1
1 +Xd1

3 )
+ (X1 +X3)

∑
0<i≤d bi,0(X

i
1 +Xi

3)

a2d1(X
d1
1 +Xd1

3 )2
, (6.7)

where Z = (X2 +X4)/
(
ad1(X

d1
1 +Xd1

3 )
)
.

We will prove that the surface Y defined by the affine equation (6.7) is absolutely
irreducible.

Now, the surface Z2 + Z

∑
i≤d1

ai(X
i
1+Xi

3)

ad1 (X
d1
1 +X

d1
3 )

+ (X1 + X3)
∑

0<i≤d bi,0(X
i
1+Xi

3)

a2d1
(X

d1
1 +X

d1
3 )2

is reducible

only if there exists Z(X1, X3) =
Z1(X1,X3)

Z2(X1,X3)
, with Zi(X1, X3) ∈ Fq[X1, X3], such that

(Z1(X1, X3))
2 + Z1(X1, X3)Z2(X1, X3)

∑
i≤d1

ai(X
i
1 +Xi

3)

ad1(X
d1
1 +Xd1

3 )
+

+(Z2(X1, X3))
2(X1 +X3)

∑
0<i≤d bi,0(X

i
1 +Xi

3)

a2d1(X
d1
1 +Xd1

3 )2
= 0.

(6.8)

Then Equation (6.8) implies that

(Z1(X1, X3))
2a2d1(X

d1
1 +Xd1

3 )2 + Z1(X1, X3)Z2(X1, X3)ad1(X
d1
1 +Xd1

3 )
∑
i≤d1

ai(X
i
1 +Xi

3)+

+(Z2(X1, X3))
2(X1 +X3)

∑
0<i≤d

bi,0(X
i
1 +Xi

3) = 0.

(6.9)
Since d2 + 1 > 2d1, deg(Z1) > deg(Z2), otherwise 2 deg(Z1) + 2d1 ≤ deg(Z1) +

deg(Z2) + 2d1 < 2 deg(Z2) + d2 + 1 and (6.9) cannot be satisfied.
Also, the same argument shows that 2 deg(Z1)+2d1 = 2deg(Z2)+d2+1 and therefore

the highest homogeneous terms in (Z1(X1, X3))
2a2d1(X

d1
1 +Xd1

3 )2 and in (Z2(X1, X3))
2(X1+

X3)
∑

0<i≤d bi,0(X
i
1 +Xi

3) must be equal.
Write d = d2 = 2jk, with j ≥ 0 and k odd. The above argument yields that, in

particular,

Ld(X1, X3) = (X1 +X3)(X
d
1 +Xd

3 ) = (X1 +X3)(X
k
1 +Xk

3 )
2j ,

the highest homogeneous term in (X1+X3)
∑

0<i≤d bi,0(X
i
1+Xi

3), is a square in Fq[X1, X3].
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• If j > 0 then (X1+X3)
2j+1 is the highest power of (X1+X3) dividing Ld(X1, X3).

Since 2j + 1 is odd, Ld(X1, X3) is not a square in Fq[X1, X3] and the surface Y is
irreducible.

• If j = 0, following the same argument as above, if Y is reducible then k = 1, a
contradiction to d > 1.

This shows that if d = d2 > d1 > 1 then Y and therefore Sf1,f2 is absolutely irreducible
or contains an absolutely irreducible component defined over Fq. This completes the
proof.

Proposition 6.5.4. Let Sf1,f2 be as in (6.4), d = d2 > d1 > 1, (j1, j2) = (1, 0). If
d2 + 1 ≤ 2d1 and d2 is even then Sf1,f2 contains an absolutely irreducible component
defined over Fq.

Proof. Consider the curve

C : F (1, X1, X2, 0, 0) = X2
2 +X2

∑
i≤d1

aiX
i
1 +X1

∑
0<i≤d

bi,0X
i
1 = 0,

which is equivalent to

C′ : X2
2 +X2 +

X1
∑

0<i≤d bi,0X
i
1(∑

i≤d1
aiXi

1

)2 = 0.

Such a curve is absolutely irreducible if there exists η ∈ P1(Fq) = Fq ∪{∞} such that

2 ∤ vη

X1
∑

0<i≤d bi,0X
i
1(∑

i≤d1
aiXi

1

)2
 < 0.

Consider η = ∞. In this case

2 ∤ vη

X1
∑

0<i≤d bi,0X
i
1(∑

i≤d1
aiXi

1

)2
 = d2 + 1− 2d1 < 0

since d2 is even.
This shows that C′ and therefore Sf1,f2 are both absolutely irreducible.

The following theorem summarizes the results about the even characteristic case.

Theorem 6.5.5. Let Sf1,f2 be as in (6.4) contains an absolutely irreducible component
defined over Fq unless 1 < d1 < d2 ≤ 2d1 − 1, d2 odd, j2 = 0.
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6.6 p > 2

Proposition 6.6.1. Let Sf1,f2 be as in (6.4), and p > 2. If d = d2 > d1 and (j1, j2) =
(1, 1) then Sf1,f2 contains an absolutely irreducible component defined over Fq.

Proof. By Proposition 6.3.2, we can assume that bd−1,1 = 0. The surface Sf1,f2 reads

(X2 −X4)
2Xd−1

0 + (X2 −X4)

[∑
i

ai(X
i
1 −Xi

3)X
d−i
0

]

+(X1 −X3)

∑
i>0

bi,0(X
i
1 −Xi

3)X
d−i
0 +

∑
0≤i≤d−2

bi,1(X
i
1X2 −Xi

3X4)X
d−i−1
0

 = 0

Let W = Sf1,f2 ∩ (X2 = X4) be defined by

(X1 −X3)

∑
i>0

bi,0(X
i
1 −Xi

3)X
d−i
0 +X2

∑
0<i≤d−2

bi,1(X
i
1 −Xi

3)X
d−i−1
0

 = 0.

If bi,1 ̸= 0 for some 0 < i ≤ d− 2, then W is of degree 1 in X2.
Thus bi,1 = 0 for i > 0 and Remark 6.3.1 yields the claim.

Proposition 6.6.2. Let Sf1,f2 be as in (6.4), d = d2 > d1 = 1, (j1, j2) = (1, 0), and
p > 2. If d2 ̸= pj, with j ≥ 0, or bi,j ̸= 0 for some (i, j) ̸= (d2, 0), or h = ∞ and ad1 = 0
then Sf1,f2 contains an absolutely irreducible component defined over Fq.

Proof. The surface Sf1,f2 reads

(X2 −X4)
2Xd−1

0 + a1(X1 −X3)(X2 −X4)X
d−1
0 + (X1 −X3)

∑
i≤d2

bi,0(X
i
1 −Xi

3)X
d−i
0

 .

If Sf1,f2 is reducible then by Remark 6.4.2, there exist r(X1, X3), s(X1, X3) such that

(X1 −X3)

∑
i≤d2

bi,0(X
i
1 −Xi

3)

 = r(X1, X3)s(X1, X3),

a1(X1 −X3) = r(X1, X3) + s(X1, X3).

Consider the affine part of Sf1,f2 and note that the surface is reducible if and only if

∆(X1, X3) = a21(X1 −X3)
2 − 4(X1 −X3)

∑
i≤d2

bi,0(X
i
1 −Xi

3)
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is a square in Fq[X1, X3].
Suppose that ∆(X1, X3) is a square in Fq[X1, X3]. Then, the highest homogeneous

term Ld2(X1, X3) = −4bd2,0(X1 −X3)(X
d2
1 −Xd2

3 ) is a square in Fq[X1, X3] too. Write

d2 = kpj , with p ∤ k. Then Ld2(X1, X3) = −4bd2,0(X1 −X3)
(
Xk

1 −Xk
3

)pj .
• Let k > 1. If Ld2(X1, X3) is a square in Fq[X1, X3] then R(X1) = Ld2(X1, 1) =

(X1 − 1)(Xk
1 − 1)p

j is a square in Fq[X1].

Every root of R(X1) different from 1 has algebraic multiplicity equal to pj and
R(X1) cannot be a square in Fq[X1].

• Let now k = 1 and d2 = pj for some j ≥ 0. First, suppose h < ∞. Write

∆(X1, X3) = Ld2(X1, X3) + Lh(X1, X3) + · · ·

=
(
(X1 −X3)

(pj+1)/2 +M(X1, X3) + · · ·
)2

,

where M(X1, X3) has degree (h + 1) − (pj + 1)/2. Now Lh(X1, X3) = 2(X1 −
X3)

(pj+1)/2M(X1, X3) equals{
−4bh,0(X1 −X3)(X

h
1 −Xh

3 ), if h > 1;

(a21 − 4b1,0)(X1 −X3)
2, if h = 1.

If h > 1 then (X1−X3)
(pj−1)/2 | (Xh

1 −Xh
3 ). Write h = k1p

j1 , so that (Xh
1 −Xh

3 ) =

(Xk1
1 − Xk1

3 )p
j1 . Since (X1 − X3)

pj1 is the highest power of (X1 − X3) dividing
(Xk1

1 −Xk1
3 )p

j1 , we must have (pj − 1)/2 ≤ pj1 . Since j1 ≤ j − 1,

pj − 1 ≤ 2pj1 ≤ 2pj/p,

and therefore pj ≤ p
p−2 . This yields pj = 3, that is j = 1 and p = 3. Now,

(X1 − X3)
4 + α(X1 − X3)(X

2
1 − X2

3 ) + β(X1 − X3)
2, α, β ∈ Fq, is a square in

Fq[X1, X3] only if (X1 − X3)
2 + α(X1 + X3) + β is a square. By direct checking,

this is possible only if α = β = 0.

If h = 1, in this case M(X1, X3) has degree 2− (pj + 1)/2 and this yields pj = 3,
a contradiction.

This shows that if there exists i, 0 < i < d2, such that bi,0 ̸= 0 then ∆(X1, X3) is
not a square in Fq[X1, X3].

If h = ∞, r(X1, X3)s(X1, X3) = bd2,0(X1 −X3)
pj+1 and r(X1, X3) + s(X1, X3) =

a1(X1−X3). Since pj+1 > 2, r(X1, X3) =
√

−bd2,0(X1−X3)
(pj+1)/2 = −s(X1, X3)

and
a1(X1 −X3) = r(X1, X3) + s(X1, X3) ≡ 0,

yielding a1 = 0.
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Proposition 6.6.3. Let Sf1,f2 be as in (6.4), and p > 3. If d = d2 > d1 > 1 and
(j1, j2) = (1, 0) then Sf1,f2 contains an absolutely irreducible component defined over Fq,
unless (p, d1, d2, h) ∈ {(5, 2, 5, 3), (7, 2, 7, 3), (7, 3, 7, 5)} or d = d2 = 2d1 − 1 ≤ 11.

Proof. Note that Sf1,f2 reads

(X2 −X4)
2Xd−1

0 + (X2 −X4)

∑
i≤d1

ai(X
i
1 −Xi

3)X
d−i
0

+ (X1 −X3)

∑
i≤d2

bi,0(X
i
1 −Xi

3)X
d−i
0

 .

If Sf1,f2 is reducible then by Remark 6.4.2, there exist r(X1, X3), s(X1, X3) such that

(X1 −X3)

∑
i≤d2

bi,0(X
i
1 −Xi

3)

 = r(X1, X3)s(X1, X3),∑
i≤d1

ai(X
i
1 −Xi

3)

 = r(X1, X3) + s(X1, X3).

If deg(r) > deg(s) then we can suppose that deg(r) = d1 and (Xd1
1 −Xd1

3 ) | (X1 −
X3)(X

d2
1 −Xd2

3 ). Since d1 > 1, this yields d1 | d2 and thus d1 ≤ d2/2. Now,

1 + d2 = deg(r) + deg(s) ≤ d1 + d1 − 1 ≤ d2 − 1,

a contradiction.
From now on we consider the case deg(r) = deg(s) = (d2+1)/2. Then d1 ≤ (d2+1)/2.

Recall that Sf1,f2 is reducible if and only if

∆(X1, X3) =

[∑
i

ai(X
i
1 −Xi

3)

]2
− 4(X1 −X3)

[∑
i

bi,0(X
i
1 −Xi

3)

]

is a square in Fq[X1, X3]. We distinguish the cases where d1 ≤ d2/2 and d2 + 1 = 2d1.

1) If d1 ≤ d2/2 the homogeneous term of the highest degree in ∆(X1, X3) is L(X1, X3) =
−4bd2,0(X1 − X3)(X

d2
1 − Xd2

3 ). If ∆(X1, X3) is a square in Fq[X1, X3] so it is
L(X1, X3). Let d2 = kpj for some non-negative j and p ∤ k.

If k > 1 then L(X1, X3) cannot be a square in Fq[X1, X3].

From now on we can assume that k = 1 and then d2 = pj . In this case d1 ≤
(d2 − 1)/2.

Suppose that bi,0 = 0, for any 0 < i < d2, i.e. h = ∞. In this case r(X1, X3)s(X1, X3) =

bd2,0(X1−X3)
pj+1 and r(X1, X3)+s(X1, X3) =

∑
i ai(X

i
1−Xi

3). Since pj+1 > 2d1,
r(X1, X3) =

√
−bd2,0(X1 −X3)

(pj+1)/2 = −s(X1, X3) and∑
i

ai(X
i
1 −Xi

3) = r(X1, X3) + s(X1, X3) ≡ 0,
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a contradiction to ad1 ̸= 0.

From now on we suppose that h < ∞. We distinguish the cases where h+1 > 2d1,
h+ 1 < 2d1 and h+ 1 = 2d1:

a) h+ 1 > 2d1. Write

∆(X1, X3) =
(
(X1 −X3)

(pj+1)/2 +M(X1, X3) + . . .
)2

,

where M(X1, X3) has degree (h+ 1)− (pj + 1)/2. Now

2(X1 −X3)
(pj+1)/2M(X1, X3) = −4bh,0(X1 −X3)(X

h
1 −Xh

3 )

and then (X1−X3)
(pj−1)/2 | (Xh

1 −Xh
3 ). Write h = k1p

j1 , so that (Xh
1 −Xh

3 ) =

(Xk1
1 −Xk1

3 )p
j1 . Since (X1−X3)

pj1 is the highest power of (X1−X3) dividing
(Xk1

1 −Xk1
3 )p

j1 , we must have (pj − 1)/2 ≤ pj1 . Since j1 ≤ j − 1,

pj − 1 ≤ 2pj1 ≤ 2pj/p,

and therefore pj ≤ p
p−2 . This yields pj = 3, a contradiction to p > 3.

b) h+ 1 < 2d1. Write

∆(X1, X3) =
(
(X1 −X3)

(pj+1)/2 +M(X1, X3) + . . .
)2

,

where M(X1, X3) has degree 2d1 − (pj + 1)/2. Now

2(X1 −X3)
(pj+1)/2M(X1, X3) = a2d1(X

d1
1 −Xd1

3 )2

and then (X1 −X3)
(pj+1)/2 | (Xd1

1 −Xd1
3 )2. Write d1 = k1p

j1 , so that (Xd1
1 −

Xd1
3 )2 = (Xk1

1 −Xk1
3 )2p

j1 . We must have (pj + 1)/2 ≤ 2pj1 . Since j1 ≤ j − 1,

pj + 1 ≤ 4pj1 ≤ 4pj/p,

and therefore (p− 4)pj ≤ −p, a contradiction to p > 3.

c) h+ 1 = 2d1. Write

r(X1, X3) = r(d2+1)/2(X1, X3) + · · ·+ rd1(X1, X3) + · · ·
s(X1, X3) = s(d2+1)/2(X1, X3) + · · ·+ sd1(X1, X3) + · · · ,

where si, ri homogeneous of degree i or the zero polynomial. Since r(X1, X3)+

s(X1, X3) =
[∑

i≤d1
ai(X

i
1 −Xi

3)
]
, s(d2+1)/2(X1, X3) = −r(d2+1)/2(X1, X3),

. . . , sd1+1(X1, X3) = −rd1+1(X1, X3).
The term of degree d2 > 2d1 in r(X1, X3)s(X1, X3) is

r(d2+1)/2s(d2−1)/2 + r(d2−1)/2s(d2+1)/2 = −2r(d2+1)/2r(d2−1)/2 ≡ 0,
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and then s(d2−1)/2 = r(d2−1)/2 ≡ 0.
By induction, the term of degree i > (d2 + 1)/2 + d1 ≥ 2d1 = h + 1 in
r(X1, X3)s(X1, X3) is

r(d2+1)/2si−(d2+1)/2 + ri−(d2+1)/2s(d2+1)/2 = −2r(d2+1)/2ri−(d2+1)/2 ≡ 0,

and then si−(d2+1)/2 = ri−(d2+1)/2 ≡ 0.
Consider i = (d2 + 1)/2 + d1 > 2d1 = h+ 1 in r(X1, X3)s(X1, X3) is

r(d2+1)/2sd1 + rd1s(d2+1)/2 = r(d2+1)/2(sd1 − rd1)

=
√
−bd2,0(X1 −X3)

(d2+1)/2(sd1 − rd1),

≡ 0

Then rd1 = sd1 = ad1(X
d1
1 −Xd1

3 )/2.
Suppose that 2d1 < (d2+1)/2. The term of degree 2d1 = h+1 in r(X1, X3)s(X1, X3)
is

rd1sd1 = bh,0(X1 −X3)(X
h
1 −Xh

3 ) = a2d1(X
d1
1 −Xd1

3 )2/4.

