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Preface

The aim of this PhD Thesis is to collect the results which I obtained during my PhD
course at University of Naples Federico II under the supervision of Prof. Nicola Durante.

In the following, we briefly describe the structure of this thesis.

In Chapter 1, we recall some definitions and notions regarding projective spaces, polarities
and polar spaces, and we also give an overview on sesquilinear forms on vector spaces.
Here a classification result regarding non-degenerate, reflexive sesquilinear forms is shown.
These ones are in 1 to 1 correspondence with polarities and give rise to the so called
finite classical polar spaces. Since the classification of sesquilinear forms does not include
quadrics when the field has even characteristic, quadratic forms on vector spaces are
described. Finally, we introduce the concept of m-ovoid of a finite classical polar space
and describe the link between the ovoids of the Klein quadric QT (5,q) and the line
spreads of a projective space PG(3, q).

In Chapter 2, we deal with the theory of rank distance codes (or for short RD-codes). An
RD-code attaining the Singleton-like bound is known as mazimum rank distance code (or
for short MRD-code). We present the setting of o-linearized polynomials, the state of art
of the known families of MRD codes and we show how to construct families of RD-codes
from exterior sets. Finally, we describe in detail the family of MRD codes obtained in
[28].

In Chapter 3, Chapter 4, Chapter 5, the so called o-quadrics are described. In particular,
in Chapter 3 we give a complete classification of correlations, associated to non-reflexive
sesquilinear forms, of a projective line PG(1,¢") [23| and a projective plane PG(2,¢")
[23, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56| in the degenerate and the non-degenerate case.
Also, the classification of correlations, associated to degenerate non-reflexive sesquilinear
forms, of a projective space PG(3, ¢") is given [29]. In Chapter 4 and Chapter 5, we study
correlations associated to degenerate non-reflexive sesquilinear forms, of the projective
spaces PG(4, ¢") and PG(5, ¢"), respectively. Moreover, we show how o-quadrics are re-
lated to ovoids of polar spaces. We highlight that nothing is known about classification of
correlations associated to non-degenerate non-reflexive sesquilinear forms, of a projective

space PG(k, ¢") with k € {3,4,5}.

In Chapter 6 and Chapter 7, we deal the classification of "low-degree" ovoids of the
hyperbolic quadric Q" (5, ¢) and the parabolic quadric Q(6, ¢). This research is inspired
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ii

by the paper of Bartoli and Durante [7], in which they obtain classification results re-
garding ovoids of the parabolic quadric Q(4,q). Ovoids of the Klein quadric Q*(5,q)
of PG(5, q) have been studied in the last 40 year, also because of their connection with
spreads of PG(3, ¢) and hence translation planes. Beside the classical example given by a
three dimensional elliptic quadric (corresponding to the regular spread of PG(3, ¢)) many
other classes of examples are known. First of all the other examples (beside the elliptic
quadric) of ovoids of Q(4, q) give also examples of ovoids of Q@ (5, q). Another important
class of ovoids of QT (5,¢q) is given by the ones associated to a flock of a three dimen-
sional quadratic cone. To every ovoid of @ (5, q) two bivariate polynomials fi(z,y) and
fo(z,y) can be associated. We classify ovoids of Q*(5,q) such that fi(x,y) = y + g(z)
and max{deg(f1),deg(f2)} < (%q)% — 1, that is fi(z,y) and fa(x,y) have "low total
degree" compared with ¢. Ovoids of the parabolic quadric Q(6, ¢) of PG(6,¢) have been
largely studied in the last 40 years. They can only occur if ¢ is an odd prime power
and there are two known families of ovoids of Q(6,¢), the Thas-Kantor ovoids and the
Ree-Tits ovoids, both for ¢ a power of 3. It is well known that to any ovoid of Q(6, q) two
polynomials fi(x,y, 2), fo(x,y,2) can be associated. We classify ovoids of Q(6,q) with

max{deg(f1), deg(f2)} < (g50)% — 1.

In Chapter 8, we provide a construction of (¢ + 1)-ovoids of the hyperbolic quadric
Q1 (7,q), ¢ an odd prime power, by "glueing" (q + 1)/2-ovoids of the elliptic quadric
Q@ (5,q). This is possible by controlling some intersection properties of (putative) m-
ovoids of elliptic quadrics. Secondly, we also construct m-ovoids for m € {2,4,6,8,10} in
Q*1(7,3). Therefore we first investigate how to construct spreads of PG(3,q) that have
as many secants to an elliptic quadric as possible.

In Chapter 9, we give a geometric construction of a new family of non-linear MRD codes.
These codes are obtained from a cone of a projective space whose vertex is a proper
subspace and whose base is a special subset of a subspace skew with the vertex. The
base of such a cone is linked to the non-linear MRD codes constructed by Cossidente
et al. [17], Durante and Siciliano [33] and Donati and Durante [28|. These latter can be
obtained in turn by puncturing codes in relevant family. Finally, we show that this class
of codes is not equivalent to the one constructed by Otal and Ozbudak in [69].



Chapter 1

Finite classical polar spaces

1.1 The projective space PG(V)

We will denote a field by I and a finite field with ¢ elements, ¢ a prime power, by F,.
For any subset S of an F-vector space V', we will denote the subspace spanned by the
elements of S by (S). We recall the definitions of linear and semilinear map between
vector spaces.

Definition 1.1.1. Let V and W be two F-vector spaces. A map f: V — W is called
linear if

flutv)=f(u)+ f(v) and f(av) = af(v)
for any u,v € V and a € F. If f is bijective, then f is an isomorphism between V and
W in this case V and W are isomorphic. If f is an isomorphism of V into itself, then f
is an automorphism of V.
The set of all automorphisms of V'

GL(V)={g:V — V : g is an automorphism of V}.

is a group with respect to the map composition and it is called general linear group of
V5 if dimV = n + 1 then it is isomorphic to the group of invertible (n + 1) x (n + 1)
matrices over F. If V = FZ‘H, then the linear group will be denoted by GL(n + 1, q).

The next definition generalizes the notion of linear map.

Definition 1.1.2. Let V and W be two F-vector spaces. A map f: V — W is called
semilinear or o-linear if there exists an automorphism o of F such that

flutv) = fu)+ f(v) and f(av) = a”f(v)

for any u,v € V and a € F. If f is bijective, then f is a semilinear tsomorphism between
V and W. If f is a semilinear isomorphism of V into itself, then f is a semilinear
automorphism of V.

The set of all semilinear automorphisms of V'

I'L(V)={g:V — V : g is a semilinear automorphism of V'}
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is a group with respect to the map composition and it is called semilinear group of V. If
V= ]FZ;H, this group will be denoted by T'L(n + 1, q).

The following proposition shows how many k-dimensional subspaces are contained in
an n-dimensional vector space over a finite field F,; and it is easily proved.

Proposition 1.1.3. Let V be an n-dimensional Fg-vector space and 1 < k < n. The
number of k-dimensional subspaces of V' equals

i
klg i ¢ -1

Let V be an (n + 1)-dimensional F-vector space. We will denote the set of all 1-
dimensional subspaces of V' by PG(V), and we will call them points of PG(V'). Any
point P of PG(V') will be also denoted by (v), where v is a non-zero vector of V. Let S
be a k-dimensional subspace of V, 0 < k < n + 1, the set of all 1-dimensional subspaces
contained in S will be called (k —1)-dimensional projective subspace of PG(V'), or shortly
(k —1)-space of PG(V'). In the sequel if S is a vector subspace of V', we will denote with
the same symbol S the associated projective subspace of PG(V'). A projective subspace
of dimension 1,2,n — 1 will be also called line, plane, hyperplane, respectively. We will
assume that the empty set is a projective subspace of dimension —1. For any —1 < j < n,
let S; be the set of all j-dimensional projective subspaces of PG(V).

Definition 1.1.4. Let V be an (n + 1)-dimensional vector space over F,. The pair
(PG(V),(8-1,80,--.,8n)) is called either n-dimensional projective space with underlying
vector space V' or n-dimensional projective space over F or n-dimensional Desarguesian
projective space.

We will denote the n-dimensional projective space with underlying vector space V =
F**! by PG(n,F). In the case F = IF, is a finite field, the projective space will be denoted
by PG(n,q) and it will be also called n-dimensional finite projective space.

The number of k-dimensional projective subspaces contained in PG(n, q) is given by
the following proposition:

Proposition 1.1.5. Let 0 < k < n. The number of k-dimensional projective subspaces
of PG(n,q) equals

[n + 1] B i P |

- gk1—i _ 1"

k+1 ¢ 04 t—1

Definition 1.1.6. The points P = (v1), P, = (va),..., P. = (v;) of PG(V) are linearly
independent (resp. linearly dependent) if, and only if, the vectors vi,va,..., v, of V are
linearly independent (resp. linearly dependent).

Definition 1.1.7. An (n + 2)-tuple

R = (P, Ps,...,Pni1,P)
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of points of PG(V') such that any n + 1 of them are linearly independent is a projective
frame of PG(V'). The points Py, Ps,...,P,11 and P are called the fundamental points
and the unit point of R, respectively.

It is easy to see that if B = {ej,es,...,e,+1} is a basis of V, then

R(B) = ({e1), (€2), .-, (ent1), (€1 + €2+ ... + eny1))

is a projective frame of PG(V) called the associated frame of PG(V). For any point

n+1
P = (Z :C,-ei>
i=1
the vector X = (x1,...,Zn4+1), defined up to a non-zero scalar multiple, is the vector

of the projective coordinates of P with respect to the frame R(B). This yields there is a
bijective map

n+1
TR : P = <Z ;vl-e¢> S PG(V) — <(l’1, .. .,:L‘n+1)> € PG(n,F).
=1

So, fixing a projective frame in PG(V'), we can identify any point P of PG(V') with its
projective coordinates (x1,...,Zn+1) and we will write P = (x1,...,Zp4+1)-

Definition 1.1.8. Let f: V — W be an isomorphism between two F-vector spaces V'
and W. The bijective map

f:(v) e PG(V) — (f(v)) € PG(IV)

is called projectivity between PG(V') and PG(W) induced by f. The set of all projectivity
of PG(V) into itself

PGL(V) ={g: PG(V) — PG(V) : g is a projectivity of PG(V)}

is a group with respect to the map composition and it is called projective linear group of
PG(V). If V. =F7*!, this group will be denoted by PGL(n + 1, ¢).

Definition 1.1.9. Let f : V. — W be a linear map with kerf # {0} and let K =
{{(v) e PG(V): f(v) # 0}. The map

fr: (v) e PGV)\ K — (f(v)) € PG(W)
is called degenerate projectivity between PG(V') and PG(W) induced by f.

Definition 1.1.10. Let V and W be two F-vector spaces such that dimV = dim W > 2.
A collineation between PG(V) and PG(W) is a bijective map ¢ : PG(V) — PG(W)
sending lines into lines. If dim V' = dim W = 2, a collineation is a bijective map g : (v) €
PG(V) — (f(v)) € PG(W) induced by a semilinear isomorphism f : V. — W. The
group of all collineations of PG(V') into itself will be denoted by PI'L(V). If V' = IFZH,
we will use the following notation PT'L(n + 1, q).
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Theorem 1.1.11 (Fundamental Theorem of Projective Geometry). Let V' and W be two
F-vector spaces, with dim V' = dim W > 2. Any collineation between PG(V) and PG(W)
has the form

g: P=(v)ePG(V)— P = (f(v)) e PG(W),

with f:V — W a semilinear isomorphism.

Proof. See |14, Theorem 1.5]. O

Deﬁnition 1.1.12. Let f : V — W be a semilinear map with kerf # {0} and let
= {(v) e PG(V) : f(v) # 0}. The map

fic : {v) e PG(V)\ K — (f(v)) € PG(W)
is called degenerate collineation between PG(V') and PG(W) induced by f.

1.2 The dual space of PG(V)

Let V be an (n + 1)-dimensional F-vector space and let V* be its dual space, that is the
vector space of the linear maps from V to F. If B = {ej,...,e,41} is a basis of V, then
B* = {ef,... e} |} defined by

ciley) = by = {(1) o
is the dual basis of B. For every v € V such that v=aje; + ... + ant1€n+1, it is
e (v) = a;.
For any subspace U of V' the corresponding subspace U* of V* is given by
U={feV*: f(u)=0,YueU}.

So, we have a bijective correspondence between the subspaces of V and the subspaces of
V* satisfying:

e (U*)* and U are isomorphic;
e U C W if, and only if, W* Cc U*;
e dimU*=n+1-dimU.

The projective space PG(V*) is the dual space of PG(V') and it will be also denoted
by PG(V)*.
Definition 1.2.1. If R = ({e1), (e2),...,{€nt1), (€1 + €2+ ...+ e,41)) is a projective

el
frame of PG(V), then R* = ((e7), (e > o (enq),(e] +es+ ... +e; ) is the dual
projective frame of PG(V')*.

We can think at the dual space PG(V)* as the projective space whose points are the
hyperplanes of PG(V') and whose k-dimensional subspaces are the (n—k—1)-dimensional
spaces of PG(V).
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1.3 Sesquilinear forms, correlations and polarities
Definition 1.3.1. Let V be an F-vector space. A map
(Y:(v,V)eV XV — (v,V)eF

is a sesquilinear form on V if it is a linear map on the first argument and a o-linear map
on the second argument, i.e.

(v+ v V') = (v,v) + (v V'), (av,V) = a(v,V')

v,V + V") = (v,V) + (v,V"), (v,aV) = a(v,V)

for any v,v/,v" € V, a € F and o an automorphism of V. If ¢ is the identity map, then
(,) is a bilinear form on V.

The term sequi comes from the Latin, and it means one and a half.
Now, let V' be an (n + 1)-dimensional F-vector space. Let B = {ej,es,...,e,41} be a
basis of V. Let X = (x1,22,...,Zn4+1) and Y = (y1,¥2,...,Yn+1) denote the vectors of
coordinates of two elements x,y € V with respect to B. Then we have

(x,y) = X'AY"?,

where A = ((e;, e;)) is the associated matriz to the sesquilinear form with respect to the
basis B, the superscript ¢ denotes the matrix transposition and Y7 = (y7,y3,...,y5,1)-
For any subspace U of V', we define the right and the left orthogonal subspaces of U

as

Ul ={yeV:(xy) =0YxeU}
and

Ut ={yecV:(y,x)=0,¥xcU},
respectively.

Proposition 1.3.2. Let U, W be two subspaces of V.. We have:
i) both U and UL are subspaces of V;
i) UrnWt=UnwW)H, 0T nwT =Unw)T;
i) WCcU=U"cWT, Ut cWw.

Proof. We prove the statement for the right orthogonal subspaces. A similar argument
can be applied to the left orthogonal subspaces.

i) Let y,z € U and a,b € F, then for any x € U
(x,ay +bz) =a°(x,y) + 07 (x,2) =0

and so ay +bz c U'.
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i) If ve U' nWT then (x,v) = (y,v) = 0 for any x € U and y € W. Hence
(z,v) =0foranyz c U+ W andso U ' NnWT c (U+W)". If (x+y,v) =0
for any x € U and y € W, then (x,v) = 0 for any x € U and (y,v) = 0 for any
yeW,andsove U NW', thatis (U+ W) cU ' nWT.

iii) Let W C U and y € U'. Hence, for any x € U we have (x,y) = 0 and, in
particular, this holds for any x € W, that isy € W .

O
The subspaces VT and V* are called the right and the left radicals of (, ), respectively.

Proposition 1.3.3. Let V' be an (n + 1)-dimensional F-vector space. The right and the
left radicals of a o-sesquilinear form on V have the same dimension given by

dimV" =dim V' =n+1—rk(4),
where A is the associated matriz with respect to a basis of V.
Proof. Note that the right and the left radicals have the following matrix equations
VI A7 'X =0 and V1 ALX =0,
and k(477" = rk(A?) = rk(A). O

Definition 1.3.4. A sesquilinear form on V is called non-degenerate if V' = V+ = {0}.
Otherwise, it is called degenerate.

Proposition 1.3.5 ([4, Lemma 3.1]). Let V' be an (n + 1)-dimensional F-vector space.
If (, ) is a non-degenerate sesquilinear form on V', then

dimU + dim U+ = dimV = dimU + dim U '.

Proof. We will prove the claim for UT. Let {e1,...,e,} be a basis of U. Define the linear
maps «;, i =1,...,r, by

a;(v) = (e;, V).
If >0y Xiog =0, then Y| Aivi(v) = 0 for any v € V. Therefore,

0= i )w;ai(v) = i/\z(ei,v) = <i )\iei,v>,
i=1 =1 =1

and so Y. ; Aie; = 0, since (, ) is non-degenerate. Thus, A\; = ... = A\, = 0, which
implies that aq, ..., a, are linearly independents. Now, note that

Ul = m ker(a;).
i=1

It is easy to see that {a1,...,q,} is a basis of the dual subspace (UT)*, and so

dmU"=n+1—r
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Definition 1.3.6. Let (, ) be a sesquilinear form on V. A vector u € V' is isotropic if
(u,u) = 0. A totally isotropic subspace U of V has the property

(u,v) =0

for any u,v € U. A mazimum totally isotropic subspace is a totally isotropic subspace
which is not contained in a larger totally isotropic subspace.

Theorem 1.3.7 ([4, Theorem 3.3]). A totally isotropic subspace, with respect to a non-
degenerate sesquilinear form on an (n + 1)-dimensional F-vector space V' has dimension
at most VLTHJ

Proof. Let U be a totally isotropic subspace of V', then by definition U ¢ UL, U . Hence,
by Proposition 1.3.5
2dimU < n+ 1.

Definition 1.3.8. A sesquilinear form (, ) is reflexive if for any u,v € V it holds
(u,v) =0 <= (v,u) =0.

In this case, for any subspace U of V the subspace ULt = U will be called orthogonal
subspace of U.

Proposition 1.3.9 (|4, Theorem 3.4]). Let (, ) be a reflexive sesquilinear form. For any
subspace U of V

Uc(UhHt
Moreover, if (, ) is non-degenerate then
U= UYHt

Proof. Let u € U. For any v € UL, we have (u,v) = 0. Since (, ) is reflexive, (v,u)=0
and so u € (U)*, that is U  (UL)*.
Now, suppose (, ) is non-degenerate. Then, by Proposition 1.3.5,

dimU =n+ 1 —dim U+ = dim(U+)*,
and so U = (U+)*. O
Definition 1.3.10. A bilinear form (, ) on V is called symmetric if for any x,y € V
(xy) = (v,%),

and alternating if for any x € V
(x,x) = 0.

A o-sesquilinear form (, ) on V is called Hermitian if 0> = 1, 0 # 1 and for any x,y € V

(x,y) = (y;x)7.
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Let A denote the matrix associated to the form (, ) with respect to a basis B of an
(n+ 1)-dimensional F-vector space V. If (, ) is symmetric then A is a symmetric matrix,
i.e. A= Al If (, ) is alternating then for any x,y € V we have

0=(x+y,x+y) =(Xx) +{xy) +{yx +{yy =Xy +{yx),

that is (x,y) = —(y,x). This yields that A is a skew-symmetric matrix, i.e. A = —A?. If
(, ) is non-degenerate, since |A| = (—1)"*1|A!|, then n must be odd. Note that if the field
F has even characteristic then any alternating form is also symmetric (but the converse
is not true). Therefore, in the following we will assume that a symmetric bilinear form is
not alternating when F has even characteristic. Finally, if (, ) is Hermitian then A is a
Hermitian matrix, i.e. A® = A,

Theorem 1.3.11 ([4, Theorem 3.6]). Let (, ) be a non-degenerate, reflexive o-sesquilinear
form of an (n + 1)-dimensional F-vector space V. Then, up to a scalar factor, the form
(, ) is one of the following:

e an alternating form.

e a symmetric form. Moreover, if F has even characteristic then there is a mon
1sotropic vector.

e a Hermitian form.

Definition 1.3.12. Two o-sesquilinear forms (, ) and (, ) on an F-vector space V are
equivalent if there is f € T'L(V) such that (f(x), f(y)) = (x,y) for any x,y € V.
A linear map f € GL(V) is called an isometry of (, ) if (f(x), f(y)) = (x,y) for any

x,yeV.
In [4, Chapter 3|, it is shown the following:
Theorem 1.3.13. e In F;‘H, q odd, there are, up to equivalence, one or two of
non-degenerate, reflexive symmetric bilinear forms according as n is even or odd,
respectively.

o In FZL‘H, q even, all non-degenerate, reflexive symmetric and not alternating bilinear
forms are equivalent.

e In FZH, n odd, all non-degenerate, reflexive alternating bilinear forms are equiva-
lent.

e In IFZ’“, all non-degenerate, reflexive Hermitian forms are equivalent.

Remark 1.3.14. Let (, ) be a non-degenerate, reflexive o-sesquilinear form on Fi+1.
By Theorem 1.3.13, we may assume that:

e if (, ) is symmetric, ¢ odd, there is a suitable basis B of F;H'l such that either

(X,¥)=z1y2+ ... + Tp-1Yn + Tnt1Yn+1
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if n is even, or

<X) Y> = T1Y2 +...+ Tn—2Yn—1 + f(.’ll‘n, yn-i—l)u

with f(2y, yn+1) an irreducible polynomial of degree two over Fy, or

<X, Y> =21Y2+ ... + TnYn+1

if n is odd.

The group of all isometries of (, ) is called orthogonal group and it is denoted
by GO(n + 1,q), GO™(n + 1,q) and GO*(n + 1,q), respectively. The groups of
all projectivities of PG(n, q) induced by elements of GO(n + 1,¢), GO~ (n + 1,q),
GO™(n + 1,q) are denoted by PGO(n + 1,q), PGO™(n + 1,q), PGO™(n + 1,q),
respectively.

e if (| ) is symmetric and not alternating, ¢ even, there is a suitable basis B of IF;‘H
such that

(X, y)=z1y1+ ...+ Tnt1Ynt1-

e if (, ) is alternating, n odd, there is a suitable basis B of F{™! such that

(X,y) = 2192 — Toy1 + - - + TnYnt1 — Tnt1Yn-

The group of all isometries of (, ) is called symplectic group and it is denoted by
Sp(n + 1,q). The group of all projectivities of PG(n,q) induced by elements of
Sp(n + 1, q) is denoted by PSp(n + 1, q).

e if (, ) is Hermitian, ¢ square, there is a suitable basis B of ]F'g”rl such that

(x,y) = 176‘11,11/a + ...+ anHy,\ﬁl-

The group of all isometries of (, ) is called unitary group and it is denoted by
GU(n + 1,q). The group of all projectivities of PG(n,q) induced by elements of
GU(n + 1, q) is denoted by PGU(n + 1, q).

Usually symplectic, orthogonal and unitary groups are called finite classical groups.
Regarding the dimension of a maximum totally isotropic subspace, the following have
been proved:

Theorem 1.3.15 ([4, Theorem 3.8|). A mazimum totally isotropic subspace, with respect
to a non-degenerate alternating form defined on ]FZLH, has dimension "TH

Theorem 1.3.16 ([4, Theorem 3.11|). A mazimum totally isotropic subspace, with re-
spect to a non-degenerate hermitian form defined on IFZLH, has dimension L"THJ

Definition 1.3.17. A (degenerate) correlation of PG(n,F) is a (degenerate) collineation
between PG(n,F) and its dual space PG(n,F)*.
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Remark 1.3.18. A correlation of PG(n,F) can be seen as a bijective map of PG(n,F)
that maps k-dimensional subspaces into (n — k — 1)-dimensional subspaces reversing
inclusion.

Theorem 1.3.19. Any (possibly degenerate) correlation of PG(n,F), n > 1, is induced by
a o-sesquilinear form of the underlying vector space F*"1. Moreover, every o-sesquilinear
form of F"! induces two (possibly degenerate) correlations of PG(n,F). The two corre-
lations coincide if, and only if, the o-sesquilinear form is reflexive.

Proof. A (possibly degenerate) correlation of PG(n,F), n > 1, is induced by a o-linear
map f of F*"*! into its dual, since it is a (possibly degenerate) collineation. Define a map

(,):F"*! x " —F

in the following way:
(u,v) = f(v)(u),

that is the result of applying the element f(v) of (F*"*1)* to u. It follows that (, ) is a
o-sesquilinear form. Indeed it is easy to see that (, ) is linear on the first argument and
since

(w,vi +va) = f(vi+v2)(u) = f(vi)() + f(va)(w) = (u,v1) + (0, v2)

and
(u,av) = f(av)(u) = a’ f(v)(u) = a(u,v),

it is semilinear on the second argument. Moreover (, ) is non-degenerate if, and only if,
f is a bijection.

Conversely, any o-sesquilinear form on V' = F"*! induces two (possibly degenerate)
correlations of PG(n,F) given by

1:P=(u) € PG(n,F)\ VL — PL = {(v): (u,v) =0} € PG(n,F)* (1.1)

and
T:P=(v)€PG(n,F)\V' — P ={(u): (u,v) =0} € PG(n,F)*. (1.2)
O

Definition 1.3.20. Let (, ) be a sesquilinear form of F**1. A point P = (v) of PG(n,F)
is called absolute if (v,v) =0, i.e. if the vector v is isotropic.

Note that a correlation of PG(n,F) applied twice gives a collineation of PG(n, F).

Definition 1.3.21. A (degenerate) polarity is a (degenerate) correlation whose square
is the identity.
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Hence, if p is a (possibly degenerate) polarity, then for every pair of points P and R
the following holds:
Pe R < Re P’

and in this case the points P and R are said conjugate points. A subspace U is called
totally isotropic with respect to p if U C U”. In this case, a totally isotropic subspace U
of PG(n,F) has dimension at most |25 |.

Definition 1.3.22. Let p be a (degenerate) reflexive polarity of PG(n,q), the set of
totally isotropic subspaces with respect to p is called a (degenerate) finite classical polar
space.

Proposition 1.3.23. A (degenerate) correlation is a (degenerate) polarity if, and only
if, the induced sesquilinear form is reflexive.

Proof. Let (, ) be a reflexive o-sesquilinear form of F*"+1. If u € (v)*, then v € (u)*.

Hence the map (u) ~ (u)* defines a (possibly degenerate) polarity. Conversely, given
a (possibly degenerate) polarity p, then (u) € (v)” if, and only if, (v) € (u)”. So, the
induced sesquilinear form is reflexive. O

1.4 Quadrics, Hermitian varieties, Symplectic geometries of
PG(d, q)

By Proposition 1.3.23, we have seen that polarities of PG(n,F) are in one to one corre-
spondence with non-degenerate, reflexive o-sesquilinear forms on F**1. Hence, to every
polarity of PG(n,F) there is an associated pair (A, o), with A a non-singular matrix of
order n + 1 and ¢ an automorphism of F. From Theorem 1.3.11, we have the following:

Corollary 1.4.1. Let (A, o) be a polarity of PG(n,q), one of the following holds:

e 0 =1, A is a symmetric matriz, q is odd. The polarity is called an orthogonal
polarity.

e 0 =1, A is a symmetric matriz, q is even. There is a non absolute point and the
polarity is called a pseudo polarity.

e 0 =1, A is a skew-symmetric matriz, n is odd. Every point is an absolute point
and the polarity is called a symplectic polarity.

e 02 =1,s00:x+ a2Vl qisa square, A is a Hermitian matriz. The polarity is

called @ Hermitian or unitary polarity.

Remark 1.4.2. Let (, ) be a o-sesquilinear form on an (n + 1)-dimensional [F,-vector
space V. The restriction of (, ) on a subspace U of V' is a o-sesquilinear form that is
symmetric, symmetric and not alternating, alternating or Hermitian according as (, ) is
symmetric, symmetric and not alternating, alternating or Hermitian. This yields that the
restriction of a polarity p of PG(n,q) on a projective subspace of PG(n, q) is a polarity
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that is orthogonal, pseudo-polarity, symplectic or Hermitian, according as p is orthogonal,
pseudo-polarity, symplectic or Hermitian.

Each of the above polarities of PG(n,q) determines a set T' : X!AX? = 0, as set

of absolute points. The three type of polarities give rise to the following, well known,
subsets of PG(n, q):

Definition 1.4.3. If (A, o) is a polarity of PG(d, ¢), then one of the following holds:
e T'is called a quadric of PG(n,q) (¢ odd, orthogonal polarity).
e I' is a hyperplane of PG(n, q) (¢ even, pseudo polarity).

e I' is the full pointset of PG(n,q) (n odd, symplectic polarity) and the geometry
determined is a symplectic polar space.

e I'is a Hermitian variety of PG(n,q) (q a square, 02 = 1, o # 1, unitary polarity).

In all the cases of the previous definition, the set is often called also non-degenerate
since the associated o-sesquilinear form is non-degenerate. All the above sets have been
classified and for each of them it is possible to give a canonical equation. By Remark
1.3.14, we have:

Theorem 1.4.4. If (A, o) is a polarity of PG(n,q), then let T : X'AX? = 0 be the set
of its absolute points. The following holds:

1) If T is a quadric, so q is odd, then we have:

i) If n is even, then I' = Q(n,q) is a parabolic quadric and has the following
canonical equation

T1x9 + ...+ Tp—_1Tn +xi+1 =0.

ii) Ifn is odd, then either ' = Q~ (n, q) is an elliptic quadric and has the following
canonical equation

122 + ...+ Tp—2Tp—1 + f(2n, 2ny1) =0,

with f(Zn, Tpt1) irreducible polynomial of degree two over Fy, orI' = Q1 (n,q)
is a hyperbolic quadric and has the following canonical equation

12+ ...+ xpxpy1 = 0.

2) If T is a hyperplane, so q is even, then T : x1 + ... 4+ xp41 = 0.

3) If T'=W(n,q) is a symplectic polar space, so n is odd, then the associated bilinear
form () has the following canonical equation

(T, y) = T1y2 — T2Y1 + - .. + TpYnt1 — Tnt1Yn-
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4) If T' = H(n,q) is a Hermitian variety, then q is a square and H(n,q) has the
following canonical equation
x}/a—l—xg/a—i—...—i—xnfil =0.
Remark 1.4.5. Let (, ) be a degenerate, reflexive o-sesquilinear form on V =T g“ and
let A be the associated matrix with respect to a basis B. Let I" be the set of absolute
points with respect to the associated degenerate polarity p. Then dim V+ = r+1, 7 > 0,
and let V, be the associated projective subspace of PG(n,q). Now, let S,,—1_, be a skew
subspace with V,, i.e. S,_1_» NV, = 0, and let S denote the underlying vector subspace
of S;,—1—r. Since rk(A) = n — r, then the restriction of (, ) on S is non-degenerate and
induces a non-degenerate polarity p’ on S,_1_,. Hence, the set of absolute points I
of S,—1—, with respect to p’ is either a quadric (¢ odd) or a hyperplane (¢ even) or a
Hermitian variety (g square) or a symplectic polar space (n and r are both either odd or
even). Then, the set T" is the cone with vertex V, and base I, i.e. it is the union of the
lines joining a point of V, and a point of I, and it will be called either degenerate quadric
or degenerate Hermitian variety or degenerate symplectic polar space accordingly to I is
either a quadric or a Hermitian variety or a symplectic polar space.

1.5 Quadratic forms

We see, from Section 1.4, that we have missed quadrics in the g even case. In order to
include quadrics for the g even case, we give the following definition:

Definition 1.5.1. Let V' be an F-vector space. A quadratic form on V is any map
f:V—F
such that
o f(Av)=M\2f(v) forany v €V and X € T,

e (u,v) = f(u+v)—f(u)—f(v) is a bilinear form on V" and it is called the polarisation
of the quadratic form f.

The quadratic form f is non-degenerate if (, ) has the property that (u,v) = f(u) =0
for all v € V implies u = 0, otherwise it is degenerate. A vector u is singular if f(u) = 0.
A subspace U is totally singular if u is singular for all u € U. A mazimum totally singular
subspace is a totally singular subspace which is not contained in a larger totally singular
subspace. A subspace U is called non-singular if for any non-zero vector u of U one has

f(u) #0.

Clearly, the bilinear form (, ) given in Definition 1.5.1 is symmetric. More precisely,
if F has odd characteristic the following characterization holds:

Proposition 1.5.2. Let V be a vector space over o field F with odd characteristic. Then,
any symmetric bilinear form (, ) on V induces a quadratic form on V.
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Proof. Let f:V — F be a map defined by

fv) =(v,v)
for any v € V. Clearly, f is a quadratic form. O

Let f be a quadratic form on V and (, ) the polarization of f. Regarding the subspaces
of V, the following hold:

Proposition 1.5.3. If U is a totally singular subspace then U C U=,
Proof. For any u,v € U we get u+ v € U and so
(,v) = f(u+v) — f(u) - F(v) = 0,
O

Proposition 1.5.4. Let U be a subspace of V. If F has odd characteristic and U C U+
then U is a totally singular subspace.

Proof. For any u € U, we have
0= (u,u) =2f(u).
Hence, if F has odd characteristic then f(u) = 0. O
Definition 1.5.5. A (degenerate) quadric of PG(V') is any set
Q={(v) e PG(V): f(v) =0},
for some (degenerate) quadratic form f on V. A point P € Q will be called singular.
Remark 1.5.6. Let V be an (n + 1)-dimensional vector space over F.

e If F has odd characteristic, then there is a bijective correspondence between (possi-
bly degenerate) quadratic form on V' and (possibly degenerate) symmetric bilinear
form on V. Hence, the definitions of quadric given in Definition 1.4.3 and Defi-
nition 1.5.5 are the same, and a subspace U of V is totally singular with respect
to a quadratic form f if, and only if, U is totally isotropic with respect to the
polarisation of f.

e If F has even characteristic, then the polarisation of the quadratic form f on V is
alternating and is non-degenerate unless n is odd.

Regarding the dimension of a maximum totally singular subspace, the following has
been proved:

Theorem 1.5.7 (|4, Theorem 3.28|). Let f be a non-singular quadratic form on an
(n + 1)-dimensional F-vector space V.. Then

n e {2r—1,2r,2r + 1},

where r is the dimension of a mazximum totally singular subspace.



1.6 Properties of polar spaces

1.6 Properties of polar spaces

By Theorems 1.5.7, 1.3.15, 1.3.16, any two maximum totally isotropic subspaces of a
polar space I'" have the same dimension and are called generators of I'. This common
vector space dimension is called the rank of I'. In Table 1.1, polar spaces of rank r and
parameter e are listed. The meaning of the parameter e is explained in Proposition 1.6.2.

Table 1.1: I, . polar space of rank r and parameter e

F'f‘e Q+(2r_17Q) H(2T_17Q) W(2r_17Q) Q(2T7Q) H(2r7Q) Q_(2T+17Q)
e 0 1/2 1 1 3/2 2

The term k-space of I';. . will be used to denote a totally isotropic k-dimensional projective
space of I'y. ..

Lemma 1.6.1. Let I', . be a finite classical polar space in PG(n,q).

e For any point P of 'y, the set Ptn Iy e is a cone with base I'v_1 . and vertex P,
with I'r_1 ¢ a finite classical polar space of rank r — 1 of the same type as I'y .

o Let { = (P,Q) where P,Q are two distinct points of I'y... Then 0+ is an (n — 2)-
space of PG(n, q) intersecting Ty in a polar space Ty_1, if P € Q+, or in a cone
having as vertex the line £ and as base a polar space I'y_g ., if P € Q+.

o Let Iy be a (k — 1)-space of T'y.. Then Hé‘_l is an (n — k)-space of PG(n,q)
intersecting I'y o in a cone having as vertex Iy and as base a polar space I'y_j, ¢,
where I'y_j . is of the same type of I'y .

