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Abstract

Particle colliders are able to probe the structure of matter at extremely short distances. The
increasing precision of present and future experiments demands equally accurate theoretical
predictions to test and advance our understanding of particle physics. These predictions
are based on the computation of higher-order perturbative corrections to scattering cross
sections and, ultimately, on the evaluation of Feynman integrals over virtual loop momenta.
Analytical calculations rapidly grow in complexity as the number of loops, particles and
energy scales increases, so that numerical approaches become essential and foster the
development of automated tools. Within this context, the differential equation method has
proved particularly effective. Feynman integrals can indeed be reduced, via integration-
by-parts identities, to finite sets of master integrals that satisfy systems of first-order
differential equations in the Lorentz-invariant kinematic variables. This thesis focuses
on the development of algorithmic procedures for the numerical evaluation of Feynman
integrals as series expansion solutions to this kind of differential equations.

Within the framework presented here, Feynman integrals are propagated in the phase
space of the kinematic invariants by solving the differential equations on a line connecting
a boundary point to any given target point. The radius of convergence for series solutions
is finite due to the presence of singularities and, therefore, the propagation is split into
several steps that iteratively move the solution closer to the target. Boundary conditions
are obtained around singular kinematic configurations by imposing that the leading power
behaviors of the solution agree with those extracted through techniques based on expansion
by regions. To do so, the system is transformed to Fuchsian form and the equations are
solved by using the considered singularity as the expansion point. This last approach also
serves as a strategy for crossing singular points that lie on the propagation path. Since
Feynman integrals exhibit branch point singularities, algorithms are provided to perform
the analytic continuation of the solutions in agreement with the Feynman prescription.

The methods presented in this thesis have been implemented in a novel open-source
computer program called LINE, which stands for Loop Integrals Numerical Evaluation.
Aiming to make large-scale cluster computations more feasible, the code has been written
in C/C++ to enable good performance while avoiding the limitations imposed by proprietary
software. LINE allows both the computation of boundary values and their propagation

across the phase space within a unified framework. In particular, for integrals up to two
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loops, the software includes an in-house implementation of the auxiliary mass flow method.
The latter relies on the introduction of an auxiliary mass to obtain boundary conditions in
the infinite-mass limit. Alternatively, around a singularity the program is able to receive
and analyze expansion-by-regions information in order to minimize the number of leading
coefficients to be provided as boundary values.

LINE leverages open-source libraries for arbitrary-precision arithmetic, and the nu-
merical accuracy of the results can be assessed without relying on external tools for the
evaluation of the integrals. The program has been tested on a variety of one- and two-loop

examples, planar and non-planar, with and without masses.
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Chapter 1

Introduction

Particle physics aims to understand the fundamental constituents of matter and their
interactions. Within the framework of quantum field theory, the Standard Model provides
a description that successfully explains a wide range of experimental observations with
remarkable precision. The discovery of the Higgs boson at the Large Hadron Collider
(LHC) in 2012 [1, 2| represented a major milestone. It confirmed the Brout-Englert-Higgs
mechanism [3, 4|, which is responsible for the spontaneous breaking of the electroweak
symmetry and allows particle masses without violating gauge invariance.

Today, precision measurements play a central role in testing the theory and probing
possible signs of new physics. The development of collider physics has been crucial in
this context. By reaching ever higher center-of-mass energies and luminosities, particle
colliders make it possible to investigate the structure of matter at unprecedented short
distances. The precision of the measurements has steadily improved over the past years.
Statistical uncertainties are continuously reduced as larger data samples become available,
and systematic effects are better controlled through refined detector calibrations and
analysis techniques. The near-future collider experiments, like the High-Luminosity phase
at the LHC and the Future Circular electron-positron Collider, aim at measuring physical
observables at the per-mille precision level over wide phase space regions. To fully exploit
such experimental precision, equally accurate theoretical predictions are required.

On the theory side, phenomenology calculations are based on the perturbative expansion
of scattering cross sections through power series in the coupling constants. At energy scales
relevant for the LHC, the largest contributions come from Quantum Chromodynamics
(QCD), whose asymptotic freedom ensures the reliability of the perturbative approach. The
truncation of the expansion at a given order introduces a theoretical uncertainty associated
with the missing higher orders and so the terms of the series beyond the Leading Order (LO)
are regarded as perturbative corrections. The main ingredients for their computation are
Feynman amplitudes that, once expressed in terms of form factors, helicity structures or
direct interferences, lead to Lorentz-scalar integrals over virtual loop momenta, known as

Feynman Integrals (FIs). The integration over the loop momenta gives rise to infrared
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1 Introduction

divergences that, for infrared-safe observables, are canceled order by order by those arising
from phase space integrals, in accordance with the Kinoshita-Lee-Nauenberg theorem [5, 6].
These phase space integrals, through the method of reverse unitarity, can in turn be
mapped onto loop integrals, so that the same techniques developed for the latter can be
employed. Therefore, the evaluation of FIs constitutes one of the main bottlenecks in the
computation of higher-order corrections.

The expected precision of future collider experiments asks for computations that
go beyond the Next-to-Leading Order (NLO) and include Next-to-Next-to-Leading Or-
der (NNLO) and Next-to-Next-to-Next-to-Leading Order (N3LO) contributions [7]. Typ-
ically, thousands of two-loop and three-loop integrals contribute to NNLO and N3LO
amplitudes. These rapidly become much harder to compute as the number of loops, exter-
nal legs, and physical energy scales grows. Relevant advancements include the computation
of two-loop, five-point NNLO QCD amplitudes [8-11], and six-point FIs [12, 13], along
with some complete N3LO results at three loops up to three-point contributions [14-17].
Significant progress has also been made in computing many three-loop, four- and five-point
amplitudes [18-21|. For the inclusion of higher-loop contributions, results are available for
two-point amplitudes [22-24] and vacuum integrals [25].

The computation of Fls is lightened by the fact that not all of them are independent,
as they obey Integration-By-Parts (IBP) identities. These are linear relations satisfied by
all the members of an integral family, namely the set of FIs that share the same graph
topology but have different propagator powers. In particular, it is possible to find a finite
set of independent Master Integrals (MIs) that form a basis: any integral of the family
can be expressed as a linear combination of the MIs. The choice of the basis is not unique,
since any set of independent linear combinations of MIs leads to an equally valid basis.

The task of computing the FIs of a given family is therefore reduced to the evaluation
of Mls. Several analytical approaches have proved effective, such as direct integration
through specific integral representations [26, 27| and the use of difference equations [28, 29].
Analytical calculations become much harder to employ when the number of legs, loops
and masses increases. Therefore, numerical frameworks have been developed as well,
including Monte Carlo-based techniques such as sector decomposition [30-34], Mellin-
Barnes representations [35-39], and more recent tropical-integration methods [40].

One of the most successful approaches is the Differential Equation (DE) method [41-
48], which relies on the fact that the derivatives of the MIs with respect to Lorentz
kinematic invariants are themselves linear combinations of integrals of the same family.
By means of IBP reduction, one is able to express the derivatives as linear combinations
of the MIs, thus closing systems of first-order DEs whose unknown functions are the MIs
themselves. Therefore, the computation of MIs can be carried out solving such systems of
DEs. Public implementations of fully numerical methods have been developed, such as
the MATHEMATICA packages DIFFEXP [49] and SEASYDE [50]. They allow the numerical



solution of the DEs via series expansion, with the latter being suitable also for integrals
with complex masses. The series expansion of a FI can be evaluated at several values of
the kinematic invariants. However, Boundary Conditions (BCs) are necessary to fix the
solution of the DEs in some kinematic configuration. These can be obtained using the
DE method itself with the MATHEMATICA package AMFLOW [51-53], which computes FIs
for fixed kinematic configurations. The method implemented in said package consists in
solving the DEs with respect to an auxiliary mass that is introduced in the propagators
of the integrals. Indeed, the leading behavior of Fls is known in the infinite-mass limit
and can be used as BC for the propagation to the limit where the auxiliary mass vanishes,
thus restoring the values of the original integrals. Although the introduction of the
auxiliary mass generally increases the number of Mls, the boundary values obtained at
fixed kinematics can then be propagated to many other points of the phase space by
solving the DEs with respect to the kinematic invariants. These techniques have been
successfully applied to a wide range of two- and three-loop computations, including NLO
electroweak corrections to gg — HH [54], NLO QCD corrections to pp — Hj [55], and
several other processes discussed, for instance, in [56-59].

Since it can be employed both for the computation of boundary values and for their
propagation, the DE method proves to be a very powerful approach. Systems of DEs can be
obtained also for integrals with Dirac d-functions (phase space integrals) and propagators
that depend linearly on the loop momenta (subtraction counterterms, integrals for effective
field theories). Furthermore, it is possible to employ the DEs method in the computation
of special functions for the reconstruction of Fls [60-67].

The present work focuses on the development of algorithmic methods for the numerical
evaluation of FIs through the solution of DEs. The objective is to design systematic
strategies that are well suited for implementation in computer code and are able to solve
the DEs via series expansion to obtain BCs and propagate MIs across the phase space of
the kinematic invariants. The presence of singularities causes the radius of convergence of
the expansion to be finite and so the propagation is split into several steps, each moving
the solution closer to the desired target point.

In the framework presented in this work, BCs are computed either with the Auxiliary
Mass Flow (AMFlow) method or using Expansion By Regions (EBR). The latter is a
technique that splits the integration domain into regions characterized by different scalings
of the loop momenta, in order to determine the asymptotic expansion of FIs near singular
kinematic configurations. The leading behaviors can be used as BCs for the DEs. For
instance, the AMFlow method itself relies on the application of EBR when the auxiliary
mass is pushed to infinity. To exploit EBR as just described, one must be able to solve
the DEs around its singular points. In order for this to happen, the system of DEs must
be turned to Fuchsian form by building an appropriate transformation matrix. Then, a

suitable ansatz can be used for the series expansion of the solution around singular points.



1 Introduction

The same method can be used to cross singular points that lie on the propagation path.
However, as FIs have branch point singularities that develop branch cuts, particular care
must be taken for the analytic continuation of the solution.

In this work, we present a set of procedures to address these issues in an algorithmic way.
The techniques illustrated here have been implemented in an open-source software called
LINE, which stands for Loop Integrals Numerical Evaluation. LINE is written in C/C++
and implements from scratch the routines to perform the necessary algebraic manipulations,
leveraging on the GMP family of public libraries for efficient arbitrary-precision arithmetic.
The use of a low-level programming language provides higher efficiency compared to an
equivalent implementation in higher-level languages, while avoiding any dependence on
proprietary software. This choice makes massive cluster computations more feasible, as
one can run as many instances of LINE as the available computational resources allow.

LINE presents an in-house implementation of the AMFlow method to generate BCs
up to two loops. For some selected examples, BCs are automatically obtained using EBR
around singular points, without the introduction of auxiliary parameters. Therefore, LINE
combines the computation of boundary values and their propagation across the phase
space within a single framework. Consequently, the numerical precision of the results can
be estimated internally without relying on external tools for the computation of FIs, since
any phase space point can be reached with propagations along different paths, possibly
using distinct boundary points.

The theoretical framework on which LINE is based, as well as the techniques therein
implemented, are presented here as follows. We begin by introducing the basic formalism
of FIs in chapter 2. We define integral families of FIs, discuss the dependence of the
integrals on the kinematic invariants and analyze the nature of their singularities. We
show how to differentiate FIs and then we introduce IBP identities, thus providing all the
notions necessary to build systems of DEs for MIs.

Chapter 3 is dedicated to a detailed analysis of the DEs. We describe an interpolation
procedure to handle dimensional regularization and identify a block structure in the
equations. This leads us to focus on the solution of univariate systems of non-homogeneous
DEs. The problem is then studied in the neighborhood of singular points, where the
system is transformed to Fuchsian form in agreement with its block structure. For the
determination of BCs, we describe how the AMFlow method is implemented in LINE and
show how to perform EBR on a few examples.

In chapter 4 we focus on the actual propagation of series expansion solutions. Given a
line connecting a boundary and a target point, we outline a strategy to populate the path
with intermediate expansion points. Recurrence relations are derived to iteratively compute
the coefficients for the series expansion of the solution around these points, whether they
are regular or singular. Furthermore, we show how to exploit EBR to systematically obtain

linear constraints for the leading coefficients of the solution around poles of the DEs, thus



reducing the number of BCs needed as input when using a singularity as the starting point
for a propagation.

The analytic continuation of the solutions is studied in section 5, where an algorithmic
procedure is provided for determining the position and orientation of the branch cuts
in the complex plane of the line parameter. This allows to cross branch points that are
encountered on the propagation path.

In chapter 6 the methods described in the present work are applied, using LINE, to a
selection of one- and two-loop examples, both planar and non-planar, with and without
masses. Boundary values are obtained internally and propagated to several phase space
points. The results are internally validated using different boundaries and paths.

Finally, conclusions are drawn in section 7, where the outlook of this work is discussed,

while appendix A provides further implementation details.



Chapter 2
Feynman integrals

The perturbative expansion of scattering amplitudes in quantum field theory is built on
Feynman integrals. In this chapter we introduce the formalism required to address their
computation, aiming to derive systems of differential equations whose unknown functions
are the FIs themselves.

The definition of a FI is closely related to the notion of graph, since its propagators
can be identified with the edges of a graph through which momenta flow as in a circuit,
with momentum conservation satisfied at each vertex. In this picture, the momenta of
the particles involved in a scattering process are associated with external edges, while
each loop of the graph introduces an integration over the independent momentum of a
virtual off-shell particle. We start by exploring this correspondence and then proceed by
introducing the concept of integral family, which naturally arises once arbitrary integer
powers are allowed for the propagators. The further classification of integrals into sectors of
the family is also investigated, as the hierarchy of the sectors is exploited in the subsequent
chapters to determine a block structure in the DEs.

To identify a minimal set of independent variables that characterize the problem, we
analyze the dependence of the FIs on the external momenta, which enter only through
Lorentz invariants and are constrained by momentum conservation, on-shell conditions
and Gram determinant relations. Next, we discuss how to differentiate FIs with respect to
the external kinematic invariants and the propagator masses, a crucial step towards the
construction of DEs. In particular, we show how the derivatives of a FI can be expressed
as linear combinations of integrals that belong to the same family and, therefore, are
related through integration-by-parts identities. These are linear relations that enable
the reduction of all the members of a given integral family to a finite set of independent
integrals, known as master integrals, which hence constitute a basis for the family. Finally
we observe that, combining the differentiation rules with IBP identities, one can close a
system of DEs for the MIs. The analysis of these equations and the methods to find their

solutions are the main focus of the subsequent chapters of this thesis.



2.1 Integral families

2.1 Integral families

Let us consider a connected graph G with N external edges, E internal edges, and V
internal vertices. To each edge we can assign an orientation and a momentum flowing in
the selected direction. We indicate with p; the momenta associated with the N external
edges, that we consider as incoming, and impose momentum conservation at each vertex,

so that we have

Zpi =0. (2.1)

We can use this relation to express one of the external momenta, say py, in terms of the
others, so that we keep NV — 1 external momenta while having py = —(p1 + -+ + pn_1)-
In addition to eq. (2.1), there are other V' — 1 independent conditions that are obtained
when imposing momentum conservation at each vertex. They allow us to determine all

but L of the internal momenta, where
L=FE-V+1 (2.2)

is the number of loops in the graph G. We denote by k; the independent momenta flowing
through the internal edges and we refer to them as loop momenta.
So we start with N + F momenta and, with the application of momentum conservation

at V vertices, the total number of independent momenta is reduced to

N+E-V=L+N-1, (2.3)
namely, L loop momenta ki, ..., k; and N — 1 external momenta py,...,py_1. Taken in
this order, we collectively denote them by vy, ..., v n_1, SO that

’Ul:kl, lzl,...,L,
Vr+i = Pi s Z:L,N—l

To each internal edge of the graph G we can assign a mass m,, and an inverse propagator
D, = q¢2 —m? +ie, (2.4)

where ¢, is the momentum flowing through the edge and ¢ — 0% enforces the so-called

Feynman prescription. With the graph ¢ we then associate a FI defined as



2 Feynman integrals

where the integration is performed over the loop momenta with the measure

L
dk
/ = / 11— (2.6)
ki,...kr, 1 T2

in a d-dimensional space-time. The integration measure typically used in quantum field

theory is thus restored by means of a multiplicative factor, as in

Lk i
/ I oy = (e / ' (27)

Furthermore, we assume that the integrals are carried out within the framework of

dimensional regularization, where the space-time dimension d is regarded as a complex
number that differs from a positive integer dy according to d = dy — 2e.

The internal momentum ¢, of each propagator can be expressed, via momentum
conservation, as a linear combination with coefficients +1 of the independent momenta v;.
By doing so, the quadratic momentum ¢2 in eq. (2.4) turns into a linear combination of

the scalar products

Ty =v;-vj, 4,j=1,...,L+N—1. (2.8)

We can further distinguish those products that involve only the external momenta by

introducing the notation

Yij =Di " Py iajzla"'aN_la (29)

so that the inverse propagator becomes

N—-1N-1

L L+N-1
D, = Z Z Ma,ij zij + Z Z Noij Yij — ma, + ic (2.10)
=1 j=i

i=1 j=i

where the coefficients M, ;; and N, ;; are integers and the sums are performed avoiding
double counting. In particular, the first sum includes only scalar products that involve at

least one loop momentum. There are E,.. such products, with

L(L+1)

Emax =
2

+ L(N —1). (2.11)

If a given ordering is fixed for the scalar products x;; of this kind, we can regard the

pair ¢j in M, ;; as a unique index and M as a matrix of shape E x Ey,y. Although
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2.1 Integral families

in general £ < FE,.., we can extend the set of propagators by introducing F... — F
auxiliary propagators in such a way that M becomes an invertible square matrix. In other
words, the extended set of inverse propagators D,, with a = 1, ..., Fpax, is built on F .y
independent linear combinations of the products z;; that involve the loop momenta. This
also means that the inverse propagators are linearly independent, in the sense that the
only linear combination of the D,’s that does not depend on the loop momenta is the one
where all coefficients are zero.

With an extended set of independent propagators, eq. (2.4) can be inverted as

Emax N—-1N-1 Emax
=> M;L(% - Na,hkyhk+m§> => M} (Da+m2), i<L,i<j,
— —

h=1 k=h
(2.12)
where the modified squared mass m? is defined according to
N-1N-1
me =m No,hk Ynk , (2.13)
h=1 k=h

so as to include any external kinematic factor y,x. Note that the auxiliary propagators
can always be chosen as massless, since the only thing that matters is their dependence on
the momenta.

The valency of a vertex is the number of edges attached to it. If all the internal
vertices of a graph G have the same valency v, we say that G is v-legged. We do not
consider internal vertices of valency 2 since, as we discuss later on, these can be obtained
by assigning integer powers to the propagators.! Vertices of valency v > 3 can instead
be represented by shrinking some internal edges of a 3-legged graph, i.e., two vertices
are merged into one vertex and the edge attached to them is removed. This operation
is often also referred to as pinching a propagator, to which we assign a zero power. For
instance, the vertex of valency 4 in the right panel of figure 2.1 is obtained by shrinking
the middle edge of the 3-legged graph on the left. Therefore, without loss of generality, we
only consider 3-legged graphs.

The number of auxiliary propagators can be predicted by counting the internal edges
in a graph [68]. For 3-legged graphs we can distinguish between the case with N = 0
(vacuum integrals with no external edges) and N > 3. The simplest 3-legged vacuum
integral is the sunrise-shaped graph with two vertices, £ = 3 and L = 2. To introduce an
additional loop, one has to place and connect two new internal vertices on the same edge
or on two distinct edges, thus raising F by 3 (connecting two preexisting vertices would

increase their valency). Therefore, the number of internal edges for a 3-legged vacuum

IThis choice also implies that to each momentum g, only one mass m,, is assigned.

— 9 —



2 Feynman integrals

Figure 2.1: A 3-legged graph whose dashed edge is shrunk to produce a vertex of valency 4.

The pinched propagator can be considered as having a zero power.

integral is given by
E=3+3(L-2)=3(L—-1), (2.14)

and differs from E.« = L(L+1)/2 by

Emax - =

(2.15)

Auxiliary propagators are therefore needed for L > 4.

A 3-legged graph with N > 3 has F = N — 3 internal edges at tree level, as can be
verified by starting from a graph with N = 3 and F = 0, and attaching one external
edge at a time, thus increasing both N and E by one unit at each step. As for the
vacuum integrals considered above, the introduction of an additional loop increases E

by 3. Therefore, the number of internal edges for a non-vacuum 3-legged graph is given by
E=N-3+3L, (2.16)

which differs from Fy,.x given in eq. (2.11) by

(L —1)(L + 2N —6)
5 ,

Emax — E = (2.17)

Therefore, auxiliary propagators are required when L > max{2,7 — 2N}.

Let us consider again the FI in eq. (2.5). We can extend its definition by allowing
each inverse propagator D, to appear with an integer power v, and introducing auxiliary
propagators in the numerator (i.e., with non-positive powers) in such a way that the D,’s

are linearly independent. The set of integrals

Emax

£
= Mg I

kL a=1 "o g=pt1

1
Vﬁ Y
Dﬁ

(2.18)

obtained as v varies over all possible integer powers (with vg <0 for § > E) is referred

to as an integral family of FIs. The auxiliary inverse propagators are called irreducible



2.2 Kinematics

numerators, since they only appear with non-positive powers. We refer to the FI of eq. (2.5)
as the top-topology integral of the family defined in eq. (2.18). It can be obtained by
setting v, = 1 for a < F and vg = 0 for the irreducible numerators.

A propagator with a power v, > 1 is often represented in the associated graph G
by placing v, — 1 dots that can be interpreted as vertices of valency 2. Propagators
with negative powers are usually omitted from the graph, although one could draw the
corresponding edges and attach to each of them an integer label equal to its power. After
all, masses should also be considered as labels, even though they are often indicated by
assigning to each mass a line of a specific color or shape. It is possible to find a set of
edges to be associated also with irreducible numerators. These can be introduced in the
graph by attaching additional external edges whose momenta are linear combinations of
the external momenta [69]. Whenever a given power v, is zero, the corresponding edge
can be shrunk.

The set of positive powers in the integral F¥ identifies what is called a sector of the
integral family. We denote by o(F¥) the sector to which F* belongs. To each sector we

can associate a binary vector @ whose components are given by

L, va>0,
Ou(F¥) = Oy (ya - 1) - 3 (2.19)

2 0, otherwise,

so that all the integrals belonging to the same sector are mapped to the same @(F"), that

o(F¥) = {FV’; 9(F”') = e(F")} . (2.20)

This binary representation can be translated into its decimal equivalent with the introduc-

tion of the sector identification function

E

p(F¥) = 0a(F¥)2°". (2.21)

a=1

If an integral F** can be obtained from F“2 by setting some positive powers to zero,
the sector o(F*") is said to be a sub-sector of o(F*?). The integral with v, > 0 for all
a = 1,...,F belongs to the so-called top sector of the integral family. By definition,
any other sector is a sub-sector of the top sector. In section 3.2 it is discussed how the

identification of sectors is closely related to the block structure of the DEs satisfied by Fls.

2.2 Kinematics

The Feynman integrals in eq. (2.5) are Lorentz scalars and so they depend on the external

momenta only through the Lorentz invariants y;; = p; - p;. There are N(N + 1)/2 such
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invariants but, taking into account N conditions for momentum conservation

N N
Z%‘j :pz"zpj =0,
j=1 j=1

and N on-shell conditions, the number 7" of independent invariants is reduced to

(2.22)

However, in this counting we assumed that N —1 external momenta are independent, which
would be impossible if N — 1 > d, since there are at most d linearly independent vectors
in a d-dimensional space. In this case, N — 1 — d external momenta would necessarily
be a linear combination of the other d momenta. To account for this effect, one should
also consider the so-called Gram determinant conditions. We define the Gram matrix

associated with a set of n momenta w; as

wp-wy ... W1 Wy
Glwy, ... ,w,) = S : (2.23)

Wy * W ... Wy Wy
that is, G;j(wy, ..., w,) = w; - w;. The vectors w; are linearly independent if and only if
Awy, ..., wy,) =det G(wy, ..., w,) #0. (2.24)

This can be seen by looking for a linear combination ) . ¢;w; = 0 where the coefficients ¢;
are not all zero and projecting along all the vectors w;. The matrix associated to the
corresponding system of linear equations, ), c;w; - w; = 0, is indeed the Gram matrix.
This system has a non-zero solution if and only if eq. (2.24) is satisfied.

In our application, one can consider any subset of the N external momenta and form a
Gram matrix whose elements are the invariants y;;. It can be seen [70] that, for N —1 > d,

there are additional constraints on the invariants y;;, which correspond to

A,

=" > Alpi,.pi) =0, Yn=d+1,...,.N—1, (2.25)
{i1,vin}

where the sum runs over all the possible subsets of n external momenta. Note that, for
n = N, the condition Ay = (=1)¥"'A(py,...,py) = 0 is automatically satisfied, since
the external momenta are linearly dependent because of momentum conservation.

The Gram determinant conditions in eq. (2.25) are non-linear relations that decrease

the number of independent invariants in a non-trivial way. To predict the actual number,
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we can perform an independent counting. We start from the d/N degrees of freedom
corresponding to the d components of the N external momenta. Then, we impose d
momentum conservation relations and N on-shell conditions. Finally, to account for the
Lorentz invariance, we also subtract the dimension of the Lorentz group, i.e., d(d — 1)/2.
We end up with

d(d—1)

T=dN —-N—d-— 5

(2.26)

degrees of freedom. This formula actually corresponds to N(NN — 3)/2 as in eq. (2.22) for
N =d and N = d + 1, while the latter must be replaced by it when N > d + 1.

When the square of some of the external momenta is considered as a varying parameter,
it must be added to the counting of the independent invariants. We consider this kind
of external momentum as off-shell. Therefore, the total number of independent external

invariants is given by

NN —3) N_1<d
T = number of off-shell momenta + 2 7 d(d—1) T (2.27)
dN—N—d—T, N—-1>d.

In the choice of T independent invariants, one is not restricted to scalar products such
as p; - p;, since any set of 7' independent linear combinations would do the job. For
instance, the squares (p; + p;)?, (pi +p; +pr)?, ... , are also valid candidates. Therefore,
we generically denote by tq,...,t7 the chosen set of independent kinematic invariants
involving the external momenta. We collect these invariants in the 7T-dimensional vector t.
If the squared masses m? of some internal propagators are also varying parameters, we

add them to the count in a separate vector s such that

i = ti,
§ i (2.28)
ST4a = M5, o= 1,... M,

where M is the number of varying masses. To avoid double counting, M does not include
squared masses that are equal to the square of off-shell external momenta. We denote the

total number of independent kinematic invariants s; by S =T + M.

2.3 Singularities

Feynman integrals exhibit a rich analytic structure characterized by singularities in the
phase space of the kinematic invariants. The understanding of the origin and nature of
these singularities has a long history, dating back to the works of Bjorken [71|, Landau [72]

and Nakanishi 73|, and plays a central role in modern techniques for the evaluation of FIs.



2 Feynman integrals

'y A
Imk Imk

(a) (b)

Figure 2.2: (a) The integration contour ~ in the complex plane of k is locally deformed to v’ to
avoid the singularity, drawn as a cross, that is moving along the arrow. (b) The contour cannot
be deformed because one singularity approaches an end point, while two others pinch the contour

from opposite sides.

Given that FIs are defined by integration, their singularities are directly linked to those

of their integrand. To see how this happens in a simple case, let us consider a function
s = [dhglhs), (2.29)
vy

where s,k € C, 7 is an integration contour in the complex plane of k and g(k, s) is an
analytic function whose singularities are known as functions o;(s), and so they move in
the complex plane of k as s varies. The function f(s) is certainly regular if no singular
point ;(s) is on the contour . We assume that this is the case at least in a neighborhood of
some value of s, and consider the analytic continuation of f(s) outside said neighborhood.

Suppose that for s — sq a singularity o;(s) tends to an internal point o;(sg) € . While
this happens, the contour v may be locally deformed to a second contour 7’ so as to
avoid o;(sg) keeping its end points fixed, as shown in figure 2.2a. If no other singularity

falls within the area encircled by v U/, Cauchy’s theorem guarantees that, at any s # s,
F(s) = / dk g (k. ). (2.30)
,yl

Since o0;(s) ¢ ', the latter integral is convergent. Therefore, f(s) can be analytically

continued to s = sy according to

S5—S0 S— S0 ’Y/

f(so) = lim f(s) = lim [ dkg(k,s) = /ldk‘g(k, 50) - (2.31)

However, f(s) becomes singular when the contour v cannot be deformed so as to avoid

the singularity, which is the case if one of the following conditions occurs:
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e A singularity moves to one of the end points of the integration contour, thus giving

rise to an end-point singularity.

e Two or more singularities move to a common point trapping the contour from

opposite sides, causing a pinch singularity.

An example for both kinds of singularity is represented in figure 2.2b.

The mechanism of contour deformation allows us to understand why such singularities
may be branch points of the integral f(s). Consider the motion of a point s = s, as it
circles counter-clockwise around an end-point singularity s = sq at small distance r. In

the complex plane of k, the corresponding singular point o;(s,) moves according to

0i(sp) = 04(s0 + 7€) = 74(s0) + re’? %ai(s) +0O(r?), (2.32)

thus approximately circling around the end point o;(sp) of the integration contour +.
The integral f(s) is analytically continued deforming . By Cauchy’s theorem, after s,
completes a full rotation around sg, f(s) differs from its initial value by an integral over a

contour closed around o;(s):

Discf(s) = / dk g(k,s) — /dk: g(k,s) = 7{ (d)k g(k,s) = 2mi Resp—g,(s) 9(k,s). (2.33)
v v (S

By contour deformation, f(s) is therefore analytically continued to another Riemann sheet.
This indicates that f(s) is a multi-valued function and that s = sy is a branch point
singularity. In order to make f(s) a single-valued function, one has to arbitrarily place a
branch cut developing from s = sy and define f(s) as the analytic continuation performed
on those curves in the complex plane of s that do not cross the cut. To assign a value to
f(s) at points lying on the branch cut, the latter must be oriented by prescribing the side
from which it is to be approached. The same kind of reasoning can be applied also to the
full rotation of s, around a pinch singularity sg, with two singular points o;(s) and o;(s)
exchanging places.

In case there are multiple external variables s, the function f(s) becomes singular on
hyper-surfaces that are defined by the same conditions as for the univariate case. If there

are multiple integration variables k as well, f(s) is defined by the integration
f(s) = / [[dkiok,s) (2.34)
X

over a hyper-contour ¥ of the multi-dimensional complex space of k, while the integrand

g(k, s) has singular hyper-surfaces ¥; that we assume we are able to define by means of
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equations in the form
Yi(s, k) =0. (2.35)

While a rigorous treatment of this problem would require topological methods, the
main ideas can be understood by following the discussion in |74]. For the contour ¥ to
be trapped between multiple singular surfaces ¥; we must have that their normals are

proportional, that is, there are some coefficients «; such that
Zaii&(s, k)=0, Vj. (2.36)
- Ok;

If some surface ¥J; does not enter in this mechanism, the associated «a; can be set to zero.