If p ∤ d1 and p | h, then (X1 − X3)
2 || (Xd1

1 − Xd1
3 )2 but (X1 − X3)

p+1 |
(X1 −X3)(X

h
1 −Xh

3 ).
If p ∤ d1 and p ∤ h, then (Xh

1 −Xh
3 )/(X1 −X3) is separable, whereas (Xd1

1 −
Xd1

3 )2/(X1 −X3)
2 is not.

If p | d1 then p ∤ h and so (X1 − X3)
2p | (Xd1

1 − Xd1
3 )2 and (X1 − X3)

2 ||
(X1 −X3)(X

h
1 −Xh

3 ). In all the cases a contradiction arises.
Suppose that 2d1 ≥ (d2+1)/2. The term of degree 2d1 = h+1 in r(X1, X3)s(X1, X3)
is

rd1sd1 + r(d2+1)/2s2d1−(d2+1)/2 + r2d1−(d2+1)/2s(d2+1)/2 = bh,0(X1 −X3)(X
h
1 −Xh

3 )

= a2d1(X
d1
1 −Xd1

3 )2/4 +
√
−bd2,0(X1 −X3)

(d2+1)/2(s2d1−(d2+1)/2 − r2d1−(d2+1)/2)

If p ∤ d1 and p | h, then (X1 − X3)
2 || (Xd1

1 − Xd1
3 )2 but (X1 − X3)

p+1 |
(X1 −X3)(X

h
1 −Xh

3 ) and (X1 −X3)
(p+1)/2 | (X1 −X3)

(d2+1)/2.
If p ∤ d1 and p ∤ h, then (X1 − X3)

2 || (Xd1
1 − Xd1

3 )2 and (X1 − X3)
2 ||

(X1 −X3)(X
h
1 −Xh

3 ) and (X1 −X3)
5 | (X1 −X3)

(d2+1)/2, unless d2 = pj ≤ 7.
So, suppose that d2 > 7. If s2d1−(d2+1)/2 = r2d1−(d2+1)/2 the same argument
as for the case 2d1 < (d2 + 1)/2 applies.
If s2d1−(d2+1)/2 ̸= r2d1−(d2+1)/2, we have

(X1 −X3)
(d2−3)/2

∣∣∣bh,0(Xh
1 −Xh

3 )

X1 −X3
−

a2d1(X
d1
1 −Xd1

3 )2

4(X1 −X3)2
.
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This is equivalent to

X
(d2−3)/2
1

∣∣∣H(X1, X3) =
bh,0((X1 +X3)

h −Xh
3 )

X1
−

a2d1((X1 +X3)
d1 −Xd1

3 )2

4X2
1

= (bh,0h− a2d1d
2
1/4)X

h−1
3 +

(
bh,0

(
h

2

)
−

a2d1
2

d1

(
d1
2

))
X1X

h−2
3 +

+

(
bh,0

(
h

3

)
−

a2d1
2

d1

(
d1
3

)
−

a2d1
4

(
d1
2

)2
)
X2

1X
h−3
3 + · · ·

which yields bh,0h− a2d1d
2
1/4 = 0. Since we are supposing that d2 > 7, so that

(d2 − 3)/2 > 2. If h ̸≡ 1 (mod p) then d1 ̸≡ 1 (mod p) and

bh,0

(
h

3

)
−

a2d1
2

d1

(
d1
3

)
−

a2d1
4

(
d1
2

)2

≡ 0 (mod p),

that is

a2d1d
2
1(h− 1)(h− 2)

24
−

a2d1d
2
1(d1 − 1)(d1 − 2)

12
−

a2d1d
2
1(d1 − 1)2

16
≡ 0 (mod p).

Since h = 2d1 − 1, one gets d1 ≡ 1 (mod p), a contradiction.
If h ≡ 1 (mod p) then d1 ≡ 1 (mod p). Consider pi1 || (h − 1) and pi2 ||
(d1 − 1), since d1 − 1 = (h− 1)/2, i1 = i2. Now,

H(X1, X3) = (bh,0h− a2d1d
2
1/4)X

h−1
3 +(

bh,0

(
h

pi1

)
−

a2d1
2

d1

(
d1
pi1

))
Xpi1−1

1 Xh−pi1
3 +

+

(
bh,0

(
h

pi1 + 1

)
−

a2d1
2

d1

(
d1

pi1 + 1

))
Xpi1

1 Xh−pi1−1
3

+

(
bh,0

(
h

2pi1 − 1

)
−

a2d1
4

(
d1
pi1

)2
)
X2pi1−2

1 Xh−2pi1+1
3 + · · · .

Since bh,0h− a2d1d
2
1/4 = 0,

H(X1, X3) =

(
bh,0

(
h

2pi1 − 1

)
−

a2d1
4

(
d1
pi1

)2
)
X2pi1−2

1 Xh−2pi1+1
3 + · · ·

and therefore (pj − 3)/2 ≤ 2pi1 − 2, a contradiction to p > 3.
If p | d1 then p ∤ h and so (X1−X3)

2 || (X1−X3)(X
h
1 −Xh

3 ) and (X1−X3)
2p |

(Xd1
1 −Xd1

3 )2 and (X1 −X3)
3 | (X1 −X3)

(d2+1)/2, since d2 ≥ p > 3.
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2) If d2 + 1 = 2d1 then the homogeneous term of the highest degree L(X1, X3) in
∆(X1, X3) is

a2d1(X
d1
1 −Xd1

3 )2 − 4b2d1−1,0(X1 −X3)(X
2d1−1
1 −X2d1−1

3 ).

In the following we will prove that, if d1 > 6 , then

L(X1, 1) = (a2d1−4b2d1−1,0)X
2d1
1 +4b2d1−1,0X

2d1−1
1 −2a2d1X

d1
1 +4b2d1−1,0X1+(a2d1−4b2d1−1,0)

is not a square in Fq[X1].

First, if a2d1 − 4b2d1−1,0 = 0 then X1 || L(X1, 1) and therefore L(X1, 1) is not a
square in Fq[X1]. So we can suppose a2d1 − 4b2d1−1,0 ̸= 0.

In the following we will consider the derivatives of L(X1, 1)

L(1)(X1, 1) = 2d1(a
2
d1 − 4b2d1−1,0)X

2d1−1
1 + 4(2d1 − 1)b2d1−1,0X

2d1−2
1

−2d1a
2
d1X

d1−1
1 + 4b2d1−1,0,

L(2)(X1, 1) = 2d1(2d1 − 1)(a2d1 − 4b2d1−1,0)X
2d1−2
1

+4(2d1 − 1)(2d1 − 2)b2d1−1,0X
2d1−3
1 − 2d1(d1 − 1)a2d1X

d1−2
1 ,

L(3)(X1, 1) = 2d1(2d1 − 1)(2d1 − 2)(a2d1 − 4b2d1−1,0)X
2d1−3
1

+4(2d1 − 1)(2d1 − 2)(2d1 − 3)b2d1−1,0X
2d1−4
1

−2d1(d1 − 1)(d1 − 2)a2d1X
d1−3
1 ,

L(4)(X1, 1) = 2d1(2d1 − 1)(2d1 − 2)(2d1 − 3)(a2d1 − 4b2d1−1,0)X
2d1−4
1

+4(2d1 − 1)(2d1 − 2)(2d1 − 3)(2d1 − 4)b2d1−1,0X
2d1−5
1

−2d1(d1 − 1)(d1 − 2)(d1 − 3)a2d1X
d1−4
1 .

Clearly X1 = 0 cannot be a repeated root of L(X1, 1).

• If d1 ≡ 0 (mod p), then L(1)(X1, 1) = −4b2d1−1,0(X
2d1−2
1 − 1). Now, Xd1−1

1 = 1

or Xd1−1
1 = −1 yield, together with L(X1, 1) = 0, X1 = 1 or (a2d1 − 4b2d1−1,0)X

2
1 +

(8b2d1−1,0 + 2a2d1)X1 + (a2d1 − 4b2d1−1,0) = 0. Since L(2)(X1, 1) = 8b2d1−1,0X
2d1−3
1 ,

all the roots have at most multiplicity 2. So, L(X1, 1) cannot be a square in Fq[X1]
since its degree is larger than 6.

• If d1 ≡ 1 (mod p), since

X1L
′(X1, 1)− L(X1, 1) = (a2d1 − 4b2d1−1,0)(X

2d1
1 − 1),

the only repeated roots of L(X1, 1) satisfy X2d1
1 = 1. If Xd1

1 = 1 or Xd1
1 = −1, then

L(X1, 1) = 0 yields X1 = 1 or 4b2d1−1,0X
2
1 + 4(a2d1 − b2d1−1,0)X1 + 4b2d1−1,0 = 0,



6.6 p > 2 82

respectively. This shows that there are at most three repeated roots of L(X1, 1).
Since in this case L(2)(X1, 1) reads 2d1(2d1−1)(a2d1−4b2d1−1,0)X

2d1−2
1 , there are not

roots of L(X1, 1) of multiplicity larger than 2. Our assumption d1 > 6 is sufficient
to prove that L(X1, 1) cannot be a square in Fq[X1], since its degree is larger than
6.

• If 2d1 ≡ 1 (mod p), then

L(1)(X1, 1) = (a2d1 − 4b2d1−1,0)X
2d1−1
1 − a2d1X

d1−1
1 + 4b2d1−1,0

L(X1, 1)− (X1 − 1)L(1)(X1, 1) = a2d1(X
d1
1 − 1)(Xd1−1

1 − 1).

Both Xd1
1 = 1 and Xd1−1

1 = 1 combined with L(X1, 1) = 0 give X1 = 1. So, the
only repeated root of L(X1, 1) is X1 = 1. Since L(2)(X1, 1) = −(d1 − 1)a2d1X

d1−2
1 ,

X1 = 1 is a double root of L(X1, 1), which proves that L(X1, 1) cannot be a square
in Fq[X1] (its degree is larger than 12).

From now on we can suppose that d1(d1 − 1)(2d1 − 1) ̸≡ 0 (mod p). First, note
that X1 = 1 is a root of multiplicity at most 4 for L(X1, 1). In fact,

L(X1 + 1, 1) = (a2d1 − 4b2d1−1,0)(X1 + 1)2d1 + 4b2d1−1,0(X1 + 1)2d1−1

−2a2d1(X1 + 1)d1 + 4b2d1−1,0X1 + a2d1

=

(
a2d1

((
2d1
2

)
− 2

(
d1
2

))
− 4b2d1−1,0

((
2d1
2

)
−
(
2d1 − 1

2

)))
X2

1 +(
a2d1

((
2d1
3

)
− 2

(
d1
3

))
− 4b2d1−1,0

((
2d1
3

)
−
(
2d1 − 1

3

)))
X3

1 +(
a2d1

((
2d1
4

)
− 2

(
d1
4

))
− 4b2d1−1,0

((
2d1
4

)
−
(
2d1 − 1

4

)))
X4

1 + · · ·

=
(
a2d1d

2
1 − 4b2d1−1,0(2d1 − 1)

)
X2

1 +(
a2d1d

2
1(d1 − 1)− 4b2d1−1,0(2d1 − 1)(d1 − 1)

)
X3

1 +(
a2d1
(
7d41 − 17d31 + 8d21 + 2d1

)
− 4b2d1−1,0

(
16d31 − 48d21 + 44d1 − 12

))
12

X4
1 + · · ·

If both the coefficients of X2
1 and X4

1 vanish then d21(d1 − 1)(2d1 − 1)a2d1 = 0, a
contradiction.
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Denote Y = Xd1
1 , so that

L(X1, 1) = (a2d1 − 4b2d1−1,0)Y
2 + 4b2d1−1,0

Y 2

X1
− 2a2d1Y

+4b2d1−1,0X1 + (a2d1 − 4b2d1−1,0)

L(1)(X1, 1) = 2d1(a
2
d1 − 4b2d1−1,0)

Y 2

X1
+ 4(2d1 − 1)b2d1−1,0

Y 2

X2
1

−2d1a
2
d1

Y

X1
+ 4b2d1−1,0,

L(2)(X1, 1) = 2d1(2d1 − 1)(a2d1 − 4b2d1−1,0)
Y 2

X2
1

+ 4(2d1 − 1)(2d1 − 2)b2d1−1,0
Y 2

X3
1

−2d1(d1 − 1)a2d1
Y

X2
1

,

L(3)(X1, 1) = 2d1(2d1 − 1)(2d1 − 2)(a2d1 − 4b2d1−1,0)
Y 2

X3
1

+4(2d1 − 1)(2d1 − 2)(2d1 − 3)b2d1−1,0
Y 2

X4
1

−2d1(d1 − 1)(d1 − 2)a2d1
Y

X3
1

,

L(4)(X1, 1) = 2d1(2d1 − 1)(2d1 − 2)(2d1 − 3)(a2d1 − 4b2d1−1,0)
Y 2

X4
1

+4(2d1 − 1)(2d1 − 2)(2d1 − 3)(2d1 − 4)b2d1−1,0
Y 2

X5
1

−2d1(d1 − 1)(d1 − 2)(d1 − 3)a2d1
Y

X4
1

.

The resultant of L(X1, 1) and L(1)(X1, 1) with respect to Y reads

16b2d1−1,0(a
2
d1 − 4b2d1−1,0)X

2
1 (X1 − 1)2Z(X1),

where

Z(X1) = b2d1−1,0(2d1 − 1)2(a2d1 − 4b2d1−1,0)X
2
1 + (a4d1d

2
1 − 8a2d1b2d1−1,0d

2
1

+2a2d1b2d1−1,0 + 32b22d1−1,0d
2
1 − 32b22d1−1,0d1 + 8b22d1−1,0)X1

+b2d1−1,0(2d1 − 1)2(a2d1 − 4b2d1−1,0).

Multiple roots of L(X1, 1) distinct from X1 = 1 must satisfy Z(X1) = 0.

• If d1 ≡ 2 (mod p), then L(4)(X1, 1) = 24(a2d1 −4b2d1−1,0)X
2d1−4
1 and all the roots

have multiplicity at most 4. This shows that L(X1, 1) cannot be a square in Fq[X1]
(its degree is larger than 12).
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• If d1 ̸≡ 2 (mod p), then the resultant of L(2)(X1, 1)/Y and L(3)(X1, 1)/Y with
respect to Y reads

4(2d1−1)a2d1d1(d1−1)X1(X1a
2
d1d

2
1−4X1b2d1−1,0d

2
1+4b2d1−1,0d

2
1−8b2d1−1,0d1+4b2d1−1,0),

where as the resultant of L(3)(X1, 1)/Y and L(4)(X1, 1)/Y with respect to Y reads

8(d1 − 2)(d1 − 1)2d1a
2
d1(2d1 − 1)X1 ·

·(X1a
2
d1d

2
1 − 4X1b2d1−1,0d

2
1 + 4b2d1−1,0d

2
1 − 10b2d1−1,0d1 + 6b2d1−1,0).