Proof. Tt follows from Remark 1.4.5. O

Proposition 1.6.2 (|4, Theorem 4.10]). The number of points of a finite polar space Iy,

18
(¢" —1)(g"* T+ 1)

q—1

)
of which ¢*"=Vre are not conjugate with a given point of I'yc. In particular, any finite
polar space of rank one has ¢ + 1 points.

Proposition 1.6.3. The number of (k — 1)-spaces of I'y.. is given by

i T[@+ 1)

q =1

Proof. By induction on k. The case k = 1 holds true by Proposition 1.6.2. Suppose
that the formula is valid up to k. Count in two ways the pairs (II,II'), where II is a
(k — 1)-space of T'y.¢, I is a k-space of Iy, and II C II'. For a fixed II', we have [k;gl]q
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possibilities for II. On the other hand, IT C II' C II'", hence II € IT'" and I’ C II+. By
Lemma 1.6.1, the number of k-spaces through a fixed (k — 1)-space II equals the number
of point of I',_j, .. Therefore,

= #(k — 1)-spaces of I, . - #points of I',_j .

k+1
#k-spaces of I, - [ i ]
q

k

By the induction hypothesis we have

I k r—k r—k+e—1
i -1 1 —1
#k-spaces of I', . = 7} H(qr+e—z +1) (q )(q +1) ¢

_ k+1 _
a1 qg—1 q 1
- _ k+1
7’:| q F-1 r4+e—i

R _ H(q +1)
k] qq sl
- k41
1 .
= [ e

- q =1

O

Let P(n,q) be a polar space of PG(n,q). In Table 1.2 the possible intersections of
a k-space ¥ of PG(n,q) and the (n — k — 1)-space ¥+ with a polar space P(n,q) are
described. Let IIx_;_1P(t, q) denote a cone of ¥ having as vertex a (k—t—1)-dimensional
subspace II;_;_1 and as base a polar space P(t, q) contained in a t-dimensional subspace
skew with IIy_;_q.

A k-space ¥ of PG(n,q) will be also called hyperbolic, elliptic, parabolic, symplectic
or hermitian k-space of PG(n,q) accordingly to ¥ meets the polar space I' in Q™ (k, q),

Q™ (k,q), Q(k,q), W(k,q) or H(k,q).

1.7 m-ovoids of polar spaces

m-Ovoids in finite classical polar spaces have been defined in e.g. [78].

Definition 1.7.1. Let I',.. be a finite classical polar space. A set of points O of I, . is
an m-ovoid if each generator of I', . meets O in m points.

The following lemma is well known and easily proved, see e.g. [79].
Proposition 1.7.2. Suppose that O is an m-ovoid, then |O] = m(g" ¢! +1).
Lemma 1.7.3 (|5, Lemma 1]). Let O be an m-ovoid of I'; ¢, then for any point P € T'; .

— (gt 2+1)+1 if P
|PLmO|: (m )(q + )+ Zf 607
m(q"te=2 4+ 1) if P& O.
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Table 1.2: Intersections of a k-space ¥ of PG(n, q) and the (n — k — 1)-space X+ with a
polar space P(n, q) of PG(n,q).

nodd | LNW(n,q) St NW(n,q)
t odd Hk_t_1W(t, q) Hk_t_1W(7’L —2k+4+t—-1, q)
nodd | ¥NQ"(n,q) 2 NQT(n,q)

todd | My 1Q7(t,q) My 1QT(n—2k+t—1,q)

todd | Ig_y—1Q (t,q) Myt 1Q (n—2k+t—1,q)

teven | Ilp_; 1Q(t,q) Myt 1Q(n—2k+t—1,q)

nodd | ¥XNQ (n,q) > NQ (n,q)

todd | I__1Q* (L, q) ¢ 1Q (n—2k+t—1,9)
todd | Ix_y1Q (t,q) My 1QT(n—2k+t—1,q)

teven | Ilp_y—1Q(t,q) Mt 1Q(n—2k+t—1,q)

n even Y¥NQ(n,q) > NQ(n,q)

todd | II_,_1Q* (L, q) M —1Q(n—2k+t—1,q)
todd | Iy 1Q (t,q) I —1Q(n—2k+t—1,9q)
Oy 1QT(n—2k+t—1,q)
M o 1Q (n—2k+t—1,q)
YN H(n,q?) St NH(n,q%)

s 1H(t,q¢°) Oy s 1 H(n—2k+t—1,¢%

teven | Ij__1Q(t,q)

An m-ovoid of T, is called trivial if it is the empty set or consists of all points of
I'y e, and hence if m =0 or m = %, respectively. A 1-ovoid will be simply called ovoid.
Let O and O’ be an m-ovoid and an m/-ovoid of T',.. If O and O’ are disjoint, then
O U O is an (m + m')-ovoid of P, .. Furthermore the complement of an m-ovoid is a
(‘{;:11 — m)-ovoid.

m-Ovoids are rare objects, see e.g. [19, 43] for an overview on known examples and
some non-existence results for ovoids. Bounds on m for the existence of m-ovoids of three
classes of finite classical polar spaces can be found in [5], with some recent improvements
in [20].

Also in [78], I-systems of finite classical polar are introduced. An [-system is a gener-
alization of ovoids and spreads, in fact unifying the two concepts in one definition.

Definition 1.7.4. Let I', . be a finite polar space of rank r > 2. A [-system of I, o, with
0<Il<r—1,isanysetS={m,...,m} of k=¢q"T¢1 +1 [-spaces of I, such that no
generator of I';. . containing m; has a point in common with Uj;m;, ¢ = 1,... k.
Definition 1.7.5. Let I, . be a finite polar space of rank r > 2. A spread S of I';. is a
set of generators, which constitutes a partition of the pointset.

By Definition 1.7.4, we have that a 0-system is an ovoid and a (r — 1)-system is a
spread. The following theorem shows that a putative [-system will yield an m-ovoid.
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Theorem 1.7.6 ([78, 6.1]). Let S be an l-system of the polar space Ty, and O the set
of points given by the union of the [-dimensional subspaces in S. Then O is an m-ovoid

1+1
of I'y e with m = TS

1.8 Spreads of PG(3,¢) and ovoids of Q" (5, ¢q)

Now, we briefly describe the relation between ovoids of the hyperbolic quadric Q* (5, q),
also called the Klein quadric, and line spreads of PG(3, q).

Let u = (u1,ug2,us,us),v = (v1, V2, v3,v4) be two linearly independent vectors of V' = Fg.
The Pliicker coordinates of (u,v) are p;; = u;v; — u;v; for every i # j. Let 7 be the map
from pairs of linearly independent vectors of V' to points of PG(5, q) defined by

7(u,v) = ((p12, P42, P14, P23, P13, D34))-

The map 7 is well defined from the lines of PG(3,q) into the points of the quadric
Q1(5,q) : XoX5+ X1 X4+ X2X3 = 0 and it is called the Klein correspondence. It follows
that there is a bijective correspondence between the line spreads of PG(3,¢q) and the
ovoids of Q7 (5,q); see |4, Section 4.6], [11, Section 4.8]. Hence, Q" (5,q) has ovoids for
all values of q. We can always assume that an ovoid of Q*(5,q) contains the points
(1,0,0,0,0,0) and (0,0,0,0,0,1) and hence it can be written in the following form:

O(flv f2) = {(Lwayv fl(way)) f2(x7y)a _yfl(xa y) - fo(x, y))}x,yEFq U {(07070? 0? 07 1)}
for some functions f; : Fg — Fy with £;(0,0) =0, ¢ € {1,2}; see |85, Chapter 1|.
The set O(f1, f2) is an ovoid if and only if

(L, z1,y1, iz, v1), fa(w1, 1), —21fa(2r, v1) — w1 fi(zn, y)), (1.3)
(1, 22,92, f1(x2,y2), fo(22,92), =22 fa(w2, y2) — Y2 f1(2,42))) # O,

for every (x1,y1) # (r2,y2) in IE‘g7 where (, ) is the symmetric for ¢ odd (or alternating
for q even) form associated to the quadratic form of the quadric Q*(5, ). Note that

<(17x17y13 fl(ﬂfl)?/l))f?(xlayl)v _l‘lf2(ﬂfl)y1) - ylfl(xlayl)a (07070)0)0) 1)> =1

Using the Klein correspondence, we can translate an ovoid O(f1, f2) of Q1 (5,q) to the
corresponding line spread of PG(3, ¢). This results in the set S(f1, f2) = {lay : (z,y) €
Fg} U {lx}, where o : Xo = X7 =0 and

0 Xy = —fi(z,y)Xo + folz,y) X1
o X3 = Z‘X() + yXl.

Now, let KC be a quadratic cone of PG(3, ¢) with vertex the point (0,0,0,1) and base
the conic with equations XX — X22 = X3 = 0. A flock F of K is a partition of the
points of the cone, different from the vertex, into g conics. Without loss of generality, we
can suppose that the planes containing the conics of the flock F are given by

m i tXo— f(O)X1+9(t)Xe+ X3=0, te Fq,
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for some functions f, g : F, — F, with f(0) = g( ) = 0. We denote this flock by F(f, g).
In particular, the set S(f) = {raw (z,y) € F2} U{loo}, where

. Xy = —(y+g(x))Xo — f(x) X1
VU X3 = 2 Xo + y X1,

is a line spread of PG(3,q); see [37] and also [44, Theorem 54.2|. We will say that the
ovoid of Q™ (5, q) corresponding to the line spread S(F) is associated to the flock F(f,g).



Chapter 2

Rank distance codes

2.1 Preliminary results and notions

Let F; be the finite field of g elements, ¢ a prime power, and let Fy**" be the set of m xn
matrices with entries over F, endowed with rank distance

d:(A,B) e T " x F*" = 1k(A — B) € {0,1,...,min{m, n}}.

A subset of Fj"*", including at least two elements is called a rank distance code. The
minimum distance d(C) of a code C is naturally defined by

d(C) =min{d(A,B): A,B € C,A # B}.

If d =d(C), we will say that C is an (m,n, ¢; d)-rank distance code. An (m,n, ¢; d)-rank
distance code is additive if it is an additive subgroup of Fy**". An additive code is F-
linear if it is a subspace of Fy " seen as a vector space over F,. A code that it is neither
linear nor additive is called a non-linear code.

It is well-known that the size of an (m,n,¢;d)-rank distance code C satisfies the
Singleton-like bound, see e.g. |21, Theorem 5.4]:

|C| < qmax{m,n}(min{m,n}fdJrl) )

When this bound is achieved, C is called an (m,n, ¢; d)-mazimum rank distance code, or
shortly (m,n,q;d)-MRD code. The adjoint code of C is defined as the code consisting of
transposed matrices belonging to C:

C'={X":Xec}.

As in [84, Theorem 3.5], two rank distance codes C,C" C F"™*", m,n > 2, are called
equivalent if there exist P € GL(m, q), Q € GL(n,q), R € F;**" and a field automorphism
p € Aut([F,) such that

C'=PC’Q+R={PX’Q+R:X €C}.

20
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When m = n, in addition to being equivalent, two codes are said adjointly equivalent if
C'=PCYQ+R={P(X"YQ+R:XecC}.

If both C and C’ are additive, then one may assume that R is the zero matrix.
Similarly, if both C and C’ are linear, then p can be chosen, without loss of generality,
as the identity. The code C' C Fém_u)xn obtained by C C Fj"*" deleting the last u rows,
1 <u <m—1,is called the punctured code of C . In [13, Corollary 7.3|, it is showed that
if C is an MRD code then C" is MRD as well.

The left and right idealisers of a code C C F**™ are defined as the sets

I,(C) = {P e FI™ . PX € C,¥X €C},
IR(C)={QeF;*": XQeC,VX eC},

respectively.

Although the rank distance codes are subsets of matrices, they can be represented in a
particular setting, that of o-linearized polynomials. From now on, suppose m = n and let
o:2 €Fp s 27 € Fyn be a field automorphism of Fyn with (s,n) = 1. A o-linearized
polynomial over Fyn is a polynomial of the form o(z) = Zf:o ;iz? € Fynlx], £ € N. If
ay # 0, the integer ¢ is called the o-degree of a(x) and it will be denoted by deg, a(x)
or deg . a(z). The set

n—1
En,q,o = {Z OéiLUUZ Ty € Fqn} (21)
1=0

with the usual sum, the scalar multiplication by an element of Fy» and the map composi-
tion modulo 9" — z is an algebra isomorphic to the algebra of the endomophisms of Fyn
seen as vector space over F,. Indeed, it is well known that any [Fy-linear endomorphism
of Fgn can be represented uniquely as a o-polynomial beloging to Ly, 4.+, [59, Chapter 3|.
Then any rank distance code C, |C| > 2, can be seen as a suitable subset of £, 4 4.

So, the definitions of transposed matrix, adjoint code and equivalence between codes
can be naturally reformulated in this environment. Let o(z) = Z?;ol ;7% € Ly 40, then
the adjoint polynomial of a(x) is defined as

n—1 ) )
=0

and if C C L, 4, is a rank distance code, C' = {&(x) : a € C}. Moreover, two rank codes
C and C’ are equivalent or adjointly equivalent if and only if there exists (f, p, g, h) such
that f,g,h € L, 45, with f and g permutation polynomials, and p € Aut(F,) such that

C'={foafog+h:acC} or C'={foalPog+h:acC'},

respectively, where the automophism p acts only over the coefficients of a polynomial «
in C or C', respectively. A map

(f,pyg,h) :a€Cr— foalog+hel
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is called an equivalence between C and C'. If C = C’, an equivalence is called an auto-
morphism of C. The set Aut(C) of all automorphisms of C is a group with respect to the
product

(frpog:h) % (f 0o g B = (f o 7 pp 9" o g f ol o g + 1)
where the composition is taken modulo z¢" — z.

Now, we shall present the state of the art regarding the known (n,n,q;d)-MRD codes
in the linearized polynomials setting. We shall start from maximum rank distance code
that are F,-linear subspaces of L, 4.

2.1 Linear MRD codes

The first class of linear MRD codes, discovered by Delsarte [21] and Gabidulin [34], are
known in literature as Delsarte-Gabidulin codes. Later in [35], Gabidulin and Kshevetskiy
provided a generalization of them, called the generalized Gabidulin code: let 1 < k < n
be integers, then generalized Gabidulin code is the set of linearized polynomials

k—1
Oko = {Z iz’ o € Fqn}
i=0

and it is an (n,n,¢;n — k + 1)-MRD code.

In [76], Sheekey exhibited a wider class of linear MRD codes, called twisted Gabidulin
codes and later generalized in [66] by Lunardon, Trombetti and Zhou. Let n,k, h be
positive integers, k < n and let 1 be in Fgn such that Ngen /4s (1) # (—=1)"* 1 then the
generalized twisted Gabidulin codes is the set

k—1
i h
Hk,o(n, h) = { E a;x7 + 77048 a:Uk oy € Fqn}
i=0

and it is an (n,n,q;n — k + 1)-MRD code.

Puchinger et al. provided a further generalization of generalized twisted Gabidulin
codes in [73].
Finally, a family of maximum rank distance codes in £, 4.5, n = 2t,2 < d < n and ¢ odd
is discovered by Trombetti and Zhou in 2019 and described in [82]: let £ € Fyn satisfying
that Ngn /:(€) is a non-square in [y, then

k—1

i k

ka(g) = { E o;x’ +Eapx’® iaq,...,qp_1 € Fqn,ao,ak € th}
=0

qm -1
'The symbol Ny ,¢(x) = z «*~1 denote the norm of z € Fgm over F,¢, where m, { are integers with
L] m.
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and it is an Fy-linear (n,n,¢;n — k + 1)-MRD code.
2.2 Additive MRD codes

In [68], Otal and Ozbudak showed a family of non-linear additive MRD codes as a
generalization of generalized twisted Gabidulin codes. Let n, k, u, h be positive integers
satisfying ¢ = i and k < n. Let n € Fgn such that Nysn g (1) # (—1)"*_ Then the set

Ak ,0,90 777 {Z OZZII}‘ + 77aq0 ot oy € Fqn}

is an Fyj-linear (n,n,q;n — k + 1)-MRD code.
2.3 Non-linear MRD codes

In finite geometry (n,n,q;n)-MRD codes are known as spread sets (see e.g. [22]) and
there are examples for both the linear and the non-linear case. The first class of non-
linear MRD codes whose codewords are not invertible and so different from spread sets,
are the (3,3,¢;2)-MRD codes constructed by Cossidente et al. [17]. These arise from a
geometrical context and are generalized in two steps: firstly, by Durante and Siciliano
[33] obtaining a family of (n,n,q;n — 1)-MRD codes, n > 3, and then by Donati and
Durante obtaining a family of (d+ 1,n,¢; d)-MRD codes, d < n —1, see [28]. As we shall
extend this family in Chapter 9, we will describe it in detail in Section 2.3.

The second family of non-additive MRD codes for all n,d has been constructed by
Otal and Ozbudak in [69]: let I be a subset of Fy, 1 <k <n — 1 and consider

1(11])€ ol — {Zal a c, Q1 € IF‘qnal\Iq"/q(OéO) S I} , (22)

nkaI {Z Bix 1 By, B € Fyn, Nygn /o(Br) & (_1)n(k+1)[} )

Then Cppos = C) ., UCP | C Logo is an (n,n,q;n — k + 1)-MRD code. In [69,
Corollary 2.1], they proved

L. ifg=2or I € {{0},FF;,F,, 0} then C, 4 5.1 is equivalent to a generalized Gabidulin
code

2. if ¢ > 2 and I ¢ {{0},F;,F,,0}, then Cp ko is not an affine code (i.e. not a
translated version of an additive code).

2.2 The geometric setting

Let E = End(F»,F,) be the vector space of all endomorphisms of Fy» seen as a vector
space over the field IF,. As any element of IE corresponds 1-to-1 to a linearized polynomial
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flx) = Z;:ol oz’ € L g0, it will be called rank of f : Fgn — Fyn, rkf = dimp, imf.
Also, the Fy-linear map f(z) has rank r if and only if the Dickson matriz

(7)) a1 oo Qp—1
(oa g (o2
Qp_1 Qg Qp_2
Dy = . . .
o.nfl O.nfl o.nfl
aj Qg Qg

has rank r, see for more details [59].

Let V' be a v-dimensional vector space over the field Fyn and let PG(v — 1,¢") =
PG(V,Fgn). A set A of points of PG(v — 1, ¢") is an Fy-linear set if each point is defined
by a non-zero vector of an [Fy-linear vector space U C V/, in symbol

A= {{(u)r,.:ueUu#0}.

If dimp, U = u, we say that A has rank u. The size of A can be at most % and if
it is attained, A is said to be scattered. If u = v and (A) = PG(v — 1,¢"), then A is a
(canonical) subgeometry of PG(v — 1,¢™). It follows that A is a canonical subgeometry
if and only if any its frame is also a frame of PG(v — 1, ¢").
Let (X, X1,...,Xn—1) denote the homogeneous projective coordinates of PG(n —
1,¢") and let & be the collineation of PG(n — 1, ¢") defined by
(Xo, X1y, Xn-1)? = (X7 _1, XG, -+, Xy o).

n—1
Then, the collineation & fixes pointwise the canonical subgeometry
2 ={(a,a%....,a”" ) a €Fn} 2 PG(n—1,9). (2.3)

Let S = PG(W,¢") be a subspace of PG(n — 1,¢"), the integer dimp , W = w will be
called rank of S. Then S = SN Y is a subspace of ¥ of rank at most w. We will say that
S is a subspace of ¥ if S and S have the same rank. In particular, this holds if and only
if S is fixed by the collineation & (see e.g. [62]).

Any point P of PG(n — 1,¢"™) defines the subspace

—1

L(P)=(P,P%,...,P7" ).

Note that L(P) has rank at most n and it is fixed by ¢, and so L(P) is a subspace of ¥.
If P(ag, 1. .., an-1) is a point of PG(n —1,¢"), it will be of type r with respect to ¥ if
L(P) has rank r, or equivalently if f(x) = Z;:ol a;z° has rank r, or also the Dickson
matrix Dy has rank r.

Let PG(F;*",Fy) = PG(mn —1,q), m < n, and let S;,—1,-1 be the Segre variety
of PG(Fy ™, Fy), i.e. Sp—1,n-1 is the set of all points (M) in PG(Fy**",F,) such that
rank M = 1, see [43, Section 4.5]. This can be seen as the [ -field reduction of the set of
points

S = {(@,2%,...,2%" )z € F} 2 PG(n —1,¢q)
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of PG(m — 1,¢") in PG(mn — 1, q), see [58].

Let A be a subset of PG(n — 1,q) and denote the h-secant variety of A by Qp(A),
i.e. the union of the h-dimensional projective subspaces spanned by collections of h + 1
independent points of A, [41]. A set of points £ C PG(n — 1, q) is called an exterior set
with respect to Qp(.A) if any line joining two points of £ is disjoint from €, (A). The
following theorem proves an upper bound for the size of an exterior set.

Theorem 2.2.1. Let A C PG(n—1,q) such that (A) = PG(n—1,q). Let € C PG(n—1,q)
be an exterior set with respect to Qp(A), then
qn—h—l -1

gl <
€<=

forany0 < h <n-—1.

Proof. Firstly, we may assume h < n — 3. Indeed, if h € {n — 2,n — 1} the claim is
trivially satisfied: if h = n — 1, then Q,,_1(A) = PG(n — 1,¢) and £ = 0; if h = n — 2,
then €, _2(A) contains hyperplanes and |£] < 1.

Now, let h < n — 3 and let S; be an h-dimensional subspace contained in £ (.A). The
number of (h + 1)-dimensional projective subspaces of PG(n — 1, ¢) containing S, equals
the number of points of an (n — h — 2)-dimensional projective subspace of PG(n — 1, q).
Since £ is an exterior set, then it meets any (h + 1)-dimensional projective subspace
containing Sy in at most one point. This proves the claim. ]

Given M and N a subspace and a subset of points of PG(n — 1, ¢), respectively, with
M NN =), we will denote the cone with vertex M and base N by K(M,N).

Corollary 2.2.2. Let A C PG(n—1,q) such that (A) =PG(t—1,q), 1 <t <n, and let
E C PG(n—1,q) be an exterior set with respect to Qp,(A). Then & is contained in a cone
K = K(Sn—t-1,&), with base & = EN(A) and vertex an (n —t — 1)-dimensional subspace
Sp—t—1 complementary with (A). Moreover,
n—h—1
€] < u’
qg—1

forany0 < h<t—1.

Proof. Clearly, & C (A) is an exterior set with respect to Q;,(A) C (A). By Theorem
2.2.1, one gets

B tfhfl_l
£ <1
qg—1
for any 0 < h <t —1. Then
Kl = €] |Sn—t=1]- (= 1) +|&] + |Sn—t—1]
t—h—1 n—t t—h—1 n—t
-1 -1 -1 -1
q q g—1)+ 2 L4
qg—1 qg—1 qg—1 qg—1
qn—h—l__l
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O

An exterior set &€ C PG(n — 1,¢q) with respect to Qp(A), (A) = PG(t —1,¢), 1 <
h+1 <t <n,is called mazimum if |E| = %. Note that the image of Qp, (3, ) C
PG(m — 1,¢") under the F,-field reduction is the h-secant variety Qp,(Sp—1,n—1) of the
points whose representative matrices in IFZ”X" have rank at most h + 1.

The (maximum) exterior sets with respect to Q4(%,,,) are related to (maximum)

rank distance codes. More precisely,

Theorem 2.2.3. Let £ C PG(m —1,q") be an exterior set with respect to Qp (X, n) and
denote the image of € under the F-field reduction by E'. Then, the set

C={pM: (M)r, €& pelF,} (2.4)

is an (m,n,q;h 4+ 2)-RD code. In addition, if £ is mazimum then C is an MRD-code.

See [16, 17, 29] and the references therein for more details on exterior sets.

2.3 Non-linear MRD codes arising from C7-sets

In [28], G. Donati and N. Durante exhibited a class of non-linear MRD codes with
parameters (d + 1,n,q;d) with ¢ > 2, n > 3 and 2 < d < n — 1 by means of a family of
maximum exterior sets with respect the (d—2)-secant variety of a subgeometry isomorphic
to PG(d, q) in ¥441,,. Now, we recall briefly their construction. So, let PG(d, ¢") be a
d-dimensional projective space and consider A and B two distinct points of PG(d, ¢"),
S4 and Sp be the stars of lines (pencils of lines if d = 2) through A and B, respectively.
Let o be the Frobenius automorphism of Fyn defined by o : z +— 29 with (n,s) = 1
and consider ® a o-collineation between S4 and S which does not map the line AB
into itself and such that the subspace spanned by the lines ®~(AB), AB, ®(AB) has
dimension min{3, d}. The set X of points of intersection of corresponding lines under the
collineation @ is called C'%-set of PG(d, ¢") and the points A and B are called the vertices
of X, see [27, 28]. There, it is proved that every Cf-set X of PG(d, ¢") with vertices A
and B is the union of {A, B} and ¢ — 1 pairwise disjoint subsets, called the components
of X, each of which is a scattered IFg-linear set of rank n, for more details on linear sets
see e.g. [72].

Let Ny = {y € Fgn : Ngn/o(y) = a} for any a € F;. Without loss of generality, we
may assume that A = (0,...,0,1) and B = (1,0,...,0) and then the sets

X, = {(1,75,15"“, . ,t"d_1+"'+"+1) te Na} ,

with a € Iy, are the components of X'. Since every A; has (¢" —1)/(¢—1) points, then X
has ¢" + 1 points. In particular, every X, is isomorphic to PG(n — 1, q), see [29, Remark
3.5]. For any a € Fy, the line AB of PG(d, ¢") is partitioned into {4, B} and the ¢ — 1
sets

J, = {(1,0, 0, (D)) e Na} ,
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each of which is an Fy-scattered linear set (of pseudoregulus type with transversal points
A and B), see |27, Remark 2.2| and [64]. Note that X; = X441, and let II be a subge-
ometry of ¥4, isomorphic to PG(d, ¢). Then for any T' C Fy, 1 €T, the set

€= <X\UXQ>UUJCL
acT acT

is a maximum exterior set with respect to 4_o(II), see |28, Theorem 5.1]. Hence, to the
set &€ corresponds a (d + 1,n,q; d)-MRD code.



Chapter 3

Absolute points of correlations of

PG(d, q"), d € {1,2,3)

3.1 The o-quadrics of PG(d, ¢")

Let V = IFZTT ! be a vector space. If V is equipped with a o-sesquilinear form ( , ) we
may consider in PG(d, ¢") the set I" of absolute points of the associated correlations L,
T, defined as in (1.1), (1.2) respectively, i.e. the set of points P such that P € Pt (or
equivalently P € PT). If A is the associated matrix to the o-sesquilinear form ( , ) w.r.t.
a basis of V, then the set I' consists of the points satisfying the equation X*AX? = 0.
Throughout we can assume o # 1, since we have seen that if o = 1, then I' : X*AX =0
is either a (possibly degenerate) quadric or a (possibly degenerate) symplectic geometry.
Let L = V1 and R = VT denote the left and right radicals of ( , ) respectively, seen as
subspaces of PG(d, ¢") that will be called the vertices of T

Definition 3.1.1. A o-quadric of PG(d, ¢") is the set of the absolute points of a (possibly
degenerate) o-correlation, o # 1, of PG(d, ¢"). A o-quadric of PG(2, ¢") will be called a
o-conic.

The o-quadrics include Hermitian varieties and have been considered in |23, 29].

Proposition 3.1.2. Let T': X*AX? = 0 be a o-quadric of PG(d,q"). Every subspace S
intersects I' either in a o-quadric of S or it is contained in I.

Proof. Let (z1,...,24+1) be the homogeneous projective coordinates of PG(d, ¢"). Let
S be an h-dimensional subspace of PG(d, ¢"). We may asssume, w.l.o.g., that

S:$h+2:'--:xd+1:0-

Let A’ be the submatrix of A obtained by deleting the last d — h rows and columns of
A . Tf A7 =0, then S CT. If A’ #0, then SNT is a o-quadric of S. O

In [29] the following result regarding subspaces contained in o-quadrics has been
proved.

28
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Proposition 3.1.3. If Sy, is an h-dimensional subspace of PG(d,q") contained in a o-

quadric T with equation X'AX° = 0, then h < Ld — %J Moreover, for any o there

erists a o-quadric with equation X'AX° = 0, containing a subspace with dimension
[d _ rk(A)J )
2

Definition 3.1.4. Let ' : X*AX? = 0 be a o-quadric of PG(d, ¢"). A line ¢ is i-secant
to I if it has exactly ¢ > 1 points in common with I'. In particular, if i = 1 the line is
also called tangent.

Proposition 3.1.5 ([29, Proposition 2.3]). Let I' : X*AX? = 0 be a o-quadric of
PG(d, q").

e For every point Y € I'\ R, the hyperplane YT is the union of lines through Y either
contained or 1-secant or 2-secant to I.

e For every point Y € I'\ L, the hyperplane Y is the union of lines through Y either
contained or 1-secant or 2-secant to I'.

Corollary 3.1.6 (|29, Corollary 2.4]). Let T': X*AX? =0 be a o-quadric of PG(d, q")
andlet L=V+ R=VT.

e For every pointY € L, the set YT NT is the union of lines through Y contained in
r.

o For every point Y € R, the set Y- NT is the union of lines through Y contained
mn T

Proposition 3.1.7. Let I' : X!AX? = 0 be a o-quadric of PG(d,q"), n > 2. A line
through a point Y of L =V~* (or R=V") and contained in Y+ (or YT ) has one or all
points in common with T

Proof. Let Y € L and let Z be a point of Y. Let X =AY + puZ, A\, € Fogn, (A, ) #
(0,0), be a point on the line joining Y and Z. Then X € I' if and only if

YIAY N L YEAZONT + ZPAY TN o+ ZPAZ7 " =0 (3.1)

where Y!AY? = Y'AZ = 0, since Y € L and Z*AY? = 0, since Z € Y '. Hence,
Equation (3.1) becomes Z!AZu°+1 = 0 and two cases occur: either Z!AZ° = 0 and
the line Y Z is contained in I or Z!AZ° # 0 and the line Y Z intersects I" exactly in the
point Y.

If Y € R, the result follows in a similar way. O

3.2 The o-quadrics of PG(1,¢") and PG(2,¢")

Now, we can start with the study of o-quadrics. First we describe the set I' in PG(1, ¢"),
for more details see [23].
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Proposition 3.2.1. Let I' be a o-quadric of PG(1,q"™). Then I is either the empty set
or a point or two points or an Fy-subline.

Now, we describe the set I' in PG(2,¢") when |A| = 0, i.e. the o-sesquilinear form
(,) on Fg’n is degenerate, see [23].
Proposition 3.2.2. Let T' : X'AX = 0, |A| = 0, be a o-conic of PG(2,¢") with an
associated degenerate o-sesquilinear form. Then I' is one of the following:

e a cone with vertex a point P projecting a o-quadric on a line not through P (hence
either the point P or a line, or two lines, or ¢ + 1 lines through R);

e a (possibly degenerate) Cf-set (see [24, 25, 26, 27]).

The sets of absolute points with respect to a non-degenerate, non-reflexive o-sequilinear
form, o # 1, of an have been completely determined by B.C. Kestenband in 11 papers.
We refer the interested reader to [46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56]. In what follows
we will use the following definition.

Definition 3.2.3. A Kestenband o-conic is the set of absolute points of a non-degenerate,
non-reflexive o-sequilinear form, o # 1, of an.

In the next two theorems let o : x — x¢" with (2n + 1,m) = 1.

Theorem 3.2.4. Let T': X'AX? = 0 be a Kestenband o-conic of PG(2,¢*"*1), n > 0,
q odd. Let f be the collineation defined by X — (At)_lA"X"Z. Then one of the following
holds:

e if f fizes no points of PG(2,¢** ™)\ T, then |T'| = ¢***1 + 1. Moreover, f fires one
point of I' and I' is projectively equivalent to the set satisfying
z32 + 25T + (21 + exz)zd = 0,

2n+1+1_1

where E‘ZT #0.

e if f fizes more than one point of PG(2,¢>" )\ T, then |T| = ¢! 4 1. Moreover,
T" is projectively equivalent to the set satisfying
2t + 25t 423t =0,

the collineation f fizes PG(2,q) pointwise and hence it fizes the ¢ + 1 points of T
on the set
{(x1,22,23) € PG(2,q) : af + aF + 2} = 0}

and q? points of PG(2,q) \ T.
o if f fizes one point of PG(2,¢*" 1)\ T, then T is projectively equivalent to the set

satisfying
az{ ™+ (bxy + cxo)xg + da§ Tt =0,

with a, b, c,d # 0. Moreover, f fizes either 0,1,2 or ¢+ 1 points of I'. In particular,
we have:
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— if f fives either 0,2 or ¢+ 1 points of T, then |T| = ¢*" 1+ 1. In the last case
the ¢ + 1 points of I fized by f are collinear.

— if f fives 1 point of T, then |I'| € {¢*"*1 — "1 +1,¢*" 1 + ¢ + 1),

Theorem 3.2.5. LetT': X! AX? =0 be a Kestenband o-conic of PG(2,¢*"*1), n >0, ¢
even. Let f be the collineation defined by X — (At)*lA"X"z. Then one of the following
holds:

o if f fizes no points of PG(2,¢>" )\, then |T'| € {¢® T —¢" 141, "M 4-g" T 41}
Moreover, f fixes one point of I' and I" is projectively equivalent to the set satisfying

x3z] + :CgH + (21 + exz)xf =0,
where £ é # 0.

e if f fizes at least one point of PG(2,¢*" 1)\ T, then || = ¢***! + 1. Moreover, T
s projectively equivalent to the set satisfying

+ + pr12§ + x”“ + :v§+1 =0,

Jor some p € Fant1. The trinomial 29"+ 4 px + 1 can have one, two, ¢+ 1 or no
zeros. In particular:

— if it has one or ¢+ 1 zeros, then p = 0 and the collineation f fixres PG(2,q)
pointwise and hence it fizes the g + 1 points of I on the Fy-subline

{(z1,22,23) € PG(2,q) : ©1 + z2 + x3 = 0}
and ¢* points of PG(2,q) \T.

— if it has two zeros, then the collineation f fixes 2 points of I

— if it has no zero, then the collineation f fizes no point of I

In the next theorems let o : x + 29" with (2n,m) = 1.

Theorem 3.2.6. LetI' : X! AX° = 0, with A a diagonal matriz, be a Kestenband o-conic
of PG(2,¢*"), n > 0. Then

Tle{g™ + 1+ ()" (g = 1),¢" + 1+ (=a)"(¢ = 1), 4> + 1 - 2(=q)"}.
Moreover:
o if [T| = ¢*"+14+(—q)" 1 (g—1), thenT is projectively equivalent to the set satisfying
27 4 gt 4 agt =,
o if T| =¢*+1+4+(—q)"(q—1), then T is projectively equivalent to the set satisfying
"“ + :c"“ + axsg o+l —,

with a & {x9t! : x € Fpn}.
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o if |T| =¢*" +1—2(—q)", then T is projectively equivalent to the set satisfying
x‘lﬂ'l + bxgH + xgH =0,
with a,b,a/b & {z9% : x € Fpn}.