Therefore, we can consider the condition
Yi(s,k) =0 or «a;=0, (2.37)

to be combined with eq. (2.36). Another possibility for f(s) to develop a singularity is

that different parts of the same singular surface »; come to trap the contour ¥. We have

)
—¥i(s, k) = ‘ 2.

and 3J; can be thought of as becoming locally cone-like. If the boundary of the contour X

is also defined through equations in the form

Si(s,k) =0, (2.39)

the normals to the surfaces iz represent the directions along which the contour cannot be
deformed. These boundary surfaces hence play a role analogous to that of the singular
surfaces 3;. Therefore, we add to eq. (2.37) the conditions

Yi(s,k)=0 or a;=0, (2.40)

and extend eq. (2.36) according to

0 _ 0 = .
zi:aia—kj&(s,k)—k%:ak%Ek(s,k)—O, Vi (2.41)

J
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In order to apply the arguments illustrated above to FIs defined as in eq. (2.5), we can
identify the singular surfaces ¥; with the inverse propagators D;, while the integration
domain has no boundary. Then eq. (2.37) becomes

G =m or a;=0, (2.42)

(]

while eq. (2.36) corresponds to
E o ——(q; — =0 Vy 2.43

Here, the sum on the left-hand side takes contributions only from those propagators that
depend on the loop momentum k;, for which 0y, D; = 2 ¢;. Therefore, we can write the

pinch condition as

i €loopj
with the sum running over the loop where k; flows. The eqs. (2.42) and (2.44) are known
as the Landau equations.
It is often useful to consider the Landau equations in the so-called Feynman parameter

representation. This can be obtained by starting with the Feynman trick

ool (-5 s o

E
where v = 3.7,

be applied to Fls with the identification A; = D;, so that

ves) — L0 T/ [0
=g o (L) ) gy oo

v; and the variables a; are called Feynman parameters. This relation can

1111

The denominator is a quadratic form in the loop momenta k;,
E E
Y aiDi=> ai(g] —m]+ie) =k"Ak+B-k+C, (2.47)

where A is symmetric and only depends on the Feynman parameters, the components of B
are linear in the external momenta and C' = 3.7 a;(—m? +ic). Completing the square

by means of the linear change of variables

1
k -k =k+ 3 AT'B, (2.48)
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the denominator becomes

d aDi=KTAK + A, (2.49)

where A = C' — (BTAB)/4. The loop integration can now be performed according to

/, C(KTAK +A) T = m;(—;i)L/Q)(d tA)”

JER L

Ld

NG (2.50)

w\&

so that the FI turns into

v v;—1 Z/{(a)’/_T
F¥(e,s) = %10 1F <H/da1) (1—2(12) (H o >—}"(a)”_de . (251)

=1

Here, U and F are known as the first and second Symanzik polynomials, respectively, and

are defined by
Ula) =detA, Fla)=(detA) (C - }lBTA B) : (2.52)

The polynomials U () and F(a) can be given a graph-related definition as follows [75].
Let G be the graph associated with the FI in question. For the first Symanzik polynomial,
one has to consider all the possible spanning trees of G, defined as connected graphs with
no loops obtained by removing edges from G while keeping all of its vertices. Then U ()

is given by

= [ (2.53)

TET i¢T

where 77 is the set of all the spanning trees of G. Each term of the sum corresponds
to a spanning tree 7 and is equal to the product of the Feynman parameters that are
associated with the edges removed from G to obtain 7. The second Symanzik polynomial

can instead be written as

=D (H 0%') tr —U(a) Z(m? —ig). (2.54)

TET2 \i¢T

Here, 75 is the set of all the graphs 7 obtained by removing edges from G in such a way
that 7 has two (separately) connected components and no loops, while containing all the
vertices of G. For each term in the first sum, only the parameters «; associated with the

removed edges are included in the product, while ¢+ is the square of the total momentum
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flowing through said edges. By momentum conservation, ¢ only depends on the external
momenta.

Note that in eq. (2.54) the Feynman prescription is enforced through the assignment of
a small, negative imaginary part to the squared masses m?, that can be multiplied to the
polynomial U (a). The latter is positive-definite in the integration domain, as can be readily
seen from eq. (2.53). Therefore, the Feynman prescription gives the polynomial F(a) a

small, positive imaginary part,
ImFla)=¢c, e—0%. (2.55)

In the Feynman parameter representation, there is only one singular surface for the

integrand, which is simply given by
Fla) =0. (2.56)

The integration domain is bounded by the surfaces «; = 0, since the Dirac é-function

accounts for the upper boundaries. The equivalent of egs. (2.40) and (2.41) corresponds to

9
5o T (@) = 0. (2.57)

a; =0 or

There are simple cases where the Landau equations in the Feynman parameter rep-

resentation can be used to estimate the leading behavior of a FI around a singular-
ity [72, 74, 76, 77]. To see this, let us use the d-function to express ap = 1 — Zf;ll a;

and consider a singularity with

o = 0, 1= 1,...,A,

2.58
8.7:(04):0, i=A+1,...,E—1. (2.58)
80@

If these equations can be solved obtaining relations in the form
a; = a(s), (2.59)
we can substitute these solutions into eq. (2.56) to arrive at
Fla(s)) =0, (2.60)

which is the equation of the singular surface in the kinematic space of the kinematic

invariants s. If we Taylor expand F(a) around &(s) up to the second order, we have

A E-1

Fla) = Fa(s))+)_(ai—a(s)) or + ) (@ —ai(s))(a; —a(s))

i=1 aai a=a(s) 4 j=1

i
aaiaaj a=a(s)
(2.61)

Y
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whose integration domain can be extended to «; € [0, oo without altering the singularity
that arises in the neighborhood of & = &. The integration shows that [72, 76, 77|

F¥(e.s) ~ F(a(s)*, A= 20= EQ_ Lrd (2.62)

Moreover, if one identifies z = F(&(s)) as the kinematic parameter to specify the singular

surface by z — 0, the Feynman prescription becomes

z—z+ie, e—0". (2.63)
Note that the reasoning that led us to (2.62) is based on simplistic assumptions that may
fail in many applications, as pointed out, for instance, in [78]. A more rigorous approach for

investigating the behaviors of Fls around their singularities is possible with the technique

of expansion by regions, whose main points are briefly described in section 3.4.2.

2.4 Differentiation

Let us consider a family of Feynman integrals

:/ H — (2.64)
kisokrn g=1 x

Oé

where we assume that ' = Ey,, and the inverse propagators D, are linearly independent
(i.e., irreducible numerators have already been introduced if necessary). In this section we
show that differentiation with respect to the kinematic invariants s yields expressions that
can be rewritten as linear combinations of integrals belonging to the same family and,
more specifically, to the sector o(F") and its sub-sectors.

This result is straightforward for derivatives with respect to the squared mass of one
or more propagators, say m?, which is different from the square of any of the external

momenta. Inverting the order of differentiation and integration, we have

E E

0 0 1
v _ I I - _ E 2.65
om? (678) /k1, -k om? DVa \/kl» HkL .l)ll@Jrl D(l)/éa ’ ( )
2

a=1

B

mg=

which is a linear combination of FIs of the same family, each one having one of the
propagators of mass m? with power raised by one. In particular, the integrals on the
right-hand side belong to the sector of F”(e,s), since raising a non-zero propagator power

by one unit does not change the sector.
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Now let us consider the derivative with respect to an external kinematic invariant. As
pointed out in section 2.2, we can always choose a set of independent invariants of the form
yi; = pi - p; (including i = j to take into account external masses for off-shell momenta).
Therefore, it is sufficient to compute the derivatives d,,, and then the derivative with
respect to any other set of independent invariants can be obtained as for a linear change
of coordinates.

Although FIs depend only on the kinematic invariants, this is only true at the integral
level. Upon interchanging the order of differentiation and integration though, the derivative
0y, is led to act on the integrand, which also depends on scalar products of external and
loop momenta. It is therefore useful to express 9,,; in terms of the derivatives with respect

to individual momenta p; or p;. Starting with the ansatz

N-1

O Zak i - ap =D, (2.66)
-1 K3

we can make the right-hand side act on scalar products p,, - p,,

=z

-1

i a [N
DX (P pa) = a,(g’”pwap'(pmmn) ="l (Gimpr - Pu + OinDi - D), (2.67)

1

i

and impose that the result, for ¢ # j (the case i = j is considered later on), is equal to

0

——(Pm " Pn) = OimOjn + 0indjm, TF# 7. 2.68
a(pi'pj)(p Pn) j j #J (2.68)

We thus obtain linear constraints for the unknown coefficients a( " ),

a0y ppn =04, i#]. (2.69)

The reasoning behind this procedure is that, being a differential operator, DS()@-,J-) acts

on a function f(y) as

0 z-
a(l J)f( ) Z (%) D;()i,j)ymn, (270)

which corresponds to the result that 9,,.,, would produce, provided that Dg()i’j) acts on the
scalar products ¥, in the same way as 0,,.,, does.
Note that, imposing eq. (2.68), we implicitly assume that f(y) has already been

expressed as a function of the independent invariants only. The number of linear constraints
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obtained in this way may be less than the number of unknown coefficients a,(f’j ), meaning
that more than one solution is up to the task. For instance, a solution to eq. (2.69) is
given by a{?) = (G™!);;, where G is the Gram matrix of the first N — 1 momenta. This

solution leads to

N-1 0
k] Pk - . (271)
p] k;:l pi
By 7 <+ j symmetry, if we had chosen the ansatz
Z a"p =Y, (2.72)
we would have obtained
N-1 , P
= Z(G )i Pk - . (2.73)
k=1 P;
Finally, when i = j, eq. (2.68) has to be replaced with
i(p Pn) = im0 (2.74)
8(1)?) m n mYin .
so that the derivative is equal to
=
=3 ki Dk * (2.75)
p;) k:l

In order to see how this works in practice, let us consider a four-point function with
massless external momenta p;, i = 1,...,4. If we set on-shell conditions p? = 0 and
impose momentum conservation as py, = —p; — pa — p3, we are left with three Mandelstam
invariants s = 2p; - pa, t = 2py - p3, u = 2p; - p3, related by s +u 4+t = 0. Then a possible

choice is to substitute u = —s — ¢, that is, for each function f(s,t,u) of interest, we define

g(s,t) = f(s,t,u)

(2.76)

u=—s—t

as the actual target of the differentiation with respect to s and t. An ansatz for d, reads

0 1 0
o ((12)p +aglz)p —l—a(12)p>-—5

1
5 =5 o 51);1({,2). (2.77)

Since by construction Dil(zmt = (, the only constraint to be satisfied is

0 1 (1) 1 (1,2) (1,2)
1= &(21?1 "p2) = §Da(1,2) (2p1 - p2) = 9 [ $+ ag t] : (2.78)
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Therefore, there is a two-parameter family of solutions given by al"? = (2 — agl’Q)) /s for

(1,2) (1,2
3

any ay, ", a ). As discussed above, one of the solutions is given by

B _ s+t _ 1
al"? = (G )y, ==, a? = (G Do = ; a§"? = (G D23 = P (2.79)

S st

To highlight the importance of substituting u = —s — ¢ (corresponding to p; - p3 =
—p1 - p2 — po - p3) before differentiating, note that any p; - p3 left in the integrand would

lead to the wrong result, since

3 3
Lo 1 -1 1 —1 1 _
5Pesterteh PP =5 Zk_l CanPr s =5 Zk_l o Gra = 3025 =0, (2:80)

while we should have

0
%(pl 'pz)

0 s+t 1
u=—s—t - % (_ 2 ) - _5 ’ <281)

More generally, the solution corresponding to the Gram inverse matrix ends up satisfying
eq. (2.68) for all the scalar products, even those that should be expressed in terms of the
independent ones and might therefore have non-zero derivatives.

It is interesting to note that one could actually use eq. (2.81) as an additional constraint
to obtain an alternative solution that, by construction, would work even when acting on
p1 - p3. In order to fix all the unknown coefficients and find such a solution, let us use
a third condition as well, i.e., 9,p? = 0, a constraint incidentally satisfied by the Gram
solution in eq. (2.79) as well. We obtain [47]

12 25+t 12 _ 1 (12) _ 1

a, as

- " = —_— 2.82
2s(s+1)’ 2 25’ 2(s + 1) (282)

The difference between this and the Gram solution can be interpreted as follows: the
action of the Gram solution on a function f(s,t,u), where u = —s — t is substituted only

after the differentiation, corresponds to the first contribution on the right-hand side of

0

gg(s,t) = %f(s,t, —s—1t)= %f(s,t,u) — %f(s,t,u) ) : (2.83)

while the second contribution, which is accounted for by the solution in eq. (2.82), acts as

a correction
(G Dok = (G Har — (G )z (2.84)

to keep the derivative on u = —s — t. However, since d,,(p; - p3) = 0, a solution satisfying

eq. (2.81) cannot be found using the 1 <> 2 ansatz D;(j;n proportional to 0y, .
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Once the derivative with respect to an external invariant has been expressed as in

eq. (2.66) and proper values have been assigned to the coefficients al(f’j ), one can operate

on a FI exchanging the order of integration and differentiation,

N-1 E
0 > 0 1
———F"(e;s) = > _aypy- /
A(pi - ps) — g Faooep, OPi }_[1 Die
N-1 E B
_ (i.d) / (aDﬁ) Vg 1
_ a9, V — (2.89)
k=1 ; e \ OPi DBBH ol_ll Dee
a#p

Here, the terms py, - 0,,Dg are linear combinations of scalar products involving external
and loop momenta, as it can be seen by acting with d,, on eq. (2.10). The products that
do not depend on loop momenta are kinematic factors, while the others can be expressed,
via eq. (2.12), as a linear combination of inverse propagators and kinematic factors. The

result has the form

S E
Dk 8piD5 = Z bkﬂ'”@’jsj' + Z Ckﬂ'”g’,nyy , (286)

j=1 y=1

with by ;s and x5, being rational numbers, so that 9,,.,,)F" can be manifestly written

as a linear combination of integrals of the same family,

p N-1 E s 1 o
——F"(e,8) = — iy bki,8,n5h / v
o0 5) 2|\ sy 5 AL D
aFp
E E
D 1
+ E Ck,i,ﬁﬁ/ DV;H H Dva | (2.87)
=1 k1,...kr B a;é @

In particular, the terms on the right-hand side belong either to the sector o(F*) or to its
sub-sectors. Indeed, raising a non-zero propagator power by one unit, the sector does not
change while, if we lower a power by one unit, we move to a sub-sector if that power was 1

or stay in the same sector otherwise.

2.5 Integration-by-parts identities

Feynman integrals of the same integral family obey linear relations whose coefficients
are rational functions of the space-time dimension and the kinematic invariants. These

relations are called Integration-By-Parts (IBP) identities and are derived from the absence



2.5 Integration-by-parts identities

of boundary terms for dimensionally regulated integrals, i.e., from

0
v )] =0 2.88
|l rw)] =o. (2.85)
where v can be either the loop momentum £ or any other momentum that the func-

tion f depends on. For v # k, this is related to translation invariance in dimensional

regularization,

JECEYFESY (2.89)
k k
In fact, expanding the right-hand side for small A,
0 2
f(k+2Ap) = | f(k)+ X | p'—f(k)+OX), (2.90)
k k ko OkH

and imposing the equality in eq. (2.89), we obtain eq. (2.88) for v = p. On the other hand,

if v is the loop momentum % we can apply the same reasoning to the scaling property

/kf(k:) = (1+ )\)d/kf(k'—i-)\k'), (2.91)

whose right-hand side expands to

OkH
S LAY O[] + 00, (2.92)

(1+>\)d/f(k+>\k;): [1+)\d+(’)()\2)}/{f(k:)+)\k;“i (k) + O(\)

and leads us to eq. (2.88) for v = k once eq. (2.91) is imposed. In eq. (2.92) we used

O[] = )+ k) (2.93)