The unique possible root of multiplicity larger than 4 must satisfy

X1 = −
4b2d1−1,0(d1 − 1)2

d21(a
2
d1

− 4b2d1−1,0)
= −

2b2d1−1,0(2d
2
1 − 5d1 + 3)

d21(a
2
d1

− 4b2d1−1,0)

which implies d1(d1 − 1)b2d1−1,0(a
2
d1

− 4b2d1−1,0) = 0, a contradiction. Therefore,
all the (at most three) multiple roots of L(X1, 1) have multiplicity at most 4 and
so L(X1, 1) cannot be a square in Fq[X1] (its degree is larger than 12).

Proposition 6.6.4. Let Sf1,f2 be as in (6.4), and p = 3. If d = d2 > d1 > 1 and
(j1, j2) = (1, 0) then Sf1,f2 contains an absolutely irreducible component defined
over Fq, unless one of the following holds

1. d = d2 = 2d1 − 1 ≤ 11;

2. h+ 1 < 2d1 < d2 = 3j and 3 | d1;
3. h+ 1 = 2d1 < d2 = 3j and 3 | (d1 − 1).

Proof. The proof is similar to that of Proposition 6.6.3 and we use the same nota-
tions.

If d2 + 1 = 2d1 the claim follows as in Proposition 6.6.3. From now on we as-
sume d1 ≤ d2/2. The homogeneous term of the highest degree in ∆(X1, X3) is
L(X1, X3) = −4bd2,0(X1 −X3)(X

d2
1 −Xd2

3 ). If ∆(X1, X3) is a square in Fq[X1, X3]
so it is L(X1, X3). Let d2 = k · 3j for some non-negative j and 3 ∤ k.

If k > 1 then L(X1, X3) cannot be a square in Fq[X1, X3].

From now on we can assume that k = 1 and then d2 = 3j . In this case d1 ≤ (d2−1)/2
and j > 1.

If h = ∞ the claim follows as in Proposition 6.6.3.

When h < ∞, we distinguish the cases where h + 1 > 2d1, h + 1 < 2d1 and
h+ 1 = 2d1:
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a) h+1 > 2d1. Following the same argument as in the proof of Proposition 6.6.3,
we get d = d2 = 3 and therefore 1 < d1 ≤ 1.

b) h+ 1 < 2d1. Write

r(X1, X3) = r(d2+1)/2(X1, X3) + · · ·+ rd1(X1, X3) + · · ·
s(X1, X3) = s(d2+1)/2(X1, X3) + · · ·+ sd1(X1, X3) + · · · ,

where si, ri homogeneous of degree i or the zero polynomial. As in Proposition
6.6.3 it follows that s(d2+1)/2 = −r(d2+1)/2 = −

√
−bd2,0(X1 − X3)

(d2+1)/2,
si(X1, X3) = ri(X1, X3) ≡ 0, for any d1 < i < (d2 + 1)/2, and rd1(X1, X3) =
sd1(X1, X3) = ad1(X

d1
1 −Xd1

3 )/2.
Suppose that 2d1 < (d2+1)/2. The term of degree 2d1 > h+1 in r(X1, X3)s(X1, X3)
is

rd1sd1 = a2d1(X
d1
1 −Xd1

3 )2/4 ≡ 0,

a contradiction to ad1 ̸= 0.
Suppose that 2d1 ≥ (d2+1)/2. The term of degree 2d1 > h+1 in r(X1, X3)s(X1, X3)
is

rd1sd1 + r(d2+1)/2s2d1−(d2+1)/2 + r2d1−(d2+1)/2s(d2+1)/2 =

a2d1(X
d1
1 −Xd1

3 )2/4 +
√

−bd2,0(X1 −X3)
(d2+1)/2(s2d1−(d2+1)/2 − r2d1−(d2+1)/2) ≡ 0

Then

a2d1(X
d1
1 −Xd1

3 )2/4 =
√
−bd2,0(X1−X3)

(d2+1)/2(r2d1−(d2+1)/2−s2d1−(d2+1)/2).

If s2d1−(d2+1)/2 = r2d1−(d2+1)/2 then ad1 must be zero.
If s2d1−(d2+1)/2 ̸= r2d1−(d2+1)/2 and 3 ∤ d1, then (X1 −X3)

2||(Xd1
1 −Xd1

3 )2 but
(d2 + 1)/2 > 2. In both cases a contradiction arises.

c) h+ 1 = 2d1. If d1 ̸≡ 1 (mod 3), the claim follows as Proposition 6.6.3.

We are now in position to prove the main result of this chapter.
Proof of Theorem 6.1.2. By Remark 6.4.1, Theorem 6.5.5, Propositions 6.6.1, 6.6.2,

6.6.3, 6.6.4 if there exists bi,j ̸= 0 with j ̸= 0 and none of the conditions listed above holds,
then Sf1,f2 defined as in (6.4) contains an absolutely irreducible Fq-rational component.
By Theorem 6.2.4 O5(f1, f2) is not an ovoid.



Chapter 7

Classification of low-degree ovoids of
Q(6, q)

It is well known that to any ovoid of Q(6, q) two polynomials f1(x, y, z), f2(x, y, z) can
be associated. In this chapter we classify ovoids of Q(6, q) with max{deg(f1),deg(f2)} <

( 1
6.3q)

3
13 − 1. The results of this chapter can also be found in [8].

7.1 Introduction

Regarding ovoids of the parabolic quadric Q(m, q) of PG(m, q), m even, it is known that
there are no ovoids if m > 6 (see [40, 79]). Hence for parabolic quadrics the only relevant
cases are m = 4 and m = 6.

Let (X0, X1, X2, X3, X4, X5, X6) denote the homogeneous coordinates of PG(6, q) and
by H∞ the hyperplane at infinity X0 = 0. Up to collineations, in PG(6, q) there is a
unique non-degenerate quadric, the parabolic quadric Q(6, q) and in the sequel we fix
the following parabolic quadric:

Q(6, q) : X0X6 +X1X5 +X2X4 +X2
3 = 0.

It is well known that there are no ovoids of Q(6, q) for q even [79], and thus from
now on, we will consider only p > 2. We recall that an ovoid of Q(6, q) is a set of q3 + 1
pairwise non-collinear points on the quadric. We can always assume that an ovoid of
Q(6, q) contains the points (1, 0, 0, 0, 0, 0, 0) and (0, 0, 0, 0, 0, 0, 1) and hence it can be
written in the following form:

O6(f1, f2) = {(1, x, y, z, f1(x, y, z), f2(x, y, z),−z2 − yf1(x, y, z)− xf2(x, y, z))}x,y,z∈Fq

∪{(0, 0, 0, 0, 0, 0, 1)},

for some functions fi : F3
q −→ Fq with fi(0, 0, 0) = 0 for i ∈ {1, 2}; see [85, Chapter 3].

The set O6(f1, f2) is an ovoid if and only if

⟨(1, x1, y1, z1, f1(x1, y1, z1), f2(x1, y1, z1),−z21 − y1f1(x1, y1, z1)− x1f2(x1, y1, z1)),(7.1)
(1, x2, y2, z2, f1(x2, y2, z2), f2(x2, y2, z2),−z22 − y2f1(x2, y2, z2)− x2f2(x2, y2, z2))⟩ ≠ 0,

86
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for every (x1, y1, z1) ̸= (x2, y2, z2) in F3
q , where ⟨ , ⟩ is the symmetric form associated to

the quadratic form of the quadric Q(6, q).
The only known ovoids of Q(6, q) are the two classes of ovoids listed in the following
table (see [45, 71]).

Table 7.1: Known ovoids of Q(6, q).

Name f1(x, y, z) f2(x, y, z) Restrictions

Thas-Kantor −ny3 + x2y − xz −1/nx3 + xy2 + yz
q = 3h, h ≥ 1
n a non-square

Ree-Tits −xσ+3 + yσ + x2y − xz−x2σ+3 + xσyσ − zσ + xy2 + yz
q = 32h+1, h ≥ 0

σ =
√
3q

Note that Condition (7.1) reads

(z1−z2)
2+(x2−x1)(f2(x2, y2, z2)−f2(x1, y1, z1))+(y2−y1)(f1(x2, y2, z2)−f1(x1, y1, z1)) ̸= 0,

(7.2)
for every (x1, y1, z1) ̸= (x2, y2, z2) in F3

q .
In order to obtain non-existence results and partial classifications for the ovoids

O6(f1, f2) of Q(6, q), we will consider the hypersurface Wf1,f2 ⊂ PG(6, q) defined by

Ff1,f2(X0, X1, X2, X3, X4, X5, X6) = 0,

where Ff1,f2(1, X1, X2, X3, X4, X5, X6) equals

(X3 −X6)
2 + (X4 −X1)(f2(X4, X5, X6)− f2(X1, X2, X3))

+(X5 −X2)(f1(X4, X5, X6)− f1(X1, X2, X3)). (7.3)

Lemma 7.1.1. If f1, f2 ̸≡ 0, then O6(f1, f2) is an ovoid of Q(6, q) if and only if Wf1,f2

contains no affine Fq-rational points off the solid X1 −X4 = X2 −X5 = X3 −X6 = 0.

The main result of this chapter is the following.

Theorem 7.1.2. Let f1(X,Y, Z) =
∑

ijk ai,j,kX
iY jZk and f2(X,Y, Z) =

∑
ijk bi,j,kX

iY jZk.
Suppose that q > 6.3(d + 1)13/3, where max{deg(f1),deg(f2)} = d. If O6(f1, f2) is an
ovoid of Q(6, q) then

q = 3h, f1(X,Y, Z) = X2Y − nY 3 −XZ, f2(X,Y, Z) = −1/nX3 +XY 2 + Y Z.

Hence O6(f1, f2) is a Thas-Kantor ovoid.

It is worth pointing out that the degree of the functions f1(X,Y, Z) and f2(X,Y, Z)
associated with the Ree-Tits ovoid does not satisfy the bound q > 6.3(d + 1)13/3 in
Theorem 7.1.2.
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7.2 Classification of low degree ovoids

For our purposes, the existence of an absolutely irreducible Fq-rational component in
Wf1,f2 is enough to provide asymptotic non-existence results for ovoids of Q(6, q).

Theorem 7.2.1. Let Wf1,f2 : Ff1,f2(X0, X1, X2, X3, X4, X5, X6) = 0, where Ff1,f2 is
defined as in (7.3). Suppose that q > 6.3(d + 1)13/3, max{deg(f1),deg(f2)} = d, and
Wf1,f2 contains an absolutely irreducible component V defined over Fq. Then O6(f1, f2)
is not an ovoid of Q(6, q).

Proof. Since q > 6.3(d+1)13/3, by Theorem 6.2.3, with δ = d+1 and r = 5, it is readily
seen that V contains more than q3 affine Fq-rational points. This yields the existence of
at least one affine Fq-rational point (a1, b1, c1, a2, b2, c2) in V ⊂ Wf1,f2 such that a1 ̸= a2
or b1 ̸= b2 or c1 ̸= c2 and therefore O6(f1, f2) is not an ovoid of Q(6, q).

7.2.1 Ovoids in Q(4, q)

A starting point in our investigation is the main result of [7].

Theorem 7.2.2 ([7, Main Theorem]). Let f(X,Y ) =
∑

ij ai,jX
iY j, with a0,1 = 0 if

p > 2. Suppose that q > 6.3(d+1)13/3, where deg(f) = d. If O4(f) is an ovoid of Q(4, q)
then one of the following holds:

1. p = 2 and f(X,Y ) = a1,0X + a0,1Y . Hence O4(f) is an elliptic quadric.

2. p > 2 and f(X,Y ) = apj ,0X
pj , j ≥ 0. Hence O4(f) is either an elliptic quadric or

a Kantor ovoid.

Corollary 7.2.3. Let f(X,Y ) =
∑

ij ai,jX
iY j, with p > 2. Suppose that q > 6.3(d +

1)13/3, where deg(f) = d. If

f(X,Y ) ̸= apj ,0X
pj +

a20,1
4

X + a0,1Y,

for some j ≥ 0, then Sf contains an absolutely irreducible component defined over Fq.

Proof. Let Sf : F (X1, X2, X3, X4) = 0, where

F (X1, X2, X3, X4) = (X2 −X4)
2 + (X1 −X3)

(
f(X1, X2)− f(X3, X4)

)
be the hypersurface associated to an ovoid of Q(4, q); see [7]. As already observed in [7],
up to a change of variables we can always suppose that a0,1 = 0. Suppose that this is not
the case, then consider

Sf ′ : F (X1, X2 − a0,1X1/2, X3, X4 − a0,1X3/2) = 0
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and so the coefficient of (X1−X3)(X2−X4) in F (X1, X2−a0,1X1/2, X3, X4−a0,1X3/2)
vanishes, i.e. the coefficient a′0,1 in f ′ is 0. Therefore, by Theorem 7.2.2,

F (X1, X2 − a0,1X1/2, X3, X4 − a0,1X3/2) = (X2 −X4)
2 + (X1 −X3)

ph+1,

otherwise Sf ′ (and so Sf ) contains an absolutely irreducible component defined over Fq.
So, F (X1, X2, X3, X4) equals

(X2 −X4)
2 + (X1 −X3)

(
(X1 −X3)

ph + a0,1(X2 −X4) +
a20,1
4

(X1 −X3)

)
. (7.4)

The claim follows.

7.2.2 Ovoids in Q(6, q)

Corollary 7.2.3 above provides constraints on the shape of the functions f1, f2 associated
with putative ovoids O6(f1, f2) of Q(6, q).

Proposition 7.2.4. Suppose that

(f1(X,Y, Z), f2(X,Y, Z)) ̸=
(
a1(X)Y ph1 +

c1(X)2Y

4
+ c1(X)Z, a2(Y )Xph2 +

c2(Y )2X

4
+ c2(Y )Z

)
,

(7.5)
for some a1, c1 ∈ Fq[X], a2, c2 ∈ Fq[Y ], h1, h2 ≥ 0. If q > 6.3(d+1)13/3, max{deg(f1),deg(f2)} =
d, then O6(f1, f2) is not an ovoid.

Proof. Consider the variety W ′
f1,f2

= Wf1,f2 ∩ (X5 = X2 = λ), λ ∈ Fq, defined by

G′
f1,f2,λ(X0, X1, X3, X4, X6) = Ff1,f2(X0, X1, λ,X3, X4, λ,X6) = 0,

where

G′
f1,f2,λ(1, X1, X3, X4, X6) = (X3 −X6)

2 + (X4 −X1)(f2(X4, λ,X6)− f2(X1, λ,X3)),

where f2 satisfies (7.5). Suppose that

f2(X,λ, Z) ̸= αλX
pj +

β2
λ

4
X + βλZ, (7.6)

for any αλ, βλ ∈ Fq. Then, by Corollary 7.2.3, W ′
f1,f2

possesses an absolutely irre-
ducible component defined over Fq. Such a component, since q > 6.3(d + 1)13/3, con-
tains at least an Fq-rational point (1, x1, x3, x4, x6), with x1 ̸= x4 or x3 ̸= x6. There-
fore there exists a six-tuple (1, x1, λ, x3, x4, λ, x6), with (x1, λ, x3) ̸= (x4, λ, x6) satisfying
Ff1,f2(X0, X1, X2, X3, X4, X5, X6) = 0 and therefore O6(f1, f2) is not an ovoid.

Suppose now that f2(X,Y, Z) contains a term ai,j,kX
iY jZk ̸= 0, with (i, k) /∈

{(ph2 , 0), (1, 0), (0, 1)}. The coefficient of XiZk in f2(X,λ, Z) is determined by Ai,k(λ) =∑
j ai,j,kλ

j and we have that Ai,k(λ) = 0 for each λ ∈ Fq. Since degAi,k(Y ) ≤ d < q,
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Ai,k(Y ) ≡ 0 for each (i, k) /∈ {(ph2 , 0), (1, 0), (0, 1)}. Also, (A0,1(λ))
2 = 4A1,0(λ) for each

λ ∈ Fq. Since deg(A0,1(Y ))2 ≤ 2d < q, we have that (A0,1(Y ))2 = 4A1,0(Y ). Summing
up,

f2(X,Y, Z) = a2(Y )Xph2 +
c2(Y )2

4
X + c2(Y )Z,

for some a2, c2 ∈ Fq[Y ].
A similar argument, for any λ ∈ Fq, holds for W ′′

f1,f2
= Wf1,f2 ∩ (X4 = X1 = λ)

defined by

G′′
f1,f2,λ(X0, X2, X3, X5, X6) = Ff1,f2(X0, λ,X2, X3, λ,X5, X6) = 0,

that is

G′′
f1,f2,λ(1, X2, X3, X5, X6) = (X3 −X6)

2 + (X5 −X2)(f1(λ,X5, X6)− f1(λ,X2, X3)).