Theorem 3.2.7. Let T : X'AX° = 0, with A a non-diagonal matriz, be a Kestenband
o-conic of PG(2,¢*"), n > 0, q even. Then

T| € {¢® - ()" +1,¢*" — (—¢)" + 1,¢*" + 1}.

Theorem 3.2.8. Let ' : X'AX° = 0, with A a non-diagonal matriz, be a Kestenband
o-conic of PG(2,¢*"), n > 0, ¢ odd. Then one of the following holds:

o I' is projectively equivalent to the set satisfying
ref T 4 priaf + say T+ 23T = 0.
Moreover, the trinomial rz9" 1 4 px 4+ s can have 0,1,2 or ¢ + 1 roots and
T e{® +1+ (=" (¢—1),¢*" + 1+ (—¢)"(¢ — 1), ¢ + 1 = 2(—q)"}.
Moreover:

— if it has g+ 1 zeros or mo zero, then I' is projectively equivalent to one already
studied in the diagonal case, see [3, Corollary 7, Proposition 29, Proposition
30.

— if it has one zero, then either
Tl e {¢® ="' +1,¢" +¢" + 1}

if n is odd, or
Tl € {¢* +¢"" +1,¢" —¢" + 1}
if n is even.
— if it has two zeros, then |T'| = ¢** 4 1.
o I is projectively equivalent to the set satisfying

:13‘17Jr1 + x129 + rang + Trozg + 5$§H =0.

Moreover, [T| € {¢* —¢" +1,¢*" + 1,¢*" + ¢" + 1}.
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3.3 The o-quadrics of PG(3,¢")

We describe the set I' in PG(3,¢") when |A| = 0; see [29]. We distinguish three cases
according to the rank of A.

Proposition 3.3.1. Let T': X'AX =0, rk(A) = 3, be a o-quadric of PG(3, ¢") with an
associated degenerate o-sesquilinear form, with

og:x €Fgn =27 €Fgn,

and (n,m) = 1. If q is even and n is even, put r = (¢" — 1,q"™ + 1). Then the vertices R
and L are points and I" is one of the following:

1. If L # R, then:

I is an elliptic o-quadric of PG(3,¢") with vertex points R and L and has
canonical equation mg'H — barg'H + x212] = 0, with b a non-square if q is odd
and bl9"=D/" £ 1 if q is even and n is even. Moreover, IT| = ¢ + 1 and
contains no line.

I’ is a parabolic o-quadric of PG(3,¢") with vertex points R and L, q is even
and has canonical equation ng — bazgJrl + z12] = 0, where the equation
27t = b has a unique solution. Moreover, |U'| = ¢** + ¢" + 1 and contains a

unique line through R and a unique line through L.

I' is a hyperbolic o-quadric of PG(3,¢") with vertex points R and L, both q
and n are odd and has canonical equation xgﬂ — bx§+1 + x12] = 0, where
27+ = b has ezactly two solutions. Moreover, |I'| = ¢*"+2¢" +1 and contains
exactly two lines through R and exactly two lines through L.

I is a (¢+ 1)-hyperbolic o-quadric of PG(3, ¢™) with vertez points R and L, n
is even and has canonical equation :1:(2’“ — bx§+1 +z12§ = 0, where 2°Tt = b
has exactly ¢+ 1 solutions. Moreover, |T'| = ¢*™ +2¢" + 1 and contains evactly
q + 1 lines through R and exactly g+ 1 lines through L.

2. If L =R, then I is a cone with vertex the point R and base a Kestenband o-conic
of a plane ™ not through R.

Proposition 3.3.2. Let T : X'AX =0, rk(A) = 2, be a o-quadric of PG(3,¢™) with an
associated degenerate o-sesquilinear form. Then the vertices R and L are lines and T is
one of the following:

e IfRNL =0, then T is a o-quadric of pseudoregulus type with vertezx lines R and
L, and has canonical equation x1x§ — xox§ = 0. The only lines contained in I" are
R, L and the q" + 1 lines of a pseudoregulus with transversal lines R and L (see

[64])-

e I[f RN L = {P} is a point, then T is a cone with vertex the point P projecting a
(possibly degenerate) C-set in a plane not through P.
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o [fR=1L, then T is a cone with vertex the line R over a o-quadric of a line skew

with R.

Proposition 3.3.3. LetT': X'AX =0, rk(A) = 1, be a o-quadric of PG(3, ¢") with an
associated degenerate o-sesquilinear form. Then the vertices R and L are planes and T’
1s one of the following:

o If L#R, thenl'=LUR.
o [fL=R, then' = L.

Remark 3.3.4. In contrast to the case of PG(2,¢"), nothing is known for the sets of
absolute points in PG(3, ¢") of a non-degenerate, non-reflexive sesquilinear form of F;ln.



Chapter 4

Absolute points of correlations of
PG(4, ¢")

We recall that o-quadrics have been completely classified in PG(d, ¢") for d € {1,2}
(see [23]) and partially classified for d = 3 (see [29]). Here we will deal with the four
dimensional case. As in [29], we will divide the study o-quadrics of PG(4, ¢") into several
cases, depending on the rank of the associated matrix. We will say that I' : X*AX7 = 0
is a o-quadric of rank i if rk(A) =i € {1,2,3,4}. We will fix

U:l’qun’—)l‘qmqun

with (n,m) = 1. In the last section, we will show that these objects are related to ovoids
of the parabolic quadric Q(4, q). The results of this chapter have appeared in [30].

4.1 o-quadrics of rank 4 in PG(4,¢")

Let T': X*AX° = 0 be a o-quadric of PG(4, ¢") associated to a o-sesquilinear form (, ).
In this section we assume that rk(A) = 4. Therefore the vertices L and R are points of
PG(4,q"). We distinguish several cases:

1) L #R.
We may assume w.l.0.g. that the point R = (1,0,0,0,0) is the right radical and the point
L =(0,0,0,0,1) is the left radical. It follows that

0 a2 a3 as ais
age a3 a4 ags
agz asz aszs ass |,
(42 Q43 Q44 Q45

0 0 0 0

o O o O

and
I': (a1221 + agexs + asexs + aszrs)x§ + (a1321 + asxe + azzxs + aszxrs)x§ + (a1az1 +

35
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242 + a34x3 + a44aj4)x§f + (a15:c1 + ag522 + assx3 + a45x4)xg =0.
The degenerate collineation
T:Y € PG(4,¢") \ {R} — X'AY? = 0 € PG(4,¢")*

associated to the sesquilinear form maps points onto hyperplanes through the point L.
Points that are on a common line through R are mapped onto the same hyperplane
through L. Therefore T induces a collineation ® : Sg — &7, where

Sk = {Zoz,,B,'y,5 : (O‘7577a 5) € PG(3,qn)} with

T = A
T = po
logrs i qrs=pb (A p) € PG(1,¢")
T4 = iy
T5 = 1o

and
S ={Zwpye:(d,f,9,0)ePG(3,¢")} with
Yo piys s dxy + s+ ey + wg = 0.
The collineation ® is given by ®(ly,8.+.5) = Xar /4,67, With

(«,B8.79,8) = A'[(, B,7,6)]°,

where A’ is the matrix obtained by A by deleting the last row and the first column. Note
that |A’| # 0 since rk(A) = 4. It is easy to see that I" is the set of points of intersection
of corresponding elements under the collineation ®.

IfY = (y1,92,93,94,y5) is a point of I' \ {R}, then the tangent hyperplane to I' at the
point Y is the hyperplane ¥y = YT with equation X*AY? = 0. It follows that, for every
point Y of I' \ {R} the hyperplane ¥y contains the point L. The tangent hyperplane
Y, = L" to I at the point L is the hyperplane with equation X*AL? = 0, that is:

Y1 aisry + assxe + assxs + agzry = 0.

In what follows, we will assume that ® maps the lines of a fixed projective frame of Sg
into the hyperplanes of a fixed projective frame of S7. We again distinguish some cases.

e First assume that > contains the line RL. We have the following:

Proposition 4.1.1. LetT': X'AX? = 0 be a o-quadric of PG(4, ¢"), with rk(A) =
4, L # R and RL C X1, then one of the folowing holds:

i) T is a degenerate elliptic o-quadric of PG(4, ¢"™) with collinear vertex points
R and L. Then T satisfies x12] + 2§+ — ca3™ + z42g = 0, with ¢ a non
square if q is odd and ¢\ 9" ~V/" £ 1, r = (¢"—1,¢™+1), if ¢ and n are even.
Moreover, [T| = ¢ +¢" + 1 and T contains only the line RL.
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it) I' is a degenerate ¢"-parabolic o-quadric of PG(4,¢") with collinear vertex
points R and L. Then q is even and I' satisfies $1azi+x§'+1 —cx§+1+$4fvg =0,
where the equation x° ! = ¢ has a unique solution. Moreover, |T'| = ¢®"+¢*" +

q"+1 and T contains q" lines through R and q" lines through L (beside RL).
ii1) T is a degenerate 2¢"-hyperbolic o-quadric of PG(4, ¢") with collinear vertex

points R and L. Then q and n are odd and I' satisfies x1x§ + xgH — cx§+1 +
z4xg = 0, where 27+ = ¢ has exactly two solutions. Moreover, |T'| = ¢®" +

2¢°" +¢q" + 1 and T contains 2¢™ lines through R and 2¢" lines through L
(beside RL).

iv) T is a degenerate (¢ + 1)¢"-hyperbolic o-quadric of PG(4, ¢") with collinear
vertex points R and L. Then n is even and I' satisfies x1x] + J:ZH — cang +
z4xg = 0, 2°T1 = ¢ has ezactly ¢ + 1 solutions. Moreover, |I'| = ¢" + (¢ +
1)g*™ +¢" + 1 and T contains (q + 1)q" lines through R and (q + 1)q" lines
through L (beside RL).

v) T' is a non-degenerate parabolic o-quadric of PG(4, ¢") with collinear vertex
points R and L. Then T satisfies —x3 " + z128 + 232 + 2428 = 0. Moreover,
IT| = ¢*"+¢*" +q"+1 and T’ contains " lines through R and q" lines through
L (beside RL).

Proof. Since ¥ contains the line RL, w.l.o.g., we may put ¥ : x4 = 0. Hence
a15 = ags = azs = 0 and we can put aqs = 1, obtaining

I': (a1271 +a22r2+az2x3+ a1224) 29 + (a1321 + a23x2 + a33x3 + a4324) 2 + (@141 +
2472 + 343 + a4474)x] + xa2g = 0.

With this assumption the collineation ® maps the line RL into the hyperplane .
Consider now the star Sg»;, of lines through R in Xr. We distinguish two cases.

a) Suppose that ® maps the lines of Sg x;, into the hyperplanes through the line
RL.
In this case, we can assume that ® maps the line x5 = x4 = x5 = 0 into the
hyperplane x5 = 0, the line 9 = x4 = x5 = 0 into the hyperplane x3 = 0 and
the line o = x3 = x5 = 0 into the hyperplane z; = 0 obtaining

T :aza 4 bagtt — &gt + 2428 =0,

with abé # 0. Then, via the projectivity

) ab’ 0 0 0 0\ [
a 0 b0 0 0f[a
zel=10 0100 T3
x 0 00 1 0] |
s 0 00 0 b \zs

I" is projectively equivalent to the set satisfying

r12] + 25— ca§tt + w4 =0,
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where ¢ = @°. By Corollary 3.1.6, we know that R+ N T is the union of
lines through R. Since RT has equation z4 = 0, then a line lo,g~,5 through
R is contained in T if, and only if, a®t! — ¢8°*t! = 0. Hence, the number
of lines through R contained in I', different from the line RL, depends on
the cardinality of the set {l;10, € Sr : 2°T! = ¢}, and this is given by
q"|{x € Fgn : 277! = c}|. Moreover, the number of lines through L contained
in T, different from the line RL, is equal to ¢"|{z € Fyn : 277! = c}|. Indeed,
let Sp = {tag~s @ (a,8,7,0) € PG(3,¢")} be the set of lines through L,
where

T = A\
To = )\ﬁ
taprs T3 =Xy (Ap) € PG(L,¢").
Ty = pY)
Ts = [

By Corollary 3.1.6, X7, NI is the union of lines through L. Then a line t, g5
is contained in I if, and only if, 7+ —cy°+! = 0. This yields that the number
of lines through L contained in I', different from the line RL, depends on the
cardinality of the set {t;,10 € Sr. : y°t! = ¢}. The number of solutions of
the equation z°t! = ¢ is either 0,1,2 or ¢ + 1 depending upon ¢ even or odd
and n even or odd. We distinguish several cases:

- If ¢ and n are even, then there are either 0 or 1 or ¢ + 1 solutions giving
either 0 or ¢" or (¢+1)g" lines through R (and hence through L) contained
in T,

- If ¢ is even and n is odd, then there is a unique solution of the equation
giving ¢" lines through R (and through L) contained in T

- If ¢ is odd and n is even, then there are either 0 or ¢ + 1 solutions of the
equation giving either 0 or (¢ + 1)¢™ lines through R (and through L)
contained in TI'.

- If ¢ and n are odd, then there are either 0 or 2 solutions of the equation
giving either 0 or 2¢" lines through R (and through L) contained in T.

In these cases we will call the set I' either an elliptic or a ¢"™-parabolic or a
2¢q™-hyperbolic or a (q + 1)q"-hyperbolic o-quadric with collinear vertex points
R and L according as the number of lines through R (different from the line
RL) contained in T is either 0 or ¢™ or 2¢™ or (¢ + 1)¢™.

Now, let I a line through R. If | ¢ Spx, then ®(I) 7 RL and so [N ®(l) is a
point. If | € Sg 5, then IN®(I) is either the point R or the line [. Recalling that
I contains the line RL, we get |T'| = ¢*"+¢"¢"|{x € Fgn : 2771 = c}|+¢"+1.

Now, suppose that ® does not map the lines of Sgx, into the hyperplanes
through the line RL.
In this case, there exists a hyperplane ¥ containing RL such that the lines of



4.1 o-quadrics of rank 4 in PG(4,¢")

39

the star Sg »; are mapped, under @, into the hyperplanes through RL. Hence

there is another line through R (together with RL) contained in I'. In this

case we may assume that ¥ : x3 = 0 and ® maps the line z3 =4 =25 =0

into the hyperplane zo = 0, the line xo = x4 = x5 = 0 into the hyperplane

x1 = 0, and the line x9 = x3 = x5 = 0 into the hyperplane x3 = 0. Hence:
T:—az§th 4+ bryaf + coza] + w4z =0,

with abc # 0. Then, via the projectivity

x) ba’(ca®)™ 0 0 0 0\ [
) 0 a 0 0 0] |a2
x| = 0 0 ca® 0 O T3
z) 0 0 0 1 0] |a
Tk 0 0 0 0 a Ts

I" is projectively equivalent to the set satisfying

—25 ™ 2 4 23] + 2428 = 0.

Since RT has equation z3 = 0, then a line log~,5 through R is contained in
I if, and only if, a°t! = 467. Observe that if & = 0 then either v = 0, which
gives the line RL, or 6 = 0, which gives the line ly0,1,0. So, the number of lines
through R contained in I', different from the lines RL and lg 1,0, depends on
the cardinality of the set {1104y € Sr : zy” = 1}. A pair (z,y) is a solution
of zy? = 1 if, and only if, y = 27 '. Hence there are q" — 1 solutions of the
equation giving ¢ — 1 lines through R contained in I'. We will call the set I" a
non-degenerate parabolic o-quadric with collinear vertex points R and L. [

e Next, assume that X7 does not contain the line RL (or equivalently ® does not
map the line RL into a hyperplane through the line RL). We have the following:

Proposition 4.1.2. LetT': X'AX? = 0 be a o-quadric of PG(4, ¢"), with rk(A) =
4, L # R and RL ¢ X1, then one of the following holds:

i)

I is a non-degenerate o-quadric of type 1 of PG(4,¢™) with vertex points R
and L. Then q is odd and T satisfies 2§+ a5t + 27t +212¢ = 0, where the
Kestenband o-conic of PG(2,¢") given by the equation T+t 2911 =0
has " + 1 points. Moreover, |T| = ¢ + ¢** 4+ q" + 1 and T' contains evactly
q" + 1 lines through R and ezactly ¢" + 1 lines through L.

I is a non-degenerate o-quadric of type 2 of PG(4,¢™) with vertex points R
and L. Then n is even and T satisfies x5 +a5 ™ + 27 +x12g = 0, where the
Kestenband o-conic of PG(2,q") given by the equation x°+! 4 yoH1 4 201 =
0 has ¢" + 1 + (—q)"**(q — 1) points. Moreover, |T'| = ¢*" 4+ ¢** + ¢" +
" (—q)"*t (¢ —1)+1 and T contains exactly ¢" + 1+ (—¢)"/*t1 (¢ —1) lines
through R and ezactly ¢" + 1 + (—¢)"/**'(q — 1) lines through L.
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ii1) I' is a non-degenerate o-quadric of type 3 of PG(4,¢™) with vertex points R
and L. Then n is even and I satisfies :Ug+1+xg+1+cxz+1+x1x‘5’ = 0, where the
Kestenband o-conic of PG(2,q") given by the equation 2 4+t 4c20t =0
has " + 1+ (—q)"*(q — 1) points, with c ¢ {x9+' : x € Fyn}. Moreover, |T| =
P4+ ¢ (=) (q—1)+1 and T contains exactly ¢"+1+(—q)™?(q—1)
lines through R and ezactly ¢" + 1+ (—q)"/?(q — 1) lines through L.

iv) T' is a non-degenerate o-quadric of type 4 of PG(4, ¢") with vertex points R
and L. Then n is even and T satisfies x5 +bxg ™ +cax] ™ +a12¢ = 0, where
the Kestenband o-conic of PG(2,q") given by the equation x°+! + byt +
¢zt = 0 has ¢" + 1 — 2(—q)"™/? points, with b, ¢, bjc ¢ {x9F! 1 2 € Fyn}.
Moreover, || = ¢* + ¢*" 4+ ¢" — 2¢"(—q)™? + 1 and T contains exactly
q" 41 —2(—q)"? lines through R and exactly ¢* + 1 — 2(—q)™/? lines through
L.

Proof. W.l.o.g. we may put X, : 1 = 0. In this case there is a hyperplane through
R (not containing L), say ¥ g, such that the star of lines through R in X is mapped,
under ®, into the hyperplanes through RL. We may assume that ¥p : x5 = 0.
Hence ® maps the lines [, g0 into the hyperplanes g g o/ s S0 we may assume
that ® maps the line /10,0 into the hyperplanes ¥ 1,00, the line Iy 1,0 into the
hyperplanes X .1,0 and the line lgg1,0 into the hyperplanes ¥g0,0,1. Hence the
points of I' satisfy the equation

I:azgtt +baf ™ + ™ + 2127 =0,

with abc # 0. Then, via the projectivity

z, 100 0 0\ /&1
) 0 a 00 Of /[
g [=10 0 1 0 O T3
x 00 01 0f |z
z 0000 a \us

I" is projectively equivalent to the set satisfying
23t bt 4 ca a2 =0,

where b = ba° and ¢ = ¢a®. Since R has equation x5 = 0, then a line I, g~ s
through R is contained in T if, and only if, a®t! + b3+ + ¢y = 0. Hence, the
numbers of lines through R contained in I' depends on the number of points of the
Kestenband o-conic of PG(2,¢") given by the equation z7+! 4+ by ! 4 201 = 0.
We distinguish several cases:

- If ¢ and n are odd, then there are ¢ 4+ 1 points giving ¢" + 1 lines through R
(and through L) contained in I'.



4.2 o-quadrics of rank 3 in PG(4,¢")

41

- If ¢ is even and n is odd, then there are ¢" + 1 points giving ¢” + 1 lines
through R (and through L) contained in I

- If n is even, then there are either ¢® + 1 + (—¢)"?**'(q — 1) or ¢" + 1 +
(=q)"?(q—1) or ¢"+1—2(—¢)"™? points giving either ¢"+1+(—q)"/>*(g—1)
or ¢" + 1+ (—q)™?(q—1) or ¢" +1 — 2(—q)™? lines through R (and through
L) contained in I".

In these cases we will call the set ' either of type 1 or of type 2 or of type 3 or
of type 4 with vertex points R and L according as the number of lines through R
contained in T is either ¢" +1 or ¢" +1+ (—¢)"?* (g—1) or ¢" + 1+ (—¢q)"/?(¢—1)
or ¢" 41 —2(—q)"2.

Now, let [ a line through R. If [ is not contained in ¥g, then ®(I) 2 RL and so
IN® (1) is a point. If [ is contained in X g, then IN®(]) is either the point R or the line
I. Recalling that I' does not contain the line RL, we get |T'| = ¢*" + ¢"|{(z,y,2) €
PG(2,q") : 27t 4 byt 4 2ot = 0} + 1. O

2) L =R.
The following proposition holds:

Proposition 4.1.3. Let ' : X'AX? = 0 be a o-quadric of PG(5,q"), with tk(A) = 4,
L = R, then I is a cone with vertex the point R projecting a o-quadric of rank 4 in a
hyperplane &, with R ¢ X..

Proof. We may assume w.l.o.g. that the point R = L = (1,0,0,0,0) is both the left
radical and the right radical. It follows that, in this case, I' is a cone with vertex the
point R projecting a o-quadric of rank 4 in a hyperplane not through R. Indeed, since
the matrix A has rank four with first column and last row equal to 0, by choosing a
hyperplane not through the point R, e.g. ¥ : 1 = 0, we get that the set ' N X is a
o-quadric of the hyperplane ¥ with associated matrix of rank 4. O

4.2 o-quadrics of rank 3 in PG(4, ¢")

Let T': X'AX° = 0 be a o-quadric of PG(4, ¢") with tk(A) = 3. Therefore the vertices
R and L are lines of PG(4, ¢").

Proposition 4.2.1. Let ' : X'AX° = 0 be a o-quadric of PG(4,¢"), with tk(A) = 3.
Then one of the following holds:

1) If RNL =0, then T is one of the following:

i) a degenerate hyperbolic o-quadric with skew vertex lines R and L satisfying
the equation z125 + x9z] + x32¢ = 0. Moreover, |T| = ¢*" +2¢*" +¢" +1 and
I’ contains q" trasversal lines with R and L and ¢*" lines incident with R and
skew with L.
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ii) anon-degenerate parabolic o-quadric with skew vertex lines R and L satisfying

the equation 35

o+1

+ 292 + 112Z = 0. Moreover, |T| = ¢® +¢*" +¢" + 1 and

I is the union of ¢*™ + ¢™ + 1 lines whose ¢" + 1 lines are trasversal with R
and L and ¢*" lines are incident with R and skew with L.

2) RNL =A{V} and T is a cone with vertezx the point V' projecting a o-quadric of rank
3 in a hyperplane ¥ with two (collinear or not) vertex points, with V ¢ ¥;

3) R=L and T is a cone with vertezx the line R projecting a Kestenband o-conic of a

plane m not through R.

Proof. Since rk(A) = 3, the vertices L and R are lines of PG(4, ¢"). We distinguish three

cases:

1) RNL=0.

We may assume w.l.o.g. that R: 3 =x4=x5=0and L : x; = 9 = 3 = 0. Then:

T: (a13$1 +ao3x9 +a33x3)xg + (a14a:1 +ao41o +CL34:C3):EZ + (CL151‘1 +ao5x9 +a35x3)x‘57 =0.

Let

Pr = {mapc: (a,b,c) € PG(2,¢")},

where

Ta,b,c =

and

xr1 = A
T2 = [
x3=7a ,(\p,7) € PG(2,¢")
T4 =Yb
(5 = 7yC

St ={2upc: (a,b,c) € PG(2,¢")}, where X4 : axy + bxg + cx3 = 0.

The o-quadric I is the set of points of PG(4, ¢") of intersection of corresponding elements
under a collineation ® : Pr — Sr.. Let X gy, be the hyperplane spanned by the lines R

and L, it follows that:

ZRLZ.%'g:O.

Let 7 the plane through R s.t. ¥, = ®(7). We distinguish two cases.

a) First assume that Xy, contains the plane 7.
W.lo.g., we may put w : 3 = x4 = 0. Then ®(mp0,1) = ¥o,0,1. We may assume that
® maps the plane 71 o into the hyperplane X1 o, the plane mg 10 into the hyper-
plane ¥ 1,0 and the plane 7y 11 into the hyperplane 3111 and hence a canonical
equation of I' in this case is given by

I':x129 + x9x] + 2322 = 0.



4.3 o-quadrics of rank 2 in PG(4,¢")

43

The set I' is the union of the plane 7w and ¢?" 4 ¢" lines. Let P be a point of the
plane 7,5 . € Pg, then P = (X, i, va,vb, vc). Observe that P belongs to L if, and
only if, A =yt = a = 0 and v # 0. It follows that the plane 7, . is skew with L if,
and only if, @ # 0. Therefore, I' contains ¢" lines which are trasversal with R and L,
and ¢*" which are incident with R and skew with L. Hence I' has ¢*" +2¢*" +¢" +1
points. We will call this set a degenerate hyperbolic o-quadric with skew vertex lines

R and L.

b) Now assume that ¥y does not contain the plane 7.
It follows that, w.l.o.g., we may put 7 : z4 = x5 = 0. Then ®(m100) = X001
We may assume that ® maps the plane 7 1 into the hyperplane ¥g 1, the plane
mo,0,1 into the hyperplane ¥1 g o and the plane 71 11 into the hyperplane ¥ 11 and
hence a canonical equation of I' in this case is given by

T: x%“ + zox] + x128 = 0.

The set I' is the union of ¢*® + ¢™ + 1 lines whose ¢™ + 1 lines are transversal
with R and L, and ¢*" lines are incident with R and skew with L. Observing that
TN YRrr = R, it follows that T' has ¢3" + ¢*" + ¢ + 1 points. We will call this set
a non-degenerate parabolic o-quadric with skew vertex lines R and L.

2) RN L ={V}is a point.

We may assume w.l.o.g. that R : z3 = x4 =25 =0 and L : 22 = z3 = x4 = 0. In this
case the o-quadric T' is a cone with vertex the point V. Since the matrix A has rank
three with first two columns and first and last rows equal to 0, by choosing a hyperplane
not through the point V', e.g. ¥ : 1 = 0, we get that the set I' N ¥ is a o-quadric of
the hyperplane ¥ with associated matrix of rank three and two (collinear or not) vertex
points given by RN Y and L N X. It follows that I' is a cone with vertex the point V'
projecting a o-quadric of rank 3 in a hyperplane not through V with two (collinear or
not) vertex points.

3) R=L.

We may assume w.l.o.g. that R = L : 3 = ©4 = x5 = 0. It follows that, in this case,
I" is a cone with vertex the line R. Since the matrix A has rank three with first two
columns and first two rows equal to 0, by choosing a plane not through the line R, e.g.
m:x = xo = 0, we get that the set ' N7 is a o-conic of the plane m with associated
matrix of rank three. Hence it is a Kestenband o-conic of . It follows that I' is a cone
with vertex the line R projecting a Kestenband o-conic in a plane not through R. O

Remark 4.2.2. Let I' : X'AX° = 0 be a o-quadric of PG(4, ¢?) with rk(A) = 3 and
02 =1.If R =L then T is a Hermitian cone with vertex the line R.

4.3 o-quadrics of rank 2 in PG(4,¢")

Let I' : X'AX? = 0 be a o-quadric of PG(4, ¢") with tk(A) = 2. Therefore the vertices
R and L are planes of PG(4, ¢").
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Proposition 4.3.1. Let ' : X!AX° = 0 be a o-quadric of PG(5,q"), with tk(A) = 2,
then one of the following holds:

1) RNL ={V} is a point and T is a cone with vertex the point V' projecting a o-quadric
of pseudoregulus type in a hyperplane ¥ with skew vertex lines, with V & X;

2) RNL =t is aline and T is a cone with vertex the line t projecting a (possibly
degenerate) C%-set of a plane m, with t N7 = {;

3) R =L and T is a cone with vertex the plane R projecting a o-quadric of a line
v, with vNm = 0. Hence T is either the plane w or one, two or q + 1 hyperplanes
through m forming an F4-subpencil.

Proof. Since rk(A) = 2, the vertices L and R are two planes of PG(4, ¢"). We distinguish
three cases:

1) RN L ={V} is a point.

We may assume w.l.o.g. that R: x4y = x5 = 0 and L : 1 = x9 = 0. It follows that, in
this case, I' is a cone with vertex the point V. Since the matrix A has rank two with first
three columns and last three rows equal to 0, by choosing a hyperplane not through the
point V', e.g. ¥ : x5 = 0, we get that the set I' N Y is o-quadric of the hyperplane ¥ with
associated matrix of rank 2 and vertices the lines

r:xg=x4=x5=0and!l:xzy =29 =23 =0.

Hence it is a o-quadric of pseudoregulus type of ¥ with skew vertex lines r and [ (see [29]
and also Proposition 3.3.2). It follows that I" is a cone with vertex the point V' projecting
a o-quadric of pseudoregulus type in a hyperplane not through V with skew vertex lines.

2) RN L =tis a line.

We may assume w.l.o.g. that R: x4 = x5 =0, L : z3 = x4 = 0. In this case the o-quadric
I' is a cone with vertex the line ¢ projecting a (possibly degenerate) C'%-set in a plane not
through t. Indeed let 7 a plane not through the line ¢t and let A= RNw, B=LN~7. It
follows that I' N7 is a set of points of m generated by a collineation between the pencils
of lines of m with center the points A and B induced by the collineation between the
pencil of hyperplanes Pgr and Py, that is associated to I'.

3) R=L.

We may assume w.l.o.g. that R = L : x4 = x5 = 0. In this case the o-quadric is a cone
with vertex the plane R over a o-quadric of a line skew with R. That is I is either the
plane R or a hyperplane through R or a pair of distinct hyperplanes through R or ¢ + 1
hyperplanes through R forming an F,-subpencil of hyperplanes through R. O

4.4 o-quadrics of rank 1 in PG(4,¢")

Let I' : X'AX? = 0 be a o-quadric of PG(4, ¢") with tk(A) = 3. Therefore the vertices
R and L are hyperplanes of PG(4, ¢").
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Proposition 4.4.1. LetT': X'AX° =0 be a o-quadric T of PG(4,¢"), with rk(A) = 1,
then one of the following holds:

1) L¥RandT'=LUR.
2) L=Rand T = R.

Proof. Since rk(A) = 1, the vertices L and R of I" are two hyperplanes of PG(4, ¢"). We
distinguish two cases:

1) L #R.

We may assume that R : x5 = 0 and L : 1 = 0. Hence I' : z12Z = 0, that is the union
of two different hyperplanes.

2) L =R.
We may assume that R = L : x5 = 0. Hence T : :1:‘5’+1 = 0, that is a hyperplane of
PG4, q"). O

4.5 o-quadrics of PG(4,q) and ovoids of Q(4,¢q)

In this final section we will show, as an application of o-quadrics of PG(4, ¢), that two of
the known ovoids of Q(4, ¢) can be obtained as intersection of a suitable o-quadric with
Q4,q).

We recall that an ovoid of Q(4,q) is a set of ¢> + 1 points intersecting any generator
in exactly one point. Let (X7, X2, X3, X4, X5) denote the homogeneous coordinates of
PG(4,q). Let Q(4,q) : X1 X5 + X2X4 + X2 = 0. We can always assume that an ovoid of
Q(4,q) contains the points (1,0,0,0,0) and (0,0,0,0,1) and hence it can be written in
the following form:

O4(f) = {(07070707 1)} U {(17x7y7f(‘757y)7 _y2 - xf(x,y)) 1XL,Y € Fq}

for some function f : F2 — F, with f(0,0) = 0; see [35, Chapter 2]. They are rare
objects and, beside the classical example given by an elliptic quadric, only three classes
are known for ¢ odd, one class for ¢ even and a sporadic example for ¢ = 3°. They
have been studied since the end of the ’80s also because of their connections with many
other important and well studied objects such as semifield flocks of a three dimensional
quadratic cone, ovoids of PG(3, q), eggs of finite projective spaces, translation generalized
quadrangles, rank 2 commutative semifields etc. etc. In Table 4.1 the known ovoids of
Q(4, q) are listed; see |45, 70, 71, 81].

In the following we show that two classes of ovoids of Q(4, q) are related to o-quadrics
of PG(4, q).

Proposition 4.5.1. Let n be a non-square of Fy, ¢ = p", q odd and h > 1, and let 0 # 1
be an automorphism of F,. The o-quadric I' of rank 2 of PG(4,q) given by the equation
X4 X7 +nX1Xg = 0 meets the quadric Q(4,q) : X1 X5 + XoXy4 + X2 = 0 in the union of
a Kantor ovoid and a quadratic cone contained in a hyperplane of PG(4,q).
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Table 4.1: Known ovoids of Q(4, q).

H Name f(z,y) Restrictions H
Elliptic quadric —nx q odd, n non-square
Elliptic quadric axr +y q even

Penttila- Williams —z? — 81 q=3
h
= 2
Thas-Payne —nx — (n~ )9 — yl/3 ¢=3%h>2
n non-square
=3" h>1
Ree-Tits slice —x2ot3 e ¢=3%h>1,
o =+/3q
h
I q=p", qodd
Kantor nT h>1, 041
Tits 2o+ i ya qg= 22h+1> o= 2h+1

Proof. Observe that I' = {X; =0} U{(1,z,y, —na?,2) : x,y,z € Fy}.

First let P = (1,z,y, —nx?, z) be a point in I' \ {X; = 0}. It follows that P belongs to
Q(4,q) if, and only if, 2 = —y? + na°+L.

Now observe that the intersection {X; = 0} N Q(4, ¢) is given by

X1=0
Xo X, + X:)? =0,
that is a quadratic cone of the hyperplane X; = 0. O

Proposition 4.5.2. Let ¢ = 221 and let 0 = 2", The o-quadric T' of rank 3 of
PG(4,q) given by the equation X4X7 + Xéﬂ'l + X1 Xg = 0 meets the quadric Q(4,q) :
X1 X5+ Xo Xy + X% = 0 in the union of a Tits ovoid and the line X1 = X9 = X3 =0.

Proof. Observe that
F={X1=Xo=X3=0U{(L,z,y, 2 +97,2) s 2,9,z € F,}.

First let P = (1,2,y,2° " 4+ 9%, 2) be a point in T'\ {X; = Xy = X3 = 0}. It follows that
P belongs to Q(4, q) if, and only if, z = y? + 2772 + 29°.
Now observe that the quadric Q(4, q) contains the lines {X; = Xs = X3 = 0}. O



Chapter 5

Absolute points of correlations of
PG(5, ¢")

In this chapter, we will deal with the five dimensional case. We will divide the o-quadrics
of PG(5, ¢") according to the rank of the associated matrix.
Let V = an, let {, ) be a degenerate o-sesquilinear form and let ' : X*AX? = 0 be the
associated o-quadric with rk(A4) =i € {1,2,3,4,5}. We will say that I" is a o-quadric of
rank i. We will fix

a:xquonqm € Fyn

with (n,m) = 1. As an application, in the last section we will show that o-quadrics
of PG(5,q) are related to ovoids of the hyperbolic quadric Q" (5, q). The results of this
chapter have appeared in [31].