When applied to multi-loop FIs, IBP identities read
E

2 | . 1
/kl ki a_kf [Uj H Dga] -Y 29

~~~~~ a=1

where v; can be either a loop momentum k; or an external momentum p;. On a broader
level, the operators O;; = 0Ok,v; are associated with the infinitesimal transformations
k; — k; + Av; and close the Lie algebra

O35, One] = 6ixOjn — 0jnOsc - (2.95)
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They are the generators of the group of linear changes of variables

In order to make explicit the action of the operator O;; on the integrand of a FI, let us
use eq. (2.93) to write O;; = 0;;d + v;0k,. Then we have

E

FE
1 0Ds\ g 1
= 0i5d DR . 2.97
’ /kl,---,kLa Die K /kh Lk (8kz ) v+l H Dva ( )

=1 o
bs a8

Here, every factor v; -0y, D3 can be expressed as a linear combination of inverse propagators

and kinematic factors. In particular

0Dg LEN-1 0D; Ot L+N—-1
KN ok; A ; <a$zk> <(‘9k’z> = Z (14 6ir) Mg ix T (2.98)

k=1

where it is understood that x; is substituted with x;; as soon as k > j. Then, if j < L
(i.e., v; is a loop momentum) all the scalar products zj; can be written in terms of the
inverse propagators D., using eq. (2.12). Otherwise, when j > L (i.e., v; is an external
momentum) the products x;; with k£ > L are just external kinematic factors y;, and we

can leave them as they are, using eq. (2.12) only for k£ < L. Ultimately we have

N—-1 FE
Z (1 + di) Mg, My, (Dy +7023) j< L,
v - 881;5 _ ] k= o o (2.99)
’ Z (14 0ir) Mg i, Mkm (Dy + 7713) + Z Mgk Yrj-1r, 7> L.
k=1 v=1 k=1

Substituting eq. (2.99) into the right-hand side of eq. (2.97) we obtain several terms,
but it is clear that the resulting expression is a linear combination of FIs with different
propagator powers where, as anticipated, the coefficients are rational functions of the
space-time dimension and the kinematic factors. To be more specific, using v as seed as
we just did, we end up with a linear relation involving the original FI with unchanged
powers, FIs with a non-zero power that is raised by one unit and others that also have a
power lowered by one unit. These are all integrals that belong to the sector of the original
FT or to its sub-sectors, since propagators that were not there from the beginning cannot

show up with a positive power.



2.5 Integration-by-parts identities

By varying 7, 7 and the seed v, one is able to build a system of many IBP identities
and it can be proved that the maximum number of independent FIs is finite [79]. This
means that, for a given family, we can find a basis with a finite number of independent
FIs and use IBP identities iteratively to express every member of the family as a linear
combination of the element of the basis, which are called Master Integrals (Mls). If I(e, s)

denotes such a basis, we have

F¥(e,s) = C(v;e,8) - I(e,8) = Y Ci(vse,s) Ik(e,s), (2.100)

B
Il ~
—

where [ is the number of MIs and C(v;e€,s) is a vector of rational functions. The task of
computing Fls is therefore reduced to that of evaluating MIs.

The procedure described above is often referred to as IBP reduction and can be cumber-
some as the number of equations involved is usually very large. The Laporta algorithm [29]
makes it possible to perform the reduction in a systematic way, collecting IBP identities
that are then solved via Gauss elimination. Many computer implementations of this
method are publicly available [80-86].

There are also other linear relations that Fls satisfy and are often used. For instance,
as Fls are Lorentz scalars, they do not change if we apply a Lorentz transformation to the
external momenta. Therefore, tensor identities can be obtained by acting on a FI with the
generators of Lorentz transformations in the space of functions depending on the external
momenta:

N-1
0
L, )= [pk“ﬁ pkya—pz F¥(e,s) =0. (2.101)

k=1
This tensor equation is antisymmetric in the Lorentz indices (u, ) and, once contracted
with all the possible antisymmetric tensors built with the external momenta, generates

the scalar equations
PP} = pip) Ly F¥ (€,8) = 0, (2.102)

which contains differential operators in the form p; - ,,. As shown in section 2.4, the
action of these operators on a FI generate linear combinations of FIs of the same family.
The resulting relations are called Lorentz invariance identities, which end up being linear
combinations of IBP identities [87].

FIs are homogeneous functions of the external momenta p; and the independent

propagator masses m, of degree Ld — 2, vy, that is,

FY(e,\pr, .., my, .. ) = N2 BV (e gy omy, L) (2.103)
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which implies (through the Euler’s theorem for homogeneous functions)

0 0 y
(;pi.a—m—k%:maa—%—Ld—i—;yk) F¥(e,p1,...,my,...)=0. (2.104)

Here, we can substitute m,0,,, = Qmiﬁmg , while the action of the derivative with respect
to a squared mass is shown in eq. (2.65). Once again, we can compute the derivatives on
the left-hand side explicitly, obtaining linear relations denoted as homogeneity identities.
These result to be linear combinations of IBP identities as well [68].

It is worth mentioning also the so-called symmetry identities that are useful when
performing IBP reduction. These are originated when a change of variable belonging to
the group in eq. (2.96) (but with det A = 1 to avoid the Jacobian factor and possibly
with permutations of the external momenta that preserve the kinematic invariants) relates
FIs of the same sector (sector symmetries) or of different sectors (sector mappings) [88|.
Symmetries of this kind may be related, for instance, to the possible choices for the routing

of the loop momenta in the graphs associated to the integrals.

2.6 Building systems of differential equations

As pointed out in section 2.5, the evaluation of a finite number of master integrals for
a given integral family allows us to determine, via integration-by-parts reduction, the
value of all the integrals of the family. We now show how the methods discussed in
sections 2.4 and 2.5 can be combined to close a system of differential equations whose
unknown functions are the MIs themselves.

Suppose I(e,s) is a basis of MIs for the integral family of eq. (2.64). As shown in
section 2.4, differentiation with respect to the kinematic invariants can be carried out as
in eq. (2.65), for derivatives with respect to squared masses, and eq. (2.87) for derivatives
with respect to scalar products. In any case, the result is a linear combination of FIs of

the same family,
0 )
By 9(61%) = D0 Fule )P (e 9. (2.105)

where the coefficients R;j; (€, s) are rational functions. On the other hand, IBP reduction

allows us to expand the integrals F"ii*(e,s) in the basis I(¢,s) as

F¥(e;s) = Cu(vijas€.8) In(e,s) (2.106)
h

which, substituted back into eq. (2.105), leads to

0

a—sizj(e, s) =Y _ Riji(e,s) Cr(vini€,8) In(e,s) . (2.107)

k.h
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If we define the matrices A;(e,s) with elements given by the rational functions

(Ai);n(e,s) ZRM (6,8) Ch(Viji; €,8) (2.108)

we can rewrite eq. (2.107) in matrix form as

88 I(e,s) = Ai(e,8)I(e, ), (2.109)
S
and in terms of the total differential d = ). ds; 0;, as

dI(e,s) = dA(e,s)I(e,s) . (2.110)

Since the partial derivatives of the solution have to commute, we must have

0= [ o g 169 = - et - 5 [adesittes)

Sj
0 0
—Aj(e,s) + Aj(e,s)Ai(6,8) — =—A;(e,5) — Ai(e,8)A(e,s) | Ie,s),
0s; 0s;
where eq. (2.109) was systematically applied whenever possible. On the right-hand side
of the last equality we find a matrix that has to map all possible solutions to zero. This
property immediately extends to every possible vector when considering any boundary
condition in any point (¢,s), meaning that the matrix itself is identically zero. The

resulting constraints for the DE matrices are the integrability conditions

0

a—SiAJ’(G, s) —

iAi(e,s) — [Ai(e,s),Aj(e,8)] = 0. (2.111)
0s;

A further condition for the matrices A;(e,s) follows from the homogeneity of the
solution Iy (e, s) which, in terms of the kinematic invariants, is of degree Ld/2 — )" vo (1),
where v, (I) is the power of the a-th inverse propagator of the master integral Ij,. Note
the factor 1/2 here compared to eq. (2.103), where the degree of homogeneity with respect

to momenta is taken into account. The analog of eq. (2.104) is then given by

Zsz _La, Zdl&g(l/a(ll) va(l2), . )] I(e,s) = 0. (2.112)

Again, applying the DEs (2.109) and considering any possible boundary condition in any

point (€,s), we arrive at the matrix equation

(¢,s) — @1+Zdlag<ya(11) vall), ) ~0. (2.113)

”MU}
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The conditions in egs. (2.111) and (2.113) only depend on the DE matrices and do not
require to know the solution beforehand. For this reason and for their simplicity they are

often used as a sanity check when building the system of DEs.

Given the partial DEs (2.109), one can consider the DE along any phase space curve s(n)

with line parameter 7). In fact, chain rule differentiation combined with eq. (2.109) leads to

0 B 5 ds;(n) [ 0 B 5 ds;(n)
a—n“G’S("))—Zd—n[£I<€’S>]st(n)—; O e st (2114)

which, using the notation I(e,n) = I(e,s(n)), corresponds to the ordinary DE

8%1<6’ n) =AlenI(en), Alen) =)

i=1

dSz’("?)
dn

A;(e,s(n)). (2.115)

The study of this kind of DE system is the main topic of this thesis. Indeed, if boundary
conditions are available at some phase space point sy, we can consider a curve s(7) passing
through sy and solve eq. (2.115) to propagate the MIs to any other phase space point on
the curve. For instance, given any target point s;, in LINE we build the DE along the
straight line connecting the boundary and the target point, that is,

s(n) = so + 1 (s1 — o) , (2.116)

so that the DE matrix in eq. (2.115) is simply given by the linear combination

Ae,n) = Z(su — 50.4)A; (e, sp+ 1 (81— s0)) - (2.117)

=1

Then, we solve the DE (2.115) via series expansion to propagate the solution from s,
to s; along the phase space line. Since at any point the radius of convergence of the
series solution is finite, we split the line as described in section 4.1 and solve in multiple
propagation steps. At each iteration, we employ the techniques of sections 4.2 and 4.3 to
solve around regular and singular points, respectively. In the presence of branch points,
the method outlined in chapter 5 allows us to analytically continue the solution according

to the Feynman prescription.



Chapter 3

Differential equations for Feynman

integrals

Differential equations such as those obtained in chapter 2 can be solved along a curve
in the phase space of the kinematic invariants. This provides a valid strategy for the
numerical evaluation of Feynman integrals. In this chapter we analyze the structural
and analytic aspects that are most relevant when finding the solution to this kind of DE
system, paying attention to exposing the key concepts in a way that lends itself naturally
to the algorithmic implementation in computer code.

First, in section 3.1 we address the dependence of the equations and their solutions on
the regulator € within the framework of dimensional regularization. The strategy adopted
here consists in solving the equations for several numerical values of €. The corresponding
solutions can then be considered as interpolation samples for the coefficients of the Laurent
expansion around € = 0. This procedure allows us to focus on the solution of univariate
DEs whose coefficients are rational functions in the line parameter. Besides being well
suited for computer implementations, this class of problems constitutes the foundation of
several other numerical strategies.

The block structure of the DEs is then examined in section 3.2. A lower-triangular
block disposition naturally emerges when the master integrals are ordered according to
the sector hierarchy discussed in section 2.1. Each block on the diagonal corresponds to a
sector of the integral family and couples only to its sub-sectors. This structure can be
exploited to decompose the full system into a sequence of smaller problems of increasing
complexity. To ensure that this strategy is also suitable for DEs that are not related to
MIs, we discuss how it is possible to obtain the same block disposition by solely looking at
the location of the non-zero elements of the DE matrix.

In section 3.3, the DEs are analyzed around their singularities. These must be regular
singular points, in the neighborhood of which it is always possible to find a change of basis
that transforms the system to Fuchsian form, meaning that the DE matrix in the new basis

only presents simple poles around the singularity under consideration. An algorithmic
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procedure is described to build such a transformation following the block structure of the
DEs, thus preparing the system to be solved by means of the series expansion methods
illustrated in chapter 4. Being able to solve the system around a singular point not only
allows one to cross the singularity when propagating the MIs across the phase space, but
it is also crucial for determining boundary conditions, which are necessary for the DE
method to succeed.

Section 3.4 is indeed dedicated to the topic of BCs. Two related approaches are
discussed: the AMFlow method and the technique of expansion by regions. The former is
based on the introduction of an auxiliary mass in the propagators of the FIs. The mass
is pushed to infinity, where the leading behaviors of the integrals are known and can be
used as BCs when solving DEs with respect to the auxiliary parameter. The physical
value of the original FIs is then recovered by propagating the solution to the limit where
the auxiliary mass vanishes. The AMFlow method is among the most successful ways to
obtain BCs, even though the introduction of an auxiliary parameter generally increases the
number of MIs. However, once a boundary is obtained in a phase space point, the methods
of section 4 allow its propagation to many other values of the kinematic invariants.

To analyze the infinite-mass limit, the AMFlow method relies on EBR. The latter is
a technique for obtaining the asymptotic expansion of Feynman integrals near singular
configurations by decomposing the integration domain into several regions, each charac-
terized by a specific scaling of the loop momenta. In principle, the method of EBR does
not require the introduction of auxiliary kinematic parameters. We discuss a few cases
where EBR can be exploited to extract the leading power behaviors of the MIs and use
them as BCs for the DEs. In particular we show that, for these examples, one only needs
to know the powers appearing in the leading behaviors since, analyzing the DEs in the
singular limit, it is possible to express the associated coefficients in terms of the MIs from
the bottom sectors, which are simpler and thus are known analytically. This technique is
illustrated in more detail in section 4.3.3 where, building on the tools developed throughout
section 4.3, we show how to exploit the power behaviors predicted by the EBR to minimize
the number of leading coefficients that must be provided as BCs in order to determine the

solution.

3.1 Dependence on the dimensional regularization

parameter

We consider Feynman integrals within the framework of dimensional regularization, where
each integral is analytically continued to non-integer space-time dimensions d = dy — 2e,
with dy € N being the original number of dimensions and e an infinitesimal regularization

parameter. Infrared and ultraviolet divergences are thus regulated, so that they appear as
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poles in the Laurent series of the integrals around ¢ = 0. Therefore, when propagating
a set of master integrals I(e,n) along a phase space line, the target quantities are the

coefficients Ix(n) of the expansion

ord

I(e,n) = €Y L) + O(e2remtt), (3.1)
k=0

to be computed up to the desired order —2L + ord. To this end, one has to deal with
the dependence on the regulator €. Several methods are available in the literature. For
instance, one can expand the matrix A(e,n) in € and solve the differential equations order
by order, looking directly for the coefficients Ij(n) of the Laurent expansion of the MIs.
Assuming that poles in € are removed both from A(e,n) and I(e,n) by normalizing the

MIs with overall powers of €, we have

I(e,n) = > T, Ale,n) =) Aw(n)e". (3:2)

S AL =3 S ALY = 3 S A iLmE . (3)

where, in the last equality, we changed indices to introduce k = ¢ + j. Therefore, at any

order €*, we have the non-homogeneous DE

S0 = Ba()Talo) + 3 Ae (DL, (3.4)

where the last term in the sum is separated from the others to highlight the homogeneous
part of the DE. One can begin by solving the homogeneous equation for the leading-order
coefficient Iy(n) and then proceed to the subsequent orders, using the solutions of the
previous steps to construct the non-homogeneous term. This is the approach used, for
instance, in the packages DIFFEXP [49] and SEASYDE [50]. Note however that the parallel
computation of different orders in € is not possible within this framework, as each order
enters the computation of the next one.

In [89] it was suggested to look for a change of basis® such that the DE matrix A(e, )
for the transformed integrals I(e, n) is simply proportional to e, that is, A(e, n) = eA(n).

When this is done, we say that the matrix is in e-form. In this case, the expansion of

IThe formalism for a generic change of basis is discussed in section 3.3.
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A(e,n) in ¢ only contains the order ¢, with A;(n) = A(r). Moreover, being Ay(n) = 0, we

see from eq. (3.4) that the solution is given in terms of iterated integrals as in

T.(n) = Li(0) + /Ondm A(m)Ti—1(m)

~T,(0) + / iy A(n)Ta (0) + / i A(my) / "o A )T a) = ...

k n - m ~ -1 ~ ~
“T0)+) / dny &) / dnp K(m) -+ / iy AT (0), (3.5)

where the leading-order coefficient is a constant, In(n) = Io(0). In terms of the kinematic

invariants, the e-form of the DEs can be written as
dI(e,s) = edA(s)I(e, s), (3.6)

and the solution formally corresponds to the path-ordered integral

(e, (1) = Pexp [ / (n)dlxi] T(e,5(0)) (3.7)

One can try to transform the DEs in canonical form. In this representation, the total

differential dA(s) is given by
dA(s) = Apwi(s), (3.8)
k

where the wg(s)’s are differential one-forms with at most simple poles. For instance,
if the integrals correspond to polylogarithms, the one-forms are logarithmic, meaning
that wy(s) = dlog ay(s). The differentials dlog ay(s) are called letters, while the set of
independent letters is naturally referred to as the alphabet. In case the canonical form is
obtainable with rational transformations, the functions a(s) are rational as well; otherwise,
they are algebraic functions (which typically is the case for integrals with massive lines).

Finding a basis where the DEs are in canonical form is not always possible. It can
happen that A(e, 1) = Ag(n) + €Ay (n) but the constant term Aq(n) cannot be set to zero
and gives rise to elliptic integrals [90-93].

To handle the dependence on the regulator ¢, LINE follows the strategy proposed
in [53| instead. The DE (2.115) is solved for different numerical values €y, €a, ... of the
parameter € and the coefficients of the Laurent expansion are interpolated at the desired
precision from the results I(e;), I(es), ... obtained for each sample value. The numerical
setup implemented for this task is the one chosen for the AMFLOW package presented
in [53]. The interpolation of the e-orders is described in detail in appendix A.2.
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The main advantage of this procedure is that, for each value ¢ = ¢;, eq. (2.115)
turns into a univariate problem and hence becomes much simpler to solve numerically.
Furthermore, the computations at different values of € are completely independent and
can thus be carried out in parallel in a computer program implementation. Overall, we
trade a two-variable problem for a set of multiple independent univariate problems with
equal complexity. When higher orders are required for the Laurent expansion in eq. (3.1),
it is sufficient to increase the working precision and perform the computation at more
values of €. Provided that enough computational resources are available, the conceptual
complexity of the calculation remains the same.

It should be noted, however, that the price to pay for using this approach is that
boundary conditions are required at arbitrary precision for the numerical values € = ¢;,
as opposed to only knowing their expansion up to the desired order. For instance, the
AMFlow method described in section 3.4.1 allows one to generate boundary integrals
working directly at € = ¢;, since the behaviors of the integrals in the infinite-mass limit
can be reconstructed through closed-form expressions in e.

For ease of notation, in the rest of the work we often omit the dependence of any
quantity on the regularization parameter €, assuming that it has been fixed to a numerical
value, and focus on the dependence on the line parameter . We emphasize that the DE
matrix elements are rational functions in 7 and so are particularly suited for computer
implementations based on low-level programming languages. For instance, in LINE several
routines are implemented to perform basic polynomial operations such as sums, products,
simplifications or the computation of the polynomial least common multiple. Everything
is done by solely looking at the coefficients of the polynomials in the numerators and at
the roots of the denominators, which can be efficiently found numerically at arbitrary
precision. More details on this point are given in appendix A.1.

Note that the formalism illustrated in this thesis can be employed in general to solve
systems of ordinary DEs whose coefficients are rational functions and for which the non-
homogeneous term has the same kind of series expansion as the solution. Therefore, it is

well suited for DEs such as those in eq. (3.4) as well.

3.2 Block structure

As pointed out in section 2.4, the derivative of a Feynman integral is a linear combination
of integrals that belong to the same sector as the original integral or to its sub-sectors. In
the same way, when integration-by-parts reduction is performed on these integrals, the
identities that are used also relate integrals of the same sector and its sub-sectors. By
applying the same reasoning to d,I(¢, s) in eq. (2.109), we conclude that the only non-zero
elements (A;);; of the differential equation matrix are those such that I is in the same

sector as [; or in one of its sub-sectors.
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A consequence of the property noted above is that the master integrals can be ordered
in such a way that the associated DE matrices A;(e,s) are composed of blocks whose
disposition is lower triangular. To achieve this, it is sufficient to choose a partial ordering <
on the set of MIs such that I, < I,, when o(1,,) is a sub-sector of (1), while I, and
I,, are incomparable otherwise. One can order the MIs accordingly and then handle
incomparable pairs by grouping together MIs of the same sector. For instance, the sector

identification function p defined in eq. (2.21) satisfies the condition
L, < I, = p(I,) < p(ly), (3.9)

while also providing a way to order incomparable integrals of different sectors if the partial
ordering < is extended by considering eq. (3.9) to hold in the opposite direction as well.
When doing so, the only pair of integrals that remain incomparable are those composed of
integrals within the same sector, which hence are placed next to each other in this ordering.
While it is possible to also introduce a further internal ordering for MIs belonging to
the same sector (e.g., by ordering with respect to the sum of the positive powers and
the negative sum of the negative powers), different choices would lead to the same block
structure for A;(e,s).

Now let us consider any ordering of the MIs I(e, s) that is in agreement with the sector
hierarchy specified above. Since MIs of the same sectors are arranged consecutively, we
can identify the r-th sector with the index b, of the first MI falling into the sector. The
number of MIs in the sector is then given by L, = b1 — b, (where we consider b,,; = I +1
for the last sector, I being the number of MIs). If B is the number of sectors, any DE
matrix A; can be split into a B x B grid of L, x L, blocks AY’S) as follows:

AMD L a0® oo o B
A, = : . A(T’s): : .
APY L APY

()

(A)b+z—1.6, -+ (Dbt L1054 Ls—1
(3.10)
namely, AET’S) is the L, x L, block whose top-left element has matrix indices (b,, bs). The
blocks AET’T) on the diagonal are square L, X L, matrices that represent the coupling
between MIs of the same sector r, while each sub-diagonal block AET’S) with » > s collects,
from the derivatives of the MIs belonging to sector r, the components that lie within
sector s. In light of the above discussion, AET’S) with 7 # s can be non-zero only if sector s
is a sub-sector of sector r. With the ordering of MIs under consideration, this can occur
only when r > s, i.e., for blocks under the diagonal. Hence AET’S) =0 Vr < s, meaning

that the block grid in eq. (3.10) is lower triangular.

When solving the DE (2.115) along a curve with parameter 7, the lower-triangular

block structure of the matrix A(n) allows us to proceed sector by sector sequentially, thus
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solving a smaller problem at each step. To see how, let us denote by I (n) the MIs of

sector r and consider the L; homogeneous equations for the integrals of the first sector,

A0 = A I ), (311)

If these equations are solved, we can move to the L, equations for the second sector,

dil(” () = APV )IV () + AP (I (n), (3.12)
1

which are non-homogeneous because of the term A1 (n)IM (n) generated by the solution
of the previous sector. By iterating this procedure, we can solve for the first » — 1 sectors

and find, for the MIs of sector r, the system of L, non-homogeneous differential equations

d
d_nI(r) (n) = ACD (IO () + IO () (3.13)

where the non-homogeneous term J()(n) is built by contracting the r-th row of sub-diagonal

blocks with the solution of the previous r — 1 sectors, namely,

r—1

IO = AR I (). (3.14)

s=1

As the elements of A(n) are rational functions, J)(n) inherits its series expansion from
the solutions of the previous r — 1 sectors. In particular, if A(n) is regular at the expansion
point, then the solution has a Taylor series and so does the non-homogeneous term. When
the expansion point is a regular singularity, the expansion for the solution is shared by
J) () with at most a negative integer shift in the power behaviors due to the possible
presence of poles in the sub-diagonal blocks A% ().

The block strategy outlined above is very useful for a computer program implementation,
as it allows us to focus only on the non-zero block components of the matrix A(n). Although
we trade a homogeneous problem for a set of non-homogeneous ones, the computational
cost of solving via series expansion eq. (3.13) is of the same order of magnitude as the
one for its associated homogeneous equation. As shown in chapter 4, the recurrence
relations for the two cases are indeed the same, the only difference being that also the
series coefficients of the non-homogeneous term give their contribution.

Typically, as one moves to higher sectors, the computational complexity increases
progressively, as the sectors grow in size, the number of vanishing off-diagonal blocks
decreases and the rational functions in the DE matrix exhibit polynomials of higher degree

with new roots appearing in the denominators. On the other hand, when solving DEs
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sector by sector, the solution up to any given sector does not depend on the solution of
the subsequent ones. Therefore, another benefit of this approach is that it allows one to
address the simplest parts of the problem first and then move progressively toward the
more difficult ones. Not only does this prove to be useful for debugging, but it also paves
the way for alternative propagation strategies. For instance, MIs from sub-sectors may
be propagated independently using larger step sizes, since their radius of convergence is

wider owing to the presence of fewer poles in the upper rows of the DE matrix.

As the methods described in this work can be used to solve also DEs whose unknown
functions are not FIs, it is useful to adopt an algorithmic approach for the ordering of I(n)
that does not rely on the notion of sectors or any other concept related to Fls. Such a
procedure is possible by solely looking at the disposition of the non-zero elements in the
matrix A(n) [49]. Indeed, we can associate with A a directed graph A such that each pair
(n,m) of vertices is connected by an edge n — m if and only if A,,,, # 0. Then each vertex
represents one of the unknown functions and the edges indicate which pair of functions
are directly coupled through the DE, with the direction specifying which one affects the
other. The edge n — m points out that I, affects I,,, since 0,1, depends on I,,. If the
edge m — n is not present, the converse is not true.

A strongly connected component A, of the graph A is a maximal subset of vertices
such that each vertex can be reached by any other through a path of directed edges. The
subset must be maximal in the sense that the inclusion of any further vertex would break
the property stated above. In a strongly connected component A,, each vertex affects
all the others, even if not directly. Each A, can be represented by a single vertex in the
so-called condensation A of the graph A, where an edge s — r is placed if there is a
directed path connecting a vertex of A, to one of A, (which implies that every vertex
of A, is reachable by any vertex of Ay).

Therefore, to order the unknown functions one has to assign each I,, to its strongly
connected component o (1,,), build the condensation graph A, consider I,,, < I,, if the
edge o(1,,) — o(I,,) is present in A© (i.e., if there is a directed path from I, to I,,), and
place next to each other functions belonging to the same component. The parallel between
the notation o(I,,) used here and the sector function o is intended, since in the case of
DEs for Fls the strongly connected components are precisely identified with the sectors of
the integral family, while o(1,,) — o(I,,) means that o(I,,) is a sub-sector of o(1,).

The strongly connected components of a directed graph can be efficiently identified
using standard algorithms, such as those by Tarjan [94], Kosaraju [95] and Gabow [96], all

operating in linear time with respect to the number of vertices and edges.
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3.3 Regular singular points

The integral representation of Feynman integrals constrains their behavior near singular
points to be bounded by powers of the kinematic invariants [47, 74|, meaning that the
poles of the differential equation matrices must be regular singular points. Solving the
DEs around their singularities is a key ingredient for the framework developed in this
work. In particular, we can analyze the solution around singular configurations where the
FIs have a known behavior and obtain boundary conditions by imposing that the solution
behaves accordingly. Furthermore, solving around a pole also provides a valid strategy to
cross singularities that are encountered on the propagation path.

Not every singular point of the DE matrices corresponds to a singularity of the Fls.
When the Fls are regular around a pole of the DEs, we refer to the latter as a spurious
singularity. These are not physical in the sense that they are not predicted by unitarity
cuts. When boundary values for the master integrals have been propagated up to the
convergence disk of a spurious singularity and are matched with the solution to the DEs
around the pole, the coefficients of the singular terms present in the general solution cancel
out within the working precision, regardless of the prescription chosen for the analytic
continuation. Conversely, one can generate BCs around spurious singularities by setting
these coefficients to zero. However, to fully determine the solution, it is possible that the
leading-order terms of the regular contributions have to be provided as well.

It may happen that a linear change of basis is performed in which the new MIs are
expressed as linear combinations of the original MIs with singular coefficients. Even though
the original MIs are regular, in the new basis both the DEs and their solutions may become
singular. However, the singularities cancel out when transforming back to the original
basis. When the coefficients of the transformation are rational functions, the new basis
can only exhibit poles. If the coefficients are algebraic functions (a case not considered
here), they may introduce algebraic branch points for which analytic continuation can be
performed by choosing an arbitrary prescription.

Finally, singular points that are branch points for the MIs correspond to physical
singularities predicted by unitary cuts. In this case, the physical solution does depend on
the prescription chosen for the analytic continuation, which indeed must be performed in

agreement with the Feynman prescription.

3.3.1 Fuchsian normal form

Let 1 be the line parameter of a phase space curve s(n) that goes through a pole for n = 0,
that is, the corresponding differential equation matrix A(n) is singular at n = 0. We define

the Poincaré rank of A(n) in n = 0 as the smallest integer p such that

lim 7Pt A(n) = finite. (3.15)

n—0
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Hence the Laurent expansion around n = 0 for a matrix A(n) with Poincaré rank p is

1 oo
A =—=> A, AL, #0, (3.16)

T o+l
U

so that p = 0 means that A(n) has a simple pole around the singularity and in general
p > 0 indicates a pole of order p + 1.

The regularity of the singular point n = 0 guarantees that the Poincaré rank of A(n)
can be reduced to zero by means of a suitable transformation [97]. Given an invertible
matrix T(), we can indeed consider the change of basis I(n) = T~(1)I(5) and find the

DE matrix for the transformed integrals. By differentiation, we have

d~ . d ., Cd. o d
) = 5 [T W) ) = | 7700|100+ T ) 10

= [T+ T a0 10 = | 170 + T ) T, 347
where we used first 9,I(n) = A(n)I(n) and then I(n) = T(n)I(n). As we observe, the
transformed integrals satisfy the DE system

%T(n) — A(n)i(n). (3.18)
where the matrix 1&(7}) is given by
A(m) = T (nAW)TH) - Tl(n)%’ﬂ‘(n) | (3.19)

Here, we used (9,T'(n)) T(n) = =T~*(n)d,T(n) to rewrite the transformation law in the
form that is commonly adopted in the literature.

It was proved by Horn [98] that the pole n = 0 is a regular singularity if and only
if there exists a transformation matrix T(n) such that the transformed matrix A(n) in
eq. (3.19) is in Fuchsian form, that is, it has Poincaré rank zero. The matrix T(n) is
analytic in some neighborhood of 77 = 0 with at most a pole at n = 0. Moser [97]| defined
the generalized Poincaré rank p’ of A(n) as p+r/I — 1, where r is the rank of the leading
coefficient A_, and [ is the size of the matrix. He then proved that p’ can be reduced if

and only if

=0 VA, (3.20)

n=0

A_
n" det (Tp +A 11— )\]1>

and provided a method to construct the corresponding matrix T(n). The algorithm was
improved by Barkatou and Pflugel [99, 100], and later by Lee [101]. In the reduction
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mechanism, the rank of A_, is progressively lowered until A_, = 0, meaning that the

Poincaré rank has been reduced by at least one unit. This procedure is iterated until p = 0.

As shown in section 3.3.2, it is always possible to choose a transformation T(n) that shares

the same block structure as A(n), so that the same partition is inherited by A(n) as well.
In a Fuchsian basis the DE matrix A(n) expands as

~ 1~ ~
A@n) = EZAW’“ . Ag#0. (3.21)
k=0

While employing the series expansion method of section 4.3, we also require every block