So, if O6(f1, f2) is an ovoid then

f1(X,Y, Z) = a1(X)Y ph1 +
c1(X)2

4
Y + c1(X)Z,

for some a1, c1 ∈ Fq[X].

By Proposition 7.2.4, if O6(f1, f2) is an ovoid then the polynomials F (1, X1, X2, X3, X4, X5, X6)
defining Wf1,f2 read

(X3 −X6)
2 + (X4 −X1)

(
a2(X5)X

ph2
4 − a2(X2)X

ph2
1 +

c22(X5)

4
X4

−c22(X2)

4
X1 + c2(X5)X6 − c2(X2)X3

)

+(X5 −X2)

(
a1(X4)X

ph1
5 − a1(X1)X

ph1
2 +

c21(X4)

4
X5

−c21(X1)

4
X2 + c1(X4)X6 − c1(X1)X3

)
. (7.7)

Proposition 7.2.5. Suppose that deg(Wf1,f2) = 2. Then O6(f1, f2) is not an ovoid.

Proof. In this case (7.7) defines a quadric in PG(6, q), and by Theorem 6.2.3, it contains
at least q4 affine Fq-rational points. Thus, there exists at least an affine Fq-rational point
off the solid X1 − X4 = X2 − X5 = X3 − X6 = 0 and, by Theorem 7.2.1, O6(f1, f2) is
not an ovoid.

In the sequel, we will make use of the following notations.

deg(a1) = A1, deg(a2) = A2, deg(c1) = C1, deg(c2) = C2. (7.8)

When one of the above polynomials vanishes, we use −∞ to indicate its degree.
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Proposition 7.2.6. Let ph1 = ph2 = 1. Then Wf1,f2 contains an absolutely irreducible
component defined over Fq.

Proof. By way of contradiction, suppose that O6(f1, f2) is an ovoid. By Proposition 7.2.5,
we can suppose that deg(Wf1,f2) ≥ 3.

Now, F (1, X1, X2, X3, X4, X5, X6) reads

(X3 −X6)
2 + (X4 −X1)

(
α1(X5)X4 − α1(X2)X1 + β1(X5)X6 − β1(X2)X3

)

+(X5 −X2)

(
α2(X4)X5 − α2(X1)X2 + β2(X4)X6 − β2(X1)X3

)
, (7.9)

for some polynomials α1, α2, β1, β2 of degrees A1, A2, B1, B2 (possibly −∞). Note that
at least one among A1, A2, B1, B2 is positive, since deg(Wf1,f2) ≥ 3.

We distinguish a number of cases, analyzing the homogeneous component M(X1, X2, X3, X4, X5, X6)
of highest degree, say ℓ, in F (1, X1, X2, X3, X4, X5, X6).

C.1. ℓ = A1 + 2 ≥ 3.
Then A1 > 0. The component of highest degree N(X1, X4, X5, X6) in M(X1, 1, 1, X4, X5, X6)
is

u(X4 −X1)X
A1
5 X4 + v(X4 −X1)X

B1
5 X6 + wXA2

4 X2
5 + zXB2

4 X5X6,

for some u, v, w, z ∈ Fq, u ̸= 0. It is already seen that degX1
(N(X1, X4, X5, X6)) =

1 and therefore N(X1, X4, X5, X6) = 0 contains a nonrepeated absolutely irre-
ducible component defined over Fq. Such a component extends to an absolutely
irreducible component defined over Fq in Wf1,f2 by applying twice Lemma 6.2.5.

C.2. ℓ = B1 + 2 ≥ 3 and B1 > A1.
Then B1 > 0. The component of highest degree N(X1, X4, X5, X6) in M(X1, 1, 1, X4, X5, X6)
is

v(X4 −X1)X
B1
5 X6 + wXA2

4 X2
5 + zXB2

4 X5X6,

for some v, w, z ∈ Fq, v ̸= 0, and degX1
(N(X1, X4, X5, X6)) = 1. The claim follows

similar then in Case C.1.

C.3. ℓ = B2 + 2 ≥ 3, and B2 > A1, B2 > B1 .
Then B2 > 0. The component of highest degree N(X2, X4, X5, X6) in M(1, X2, 1, X4, X5, X6)
is

(X5 −X2)(wX
A2
4 X5 + zXB2

4 X6),

for some w, z ∈ Fq, z ̸= 0, and degX6
(N(X2, X4, X5, X6)) = 1. The claim follows

similar then in Case C.1.

C.4. ℓ = A2 + 2 ≥ 3 and A2 > A1, A2 > B1, A2 > B2.
Then A2 > 0. The component of highest degree N(X2, X4, X5, X6) in M(1, X2, 1, X4, X5, X6)
is w(X5 −X2)X

A2
4 X5, with w ∈ F∗

q . The claim follows similar then in Case C.1.
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In all the cases above we obtain that Wf1,f2 contains an absolutely irreducible com-
ponent defined over Fq.

Proposition 7.2.7. Let

∆(X1, X2, X4, X5)=
(
(X4 −X1)c2(X5) + (X5 −X2)c1(X4)

)2
(7.10)

−4(X4 −X1)

(
a2(X5)X

ph2
4 − a2(X2)X

ph2
1 +

c22(X5)

4
X4 −

c22(X2)

4
X1

)
−4(X5 −X2)

(
a1(X4)X

ph1
5 − a1(X1)X

ph1
2 +

c21(X4)

4
X5 −

c21(X1)

4
X2

)
If ∆ is not a square in Fq[X1, X2, X4, X5] then Wf1,f2 contains an absolutely irreducible
component defined over Fq.

Proof. Consider the hypersurface W ′
f1,f2

= Wf1,f2 ∩ (X3 = 0). Note that, since the poly-
nomial F (1, X1, X2, 0, X4, X5, X6) is of degree 2 in X6, W ′

f1,f2
is absolutely irreducible

if and only if the discriminant ∆(X1, X2, X4, X5) with respect to X6 is a non-square in
Fq[X1, X2, X4, X5]. Therefore, if ∆(X1, X2, X4, X5) is not a square in Fq[X1, X2, X4, X5]
then W ′

f1,f2
is absolutely irreducible and by Lemma 6.2.5 the hypersurface Wf1,f2 contains

an absolutely irreducible component defined over Fq.

Proposition 7.2.8. Let ph1 = 1 and ph2 ≥ 3 or ph1 ≥ 3 and ph2 = 1. Then Wf1,f2

contains an absolutely irreducible component defined over Fq.

Proof. Suppose by way of contradiction that Wf1,f2 does not contain an absolutely irre-
ducible component defined over Fq.

Without loss of generality, we can suppose that ph1 ≥ 3 and ph2 = 1. Let ã2(X) =

a2(X) +
c22(X)

4 , with deg(ã2) = Ã2. Now, the polynomial F (1, X1, X2, X3, X4, X5, X6)
reads

(X3 −X6)
2 + (X4 −X1)

(
ã2(X5)X4 − ã2(X2)X1 + c2(X5)X6 − c2(X2)X3

)

+(X5 −X2)

(
a1(X4)X

ph1
5 − a1(X1)X

ph1
2 +

c21(X4)

4
X5 −

c21(X1)

4
X2 + c1(X4)X6 − c1(X1)X3

)
.

First, we claim that the homogeneous term M(X1, X2, X3, X4, X5, X6) of highest degree
in the polynomial F (1, X1, X2, X3, X4, X5, X6) is a linear combination (with not all the
coefficients zero) of

t1 = (X4 −X1)(X
Ã2
5 X4 −XÃ2

2 X1),

t2 = (X4 −X1)(X
C2
5 X6 −XC2

2 X3),

t3 = (X5 −X2)(X
A1
4 Xph1

5 −XA1
1 Xph1

2 ),

t4 = (X5 −X2)(X
2C1
4 X5 −X2C1

1 X2).
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To see this, it is enough to observe that any such linear combination cannot vanish since
each of the following monomials

X1X4X
Ã2
5 , X1X6X

C2
5 , XA1

1 Xph1
2 X5, X

2C1
1 X2X5

is contained in a unique ti. Also, if t1, t2 or t4 are nonzero then Ã2, C2, or C1 (respectively)
are nonnegative, since deg(Wf1,f2) > 3.

Thus M(X1, X2, X3, X4, X5, X6) = u1t1 + u2t2 + u3t3 + u4t4 for some ui ∈ Fq, not
all vanishing.

If u2 ̸= 0, then M(X1, X2, X3, X4, X5, X6) is of degree one in X6 and therefore the hy-
persurface M(X1, X2, X3, X4, X5, X6) = 0 contains a nonrepeated absolutely irreducible
component defined over Fq. Such a component extends to an absolutely irreducible com-
ponent defined over Fq in Wf1,f2 by applying Lemma 6.2.5, a contradiction.

From now on we can suppose that u2 = 0. If u1 ̸= 0, then the part of the highest
degree in M(X1, X2, X3, X4, X5, X6) is of degree one in X1 and it contains a nonrepeated
absolutely irreducible component defined over Fq. Such a component extends to an abso-
lutely irreducible component defined over Fq in Wf1,f2 by applying twice Lemma 6.2.5,
a contradiction.

Thus, only u3 and u4 can be nonzero. If u4 ̸= 0 or u4 = 0 and A1 ̸= 0 then
(since C1 > 0) X5 −X2 is a nonrepeated absolutely irreducible factor defined over Fq of
M(X1, X2, X3, X4, X5, X6). Arguing as above we get a contradiction.

So u1 = u2 = u4 = 0, u3 ̸= 0, A1 = 0, and M(X1, X2, X3, X4, X5, X6) = u3(X5 −
X2)

ph1+1. Note that ph1 + 1 > max{2C1 + 2, C2 + 2}.
We now investigate the discriminant ∆(X1, X2, X4, X5) of F (1, X1, X2, 0, X4, X5, X6)

with respect to X6. Recall that, since Wf1,f2 does not contain an absolutely irreducible
component defined over Fq, ∆(X1, X2, X4, X5) must be a square.

By direct computations, ∆(X1, X2, X4, X5) reads

((X4 −X1)c2(X5) + (X5 −X2)c1(X4))
2 − 4(X4 −X1)(a2(X5)X4 − a2(X2)X1)

−(X4 −X1)(c
2
2(X5)X4 − c22(X2)X1)− 4α(X5 −X2)

ph1+1 − (X5 −X2)(c
2
1(X4)X5 − c21(X1)X2)

= −4α(X5 −X2)
ph1+1 + (X4 −X1)X1(c

2
2(X2)− c22(X5)) + (X5 −X2)X2(c

2
1(X1)− c21(X4))

+2(X4 −X1)(X5 −X2)c2(X5)c1(X4)− 4(X4 −X1)(a2(X5)X4 − a2(X2)X1),

for some α ̸= 0.
Clearly, the homogeneous component of highest degree in ∆ is −4α(X5 −X2)

ph1+1,
which is a square. Now we claim that the homogeneous term N(X1, X2, X4, X5) of the
second highest degree in ∆(X1, X2, X4, X5) is a linear combination of

z1 = (X4 −X1)X1(X
2C2
2 −X2C2

5 ),

z2 = (X5 −X2)X2(X
2C1
1 −X2C1

4 ),

z3 = (X4 −X1)(X
A2
5 X4 −XA2

2 X1),

z4 = (X4 −X1)(X5 −X2)X
C2
5 XC1

4 .
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We can suppose that C1, C2 > 0, otherwise we just exclude z1 and z2.
If C1 = 0 and C2 > 0, then z2 ≡ 0, deg(z1) > deg(z4), and any linear combination of

z1 and z3 does not vanish. A similar argument applies to the case C1 > 0 and C2 = 0. If
C1 = C2 = 0 then z1 ≡ z2 ≡ 0 and any linear combination of z3 and z4 does not vanish.

So we consider only C1, C2 > 0.

1. (C1, A2) ̸= (1, C2+1). The four monomials X2
1X

2C2
5 , X2

2X
2C1
4 , X2

4X
A2
5 , X1X2X

C1
4 XC2

5

belong to a unique zi and therefore a nontrivial linear combination of zi cannot van-
ish.

2. (C1, A2) = (1, C2 + 1). If C2 > 1 the degree of z1 is the highest among the zi’s.

3. (C1, C2, A2) = (1, 1, 2). If λ1z1+λ2z2+λ3z3+λ4z4 = 0 then λ3 = 0 since (X5−X2)
divides z1, z2, z4 but not z3. Now, it can be readily seen that λ1z1 + λ2z2 + λ4z4
cannot vanish for any (λ1, λ2, λ4) ̸= (0, 0, 0).

Thus we know that

N(X1, X2, X4, X5) = δ1w
2
1z1 + δ2w

2
2z2 + 2w1w2δ4z4 + δ3w3z3,

for some w1, w2, w3 ∈ F∗
q , and δ1, δ2, δ3, δ4 ∈ {0, 1}, where δi = 1 only if the corresponding

zi has the highest degree.
Recall that since ∆(X1, X2, X4, X5) is a square, (X5−X2)

(ph1+1)/2 | N(X1, X2, X4, X5)
and (ph1 + 1)/2 ≥ 2; see Lemma 6.2.7.

If C1 = C2 = 0 then N(X1, X2, X4, X5) = δ3w3(X4 − X1)(X
A2
5 X4 − XA2

2 X1) +
2δ4w1w2(X4 −X1)(X5 −X1) which is never divisible by (X5 −X2)

2.
If C1 = 0 and C2 > 0 then N(X1, X2, X4, X5) is

δ1w
2
1(X4−X1)X1(X

2C2
2 −X2C2

5 )+δ3w3(X4−X1)(X
A2
5 X4−XA2

2 X1)+2δ4w1w2(X4−X1)(X5−X1)X
C2
5 ,

which is divisible by (X5 −X2) only if δ3 = 0. Also C2 > 0 yields δ4 = 0 since deg(z1) >
deg(z4). This forces p | 2C2.

Analogously, C1 > 0 and C2 = 0 yields a contradiction.
Suppose now that C1, C2 > 0. Since (X5−X2) must divide N(X1, X2, X4, X5), δ3 = 0.

Now (X5 −X2)
2 divides N(X1, X2, X4, X5) only if

ϕ(X1, X2, X4) = 2C2δ1w
2
1(X4−X1)X1X

2C2−1
2 +δ2w

2
2X2(X

2C1
1 −X2C1

4 )+2δ4w1w2(X4−X1)X
C2
2 XC1

4

is the zero-polynomial.
If δ2 ̸= 0, then, considering X4 = 0, we get

ϕ(X1, X2, X4) = −2C2δ1w
2
1X

2
1X

2C2−1
2 + δ2w

2
2X2X

2C1
1 ,

which does not vanish unless C1 = C2 = 1. In this case δ1 = δ2 = δ4 = 1 and

ϕ(X1, X2, X4) = 2w2
1(X4 −X1)X1X2 + w2

2X2(X
2
1 −X2

4 ) + 2w1w2(X4 −X1)X2X4
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vanishes only if 2w2
1 = 2w1w2, 2w2

1 = w2
2, which yields w1 = w2 = 0, a contradiction.

So we can suppose that δ2 = 0 and

ϕ(X1, X2, X4) = 2C2δ1w
2
1(X4 −X1)X1X

2C2−1
2 + 2δ4w1w2(X4 −X1)X

C2
2 XC1

4 .

It is readily seen that ϕ vanishes only if δ4 = 0 and p | 2C2.
Summing up, N(X1, X2, X4, X5) is divisible by (X2−X5)

(ph1+1)/2≥2 only if N(X1, X2, X4, X5) =
(X4 −X1)X1(X

2C2
2 −X2C2

5 ) with p | 2C2. Let ℓ be the highest power of p dividing 2C2.
From ph1 + 1 > max{2C1 + 2, C2 + 2}, ℓ ≤ h1 − 1 and (X5 − X2)

pℓ+1 does not divide
N(X1, X2, X4, X5). A final contradiction arises from (ph1 +1)/2 ≤ pℓ ≤ ph1−1. The claim
follows from Proposition 7.2.7.