5.1 o-quadrics of rank 5 in PG(5, ¢")

In this section a o-quadric I' of PG(5, ¢") will have equation X*AX? = 0 with rk(A4) = 5.
Hence the vertices L and R of I' are two points of PG(5, ¢"). We distinguish two cases.

1) L #R.
We may assume w.l.o.g. that R = (1,0,0,0,0,0) and L = (0,0,0,0,0,1). It follows that

0 a2 a3 ais a5 a
age G23 Q24 A25 026
agz a3z a34 a3z5 436
(42 Q43 Q44 Q45 O46
asy Gs3 As54 A55 A56

0 0 0 0 0

O O O OO

and
I: (auxl +aooxo+aszexrs+agrs+ a5gx5)xg + (a13x1 +ao3x9+asz3rs+aszrs+ a53x5)x§ +
(1421 + a24%2 + 43473 + A4474 + as4x5)T] + (1521 + a25T2 + 43573 + a4524 + assxs)Te +
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(a16:c1 + a9gx2 + azgxr3 + aggrs + a56x5)xg =0.
The degenerate collineation

T:Y € PG(5,q") \ {R} = X'AY° = 0 € PG(5,¢")*

associated to the sesquilinear form maps points onto hyperplanes through the point L.
Points that are on a common line through R are mapped onto the same hyperplane
through L. Let Sg = {lo 85 : (@, 8,7,6,€) € PG(4,¢")} be the set of lines through R,
where

xIr = A
To = Uo
T3 = puf
la7ﬁ77767€ : ? (A7 lu’) G PG(17 qn)
T4 = pry
x5 = pd
T = €

and let S = {Aw g voe @ (&,8,79,0,€) € PG(4,¢")} be the set of hyperplanes
through L, where

Ao gy e s &'z + B'eg + /w34 6wy + €35 = 0.

Therefore T induces a collineation ® : Sg — S} given by ®(lyg5e) = Aar g ~/.5 ¢/
with

(O/,,B/,’y/,(sl,el)t — A/(aa,ﬁa,’ya,(SU,GU)t,
where A’ is the matrix obtained by A by deleting the last row and the first column. Note
that |A’| # 0 since rk(A) = 5. It is easy to see that I" is the set of points of intersection
of corresponding elements under the collineation &, i.e. a point P belongs to I' if and
only if {P} =148~.6.c N P(lag.5¢) for some ly g~ 5 € Sr.
Y = (y1,92,93, Y4, Y5, ys) is a point of I'\ { R}, then the tangent hyperplane to I' at the
point Y is the hyperplane Ay = Y T with equation X*AY? = 0. It follows that, for every
point Y of I' \ {R} the hyperplane Ay contains the point L. The tangent hyperplane
A = L7 to T at the point L is the hyperplane with equation X*AL? = 0, that is:

Ap :a16x1 + a6x2 + azex3 + aseTs + asers = 0.

In what follows, we will assume that ® maps the lines of a fixed projective frame of Sg
into the hyperplanes of a fixed projective frame of S7.
We distinguish two cases.
e First assume that Aj contains the line RL.
We will prove the following proposition:

Proposition 5.1.1. LetT': X*AX? = 0 be a o-quadric of PG(5,¢"), with tk(A) =
5, R# L and RL C A, = L7, then one of the following holds:
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i) q odd and T satisfies x1x§ —l—argﬂ + xgH + xZH +x5xf = 0. Moreover, I has

@+ P+ ¢ 4 ¢ 4 1 points and contains exactly (¢" + 1)g™ lines through
R (or L), beside RL.

it) n even and I' satisfies x12¢ + 237" + 2! + 2™ + 252 = 0. Moreover, T
has ¢*" + ¢®" + ¢** + ¢* (—q)"*t (¢ — 1) + ¢" + 1 points and contains exactly
(" + 14 (—=¢q)"*T(q — 1))q" lines through R (or L), beside RL.

iii) n even and T satisfies v12g + 25t + 25 + 27t + 2528 = 0. Moreover, T
has ¢*™* + ¢*" + ¢* + ¢**(—q)"?*(q — 1) 4+ ¢" + 1 points and contains exactly
(¢" + 14 (—¢q)"*(q — 1))q" lines through R (or L), beside RL.

) n even and T satisfies x128 + 2371 + 2§ + 29t + x50 = 0. Moreover,

L has ¢*" + ¢ + ¢®" — 2¢°"(—q)"? + ¢" + 1 points and contains exactly
(" 4+ 1 —2(—q)"?)q" lines through R (or L), beside RL.

v) either q odd and ¢ a non-square or q,n even and cla"=1/r #% 1, with r =
(" —1,¢™ + 1), and T satisfies z12§ + :UgH — cmgH + z42f + 2528 = 0.
Moreover, T' has ¢*™ + ¢*™ + ¢" + 1 points and contains exactly ¢*™ + 1 lines
through R (or L), beside RL.

o+1

vi) q even and x°+t! = ¢ has a unique solution and T satisfies x125 + x4
cacg'H +x42g + 2508 = 0. Moreover, T has ¢*™ + ¢*" + ¢** + ¢" + 1 points and
contains ezactly ¢*" + q" + 1 lines through R (or L), beside RL.

o+1 ngl *C$§+1 +

vii) q,n odd and x = ¢ has two solutions and I' satisfies x1x +x
xa2f + 52 = 0. Moreover, I' has ¢+ P +2¢%" + ¢ +1 points and contains
ezactly ¢*" + 2¢" + 1 lines through R (or L), beside RL.

viii) n even and x°1 = ¢ has ¢+ 1 solutions and T satisfies v1xg +:U‘27+1 - cxgH +
z42g + 2528 = 0. Moreover, T has ¢ + ¢*" + (¢ + 1)¢*™ + ¢" + 1 points and
contains ezactly ¢*" + (q + 1)¢" + 1 lines through R (or L), beside RL.

Proof. Since RL C Ar, we get a1 = 0. Up to projectivity, we may put A, : x5 = 0.
Hence asg = asg = aq6 = 0 and we can put asg = 1, obtaining

I': (@121 + a2xs + azaw3 + asxs + asos)r9 + (a1321 + asxe + a33rs + a3y +
as3xs5)rs + (1421 + a24®2 + a3423 + aaaTs + a5425)x] + (a1521 + a25x2 + assxs +
a45T4 + a55a:5)a:g + zsxg = 0.

With this assumption the collineation ® maps the line RL into the hyperplane Ap.
Consider now the star Sg a, of lines through R in Ay. We distinguish two cases.

I) ® maps the lines of Sg A, into the hyperplanes through the line RL.

In this case, we can assume that ® maps the line x3 = 4 = x5 = ¢ = 0 into
the hyperplane xo = 0, the line 9 = x4 = x5 = xg = 0 into the hyperplane
x3 = 0, the line z9 = x3 = x5 = z¢ = 0 into the hyperplane z4 = 0 and the line
T9 = x3 = x4 = x¢ = 0 into the hyperplane x; = 0 obtaining

T :aziog +bag ™ + caf ™ + dath + x52§ = 0,
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with abed # 0. Then, via the projectivity

x) ab® 0 0 0 0 0\ [z
) 0 b0 0 0 O [a
1 1o 0100 0]
1710 0010 0]
2 0 0001 0]]as
x 0 00 0 0 b/ \ws

I is projectively equivalent to the set satisfying
r12g + 2t 4 et 4 dae] + w52 =0,

where é = ¢b” and d = db°. By Corollary 3.1.6, we know that R+ NT is the union
of lines through R. Since R* has equation x5 = 0, then a line lo,8,~,5,e through R is
contained in I if, and only if, a1 8+t +dy7*1 = 0. Hence the numbers of lines
through R contained in I', different from the line RL, depends on the cardinality
of the set

U {(hz,y,2) 27 + &7 +d27" =0, (2,9, 2) € PG(2,¢")}.
hEFqn

Now, it is easy to see that the cardinality of the set above is also equal to the
number of lines through L contained in I', different from the line RL. Observe that
the set K = {(z,y,2) € PG(2,¢") : 27! 4+ &y°t! + dz0*! = 0} is a Kestenband
o-conic of PG(2, ¢") We distinguish two cases:

— If n is odd, then K has ¢"™ + 1 points.

— If nis even, then K has either ¢"+1+(—q)"?T1(¢—1) or ¢"+14(—¢)"/?(q—1)
or ¢" 4+ 1 — 2(—q)™? points.

Now, let [ be a line through R. If [ ¢ Sg,, then ®(I) 7 RL and [ N ®(I) is either
the point R or the line [. If | € Sga,, then [ N ®(() is either a point or the line
I. Recalling that T' contains the line RL, we have |T'| = ¢** + ¢" - ¢"|{(z,y,2) €
PG(Q,q”) . :L.O"f‘l + Eya-‘rl + JZU-‘rl — OH + qn 41,

II) ® does not map the lines of Sg , into the hyperplanes through the line RL. In
this case, there exists a hyperplane A containing RL such that the lines of the star
Sg,A are mapped, under ®, into the hyperplanes through RL. Up to projectivity,
we may assume A : x4 = 0. Hence there is another line through R (together with
RL) contained in I'. In this case, we may assume that ® maps the line x3 = x4 =
x5 = xg = 0 into the hyperplane x9 = 0, the line zo = x4 = x5 = x4 = 0 into the
hyperplane x3 = 0, the line x93 = r3 = 4 = x¢ = 0 into the hyperplane x4 = 0,
and the line z9 = z3 = x5 = g = 0 into the hyperplane x1 = 0. Hence:

T :aria§ +bag ™ — ca§th 4 degal + x528 = 0,
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with abed # 0. Then, via the projectivity

T} ab’(d?’)= 0 0 0 0 0\ /21
z 0 b0 0 0 0| [a
o | 0 01 0 00f]as
o | = 0 00 d® 0 0] |
zl 0 00 0 1 0f]as
g 0 00 0 00 6

I" is projectively equivalent to the set satisfying

r1x] + xé‘“ — 5J}g+1 + 2428 + 2528 =0,

where é = ¢b?. Since R* has equation x4 = 0, then a line la,g~,56 through R is
contained in I' if, and only if, a1 — 37T 4 §e” = 0. Hence the numbers of lines
through R (and also through L) contained in I' depends on the number of points
of the o-quadric I of PG(3, ¢") given by the equation IV : 27+! — éyo+l 4 2t7 = 0.
We distinguish several cases:

— If g and n are even, then I has either ¢?"+1 or ¢*"+¢"+1 or ¢>"+(q+1)q" +1
points.

— If g is even and n is odd, then I has ¢*" + ¢" + 1 points.

If ¢ is odd and n is even, then I" has either ¢*® + 1 or ¢*" + (¢ + 1)¢" + 1
points.

— If ¢ and n are odd, then I" has either ¢>® + 1 or ¢*" + 2¢™ + 1 points.

Now, let I be a line through R. If [ ¢ Spa, then ®(I) 2 | and I N ®(1) is a
point. If I € Spa, then [ N ®(I) is either the point R or the line {. We have
0l =¢"" +¢"|{(z,y,2,t) € PG(3,¢") : 2" — &y7+! + 217 = 0}] + 1. O

e OPEN CASE: A, does not contain the line RL (or equivalently ® does not map
the line RL into a hyperplane through the line RL).
Since RL ¢ Ay, then a1 # 0. Up to projectivity, we may put Az, : 1 = 0. In this
case there is a hyperplane through R (not containing L), say Ar, such that the star
of lines through R in A is mapped, under @, into the hyperplanes through RL. We
may assume, up to projectivity, Ag : x6 = 0. Hence ® maps the lines [/, g, 5,0 into
the hyperplanes Ag g~/ 5/ ¢ so we may assume that ® maps the line 10,00 into
the hyperplanes A071707070, the line l071707070 into the hyperplanes A07071,070, the line
l0,0,1,0,0 into the hyperplanes Ag .10, and the line lp .10 into the hyperplanes
Ao 0,0,0,1. Hence the points of I' satisfy the equation

T:ary™ +bag™ + cat + dag ™t 4+ 22 = 0.

Since R' has equation zg = 0, a line lo,g~,5e through R is contained in I' if, and
only if, aa®t + b8+ 4+ ¢yt 4 57+ = 0. Hence the numbers of lines through R
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contained in I' depends on the number of points of the o-quadric T of PG(3, ¢")
given by the equation az®t! 4 byt 4 2ot 4 dto+! = 0 with associated matrix of
rank four. In this case, we cannot determine the behaviour of the o-quadric I" since
nothing is known about the set of absolute points of a non-degenerate correlations
of PG(3,¢"), different from a polarity.

2) L=R.
The following proposition holds:

Proposition 5.1.2. Let ' : X'AX° = 0 be a o-quadric of PG(5,¢"), with tk(A) = 5,
R =L, then ' is a cone with vertex R and base a o-quadric of rank 5 in a hyperplane

A, with R ¢ A.

Proof. We may assume w.l.o.g. that R = L = (1,0,0,0,0,0). It follows that, in this case,
I" is a cone with vertex the point R projecting a o-quadric of rank five in a hyperplane
not through R. Indeed, since the matrix A has rank five with first column and first row
equal to 0, by choosing a hyperplane not through the point R, e.g. A : 1 = 0, we get
that the set I' N A is a o-quadric of the hyperplane A with associated matrix of rank
five. O

5.2 o-quadrics of rank 4 in PG(5,¢")

In this section a o-quadric T' of PG(5, ¢") will have equation X?AX? = 0 with tk(A) = 4.
Hence the vertices L and R of I' are two lines of PG(5, ¢"). We distinguish three cases:

1) RNL=0.

We may assume that R: z3 =24 =25 =x¢=0and L : x1 = x9 = 3 = x4 = 0. Then:
I (algml + ag23x9 + az3rs + a34a:4)x§ + (a14a:1 + ag24x9 + ag4xr3 + a44:c4)a:Z + (a15x1 +
a95T2 + a35T3 + a45334)x‘5’ + (CL16SU1 + agexa + azexrs + a46x4)xg =0.

Let Pr = {mapcd: (a,b,c,d) € PG(3,¢")} be the set of planes through R, where

xr1 = A
o = U
r3 = "ya
Ta,b,c,d = " b ) (/\7 H, ’Y) € PG(27 qn)
4 =
I5 = 7yC
rg = yd

and let Sp = {Agpcd : (a,b,¢c,d) € PG(3,¢")} be the set of hyperplanes through L,
where
Aaped: axy + bra + cxs + dry = 0.

The collineation ® is given by ®(mypcd) = A/ o a7, With

(a/’ b/,CI,d/)t — A/(ag,ba,ca,dg)t,



5.2 o-quadrics of rank 4 in PG(5,¢")

53

where A’ is the matrix obtained by A by deleting the first two columns and the last two
rows. The o-quadric T' is the set of points of PG(5, ¢™) of intersection of corresponding
elements under a collineation ® : Pr — Sy, i.e. a point P belongs to I' if and only
if {P} = mapcaN P(mapeq) for some mqp 4 € Pr. Note that the intersection of corre-
sponding elements under a collineation ® can be either a line or a plane.

Let 7, .4 be a plane through the line R. Note that 7, . 4 meets the line L at the point
(0,0,0,0,¢,d) if, and only if, a = b = 0. Now, suppose that 74 pcq N P(Teped) = Taped
and let ¥ : z3 = x4 = 0 be the subspace spans by the lines R and L. It follows that
Y C ®(mqpea) and so we have O(mqpcq) : Ca3 + d'xy = 0, with (¢, d’) € PG(1,¢™). Let
Pryx = {m00.cd : (c,d) € PG(1,¢")} be the set of planes through the line R contained
in 3. The following proposition holds:

Proposition 5.2.1. Let ' : X'AX° = 0 be a o-quadric of PG(5,q"), with tk(A) = 4,
RN L =1, then one of the following holds:

i) T' satisfies 12§ + xox + x32f + x42f = 0. Moreover, I' is the union of ¢" + 1
planes through R and incident with the line L and ¢*" + ¢*" lines each of whose is
contained in a plane through R and skew with L.

ii) either q odd and o a non-square or q,n even and " =D/ £ with = (¢" —

1,q™ + 1), and T satisfies axg'H — xZH + x12f + zoxf = 0. Moreover, T' is the
union of the line R and ¢*"4¢*" lines each of whose is contained in a plane through
R. In particular, there exist exactly ¢" + 1 lines incident with R and L.

o+1 o+l _

ii1) q even and x = « has a unique solution and I' satisfies axs :cfrl +x12f +
xoxd = 0. Moreover, I' is the union of a plane through R and " + ¢*" lines each
of whose is contained in a plane through R. In particular, there exist exactly ¢ + 1
lines incident with R and L.

w) q,n odd and z°t' = a has two solutions and T' satisfies a:cngl - xi“ + z12f +
xoxd = 0. Moreover, I' is the union of two planes through R and " + ¢*" lines
each of whose is contained in a plane through R. In particular, there exist exactly
q" + 1 lines incident with R and L.

v) n even and x°+! = a has q+1 solutions and T satisfies a:pgﬂfxiﬂthlxquxgxg =

0. Moreover, T is the union of ¢ + 1 planes through R and ¢* + ¢*" lines each of
whose is contained in a plane through R. In particular, there exist exactly ¢" + 1
lines incident with R and L.

vi) T' satisfies ang + z12] + xof + 242 = 0. Moreover, I' is the union of a plane
through R and ¢>" + ¢*™ lines each of whose is contained in a plane through R. In
particular, there exist exactly q" lines incident with R and L.

Proof. We distinguish two cases.

e First, assume that ® maps the planes of Pgrx into the hyperplanes of Sz, containing
the subspace ¥. W.l.o.g., we may assume that ® maps the plane 71,0, into the hyper-
plane Aj 00,0, the plane 71,00 into the hyperplane Ag 10,0, the plane my,1,0 into the
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hyperplane Ag 1,0, the plane my 00,1 into the hyperplane Aggo1 and the plane 11,1

into the hyperplane Aj 1 1,1. Under these assumptions, it follows that ® maps the plane
Tab,c,d into the hyperplane Ao po oo 4o and hence

[ x23 + z22] + 2325 + 2428 = 0.

If (a,b) # (0,0), then 74 p c.qa M Ago po co g0 is a line different from the line R. If a = b =0,
then 7 0,c.a C Mo,0,c7,d7-

e Next, assume that ® does not map the planes of Pry into the hyperplanes of Sy
containing the subspace Y. Hence, there exists a 3-dimensional subspace ¥’ through the
line R not containing the line L such that the planes of Pg sy are mapped, under ®, into
the hyperplanes of Sy, containing 3. We again distinguish two cases.

I) ¥NnL=4.
In this case, we may assume that X' : x5 = 26 = 0 and so Pr sy = {ma 0,0 : (a,b) €
PG(1,¢™)}, and ® maps the plane 700 into the hyperplane Agg 1,0, the plane
70,1,0,0 into the hyperplane Ag 0,1, the plane 7 .10 into the hyperplane Ay 0.0,
the plane my 0,1 into the hyperplane Ag 1,,0. Hence:

I:az§t — 2t + Briaf + yaoad =0,

with a8y # 0. Then, via the projectivity

) g 0 0 0 0 0\ /=
) 0 v 00 0 O] [a
il foo1o00 0f]a
1 7100010 0]
z 00001 0]|][as
2l 00000 1) \u

I" is projectively equivalent to the set satisfying

o+1 o+1

ars + x128 + 222§ = 0.

It follows that ® maps the plane 7, j, . 4 into the hyperplane Aco go qqo,—po. If (¢, d) #
(0,0), then 74 pc.qa N Ao do aao,—be is a line different from the line R. If c =d =0,
then 74400 N Ag0,aae,—pe is either the line R or the plane 7,3 0,0. The number of
planes through R contained in I' depends on the number of points of solutions of
the equation 2°t! = o and hence:

— If ¢ and n are even, then there are either 0 or 1 or ¢ + 1 solutions.

— If ¢ is even and n is odd, then there is a unique solution.

If ¢ is odd and n is even, then there are either 0 or ¢ + 1 solutions.

— If ¢ and n are odd, then there are either 0 or 2 solutions.
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ITI) ¥'N L is a point.
In this case, we may assume that X' : x4 = 25 = 0 and so Pr sy = {74,004 : (a,d) €
PG(1,¢")}, and ® maps the plane 700 into the hyperplane Agg 10, the plane
70,1,0,0 into the hyperplane Ay g o0, the plane 7 o 1,0 into the hyperplane Ag 10,0, the
plane 7 0,1 into the hyperplane Ag g1 and the plane 7 11,1 into the hyperplane
A1,1,1,1- Under these assumptions, it follows that ® maps the plane 74 . ¢ into the
hyperplane Ayo co g0 g0 and hence:

1
Ul + 212] + 202 + 2428 = 0.

If (b,c) # (0,0), then 74 pcd N Apo o go g0 is a line different from the line R. If
b=c=0, then 7,004 N Agpgar,q is either the line R or the plane 7, 0,4. The
plane 7,004 is contained in Ag g 4o 4o if, and only if, a = 0.

O]

2) RN L is a point.
The following proposition holds:

Proposition 5.2.2. Let T': X'AX? = 0 be a o-quadric of PG(5,q"), with tk(A) = 4,
RN L ={V} is a point, then T is a cone with vertex the point V projecting a o-quadric
of rank 4 in a hyperplane A with two (collinear or not) vertex points, with V ¢ A.

Proof. We may assume w.l.o.g. that R:zs3=xz4=a5=2¢=0and L :x9 =23 =24 =
x5 = 0. In this case the o-quadric I" is a cone with vertex the point V. Since the matrix
A has rank four with first two columns and first and last row equal to 0, by choosing
a hyperplane not through the point V', e.g. A : 1 = 0, we get that the set TN A is a
o-quadric of the hyperplane A with associated matrix of rank four and two (collinear or
not) vertex points given by R = RN A and L' = LN A. Tt follows that I is a cone with
vertex the point V projecting a o-quadric of rank 4 in a hyperplane not through V' with
two (collinear or not) vertex points. O

3) R= L.
The following proposition holds:

Proposition 5.2.3. Let ' : X'AX° = 0 be a o-quadric of PG(5,q"), with tk(A) = 4,
R = L, then T is a cone with vertex the line R projecting a o-quadric of rank 4 in a
3-dimensional subspace X, with X N R = (.

Proof. We may assume w.l.o.g. that R = L : x3 = x4 = x5 = zg = 0. It follows, that
in this case, I' is a cone with vertex the line R projecting a o-quadric of rank 4 in a
3-dimensional subspace not through R. Indeed, since the matrix A has rank four with
first two columns and first two rows equal to 0, by choosing a 3-dimensional subspace
not through the line R, e.g. 3 : x1 = 2 = 0, we get that the set I'N X is a o-quadric of
the subspace X with associated matrix of rank 4. ]
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5.3 o-quadrics of rank 3 in PG(5, ¢")

Let T': X*AX? = 0 be a o-quadric of PG(5, ¢") with rk(A) = 3. Therefore the vertices
R and L are planes of PG(5,¢").

Proposition 5.3.1. Let I': X'AX? = 0 be a o-quadric of PG(5,q"), with tk(A) = 3,
then one of the following holds:

1) RNL =0 and T satisfies x12§ + xoxf + x32f = 0. Moreover, I is the union of
¢*" 4 ¢ + 1 planes each of which meets the plane R in a line and the plane L in a
point.

2) RNL = {V} is a point and T’ is a cone with vertex the point V projecting a
o-quadric of rank 3 in a hyperplane A with skew vertex lines, with V' ¢ A.

3) RNL =t is aline and T is a cone with vertex the line t projecting a o-quadric
of rank 3 in a 3-dimensional subspace X with two (collinear or not) vertex points,
with XNt = 0.

4) R=L and T is a cone with vertex the plane R projecting a Kestenband o-conic of
a plane ™ skew with R.

Proof. Since tk(A) = 3, the vertices L and R of T' are two planes of PG(5,¢"). We
distinguish four cases.

1) RNL=0.

We may assume w.l.o.g. that R: x4 = x5 =26 =0and L : x; = 9 = 3 = 0. Then:

IT: (a14x1 +agqxo + a34a:3)a:2 + (a15x1 +ao5x9 + a35x3)xg + (a16x1 +aggxrs + a36$3)xg = 0.

Let Pr = {Xape @ (a,b,c) € PG(2,¢")} be the set of three-dimensional subspaces
through R, where

r1 = A
T2 = U
T3 =p
Ea,,b,c = - ~a ’ ()\’:U’vp) '7) € PG(Bvqn)
4 =
r5 = b
ZTg = YC

and let S;, = {Agpc @ (a,b,¢c) € PG(2,¢")} be the set of hyperplanes through L, where
Agpe:axy + bxg + cr3 = 0.

The o-quadric T is the set of points of PG(5, ¢™) of intersection of corresponding elements
under a collineation ® : Pr — Sy, i.e. a point P belongs to I' if and only if {P} =
YabeNP(Eqp,e) for some Xy p . € Pr. Observe that ¥, . meets the plane L at the point
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P =(0,0,0,a,b,c). So the set I is the union of ¢*® + ¢™ + 1 planes each of which meets
the plane R in a line and the plane L in a point.
Up to projectivity, we may assume that:

®(X1,0,0) = A1,0,0, 2(0,1,0) = No,1,0, P(X0,0,1) = Aoyo,1, P(X1,1,1) = Ar11e
Hence a canonical equation of I' is given by
I':x12] + 2928 + x328 = 0.

2) RNL ={V}is a point.

We may assume w.l.o.g. that R : x4 = x5 = 26 = 0 and L : 220 = x3 = x4 = 0. In this
case the o-quadric I' is a cone with vertex the point V. Since the matrix A has rank three
with first three columns and first and last two rows equal to 0, by choosing a hyperplane
not through the point V', e.g. A : 1 = 0, we get that the set I' N A is a o-quadric of
the hyperplane A with associated matrix of rank three and skew vertex lines given by
r=RNAand ] =LNA. It follows that I" is a cone with vertex the point V projecting
a o-quadric of rank 3 in a hyperplane not through V with skew vertex lines.

3) RNL =tis a line.

We may assume w.l.o.g. that R : z4 = x5 = ¢ = 0and L : x3 = 24 = x5 = 0. In
this case the o-quadric I' is a cone with vertex the line ¢. Since the matrix A has rank
three with first three columns and first, second and last row equal to 0, by choosing a
3-dimensional subspace not through the line ¢, e.g. ¥ : 1 = 29 = 0, we get that the set
I'NXY is a o-quadric of the subspace ¥ with associated matrix of rank three and two
(collinear or not) vertex points given by R = RNY and L' = LNX. It follows that T is a
cone with vertex the line ¢ projecting a o-quadric of rank 3 in a 3-dimensional subspace
not through ¢ with two (collinear or not) vertex points.

4) R = L.

We may assume w.l.o.g. that R = L : x4 = x5 = x¢ = 0. It follows that, in this case,
I" is a cone with vertex the plane R. Since the matrix A has rank three with first three
columns and first three rows equal to 0, by choosing a plane skew with the plane R, e.g.
m:x) = o = x3 = 0, we get that the set I'N7 is a o-conic of the plane 7 with associated
matrix of rank three. Hence it is a Kestenband o-conic of «. It follows that I' is a cone
with vertex the plane R projecting a Kestenband o-conic in a plane skew with R. O

Remark 5.3.2. Let I' : X!AX? = 0 be a o-quadric of PG(5,¢?) with tk(A) = 3 and
02 =1.If R = L then I is a Hermitian cone with vertex the plane R.

5.4 o-quadrics of rank 2 in PG(5,¢")

Let I' : X!AX° = 0 be a o-quadric of PG(5,¢") with rk(A) = 2. Therefore the vertices
R and L are three-dimensional subspaces of PG(5, ¢").

Proposition 5.4.1. Let I' : X'AX? = 0 be a o-quadric of PG(5,q"), with tk(A) = 2,
then one of the following holds:
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1) RNL =t is aline and I" is a cone with vertex the line t projecting a o-quadric
of pseudoregulus type in a 3-dimensional subspace X with skew vertex lines, with
YNt =0;

2) RNL =7 is a plane and I' is a cone with vertex the plane m projecting a (possibly
degenerate) C%-set of a plane @', with T N7’ = ();

3) R=L and T is a cone with vertex the subspace R projecting a o-quadric of a line
t, with RNt = (). Hence I is either the subspace R or one, two or q+ 1 hyperplanes
through R forming an F,-subpencil.

Proof. Since rk(A) = 2, the vertices L and R of I" are two three-dimensional subspaces
of PG(5,¢"). We distinguish three cases.

1) RNL =tis a line.

We may assume w.l.o.g. that R : 5 = z¢ = 0 and L : 1 = a2 = 0. It follows that, in
this case, I' is a cone with vertex the line ¢. Since the matrix A has rank two with first
four columns and last four rows equal to 0, by choosing a 3-dimensional subspace not
through the line ¢, e.g. 3 : 3 = x4 = 0, we get that the set I' N X is o-quadric of the
subspace X with associated matrix of rank 2 and vertices the lines

ri:xg=x4=x5=x6=0 and [: 21 =29 =23 =24 =0.

Hence it is a o-quadric of pseudoregulus type of ¥ with skew vertex lines r and [ (see [29]
and also Proposition 3.3.2). It follows that I" is a cone with vertex the line ¢ projecting
a o-quadric of pseudoregulus type in a 3-dimensional subspace not through ¢ with skew
vertex lines.

2) RN L =7 is a plane.

We may assume w.l.o.g. that R : x5 = x¢ =0, L : x4 = x5 = 0. In this case the o-quadric
I' is a cone with vertex the plane 7 projecting a (possibly degenerate) C%-set in a plane
skew with 7. Indeed let 7" a plane skew with the plane m and let R’ = RN«’/, L' = LN~’.
It follows that I'N7’ is a set of points of 7’ generated by a collineation between the pencils
of lines of 7’ with center the points R’ and L’ induced by the collineation between the
pencil of hyperplanes Pr and Py, that is associated to I'.

3) R=L.

We may assume w.l.o.g. that R = L : x5 = g = 0. In this case the o-quadric is a cone
with vertex the subspace R over a o-quadric of a line skew with R. That is I" is either
the subspace R or a hyperplane through R or a pair of distinct hyperplanes through R
or ¢ + 1 hyperplanes through R forming an F,-subpencil of hyperplanes through R. []

5.5 o-quadrics of rank 1 in PG(5, ¢")
Let T': X*AX? = 0 be a o-quadric of PG(5, ¢") with rk(A) = 1. Therefore the vertices
R and L are hyperplanes of PG(5, ¢").

Proposition 5.5.1. Let ' : X'AX? = 0 be a o-quadric of PG(5,q"), with tk(A) = 1,
then one of the following holds:
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1) L#R andT = LUR.
2) L=R and T = R.

Proof. Since rk(A) = 1, the vertices L and R of I" are two hyperplanes of PG(5, ¢"). We
distinguish two cases.

1) L # R.

We may assume that R : 26 = 0 and L : 1 = 0. Hence I' : z12§ = 0, that is the union
of two different hyperplanes.

2) L =R.
We may assume that R = L : x4 = 0. Hence I : xgﬂ = 0, that is a hyperplane of
PG(5,¢"). O

5.6 o-quadrics of PG(5,¢) and ovoids of Q" (5, q)

Let (Xo, X1, X2, X3, X4, X5) denote the homogeneous coordinates of PG(5,¢). In the
sequel we fix the following hyperbolic quadric:

QT(5,q) : XoX5+ X1 X4+ X2X3=0.

We recall that an ovoid of QT (5, ¢q) is a set of ¢> + 1 points intersecting any generator in
exactly one point. Any ovoid of Q7 (5, ¢) can be written in the following form:

OS(fla f2) = {(171773/’ f1($7y)7f2(x>y)7 —l’fg(l‘,y) - yf1($7y))}x,y€Fq U {(050¢070707 1)}

for some functions f; : Fz — Fy with £;(0,0) =0, i € {1,2}.

In this final section we will show, as an application of o-quadrics of PG(5, q), that
three of the known ovoids of QT (5, ¢q) can be obtained as intersection of two suitable o-
quadrics with QT (5, q). We will also show that one of the known ovoids can be obtained
as intersection of two suitable degenerate quadrics with Q7 (5, ¢). Some known ovoids of
Q7 (5,q) are listed in the table below; see |37, 44, 80]. These ovoids are associated to
flocks of a quadratic cone of PG(3,¢) and are the union of ¢ conics having a common

point.
H Name fi(z,y) fo(z,y) Restrictions H
Fisher-Thas-Walker — y — 2 3/3 q=—1mod 3
Ganle —dz?  —n2® — nindx p=31>2,
Y Yy 1 115 &2 = niny
t2 4+ bt + c is
Thas y—be “r irreducible over F,
Penttila- Williams — y + 27 —a° p=3,0=5

Proposition 5.6.1. Let ¢ = 221 with k > 1, and let o be the automorphism of F,
defined by x +— x2. Let I'y be a o-quadric of rank 2 of PG(5,q) given by the equation
XuX§ = Xf+1/3, let Ty be a o-quadric of rank 2 of PG(5,q) given by the equation
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(X5 + X2)X§ + XoX{ =0, and let Q1 (5,q) : XoX5 + X1X4 + X2X3 = 0 be the Klein
quadric of PG(5,q). Then T1NToNQ™T(5,q) is the union of a Fisher-Thas-Walker ovoid
and two planes intersecting in a line.

Proof. Observe that 't = {Xo = X7 = 0} U {(1,z,y,2,2°"1/3,t) : 2,y,2,t € F;} and
Dy ={Xo=0}U{(1,z,y,y+2°,2,t) : 2,y,2,t € F,}. A point P = (1,z,y,z,2°1/3,1)
of 1\ {Xo = X1 = 0} belongs to Q% (5,q) if, and only if, t = 2°72/3 + yz. The 3-
dimensional subspace {Xy = X; = 0} meets the quadric QT (5,¢) in the union of two
planes, say m; and 72, given by the equations

7T1:X0:X1:X2:0 and 7T2:X0:X1:X3:0.

In particular m; and 7o have in common the line Xy = X7 = X9 = X3 = 0. So, we have
proved that

I'in Q+(5,q) =m Um U {(1,m,y,z,x”+1/3,x”+2/3—l— yz) 1 x,y,z € Fy}.

Now, a point Py = (1, 2,5y, z,2°11 /3,212 /3 + y2) of (D1 NQT(5,q))\ (71 Ums) belongs
to I's if, and only if, z = y+ 7. Finally, w1 U is contained in I's. The claim follows. [

Proposition 5.6.2. Let ¢ = 3!, with | > 2, let ni,ny be non-squares of F, and let
d> = ning. Let 01 and oo be the two automorphisms of F, defined by v 2 and
x — 22, respectively. Let 'y be a o1-quadric of rank 2 of PG(5,q) given by the equation
(X3 — X)X +dXoX{' =0, let T'y be a o2-quadric of PG(5,q) of rank 2 given by the
equation (X4+n1n3X1) X2 +n1XoX{? =0, and let QT (5,q) : XoX5+X1X4+X2X3 =0
be the Klein quadric of PG(5,q). Then T1NTaN Q1 (5,q) is the union of a Ganley ovoid
and a hyperbolic cone contained in a hyperplane of PG(5,q).

