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Abstract

Aerodynamic force prediction and decomposition into physical constituents is a fundamen-

tal research topic and a clear identification of lift-induced, viscous and wave drag in a generally

compressible and dissipative flow is still an open issue.

The Lamb vector, cross-product of flow vorticity and velocity, is at the basis of different far-

field methods developed in the last decades for the aerodynamic force analysis, as an alternative

to the nowadays well-assessed thermodynamicmethods. They offer far-field formulations and de-

compositions of thewhole aerodynamic force (drag alone is instead addressed by thermodynamic

methods), with identification of local flow structures associated with the force generation. Differ-

ent exact Lamb-vector-based force formulationswere proposed in the past and the decomposition

of total drag into lift-induced and parasite contributions was subject of very recent studies, where

new induced drag definitions were proposed for viscous and compressible flows. However, in-

consistencies were also reported, raising questions on the physical role of a non-zero induced drag

found in two-dimensional flows. Moreover, the separation of parasite drag into viscous and wave

drag contributions by Lamb vector field analysis is still questioned. Additionally, the effect of the

arbitrary pole (appearing in Lamb-vector-based formulas) on the accuracy of such methods in

numerical applications was never sufficiently investigated.

In this dissertation, the steady flow regime is first analysed, investigating on the accuracy of

different force formulas and of the drag decomposition in lift-induced and parasite contributions.

Consistency between lift-induced/parasite drag definitions and the drag generated in isentropic

flow conditions (reversible drag) or due to entropy production (irreversible drag) is analysed. A

spurious contribution (related to the streamwise momentum perturbation) is identified, result-

ing in negative induced drag values in two-dimensional flows. The effect of a shift in the pole

location is also analysed, with reference to its impact on the total force and on drag decomposi-
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tion accuracy, then a new approach to parasite drag breakdown into physical constituents (viscous

and wave contributions) is proposed and results are compared against predictions obtained using

consolidated thermodynamic-based methods and against available results from recent literature.

Then investigations are extended to the unsteady regime. Exact vortical force formulas are

derived extending, when necessary, recent steady compressible formulas to the unsteady regime

and considering inertial or non-inertial frames, viscous or inviscid flows, fixed or moving bod-

ies. For incompressible flows, a mixed inertial/non-inertial formulation, originally proposed for

two-dimensional viscous cases, is extended to three-dimensional and to inviscid flows. Two aero-

dynamic force decompositions are proposed, allowing for Thrust/Drag Bookkeeping (TDB) in

two-dimensional viscous and unsteady flows, addressing an open topic in moving wings aerody-

namics where noTDBmethodology is actually available for oscillating aerofoils in dissipative and

compressible flow regime. An additional force decomposition is also formulated, which is inde-

pendent of the arbitrary pole appearing in vortical formulas. Unsteady terms are re-formulated in

an analytically equivalent expression, which will be shown to provide higher accuracy in numer-

ical applications, eliminating large errors observed in computations using the standard unsteady

terms expression.

Finally, a new unified thermodynamic/vortical method is developed, where exact Lamb-vec-

tor-based formulas are used in combinationwith a thermodynamic-based calculation of the Lamb

vector throughCrocco’s equation. The resultinghybridmethod,whichdoesnot require an explicit

vorticity calculation, provides results in far better agreement with regards to near-field force data

when compared to standard vorticity-based approaches, especially in the presence of shockwaves,

where inaccuracies of domain integrals involving the Lamb vector were systematically reported by

different authors.

The proposed unified approach also led to the formulation of a new exact force formula, rep-

resenting an innovative thermodynamic method, able to compute the total force in generally un-

steady viscous and compressible flows (overcoming the limitations of previous thermodynamic

methods, which only compute the drag force). The new formula is based on a far-field expres-

sion of pressure forces on the body (the only ones deserving a phenomenological decomposition)

while friction stresses are retained in their standard near-field expression.
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Plunging NACA0012 (h̃ = 0.1; αē = 0.0◦; M∞ → 0; Re∞ = 9 × 106).
DMT pole at the aerofoil trailing edge; XW/c = 1, ZW/c = 1. k = 0.05 in (a)
and (b), k = 0.50 in (c) and (d). . . . . . . . . . . . . . . . . . . . . . . . . 125

3.2.7 Lift and drag coefficients versus effective angle of attack αe = arctan
(
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Re∞ = 9 × 106 ; αē = 0◦). Snapshot at the end of 10 complete oscillations
and CV reference dimensions. . . . . . . . . . . . . . . . . . . . . . . . . . . 140

3.2.24 Near-field vs. far-field lift coefficient using non-inertial force formulas, in invis-
cid transonic flow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

3.2.25 Near-field vs. far-field drag coefficient using non-inertial force formulas, in in-
viscid transonic flow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

3.2.26 Near-field vs. far-field lift coefficient using force formula “c”, in viscous transonic
flow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

3.2.27 Near-field vs. far-field drag coefficient using force formula “c”, in viscous tran-
sonic flow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

3.2.28 Lift decomposition isolating zero lift contribution for the viscous incompress-
ible flow case at k = 1, using Fa in the non-inertial reference frame. . . . . . . 145

3.2.29 Drag decomposition in induced and parasite contributions for the viscous in-
compressible flow case at k = 1, using Fa in the non-inertial reference frame. . 145

3.2.30 Lift decomposition isolating zero lift contribution for the viscous subsonic flow
case, using F∗c in the non-inertial reference frame. . . . . . . . . . . . . . . . . 146

3.2.31 Drag decomposition in induced and parasite contributions for the viscous sub-
sonic flow case, using F∗c in the non-inertial reference frame. . . . . . . . . . . 146

3.2.32 Lift decomposition isolating zero lift contribution for the viscous transonic flow
case, using F∗c in the non-inertial reference frame. . . . . . . . . . . . . . . . . 147

3.2.33 Drag decomposition in induced and parasite contributions for the viscous tran-
sonic flow case, using F∗c in the non-inertial reference frame. . . . . . . . . . . 147

xiv



3.2.34 Pole-independent liftdecomposition for the viscous subsonicflowcase (F∗c non-
inertial). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

3.2.35 Pole-independent drag decomposition for the viscous subsonic flow case (F∗c
non-inertial). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

3.2.36 Pole-independent lift decomposition for the viscous transonic flow case (F∗c
non-inertial). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

3.2.37 Pole-independent drag decomposition for the viscous transonic flow case (F∗c
non-inertial). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

4.2.1 Vorticity magnitude contour plots, at different time period fractions - plunging
NACA0012 (k = 1 ; h̃ = 0.1 ;M∞ → 0 ; Re∞ = 1× 104 ; αē = 0◦). . . . . 164
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2 − a
) b
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]
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ḣ
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)
, effective inflow angle of attack, con-

sidering both the free-stream and the aerofoil motion

A wing Aspect Ratio

ᾱ mean angle of attack during pitching oscillations

ḡ ensemble average of the random property g, or time-averaged g quantity, depending on
the context of use

β angle of side-slip of the free-stream flow

ḧ second time derivative of the aerofoil vertical position

δV = V− V∞, velocity perturbation

Ȧ anergy production in V

Ė exergy flow rate through the boundaries of V

Θ̇ fluid particle angular velocity

ḣ time derivative of the aerofoil vertical position

ε fluid exergy, per unit mass, referred to asymptotic atmospheric conditions

D
Dt material time derivative

Γ velocity circulation or weight-specific aircraft energy altitude, depending on the context
of use

γ ratio of air specific heat capacities

γb bound vorticity distribution (unsteady potential theories)

γw free vorticity distribution (unsteady potential theories)
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α̂ amplitude of the pitching oscillation

ĥ amplitude of the plunging oscillation

N space dimension (N = 2, 3)

T time period of the oscillatory motion

V control volume enclosed by Σ and ∂B

Vsw control volume enclosed by ∂Vsw (shock region)

μ dynamic (molecular) viscosity of the fluid

μt eddy viscosity

ν kinematic viscosity of the fluid

ω vorticity magnitude or specific turbulence dissipation rate, depending on the context of
use

∂Vsw selected closed surface around the shock wave

∂B body surface

φ scalar velocity potential

ρ mass density

Σ control volume far-field surface

g̃ Favre average of the random property g

h̃ = ĥ/c, non-dimensional amplitude of the plunging oscillation

τ stress tensor

τ
R

Reynolds stress tensor

τ
vt

= τ
v
+ τ

R
, effective viscous stress tensor in turbulent flow regime

τ
v

viscous stress tensor

ℓ = ω× V, Lamb vector

n̂ unit normal vector on ∂B, pointing outwards of the body

r̂ position vector, referred to the pole

ω flow vorticity

Ω(t) rotational velocity of the non-inertial reference frame
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Nomenclature

ψ vector velocity potential

a fluid particle acceleration

ex unit vector aligned with and oriented as V∞

ey unit vector orthogonal to ex and ez, such that ex, ey and ez form a right-handed system

ez unit vector orthogonal to V∞, in the plane of the resultant aerodynamic force

F aerodynamic force

f aerodynamic force per unit span

g gravitational acceleration

I∗V density-weighted vortical impulse of the fluid in the control volume V

IV hydrodynamic impulse of the fluid in the control volume V

M aerodynamic moment with regards to the pole P

n unit normal vector on Σ or ∂B, pointing outward of V

nsw unit normal vector on ∂Vsw, pointing outward of the shock region

PV momentum of the fluid in the control volume V

r scaled position vector, referred to the pole

U(t) translational velocity of the non-inertial reference frame

V fluid particle velocity

V∂B velocity of the body wall boundary ∂B

V∂V velocity of the whole control volume boundary

VΣ velocity of the external control volume boundary Σ

VT transport velocity in a non-inertial reference frame

V∞ asymptotic flow velocity

x position vector

xP Pole position vector

a chordwise distance of the aerofoil centre of rotation downstreamof themid-chord point,
relative to b

a∞ asymptotic flow speed of sound
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Nomenclature

b = c/2, aerofoil half-chord

c aerofoil chord

Cf
D three-dimensional friction drag coefficient

Cp
D three-dimensional pressure drag coefficient

c0 wing section chord at mid-span

CD,irr = 2Dirr/
(
ρ∞V2

∞S
)
, three-dimensional irreversible drag coefficient

Cd,irr = 2dirr/
(
ρ∞V2

∞c
)
, two-dimensional irreversible drag coefficient

CD,i = 2Di/
(
ρ∞V2

∞S
)
, three-dimensional lift-induced drag coefficient

Cd,i = 2di/
(
ρ∞V2

∞c
)
, two-dimensional lift-induced drag coefficient

CD,p = 2Dp/
(
ρ∞V2

∞S
)
, three-dimensional parasite drag coefficient

Cd,p = 2dp/
(
ρ∞V2

∞c
)
, two-dimensional parasite drag coefficient

CD,rev = 2Drev/
(
ρ∞V2

∞S
)
, three-dimensional reversible drag coefficient

Cd,rev = 2drev/
(
ρ∞V2

∞c
)
, two-dimensional reversible drag coefficient

CD = (2D) /
(
ρ∞V2

∞S
)
, three-dimensional drag coefficient

Cd = (2 d) /
(
ρ∞V2

∞c
)
, two-dimensional drag coefficient

CL = (2 L) /
(
ρ∞V2

∞S
)
, three-dimensional lift coefficient

Cl = (2 l) /
(
ρ∞V2

∞c
)
, two-dimensional lift coefficient

Cm = (2m) /
(
ρ∞V2

∞c2
)
, two-dimensional pitching moment coefficient, with regards to

the aerofoil centre of rotation

Cp pressure coefficient

D = F · ex, drag force component

d = f · ex, drag force component per unit span

d.c. drag count (1d.c. = 0.0001)

Dirr irreversible drag, i.e. drag due to physical phenomena associated with entropy produc-
tion

dirr irreversible drag per unit span

Di lift-induced drag
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Nomenclature

di lift-induced drag per unit span

Dm drag (or thrust) due to the motion of the body, in inertial frames

Dpa propagation and acoustics drag

Dp parasite drag

dp parasite drag per unit span
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Introduction

Context and motivation

Air transportation is undergoing a significant growthover time even after the pandemic crisis, with
the demand for commercial flights increasing at an average annual rate of 3.4% and expected to
double in 2040 (International Air Transport Association, Global Outlook for Air Transport, June
2023). In this perspective, aviation advisory committees from different world areas are pushing
towards a strong reduction of the air traffic environmental footprint, including ambitious targets
on noise and pollutants emissions. Concerning fuel consumption, the strategic research agenda is
focusing on four different areas of improvement: propulsion systems (via the employment of high
by-pass ratio or highly-integrated efficient power-plants, as well as through the use of sustainable
aviation fuels or electric energy extracted by hydrogen in fuel cells); airframe structures (reduc-
ing weight by increasing the use of light composite materials and/or novel architectures); flight
avionics (e.g. allowing for load alleviation and wise power management); then, last but not least,
aircraft aerodynamics (pursuing drag reduction as its first aim).

A predictive capability on the aerodynamic force experienced by aircrafts during the different
flight phases is then of paramount importance and represents a core topic in fluid mechanics. The
aerodynamic force which opposes to the motion of a vehicle immersed and advancing in the sur-
rounding fluid (drag force) can be ascribed to different physical phenomena and flow features
(trailing vortices, viscous wakes and shock waves). An accurate identification of the different drag
contributions is of fundamental relevance, for both theoretical and practical reasons.

In fact, drag reduction on modern aircrafts (targeting highly demanding requirements for a
greener next-generation fleet) is typically addressed through numerical approaches (rather than
via expensive wind tunnel campaigns, impractical in the product design phase), based on shape
optimisation procedures, which can exploit information on total drag breakdown to define wiser
objective functions [21] and/or to evaluate trade-offs inmulti-objective problems [228], improv-
ing the design process effectiveness and computational efficiency.

Usually, different design solutions are selected to address the different forms of drag, for ex-
ample: innovative configurations, box wings or winglets, to reduce the vortex drag [26, 37, 170];
supercritical aerofoils to limit shock wave strength and associated drag in transonic cruise flight
[159]; suitable wing leading-edge design to enlarge the natural laminar flow region, delaying tran-
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Figure 0.0.1: Results of a “drag decomposition” query in Clarivate Web of Science
database: times cited and publications over time.

sition to the turbulent regime, associated to an increase in friction drag [27]; surface riblets, to re-
duce friction drag of turbulent boundary layers [25, 118]; flow control devices, to delay boundary
layers separation, then limiting viscous pressure drag [158]. Indeed, all of these devices/solutions
canbe fine-tuned through an aerodynamic optimisation loop, where the capability to extract phys-
ically relevant information on the different drag sources can then be efficiently used.

Such methodologies can be extremely insightful also in the field of unsteady aerodynamics,
playing a fundamental role in different engineering areas (from bio-inspired flight technologies to
urban air mobility, from helicopter rotor design to fixed wing transonic buffeting). In particular,
for propulsion systems like flapping wings, a phenomenological decomposition of the total axial
force (i.e. the force component in the direction of flight) identifying the contributions responsi-
ble for thrust and the ones responsible for drag (Thrust/Drag Bookkeeping, TDB), in a generally
viscous and unsteady flow, is still an open problem.

In aircrafts design, the analysis and decomposition of the aerodynamic force into its physical
contributions, based on the inspection of the flow domain, is fundamental for the optimisation of
aerodynamic shapes and propulsive systems.

On the other hand, advances in aerodynamic force prediction and decomposition theories also
allow for a deeper understanding on the genesis of the different force contributions. This is why
scientific interest in methods for an accurate force computation and its decomposition into phys-
ically distinct components is never fading, from the first era of fluid mechanics investigations to
contemporary studies [48]. Fig. 0.0.1 illustrates the increase in indexed research in the field of
drag decomposition, from 90’s to contemporary age.

Nowadays, the continuous development ofmodernHigh PerformanceComputing (HPC) ca-
pabilities and recent Digital Particle Image Velocimetry (DPIV) techniques led to the availability
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of a big amount of data, coming from both Computational Fluid Dynamics (CFD) and Exper-
imental Fluid Dynamics (EFD), which gave a fundamental role to data analysis tools, with the
focus being on post-processing available results to extract physically relevant information. In this
new context, Wu et al. [217] suggested to look back to classical aerodynamic theories and put a
renewed interest in the theoretical analysis of the aerodynamic force, to develop modern far-field
force theories and improved methods able to fruitfully exploit the available big data.

Aim and outline

This dissertation deals with Lamb-vector-basedmethods for the analysis and decomposition of the
aerodynamic force. They represent a class of far-field methods which revealed promising in the
last decades, allowing for the computation of the total force (both lift and drag) as well as for the
direct definition and calculation of lift-induced drag in generally viscous and compressible flows
[217]. These methods were also identified to potentially provide thrust/drag bookkeeping in two-
dimensional viscous flows for propulsive systems like flapping wings [169]. For such systems, in
subsonic conditions, drag is typically estimated through steady-state calculations, which results
are subsequently added to the unsteady thrust computed by inviscid flow simulations, of course
neglecting combined effects [175].

However, different studies highlight that the accuracy of Lamb-vector-based force predictions
did not yet reach a mature stage, for steady [56, 81] and especially for unsteady flows [140, 142],
therefore thesemethodsneed tobe sharpenedand improved. Moreover, the research steps leading
to their development are convoluted, with different formulations and decompositions that were
proposed up to now, involving several degrees of freedom in the application of the methods and
some aspects (such as, for example, wave drag identification) which are still questioned.

On the other hand, thermodynamicmethods (a different class of far-field formulas developed
at the beginning of the 21st century), well-assessed and nowadays routinely used in the aviation
industry, offer a reliable approach to the identification of viscous and wave drag [200] and proved
their superior accuracy. Nevertheless lift-induced drag can only be indirectly derived (by differ-
ence to the total drag) and the transverse (lift) component of the aerodynamic force is not com-
puted.

A reasonable and desirable goal would be to ideally combine advantages offered by the two
abovementioned approaches, to provide aerospace engineers with a new improved methodology
for the analysis and decomposition of the aerodynamic force. This will also turn into a scientific
achievement, providing unification of the available theories and offering new perspectives and
insight on the generation of lift and drag.

The research activity, subject of this dissertation, started therefore with a preliminary effort
focused on the identification of all the critical aspects and spurious effects influencing the ro-
bustness, accuracy and reliability of the force computation and breakdown in Lamb-vector-based
methods [124]. Some of the highlighted problems affected themajority of numerical applications
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published in the past, although very rarely discussed.
As a pre-requisite, the many different Lamb-vector-based force formulas available from litera-

turewerehomogeneouslyorganised in a general form,which is valid for either laminaror turbulent
mean flows, viscous or inviscid regime, fixed or moving bodies, inertial or non-inertial reference
frames. This also included the derivation of extended versions of some of the formulas, initially
restricted to viscous and steady regimes, to deal with inviscid and/or unsteady flows [127].

Solutions to some of the open issues identified in the preliminary phase (such as the separation
of viscous and wave drag from the total parasite contribution, or the accuracy of unsteady inertial
formulas) were proposed and verified through numerical applications [124, 127].

Then, a new unified thermodynamic/vortical approach was conceived, developed and tested
[122]. From the operative point of view, it allowed for solving most of the problems frequently
encountered in the numerical application of Lamb-vector-based methods and highlighted in the
early steps of this doctoral research, namely: the accuracy of force formulas in presence of shock
waves, the non-physical dependence of total force coefficients on the control volume selection, a
spurious local force production in non-rotational flow-field regions, etc..

From the theoretical point of view, the proposedunified approach also led to the formulationof
a new exact force expression, representing an innovative thermodynamicmethod, able to compute
the total force (not just drag alone) in generally unsteady viscous and compressible flows. Thenew
formula is based on a far-field expression of pressure forces on the body (the only ones deserving a
phenomenological decomposition) while friction stresses are retained in their standard near-field
expression.

In what follows, an outline of the different chapter making up the structure of this dissertation
is illustrated, highlighting dissemination activities and scientific publications associated with the
research content included therein.

Chapter 1 provides an introduction to both near-field and far-field approaches for the compu-
tation and decomposition of the aerodynamic force, considering steady and unsteady regimes.

A comprehensive literature review on existing force analysis and breakdown methods is in-
cluded, starting from an historical overview on pioneering studies andmilestone formulas, which
still today represent lighthouse references and guided the development of modern theories, ex-
tending and generalising first studies to complex flows, as well as providing innovative and in-
sightful approaches and perspectives.

After a rigorous definition of the different forms of aerodynamic drag, identified on a physical
and phenomenological basis, operative drag definitions (i.e. the available methods) used to pre-
dict each drag contribution will be illustrated. They consist in modern approaches developed for
three-dimensional viscous flows, which have found implementations is both EFD and CFD con-
texts, based on generalisation of classicalmethods but also on the introduction of thermodynamics,
vorticity (or the Lamb vector), exergy and partial pressure fields. Those methods will be thoroughly
reviewed and discussed, using a homogeneous notation of symbols and formulas throughout all
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chapter of this dissertation. Links between theories will also be identified and highlighted, in pur-
suit of the scientific goal of collocating the different methods into a unified picture.

Then the dissertation will address its core topic: Lamb vector methods.

Chapter 2 is dedicated to the steady regime. An extensive analysis on the accuracy of Lamb-
vector-based total force formulas and of the drag decomposition in lift-induced and parasite con-
tributions is first illustrated, considering both inviscid and viscous numerical flow solutions in
nearly-incompressible, subsonic and transonic regime.

Some of the available formulas, originally developed for viscous cases, were extended to the
analysis of inviscid flows and expressed using a general notation, which considers either laminar
or turbulent mean flows.

Sensitivities to some degrees of freedom of Lamb-vector-based formulations (such as the con-
trol volume selection or the choice of an arbitrary pole) are analysed, the latter being rarely dis-
cussed in the literature (an exception is represented by the study included in the work by Kang et
al. [81], although limited to one flow condition and one force formula).

This analysis was done for the total force (lift and drag) as well as for the drag decomposi-
tion in lift-induced and parasite contribution (in 2D and in 3D), clarifying for the first time the
relationship between reversible/irreversible drag contributions and lift-induced/parasite drag defi-
nitions, removing the ambiguity that tended to identify the two in previous works. A spurious
effect was identified, polluting the decomposition and resulting in negative induced drag values
computed in two-dimensional flows. Thiswill be shown tobe related to the axial velocity perturba-
tion, while thermodynamicmethods will confirm thewhole drag being of irreversible nature in all
analysed two-dimensional cases, leaving no space to any non-zero reversible drag. Both high and
low Reynolds number flow conditions are investigated, the latter being particularly interesting as
Kang et al. [81] first reported negative lift-induced drag values post-processing two-dimensional
laminar flow solutions, a feature thatMinervino andTognaccini [124, 125] recently observed also
in transonic flows and in other particular conditions. In previous studies the decomposition was
tacitly assumed to capture reversible and irreversible drag contributions, regardless of the control
volume and pole position dependence, even in three-dimensional cases [116]. In this chapter, in-
stead, the spurious effect, already identified on 2D cases and affecting the drag decomposition in
induced and parasite contributions, will be highlighted also in 3D flows.