By Proposition 7.2.8, if Wf1,f2 does not contain an absolutely irreducible component
defined over Fq then both ph1 > 1 and ph2 > 1 and deg(Wf1,f2) ≥ 4.

Proposition 7.2.9. Let Wf1,f2 be the hypersurface defined as in (7.7). Suppose that
deg(Wf1,f2) ≥ 4 and ph1 , ph2 > 1. If A1A2 > 0 then Wf1,f2 contains an absolutely
irreducible component defined over Fq.

Proof. We proceed as in the proof of Proposition 7.2.8. Consider the variety W∞
f1,f2

=
Wf1,f2 ∩ (X0 = 0). It is defined by the homogeneous part L(X1, X2, X3, X4, X5, X6) of
highest degree in (7.7) and it arises from a linear combination (with not all the coefficients
zero) of

t1 = (X4 −X1)(X
A2
5 Xph2

4 −XA2
2 Xph2

1 ),

t2 = (X4 −X1)(X
2C2
5 X4 −X2C2

2 X1),

t3 = (X5 −X2)(X
A1
4 Xph1

5 −XA1
1 Xph1

2 ),

t4 = (X5 −X2)(X
2C1
4 X5 −X2C1

1 X2).

To see this, it is enough to observe any such linear combination cannot vanish since each
of the following monomials

Xph2
1 XA2

2 X4, X1X
2C2
2 X4, X

A1
1 Xph1

2 X5, X
2C1
1 X2X5

is contained in a unique ti.
Thus

L(X1, X2, X3, X4, X5, X6) = δ1u1t1 + δ2u2t2 + δ3u3t3 + δ4u4t4,

with δi ∈ {0, 1}, ui ∈ F∗
q , and not all the δi’s vanish. We distinguish two cases.

1. (δ1, δ2) ̸= (0, 0). The homogeneous term in L(X1, 1, X3, X4, X5, X6) of highest de-
gree is

M = δ1u1(X4−X1)X
A2
5 Xph2

4 +δ2u2(X4−X1)X
2C2
5 X4+δ3u3X

A1
4 Xph1+1

5 +δ4u4X
2
5X

2C1
4 ,
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which is of degree 1 in X1. Thus there exists a non-repeated Fq-rational factor of M
(depending on X1) which is absolutely irreducible. Therefore L(X1, 1, X3, X4, X5, X6)
contains a non-repeated absolutely irreducible factor defined over Fq, by Lemma
6.2.5. Again by Lemma 6.2.5 the corresponding variety extends to a non-repeated
Fq-rational absolutely irreducible component in W∞

f1,f2
.

2. (δ1, δ2) = (0, 0). So, (δ3, δ4) ̸= (0, 0). The homogeneous term in L(1, X2, X3, X4, X5, X6)
of highest degree is

M = δ3u3(X5 −X2)X
A1
4 Xph1

5 + δ4u4(X5 −X2)X
2C1
4 X5,

which is of degree 1 in X2. Thus we obtain the same conclusion as above.

Proposition 7.2.10. Let Wf1,f2 be the hypersurface defined as in (7.7). Suppose that
deg(Wf1,f2) ≥ 4 and ph1 , ph2 > 1. If (A1, A2) /∈ {(0,−∞), (−∞, 0), (−∞,−∞), (0, 0)}
then the hypersurface Wf1,f2 contains an absolutely irreducible component defined over
Fq.

Proof. Suppose that A1 > 0, the case A2 > 0 follows completely similar. In view of
Proposition 7.2.9, we only have to consider A2 ≤ 0.

Following the same notation as in Proposition 7.2.9, let L(X1, X2, X3, X4, X5, X6) be
the part of the highest degree in (7.7). It arises from a linear combination (with not all
the coefficients zero) δ1u1t1 + δ2u2t2 + δ3u3t3 + δ4u4t4, where

t1 = (X4 −X1)
ph2+1,

t2 = (X4 −X1)(X
2C2
5 X4 −X2C2

2 X1),

t3 = (X5 −X2)(X
A1
4 Xph1

5 −XA1
1 Xph1

2 ),

t4 = (X5 −X2)(X
2C1
4 X5 −X2C1

1 X2).

Note that if A2 = −∞, that is a2 ≡ 0, we may assume δ1 = 0.
To see this, it is enough to observe any such linear combination cannot vanish since

each of the following monomials

Xph2+1
1 , X1X

2C2
2 X4, X

A1
1 Xph1

2 X5, X
2C1
1 X2X5

is contained in a unique ti.
Suppose that (δ3, δ4) ̸= (0, 0). The homogeneous term in L(1, X2, X3, X4, X5, X6) of

highest degree is

M = δ1u1X
ph2+1
4 + δ2u2X

2
4X

2C2
5 + δ3u3(X5 −X2)X

A1
4 Xph1

5 + δ4u4(X5 −X2)X
2C1
4 X5,

which is of degree 1 in X2. Thus there exists a non-repeated Fq-rational factor of M
(depending on X1) which is absolutely irreducible. Therefore L(1, X2, X3, X4, X5, X6)
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contains a non-repeated absolutely irreducible factor defined over Fq, by Lemma 6.2.5.
Again by Lemma 6.2.5 the corresponding variety extends to a non-repeated Fq-rational
absolutely irreducible component in W∞

f1,f2
. Thus (δ3, δ4) = (0, 0).

If δ1 = 0 or δ1δ2 ̸= 0 then C2 > 0 and (X4 − X1) is a non-repeated Fq-rational
absolutely irreducible factor of L(X1, X2, X3, X4, X5, X6) and, arguing as above, Wf1,f2

contains an absolutely irreducible component defined over Fq.
Thus, we have only to deal with the case δ1 ̸= 0 (which implies A2 = 0) and δ2 =

δ3 = δ4 = 0. Note that ph2 + 1 > max{2C2 + 2, A1 + ph1 + 1, 2C1 + 2}.
Consider now ∆(X1, X2, X4, X5) defined as in (7.10) and we will prove that it is not

a square in Fq[X1, X2, X4, X5] using Lemma 6.2.7.
Suppose by way of contradiction that ∆(X1, X2, X4, X5) is a square in Fq[X1, X2, X4, X5].
Hence, ∆(X1, X2, X4, 0) is a square in Fq[X1, X2, X4]. Recalling that ph1 ≥ 3, it is

readily seen that its homogeneous component of the second largest degree is

N(X1, X2, X4) = δ1u1X
2
2X

2C1
4 + δ2u2(X4 −X1)X1X

2C2
2 + δ3u3X

ph1+1
2 XA1

1 − δ1u1X
2
2X

2C1
1 ,

for some δ1, δ2, δ3 ∈ {0, 1} not all vanishing, and u1, u2, u3 ∈ Fq. By Lemma 6.2.7,
(X1 −X4)

(ph2+1)/2 must divide N(X1, X2, X4). This immediately forces δ3 = 0 and thus
ph1 + 1 +A1 < min{2 + 2C1, 2 + 2C2}.

Also, N ′(X1, X2, X4) = N(X1, X2, X4)/(X4 −X1) reads

δ1u1X
2
2

(
2C1−1∑
i=0

Xi
4X

2C1−1−i
1

)
+ δ2u2X1X

2C2
2 .

Now, (X4 −X1)
2 | N(X1, X2, X4) if and only if N ′(X1, X2, X1) ≡ 0, that is

δ1u1(2C1)X
2
2X

2C1−1
1 + δ2u2X1X

2C2
2 ≡ 0.

The case C2 = 1 = C1 must be excluded, since 4 ≤ ph1+1 + A1 < min{2 + 2C1, 2 +
2C2} = 4 yields a contradiction. The only possibility is then δ2 = 0, δ1 = 1, p | C1.
In this case N(X1, X2, X4) = u1X

2
2 (X

2C1
4 − X2C1

1 ) = u1X
2
2 (X

C1
4 − XC1

1 )(XC1
4 + XC1

1 ),
which is not divisible by (X1−X4)

(ph2+1)/2, since 2C1 < ph2 − 1. The claim follows from
Proposition 7.2.7.

Proposition 7.2.11. Let Wf1,f2 be the hypersurface defined as in (7.7). Suppose that
deg(Wf1,f2) ≥ 4 and ph1 , ph2 > 1. If (A1, A2) = (0,−∞) or (A1, A2) = (−∞, 0) then
the hypersurface Wf1,f2 contains an absolutely irreducible component defined over Fq or
O6(f1, f2) is not an ovoid.

Proof. We consider only the case (A1, A2) = (0,−∞), the case (A1, A2) = (−∞, 0) being
similar.

Note that C2 ̸= −∞, otherwise f2 ≡ 0.
If C1 = −∞ and C2 = 0 then Wf1,f2 reads

(X3 −X6)
2 + (X4 −X1)

(
c22
4
(X4 −X1) + c2(X6 −X3)

)
+ a1(X5 −X2)

ph1+1 = 0
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and contains all the points on X5 = X2, 2(X6 −X3) + c2(X4 −X1) = 0 and O6(f1, f2)
is not an ovoid.

Following the same notation as in Proposition 7.2.9, let L(X1, X2, X3, X4, X5, X6) be
the part of the highest degree in (7.7). It arises from a linear combination (with not all
the coefficients zero) δ2u2t2 + δ3u3t3 + δ4u4t4, where

t2 = (X4 −X1)(X
2C2
5 X4 −X2C2

2 X1),

t3 = (X5 −X2)
ph1+1,

t4 = (X5 −X2)(X
2C1
4 X5 −X2C1

1 X2).

To see this, it is enough to observe any such linear combination cannot vanish since
each of the following monomials

X1X
2C2
2 X4, X

ph1+1
2 , X2C1

1 X2X5

is contained in a unique ti.
If δ2 ̸= 0 then C2 > 0 since deg(Wf1,f2) > 3 and the homogeneous term in L(X1, 1, X3, X4, X5, X6)

of highest degree is of degree 1 in X1. Arguing as in the previous propositions Wf1,f2

contains an absolutely irreducible component defined over Fq. So δ2 = 0. If δ4 ̸= 0 then
C1 > 0 and (X5 −X2) is a nonrepeated factor of L(X1, X2, X3, X4, X5, X6). Arguing as
above, Wf1,f2 contains an absolutely irreducible component defined over Fq.

Thus δ3 ̸= 0 and δ2 = δ4 = 0, which yields ph1 + 1 > max{2C2 + 2, 2C1 + 2}.
We consider now ∆(X1, X2, X4, X5) as in (7.10) and we show that it is not a square

in Fq[X1, X2, X4, X5] by means of Lemma 6.2.7. We have that

∆(X1, X2, X4, X5) =
(
(X4 −X1)c2(X5) + (X5 −X2)c1(X4)

)2
−4(X4 −X1)

(
c22(X5)

4
X4 −

c22(X2)

4
X1

)
−4(X5 −X2)

(
a1X

ph1
5 − a1X

ph1
2 +

c21(X4)

4
X5 −

c21(X1)

4
X2

)
= X1(X4 −X1)(c

2
2(X2)− c22(X5)) +X2(X5 −X2)(c

2
1(X1)− c21(X4)) +

α(X5 −X2)
ph1+1 + 2(X5 −X2)(X4 −X1)c1(X4)c2(X5).

If C1 = −∞ and C2 > 0, ∆(X1, X2, X4, X5) is not a square and, by Proposition 7.2.7,
Wf1,f2 contains an absolutely irreducible component defined over Fq.

So we can suppose that C1, C2 ≥ 0.
If ∆(X1, X2, X4, X5) is a square in Fq[X1, X2, X4, X5], then the homogeneous term of

the highest degree in ∆(X1, X2, X4, X5) is clearly (X5−X2)
ph1+1 and ∆(0, X2, X4, X5) is

a square in Fq[X2, X4, X5]. Recalling that ph1 ≥ 3, it is readily seen that its homogeneous
component of the second largest degree is

N(X2, X4, X5) = δ1u1X2(X5 −X2)X
2C1
4 + δ2u2(X5 −X2)X

C1+1
4 XC2

5 ,
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for some δ1, δ2 ∈ {0, 1} not all vanishing, and u1, u2 ∈ Fq. By Lemma 6.2.7, (X5 −
X2)

(ph1+1)/2 must divide N(X2, X4, X5). This immediately forces ph1 = 3, C1 = C2 = 1,
a contradiction to 4 = ph1 + 1 > max{2C2 + 2, 2C1 + 2}. Thus ∆(X1, X2, X4, X5) is not
a square in Fq[X1, X2, X4, X5] and, by Proposition 7.2.7, Wf1,f2 contains an absolutely
irreducible component defined over Fq.

Proposition 7.2.12. Let Wf1,f2 be the hypersurface defined as in (7.7). Suppose that
deg(Wf1,f2) ≥ 4, (A1, A2) = (−∞,−∞), and ph1 , ph2 > 1. Then the hypersurface Wf1,f2

contains an absolutely irreducible component defined over Fq.

Proof. Since (A1, A2) = (−∞,−∞), the polynomial F (1, X1, X2, X3, X4, X5, X6) defin-
ing Wf1,f2 reads

(X3 −X6)
2 + (X4 −X1)

(
c22(X5)

4
X4 −

c22(X2)

4
X1 + c2(X5)X6 − c2(X2)X3

)

+(X5 −X2)

(
c21(X4)

4
X5 −

c21(X1)

4
X2 + c1(X4)X6 − c1(X1)X3

)
. (7.11)

We can consider C1, C2 ≥ 0 otherwise f1 or f2 vanishes. Also, either C1 or C2 is
positive otherwise Wf1,f2 has degree 2.

Thus

∆(X1, X2, X4, X5) =
(
(X4 −X1)c2(X5) + (X5 −X2)c1(X4)

)2
−4(X4 −X1)

(
c22(X5)

4
X4 −

c22(X2)

4
X1

)
−4(X5 −X2)

(
c21(X4)

4
X5 −

c21(X1)

4
X2

)
= X1(X4 −X1)(c

2
2(X2)− c22(X5)) +X2(X5 −X2)(c

2
1(X1)− c21(X4))

+2(X5 −X2)(X4 −X1)c2(X5)c1(X4).

If C2 > C1 (resp. C1 > C2) then the highest-degree homogeneous term in ∆(X1, X2, X4, X5)
is α2X1(X4 −X1)(X

2C2
2 −X2C2

5 ) (resp. α2X2(X5 −X2)(X
2C1
1 −X2C1

4 )) which is not a
square. If C2 = C1 > 1 then the highest-degree homogeneous term in ∆(X1, X2, 0, 0)

−α2X2
1X

2C2
2 − β2X2

2X
2C1
1 = X2

1X
2
2 (−α2X2C1−2

2 − β2X2C1−2
1 )

is not a square.
If C2 = C1 = 1 then the highest-degree homogeneous term in ∆(X1, X2, X4, X5)

α2X1(X4 −X1)(X
2
2 −X2

5 ) + β2X2(X5 −X2)(X
2
1 −X2

4 ) + 2αβ(X5 −X2)(X4 −X1)X4X5

= (X4 −X1)(X5 −X2)(−α2X1(X2 +X5)− β2X2(X1 +X4) + 2αβX4X5)

is not a square, since (X5 −X2) does not divide (−α2X1(X2 +X5)− β2X2(X1 +X4) +
2αβX4X5) unless α = β = 0, which is not possible. In all these cases, by Lemma 6.2.7,
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∆(X1, X2, X4, X5) is not a square and, by Proposition 7.2.7, Wf1,f2 contains an absolutely
irreducible component defined over Fq.

Proposition 7.2.13. Let Wf1,f2 be the hypersurface defined as in (7.7). Suppose that
deg(Wf1,f2) ≥ 4, (A1, A2) = (0, 0), and ph1 , ph2 > 1. Then the hypersurface Wf1,f2

contains an absolutely irreducible component defined over Fq unless

ph1 = ph2 = 3, and C1, C2 ≤ 1.

Proof. Similar as in Proposition 7.2.12, we have that

∆(X1, X2, X4, X5) =
(
(X4 −X1)c2(X5) + (X5 −X2)c1(X4)

)2
−4(X4 −X1)

(
a2X

ph2
4 − a2X

ph2
1 +

c22(X5)

4
X4 −

c22(X2)

4
X1

)
−4(X5 −X2)

(
a1X

ph1
5 − a1X

ph1
2 +

c21(X4)

4
X5 −

c21(X1)

4
X2

)
= X1(X4 −X1)(c

2
2(X2)− c22(X5)) +X2(X5 −X2)(c

2
1(X1)− c21(X4))

+2(X5 −X2)(X4 −X1)c2(X5)c1(X4)− 4a2(X4 −X1)
ph2+1

−4a1(X5 −X2)
ph1+1.