Proof. Observe that I'y = {Xo = 0} U {(1,z,y,y — dz',2,t) : z,y,2,t € F,} and
Iy = {Xo=0}U{(1,2,y, 2, —mindz—n12°%,t) : 2,y, 2,t € Fg}. A point P, = (1,z,y,y—
dzt, z,t) of Ty \ {Xo = 0} belongs to Q*(5,q) if, and only if, t = —zz — y? + dyx°L. It
follows that 'y N QT (5, q) is given by

X1 X4+ XoX3=Xo=0YU{(1,2,y,y — dz°', z, —xz — y* + dyz’!) : z,y, z € F, },
q

where { X1 X4+ X2X3 = X = 0} is a cone with vertex the point (0,0, 0,0, 0, 1) projecting
a hyperbolic quadric in the 3-dimensional subspace Xy = X5 = 0. Now, a point P, =
(1,2,y, 2, —nin3x — n1z°2,t) of Ty \ {Xo = 0} belongs to 'y N Q1 (5,q) if, and only if,
z =1y —dz° and t = —y? + dyz°* + nin3z? + n1z2 . The claim follows. O

Proposition 5.6.3. Let o1 and o2 be the two automorphisms of Fy, q = 3%, defined by
x — 23 and x +— 29, respectively. Let Ty be a o1-quadric of PG(5, q) of rank 2 given by the
equation (X3 — X2) X' + Xo X7 =0, let 'y be a o2-quadric of PG(5, q) of rank 2 given
by the equation XoX7?+ X4 X7? =0, and let QT (5,q) : X0 X5+ X1Xa+ XoX3 =0 be the
Klein quadric of PG(5,q). Then T1 NT2 N QT (5,q) is the union of a Penttila- Williams
ovoid and a hyperbolic cone contained in a hyperplane of PG(5, q).
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Proof. Observe that I'y = {Xo = 0} U{(1,z,y,y — 27, 2,t) : z,y,2,t € F;} and 'y =
{Xo =0} U {(1,z,y,2,—2°%,t) : z,y,2,t € F,}. A point P, = (1,z,y,y — 27%, 2,t) of
I'1 \ {Xo = 0} belongs to Q*(5,¢q) if, and only if, t = —xz — y* + yz°t. It follows that
'y NQ™(5,q) is given by

(X1 X4+ XoX3=Xo=0}U{(1,z,y,y — 2%, 2, —xz — y* + y2°4) 1 x,y,2 € F,}.

Now, a point P, = (1,x,y, z, —x°2,t) of T's \ {Xy = 0} belongs to 'y N QT (5, q) if, and
only if, z =y + 27192 and t = 2727t — y? — y29192. The claim follows. O

Proposition 5.6.4. Let b,c € Fy, g = p', such that X2 4+ bX + c is irreducible over F,.
Let T'y be a quadric of PG(5,q) given by the equation Xo(X4 — c¢X1) = 0, let T'y be a
quadric of PG(5,q) given by the equation Xo(X3 — Xo + bX1) = 0, and let Q1 (5,q) :
XoX5+ X1 X4+ XoX3 =0 be the Klein quadric of PG(5,q). Then T1NToN QT (5,q) is
the union of a Thas ovoid and a hyperbolic cone contained in a hyperplane of PG(5,q).

Proof. Observe that T1NTe = { X = 0}U{X4—cX; = X3—Xo+bX; = 0} and QT (5,¢)N
{Xo = 0} is a cone with vertex the point (0,0,0,0,0,1) projecting a hyperbolic quadric
in the 3-dimensional subspace Xy = X5 = 0. Now, a point P = (1, z,y,y — bz, cz, z) of
(T1NC2)\{Xo = 0}, with z,, y, 2 € Fy, belongs to QT (5, ¢) if, and only if, z = bry—y*—ca?.
The claim follows. O



Chapter 6

Classification of low-degree ovoids of

Q" (5,q)

It is well known that to any ovoid of the Klein quadric @ (5, ¢) two bivariate polynomials
fi(z,y), fo(z,y) can be associated. In this chapter, we classify ovoids of Q" (5,q) such

that fi(z,y) = y + g(z) and max{deg(f1),deg(f2)} < (6—13q)% — 1. The results of this
chapter can also be found in [9].

6.1 Introduction

Let (Xo, X1, X2, X3, X4, X5) denote the homogeneous coordinates of PG(5,q) and by
H, the hyperplane at infinity Xg = 0. We fix the following hyperbolic quadric:

QT(5,q) : XoX5+ X1X4 + XoX3=0.

An ovoid of Q*(5,q) is a set of ¢* + 1 points intersecting any generator in exactly
one point. Any ovoid of Q7 (5,q) can be written in the following form:

O5(f17 f2) = {(L:c,y,fl(:c,y),fg(x,y), _fo(xay) - yfl(xay))}x,yelb‘q U {(07()’0’0’07 1)}7

for some functions f; : F2 — F, with £;(0,0) = 0, i € {1,2}.

In this chapter we study ovoids of QT (5, q) associated to flocks of a quadratic cone
of PG(3, ¢q) (see [80, 83]). These ovoids are the union of g conics sharing a point and this
property characterizes the ovoids of QT (5, q) associated to flock of a quadratic cone of
PG(3,q). Indeed the following holds:

Theorem 6.1.1 ([37]). For each ovoid Os of QT (5,q), which is the union of q conics
sharing a point, there is a flock F of a three-dimensional quadratic cone such that Os is
associated to F.

Let tr(z) = z + 2P + --- + 27" =1 denote the absolute trace of an element x of Fyn,
q = p’. The known ovoids of QT (5, ¢) contained in a secant hyperplane section or arising
from a flock of a three-dimensional quadratic cone are listed in Table 6.1, where n is a
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non-square of Fy, ¢ = p’ odd, o # 1 is an automorphism of Fy, a # 1 is an element with
tr(a) = 1 of F, g even, and ny,ny are non-squares of F, ¢ = 3¢; see [37, 44, 80].

Table 6.1: Known ovoids of QT (5, q).

H Name fi(z,y) fa(z,y) Restrictions H
Elliptic quadric Y —nx q odd
Elliptic quadric Y ar +y q even

Kantor Y —nx? godd, £>1
Penttila- Williams Y —z? — 8t p=3,£=5
Thas-Payne Yy —nz — (n~lz)l/9 — yl/3 p=23,{>2
_Ty 1 2043 _ .0 p:3a€>1a
Ree-Tits slice Y T Y 0 odd, o = 3q
. 0'+1 o p == 2, g > 1
Tits Y z +y 0 odd, o = /g
Fisher-Thas-Walker — y — x° x3/3 ¢g=—1mod 3
i a3 5 p=+2mod 5
Kantor-Payne y — Bx Yy ¢ odd, B2 = 5
—1,.9 7
. -n_x” +x
Law-Penttila y — at — na? n2z8 — 3 p=3
Ganley y — da? —nz? — ninjx p=3,0>2 d°=nins
2+ bt +cis
Thas y—be “r irreducible over F,
Kantor y — %CL‘S —na® —n"lz p=>5
Penttila- Williams y + 227 —Y p=3,¢=5

Note that Condition (1.3) reads

(w1 — 22)(fa(w2,y2) — fo(21,91)) + (11 — v2)(f1(z2,92) — fi(z1,11)) # O, (6.1)

for every (21,y1) # (2, y2) in F2.

In Section 6.2, using (6.1), a hypersurface Sy, f, of PG(5,q) will be associated to
Os(f1, f2). Investigating the existence of absolutely irreducible components defined over
Fq in Sy, f,, we will provide the following classification result, which is also the main
achievement of this chapter.

Theorem 6.1.2. Let f1(X,Y) =Y + > . a; X" and fo(X,Y) = Zij bi ; XY, Suppose
that ¢ > 6.3(max{dy,da} + 1)'3/3, where d; = deg(f1),ds = deg(f2). Let ¥ = {i : b;o #
0,0 < i < da} and denote

b {max(\ll)

oo

if £ (;
if U = 0.
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If Os5(f1, f2) is an ovoid of QT (5,q) then either do = dy = 1 or bij; =0 for any j # 0
and one of the following holds:

1. p=2,1<dy <dy <2dy — 1, dy odd;
2.p=3,h+1<2d; <dy =3 and 3| dy;

3. p=3,h+1=2d <dy=3 and 3| (d —1);
4. p>3anddo =2dy — 1< 115

5. p>3,h=o00,d =1,dy=p, ag, =0, and Os(Y, f2) corresponds to an ovoid
O4(f2) of Q(4,9);

6. p>3 and (p,dy,ds, h) € {(5,2,5,3),(7,2,7,3),(7,3,7,5)}.

Remark 6.1.3. Note that when f1(X,Y) =Y (i.e. case 5. in the theorem above), the
classification of Os (Y, fa) follows directly from the classification of O4( f2) of Q(4, ¢) which
has been achieved in [7, Main Theorem|. Therefore, the only examples whose associated
polynomials have small degree are the elliptic quadric and the Kantor ovoid.

The other low degree examples in Table 6.1 fall in Case 1. (Fisher-Thas-Walker, Kantor-
Payne), Case 2. (Ganley), Case 3. (Law-Penttila), Case 4. (Fisher-Thas-Walker, Kantor-
Payne), Caso 6. (Kantor).

6.2 Link between ovoids of Q" (5, ¢) and algebraic varieties

See [6] for a survey on links between algebraic varieties over finite fields and relevant
combinatorial objects.

An algebraic hypersurface S is an algebraic variety that may be defined by a single im-
plicit equation and having dimension 1 less than the full space. An algebraic hypersurface
defined over a field F is absolutely irreducible if the associated polynomial is irreducible
over every algebraic extension of F. An absolutely irreducible F-rational component of
a hypersurface S, defined by the polynomial F', is simply an absolutely irreducible hy-
persurface such that the associated polynomial has coefficients in F and it is a factor of
F. We will make use of the homogeneous equations for algebraic varieties. For a deeper
introduction to algebraic varieties we refer the interested reader to [42].

As mentioned in the previous section, an ovoid of Q1 (5, q) : Xo X5+ X1 X4+ X2X3 =0
can be written in the form

O5(f17f2) = {(1,$’y7f1(957y)7f2($,y)7 _xf2($7y> - yfl(xvy)}x,yeﬂ*‘q U {(070?0707(]’ 1)}7
for some functions f; with f;(0,0) =0, ¢ € {1,2} and
(1 — 22)(f2(w2,y2) — fo(z1,91)) + (Y1 — y2)(f1(z2,92) — fi(z1,91)) #0

for every (z1,y1) # (x2,y2) in Fg. Let fi(X, Y, T) be the homogenization of f;(X,Y’) and
let d; = deg(f;). In order to obtain non-existence results and partial classifications for
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the ovoids of Q*(5,¢), we will consider the hypersurface Sy, 5, € PG(4,q) defined by
F(Xo, X1, X2, X3, X4) =0, where

F(Xo,X1,X2,X3,X4) = (X1 — X3)<J?2(X37X4,X0) — f2(X1,X27X0)>
(X — X4) <fl(X3, X1, Xo) — F1(X1, Xo, XO)). (6.2)

Lemma 6.2.1. The set Os(f1, f2) is an ovoid of Q1 (5,q) if and only if Sy, s, contains
no affine Fy-rational points off the three-dimensional subspace X1 — X3 =0 = Xo — Xj.

A fundamental tool to determine the existence of rational points in an algebraic
variety over finite fields is the following result by Lang and Weil [57] in 1954, which can
be seen as a generalization of the Hasse-Weil bound.

Theorem 6.2.2 (Lang-Weil Theorem). Let ¥V C PN(F,) be an absolutely irreducible
variety of dimension n and degree d. Then there exists a constant C depending only on
N, n, and d such that

|#V(Fq) =Y d|<@d-1)d=-2)g" P+ Cq, (6.3)
1=0

where #V(F,) denotes the number of Fy-rational points of V.

Although the constant C' was not computed in [57], explicit estimates have been provided
for instance in |12, 15, 38, 39, 59, 74| and they have the general shape C' = f(d) provided
that ¢ > g(n,d), where f and g are polynomials of (usually) small degree. We refer to
[15] for a survey on these bounds. Excellent surveys on Hasse-Weil and Lang-Weil type
theorems are 36, 38]. We include here the following result by Cafure and Matera [15].

Theorem 6.2.3 (|15, Theorem 7.1|). Let V C AG(n,q) be an absolutely irreducible Fg-
variety of dimension r > 0 and degree 6. If ¢ > 2(r + 1)82, then the following estimate
holds:

(VN AG(n, ) — ¢'| < (6 — 1)(6 — 2)q" V% + 561371,

For our purposes, the existence of an absolutely irreducible [F-rational component in
St 1, is enough to provide asymptotic non-existence results.

Theorem 6.2.4. Let S, ¢, : F'(Xo, X1, X2, X3, X4) =0, where F is defined as in (6.2).
Suppose that ¢ > 6.3(d + 1)'3/3, max{deg(f1),deg(f2)} = d, and Sy, s, contains an
absolutely irreducible component V defined over Fy. Then Os(fi1, f2) is not an ovoid of

Q" (5,9).

Proof. Since ¢ > 6.3(d 4 1)'3/3, by Theorem 6.2.3, with § = d+ 1 and r = 3, it is readily
seen that V contains more than ¢? affine F,-rational points. This yields the existence of
at least one affine Fy-rational point (a,b,c,d) in V C Sy, ¢, such that a # c or b # d and
therefore O5(f1, f2) is not an ovoid of QT (5, q). O
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We also include, for sake of completeness, the following results which will be useful
in the sequel.

Lemma 6.2.5 ([2, Lemma 2.1]). Let H,S C PG(n,q) be two projective hypersurfaces.
If HN'S has a reduced absolutely irreducible component defined over Iy then S has an
absolutely irreducible component defined over F,.

Lemma 6.2.6 (|10, Lemma 2.9]). Let S be a hypersurface containing O = (0,0, ...,0)
of affine equation F (X, ..., X,) =0, where
F(Xl,...,Xn) :Fd(Xl,...,Xn)+Fd+1(X1,...,Xn)+--' ,

with F; the homogeneous term of degree i of F(Xy,...,X,) fori=d,d+1,.... Let P
be an Fy-rational simple point of the variety Fy(X1,...,X,) = 0. Then there exists an
Fy-rational plane 7 through the line € joining O and P such that m NS has £ as a non-
repeated tangent Fy-rational line at the origin and m NS has a non-repeated absolutely
irreducible IFg-rational component.

We will make use a number of times of the following lemma to show that a polynomial
F(Xi,...,Xy) is not square in Fg[ X7, ..., X,].

Lemma 6.2.7. Let F(X1,...,Xn) be a polynomial in Fo[X1,...,Xn]. Assume that
F(X1,...,Xp) is a square in F[X1,..., X,]. Then, the following hold:

e any specialization X; = o; of F(Xq,...,X,) is a square;
e the homogeneous term in F(X1,...,X,) of highest degree is a square too;

e if the homogeneous terms of highest and second highest degree in F(X1,..., Xy,
G(X1,...,Xn) and H(X1,...,Xn), for some even number  then G(X1,. .., X,)?
divides H(X1,...,X,).

Proof. By hypothesis, there is a polynomial W (Xj,..., X,,) such that F(Xq,...,X},)

(W(Xy,...,Xp))? It follows immediately that any specialization X; = a; of F(X1,..., X})

is a square. Now, write

WX, Xp) =Y Li(X1,..., Xp),
i<m
where m denotes the degree of W (Xj,...,X,) and L;(X1,...,X,) is the homogeneous
term of W(X1,...,X,) of degree i. Then, we have
F(Xl, - 7Xn) = Z(Lz(Xl, e 7Xn>)2 + 22 Li(Xla .. ,Xn)Lj(Xl, - ,Xn),

i<m i#]
and so F(Xy,...,X,) has degree 2m. The homogeneous terms of highest and second
highest degree in F(X1,...,X,,) are given by

(Lin(X1,...,Xn))? and 2L, (X1, ..., X)) Le(X1, ..., X0),

respectively, where k = max{i : L;(X1,...,X,) #Z 0,7 # m}. The claim follows.
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6.3 General results

In view of Theorem 6.2.4, our goal is to find conditions for which
St o+ F(Xo, X1, X2, X3, X4) =0,
where F'(Xo, X1, X2, X3, X4) is given by

(Xa=X1) | 3 aiy (X3X] - X1X3) X077 | (X0 -Xa) | Dby (xix] - xix7) X577
i i

possesses an absolutely irreducible component defined over F,. Recall that f;(0,0) = 0
and f2(0,0) = 0, therefore app = 0 and by = 0.

Remark 6.3.1. Note that we can always assume that at least one of a; and bg is
zero. In the following we will always assume bg 1 = 0.

Proposition 6.3.2. The hypersurface Sy, 7, contains an absolutely irreducible F4-rational
component in the following cases:

1. dy = da, agabip = 0.

2. d=dy > dz and there exists i # 0 such that a; 4—; # 0.

3. d=dy > dy and there exists i # d such that b; q—; # 0.
Proof. Consider the set &' = Sy, 7, N (Xo = 0).

1. Suppose di; = dy = d. Consider §” = &' N (X3 = 0) given by

—(X3 — Xy4) [Z ai,diX{Xg_i] - X3 [Z bi,diX{Xg—i]
% %
d d _
taoa(Xo — Xa)X§ +boaXa Xy = 0,

which is of degree 1 in Xy if agq = bgq = 0.
If apq = 0 and by 4 # 0 then X is a non-repeated factor of S”.
Consider §” = 8" N (X2 = 0) given by

+ (X1 — X3) [Z bi,dixgxf—i]

+agoXaX{ — bao(X1 — X3)X{ = 0,

~-X, [Z ;g i X5XI

which is of degree 1 in Xy if ago = bgo = 0.

If bgo = 0 and ago # 0 then X4 is a non-repeated factor of S”.
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2. d = dy > do. The equation of S’ reads

(X2~ X0) > arai (X;;Xjf—i - X;'Xg—i) = 0.
i<d

Now, (Xs — X4) | G(X1, X0, X3, X4) = Ssey Gidesi (X@Xjf*i - X{X;H) since
there exists an element a; 4—; # 0 with i # 0 and then (X2 — X4) is a non-repeated
component of §’. By Lemma 6.2.5, Sy, 5, contains an absolutely irreducible com-
ponent defined over F, (passing through Ho N (X2 = X4)).

3. d = dy > dy. Now, the equation of &’ reads

(X1 - X3) > by (X;;Xg—i - X{Xg—i) = 0.
i<d

Now, (X1—X3) { G(X1, Xa, X3, X4) = ey bidi (XéXjH - X{X;H) since there
exists an element b; 4_; # 0 with i # d and then (X; — X3) is a non-repeated com-

ponent of §’. By Lemma 6.2.5, Sy, f, contains an absolutely irreducible component
defined over [, (passing through Ho N (X1 = X3)).

O

In what follows denote the non-negative integer max{j : a;; # 0} by ji, the non-
negative integer max{j : b; ; # 0} by jo, the non-negative integer max{i : a; ; # 0} by i1
and the non-negative integer max{i : b; j # 0} by is.

Proposition 6.3.3. If (j2,71) # (1,0) and jo > ji then Sy, 5, contains an absolutely
irreducible component defined over IFy.

Proof. Let F(Xy4, X1, X2, X3, Xo) be the polynomial

(Xa=Xo) | 3 aiy (XiX3 - XiX3) X§77 | +(X1-Xs) | Dby (xiX3 - xix3) x¢
2 2%
The surface S : F(X4, X1, X2, X3, X0) = 0 is projectively equivalent to Sy, f,.
We study now the tangent cone ) of S at the origin, whose equation depends on j;
and jo. We distinguish several cases.
1. j1=0.
(i) jo = 0. Qreads 3, a;0(X5 — X3 X
(i) jo = 1. Q reads (X1 — X3) 3, bin XaX{ 1+ 3 ai0(X} — X3 XI
(ifi) jo > 2. Q reads (X, — X3) 3, bij, X4 X017,
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(i) jo < j1+1. Qreads 3, a;j, X4XI7771,
(i) jo = j1+ 1. Qreads Y2, i XEX T — (X) — X3) 32, bijp XEX 1772,
(iii) jo > j1 4 1. Q reads (X1 — X3) 3, bij, X4 X077,

If cases (1iii) and (2iii) hold, then X; — X3 = 0 is a non-repeated [ -rational compo-
nent of such a tangent cone. Also, there exists a non-singular point P for 2. By Lemma
6.2.6 there exists an Fy-rational plane 7 through the line ¢ joining the origin and P such
that 7 NS has ¢ as a non-repeated tangent [F,-rational line at the origin and 7 N'S has
a non-repeated absolutely irreducible Fg-rational component. Using twice Lemma 6.2.5,
one deduces the existence of an absolutely irreducible [F-rational component in & and
therefore in Sy, ¢,.

If case (2ii) holds, then  is a rational surface (X; has degree 1). This means that 2
contains an absolutely irreducible F,-rational component of degree 1 in X;. It is readily
seen that affine singular points of Q satisfy ), ai,lengf_Z_]l = 0 and therefore there

exists at least a non-singular point P for ). The same conclusion as above holds.
O

Proposition 6.3.4. If (i1,42) # (1,0) and i1 > iy then Sy, 4, contains an absolutely
irreducible component defined over IFy.

Proof. Let F(X3, X1, X2, X0, X4) be the polynomial

(Xa—X4) | - iy (X0X] = X1XF) X4 | (X1 -Xo) | by (X6x] - x{x9) X§7
b ij

The surface S : F(X3, X1, X2, Xo, X4) = 0 is projectively equivalent to Sy, f,.
We study now the tangent cone €2 of S at the origin, whose equation depends on i1
and 7. We distinguish several cases.

1. iy = 0.
(i) i1 = 0. Q@ reads Y bo;(X] — X§) X5 7.
(ii) i1 = 1. Q@ reads (Xa — X4) X; a1, X] X5 77 + 30, bo (X3 — X)) X5 7.
(iii) i1 > 2. Q reads (Xa — X4) ¥, a5, j X] X5 771

) i1 < ig+ 1. Qreads Y biy g X X577,
(i) i1 =i+ 1. Q reads (Xo — X4) >, ail,inng‘j‘“ -2 big,jXZXéi_j—iQ'
) i1 >+ 1. Qreads (Xo — Xy) >, aithZXg*j*il.
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If cases (1iii) and (2iii) hold, then X9 — X4 = 0 is a non-repeated F,-rational compo-
nent of such a tangent cone. Also, there exists a non-singular point P for (2. By Lemma
6.2.6 there exists an Fy-rational plane 7 through the line ¢ joining the origin and P such

that 7 NS has £ as a non-repeated tangent F,-rational line at the origin and 7N S has
a non-repeated absolutely irreducible Fg-rational component. Using twice Lemma 6.2.5,

one deduces the existence of an absolutely irreducible Fy-rational component in S and
therefore in Sy, ¢,.

If case (2ii) holds, then € is a rational surface (X3 has degree 1). This means that ©
contains an absolutely irreducible Fg-rational component of degree 1 in X». It is readily

seen that affine singular points of 2 satisfy >, b;, ;X ZXg ~J7" — 0 and therefore there
exists at least a non-singular point P for (2. The same conclusion as above holds.

O]

Proposition 6.3.5. Let f1(X,Y) = 37, a;;X'Y7 and fo(X,Y) = 37,5 bi jX'Y7. Sup-
pose that q > 6.3(max{dy,ds} + 1)'3/3, where dy = deg(f1),da = deg(f2). Let

’il = max{i . am 75 0},i2 = max{i . bi,j 7'5 0},j1 = max{j : ai,j 7'5 0},j2 = max{j : b@j 75 0}.

If O5(f1, f2) is an ovoid of Q*(5,q) then bi; = 0 if j # 0 and one of the following
holds:

1. dy = dz and agqbgo # 0;

2. dy > dy and a; q—; = 0 for all i # 0;
3. dy <dy and b; q—; = 0 for all i # d;
4. (J2, 1) = (1,0) or j2 < ju;

. (il,’iQ) = (1,0) or ’il S ’iQ.

6.4 Specific f;

In what follows, fi(X,Y) =Y + 3, a; X", fo(X,Y) = Do bi ;XY with a;,b; ; € F, for
all 4,7, di = max{1,i: a; # 0} and dp = max{i + j : b; ; # 0}. So,

St F(Xo, X1, X2, X3, X4) = (Xo — X4)?°XF — (X2 — Xy) [Z a; (X5 - X7}) Xg—i] —

(X1 = Xs) | 3oy (Xix] - xixg) X3~ | =o0.
ihj
(6.4)
Let U ={i:bj0# 0,0 <i < d2} and denote

b= max(V) if ¥ # (;
RS if U = 0.
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Remark 6.4.1. Let d; > 1. If Sy, 1, does not contain an absolutely irreducible compo-
nent defined over F,, then by Proposition 6.3.2, do > dy. Also, if d2 > d; then j» < j;
by Proposition 6.3.3. If do = d; > 1 then agq = 0 and so by Proposition 6.3.2, Sy, 1,
contains an absolutely irreducible component defined over F,. So we have to deal with
the following two cases

e di < dyand (j1,J2) € {(1,0),(1,1)};
ed=d =dy=1.
Remark 6.4.2. Let
F(Xy,. ., X, Y)=Y2 4+ YV F(Xy,..., Xn) +9(X1,..., X,) € F [ Xy,..., X,],

q odd. Then F is reducible if and only if there exist 7,5 € F,[X1,...,X,] such that
f=r+s, g=rs. Indeed, from

Oél(Xla---an))(Y_{_Bl(le---aXn))’

Y24Y F(Xy, o X)) +9(X1s .. X :<Y+
f( ! n) g( ! n) OéQ(Xl,...,Xn) 62(X1;---7Xn)

with ai,az, b1, 82 € Fy(Xi,...,X,) and ged(aq, o) = ged(B1,B82) = 1, one deduces
f=a1/as+ B1/B2, g = (a11)/(a2f).

6.5 p=2

Proposition 6.5.1. Let Sy, 7, be as in (6.4), d = dy > dy. If jo =1 then Sy, 1, contains
an absolutely irreducible component defined over IFy.

Proof. Let W = Sy, 4, N (X2 = X4) be defined by

(X1 + X3) | Dby XIXg ™ (X] + X3)

i

= (Xi+X3) [ X2 D bia(X]+ X)X+ D bio(XT+ X5) X5
0<i<d—2 0<i<d

If some of the b;1’s, 0 < i < d — 2, is nonzero then W contains a rational component of
degree 1 in X5 and therefore Sy, r, contains an absolutely irreducible component defined
over [F, through it. O

Proposition 6.5.2. Let Sy, 1, be as in (6.4), d =da > dy. If di = 1 then Sy, 1, contains
an absolutely irreducible component defined over IFg.
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Proof. By Proposition 6.5.1, jo = 0 and therefore F'(Xg, X1, X2, X3, X4) reads

(X2 + Xa)?X{™ + a1(X1 + Xa)(Xa + Xa)X§ '+ (X1 + X3) > big (X7 + X5) X§ 7.
0<i<d

If a; = 0 then Sy, j, is clearly a rational surface (in Z = (X3 + X4)?) and therefore
it contains an absolutely irreducible component defined over Fj,.

Suppose now a; # 0 and consider the affine part of Sy, ¢, : F(1, X1, X», X3, X4) = 0.
It can be written as

> _0<i<d bi0 (X1 + X3)
a?(X1 + X3) 7

where Z = (X2 + X4)/ (a1(X1 + X3)) . In what follows we will prove that the surface
Y defined by the affine equation (6.5) is absolutely irreducible.

7P+ 7+ (6.5)

Note that the surface ) is reducible only if there exists Z(X7, X3) = ;g § 3 with
_ _ - 50 ( Xi4 X3
Z:(X1, X3) € Fy[X1, Xg], such that (Z(X1, Xs))* + Z(X1, X3) + Zo<1<2%X10+(X3) )

This condition reads

_ _ _ _ Z i bi,O )(Z—|—)(Z
(Z1(X1,X5))* + Z1(X1, X3) Z2(X1, X5) + (Z2(X1, X))° Od(Xi X )
(6.6)
1

Now, deg(Z1) > deg(Z2), otherwise 2deg(Z;) < deg(Z1) + deg(Z2) < 2deg(Z3) +d —
and (6.6) cannot be satisfied.

Also, the same argument shows that 2deg(Z;) = 2deg(Z2) +d — 1 and therefore
the highest homogeneous terms in (Z1(X1, X3))? and in (Z2(X1, X3))220<’§d bio(Xi+X3)

a?(X1+X3)
must be equal.
Write d = 27k, with j > 0 and k odd. The above argument yields that, in particular,

(X{+x9)  (x}+xB)”
(X1 +X3)  (X1+X3)

Lqy(X1,X3) =

>o<i<d bi,O(Xf"'Xé)
a3 (X1+X3)

the highest homogeneous term in , is a square in Fy[X7, X3).

e If j > 0 then (X; + X3)% ! is the highest power of (X| 4+ X3) dividing Lq(X1, X3).
Since 27 — 1 is odd, Lgq(X1, X3) is not a square in Fy[X1, X3] and the surface ) is
irreducible.

o If j = 0, following the same argument as above, if ) is reducible then £ = 1, a
contradiction to d > 1.

This shows that if d = da > d; = 1 then ) and therefore Sy, ¢, is absolutely irreducible
or contains an absolutely irreducible component defined over F,. O
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Proposition 6.5.3. Let Sy, 1, be as in (6.4), d = dp > di > 1, (j1,52) = (1,0). If
da +1 > 2d; then Sy, y, contains an absolutely irreducible component defined over IF,.

Proof. The polynomial F(Xg, X1, X2, X3, X4) reads

(Xo + Xa)? XG0+ (Ko + Xa) D ai(X] + XHXT+ (X1 + X3) Y bio (X} + X3) X§ 7"
i<d) 0<i<d

The affine part of Sy, 7, can be written as

Dica, 0i(X] + X3)
ag, (X{" + X35")

20<i§d bi,O(X{ + Xé)

72+ 7
a (X + X§1)?

+ (X1 + X3)

, (6.7)

where Z = (X + X4)/ (adl (Xill + Xgl))-

We will prove that the surface ) defined by the affine equation (6.7) is absolutely

irreducible.

Di<ay @i (X{+X3) Po<ica bio(X{+X35)

2 . .
Now, the surface Z* + Zm + (X5 + X3) . T x )2 is reducible
only if there exists Z (X1, X3) = %, with Z;(X1, X3) € Fy[X1, X3], such that

Yica, @i X1+ X3)
adl (Xfl + Xgl)

> 0<i<d bio(Xt + X3) _

5T+ XTP

(Z1(X1,X3))? + Z1(X1, X3)Z2(X1, X3)
(6.8)
+(Za(X1, X3))2 (X1 + X3)

Then Equation (6.8) implies that

(Z1(X1, X3))?ad, (X' + X§)? + Z1(X1, X3) Z2(X1, X3)ag, (X' + X§) > ai(X] + X3)+
i<d

+(Z5(X1, X3))* (X1 + X3) > bio(X] + Xj) =0.
0<i<d
(6.9)

Since dy + 1 > 2dy, deg(Z1) > deg(Zs), otherwise 2deg(Z;) + 2d; < deg(Z1) +
deg(Z2) + 2dy < 2deg(Z3) + ds + 1 and (6.9) cannot be satisfied.

Also, the same argument shows that 2 deg(Z1)+2d; = 2deg(Z2)+da+1 and therefore
the highest homogeneous terms in (Z1 (X1, X3))2(131 (X8 x92 and in (Za(X1, X3))?(X1+
X3) Y gcicq bio(X] + X4) must be equal.

Write d = dy = 27k, with j§ > 0 and k odd. The above argument yields that, in
particular,

La(X1,X3) = (X1 + X3)(X{ + X§) = (X1 + Xa)(XF + xX5)?,

the highest homogeneous term in (X1+X3) > g ;<4 bio(Xi+X3%), is asquare in F, [ X7, X3).
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e If j > 0 then (X; + X3)?’*! is the highest power of (X1 + X3) dividing La(X1, X3).
Since 27 + 1 is odd, Lg(X1, X3) is not a square in F,[X7, X3] and the surface Y is
irreducible.

e If j = 0, following the same argument as above, if } is reducible then k£ = 1, a
contradiction to d > 1.

This shows that if d = da > di > 1 then ) and therefore Sy, ¢, is absolutely irreducible
or contains an absolutely irreducible component defined over F,. This completes the
proof.

O]

Proposition 6.5.4. Let Sy, f, be as in (6.4), d = dy > di > 1, (j1,752) = (1,0). If
dy +1 < 2dy and dy is even then Sy, 1, contains an absolutely irreducible component
defined over IFy.

Proof. Consider the curve

C: F(1, X1, X2,0,0) = X5 + Xy Z ai X} + X3 Z bioXi =0,
1<dy 0<i<d

which is equivalent to

X1 ZO<i§d bi,OXi i

C': X2+ Xy + —
(Zigdl aiXi)

Such a curve is absolutely irreducible if there exists n € P1(F,) = F,U {oo} such that

X ZO<i§d bi,OXf
N 2
<Zz’§d1 aiXi)

21y,

Consider 1 = oco. In this case

X g bio X}
21y, 120<1§d Z7021 =dy+1—-2d1 <0
(Zigdl a; X f)
since dg is even.
This shows that C' and therefore Sy, ¢, are both absolutely irreducible. O

The following theorem summarizes the results about the even characteristic case.

Theorem 6.5.5. Let S¢, ¢, be as in (6.4) contains an absolutely irreducible component
defined over Fy unless 1 < di < dy <2dy — 1, dp odd, jo = 0.
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6.6 p>?2

Proposition 6.6.1. Let S¢, ¢, be as in (6.4), and p > 2. If d = dy > di and (j1,J2) =
(1,1) then Sy, , contains an absolutely irreducible component defined over IF,.

Proof. By Proposition 6.3.2, we can assume that by_11 = 0. The surface Sy, , reads

(Xp — Xa)?X(H + (X — Xa) | D ai(X] — X XT
7

+(X; — X3) Zbi,o(Xf — Xg)Xg*i + Z bi,1(X{X2 _ X§X4)Xg*i*1 —0
i>0 0<i<d—2

Let W = Sy, 1, N (X2 = X4) be defined by

(X1 —X3) | bio(X{ = XHXTT+ X Y bia(X] - X)X5| =0
>0 0<i<d—2

If b1 # 0 for some 0 < i < d — 2, then W is of degree 1 in X».
Thus b; 1 = 0 for 7 > 0 and Remark 6.3.1 yields the claim.
O

Proposition 6.6.2. Let Sy, 4, be as in (6.4), d = do > di = 1, (j1,72) = (1,0), and
p>2. Ifdy # p?, with j >0, or b;; # 0 for some (i, j) # (d2,0), or h = 00 and ag, =0
then Sy, 1, contains an absolutely irreducible component defined over F,.