A newmethodology to perform parasite drag breakdown, isolating viscous andwave contribu-
tions in two-dimensional transonic flow-fields, is then proposed and detailed numerical results are
illustrated in case of highReynolds number transonic flows around theRAE2822 andNACA0012
aerofoils (the latter considered in both symmetric and asymmetric flow conditions). A compar-
ison against predictions obtained using consolidated thermodynamics-based methods [42, 148]
is also discussed and benchmarking is provided with recent results [69, 117, 172], some of them
obtained using completely different approaches.

Themain results of the research illustrated in this chapter were presented at the 14th European
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Fluid Mechanics Conference in 2022 [121], at the AIAA SciTech Forum in 2023 [125] and at the
57th 3AF International Conference on Applied Aerodynamics [172], then published in the Aerospace
Science and Technology journal [124].

Chapter 3 , dedicated to the unsteady regime, illustrates a decomposition of the non-station-
ary vortical far-field formula, proposed to identify the unsteady parasite drag and the axial force
induced by the unsteady lift.

For two-dimensional flows (no induced drag), this will be shown to allow for TDB in the total
axial force on oscillating aerofoils in a viscous flow, at least at high Reynolds number, when the
(zero) induced force can be accurately computed by Lamb-vector-based methods [81, 124]. This
also gives a new insight on the physical phenomenon of thrust generation on flappingwings, com-
plementary to that provided by Knoller [85] and Betz [16]: thrust is obtained as the axial force
induced by the unsteady lift, i.e. by the time-variation of the aerofoil circulation and associated
unsteady trailing vorticity. This aspect was quite interestingly observed by Saffman [173, p. 113]
when analysing 2D accelerated inviscid flows. He highlighted that the velocity induced by vortic-
ity may give a vortex force component in the free-stream direction. He therefore interpreted the
birth of induced drag in 3Dby analysing a 2Dproblem, observing that an induced force also exists
in two-dimensional (yet unsteady) flows.

At the scope, different Lamb vector-based exact force formulas available in the literature for
steady flows (a summary is provided in [124]) are extended to the unsteady regime and compared
post-processing two-dimensional numerical flow-fields on moving grids.

A compact and general formulation will be introduced, which is valid for either laminar or tur-
bulent mean flows, viscous or inviscid regime, fixed or moving bodies, inertial or non-inertial ref-
erence frames. Unsteady terms will also be re-formulated in an analytically equivalent expression,
which will be shown to provide higher accuracy in numerical application, eliminating large errors
observed in computations using the standard unsteady terms formula.

For incompressible flows, the mixed inertial/non-inertial formulation proposed by Ostieri et
al.[140] andoriginally derived for two-dimensional viscous flowconditions, will be here extended
to the general case of three-dimensional viscous/inviscid flow regimes.

Applications to aNACA0012 aerofoil oscillating in plunging or pitchingmotion are illustrated,
considering subsonic and transonic flows and comparing far-field results to near-field estimates as
well as, for incompressible flows, to classical linear theories by Theodorsen [194] and Garrick
[61]. The effect of the integration domain size on the accuracy of the force formula is extensively
analysed and selection criteria for the control volume and the arbitrary pole location to be used in
TDB are illustrated. Finally, a new pole-independent force decomposition is also formulated and
results are presented for the analysed unsteady viscous cases.

Themain results of the research illustrated in this chapter were presented in 2023 at the AIAA
Aviation Forum [188] and at the 57th 3AF International Conference on Applied Aerodynamics [123],
then published in the International Journal of Numerical Methods for Heat & Fluid Flow [127].
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Chapter 4 is dedicated to illustrate the theoretical formulation, numerical application and de-
tailed discussion on results/perspectives of the new unified thermodynamic/Lamb-vector-based far-
field force method, developed in the framework of this doctoral research. It comes at the end of
the thorough analysis of both steady and unsteady Lamb-vectormethods illustrated in the follow-
ing chapters, where spotlights were set on inconsistencies and inaccuracies previously left in the
shadow, limiting the application and reliability of such force prediction and decomposition ap-
proaches. The proposed newmethodology provides an effective solution to most of those identi-
fied accuracy issues.

The new mixed approach provides a unified formula where Lamb-vector-based and thermo-
dynamic-based methods, so far considered as different alternatives, are combined in a new exact
expression of the total aerodynamic force. This will be shown to provide a far-field formulation
of the pressure force acting on the body, where different contributions can be identified. In a fu-
ture research perspective, this is particularly interesting, as an alternative approach to near-field
pressure force decomposition was recently provided by Partial Pressure Fields (PPFs) methods,
first derived by Schmitz and Coder for the incompressible regime [178] and then extended to
compressible flows [177].

In this chapter, the proposed unified method is applied to post-process two-dimensional and
three-dimensional numerical flow-fields from both steady and unsteady CFD simulations.
A NACA0012 aerofoil is considered, either fixed or oscillating with a pure-plunging motion, in
a subsonic or transonic, viscous or inviscid, flow. Finally, an application to a 3D elliptic wing in
transonic viscous and turbulent flow is also illustrated.

The main results of the research illustrated in this chapter were presented at the 1st European
Fluid Dynamics Conference in 2024 [126] and published in the Physics of Fluids journal [122].
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…the fluid leaves the body along a line called the line of separation,
forming the generation of a surface of scission such that the speeds are
not the same on both sides of the surface, thus forming a vortical layer.

Ludwig Von Prandtl

1
The aerodynamic force

In this dissertation, focus is given on external aerodynamics for air vehicles en-
gineering. Therefore, the typical assumptions used in aeronautics will be introduced, starting
from continuum mechanics governing equations restricted to non-micropolar fluids. A Newto-
nianmodel for the (symmetric) stress tensor will be used along with Poisson-Cauchy constitutive
laws, where the bulk (longitudinal) viscosity coefficient is neglected for the air mixture. The pref-
erential point of view will be from the side of compressible gas dynamics and the first (shear)
viscosity coefficient will directly multiply the deviatoric part of the strain rate tensor. Neverthe-
less it is worth mentioning that the the use of the triple stress tensor decomposition proposed by
Wuet al. [222, pp. 52-55], highlighting the role of flowvorticity on internal fluid forces, represents
an alternative and insightful approach especially in the case of incompressible flows with constant
viscosity.

The system of external forces exerted on the body by the surrounding fluid is equivalently rep-
resented by resultant force (which will be at the centre of this dissertation) applied at a chosen
pole, and by the aerodynamic moment around the selected pole. The latter, is usually discussed
in less detail as, in the assumed hypotheses, the total and extrinsic angular momentum do coin-
cide. Therefore the local contribution to the aerodynamic moment can be derived from that to
the resultant force, multiplied by the position vector (referred to the selected pole), neglecting in-
trinsic contributions. Moreover, decomposition methods do not (yet) address the aerodynamic
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Chapter 1. The aerodynamic force

moment*, which limits the interest in the corresponding far-field formulations. Although this dis-
sertation will mainly address the resultant force, formulas for the aerodynamic moment will also
be derived in relevant cases, such as for Lamb-vector-basedmethods (see Appendix A.4.2), which
set in the core of this doctoral research.

1.1 Near-field vs. far-field approaches

The standard approach to calculate the aerodynamic force (F) in CFD is based on the integration
of fluid stresses (τ) on the body surface (∂B) exposed to the fluid interaction (near-fieldmethod):

Fnf =
∫
∂B

τ · n̂ dS = −
∫
∂B

pn̂ dS+
∫
∂B

τ
v
· n̂ dS =

∫
∂B

pn dS−
∫
∂B

τ
v
·n dS = Fp+Fτ (1.1)

where p is the static pressure, τ
v
is the viscous stress tensor (symmetric, under the assumed hy-

potheses) and n̂ is a unit normal vector on ∂B, pointing outwards of the body (opposed to n,
pointing outwards of the adjacent fluidic region)†. According to Newton’s third law, Fnf is also
opposed to the force exerted by the body on the surrounding fluid.

Eq. (1.1) only allows for a mechanical distinction between friction (Fτ) and pressure (Fp)
force contributions (with straightforward definition of the two symbols as the individual shear
and normal stress integrals appearing in the formula). While friction stresses are purely related to
viscous effects, wall pressure contributes to both lift-induced drag (see Sec. 1.2.1.4) and parasite
drag (sum of viscous and wave drag). The entire computed flow-field does not directly come into
play in Eq. (1.1): the near-field method uses field data at the wall surface only.

In EFD, instead, an extrinsic approach is usually adopted, where the aerodynamic force is de-
rived by evaluating the external force needed to balance the former, obtained frommeasurements
through a balance apparatus. However, accurate drag measurements require other methods, due
todifference inmagnitudebetween axial and transverse net force components loading thebalance.
The intrinsic way to calculate the aerodynamic force (near-field approach) is also not suitable for
experimental applications, where wall friction is hard to be measured and normal stress data ob-
tained using pressure taps or sensitive paints cannot be used to accurately estimate lift or drag.

For these reasons and to address the phenomenological drag breakdown into viscous, wave and
induced components, alternative formulations (far-fieldmethods) were developed, based on the
integration of flow quantities in a control volume (V) surrounding the body (Fig. 1.1.1) and on
its external boundary (Σ) [200, 232]. An integral balance of linear momentum inV is used at the

*an exception is represented by unsteady linear theories, which provide interesting decomposi-
tions of the pitchingmoment in two-dimensional inviscid and incompressible slightly perturbed flows
(Sec. 1.2.2).

†Rigorously, Eq. (1.1) represents the whole force exerted on the body by the surrounding air and
is not strictly the aerodynamic force, which is instead defined by difference with the aerostatic force. In
this dissertation, however, the latter will always be neglected, for the cases of interest.
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Figure 1.1.1: Generic control volume for far-field force calculation.

scope and can be concisely written as: Fnf = Fff, where the following definition has been made:

Fff =−
∫
V

∂ (ρV)
∂t

dV −
∫
∂B

ρVV · n dS+

−
∫
Σ

(
pn− τ

v
· n+ ρVV · n

)
dS+

∫
V
ρf
m
dV

(1.2)

In Eq. (1.2), V and ρ are respectively the fluid velocity and the mass density, t is the physical time
and f

m
is a body force density per unit mass (for example due to gravitational or electromagnetic

effects). It is worth highlighting that the advective momentum flux at the body skin has been
attributed to Fff instead of Fnf (as instead usually done in presence of propulsors or flow control
systems) because this dissertationwillmainly address aerodynamic forces excerpted on imperme-
able bodies, for whichmomentum advection at the body boundary is non-zero only in the case of
moving walls. ‡

‡It is worth highlighting that Eq. (1.2) is derived frommomentum balance by applying the Gauss
theorem,which relies ondifferentiable fields defined inV . This is the case of viscous flows governedby
Navier-Stokes equations, but the expression of the far-field force is instead different for inviscid flows
governed by the Euler equations. In this case, in fact, discontinuitiesmight be present in the flow-field
(e.g. shock waves and/or shear surfaces). Flow quantities will not be differentiable through these
surfaces of discontinuity, which therefore need to considered as additional boundaries of the control
volume V where integral theorems are applied. In principle, the same derivation can be followed,
replacing the body boundary ∂Bwith ∂W∪ ∂B∪ ∂(SW), whereW is the infinitely-thin vortical wake
(shear discontinuity) and SW is the system of all shock waves in the flow-field. Branch-cuts need also
be included as domain boundaries, to restore single connectivity in V , nevertheless providing zero
overall contribution to the force. In the inviscid subsonic case (i.e. without shock waves) and for
steady flows, the resulting far-field force expression is not modified with regards to Eq. (1.2). In fact,
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Chapter 1. The aerodynamic force

As immediately observable, Eq. (1.2) (and any other exact force expression obtained by alge-
braic sum of different terms) provides a further decomposition of the aerodynamic force, alterna-
tive to the splitting in pressure and viscous contribution obtained from Eq. (1.1). The physical
interpretation of such a breakdown is however less straightforward compared to the mechanical
decomposition of forces on the body skin and, therefore, less appealing from an engineering point
of view. In this perspective, a phenomenological force breakdown is instead desired.

Momentum balance also expresses the equivalence between the force exerted by the body on
the surrounding fluid through normal and shear stresses (−Fnf) and the resultant of the effects
produced in the fluid by the moving body, generating vortices, boundary layers, shock waves and
wakes in the flow, which are measured by−Fff. The latter interpretation of Fff leads to the identifi-
cation of three phenomenologically distinct drag sources: induced, viscous and wake drag, which
will be extensively discussed in the following sections. Drag breakdown methods attempt to sep-
arate and to quantify the different contributions, however without providing an exact splitting
of the total drag, which is theoretically not achievable due to the interplay of the different phys-
ical phenomena involved, their effects being therefore superimposed within the entire flow-field
[202]. Nevertheless, good approximations of such an ideal splitting are feasible and discussed
throughout this and the following chapters.

Instead of just using field data at the body skin, far-field approaches directly involve field data
from the entire control domain surrounding the body and on its external boundary, through vol-
ume and surface integrals. InCFDapplications, accuracy of far-field force prediction thus requires
the flow-field to be sufficiently converged, reducing momentum imbalance to a negligible level.

When surface integrals can be converted into volume integrals – by applying Gauss’s theorem
and/or Derivative Moment Transformations (DMTs, [138][222, pp. 698-705]) – far-field meth-
ods also offer the possibility to identify the source of the aerodynamic force in the flow domain,
relating the force to local flow quantities [100, 217, 221, 226]. In this case, some authors [228]
also use the “mid-field methods” appellation. In the following however, we can consider them as
sub-class of far-field methods. The additional possibility, for high Reynolds number flows, to re-
strict both volume and surface integration to limited regions of the flow-field is also provided by
some force formulations using integrated quantities that are negligible elsewhere (mid-field prop-
erty [117]). The relevance of the mid-field property is twofold in CFD: it allows excluding, from
the aerodynamic force computation, part of the so-called spurious drag (caused by numerical er-
rors and artificial dissipationof advective fluxes schemes) andobtaining aweaker grid dependency
of drag estimations [148, 198]; then it also reduces the numerical dependence of the computed
far-field force on the control volume (CV) size, avoiding the integration of quantities in flow-field
regions far from the body, where the spatial grid is usually not sufficiently refined.

In EFD, far-field force expressions are usually cast in forms which only use wake integration

the Kelvin theorem ensures that the vortical wake is a stream surface (no mass-flux throughW). The
advective momentum flux on ∂W is therefore zero, as well as the diffusive momentum flux since the
wake supports no pressure load (consequence of the discontinuous momentum balance across the
shear surface).
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(i.e. surface integrals performeddownstreamof the body) and are historicallywidely employed, as
they represent an effective and non-intrusive technique to extract dragmeasurements from awind
tunnel test [206]. In the last decades, the development ofmodernDPIVmeasurement techniques
significantly contributed to a renewed research focus on far-field methods in EFD [58, 208].

Classical steady far-field methods are represented, for example, by the well-known Kutta-Jou-
kowski theorem [78, 93] (linking lift to velocity circulation, in two-dimensional (2D) inviscid and
incompressible flow regime), Maskell’s formula [114] (relating lift-induced drag to the transverse
velocity field on a Trefftz plane, in incompressible flows) and Betz’s formula [17] (expressing par-
asite drag in terms of total pressure losses, in non-lifting incompressible flows). These methods
were originally derived assuming simplified flow models, although their validity has been often
verified to hold in more general flow regimes, through wind-tunnel wake survey measurements
or post-processing CFD solutions [23, 29, 34, 64, 72, 73, 89, 203, 204]. Research efforts to ex-
tend classical far-field formulas to viscous and/or compressible flows were made by Schmitz and
Coder [178], Schmitz [177] and Liu et al. [101, 104]. Recent studies on the vortical nature of the
aerodynamic force also lead to a generalisation of the Kutta-Joukowski theorem in transonic and
supersonic regime [101, 104, 231].

Here below, in Sec. 1.2, an excursus on the foundations of modern aerodynamic force analysis
and decomposition theories is provided, starting from pioneering studies and classical methods,
till the age ofCFD(secondhalf of the20th century), highlighting the keymilestones that still today
represent consolidated references.

Modern methods developed for three-dimensional viscous flows, which have found imple-
mentations in both EFD andCFD contexts, are instead illustrated in following dedicated sections
(1.4 and 1.5). Their validity, or extension, for compressible and unsteady flows will also be high-
lighted.

1.2 Historical overview

1.2.1 Steady regime and universal theories from asymptotics

It is a common, yet provocative, choice to trace back the origin of aerodynamic force studies to
1752, when the French physician d’Alembert highlighted how, in an ideal incompressible fluid
with zero viscosity, no force couldbe generated aroundbodies of any shape according to thepoten-
tial flow theory, in clear contrast with experimental observations (d’Alembert paradox). Although
historically referred to drag alone, the paradox leads to zero lift as well, a point recently remarked
by Spalart [184] who also extended the result to elongated bodies.

Investigations then focused on viscosity effects, the only physical root justifying the observed
forces. First investigations on the resistance of ships by Froude in 1872 analysed skin-friction
forces and realised experiments measuring the resistance of a series of towed flat plates.

Experiments carried out byReynolds in 1883 assessed transitional conditions between laminar
and turbulent flow regimes (already observed by Da Vinci in 1510) and allowed quantifying the
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Chapter 1. The aerodynamic force

relative importance of inertial over viscous effects through the definition of the non-dimensional
Reynolds number. It was however in 1904 that studies reached a quantitatively mature stage, with
the formulationof aboundary layer theorybyPrandtl first [152] and later onby vonKármán [212].
They assumed the continuity of material particle velocity through the body skin and the effects of
fluid viscosity, for high Reynolds number flows, were recognised to significantly act in a limited
regionof the flowdomainonly, i.e. around solidwalls and insidewakes. Formdrag added tofriction
drag as a result of the viscous/inviscid interaction between the boundary layer and the external
flow, modifying wall pressure distributions.

Theories needed to be supported by evidence, at that time only available via tunnel experi-
ments. The first far-field methods were then developed and tested, with the aim to measure the
profile drag (sum of friction and form drag, in subsonic cases) fromwake surveys performed using
bent or Pitot tubes and confined to vortical wakes.

Some authors [53] account thesemethods in the category of thermodynamic formulations, as
they are based on pressure, which is a thermodynamic variable. Nevertheless, in this dissertation,
it was preferred to list them among classical methods, i.e. those far-field formulations directly de-
rived frommomentum equationwithout introducing constitutive relations of the fluid (as instead
done for entropy-basedmethods, described in the following) or taking the curl to work with flow
vorticity (as done in vortical approaches). Finally one should also consider that, for incompress-
ible fluids, pressure is often attributed a non-thermodynamic meaning [67].

1.2.1.1 Betz’s formula

A classical far-field method is represented, for example, by the Betz’s formula [17], expressing
profile drag (Dp) in terms of total pressure losses, in non-lifting incompressible flows. Indeed
the idea of calculating drag from energy losses (total pressure defect, in the incompressible case)
was already attributed to Ackeret [2]. The method proposed by Betz (still widely used in tunnel
measurements) used a control volume with lateral surfaces extending to infinity, then, combining
integrals on planes ahead and behind the body, he obtained the formula:

Dp =

∫
W
(pt,∞ − pt) dS−

ρ∞
2

∫
W
(u′ − u) (2V∞ − u′ − u) dS (1.3)

where pt is the flow total pressure and u′ is the local velocity of a potential flow with the same
free-stream total pressure of the flow producing drag. In order to guarantee the continuity, this
potential flow necessitates sources and generates thrust, which is accounted for in themomentum
balance expressed by Eq. (1.3). Betz showed that, far downstream from the body, the second
integral in Eq. (1.3) can be neglected, its value being estimated in the order of 1/20 of the first
integral by a rough quantitative analysis. Moreover, he also extended themethod to lifting bodies,
obtaining a formula identical to Eq. (1.3). The same expression was independently derived also
by Taylor [191], using the same flow assumptions.
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1.2.1.2 Jones’ formula

An improved method to compute profile drag by wake surveys using a Pitot tube was developed
by Jones [76] in 1936. He assumed that the wake can be approximated as “stream tubes” (with
constant total pressure) which do not mix as they move from the measurement plane (W) to a
plane far downstream, where the static pressure is considered restored to its free-stream value.
The final formula he derived avoids the introduction of the potential flow velocity u′ and writes
as:

Dp = pd,∞
∫
W
2
√
p∗d − Δp∗

(
1−

√
p∗d
)
dS (1.4)

where pd is the fluid dynamic pressure, Δp = p − p∞ and the superscript ∗ indicates non-di-
mensional values with regards to pd.∞. Bicknell [18] in 1939 derived a generalised Jones’ formula
in the case of compressible fluids, highlighting that Eq. (1.4) is obtained as a particular case ne-
glecting compressibility effects. A compressible modification of Jones’ formula was also derived
by Lock et al. [106] in 1940 and successively simplified four years later in the work ofThompson
[195]. An alternative profile drag calculation method was also proposed in the period by Squire
and Young [186] based on the estimation of momentum thickness downstream of an aerofoil.

1.2.1.3 Kutta-Joukowski theorem

In parallel to profile drag studies, lift generationwas addressed byKutta first (in 1902, unpublished
thesis) and then by Joukowski [78] in 1906. For inviscid and incompressible two-dimensional
flows, they identified the genesis of a lift force (l) in the existence of a velocity difference between
suction and pressure aerofoil sides, better described by the circulation:

l = ρ∞V∞Γ with Γ =

∮
C
V · t dl (1.5)

where Γ is the velocity circulation along a closed circuitC surrounding the aerofoil, with unit tan-
gent vector t (clockwise oriented). A rigorous proof of Eq. (1.5) requires a very complex analysis
of the asymptotic behaviour of far-field integrals as Σ → ∞, although simplified derivations are
often encountered. Nevertheless, it is worth stressing how the Kutta-Joukowski (KJ) theorem is
proved for asymptotics, but then its validity holds also for finite control volumes, being the circu-
lation Γ invariant on any closed contour surrounding the body [217].

Nevertheless, the scientific community initially rejected this result, based on Kelvin’s theorem
guaranteeing that no circulation could be generated from an initially irrotational ideal flow. It was
again Prandtl who, based on the first intuitions of Lanchester, justified lift generation introduc-
ing the effectively-inviscid flow model [153]. This is an asymptotic regime where zero viscosity is
approached by a real viscous fluid and differentiates from the ideal model of truly inviscid fluids
where no circulation can indeed be generated. The underlying existence of a (vanishing) viscosity
was appointed as the physical root of theKutta condition [93], allowing to close the potential flow
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problem(which otherwise admits infinite solutions) for sharp geometries, by selecting the unique
flow-field with finite velocity at the aerofoil trailing-edge.