Thus,

∆(0, X2, 1, X5) = X2(X5 −X2)(c
2
1(0)− c21(1)) + 2(X5 −X2)c2(X5)c1(1)

−4a2 − 4a1(X5 −X2)
ph1+1,

where a1a2 ̸= 0.
We distinguish a few cases:

1. c1(1) = 0.
Then ∆(0, X2, 1, X5) reads −4a2 − 4a1(X5 −X2)

ph1+1 + c21(0)(X5 −X2)X2 and it
cannot be a square.

2. c1(1) ̸= 0.

• If C2 = ph1 > 1 then ∆(0, X2, 1, X5) cannot be a square since its highest-
degree homogeneous term is −4(X5 − X2)

ph1+1 + 2c1(1)c2(X5)(X5 − X2), a
nonsquare.

• If C2 > ph1 , then 2c1(1)c2(X5)(X5 − X2), the highest-degree homogeneous
term in ∆(0, X2, 1, X5) is not a square.

• If C2 < ph1 , the highest-degree homogeneous term in ∆(0, X2, 1, X5) is −4a1(X5−
X2)

ph1+1. Since no other homogeneous term in ∆(0, X2, 1, X5) is divisible by
(X5 −X2)

(ph1+1)/2 if ph1 + 1 > 4, ∆(0, X2, 1, X5) is not a square if ph1 > 3.
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Also, when ph1 = 3, and C2 < ph1 , we must have C2 ≤ 1, otherwise the
second highest-degree homogeneous term in ∆(0, X2, 1, X5) is X2

5 (X5 − X2)

which is not divisible by (X5 −X2)
(ph1+1)/2 = (X5 −X2)

2. By Lemma 6.2.7
∆(0, X2, 1, X5) is not a square.

This shows that ∆(0, X2, 1, X5) is not a square unless ph1 = 3 and C2 ≤ 1.
A similar argument applied to ∆(X1, 0, X4, 1) shows that is not a square unless ph2 =

3 and C1 ≤ 1.
So, unless ph2 = 3 = ph1 and C1, C2 ≤ 1, by Proposition 7.2.7, Wf1,f2 contains an

absolutely irreducible component defined over Fq.

In view of the previous propositions, if we assume that O6(f1, f2) is an ovoid and
thus Wf1,f2 does not contain any Fq-rational absolutely irreducible components, then

1. ph1 = ph2 = 3;

2. C1, C2 ≤ 1 (possibly −∞),

3. a1(X) = a1, a2(X) = a2, a1a2 ̸= 0.

Secondly, from now we assume that

c1(X) = CX +D, c2(X) = EX + F,

for C,D, F,E ∈ Fq.

Proposition 7.2.14. If ph1 = ph2 = 3, C1, C2 ≤ 1 (possibly −∞), and A1 = A2 = 0,
then Wf1,f2 contains an absolutely irreducible component defined over Fq, unless (D,F ) =
(0, 0), C = −E, and a2 = E4/a1. In this case, O6(f1, f2) is an ovoid if and only if −a1
is not a square in Fq.

Proof. We want to determine whether ∆(X1, X2, X4, X5) is a square by applying Lemma
6.2.7. We have

∆(0, X2, X4, 0) = −(4a1X
4
2 − C2X2

2X
2
4 + 4a2X

4
4 ) + 2CX2X4(DX2 − FX4)− 2FDX2X4

= −(a1X
4
2 + 2C2X2

2X
2
4 + a2X

4
4 )− CX2X4(DX2 − FX4) + FDX2X4.

First note that C ̸= 0, otherwise (4a1X
4
2 +2C2X2

2X
2
4 +4a2X

4
4 ) cannot be a square. Since

FDX2X4 must be a square, FD = 0. Now, in order to have that ∆(0, X2, X4, 0) is a
square, −CX2X4(DX2−FX4) must be a square and this can happen only if it vanishes,
i.e. F = D = 0. Also, if (a1X4

2 + 2C2X2
2X

2
4 + a2X

4
4 ) is a square, then C4 = a1a2.

Now, ∆(X1, X2, X4, X5) reads

(E(X4 −X1)X5 + C(X5 −X2)X4)
2

−(X4 −X1)
(
a2(X4 −X1)

3 + E2X2
5X4 − E2X2

2X1

)
−(X5 −X2)

(
a1(X5 −X2)

3 + C2X2
4X5 − C2X2

1X2

)
.
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In particular

a1∆(X1, 0, X4, 1) = −a2(X1 −X4)
4 + Ea1(EX1 + CX4)(X1 −X4)− a1,

which is a square only if C = −E. In this case

−a1F (1, X1, X2, X3, X4, X5, X6) = F1(1, X1, X2, X3, X4, X5, X6)F2(1, X1, X2, X3, X4, X5, X6),

where

F1(1, X1, X2, X3, X4, X5, X6) = E2X2
1 + E2X1X4 + η2

√
a1EX1X5 + a1X

2
2 − η2

√
a1EX2X4

+a1X2X5 − η2
√
a1X3 + E2X2

4 + a1X
2
5 + η2

√
a1X6;

F2(1, X1, X2, X3, X4, X5, X6) = E2X2
1 + E2X1X4 − η2

√
a1EX1X5 + a1X

2
2 + η2

√
a1EX2X4

+a1X2X5 + η2
√
a1X3 + E2X2

4 + a1X
2
5 − η2

√
a1X6,

with η ∈ F9 satisfying η2 − η − 1 = 0.
If q = 32h and a1 ∈ □q or q = 32h+1 and a1 /∈ □q then both the factors F1 and F2

are defined over Fq and both F1 = 0 and F2 = 0 are absolutely irreducible quadrics.
Therefore, O6(f1, f2) is not an ovoid.

If q = 32h and a1 /∈ □q or q = 32h+1 and a1 ∈ □q then both the factors F1 and F2

are not defined over Fq and both F1 = 0 and F2 = 0 are absolutely irreducible quadrics.
Therefore the Fq-rational solutions satisfy F1 + F2 = 0 and F1 − F2 = 0, that is

{
EX1X5 + 2EX2X4 + 2X3 +X6 = 0,

(EX1 + η2
√
a1X2 + 2EX4 − η2

√
a1X5)(EX1 − η2

√
a1X2 + 2EX4 + η2

√
a1X5) = 0.

Since both the factors G1 and G2 of the second equation in the system above are not
defined over Fq, the Fq-rational solutions also satisfy G1+G2 = 0 and G1−G2 = 0, and
thus 

EX1X5 + 2EX2X4 + 2X3 +X6 = 0,

X1 −X4 = 0,

X2 −X5 = 0.

It is readily seen that the system above has only the solutions X1 − X4 = X2 − X5 =
X3 −X6 = 0 and therefore O6(f1, f2) is an ovoid. The claim follows by observing that
the two conditions q = 32h and a1 /∈ □q or q = 32h+1 and a1 ∈ □q are equivalent to −a1
not being a square in Fq.

7.2.3 Conclusion

Summing up, the only choice of f1 and f2 for which O6(f1, f2) is an ovoid is

f1(x, y, z) = a1y
3 + E2x2y − Exz;

f2(x, y, z) =
E4

a1
x3 + E2y2x+ Eyz.
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In this case the ovoid O6(f1, f2) reads{(
1, x, y, z, a1y

3 + E2x2y − Exz,
E4

a1
x3 + E2y2x+ Eyz,−z2 − a1

(
y2 +

E2

a1
x2
)2
)}

x,y,z∈Fq

∪{(0, 0, 0, 0, 0, 0, 1)},

which can be written as{(
1, x/E, y, z, a1y

3 + x2y − xz,E
(
x3/a1 + y2x+ yz

)
,−z2 − a1

(
y2 + x2/a1

)2)}
x,y,z∈Fq

∪{(0, 0, 0, 0, 0, 0, 1)}.

For any E ∈ F∗
q the above example is equivalent to the Thas-Kantor ovoid via the

projectivity

(X0, X1, X2, X3, X4, X5, X6) 7→ (X0, EX1, X2, X3, X4, X5/E,X6)

that fixes the quadric Q(6, q).
Combining the previous propositions and with Theorem 7.2.1, we have proved the

following

Theorem 7.2.15. Let f1(X,Y, Z) =
∑

ijk ai,j,kX
iY jZk and f2(X,Y, Z) =

∑
ijk bi,j,kX

iY jZk.
Suppose that q > 6.3(d + 1)13/3, where max{deg(f1),deg(f2)} = d. If O6(f1, f2) is an
ovoid of Q(6, q) then

q = 3h, f1(X,Y, Z) = X2Y − nY 3 −XZ, f2(X,Y, Z) = −1/nX3 +XY 2 + Y Z.

Hence O6(f1, f2) is a Thas-Kantor ovoid.



Chapter 8

m-Ovoids of Q+(7, q), q odd

The results of this chapter have appeared in [1].

8.1 Introduction

In 1965, Segre [75] proved that if the elliptic quadric Q−(5, q) has a non-trivial m-ovoid
then q is odd and m = (q+1)/2. Secondly, Segre constructed an example of a 2-ovoid of
Q−(5, 3). In 2005, Cossidente and Penttila (see [18]) constructed examples of (q + 1)/2-
ovoids of Q−(5, q) for any q odd, generalizing Segre’s example.

In this chapter, we will construct m-ovoids of the hyperbolic quadric Q+(7, q), q
odd, as the disjoint union of m-ovoids of different elliptic quadrics Q−(5, q) contained in
Q+(7, q). This chapter is organized as follows.

In Section 8.2, we determine intersection patterns for m-ovoids of the elliptic quadric
Q−(2n+1, q) with embedded elliptic quadrics Q−(2n−1, q). For the sake of completeness,
we also present similar results for m-ovoids of the symplectic space W (2n + 1, q). In
Section 8.3, we describe how to construct (q + 1)-ovoids of Q+(7, q) as disjoint union
of two (q + 1)/2-ovoids of two different embedded elliptic quadrics Q−(5, q). In the final
section, we investigate spreads of PG(3, q) with as many 2-secants as possible to an elliptic
quadric. This is used eventually to construct m-ovoids of Q+(7, 3) for m ∈ {2, 4, 6, 8, 10}
by using 2-ovoids of Q−(5, 3) and the particular line spread.

8.2 Intersection patterns for m-ovoids

In this section, we will assume that n ≥ 2.

Lemma 8.2.1. Suppose that O is an m-ovoid of Q−(2n + 1, q), then it induces an m-
ovoid in any Q(2n, q) ⊂ Q−(2n+ 1, q).

Proof. Let π be an hyperplane of PG(2n+ 1, q) such that π ∩Q−(2n+ 1, q) = Q(2n, q).
Since any generator of Q(2n, q) is also a generator of Q−(2n+1, q), it is easy to see that
O′ = π ∩ O is an m-ovoid of Q(2n, q).

104
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Proposition 8.2.2. Suppose that O is an m-ovoid of Q−(2n+ 1, q), with m ≥ 1. Then
any elliptic quadric Q−(2n− 1, q) ⊂ Q−(2n+1, q) meets O in exactly (m− 2)qn−1 +m,
(m− 1)qn−1 +m or mqn−1 +m points, and all of these cases occur.

Proof. Consider an elliptic quadric Q−(2n − 1, q) in an (2n − 1)-dimensional subspace
π, then π⊥ is a line ℓ of PG(2n+ 1, q), meeting Q−(2n+ 1, q) in 2 points. Suppose that
|ℓ ∩ O| = c, then c ≤ 2. Consider now any point P ∈ ℓ. If P ̸∈ Q−(2n + 1, q), then
P⊥ ∩Q−(2n+1, q) = Q(2n, q) and hence |P⊥ ∩O| = m(qn +1), since, by Lemma 8.2.1,
O induces an m-ovoid in any Q(2n, q) ⊂ Q−(2n + 1, q). If P ∈ Q−(2n + 1, q) \ O, then
|P⊥ ∩ O| = m(qn + 1). For any point P ∈ O, we get |P⊥ ∩ O| = (m− 1)qn +m.

By counting the pairs {(P,R) : P ∈ ℓ, R ∈ O \ ℓ, P ∈ R⊥}, we find that

m(q + 1− c)(qn + 1) + c(m− 1)(qn + 1) = m(qn+1 + 1)− c+ xq,

This simplifies to

m(q + 1)(qn + 1)− cm(qn + 1) + cm(qn + 1)− c(qn + 1) = m(qn+1 + 1)− c+ xq,

which yields xq = mq(qn−1 + 1) − cqn, with x the number of points of O ∩ π and
c ∈ {0, 1, 2}. Thus the assertion follows.

Proposition 8.2.3. Suppose that O is an m-ovoid of W (2n + 1, q), m ≥ 1. Then any
symplectic space W (2n−1, q) ⊂ W (2n+1, q) meets O in exactly (m− i)qn−1+m points,
i ∈ {0, 1, . . . , q + 1}.

Proof. Consider a symplectic space W (2n− 1, q) in an (2n− 1)-dimensional subspace π,
then π⊥ is a line ℓ of PG(2n+1, q) contained in W (2n+1, q). Suppose that |ℓ∩O| = c,
then c ≤ q + 1.

If P ∈ W (2n + 1, q) \ O, then |P⊥ ∩ O| = m(qn + 1). For any point P ∈ O, we get
|P⊥ ∩ O| = (m− 1)qn +m.

Hence, we can count the pairs {(P,R) : P ∈ ℓ, R ∈ O \ ℓ, P ∈ R⊥} in order to find
that

m(q + 1− c)(qn + 1) + c(m− 1)(qn + 1) = m(qn+1 + 1)− c+ xq.

This results in x = m(qn−1 + 1)− cqn−1, where x is the number of points of O ∩ π and
c ∈ {0, 1, . . . , q + 1}. Thus the assertion follows.

Lemma 8.2.4. Let n,m, i be three integers such that n ≥ 2, m ≥ 1 and i ∈ {0, 1, . . . , q+
1}. Then (m− i)qn−1 +m = 0 if and only if (n, i,m) = (2, q + 1, q).

Proof. We have that (m − i)qn−1 + m = 0 if and only if m = iqn−1/(qn−1 + 1). Note
that qn−1 + 1 | iqn−1 if and only if qn−1 + 1 | i. This is only possible whenever (n, i) =
(2, q + 1).

This immediately implies the following corollary.

Corollary 8.2.5. The followings hold:



8.3 Constructing (q + 1)-ovoids of Q+(7, q) 106

• an m-ovoid O of Q−(2n + 1, q), m ≥ 1, has non-empty intersection with any
Q−(2n− 1, q) ⊂ Q−(2n+ 1, q);

• if an m-ovoid O of W (2n+1, q), m ≥ 1, has empty intersection with some W (2n−
1, q) ⊂ W (2n+ 1, q) then (n,m) = (2, q).

Proposition 8.2.6. Let O be an m-ovoid of Q−(2n + 1, q), m ≥ 1. If O contains an
elliptic quadric Q−(2n− 1, q), then O = Q−(2n+ 1, q).

Proof. By contradiction, assume that O ≠ Q−(2n+1, q) and define Õ to be the comple-
ment of O. Then Õ is a

(
qn−1
q−1 −m

)
-ovoid that has empty intersection with Q−(2n−1, q),

a contradiction.

Proposition 8.2.7. Let O be an m-ovoid of W (2n + 1, q), m ≥ 1. If O contains a
symplectic space W (2n− 1, q) and (n,m) ̸= (2, q2 + 1), then O = W (2n+ 1, q).

Proof. Let Õ be the complement of O. By contradiction, assume that O ≠ W (2n +

1, q). Then Õ is a
(
qn+1−1
q−1 −m

)
-ovoid and has empty intersection with W (2n− 1, q), a

contradiction.

8.3 Constructing (q + 1)-ovoids of Q+(7, q)

We recall the following theorem obtained by B. Segre [75] in 1965.

Theorem 8.3.1 (Segre’s Theorem). Let O be a non-trivial m-ovoid of Q−(5, q), then q
is odd and m = (q + 1)/2.