Proof. The surface Sy, r, reads

(X2 = Xa)? X" + a1 (X1 — Xa)(Xo — Xo)X§ ™"+ (X1 — X3) | D bio(X] — X5) X5~
i<da

If Sy, 1, is reducible then by Remark 6.4.2, there exist (X1, X3), s(X1, X3) such that

(X1 — X3) | ) bio(X] — X3)

i<dy

T(X17X3)S(X17X3)7
al(Xl — Xg) = T'(Xl,X3) + S(Xl,Xg).
Consider the affine part of Sy, 1, and note that the surface is reducible if and only if

A(X1, X3) = af (X1 — X3)? — 4(X1 — X3) > bio(X] — X3)
i<da
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is a square in F,[X7, X3]. B
Suppose that A(X7, X3) is a square in F,[X, X3]. Then, the highest homogeneous
term Lg, (X1, X3) = —4bg,.0(X1 — Xg)(Xf2 - ng) is a square in F,[X7, X3] too. Write

dg = kpj, with p)[k'. Then Ldz(Xl,X3) = —4bd270(X1 — X3) ()({C — Xg)pj.

o Let k > 1. If Ly, (X1, X3) is a square in Fy[X7, X3] then R(X1) = Lgy(X1,1) =
(X7 — 1)(XF —1)P" is a square in F,[X1].
Every root of R(Xy) different from 1 has algebraic multiplicity equal to p’ and
R(X1) cannot be a square in F,[X;].

e Let now k =1 and dy = p? for some j > 0. First, suppose h < oo. Write

A(X1,X3) = Lg, (X1, X3)+ Lp(X1, X3) + -
. 2
— <(X1*Xg)(p]+1)/2+M(X1,X3)+"') ,

where M (X1, X3) has degree (h + 1) — (p? + 1)/2. Now Ly (X1, X3) = 2(X; —
X3)PH+D2M (X, X3) equals

—dbpo( X1 — X3)(XP — XD, ifh> 1,
(a? —4b1 o) (X1 — X3)?, if h=1.

If A > 1 then (X1 — X3)®~V/2 | (X} — X}). Write h = kip?!, so that (X7 — X}) =
(xh — X;fl)p“. Since (X1 — X3)P"" is the highest power of (X; — X3) dividing
(X{€1 — X:]fl)p“, we must have (p/ —1)/2 < p7t. Since j; < j — 1,

P —1<2p <2p /p,

and therefore p/ < ]%. This yields p/ = 3, that is j = 1 and p = 3. Now,

(X1 — X3)* 4+ a(X1 — X3)(X] — X3) + B(X1 — X3)%, a,8 € Fy, is a square in
F,[X1, X3] only if (X7 — X3)? + a(X1 + X3) + 8 is a square. By direct checking,
this is possible only if a = 5 = 0.
If h =1, in this case M (X1, X3) has degree 2 — (p/ 4+ 1)/2 and this yields p’ = 3,
a contradiction.
This shows that if there exists i, 0 < i < dg, such that b; o # 0 then A(Xy, X3) is
not a square in F,[X1, X3).
If h = oo, T(Xl,X3)8(X1,X3) = bd270(X1 — X3)pj+1 and T(Xl.’ Xg) + S(Xl,Xg) =
a1(X1—X3). Since p/ +1 > 2, 7(X1, X3) = \/=ba, o(X1 = X3) P D/2 = —s(X;, X3)
and

al(Xl — Xg) = T‘(Xl, Xg) + S(Xl,Xg) =0,

yielding a; = 0.
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Proposition 6.6.3. Let Sy, 5, be as in (6.4), and p > 3. If d = dy > di > 1 and
(J1,J2) = (1,0) then Sy, 5, contains an absolutely irreducible component defined over Fy,
unless (p,dy,ds,h) € {(5,2,5,3),(7,2,7,3),(7,3,7,5)} ord=ds =2dy — 1 < 11.

Proof. Note that Sy, 1, reads

(Xo — Xa)? X071+ (Xo — Xa) | Y ai(X] = X)X + (X1 = X3) | D bio(X] — X5) X5~

i<dy i<dp

If Sy, 1, is reducible then by Remark 6.4.2, there exist (X1, X3), s(X1, X3) such that

Z bu()(X{ _XZZ’)) = T(X1’X3)8(X17X3)7
i<da i
> ai(Xi-X3)| = r(X1,Xs)+ s(X1,X3).
i<d i

If deg(r) > deg(s) then we can suppose that deg(r) = d; and (X — Xgl) | (X7 —
X?,)(Xfl2 — Xg2). Since dy > 1, this yields d; | da and thus d; < da/2. Now,

1+dy =deg(r)+deg(s) <di+di —1<dy—1,

a contradiction.
From now on we consider the case deg(r) = deg(s) = (do+1)/2. Then d; < (da+1)/2.
Recall that Sy, ¢, is reducible if and only if

A(X1, X3) = [Z a;(Xi — X3) ] —4(X; — X3) [Z bio(Xi — X3)

i

is a square in Fy[X7, X3]. We distinguish the cases where d; < d2/2 and ds + 1 = 2d;.

1) If d; < dg/2 the homogeneous term of the highest degree in A(X7, X3) is L(X1, X3) =
—4bg, 0(X1 — X3) (X2 — X&) If A(Xy, X3) is a square in F [X7, X3] so it is
L(X1, X3). Let dy = kp? for some non-negative j and p 1 k.

If k > 1 then L(X;, X3) cannot be a square in Fy[X7, X3].

From now on we can assume that & = 1 and then dy = p/. In this case d; <
(dgy — 1)/2.

Suppose that b; o = 0, for any 0 < i < dp,i.e. h = 0o. In this case (X1, X3)s(X1, X3) =
bay.0(X1—X3)P 1 and (X1, X3)+5(X1, X3) = 3, ai(Xi — X3). Since p/ +1 > 2d;,
(X1, X3) = /=bay0(X1 — X3) P +D/2 = _5(X,, X3) and

> ai(X] - X3§) = r(X1, X3) + s(X1, X3) =0,

%
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a contradiction to aq, # 0.

From now on we suppose that h < oco. We distinguish the cases where h +1 > 2d;,
h+1<2dy and h +1 = 2d;:

a) h+1>2d;. Write
A(X1, X3) = ((Xl — X3)P'TO/2 4 M(Xy, X3) + . .>2,
where M (X1, X3) has degree (h+ 1) — (p’ + 1)/2. Now
2(X1 — X3) P20 (X1, X3) = —4bp (X1 — X3)(XJ — XI)

and then (X1 —X3)®~1/2 | (X} — X}). Write h = kip’, so that (X} — X}) =
(X1 — X§1)P"" . Since (X1 — X3)P"" is the highest power of (X1 — X3) dividing
(X{cl - X:l,fl)p“, we must have (p/ —1)/2 < p/t. Since j; < j — 1,

P —1<2p0 < 2p7 p,

and therefore p? < ﬁ. This yields p/ = 3, a contradiction to p > 3.
b) h+ 1< 2d;. Write

, 2
A, Xy) = (X1 = Xg) P02 4 M(X0, Xg) 40
where M (X1, X3) has degree 2d; — (p’ +1)/2. Now
2(X1 — Xo) P TVPM (X0, Xp) = 0, (X{1 - X§1)?

and then (X; — Xg)(pj+_1)/2 | (Xf1 - Xgl)z. Write dy = k;p7t, so that (X —
X2 = (xF — Xk We must have (p/ +1)/2 < 2p7'. Since j; < j — 1,

P41 < 4pit < 4pd/p,

and therefore (p — 4)p’ < —p, a contradiction to p > 3.
c) h+1=2d;. Write

(X1, X3) = T(gyr1ye(X1, X))+ gy (X1, X3) + -
s(X1,X3) = S(gyr1)2(X1, X3) + -+ 84, (X1, X3) + -+,

where s;, 7; homogeneous of degree i or the zero polynomial. Since r(X1, X3)+

(X1, X3) = [Eigdl ai(X] — X5) |, S(dp11)/2(X1, X5) = —1(dy41)/2(X1, X3),
oy Say+1(X1, X3) = —rg 41(X1, X3).

The term of degree do > 2d; in (X7, X3)s(X1, X3) is

T(dy41)/28(da—1)/2 T T(dz—1)/25(da+1)/2 = —2T(dy+1)/27 (d2—1)/2 = 0,
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and then S(dy—1)/2 = T(dy—1)/2 = 0.
By induction, the term of degree i > (do +1)/2+dy > 2dy = h+ 1 in
T‘(Xl,Xg)S(Xl,Xg) iS

T(dy+1)/25i—(da+1)/2 F Tim(da+1)/25(dot1)/2 = —2T(dp+1)/2Ti—(do+1)/2 = 0,

and then Si—(da+1)/2 = Ti—(da+1)/2 = 0.
Consider i = (d2 +1)/2 +dy > 2dy = h+ 1 in (X1, X3)s(X1, X3) is

T(dy+1)/25dy T TdyS(da+1)/2 = T‘(d2+1)/2(5d1 —Tdy)
=/ bapo(X1 — X3) TV (s —ry),
=0

Then rq, = sq, = ag, (X& — Xgl)/Q.
Suppose that 2d; < (da+1)/2. The term of degree 2d; = h+1 in (X7, X3)s(X1, X3)
is

raysdy = bpo(X1 — X3)(XI — X = a3 (X — X§)? /4.

If p f di and p | h, then (X1 — X3)? || (X" — X§")? but (X3 — X3)P* |
(X1 — X3)(X] — X3).

If ptdy and pfh, then (X} — XP)/(X) — X3) is separable, whereas (X' —
X312 /(X — X3)? is not.

If p | dy then p { h and so (X; — X3)% | (X&' — X$)2 and (X; — X3)? ||
(X1 — X3)(XP — XI). In all the cases a contradiction arises.

Suppose that 2d; > (da+1)/2. The term of degree 2d; = h+1in (X7, X3)s(X1, X3)
is

Ty Sy F T(dy+1)/252d) —(do+1)/2 F T2dy —(da1)/25(da+1)/2 = bro(X1 — Xg) (X[ — X3)
= g, (XT" = X§')? /4 4 /=ba, 0(X1 = X3) V2 (550, _(ay11)2 = P21 —(do+1)/2)

If ptdand p | h, then (X; — X3)? || (X" — X$)2 but (X, — X3)P+! |
(X1 — X3)(X} — X}) and (X7 — X3)PTD/2 | (X — X3)(d2H1)/2,

If ptd and pth, then (X; — X3)? || (XP — X)? and (X; — X3)? ||
(X1 — X3)(XP — XB) and (X7 — X3)° | (X1 — X3)(@+D/2 unless dy = p/ < 7.
So, suppose that da > 7. If Soq, _(d,41)/2 = T2d,—(dz+1)/2 the same argument
as for the case 2d; < (da + 1)/2 applies.

If S94,—(dy+1)/2 7 T2d1—(do+1)/2> WE have

d d
s bro(XP = XP)  ad (X7 — X§)°

X — Xo)(d2=3) —
= 2 X1 - X3 4(X1 — X3)?
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This is equivalent to

bro((X1+ Xg)" = XJ) g (X1 + X5)h — Xg)?
X 4X7?

= (bpoh — a3 di /)X + (bh,o (Z) —d g, (d1>> X1 X072+
R\ a3 o (d a3 (di\?
! (bh’°<3> B gld1<31> - Zl<21> ) T

which yields by, oh — afll d% /4 = 0. Since we are supposing that dy > 7, so that
(d2—3)/2>2.If h# 1 (mod p) then d; Z 1 (mod p) and

h ad1 dy adl dq
bh0 <3> y B ( 3 ) 4\ 2
that is

ag dith—1)(h—2) af di(d —1)(d1—2) ag di(d—1)?
24 12 16

Xl(dz—z)/z ‘ H(X1, X3) =

0 (mod p),

=0 (mod p).
Since h = 2d; — 1, one gets d; = 1 (mod p), a contradiction.

If h =1 (mod p) then d; = 1 (mod p). Consider p** || (h — 1) and p2 ||
(di — 1), since dy — 1 = (h —1)/2, i1 = iz. Now,

H(X1,X3) = (bpoh—ald} T/AXET

h a?h dq pil—1 v h—pil
(bh*°<pi1)‘zdl<pfl R

Since by oh — a3 di/4 =0,

o h adl dy 2p11 —2  h—2pi1+1
H(X1,X3) = (bh,o <2pz.1 - 1) ; <p21> >X1 X! +

and therefore (p’ — 3)/2 < 2p't — 2, a contradiction to p > 3.
If p|dy then pfhandso (X1 —X3)? || (X1—X3) (X — XE) and (X1 — X3)% |
(X% — X2 and (X — X3)3 | (X1 — X3)(@+D/2 since dy > p > 3.
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2) If do + 1 = 2d; then the homogeneous term of the highest degree L(X;,X3) in
A(Xl,Xg) is

a%l (Xfl _ Xgl)Z — 452(117170()(1 _ X3)(X12d1—1 . X§d1—1)'

In the following we will prove that, if d; > 6 , then

L(X1,1) = (a3, —4bog, —1,0) X 7 +4bog, —1 0 X777 —2a3, X" +4bog, —10X1+(a3, —4bog, —1,0)

is not a square in Fy[X7].
First, if a?ll — 4bgg,—1,0 = 0 then X; || L(X1,1) and therefore L(X1,1) is not a
square in Fy[X1]. So we can suppose a?ll — 4bg,—1,0 # 0.

In the following we will consider the derivatives of L(X7,1)

LY(X1,1) = 2di(ad, — 4bog,—1,0) X777+ 4(2d1 — 1)bog, 10X 2
*2d1a§1Xfl1_1 + 4baq, 1,0,
LO(X1,1) = 2d1(2d1 — 1)(a3, — 4boa,—1,0) X772
+4(2d1 — 1)(2d1 — 2)bag, —1,0 X7 — 2dy(dy — 1)a3 X172,
LO(X1,1) = 2d1(2dy — 1)(2d1 — 2)(a3, — 4bag, —10) X717
+4(2dy — 1)(2dy — 2)(2dy — 3)bag, 10 X714
—2d(dy — 1)(d1 — 2)ag, X7,
LWD(X1,1) = 2d1(2dy —1)(2d1 — 2)(2d1 — 3) (a3, — 4bog, —1,0) X7"*

+4(2dy — 1)(2dy — 2)(2dy — 3)(2dy — 4)bog, 10X 7DD
~2dy(dy — 1)(dy — 2)(dy — 3)ad X774

Clearly X; = 0 cannot be a repeated root of L(X1,1).

e If d; = 0 (mod p), then LM (X ,1) = —4bgg, 1 0(XM 72 —1). Now, X1 =1
or Xfl_l = —1 yield, together with L(X;,1) =0, X; =1 or (a?i1 — 4bog,—10) X7 +
(8b2a,—1,0 + 2a2 ) X1 + (a3, — 4bsg, 1) = 0. Since L (X1, 1) = 8bzq,—10X; "%,
all the roots have at most multiplicity 2. So, L(X1,1) cannot be a square in Fy[X1]
since its degree is larger than 6.

e If dj =1 (mod p), since
X1L'(X1,1) — L(X1,1) = (a3, — 4bog,—1,0)(X7™ - 1),

the only repeated roots of L(X7, 1) satisfy X12d1 =1.1f Xfl =1lor Xfll = —1, then
L(Xl, 1) =0 yields X;=1or 4b2d1,170X12 + 4(a§1 — b2d1,170)X1 + 4b2d1,170 = 0,
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respectively. This shows that there are at most three repeated roots of L(Xy,1).
Since in this case L(® (X1, 1) reads 2d; (2d; —1)(&31 —4b2d1_170)X12d172, there are not
roots of L(Xy,1) of multiplicity larger than 2. Our assumption d; > 6 is sufficient
to prove that L(Xy,1) cannot be a square in F,[X], since its degree is larger than
6.

e If 2d; =1 (mod p), then

L(l)(Xl, 1) = (CL?h — 4b2d1_1’0)X12d1_1 - (ZZIXih_l + 4b2d1_170
L(X1,1) — (X - DEV(X,1) = ad, (X — 1) (X1 - 1),
Both X{* = 1 and X{*™' = 1 combined with L(X;,1) = 0 give X; = 1. So, the
only repeated root of L(Xy,1) is X1 = 1. Since L®)(X1,1) = —(dy — 1)a31Xf172,

X1 = 1is a double root of L(X7, 1), which proves that L(X;, 1) cannot be a square
in F,[X;] (its degree is larger than 12).

From now on we can suppose that dy(d; — 1)(2d; — 1) # 0 (mod p). First, note
that X; = 1 is a root of multiplicity at most 4 for L(X1,1). In fact,

L(X1 +1,1) = (a3, — 4bsa,—1,0)(X1 + 1)*M + dbog, _1,0(X1 + 1)?1 1
—Qa?ll (Xl + 1)d1 + 4b2d1_170X1 + a?ll

((2)=2(2)) oo ((21) - (7))
(G5 2(3)) = ((51) - (7))
(08 2 (3)) o ((5) - (7))

= (a3, d} — 4bog,—10(2d1 — 1)) X7 +

(afl d2 d1 — 1 4b2d1 10(2d1 — 1)(d1 — 1)) X% +

(ag, (7 — 17d} + 8} +2d1) — by, 1,0 (16d] — 4807 + 44d) — 12))
12 1

+

=
+

Qgq
Qq

N
+

(e
[+
(v

Q,

If both the coefficients of X7 and X{ vanish then d?(d; — 1)(2d; — 1)a§1 =0, a
contradiction.
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Denote Y = Xfll, so that

Y2
L(Xl, 1) = (ail — 4b2d17170)Y2 + 4b2d1,1,0f1 - 2a31Y
+4bog,—1,0X1 + (aF, — 4bag,—1,0)
1 9 Y2 YQ
L( )(le 1) = 2d1(ad1 — 4b2d1_1’0)f1 + 4(2d1 — 1)b2d1_1’0X712
Y
—2d1a31f1 + 4b2d171707
9 9 Y2 Y2
L®(X1,1) = 2di(2d1 — 1)(a3, — Aoy —1.0) 57z + 421 = 1)(2d1 = 2)baay 1,055
1 1
2
_2d1 (dl — 1)ad1X—12,
3 2 Y2
LO(X1,1) = 2di(2d; — 1)(2d1 — 2)(a3, — 4baay-1,0) 35
1
Y2

+4(2d1 — 1)(2d1 — 2)(2d1 — 3)62d1_1707X4
1

2
_2d1 (dl — 1)(d1 — 2)(1/le713,

LWY(X1,1) = 2d1(2d1 —1)(2d1 — 2)(2d1 — 3) (a3, — 4boa,—10) 5

+4(2dy — 1)(2dy — 2)(2dy — 3)(2dy — 4)baa, 1.0

~2dy(dy — 1)(dy — 2)(dy — 3)ag, 4.
1

The resultant of L(X;,1) and LM (X, 1) with respect to Y reads
16bag, —1,0(ag, — 4bag,—1,0) X7 (X1 — 1)2Z(X1),
where
Z(Xl) = b2d1—170(2d1 — 1)2(a31 — 4b2d1_170)X12 + (agld% — 8(1?1152(11_170(1%
+2a§1 bad,—1,0 + 3255111—170‘1% - 32b%d1—1,0d1 + Sb%dl—l,D)Xl
+bod,—1,0(2d1 — 1)*(a3, — 4baa,—1,0)-

Multiple roots of L(X1,1) distinct from X; = 1 must satisfy Z(X;) = 0.

e If d; =2 (mod p), then LW (X1,1) = 24(a(211 —4b2d1_170)X12d174 and all the roots
have multiplicity at most 4. This shows that L(X1,1) cannot be a square in F,[X]
(its degree is larger than 12).
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o If d; # 2 (mod p), then the resultant of L3)(X1,1)/Y and L®)(X1,1)/Y with
respect to Y reads

4(2d1—1)a di(d1—1) X1 (X a3, di —4X1bog, —1,0d7+4bog, —1,0d3 —8bag, —1,0d1+4bag, —10),

where as the resultant of L&) (X1,1)/Y and L (X},1)/Y with respect to Y reads

S(dl - 2)(d1 - 1)2d1a§1 (2d1 — 1)X1 .
(X1ad,df — 4X1bog,—1,0d; + 4baa, —1,0d7 — 10b2g, —1,0d1 + 6bag,—10).-
The unique possible root of multiplicity larger than 4 must satisfy

_ Abyg,—10(di —1)® _ 2bq,—10(2d% — 5dy + 3)
d%(a?h — 4b2d1_170) d%(a?h — 4b2d1_170)

X, =

which implies d;(d; — 1)b2d1_170(a31 — 4bag,—1,0) = 0, a contradiction. Therefore,

all the (at most three) multiple roots of L(X7,1) have multiplicity at most 4 and
so L(X1,1) cannot be a square in F,[X] (its degree is larger than 12).

O]

Proposition 6.6.4. Let Sy, 4, be as in (6.4), andp =3. Ifd =dy > dy > 1 and
(41,J2) = (1,0) then Sy, g, contains an absolutely irreducible component defined
over Fy, unless one of the following holds

1. d:d2:2d1—1§11;

2. h+1<2dy <dy=3 and 3 |dy;

3. h+1=2dy <dy=3 and 3| (d —1).

Proof. The proof is similar to that of Proposition 6.6.3 and we use the same nota-
tions.

If do +1 = 2d; the claim follows as in Proposition 6.6.3. From now on we as-
sume d; < dy/2. The homogeneous term of the highest degree in A(X, X3) is
L(X1, X3) = —4bg, o(X1 — X3) (X2 — X§2). If A(X1, X3) is a square in Fy[ X, X3]
so it is L(X71, X3). Let do = k - 3/ for some non-negative j and 3 { k.

If k > 1 then L(X1, X3) cannot be a square in F,[X7, X3].

From now on we can assume that k = 1 and then dy = 37. In this case dy < (da—1)/2
and j > 1.

If h = oo the claim follows as in Proposition 6.6.3.

When h < oo, we distinguish the cases where h +1 > 2d;, h +1 < 2d; and
h + 1= 2d12
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a)

b)

c)

h+1 > 2d;. Following the same argument as in the proof of Proposition 6.6.3,
we get d = do = 3 and therefore 1 < d; < 1.

h+1 < 2dy. Write

r(X1,X3) = T(ayr1)2(X1, Xs) + -+ gy (X1, X3) + -
s(X1,X3) = S(dp41)/2(X1, X3) + -+ 5a, (X1, X3) + -+,

where s;, r; homogeneous of degree ¢ or the zero polynomial. As in Proposition
6.6.3 it follows that S(dy+1)/2 = ~T(da+1)/2 = _\/_bdz,O(Xl — Xg)(d2+1)/2,
si(X1,X3) = ri(X1,X3) =0, for any d; < i < (d2 +1)/2, and rg, (X1, X3) =

say (X1, X3) = ag, (X' = X§1)/2.

Suppose that 2d; < (da+1)/2. The term of degree 2d; > h+1in (X7, X3)s(X1, X3)
is

TdySd, = aﬁl(Xfl — X§?2/4=0,

a contradiction to a4, # 0.

Suppose that 2d; > (d2+1)/2. The term of degree 2d; > h+1inr(X1, X3)s(X1, X3)
is

TdySdy + T(dy+1)/252d1 —(da+1)/2 T T2dy —(da+1) /25 (d2+1) /2
ag, (X{1 = X2 /44 \/=bap 0 (X1 — X3) T2 (500 _(ay41)/2 — Tody—(dat1)/2) =

Then

ag, (X = X2 /4 = /by 0 (X1 — X3) 2TV 2 (rog  (gyi1) /2 — S2dy—(ap+1)/2)-

If $9d,—(dat1)/2 = T2dy —(dz+1)/2 then ag, must be zero.

If Sod, (dp11)/2 # T2dy—(do+1)/2 a0d 31 dy, then (X1 — X3)?||(X{* — X§")? but
(d2 +1)/2 > 2. In both cases a contradiction arises.

h+1=2d;. If dy 21 (mod 3), the claim follows as Proposition 6.6.3.

We are now in position to prove the main result of this chapter.

Proof of Theorem 6.1.2. By Remark 6.4.1, Theorem 6.5.5, Propositions 6.6.1, 6.6.2,
6.6.3, 6.6.4 if there exists b; ; # 0 with j # 0 and none of the conditions listed above holds,
then Sy, f, defined as in (6.4) contains an absolutely irreducible F-rational component.
By Theorem 6.2.4 O5( f1, f2) is not an ovoid.



Chapter 7

Classification of low-degree ovoids of

Q(6,q)

It is well known that to any ovoid of Q(6,q) two polynomials fi(z,y, 2), fa(z,y,2) can
be associated. In this chapter we classify ovoids of Q(6,q) with max{deg(f1),deg(f2)} <
((Tlgq)l% — 1. The results of this chapter can also be found in [8].

7.1 Introduction

Regarding ovoids of the parabolic quadric Q(m, q) of PG(m, ¢q), m even, it is known that
there are no ovoids if m > 6 (see [40, 79]). Hence for parabolic quadrics the only relevant
cases are m = 4 and m = 6.

Let (X0, X1, X9, X3, X4, X5, X6) denote the homogeneous coordinates of PG(6, ¢) and
by Hs the hyperplane at infinity Xy = 0. Up to collineations, in PG(6,q) there is a
unique non-degenerate quadric, the parabolic quadric Q(6,¢) and in the sequel we fix
the following parabolic quadric:

Q(6,q) : XoX¢ + X1 X5+ Xo Xy + X3 = 0.

It is well known that there are no ovoids of Q(6,q) for ¢ even [79], and thus from
now on, we will consider only p > 2. We recall that an ovoid of Q(6,q) is a set of ¢° + 1
pairwise non-collinear points on the quadric. We can always assume that an ovoid of
Q(6,q) contains the points (1,0,0,0,0,0,0) and (0,0,0,0,0,0,1) and hence it can be
written in the following form:

OG(flva) = {(L%3/727f1($,y72)7f2($,yyz)7_Z2_?/fl(l“ayaz)_$f2($»y,z))}z,y,zelﬁ‘q
U{(0,0,0,0,0,0,1)},

for some functions f; : Fg — Fy with £;(0,0,0) = 0 for i € {1,2}; see [85, Chapter 3].

The set Og(f1, f2) is an ovoid if and only if

(121,91, 21, frlz,y1, 1), (e, y1, 21), =25 — ynfi(en, v, 21) — 21 fa(@n, y1, 21))(7.1)
(1,22, y2, 22, f1 (22, Y2, 22), fa(w2, Y2, 22), =25 — Y2 f1 (22, Y2, 22) — T2 fa(w2, Y2, 22))) # 0,

86
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for every (z1,y1,21) # (#2,y2,22) in Fa, where (, ) is the symmetric form associated to
the quadratic form of the quadric Q(6, q).

The only known ovoids of Q(6,q) are the two classes of ovoids listed in the following
table (see [45, T1]).

Table 7.1: Known ovoids of Q(6, q).

H Name ‘ filz,y, 2) ‘ fa(z,y, 2) ‘ Restrictions H

g=3"h>1
. a non-square
q= 32]7,—i-17 h>0

o =1/3q

Thas-Kantor | —ny® + 2%y — xz —1/na® + xy? +yz

Ree-Tits  |—2°%3 4+ y7 4+ 22y — 22|22 3 + 2997 — 27 + 2y® + y2

Note that Condition (7.1) reads

(z1—22)%+(wa—21) (fa (w2, Y2, 22)— fa (@1, y1, 21))+ (w2 —u1) (f1 (w2, Y2, 22) — fr(21, 51, 21)) # 0,
(7.2)

for every (w1,y1,21) # (22,92, 22) in FZ-
In order to obtain non-existence results and partial classifications for the ovoids
Os( f1, f2) of Q(6,q), we will consider the hypersurface Wy, r, C PG(6, q) defined by

Ffl:fZ(XﬂthX?u X37X47X57X6) = 07
where thfQ(l,Xl,XQ,X3,X4,X5,X6) equals

(X3 = X6)” + (X4 — X1)(f2(Xa, X5, Xo) — fo(X1, X2, X3))
+(X5 — X2)(f1(Xa, X5, Xo) — f1(X1, X2, X3)). (7.3)
Lemma 7.1.1. If f1, fo # 0, then Os(f1, f2) is an ovoid of Q(6,q) if and only if Wy, 4,
contains no affine Fy-rational points off the solid X1 — X4 = X9 — X5 = X3 — X6 = 0.
The main result of this chapter is the following.

Theorem 7.1.2. Let f1(X,Y, Z) = 3,1 aijau X YIZF and fo(X,Y, Z) = 3,3, biju X YIZF.
Suppose that q > 6.3(d + 1)'3/3, where max{deg(f1),deg(f2)} = d. If Og(f1, f2) is an
ovoid of Q(6,q) then

¢=3" [X,Y,Z2)=X% —nY?—-XZ, [fo(X,Y,Z)=—-1/nX3+XY?+YZ.

Hence Og(f1, f2) is a Thas-Kantor ovoid.

It is worth pointing out that the degree of the functions f1(X,Y, Z) and fo(X,Y, Z)
associated with the Ree-Tits ovoid does not satisfy the bound ¢ > 6.3(d 4+ 1)'%/3 in
Theorem 7.1.2.



7.2 Classification of low degree ovoids 88

7.2 Classification of low degree ovoids
For our purposes, the existence of an absolutely irreducible IF-rational component in
Wi, ., is enough to provide asymptotic non-existence results for ovoids of Q(6, q).

Theorem 7.2.1. Let thfQ : Ff17f2(X0,X1,X2,X3,X4,X5,X6) = 0, where thfQ 18
defined as in (7.3). Suppose that ¢ > 6.3(d 4+ 1)'3/3, max{deg(f1),deg(f2)} = d, and
Wi, 5, contains an absolutely irreducible component V defined over F,. Then Og(f1, f2)
is mot an ovoid of Q(6,q).

Proof. Since q > 6.3(d+1)'3/3, by Theorem 6.2.3, with § = d+ 1 and r = 5, it is readily
seen that V contains more than ¢* affine F,-rational points. This yields the existence of
at least one affine Fy-rational point (ai,b1,c1,a2,b2,c2) in V C Wy, 4, such that a1 # ao
or by # by or ¢1 # co and therefore Og(f1, f2) is not an ovoid of Q(6, q). O

7.2.1 Ovoids in Q(4,q)
A starting point in our investigation is the main result of |7].

Theorem 7.2.2 ([7, Main Theorem]). Let f(X,Y) = >, ai j XY, with agy = 0 if
p > 2. Suppose that ¢ > 6.3(d+1)'3/3, where deg(f) = d. If O4(f) is an ovoid of Q(4, q)
then one of the following holds:

1. p=2and f(X,Y) =a10X + ap1Y. Hence O4(f) is an elliptic quadric.

2.p>2and f(X,Y) = pj,Oijf Jj > 0. Hence O4(f) is either an elliptic quadric or
a Kantor ovoid.

Corollary 7.2.3. Let f(X,Y) = Zij ai ; XY, with p > 2. Suppose that q > 6.3(d +
1)13/3 where deg(f) = d. If

2
;a
FXY) # 4y o X+ 25X +ag,Y,
for some j >0, then Sy contains an absolutely irreducible component defined over F,.
Proof. Let Sy : F'(X1, X2, X3, X4) =0, where
F(X1, Xo, X3, X4) = (X2 — X4)* + (X1 — Xs)(f(Xl,X2) - f(Xs,X4))

be the hypersurface associated to an ovoid of Q(4, q); see [7]. As already observed in [7],
up to a change of variables we can always suppose that ag; = 0. Suppose that this is not
the case, then consider

Sf’ : F(Xl,XQ — a0,1X1/2,X3,X4 — a0’1X3/2) = O
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and so the coefficient of (X1 — Xg)(XQ — X4) n F(Xl, X9 — CL071X1/2, X3, Xy — a071X3/2)
vanishes, i.e. the coefficient a1 in f’ is 0. Therefore, by Theorem 7.2.2,

h
F(X1, X —a01X1/2, X3, X4 — ap1X3/2) = (Xo — X4)* + (X1 — X3)P'

otherwise Sy (and so Sf) contains an absolutely irreducible component defined over F,,.
So, F(X1, Xs, X3, X4) equals

a2
(X2 — X4)? + (X — X3) ((X1 — X3)"" + ag1(Xy — Xy) + i’l (X1 - X3)|. (7.4
The claim follows. O

7.2.2 Ovoids in Q(6,q)

Corollary 7.2.3 above provides constraints on the shape of the functions f1, fo associated
with putative ovoids Og(f1, f2) of Q(6,q).

Proposition 7.2.4. Suppose that

c2(Y)2X

(f1(X,Y,2), f2(X,Y, Z)) # <a1(X)th1 + XY + 1 (X)Z, as(V)XP"? + I

1 +CQ(Y)Z) ,
(7.5)
for some ai,c1 € Fg[X], ag,co € Fy[Y], hi,ho > 0. Ifqg > 6.3(d—|—1)13/3, max{deg(f1),deg(f2)} =

d, then Og(f1, f2) is not an ovoid.

Proof. Consider the variety W}l,fZ =W .5, N (Xs = Xo = A), A € Fy, defined by
T pan(Xo, X1, X3, X4, Xo) = Fyy 1, (Xo, X1, A, X3, Xu, A, Xg) =0,
where
(L X1, X3, Xy, Xg) = (X3 — Xg)” + (Xg — X1)(f2(Xa, A, Xg) — fo(X1, A, X3)),

where fo satisfies (7.5). Suppose that

) 2
PXNZ) £ X? + X gz (76)

for any ay,B8\ € Fy. Then, by Corollary 7.2.3, W}th possesses an absolutely irre-
ducible component defined over F,. Such a component, since ¢ > 6.3(d + 1)13/ 3,
tains at least an Fg-rational point (1,71, 73,74, Te), With T1 # T4 or T3 # Te. There-
fore there exists a six-tuple (1,Z1, A\, T3, T4, A, Tg), with (Z1, A\, T3) # (T4, A, Tg) satisfying
Fy, 1,(Xo, X1, X2, X3, X4, X5, Xg) = 0 and therefore Og(f1, f2) is not an ovoid.

Suppose now that fo(X,Y,Z) contains a term aLj’kX"YjZk # 0, with (i,k) ¢
{(»"2,0), (1,0), (0,1)}. The coefficient of X*Z* in f5(X, ), Z) is determined by A; x(\) =
Zj a2-7j7k)\j and we have that A;;(X) = 0 for each A € F,. Since deg 4; 1(Y) < d < g,

con-
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A; 1 (Y) =0 for each (i,k) ¢ {(p"2,0),(1,0),(0,1)}. Also, (Ag1(N))? = 4A;1¢(A) for each
A € F,. Since deg(Ap1(Y))? < 2d < g, we have that (Ag1(Y))? = 441 (Y). Summing
up,

F2(X,Y, Z) = as(YV)XP" + CQg)QX +e(Y)Z,

for some ag, co € Fy[Y].
A similar argument, for any A € Fy, holds for W§ = Wy, r, N (X4 = X1 = A)
defined by

(X0, Xo, X3, X5, X6) = F, 1, (Xo, A, Xa, X3,\, X5, X6) = 0,
that is
oL X0, X3, X5, Xe) = (X3 — X6)® + (X5 — X2)(f1(\, X5, X6) — f1(A, X2, X3)).
So, if Og(f1, f2) is an ovoid then

Cl(X)2

AX,Y, Z) = a1 (X)YP" + Y +c1(X)Z,

for some ay,c; € Fy[X]. O

By Proposition 7.2.4, if Og(f1, f2) is an ovoid then the polynomials F'(1, X1, Xo, X3, X4, X5, X¢)
defining Wy, r, read

c3(Xs)

X
1 4

h h
(X3 — X6)? + (X4 — X1) (CLQ(XE))Xf - az(Xo)X? s

G(Xa)

1 X1 + 62(X5)X6 — CQ(XQ)XE})

2
s X
+(X5 — Xa) (al(X4)X§}1 —a(X)XE" 61(4 4)X5
(X
—1(41)X2 + Cl(X4)X6 — Cl(Xl)X3> . (77)

Proposition 7.2.5. Suppose that deg(Wy, 1,) = 2. Then Og( f1, f2) is not an ovoid.