Indeed, very recently, Gonzalez and Taha [67] proved that the uniqueness can be guaranteed
without involving fluid viscosity at all. They derived a variational formulation of flow governing
equations for incompressible fluids and usedHertz’s principle of least curvature to close the prob-
lem even in the case of smooth geometries, highlighting how the Kutta condition is obtained as a
particular case for sharp-edged foils.

After Prandtl’s work, Bryant and Williams [23] showed that Eq. (1.5) can also be applied to
rotational flows, at condition that the downstream portion of the integration path is selected or-
thogonal to the velocity direction in the wake.

1.2.1.4 Prandtl’s formula

The effectively-inviscid flow assumption and Lanchester/Prandtl trailing vorticity model also led
to the quantitative evaluation of lift-induced drag, for wings of finite span. Initially identified by the
pioneering work of Prandtl at the beginning of the 20th century [154, pp. 185-225] and related
to the trailing vorticity [153] (indeed, it is also referred to as vortex-drag), it represents the axial
(drag) force associated to the transverse (lift) component, generating wake vortices in three-di-
mensional flows. It adds to profile drag in the build-up of the total axial force, for lifting bodies.
Following the studies of Lighthill [98] (further discussed by Bachelor [12, pp. 277-293] years
later), vorticity is produced at the wall, in the form of an infinitely-thin sheet, as a result of the
tangent pressure gradient, an aspect recently discussed also byWu et al. [223–225].

The famous Prandtl’s formula:

CD,i =
C2
L

πAe
(1.6)

can be used to compute the induced drag coefficient (CD,i) from the knowledge of lift coefficient
(CL) of lightly-loadedplanarwingswith high aspect ratio (A), in incompressible flows. However,
the Oswald’s factor (e) is usually not known a priori, unless for very particular cases. Moreover,
the formula returns zero lift-induced drag at zero global lift coefficient, which is not true in the
case of a locally non-zero spanwise lift distribution, with associated trailing vorticity generating
drag. For the above reasons and, generally, in viscous and compressible flows, other methods are
therefore necessary to estimate lift-induced drag and to relate it to local flow structures, although
this is still an open research topic, as highlighted, for example, by Spalart [183] with reference to
a rigorous definition of induced drag.

1.2.1.5 Maskell’s formula

A first attempt to provide, for steady incompressible viscous flows, a total drag breakdown in pro-
file and vortex drag on wings of finite span was proposed by Maskell [114], who also provided
a formula to compute lift. He used quantities measured on a wake plane (W) orthogonal to the
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free-stream velocity and assumed negligible variations of the stream-wise velocity (Trefftz plane).
His results are also applicable to wind tunnel measurements, as the formulas can be restricted on
the vortical portion ofW. Maskell’s expression for profile drag is a corrected version on Betz’s for-
mula, taking into account for the tunnel blockage (non-negligible in his reported experiments).
Lift-induced drag is instead provided by:

Di =
ρ∞
2

∫
W

(
v2 + w2) dS (1.7)

where v and w are two components of the transverse velocity field (Vπ) onW. It is here explicitly
observed that the stream-wise velocity perturbation (u) does not appear in the original Maskell’s
expression for induced drag.

TherestrictionofEq. (1.7) to vorticalwakes interceptingW is performed introducing the scalar
potential (φ) and stream function (ψ) of the transverse velocity field, defined to satisfy:

∇2
πψ = −ωx and ∇2

πφ = σ (1.8)

where∇π is the transverse nabla operator, ωx is the stream-wise vorticity component and σ is a
source term expressed by∇π · Vπ . They allow re-writing Maskell’s formula for lift-induced drag
as:

Di =
ρ∞
2

∫
W
(ψωx − φσ) dS (1.9)

where the second term is a small correction of the first and can be neglected, provided thatW is a
Trefftz plane. In this case, being the vorticity confined to wake portions ofW, the integral in Eq.
(1.7) can be restricted to that regions and the problem shifts on the computation of the stream
function ψ. Kusunose [90] proposed two methods: i) a numerical computation of ψ through
the iterative solution of the Poisson’s equation; ii) an analytical solution of the problem using the
Green’s function. The relationship betweenMaskell’s formula (still widely adopted inwind tunnel
test campaigns) and Prandtl’s lifting line theory has been analysed in [34, 64, 91] and a review of
induced drag prediction and reduction methods is included in [87].

1.2.1.6 Filon theorem

Theanalogousof theKJ theorem fordrag is representedbyFilon theorem[51], enunciated in1926
for 2D viscous and incompressible flows around cylindrical bodies of arbitrary cross-section. It
expresses profile drag as:

dp = ρ∞V∞E (1.10)

where E is the “total outwards flow” (as defined by Filon). It is the flow, through the a control con-
tour surrounding the aerofoil, of the velocity field obtained from the stream function solution of
the problem, retaining leading terms only. It is counterbalanced by an equal and opposite inflow
at the tail of the object [51] to preserve a zero net overall flux (steady incompressible flow around
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the impermeable cylinder). Filon also provided the formula for lift, obtaining the same expres-
sion provided by the KJ theorem, then Imai derived the formulas from both linear and angular
momentum balance, therefore addressing pitching moment as well [74].

The analogy with Eq. (1.5) comes after observing that E can be expressed as the inflow of the
vortical (transverse) part of the velocity obtained through the Helmholtz decomposition [104],
i.e.:

E = Qψ = −
∮
C

(
∇× ψ

)
· n dl (1.11)

with ψ being the divergence-free vector potential and n the normal unit vector along the closed
circuit C surrounding the aerofoil.

It is again observed that the theorem is proved for asymptotics, but then its validity holds also
for finite control volumes, being the transverse velocity field divergence-free andQψ invariant on
any closed contour surrounding the body.

It is also worth highlighting that the circulation Γ in the KJ theorem can also be expressed in
terms of one component of the Helmholtz velocity field decomposition. In fact the potential flow
assumed by Kutta and Joukowski allows identifying the velocity with its longitudinal component
(V = ∇φ, where φ is the scalar potential), then:

Γ = Γφ =
∮
C
∇φ · t dl (in potential flow) (1.12)

1.2.1.7 Unified Kutta-Joukowski/Filon theorem

A very important result, obtained recently by Liu et al. [101, 104] but mentioned here to keep
proximity with previously enunciated theorems, is the so-called unified Kutta-Joukowski/Filon the-
orem, extending the validity ofKJ andFilon formulas to compressible and three-dimensional (3D)
flows. It is enunciated as:

“For anN -dimensional steady flow of viscous and compressible fluid over a rigid body,N = 2, 3,
the lift and drag exerted to the body are solely determined by the multi-valueness and/or singularities
of the velocity potential φ in the circulation Γφ and the vortical stream function ψ in the inflow Qψ ,
respectively”:

F = (N − 1)ρ∞V∞ × Γφ + ρ∞V∞Qψ (1.13)

where it is explicitly observed that the first termon theRight-HandSide (RHS)of Eq. (1.13) gives
a transverse force (lift) only, while the second one an axial force (drag) only. One should also note
that the latter provides total drag but not its phenomenological decomposition. Nevertheless it is
important tounderline that thedecomposition in lift anddrag components providedbyEq. (1.13)
is independent on the choice of the control volume (total lift and drag are intrinsic quantities) and
this is obtained because Γφ and Qψ are invariant with respect to a change of Σ. In 3D, integrals
defining the inflow and circulation are of course extended on the external control volume surface
(Σ) and the (vectorial) circulation is generalised using cross-product with the unit normal vector

18



1.2. Historical overview

on Σ, i.e.:

Γφ =
∫
Σ
n×∇φ dS , Qψ = −

∫
Σ
n ·
(
∇× ψ

)
dS (1.14)

The universality and exactness of Eq. (1.13) comes at the cost of φ and ψ being non-testable,
either experimentally or numerically [217]. For this reason, the authors also proposed a testable
version of the theorem, valid for Σ lying in the linear far-field (a zone, far from the body, where the
governing equations can be linearized [102]) and formulated as:

F .
= ρ∞V∞ × Γ+ ρ∞V∞QW (1.15)

where .
= denotes asymptotic equality (within the linear far-field) and the total circulation Γ is now

used, along with a re-defined inflowQW evaluated on the downstream portion of Σ (wake plane,
W):

Γ =

∫
Σ
n× V dS = Γφ +

∫
Σ
n×

(
∇× ψ

)
dS (1.16)

QW = −
ρ∞

N − 1

∫
W
(x× ω) · ex dS (1.17)

where x is the position vector and ex = V∞/V∞. In (1.16) and (1.17), only testable quantities
appear (total flow velocity and first vorticitymoment) and the formulawas numerically tested and
verified also on turbulent statistically-stationary flows solving Reynolds-Averaged Navier-Stokes
(RANS) [231].

1.2.2 Unsteady regime and two-dimensional linear theories

Analytical theories of the aerodynamic force in unsteady conditions were historically developed
for aero-elastic studies (a survey is provided by Garrick [62] and, more recently and extensively
by Demasi [36]) and considered the analysis of thin oscillating aerofoils, producing small per-
turbations in a uniform free-stream flow in non-dissipative and incompressible regime. In these
conditions, the kinematic problem for the perturbation velocity potential can be linearized, and
the effects of aerofoil curvature, thickness and mean angle of attack (addressed by the steady thin
aerofoil theory) can be superimposed to that due to the unsteady motion, which can therefore
be studied for a flat plate aligned with the free-stream and undergoing pitching and/or plunging
oscillations.

The latter problem was solved by different authors (a detailed discussion is provided in [20,
Ch. 5]), following two alternative methods: i) Birnbaum’s approach [19], based on singularities
superposition over the aerofoil chord and wake line (bound and free vorticity), followed by Cicala
[30] and Küssner [88]; ii) Wagner’s method [213], based on conformal mapping to exploit the
harmonic property of complex analytic functions, used by Glauert [66] and Theodorsen [194],
leading to the famous formulas for the unsteady lift and pitching moment included in Sec. 1.2.2.2
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and valid for harmonic aerofoil oscillations.
An exhaustive illustration of the abovementioned theories goes beyond the scope of this in-

troductory chapter. It is here instead underlined how, using bounded and free vorticity distribu-
tions (γb(x, t) and γw(x, t), respectively) together with the linearized unsteady Bernoulli’s the-
orem (Birnbaum’s approach), it is possible to derive the following 2D lift expressions, generally
valid with no restriction on the type of aerofoil unsteady motion:

l = ρ∞V∞Γ− ρ∞
d
dt

∫ b

−b
(x− b) γbdx (1.18)

l = ρ∞V∞Γ− ρ∞
d
dt

∫ b

−b
x γb dx− ρ∞V∞b γw(b, t) (1.19)

where x is the axial coordinate, computed from themid-chord aerofoil point and b is the half chord
length.

Eq. (1.18) highlights that the unsteady lift can be computed from the knowledge of the bound
vorticity only (the total circulation is in fact provided by: Γ =

∫ b
−b γb dx). Both expressions in-

clude aKutta-Joukowski lift termon theRHS, togetherwith the time variationof thehydrodynamic
impulse§ excluding the wake (first bounded vorticity moment, times mass density:
ρ∞
∫ b
−b rγb dx), where r is the lever arm computed from the aerofoil trailing edge (Eq. (1.18)) or

from the mid-chord point (Eq. (1.19)). In the latter case, a contribution of the free vorticity at
the body/wake interface (trailing edge) is identified. It is therefore useful to re-write Eq. (1.19)
as:

l = lℓ + lτ + lS (1.20)

with straightforward correspondence of the new symbols used in (1.20) with the three terms on
the RHS of (1.19). The notation used herein will be justified in Appendix A.5, where links be-
tween these lift formulas and the general vortex force theory of Wu et al. [222, pp. 617-640] are
highlighted. It is nevertheless observed since now that Eq. (1.18) and (1.19) represent the first
impulse theories, involving the time derivative of the fluid impulse (down to the trailing edge).

With a similar procedure, it is also possible to derive an expression for the two-dimensional
pitching moment with regards to the aerofoil centre of rotation (positive for pull-up), in terms of
bounded and wake vorticity:

m = −ρ∞V∞

∫ b

−b
x γb dx+

ρ∞
2

d
dt

∫ b

−b
x2 γb dx+ ρ∞V∞

b2

2
γw(b, t) + abl (1.21)

Thefirst three terms represent the aerodynamicmomentwith regards to theplatemid-chordpoint,
which is summed to the pitching contribution of the overall lift force (l) applied therein (ab is the
corresponding lever arm), to retrieve the moment around the centre of rotation.

Links between this pitching moment formula and the general vortex force/moment theory of

§The impulse concept was originally introduced byThomson [196].
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Wuet al. [222, pp. 617-640] are highlighted inAppendix A.5, which justifies re-writing Eq. (1.21)
using the following notation:

m = m∗
ℓ + m∗

τ + m∗
S + abl (1.22)

with straightforward correspondence of the new symbols used in (1.22) with the first three terms
on the RHS of (1.21). Recalling Eq. (1.20), the aerodynamic moment can be re-expressed as:

m = mℓ + mτ + mS (1.23)

where

mℓ = m∗
ℓ + ablℓ (1.24)

mτ = m∗
τ + ablτ (1.25)

mS = m∗
S + ablS (1.26)

Clearly, the quantitieswith a star superscript are analogous to those on theLeft-Hand-Side (LHS),
but refer to the aerodynamic moment computed with regards to the mid-chord point.

1.2.2.1 von Kármán& Sears’ theory

In Birnbaum’s approach, the bound vorticity distribution (γb) can be found considering the in-
duced velocities of the whole vortical system (bound and free) over the flat plate and imposing
boundary conditions at the moving wall. This method (followed for example by Ostieri et al.
[139, 140] and Russo et al. [169]) solves Glauert’s equation [65, p. 137] in closed integral form
(see Bisplinghoff et al. [20, p. 217]) and is different from the approach originally followed by
Kármán and Sears [211], although leading to the same results. The bound vorticity γb(x, t) is
considered composed of two parts: “the vorticity, γ0(x, t), which would be produced, according to the
thin aerofoil theory, by the motion of the aerofoil…if the wake had no effect” and “the vorticity, γ1(x, t),
which is induced by the wake”. The final Kármán & Sears’s (K-S) unsteady lift formula is:

l = ρ∞V∞Γ0 − ρ∞
d
dt

∫ b

−b
x γ0 dx+ ρ∞V∞b

∫ ∞

b

γw√
x2 − b2

dx (1.27)

where Γ0 =
∫ b
−b γ0dx. The bound vorticity induced by the wake (γ1) does not explicitly appear

in Eq. (1.27).
The first term on the RHS of Eq. (1.27) is the quasi-steady lift: lQS. Its interpretation is straight-

forward, representing the force produced in steady-state conditions at the aerofoil instantaneous
velocity and angle of attack. The second one represents an added-mass contribution (lAM). In fact,
it is the only non-vanishing term in (1.27) in the ideal case where the aerofoil motion does not
produce circulation (in this situation, the only forces exerted on the aerofoil are those related to
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the reaction of the accelerated fluid masses, i.e. to its apparent mass) and the authors proved that it
exactly returns the body integration of the “impulsive pressures” [211]. This contribution is also
called non-circulatory lift (lNC) as, followingWagner’smethod and for harmonic oscillations, it can
be obtained from the velocity potential of a distribution of sources and sinks over the body skin
[194] (see also [20, Ch. 5]). The third term is explicitly depending on the wake vorticity and is
therefore indicatedwith the symbol lw. As explained by the authors, it takes into account transient
effects on the aerodynamic force generation in an unsteady motion [211]. The K-S formula can
then be re-arranged as¶:

l = lQS + lAM + lw = lNC + lC (1.28)

The two different decompositions (K-S’s andTheodorsen’s) of the lift force are related by:

lNC = lAM non-circulatory contribution (1.29)

lC = lQS + lw circulatory contribution (1.30)

and the so-called circulatory lift lC can be obtained, for harmonic oscillations, from a distribution
of bound and free vortex singularities [194] (see also [20, Ch. 5]).

Kármán and Sears [211] also derived a similar expression for the aerodynamic pitching mo-
ment around the plate mid-chord point (this particular choice of the pole is denoted using a star
superscript: m∗):

m∗ =− ρ∞V∞

∫ b

−b
x γ0 dx+

ρ∞
2

d
dt

∫ b

−b

(
x2 − b2

2

)
γ0 dx+

+ ρ∞V∞
b2

2

∫ ∞

b

γw√
x2 − b2

dx (1.31)

where the pitching contribution of the lift force (abl) does not explicitly appear as in Eq. (1.21)
because of the different chosen pole. The sign in Eq. (1.31) is opposite to that reported in [211, p.
383] (Eq. 20) as a diving moment was considered positive by Kármán and Sears.

Similarly with the described interpretation of lift terms in Eq. (1.27), the K-Smoment formula
can then be physically explained by analogous considerations, leading to the following notation:

m∗ = m∗
QS + m∗

AM + m∗
w = m∗

NC + m∗
C (1.32)

Nevertheless, for the aerodynamicmoment, thequasi-steadycontribution is non-circulatory [194]

¶the second equality, introducingTheodorsen’s lift decomposition (Sec. 1.2.2.2) is indeed mean-
ingful for harmonic oscillations only.
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(see also [20, Ch. 5]), therefore the decompositions in (1.32) are related by�:

m∗
NC = m∗

QS + m∗
AM (1.33)

m∗
C = m∗

w (1.34)

It is observed thatm∗
w = (b/2)lw, therefore lw contributes tom∗ as it was applied at the plate

quarter-chord point.
Sincem = m∗ + abl, and recalling Eq. (1.28), the following definitions can be done:

mQS = m∗
QS + ablQS quasi-steady moment (1.35)

mAM = m∗
AM + ablAM added-mass contribution (1.36)

mw = m∗
w + ablw wake contribution (1.37)

mNC = m∗
NC + ablNC non-circulatory part (1.38)

mC = m∗
C + ablC circulatory part (1.39)

1.2.2.2 Theodorsen’s theory

Birnbaum’s approach can also be used to derive the unsteady lift and pitching moment closed for-
mulas originally obtained byTheodorsen [194], who used conformal mapping instead (for a de-
tailed description, see Bisplinghoff et al. [20, pp. 251-281]). As anticipated in the previous sec-
tion, this leads to a decomposition of the aerodynamic force andmoment acting on the oscillating
plate in circulatory and non-circulatory contributions, obtained from the velocity potential of, re-
spectively, bound and free vortex singularities, or a distribution of sources and sinks over a circle
in the complex plane (which is mapped to the body boundary).

Following the vorticity distribution approach [139, 140, 169], instead, the solution is achieved
by analytically expressing γ0 (and then lQS, lAM, m∗

QS and m∗
AM), in terms of the prescribed and

known plate motion parameters, in the case of harmonic pitching and plunging oscillations:

lQS = 2πρ∞V∞b
[
V∞α + ḣ+

(
1
2
− a
)
bα̇
]

(1.40)

lNC = lAM = πρ∞b2
(
V∞α̇ − abα̈ + ḧ

)
(1.41)

m∗
QS = πρ∞V∞b2

(
V∞α + ḣ− abα̇

)
(1.42)

m∗
AM = − π

8
ρ∞b4α̈ (1.43)

where h and α are, respectively, the aerofoil plunging displacement (positive downwards) and
pitching rotation around a point located at (ab, 0) (positive clockwise andmeasured between the

�the second equality, introducingTheodorsen’s decomposition (Sec. 1.2.2.2) is indeedmeaningful
for harmonic oscillations only.
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direction of V∞ and the instantaneous position of the aerofoil). We explicitly observe that both
pitching and plunging oscillations are assumed to vary with the same time frequency. Neverthe-
less, this is not a limitation of the theory as, due to the linearity of the unsteady flow problem (for
small perturbations), oscillations with different frequencies can also be considered, superimpos-
ing solutions obtained for the individual motions.

Based on Eq. (1.35) and (1.36), closed form expressions can also be obtained for mQS and
mAM:

mQS = 2πρ∞V∞b2
(
a+

1
2

)[
V∞α + ḣ+ b

(
1
2
− a
)
α̇
]

(1.44)

mAM = πρ∞b2
[
abḧ+ abV∞α̇ − b2

(
1
8
+ a
)
α̈
]

(1.45)

The need to compute γw appearing in lw and mw is then eliminated by deriving an analytical
function for the ratio between lC and lQS (the latter is known). This isTheodorsen’s functionC(k)
(a rigorous mathematical definition is provided by Bisplinghoff et al. [20, p. 272]), which is a
complex function only depending on the oscillation reduced frequency k = πfc/V∞:

C(k) = F(k) + iG(k) =
H(2)

1 (k)

H(2)
1 (k) + iH(2)

0 (k)
(1.46)

where i =
√
−1 and H(2)

0 and H(2)
1 are Hankel’s function of the second kind, related to Bessel’s

functions of the first and second kind by: H(2)
ν = Jν − iYν (see also [1], Ch. 9). As mentioned

above, this allows expressing lift as:

l = lNC + C(k)lQS (1.47)

where one should consider the real or imaginary part of C(k) to obtain the unsteady lift corre-
sponding to co-sinusoidal or sinusoidal oscillation laws, respectively. The complex nature ofC(k),
however, reveals that circulatory lift is delayedwith regards to the oscillatorymotion that produces
the unsteady force.

With reference to the first lift decomposition expressed by Eq. (1.28) and being lC = lQS + lw,
it follows that the wake contribution to lift is given by:

lw = [C(k)− 1] lQS (1.48)

It is possible to prove that, for the pitching moment, the homologous contributions are given by:

mw∗ =
b
2
[C(k)− 1] lQS (1.49)

mw =
b
2
[C(k)− 1] lQS + ab [C(k)− 1] lQS (1.50)
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Then, circulatory and non-circulatory moment contributions are then expressed by:

mC = m∗
w + ablC =

b
2
[C(k)− 1] lQS + abC(k)lQS (1.51)

mNC = m∗
QS + m∗

AM + ablAM (1.52)

The same procedure can be adopted to derive, for harmonic oscillations, analytical functions
relating lℓ, lτ or lS in Eq. (1.20) to the known terms lQS and lAM (decomposition (1.28)):

lℓ = D(k)lQS (1.53)

lS = ikD(k)lQS (1.54)

lτ = lAM + ikE(k)lQS (1.55)

with

D(k) = − 2e−ik

πik[H(2)
1 (k) + iH(2)

0 (k)]
(1.56)

E(k) =
πk2[H(2)

0 (k) + H(2)
2 (k)] + 4(k− i)e−ik

2πik2[H(2)
1 (k) + iH(2)

0 (k)]
(1.57)

By comparison with Eq. (1.47),Theodorsen’s function can then be expressed as:

C(k) = D(k) + ikD(k) + ikE(k) = C̃(k) + ikE(k) (1.58)

where C̃(k) → C(k) for k → 0 [139, 140] and, in the practise, well approximates C(k) up to
k ≈ 0.1.