We recall that the Klein correspondence is a bijective map between lines of PG(3, q2)
and points of Q+(5, q2). In particular, the lines of a hermitian surface H(3, q2) are mapped
onto points of an elliptic quadric Q−(5, q) obtained by intersecting Q+(5, q2) with a sub-
geometry isomorphic to PG(5, q). Hence to any m-ovoid O of Q−(5, q) there corresponds
a set of lines L of H(3, q2) with the property that every point of H(3, q2) is incident with
exactly m lines of L. From Segre’s Theorem it then follows that q odd and m = (q+1)/2,
thus the lineset L is called a hemisystem. In [75], Segre constructed an example of such
a hemisystem of H(3, 9). Later, in [18], Cossidente and Penttila constructed a family of
hemisystems of H(3, q2), for q odd. Hence generalizing the construction of Segre. From
this we obtain that there exist examples of (q + 1)/2-ovoids in Q−(5, q) for q odd.

From now on, we will assume that q is odd. We describe a construction of a (q + 1)-
ovoid of Q+(7, q). Before doing this, we prove the following proposition.

Proposition 8.3.2. Consider Q+(7, q), and suppose that π1 and π2 are 5-dimensional
subspaces in the ambient space PG(7, q) such that dim(π1 ∩ π2) = 3. Suppose both π1
and π2 intersect Q+(7, q) in an elliptic quadric Q−(5, q), that will be called Q1 and Q2

respectively. Then there exists a projectivity Φ ∈ PGO+(8, q) such that Q1 is mapped on
Q2 and the set Q1 ∩Q2 is fixed pointwised.
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Proof. Suppose that a 3-dimensional subspace π intersects Q+(7, q) in an elliptic quadric
Q1. Then π⊥, which is also of dimension 3, intersects Q+(7, q) in another elliptic quadric
Q2. Hence both quadrics are an elliptic quadric Q−(3, q). Since π and π⊥ are disjoint,
by abuse of notation, F8

q = π ⊕ π⊥.
Now suppose that φ ∈ PGO−(4, q), then we can extend φ to an element φ̃ of

PGO+(8, q) as follows

φ̃(x+ y) = x+ φ(y), x ∈ π, y ∈ π⊥ .

The notation is explained as follows. The map φ is represented by a 4×4 matrix M , and
φ̃(x+ y) is represented by the 8× 8 matrix

M ′ =

(
M O
O I4

)
,

where O and I4 are the zero-matrix and identity-matrix, respectively. As such, M ′ will
represent an element of PGO+(8, q).

Now suppose that σ is a 5-dimensional subspace through π, intersecting Q+(7, q)
in an elliptic quadric Q−(5, q). The polarity corresponding to this Q−(5, q) sends π to
ℓ = σ ∩ π⊥. Since this polarity is elliptic and π intersects Q−(5, q) in an elliptic quadric
Q−(3, q), ℓ will be a hyperbolic line with respect to Q−(3, q). In general the span of a
line ℓ ⊂ π⊥ and π is hyperbolic, elliptic, or singular respectively if ℓ is elliptic, hyperbolic
or singular. Since PGO−(4, q) acts transitively on the hyperbolic lines in π⊥, we now
know that the pointwise stabiliser of π ∩ Q+(7, q) in PGO+(8, q) works transitively on
the elliptic 5-spaces through π.

Construction 8.3.3. First, we note that any m-ovoid of an elliptic quadric Q−(5, q)
contained in Q+(7, q) is also an m-ovoid of Q+(7, q). Indeed, it is easy to see that any
generator of Q+(7, q) meets Q−(5, q) in a generator of Q−(5, q). Let σ be a generator of
Q+(7, q) and let π be a 5-dimensional subspace such that Q+(7, q)∩ π = Q−(5, q). Now,

σ ∩Q−(5, q) = σ ∩ π ∩Q+(7, q) = σ ∩ π.

Since Q−(5, q) has rank 2, then dim(σ ∩ π) = 1. Moreover, m-ovoids of Q−(5, q) and
Q+(7, q) have the same size m(q3 + 1).

Let π1 and π2 be two distinct 5-dimensional spaces such that π1∩Q+(7, q) = Q1 and
π2∩Q+(7, q) = Q2 are two elliptic quadrics Q−(5, q) and dim(π1∩π2) = 3. It is possible
to choose π1 and π2 in such as way that π1∩π2∩Q+(7, q) = Q1∩Q2 is an elliptic quadric
Q−(3, q). By Proposition 8.3.2, there exists a collineation Φ ∈ PGO+(8, q) that maps Q1

on Q2 and fixes Q1 ∩Q2 pointwise.
Now, let O1 be a ( q+1

2 )-ovoid of Q1. Then, Φ(O1) is a (q + 1)/2-ovoid of Q2, hence
its complement O2 in Q2 is again a (q + 1)/2-ovoid. Since O1 and O2 are disjoint in
Q+(7, q), then O1 ∪ O2 is a (q + 1)-ovoid of Q+(7, q).

The following Theorem summarizes the result of this section.
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Theorem 8.3.4. There exist (q+1)-ovoids in Q+(7, q) which are the union of two q+1
2 -

ovoids in distinct Q−(5, q)’s.

Proof. See construction 8.3.3.

Remark 8.3.5. There are known examples of 1-systems of Q+(7, q), see e.g. [60, 61],
hence by Theorem 1.7.6 (q + 1)-ovoids of Q+(7, q) exist. This construction yields even-
tually (q + 1)-ovoids of Q+(7, q) not coming from a 1-system.

8.4 Spreads without tangents to Q−(3, q)

Consider the elliptic quadric Q−(3, q) with ambient projective space PG(3, q). Our first
goal is to construct a line spread of PG(3, q) containing as many 2-secants to Q−(3, q)
as possible. The maximum number clearly equals |Q−(3, q)|/2 = (q2 + 1)/2, which is
evidently only attainable if q is odd. We will show that this number can be reached if
q = 3h, h odd, using the Klein correspondence, and when q ≡ 1 (mod 4).

Case 1: q = 3h, h odd.
Then q ≡ −1 (mod 4) and so −1 is a non-square.

Let f1(x, y) = x+ y, f2(x, y) = x+ 2y. Then, Equation (6.1) reads

(x1 − x2)
2 + (y1 − y2)

2 ̸= 0.

Since −1 is not a square in Fq, the equation above is satisfied for any (x1, y1) ̸= (x2, y2)
in F2

q . Hence, we get the following.

Theorem 8.4.1. Let q = 3h, h odd, and suppose that f1(x, y) = x+y, f2(x, y) = x+2y.
Then O(f1, f2) is an ovoid of Q+(5, q) and the set S(f1, f2) = {ℓx,y : (x, y) ∈ F2

q}∪{ℓ∞}
is a line spread of PG(3, q), where ℓ∞ : X0 = X1 = 0 and

ℓx,y :

{
X2 = −(x+ y)X0 + (x+ 2y)X1

X3 = xX0 + yX1.

The quadratic form F (X0, X1, X2, X3) = X0X1+X2
2 +X2

3 defines an elliptic quadric.
Indeed, since −1 is not a square, X2

2 +X2
3 is irreducible. Now, consider the line spread

S(f1, f2) defined in the previous theorem. Note that the line ℓ∞ is a 0-secant to Q−(3, q)
and the line ℓ0,0 is a 2-secant to Q−(3, q). Let (x, y) ̸= (0, 0), then the line ℓx,y contains
the points (1, 0,−x− y, x) and (0, 1, x+2y, y), which do not lie on Q−(3, q). Hence, this
line is tangent if and only if

F ((1, 0,−x− y, x) + T (0, 1, x+ 2y, y)) =

(x2 + xy + 2y2)T 2 + (x2 + 2xy + 2y2 + 1)T + 2x2 + 2xy + y2

has a unique root, which is equivalent to

x4 + 2x2y2 + y4 + x2 + 2xy + 2y2 + 2 = 0.



8.4 Spreads without tangents to Q−(3, q) 109

So finding tangent lines to Q−(3, q) is equivalent to finding Fq-rational points of the curve
C : H(x, y) = 0, where H(x, y) = x4 + 2x2y2 + y4 + x2 + 2xy + 2y2 + 2.

Let i ∈ Fq be such that i2 = −1. Let t := x+ iy and z := x− iy. Now, the equation
of C reads

t2z2 + (i+ 2)t2 + (2i+ 2)z2 + 2 = 0,

or equivalently

(z2 − (1− i))(t2 − (1 + i)) = 0. (8.1)

Note that the smallest field containing the square roots of 1 − i and 1 + i is F34 . Since
q = 3h, with h odd, F34 is not a subfield of Fq2 , thus Equation (8.1) has no solutions over
Fq2 . It follows that the curve C has no Fq-rational points. Therefore, the spread S(f1, f2)
of PG(3, q) has no tangent lines to Q−(3, q).
Case 2: q ≡ 1 (mod 4).
We construct an example of Desarguesian spread, and show that it does not contain
any tangent lines to Q−(3, q). Choose a non-square α ∈ Fq. Then the quadratic form
F (X0, X1, X2, X3) = X0X1 +X2

2 − αX2
3 defines an elliptic quadric.

Every line in PG(3, q) can be represented as the column space of a full rank 4 × 2

matrix. Write A =

(
0 α
1 0

)
, I2 =

(
1 0
0 1

)
and O =

(
0 0
0 0

)
, then

S =

{(
I2

xI2 + yA

)
: x, y ∈ Fq

}
∪

{(
O
I2

)}

is a Desarguesian spread. Note that the line
(
O
I2

)
is 0-secant and the line

(
I2
0

)
is 2-

secant.

So take another line
(

I2
xI2 + yA

)
∈ S, (x, y) ̸= (0, 0). This line goes through the

points (1, 0, x, y) and (0, 1, αx, y) which do not lie on Q−(3, q) due to (x, y) ̸= (0, 0).
Hence this line is tangent to Q−(3, q) if and only if

F ((1, 0, x, y) + T (0, 1, αx, y)) = α(αy2 − x2)T 2 + T + (x2 − αy2)

has a unique root, which is equivalent to

1− 4α(αy2 − x2)(x2 − αy2) = 1 + 4α(x2 − αy2)2 = 0,

since α(αy2−x2) ̸= 0 if (x, y) ̸= (0, 0). Note that since α is a non-square, 4α(x2−αy2)2 is
a non-square. If q ≡ 1 (mod 4), −1 is a square and the above equation has no solutions.
Therefore, the Desarguesian spread S contains no tangent lines to Q−(3, q).

The results above are summarized in the following proposition.

Proposition 8.4.2. Consider Q−(3, q) in the ambient space PG(3, q). If q = 3h or
q ≡ 1 (mod 4) (this covers the case q = 3h with h even), then there exists a line spread
of PG(3, q) containing |Q−(3, q)|/2 = (q2 + 1)/2 2-secant lines to Q−(3, q).
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The reason we are interested in these spreads is the construction of m-ovoids (see
Theorem 8.4.4). First let us prove one more lemma.

Lemma 8.4.3. Consider the elliptic quadric Q−(5, 3) and let σ be an elliptic 3-space.
Then for any 2 distinct points P,R ∈ σ, there exists a 2-ovoid O of Q−(5, 3) with O∩σ =
{P,R}.

Proof. There exists a 2-ovoid O1 of Q−(5, 3). Let π be the ambient 5-space of Q−(5, 3).
By Proposition 8.2.2 there is a 3-space σ′ ⊂ π which intersects O1 in 2 points. Since
PGO−(6, 3) acts transitively on the elliptic 3-spaces, there also exists a 2-ovoid O2 inter-
secting σ in 2 points {P ′, R′}. The group PGO−(4, 3) acts 2-transitively on the points
of Q−(3, 3). Thus there exists a projectivity φ of σ which fixes Q−(5, 3) ∩ σ and maps
{P ′, R′} to {P,R}. As in Proposition 8.3.2, we can choose an appropriate element of the
stabilizer of σ⊥∩Q−(5, 3), which is isomorphic to PGO+(2, 3), to extend φ to an element
of PGO−(6, 3). This extended projectivity maps O2 to a 2-ovoid of Q−(5, 3) intersecting
σ exactly in {P,R}.

Theorem 8.4.4. The hyperbolic quadric Q+(7, 3) contains m-ovoids for m ∈ {2, 4, 6, 8, 10}.

Proof. We will prove that Q+(7, 3) has 5 pairwise disjoint 2-ovoids. The theorem then
immediately follows by taking unions of some of these 2-ovoids.

Take an elliptic 3-space σ. Then σ⊥ is also an elliptic 3-space. By Proposition 8.4.2,
there exists a line spread of σ⊥ containing 5 2-secant lines ℓ1, . . . , ℓ5 to Q+(7, 3) ∩ σ⊥ ∼=
Q−(3, 3). Let πi denote the span of ℓi and σ for i = 1, . . . , 5. Then π1, . . . , π5 are elliptic
5-spaces pairwise intersecting in σ. Partition the 10 points of σ ∩ Q+(7, 3) into 5 pairs
{Pi, Ri}, i = 1, . . . , 5. For every i choose a 2-ovoid Oi of πi which intersects σ precisely
in {Pi, Ri}. Such a 2-ovoid exists by Lemma 8.4.3. Then O1, . . . ,O5 are pairwise disjoint
2-ovoids of Q+(7, 3).

Remark 8.4.5. Notice that the same technique cannot be used for q > 5, since, by
Proposition 8.2.2, every q+1

2 -ovoid of Q−(5, q) intersects every elliptic 3-space in more
than |Q−(3, q)|/3 points. Finally, we were also not able to find 3 pairwise disjoint 3-ovoids
of Q+(7, 5).



Chapter 9

Non-linear MRD codes from cones
over exterior sets

In this chapter, we provide a geometric construction for a class of non-linear (n, n, q; d)-
MRD Cσ,T , 1 ∈ T ⊂ F∗

q , 2 ≤ d ≤ n− 1, and puncturing properly a code in this relevant
class, one gets a code described in [28]. We shall show that this class is effectively new,
i.e. any code is not equivalent to a non-linear code constructed by Otal and Özbudak.
The results of this chapter can also be found in [32].

9.1 Embeddings and cones over exterior sets

Let Σ = Σn,n
∼= PG(n− 1, q) be a canonical subgeometry of PG(n− 1, qn) and consider

a subspace Λ⋆ of rank k disjoint from Σ and Λ a subspace of PG(n− 1, qn) of rank n− k
disjoint from Λ⋆. Let Γ be the projection of Σ from Λ⋆ to Λ, i.e.

Γ = pΛ⋆,Λ(Σ) = {⟨Λ⋆, P ⟩ ∩ Λ : P ∈ Σ} .

We recall the following definition given in [63].

Definition 9.1.1. Let Γ = pΛ⋆,Λ(Σ) be an Fq-linear set of rank n. The set Γ is called
an (n− k − 1)-embedding of Σ if any subspace of Σ of rank n− k is disjoint from Λ⋆.

Note that Γ = pΛ⋆,Λ(Σ) is an (n− k − 1)-embedding if and only if for any choice of
n− k independent points R1, R2 . . . , Rn−k of Σ,

Λ = ⟨R′
1, R

′
2 . . . , R

′
n−k⟩

where R′
i = pΛ⋆,Λ(Ri), i = 1, 2, . . . , n− k, also this is equivalent to say that

pΛ⋆,Λ : P ∈ Σ −→ ⟨P,Λ⋆⟩ ∩ Λ ∈ Λ

induces an injective map from the set of all subspaces of Σ of rank h ≤ n− k − 1 to the
set of all subspaces of Λ of the same rank h.

111
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Lemma 9.1.2 ([63, Theorem 6]). The Fq-linear set Γ = pΛ⋆,Λ(Σ) is an (n − k − 1)-
embedding of Σ if and only if any point P ∈ Λ⋆ is of type ≥ n− k + 1.

Proof. By definition Γ is an (n− k− 1)-embedding if and only if Λ⋆ is disjoint from any
subspace of Σ of rank n− k. This is equivalent to saying that for any point P of Λ⋆ the
subspace L(P ) has rank at least n−k+1, i.e. the point P is of type at least n−k+1.