Proof. In this case (7.7) defines a quadric in PG(6, ¢), and by Theorem 6.2.3, it contains
at least ¢* affine [F,-rational points. Thus, there exists at least an affine FFy-rational point
off the solid X; — X4 = Xy — X5 = X3 — X¢ = 0 and, by Theorem 7.2.1, Og(f1, f2) is
not an ovoid. O

In the sequel, we will make use of the following notations.
deg(a1) = Ay, deg(az) = A2, deg(ci) =C4, deg(cz) = Co. (7.8)

When one of the above polynomials vanishes, we use —oo to indicate its degree.
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Proposition 7.2.6. Let p" = p'? = 1. Then Wy, 7. contains an absolutely irreducible
component defined over IFy.

Proof. By way of contradiction, suppose that Og(f1, f2) is an ovoid. By Proposition 7.2.5,
we can suppose that deg(Wy, 1,) > 3.
NOW, F(l, Xl, Xg, Xg, X4, X5, XG) reads

(X3 — X6)* + (X4 — X1) (Oél(X5)X4 —a1(X2) X1 + B1(X5) X6 — 51(X2)X3>

+(X5 — X2) (Oéz(X4)X5 — az(X1)Xs + B2(X4) X6 — 52(X1)X3> , (7.9)

for some polynomials aq, ag, 81, B2 of degrees A, Ag, By, By (possibly —oo). Note that
at least one among Ay, Ao, By, By is positive, since deg(Wy, 1,) > 3.

We distinguish a number of cases, analyzing the homogeneous component M (X7, Xo, X3, X4, X5, X¢)
of highest degree, say ¢, in F(1, X1, Xo, X3, X4, X5, X¢).

Cl. l=A1+22>3.
Then A; > 0. The component of highest degree N (X1, X4, X5, X¢) in M (X1,1,1, X4, X5, X¢)
is

w(Xy — X)) XM Xy + 0(Xy — X)) X2 X + wX {2 X2 + 2 X P2 X5 X,

for some w, v, w, z € Fg, u # 0. It is already seen that degy, (N (X1, X4, X5, X6)) =
1 and therefore N(X;, Xy, X5, Xg) = 0 contains a nonrepeated absolutely irre-
ducible component defined over IF,. Such a component extends to an absolutely
irreducible component defined over [, in Wy, r, by applying twice Lemma 6.2.5.

C2. ¢{=B1+2>3and B; > A;.
Then By > 0. The component of highest degree N (X7, X4, X5, Xg) in M (X1,1,1, X4, X5, X¢)
is
v(Xy — X1) X2 X6+ wX 2 X2 + 2X 2 X5 X,

for some v, w, z € Fy, v # 0, and degy, (N (X1, X4, X5, X6)) = 1. The claim follows
similar then in Case C.1.

C3. {=By+2>3,and By > Ay, Bo > By .
Then By > 0. The component of highest degree N (Xs, X4, X5, X¢) in M (1, Xo, 1, X4, X5, X¢)
is
(X5 — Xo)(wX2 X5 + 2X 2 X5),
for some w,z € Fy, z # 0, and degy, (N(X2, X4, X5, X)) = 1. The claim follows

similar then in Case C.1.

C4. £t =Ay+2>3and Ay > Ay, Ay > By, Ay > Bo.
Then Ay > 0. The component of highest degree N (Xs, X4, X5, X¢) in M (1, Xo, 1, X4, X5, X¢)
is w(X5 — Xg)Xf2X5, with w € . The claim follows similar then in Case C.1.
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In all the cases above we obtain that Wy, r, contains an absolutely irreducible com-
ponent defined over F,. ]

Proposition 7.2.7. Let

A(Xl,XQ,X4, X5) = ((X4 — Xl)CQ(X5) + (X5 — XQ)Cl(X4)>2 (710)

h h 62 X 62 X
—4(X4 — X1) <a2(X5)Xff P ap(X)XP 2(4 5)X4 - 2(4 2)X1>

s 2(X 2(X
C4(X5 — Xo) (al(x4)xg’1 —ay (X)X + 4 (4 )y, a (4 1)X2)

If A is not a square in Fy[X1, Xo, X4, X5] then Wy, 1, contains an absolutely irreducible
component defined over IFy.

Proof. Consider the hypersurface Wf = Wy, 4, N (X3 = 0). Note that, since the poly-
nomial F(1, X1, X2,0, X4, X5, X¢) is of degree 2 in Xg, Wf o is absolutely irreducible
if and only if the discriminant A(X7, Xo, X4, X5) with respect to Xg is a non-square in
F,[X1, X2, X4, X5]. Therefore, if A(X1, X2, X4, X5) is not a square in Fy[ X7, Xo, X4, X5]
then W}l’ f, 18 absolutely irreducible and by Lemma 6.2.5 the hypersurface Wy, r, contains
an absolutely irreducible component defined over F,. O

Proposition 7.2.8. Let p =1 and p" > 3 or p > 3 and p" = 1. Then Wi b
contains an absolutely irreducible component defined over Fy.

Proof. Suppose by way of contradiction that Wy, r, does not contain an absolutely irre-
ducible component defined over F,.

Without loss of generality, we can suppose that p™ > 3 and p" = 1. Let az(X) =
az(X) + @, with deg(az) = ;(2 Now, the polynomial F(1, X5, Xo, X3, X4, X35, X¢)
reads

(X3 — Xg)2 + (X4 — X1) (@(X5)X4 — a2(X2) X1 + c2(X5) X — C2(X2)X3)

X4) (Xl)

h h
+(X5 — XQ) <a1(X4)X§ ! — al(Xl)Xg ! ( X5 — X2 + 01(X4)X6 - Cl(Xl)X ) .

First, we claim that the homogeneous term M (X, Xo, X3, X4, X5, X¢) of highest degree
in the polynomial F(1, X7, X9, X3, X4, X5, X¢) is a linear combination (with not all the
coefficients zero) of

(X4 — X)) (X2 X, — X22X7),
(X4 — X1) (X2 X6 — X$2X3),

ts = (X5— Xo)(X M x2" — xhxp™y,
(X5 — X2) (X3 X5 — X201 Xy).

ty

ty =
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To see this, it is enough to observe that any such linear combination cannot vanish since
each of the following monomials

X1 X1 X2, X X6 XE2, XM X" X5, X201 X, X5

is contained in a unique ;. Also, if ¢1, t5 or 4 are nonzero then 24\;, Cy, or C (respectively)
are nonnegative, since deg(Wy, 1,) > 3.

Thus M (X1, X2, X3, X4, X5, X6) = urt1 + usta + ugts + uaty for some u; € Fy, not
all vanishing.

If ug # 0, then M (X1, Xo, X3, X4, X35, X¢) is of degree one in Xg and therefore the hy-
persurface M (X1, X2, X3, X4, X5, X¢) = 0 contains a nonrepeated absolutely irreducible
component defined over F,. Such a component extends to an absolutely irreducible com-
ponent defined over F, in Wy, , by applying Lemma 6.2.5, a contradiction.

From now on we can suppose that ug = 0. If u; # 0, then the part of the highest
degree in M (X1, Xo, X3, X4, X5, X¢) is of degree one in X; and it contains a nonrepeated
absolutely irreducible component defined over ;. Such a component extends to an abso-
lutely irreducible component defined over F, in Wy, r, by applying twice Lemma 6.2.5,
a contradiction.

Thus, only uz and w4 can be nonzero. If uy # 0 or uy = 0 and A; # 0 then
(since C1 > 0) X5 — X» is a nonrepeated absolutely irreducible factor defined over F, of
M (X1, X9, X3, X4, X5, Xg). Arguing as above we get a contradiction.

So Ul = U2 = Ug = 0, us 7& 0, A1 = 0, and M(Xl,Xg,Xg,X4,X5,X6) = U3(X5 —
X,)P" 1. Note that p™ + 1 > max{2C; + 2, C5 + 2}.

We now investigate the discriminant A(X7, Xo, X4, X5) of F(1, X1, Xo,0, X4, X5, X¢)
with respect to Xg. Recall that, since Wy, , does not contain an absolutely irreducible
component defined over Fy, A(X7, Xo, X4, X5) must be a square.

By direct computations, A(X71, X, X4, X5) reads

(X1 = X1)e2(X5) + (X5 — Xo)er(X4))? — 4(Xa — X1)(a2(X5) Xa — a2(X2) X1)
— (X4 = X1)(B(X5) X4 — B3(X2)X1) — 40 (X5 — X"+ — (X5 — X)(c} (X4) X5 — F(X1) Xp)
= —do(Xs5 — X" 4 (X4 — X1)X1(B(Xa) — B3(X5)) + (X5 — X2)Xa((X1) — ¢} (X4))
+2(Xy — X1) (X5 — Xo)ea(X5)e1(Xg) — 4( Xy — X1)(a2(X5) Xy — a2(X2)X1),
for some a # 0.
Clearly, the homogeneous component of highest degree in A is —4a (X5 — X2)

which is a square. Now we claim that the homogeneous term N (X7, Xo, X4, X5) of the
second highest degree in A(X7, X9, X4, X5) is a linear combination of

P+l
Y

2= (Xq— X)) X1 (X3P - x29),
2 = (X5 — Xo)Xo(X79 — X5,
2z = (Xq—X)(X22X, - X52X)),
2 = (Xa—X1)(X5 — Xo) X2 x4
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We can suppose that Cp,Cy > 0, otherwise we just exclude z; and zs.

If C1 =0 and Cy > 0, then 29 =0, deg(z1) > deg(z4), and any linear combination of
z1 and z3 does not vanish. A similar argument applies to the case C7 > 0 and Cy = 0. If
C1 = C5 = 0 then 21 = 29 = 0 and any linear combination of z3 and z4 does not vanish.

So we consider only C1,Cy > 0.

1. (C1, Ag) # (1, Ca41). The four monomials X2X292, X2 X241 x2x42 X, X, X1 X§2
belong to a unique z; and therefore a nontrivial linear combination of z; cannot van-

ish.
2. (C1,A43) =(1,Co 4+ 1). If Cy > 1 the degree of z; is the highest among the z;’s.
3. (C1,C9,As) = (1,1,2). If \yz1+ X222+ A323+ Agz4 = 0 then A3 = 0 since (X5 — Xo)

divides z1, 22, 24 but not z3. Now, it can be readily seen that A1z; + A2z + Agzy
cannot vanish for any (A1, A2, A\g) # (0,0,0).

Thus we know that
N(X1, X9, Xy, X5) = 51w%21 + (5211)%22 + 2w wod424 + d3w3 23,

for some w1, w2, w3 € Fy, and d1, 02, d3, 64 € {0, 1}, where 6; = 1 only if the corresponding
z; has the highest degree.

Recall that since A(X71, Xa, X4, X5) is a square, ()(5—)('2)(1”h1+1)/2 | N(X1, X2, X4, X5)
and (p™ +1)/2 > 2; see Lemma 6.2.7.

If Cl = CQ = 0 then N(Xl,X27X4,X5) = (53’[1)3(X4 — Xl)(X?2X4 — X;QXl) +
26wy wa (X4 — X1)(X5 — X1) which is never divisible by (X5 — X3)2.

If C1 =0 and Cy > 0 then N(XI,XQ,X4,X5> is

(511U%(X4—X1)X1 (X2202 —X5202)+(53w3(X4—X1)(X?2X4—X§42X1)+264w1w2(X4—X1)(X5—X1)X5C2,

which is divisible by (X5 — X3) only if 3 = 0. Also C > 0 yields d4 = 0 since deg(z1) >
deg(z4). This forces p | 2C5.

Analogously, C7 > 0 and Cy = 0 yields a contradiction.

Suppose now that Cp, Cy > 0. Since (X5— X5) must divide N (X1, X2, X4, X5), 03 = 0.
Now (X5 — X2)2 divides N(Xl, XQ,X4,X5) only if

¢(X1; XQ, X4) = 2C2(51w%(X4—X1)X1X2202_1+(521U%X2(X1201 —Xfcl)+254w1w2(X4—X1)X202X51

is the zero-polynomial.
If 65 # 0, then, considering X4 = 0, we get

(b(Xl, XQ, X4) = —202(51@U%X12X2202—1 + (SQ’LU%XQXlzcl,
which does not vanish unless C; = Cy = 1. In this case §; = do = d4 = 1 and

H(X1, X2, X4) = 2wi( Xy — X1) X1 X + w3 Xo (X7 — X7) + 2wiwa( Xy — X1) X2 Xy
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vanishes only if Qw% = 2wy ws, Qw% = w%, which yields w; = w9 = 0, a contradiction.
So we can suppose that do = 0 and

B(X1, X2, Xy) = 2056103 (X4 — X1) X1 X297 4 26,wwe( Xy — X1)XS2 XS

It is readily seen that ¢ vanishes only if 4 = 0 and p | 2C5.
Summing up, N (X1, X2, X4, X5) is divisible by (Xo—X5) " +1/222 only if N (X1, X, X4, X5) =
(X4 — X1)X1(X3% — X2°2) with p | 205. Let £ be the highest power of p dividing 2Cs.
From p" + 1 > max{2C; + 2,0y +2}, £ < hy — 1 and (X5 — X2)p€+1 does not divide
N (X1, X3, X4, X5). A final contradiction arises from (p™ 41)/2 < p* < p~1. The claim
follows from Proposition 7.2.7. O

By Proposition 7.2.8, if Wy, r, does not contain an absolutely irreducible component
defined over F, then both p™ > 1 and p"2 > 1 and deg(Wy, 1,) > 4.

Proposition 7.2.9. Let Wy, 7, be the hypersurface defined as in (7.7). Suppose that
deg(Wy, .5,) > 4 and piphe > 1. If AjAy > 0 then Wy, . contains an absolutely
irreducible component defined over IFy.

Proof. We proceed as in the proof of Proposition 7.2.8. Consider the variety W;if £ =
Wy, g, N (Xo = 0). It is defined by the homogeneous part L(X1, Xo, X3, X4, X5, X6) of
highest degree in (7.7) and it arises from a linear combination (with not all the coefficients
zero) of

fo= (Xg— Xp)(X2XP? - xx?,
ty = (X4— X1)(X2X, — X292 X)),
ts = (X5— Xo)(XMx2" - xMxp'y,
ty = (X5 — Xo) (X2 X5 — X2 X,).

To see this, it is enough to observe any such linear combination cannot vanish since each
of the following monomials

XV xx, X X290 X, XM X2 Xg, X2 X0 X5

is contained in a unique t;.
Thus

L(X1, X2, X3, Xy, X5, Xg) = 01u1t1 + dauata + d3usts + dquats,
with 0; € {0,1}, u; € [, and not all the ¢;’s vanish. We distinguish two cases.

1. (01,02) # (0,0). The homogeneous term in L(X1, 1, X3, X4, X5, X¢) of highest de-

gree is

M = Srug (Xa—X1) X2 XP" 4 6qun(Xa—X1) X292 Xy +03us X X" 46,uy X2X 201,
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which is of degree 1 in X;. Thus there exists a non-repeated F,-rational factor of M

(depending on X7) which is absolutely irreducible. Therefore L(X1, 1, X3, X4, X5, X¢)

contains a non-repeated absolutely irreducible factor defined over Fy, by Lemma
6.2.5. Again by Lemma 6.2.5 the corresponding variety extends to a non-repeated
[ -rational absolutely irreducible component in W]‘?f far

2. (01,02) = (0,0). So, (d3,94) # (0,0). The homogeneous term in L(1, X9, X3, X4, X5, X¢)

of highest degree is
h
M = bzu3(Xs — X2) XM XE™ + S4ua(X5 — Xo) X7 X5,
which is of degree 1 in X5. Thus we obtain the same conclusion as above.

O

Proposition 7.2.10. Let Wy, 5, be the hypersurface defined as in (7.7). Suppose that
deg(Wflva) > 4 and phlaphz > L [f (A13A2) ¢ {(07 —OO),(—O0,0),(—OO,—OO),(0,0)}
then the hypersurface Wy, y, contains an absolutely irreducible component defined over
F,.

Proof. Suppose that Ay > 0, the case Ay > 0 follows completely similar. In view of
Proposition 7.2.9, we only have to consider A, < 0.

Following the same notation as in Proposition 7.2.9, let L(X1, X2, X3, X4, X5, X¢) be
the part of the highest degree in (7.7). It arises from a linear combination (with not all
the coefficients zero) djuit; + dauaty + d3usts + dquqty, where

= (Xy— Xl)ph2+1a

ty = (Xy— X1)(X22X, — X292 X)),

ts = (X5— Xo) (X2 - xMxp,

ty = (X5 — Xo) (X2 X5 — X2 Xy).
Note that if A5 = —o0, that is ao = 0, we may assume d; = 0.

To see this, it is enough to observe any such linear combination cannot vanish since
each of the following monomials

XV x X200 x, XM XD X, X201 X, X

is contained in a unique t;.
Suppose that (d3,04) # (0,0). The homogeneous term in L(1, X9, X3, X4, X5, X¢) of
highest degree is

M = 5y X7 4 Syus X2X 2 4 Ggus(Xs — Xo) X[ X"+ 64us(X5 — Xo) X201 X5,

which is of degree 1 in X». Thus there exists a non-repeated IFy-rational factor of M
(depending on X;) which is absolutely irreducible. Therefore L(1, Xs, X3, X4, X5, X¢)
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contains a non-repeated absolutely irreducible factor defined over Fy, by Lemma 6.2.5.
Again by Lemma 6.2.5 the corresponding variety extends to a non-repeated F,-rational
absolutely irreducible component in W7 ;. Thus (d3,d4) = (0,0).

If 6 = 0 or 6102 # 0 then Cy > 0 and (X4 — X;) is a non-repeated F,-rational
absolutely irreducible factor of L(X7y, X, X3, X4, X5, X6) and, arguing as above, Wy, s,
contains an absolutely irreducible component defined over FF,.

Thus, we have only to deal with the case d; # 0 (which implies A2 = 0) and o =
63 = 04 = 0. Note that p"2 + 1 > max{2Cy + 2, A; + p" +1,2C, + 2}.

Consider now A(X7, X2, X4, X5) defined as in (7.10) and we will prove that it is not
a square in F,[X7, Xa, X4, X5] using Lemma 6.2.7.

Suppose by way of contradiction that A(Xy, X2, X4, X5) is a square in Fy[ X1, Xo, X4, X5].

Hence, A(X1, Xo, X4,0) is a square in F,[X1, Xo, X4]. Recalling that p" > 3, it is
readily seen that its homogeneous component of the second largest degree is

N(X1, X0, X4) = 61ui XZX29 4 Goun(Xy — X1) X1 X292 4 S3u3 X2 1+1XA1 — Su X3X2,

for some 01,092,035 € {0,1} not all vanishing, and wu;,u2,us € F,. By Lemma 6.2.7,
(X1 — X4)(1”h2+1)/2 must divide N (X1, X2, X4). This immediately forces 3 = 0 and thus
pM 414 Ay < min{2 + 20,2 + 205}

AISO, N/<X1,X2,X4) = N<X17X27X4)/(X4 — Xl) reads

2C1—1
Sru1 X2 ( Z Xix2o—1- ) + Soup X1 X372

Now, (X4 — X1)? | N(X1, X2, X4) if and only if N’(X1, Xo, X1) = 0, that is
S1u1 (20 X2 X271 4 oup X X292 = 0.

The case Cy = 1 = C; must be excluded, since 4 < pM+l + 4, < min{2 + 2C1,2 +
205} = 4 yields a contradiction. The only possibility is then d; = 0, 61 = 1, p | Ci.
In this case N (X1, Xo, X4) = ulxg(hxfcl — X2 =y X3(XT - XO)(XE 4+ X,
which is not divisible by (X7 — X4)®"2*+1/2 since 20 < p2 — 1. The claim follows from
Proposition 7.2.7. ]

Proposition 7.2.11. Let Wy, 1, be the hypersurface defined as in (7.7). Suppose that
degWy, 1,) > 4 and p™,p"2 > 1. If (A1, A2) = (0,—00) or (A1, A3) = (—00,0) then
the hypersurface Wy, ¢, contains an absolutely irreducible component defined over F, or
O¢(f1, f2) is not an ovoid.

Proof. We consider only the case (A1, A2) = (0, —00), the case (A1, A2) = (—00,0) being
similar.

Note that Cy # —o0, otherwise fo = 0.

If C1 = —oc0 and C3 = 0 then Wy, y, reads

2

(X5 — X6)2 + (X4 — X1) (?(X4 —X1) + (X6 — Xg)) + a1(Xs5 — X2)ph1+1 =0
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and contains all the points on X5 = Xo, 2(X¢ — X3) + c2(X4 — X1) = 0 and Og(f1, f2)
is not an ovoid.

Following the same notation as in Proposition 7.2.9, let L(X1, Xo, X3, X4, X5, X¢) be
the part of the highest degree in (7.7). It arises from a linear combination (with not all
the coefficients zero) dousts + d3usts + dqugts, where

ty = (X4—X1)(X22X, - X292 X)),
s = (X5—Xo)?"
ty = (X5 —X2) (X2 X5 — X201 X,).

To see this, it is enough to observe any such linear combination cannot vanish since
each of the following monomials

X1 X2 x,, XV X200 x, X

is contained in a unique t;.

If 65 # 0 then Cy > 0 since deg(Wy, f,) > 3 and the homogeneous term in L(X1, 1, X3, X4, X5, X¢)

of highest degree is of degree 1 in X;. Arguing as in the previous propositions Wy, ¢,
contains an absolutely irreducible component defined over F,. So d2 = 0. If d4 # 0 then
C1 > 0 and (X5 — X3) is a nonrepeated factor of L(X7, Xo, X3, X4, X5, X¢). Arguing as
above, Wy, , contains an absolutely irreducible component defined over F,.

Thus 63 # 0 and d2 = d4 = 0, which yields p™ 4 1 > max{2C5 + 2,2C; + 2}.

We consider now A(X7, Xa, X4, X5) as in (7.10) and we show that it is not a square
in F,[X1, X2, X4, X5] by means of Lemma 6.2.7. We have that

A(Xl, XQ,X4, X5) = ((X4 — Xl)CQ(X5) + (X5 — Xz)cl(X4))2

C%(Xs)X4 3 C%(X2)X1>
4 4

—4(Xs— X1) (

2(X. 2(X
—4(X5 — X») <a1X§h1 —a X"+ 61(4 Dy, Cl(4 1)X2>

= X1(X1 = X1)(c5(X2) — ¢5(X5)) + X2(X5 — X2)(cf (X1) — ¢ (X4)) +

OJ(X5 — Xg)phurl + 2(X5 — Xz)(X4 — Xl)Cl(X4)C2(X5).

If C; = —o0 and Cy > 0, A(X1, X2, X4, X5) is not a square and, by Proposition 7.2.7,
Wy, 1, contains an absolutely irreducible component defined over FFy.

So we can suppose that C7,Cy > 0.

If A(X1, X, X4, X5) is a square in F,[X1, X2, X4, X5], then the homogeneous term of
the highest degree in A(X7, Xo, X4, X5) is clearly (X5—X2)ph1Jr1 and A(0, X9, Xy, X5) is
a square in E[Xg, X4, X5]. Recalling that pM > 3, it is readily seen that its homogeneous
component of the second largest degree is

N(XQ, X4, X5) = 51U1X2(X5 — XQ)XZCI + 52U2(X5 — XQ)X4€1+1X5C2,
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for some 41,02 € {0,1} not all vanishing, and u;,us € Fy. By Lemma 6.2.7, (X5 —
Xg)(f”h“rl)/2 must divide N (X, X4, X5). This immediately forces p"t =3, C; = Cy =1,
a contradiction to 4 = pM + 1 > max{2C, + 2,2C + 2}. Thus A(X;, X5, X4, X5) is not
a square in E[Xl,Xg, X4, X5] and, by Proposition 7.2.7, Wy, 7, contains an absolutely
irreducible component defined over FF,. O

Proposition 7.2.12. Let Wy, 1, be the hypersurface defined as in (7.7). Suppose that
degWy, 1,) > 4, (A1, A) = (—00, —o0), and p,p"2 > 1. Then the hypersurface Wy, s,
contains an absolutely irreducible component defined over F,.

Proof. Since (A1, A) = (—00, —0), the polynomial F(1, X1, Xo, X3, X4, X5, X¢) defin-
ing Wy, , reads

(X3 — X6)* + (X4 — X1) (63(55))(4 — C%(ZLXQ)Xl + c2(X5) X6 — Cz(Xz)X?,)
H(X5 — X5) (C%(f“))g - C%(fl)XQ +e1(X4)Xe — 1 (Xl)X3> . (7.11)

We can consider C1,Cy > 0 otherwise fi; or fo vanishes. Also, either C; or C5 is
positive otherwise Wy, 1, has degree 2.
Thus

A(Xl, X27X4, X5) = ((X4 — X1)CQ(X5) + (X5 — XQ)Cl(X4)>2

1 <4X4 - c%(fQ)X1>
(C%(f4)X5 B C%(fl)X2>
= X1(Xy— X1)(c3(X2) — 65(X5)) + Xa(X5 — Xo)(cf(X1) — ¢7(X4))
+2(X5 — Xz)(X4 — X1)CQ(X5)61(X4).

If Cy > C (resp. C1 > () then the highest-degree homogeneous term in A(X7, Xo, X4, X5)
is X7 (X, — X1) (X2 — X5202) (resp. a®Xo(X5 — Xo)(X 21 — X21)) which is not a
square. If Cy = C > 1 then the highest-degree homogeneous term in A(X7, X2,0,0)

—a?X2X2% — B2X2X2 = X2XZ(—aP X2 T2 g X202

is not a square.
If Co = Cy =1 then the highest-degree homogeneous term in A(X7, Xo, X4, X5)

o X1( Xy — X1) (X5 — X2) + B2 Xo (X5 — Xo)(X] — X7) + 208(X5 — Xo) (X4 — X1) X4 X5

= (X4 — X1)(X5 — Xo)(—a? X1 (X2 + X5) — 87X (X1 + X4) + 203X4X5)

is not a square, since (X5 — X2) does not divide (—a?X1(Xz + X5) — B2 X2(X1 + X4) +
20X 4X5) unless « = B = 0, which is not possible. In all these cases, by Lemma 6.2.7,
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A(X1, X2, X4, X5) is not a square and, by Proposition 7.2.7, Wy, r, contains an absolutely
irreducible component defined over FF,. O

Proposition 7.2.13. Let Wy, 5, be the hypersurface defined as in (7.7). Suppose that
degWry,. 1) > 4, (A1, A2) = (0,0), and p™",ph* > 1. Then the hypersurface Wy, 1,
contains an absolutely irreducible component defined over Fy unless

M =ph? =3 and Oy, Cy < 1.

Proof. Similar as in Proposition 7.2.12, we have that

2
A(Xy, X0, X4, X5) = ((X4 — X1)ea(Xs) + (X5 — Xo)er(Xa)
2(X
—4(X4 — Xl) <a2Xﬁ7h2 — GQthQ + 02(45)X4 _ 1)
2(X
_4(X5 — Xz) <a1X§h1 — anghl Cl( 4)X5 — 2)

= Xi(Xy— X1)(c3(X2) — (X)) + Xz(X5 - Xz)(01(X1) — ci(X4))
—|—2(X5 — Xg)(X4 — Xl)CQ(X5)Cl(X4) — 4a2(X4 — Xl)p "241
—4(11(X5 - Xg)ph1+1.

Thus,

A0, X2,1,X5) = Xo(X5— Xo)(c7(0) — (1)) 4 2(X5 — Xa)ca(X5)er (1)
—4&2 — 4&1(X5 — XQ) h1+1,

where ajas # 0.
We distinguish a few cases:

1. e1(1) = 0.
Then A(0, X3, 1, X5) reads —day — day (X5 — Xo)P" '+ + c2(0)(X5 — X2) X2 and it
cannot be a square.

2. ¢1(1) #0.

o If Cy = p™ > 1 then A(0, X»,1,X5) cannot be a square since its highest-
degree homogeneous term is —4(X5 — X2)P" 1 4 261 (1)ea(X5)(X5 — X3), a
nonsquare.

o If Cy > p™, then 2¢;(1)c2(X5)(X5 — X3), the highest-degree homogeneous
term in A(0, X2, 1, X5) is not a square.

e If Cy < p, the highest-degree homogeneous term in A(0, X2, 1, X5) is —4a1(X5—
X5)P"'+1 . Since no other homogeneous term in A(0, X3, 1, X5) is divisible by
(X5 — XQ)(ph1+1)/2 if p 4+ 1 >4, A0, X5, 1, X5) is not a square if p"* > 3.
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Also, when p™ = 3, and Cy < p"', we must have Cy < 1, otherwise the
second highest-degree homogeneous term in A(0, Xa, 1, X5) is X2(X5 — X2)
which is not divisible by (X5 — Xg)(I’hH'l)/2 = (X5 — X2)%. By Lemma 6.2.7
A(0, X9,1, X5) is not a square.

This shows that A(0, Xo,1, X5) is not a square unless p" = 3 and Cs < 1.
A similar argument applied to A(X1,0, X4, 1) shows that is not a square unless p*? =
3 and Cl < 1.
So, unless p"? = 3 = pM and C;,Cy < 1, by Proposition 7.2.7, Wy, s, contains an
absolutely irreducible component defined over F,.
O

In view of the previous propositions, if we assume that Og(f1, f2) is an ovoid and
thus Wy, , does not contain any [Fy-rational absolutely irreducible components, then

1. ph =ph2 =3;
2. C1,Cy <1 (possibly —o0),
3. a1(X) = a1, as(X) = ag, ajaz # 0.
Secondly, from now we assume that
a(X)=CX+D, c(X)=FEX+F,

for C,D,F,E € F,.

Proposition 7.2.14. If p = p" =3, C1,Cy < 1 (possibly —oc), and Ay = Ay = 0,
then Wy, 1, contains an absolutely irreducible component defined over Fy, unless (D, F') =
(0,0), C = —E, and ay = E*/ay. In this case, Og(f1, f2) is an ovoid if and only if —ay
is not a square in Fy.

Proof. We want to determine whether A(X7, X9, X4, X5) is a square by applying Lemma
6.2.7. We have

A0, X2, X4,0) = —(4a1Xy — C?X3X7 + 4aaX}) + 20X X4(DXy — FX,) — 2FD X2 X4
= (a1 X5 +2C?°X3X2 + ayX]) — CXoX4(DXy — FX4) + FDX5Xy.

First note that C # 0, otherwise (4a1 X5 +2C2X3X? +4a2X}) cannot be a square. Since
FDX5X, must be a square, FFD = 0. Now, in order to have that A(0, X2, X4,0) is a
square, —C' Xy X4 (DXy— FX4) must be a square and this can happen only if it vanishes,
ie. '=D = 0. Also, if (ang + 202X22XZ + angf) is a square, then C* = ajas.

Now, A(X1, X2, X4, X5) reads

(B(X4— X1) X5+ C(X5 — X2)Xy)?
—(X4— X1) (a2(Xs — X1)® + E° X2 X, — E°X3X))
—(X5 — XQ) (al(X5 — X2)3 + C2XZ%X5 — CQX%XQ) .
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In particular
a1A(X1,0,X4,1) = —ax(X1 — Xu)' + Eay(EX1 + CX4)(X1 — X4) — a1,
which is a square only if C = —F. In this case
—a1F(1, X1, X9, X3, X4, X5, Xg) = F1(1, X1, Xo, X3, X4, X5, X¢) Fo(1, X1, X9, X3, X4, X5, Xs),
where

Fi(1,X1, X2, X3, X4, X5, X6) = E*’X? 4 E?’X1 X4+ Va1 EX1X5 + a1 X3 — n°\Ja i EX2 Xy
+a1 Xo X5 — /a1 X3 + E?°X? + a1 X2 + n* /a1 Xe;

Fy(1, X1, X, X3, X4, X5, X6) = E’X? 4+ E?’X1X4 —*Jar EX1 X5 + a1 X3 + n°Ja 1 EX2 Xy
+a1 X2 X5 + nQ\/an + E2X42 + a1X§ — 7]2\/an,

with 7 € Fy satisfying n? —n — 1 = 0.

If ¢ = 3% and a; € O, or ¢ = 32! and a1 ¢ O, then both the factors Fy and Fj
are defined over F, and both F; = 0 and F; = 0 are absolutely irreducible quadrics.
Therefore, Og(f1, f2) is not an ovoid.

If g = 3% and a1 ¢ Ly or g = 32"+ and a; € Uy then both the factors Fy and F
are not defined over F; and both F7 = 0 and F3 = 0 are absolutely irreducible quadrics.
Therefore the Fy-rational solutions satisfy Fy + F» = 0 and Fy — F» = 0, that is

(EX1+n*a1Xo + 2EXy — /a1 X5)(EX1 — n* /a1 X2 + 2EXy + n* /a1 X5) = 0.

Since both the factors G; and G2 of the second equation in the system above are not
defined over F,, the F,-rational solutions also satisfy G1 + G2 = 0 and G1 — G2 = 0, and
thus

{EX1X5 1 2B XX, + 2X5 + X =0,

EX1 X5 +2EX2Xy+2X35+ X =0,

X1 — Xy =0,

X5 — X5 =0.
It is readily seen that the system above has only the solutions X; — Xy = Xo — X5 =
X3 — Xg = 0 and therefore Og(f1, f2) is an ovoid. The claim follows by observing that

the two conditions ¢ = 32" and a; ¢ g or g = 320+1 and a; € [y are equivalent to —ay
not being a square in F,. O

7.2.3 Conclusion
Summing up, the only choice of f; and fo for which Og(f1, f2) is an ovoid is
filz,y,2) = ary® + B*z?y — Exz;

E4
folw,y,2) = —a’ + B'y’w + Eyz.
1
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In this case the ovoid Og(f1, f2) reads

E? E% L\’
1,z,y, 2z, a1y° + E*¢%y — Bxz, — 23 + E*y%z + BEyz, —2° —ay (y2 + m2>
“ “ x,y,2€F,

U{(O’ O’ 07 O? 0’ 0’ ]‘)}7
which can be written as

{ (1,37/E,y, zya1y® + 2%y — 22, E (2% Jar + yPx 4+ yz), —2* —a (y* + m2/a1)2> }
x,y,2€Fy

U{(0,0,0,0,0,0,1)}.

For any E € Fj the above example is equivalent to the Thas-Kantor ovoid via the
projectivity

(Xo, X1, X2, X3, X4, X5, X¢) — (Xo, EX1, X2, X3, X4, X5/E, X¢)

that fixes the quadric Q(6,q).