Similarly, for the aerodynamic moment, the following relations can be derived:

m∗
ℓ = m∗

QS +
b
2
E(k)lQS (1.59)

m∗
S = −b

2
ikD(k)lQS (1.60)

m∗
τ = m∗

AM +
b
2
[C(k) + ikD(k)− E(k)− 1] lQS (1.61)

Then, sincem = m∗ + abl and recalling Eq. (1.53)-(1.55):

mℓ = m∗
QS +

[
b
2
E(k) + abD(k)

]
lQS (1.62)

mS =

[
−b
2
ikD(k) + abikD(k)

]
lQS (1.63)

mτ = m∗
AM + ablAM +

b
2
[C(k) + ikD(k)− E(k)− 1+ 2aikE(k)] lQS (1.64)
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Finally, Theodorsen’s formulas for lift and pitching moment coefficients (Cl and Cm, the latter
referred to the aerofoil centre of rotation) are given by:

ClNC = π
(

b
V∞

α̇ − ab2

V2
∞
α̈ +

b
V2
∞
ḧ
)

(1.65)

ClC = 2πC(k)

[
α +

(
1
2
− a
)

b
V∞

α̇ +
ḣ
V∞

]
(1.66)

CmNC =
π
2

[
α −

(
1
8
+ a2

)
b2

V2
∞
α̈ +

ḣ
V∞

+ a
b
V2
∞
ḧ

]
(1.67)

CmC = −π
[
1
2
−
(
a+

1
2

)
C(k)

] [
α +

(
1
2
− a
)

b
V∞

α̇ +
ḣ
V∞

]
(1.68)

Lift and moment coefficients corresponding to the decompositions in Eq. (1.20) and (1.23) are
instead expressed by:

Clℓ = 2πD(k)

[
α +

(
1
2
− a
)

b
V∞

α̇ +
ḣ
V∞

]
(1.69)

ClS = 2πikD(k)

[
α +

(
1
2
− a
)

b
V∞

α̇ +
ḣ
V∞

]
(1.70)

Clτ = π
(

b
V∞

α̇ − ab2

V2
∞
α̈ +

b
V2
∞
ḧ
)
+ 2πikE(k)

[
α +

(
1
2
− a
)

b
V∞

α̇ +
ḣ
V∞

]
(1.71)

Cmℓ
=

π
2

(
α +

ḣ
V∞

− ab
V∞

α̇

)
+

+ π
[
1
2
E(k) + aD(k)

] [
α +

ḣ
V∞

+

(
1
2
− a
)

b
V∞

α̇

]
(1.72)

CmS = π
[
−1
2
ikD(k) + aikD(k)

] [
α +

ḣ
V∞

+

(
1
2
− a
)

b
V∞

α̇

]
(1.73)

Cmτ = − π
16

b2

V2
∞
α̈ +

π
2

ab
V∞

(
α̇ − ab

V∞
α̈ +

ḧ
V∞

)
+

+
π
2
[C(k) + ikD(k)− E(k)− 1+ 2aikE(k)]

[
α +

ḣ
V∞

+

(
1
2
− a
)

b
V∞

α̇

]
(1.74)

An important quantity for oscillating aerofoils is the aerodynamic damping, defined for example
for a pure pitching motion as:

ζ = −
∫ t+T

t
Cm dα (1.75)
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1.2. Historical overview

and representing the work done by the aerodynamic forces arising from the aerofoil rotation of
period T . This will be stable if ζ > 0 (the fluid absorbs external energy, needed to sustain the
oscillation) or unstable if ζ < 0 (energy is transferred from the fluid to the oscillating aerofoil). A
geometrical representation of ζ is given by the area enclosed by theCm vs. α loop curve, obtained
during the aerofoil oscillation.

1.2.2.3 Garrick’s axial force analysis

While previous studies focused on the transverse (lift) force and pitching moment only, von Kár-
mán and Burgers [210] also addressed the force in the direction of flight (axial force, resulting in
a thrust or drag action), an aspect later on treated in more details by Garrick [61].

From a physical point of view, thrust generation on flapping wings can be explained by the
so-called Knoller-Betz effect. Independently both Knoller [85] and Betz [16] observed that the
motion of the flapping wing creates an effective inflow angle of attack, generating an aerodynamic
force with both transverse and axial components. This was later on experimentally verified by
Katzmayr [82]. The generation of such a propulsive axial force is at the basis of birds’ flight and
fish locomotion [162]. Looking in more details at the flow-field, it can be observed that thrust
generation is strongly related to the vortex shedding: when thrust is generated by an oscillating
foil, the wake behind it has a jet-shaped average velocity profile [77]. This jet flow is associated
with a staggered array of vortices moving downstream from the foil, closely resembling the von
Kármán vortex street behind bluff objects, but with reverse rotational direction [210][151].

Garrick [61] made use ofTheodorsen’s compact expressions for lift and pitching moment and
considered a flat plate with three independent degrees of freedom: plunging motion, pitching
aerofoil rotation and the rotation of a trailing edge flap around its hinge point, located on the chord
line. Indeed this third degree of freedom (occurring at the same time frequency as the other two)
was already considered byTheodorsen [194], who also provided formulas for the hinge moment
coefficient, not reported in Sec. 1.2.2.2.

He followed two different methods to compute the time-averaged axial force: i) an energy for-
mula, which considers that the externally supplied power (needed to sustain the oscillatory mo-
tions) is used to increase the wake kinetic energy per unit time and, in case of power excess (de-
fect), to generate a propulsive (resistance) power; ii) a force formula where forces normal to the
plate surface are projected along the velocity direction and averaged in time, to obtain the mean
axial component.

Garrick proved that both methods return mathematically equivalent expressions for the time-
averaged axial force. It is worthmentioning that, in the force approach, considering normal forces
projection along V∞ is not enough to obtain the axial force but the effect of a suction force at the
plate leading edge (arising from the locally infinite vorticity [210]) has to be included. Differently
from the trailing edge (where Kutta’s condition is imposed to guarantee a smooth velocity field),
a leading edge singularity is still obtained in ideal unsteady flows around an infinitely thin plate,
which indicates that this should only be considered as an asymptotic idealisation of non-dissipa-
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tive flows around shapes with rounded and smooth leading edges, in the limit of zero curvature
radius.

The final expression for the averaged axial force obtained by Garrick is here reported for two
particular cases, where either a pure plunging or pure pitching aerofoil motion is considered:

C̄T = 4π
(
kh̃
)2 [

F2(k) + G2(k)
]

pure plunging (1.76)

C̄T = π (kα̂)2
{[

F2(k) + G2(k)
] [ 1

k2
+

(
1
2
− a
)2
]
+

+
1
2

(
1
2
− a
)
− F(k)

k2
−
(
1
2
− a
)

G(k)
k

}
pure pitching (1.77)

where C̄T is the time-averaged thrust coefficient, α̂ is the pitching amplitude and h̃ = ĥ/c is the
non-dimensional plunging amplitude.

Garrick also observed that the averaged axial force provided by Eq. (1.76) is always of propul-
sive sign (thrust force). This is generally not true for different aerofoil motions and, even in the
case of for pure pitching, a thrust or drag can be generated depending on the value of the reduced
oscillation frequency k [61].

Recently, Fernandez-Feria [49], using impulse theory, corrected Garrick’s axial force formulas
to account for the suction force not just at the thin aerofoil leading edge, but all over the body. The
formulas he derived differ, for increasing reduced frequency values, from Garrick’s results, pro-
viding lower averaged thrust coefficients and leading to a propulsive efficiency of the oscillating
aerofoil (mean thrust power over mean input power required to sustain the aerofoil oscillation)
which tends to zero as k → ∞ (instead of approaching 1/2, as in Garrick’s theory). Later on, Fer-
nandez-Feria and Alaminos-Quesada [50] also tried to take into account the leading-edge vortex
in the analysis of forces exerted on oscillating aerofoils.

1.3 Drag definitions

Beforedescribingmodern far-methods (detailed in the following sections) it isworth startingwith
clarifying the employed definitions for the different forms of aerodynamic drag, identified on a
physical and phenomenological basis. Then, in the following section, the operative definitions (i.e.
the available methods) used herein to predict the different drag contributions will be illustrated
and described.

Two different decompositions of the total far-field aerodynamic drag (Dff) are obtained from
the following definitions, summarised by the relation:

Dff = Drev + Dirr = Di + Dp (1.78)

whereDrev,Dirr,Di andDp are defined as:
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1.3. Drag definitions

1.3.1 Reversible drag (Drev)

It is here defined as the aerodynamic drag obtained in isentropic flow conditions.
It is therefore an objective quantity, in the sense that (for example, in steady conditions) its

value only depends on the shape and lift of the body , as well as on the flow Mach number (it
is worth observing that, for Newtonian fluids with negligible longitudinal viscosity coefficient,
compressing processes are isentropic as long as the flow regime remains subsonic).

However, when a far-field method is used to (directly or indirectly) compute it from a numer-
ical flow solution, a unique reversible drag value cannot be obtained and results depend on the
downstream extension of the control volume used by the method. As a matter of fact, in CFD
computations another (spurious) form of drag is introduced (caused by numerical errors and ar-
tificial dissipation of advective fluxes schemes) and the reversible drag content is gradually con-
verted into spurious drag (detected through entropy raising), keeping a constant sum of the two.
Indeed, for numerical applications, a spurious drag contribution (Dsp) adds to the right-hand-side
decomposition in Eq. (1.78), while on the LHS it is usually included inDirr as it contributes to en-
tropy production.

1.3.2 Irreversible drag (Dirr)

It is here defined as the drag due to flow phenomena related to entropy production.
In non-isentropic flow conditions, it therefore represents the additional contribution to total

drag, adding-on to the reversible drag. Once again, in non-isentropic flow conditions (now even
in absence of numerical effects) reversible and irreversible drag are non-objective quantities, as the
physical dissipation also converts reversible into irreversible drag, with a continuous entropy gen-
eration as the flow progresses downstream of the body. Therefore, far-field methods aiming at
separating reversible from irreversible drag, in a viscous flowfield, are expected to predict different
breakdowns as the control volume is progressively extended downstreamof the body and, usually,
the decomposition is performed immediately before a significant conversion from reversible into
irreversible drag is established.

1.3.3 Lift-induced drag (Di)

First identified by Prandtl for inviscid and incompressible flows [154, pp. 185-225], is the drag
(axial aerodynamic force component) directly related to lift (transverse, or deviating, component).

As discussed in Sec. 1.2.1.4, Prandtl introduced the concept of effectively-inviscid flow (μ → 0,
but μ ≠ 0) [153], to justify an aerodynamic force generation not possible for truly inviscid fluids
(μ = 0, d’Alembert paradox). This fluid model is characterised by an infinitely thin bounded and
free vortical sheet which is necessary to guarantee Kutta’s condition, but which induces vertical
velocities responsible of a downstream axial force on upwards lifting surfaces [154, pp. 185-225].
AlthoughPrandtl’s theorywas formulated for incompressible flows and for lightly-loadedwings of
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high aspect ratio, the concepts at the basis of lift-induced drag generation remain valid for general
isentropic flows, with trailing vortices identified as the flow feature this form of drag is related to.

1.3.3.1 Consistency with reversible drag

As lift-induced drag genesis is inherently based on an inviscid flow model, its definition in the
framework of dissipative flows assumes that the overall lift is regarded as obtained in isentropic
conditions. It therefore downfalls into the definition of reversible drag.

On the other hand, since no aerodynamic force is generated for truly inviscid fluids (accord-
ing to the d’Alembert’s paradox), reversible drag is only defined for effectively-inviscid flows and,
therefore, only in presence of circulation. The latter, in turns, implies the presence of a deviating
force, then reversible drag can be identified with the drag due to lift (lift-induced drag).

1.3.4 Parasite drag (Dp)

It is the drag not directly related to lift, then it represents a drag force with no lift counterpart.
Also referred to as “profile drag”, it accounts for losses due to shockwaves, boundary layers and

viscous wakes. However it is worth recalling that, without viscosity, no aerodynamic force could
be generated, therefore parasite drag is indirectly related to lift as well (vortex sheets in inviscid
flows are models for boundary layers and viscous wakes in the vanishing viscosity limit**).

1.3.4.1 Consistency with irreversible drag

Based on Eq. (1.78), and because of consistency between Drev and Di, this follows as a conse-
quence. Drag decompositions in reversible/irreversible or lift-induced/parasite contributions
therefore theoretically match each other. Nevertheless, in will be shown that the operative drag
definitions proposed in literature do not always ensure such a matching.

1.4 Far-field formulas and operative drag definitions

Hereafter, advanced methods and formulas to compute the aerodynamic force with a far-field ap-
proach are introduced, together with proposed formulas decompositions to calculate the different
forms of drag previously defined, which will be used in the following chapters of this dissertation.

The starting far-field force equation (Eq. (1.2)) will be here considered valid for both lami-
nar and turbulent flow regimes. In the last case, mass density (ρ) and fluid particle velocity (V)
are intended as their corresponding ensemble and Favre averages respectively, then a turbulent (or
“effective”) viscous stress tensor is adopted, including Reynolds stresses (τ

vt
= τ

v
+ τ

R
).

**The classical physical justification of the Kutta condition for sharp-edged geometries in inviscid
flows is still assumed here as a reference, although it was mentioned in the previous sections that a
new approach, based on variational mechanics principles, was very recently proposed [67], avoiding
the involvement of fluid viscosity to justify closure conditions in Euler flow problems.
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1.4.1 Thermodynamic methods

1.4.1.1 Oswatitsch’s formula and entropy drag concept

Following the work of Betz and Jones on profile (or parasite) drag estimation, after the second
world war in 1945, Oswatitsch first introduced thermodynamics in the momentum balance to
compute parasite drag in compressible gases using a wake survey of flow entropy variations [143]
(an English-translated version by H. Sockel of the original German text is available at [144]). He
assumed no variations of the flow specific total enthalpy and considered a slightly perturbed par-
allel flow in the body wake, retaining only first order terms in the momentum and energy balance
equations. The final formula derived by Oswatitsch directly relates parasite drag to entropy varia-
tions in the fluid caused by the presence of the body (entropy drag concept), clearly linking parasite
drag to irreversible processes:

Dp =
T∞

V∞

∫
Σ
ρΔs (V · n) dS (1.79)

Due to the aforementioned assumptions, this formula is however only accurate in the case of
weak shocks. Nevertheless, it has been widely adopted in experimental tests, as for example in
the work by Kusunose et al. [90, 92], who computed and decomposed profile drag using wake
surveys and a vorticity magnitude cut-off to distinguish viscous and shock wakes. This decompo-
sition is however sensitive to the position of the wake plane, being influenced by the outer flow
entrainement in the viscous wave.

Steger and Baldwin [187] were among the first to implemented drag extraction methods in
CFD using Oswatitsch entropy drag formula. However, Yu et al. [230], in their study aiming at
separating induced andwavedrag in three-dimensional inviscid flows, highlighted that the far-field
drag (whichparasite contributionwas calculatedbySteger andBaldwin’smethod)wasnot in good
agreement with the near-field drag. This problem was explained by Lock [107], who introduced
the concept of spurious drag, later on also addressed by Destarac [41]. Lock [108] also used Os-
watitsch’s formula to compute wave drag in inviscid flows, in terms of entropy jumps across shock
waves.

1.4.1.2 Methods based on velocity magnitude decomposition

A decomposition of parasite drag into viscous and wave contributions in transonic flows was pro-
posed for the first time in 1990byVanderVooren andSlooff [207], based on thermodynamic con-
siderations. However, it was only in the 21st century that thermodynamic-based far-fieldmethods
developed to a mature stage [42, 148], nowadays representing a consolidated approach, widely
used in numerical applications [22, 48, 110].

These methods, routinely adopted also in the aviation industry, only predict drag (lift is usu-
ally not addressed) and, in particular, that part of the total drag which is due to flow phenomena
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increasing fluid entropy (i.e. the irreversible drag), such as viscosity or supersonic compression.
Drag due to other, reversible, phenomena (e.g. lift-induced drag) is usually obtained by differ-
ence from the total drag, although these methods can also be formulated the other way around,
i.e. to directly estimate the reversible drag and indirectly obtaining (by difference) the irreversible
part [59, 201, 202]. Nevertheless, this is not the standard approach in thermodynamic methods,
as an explicit dependence on flow static pressure appears in such formulations of the reversible
drag, preventing from identifying a relationship with local flow structures, as pressure variations
are not confined to flow-field regions were physical phenomena occur (boundary layers, viscous
and shock wakes).

Thesemethods revealed quite robust and accurate also in transonic flows, where they allow for
a decomposition of the irreversible drag into viscous and wave contributions [83, 96, 118, 203].
Later on, such approaches have been successfully extended to deal with unsteady flows [59, 201]
and applied to complex and three-dimensional flow-fields [202].

They rely on the possibility to express, for a perfect gas, the velocity magnitude in terms of
variations (with regards to asymptotic free-stream conditions) of specific total enthalpy (ΔH),
entropy (Δs) and static pressure (Δp) [207] as:

V
V∞

=

√√√√1+ 2
(
ΔH
V2
∞

)
− 2

(γ − 1)M2
∞

[(
Δp
p∞

+ 1
) γ−1

γ

e
Δs
R

γ−1
γ − 1

]
= f
(
Δp/p∞,Δs/R,ΔH/V2

∞
) (1.80)

whereM∞ is the free-streamMach number, R is the gas constant for the air mixture and γ is the
ratio of specific heats.

Focusing on steady flowswithout body forces (inwhich case, only the third integral inEq. (1.2)
is non-zero, for impermeable bodies), Eq. (1.80) can be used in the axial projection of Eq. (1.2)
to obtain a thermodynamic expression of the total drag in terms of Δp, Δs and ΔH (neglecting
viscous stresses on Σ, supposing it lays outside of the boundary layer and orthogonal to the free-
stream velocity in the body wake).

In this expression, total entropy variations are due to dissipative effects, as well as total enthalpy
variations in the case of steady flows and un-powered configurations. Therefore, in the hypothesis
of no impact of flow dissipation on static pressure variations on Σ, the irreversible drag contribu-
tion is defined as:

Dirr
def
= FΔp=0

ff · ex = −V∞

∫
V
∇ ·
[
ρvx̂f

(
Δs
R
,
ΔH
V2
∞

)
V
]
dV (1.81)

where ex is a unit vector aligned with V∞ and the divergence form has been used applying Gauss’
theorem*. The local axial velocity has been expressed asV·ex = Vv̂·ex = Vvx̂where vx̂ is related to

*In this as well as in other document sections, Gauss’s divergence theorem (or different integral
identities relying on regular fields defined in simply-connected regions) was applied without restric-
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the angle between local and free-stream velocity vectors (non-negligible in the wake downstream
of lifting bodies).

From this point on, two methods were developed independently by Paparone and Tognaccini
in 2003 andbyDestarac and van derVooren in 2004. Theydifferentiate for the the approximations
used in the computation ofDirr.

It is worth observing since now that the divergence formof Eq. (1.81) allows identifying the lo-
cal generation of irreversible drag in the flow-field (examples will be provided in Section 2.2.3.7),
with possibility to isolate, in CFD solutions, at least part of the so-called spurious drag in high-
Reynolds number flows, considering any drag generation identified in the external regions of the
flow-field assumed homo-entropic and homo-enthalpic [148]. Then, for the dissipative region,
the contributions of viscous drag (Dv) and wave drag (Dw) can be further separated from Dirr,
using appropriate solution sensors for the identification of the viscous and shock parts of the flow
domain V [45, 109, 148, 197]. Therefore, thermodynamic methods based on the velocity magni-
tude decomposition, allow expressingDirr in Eq. (1.78) as:

Dirr = Dv + Dw + Dsp (1.82)

This further decomposition is based on a zonal decomposition of the flow domain V (instead of
on a formula decomposition, as for the reversible and irreversible contributions) and the last term
(Dsp) is non-zero in numerical computations only†.

It is additionally observed that the underlying hypothesis on pressure variations, which ne-
glects any impact from dissipation at the external CV surface, complicates the application of ther-
modynamic methods based on such a velocity decomposition to supersonic flows. In such cases,
the shock-waves system extends considerably far from the body, then the use of either very large
CVs or other artefacts (like the use of under-resolved grids, accounting for the associated numer-
ical dissipation in the wave drag calculation [38]) is necessary.

Both methods mentioned above have been applied in this dissertation to isolate and compute
the irreversible drag in generally viscous and compressible flow-fields, obtained from numerical

tions on the space dimensionality (2Dor 3D) and on the flow regime. In fact, despite the double-con-
nectivity topology of the control volume in 2D, one can adopt a branch cut of the domain to restore
the single connectivity, then making the two cut-edges collapse onto each other with no effect on the
final formula, as the two edges are opposed in orientation, cancelling-out their combined contribu-
tion. Moreover, no singularities will be considered for the integrated flow-fields. As a matter of fact,
the different far-field formulations illustrated in this document will only deal with Navier-Stokes or
with weak Euler solutions, which do not admit discontinuities. This is the reason why, even in inviscid
and unsteady flow regime, no shear discontinuity was considered in the body wake and, for the same
reason, shock waves in transonic flows were not considered as CV domain boundaries.

†It is explicitly observed that the zonal decomposition of V is ambiguous in regions of interaction
between different drag sources: for example, at the foot of a shock wave, due to its interaction with
the boundary layer. In such cases, those local drag contributions are arbitrarily assigned to either the
viscous or the wave drag component, assumed that a unique criterion is consistently adopted in all
method’s applications. Additionally, as mentioned before, the spurious drag is not fully contained in
the flow domain external to the viscous and wave regions.

33



Chapter 1. The aerodynamic force

solutions. Calculated drag values will be denoted as DPT
irr (Paparone and Tognaccini) and DDV

irr

(Destarac and van der Vooren).

MethodofPaparoneandTognaccini ThemethodofPaparone andTognaccini [147, 148]
neglects total enthalpy variations (for a unitary Prandtl number gas) and approximates the effect
of entropy variations using aTaylor series expansion of f(Δs/R), halted at second order terms. The
resulting formula for the irreversible drag is:

DPT
irr

def
= −V∞

∫
V
∇ ·

{
ρvx̂

[
− 1
γM2

∞

Δs
R

− 1+ (γ − 1)M2
∞

2γ2M4
∞

(
Δs
R

)2
]
V

}
dV (1.83)

and it can be easily proved that, at first order in Δs/R, it returns Oswatitsch’s entropy drag expres-
sion.

Finally, the method was extended in 2005 to deal with power-on configurations by Tognaccini
[198], who proposed a thrust/drag bookkeeping formula for jet propelled aircrafts.

Method of Destarac and van der Vooren A parallel flow in the body wake is assumed in
the method of Destarac and van der Vooren (vx̂ ≈ 1, [42]), but specific total enthalpy variations
are allowed and no Taylor expansion is performed for f.