1&(()7"’” on the diagonal of the leading-order coefficient to be in Jordan normal form. Finally,
by means of shearing transformations, in section 3.3.2 we shift each eigenvalue so that it
lands on the interval [0, 1[. By doing so, Ao becomes free of resonances, in the sense that
no pair of its eigenvalues has an integer difference.

To summarize, around a regular singular point of the DE matrix A(n), it is always
possible to find a transformation T(n) of rational functions such that, in the new basis,
the transformed matrix A(n) of eq. (3.19) has Poincaré rank zero and the blocks on the
diagonal of its leading-order coefficient 1&0 are in Jordan normal form and free of resonances.
When all these conditions are met, we say that ,&(n) is in Fuchsian normal form and the

methods of section 4.3 can be applied to solve the system of DEs.

Let us now consider a DE system that has been transformed to Fuchsian normal form.
It is known from text books such as [102]| that a fundamental matrix solution to the
DE (3.18) can be expressed in the form

H(n) =P(n) Z(n), (3.22)

where P(n) is analytic in a neighborhood of the origin and P(0) = 1, while Z(n) is a

fundamental matrix solution to the DE
—7Z(n) = —Z(n). (3.23)

The latter is obtained from the DE (3.18) by expanding the matrix 1&(17) and keeping only
its leading-order term. Therefore, Z(n) captures the leading-order behaviors of the matrix
solution H(n). Note that the matrix Z(n) is determined up to the multiplication on the

right by any non-singular constant matrix. A possible choice is given by

Ky k
~ ~ lo
Z(n) = = et =3y jgk—@zx,k, (3.24)
AEA k=0 )
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where A is the set of eigenvalues of ,&0. Therefore, in a Fuchsian basis, the solutions to the

DE (3.18) have the series expansion

" Ky k ©
I => 1) logk,(n) > T (3.25)
’ n=0

AEA k=0

When transformed back to the original non-Fuchsian basis, the expansion becomes

K k e o]
_ log "
I(n) = E U E k,(n) E Dokan”, (3.26)
AEA k=0 ’ n=0

where ¢, is an integer shift. We refer to any expansion of this kind as a regular singular
expansion. Note that powers n* with non-integer exponent \ and the logarithms log(n)
have branch cuts developing from the singularity at n = 0.

In the case of DEs for Fls, the eigenvalues A of the leading-order coeflicient Ao(e)
play a crucial role in the determination of BCs. As shown in sections 3.4.2 and 4.3.3,
with the method of EBR one can indeed predict the leading behaviors n* of FIs around
singular kinematic configurations where some scales become negligible compared to others.
The domain for the integration over loop momenta is split into different regions, each
characterized by a specific scaling 7*. EBR allows the determination of the leading-order
coefficients for the expansion in eq. (3.25) and thus of the solution corresponding to the
sought FIs. The eigenvalues A are expected to be linear in the regulator €, as it can be

confirmed within the framework of EBR.

3.3.2 Sector-by-sector normalization

As discussed in section 3.2, the differential equation matrix A(n) is block lower triangular
when the master integrals are ordered according to their sector hierarchy (with sub-sectors
coming first). With this choice, the MIs up to any given sector r are not affected by
those belonging to higher sectors and, therefore, it must be possible to normalize the
first r sectors of A(n) independently of the subsequent ones. Since this is true for any r,
the normalization of the matrix A(n) must follow its block structure, so that the final
transformation matrix T(n) is lower block triangular as well.

In this section we describe a procedure to find a transformation matrix T(n) that
is block lower triangular and such that the transformed matrix A(n) of eq. (3.19) is in
Fuchsian normal form. This task can be broken down into successive steps. Indeed, using

the notation

®r[A](n) = A(n) = T (n)A(n)T(n) — T~ (n)—T(n) (3.27)



3.3 Regular singular points

for the transformation law in eq. (3.19), we have that ®r satisfies the composition property
(I)Tsz [A] = (I)Tz [(I)Tl [AH : (328)

Therefore, we can proceed by finding successive transformations T;(n), Ta(n), ... and, for

each Ty(n), updating A(n) and T(n) according to

A(n) — or,[A(n),
T(n) — T(n)Tk(n) -

In LINE the DE matrix A(n) is transformed to Fuchsian normal form in two stages:

1. Each block A (n) on the diagonal of A(n) is transformed to Fuchsian form and the
eigenvalues of their ™ !-order coefficients have their real part moved to the interval

0, 1] with integer shifts.? We refer to this step as diagonal normalization.

2. The off-diagonal blocks A™*)(n) with r > s are transformed to Fuchsian form
without changing the blocks on the diagonal. We denote this step by off-diagonal

fuchsianization.

In the following, we illustrate how both steps can be implemented.

1. Diagonal normalization. As mentioned in section 3.3.2, the algorithm presented by
Lee in [101] allows the transformation to Fuchsian form of a square matrix that satisfies
the reducibility condition in eq. (3.20). This can be applied to each block A" (n) to
obtain a transformation matrix T("")(n) of rational functions and the transformed block

A(”)(n) in Fuchsian form, which has the series expansion
N (ror 1 o~ T x(rr
RO = Y A0t AT A0, (3.29)
k=0

Then, the leading-order coefficient &()r’r) is transformed to Jordan normal form by means

of a constant transformation matrix ']I‘Sr’r), which is accumulated by updating the matrices

T () and A7) (n) according to

TC7 () = T () TT7,
A () = Ty A ()T

2Although in cases of physical interest the eigenvalues are real, the mathematical procedure outlined in
this section works out of the box for complex eigenvalues as well, provided that their real part is considered

as a stopping criterion when performing the shift.
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The leading term &g’"”") is further normalized by acting with shearing transformations
that progressively shift the eigenvalue of each Jordan chain by one unit until its real part

falls into the interval [0, 1[. The transformation matrix to shift by s = +1 is given by

Tgﬁf)(n) = diag(1,..., 1,7, ...,n%1,...,1), (3.30)

target chain

where the term 1™* is placed at the indices corresponding to the Jordan chain of .&g’” to
be shifted. Indeed, when the block AT (n) is transformed according to

A () = T A )T ) = T8 ) T8 ). (3.31)
the eigenvalue is shifted by the derivative contribution
(r,r)—1 d (r,r) S .
T8 )T () = = diag(0,...,0,1,...,1,0,...,0), (3.32)
Ui n

which operates directly on the diagonal of the leading-order coefficient Xxg”). However,
by acting with eq. (3.31), the effect of the contribution ng’r)_l(n),&(”) (U)ng’r)(n) is that
the columns corresponding to the Jordan chain are multiplied by n~* and the rows by 7n®.
Although the block of &g”) corresponding to the chain remains unchanged, some elements

1

outside the block are multiplied by n~" and so matrix elements from the next-to-leading

coefficient AY’T) may appear off-block in the leading order, spoiling its Jordan structure.
So a new transformation T is found to transform A" to Jordan form again, with
the overall result that the target Jordan chain is shifted as a whole and the others are

preserved. The shearing and Jordan transformations are accumulated with the update
T () = TOD () TS () TS (3:33)

This procedure is iterated until all eigenvalues have their real part in the interval [0, 1],
implying that Xxg’“’” is free of resonances.

Note that only shifts of one unit per step are allowed, since a shifting term 1% with
|s| > 1 would act with 77* outside the Jordan blocks, thus spoiling the fuchsianiza-
tion. However, multiple Jordan chains can be treated together with a single shearing
transformation if the proper term n*! is placed at the indices corresponding to each chain.

Once all the eigenvalues have been normalized, the block A7) (n) is in Fuchsian normal
form and the accumulated transformation matrix T (n) is such that A" () and A7) ()
are related by

4 i) (n). (3.34)

AT () = T AT ()T () = T )
n
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If the same is done for all the blocks on the diagonal, one can arrange each T("")(n) in a

global block-diagonal transformation matrix
T(n) = diag(T"V (n), T®? (n), ..., TEH) (1)) (3.35)

that, acting on A(n) via eq. (3.27), transforms each block on the diagonal according to
eq. (3.34). In the same global transformation, the off-diagonal blocks are changed as well,

according to

AT () = TED 1 (AT () TED (), s < 7. (3.36)

In general, these blocks are still non-Fuchsian and so must be transformed to Fuchsian

form in the next stage.

2. Off-diagonal fuchsianization. We need to transform the off-diagonal blocks to
Fuchsian form while preserving the blocks on the diagonal, which are in Fuchsian normal
form after the first stage. With this in mind, we look for a transformation matrix T(n)

that is block lower triangular with identity matrices on the diagonal, that is,

1 0 0 0
TED () 1 0 0
3,1 3,2
Toa(n) = | T () TG ) 1 0o |, (3.37)

since any such matrix leaves the blocks A(“)(n) on the diagonal unchanged when acting

on A(n). Furthermore, Tog(n) can be decomposed as

Tor(n) = T () TH () TG ()

1 0 0 0\/1 0 0 0 1 0 0 0
TZVm) 1 0 offo 1 0 0 0 1 0 0
=l 0 0 1 oo T&2 ) 1 ol TS m) o 1 0
0o 0 .. 0 1/\o 0 ... 0 1 0 0 ... 0 1
(3.38)

where we define T({);S} (n) as a global matrix with identity matrices on the diagonal, the

off-diagonal block T (1) placed in position (r,s) and null blocks anywhere else. The
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factorization in eq. (3.38) allows us to focus on each transformation T((;;s) (n) separately,

aiming to transform to Fuchsian form the off-diagonal blocks of ,&(n) in the order
AP (), AB2 (), ABD (), ABD) (), A4 (), AGD () . (3.39)

When acting on 1&(77) as in eq. (3.27), ngs) (n) transforms each block according to

(~ r,s N(s.s N(rr r,8 d r,s
AT () = TG (A () + ACD ()T () — d—nﬂréﬂ» ‘i), h=rk=s
AP () — AR () = TG (A () h=r k<s,
AP () + AN ()T (1), h>rk=s,
\ ABR (), otherwise,

(3.40)
thus changing the block in position (r, s), as well as the r-th row of blocks from (r, 1) up to
(r,s — 1) and the s-th column of blocks from (r + 1, s) down to (B, s). Aiming to exploit
this transformation to lower the Poincaré rank p of AT (n), we choose the block Tf&s)(n)

in the form

78 G(nS) .8
T () = 5 G = const, (3.41)
substitute its expression in eq. (3.40) for h = r, k = s, and impose the cancellation of the
leading order 1/nP*™'. We obtain

0=A"Y —GrIAPY + AlIGE) 4 pGU) | (3.42)
which constitutes a system of L, x Ly linear equations that we solve for the unknown
matrix elements of G*). The solution fixes the transformation Ti"*}(n), that we use
to transform A(n) as in eq. (3.40). By construction, the Poincaré rank p of A" (n) is
lowered, while the sub-row and the sub-column of (r, s) are changed as well. By iterating
this procedure until p = 0, the off-diagonal block Ars) (n) is transformed to Fuchsian form.

Note that, if we had already worked out the blocks on the sub-row and the sub-column
of (r,s), their fuchsianization would be spoiled by the action of T{"*}(5). Instead, we
transform the sub-diagonal blocks to Fuchsian form in the order specified in eq. (3.39), thus
avoiding such a problem. This explains why, even though the factorization in eq. (3.38)
holds for any ordering of the factors, we choose the one where the only non-zero off-diagonal
block goes through each row r starting from the block (r,r — 1) and moving towards the
block (r, 1), then proceeding with the next row and so on. This particular choice ensures
that, after its Poincaré rank is reduced to zero with the method illustrated above, the

block A% (5) remains unchanged in the subsequent iterations.
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Following the ordering in eq. (3.39), we reduce to zero the Poincaré rank of all the
off-diagonal blocks, the last one being 1&(371)(77) in the bottom-left corner. The global
matrix 1&(77) resulting from this procedure is in Fuchsian normal form, matching all the
conditions that are necessary to solve the DE around the regular singular point n = 0 with
the methods of section 4.3.

3.4 Boundary conditions

In order for the differential equation method to succeed, boundary conditions must be
known to fully determine the solution in some kinematic configurations. The boundary
values obtained for one point of the phase space can then be propagated to many other
points. We now explore two approaches for the determination of boundary conditions,

both of which are based on solving the differential equations around singular points.

3.4.1 The auxiliary mass flow method

In this section we describe the AMFlow method in its original formulation, which is the
one implemented in LINE and relies on the introduction of the auxiliary mass n in all the

propagators of the integral family in eq. (2.64). In particular, D, is modified according to

Dyo=¢—m:+ic — Dy=¢ —-m:—-n, Imn<o0, (3.43)
where the auxiliary squared mass 7 is considered in the lower half of the complex plane so
as to be consistent with the Feynman prescription. The physical value of the Feynman
integrals then corresponds to the limit 7 — 0 (with Im7 — 07). Upon the introduction of
the auxiliary mass, the number of MIs generally increases. Thus we move from a basis
I(e,s) to an extended one Z(e,s,n). Differentiating with respect to the auxiliary mass as
in eq. (2.65) and applying the IBP identities of section 2.5, one can close a system of DEs

for the extended basis in the form

)

8_1(575;77) = M(easun)z(€7s7n) : (344)
n

The key advantage of studying this system of DEs is that BCs can be obtained by pushing n

to infinity in the lower half of the complex plane. In fact, when the auxiliary mass becomes

much larger than the kinematic invariants s, the MIs behave as

Ti(e,s,m) "2 00 [ Ti(e,0,1) - O(1/n)], ai = Lg _ Z vi(T;) . (3.45)

where Z;(€,0,1) are unit-mass L-loop vacuum integrals that are known in the literature

with their exact dependence on € up to three-loop [26, 103, 104, and numerically up to
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five-loop [25, 105, 106]. For instance, the one- and two-loop vacuum integrals can be

computed using the analytical formulae

O - (-1)”% , (3.46a)

T (s =2+ e)l'(vy + 12 — 2+ ¢) 2— €V, +1y—2+€ 1
(1) LN - N ) ;=
['(vg)I(v1 + 1a) meve v L3y 04

G .
. .

F2—vs—e)l'(n +v3 =24 €)' (ra+v3—2+€)'(v+ 2 —4)

* T )T ()T (2 — T (v + 15 — 4 + 2¢)

(3.46b)

 \F 1/3,V1+V3—2+6,I/2+I/3—2+€,l/—4+26.1:|
e V3_1+67V+l/23_4+671/+y23_3+€ 4 ’

where the v;’s are the powers for the loop currents ky, ko, k1+ko, and v = 11 +1v5+13. These
formulae are implemented in LINE for the numerical evaluation at arbitrary precision for
any value of e.

The result in eq. (3.45) for the leading coefficient can be obtained in different ways.
For instance, it is a direct consequence of the homogeneity properties given in eq. (2.103),
as one can see by rescaling the auxiliary mass. Also,  tends to be the only important
kinematic invariant as it grows much larger than the other invariants, so that eq. (3.45)
follows from dimensionality arguments. Ultimately, EBR can be used to examine the
limit |n| > |s|, arriving once again at the same result. Notably, EBR goes beyond the
determination of the leading behavior in eq. (3.45), as it also specifies that the only powers
appearing in the full series for Z;(e, s, n) are integer shifts of a;.

The behaviors in eq. (3.45) can be used as BCs when solving the DE (3.44) in the limit
|n| — 400 at constant kinematics s. To do this, one can change n = 1/£ so that the point
at infinity becomes ¢ = 0 in the new coordinate. Omitting the dependence on the fixed

invariants s, we define
Too(6,8) =T (e, 1/8), (3.47)

and differentiate with respect to &, obtaining

0 110

_Ioo 9 = T _I )

T8 =~ | (e

where eqs. (3.44) and (3.47) were used. Hence the integrals Z..(¢, &) satisfy the DE

_ _5_121\41(6, 1/6) (e, €) | (3.48)

n—1/¢

U1 (€,6) = Moo (€, §) Lo (€, €) Mm(e,ﬁ)z—%. (3.49)
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In light of eq. (3.45), we further introduce the integrals Z (e, ) according to

Too(e,€) = ding(6 ) Lo (e, 6). (3.50)

where €72 = (£, ...) are indeed the leading power behaviors of Z (e, &). Then,
from eq. (3.45) we know that the integrals Z_ (e, &) must be Taylor series whose leading
terms are the unit-mass vacuum integrals. Once again, the DE matrix for the newly
introduced integrals can be found by differentiation, which is equivalent to use eq. (3.19)

for a change of basis with transformation matrix T({) = diag(¢~?). In particular, using
0:T(§) = —diag(a) diag({~*) /¢, we have

%Zoo(@ 5) = Moo(e’ 5)1.00(67 5) ’

M. (c,€) = ding(€") (Moo<e, 6+ d%@) diag (6~ (3.51)

which is the actual DE we focus on. Even though the integrals Z (¢, ) are regular at
¢ = 0, the origin is still a regular singularity for the matrix M_(¢,€). In LINE eq. (3.51)
is solved via series expansion using the recurrence relations that are obtained in section 4.3.
Since Z__(¢,&) expands as Taylor series, the BCs can be imposed by vetoing the presence
of non-zero eigenvalues A in the ansatz of eq. (3.25) and requiring that the leading-order
coefficients for the null eigenvalue A = 0 are the unit-mass vacuum integrals. More details
on this procedure are given in section 4.3.3.

Once the Taylor coefficients for Z (¢, ) are known, the series can be summed at a
point & within its radius of convergence and multiplied by diag(£;®) to evaluate the
MIs Z(e,n) in a point 7, = 1/& in the lower half of the complex plane. After that, it is
possible to solve via series expansion the DE (3.44) using Z (e, ;) as boundary values, to
propagate from 7; to the limit  — 0 (with Imn — 0~ in agreement with the Feynman
prescription) using the series expansion methods of section 4, thus recovering the physical
values I(e, s) of the original MIs. In particular, following the procedure of section 4.1, one
can draw a straight line connecting 7, to the origin and propagate using series expansion
around regular points 7, 72, ... with the recurrence relations given in section 4.2, until
a point 7. is reached within the disk of convergence centered at n = 0, which may
be a (regular) singularity. Then, the method outlined in section 4.3 can be employed
to solve via series expansion around the singularity at n = 0, matching the boundary
Z(€e,Mast) and evaluating the limit 7 — 0. The values I(e, s) obtained in this way can serve

as BCs for propagation to many other points in the phase space of the kinematic invariants s.

The AMFlow method is a robust strategy that has been extended to include integrals

with Dirac d-functions [107] (phase space integrals) and propagators that are linear in
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the loop momenta [108| (subtraction counterterms, integrals for effective field theories).
Furthermore, a reformulation of the method consists in introducing the auxiliary mass
in fewer propagators, leading to a smaller increase in the number of MIs [52]. One can
go as far as inserting 7 in just one propagator. Then, in the limit |n| — +oo the MIs
factorize into products of integrals with fewer loops, where the same procedure can be
iterated by inserting another auxiliary mass 7/, analyzing the limit |'| — +o00 and so on.
After resolving all the sub-problems, one is finally able to obtain the values of the MIs at
|n| = +o00 and use them as BCs for the propagation to n — 0 as described above. The
EBR notions that are necessary to analyze the factorization of the FIs in the large-mass
limit are given in the next section.

Besides computational efficiency, the advantage of the iterative version of the AMFlow
method is that no analytic expression for the boundary integrals at infinity is required,
since they are computed with the introduction of additional auxiliary masses, thus enabling

higher-loop computations.

3.4.2 Expansion by regions

The technique of expansion by regions [109, 110] is a systematic approach to obtain the
asymptotic expansion of Feynman integrals near kinematic configurations where some
physical scales become small compared to the others. In essence, the method is based on
the identification of integration regions based on the scaling of the loop momenta with
respect to a smallness parameter. In each region, the integrands are expanded in Taylor
series and the integration is extended to the whole domain of the loop momenta. Scaleless
integrals are set to zero and the remaining contributions are summed together, yielding the
complete expansion of the original Feynman integral. However, many subtleties may arise
while employing such a procedure. A detailed analysis of the conditions to be matched
in order for the method to work properly can be found in [111], where the appearance of
overlap contributions is taken into account.

Although originally formulated in the momentum space, the formalism of EBR can
be extended to the Feynman parameter representation [112-115|, where a geometric
interpretation is possible. The MATHEMATICA code asy.m [113] was developed to find
the relevant regions and its update asy2.m [116] (part of FIESTA [117]) is also able to
detect the so-called potential and Glauber regions, that may be relevant in cases there
the Symanzik polynomial F have terms with opposite signs. Other implementations of
the EBR framework are publicly available as well, including PYSECDEC [33, 34, 118] and
ASPIRE [114, 115].

In the following, we study some examples in which EBR can be exploited in order to

obtain boundary conditions for the master integrals when solving differential equations



3.4 Boundary conditions

around singular points. We first consider the one-loop bubble integral with incoming

momentum p and propagators of mass m,

9 oy 1 B 1
Blep,m’) = / DDy / [ (s (3.52)

The corresponding integral family has a basis of two MIs, namely the bubble itself and

the tadpole of mass m, that we take as known through the analytical formula

Ale, m?) = /kDil - /kﬁ — (m?)T(e—1). (3.53)

We vary the squared momentum by taking p? = n while keeping m? fixed. The associated
DE reads

9] €, n,m?) €, 1, m?)

[B,5( 2y, JB.a( 2
—Bl(e,n,m?) = =222 L B(e,n,m?) + L= A(e,m*), 3.54
%( ) ; ( ) ; (e, m”) (3.54)
where fp p and fp 4 are functions regular at n = 0 given by
2m? —en 2(1 —¢)
2\ 2y
fB,B(eanam ) - n— 4m2 fB,A(€777am ) - n— Am2 (355)

As we can see, n = 0 is a regular singular point for the DE (3.54).

We now apply EBR in the limit of vanishing external kinematics n — 0, which
corresponds to |p?| < m? The two contributions to be considered in the integration
domain are the small-momentum region k ~ \/W < m and the large-momentum one
k~m> \/W . The bubble integral then splits into

1 1
meﬁz/ +/ . (3.56)
ker/Inl DD, k>+/Inl D1Dy

Following the prescriptions of EBR, we expand in series both integrands and extend their
integration to the whole loop momentum domain. In the zero-order term for the expansion

in the first region, both k& and p can be neglected with respect to the mass, so that

/]CN\/F| D11D2 — /k (ml2)2 + O(n) = scaleless +O(n) =0+ O(n), (3.57)

where we set to zero the scaleless integral as EBR demands. Conversely, in the leading
coefficient for the large-momentum region, p is negligible compared to the mass and the

loop momentum. Hence we have

/k>>ﬁ| B~ gE T OO = e U=+ 00), (359
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where the leading term is just the bubble with p = 0 substituted into the integrand.

Summing the two contributions we obtain
B(€7 7, m2) = m_2€(€ - 1)F(€ - 1) + 0(77) ) (359>

which is the leading behavior of the bubble integral in the limit n — 0.

We now use the behavior in eq. (3.59) as a BC informing us that, although n =0 is a
regular singularity for the DE (3.54), the bubble integral B expands around the singularity
as a Taylor series starting at order zero. In particular, this implies that both B and its
derivative 0,B are regular at 7 = 0. Therefore, expanding the DE (3.54) around n = 0

and considering the coefficient of the leading behavior 1/1n, we have
0 = fp.(e,0,m*)B(e,0,m?) + fp.a(e,0,m*)A(e, m?), (3.60)

which allows us to express the leading order for the bubble in terms of the tadpole as

_ fB,A(Ea 07 m2)
fB,B(E,O,mz)

Using egs. (3.53) and (3.55) to substitute the values of A, fz g and fp 4, we obtain the
same leading order B(e,0,m?) as in eq. (3.59).

B(e,0,m?) Ale,m?). (3.61)

The analysis carried out above shows that, in the example under consideration, the only
information necessary to fix the solution in the limit 7 — 0 is what kind of power behavior
the solution has. In other words, of eq. (3.59) we only need to know that B(e, n, m?)
has a Taylor series around the singularity starting at order zero, meaning that all the
other A-contribution from the ansatz of eq. (3.25) must not figure in the solution. Having
established this, the particular value of the leading coefficient B(e, 0, m?) can be extracted
from the DE itself, as we observed in egs. (3.60) and (3.61). In section 4.3.3, equipped
with tools and techniques described throughout section 4.3, we come back to this example
and show that the application of the boundary behavior is straightforward, as we do not
even need to manually extract the relation in eq. (3.61) from the DE.

The same reasoning as for the bubble can be sequentially applied, for instance, to the
massive triangle and box integrals, for which EBR also predicts a Taylor expansion in the

limit of vanishing external kinematics. Indeed, we can consider the integral family

1
FY t) = 3.62
€0~ | o 3.6

with massless external momenta p? = 0, 7 = 1, ..., 4, Mandelstam invariants s = (p; + p2)?,

t = (py + p3)? and inverse propagators

Dy =k*—m?, Dy = (k+p1)* —m?,
! 2= (k+p1) , (3.63)

D3 = (k+p +p2)> —m?, Dy=(k+pi+ps+ps)*—m?.
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A basis of 6 MIs consists of the tadpole A(e, m?) with propagator powers v = (1,0, 0, 0), the
s- and t-channel massive bubbles B(e, s,m?) and B(e, t,m?) with powers v, = (1,0, 1,0)
and v3 = (0,1,0,1), the s- and t-channel triangle integrals C(e, s, m?) and C(e,t, m?)
corresponding to v, = (1,1,1,0) and v5 = (0,1,1,1), and the box D(e,s,t,m?) with
ve = (1,1,1,1).

The method discussed above provides BCs for the two bubbles in the limit s =t =7 — 0
at fixed mass.® As seen for the bubble, the DE equation for the triangle also has a simple
pole 1/n. Indeed, it reads

20(677777”2) _ foc(e.n,m?)
on U
 JoOm ) gy 4 Sl )

C(e,n,m?)

e, m?).

Imposing that C' and 0,C have no poles at n = 0 and using the result in eq. (3.61), one

obtains for the triangle integral the leading coefficient

C(e,0,m?) = A(e,m?). (3.64)

Proceeding similarly, the leading coefficient for the box integral is found to be

e(e2 —1)

D(€70707m2> - = 6(m2)3

Ale,m?). (3.65)

Using eq. (3.53) to substitute the analytical formula of the tadpole in the expressions for

C(€,0,m?) and D(e,0,0,m?), one arrives at the values of the vacuum integrals

C(e,O,mQ):/km, D(e,O,O,m2):/k(kT1mz)4, (3.66)

in agreement with what is found using EBR. Although the leading coefficients in eq. (3.66)
could be found by trivially evaluating the integrals with the external kinematics set exactly
to zero, we stress that the key feature in this example is the absence of power behaviors in
the form n* with non-integer X. These contributions would be singular in the limit 7 — 0
for A < 0, while for A > 0 they would make singular the derivatives of the solution. For
instance, n* with X €]0, 1], has a singular first derivative. We now show an example where

non-integer power behaviors come into play.

3When choosing a phase space line in the form s(n) = so7, t(1) = ton, one has to be careful not to stay
on a singular surface of the DE. For instance, with s = —t( one stays on the singular surface s+t =0

for any value of 7. Similar care is required in general for any integral family.
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Let us consider the two-loop box with a massive loop that is described in detail in
section 6.5 and that we denote here by D® (e, s,t, m?) for simplicity. Its graph is shown
on the left of figure 3.1. We analyze once again the limit s,t — 0 of vanishing external
kinematics. The integration regions are still identified by letting each loop momentum
be either small, k; ~ \/W, or large, k; > \/W, but now, when both are large, they may
either cancel or enhance each other.

In this example, both massless and massive propagators are present. To calculate
the leading coefficient in each region, we note that the loop momentum current k €
{k1, ko, k1 + ko} flowing into any given propagator is either small or large. If we denote

by p the combination of external momenta for the propagator in question, we have*

(k+p)?, Fksmall, (k4 p)? — m? ~ —m?, k small ,

(k +p)* ~
k2, k large, k> —m?, k large.

(3.67)

Whenever a massive propagator reduces to —m?, it can be pinched in the graph associated
to the leading coefficient being computed. Furthermore, the loop current ki + ko becomes
a single loop momentum when one of the two momenta is small. Because of these
simplifications, the two-loop graph may factorize into the product of two one-loop graphs.

Setting scaleless contributions to zero, only two regions contribute to the leading power

behaviors:
ki | ko | k1 + ko | contribution
S|S S scaleless
S|L| L DgL,  — C(e,n,0)D(e,0,0,m?) (3.68)
L|S L scaleless
L | L S scaleless
LIL| L DY, — DP(e,0,0,m?).

Here, S and L stand for small and large, respectively, C'(¢,n,0) is the one-loop massless
triangle and D(e, 0,0, m?) is the one-loop massive box computed at vanishing external
kinematics. As the former only depends on the scale 7, its power behavior can be obtained
by counting the energy dimension and using the homogeneity property in eq. (2.103),

—1—e

which leads to n in 4 — 2¢ dimensions. Therefore, the leading power behaviors for the

double box are given by

DO (e,m,mm2) B 71 [Ce,1,0)D(e,0,0,m?) + O() | + DO(e,0,0,m?) + O(1)

4Since the fixed mass is perceived as infinite from the vanishing kinematics, this exact same analysis is
the one needed for the iterative version of the AMFlow method, where the auxiliary mass is inserted only
in a limited number of propagators. Also, note that this example falls within the class of cases mentioned
in [52], where it is possible to introduce the auxiliary mass only in those propagators that already present

a given mass (m in this example), so that the number of MIs does not increase.

— 54 —
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Figure 3.1: Leading coefficients for the expansion by regions of a planar double-box D(e, s, t, m?)
in the limit of vanishing external kinematics. Massive edges are indicated with bold lines. The two

contributions on the right corresponds to C/(e,1,0)D(e, 0,0, m?) and D (¢, 0,0, m?), respectively.
= 71" [const. + O(n)] + const. + O(n), (3.69)

which corresponds to figure 3.1. As we can see, setting the external kinematics to zero
does not suffice in this case to identify all the leading coefficients, as it would leave out
the power behavior 717¢. In section 4.3.3 we discuss how eq. (3.69) can be used as a BC
when solving the DEs for the associated integral family. Once again, it turns out that the
specific values of the leading coefficients are not important, as long as we know what power
behaviors they multiply. This means that, knowing the power behaviors of the solution,

the corresponding leading coefficients can be extracted from the analysis of the DEs.



Chapter 4

Series expansion methods for differential

equations

Given the differential equations for a set of master integrals and boundary conditions at
a phase space point, the series expansion method can be used to solve the differential
equations along lines connecting the boundary point to multiple target points. This allows
for the numerical propagation of the integrals across the phase space. In this chapter we
describe all the steps necessary for such propagation, providing algorithmic procedures
that are implemented in LINE.

Since Feynman integrals have singularities, the radius of convergence of the series
solution at any point is finite. Therefore, in section 4.1 we show how to identify a sequence
of intermediate points on the phase space path, around which the system of DEs must
be solved locally to progressively move closer to the target point. The solution evaluated
at any path point can be stored to be later used as boundary value for the propagation
towards different targets, possibly following a scheme that populates the phase space
according to a grid for Monte Carlo integration. The intermediate points on the path can
be either regular or regular singular. In both cases we adopt the block strategy outlined
in section 3.2, where the equations are solved sector by sector. Therefore, the techniques
illustrated in this chapter deal with systems of non-homogeneous DEs.

Section 4.2 is devoted to the expansion around regular points, where the solution has
a Taylor series. Substituting its expression into the DEs, we derive recurrence relations
that express the higher-order coefficients of the series in terms of the lower-order ones,
thus allowing the numerical evaluation of the solution up to the desired order. A similar
procedure is carried out in section 4.3 to find the solution around singular points, except
that here the series expansion of the MIs also includes non-integer powers of the line
parameter and integer powers of its logarithm, as discussed in section 3.3. First, in
section 4.3.1 we build the general solution to the associated homogeneous equation as
a linear combination of independent solutions with unknown coefficients. Then, we add

a particular solution to the non-homogeneous equation found in section 4.3.2. Finally,
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in section 4.3.3 we show how to fix the unknown coefficients by matching BCs. This is
straightforward when the MIs are known in a regular point within the radius of convergence,
so that the main focus is on the case where the BCs are given in terms of the leading
behaviors of the MIs around the singularity. In particular, expanding on the discussion in
section 3.4.2, we describe a systematic method to automatically obtain linear constraints
on the unknown coefficients by imposing that the powers in the leading behaviors of the
solution are the ones predicted through expansion by regions. In this way, the number of
leading coefficients to be actually provided as BCs is reduced as much as possible. We

show this procedure at work on a few examples.

4.1 Nayvigating the phase space

Let s(n) be a phase space curve passing through a boundary point sq at n = 7 and
let A(n) be the associated differential equation matrix as in eq. (2.115). The DEs can
be solved via series expansion around the boundary point 79. However, as the matrix
A(n) has in general several singularities, the series solution only has a finite radius of
convergence R (1), equal to the distance between 7y and its closest pole, while the target
point s; = s(1;) may lie outside said range. Nonetheless, even when this happens, we can
still move a step closer to the target by evaluating the solution in a point within the disk
of convergence | — 19| < R(ny), and use it as a new boundary point to solve again via
series expansion. By iterating this procedure, we can advance step by step along the curve
s(n) to get closer and closer to the target, until eventually 7; lies within the radius of
convergence of the last boundary point.

Complications arise whenever a pole of A(n) is encountered along the curve, say at
n = ns. This happens for instance when the kinematic invariants s(n) cross the singular
surface corresponding to a threshold for the production of intermediate on-shell states,
as discussed in section 5.2. If we were to apply the strategy outlined above without
modifications even after 7, becomes the closest pole, the radius of convergence would
decrease at each step so that we would endlessly get closer to the singularity and never