In [63], it has been proved a geometric property for the cone having vertex Λ⋆ and
base a linear set of rank n to produce a linear MRD-code. More precisely,

Theorem 9.1.3 ([63, Theorem 5]). Let Σ ∼= PG(n − 1, q) be a canonical subgeometry
of PG(n − 1, qn) and let Λ⋆ and Λ be subspaces of PG(n − 1, qn) of rank k and n − k,
respectively, such that Λ⋆ ∩ Σ = ∅ = Λ⋆ ∩ Λ.
Let Γ = pΛ⋆,Λ(Σ) be an (n− k − 1)-embedding of Σ and let Ω ⊂ Λ be an Fq-linear set of
rank n. If no points of Ω belong to a subspace spanned by at most n− k points of Γ, then
any point of K = K(Λ⋆,Ω) is of type ≥ n− k + 1.
Moreover, the set C =

{∑n−1
i=0 αix

σi
: (α0, α1, . . . , αn−1) ∈ K

}
is a linear MRD-code with

minimum distance d = n− k + 1.

Here, one shall adapt the result above to the case of cone such that its base is not
necessarily a linear set.

Theorem 9.1.4. Let Σ = PG(n− 1, q) be a canonical subgeometry of PG(n− 1, qn) and
let Λ⋆ and Λ be subspaces of PG(n− 1, qn) of rank k− 2 and n− k+2, respectively, such
that Λ⋆ ∩ Σ = ∅ = Λ⋆ ∩ Λ. Let Γ = pΛ⋆,Λ(Σ) be an (n − k + 1)-embedding of Σ and let
E ⊂ Λ be a (maximum) exterior set with respect to Ωn−k−1(Γ).
Then, K = K(Λ⋆, E) is a (maximum) exterior set with respect to Ωn−k−1(Σ).

Proof. Let P,Q be two points in K = K(Λ⋆, E) and one shall distinguish some cases:

- P,Q ∈ Λ⋆. Since Γ is an (n − k + 1)-embedding the line PQ is disjoint from the
subspaces of rank (n− k) of Σ and so from Ωn−k−1(Σ).

- P,Q ∈ E . Suppose that the line PQ meets a subspace S of Σ of rank (n− k) and
consider

∅ ≠ ⟨Λ⋆, S ∩ PQ⟩ ∩ Λ ⊂ ⟨Λ⋆, S⟩ ∩ Λ ∩ PQ. (9.1)

This is a contradiction by the hypothesis on E and since ⟨Λ⋆, S⟩ ∩ Λ is a subspace
of rank n− k.

- the line PQ ⊂ K \ (Λ∗ ∪ E). Without loss of generality, one may suppose that
P ∈ Λ⋆ and Q ∈ E . If the line PQ meets a subspace S of Σ of rank (n− k), then

Q ∈ ⟨Λ⋆, S ∩ PQ⟩ ∩ Λ ⊂ ⟨Λ⋆, S⟩ ∩ Λ. (9.2)

Then Q belongs to a space spanned by points of Γ with rank (n−k), a contradiction.
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- the line PQ ̸⊂ K. If PQ meets a subspace S of Σ of rank (n− k), then

∅ ≠ ⟨Λ⋆, S ∩ PQ⟩ ∩ Λ ⊂ ⟨Λ⋆, S⟩ ∩ ⟨Λ⋆, PQ⟩ ∩ Λ. (9.3)

Since the projection from Λ⋆ to Λ of the line PQ is a line through two points P ′, Q′

of E , one gets that this line meets the space ⟨Λ⋆, S⟩ ∩Λ spanned by (n− k) points
of Γ, a contradiction.

Then one has showed that any line through two points of K is disjoint from Ωn−k−1(Σ).
Now, since ⟨Γ⟩ = Λ, if E is a maximum exterior set with respect to Ωn−k−1(Γ), one gets

|K(Λ⋆, E)| = |Λ⋆|+ |E|+ |Λ⋆||E|(qn − 1)

=
qn(k−2) − 1

qn − 1
+

q2n − 1

qn − 1
+

qn(k−2) − 1

qn − 1
· q

2n − 1

qn − 1
(qn − 1)

=
q2n − 1

qn − 1
+

qn(k−2) − 1

qn − 1
q2n

=
qnk − 1

qn − 1
.

9.2 The class of non-linear MRD codes Cσ,T
In this section, as application of Theorem 9.1.4, by an appropriate choice of Λ⋆, Λ, an
(n − k + 1)-embedding Γ of Σ, k ≤ n − 1, and a maximum exterior set with respect
to Ωn−k−1(Γ) in PG(n − 1, qn), one will get a class of non-linear MRD codes in Ln,q,σ.
Precisely, let

Λ⋆ : X0 = X1 = . . . = Xn−k+1 = 0

and
Λ : Xn−k+2 = Xn−k+3 = . . . = Xn−1 = 0

be disjoint subspaces of rank (k − 2) and (n − k + 2) in PG(n − 1, qn), respectively.
Consider the linear set of rank n

Γ = pΛ⋆,Λ(Σ) = {(α, ασ, . . . , ασn−k+1
, 0, . . . , 0) : α ∈ F∗

qn} (9.4)

where Σ is the canonical geometry as in (2.3) and P = (0, . . . , 0, βn−k+2, . . . , βn−1) ∈ Λ⋆.
This is a point of type at least n− k + 3. Indeed, the linearized polynomial

f(x) = βn−k+2x
σn−k+2

+ . . .+ βn−1x
σn−1

has rank at least n−k+3 because the polynomial f(x)◦xσk−2
= βn−kx+ . . .+βn−1x

σk−3

has at most qk−3 roots and rk(f(x)◦xσk−2
) = rkf(x). So, by Lemma 9.1.2, one gets that

Γ is an (n− k + 1)-embedding of Σ. Finally, let

A = (0, . . . , 0︸ ︷︷ ︸
n−k+1

, 1, 0, . . . , 0) and B = (1, 0, . . . , 0)
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be points in Λ and consider
X =

⋃
a∈F∗

q

Xa ∪ {A,B},

where
Xa =

{
(1, t, tσ+1, . . . , tσ

n−k+...+σ+1, 0, . . . , 0) : t ∈ Na

}
.

The set X is the Cσ
F -set with vertices A and B generated by a σ-collineation Φ between

the star of lines through A and B contained in Λ. Let T ⊂ F∗
q , 1 ∈ T , then the set

E =

(
X \

⋃
a∈T

Xa

)
∪
⋃
a∈T

Ja (9.5)

with

Ja =

(1, 0, . . . , 0︸ ︷︷ ︸
n−k

, (−1)n−kt, 0, . . . , 0) : t ∈ Na

 , a ∈ F∗
q .

is a maximum exterior set with respect to Ωn−k−1(Γ) as proved in [28, Theorem 5.1]
of size qn + 1. Therefore, the hypothesis of Theorem 9.1.4 are satisfied and the cone
K(Λ⋆, E) is a maximum exterior set with respect to Ωn−k−1(Σ) and by Theorem 2.2.3,
the set Cσ,T ⊂ Fn×n

q , as in (2.4), is a non linear-MRD with minimum distance d = n−k+1
which cannot be a translated version of an additive code.
Note that the punctured code C′

σ,T ⊂ F(n−k+2)×n
q obtained by Cσ,T deleting the last (k−2)

rows is exactly the code constructed in [28, Theorem 5.1] or for k = 2 the code appeared
in [33] and for n = 3, k = 2 in [17].

By Theorem 9.1.4 and Theorem 2.2.3, the Cσ,T is a subset of square matrices of
order n and so, it can be seen as a subset of Ln,q,σ. Indeed, fixing T ⊂ F∗

q , 1 ∈ T , the
homogeneous coordinates of the points belonging to E have one of the following shapes

(α, ασξ, ασ2
ξσ+1, . . . , ασn−k+1

ξσ
n−k+...+1, 0, . . . , 0)

(α, 0, . . . , 0︸ ︷︷ ︸
n−k

, (−1)n−kαση, 0, . . . , 0)

A = (0, . . . , 0︸ ︷︷ ︸
n−k+1

, α, 0, . . . , 0) and B = (α, 0, . . . , 0)

(9.6)

with Nqn/q(ξ) ∈ F∗
q \ T and Nqn/q(η) ∈ T . So the non linear (n, n, q; d), d = n − k + 1,

MRD-code Cσ,T is the set of σ-linearized polynomials with σ-degree at most n− 1 whose
coefficients are the homogeneous coordinates of a point in K(Λ⋆, E) with the zero map,
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i.e.

Cσ,T =

{
d∑

i=0

λασi
ξ

σi−1
σ−1 xσ

i
+

n−1∑
i=d+1

βix
σi

: λ, α, βi ∈ Fqn ,Nqn/q(ξ) ∈ F∗
q \ T

}

∪

{
λαx+ (−1)d+1λασηxσ

d
+

n−1∑
i=d+1

βix
σi

: λ, α, βi ∈ Fqn ,Nqn/q(η) ∈ T

}

∪

{
αxσ

d
+

n−1∑
i=d+1

βix
σi

: α, βi ∈ Fqn

}
∪

{
αx+

n−1∑
i=d+1

βix
σi

: α, βi ∈ Fqn

}
.

9.3 The equivalence issue for Cσ,T
Finally, in order to state the novelty of the class of non-linear codes obtained, we have
to compare a code of type Cσ,T , 1 ∈ T ⊂ F∗

q , with the only known non-linear MRD codes
made up of square matrices: the codes of type Cn,k,σ,I with I ⊂ Fq, cf. (2.2).
Firstly, note that the sets

U =

{
αxσ

d
+

n−1∑
i=d+1

βix
σi

: α, βi ∈ Fqn

}
=
{
f ◦ xσd

: f ∈ Gk−1,σ

}
(9.7)

and

V =

{
αx+

n−1∑
i=d+1

βix
σi

: α, βi ∈ Fqn

}
=
{
f ◦ xσd+1

: f ∈ Gk−1,σ

}
(9.8)

contained in Cσ,T are equivalent to a generalized Gabidulin code Gk−1,σ and their inter-
section {

n−1∑
i=d+1

βix
σi

: βi ∈ Fqn

}
=
{
f ◦ xσd+1

: f ∈ Gk−2,σ

}
is equivalent to a generalized Gabidulin code Gk−2,σ. While the non-linear (n, n, q;n −
k+ 1)-MRD code Cn,k,σ,I = C(1)

n,k,σ,I ∪ C(2)
n,k,σ,I , introduced in Subsection 2.3., contains the

set {
k−1∑
i=1

γix
σi

: γi ∈ Fqn

}
= {f ◦ xσ : f ∈ Gk−1,σ} ,

which is equivalent to a generalized Gabidulin code Gk−1,σ and it is straightforward to
see that Cn,k,σ,I is contained in a generalized Gabidulin code Gk+1,σ.

Clearly, if q = 2 or T = F∗
q , Cσ,T is equivalent to the generalized Gabidulin code Gk,σ.

Then, by [69, Corollary 2.1], it follows

Proposition 9.3.1. Let I ⊂ Fq, 1 ∈ T ⊂ F∗
q and σ be the Frobenius automorphism of

Fqn defined by σ : x 7→ xq
s with (n, s) = 1. If q = 2 or T = F∗

q, and I ∈ {{0},Fq,F∗
q , ∅},

the codes Cn,k,σ,I and Cσ,T are both equivalent to Gk,σ.
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In the remainder of this section, we shall show that apart from these cases the codes
Cσ,T and Cn,k,σ,I may not be equivalent. In order to do this, we recall the following result
that holds for the σ-linearized polynomials as well.

Theorem 9.3.2 ([76, Theorem 3]). A subspace W of Gk, k ≤ n− 1, is equivalent to Gr

if and only if there exist invertible linearized polynomials f, g such that

W = G(f,g)
r = {f ◦ α ◦ g : α ∈ Gr} ,

where f0 = 1, and degq(f) + degq(g) ≤ k − r.

By a similar argument used in [76, Lemma 4] for the generalized twisted Gabidulin
codes, we prove the following

Theorem 9.3.3. Let I ̸∈ {{0},Fq,F∗
q , ∅}, the non linear (n, n, q;n − k + 1)-MRD code

Cn,k,σ,I contains a unique subspace equivalent to Gk−1,σ.

Proof. We have already noted that Cn,k,σ,I is contained in Gk+1,σ. Now, let W be a
subspace of Cn,k,σ,I equivalent to Gk−1,σ. By Theorem 9.3.2, there exist invertible σ-
linearized polynomials f, g such that

W = G(f,g)
k−1,σ = {f ◦ α ◦ g : α ∈ Gk−1,σ}

with f0 ̸= 0 and degσ(f) + degσ(g) ≤ 2.
If degσ(f) = t then degσ(g) ≤ 2 − t. Let α(x) =

∑k−2
i=0 αix

σi be an element of Gk−1,σ.
Then the coefficient of x in the polynomial f ◦ α ◦ g is f0α0g0, while the coefficient
of xσk is ftα

σt

k−2g
σk+t−2

2−t . Since C(1)
n,k,σ,I and C(2)

n,k,σ,I are disjoint, first suppose that W ⊂
C(1)
n,k,σ,I . Then, Nqn/q(f0α0g0) ∈ I and ftα

σt

k−2g
σk+t−2

2−t = 0 for any α0, αk−2 ∈ Fqn . So, we
distinguish three cases:

1. Suppose t = 2, then degσ(g) = 0. Since f0, f2 ̸= 0 this is possible if and only if
0 ∈ I and g0 = 0. This yields g is the zero polynomial, a contradiction.

2. Suppose t = 1, then degσ(g) ≤ 1. Since f0, f1 ̸= 0 this is possible if and only if
0 ∈ I and g1 = 0. If g0 ̸= 0, since the map x ∈ Fqn 7→ Nqn/q(f0xg0) ∈ Fq is
surjective, I = Fq a contradiction. This yields g is the zero polynomial, leading to
a contradiction again.

3. Suppose t = 0, then degσ(g) ≤ 2. Since f0 ̸= 0 this is possible if and only if 0 ∈ I
and g2 = 0 and g0 = 0 as in the previous case. It follows g(x) = g1x

σ, implying
W = {α ◦ xσ : α ∈ Gk−1,σ}.

A similar argument can be applied when W ⊂ C(2)
n,k,s,I . The claim follows.

Theorem 9.3.4. Let I ̸∈ {{0},Fq,F∗
q , ∅} and 1 ∈ T ⊂ F∗

q. Then the codes of type Cn,k,σ,I
and Cσ,T are neither equivalent nor adjointly equivalent.
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Proof. By contradiction, assume that Cn,k,σ,I and Cσ,T are equivalent or adjointly equiv-
alent. Then, there exist f, g, h ∈ Ln,q,σ with f, g invertible and ρ ∈ Aut(Fq) such that

Cn,k,σ,I = f ◦ Cρ
σ,T ◦ g + h or Cn,k,σ,I = f ◦ (C⊤

σ,T )
ρ ◦ g + h.

Let U ,V be the subspaces in Cσ,T equivalent to Gk−1,σ as defined in (9.7) and (9.8). If
Cn,k,σ,I and Cσ,T are equivalent, then f ◦ Uρ ◦ g + h and f ◦ Vρ ◦ g + h are two different
subspaces of Cn,k,σ,I equivalent to Gk−1,σ. By Theorem 9.3.3, a contradiction follows.
Next, suppose that Cn,k,σ,I = f◦(C⊤

σ,T )
ρ◦g+h. Then f◦(U⊤)ρ◦g+h and f◦(V⊤)ρ◦g+h are

two different subspaces of Cn,k,σ,I equivalent to Gk−1,σ, see [76, Lemma 1], a contradiction
again.

Remark 9.3.5. For linear codes, left and right idealisers are invariants under equivalence
[65, Proposition 4.1] and they are subalgebras of Ln,q,σ isomorphic to subfields of Fqn in
the case of square linear MRD-codes [65, Theorem 5.4]. This, as already stated in [65],
does not hold for non-linear codes. In the following, we shall show an example of two
equivalent codes such that their left idealisers have different size.
Let F5 be the field with five elements and let

C1 =
{(

1 2
3 4

)
,

(
3 4
3 4

)}
⊂ F2×2

5 . (9.9)

Consider the matrix H =

(
0 0
2 1

)
and the code

C2 = C1 +H =

{(
1 2
0 0

)
,

(
3 1
0 0

)}
. (9.10)

It is straightforward to see that IL(C1) contains only the identity matrix, whereas any
matrix I2 of the shape (

1 a
0 b

)
with a, b ∈ F5 is an element of IL(C2).
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