The method is usually formulated using the axial velocity perturbation (u = U − V∞, with
U = V · ex ≈ V) instead of the relative velocity magnitude (V/V∞) [38], although formally the
two approaches are equivalent as V∞ can be subtracted in the axial momentum expression with
no effect onDirr because of the flow continuity. Therefore its typical formulation is written as:

DDV
irr

def
= −

∫
V
∇ ·
{
ρ
[
V∞ f

(
Δs
R
,
ΔH
V2
∞

)
− V∞

]
V
}
dV (1.84)

with the term included in square brackets representing the irreversible axial velocity perturbation
(uirr) in the hypotheses of Destarac and van der Vooren’s method. Verley [209] and thenMéheut
[115] also developed a formulation able to compute the thrust and torque generated by helicopter
rotors and propellers.

Bailly [10] very recently proposed amethodology to extendDestarac and van der Vooren’s ap-
proach to accurately compute and decompose the far-field drag in supersonic flows, using control
volumes which not necessarily extend to fully include the entire shock-wave system.

It has to be mentioned that the function (obtained through Eq. (1.80)) expressing the irre-
versible axial velocity perturbation decomposition may be discontinuous within the flow-field, as
pointed out byMéheut [133]. This occurs whenever the flow total pressure is lower than the free-
stream static pressure (p∞). For steady flows, this situation is generally achievedwhen a boundary
layer separates from thewall, in the core of strong vortices, in boundary layerswhen the localMach
number exceeds the free-streamMach number, or downstream of strong shocks [201] (i.e. inside
any region of drag source), nevertheless without affecting the computed irreversible drag in most
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1.4. Far-field formulas and operative drag definitions

cases. Méheut and Bailly [134] also proposed a continuous function alternative, for steady flows,
later on also used byGariépy andTrépanier [60]. This however implies losses in accuracy in some
cases, compared to the use of the standard (yet potentially ill-defined) formulation, as described
in [201, 202], due to the explicit dependence on the static pressure.

Generalisation to unsteady flows by Gariépy et al. The abovementioned continuous
formulation is based on approaching the velocity decomposition the other way around, i.e. ex-
pressing the reversible part of the axial velocity perturbation explicitly and the irreversible part by
difference with regards to the total perturbation.

This reveals useful in unsteady flows, where total enthalpy variations, even for un-powered con-
figurations, cannot be fully ascribed to dissipative effects. Instead, unsteady pressure variations
need to be taken into account and Gariépy et al. [59] generalised the approach of Destarac and
van der Vooren by assuming that, far downstream from the body, they are the only cause of total
enthalpy variations and are solely due to the body trailing vortices (for lifting configurations).

Then they further decomposed the reversible axial velocity perturbation isolating a contribu-
tion that would also be active in the steady regime ( ∂

∂t = 0, ustrev) and the difference, only non-zero
for unsteady flows (uunsrev ). Thevelocity decomposition used byGariépy et al. is therefore expressed
by:

urev = V∞


√√√√1+ 2

(
ΔH
V2
∞

)
− 2

(γ − 1)M2
∞

[(
Δp
p∞

+ 1
) γ−1

γ

− 1

]
− v2 + w2

V2
∞

− 1


(1.85)

ustrev = V∞


√√√√1− 2

(γ − 1)M2
∞

[(
Δp
p∞

+ 1
) γ−1

γ

− 1

]
− v2 + w2

V2
∞

− 1

 (1.86)

uunsrev = urev − ustrev (1.87)

uirr = u− urev (1.88)

The far-field drag expressionwas derivedbyGariépy et al. [59] in a generally non-inertial frame
of reference, therefore based on Eq. (1.2) which includes both the unsteady volume integral and
the contribution of apparent forces due to the relative motion in non-inertial frames (through the
body forces term).

The irreversible drag (defined through uirr) can be split into viscous, wave and spurious (for nu-
merical cases) contributions, as discussed for the steady thermodynamicmethods in the previous
sections. Then, the reversible drag component (Drev), was also split based on the urev decomposi-
tion illustrated above, isolating an unsteady contribution (Duns, which not only includes the effect
of uunsrev but also the unsteady and apparent forces terms in the far-field drag expression) and a steady
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part, which the authors appointed as the induced drag contribution (here denoted by the symbol:
Dst
i ). Finally, the drag decomposition provided by the method is therefore expressed by:

Dff = Drev + Dirr = Duns + Dst
i + Dv + Dw + Dsp (1.89)

New unsteady drag decomposition by Toubin et al. As described in the previous para-
graph, the approach ofGariépy et al. [59] gathers together all unsteady and apparent forces contri-
butions in the so-called unsteady drag term (Duns), therefore lacking a phenomenological interpre-
tation for this term and, at the same time, hiding any unsteady effect directly related to the viscous
and wave drag sources.

These considerations led Toubin and Bailly [201] to derive a different unsteady thermody-
namic formulation for the far-field drag, which retains the usual three-components phenomeno-
logical splitting of drag (induced, viscous and wave contributions) and incorporates unsteady ef-
fects in the three different components (namely,Duns

i ,Duns
v ,Duns

w ), rather then in a standalone term
difficult to interpret.

The general formulation of Toubin and Bailly [201] far-field drag decomposition is not in-
cluded herein for the sake of conciseness. Nevertheless, the main assumptions and differences
with the previous approach (Sec. 1.4.1.2) are highlighted hereafter.

They worked in an inertial frame of reference, therefore, compared to the approach of Gar-
iépy et al. [59], apparent forces are here replaced by a skin momentum flux term (denoted by
the symbolDm), representing the drag/thrust directly associated to themovement of the body (if
any), which adds to the three-components splitting and vanishes for steady flows and imperme-
able walls. The decomposition is then achieved in the form:

Dff = Duns
i + Dm + Duns

v + Duns
w + Dsp (1.90)

where, of course, a spurious contribution is also introduced in numerical cases.
Another remarkable differencewith the approachof the previous paragraph is in the splitting of

the axial velocity perturbation, which is done isolating the irreversible contribution (subject to the
discussed ill-conditioning issues) rather than the reversible part. This is done through Eq. (1.80)
and under the same hypotheses of Destarac and Van der Vooren [42] (p ≈ p∞, vx̂ ≈ 1) but,
for unsteady flows, specific total enthalpy variations are not only attributed to dissipative effects.
Nevertheless the contribution from unsteady pressure variation is still accounted for by Toubin
and Bailly [201] as an irreversible effect if it is obtained in a flow-field region where dissipation is
occurring (i.e. in the viscous or shock wakes). Similarly, the authors also attributed the unsteady
volume integrand in Eq. (1.2) to either the viscous or wave drag component, when integrated in
their corresponding flow-field regions.

However, in their formulation, these regions were not identified through a flow feature decom-
position but using stream-tubes, therefore assuming that the separation between the viscous and
shock wakes is a stream surface (which is not generally true due to the entrainement of the outer
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flow in the boundary layer).

In their approach, the viscous stress tensor is not neglected in the definition of the viscous drag
and the unsteady induced drag is obtained by difference from the total far-field drag, once the
viscous, wave and motion contributions have been calculated.

Moreover, the spurious drag is here obtained as the imbalance between near-field and far-field
total drag (Dsp = Dnf−Dff). In CFD analyses, it includes numerical effects from round-off errors
and artificial dissipation.

Finally, a year later, Toubin et al. [202] refined the method by further isolating, in their un-
steady induced drag definition, a term (Dpa) which they directly related to the propagation in the
flow domain of acoustic waves and other reversible effects, which globally affect the flow-field.
This allowed to sharpen the unsteady induced drag calculation, leading to the final form of their
decomposition:

Dff = Duns
i + Dpa + Dm + Duns

v + Duns
w + Dsp (1.91)

whereDuns
i is of course redefined with regards to the homologous term in Eq. (1.90).

1.4.2 Classical methods (generalised)

In this section a derivation of generalised expressions (valid for 3D viscous and compressible
flows) of the Kutta-Joukowski theorem, Maskell’s and Betz’s formulas is included. Their corre-
lation with force decomposition provided by Lamb vector methods (Sec. 1.4.3.2) has been re-
cently discussed by Fournis et al. [57] and will also be addressed and examined in more detail in
Ch. 2. It is therefore important to highlight some key properties of such generalised expressions
even before introducing Lamb-vector-based methods. Moreover, their explicit derivation from
momentum balance equation is not available from the above reference and is provided hereafter
for further discussion*.

Starting from Eq. (1.2)†, taking into account that
∫
Σ n dS = 0 for any closed surface Σ, then

considering that:∫
V

∂ρ
∂t

dV +

∫
Σ∪∂B

ρV · n dS = 0 (continuity equation, integral form)

*Fournis et al. [57] obtained these generalised expressions, for steady flows and without body
forces, starting from Lamb-vector-based force formulas. The derivation included herein, extended to
unsteady flows and considering body forces as well, straightforwardly moves from momentum bal-
ance, instead of introducing the vortex force thorough DMTs and then reverting to flow momentum
again (as done in [57]).

†considered valid for either laminar or turbulent flow regime, as discussed in Sec. 1.4.1
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it is possible to write:

Fff =−
∫
V

∂ (ρδV)
∂t

dV −
∫
∂B

ρδVV · n dS+

−
∫
Σ

[
(p− p∞) n− τ

vt
· n+ ρδV V · n

]
dS+

∫
V
ρf
m
dV

where the velocity perturbation δV = V−V∞ is introduced, withCartesian components (u, v,w)
along coordinate axes.

The derivation will now proceed assuming steady flows and no body forces. In these hypothe-
ses, volumetric force densities are zero and advective fluxes at the body skin are also zero for imper-
meable walls (this is generally not true, for unsteady flows, even if assuming impermeable bodies,
in the case of moving walls)‡. The total force is therefore expressed in terms of surface integrals
only, over the external control volume boundary.

Adding and subtracting
∫
Σ ρ(δV)V∞ · n dS, we obtain:

Fff =
∫
Σ
−
[
(p− p∞)n− τ

vt
· n+ ρδVδV · n+ ρ(δV)V∞ · n

]
dS

Then, considering the double cross-product rule:

V∞ × n× ρδV = (V∞ · ρδV) n− (V∞ · n) ρδV

the force formula can be rewritten as:

Fff =
∫
Σ
−
[
(p− p∞)n− τ

vt
· n+ ρδVδV · n+ (V∞ · ρδV) n

]
dS+

−
∫
Σ
(V∞ × n× ρδV) dS

Finally, considering that:

1
2
δV · δV =

1
2
(V2 − V2

∞)− V∞ · δV

after some algebra, the far-field aerodynamic force expression can be written as:

Fff =
∫
Σ

[
(pt,∞ − pt)n+

1
2
V2
∞(ρ− ρ∞)n+ τ

vt
· n
]
dS+

+

∫
Σ

[
−ρδVδV · n+ 1

2
ρ(δV2)n+ V∞ × n× ρδV

]
dS def

=

def
= FBETZ + FδV

(1.92)

‡These assumptions will be removed at the end of the section and are only temporarily introduced
to simplify the notation.
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where pt is the fluid total pressure. The first and second integrals in Eq. (1.92) have been denoted
with the symbols FBETZ and FδV respectively (the nomenclature of the first will be justified in the
following) and the last term in FδV has no drag component, being orthogonal to V∞. §

In non-dissipative flowswithout shockwaves, entropy production is zero and the aerodynamic
force exerted in these conditions on the body, if any (effectively ideal flows), has been appellated
to as reversible force (i.e. force not related to any entropy production). Its component orthogonal
and parallel to V∞ are respectively lift and lift-induced drag.

If the flow also originates from uniform free-stream conditions (homo-enthalpic and homo-
entropic flow) and the regime is incompressible, then total pressure variations (first term inFBETZ)
are zero, as well as density variations (second term) and viscous fluxes (third term).
Then FBETZ = 0 in Eq. (1.92). In these conditions, exact lift and lift-induced drag formula can be
written. Assuming the x-axis aligned with free-stream velocity and z-axis orthogonal to V∞ and
in the direction of the transverse (lift) force (ex and ez denote the corresponding unit vectors), it
is:

L =
(
Fff · ez

)
ez =

(
FδV · ez

)
ez =

= ρ∞V∞ ×
∫
Σ
n× δV dS+ ρ∞

∫
Σ

[
1
2
(δV2)nz − wδV · n

]
dS ez

(1.93)

The first term on the RHS of Eq. (1.93) is a three-dimensional Kutta-Joukowski theorem and
the second term is a finite domain viscous correction, identified for the first time by Schmitz and
Coder [178] and further analysed by Schmitz [176] in 2D, where the Kutta-Joukowski theorem
is formulated. Schmitz and Coder [178] also proved that its contribution is zero in a purely irro-
tational flow while, in the viscous case, it approaches zero in the far-field wake of 2D flows and
remains non-zero in 3D.Then, for the axial component:

D = Di = Fff · ex = FδV · ex = −
∫
Σ
ρuδV · n dS+

∫
Σ

1
2
ρδV2nxdS

= ρ∞

∫
Σ
(
1
2
u2nx − uδV · n)dS+ ρ∞

∫
Σ

1
2
(v2 + w2)nxdS

(1.94)

The RHS of Eq. (1.94) is a widely adopted lift-induced drag expression, written for a general ex-
ternal control volume boundary (Σ).
It reduces to themore familiar wake integral 12

∫
W ρ (v2 + w2 − u2) dS ex when the lateral portion

ofΣ is sufficiently far from the body and thewake planeW is orthogonal to the freestream velocity.
As discussed in [89], Maskell’s formula can be obtained from this equation.

An extension of these definitions to generally viscous and compressible flows, however, re-
quires some assumptions. In particular, supposing that:

• the upstream and lateral portions of Σ are not too close to the body, the flow is not super-
sonic and characterised by a high Reynolds number (so that velocity perturbations can be

§Eq. (1.92), is also valid for inviscid subsonic flows governed by the (strong) Euler equations (see
footnote on page 11).
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assumed to algebraically decay far from the body and wake [12, pp. 114-124]).

• the downstream portion of Σ is orthogonal to the free-stream velocity V∞.

• no large viscous wakes intercept the Σ surface (e.g. far from stall conditions).

then the sum of the first two integrals in FBETZ can be restricted on the wake plane, where n = ex
(proof is provided in Appendix A). Moreover, the turbulent viscous stress tensor flux (third term
in FBETZ) on the wake plane can be neglected (in absence of large separations) and therefore the
lift component of FBETZ can be neglected:

Fff ≈ FBETZ ex + FδV (1.95)

Then:
L ≈

(
Fff · ez

)
ez =

(
FδV · ez

)
ez =

= V∞ ×
∫
Σ
n× ρδVdS+

∫
Σ

[
1
2
ρ(δV2)nz − ρwδV · n

]
dSez

(1.96)

where the RHS of Eq. (1.96) is a generalised Kutta-Joukowski theorem (for three-dimensional
viscous and compressible flows, on finite domains).

Under the specified hypotheses, FBETZ represents a drag force with no lift counterpart, i.e. a
parasite drag. If FδV · ex is still assumed as lift-induced drag definition, i.e.:

Di
def
= FδV · ex (1.97)

this leads to:

D = Fff · ex =
(
FBETZ + FδV

)
· ex =

=

∫
Σ

[
(pt,∞ − pt)n+

1
2
V2
∞(ρ− ρ∞)n+ τ

vt
· n
]
dS · ex+

+

∫
Σ
(
1
2
ρu2nx − ρuδV · n)dS+

∫
Σ

1
2
ρ(v2 + w2)nx dS

def
= Dp + Di

(1.98)

where the first integral in Eq. (1.98) is a compressible Betz’s formula (justifying the subscript no-
tation used in FBETZ), assumed as parasite drag definition:

Dp
def
= FBETZ · ex (1.99)

and the second and third integrals represent an extended Maskell’s formula, defining lift-induced
drag.

The following definitions will be therefore used for the axial and transverse component vectors
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of FδV:

FMSK
def
=
(
FδV · ex

)
ex = Diex (1.100)

FKJ
def
=
(
FδV · ez

)
ez (1.101)

which allow re-writing the classical far-field steady force formula as:

Fff = FKJ + FMSK + FBETZ (1.102)

Note that, unlike for Eq. (1.95), no hypotheses on the CV and-or wake flow were made for the
validity of Eq. (1.102), which is exact and does not neglect any lift component potentially coming
from FBETZ.

Removing the other assumptions initially made at the beginning of this section, Eq. (1.102)
can be further generalised to unsteady flows and non-inertial reference frames as:

Fff = FKJ + FMSK + FBETZ + FTIME + FAPP + FBODY (1.103)

where FTIME, FAPP and FBODY are defined respectively as the unsteady term, apparent forces term
and skin advective flux term included inEq. (1.2) and temporarily neglected to simplify the deriva-
tion of other terms. Therefore:

FTIME =−
∫
V

∂ (ρδV)
∂t

dV (1.104)

FAPP =
∫
V
ρf
m
dV (1.105)

FBODY =−
∫
∂B

ρδVV · n dS (1.106)

When dealing with rigid impermeable bodies, where typically the non-inertial reference frame
is chosen solidal to the moving body, only one term between FAPP and FBODY is non-zero in the
formula: FAPP in non-inertial frames and FBODY in inertial frames.

1.4.2.1 Consistency of lift-induced/parasite drag formulas with
reversible/irreversible drag contributions

As highlighted before, in the steady inviscid and incompressible regime, the induced drag defined
by Eq. (1.94) provides the reversible drag. On the other hand, however, for generally viscous and
compressible flows, the total drag decomposition in lift-induced drag and parasite contributions
defined by Eq. (1.98) is not consistent with the total drag breakdown in reversible and irreversible
components.

Consider, for example, a steady non-dissipative subsonic flow regime. In this case, there’s
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no entropy production, then the whole drag is reversible drag. Nevertheless, Dp as defined in
Eq. (1.98) is non-zero in compressible flows, therefore Di does not coincide with the total re-
versible drag.

The relationship between lift-induced/parasite definitions and the reversible/irreversible drag
breakdownwill be analysed inmore details in the following chapter. At this time, it isworth under-
lying that lift-induced and parasite drag definitions provided by Eqs. (1.97) and (1.99) are subject
to the hypotheses discussed above for the validity of Eq. (1.95). A general choice of the control
volume would in fact result in a non-zero lift component of FBETZ, which would modify the gen-
eral lift expression in Eq. (1.96) and, above all, would not justify the appellation of parasite drag
attributed to FBETZ · ex.

1.4.3 Vortical methods

Vortical methods provide exact formulas to compute the total aerodynamic force (both lift and
drag) in unsteady and viscous flows fromEq. (1.2), where the vorticity is introduced and pressure
is eliminated.

Theywere initially developed for EFDapplications to extract forces fromDPIVmeasurements,
which produce two-dimensional velocity fields but no pressure data. But, above all, the impor-
tance of eliminating pressure lies in the fact that its presence in the force formula prevents from
identifying a relationship between the force and local flow structures. Pressure variations are in
fact not confined to flow-field regions were physical phenomena occur (boundary layers, viscous
and shock wakes), therefore some information on the causal mechanisms generating the force re-
mainshiddenunderpressure terms. For incompressibleflows, vorticalmethodsprovides formulas
which only require the knowledge of the time-dependent velocity field and its derivatives*.

In theory, for incompressible flows, pressure on the body surface can be related to the (known)
body movement and to the flow vorticity at the wall by the relation [220]:

n×∇p = −n× a+ νn · ∇ω− ν (n×∇) · [(ω− 2Ω)× nn] (1.107)

where ν is the fluid kinematic viscosity, while a andΩ are, respectively, the wall acceleration and
angular body velocity. This could be integrated for the pressure, nevertheless defined up to an
arbitrary additive constant, which is not easy to be inferred [136]. Moreover, for experimental
purposes, the evaluation of vorticity gradients on the body surface is also prohibitive. However, in
principle, the Σ surface in Eq. (1.2) could be taken to coincide with the body wall (∂B), allowing
pressure to be evaluates through Eq. (1.107), unless for the abovementioned difficulties.

Another option (also applicable to incompressible flows only) would be to keep the Σ surface
distant from the body surface ∂B and to use the Pressure Poisson Equation (PPE) to derive flow

*body forces in Eq. (1.2) are also supposed to be only depending on the velocity field, as for
example in the case of apparent forces due to the relative motion, in non-inertial reference frames.
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static pressure from the knowledge of the velocity field. Nevertheless, PPE boundary conditions
on Σ are not known a priori [136].

An elegant way to eliminate pressure frommomentum equation was proposed byQuartapelle
and Napolitano in 1983 [160], still for incompressible flows. Their method achieves the goal,
however at the cost of introducing another (harmonic) function in the final force formula. This
additional function is flow-field-independent and can be determined from the knowledge of the
control volume geometry only (i.e. from the body and Σ shapes). Newmann boundary condi-
tions are used on ∂V to close the problem, nevertheless analytical solutions can only be obtained
for very simple geometries of both ∂B and Σ. Numerical approaches are otherwise necessary, as
implemented for example in the calculations by Protas et al. [157].

Other approaches to pressure elimination, initially developed for incompressible flows and
later on extended to compressible gases as well, are based on the introduction of derivative mo-
ment transformations [138][222, pp. 698-705], which in this case represent the integral counter-
part of the differential operation of taking the curl of flowmomentum equation [217]. This time,
the cost is represented by the introduction of an arbitrary reference pole in the formulations, as it
will be described into details in the following sections.

Vortical methods, i.e. those methods derived from momentum equation where the vorticity
appears and pressure is eliminated, can be distinguished in two main categories, depending on
the unsteady term in Eq. (1.2) being formulated with the time derivative inside (Lamb vector
methods) or outside (impulse theories) the integral sign†.

1.4.3.1 Impulse theories

In the case of impulse theories, Eq. (1.2) is therefore preliminarily modified as:

Fff =− d
dt

∫
V
ρVdV −

∫
∂B

ρV (V− V∂B) · n dS+

−
∫
Σ

[
pn− τ

v
· n+ ρV (V− VΣ) · n

]
dS+

∫
V
ρf
m
dV

(1.108)

where V∂B and VΣ are the velocities of the body boundary and of the external CV boundary, re-
spectively.

The introduction of flow vorticity in incompressible impulse theories is inherently related to
the Derivative Moment Transformation provided in Appendix A.1 by Eq. (A1). In fact, with f =
ρV, Eq. (A1) directly relates the flowmomentum in V (appearing in the first term on the RHS of
Eq. (1.108)) to the firstmoment of flowvorticity, times the constantmass density (hydrodynamic
impulse in V). It is important to observe that the vorticity appears linearly in the impulse (the
same is not true in Lamb vector methods), since this allows superimposing the effects of different
parts of the vorticity field [217].

†An application of the Reynolds transport theorem is necessary to shift the time derivative and
domain integral signs (Appendix A, Sec. A.3.1).
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As mentioned is sec. 1.2.2, a first example of incompressible impulse theory (2D inviscid and
linearized) is represented by Eq. (1.18), (1.19) and by von Kármán & Sears’ theory [211]. A
generalisation to non-linear viscous and three-dimensional flows was formulated, among others‡,
byWu [218] and goes under the name of vorticity-moment theory.