Combining the previous propositions and with Theorem 7.2.1, we have proved the
following
Theorem 7.2.15. Let f1(X,Y,Z) = Y, aiju XY ZF and f2(X,Y, Z) = 32,54 biju XY ZF.
Suppose that q¢ > 6.3(d + 1)'%/3, where max{deg(f1),deg(f2)} = d. If Og(f1, f2) is an
ovoid of Q(6,q) then

¢=3" [X,)Y,Z2)=X% —nY?—-XZ, [fo(X,Y,Z)=—-1/nX3+XY2+YZ.

Hence Og(f1, f2) is a Thas-Kantor ovoid.



Chapter 8

m-Ovoids of Q7 (7,q), ¢ odd

The results of this chapter have appeared in [1].

8.1 Introduction

In 1965, Segre [75] proved that if the elliptic quadric @~ (5, ¢) has a non-trivial m-ovoid
then ¢ is odd and m = (¢+ 1)/2. Secondly, Segre constructed an example of a 2-ovoid of
Q7 (5,3). In 2005, Cossidente and Penttila (see [18]) constructed examples of (¢ + 1)/2-
ovoids of Q7 (5, q) for any ¢ odd, generalizing Segre’s example.

In this chapter, we will construct m-ovoids of the hyperbolic quadric QT (7,q), q
odd, as the disjoint union of m-ovoids of different elliptic quadrics @~ (5, ¢) contained in
Q™1 (7,q). This chapter is organized as follows.

In Section 8.2, we determine intersection patterns for m-ovoids of the elliptic quadric
Q™ (2n+1, q) with embedded elliptic quadrics @~ (2n—1, q). For the sake of completeness,
we also present similar results for m-ovoids of the symplectic space W(2n + 1,¢). In
Section 8.3, we describe how to construct (g + 1)-ovoids of Q*(7,¢q) as disjoint union
of two (g + 1)/2-ovoids of two different embedded elliptic quadrics Q™ (5,¢). In the final
section, we investigate spreads of PG(3, ¢) with as many 2-secants as possible to an elliptic
quadric. This is used eventually to construct m-ovoids of Q*(7,3) for m € {2,4,6,8,10}
by using 2-ovoids of Q7 (5,3) and the particular line spread.

8.2 Intersection patterns for m-ovoids

In this section, we will assume that n > 2.

Lemma 8.2.1. Suppose that O is an m-ovoid of Q~(2n + 1,q), then it induces an m-
ovoid in any Q(2n,q) C Q~ (2n+1,q).

Proof. Let  be an hyperplane of PG(2n + 1, ¢) such that t N Q™ (2n+ 1,¢q) = Q(2n, q).
Since any generator of Q(2n, q) is also a generator of @~ (2n + 1, q), it is easy to see that
O’ =7 NO is an m-ovoid of Q(2n,q). O

104
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Proposition 8.2.2. Suppose that O is an m-ovoid of Q~ (2n+ 1,q), with m > 1. Then
any elliptic quadric Q= (2n —1,q) C Q~(2n + 1,q) meets O in ezactly (m —2)¢" ' +m,
(m —1)g" "t +m or mqg™ ' + m points, and all of these cases occur.

Proof. Consider an elliptic quadric @~ (2n — 1,¢) in an (2n — 1)-dimensional subspace
7, then 7t is a line £ of PG(2n + 1, ¢q), meeting Q~(2n + 1, ¢) in 2 points. Suppose that
| N O| = ¢, then ¢ < 2. Consider now any point P € ¢. If P ¢ Q™ (2n + 1,q), then
PENnQ=(2n+1,q) = Q(2n,q) and hence |[P+NO| = m(q" + 1), since, by Lemma 8.2.1,
O induces an m-ovoid in any Q(2n,q) C Q- (2n+1,q). f P € Q= (2n+ 1,q9) \ O, then
|PL N O| =m(¢"+ 1). For any point P € O, we get |[PX N O| = (m — 1)g" + m.

By counting the pairs {(P,R): P € {,R € O\ /, P € R'}, we find that

m(g+1-0)(¢" +1) +e(m=1)(¢" +1) = m(q"" +1) —c+aq,
This simplifies to
m(q+1)(¢" + 1) —em(q" + 1) + em(q" + 1) — c¢(¢" + 1) = m(¢" " + 1) — ¢ + 2q,

which yields g = mq(¢"! + 1) — c¢¢", with x the number of points of O N 7 and
c € {0,1,2}. Thus the assertion follows. O

Proposition 8.2.3. Suppose that O is an m-ovoid of W (2n + 1,q), m > 1. Then any
symplectic space W(2n—1,q) C W(2n+1,q) meets O in exvactly (m —i)g" ' +m points,
i€ {0,1,...,q+1).

Proof. Consider a symplectic space W (2n —1,¢q) in an (2n — 1)-dimensional subspace T,
then ' is a line £ of PG(2n + 1, ¢) contained in W (2n + 1,¢). Suppose that [N O| = ¢,
then ¢ < ¢+ 1.

If Pe W(2n+1,q) \ O, then |P+ N O| = m(q" + 1). For any point P € O, we get
|PLNO| = (m—1)¢" +m.

Hence, we can count the pairs {(P,R): P € £,R € O\ {,P € R*} in order to find
that

m(g+1—c)(¢"+1)+c(m—1)(g" +1) =m(¢" ™ + 1) — ¢+ 2q.

This results in x = m(¢" ' + 1) — c¢g" !, where z is the number of points of O N7 and

c€{0,1,...,q+ 1}. Thus the assertion follows. O

Lemma 8.2.4. Let n,m,i be three integers such thatn > 2, m > 1 andi € {0,1,...,q+
1}. Then (m —i)¢"* +m =0 if and only if (n,i,m) = (2,q+ 1,q).

Proof. We have that (m —i)¢"~! +m = 0 if and only if m = i¢"'/(¢"~' + 1). Note
that ¢"~1 4+ 1| i¢g"~! if and only if ¢"~! + 1| 4. This is only possible whenever (n,i) =
(2,¢+1). O

This immediately implies the following corollary.

Corollary 8.2.5. The followings hold:
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e an m-ovoid O of Q~(2n + 1,q), m > 1, has non-empty intersection with any
Q_(2n - 1a Q) C Q_(QTL + 17 Q)7

e if an m-ovoid O of W(2n+1,q), m > 1, has empty intersection with some W (2n —
1,q) C W(2n+1,q) then (n,m) = (2,q).

Proposition 8.2.6. Let O be an m-ovoid of @~ (2n 4+ 1,q), m > 1. If O contains an
elliptic quadric Q—(2n —1,q), then O = Q~ (2n+ 1,q).
Proof. By contradiction, assume that O # Q™ (2n+ 1, q) and define O to be the comple-

ment of O. Then O is a (% —m) -ovoid that has empty intersection with @~ (2n—1, q),
a contradiction. O

Proposition 8.2.7. Let O be an m-ovoid of W(2n + 1,q), m > 1. If O contains a
symplectic space W (2n — 1,q) and (n,m) # (2,¢* + 1), then O = W(2n + 1,q).

Proof. Let O be the complement of O. By contradiction, assume that @ # W (2n +
1,q). Then O is a (qn;ll_l - m)-ovoid and has empty intersection with W (2n — 1,q), a

contradiction. O

8.3 Constructing (¢ + 1)-ovoids of Q7 (7,q)

We recall the following theorem obtained by B. Segre [75] in 1965.

Theorem 8.3.1 (Segre’s Theorem). Let O be a non-trivial m-ovoid of Q= (5,q), then q
is odd and m = (¢ +1)/2.

We recall that the Klein correspondence is a bijective map between lines of PG(3, ¢?)
and points of Q1 (5, ¢?). In particular, the lines of a hermitian surface H (3, ¢?) are mapped
onto points of an elliptic quadric Q= (5, q) obtained by intersecting QT (5, ¢?) with a sub-
geometry isomorphic to PG(5, ¢). Hence to any m-ovoid O of Q~ (5, q) there corresponds
a set of lines £ of H(3,q?) with the property that every point of H (3, ¢?) is incident with
exactly m lines of £. From Segre’s Theorem it then follows that ¢ odd and m = (¢+1)/2,
thus the lineset £ is called a hemisystem. In [75], Segre constructed an example of such
a hemisystem of H(3,9). Later, in [18|, Cossidente and Penttila constructed a family of
hemisystems of H(3,¢?), for ¢ odd. Hence generalizing the construction of Segre. From
this we obtain that there exist examples of (¢ + 1)/2-ovoids in Q@ (5, q) for ¢ odd.

From now on, we will assume that ¢ is odd. We describe a construction of a (¢ + 1)-
ovoid of QT (7, q). Before doing this, we prove the following proposition.

Proposition 8.3.2. Consider Q*(7,q), and suppose that m and wy are 5-dimensional
subspaces in the ambient space PG(7,q) such that dim(m N my) = 3. Suppose both m
and o intersect Q1 (7,q) in an elliptic quadric Q~(5,q), that will be called Q1 and Q2
respectively. Then there exists a projectivity ® € PGO™(8,q) such that Q1 is mapped on
Qo and the set Q1 N Qg is fized pointwised.
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Proof. Suppose that a 3-dimensional subspace 7 intersects Q7 (7, ¢) in an elliptic quadric
Q1. Then 7+, which is also of dimension 3, intersects Q1 (7, ¢) in another elliptic quadric
Q5. Hence both quadrics are an elliptic quadric @ (3, ¢). Since 7 and 7+ are disjoint,
by abuse of notation, Fg =ront

Now suppose that ¢ € PGO™(4,q), then we can extend ¢ to an element ¢ of
PGO™(8,q) as follows

pr+y)=x+py), zemyecn.

The notation is explained as follows. The map ¢ is represented by a 4 x 4 matrix M, and
&(z + y) is represented by the 8 x 8 matrix

, (M O
w=(o 1),

where O and I are the zero-matrix and identity-matrix, respectively. As such, M’ will
represent an element of PGO™ (8, q).

Now suppose that o is a 5-dimensional subspace through =, intersecting Q7 (7,q)
in an elliptic quadric @~ (5, ¢q). The polarity corresponding to this @~ (5,¢) sends 7 to
¢ = o Nnt. Since this polarity is elliptic and 7 intersects Q= (5, ¢) in an elliptic quadric
Q7 (3,q), £ will be a hyperbolic line with respect to @~ (3,¢). In general the span of a
line ¢ C 7+ and 7 is hyperbolic, elliptic, or singular respectively if ¢ is elliptic, hyperbolic
or singular. Since PGO™(4,q) acts transitively on the hyperbolic lines in 7+, we now
know that the pointwise stabiliser of 7 N Q1 (7,¢) in PGO™ (8, ¢) works transitively on

the elliptic 5-spaces through 7. ]

Construction 8.3.3. First, we note that any m-ovoid of an elliptic quadric Q@ (5, q)
contained in Q1 (7,¢q) is also an m-ovoid of QT (7,q). Indeed, it is easy to see that any
generator of Q1 (7,q) meets @~ (5,q) in a generator of @~ (5,¢). Let o be a generator of
Q1 (7,q) and let 7 be a 5-dimensional subspace such that Q" (7,q) Nm = Q~(5,q). Now,

cnNQ (5,9) =cnNanNQt(7,q) =onm.

Since @ (5,¢) has rank 2, then dim(oc N 7) = 1. Moreover, m-ovoids of @~ (5,q) and
Q7 (7,q) have the same size m(q® + 1).

Let 7 and 7 be two distinct 5-dimensional spaces such that 7 NQ™(7,q) = Q1 and
T NQT(7,q) = Qo are two elliptic quadrics @~ (5, ¢) and dim(m; N2) = 3. It is possible
to choose 1 and o in such as way that w1 NmeNQT(7,q) = Q1N Qs is an elliptic quadric
Q™ (3, q). By Proposition 8.3.2, there exists a collineation ® € PGO™ (8, ¢) that maps Q1
on Q> and fixes Q1 N Qs pointwise.

Now, let O; be a (q;rl)—ovoid of Q1. Then, ®(O;) is a (¢ + 1)/2-ovoid of Qs, hence
its complement Oy in Qs is again a (¢ + 1)/2-ovoid. Since O; and Oy are disjoint in
Q1 (7,q), then O U O is a (g + 1)-ovoid of Q1 (7,q).

The following Theorem summarizes the result of this section.
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Theorem 8.3.4. There exist (q+ 1)-ovoids in QT (7,q) which are the union of two q;r—l—
ovoids in distinct Q™ (5,q)’s.

Proof. See construction 8.3.3. O

Remark 8.3.5. There are known examples of 1-systems of Q1 (7,q), see e.g. |60, 61],
hence by Theorem 1.7.6 (g + 1)-ovoids of Q*(7,¢q) exist. This construction yields even-
tually (q + 1)-ovoids of QT (7, ¢) not coming from a 1-system.

8.4 Spreads without tangents to Q~(3,q)

Consider the elliptic quadric @~ (3, ¢) with ambient projective space PG(3, ¢). Our first
goal is to construct a line spread of PG(3,¢q) containing as many 2-secants to Q™ (3, q)
as possible. The maximum number clearly equals |Q~(3,¢)|/2 = (¢ + 1)/2, which is
evidently only attainable if ¢ is odd. We will show that this number can be reached if
q = 3", h odd, using the Klein correspondence, and when ¢ = 1 (mod 4).

Case 1: ¢ = 3", h odd.
Then ¢ = —1 (mod 4) and so —1 is a non-square.
Let fi(xz,y) =x + vy, fo(z,y) = x + 2y. Then, Equation (6.1) reads

(z1 — 22)* + (y1 — y2)* # 0.

Since —1 is not a square in Fy, the equation above is satisfied for any (x1,y1) # (z2,y2)
in Fg. Hence, we get the following.

Theorem 8.4.1. Let ¢ = 3", h odd, and suppose that fi(x,y) = x4y, f2(z,y) = +2y.
Then O(f1, fa) is an ovoid of Q*(5,q) and the set S(f1, fo) = {ley : (x,y) € F2} U{loo}
is a line spread of PG(3,q), where lo, : Xog = X1 =0 and

v Xy = (v +y)Xo + (z +2y) X1
U X3 = 2 Xo + y Xy

The quadratic form F(Xo, X1, X2, X3) = XoX1 + X3+ X2 defines an elliptic quadric.
Indeed, since —1 is not a square, X2 + X32 is irreducible. Now, consider the line spread
S(f1, f2) defined in the previous theorem. Note that the line £, is a 0-secant to Q™ (3, q)
and the line £y is a 2-secant to Q@™ (3,q). Let (z,y) # (0,0), then the line ¢, , contains
the points (1,0, —x — y, x) and (0, 1,z + 2y, y), which do not lie on @~ (3, ¢). Hence, this
line is tangent if and only if

F((l, 07 —T — ya$) + T(O7 1733 + 2y7y)) =
(:1:2 + oy + 2y2)T2 + (:U2 + 2zy + 2y° + nT+ 222 + 2zy + v

has a unique root, which is equivalent to

2t + 2002 oyt 2 2ey+ 22 +2=0.
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So finding tangent lines to Q™ (3, ¢) is equivalent to finding F,-rational points of the curve
C: H(z,y) =0, where H(z,y) = z* + 22%¢% + y* + 22 + 22y + 2% + 2.
Let i € ﬁq be such that i? = —1. Let ¢ := x + iy and z := = — iy. Now, the equation
of C reads
222+ (i 4+2)t2 + (20 +2)22 +2 =0,

or equivalently
(22— (1—d)t*— (1 +1)) =0. (8.1)

Note that the smallest field containing the square roots of 1 —¢ and 1 + ¢ is F34. Since
g = 3", with h odd, F34 is not a subfield of F 2, thus Equation (8.1) has no solutions over
[F,2. It follows that the curve C has no Fy-rational points. Therefore, the spread S(f1, f2)
of PG(3, ¢) has no tangent lines to Q@ (3, q).
Case 2: ¢ =1 (mod 4).
We construct an example of Desarguesian spread, and show that it does not contain
any tangent lines to Q7 (3,¢). Choose a non-square o € Fy. Then the quadratic form
F(Xo, X1, X2, X3) = XoX1 + X2 — aX? defines an elliptic quadric.

Every line in PG(3,¢) can be represented as the column space of a full rank 4 x 2

matrix. Write A = (0 a), I, = <1 O> and O = <0 0>, then

1 0 01 0 0

o={(alin) wero{ )

is a Desarguesian spread. Note that the line <IO> is 0-secant and the line <€2> is 2-

2
secant.
. I -

So take another line (IIQ +yA> € S, (z,y) # (0,0). This line goes through the
points (1,0,z,y) and (0,1, az,y) which do not lie on @ (3,¢q) due to (x,y) # (0,0).
Hence this line is tangent to Q™ (3, ¢) if and only if

F((17 07 Zz, y) + T(O’ 1a azx, y)) = a(ayQ - $2)T2 + T+ ($2 - ayQ)
has a unique root, which is equivalent to
1 —4a(ay® — 1) (2? — ay?) = 1 + 4a(2® — ay?)? = 0,

since a(ay?—1x?) # 0if (z,y) # (0,0). Note that since « is a non-square, 4a(x? —ay?)? is
a non-square. If ¢ =1 (mod 4), —1 is a square and the above equation has no solutions.
Therefore, the Desarguesian spread S contains no tangent lines to Q@ (3, q).

The results above are summarized in the following proposition.

Proposition 8.4.2. Consider Q™ (3,q) in the ambient space PG(3,q). If ¢ = 3" or
q =1 (mod 4) (this covers the case ¢ = 3" with h even), then there exists a line spread
of PG(3,q) containing |Q~(3,9)|/2 = (¢*> + 1)/2 2-secant lines to Q~(3,q).
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The reason we are interested in these spreads is the construction of m-ovoids (see
Theorem 8.4.4). First let us prove one more lemma.

Lemma 8.4.3. Consider the elliptic quadric Q= (5,3) and let o be an elliptic 3-space.
Then for any 2 distinct points P, R € o, there exists a 2-ovoid O of Q™ (5,3) with ONo =
{P,R}.

Proof. There exists a 2-ovoid O of Q7 (5,3). Let m be the ambient 5-space of Q@ (5, 3).
By Proposition 8.2.2 there is a 3-space ¢/ C 7 which intersects @7 in 2 points. Since
PGO™ (6, 3) acts transitively on the elliptic 3-spaces, there also exists a 2-ovoid Oy inter-
secting o in 2 points {P’, R'}. The group PGO™ (4, 3) acts 2-transitively on the points
of @ (3,3). Thus there exists a projectivity ¢ of o which fixes @~ (5,3) N o and maps
{P',R'} to {P, R}. As in Proposition 8.3.2, we can choose an appropriate element of the
stabilizer of o NQ~(5,3), which is isomorphic to PGO™ (2, 3), to extend ¢ to an element
of PGO™ (6, 3). This extended projectivity maps Oz to a 2-ovoid of Q@ (5, 3) intersecting
o exactly in {P, R}. O

Theorem 8.4.4. The hyperbolic quadric QT (7, 3) contains m-ovoids form € {2,4,6,8,10}.

Proof. We will prove that Q7 (7,3) has 5 pairwise disjoint 2-ovoids. The theorem then
immediately follows by taking unions of some of these 2-ovoids.

Take an elliptic 3-space o. Then o is also an elliptic 3-space. By Proposition 8.4.2,
there exists a line spread of o+ containing 5 2-secant lines ¢1,...,¢5 to QT (7,3) No+ =
Q7 (3,3). Let m; denote the span of ¢; and o for i = 1,...,5. Then m,..., 75 are elliptic
5-spaces pairwise intersecting in o. Partition the 10 points of o N QT (7,3) into 5 pairs

{P;,R;},i=1,...,5. For every i choose a 2-ovoid O; of m; which intersects o precisely
in {P;, R;}. Such a 2-ovoid exists by Lemma 8.4.3. Then Oy, ..., O5 are pairwise disjoint
2-ovoids of QT (7, 3). O

Remark 8.4.5. Notice that the same technique cannot be used for ¢ > 5, since, by
Proposition 8.2.2, every q;rl—ovoid of @ (5,q) intersects every elliptic 3-space in more
than |Q~ (3, ¢)|/3 points. Finally, we were also not able to find 3 pairwise disjoint 3-ovoids

of Q7 (7,5).




Chapter 9

Non-linear MRD codes from cones
over exterior sets

In this chapter, we provide a geometric construction for a class of non-linear (n,n, ¢; d)-
MRD Cpp, 1 €T CFy, 2 <d <n—1, and puncturing properly a code in this relevant
class, one gets a code described in [28]. We shall show that this class is effectively new,
i.e. any code is not equivalent to a non-linear code constructed by Otal and Ozbudak.
The results of this chapter can also be found in [32].

9.1 Embeddings and cones over exterior sets

Let ¥ =%, , = PG(n — 1,q) be a canonical subgeometry of PG(n — 1, ¢") and consider
a subspace A* of rank k disjoint from ¥ and A a subspace of PG(n —1,¢") of rank n — k
disjoint from A*. Let I' be the projection of ¥ from A* to A, i.e.

F:pA*7A(E):{<A*,P>HA1PEZ}.

We recall the following definition given in [63].

Definition 9.1.1. Let I' = pa« A(X) be an Fg-linear set of rank n. The set I' is called
an (n — k — 1)-embedding of 3 if any subspace of ¥ of rank n — k is disjoint from A*.

Note that I' = pa~ A (X) is an (n — k — 1)-embedding if and only if for any choice of
n — k independent points Ri, Ry ..., R,_j of X,

A:< /lvRIQ"'a /n—k>
where R; = pax A(Ri), i =1,2,...,n — k, also this is equivalent to say that
para:PeX — (PA)NAEA

induces an injective map from the set of all subspaces of ¥ of rank h <n —k — 1 to the
set of all subspaces of A of the same rank h.
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Lemma 9.1.2 (|63, Theorem 6|). The Fy-linear set T' = ppx A(X) is an (n — k — 1)-
embedding of X if and only if any point P € A* is of type >n — k + 1.

Proof. By definition I' is an (n — k — 1)-embedding if and only if A* is disjoint from any
subspace of ¥ of rank n — k. This is equivalent to saying that for any point P of A* the
subspace L(P) has rank at least n—k+1, i.e. the point P is of type at least n—k+1. O

In [63], it has been proved a geometric property for the cone having vertex A* and
base a linear set of rank n to produce a linear MRD-code. More precisely,

Theorem 9.1.3 (|63, Theorem 5|). Let ¥ = PG(n — 1,q) be a canonical subgeometry
of PG(n — 1,4") and let A* and A be subspaces of PG(n — 1,¢") of rank k and n — k,
respectively, such that A*N'YX =0 =A*NA.

Let I' = pax A(2) be an (n — k — 1)-embedding of 3 and let Q@ C A be an Fy-linear set of
rank n. If no points of 2 belong to a subspace spanned by at most n — k points of I', then
any point of I = K(A*,Q) is of type > n — k + 1.

Moreover, the set C = {Z?:_ol a;z” (g, 1, ., 1) € IC} 18 a linear MRD-code with

minimum distance d =n — k + 1.

Here, one shall adapt the result above to the case of cone such that its base is not
necessarily a linear set.

Theorem 9.1.4. Let ¥ = PG(n —1,q) be a canonical subgeometry of PG(n —1,¢"™) and
let A* and A be subspaces of PG(n—1,q") of rank k —2 and n — k + 2, respectively, such
that A*NE =0 =A"NA. Let T = pax o(X) be an (n — k + 1)-embedding of ¥ and let
E C A be a (mazimum) exterior set with respect to Q,—p—1(T).

Then, K = K(A*, &) is a (mazimum) exterior set with respect to Qp,_g_1(X).

Proof. Let P, @ be two points in K = IC(A*, £) and one shall distinguish some cases:

- P,Q € A*. Since T" is an (n — k + 1)-embedding the line PQ is disjoint from the
subspaces of rank (n — k) of ¥ and so from Q,,_;_1(X2).

- P,Q € &. Suppose that the line PQ meets a subspace S of ¥ of rank (n — k) and
consider
0#£ (A", SNPRYNAC (A, S)NANPQ. (9.1)

This is a contradiction by the hypothesis on £ and since (A*, S) N A is a subspace
of rank n — k.

- the line PQ C K\ (A* U E). Without loss of generality, one may suppose that
P e A* and Q € . If the line PQ meets a subspace S of ¥ of rank (n — k), then

Q € (A*,SNPQ)NA C (A*,S)NA. (9.2)

Then @ belongs to a space spanned by points of I" with rank (n—k), a contradiction.
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- the line PQ ¢ K. If PQ meets a subspace S of 3 of rank (n — k), then
0+ (A*,SNPQ)YNA C (A", S)N (A", PQ) N A. (9.3)

Since the projection from A* to A of the line PQ is a line through two points P/, Q'
of £, one gets that this line meets the space (A*,.S) N A spanned by (n — k) points
of I, a contradiction.

Then one has showed that any line through two points of K is disjoint from €,,_r_1(%).
Now, since (I') = A, if £ is a maximum exterior set with respect to €,,_x_1(T"), one gets

K(A%, )] = A+ + |A][E](¢" — 1)
B qn(k—2)_1 q2n_1 qn(k—2)_1 q2n_1 "
RO R T p g s S
A I S
N q”—lJr g -1 1
¢t 1
= S

9.2 The class of non-linear MRD codes C, 1

In this section, as application of Theorem 9.1.4, by an appropriate choice of A*, A, an
(n — k 4 1)-embedding T" of 3, k¥ < n — 1, and a maximum exterior set with respect
to Qp_k—1(I") in PG(n — 1,¢"), one will get a class of non-linear MRD codes in £, 4.
Precisely, let

A*:X():Xl:...: n—k+1:0

and
A Xnki2=Xppy3=...=Xp1=0

be disjoint subspaces of rank (k — 2) and (n — k + 2) in PG(n — 1,¢"), respectively.
Consider the linear set of rank n

IF'=paaX) ={(a,a%,...,«

where X is the canonical geometry as in (2.3) and P = (0,...,0, Bn—k+2,---,0n-1) € A*.
This is a point of type at least n — k + 3. Indeed, the linearized polynomial

f(x) = Bn—kt22’

has rank at least n— k+3 because the polynomial f(z) 0z 7 = Bp—rx+.. .—i—Bn,lfL“’k
has at most ¢"*~3 roots and rk(f(z) oac"k%) =rkf(x). So, by Lemma 9.1.2, one gets that
I'is an (n — k + 1)-embedding of ¥. Finally, let

o.nfk+l

0,...,0) € Fi) (9.4)

n—k+2 -1

+ o+ By

-3

A=(0,...,0,1,0,...,0) and B = (1,0,...,0)
——
n—k+1
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be points in A and consider
X =] x.u {4 B},

a€ckFy

where .
X, = {(17t7t0+17 o ’tan— +...+a+l’0’ L 0)ite Na}-

The set X is the CZ-set with vertices A and B generated by a o-collineation ® between
the star of lines through A and B contained in A. Let T C Fy, 1 € T', then the set

£ = (X\UXa>UUJa (9.5)

a€T a€eT
with

Jo =13 (1,0,...,0,(=1)""*,0,...,0): tE Ny p, a€F;.
N !
n—k

is a maximum exterior set with respect to €,_r_1(I") as proved in |28, Theorem 5.1]
of size ¢ 4+ 1. Therefore, the hypothesis of Theorem 9.1.4 are satisfied and the cone
K(A*,E) is a maximum exterior set with respect to €, _x_1(X) and by Theorem 2.2.3,
the set C, v C Fp ™", as in (2.4), is a non linear-MRD with minimum distance d = n—k+1
which cannot be a translated version of an additive code.
Note that the punctured code C;,  C }Fén_kﬁ)xn obtained by C, 1 deleting the last (k—2)
rows is exactly the code constructed in [28, Theorem 5.1] or for £ = 2 the code appeared
in [33] and for n = 3,k =2 in [17].

By Theorem 9.1.4 and Theorem 2.2.3, the C, 7 is a subset of square matrices of
order n and so, it can be seen as a subset of L, 5. Indeed, fixing T" C Fy, 1 € T', the
homogeneous coordinates of the points belonging to £ have one of the following shapes

(a, %€, o’ gt a”n7k+1§(’n7k+"'+1, 0,...,0)
(,0,...,0,(=1)"*a7n,0,...,0)
hnend (9.6)
A=(0,...,0,0,0,...,0) and B = (a,0,...,0)
n—k+1

with Ngn /(&) € Fy \ T and Nynq(n7) € T So the non linear (n,n,q;d), d =n —k +1,
MRD-code Cy 7 is the set of o-linearized polynomials with o-degree at most n — 1 whose
coefficients are the homogeneous coordinates of a point in K(A*,E) with the zero map,
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ie.
d i _ n—1 )
Cor = {Z)\a” Erra” + ) Ba” :A,a,ﬁiEFqn,Nqn/q(f)EFZ\T}
=0 i=d+1

n—1
U {)\aaz + (fl)d‘”'l)\of’nxod + Z Biz® N, B € Fgn,Ngn/q(n) € T}
i=d+1

C

n—1 n—1
oo s 52 s fulons 5 g camene ).

i=d+1 i=d+1

9.3 The equivalence issue for C, r

Finally, in order to state the novelty of the class of non-linear codes obtained, we have
to compare a code of type Co 1, 1 € T' C Fy, with the only known non-linear MRD codes
made up of square matrices: the codes of type Cp 1 o1 With I C Fy, cf. (2.2).

Firstly, note that the sets

n—1
U= {amgd + Z Bﬂ”i ca, 3 € Fqn} = {f oz fe Qk_lﬁ} (9.7)

i=d+1
and

n—1 )
V= {ax + Y B ra,Bi e Fqn} —{oa™" i e G} (9.8)

i1=d+1

contained in C, 1 are equivalent to a generalized Gabidulin code G;_1, and their inter-

{ nz:l Bixgi 1 Bi € Fqn} N {foxodﬂ 1 f e gk_Q’U}

i=d+1

section

is equivalent to a generalized Gabidulin code Gy_2,. While the non-linear (n,n,q;n —
k +1)-MRD code Cp, . o,1 = Cr(ll,)g o1 Y Cy(f,)g ».7» introduced in Subsection 2.3., contains the
set

k-1
{Z%‘CL‘UI 1y € Fqn} ={fox?:fe€Gris},
=1

which is equivalent to a generalized Gabidulin code Gj_1, and it is straightforward to
see that Cp, 1 o1 is contained in a generalized Gabidulin code Gy 1 -

Clearly, if ¢ = 2 or T' = Fy, C, 7 is equivalent to the generalized Gabidulin code Gy, 5.
Then, by [69, Corollary 2.1|, it follows

Proposition 9.3.1. Let I C F,;, 1 € T C Fy and o be the Frobenius automorphism of
Fyn defined by o : v+ 29 with (n,s) =1. If¢g=2 or T = Fy, and I € {{0},F,, F;, 0},
the codes Cp 15,1 and Co 1 are both equivalent to Gy, ;.
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In the remainder of this section, we shall show that apart from these cases the codes
Cor and C, 1 »,7 may not be equivalent. In order to do this, we recall the following result
that holds for the o-linearized polynomials as well.

Theorem 9.3.2 (|76, Theorem 3]|). A subspace W of G, k < n — 1, is equivalent to G,
if and only if there exist invertible linearized polynomials f, g such that

W:gﬁfyg):{foaog:aegr}7

where fo =1, and deg,(f) + deg,(g) <k —r.

By a similar argument used in [76, Lemma 4| for the generalized twisted Gabidulin
codes, we prove the following

Theorem 9.3.3. Let I ¢ {{0},Fy,F;,0}, the non linear (n,n,q;n — k + 1)-MRD code
Ch k0,1 contains a unique subspace equivalent to Gi_1 4.

Proof. We have already noted that C, .1 is contained in Gii1,. Now, let W be a
subspace of C, o1 equivalent to Gip_1,. By Theorem 9.3.2, there exist invertible o-
linearized polynomials f, g such that

W:g](flifi?o:{foaog:aegk—l,a}

with fo # 0 and deg,(f) + deg,(g) < 2. ‘
If deg,(f) = t then deg,(g) < 2 —t. Let a(x) = Zf:_oz a;z° be an element of G_1 5.
Then the coefficient of z in the polynomial f o a0 g is foapgg, while the coefficient

of 27" is ftagt_Qggf?_z. Since ¢V ; and c? ; are disjoint, first suppose that W C

n7k7o" n7k70-7
1 k+t—2
Cfl’,)c’m[. Then, Nqn/q(foaggo) € I and ftagt_Qgg:;t = 0 for any ag, ap—2 € Fgn. So, we

distinguish three cases:

1. Suppose t = 2, then deg,(g) = 0. Since fy, fo # 0 this is possible if and only if
0 € I and go = 0. This yields g is the zero polynomial, a contradiction.

2. Suppose t = 1, then deg,(g) < 1. Since fp, fi # 0 this is possible if and only if
0 €l and g1 = 0. If go # 0, since the map = € Fyn = Nyn/o(forgo) € Fy is
surjective, I = [F, a contradiction. This yields g is the zero polynomial, leading to
a contradiction again.

3. Suppose t = 0, then deg,(g) < 2. Since fp # 0 this is possible if and only if 0 € I
and go = 0 and go = 0 as in the previous case. It follows g(x) = g127, implying
W={aoz?:a€Gr1,}

A similar argument can be applied when W C CT(LQ% <7- The claim follows. O

Theorem 9.3.4. Let I ¢ {{0},Fy,F;,0} and 1 € T CF;. Then the codes of type Cp 0,1
and Co 7 are neither equivalent nor adjointly equivalent.
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Proof. By contradiction, assume that C, 1 ».; and C, 1 are equivalent or adjointly equiv-
alent. Then, there exist f,g,h € L, 4, with f, ¢ invertible and p € Aut(F,) such that

Cn,k,a,[ = f © Cg,T og+ h or Cn,k,UJ = f © (C;F,T)p °g+ h.

Let U,V be the subspaces in C, 7 equivalent to Gi_1, as defined in (9.7) and (9.8). If
Cn ko1 and C, 1 are equivalent, then folf’ o g+ h and f o VP o g+ h are two different
subspaces of Cy, . ».7 equivalent to G_; ,. By Theorem 9.3.3, a contradiction follows.

Next, suppose that Cp, .1 = fo(C;:T)Pog—kh. Then fo(U")Pog+h and fo(VT)Pog+h are
two different subspaces of C,, 1, -1 equivalent to G_1 o, see |76, Lemma 1], a contradiction
again. [

Remark 9.3.5. For linear codes, left and right idealisers are invariants under equivalence
[65, Proposition 4.1] and they are subalgebras of £,, 4, isomorphic to subfields of Fy» in
the case of square linear MRD-codes [65, Theorem 5.4|. This, as already stated in [65],
does not hold for non-linear codes. In the following, we shall show an example of two
equivalent codes such that their left idealisers have different size.

Let F5 be the field with five elements and let

C1 = {@ i) , (g j)} C F2*2, (9.9)

Consider the matrix H = <(2) (1)

C2:C1+H:{<(1) 3)(3 é)} (9.10)

It is straightforward to see that I (C;) contains only the identity matrix, whereas any
matrix I of the shape
1 a
(o %)

) and the code

with a,b € F5 is an element of I1,(Cs).
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