cross it. Two different approaches are possible to overcome this problem. In the first one
we use the singularity as expansion point, solve via series expansion using the ansatz of
eq. (3.25), match the boundary values computed at the previous propagation step and
evaluate the solution beyond 1. We refer to this procedure by saying that we cross the
singular point. Alternatively, we could take a detour around the singularity performing
steps of regular propagations in the complex plane of n, coming back to the real axis
beyond the pole n,. Both the crossing and the detour require prior knowledge of the branch
cut configuration of the master integrals if 7, is a branch point. A detailed prescription to
handle the analytic continuation is provided in section 5.3. In the following, we assume

that all singular points encountered along the path are crossed, since solving by expansion
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around a singularity remains necessary to determine boundary conditions (see section 3.4)

and to evaluate limits corresponding to degenerate kinematic configurations.

We now discuss how the choice of the expansion and the evaluation points can be made
algorithmic. First of all, we need to choose the size S(n) of each step along the path. As
we know, any value smaller than R(n) is a suitable choice when expanding around a given
point 7. However, the closer S(7) is to the radius of convergence, the more terms we need
to include in the series solution in order to evaluate its sum at a given working precision,
as the convergence becomes slower. On the other hand, smaller values for S(n) demand a
larger number of propagation steps to reach the target point. We choose S(n) = R(n)/2
as a reasonable compromise between these competing two effects, where the factor 1/2 also
finds an independent justification, as an upper limit, in the prescription for the analytic
continuation discussed in section 5.3.2.

To populate the path with the expansion points, we start by identifying the singular
points = o; that are located on the path and hence split the interval [0, 1] into several
segments. We label these points in increasing order, o; < 0;11. For each o;, we compute
the radius of convergence as

R(o;)) =min{|r —oy| : m€ll, 7 #0;}, (4.1)

where II is the set of all the DE poles, including those outside the path. We then place

two matching points y; 1, it; g on the left and on the right of o;, respectively:

piL = 0; —S(0y), Wi =0; +S(0;). (4.2)
While solving around o;, the matching point on the left is used as boundary point and the
one on the right as target. For the propagation along the segment between a matching

point y; g on the right of o; and the point g1 r, on the left of the next singularity o1,

we place a set of regular points p; ; according to

pi1 = tir + S(tir) , Pik+1 = Pip +S(pin), k=1, (4.3)
until eventually the condition p; x + R(pi k)/2 > pi+1,1 is satisfied for some K, meaning

that p; 41 lies within the disk of convergence centered at the singular point ¢;;; and so it

can be discarded in favor of p;+1 1. The path segment is thus split as
P = (Ui » Hi,R 5 Pil s Pi2 5 -+ 5 PiK 5 Hitl,L 0z’+1)- (4-4)

Merging all the segments we obtain the complete list P = | J, P; of path points.
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Figure 4.1: Poles and path points in the complex plane of the line parameter n. The propagation
path corresponds to the interval [0, 1]. Red dots are singularities of the DE matrix, blue dots are
matching points and green dots are regular points. In this example, n = 0 and n = 1 are regular
and therefore considered as matching points. Each point 7 on the path is at the center of a circle
of radius §(n) equal to half the distance from its closest pole. The closer singularities lie to the

path, the smaller the step size S(n) becomes, and vice versa.

If n = 0 is not a pole of the DE, we consider it as a matching point when populating
the first segment of the path with regular points. Otherwise, we can label 0p = 0 and
treat it as any other singular point. The same reasoning applies to the last segment in the
cases where 1 = 1 is regular or singular. Figure 4.1 represents a schematic configuration of

poles and path points in the complex plane of 7.

In the following sections, we focus on how to solve the differential equation

an( n) = An)I(n) (4.5)

employing the series expansion method around any regular or singular point of the path.
We omit the dependence on the dimensional regularization parameter €, assuming that
it has been fixed to a numerical value as prescribed in section 3.1. By means of a shift,
we can always center the problem around the path point at hand so that, without loss of
generality, n = 0 becomes the expansion point. As discussed in section 3.2, we order the
MIs so as to make the matrix A(7) lower block triangular and we solve sector by sector,
trading the homogeneous problem in eq. (4.5) for a set of smaller non-homogeneous sector
equations to be solved sequentially. Omitting the sector index (r) for an easier notation,

the DE for a generic sector is in the form

10 = AL + 3o, (1.6

where A(n) now indicates the block matrix A" (n) of eq. (3.13) and the non-homogeneous
term J(n) is generated combining the sub-diagonal blocks and the solution of the previous
r — 1 sectors as for J™(n) in eq. (3.14).
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By dropping the sector index, we stress that the results obtained in the following
sections are valid for any non-homogeneous DE as the one in eq. (4.6), provided that the
non-homogeneous term has a regular or regular singular series expansion. Despite this, we
always refer to any quantity as to a block or sector object, in order to keep track of the
original block-structured problem.

Finally, note that the series expansions considered in the next sections formally include
an infinite number of terms. However, any numerical implementation of the methods
provided in this chapter would only involve the (finite) number of orders necessary to

observe convergence on all the digits of working precision, as discussed in appendix A.3.

4.2 Solving around regular points

In this section we focus on the Cauchy problem consisting of the differential equation (4.6)
together with the boundary condition I(0) = I.. As explained in section 4.1, in our
framework of iterated propagation steps, I, is the solution of the previous step evaluated
at the (regular) expansion point that we use as origin 7 = 0 at the current step. Since by

assumption the DE matrix A(n) is regular at n = 0, the solution has the Taylor expansion
I(n) =Y L. (4.7)
=0

Using this series as ansatz, the BC can be imposed right away by choosing Iy = Iy, since
the series is equal to its zero-order coefficient when evaluated at the origin.

It is useful to multiply both sides of eq. (4.6) by the least common denominator g(n)
of the block matrix A(n), arriving at

o) 3T = BODI() + Y (o), (43)
where we define the functions
B(n) = g(n)An). Y(n)=g(n)Jn). (4.9)

We then consider the series expansion of all the quantities appearing in eq. (4.8), namely,

eq. (4.7) for the solution and

gm) = _gn®. Bm) =Y B, Y(n) =) Y. (4.10)

Here, the series of g(n) and B(n) only contain a finite number of terms. In fact, gy =0

for k > D(g), where D(g) is the polynomial degree of g(n); at the same time B(n) is a
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matrix of polynomials since, by construction, all the denominators of A(n) were canceled
out upon multiplication by ¢(n), and so By, = 0 for k greater than the maximum among
the polynomial degrees of the elements in B(7), that we indicate with D(B). On the
other hand, the non-homogeneous term J(7) has an infinite number of coefficients coming
from the solutions of the previous sectors and the expansion of the denominators in the
sub-diagonal blocks A (n), r > s, that are in general not canceled out by the action of
g(n). These coefficients can be computed using efficient algorithms for the expansion of
the inverse of a polynomial [119].

We now derive recurrence relations for the coefficients I of the ansatz by inserting
into eq. (4.8) the Taylor series of egs. (4.7) and (4.10). At first we obtain

Z kg Len™ 1 = Z B,I WMZYJT; (4.11)

m,k=0 n,k=0

Then, we aim to change indices in such a way that all the sums have the same power 7’

factored out, since this would allow us to obtain a relation for any order j. We have

oo oo j+1
m—j+l—k = > kgl =0 kgL
m,k=0 =0 k=0
00 o] J
n—j—k = Y BLy"r =YY "B, L, (4.12)
n,k=0 =0 k=0

where the upper limits of the sums over & can be easily deduced by vetoing the presence of
coefficients g, and B,, with negative index. In terms of the new indices, eq. (4.11) reads,

for any order j,

Jj+1 J
D kgiaade =) B I+, (4.13)
k=0 k=0

The key feature here is that, due to the polynomial nature of g(n) and B(n), the sums
only involve a finite number of terms and so we can isolate the highest-order coefficient
I, figuring in the sum on the left-hand side to express it as a combination of lower-order

coeflicients:

1
L= g |Y Z kgiaxli + Z B, 41| . (4.14)
(j+ g
k=a1(j) k=a2(j)

where the lower limits a;(j) = max{0, j+1—D(g)} and ay(j) = max{0, j—D(B)} explicitly

show how many non-zero orders are included in each sum. Note that gy # 0 in the
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denominator of eq. (4.14), since by assumption n = 0 is a regular point and so it is not a
root of g(n). Eq. (4.14) is the recurrence relation we were looking for, since its repeated
application allows us to start from the lowest-order coefficient Iy = I, and build the rest

of the series solution up to the desired order.

4.3 Solving around regular singular points

Suppose now that boundary conditions for eq. (4.6) are assigned at some regular point
17 = Npe < 0 that lies within the disk of convergence of a regular singular point n = 0.
Then, solving the differential equations around the singularity would allow us to evaluate
the series solution at any other point within said disk, or evaluate the limit  — 0 when
this exists. In the following, we assume that the system has been transformed to Fuchsian
normal form following the methods discussed in section 3.3.2.

The approach for solving eq. (4.6) around a regular singular point is in principle very
similar to the regular case, with two modifications. First of all, motivated by the discussion

in section 3.3.1, we use the ansatz

I( _ A atl Ing(U) - n
M= 0" D Tk (4.15)
’ n=0

AEA k=0

where A is the set of eigenvalues of the leading-order coefficient Ay, and K, is the highest
logarithmic power associated with the eigenvalue A. Second, we define g(n) to be the
least common denominator of 7 A(n) instead of A(n). In fact, in a Fuchsian basis the
multiplication by 7 removes the root n = 0 from the denominators, ensuring that gy # 0.
With this choice, the actual least common denominator of A(n) is 7 g(n), which we multiply
on both sides of eq. (4.6) to get

n9(n)—-1(n) = B(n)l(n) +Y(n), (4.16)
where this time we define B(n) and Y () as

B(n) =ngmAmn), Ym) =ngn)In). (4.17)

Combining the Taylor series of ¢g(n) and B(n) with the ansatz in eq. (4.15), we can

expand in series each term of eq. (4.16) as

d .
ng(n)d—nl(n) = z;n 9i Dokt + A +n — ) gni

108" (1) \in
k‘ 77 b
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log”
= Z ]Bj:[)\,k,n—j gk|(77) 77)\+n7 (418)
JAkn ’

while the series expansion of Y () picks up powers of log(n) and non-integer powers of 7

from the solutions of the previous sectors:

=3 Zlog. ZYan (4.19)

AEA k=0

Substituting each piece into eq. (4.16) we obtain, for any A\, n, k,

min{D(g),n} min{D(g),n} min{D(B),n}
Z Gilx pr1m—i + Z A+n—10)gIrgni= Z BiIxgni+ Yakn- (4.20)
=0 1=0 =0

This equation involves a finite number of orders of the ansatz solution. Depending on
whether we want to isolate the coefficients of the highest power of 7 or log(n), we can

extract two recurrence relations:

Litin =

1 min{D(B),n} min{D(g),n} min{D(g),n}

g_ Z BiIygn—i — Z A+n—10)gIygni — Z Gy kv1in—i + Yarn|

0 =0 i=1
(4.21a)

Lin = [Bo — (A +n)gol] ™"
min{D(g),n} min{D(B),n} min{D(g),n}
X Z Gilx kr1m—i Z BiIykn—i — Z()\ +n =9I kn-i — Yarn
i=1
(4.21b)
Note that the matrix on the right-hand side of the second relation,

is invertible if and only if A + n is not an eigenvalue of the Jordan matrix Ag. Given the
absence of resonances, this is guaranteed only for n > 0.

The recurrence relation in eq. (4.21a) connects the logarithmic order k£ + 1 with lower
ones, but also with the same order k+ 1 at lower powers of 7. At the same time eq. (4.21b)
connects higher orders in 7 with lower ones but also with higher logarithmic orders.
Therefore, to properly compute all the coefficients of the series solutions, the two relations

have to be applied according to a precise scheme.
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In the next sections, we illustrate how to employ eq. (4.21) to build a particular solution
to eq. (4.6), to be added to the general solution of the associated homogeneous DE, the
latter being a linear combination of independent solutions with unconstrained coefficients.

We then fix these coefficients in order to match the BCs of the Cauchy problem.

4.3.1 General solution to the homogeneous equation

In this section we solve the homogeneous equation associated with eq. (4.6). That is, we
consider the non-homogeneous term Y () to be zero so that, in the recurrence relations in
eq. (4.21), we can set Yy, = 0.

To begin with, we set some notation for the Jordan structure of the matrix Ay. Let L
be the dimension of the block and A;, 7 =1,..., L, the eigenvalue on the j-th column of
the Jordan matrix A,. We indicate with a(j) the Jordan chain of eigenvalue \; and length
L(j) that includes the generalized eigenvector associated with column j. Therefore, for a
chain that starts on column k, we have \gi; = A, a(k +14) = a(k) and L(k +1i) = L(k) for
any i =0,...,L(k) — 1.

The general solution to the homogeneous equation can be represented stacking to-

gether L independent solutions as columns of an L x L matrix H(n) in the form

. 3 s logh () & o
H(i, j)(m) =D _n* Y, =5 D Hagalinln", (4.23)
AEA k=0 ’ n=0

where H), ;. , is a matrix of coefficients and the square brackets [i, j] indicate the row and
column indices. We use the notation [j] with a single index in square brackets to select
the j-th column of a matrix. Thus for instance H[j](n) is the independent solution stored
as j-th column of the matrix H(n).

Our objective is to apply the recurrence relations in eq. (4.21) to compute all the
coefficient matrices H, ;. ,, appearing in the ansatz of eq. (4.23). We do so following three

main steps that are described below.

1. Initialization. We start by initializing the lowest log(n)- and n- orders to diagonal
matrices according to

6ija /\:/\j7

H 0,02, j] = (4.24)

0, otherwise.
We see right away how this implies, through eqgs. (4.21a) and (4.21b), that H, . ,[j] = 0
VE,nif X # A;, that is, H) , only has components along the columns associated with
the eigenvalue \; and, at the same time, the column solution HJ[j](n) only exhibits the
eigenvalue \;. As discussed in section 3.3.1, this initialization ensures that the columns

H[j](n) are indeed independent solutions of the homogeneous equation.
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2. Leading orders for each logarithmic power. Setting n = 0 in the recurrence
relation (4.21a) with Y, 5, = 0, the coefficients with logarithmic order k£ + 1 on the
right-hand side disappear, so that we have

. 1 . .
Hy, kv1,0[7] = 7 (Bo — Ajgoll) Hy, kols] = (Ao — Aj1)Hy, x0ls] (4.25)

a relation that we can use to sequentially compute the zero-order coefficients of the Taylor
series that multiplies any logarithmic power, starting by using £ = 0 and going up.
To analyze the resulting structure, we start by iteratively applying eq. (4.25) to relate

a given logarithmic order directly to the lowest one:

Hy, koli] = (Ao — A1) Hy, k—1.07]
= (Ao — A\j1)* Hy, k—20[j]

= (Ao — N1)F Hi, 000] - (4.26)

Since Ay is in Jordan form, Ay — A;1 is a Jordan matrix too (each eigenvalue being just
shifted by —\;) and thus each Jordan subspace is invariant under its action. Taking
into account that Hy, x ¢ is initialized with non-zero components only along the subspace
spanned by the vectors of the chain a(j), we conclude that eq. (4.26) can generate non-zero
components at higher logarithmic orders only within said subspace.

In light of the above discussion, we can focus only on the Jordan block of the chain

a(j) in the matrix Ay — A;1, which is given by

0 0
0 0
Ao —Nllan=1| ¢+ &+ = o ], (4.27)
0 0 1
0 0 0

This is a nilpotent matrix with degree equal to the length L(j) of the chain, i.e., L(j) is

the smallest integer such that

iAO — Ajﬂ]a(j) X [AO — )\j]]-]a(j) X ...=0. (428)

J/

-~

L(j) times

Together with eq. (4.26) this implies that, at order zero in 7, the maximum logarithmic

power for the eigenvalue \; is L(j) — 1. In particular, the m-th vector of the chain is
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initialized at logarithmic order zero with 1 as the m-th component on the associated
Jordan subspace and 0 elsewhere; then, the non-zero component is shifted up by one
position after every application of [Ag — A;1],(;), reaching the boundary of the subspace

after m — 1 iterations and disappearing at the m-th one:

i=1 0 0 1 0
i=m-—1 0 1 0 0
i=m 1 — 0 - ... = 0 — 0 (4.29)
t=m+1 0 0 0 0
k=0 k=1 k=m-—1 k=m

Therefore, at order zero in 7, the m-th vector of a Jordan chain acquires m — 1 logarithmic
powers, whose components are given in eq. (4.29). We indicate with K the maximum
logarithmic power for the zero n-order of the solution HJj](n).

If we denote by K, the maximum logarithmic power at order zero in n among all the

solutions with eigenvalue A\, we have
Ky =max{L(j): \; =A}; — 1. (4.30)

As shown in the next step, K stays the maximum logarithmic power also when considering

higher orders in 7.

3. Higher orders for each logarithmic power. Having computed every coefficient
H) 0 of the solution, we are left with the task of computing the non-zero orders in 7 for
each Taylor series. The main complication of eq. (4.21b) is that the logarithmic order k
takes contributions also from the logarithmic order k + 1. Moreover, at higher n-orders
the components of different Jordan subspaces mix together. Thus for example, even if
H, x0[j] = 0 in a given subspace, Hy, x1[j] may pick up non-zero contributions from other
subspaces due to the term ByH, x0[j] on the right-hand side of eq. (4.21b).

An important simplification arises from the following observation. We know that K
is the maximum logarithmic power of the solution H[j](n) at order zero in n. If we set
Hy, x,+1,n[j] = 0 for n > 1 too, then eq. (4.21b) implies H, s »[j] = 0VEk > K; +2,n > 1

as well. Therefore, we can generalize the results of the previous step at higher n-orders:

e The maximum logarithmic power for the solution associated with the m-th vector of

a Jordan chain is m — 1 at any order in 7.

e The maximum logarithmic power for the solution associated with the eigenvalue A
is K, given in eq. (4.30).
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n=0 n=1 n=2 n=3
k=K, +1 0 0 0 0
®
k=1 ®
k=0 ® >
©

Figure 4.2: Schematic representation of the order followed in computing the coefficients of
the solution to the homogeneous DE. Each arrow represents the computation of a sequence of
coefficients, to be carried out following the order indicated by the orientation of the arrow. The

circled numbers indicate the order in which the arrows themselves are to be followed.

Note that, although we are dealing with the homogeneous equation for the r-th sector,
the full-size DE is also homogeneous and so the same results still apply. Therefore, we
have proved that, around a regular singular point of a homogeneous DE with matrix A(7),
the maximum logarithmic power in the series expansion of the solution is equal to the
length, reduced by one unit, of the longest Jordan chain of the leading order [nA(n)],= in
a Fuchsian basis.

Returning to the computation of the solution HJ[j](n), we can now use the recurrence
relation in eq. (4.21b) to sequentially fill the n-orders n =1, n =2, ... of the maximum
logarithmic power k = K; (note that for n > 1 the matrix By — (A +n)go1 is invertible).
Then, the same procedure can be repeated for the logarithmic powers £ = K; — 1,
k= K;—2,..., k=0 following this prescribed order, as schematically represented in

figure 4.2, thus completing all the coefficients of the solution.

4.3.2 Particular solution to the non-homogeneous equation

We now look for a particular solution P(n) to the recurrence relations of eq. (4.21) without
turning off the non-homogeneous term Y (7). Note that, by construction, the eigenvalues A
in the series expansion of the latter come from the solution of the previous sectors. As
these eigenvalues contribute to eq. (4.21), they must appear in the general solution for the
current sector. On the other hand, the block eigenvalues that are not present in Y (7)) are
already accounted for in the solution to the homogeneous equation. Therefore, we only
need to include the eigenvalues of the non-homogeneous term in our search for a particular
solution P(n).

Based on the above observations, we can prove by induction that the set of eigenvalues
that contribute to the solution of the first r sectors is precisely the union of the eigenvalues
appearing up to sector r. In fact, the DE for the first block is homogeneous and thus its

solution only includes the eigenvalues of that block, providing us with a valid base case.
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For the induction step, we take the result to be true for the first » — 1 sectors. This implies
that Y () has the eigenvalues of the previous r — 1 sectors. Since the solution for the r-th
sector inherits the eigenvalues of Y (1) and also introduces the eigenvalues of sector r, the
proof by induction is complete.

While building the particular solution, we distinguish between the eigenvalues present
only in Y(n) and those shared by Y(n) and the block A,. We denote by K,[Y] the
maximum logarithmic power for the A-contribution to the non-homogeneous term. To
avoid confusion, for block eigenvalues we update the notation of eq. (4.30) and indicate
with K,[A] (instead of just K) the length, reduced by one unit, of the longest Jordan

chain with eigenvalue A in the block matrix Ay.

Eigenvalues only present in the non-homogeneous term. When A is not an
eigenvalue of Ay, the matrix By — A1 is invertible and so eq. (4.21b) can be used even
with n = 0. Because of this, we are able to build a solution relying on eq. (4.21b) alone.
In particular, we look for a solution with maximum logarithmic power equal to K,[Y].

Hence we set Py k,[v]+1,» = 0 V7, so that eq. (4.21b) gives us

Pyryio = —% (Ao — A1) Yy vio- (4.31)

This is consistent with eq. (4.21a), since the insertion of the expression we obtained for

P k,[v],0 into said recurrence relation leads to

P/\vK/\[Y]"rl,O = (AO - )\1) P)\,KA[Y},O + go_lY)\,KA[Y},O
= =g " (Ao — A1) (Ao — A1) ™ Yk, iv10 + %0 Yauka(vlo
= —go_lY,\,KA[Y],o + g()_lY)\,KA[Y],O =0. (4.32)

This was to be expected since the two relations in eq. (4.21) are fully equivalent when the
matrix Ay — A1 is invertible. So K,[Y] is indeed the maximum logarithmic power of the
solution we are building. Also, note that this choice is possible only because Y, does
not contribute to eq. (4.21) for logarithmic orders higher than the maximum K,[Y].

The remaining coefficients for k& = K,[Y] can be computed using eq. (4.21b) with
n=1,n=2, ... and the same procedure can be repeated for the logarithmic orders
k=K\Y]—-1,k=K\Y]—-2,...,k=0.

It is interesting to note that the A-contribution computed in this section,

S~ 1og (n) <
Py =" Y~ > Pakarl’, (4.33)
k=0 ’ n=0

is unique, in the sense that any other solution differs from P,(n) by a solution to the
homogeneous equation, which does not involve the eigenvalue A since the latter is not a

sector eigenvalue. Therefore, we can conclude that
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e The contributions to the solution that are associated with eigenvalues that do not

appear on the block Ay are unique.

e The method outlined above, consisting in using eq. (4.21b) to fill the logarithmic
orders starting from k = K,[Y] and going down to k = 0, automatically selects these

contributions.

An important consequence is that any boundary condition on the coefficients of Py (n) is
automatically satisfied for the eigenvalues that are not present on the block. Hence these

conditions do not give any valuable information to determine the final solution.

Eigenvalues shared by the non-homogeneous term and the block. As we did for
the homogeneous equation, for these eigenvalues A we start by computing the zero n-orders
for each logarithmic power with eq. (4.21a). This time though, we initialize Pyoo = 0
since the non-homogeneous term is able to give non-zero contributions on its own. The

leading coefficients up to the logarithmic order K,[Y]+ 1 are given by
P)\,k-l—l,O = (AO - )\]1) P)\7k70 + g()_lY)\,k,O y k S K)\[Y] . (434)

Then, at logarithmic powers higher than K,[Y] + 1 the non-homogeneous term does not

contribute anymore, so that

Py rayi+14w,0 = (Ao — AL) Py g\ (y)4+470
= (Ao — A1)’ P g, [w]+k/—1,0

= (Ao — APy gy ivr10, K >1. (4.35)

As it was the case for the homogeneous equation, within the Jordan subspaces of eigen-
value A there are no logarithmic powers greater than K,[P] = K,[Y] + K,[A] + 1, since
the corresponding blocks in the matrix Ay — A1 are nilpotent with degree less than or
equal to K,[A] 4+ 1. However, the same is not true for all the other blocks and so eq. (4.35)
can produce non-zero components outside the subspaces of eigenvalue A\ with no upper
bound on the logarithmic order.!? Furthermore, there is no chance that these coefficients
are canceled out by a solution of the homogeneous equation, since the latter can only
admit a finite number of logarithmic orders.

To find a solution with some maximum logarithmic power, we look for an auxiliary
function P’(n) that satisfies eq. (4.21a) with Y () = 0, since the sum P(n) + P’(n) would

!The reason why this issue did not arise for the homogeneous equation is that the solution for a given \
was initialized to zero outside the A-subspace. In this case though, the non-homogeneous terms may
provide, through eq. (4.34), a non-zero input to eq. (4.35).
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be a solution to the same equation with Y (n) # 0. The idea is to make P’(n) cancel out
the logarithm powers exceeding a given threshold. Given that these powers are spread
across multiple vector components, we look for a linear combination of multiple auxiliary

terms in the form

L
P'in)= ) > &P, (4.36)

AEA[A] j=1
where A[A] is the set of block eigenvalues, c) ; are the unknown coefficients to be found and
P4 [7](n) is the j-th column of a matrix that correspond to the contribution of a single A

and has the usual kind of series expansion. The initialization of its coefficients is given by

5i7j7 )‘7&)\]7

(4.37)
0, A=X.

PI)\,O,O[ia j] =

As we can see, contrary to what we had for the homogeneous equation, for each column j
all eigenvalues A but the column eigenvalue \; contribute and they do so with non-zero
components outside their A-subspaces.

The analysis of eqgs. (4.34) and (4.35) showed that the maximum logarithmic power of
the final solution cannot be less than K, [P] = K,[A] + K,[Y] + 1. Therefore, aiming to
cancel out the power located one unit above, we use eq. (4.21a) with n =0 and Y, =0
to compute the leading coefficients Py ;o up to the logarithmic order £ = K,[P]+ 1. Then,
we combine P(n) and P’(n) in such a way that the logarithmic power k = K,[P] + 1

cancels out in the sum. That is, for each A we impose

L
0 =Py, P10+ Phiyprino = Pamapieno + O AP e prioli] - (4.38)
j=1

The vector components outside the Jordan subspaces associated with A\ form a system
of linear equations for the unknown coefficients c) ;. Solving the system allows us to fix

P’ ;.o and redefine the leading coefficients for each logarithmic power according to
Pyro— Paro+ Pl)\,k,o . (4.39)

The new solution has Py x,pj410 = 0 by construction, while eq. (4.21a) with n = 0

confirms that any power greater than K,[P] + 1 vanishes as well:
Py pleiiwo = (Ao = ADMPyprno =0, K >1, (4.40)
For these logarithmic powers we can set to zero also the higher orders in 7,

PM“L:O Vk>K)\[P],TL>O, (441)
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and stay consistent with eq. (4.21b).

As usual, the remaining coefficients can be computed using eq. (4.21b) with n = 0,
n =1, ... to determine the Taylor series for the logarithmic orders k = K,[P], k =
K\[P]—1, ..., k=0, respectively.

Note that, for each block eigenvalue, the addition of any solution to the homogeneous
equation leaves unchanged the coefficients of the logarithmic orders higher than K,[A]. In

this sense, the contribution

" logh(n) &
Pysu(m=nt > - > Puran” (4.42)
k=K\[A]l+1 = n=0

is unique, hence any boundary condition on its coefficients does not provide any useful

information to fix the solution.

4.3.3 Matching boundary conditions

Having computed a particular solution to eq. (4.6) and L independent solutions to its
associated homogeneous equation, we are ready to write down the general solution.
Recalling that we assumed to operate in a Fuchsian basis, we restore the tilde notation to
indicate any quantity evaluated in such basis. Also, we introduce back the sector index (r),

so that the general solution in a Fuchsian basis is given by

Ly

10(n) = PO (n) + ) ¢, H[j](n), (4.43)

J=1

where the unknown coefficients ¢; are to be determined imposing boundary conditions.
These may be provided as the value of the solution at a given point 1 = 1. within the
radius of convergence, or rather as constraints on the leading coefficients of the series
expansion around n = 0.

In the first case, the conditions I(ny.) = I can be imposed directly in the Fuchsian

basis by transforming the boundary values according to
1) = Z T () 1) | (4.44)

where T(n) is the transformation matrix. The coefficients ¢; are to be found as solution of
I(l;g = I(r)(ﬁbc) = 77bc + ZCJ 1(Mbe) S (4.45)
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which is a system of L, linear equations with matrix ") (Mpe) and constant term equal to
T(Q — f’(r)(nbc). As discussed in section 5, to evaluate both the matrix and the constant
term at n = Ny, we need to perform the analytic continuation of the complex logarithm
log(n) and the powers n* to ensure that the branch cut structure is the expected one.
Once this is done and the coefficients ¢; are known, the solution is completely determined,
ready to be evaluated at any target point n = n; within the radius of convergence and

transformed back to the original non-Fuchsian basis:

Z T () T () - (4.46)

The situation is more involved when BCs are assigned in terms of the leading coefficients
of the series expansion around n = 0. As these conditions are given in the non-Fuchsian

basis, we transform back the entire series solution:

'(n) = ZT(’”S) () T (n)
_ZT(TS )+T(rr +ZCTTT H(T)[]](n)
=10 (n) + PO (n) + Z o;H (4.47)

As the transformation matrix consists of rational functions, the series expansion of its

blocks is in the form

7,8 1 S r,8 m
T( ’ )(n) = nt(r,s) Z '1T7(7’L7 )77 ) (448)
m=0

where ¢ is an integer, and so each term of eq. (4.47) expands in series as

1 K;<T)
r rs s (r,s) log n+m rm(r,8) T
10 = 19T = ¥ S Y 2§ oy
s=1 AEA(LT) s=1 k=0 n,m=0
) Ry log"(n) <
r — T (r —t(mr n+m rr) (T
PO(n) = TO PO () = Y "7 37 = Y IR
AEA(LT) k=0 n,m=0
~ (rur) Ko log"(n) < T
HO(n) = T E () =3 07 30 =57 30 TRV, (4.49)
AeA() k=0 ’ n,m=0

Here, we introduced the notation A" to indicate the set of eigenvalues of j&(()r,r)’ while

A =, < A®) are the eigenvalues of the previous sectors. At the same time, K /(\< )
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the maximum logarithmic power for the A-contribution to the solution for the first r — 1
sectors, while K(T) [P] = K,\[P™)] and Ky) [A] = K,\[AT]. From egs. (4.47) and (4.49)
one can easily read off the coefficients IE\TZML for the series expansion of the solution in the

non-Fuchsian basis,

K(T) 0o
- ) log
I OE Z Z 10 (4.50)
AeALT)UA(T) k=0 n=

with () being an integer. As expected, the expansion is of the same kind as in eq. (3.26),
with non-integer powers of 7 and integer powers of 7 and log(n), the only difference with
the Fuchsian basis being that now the leading behaviors nA*tm
do not belong to the interval [0, 1[.

To determine the value of the coefficients ¢;, j = 1,..., L,, we need L, independent

may have exponents that

BCs. As pointed out in the previous sections, varying the coefficients c; one is only able
to affect those contributions I@m that are associated with block eigenvalues A € A and
logarithmic orders £ < K /(\T) [A]. BCs involving other leading coefficients are automatically
satisfied and hence are not useful to fix the solution.

BCs can be decoupled depending on which block eigenvalue A they are associated with.
If a given A € A" appears on a number am() () of columns of Aér), i.e., it is an eigenvalue
of algebraic multiplicity am()()), BCs concerning the components of If\i;f,ﬂ only involve the
coefficients c; associated with those columns. Therefore, out of the L, independent BCs
that are necessary, one can use at most am” () independent conditions on the components
of IE\%O, since these would be sufficient to fix the corresponding am™()) coefficients ¢,
making any other condition redundant. This means that the L, boundary conditions have
to be distributed according to the algebraic multiplicities of the block eigenvalues.

A specific kind of BCs consists in assigning the list of the leading power behaviors for
the solution,

100) 2 ulhp T g uE ufd £0, A € 1], ¢} e Z,

(4.51)

where the leading coefficients ul(rk) are not specified. As discussed in section 3.4.2, these
behaviors can be obtained, for instance, performing an EBR analysis around the singularity.
One can easily match each /\Erlg appearing in eq. (4.51) to a specific block eigenvalue A € A
In particular, the comparison of eq. (4.51) and the series expansion of H(™ in eq. (4.49)

may lead to three different conclusions for each eigenvalue A:

e ) does not figure at all in the boundary behavior, so the corresponding am()(\)
coefficients ¢; must be zero. In light of this, one can be efficient and skip from the very
beginning the computation of the associated column solutions to the homogeneous

equation.
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e )\ does show up as one of the exponents )\Erk) in the boundary behavior, but the overall

leading behavior 77’\_5@ emerging in the series solution for the integral I;(n) has an

integer shift greater than the expected one, that is, A — tzm <A— tgr,c). Therefore, we

can obtain " — tgr,g conditions Iyg,; =0 forn=0,...,t{" — tl(r,g

— 1, translating
into linear relations among the coefficients ¢; associated with A. The number of
independent conditions, which in any case cannot exceed am()), can be used to

further constraint the unknown coefficients of the sought solution.

e )\ does corresponds to a certain )\572 in the boundary behavior but either the associated

) are the expected ones, or the number of independent constraints

integer shifts ¢"
obtained at the previous point, say m, are not enough to determine all the am(™(\)
coefficients. In this case, it is necessary to know the actual value of am(™(\) — m
different leading coefficients uﬁ’"k), so that linear constraints can be obtained from the

conditions I, = ul(r,g for am(™ (\) — m different vector components i.

The above analysis shows that, knowing the leading power behaviors for the solution
as in eq. (4.51), we may be able to reduce the number of leading coefficients ufrk) needed
in input. In particular, while one normally needs L, coefficients distributed according