Vorticity-moment theory Wu’s formulation for incompressible flows [218] considers no
body forces and a control volumeV∞ which includes the entire vorticity field, with its external sur-
faceΣ therefore extending to an infinite distance far from the body. All the vorticity is produced at
the body wall and, when it decays exponentially at large distance from the body, using Biot-Savart
law it is possible to show that the asymptotic behaviour of the velocity field is of order r−N , where
r is the distance from the body and N is the dimensionality of the problem (N = 2, 3). This
allows neglecting momentum and shear stress terms in the Σ-integral of Eq. (1.2) when Σ → ∞,
then the pressure integral is tacitly assumed to approach zero [136], although it can be rigorously
proved that this assumption is not necessary for the validity of the theory’s final results [79, 138].

The final formula ofWu’s vorticity-moment theory, derived in general forN impermeable bod-
ies, is here reported forN = 1:

Fff = − d
dt
(
IV∞

+ IB − PB
)

(1.109)

where:

IV∞
= ρ∞

∫
V∞

r× ω dV hydrodynamic impulse of the fluid in V∞ (1.110)

IB = ρ∞

∫
B
r× ω dV hydrodynamic impulse of the body B (1.111)

PB = ρ∞

∫
B
V dV momentum of the body B (1.112)

and r denotes a scaled position vector, computed from an arbitrary pole:

r =
x− xP
N − 1

(1.113)

Eq. (1.109) was derived by Wu [218] in the case of solid bodies animated by rigid motions,
but the force method can be generalised to fluidic bodies§.

Using identity (A1) (Appendix A.1) it is easy to prove that body terms in Eq. (1.109) can be

‡see also the work of Batchelor [12, Ch. 7] and Lamb [95, Ch. 6].
§The fluidic body concept, extensively used by Saffman [173, p. 77], replaces the body by a mass

of fluid of the same (constant) density and arbitrary viscosity. When the same viscosity of the sur-
rounding fluid is considered, the body boundary is effectively replaced by a streamline of the entire
flow-field. When an infinite viscosity is assumes, an impermeable solid body is modelled, which can
be either rigid or deformable [136].
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cast in the form:
d
dt

(PB − IB) = ρ∞
d
dt

∫
∂B

r× (n× V) dS (1.114)

where n points to the body inside. It is sometimes useful (for example to link impulse and Lamb
vector theories) to shift the time derivative and the integral signs in the RHS of Eq. (1.114). This
can be done using an identity provided by Aris [7, p. 63] for vector fields (and generalised by
Noca et a. [138] to tensor fields of higher rank) which is basically the counterpart of the Reynolds
transport theoremwhen surface integrals (instead of volume integrals) are involved (Appendix A,
Sec. A.3.2)¶.

For irrotational flows (V = ∇φ where φ is the scalar velocity potential) IV∞
= 0) and the

RHS si exactely the added (or virtual or apparent) mass definition provided by Saffman [173, pp.
81-84], as Eq. (A2) can be applied to derive:

Fff =
d
dt

(PB − IB) = −ρ∞
d
dt

∫
∂B

φn dS (1.115)

It should be observed that Eq. (1.109) is inherently unsteady, providing no force in the case
of steady impulses and momentum. As a matter of fact, being the control volume extending to
infinity, the flow-field is always unsteady whenever there is a relative motion of the body with
regards to the fluid (even in the case of a steady body motion) [102] and, therefore, whenever
an aerodynamic force arises. Nevertheless, it was rigorously proved thatWu’s theory involving the
global vorticity field is not applicable to steady flows due to the slow decay of the velocity and
vorticity of the fluid as Σ → ∞ in this case [156].

Finite-domain impulse theories The generalisation of impulse theories to finite control
volumes is due to Saffman [173, Ch. 3] for inviscid flows and to Moreau [129] for viscous and
rotational flows. Differently from what done in these previous works, Noca [136] and Noca et al.
[137, 138] provided a mathematical derivation which does not use the fluidic body concept and
directly applies derivative moment transformations instead of integration by parts. The impulse
equation they derived is written in the form:

Fff = − d
dt
IV+

∫
Σ
γ
imp

·ndS+ρ∞
d
dt

∫
∂B

r×(n× V) dS−ρ∞

∫
∂B

n·(V− V∂B)VdS (1.116)

with:

γ
imp

=ρ∞

[
1
2
V2I− VV− (V− VΣ) (r× ω) + ω (r× V)

]
+

+
[
r ·
(
∇ · τ

v

)
I− r

(
∇ · τ

v

)]
+ τ

v

(1.117)

where I is the 2nd-rank unit tensor.

¶The integrand of Eq. (1.114) can be cast in the form of Aris’ identity by writing: r× (n× V) =
n ·

[
(r · V) I− r V

]
.
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The last integral in Eq. (1.116) is null in the case of impermeable bodies, while the time deriva-
tive of the other skin integral can be replaced by− d

dt (IB − PB), in the the fluidic body approach.
Therefore, Eq. (1.116) reduces to Wu’s formula (Eq. (1.109)) in the case of Σ → ∞, under the
abovementioned assumption for the asymptotic behaviour of both vorticity and velocity (which
makes the Σ-integral vanish). This also proves that the hypothesis assuming pressure integral on
Σ vanishing for Σ → ∞ is not necessary for the validity of Wu’s formula.

The generality of Eq. (1.116) comes at the cost of loosing the neatness of Wu’s formulation
for unbounded domains (Eq. (1.109)). This was recovered by Kang et al. [79] who derived their
minimum-domain impulse theory on the hypothesis that the external CV surface does not cut any
vortical structure (i.e. ω = 0 and ∂ω

∂n = 0 on Σ). In this case the far-field force expression is given
by:

Fff = − d
dt

(IV + IB − PB) + Fℓ + Fℓ,B (1.118)

where Fℓ is the so-called vortex-force (a concept which will be extensively discussed in Sec. 1.4.3.2
and in Ch. 2 and 3), defined for incompressible flows as:

Fℓ = −ρ∞

∫
V
ω× V dV (1.119)

and Fℓ,B is the same quantity, integrated in the fluidic body domain. In Eq. (1.118), the volumeV
can be limited to a minimum domain including only the vortical structures attached to the body,
as initially proposed in the work of Li and Lu [97].

Noca et al. [138] also provided two other far-field force expressions, which are not impulse
formulas. Nevertheless, they are reported hereafter to preserve continuity of their work. The first
one is based on momentum (instead of impulse) and can be written as:

Fff = − d
dt
PV +

∫
Σ
γ
mom

· n dS− ρ∞

∫
∂B

n · (V− V∂B)V dS (1.120)

with:

γ
mom

=ρ∞

[
1
2
V2I− (VΣ − V)V− V (r× ω) + ω (r× V)

]
+

− ρ∞

[(
r · ∂V

∂t

)
I− r

(
∂V
∂t

)]
+

+
[
r ·
(
∇ · τ

v

)
I− r

(
∇ · τ

v

)]
+ τ

v

(1.121)

Eq. (1.120) is interesting because it allows direct comparison against Eq. (1.108), allowing a
closed-form evaluation of the pressure term in terms of the velocity field and its derivatives only.
Noca et al. [138], through this expression, also highlighted that the pressure integral on Σ in Eq.
(1.120) indeed does not vanish as Σ → ∞, but is only conditionally convergent in 3D [173, p.
51][12, pp. 408, 518-519].

The other formula provided byNoca et al. [138] is a far-field force expression based on surface
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integrals only, which is a convenient form for experimental applications. It can be written as:

Fff =
∫
Σ
γ
flux

· n dS− ρ∞

∫
∂B

n · (V− V∂B)V dS− d
dt
ρ∞

∫
∂B

n · [V (x− xP)] dS (1.122)

with:

γ
flux

=ρ∞

[
1
2
V2I− VV− V (r× ω) + ω (r× V)

]
+

− ρ∞

[(
r · ∂V

∂t

)
I− r

(
∂V
∂t

)
+

∂V
∂t

(x− xP)
]
+

+
[
r ·
(
∇ · τ

v

)
I− r

(
∇ · τ

v

)]
+ τ

v

(1.123)

It is worth mentioning that, before the introduction of Eq. (1.122), wake surveys could only be
used to measure time-averaged forces in stochastically periodic flows [136] and far downstream
of the body, where further assumptions on pressure can be adopted.

Recent studies on impulse theories and applications to flapping aerofoils can also be found in
[63, 68, 128].

Compressible extension of impulse theories An impulse theory for the compressible
regime was first introduced by Huang [71]. He still applied the DMT (Eq. (A1)) to the flow
momentum on the RHS of Eq. (1.108), obtaining:

Fff = −
dI∗V∞

dt
+

d
dt

∫
∂B

r× (n× ρV) dS (1.124)

which is very similar to Eq. (1.109) and (1.114) fromWu’s thory [218]. I∗V∞
is a density-weighted

vortical impulse in V∞, defined as:

I∗V∞
=

∫
V∞

r× ω∗ dV with ω∗ = ∇× (ρV) (1.125)

An exact formula for finite CVs (V instead of V∞) can also be obtained, but no minimum-
domain formulation is instead possible, due to the nature of ω∗ = ρω+∇ρ× V, which involves
density variations (not confined to compact structures).

Kang et al. [80] recently developed a minimum-domain vorticity-moment theory for com-
pressible flows, which uses the integral:

Iρ,V∞
=

∫
V∞

r× ρω dV (1.126)

which cannot however be directly obtained from aDMT application to the total flowmomentum
(as done byWu [218] andHuang [71]) and therefore does not represent an impulse, leading to a
differentiation of impulse and vorticity-moment theories in the compressible regime [217].
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1.4.3.2 Lamb-vector methods

Another class of far-field vorticalmethodswas developed in the last fifteen years on the basis of the
new vortical force theory by Wu et al. [222, pp. 617-640][221], initially formulated for incom-
pressible (but viscous) and unsteady flows and later on generalised to the compressible regime as
well [222, p. 621][100, 103]. The theory provides exact formulations of the aerodynamic force
(both lift and drag) andmoves from Eq. (1.2) in the form of Newton’s second law (i.e. in terms of
the flowacceleration instead ofmomentum timederivative, Eq. (A16)), which directly introduces
flow vorticity in the equation involving the Lamb vector (ℓ).

First introduced by Lamb [94], ℓ is defined as the cross product of flow vorticity and velocity
(ℓ = ω×V). For steady high-Reynolds number and incompressible flows, it is responsible for the
generation of the whole aerodynamic force. It is non negligible in a limited region of the flow-field
only (mid-field property): boundary layers, viscous and shock-wave wakes.

The Lamb vector (ℓ = ω×V = 2Θ̇×V) represents the centripetal acceleration of a fluid par-
ticle which is rotating with angular velocity Θ̇ (combination of trajectory rotation and spinning).
Considering momentum balance equation in the form of Crocco’s theorem, this expresses the lo-
cal equilibrium of all elementary forces acting on the fluid particles (inertial and external forces)
as:

ρ
∂V
∂t

+ ρℓ = ρ (T∇s−∇H) +∇ · τ
v
+ ρf

m
(1.127)

Therefore, in absence of body forces (ρf
m
= 0), in a two-dimensional steady non-dissipative and

incompressible flow (homoentalpic and homoentropic), −ρℓ represents the volumetric Kutta-
Joukowski force density acting on the fluid particle (an application of Stokes theorem to the ele-
mentary vortex tube of infinite length normal to the plane proves the result).

The different formulas and methods based on Lamb vector field integration developed in the
last decades will be subject of detailed analysis and new extensions in Ch. 2 (dedicated to the
steady regime) and inCh. 3 (dedicated to the unsteady regime). Hereafter, an introductory review
of Lamb-vector-based methods is included, leaving to the following two chapters their thorough
analysis, as it constitutes part of the core of this dissertation.

First intuitions of a link between the aerodynamic force and the Lamb vector date back to
Prandtl, then the concept of vortex force (i.e. the volume integral of −ρℓ) was defined by von
Kármán and Burgers [210]. Saffman identified and discussed its relation with the aerodynamic
force in the case of incompressible flows with bounded vorticity [173, p. 46], which however
represents a very special case in aerodynamics, usually characterised by wakes with vorticity con-
vected infinitely downstream. He also envisaged [173, p. 113] the relationship between the vortex
force and lift-induced drag.

The first incompressible Lamb-vector-based force formulation, valid also in presence of un-
bounded vorticity, is due to Wu [222, pp. 617-640][221] and has been extended to turbulent
flows governed by Reynolds-Averaged Navier Stokes (RANS) equations by Marongiu and Tog-
naccini [112]. The relationship between the vortex force component in the flow direction and a
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widely used expression for lift-induced drag [181] was also identified byMarongiu et al. [113].

An extension of Lamb-vector-based far-field force formula to the compressible flow regime has
also been proposed by Wu et al. [222, p. 621] and further developed by Liu et al. [100, 103]. In,
this formulation, however, the mid-field property of the original incompressible formula is lost.
Mele andTognaccini [119] derived an alternative exact formula, valid in steady compressible flow
regimes, which preserves the mid-field property. In the same paper, the authors also extended
their formulation to the analysis of numerically computed statistically stationary flows governed
by the RANS equations, although they observed numerical inaccuracies on drag predictions in
the transonic flow regime, post-processing two-dimensional (2D)RANS solutions. Indeed it was
observed that, as the control volume includes (also partially) any strong shock, the computed drag
is considerably higher than the reference near-field value, with unacceptable differences that can
reach hundreds of drag counts for a 2D aerofoil in transonic flow. This was attributed to the lower
accuracy of numerical flow solutions in the shock wave region, where usually non-linear schemes
(e.g. those based on limiters) are used to guarantee Total Variation Diminishing solutions, al-
though locally compromising with numerical errors. Mele et al. [117] then derived a modified
mid-field exact formula which revealed more accurate in transonic flow conditions overcoming
the numerical difficulties encountered when performing volume integration in the shock wave re-
gion.

A definition of lift-induced drag in viscous compressible flows was also proposed by Mele et
al. [116] and tested on three-dimensional (3D) flow solutions for an elliptic wing in subsonic and
transonic flight conditions. Nevertheless, using this definitionof induceddrag in steady compress-
ible flow, Kang et al. [81] post-processed two-dimensional subsonic flow-fields and highlighted
non-zero (negative) induced drag values at low Reynolds numbers, vanishing in the limit of ef-
fectively inviscid flow regime (Re∞ → ∞). This unexpected, yet interesting, result was then no
longer investigated.

Concerning drag decomposition in lift-induced and parasite contributions, instead, an addi-
tional contributionwas given by Fournis et al. [57] who updatedMele et al. definitions [116] and
extended the results obtained byMarongiu et al. [113] to the compressible flow regime, establish-
ing links between the vortex-force theory and classical far-field analyses (generalised formulations
of the Kutta–Joukowski theorem, Maskell’s and Betz’s formulas). Moreover, Fournis et al. also
proved that their decomposition could be independent from the choice of the arbitrary pole used
for moment transformations in Lamb-vector-based formulations.

However, the same authors [56] highlighted how the total drag breakdown in lift-induced and
parasite drag contributions is still a fundamental issue under investigation. As a matter of fact, af-
ter the initial observations by Kang et al. on 2D flow-fields at low Reynolds numbers [81], differ-
ent authors reported inconsistencies using the proposed definitions of lift-induced drag for steady
viscous and compressible flows. Negative induced drag values were predicted for example post-
processing two-dimensional flow-fields in transonic regime [124], raising doubts on the physical
or non-physical role of this non-zero induced drag contribution. Indeed the available far-field defi-
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nitions of lift-induced drag (e.g. Maskell’s formula [114]) do not mathematically ensure zero drag
in 2D flows. Moreover, in two-dimensional but unsteady flows, the velocity induced by vortic-
ity may give a vortex force component in the free-stream direction, an aspect quite interestingly
observed by Saffman [173, p. 113] when analysing 2D accelerated inviscid flows. A classical ex-
ample is the generation of a thrust force on flappingwings and its relation to theLamb vector fields
[140]. Saffman therefore interpreted the birth of induced drag in 3D by analysing a 2D problem,
observing that induced drag also exists in 2D (yet unsteady) flows. Nonetheless, in two-dimen-
sional steady conditions, where no trailing vorticity is generated, one usually expects zero induced
drag, so the question on whether or not the computed negative values are legitimated was worth
a clarification.

Nevertheless, accepting this bias on parasite drag calculation (previously ignored and iden-
tified during the work reported in this dissertation, Ch. 2), its breakdown in viscous and wave
contributions using Lamb-vector field analysis was first addressed by Mele et al. [117], who pro-
posed a decompositionmethod using awake plane positioned just downstreamof the shockwave.
Ostieri and Tognaccini [141], however, verified that this method overestimates wave drag when
compared to results obtained using thermodynamic methods and concluded that the wake plane
cannot be placed just downstream of the shock, as the contribution of at least its near wake has
to be taken into account. Nevertheless, Mele et al. [117] already observed that moving the wake
plane downstream leads to a drag exchange from wave to viscous contributions due to the flow
entrainement in the boundary layer. Then, Ostieri and Tognaccini [141] derived a parasite drag
formulation based on volume integrals (as in thermodynamic-based methods [42, 148]) instead
of surface integrals, therefore allowing for a drag decomposition in analogy with the procedure
used in methods [42, 148] and based on the sub-division of the control volume in viscous, wave
andeventually spuriousdrag regions. Thismethodwas testedby the authors on a two-dimensional
symmetric transonic flow-field around theNACA0012 aerofoil (at zero incidence) and not in dif-
ferent conditions. Recently, a Lamb-vector-based parasite drag decomposition approach was also
discussed by Fournis [54]. He related parasite drag definitions by Mele et al. [116] and Fournis
et al. [57] respectively to Oswatitsch’s entropy drag formula [143] and to Destarac and Van der
Vooren irreversible drag definition [42]. Then he performed the decomposition on a wake plane
(as in the initial investigations by Mele et al. [117]), concluding that the method can correctly
capture wave drag, provided that the wake of the shock wave has not yet been entrained into the
wake of the boundary layer.

The possibilities, offered by this class of methods, to analyse the aerodynamic force also in un-
steady conditions were recently investigated, starting from incompressible flows and considering
either inertial or non-inertial reference frames. An example of application of this kind of meth-
ods to flapping aerofoils can be found in [105]. The authors proposed an approximated simple
lift formula and evidenced that the von Kármán and Sears [211] linear theory is able to also take
into account for nonlinear effects, if the required bound vortex sheet over the plate is found by in-
tegrating the actual vorticity field, obtained by numerical simulations of the viscous flow around
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a pitching and plunging flat plate. Wang et al. [215] also applied the simple lift formula to the
analyses of numerical solutions around pitching finite wings.

Additionally, incompressible studies revealed promising in identifying non-stationary formu-
lations of the axial force decomposition [105, 112, 139], including TDB [169], once links with
classical linear theories have been established for the transverse (lift) component [139, 140].

Recently, Ostieri et al. [140] proposed a new mixed inertial/non-inertial Lamb-vector-based
formula for two-dimensional viscous and incompressible flows, which revealed more accurate
than inertial formulationswhen dealingwithmoving grid problems. The authors also showed that
this formula allowed to correctly compute the dynamic force derivatives even in strongly non-lin-
ear flows. In addition, they provided a connection between the original Lamb vector formula of
Wu [222, pp. 619-620] andTheodorsen linear theory [194]. Russo et al. [169] used this formula
to compute thrust in both steady and unsteady flows and proposed a thrust-drag bookkeeping
methodology separating the total axial force in a reversible and an irreversible contribution.

First compressible analyses of unsteady Lamb vector fields were also approached [142], con-
cluding that further investigations are worth being considered to improve knowledge of funda-
mental phenomena such as flapping wing aerodynamics.

1.4.4 Exergy methods

Far-field formulations previously described fall under the category of force methods, as they all
move from momentum balance vectorial equation. In different situations, one may be interested
in a single force component (axial force in thedirectionof flight, for example) and a scalar equation
could be used in this case to derive a far-field method. In particular, for propelled configurations,
engineers are interested in identifying the local sources of thrust and that of drag in the flow do-
main (Thrust/Drag Bookkeeping: TDB), to define improvement areas to be addressed by airframe
and engine designers respectively [189]. Unless for standard tube-and-wing configurations, this
is however not always feasible, especially for highly integrated designs (like those employing dis-
tributed propulsion or boundary layer ingestion) and still represents an open research topic. The
problem has then been addressed in the last decades from a different point of view, by deriving
far-field methods based on the scalar kinetic energy or exergy equations.

These methods analyse how the energy/exergy introduced in a fluidic control volume sur-
rounding the aircraft by propulsion, flow control, heat transfer etc. is used for flight, wasted away
(i.e. lost outside of theCV)or destroyedwithin theCV, allowing comparison of different powered
configurations on a new basis, alternative to the classical TDB. The underlying principles of en-
ergy/exergy approaches will be briefly discussed in the following subsections, without describing
all formulations in the details, being this dissertation mainly focused on force methods.

A pioneering work to derive an energy method for aerospace application was performed by
Drela in 2009 [43], who focused on the integral balance of kinetic energy, in a control volume V
surrounding the powered aircraft. He considered both jet propulsion (where the engine is typi-
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cally notmodelled and hidden inside inflow/outflowCV surfaces*) and propeller-driven aircrafts
(where rotatingblades are simulated and theflow-field is periodically unsteady). His approachwas
then generalised by Arntz et al. [8], considering not only mechanical but also thermal energy†.

In doing so, they considered that, differently from the mechanical part, thermal energy is not
completely reversible, but only a part of it can theoretically be converted into useful work‡. For
this reason, the method is not formulated for the total enthalpy (sum of kinetic, internal and flow
energy§) but for the system exergy, which only considers reversible energy and is therefore the
quantity worth being managed carefully.

Exergy is defined as the maximum amount of theoretically recoverable work that can be ex-
tracted froma systemwhen it evolves, following a reversible transformation, from its thermo-fluid-
dynamic state towards equilibrium (dead state) with an ideal reservoir, typically the surrounding
environment¶. Exergy is therefore a property of the system together with its environment and, in
the aeronautical context, the system is constituted by the fluid (perturbed by the aircraft) while
the environment is Earth’s atmosphere, at the considered flight altitude. Along with exergy, an-
ergy is also defined as that part of the total energy which cannot be converted into useful work.
Denoting with a subscript∞ the asymptotic atmospheric conditions, flow exergy (per unitmass)
can be expressed by:

ε = (H− H∞)− T∞ (s− s∞) = ΔH− T∞Δs (1.128)

where H and s are mass-specific total enthalpy and flow entropy, respectively, while T∞ is the
reference (atmospheric) static temperature.

At this point, assuming local thermodynamic equilibrium, a balance equation for exergy can
be derived from those of total enthalpy and entropy:

ρ
Dε
Dt

= ρ
DΔH
Dt

− ρT∞
DΔs
Dt

(1.129)

once the latter have been formulated for the variations of their balanced quantities with regards to
atmospheric conditions�. This also allows identifying diffusive fluxes and production terms for
flow specific exergy.

The final form of the integral exergy balance for a fluid control volume V surrounding the air-
craft is given by:

Ėprop + Ėq = WΓ̇+ Ėm + Ė th + Ȧtot (1.130)

*a similar approach can be used for flow control, where actuators are typically not simulated.
†The method of Arntz et al. was however formulated for steady flows only, without considering

periodically unsteady regimes and, therefore, in absence of moving surfaces as propeller blades.
‡through an ideal Carnot machine.
§potential energy is neglected.
¶see also the work of Rant [161] and, recently, of Berhouni et al. [14].
�this can be easily done introducing mass balance in the equations and neglecting the fuel mass

addition into the CV by the propulsors [8].
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where the different terms and symbols used in Eq. (1.130) are described hereafter. Advective
and diffusive exergy fluxes through the CV internal boundary** appear on the LHS, while exergy
advection through the CV external surface (Σ) is left on the RHS ††, together with exergy de-
struction in V , denoted by Ȧtot (it represents an anergy generation).

Advection at the CV interior boundary is due to mass flow at permeable surface delimiting
jet propulsors or flow control devices and the corresponding integral exergy flow rate is therefore
denoted by Ėprop. Exergy diffusion at the body (stationary) walls is essentially due to heat con-
duction‡‡, with integral flow rate denoted by Ėq. The sum of the two (Ėprop + Ėq) constitute the
total exergy supplied to the fluidic CV.

This is managed as detailed by the RHS of 1.130. First it is recognised that, from the advec-
tive exergy fluxes on Σ, a contribution can be isolated which directly represents the rate of work
done by the gross axial aerodynamic force on the aircraft (sumof engine thrust and airframedrag),
which is moving with velocity−V∞ *. Any thrust/drag imbalance will therefore result in an aero-
dynamic force rate of work which, for an aircraft of weight W, is denoted by WΓ̇, with Γ being
the aircraft energy height (accounting for both potential and kinetic energy†). This is a convenient
way to express that this power can be used to either increase aircraft altitude, or its flight speed (or
both). For un-powered configurations, WΓ̇ = −DV∞, which provides a link between far-field
exergy and drag methods (often formulated in absence of propulsion effects).

The remaining exergy advection terms through Σ are related to the flow rate of mechanical
exergy (Ėm, sum of kinetic perturbation energy and pressure perturbation work) and thermo-
compressible exergy (Ė th, sum internal energy perturbation and isobaric pressure work, minus
the anergy related to entropy variations). The sum of the two (Ėm + Ė th), representing the total
exergy flow rate through Σ, is a measure of the provided exergy which is wasted outside of the CV
and represents a potential for work recovery.

Finally, anotherpart of the exergy externally provided to the control volume, is destroyedwithin
the CV through the action of Ȧtot, which includes effects of viscous dissipation, thermal mixing
and anergy generation across shock waves.

Exergymethods offer the capability of identifying room for aerodynamic design improvement:
exergy waste is in fact quantified and, above all, drag reduction can be driven by an intuitive ap-
proach based on exergy recovery.

Arntz and Hue [9] applied the far-field exergy method derived in [8] to the analysis of the

**including the body skin as well as any permeable surface delimiting jet propulsors of flow control
devices.
††diffusion fluxes at the Σ surface are neglected in the formulation of Arntz et al. [8].
‡‡no moving walls are considered by Arntz et al. [8].
*the far-field aerodynamic force expression obtained frommomentumbalance is used at the scope,

and identified in the exergy balance. For un-powered configurations, the rate of work is simply given
by−DV∞, where D is the aerodynamic drag.

†It represents the altitude where the aircraft, considered at rest, would have a potential energy
equivalent to the sum of the real potential and kinetic energy it has, when flying at a given speed and
altitude.
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wing-body NASA Common Research Model, then Berhouni et al. [13] extended the method
to the analysis in rotating reference frames and also refined the decomposition proposing an ap-
proach to separate thermal and compressible contributions in the thermo-compressible exergy
flow rate [15]. Thedrag breakdown, for steady flows, has been analysed byAguirre andDuplaa [4]
and a velocity decomposition allowing identifying isentropic and non-isentropic contributions to
the exergetic balance has been proposed by Aguirre et al. [6]. The exergy analysis in unsteady
conditions has been studied by Ruscio et al. [166–168] and, very recently, applications to aircraft
engines at industrial level of complexity have been documented byPaladini et al. [146], Petropou-
los et al. [150] andMorelli et al. [130]. Mutangara et al. [132], following the work of Drela [43],
also applied a far-field mechanical energy balance to the analysis of aircraft configurations with
boundary layer ingestion, simulated using actuator disks.

1.5 Near-field force decomposition: a novel approach

Till the last decade, a phenomenological decomposition of the aerodynamic force was only possi-
ble via far-field methods, described in the previous sections. Near-field approaches only allowed
distinguishing pressure and viscous contributions to the force (Sec. 1.1).

Indeed a phenomenological decomposition of pressure forces (friction stresses are entirely due
to flow viscosity) was proposed in 2015 by Schmitz andCoder [178], initially for the incompress-
ible regime. Their near-field approach, complementary to far-field methods, moved from the ob-
servation that, in themomentum equation, the pressure gradient balances both viscous and invis-
cid terms (in the sense that the latter also appear in the Euler equations):

∇p = −
[
ρ∞∇

(
V2

2

)
+ ρ∞ω× V

]
+∇ · τ

v
(1.131)

The linearity of the gradient operator, allowed them to express pressure effects on the fluid particle
equilibrium as the combination of two Partial Pressure Fields (PPFs): an Euler contribution pE
(or circulatory contribution, for incompressible flows) and a viscous contribution pμ , i.e. ∇p =

∇(pE + pμ) = ∇pE + ∇pμ . The decomposition method then relies on the assumption to de-
couple viscous and inviscid effects by independently satisfying the two equations:

∇pE = −
[
ρ∞∇

(
V2

2

)
+ ρ∞ω× V

]
(1.132)

∇pμ = ∇ · τ
v

(1.133)

since Eq. (1.132) would be satisfied in an Euler flow.
The numerical technique used by Schmitz andCoder to solve the above equations and to com-

pute the PPFs goes through the transformation of (1.132) and (1.133) in Poisson’s equations,
which can be iteratively solved even at runtime, integrating the decomposition method in the
CFD solver (appropriate boundary conditions were also formulated to guarantee a well-posed
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1.5. Near-field force decomposition: a novel approach

problem).
Themethodand theorywere extendeda fewyears later to compressibleflowsbySchmitz [177].

The author also identified links between the lift and drag provided by surface integration of the
inviscid pressure only and the classical Kutta-Joukowski theorem andMaskell’s formulas, respec-
tively. Thedrag contribution deriving from the viscous pressure field (pμ) and friction stresseswas
instead related to the Oswatitsch’s formula, while its lift contribution was shown to be negligible
unless in cases with large wakes (e.g. in stall conditions).

In Sec. 1.4.2 the steady aerodynamic force was decomposed as: Fff = FδV + FBETZ, where
the axial and transverse components of FδV provide, respectively, the generalisedKutta-Joukowski
and Maskell force (FKJ and FMSK). Using PPFs, the total force is expressed by the sum of the
aerodynamic force due to the Euler pressure (FpE) and that due to the dissipative pressure and
shear stress (Fpμ,τvt

): Fff = FpE + Fpμ,τvt
. It is important to highlight the relationship between

the two decompositions. TheEuler pressure force includes FδV but also the density variation term
in FBETZ (second integral in Eq. (A39)) and part of total pressure losses term (first integral in
Eq. (A39)), namely the one related to the Euler PPF. The last two contributions to FpE represent a
viscous-inviscid interactional aerodynamics term, as defined by Schmitz [177]. He also proved that
Fpμ,τvt

is related to FBETZ (which, in turn, can be related to the Oswatitsch’s formula [54]) plus
exactely the same interactional aerodynamics term appearing in FpE , but taken with opposite sign.

In compressible flows and in presence of shock waves, the peculiarities of the method make
the inviscid PPF include both induced and wave drag, differently from other far-field approaches,
where wave drag is usually grouped to viscous drag.

To further isolate wave drag, Coder and Schmitz [31] proposed a thermodynamic approach
based on the density field splitting, successfully de-coupling wave and induced drag in inviscid
transonic flows. Theproblemwas then very recently addressed for viscous and compressible flows
by Hart and Schmitz [69], in 2D. The method in this case requires the solution of another, now
incompressible, flow-field around the same geometry under investigation, to allow a velocity split-
ting (in compressible and incompressible contributions) required to isolate wave drag. Applica-
tions of the proposed approach were provided to the NACA0012 andRAE2822 aerofoils, as well
as to a flapped S207 wing section. Comparison is provided in Ch. 2 (Sec. 2.2.3.7) between re-
sults provided byHart and Schmitz’smethod versus those obtained using similar-purpose far-field
approaches, including a new Lamb-vector-based decomposition method developed in the frame-
work of this dissertation.
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Anambitionwhichwill have towait is a rigorous definition of induced
drag in viscous flows.

Philippe Roland Spalart

2
Steady regime

2.1 Lamb-vector methods

The far-field force formula (Eq. (1.2)), obtained through an integral balance of
linearmomentum, can be expressed in terms of flowvorticity (ω) via the Lamb vector
(ℓ = ω × V) and pressure can be eliminated by applying Derivative Moment Transformations
(DMTs [138][222, pp. 698-705], Appendix A.1), which can be regarded as a multi-dimensional
version of integration by parts [222, pp. 593, 700]. The proof is given in Appendix A.4 for the
original vortical formulation of the far-field force, first derived by Wu et al. [222, p. 621]. In the
same appendix, the Lamb-vector-based aerodynamic moment formula is also derived.

Different exact formulations involving the Lamb vector, developed in the last two decades
[200, 217] and expressing the aerodynamic force exerted on a rigid body in steady and viscous
flow regime, are herein briefly recalled, summarising the key properties of each formulation and
highlighting individual constituents of the total force. The following formula are written in a gen-
eral form which is valid for both steady laminar and statistically-steady turbulent flow regimes.
In the first case, Reynolds stresses and variables fluctuations are zero. In the second case, mass
density and fluid particle velocity are intended as their corresponding ensemble and Favre averages
respectively. The definition of all symbols used herein is included in the nomenclature section.
Nevertheless, for reader’s convenience, it is quickly resumed that, in what follows, F is the aerody-
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Chapter 2. Steady regime

namic force exerted by the fluid on the body B immersed in it, whileV is the control volume used
for the integral balance of linear momentum, bounded by the aerofoil surface ∂B and the far-field
surface Σ (Fig. 1.1.1).

All proposed equations are exact in the sense that they can be directly derived, via the Navier-
Stokes equations, from the standard definition of the aerodynamic force as integration of wall
stresses on the body surface, the so-called near-field formula (Eq. (1.1)), which will be adopted
as a reference in all calculations.

2.1.1 Original formula

Theoriginal incompressible formulation derived byWu et al. [221] for the laminar flow regime in
inertial reference frames and neglecting gravitational effects is expressed as:

Fff = −ρ
∫
V
ℓ dV − ρ

∫
Σ
r× (n× ℓ) dS+

∫
Σ
r×
(
n×∇ · τ

v

)
dS+

∫
Σ
τ
v
· n dS (2.1)

The symbol r denotes a scaled position vector, computed from an arbitrary pole (Fig. 1.1.1):

r =
x− xP
N − 1

(2.2)

withN being the space dimension (2 or 3). As shown by Saffman [173, pp. 46-48], the first inte-
gral inEq. (2.1) gives a fundamental contribution to the aerodynamic force inmanyflowproblems
characterised by bounded vorticity. The second integral, instead, allows extending Saffman’s the-
ory to the case of unconfined vorticity fields, representing a break-through contribution of the
exact vortical force theory by Wu et al. The last two integrals, involving the viscous stress tensor,
give a negligible contribution to the total force in high-Reynolds number flows when the con-
trol surface Σ lies sufficiently outside of the viscous boundary layer [112]. Therefore, for steady
high-Reynolds number flows, the aerodynamic force is linked by Eq. (2.1) to the Lamb vector
field only, which then represents the local source of the force. In the same hypotheses, the sec-
ond integral is a wake integral, i.e. it can be restricted to the Σ portion intercepted by the body
wake, being the Lamb vector negligible elsewhere on Σ. In this case it represents a finite Reynolds
number effect, as the Lamb vector in the wake will also vanish for steady effectively-inviscid flows
(Re∞ → ∞), since Kelvin’s theorem ensures that flow vorticity is aligned with the fluid velocity
in the free vortex system*. Finally, it can be easily proved that, evenwhen this wake integral is non-
zero, its lift contribution can be cancelled if the wake portion ofΣ is a planar surface orthogonal to
V∞ and the DTM pole is located on this plane†. The same formula (then extended to turbulent

*This argumentation, although intuitive, is not rigorous as, for inviscid flows, the control volume
frontier (∂V) must bound the shear discontinuity represented by the vortical wake (see footnote on
page 11).

†In fact, in this case, n = ex, then FS = ℓzrzex − rxlz. Choosing the DMT pole on the wake plane
(rx = 0) then cancels the transverse FS component.
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2.1. Lamb-vector methods

flows by Marongiu and Tognaccini [112]) is valid also in the compressible regime [222, p. 621]
at condition of replacing the Lamb vector (or, better, ρℓ) with the “compressible Lamb vector”(
ρℓ− V2

2 ∇ρ
)
as defined by Liu et al. [100, 103]. This formula is hereafter denoted with the sub-

script “a” (to distinguish it from the different formulations introduced in the following sections)
and the far-field (ff) subscript will be omitted from here on, in vortical force formulas, to simplify
the notation.

Fa = −
∫
V

(
ρℓ− V2

2
∇ρ
)
dV −

∫
Σ
r×
[
n×

(
ρℓ− V2

2
∇ρ
)]

dS+ Fμ (2.3)

where:
Fμ =

∫
Σ
r×
[
n×∇ ·

(
τ
v
+ τ

R

)]
dS+

∫
Σ

(
τ
v
+ τ

R

)
· n dS+

+

∫
V
r×
(
∇× δ̃ρV

)
dV

(2.4)

Fμ includes terms which are explicitly depending on fluid viscosity and on turbulent fluctuations
(through the laminar viscous stress tensors τ

v
and Reynolds stresses τ

R
). The last integral in Eq.

(2.4) is a turbulent term, introduced byMele and Tognaccini for compressible flows [119], with:

δ̃ρV = V′′∇ · (ρV′′) (2.5)

where the ensemble average is indicatedbȳ , theFavre averagebỹ , while ′′ denotes randomvelocity
fluctuations with respect to the Favre average.

Eq. (2.3) can be written in compact form as:

Fa = Fℓ + Fρ + FS + Fμ (2.6)

defining:

Fℓ = −
∫
V
ρℓ dV vortex force (2.7)

Fρ =
∫
V

V2

2
∇ρ dV +

∫
Σ
r×
[
n×

(
V2

2
∇ρ
)]

dS compressibility correction (2.8)

FS = −
∫
Σ
r× [n× (ρℓ)] dS elementary vortex forces circulation moment (2.9)

Fℓ is the vortex force (namely, the volume integral of the opposite Lamb vector, timesmass density,
inV). Fρ is a compressibility correction, taking into account density variations in the flow-field. It
can be included in the total force formula as an alternative to the replacement of the Lamb vector
with its compressible form. FS represents the contribution of flow vorticity from outside of the
selected control volume V .

Differently from the classical far-field force expression (Eq. (1.92) or Eq. (1.102)) which, for
steady flows, is only based on surface integrals, vortical force formulas as Eq. (2.6) also include
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Chapter 2. Steady regime

domain integrals in V , a feature which allows linking the aerodynamic force to its local genera-
tion in the flow-field (examples will be provided in Section 2.2.3.7 and 4.2.5). Eq. (2.6), however,
might lead to the conclusion that, even for high-Reynolds number flows, the aerodynamic force is
generated in the entire flow-field, due to the presence of the density gradient in Fρ.

2.1.2 Modified formula

Amodification of formula “a” was then proposed byMele andTognaccini [119] using a re-formu-
lated compressibility correction term. Similarly to the Lamb vector, it has the property of being
non-zero only in the rotational part of the flow-field (mid-field property), for flows originating
from uniform free-stream conditions. The total force formula is written as:

Fb = −
∫
V

(
ρℓ+ mρ

)
dV −

∫
Σ
r× (n× ρℓ)dS+ Fμ (2.10)

where:

mρ = r×
{
∇×

[
ρ∇
(
V2

2

)]}
= −r×

[
∇×

(
V2

2
∇ρ
)]

=

= r×
[
∇ρ×∇

(
V2

2

)] (2.11)

In this form, the formula now evidences that the aerodynamic force is only generated in the rota-
tional regions of the flow-field.

Eq. (2.10) can be written in compact form as:

Fb = Fℓ + Fmρ
+ FS + Fμ (2.12)

defining:

Fmρ
= −

∫
V
mρdV mid-field compressibility correction (2.13)

2.1.3 Alternative formula

Starting from Eq. (2.12), Mele et al. [117] derived an alternative formula converting volume in-
tegrals Fℓ and Fmρ

into surface integrals, leading to a new expression for the steady aerodynamic
force (denoted with subscript “c”) containing surface integrals only (as for classical methods),
with exception for the last term in Eq. (2.4):

Fc = −
∫
Σ
ρVV · n dS+

∫
Σ
ρ
V2

2
n dS+

∫
Σ
r×
[
n×

(
V2

2
∇ρ
)]

dS+ FS + Fμ (2.14)
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2.1. Lamb-vector methods

Eq. (2.14) can be written in compact form as:

Fc = Fℓ+mρ
+ FS + Fμ (2.15)

defining:

Fℓ+mρ
= −

∫
Σ
ρVV · n dS+

∫
Σ
ρ
V2

2
n dS+

∫
Σ
r×
[
n×

(
V2

2
∇ρ
)]

dS (2.16)

It has to be observed that Fc is partly based on flow velocity instead of on the Lamb vector, as
in Eq. (2.16) the vortex force does not explicitly appear anymore and the Lamb vector in only
involved in the total force formula through the outer vorticity contribution (FS term). Indeed, it
should not be accounted amongLamb-vector-based far-field formulas, standingmid-way between
classical and vortical methods.

2.1.4 Transonic formula

In the same article [117], a hybrid formulation to be used in transonic flows was also proposed
(“c” formulation in the shock wave region VSW, Fig. 2.1.1, combined with “b” formulation in the
remaining part of the fluid domain) to avoid computing volume integrals in the shockwave region,
where numerical inaccuracies were observed. It can be written in compact form, using the already
defined force components in Eq. (2.7) and Eq. (2.9), by adopting a modified expression for the
mid-field compressibility correction term:

Fmρc
=−

∫
V\Vsw

mρdV −
∫
∂Vsw

ρVV · nsw dS+
∫
∂Vsw

ρ
V2

2
nsw dS+

+

∫
∂Vsw

r×
[
nsw ×

(
V2

2
∇ρ
)]

dS+
∫
Vsw

ρℓ dV
(2.17)

leading to:
Fbc = Fℓ + Fmρc

+ FS + Fμ (2.18)

2.1.5 Modified transonic formula

Ostieri andTognaccini [141] converted the vortex forces circulationmoment (FS, Eq. (2.9)) from
surface to volume integrals. The corresponding modified total force formulation is denoted with
subscript “d” and written in compact form as:

Fd = Fℓ + Fmρc
+ FSV + Fμ (2.19)
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V

Vsw

Σ

Shock
Wave

n

nsw

∂B

Figure 2.1.1: Sample (two-dimensional) control volume for the application of the
transonic formula, with selected no-integration region, Vsw, around the shock wave.

where:
FSV = −

∫
V
∇(r · ρℓ)dV +

∫
V
∇ · (rρℓ)dV (2.20)

This alternative expression for the vortex forces circulation moment can be used also in the other
force formulas introduced above and, in particular, choosing formulation “b”, it allows identifying
the local force production in steady high-Reynolds number flows (Fμ ≈ 0, see Ch. 4, Sec. 4.2.5),
being in this case the total force formula based on volume integrals only.

2.1.6 The inviscid flow case: generalisation of the force formulas

To extend the above listed force formulas to the case of an effectively inviscid flow, corrections
to vortex force, modified compressibility corrections and vortex forces circulation moment are
necessary. Indeed, additional integrals over the body boundary (∂B) need to be included as high-
lighted below (terms in blue) to account for a non-zero slip velocity at thewall on the fluid side, or,

62



2.1. Lamb-vector methods

alternatively, for the volume integration in the infinitely-thin bounded vortex sheet region [81]‡.

Fℓ = −
∫
V
ρℓ dV−

∫
∂B

ρV2

2
n dS (2.21)

Fmρ
= −

∫
V
mρdV −

∫
∂B

r×
[
n×

(
V2

2
∇ρ
)]

dS (2.22)

Fmρc
= −

∫
V\Vsw

mρdV −
∫
∂Vsw

ρVV · nsw dS+
∫
∂Vsw

ρ
V2

2
nsw dS+ (2.23)

+

∫
∂Vsw

r×
[
nsw ×

(
V2

2
∇ρ
)]

dS+
∫
Vsw

ρℓ dV+ (2.24)

−
∫
∂B

r×
[
n×

(
V2

2
∇ρ
)]

dS (2.25)

FSV = −
∫
V
∇(r · ρℓ)dV +

∫
V
∇ · (rρℓ)dV +

∫
∂B

r× (n× ρℓ)dS (2.26)

Kang et al. derived the additional terms for the vortex force and for the modified compressibility
correction [81], while here the inviscid flow correction for the vortex forces circulation moment
(volume integrals formulation, Eq. (2.26)) is introduced for the first time. The other force con-
stituents introduced above (Fρ, Fℓ+mρ

and FS) do not need any correction, while obviously Fμ is
zero in the case of effectively inviscid flow. It is also explicitly observed that the additional surface
integrals on the body boundary cancel to zero in the case of viscous flow fields, due to the no-slip
boundary condition at the wall. It is straightforward to verify that, in inviscid, incompressible and
irrotational flows, the near-field formula is recovered from all far-field expressions introduced in
this section, via the Bernoulli’s theorem.

Once again, it is remarked that this section deals with the inviscid extension for weak Euler
solutions (the ones actually obtained from CFD, and used in inviscid numerical applications re-
ported in this dissertation). As long as strong solutions are instead considered (for theoretical
argumentation), discontinuities need to be included among CV boundaries. In this case and for
subsonic flows (i.e. in absence of shock waves), the exact steady formulation can be obtained by
replacing integrals over the body boundary (∂B) with integrals over the body and wake bound-
aries (∂B ∪ ∂W). In steady conditions, the shear discontinuity due to the free vortical system is
only present in 3D flows, while shear singularities may also arise in steady transonic 2D flows as a
consequence of total pressure variations across shock waves.