to the algebraic multiplicities of the block eigenvalue, some constraints may be provided
from the structure of the DE itself. Furthermore, we showed how these constraints can be
obtained in an algorithmic way, by setting up systems of linear equations for the unknown
coefficients c;.

When applying the method outlined above, it may happen that, for a given sector r,
no input at all is needed to determine the solution. This means that the structure of the
DE allows us to automatically obtain BCs for the MIs of the sector r in terms of the
solution for the previous r — 1 sectors. If the same happens iteratively, it may be possible
to find the proper solution for the entire system of DEs by using as input only the leading
coefficients for the first few MIs, which are the simplest to compute and may be known
analytically. Even if this is not possible, this strategy still allows us to reduce as much as
possible the complexity of the computation for the boundary coefficients.

The technique illustrated in this section can be applied to the examples discussed in
section 3.4.2. As it was shown therein, the integral family in eq. (3.62) for the one-loop
massive box has 6 MIs that expand as Taylor series around s, — 0 whose leading-order
coefficient can be extracted from the DEs. We now analyze how this works in the framework
described in this section.

The DE matrix A(n) for s = t = n has Poincaré rank zero and its leading-order

coefficient A is given by

1 1 3
AO = diag()\l, N )\6) = dlag (O, —5, —5, —1, —1, —5) s (452)
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which corresponds to a trivial Jordan matrix with one-dimensional chains. In the 1 x 1
block of the s-channel bubble integral I>(n) = B(e,n,m?), the general solution to the
associated homogeneous equation has power behavior n~1/2, while the particular solution
to the non-homogeneous equation only inherits a null eigenvalue from the constant tadpole
I1(n) = A(e,m?) and so it has a Taylor series. Therefore, the general solution for this

sector is
L(n) = e~ 2h(n) + p(n). (4.53)

where h(n) and p(n) have Taylor series. Since we know from EBR that I5(n) also expands as
a Taylor series, we must have ¢ = 0 and so the solution is completely determined as I5(n) =
p(n). This implies that, building the particular solution p(n) as prescribed in section 4.3,
one can completely skip the computation of the solution to the homogeneous equation. In
fact, the Taylor contribution given by p(n) is unique, so that p(n) is automatically built as
the only regular solution to the non-homogeneous equation for I5(n).

The third block is identical to the first one, so we can focus directly on the triangle
integral I4(n) = C(e,m,m?), which is the same as I5(n) = C(e,n,m?). When following
the normalization procedure of section 3.3.2, the block eigenvalue A = —1 is shifted to
A = 0 by means of a shearing transformation. However, the 1 x 1 transformation matrix

! which is thus also the power behavior of

T®(n) is simply composed by the element 7~
the solution to the homogeneous equation. The particular solution instead inherits its

regular behavior from the tadpole and the bubble. The general solution is thus given by

Ii(n) = e ha(n) + pa(n) (4.54)

where hy(n) and ps(n) have Taylor series. Once again, ¢ = 0 is the only choice that makes
I4(n) expandable as a Taylor series, so that I4(n) = p4(n). Similarly, for the box integral
Is(n) = B(e,m,m,m?) the eigenvalue A\ = —3/2 is normalized to A = 1/2, but T (n)
consists of the shifting term 72 which gives to the solution of the homogeneous equation

=3/2 The regularity of the box then implies that Ig(n) is simply given

the power behavior 7
by the particular solution, which is indeed the only regular solution.

In general, whenever it is known that the MIs are regular together with their derivatives
(i.e., they expand as Taylor series), their leading coefficients may be automatically obtained.
This happens if, for each block eigenvalue \;, either A\; # 0 or J; is shifted back to a
negative integer by the transformation matrix T(n), so that the associated coefficient c;
can be determined by imposing the cancellation of any power behavior. The situation
where the MIs must expand as Taylor series arises, for instance, in the AMFlow method,
when the DEs with respect to the auxiliary squared mass are solved at infinity. As shown
in section 3.4.1, one can indeed factor out beforehand the leading power behavior of each

MIs and solve the DEs (3.51), whose unknown functions have Taylor series. In LINE
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these DEs are solved with the approach of section (4.3), avoiding to insert A-contributions
to the solution if A # 0. However, for this application the DEs are in general not enough
to determine all the leading-order coefficients, which are equal-mass vacuum integrals that
must be computed for at least some of the MIs.

To conclude this section, let us analyze the case of the double box with a massive loop
discussed in section 3.4.2. The integral family admits a basis of 32 MIs. The first one is
a squared tadpole and has a Taylor series; the second master, which is the product of a
tadpole and a massless bubble, has power behavior n7¢. Their leading-order coefficients,
which must be provided as input, can be computed at arbitrary precision using the
analytical formula in eq. (3.53) for the tadpole and

2 1 _T(1—e€)?T(e) _,
Ber0) = | rr = TEasar 459

for the bubble. For the subsequent sectors, EBR can be employed to predict the leading

power behaviors which, in 4 — 2¢ dimensions, are always in the form n*~* with integer ¢
and either A\=0or A=1—e.

With the list of the power behaviors, one is able to determine all the coefficients for the
solutions to the homogeneous equations by vetoing any undesired behavior. For instance, in
the top sector we have four MIs I®)(n), namely the double box itself (in last position) and
integrals that share the same denominator but with irreducible numerators (see eq. (6.16)
for the exact list of propagator powers). In section 3.4.2 it was shown that the double box
I LEB) (n) collects a Taylor series from the LLL region, while a massless triangle factors out
in the SLL region, causing the emergence of the power behavior 717¢. The same is true
for the other MIs, except that (ki + ps)? is in the numerator of the triangle for I3(B) (n),

which hence behaves as n7¢. So the analysis of the power behaviors provides the BCs
IB () ~ (n7 7507 1 7°) + regular terms. (4.56)

On the other hand, the leading-order coefficient A(()B) has the trivial Jordan structure

Ay = diag(\1, A2, A3, \y) = diag (% — €, % —61—¢€1-— e) . (4.57)
As the eigenvalues \; = Ay = 1/2 — € have been vetoed in all the solutions from the
previous sectors, they only appear in the solution to the associated homogeneous equation.
Thus we immediately conclude that ¢; = ¢o = 0, since they cannot be present in the final
solution. We are then left with the task of determining the coefficients c3 and c¢y.

When transformed back to the non-Fuchsian basis, the last two columns of the matrix

solution ]ﬁ[(B)(n) both have the same behavior, namely

HP[j](n) = TEDHP[](n) ~ (072072070727, j=3,4, (4.58)



4.3 Solving around regular singular points

which is also shared by the particular solution and the solution from the previous sectors:

I}(fg ( P(B Z T (B s) ) T(B B) ( )P(B) (77) ~ (7772767 777276, 7771767 ,’77276) )

s=1
(4.59)
By comparison with the boundary behavior in eq. (4.56), we have that the leading-order
coefficient of each component must cancel out. This generates a system of four linear

equations for the unknown coefficients c3 and ¢y, that is,
B B B B B
0= Ig—)e,o,o =3 Hg—)e,O,O[E}] T+ Hg—)s,o,o[‘l] + Il(pb,)ke,o,o + Pg—)e,O,O . (4.60)

The first two conditions turn out to be independent and so they can be used to find
the values of ¢3 and ¢4, hence fixing the solution of the top sector. Overall, the 32 MIs
are completely determined by the knowledge of their leading power behaviors and the

analytical formulae for the massive tadpole and the one-loop massless bubble.



Chapter 5

Analytic continuation of Feynman

integrals

Feynman integrals are multi-valued functions of the kinematic invariants and are made
single-valued by identifying branch cuts emerging from branch point singularities, where
the orientation of the cuts is dictated by the Feynman prescription. Taking into account
the branch cut configuration of the master integrals is crucial when these are propagated
across the phase space as solutions to differential equations. This chapter is devoted
to the development of an algorithmic strategy, implemented in LINE, for the analytic
continuation of the series expansion solutions obtained in chapter 4.

In section 5.1, we begin by discussing how a Cauchy problem is affected by the
presence of discontinuities in the solutions to the differential equations. We show that
boundary conditions alone are not sufficient to uniquely determine a discontinuous solution.
Consequently, one must know in advance the branch cut structure for the sought solution
in order to select, among the infinitely many solutions that satisfy the boundary conditions,
the one whose discontinuity is placed accordingly.

Since the target functions are Feynman integrals, their discontinuities are analyzed in
section 5.2. For any given integral, the branch cuts on the physical sheet are identified with
the Cutkosky cuts of the associated graph, which in turn are associated with threshold
singularities. Building on this, in section 5.3 we provide a method to place the branch
cuts in the complex plane of the line parameter. The main idea is that the cuts must be
mapped to the threshold-singularity surfaces in the space of the kinematic invariants. The
orientation is chosen so as to be consistent with the Feynman prescription. The resulting
rules are simple and well suited for implementation in computer code.

The procedure outlined in this chapter allows one to properly assign the position of the
branch cut in the complex plane of the line parameter when a branch point is encountered
on the path. While this method can be employed when solving the differential equations
using the corresponding singular ansatz, the knowledge of the branch cut configuration

also provides an alternative strategy for crossing the branch point, as pointed out in



section 5.3.3. There, we show how to deform the path to circle around the singularity

through a sequence of regular propagation steps in the complex plane of the line parameter.

Throughout this section, we measure any angle ¢ in the complex plane counter-
clockwise, identifying the positive real axis with an angle ¢ = 0, while ¢ > 0 (¢ < 0)
indicates the upper (lower) half of the complex plane. The negative real axis is selected
with ¢ = —m. Of course, to specify a range of angles in the form of an interval [¢1, o], we
must have ¢; < @9 and so occasionally we opt for one of them to fall outside the interval
| — m, [, which provides an easier notation than expressing [p1, p2] as the union of two
intervals. For the argument function, we consider arg(z) € [—m, 7| while, for any angle ¢,
we define the function arg® to pick up angles counter-clockwise with a jump of 27 at the

angle . In particular we choose

© [90790+27T[7 906 [—F,O],
g )“)e{ o—2mel, pelon]. >

We denote by log(z) the real-valued logarithm function and by Log(z) its complex-
valued continuation. We use the notation Log(“")(z) to specify that the logarithm has a
branch cut at angle . We choose its Riemann sheet in such a way that its imaginary
part lies in [p, ¢ + 27| for a branch cut in the lower half-plane at angle ¢ € [—, 0], while
Im Log¥(z) € [ — 27, @[ when the branch cut is in the upper half-plane at angle ¢ €]0, 7.

Therefore, in this notation we have
Log'®)(z) = log(|z|) + i arg®(z) . (5.2)

With this convention, the logarithm is evaluated on its branch cut by approaching the cut

with a clockwise rotation, that is,

Log® (re') = lim Log®(re'®*9)  r>0. (5.3)
0—0t

The choice of shifting down by 27 the range of angles for the imaginary part of the
logarithm when the branch cut is in the upper half-plane ensures that the logarithm of a
positive real number is always real. For instance for a branch cut at ¢ = 7/2, we have
that Im Log'® () belongs to [—37/2, 7/2] instead of [r/2, 57/2[, so that for positive real
numbers the imaginary part of the logarithm is zero instead of 27. On the other hand, for
z < 0 we have Im Log®” (2) = 7 when ¢ €] — 7,0] and Im Log¥)(z) = —x if ¢ €]0, 7.

Finally, note that we are not forced to use a straight line to define the boundary between
two consecutive branches for the logarithm function. For instance, consider any curved

line v : [0, +0o[— C that leaves the origin and stretches out to infinity. For simplicity we
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also assume that the curve does not coil, that is, for any r» > 0 there is only one point
of v at distance r from the origin, so that we can find a line parameter » > 0 such that
|7(r)] = r. Then we could define the logarithm Log"(z) with curved branch cut 7 as
the function that, circling counter-clockwise around the origin at distance r, continuously
picks up values from a given branch of the multi-valued logarithm function, until the cut
is encountered at z = y(r), where the imaginary part undergoes a discontinuity jumping
down by 27. For the purposes of this work, we are interested in what happens to the
logarithm only on a given circle around the origin. Therefore, in the choice of the Riemann

sheet, we define Log!" () as
Log("’)(z) = Log(arg(v(IZ\)))(Z) = log(|z]) + 1 arg(arg(v(ld)))(z) 7 (5.4)

that is, as the function that, at any distance |z| from the origin, evaluates to the logarithm

with a linear branch cut at angle arg(y(]z])).

5.1 Discontinuous solutions to differential equations

Let us consider the differential equation

df(z) 1
dz 2

, (5.5)

where f: D C C\ {0} — C is a function defined over a complex domain D that does not

include the origin. Any function in the form
f(z) = Log(z) + const. (5.6)

would be a solution to eq. (5.5), provided that we place a branch cut and select a Riemann
sheet for the complex logarithm, which would otherwise be multi-valued. The solution

then becomes
9 (2) = Log®¥(z) + const. (5.7)

for every choice of the constant and the angle ¢. However, note that f(¥)(z) solves eq. (5.5)
everywhere except along a ray from the origin at angle ¢, where the logarithm has its
branch cut and the function is therefore not differentiable.

Now suppose we are looking for a solution along with a boundary condition, i.e., we

want to solve the Cauchy problem

Cie =1, I =B, (5.9
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for some B € C. The boundary condition f¥)(zy) = B allows us to fix the constant in the
definition of f®)(2) and find the class of solutions

f¥(2) = Log¥(2) — Log'¥ () + B. (5.9)

Now, two different angles @1, 5 give two different solutions f(#1)(z), f(¥2)(z) that satisfy
the same DE and have the same boundary value B at z = z3. Therefore, it might seem
that the uniqueness of the solution to the Cauchy problem in eq. (5.8) is violated. The
catch is that f(¥1)(2), f(#2)(z) are discontinuous functions that do not solve the exact same
problem, since they are defined in different domains of the complex plane. In fact, at the
infinitesimal level the uniqueness of the solution is roughly speaking due to the continuity
of the function that allows us to start from zy with the boundary value B and use the DE
for its propagation through infinitesimal steps, approximating the solutions at first order

around any regular point z as

f(z+dz):f(z)+dzdiif(z):f(z)—i—?. (5.10)
However, when crossing a branch cut, this procedure would smoothly vary the value of
the solution, leading us to the neighboring Riemann sheet instead of staying on the same
one by catching the discontinuity of the logarithm. It is worth noting that the very same
circumstance arises when using the DE method to propagate Feynman integrals via Taylor
series expansions on a path of regular points that crosses a branch cut.
A two-dimensional example with the same features is given by the homogeneous system
of DEs for the Cauchy problem

0 i
L) =aGHE), A= P, f<zo>:<B>> (5.11)

20

whose solution with branch cut at angle ¢ is
T
£)(2) = <Log(‘p)(z) — Log®(z) + B, z> . (5.12)

This example is closer to the type of DEs encountered in the computation of FIs. In fact,

following the procedure outlined in section 3.3, one would use a transformation matrix

such as
1
-0
T(z) = z (5.13)
0 1
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to transform the DE system to Fuchsian form according to

A(z) —> A(2) = T(2)A()T(2) — T(z)—ld%wz) _ % ((1) 1) C 14)

l'is a Jordan matrix with a chain of

In this basis, the coefficient of the simple pole 2z~
eigenvalue A = 1 and length 2. As shown in section 3.3.1, this leads to the appearance of
a logarithm in the solution, which is indeed the case of eq. (5.12).

A key aspect of the examples described above is that the solution is uniquely determined
once the geometric configuration of its branch cut is indicated. This happens because any
point of the domain of regularity D, which is now fixed, can be reached from the boundary
point zy following a path entirely enclosed in D. A different situation arises when z; lies
exactly on the branch cut: in this case, one has to prescribe beforehand from which side
the branch cut must be approached when evaluating the solution on it, since any path
connecting zg to a target point z € D must leave the cut on that side. Naturally the same
prescription is also needed when the target point itself is on the cut.

Based on the arguments discussed so far, we are led to the following conclusions:

e When solving a Cauchy problem in the presence of a singular point, the specification

of BCs may not be sufficient to uniquely fix a solution.

e [t is necessary to know beforehand the analytic properties of the sought solution,
i.e., the configuration of the branch cuts and possibly the prescribed side from which
they must be approached, so that we can choose the proper Riemann sheet when
solving the DEs.

Our problem of interest is solving DEs for Feynman integrals, a case in which the
configuration of the branch cuts is known in advance and the Feynman prescription
specifies how to approach them. As a step towards our goal, consider a DE around a

regular singular point at z = 0, whose series expansion solution is in the form

f)=>" fj fin |Log®(2)] o (5.15)

k=0 n=0

where f},, are unknown coefficients. Observing the logarithms we know that the solution
has a branch point at z = 0 and develops a branch cut on the positive real axis z > 0.
Suppose that we want to solve the DE along a line segment with parameter n € [0, 1] that

goes from a boundary point z = 2y to a target z = z; passing through z = 0. We have
z(n) = 2 +n(z1 — 20)
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I
—

(=)
SN~—

I

2o boundary point,

2(1) = z; target point . (5.16)

Even though it belongs to a real segment, the line parameter 1 has to be regarded as
a complex variable when solving the DE with respect to n via series expansion, so that
eq. (5.16) becomes a linear change of variables between two complex variables n and z.
Let g(n) be the sought solution in the n variable. The simple but crucial point is that we
want g(n) to be just f(z) expressed in terms of n, that is, g(n) = f(2(n)). Therefore, the
branch cut of g(n) in the complex plane of 7 is precisely inherited from the branch cut of

f(2) in the complex plane of z. In particular, we have the conditions

branch point, (5.17a)
branch cut . (5.17Db)

Let us indicate with n = 7, the branch point in the n-plane. We then parameterize the
branch cut as a half line starting at n = 1, at an angle ¢, with respect to the positive real
axis, i.e. {n=mn, +re¥ r > 0}. In principle, we could invert the map in eq. (5.16) as
n=(z—20)/(z1 — 2) and let z = a > 0 be the parameter that describes the branch cut
in 7. Instead, we solve the conditions in eq. (5.17) directly, a method that better adapts
to the more general case of non-linear maps z(n) that are not easily invertible. From
z(mp) = 0 we get

= ——— . (5.18)
21 — 20
To find the branch cut, we evaluate the left-hand side of (5.17b), obtaining
2(ny +re') = 2o + (nb + Tei‘pb) (21 — 20)
= 20+ (21 = 20) + 7€ (21 = 20)
=re" (21 — 2) , (5.19)

where we used the condition zg + 7, (21 — 2z0) = 0 that defines n,. The right-hand side of

eq. (5.19) must be real and positive, meaning that

op = —arg (21 — 20) - (5.20)

Therefore, the sought solution g(n) = f(zo + (21 — 20)) has a branch point at n = 7,
specified by eq. (5.18) that develops a branch cut at angle ¢ = ¢, given by eq. (5.20), as
illustrated in figure 5.1
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Figure 5.1: Branch cuts in the complex planes of the line parameter 7 (left) and of the invariant z
(right) are shown as dashed lines. The DEs are solved along the orange line connecting zy and 21,
which corresponds to the segment [0, 1] in the n-plane. The branch cut drawn in green represents
the correct choice, as it is mapped onto the positive real axis of the z-plane, whereas the red one

is not.

Moving to the operational point of view, in our framework we solve the DE in 7 via

series expansion around 7 = 7, using the ansatz

k

90) = DD i [Log®@ = m)| (0= m)" (5.21)

and solving for the unknown coefficients gy ,,. Here, 1, €]0, 1] by construction, since we
are interested in branch points lying on the path. To determine all the coefficients g; ;, we
must also impose BCs at 7 = 0, thus evaluating the logarithm for a negative real value
n —n, < 0 of its argument. Although any choice of ¢ would successfully solve the Cauchy
problem, among all the solutions that match the boundary we seek the only one that has
its branch cut mapped onto the positive real axis z > 0, that is, we select the branch
cut at angle ¢ = ¢, of eq. (5.20). The choice of the branch enables the evaluation of the
logarithm, and thus of the solution, at the target point n = 1 as well, where n —n, > 0.
This completely solves the task under consideration.

Equipped with the methodology implemented in this section, we are now ready to

address the specific case of DEs for Feynman integrals.

5.2 Discontinuities of Feynman integrals

As mentioned in section 3.3, Feynman integrals develop branch cuts when analytically
continued to complex values of the kinematic invariants. In this section we discuss how to
identify such cuts and extract the information that we need for the analytic continuation
of the solutions to the differential equations.

The discontinuities of FIs on the physical sheet are described by the cutting rules
first given by Cutkosky [120]. To see how they work, let F'(s) be a FI depending on the
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kinematic invariants s and G its corresponding graph. We define a Cutkosky cut C of the
integral F'(s) as any deletion of a set of edges that cuts the graph G into two disjoint
sub-graphs, each containing at least one external leg. The cutting rules state that the

discontinuity DiscF'(s) of the integral is given by

. . . 1
DiscF'(s) = Z/k ) H(—Qm) 5(q2 —m?) 05,(¢°) H o (5.22)
C 1--RL (& e

eeC e’'eg\C

where the products run over edges of a given set and the sum is over all the possible
Cutkosky cuts of the graph G. To each cut C, which is also interpreted as the set of deleted
edges, is assigned a fixed (arbitrary) orientation, and the function 6% (¢?) determines the
sign of the energy by evaluating to the Heaviside step function 0(¢%) for momenta flowing
through the cut in the forward direction and to 05 (—¢°) for those flowing in the opposite
direction. Then eq. (5.22) expresses the discontinuity of a FI as a sum of cut contributions
where the momentum ¢, of each cut propagator is set on-shell substituting the propagator
with a factor (—27i) §(q% — m?) 0%(q°).

A significant amount of useful information is contained in the cutting rules of eq. (5.22).
To see this, let us focus on the contribution coming from a single oriented cut C and let
FPe = Y .ccq. be the total momentum flowing through the cut, where ¢, is defined as
oriented in the forward direction. By momentum conservation, Fp is equal to the sum of a
certain number of external momenta, so that its square t¢c = P7 = (p;, + pi, + ... )% is an
external kinematic invariant. In order for the cut C to give a non-zero contribution to the
discontinuity in eq. (5.22), none of the on-shell factors can vanish. From a kinematic point
of view, this means that ¢ must be large enough to produce a set of on-shell particles of
momenta ¢, with positive energy. The corresponding threshold value for ¢ is equal to the

square of the sum of the cut masses and leads to the condition

Ze=te— (Z me> >0, (5.23)

eeC

where we refer to z¢ as the Cutkosky invariant associated with the cut C. Eq. (5.23) locates
a branch cut in the phase space of the kinematic invariants for the analytic continuation
of the integral F'(s) to complex-valued kinematics.

Since the kinematic configurations selected by z¢ > 0 are able to set on-shell the cut
propagators, they are solutions to the on-shell Landau equation (2.42) with a. = 0 for
each uncut propagator. In addition, the threshold value z; = 0 is also a solution to the
Landau loop equation (2.44) and corresponds to a branch point singularity for the integral.
To make this manifest, let us consider the loops that are cut open by C. It is always
possible to choose the routing of the loop momenta in such a way that any loop momentum

k; flowing through the cut appears in exactly two cut propagators. If we indicate with ¢},
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and ¢, their momenta (defined as flowing in the forward direction of the cut), one of them,
say ¢, must be oriented as k; and the other in the opposite direction. At the threshold
ze = 0, any cut momentum is produced at rest in the center of mass frame of Fp, so that
¢;; = (my1,0) and ¢}y = (m4e,0) in such a frame. As a. = 0 for uncut propagators, the

Landau loop equation (2.44) reads
iy — gy =0 <= ainma — aipmz =0, (5.24)

whose solutions are non-negative. All the loop equations can be satisfied simultaneously,
which leads to a solution of the Landau equation (2.44) with o, > 0 for each cut propagator.

Note that for z¢ > 0 the on-shell momenta are produced with non-zero spatial compo-
nents q. that add up to zero in the center of mass frame of FPr. This is incompatible with
the Landau loop equation that instead asks for spatial vectors that are proportional and
oriented in the same direction. Therefore, zz > 0 selects kinematic configurations where
the FI, although discontinuous, is not singular.

The side from which the branch cut in eq. (5.23) must be approached is dictated by
the Feynman prescription. This translates to a specific choice for the sign of the imaginary
part of zo. To see how, recall that, as pointed out in section 2.3, the second Symanzik
polynomial F inherits a small, positive imaginary part, ImF = ¢ — 0. This is equivalent
to assign i€ to the external kinematic invariants appearing in JF, i.e., those corresponding

to the squared sum of external momenta. As t¢ is one of these invariants, we have
ze — 2 +ie, €— 0", (5.25)

that is, the Cutkosky invariant z: acquires an infinitesimal, positive imaginary part
according to the Feynman prescription. The same result was also found in eq. (2.63),
where one has to identify z¢ with F(a(s)).

We can summarize the observations made in this section as follows. Each branch point
on the physical sheet of a FI is related to a Cutkosky cut C, which is in turn associated
with a Cutkosky invariant z¢, defined in eq. (5.23). The latter allows us to identify the
branch cut in terms of the kinematic invariants. In the complex plane of z¢, the branch
point is at the origin z; = 0 and develops a branch cut on the positive real axis z¢ > 0
that, according to the Feynman prescription, must be approached from above. These
properties of z¢ resemble those of the complex variable z in the example at the end of
section 5.1. In fact, the approach we are about to describe follows very closely the one
adopted in that example. In particular, the knowledge of the branch cut configuration in
the complex plane of z¢ is what guides us in the selection of the proper solution to the

Cauchy problem in the line parameter 7.
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5.3 Phase space propagation in the presence of

branch cuts

As discussed in section 5.1, when differential equations admit discontinuous solutions, the
boundary conditions are not enough to uniquely determine the proper solution and so we
need to know a priori the location of its branch cuts. In the case of DEs for Feynman
integrals, the analysis of section 5.2 showed how to get this information beforehand,
thanks to the introduction of the Cutkosky invariant z¢. In the following, we combine the
observations of both sections to outline an algorithmic procedure for the propagation of
FIs via series expansion in the presence of branch cuts. The strategy prescribed here is the
one implemented in LINE. Although we are only interested in physically relevant cases,
we shall consider generic complex values for all the kinematic invariants in order to make
the mathematical arguments more natural. Nevertheless, we shall separately highlight the
algorithmic prescriptions for the physical cases, where the branch cuts lie on the real axis.

Recall that, in our framework, we solve DEs along a phase space line with parameter 7.
The propagation is split into several steps, each one consisting in computing series expansion
solutions within a finite radius of convergence. Whenever a regular singular point of the
DEs is encountered on the path, the singularity is crossed by expanding the solution
around it. The singular point may or may not be a branch point for the master integrals.
If it is not, then the position of the branch cut in the complex plane of 7 is irrelevant,
since the final result does not depend on the choice of the branch. On the other hand, a
singularity that is also a branch point for the MIs requires us to apply the methodology
seen in the previous sections. In fact, the branch cut in the n-complex plane is mapped
onto the phase space of the kinematic invariants through the line parameterization in
eq. (2.116), and we need to ensure that the mapping is consistent with the actual position
of the branch cut in said space.

Suppose that, after a certain number of propagation steps, a branch point is met on
the path at n = n,. We save for later the cases 1, € {0, 1} of a singularity at one of the
end points, so that for now we can assume 7, € ]0,1[. The BCs are given by the sum of the
series solution from the previous step evaluated at a point n < n,. Let C be the Cutkosky
cut associated with the branch point under consideration and ¢, the square of the total
momentum flowing through the cut. If we express the invariant ¢ as a linear combination
of T independent external invariants t; with coefficients «a;, we can write the Cutkosky

invariant zc of eq. (5.23) as

20 = i a;t; — (Z me> ) (5.26)

ecC

If we plug into this equation the parameterization in eq. (2.116), we obtain a map z¢(n)
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from the complex plane of n onto the one of zo. We then proceed as in the example at the
end of section 5.1, choosing the branch cut in 7 in such a way that z¢(n) maps it onto the
positive real axis of the z¢-complex plane.

First, we focus on the case where the cut masses are kept fixed in the propagation,
where the example of section 5.1 mentioned above can be followed closely. Then, we
consider the general case of varying masses, where some extensions ought to be made. In
both scenarios, we provide rules for the computation of the logarithm Log(n — 7,), since
the analytic continuation of non-integer powers (n — n,)* can be performed according to
(n —my)* = eMo81=m) - These rules specify how to assign the imaginary part to Log(n — ;)
for n < m, and n > n,. We emphasize that the choice of the Riemann sheet for the
logarithm does not matter as long as the location of its branch cut and its orientation are
correct. In other words, we are allowed to shift both the imaginary parts at n < n, and
n > n, by the same integer multiple of 27, since the coefficients for matching the BCs at

the previous path point would compensate the change in the value of Im Log(n — n).

5.3.1 Cut with fixed masses

Suppose that the cut masses do not change in value during the phase space propagation
so that, in the expression for the Cutkosky invariant z¢, only the external invariants ¢;

evolve. The insertion of the line parameterization

ti(n) = to; + ( T ) (t14 — to.) (5.27)

m —"o
into eq. (5.26) gives the linear map
T 2 T
Zc(’f]) = Z Oékto’k - (Z me> + n Z Q. (th - tO,k) . (528)
k=1 eeC k=1

With 1 = ny indicating the boundary point and 7 = 7, the target one, we have

ze(n) = ze0 + ( = "o ) (201 — 2c0) (5.29)
M — Mo

where zc o = z¢(no) and z¢1 = z¢(m1). Note that the difference z¢; — 2¢ does not depend

on the masses:

!

zea = zc0 = (m —nm0) > ak (trr — to) - (5.30)
k=1

We thus find precisely the same situation of the example at the end of section 5.1. Therefore,

following the same reasoning, the branch cut in the complex plane of 7 must be placed at
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Figure 5.2: Branch cuts in the complex plane of the line parameter n (on the left) and the
Cutkosky invariant z¢ (on the right), indicated with dashed lines. The DEs are solved within
the circle of radius 7, (in blue), centered at the branch point 7,. The boundary point 1y and the
target point 11 are mapped to z¢co and zc 1, respectively. As in figure 5.1, the correct branch cut

is the green one, since it is mapped to z¢ > 0.

an angle ¢, given by
oy = —arg (2c1 — zc0) (5.31)

as shown in figure 5.2.

Having located the branch cut, we are ready for the evaluation of the logarithm
Log(n — m) at n < n, to match the boundary and at 7 > 1, to sum the series solution. If
the branch cut is not on the real axis, we have:

e arg(zc1 — 2co) € ]0,7[ = branch cut in the lower half-plane:

log(17 — 1) , >,
Log(n —m) = . (5.32)
log (1 —n) +im, 0 <,
e arg(zc1 — zco) € |—m, 0] = branch cut in the upper half-plane:
10%(77 - nb) ) n>nm,
Log(n — ms) = (5.33)

log(my —n) —im, n<mn.

If zc1 — zcp is real, as it is always the case for real-valued kinematics, the branch cut
lies on the real axis and so we need to follow the Feynman prescription to evaluate the
logarithm upon its cut. As discussed in section 5.2, this means that the branch cut must
be approached in such a way that z¢(n) lands on the positive real axis from above. For
the sake of completeness, we also give results for the opposite prescription, i.e., with z¢(n)
reaching the axis from below. We parameterize the motion of z¢(n) as a rotation in the

complex plane. In particular, zc = ae’® for some a > 0 approaches the positive real axis
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Figure 5.3: Branch cuts (dashed green lines) on the real axis of the complex planes of 7 (left)
and z¢ (right), as it is the case for real-valued kinematics. The branch cut at z¢ > 0 must always
be approached from above. In the n-plane, this corresponds to a clockwise rotation on the blue
circle of radius rp, centered at the branch point 7. (a) 7o rotates clockwise towards 71, reaching

the cut from above. (b) 7 rotates clockwise towards 7, reaching the cut from below.

from above (below) in the limit ¢ — 0% (¢ — 07). This rotation is the image through
ze(n) of a corresponding infinitesimal rotation of angle ¢ around the branch point in the
complex plane of . We then look for the sign of §, which tells us if the branch cut in 7

must be approached with a clockwise or counter-clockwise rotation. We have
ae'® = zeo 4 (my + 1P (201 — 2e0) = 1P (20 — z04), (5.34)
where we used eq. (5.31). This means that
¢ = pp + 0+ arg(ze1 — 2c0) = 6. (5.35)

The conclusion is that, in order for the positive real axis of z¢ to be approached from
above (below), the branch cut in 1 must be reached with a clockwise (counter-clockwise)

rotation, as illustrated in figure 5.3. This translates to:
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® 2c1 > 2¢co = branch cut at n > n, approached from above (below):

log(n —m) +i270u (=), 1>,

Log(n —m) = . (5.36)
log(ny =) +im, n <1,
e 201 < zcp = branch cut at n < n, approached from below (above):
log(n —m) , >,
Log(n —m) = (5.37)

log(ny — n) —im + 270y (—0), n<n.

The Feynman prescription is selected by ¢ > 0, in which case the Heaviside step function

0y (—¢) does not contribute to the formulae above.

5.3.2 Cut with varying masses

A more involved situation arises in the general case where the cut masses change in value
during the phase space propagation. In fact, if we were to linearly vary the squared masses

of the cut propagators according to
mZ(n) = m(Q),e + n(mie - m(Q),e) ) (538)

as we do for any other invariant, we would end up with a map

2
Zakt0k+7lzak tig —tok) — ( \/m06+77 )) , (5.39)
ecC

featuring square roots that may lead to a complicated structure for the branch cut in the
complex plane of 7. To overcome this problem, let us vary the linear masses instead of

the squared ones,
me(n) = moe +1(Mmie —moe) (5.40)

assuming that the propagation is confined to non-negative values Rem.(n) > 0. The

Cutkosky invariant is then given by

2

Zakt0k+7]2ak tie — tok) — Zm0e+772 Mie—moe)| , (5.41)

eeC eeC

which is just a quadratic polynomial in 7. As we are about to see, this kind of map implies

a non-trivial but nonetheless manageable branch cut structure.
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To begin with, note that z¢(n) has two roots now, meaning that the branch point of
the MIs is split into two different branch points in the n-complex plane, each generating a
distinct branch cut. By construction, one of the roots is the branch point 7, €10, 1] that
we are using as expansion point for the series solution; the other one, say n = n;, is still a
pole of the DEs and so, by the definition of radius of convergence R(n;,) as the distance
between 7, and its closest pole, n, lies at a distance |i, — 7,| > R(1). On the other hand,
we are expanding within |n — | < R(ns)/2, as prescribed in section 4.1. As we prove later
on, the branch cut originating from 7, also stays outside this domain and, in fact, this
feature plays a key role in the choice of the factor 1/2 multiplying R (7). Note however
that here we are implicitly assuming that the initial and target phase space points are
such that n, # n;, i.e., the two branch points do not overlap in the complex plane of 7.

Another consequence of the quadratic nature of the map z¢(n) is that generally the
branch cuts in the n-complex plane are curved. This aspect is not problematic since the
logarithms in the series solution can be analytically continued using a generic branch curve,
as shown in eq. (5.4). On top of that, we only need to evaluate the logarithms at two real
points g = n, — 1, and 91 = N, + 14, where 1, = S(m,) = R(mp)/2, to impose BCs and
reconstruct the series at the next path point, respectively. Therefore, if we parameterize
the branch cut of n, as {n = n, + v(r),r > 0}, with v : R* — C being the branch curve,
we are only interested in the position of v(7), i.e., the intersection point of the curve ~y
with the radius of the expansion. What is more, the only thing that matters is whether
~(rp) lies in the upper or lower half of the n-complex plane.

To unveil the answer, we make a point 7, rotate on the circle of radius 7, centered
at 75, while observing the motion of its image z¢(7,). As proved below, z¢(n,) also rotates
in the same direction as 7,, with no inversions and completing no more than one full turn.
Suppose that 7, starts from the boundary point 77y and proceeds, say, counter-clockwise,
thus moving into the lower half of the complex plane, as shown in figure 5.4. If the branch
cut is somewhere in the lower half, it will be crossed by 7, before the latter can reach
the target point r;. This corresponds to z¢(n,) intersecting the positive real axis in the
complex plane of z¢ and, to know if this event occurs or not, we can compare the angles

of the initial point, z¢o = 2z¢(1o), and the final one, z¢1 = 2¢(n1). In particular, we have:

e 0 <arg®(z;) < arg®(zc9) = branch cut in the lower half-plane:

log(rs) , =1+,
Log(n —m) = , (5.42)
log(ry) +im, n=mn,—ryp,
e 0 <arg®(z0) <arg®(zc;) = branch cut in the upper half-plane:
log(rs) , n=1p+7s,
Log(n —m) = (5.43)

log(ry) —im, n=mn,—ry.
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(b) Branch cut in the upper half of the n-complex plane.

Figure 5.4: Branch cuts (dashed green lines) in the complex planes of n (left) and z¢ (right)
for the case where the cut masses are varied during the propagation. The point 7, rotates
counter-clockwise on the half-circle (drawn in orange) of radius ry, centered at the branch
point 7. At the same time, its image z¢ (7)) rotates counter-clockwise in the z-plane, from z¢ o
to zc.1. (a) arg® zc 1 < arg(® 2¢ 9 and so z¢(n,) crosses the real axis. Therefore, 7, finds the

branch cut. (b) The opposite is true.

The edge cases of v(r,) being on the positive or negative real axis in the 7-plane take
place when z¢, or z¢ are on the positive real axis of the z¢-plane, respectively, as shown

in figure 5.3. This happens for real-valued kinematics and leads to:

® 2c1 >0 = branch cut at n > n:

log(ry) + 270 (=), 10>,
Log(n —m) = _ (5.44)
log(ry) + @7, n<n,
® zco >0 == branch cut at n < n:
IOg(Tb) ) n>m,
Log(n —m) = (5.45)

log(ry) —im + 270 (—@), n<np.

Once again, ¢ > 0 selects the Feynman prescription while ¢ < 0 enforces the opposite one.
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For the reasoning developed in this section to be complete, two properties remain to

be proved:

1. As a point 7, performs a complete counter-clockwise rotation at distance r, = R () /2
around the branch point = n, its image z¢(7),) also moves counter-clockwise around

the origin, maintaining its orientation and completing exactly one rotation.

2. The branch cut originating from the spare branch point, n = 7n;, does not enter the

circle of radius r, centered at n = n,.

Note that the first property implies the second one. For if z¢(n) crosses the real axis
only once, then the point 71, encounters a single branch cut in its full rotation around the
branch point n = n,, and that cut must be the one originating from 7, itself. Given this
observation, we now proceed to prove the first property.

First of all, let us write the quadratic polynomial z¢(7) in the factorized form

ze(n) = 22(n —m)(n — ), (5.46)
where the value of the coefficient z, # 0 multiplying the highest power n? can be easily
read off from eq. (5.41), but plays no role in the proof. We introduce the transformation

n = n, + x(n, —np) so that, in the complex plane of the variable z, the two roots n = n, 1,

are mapped to x = 0, 1, respectively. In terms of z, the Cutkosky invariant becomes

ze = 2, —m)’w(z — 1), (5.47)
while the full rotation of a point 7, on the circle |, — ;| = r, corresponds to x = re'?
with ¢ € [—m, 7] and r = r,/|n, — m|. Since we expand around 7, within half the radius

of convergence R(1,), we are sure that » < 1/2 (with the equal sign occurring when 7} is

the pole closest to 7,). The rotation of z¢ can thus be parameterized by
ze = zo(n) — mp)?re¥(re’? — 1), (5.48)

To make sure that z¢ always proceeds counter-clockwise, we consider how its argument

evolves in ¢. We have
arg zc = arg (22(n, — mp)*) + arg (re"(re’” — 1)) = const. + arg&(y), (5.49)
where the first contribution is constant, while the second one is the argument of
£(p) = e (re’” — 1) = rcos(2p) — cos(p) + i (rsin(2p) — sin(yp)) . (5.50)
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For the arctan function taking values in [—7/2, 7/2], we have

arg&(p) = arctan(ZS;ISlgg : zg;ii))) + {0, £7}, (5.51)

where the notation +{0,£7} means that either 7 or —7 must be added when £(y) is
in the second or third quadrant of the complex plane, respectively, while no addition is

needed for £(¢p) in the first or fourth quadrant. Differentiating with respect to ¢ we obtain

d d 1+ 2r% — 3rcos(p)
il - = ) 5.52
i e z(¢) i arg(p) = T 2 cos(p) (5.52)
This derivative has a positive denominator for any r # 0, since
1+72 —2rcos(p) > 14+71%—2r = (r—1)%, (5.53)

so that its sign is determined by the numerator only. The latter is non-negative for
cos(p) < (1 + 2r%)/3r. This is always the case if (1 + 2r?)/3r > 1, which holds true for
r <1/2 and r > 1. Since in our framework r < 1/2, we can conclude that z¢(n) moves
counter-clockwise and never turns back in its rotation around the origin. Note that, if we
were to take r €]1/2,1[, we would have (1 + 2r?)/3r < 1 and the derivative would become
negative for some values of ¢. Therefore, expanding within half the distance from the
other pole 7 is necessary to guarantee the success of the method outlined in this section.

Finally, we need to exclude the possibility that z¢(7,) completes more than one rotation
around the origin as 7, performs a single one. This can be easily done by noting that the

imaginary part of £(¢p),

Im&(p) = rsin(p) (2rcos(p) — 1) , (5.54)

only vanishes twice, i.e., when sin(¢) = 0, since 2r cos(p) — 1 < 0 for r < 1/2. Even in
the edge case r = 1/2, we have 2r cos(p) — 1 = 0 for cos(yp) = 1, which happens together
with sin(¢) = 0 and so it does not introduce an additional zero. Therefore, () crosses
the real axis only twice, meaning that z¢(7,), which is a constant times £(y¢), completes
only a single rotation. Note that Im£(¢) = 0 at four angles for r > 1/2, reflecting the fact

that £() inverts the direction of its rotation twice in that case.

5.3.3 Circling around a branch point

In the previous sections we provided rules for the analytic continuation of the logarithms

appearing in the solutions around any given branch point 7, € [0, 1[. The reasoning applied
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() (b)

Figure 5.5: Regular propagation steps to circle around a branch point 7 in the complex plane
of the line parameter 1. The path (drawn in orange) consists of straight lines connecting points
at distance 7, from the branch point 7. The first six steps have length 7;,/2 and correspond to an
angle 0 = arccos(7/8) ~ 7/6.22. The half-rotation is completed in seven steps, with the last one
being shorter than the others. (a) The branch cut is in the lower half-plane and so the rotation

takes place in the upper half. (b) The opposite is true.

to accomplish this task was based on identifying in which half of the n-complex plane the
branch cut is located. In the case where the cut masses vary during the propagation, we
explicitly followed the hypothetical rotation of a point 1, around the branch point on a
circle of radius 1, = R(n)/2, in order to detect whether this rotation intersects the branch
cut. This methodology actually provides an alternative strategy for crossing the branch
cut without using 7, as expansion point for the solution of the differential equations.

Suppose that the propagation has been carried out until the master integrals are
evaluated at the previous path point 1y = 7, — 1. Following the prescriptions given in
the previous sections, the arguments of zcg = z¢(n, — 1) and zc1 = ze(m + 13) can be
compared to determine whether, at fixed distance r, from the branch point, the branch
cut is in the upper or lower half of the n-complex plane. Having established that the cut
is, say, in the upper half, we can perform a set of regular propagation steps in the lower
half-plane to circle around the branch point counter-clockwise and evaluate the solution
at m; = n, + 1. In particular, introducing the new path points at distance r, = R(n)/2
from the branch point, it is ensured that closest pole remains 7, at all the stages, so that
the step size at any point is r,/2 = R(n,)/4. Each step corresponds to a rotation of angle
0 = arccos(7/8) ~ 7/6.22 and so the half-rotation can be completed in seven propagation
steps (six steps with angle 6 = arccos(7/8) with the addition of a shorter final step or,
equivalently, seven equal steps of angle 7/7), as in figure 5.5. Naturally, if the branch
cut is in the lower half of the complex plane, the propagation steps must be performed
following a clockwise rotation in the upper half-plane.

For real-valued kinematics, the branch cut is on the real axis. Nonetheless, the methods
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described in the previous sections allow one to identify the proper half of the complex plane,
so that the branch cut is left (or approached) according to the Feynman prescription.
Following this approach, one can modify the strategy given in section 4.1 for the
identification of the path points. In particular, after populating the phase space line with
the procedure therein described, any singular point ¢; could be removed in favor of six

additional regular points on the circle of radius R(0;)/2, as prescribed in this section.



Chapter 6

Applications

This chapter presents a series of numerical applications of the methods discussed throughout
this work. In particular, we employ LINE to evaluate, in 4 — 2¢ dimensions, the coefficients
of the Laurent expansion in € for the master integrals of representative one— and two—loop
topologies at various phase-space points, reaching orders up to €* and €2, respectively. Note
that although, for any given topology, the dependence on one of the kinematic invariants
could always be factored out by means of the homogeneity property in eq. (2.103), we always
maintain the dependence on all the invariants to assess more deeply the implementation
of LINE. The numerical results are provided with 16 digits of precision and arranged in
tables, while section 6.7 shows how LINE performs on some of the examples provided.

For each application presented in this chapter, boundary conditions are generated with
the LINE implementation of the AMFlow method, discussed in section 3.4.1, which we
denote by AMF?. To perform integration-by-parts reduction with the auxiliary mass, an
interface to KIRA has been programmed in LINE, along with coding structure to handle
topology information. In this way, LINE is able to call KIRA and use its results to build
the DEs with respect to the auxiliary mass. For some examples, boundary conditions are
generated also by exploiting the expansion by regions around a singular point of the DEs,
as illustrated in sections 3.4.2 and 4.3.3. The results of the propagation to other kinematic
points are validated by running AMF? on those points as well, with perfect agreement
observed at all orders in e.

While developing LINE, numerous cross-checks have been carried out against the
MATHEMATICA package AMFLOW. However, we emphasize that LINE is designed in such
a way that the precision of the results at any phase space point can be internally estimated
without relying on external tools for the evaluation of Feynman integrals, since the same
point can be approached along different paths and possibly from several boundary points,

solving DEs with respect to the physical kinematic invariants and/or the auxiliary mass.
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Figure 6.1: (a) One-loop triangle with six scales corresponding to three distinct propagator
masses and three distinct squared momenta. Each mass is associated with a color-specific solid
line, while external momenta are represented with black lines of different styles. (b) Graphs
for the MIs obtained from the triangle by pinching some propagators. In the top row, bubble
integrals resulting from pinching one propagator; in the bottom row, tadpole integrals resulting

from pinching two propagators.

6.1 One-loop triangle with six scales

As a first example, let us consider the full-scale one-loop triangle of figure 6.1a. There are
three off-shell external momenta p;, ps and p3 that can be described with three independent
Lorentz invariants once momentum conservation is taken into account. For instance, a
possible choice of the invariants is given by s = (p; + p2)?, p?, p3. In addition, the internal
propagators have different masses so that the total number of parameters grows up to six
when m?, m% and m3 are included too. This makes the triangle discussed here the most
general scalar one-loop three-point function obeying Lorentz invariance and momentum
conservation.

The family of Feynman integrals that we have to consider is given by

1
Fu 2 2 2 2 2 :/ . 6.1
(6587p17p27m1’m27m3) . Dlllngngg ( )

with inverse propagators

D3 = (k+py+p2)? —m3. (6.2)

A basis of MIs for this family can be found by collecting three tadpoles with masses my,
msy and m3, the three bubbles with squared external momenta p?, s and p2, resulting
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from the pinch of one propagator in the triangle integral, and the full-scale triangle itself.
Bubbles and tadpoles are shown in figure 6.1b. The corresponding 7 integrals are I; = Fi
with powers

Vl:(17070)7 V22(07170)7

vs=(0,0,1), ws=(1,1,0),

J= (0,00, m=(1,10) o)
VB_(]-aOa]-)a V6:(0’171)7

vr=(1,1,1).

Boundary conditions for the full-scale kinematics can be generated within LINE using
EBR or the AMFlow method. Then, subsequent propagations allow us to explore the
entire phase space. The possible target points also include degenerate cases where some
invariants are zero or share the same value. In particular, the following runs are performed,

whose numerical results are presented in table 6.1:

e First of all, a boundary is generated at the phase space point P; with kinematic
invariants s = 50, p7 = 2, p3 = —1/3, m¥ = 5, m3 = 7, mj3 = 10. This is
achieved through two independent approaches which yield identical results up to
all the required digits of working precision: AMF? and EBR. In the latter case,
the regularity of the solution is imposed while solving the DEs around the regular
singular point with vanishing external kinematics s, p?, p3 — 0 and fixed masses.
This allows us to express the leading coefficients for the bubbles and the triangle in
terms of the tadpoles, whose values are obtained thanks to the analytical formula in
eq. (3.53), available in LINE for evaluation at arbitrary precision. With BCs at our

disposal, we are now ready for propagation to other phase space points.

e We move along a line connecting P, to point P, with invariants s = 1, p? = 2,
p3=—1/3, m} =10, m3 = 10, m3 = 10. By doing so, we encounter and cross the
branch point whose Cutkosky invariant is 2 = s — (m; + my)?. Perfect agreement is
found when AMFY is applied directly to the triangle integral in P, thereby proving

the numerical consistency of the result.

e We also propagate from P to point Ps with complex masses m? = 1—1i, m3 = 8/3—21,
m2 = 17 — i/4 and kinematics s = 1, p? = 2, p2 = —1/3. The transition to the
complex plane is continuous since the masses acquire a negative imaginary part
according to the Feynman prescription. This means that we stay on the same

Riemann sheet and encounter no discontinuity.

e Finally, from P3; we land on point P, with s = —1 and all the other invariants set to
zero. As P, is a regular singular point, the solution has to be computed as a limit
and the result is in agreement both with the analytical formula

IT(1+e)T?(1 —¢)(—s)°€

F*(€,5,0.0,0,0,0) = — T =29 . (6.4)

— 100 —



6.2 One-loop massless box

target Py Py P Py
from AMF°, EBR AMF?, P, P AMF°, Py
e? 0 0 0 -1.000000000000000e0
et 0 0 0 +5.772156649015329%e-1
-7.599624851460716e-2 -9.105983456552547e-2
€0 . -5.114624184386078e-2 . +6.558780715202539e-1
-1.024202715501841e-1%1 -3.405963008295366e-2x1
+2.851448508579519e-1 +2.054866656214297e-1
€l . +1.461267744725764e-1 . +2.362111171285093e0
+1.498241156232269e-1%*1 +2.780936409230585e-2*1i
-4.359339557414683e-1 -3.033284294289876e-1
€2 -2.508159227043435e-1 +1.692738940537638e0
-7.119426049903811e-2%i -2.327298560596528e-2*1i
. +4.673966245020759%¢-1 +3.792260921703711e-1
€3 . +3.394894906445344e-1 . +2.728361494345973e0
+5.243128182287680e-3*1 +1.589606675868420e-2%*1
-4.703087868710451e-1 -4.294046913943785e-1
et -4.033919909274164e-1 . +1.673348221588670e0
+4.807793030293406e-3*1i -9.903139892953955e-3*1

Table 6.1: Coefficients of the Laurent expansion in € for the full-scale one-loop triangle at
different phase space points. The heading row indicates the target points whose kinematics is
listed in the text. The second row specifies, for each propagation, the starting point or the method
used to get boundaries. Each entry in subsequent rows corresponds to the coefficients associated
with the power of € listed in the first column. When multiple starting points are indicated, all

the propagations yield the same numerical results.

and with running AMF° directly on the one-scale massless triangle.

6.2 One-loop massless box

The one-loop box of figure 6.2a has massless propagators as well as massless external
momenta pq, po, p3 and py. Momentum conservation py = —p; — ps — p3 and on-shell
conditions p? = p3 = p2 = p? = 0 leave us with two independent Lorentz invariants,
(p1 + p2)® = 2p1 - p; and
t = (p2 + p3)* = 2py - p3, while u = (p1 + p3)* = 2p; - ps is expressed as u = —s — t.

The integral family associated with the box described above is

that can be chosen to be the Mandelstam variables s

1
Fll(e?S’t) :/ 141 1] 1Z v4 ) (65)
k Dl D2 l)33l)44

with inverse propagators

Dy = (k+p1)?,

) (6.6)
, Dy=(k+p+p2+p3)”.

Dy = (k+p1+p2)?

— 101 —
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(a)
(b)

Figure 6.2: (a) One-loop box with massless propagators and external momenta. (b) Graphs

for the bubble integrals obtained from the box by pinching two propagators on opposite sides.

A basis of 3 MIs consists of the s- and ¢-channel massless bubbles shown in figure 6.2b,
together with the box itself. So we have I; = F*i with powers

vy = (1707170)7
Vo = (0717071))
vy = (1,1,1,1). (6.7)

As for the full-scale triangle, we generate BCs using both AMFY and EBR with perfect
agreement. The boundary point is P, with Mandelstam invariants s = 1 and ¢t = —3. For
the EBR we exploit the limit © = —s —t — 0, solving the DEs around the singular point
s =1, t = —1 and imposing once again the regularity of the solution in said limit. In
this way, the leading coefficient for the box is expressed in terms of the massless bubbles,
which are evaluated at arbitrary precision using the analytical formula in eq. (4.55).

The boundary obtained in P; is then propagated to point P, with invariants s = —11,
t = 5. Along the path, both the branch points with Cutkosky invariants z; = s and zo =t
are crossed, in agreement with the output of AMF applied to the box at point P,.

The numerical results are arranged in table 6.2.

6.3 Full-scale sunrise

Let us focus on the sunrise graph in figure 6.3 with three different masses my, ms, ms and
incoming momentum p. Leaving the masses aside, the only kinematic invariant that the
FI depends on is the square of the incoming momentum, s = p.

The integral family under consideration is

D, D:"
FV(Easvaam27m2) :/ %7 (68>
1 2 3 ko D11D22D35
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6.3 Full-scale sunrise

target P Py
from AMF°, EBR AMF°, P,
€2 -1.333333333333333e0 =7.272727272727273e-2

+1.502029078980784e0 +1.877005278194741e-1
-2.094395102393195e0%1i  -1.142397328578107e-1%1i

e

+3.741614747275086e0 +2.698156090946971e-3
+3.509845858409871e0*i  +3.398758787451875e-1%i

-2.706665331892672e0 -
+5.235878433110419e0*i -

N

.846794253590710e-1
.143352529230017e-1*1

[y

-5.048478376080319¢0 +9.893611975701797e-2
-1.796965802540394e0*1i  -1.978243414027738e-1%1i

+6.051530711191679e-1 +1.402991837463381e-1
-7.108042701350626e0*1  -3.176949541572250e-2*1

+6.960674788336404e0 +1.001382259037354e-1
-6.425634195584692e0%1  +7.729488085430293e-3*1

Table 6.2: Coefficients of the Laurent expansion in e for the one-loop massless box at different

phase space points. The meaning of each entry is the same as for table 6.1.

Figure 6.3: (Left) Sunrise graph with four different scales (as in the phase space point P;
described in the text). (Right) The masses are varied in such a way that two internal masses

coincide and the third one is equal to the external invariant with opposite sign (as in point Ps).

with inverse propagators

Dlzk%_m%a DQZ(kZ_p)2_m§7
Dy = (k1 + k2)* —m3, Dy=kj, (6.9)
D5 = (k +p)2-

Note that we introduced D, and Ds in order to complete a set of independent linear
combinations of scalar products. They are massless and appear with negative powers (i.e.,
in the numerator) in the chosen basis of MIs, namely I; = F* with

1,1,0,0,0), vy = (1,0,1,0,0),

(
(0,1,1,0,0), vy =(1,1,1,-2,0), (6.10)
(
(

131717__150)a Vg (1,171707__1)7
1,1,1,0,0).

v
V3
vs
vy
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6 Applications

target Py P, Ps P,
from AMF’, EBR AMF°, P, Py AMFY, P,
et 0 0 0 0
e 0 0 0 0

€2 +5.000000000000000€0 +5.000000000000000e0 +5.500000000000000e0 0

e~ -3.251477438310050e0 -1.850147743831005e1 -5.693751438257865e0 +2.500000000000000e-1

+6.552872234370230e1
€’ +1.188378767646979e1 . +1.867337540448070e1 +1.336392167549234e0
-1.758371010882413e1*1

-1.091156083475895e2
€l +1.952137703514755e1 . +4.626131138234519e0 +5.066904534261821e0
+2.967183417356042e1%1

. +3.251877471184126e2
€2 -2.160341605441262e1 +7.465797730320954e0 +1.434873581897869e1
-1.125285386030628e1*i

Table 6.3: Coefficients of the Laurent expansion in € for the top-topology sunrise integral at

different phase space points. The meaning of each entry is the same as for table 6.1.

We generate BCs for this topology by looking for a regular solution to the DEs in the
limit s — 0 with fixed masses m? = 10, m2 = 10, m3 = 10. The solution is then propagated
to point P, with s = —1 and masses m? = 2, m3 = 3, m3 = 5, finding agreement with a
run of AMF?. The values of the MIs at P, serve as BCs to propagate toward two different
target points: the first one is point P, which we reach keeping the masses fixed and varying
s up to s = 60, crossing the branch point with Cutkosky invariant z = s — (my +ms +m3)?;
the second point is P3 with m? = —s = 1 and m3 = m2 = 5. Finally, from P; we compute
the limit of vanishing masses m?, m2 m2 — 0 at fixed s = —1, defining point P;. To
validate the accuracy of the results, we also perform AMF? propagations in P, and P,
finding perfect agreement in both cases.

The numerical output of the steps described above is shown in table 6.3.

6.4 'Two-loop non-planar triangle with mass

The two-loop non-planar triangle in figure 6.4 has incoming momenta p1, ps and ps3, with
p? = p3 = m? while p3 is off-shell. The same mass m is also shared by four propagators
arranged on two massive lines that, starting from the external momenta p; and p,, meet
at the vertex corresponding to p3. Although only one invariant is needed to describe the
external off-shell kinematics, e.g., s = p2 = (p; + p2)?, as usual we also consider DEs with
respect to the squared mass m?.

Let F¥ (e, s,m?) be the integral family associated with the triangle described above.
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6.4 Two-loop non-planar triangle with mass

Figure 6.4: (Left) Non-planar triangle with a common mass, highlighted with a bold line,
shared by two external momenta and four propagators (as in the phase space point P; described

in the text). (Right) The same diagram in the massless limit (as in point P3).

We have
D>
F¥ 3 = 7 6.11
(€5 = ), . DY DP DY Dy DD (o410
with inverse propagators
D, = k’z D2 = kg )

= (ky ) —m?, Dy = (ky + p2)2 —m?, (6.12)

= (k1 + ko — ) —m?, D6:<k1+k2+p2)2_m27 .

= (k1 + k:g) )

The auxiliary inverse propagator D; only appears in the numerator of one of the 16 Mls
that form the selected basis I; = F** with powers

=(0,0,1,1,0,0,0), =(1,1,0,0,1,0,0),
=(1,-1,0,1,1,0,0), 1/4—(1 0,0,1,1,0,0),
=(0,0,1,1,1,0,0),  wg=(0,0,1,0,1,1,0),
1/7—(1,1 0,1,1,0,0), =(1,-1,1,1,1,0,0), 6.13)
vo = (1,0,1,1,1,0,0), ulo_(1,1,0,0,1,1,0),
= (~1,0,1,1,1,1,0), vz = (0,0,1,1,1,1,0),
V13—(1 1,1,-1,1,1,0), w4 =(1,1,1,0,1,1,0),
vis = (1,1,1,1,1,1,-1), w=(1,1,1,1,1,1,0).

We generate boundary values at point P, with s = 10, m? = 1 running AMF°. The
introduction of the auxiliary mass increases the number of MlIs to 52. We then cross the
branch point with Cutkosky invariant z = s — 4m? to propagate the boundary to point P,
with s = 1, m? = 3. From P,, we move to P; computing the massless limit m? — 0 at
fixed s = 1. Finally, we approach the same point by acting with AMF? directly on the
one-scale topology with massless propagators and on-shell momenta p? = p2 = 0, finding
agreement on all the required digits.

The numerical results are listed in table 6.4.
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6 Applications

target Py Py Ps
from AMFO P AMF°, P,
et 0 0 +1.000000000000000€0
i 0 o -1.154431329803066€0
¢ +6.283185307179586e0%1
. 0 o -2.894245735565264e1
€ -7.253505969566414e0%1
+2.532501153536048e-1 +6.680132569623135e-1
6! | -3.058450755305179-2
+1.376560680870821e-1%i -9.9167418329908891%1
-1.1378687886291370 +2.306015883275194¢2
e | +6.882432933483959e-2
+1.315450793632957e0%i -9.125506150626736e1%1
-5.535444498587951e0 +4.317677285401460e2
el | +5.232509250247894e-2 '
-1.578608277056101e0%1 +3.61535591803228262%1
. -1.199497745643981el +1.850496772277360e1
€ . +8.195254040212031e-1 )
-8.780073080609521e0%1 +1.260787755350661e3%1

Table 6.4: Coefficients of the Laurent expansion in € for the top-topology two-loop non-planar
triangle integral at different phase space points. The meaning of each entry is the same as for
table 6.1.

6.5 Two-loop planar box with a massive loop

Let us consider the double box in figure 6.5. The external kinematics, which is the same as
for the one-loop box of the integral family in eq. (6.5), can be described by the Mandelstam
invariants s = (p; + p2)? and t = (py + p3)?. In addition, we also consider the squared

mass m? shared by four propagators closing a loop.

Figure 6.5: (Left) Double box diagram with a massive loop highlighted with a bold line (phase
space point P; in the text). (Right) The same diagram in the massless limit (phase space point
P; in the text).

The associated integral family is given by

v 2 DS_VS DQ_VQ
F (67 S’ t7 m ) = DV1 Dl/2 DV3DV4DV5DV6DV7
k1,k2 1 2 3 4 5 6 7

(6.14)
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6.5 Two-loop planar box with a massive loop

with inverse propagators

D, k% Dy = (ky _p1)27
= (k1 +p2)*, Dy = (ky — p2)* —m?,
= (k2 +p1) —m?, Do = (k1 + ko)? —m?, (6.15)
= (ko — P3) —m?, Dg= kg 5
= (k1 +P3) ;

where Dg and Dy are auxiliary numerators used to complete a basis in the space of the
scalar products. The chosen basis I; = F*¢ consists of 32 MIs with the following powers:

=(0,0,0,1,0,1,0,0,0), =(0,1,1,1,0,0,0,0,0), w3=(—1,1,0,1,0,1,0,0,0),
1/4—(0,1,0,1,0,1,0,0,0), =(0,0,0,1,1,1,0,0,0), v =(1,-1,0,0,0,1,1,0,0),
vr = (1,0,0,0,0,1,1,0,0), ug_(0,1,1,1,1,0,0,o,o), vo = (1,-1,0,1,1,1,0,0,0),
vio = (1,0,0,1,1,1,—1,0,0), vy = (1,0,0,1,1,1,0,0,0), w12 =(—1,1,1,0,0,1,1,0,0),
vi3 = (0,1,1,0,0,1,1,0,0), w4 =(1,0,0,1,0,1,1,0,0), w5 =(0,1,0,1,0,1,1,0,0),
vi6 = (0,0,0,1,1,1,1,0,0), w7 =(0,1,1,1,1,1,0,0,0), w5 =(0,1,1,1,1,0,1,0,0),
vig = (1,1,1,—1,0,1,1,0,0), v = (1,1,1,0,0,1,1,0,0), we = (1,1,—1,1,0,1,1,0,0),
vor = (1,1,0,1,0,1,1,0,0), w3 =(0,1,1,1,0,1,1,0,0), weq = (1,—1,0,1,1,1,1,0,0),
vos = (1,0,0,1,1,1,1,—1,0), wes = (1,0,0,1,1,1,1,0,0), =(1,1,1,1,0,1,1,0,0),
vos = (0,1,1,1,1,1,1,0,0), weg = (1,1,1,1,1,1,1,-2,0), w3 = (1,1,1,1,1,1,1,—1,0),
vy = (1,1,1,1,1,1,1,0,—-1), g = (1,1,1,1,1,1,1,0,0). (6.16)

We generate a boundary at point P, with s = —1, t = 2, m? = 10 by using EBR
in the limit s,f — 0 of vanishing external kinematics at fixed mass, as described in the
discussion of this example in sections 3.4.2 and 4.3.3. The first two MIs behave as a
squared tadpole and a tadpole times a massless s-channel bubble, respectively. Vetoing
any undesired power behaviors, we can relate the leading coefficients of the remaining MIs
to those of the first two. The resulting solution can be evaluated at any s,t # 0 within
the radius of convergence of the series expansion, including s = —1, ¢t =2 as in P;. The
outcome is in complete agreement with an AMF? run performed at P, that increases the
number of MIs to 68 upon the introduction of the auxiliary mass in every propagator.
Note that an implementation of the recursive AMFlow method would leave the number of
MIs unchanged if no auxiliary mass is introduced and m? is pushed to infinity in the lower
half of the complex plane.

Once the boundary is ready, we propagate from P; to point P, with s = 70, t = 50,
m? = 10, crossing three different branch points with Cutkosky invariants z; = s, 2 =
s —4m? and z3 = t —4m?. After that, we fix the external kinematics and move to point P;
with zero mass. The values obtained fully agree with a run of AMF? performed directly

at P3; on the massless topology.
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6 Applications

target Py Py P
from AMF°, EBR P AMF°, P,
et 0 0 +1.632653061224490e-5
-1.507074533571472e-4
3 0 0

+

N

.0256826172600749e-4%*1i

-1.684311982263061e-3

.121750612221514e-5

+2.

720746512604996e-4

+1.223851404355579e-4*i -9.469228566160803e-4*i
_7.645333935948279¢-4  +1.572347464421193e-3
el +4.026956116103587e-3 _ i
-3.758110807119310e-4+i +3.059428585636381e-3%1i
+1.621191987913520e-3  -8.340803170789194e-3
& -3.997722931454625e-3 ]
-1.376157443003446e-4+%i -2.581654837967916e-3*1
-2.779941041112323e-3  +1.483674698459523¢-2
€ +6.237012138664067e-3 )
-3.108819053117712e-5+i -8.593463886823766e-3*1
. +5.841649978319638e-3  -4.995133665555594e-3
€ -4.987777863769356e-3 ) :
~1.900890782973601e-3%i +2.645276326148751e-2xi

Table 6.5: Coefficients of the Laurent expansion in € for the top-topology two-loop planar box

at different phase space points. The meaning of each entry is the same as for table 6.1.

Table 6.5 presents the values at every phase space point of the top-topology integral F*32.

6.6 Two-loop non-planar boxes with mass

We now focus on the two non-planar boxes in figure 6.6, that share the same external
kinematics with four momenta pi, ps, ps, ps, where p? = p2 = 0 and p3 = p3 = m?. As
for the other boxes, the on-shell kinematics is described by the Mandelstam invariants
s = (p1+p2)® and t = (p2 + p3)*.

varying parameter, appears in different propagators forming one massive line of the first

The squared mass m?, which is also regarded as a

box and two massive lines of the second one.

3 ms—4m?
t—m

mu—m’=—s—t+m?

Figure 6.6: Non-planar boxes with a common mass, highlighted with a bold line, shared by
two external momenta and some propagators. Cutkosky cuts are displayed with dashed lines and

the corresponding Cutkosky invariants are listed next to each graph.
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6.6 Two-loop non-planar boxes with mass

For both box diagrams the integral family has the form

F¥(e,s,t,m?) =
(6757 7m ) /kl ko DulDugDugD 4DZ/5DV6D

Dy Dy "™

(6.17)

where the inverse propagators are separately specified below for the two cases and Dg, Dy

are irreducible numerators that complete the set of independent linear combinations of

scalar products.

1st box.
Dy =k;,
D3 = (kg — k1 — p2 — p3)~,
Ds = (k —171)2 —m?,
Dy = (ky — k1 +p1)? —m?
Dy = (k1 + p2)

Let us focus on the box in the left panel of figure 6.6, with inverse propagators

Dy = (ks — p2)?,

D4 = k% - m2,

D¢ = (ko — k1 — P2)2 - mz’ (6.18)
Dg = (k1 +ps)”,

A basis of 55 MlIs is formed by I; = F* with powers

= (0,0,0,1,0,1,0,0,0), vy =(1,-1,1,1,0,0,0,0,0), =(1,0,1,1,0,0,0,0,0),
1/4—(0,1,1,1,00000) vs =(—1,1,1,0,1,0,0,0,0), =(0,1,1,0,1,0,0,0,0),
=(1,-1,0,0,1,1,0,0,0), =(1,0,0,0,1,1,0,0,0) =(0,0,0,1,0,1,1,0,0)
vio = (1,-1,1,1,0,1,0,0,0), w11 = (1,0,1,1,0,1,0,0,0), 1/12—(1 0,1,0,1,1,0,0,0),
=(-1,1,1,0,1,1,0,0,0), w4 =(0,1,1,0,1,1,0,0,0), w45 =(1,0,0,1,1,1,0,0,0),
=(1,-1,0,1,0,1,1,0,0), w7 =(1,0,—1,1,0,1,1,0,0), w45 =(1,0,0,1,0,1,1,0,0),
ulg_(1,1,1,1,1, 1,0,0,0), we=(1,1,1,1,1,0,0,0,0),  ws = (1,1,1,-1,1,1,0,0,0),
=(1,1,1,0,1,1,-1,0,0), we3=(1,1,1,0,1,1,0,0,0),  wey = (1,—-1,1,1,1,1,0,0,0),
u25_(1 0,1,1,1,1,-1,0,0), ws = (1,0,1,1,1,1,0,—1,0), wo7 = (1,0,1,1,1,1,0,0,0),
vos = (0,1,1,1,1,1,0,0,0), 90 = (1,1,1,1,-1,0,1,0,0), w3 =(1,1,1,1,0,—1,1,0,0),
v31 = (1,1,1,1,0,0,1,0,0), v3 = (1,0,1,1,1,0,1,0,0), =(-1,1,1,1,1,0,1,0,0),
v3 = (0,1,1,1,1,-1,1,0,0), w35 =(0,1,1,1,1,0,1,-1,0), ws=(0,1,1,1,1,0,1,0,0),
=(1,-1,1,1,0,1,1,0,0), wss=(1,0,1,1,0,1,1,0,0), 5 = (—1,1,1,0,1,1,1,0,0),
vio = (0,1,1,0,1,1,1,0,0), vy =(1,-1,0,1,1,1,1,0,0), w4 = (1,0,0,1,1,1,1,0,0),
vis = (1,1,1,1,1,1,-1,0,0), wvas = (1,1,1,1,1,1,0,-1,0), w5 =(1,1,1,1,1,1,0,0,0),
vig = (1,1,1,1,1,-1,1,0,0), w4 = (1,1,1,1,1,0,1,—1,0), =(1,1,1,1,1,0,1,0,0)
vy = (1,1,0,1,1,1,1,0,0), vso = (1,0,1,1,1,1,1,0,0),  ws =(0,1,1,1,1,1,1,0,0),
=(1,1,1,1,1,1,1,-2,0), ws3=(1,1,1,1,1,1,1,-1,0), w5y = (1,1,1,1,1,1,1,0,—1),
vss = (1,1,1,1,1,1,1,0,0). (6.19)
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6 Applications

target @ Q2 P Py
from AMF© AMF°, Q, AMEF? AMFY, P,
e 0 0 0 0

+7.825617108436437e-8
.634309928357791e-7 0 0
-2.554478084014810e-7*1

!
N

e " -

+2.177434402618331e-6 +5.136099594647812e-9
.655185743641498e-6*1 +3.245051324395477e-6%1

Jure

+2.177434402618331e-6 +5.136099594647812e-9

+1.533076938553119e-5%i -3.407024087192466e-5*i

[N
w

N

.810879169233962e-5 +2.470711494037188e-4 +2.576938753803745e-1 +2.518740723653660e-1
.761642841819541e-5%1 -6.343358651146831e-5%1 -2.465521721983634e-1%i -1.169079848124980e-1%*1

w
(o)

+6.424181660342731e-5 +3.561272520516187e-5 +9.839059948409147e-1 +8.377932210850515e-1
+3.595559671704640e-5%i +6.872261543040661e-4*i -1.447010196851563e-1*i +2.609108724913395e-1%*i

[ure
~

.721862393547420e-4 -7.247299398344942e-4 +1.881565035678200e0 +1.544162064068738e0
-1.231788432398794e-5%i +6.092012063072394e-5%i -4.606206236766448e-3*1 +1.125263466661532e0%i

Table 6.6: Coeflicients of the Laurent expansion in € for the two-loop non-planar box on the
left (phase space points Q1 and Q2 described in the text) and on the right (points P; and P») of
figure 6.6. The meaning of each entry is the same as for table 6.1. More points (P3, Py, P5 and

Ps) for the second box are shown in table 6.7.

We use AMF?, extending the basis to 144 MIs, to obtain a boundary at point () with
s =1,t =2, m? = 100. Then, from @; we move to point @, with s = 500, t = 150,
m? = 100. By doing so, we cross the three branch points corresponding to z; = s — 4m?,
29 =t —m?, z3 = —s —t +m? The result agrees with an AMF? run performed at Q.

Table 6.6 lists the numerical values for the top-topology integral F*55.

2nd box. The inverse propagators for the box in the right panel of figure 6.6 are

Dy = (ky — k1 — p2)*, Dy = (ky — ky + p1)?,
Dgzk%—m2, D4:k§—m2,
Ds = (ki —p1)* —m?, Dg = (ky —p2)® —m?, (6.20)

D7 = (kg — ky — pa — p3)> — m?, Ds = (k1 +ps3)?,

The chosen basis I; = F* consists of 54 MIs with powers

¢! ::(070717170>0707070)> V2 ::(1717170>0>0707070)7 V3 ::(17__17071>170707070)7
vy ::(17070717170707070)7 Vs ::(__27071717070717070)7 Vg ::(07071717070717070)7
vy =(0,0,0,1,1,0,1,0,0), vg = (-2,0,0,0,1,1,1,0,0), w9 =(0,0,0,0,1,1,1,0,0),
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6.6 Two-loop non-planar boxes with mass

target Py Py Py P
from AMF?° AMF?, Py AMF©° AMF°, Py
+2.751593454707949e-1 +2.506591535092400e-1 -2.405260844173886e-1
€0 X . . -4.831181490833649e-1
-3.815281539209958e-1xi -4.235680397875819e-1%i -5.984661196233730e-3*1
+1.257054227433279¢0 +1.187415013371159e0 -5.588054474320729%e-1
€l -1.396083737425863e0

+4.342974425182124e-1*1 -5.997939132016630e-1*%1i -3.250774673987693e-2*1

| +2.478546160626464€0 +2.372121269639779¢0 -1.124284189077083¢0
e ) ) . -3.146872480560270e0
-2.47049854421279e-1%1  -5.961585940177441e-1%i -8.467242364778369¢-2%1

Table 6.7: Coefficients of the Laurent expansion in € for the two-loop non-planar box on the
right of figure 6.6 at different phase space points. The meaning of each entry is the same as for
table 6.1.

vio=(1,1,1,1,-1,0,0,0,0), w4 =(1,1,1,1,0,0,0,0,0), w42 =(1,0,1,1,1,0,0,0,0),
vi3 = (1,1,1,0,0,0,1,0,0), w4 =(1,0,1,1,0,0,1,0,0), w45=(1,-1,0,1,1,0,1,0,0),
vig = (1,0,0,1,1,0,1,0,0), w7 =(0,0,1,1,1,0,1,0,0), w4s=(1,0,0,0,1,1,1,0,0),
vig = (0,0,1,0,1,1,1,0,0),  wo = (1,1,1,1,1,0,0,0,0), w5 = (1,0,1,1,1,1,0,0,0),
vos = (1,1,1,1,-2,0,1,0,0), oy =(1,1,1,1,— LO,LOJ),1Q4_(1],11()Q1J)@
vos = (1,-1,1,1,1,0,1,0,0), o =(1,0,1,1,1,—1,1,0,0), w7 = (1,0,1,1,1,0,1, —
vos = (1,0,1,1,1,0,1,0,0),  wae =(1,1,-2,0,1,1,1,0,0
vs1 = (1,1,0,0,1,1,1,0,0),
(
= (-1
(
(
(
= (
(

)

, V30 = 3 7 1071’1’1700’

)
) ,0)
) )
1,1,1,0,1,1,1,0,0), w33 = (0,1,1,—1,1,1,1,0,0),
0,1,1,0,1,1,1,0,0), 2,0,1,1,1,1,1,0,0),
-1,1,1,1,1,1,0,0), 1,0,1,1,1,1,1,0,0), mw—OOlLLLLOM

(1 (1
= (- (
vy = (0,1,1,0,1,1,1,—-1,0), w35 = ( = (-
(- (

vy = (1,1,1,1,1,1,-2,0,0), =(1,1,1,1,1,1,0,0,0), ws=(1,1,1,1,1,-1,1,0,0),
( (
= ( (
( (
( (1,

vis = (1,1,1,1,1,0,1,0,0),  was=(1,1,1,—1,1,1,1,0,0), wss = (1,1,1,0,1,1,1,0,0),

1,-2,1,1,1,1,1,0,0), L—LLLLLLO@,My—lQLLLLL 1,0),

1,0,1,1,1,1,1,0,0),  wso = (1,1,1,1,1,1,1,-3,0), w5 = (1,1,1,1,1,1,1,-2,0),
,0)

vsy = (1,1,1,1,1,1,1,—-1,-1), wss = (1,1,1,1,1,1,1, —

Vye =

, vse=(1,1,1,1,1,1,1,0,0).
(6.21)

We cross the branch points with Cutkosky invariants z; = s — 4m?, z, = t — 9m2,
23 = —s —t — Tm? performing three separate propagations: for each one of them, we
produce boundary conditions with AMF? on one side of the branch surface, cross to the

other side and validate the result with another run of AMF. In particular:

e We cross z; generating boundary values at point P, with s = 3, ¢t = 2, m? = 1
(21 < 0) and moving to P, with s =5 at fixed ¢ and m? (2; > 0).
e We cross 2z, generating boundary values at point P; with s = 2, t = 8 m? = 1

(22 < 0) and moving to Py with ¢ = 10 at fixed s and m? (2, > 0).
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e We cross z3 generating boundary values at point Ps with s = =3, t = —5, m? =1
(23 > 0) and moving to Ps with s = —1, t = —3 at fixed m? (23 < 0).

Tables 6.6 and 6.7 list the numerical values for the top-topology integral F*34.

6.7 Performance

A fair comparison between LINE and other tools for the numerical solution of differential
equations is somewhat difficult to establish. First of all, LINE allows both the computation
of boundary conditions and their propagation, two tasks that are implemented separately in
other codes. Compared to standard phase space propagation, the generation of boundary
conditions with the AMFlow method involves integration-by-parts reduction for the
topology with the auxiliary mass and more master integrals. Therefore, the computation
of boundary values with this technique is an intrinsically harder task than solving the DEs
with respect to the kinematic invariants. Furthermore, the algorithms adopted may vary
from tool to tool, depending on which stage of the computation is being considered. For
instance, DIFFEXP solves DEs order per order in the regulator ¢, while AMFLOW uses
numerical values of € but solves DEs with respect to the auxiliary mass. Even if we focus
on the latter problem, AMFLOW implements iterative strategies to insert the mass in
fewer propagators. Moreover, LINE has the unfair advantage of being written in C/C++,
which is a lower-level language compared to the one adopted by MATHEMATICA packages.
Finally, we stress that, although LINE has been developed with attention to optimization,
no explicit attempt has yet been made to improve its speed.

Nevertheless, in table 6.8 we report the execution time of LINE for the generation of
boundary conditions with AMF? for three illustrative examples among the ones treated in

this chapter, namely:

e point P, for the integral family of the non-planar triangle in eq. (6.12) (2 singular

and 12 regular propagations);

e point P for the integral family of the planar box with an internal mass in eq. (6.15)

(2 singular and 16 regular propagations);

e point ()1 for the integral family of the non-planar box with an internal and external

mass in eq. (6.18) (2 singular and 31 regular propagations).

In particular, to isolate the performance of the DE solver we consider pure propagation
times, taking into account only the time spent after the IBP reduction with the auxiliary
mass 7 is over. Therefore, the execution times include the processing of IBP results for
the construction of the DEs with respect to n, the computation of the leading behaviors

at n — oo and the propagation up to n — 0.
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precision digits
results decimal 8 16 32
internal binary 313 506 893
topology # n-MlIs | running time (sec)
non-planar triangle 52 102 210 931
planar box 68 158 286 762
non-planar box 144 3066 6600 14350

Table 6.8: Pure propagation time for the computation of boundary conditions using LINE in
the AMF? mode. Results are obtained by varying the target precision for three different two-loop

topologies.

The tests are performed on a machine equipped with an AMD Opteron Processor 4386
and 64GB of RAM. We show the running times by varying the target precision of
the results, choosing 8, 16 and 32 digits for the coefficients of the Laurent expansions.
Indicating with N the corresponding number of working precision digits, we observe that
the propagation times scale roughly as N'-5. This is consistent with the average scaling of
standard arithmetic operations, showing that the execution time of LINE is dominated
by numerical rather than high-level operations.

The choice of analyzing the generation of boundary conditions with AMF® makes
it possible to compare the execution times with the AMFLOW package set on the all
propagator mode, which forces the introduction of the auxiliary mass in all the propagators.
In this way, the exact same DEs are solved both by LINE and AMFLOW, using the same
numerical values of e. It turns out that LINE runs roughly six times faster for the first

two examples and about three times faster for the last one.
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Chapter 7
Conclusions and outlook

The work presented in this thesis has focused on the numerical evaluation of Feynman
integrals within the framework of the differential equation method. The motivations behind
this research stem from the increasing precision required in modern collider phenomenology,
where theoretical predictions must match the experimental accuracy achieved by current
and future facilities. In this context, the differential equation approach has proved to be
very effective for the computation of Feynman integrals that enter higher-order perturbative
corrections to scattering amplitudes. The method is particularly well suited for numerical
implementations, which become essential as the number of loops, external legs and energy
scales increases. This work has addressed the key ingredients required for the complete
application of the differential equation method, providing algorithmic procedures suitable
for computer implementation and combining them into a unified framework based on series
expansion techniques. Within this approach, Feynman integrals are propagated on a phase
space line connecting a boundary point to any given target point. The singular nature of
Feynman integrals makes the radius of convergence for series expansion solutions finite,
therefore the propagation path is split into several segments and the method is iterated to
move the solution progressively closer to the target.

A central aspect of the method concerns the determination of boundary conditions,
for which two complementary strategies have been explored. The first one relies on
the auxiliary mass flow method, which introduces an auxiliary mass in the propagators
of the integrals and exploits their known leading behaviors in the infinite-mass limit.
These constitute BCs for the propagation from infinity to the limit of vanishing mass.
The second approach is based on expansion by regions, which identifies regions of the
integration domain characterized by specific momentum scalings, in order to obtain the
asymptotic expansion of the integrals in singular limits. The leading coefficients emerging
in this ways can be used to impose BCs when solving the DEs around the considered
singularity. In general, it might not be necessary to compute all of these coefficients, as
long as their associated power behaviors are known. Indeed, the strategy presented here

makes it possible to systematically obtain linear constraints on the leading coefficients by
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simply vetoing the appearance in the solution of any undesired power behavior. Following
this procedure, the number of boundary coefficients to be actually provided as input is
minimized.

Solving DEs around singular points is therefore a key aspect for the generation of
BCs. The techniques illustrated in this work allow one to transform the DEs to Fuchsian
form and solve them by series expansion using the singularity as expansion point. The
same procedure can be applied also to cross branch points that are encountered on
the propagation path. FIs indeed develop branch cuts from these points, and thus the
framework built in this thesis has been completed with an algorithmic prescription for the
analytic continuation of the solutions. The latter also offers an alternative strategy for
crossing branch points by circling them with a detour of regular propagation steps in the
complex plane of the line parameter.

The methods presented here have been implemented in an open-source software called
LINE, which stands for Loop Integrals Numerical Evaluation. The code is written in C/C++
and only depends on open-source libraries, making the program suitable for large-scale
computations on computing clusters. LINE includes an in-house implementation of the
AMFlow method for the generation of BCs up to two loops. It also accepts as input EBR
information to automatically minimize the number of necessary BCs around singular points.
Therefore, the software allows the computation of boundary values and their propagation
across the phase space within a single framework. The numerical precision of the results is
internally verified by comparing different propagation paths or using distinct boundaries,
without relying on external tools for the evaluations of FIs. To test the techniques discussed
in this thesis, LINE has been applied on a selection of one- and two-loop examples, with
and without masses, for both planar and non-planar configurations.

Note that, as a DE solver, LINE can be employed to solve problems that go beyond the
computation of loop integrals. In fact, the DE method is also suitable for the propagation
of integrals with Dirac d-functions and propagators with linear dependence on the loop
momenta. This enables, for instance, the computation of phase space integrals, subtraction
counterterms and integrals for effective field theories. Furthermore, FIs can be expressed as
combinations of special functions (such as pentagon functions) that also satisfy DEs of the
same kind as the ones considered in this work. Ultimately, LINE is suitable for solving any
problem involving systems of non-homogeneous first-order ordinary DEs whose coefficients
are rational functions, both around regular and regular singular points, provided that the

non-homogeneous term has the same kind of expansion as the solution.

The framework illustrated in this work suggests several directions for further develop-
ment. For instance, it is straightforward to extend LINE to handle differential equations
whose coefficients involve algebraic functions, such as square roots, to further enlarge the

generality of the software. Furthermore, the generation of BCs in LINE could be enhanced
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in two ways. The first one involves the implementation of the iterative formulation of the
AMFlow method, which would provide infinite-mass leading behaviors at any number of
loops without relying on their analytic expressions. The other approach would be to further
investigate EBR strategies to iteratively compute the leading coefficients that remain
unconstrained after vetoing the presence of undesired power behaviors in the solution.

Another natural development would be the implementation of algorithms to efficiently
populate interpolation grids for Monte Carlo integration. The objective would be to
minimize the computational time required to evaluate each target point, for instance
by carefully selecting the boundary points and the propagation sequence. The current
structure of LINE makes it possible to interface it with high-level wrappers that could
handle the logic of the population strategy and call the program for each propagation step,
thus minimizing the need for structural modifications of the core code.

In general, LINE could benefit from the introduction of object-oriented structures
to handle those components that are not directly involved in the propagation itself and
therefore would not impact the overall efficiency, as they correspond to infrequent or
computationally inexpensive operations. Such an extension would allow a more structured
management of the graph topologies associated with the integrals and would facilitate
the implementation of iterative strategies for the computation of BCs. At the same time,
efforts can be directed towards improving the efficiency of the core numerical routines that

perform the actual calculations.

In conclusion, this thesis has presented methods for the computation of Feynman
integrals through the numerical solution of differential equations, from the generation of
boundary conditions to the computation of series expansion solutions and their analytic
continuation. The techniques discussed here, implemented in an open-source code, aim
to contribute to the ongoing effort towards the automation of precision calculations in

particle physics.
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Appendix A

Implementation details

A.1 Parsing, representing and manipulating

rational functions

The ultimate goal of the methods described in this work is solving differential equations

for Feynman integrals in the form

I(e,s) = Ai(e, s)I(e, s), (A.1)

on a phase space line s(17). The main elements to be provided as input for a computer
implementation of such techniques are the DE matrices A;(¢,s), which are expected to be
composed of rational functions depending on the space-time dimension and the kinematic
invariants. The corresponding mathematical expressions can be stored as text strings in
input files, which may reach considerable sizes. For instance, in some of the examples
considered in chapter 6, one can find individual matrix elements represented by strings
whose size is of the order of megabytes. In the early stages of the program, it is necessary
to parse these input strings and turn them into an internal representation that allows the
code to perform the mathematical operations that are needed to obtain the univariate

system of DEs

D y(n) = A (n). (A2)

dn
In LINE, mathematical expressions are first converted to symbolic trees, where each
node may represent an operation, a number or a symbolic variable. Operation nodes are
themselves at the top of a sub-tree, since they have child nodes to represent the input
of the operation. Conversely, symbolic and numeric nodes are terminal and have no
children. For instance, figure A.la shows the symbolic tree associated with the fragment

"m2*s~7xt~4*(8-6%d+d~2) " of a mathematical expression, where "d" is the symbol for
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Figure A.1: (a) Symbolic tree associated with the expression "m2*s~7*t~4*(8-6%d+d~2)".
Green rectangles represent symbols, orange rhombus indicate numbers and blue circles correspond
to operation nodes. The connection between a parent and its child nodes are represented by blue
arrows. (b) The same tree, but with parent nodes pointing only to their first child and sibling

nodes represented by linked lists whose connections are shown with green arrows.

the space-time dimension, "s", "t" and "m2" are symbols for the kinematic invariants,
"x" represents a product and """ a power. LINE features a lightweight implementation
of such a structure, tailored to perform basic algebraic operations such as substitutions,
expansions of products or extractions of polynomial coefficients, which are essential in our
framework. For their realization, it is often required to insert or delete a node in a tree.
To simplify memory management when these situations arise, LINE makes use of linked
lists to represent the children of each operation node. In particular, only the link between
a parent node and its first child is maintained, while each child points to one sibling, as
shown in figure A.1b. Naturally, the choice of the first child is arbitrary for commutative
operations.

As symbolic trees are recursively defined, most operations on them are also performed
recursively: a typical algorithm would descend through successive sub-trees until specific
stopping conditions are met, execute the desired operation, and then climb back up to
repeat this descent-and-ascent mechanism iteratively over the remaining child nodes. For
instance, such a procedure can be followed to substitute the parameterization of the phase
space line s(n) = sg + n(s1 — sp) and a numeric value for the regulator €, turning all the

matrix elements into rational function of the line parameter 7.

Rational functions are the building blocks for most of the algorithms described in this
work. More elaborate procedures, such as the transformation of a system to Fuchsian
normal form, can be reduced to a few core operations on rational functions, including sums,
products, shifts and expansions around poles. A computer implementation would therefore

benefit from an efficient representation of rational functions, tailored to the execution of
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these operations. Consider a rational function

d(N i
N(n) _ Zj(:o) a;n’
D(n) S g

(A.3)

where d(N) and d(D) are the polynomial degrees of numerator and denominator, respec-
tively, and a;, b, are rational coefficients. In LINE the numerator is represented as a list
of d(N) + 1 coefficients a;, while the coefficients of the denominator are used to find the

roots r, for its factorized form
D) =[] —re)™, (A.4)

where my, is the multiplicity of 7, and thus ), m; = d(D). Note that we implicitly chose
to make the denominator monic by setting bgpy = 1, which is always possible by redefining
the other coefficients to be normalized as a; — aj/bd(D), b, — bk/bd(D). Both numerator
coefficients and denominator roots are stored at the required working precision.
Compared to the representation by coefficients, the factorization in eq. (A.4) allows a
faster execution of operations such as the simplification of common polynomial factors or the
computation of the polynomial least common multiple of two denominators. Furthermore,
to make the implementation more efficient and tailored to DEs for Feynman integrals,
we observe that typically each root appears many times across denominators of different
matrix elements. LINE exploits this property by storing each root only once. In particular,
the denominators of the DE matrix A(n) are scanned to find their roots numerically and,
meanwhile; a list of unique roots is updated. Each time a root is found for the first
time, a unique integer label is assigned to it and the root is stored into the global list.
The denominator of each matrix element is represented only by the list of integer labels
corresponding to its roots and the associated integer multiplicities. In this way, many
operations that involve denominators reduce to fast computations performed on integers.
For each matrix element, the conversion of the associated symbolic tree to its rep-
resentation in terms of coefficients and roots is performed by a decoding routine that
navigates the tree recursively, analyzing numerators and denominators as soon as they are
encountered. Algorithms to find polynomial roots numerically can be found, for instance,
in [119]. LINE makes use of the Laguerre’s method therein described, where a root ry
is iteratively updated until the polynomial D(ry) is zero within the roundoff error. Note

however that, in the proximity of a root 7, we have
D(n) ~ const. x (1 — %)™ + O((n — r)™*") (A.5)

so that, for multiple roots (i.e. roots r with my > 1), D(n) goes to zero faster than for

single roots. Therefore, multiple roots would be found with a number of precision digits
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roughly divided by a factor my. To overcome this problem, LINE detects the presence
of multiple roots and dynamically increases the working precision of the same factor my
when needed, so that the root r; is recomputed at the desired working precision. This
is possible because the coefficients of the denominator are rationals and so they can be
represented with arbitrary precision.

The approach discussed above works better when the denominators in the input
matrices A, (e, s) are presented as products of low-degree polynomials. When this is not the
case, algorithms for the efficient factorization of high-degree polynomials into lower-degree
ones (with exact rational coefficients) would be advantageous. For instance, when KIRA is
called to perform IBP reduction in the application of the AMFlow method, the output
polynomials P;(n) are not factorized. They have rational coefficients and a degree that
increases progressively when master integrals of more coupled sectors are considered. In
LINE these polynomials are therefore factorized identifying a list of unique polynomial

factors Fj(n) with rational coefficients as follows:

e The first polynomial P;(n) is considered as a factor Fj(n) that, as any other factor,

is represented by roots with integer labels and multiplicities, as described above.

e After i — 1 polynomials have been analyzed, the i-th one, P;(n), is evaluated at the
roots of the factors previously found, so that one can detect what are those factors
Fx(n) that divide P;(n) exactly (i.e. the polynomial division P;(n)/F)(n) yields a

polynomial with rational coefficients and its remainder is an exact zero).

e P;(n) is divided by these factors and the result is identified as a new factor Fiey(n) =
P;(n)/ Fr(n), whose roots are found to update the global list of unique roots.

e Comparing the labels of the roots in Few(n) with those of the roots in the previous
factors, one can detect if Fyy () divides exactly some Fy(n), so that the latter can
be split as Fj.(n) = {Fr(n)/Fuew(n); Frew(n)}, where Fi(n)/Frew(n) is a new factor

with rational coefficients.

e The newly introduced factor F(n)/Fhew(n) may in turn divide exactly other factors
F;(n); this occurrence is detected and additional splits are iteratively performed

whenever possible.

Each P;(n) is therefore represented by a list of integer labels associated with its factors,
which in turn are represented by a list of labels associated with their roots. When a factor
Fi(n) previously found is split, the labels assigned to the polynomials P;(n) are updated
accordingly. Each individual factor Fy(n) is of lower degree compared to the original

polynomials P;(n), and so the numerical determination of their roots is more stable.
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A.2 Dimensional regularization via interpolation

A dimensionally regulated master integral has the Laurent expansion

I(e) = Iné*, (A.6)

2L

where the prefactor e ** is omitted for simplicity (for instance we can imagine to absorb

it into the definition of the master integrals, so that they all start at order zero). Suppose

our task is to use N, samples I(€1), ..., I(ey,) to estimate the truncated series
ord
1) = > I e (A7)
k=0

which only includes the first ord + 1 orders. We denote by I, our estimate of the

coefficients I, that we want to compute within a given relative precision Fprec, so that

Ik — Iy
Ek = W S Eprec . (AS)

We compute the coefficients I by imposing that the polynomial

ord

[ =3 "1 (A.9)
k=0

is equal to the samples I(€;), ..., I(ey,) when evaluated at the corresponding points €,

..., €n.. Therefore the I,’s are the solution to the system of linear equations

ord

S Lief =1(),  i=1,...,N,. (A.10)
k=0

To make the number of unknown coefficients I, equal to the number of equations, let us
truncate the Laurent series at order N, — 1 > ord (aiming to consider only the first ord + 1

coefficients of the result). Then, we can write the system in compact form as
V(e) IV = 1(e), (A.11)

where IV=1) = (Iy, ... In._1), € = (e1,....€en.), I(€) = (I(e1),...,I(en.)) and V(e)

corresponds to the Vandermonde matrix

1 e ¢ et
Viey=|: o : : (A.12)
1 en. e?\, e%z 1
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We have det V(e) = [],_;(€; — €), and so the Vandermonde matrix is invertible as long as

all the sample points are distinct. The coefficients I, are thus given by
IV — v=1(e) I(e) . (A.13)

To estimate the relative error of this computation we observe that

Ne—1 Ne—1
Zlke +Z]ke = Zlke + RN (¢) (A.14)

k=N

where RV (¢) is the remainder of the series. When evaluated at the sample points, this

relation can be written in vectorial form as
I(€) = V(e)I™~Y £ RV (¢), (A.15)

where IV = (I, ..., Iy,_1) and R®)(e) = (RM)(ey),..., RN (ey,)). Substituting

this expression into eq. (A.13), we arrive at
T = W=D L y=1 ()R (e) (A.16)

which can be used to estimate the absolute error as

I — I| = < Z Vil (€| RN (e)] . (A.17)

k+1 z

Denoting by R the radius of convergence for the Laurent expansion and assuming that

;] ~ 7 < R, one has that the remainder R™V<)(¢;) is bounded as in

< Z Ll i ( )k = 17”172; ~ (%)N . (A18)

k=N

Z IkE

while V,}, ;(€) ~ 1/r*. Substituting these behaviors in eq. (A.17), we obtain

N,

A <1 o\ Ne 1 /7 \Ne

Lh—L|<S = (-) — N, — (—) , A19
which, divided by |I,| ~ 1/R*, leads to the relative error

‘jk_lk’ (T)NEk

F,. = _
ST

= (A.20)
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where we omitted the factor N.. As we can see, the relative error is larger the higher is
the order in €. Therefore, to ensure that all the coefficients are determined within the

target precision Eprec as in eq. (A.8), it is sufficient to choose N, and r in such a way that

< T Ne—ord
Eord ~ <%) ~ Eprec ) (A21)

so that the precision is enough for the highest-order coefficient to be determined. This

implies that

prec
N, ~ord — —P2°¢ A22
logyy(r/R) ( )

where prec = —log;((Eprec) is the required number of decimal digits of precision.

Note that so far we assumed the samples I(¢;) to be known without error. In reality,
they are computed at working precision and their error affects the determination of the
coefficients I Therefore, the chosen number of working precision digits wp must at least
match the precision of the lowest-order coefficient fo, that is,

r r
wp = —log,(Ep) ~ —N,logq (ﬁ) = prec — ord log, (ﬁ) (A.23)

where eq. (A.22) was used. As pointed out in [53], the choice of r can be made by
minimizing the quantity N.T'(wp), where T'(wp) is the average time necessary to compute
one sample with precision wp. Typically T'(wp) ~ wp® for some o > 0 (see for instance the
considerations in section 6.7, where we roughly estimate o ~ 1.5 on some of the proposed
examples). Using eqgs. (A.22) and (A.23), one has

NI (wp) ~ (ord — %) [prec — ord logy, (%)]a : (A.24)

Differentiating with respect to log,,(r/R) and looking for solutions with log,,(r/R) < 0,
the minimum is found to be

prec

1 ~ — A2
0g1o(r/R) (aord)’ (A.25)
which, inserted back into eqs. (A.22) and (A.23), leads to
1
N.=(1+a«a)ord, wp= ( Za> prec. (A.26)

As the authors of [53] point out, these are only rough estimates that may need some

adjustments in practical computations. For instance, the numerical setup actually chosen in

— 123 —



A Implementation details

the package AMFLOW presented in [53] has proved effective for all the examples analyzed
with LINE so far. In this setup, the number N, of sample points and the values for € are

given by

N, = ceil (5% n 2L> ,

er = (101 4 k) x 10(pree/(oratl)=L/2=2) (A.27)

Note that it is possible to detect the first non-zero order in € comparing the lowest-order
coefficient I, computed using N, and N, — 1 samples: coefficients that are zero vary on
almost all digits of working precision. If the leading-order turns out to be zero, one can
repeat the interpolation starting directly at order ¢ and including the order €41, The

same procedure can be iterated until the leading order is stable under this mechanism.

A.3 Numerical precision control

The techniques presented in this work are meant to be applied within numerical frameworks
at arbitrary precision. To this end, LINE links the GMP family of libraries, which are
efficient, open-source and well maintained. The calculations are performed at a working
precision wp which, as discussed in appendix A.2, depends on the precision desired for the
output coefficients of the Laurent expansions in the dimensional regulator e.

Being able to evaluate the numerical precision of the final result is crucial to ensure
the reliability of the computation. The framework of phase space propagation through
differential equations is particularly well suited for this purpose, as one can reach the
same kinematic points along different paths and compare on how many digits the results
agree. These paths may share a common boundary point or even use boundary conditions
generated in distinct points, solving differential equations in the auxiliary mass and/or in
the kinematic invariants.

In addition to the procedure described above, it is also possible to employ local tests
to assess on the fly the validity of the computation at the working precision. For instance,
around a given point on the path, one could match the same series solution with different
BCs prepared at the previous propagation step, producing distinct predictions for the
evaluation at the next point on the path. In the presence of a branch point, a tighter test
consists in propagating the solution to the other side of the singularity both solving the
DEs around the pole and using the procedure of section 5.3.3 to circle around it in the
complex plane of the line parameter.

The techniques discussed so far rely on the comparison of solutions constructed with
different (local or global) paths. Another aspect to be taken into account is that, when

using the methods of chapter 4 to calculate the coefficients of the series solutions, the
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number of terms to be included in the series expansions depends on wp. In fact, the order
at which the series are truncated must be large enough to observe convergence on all the
digits of working precision. In LINE, the convergence of the solution is checked at each
point of the path so that, if necessary, the number of orders is dynamically increased until
convergence is obtained on all digits of working precision.

As an additional check, once a solution around a point is built in LINE, the residual
of the DE is evaluated at the next point of the path to detect potential losses of precision,
which may require an increase of wp. The same technique is also useful to expose bugs or
errors in the computation of the solution.

We conclude by noting that the interpolation procedure described in section A.2 also
provides a method to estimate the precision of the final result. In fact, once the first
non-zero order is detected, one can observe how many digits vary when the leading order
is interpolated with one fewer sample, in order to check that the number of stable digits
is in agreement with the expected precision. This test could be performed virtually at
no cost at any path point (provided that the output from all the samples is available),
since the computational time spent for the interpolation is negligible compared to the time

needed to solve the DEs for each sample.
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