‡For steady flows, these skin terms are not conceptually different from the accompanying domain
integral terms, as they represent the volume contribution of the bound vortex sheet modelling the
effectively-inviscid fluid in the domain region between the bodywall and the external irrotational flow.
In this perspective, force formulas valid for inviscid flows (i.e. including skin terms) can be regarded
standard formulas written for viscous flows and no-slip body boundaries, where domain integrals are
split between the two volume regions (outer irrotational zone and vortical sheet).
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Chapter 2. Steady regime

2.1.7 Drag decomposition in lift-induced/parasite contributions and
links to classical formulas

Mele et al. [117] proposed a decomposition of the total drag provided by the axial component of
Eq. (2.18) in lift-induced and parasite contributions. Later on, Fournis et al. [55] sharpened the
original decomposition to the form:

Dbc
i = ex ·

(
Fℓ + Fmρc

− F∇ρ

)
(2.27)

Dbc
p = ex ·

(
FS + Fμ + F∇ρ

)
(2.28)

where

F∇ρ =
V2
∞
2

∫
Σ

(
ρ− ρ∞

)
n dS+

∫
Σ
r×
(
n× V2

2
∇ρ
)
dS (2.29)

It is an additional compressibility correction, that gradually vanishes as the control volume ex-
ternal surface (Σ) extends away from the body [56]. Its introduction has no impact on the total
expression (it is both added and subtracted in Fbc) and, in the case of effectively inviscid flow, no
correction is required to Eq. (2.29) as its derivation did not assume no-slip flow condition at the
wall.

Fournis et al. [55] also identified the links between the vortex-force theory and classical far-
field analyses (the Kutta-Joukowski theorem, Maskell’s formula and Betz’s formula) in compress-
ible flow regime. This decomposition is in fact based on two notable identities, derived by the
authors and hereafter reported:

Fℓ + Fmρc
− F∇ρ = FKJ + FMSK

FS + Fμ + F∇ρ = FBETZ

(2.30)

(2.31)

They numerically verified that FBETZ did not provide a lift contribution in their computations,
then liftwas only attributed toFℓ+Fmρc

−F∇ρ, whose drag component is therefore due to lift. This
justified the proposed decomposition, summarised by Eq. (2.27),(2.28). It should be mentioned
however that, from a theoretical point of view, FBETZ does not provide a lift contribution only in
the case of Σ sufficiently distant from the body surface (so that integration can be restricted on a
wake plane), no large separations (e.g. far from stall) and assuming the wake plane orthogonal to
the free-stream velocity, as discussed in Sec. 1.4.2.1.

In the incompressible flow regime, neglecting the effects of viscous terms on Σ, Eq. (2.31)
provides an identification of FS with the classical far-field total pressure loss integration, routinely
used in wind tunnel practise to estimate drag.

It is worth observing that, based on identities (2.30) and (2.31), the decomposition provided
by Eq. (2.27) and Eq. (2.28) is independent from the choice of the pole used in the definition of
r, as FKJ, FMSK and FBETZ do not include any position vector in their defining equations (1.101),
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2.1. Lamb-vector methods

(1.100) and (1.92).
Finally, as the various (mathematically equivalent) vortical force formulations (i.e. Fa, Fb, Fc,

Fbc and Fd) only differ by the adopted expression of the compressibility correction and of the vor-
tex forces circulationmoment, the drag breakdown expressed by Eq. (2.27) and Eq. (2.28) for the
bc formulation, can be easily extended to the other formulations as well. For the sake of complete-
ness, this is explicitly done hereafter:

Da
i = ex ·

(
Fℓ + Fρ − F∇ρ

)
(2.32)

Da
p = ex ·

(
FS + Fμ + F∇ρ

)
= Dbc

p (2.33)

Db
i = ex ·

(
Fℓ + Fmρ

− F∇ρ

)
(2.34)

Db
p = ex ·

(
FS + Fμ + F∇ρ

)
= Dbc

p (2.35)

Dc
i = ex ·

(
Fℓ+mρ

− F∇ρ

)
(2.36)

Dc
p = ex ·

(
FS + Fμ + F∇ρ

)
= Dbc

p (2.37)

Dd
i = ex ·

(
Fℓ + Fmρc

− F∇ρ

)
= Dbc

i (2.38)

Dd
p = ex ·

(
FSV + Fμ + F∇ρ

)
(2.39)

where it can be observed that parasite drag expressions are identical for all but the “d” formulation
(the symbolDa,b,c,bc

p will be therefore used) and induced drag expressions from formulations “bc”
and “d” coincide (the symbolDbc,d

i will be therefore used).

2.1.8 Consistency of lift-induced/parasite drag formulas with
reversible/irreversible drag contributions

Because of the links with classical methods discussed above, considerations from Sec. 1.4.2.1 sim-
ilarly apply to vortical methods. Nevertheless, the capability of lift-induced and parasite drag def-
initions by Eqs. (2.27) and (2.28) to respectively represent reversible and irreversible drag contri-
butions is further discussed herein, considering two particular conditions:

• subsonic inviscid flow: the total drag (D) is in this case due to reversible flow phenomena
associated with the generation of trailing vorticity in three-dimensional lifting cases:

D = Drev

However, decomposing total drag in lift-induced and parasite contributions:

D = Di + Dp

and using definitions fromEq. (2.27) and (2.28), Fμ = 0 (the flow is inviscid) and FS = 0
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(the steady inviscid flow is irrotational on Σ, the free vortical wake being an additional
CV boundary, treated as ∂B – see footnote on page 11) but F∇ρ is non-zero, unless Σ is
put sufficiently far from the body skin. Therefore, parasite drag as defined by Eq. (2.28)
is generally non-zero and lift-induced drag (Eq. (2.27)) does not coincide with the total
reversible drag, unless Σ retreats to infinity.

• no trailing vorticity: the total drag (D) is in this case due to irreversible flow phenomena
associated with the presence of boundary layers, shock waves and their wakes. The irre-
versible drag can be expressed as the sum of Destarac and van der Vooren (DV) definition
[42] (which accounts for entropy and total enthalpy variations of the streamwise veloc-
ity field) plus an additional term (ΔDirr) accounting for the irreversible drag not included
in DV definition (associated to static pressure variations and transverse flow velocities).
The last term reduces to zero as Σ retreats to infinity as, in the absence of trailing vorticity,
zero transverse flow disturbances and free-stream static pressure are realised in the body
far wake. Then:

D = Dirr = DDV
irr + ΔDirr ; lim

Σ→∞
ΔDirr = 0

However, in a very recent work [54] Fournis highlighted how, in transonic inviscid flows,
parasite drag defined by Eq. (2.28) does not coincide withDDV

irr and the difference (ΔDp)
approaches zero only when Σ retreats to infinity:

Dp = DDV
irr + ΔDp ; lim

Σ→∞
ΔDp = 0

Therefore, decomposing the total (irreversible) drag in lift-induced and parasite contribu-
tions as proposed by Eq. (2.27) and (2.28), using the above relations:

D = DDV
irr + ΔDirr = Di + Dp = Di + DDV

irr + ΔDp

which leads to non-zero lift-induced drag in this case (Di = ΔDirr − ΔDp), unless Σ is
chosen sufficiently far from the body skin.

Moreover, it has to bementioned that definitions provided in Eq. (2.27) and (2.28) are linked re-
spectively to an extended Maskell’s formula (FMSK) and to a compressible Betz’s formula
(FBETZ, Section1.4.2)where the contributionof

∫
Σ ρ
(

u2
2 nx − u(δV · n)

)
dS ex hasbeen included

in FMSK instead of being attributed to the parasite drag (FBETZ), as suggested byMaskell [114].
This contribution (which reduces to themore familiar wake integral− 1

2

∫
W ρu2dS ex when the

lateral portion of Σ is sufficiently far from the body and the wake plane W is orthogonal to the
free-stream velocity) is questioned and has been analysed by Spalart [183] and Drela [43]. The
former also discussed the possibility of the −ρu2 term to provide negative lift-induced drag (as
allowed by the formula), a feasible circumstance at least in (idealised) two-dimensional flows. The
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latter, justified its attribution to the induceddrag innon-rotational flow regions of theTrefftzplane,
based on kinetic energy considerations and analysing incompressible flow regimes. However, in
rotational Trefftz plane regions (where vortex wakes are mixed with viscous and shock wakes)
and/or in presence of compressibility effects, the role of this term is still ambiguous, and so is drag
decomposition. This ambiguity can be eliminated if Σ retreats to infinity in the linear far-field, as
the abovementioned drag contribution is in this case negligible.

2.2 Numerical analyses

Both two-dimensional and three-dimensional analyses were performed to deeply investigate on
the Lamb-vector-based steady force formulas and associated decompositions, theoretically de-
scribed in the previous sections.

It is explicitly remarked that forces are obtained, through either far-field or near-field formu-
las, from the computed CFD solutions, which represent the available flow-field data to validate
the applied methodologies. In this perspective, a comparison against experimental force values is
therefore not required.

2.2.1 Reference numerical flow fields

CFD solutions were obtained for the NACA0012 and RAE2822 aerofoils using the ZEN flow
solver, developed at the Italian Aerospace Research Centre (CIRA) [111]. CIRA ZEN code is a
multi-block structured flow solver, based on a cell-centred finite volumes formulationwith central
schemes and Jameson-like scalar artificial dissipation model [75]. Used in steady-state mode, the
code adopts a solution procedure based on the pseudo-timemarching concept, the relaxation op-
erator consisting of an explicit multi-stage Runge–Kutta integration scheme. Convergence is ac-
celerated by implicit residual averaging, local time stepping and multi-grid techniques.

Weak Euler solutions were computed in the case of effectively-inviscid flow simulations (Re∞
→ ∞), while, in viscous flow simulations at low Reynolds number (Re∞ = 1 × 104), two-
dimensional Navier-Stokes equations (2DNS) were directly solved assuming laminar flow. High
Reynolds number analyses, instead, used aRANS formulation of flow governing equations, with
turbulence closure based on k − ω turbulent/non-turbulent (TNT) model [86]. In this case,
fully turbulent flow was assumed and pre-conditioning was used for the nearly-incompressible
case simulations.

A slightly altered definition of the NACA0012 aerofoil providing closed trailing edge is used,
according to the procedure illustrated in [165]. The reference geometry of theRAE2822 aerofoil
is instead available in discrete points coordinates from [32] (Table 6.1). For both aerofoils, the
computational mesh is a C-type grid (Fig. 2.2.1a), generated using NASA HYPGEN hyperbolic
grid generator [28]. An overall number of 828 × 200 = 165600 hexahedral cells (428 around
the aerofoil) was used for theNACA0012 aerofoil, while approximately the same dimension (432
cells, instead of 428, around the aerofoil) was employed for the RAE2822 aerofoil. This will be
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Figure 2.2.1: Visualisation of the NACA0012 computational mesh (828 × 200 cells)
used for RANS simulations in the aerofoil region (Fig. 2.2.1a) and sample convergence
history of CFD simulations at M∞ = 0.8, Re∞ = 9× 106, α = 3◦ (Fig. 2.2.1b).

referred to, in the following text, as the “finemesh”. In viscous flow simulations, cells are clustered
around the aerofoil surface to allowcomputingnumerical solutionsdown to thewallwithoutusing
anywall function. Thecomputational domain extendsup to300chord lengths around the aerofoil.

Numerical solutions were computed at different angles of attack and for different flow regimes
according to Table 2.2.1 and Table 2.2.2. In particular, for theNACA0012 aerofoil atM∞ = 0.70
and M∞ = 0.90, the angle of attack was selected to achieve a target Cl = 0.5, to allow com-
parison with drag breakdown data available in [117],[69] and [172]. For theRAE2822 aerofoil,
flow conditions corresponding to cases 6 (M∞ = 0.725) and 9 (M∞ = 0.730) in [32] were
used, with target Cl = 0.796 and Cl = 0.803 respectively, to benchmark with computations
data reported in [172] and [69]. Convergence of flow solution tomachine accuracy was achieved
(Fig. 2.2.1b), although, for viscous NACA0012 simulations at zero angle of attack, computations
revealed particularly stiff, requiring a much larger number of solver iterations, compared to other
cases, to achieve a similar convergence level. Contour plots of local Mach number are illustrated
in Fig. 2.2.2a for theRAE2822 aerofoil in viscous and transonic flow (case 9 conditions) and in
Fig. 2.2.2b for the NACA0012 at the highest simulated Mach number (fish-tail shock configura-
tion).

A steady three-dimensional test-case was also considered, analysing an elliptic-planform wing
with no twist, straight trailing edge andA = 7. Wing sections are shaped using a NACA0012
aerofoil with closed t.e. and the chord length at mid-span of the wing (c0) is unitary. Calculations
were performed in viscous transonic flow conditions (M∞ = 0.75, Re∞ = 3× 106) and at zero
side-slip angle (β = 0).

Being the flow-field symmetrical with regards to the mid-plane at zero side-slip angle, a half
of the wing configuration was analysed. The grid topology is of C-C type (Fig. 2.2.3), structured
in two symmetrical blocks (upper-side and lower-side) with opposite node coordinates in the di-
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(a) (b)

Figure 2.2.2: Contour plot of local Mach number in viscous transonic flow-fields:
RAE2822 at M∞ = 0.73, Re∞ = 6.5× 106, α = 2.65◦ (Fig. 2.2.2a) and NACA0012 at
M∞ = 0.90, Re∞ = 9× 106, α = 4.70◦ (Fig. 2.2.2b).

X
Y

Z

Figure 2.2.3: Computational grid used for the 3D elliptic wing simulations: surface
mesh visualisation at the body wall and on orthogonal grid planes.
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Figure 2.2.4: Contour plot of local pressure coefficient (on the wing surface and on
the symmetry plane) for the 3D steady RANS simulation in viscous transonic conditions
(M∞ = 0.75 ; Re∞ = 3× 106 ; α = 4◦).

rection normal to the wing planform. The far field distance from the body is set at 30 root chord
lengths. The volume mesh, generated using CIRA ENGRID grid generator [185], contains more
than 3 × 106 hexahedral cells (384 × 64 quadrilateral elements over the wing surface, 64 nodes
downstream in the wake and 96 interior nodes in the direction normal to the wall/wake). For
the same computational mesh, a grid convergence study is already available in [116]. Also in this
case, convergence to machine accuracy was achieved (12-orders of magnitude drop, for the aver-
age mass-flux residual).

TheTNTmodel was preferred against other options available in the ZEN solver because of its
convergence behaviour on the analysed test-cases, as a compromise between robustness and the
lower computational cost offered by one-equationmodels. Compared to the widely adopted SST
version of the k−ωmodel, theTNToption provided negligible difference on the computed drag,
as evidenced for example by the 3Delliptic wing results (illustrated in Section 2.2.4), compared to
the available data reported in [116] for the same flow conditions and obtained using a k− ω SST
closure ofRANS equations system. Free-stream conditions included a Turbulent Intensity Level
(TIL) set at 1% of the mean flow velocity and a turbulent-to-laminar viscosity ratio equal to 0.1.

2.2.2 Post-processing method

Two-dimensional numerical solutions described in Sec. 2.2.1 were post-processed using an in-
house software, UBF2D, implementing far-field methods illustrated in Sec. 1.4.1 and Sec. 1.4.3.2
and developed in the framework of this doctoral research in co-operation between CIRA (Italian
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Table 2.2.1: Simulated flow conditions, NACA0012 aerofoil.

Nearly
Incompressible Subsonic Transonic
M∞ = 0.05 M∞ = 0.50 M∞ = 0.70 M∞ = 0.80 M∞ = 0.90

Weak Euler: Re∞ → ∞ α = 0.00◦ α = 0.00◦ α = 0.00◦
α = 4.00◦ α = 4.00◦ α = 2.00◦

RANS: Re∞ = 9× 106 α = 0.00◦ α = 0.00◦ α = 3.04◦ α = 0.00◦ α = 4.70◦α = 4.00◦ α = 4.00◦ α = 3.00◦

NS: Re∞ = 1× 104 α = 2.00◦
α = 4.00◦

Table 2.2.2: Simulated flow conditions, RAE2822 aerofoil.

Transonic
M∞ = 0.725 M∞ = 0.730

RANS: Re∞ = 6.5× 106 α = 2.65◦ α = 2.65◦

Aerospace Research Centre) and theUniversity of Naples Federico II.The code is further described in
Appendix F.Three-dimensional solutions were instead post-processed using a dedicated scripting
routine implemented and executed in the Tecplot®360 commercial environment (see App. F for
further details).

When dealing with turbulent flows governed by theRANS equations, the isotropic Reynolds
stress tensor (related to the turbulent kinetic energy) was neglected and Boussinesq’s approxima-
tion for the deviatoric component was assumed: τ

R
= 2μt

[ 1
2

(
∇V+∇VT)− 1

3∇ · V
]
.

Unless otherwise specified, in the post-processing of2DCFDsolutions, flowvorticity required
in Lamb vector calculation has been computed using a nodes-based Green-Gauss formula, while,
for 3D structured flow-fields, a 2nd-order finite differences scheme was applied in the computa-
tional space. Volume integrals arenumerically computedby simply summing-up cell centre values,
multiplied by the cell volume, over the selected integration domain. Similarly, surface integrals are
obtained computing the state in the cell surface centre obtained by centred averaging.

The adopted domain of integration has always been selected as a subset of the computational
grid. The identification of the shock-wave region, required in formulations “bc” and “d”, was per-
formed using the shock sensor defined by Lovely and Haimes [109] and selecting an appropriate
cut-off value.

2.2.3 Aerodynamic force analysis, in 2D

2.2.3.1 Accuracy of the total force formula and of the drag decomposi-
tion in lift-induced and parasite contributions

The aerodynamic force (lift and drag components) was computed, in the post-processing phase,
using both near-field surface stress integration and far-field Lamb-vector-based formulations sum-
marised in Section 2.1. In particular, Table 2.2.3 lists the different quantities that were computed
and compared in this section.
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Table 2.2.3: Summary of computed and compared quantities.

Quantity Definition

CNF
l (or CNF

d ) Lift (or drag) coefficient, output of the flow solver

Cnf
l (or Cnf

d ) Lift (or drag) coefficient, computed from Eq. (1.1)

Ca
l (or C

a
d) Lift (or drag) coefficient, computed from Eq. (2.6)

Cb
l (or C

b
d) Lift (or drag) coefficient, computed from Eq. (2.12)

Cc
l (or C

c
d) Lift (or drag) coefficient, computed from Eq. (2.15)

Cbc
l (or Cbc

d ) Lift (or drag) coefficient, computed from Eq. (2.18)

Cd
l (or C

d
d) Lift (or drag) coefficient, computed from Eq. (2.19)

Ca
d,i Lift-induced drag coefficient, computed from Eq. (2.32)

Cb
d,i Lift-induced drag coefficient, computed from Eq. (2.34)

Cc
d,i Lift-induced drag coefficient, computed from Eq. (2.36)

Cbc,d
d,i Lift-induced drag coefficient, computed from Eq. (2.27)

Ca,b,c,bc
d,p Parasite drag coefficient, computed from Eq. (2.28)

Cd
d,p Parasite drag coefficient, computed from Eq. (2.39)

CDV
d,irr Irreversible drag coefficient, computed from Eq. (1.84)

CPT
d,irr Irreversible drag coefficient, computed from Eq. (1.83)

Each of the terms constituting the total force has been analysed individually (Appendix B.1)
and the drag decomposition in lift-induced and parasite contributions has also been addressed.
The only term that was not included in the computations is the last integral of Eq. (2.4), which is
related to turbulent fluctuations and represents an unclosed term. This was neglected assuming
Morkovin’s hypothesis, stating that compressibility has a weak influence on the Reynolds stress
[131].

Then the irreversible dragwas also calculated using themethodofDestarac and van derVooren
[42], as well as that of Paparone and Tognaccini [148] (Ch. 1, Sec. 1.4.1.2 and 1.4.1.2). Lift and
drag coefficients are referred to the free-stream dynamic pressure and to either the aerofoil chord
length (in 2D) or the wing surface (in 3D).

While, for given free-stream conditions and aerofoil angle of attack (α), the near-field method
provides a unique value for the aerodynamic force, the theoretically equivalent far-field calculation
might exhibit, for numerical reasons, a dependence on some of the method’s degrees of freedom,
such as the control volume choice.

In the analysed cases, the computed total force revealed very weakly influenced by the adopted
integration domain as discussed in detail in the following sub-section and in Appendix B.1. Ta-
ble 2.2.4 provides comparison of far-field lift coefficients obtained by the different force formula
(Section 2.1) against near-field values.
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Table 2.2.4: Total lift coefficient values (Σ distance: ≈ 15c; fine mesh; pole at aerofoil
l.e.).

M∞ Re∞ α [◦] CNF
l Cnf

l Ca
l Cb

l Cc
l Cbc

l Cd
l

N
A
C
A
00

12

0.050
→ ∞ 0.00 0.000 0.000 0.000 0.000 0.000 0.000 -0.000

4.00 0.482 0.483 0.482 0.482 0.482 0.482 0.482

9.0× 106
0.00 0.000 -0.000 0.000 0.000 0.000 0.000 0.000
4.00 0.443 0.443 0.443 0.443 0.443 0.443 0.443

0.500

→ ∞ 0.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000
4.00 0.574 0.574 0.574 0.574 0.574 0.574 0.574

9.0× 106
0.00 0.000 0.000 0.000 0.000 0.000 0.000 0.000
4.00 0.516 0.516 0.516 0.516 0.516 0.516 0.515

1.0× 104
2.00 -0.039 -0.039 -0.039 -0.039 -0.039 -0.039 -0.039
4.00 -0.032 -0.032 -0.032 -0.032 -0.032 -0.032 -0.033

0.700 9.0× 106 3.04 0.500 0.500 0.501 0.500 0.501 0.500 0.500

0.800
→ ∞ 0.00 0.000 0.000 0.000 0.000 0.000 -0.000 0.000

2.00 0.557 0.557 0.557 0.549 0.558 0.551 0.551

9.0× 106
0.00 0.000 0.000 0.000 0.000 0.000 -0.000 0.000
3.00 0.451 0.451 0.450 0.449 0.452 0.451 0.451

0.900 9.0× 106 4.70 0.500 0.500 0.479 0.481 0.501 0.499 0.498

RA
E

28
22

0.725 6.5× 106 2.65 0.796 0.796 0.797 0.794 0.796 0.794 0.792
0.730 6.5× 106 2.65 0.803 0.803 0.803 0.801 0.803 0.801 0.797

The latter are either directly obtained from the flow solver (CNF
l ) or re-computed by the post-

processor based on the input numerical flow-field data (Cnf
l ). Differences are negligible in almost

all cases, with exception for the flow conditions with the strongest shocks (inviscid transonic case
at non-zero incidence and high-transonic flow at M∞ = 0.9), where formulation “c” provided
more accurate results, although differences with other formulations still fall within two lift counts
(0.02) accuracy, at most. The analysis at low Reynolds number showed that a laminar flow sep-
aration on the aerofoil upper surface (occurring at approximately 45% of the chord length) is re-
sponsible for the slightly negative lift coefficient, at positive incidence, observed in Table 2.2.4.

Total drag coefficients are instead compared in Table 2.2.5. Differences in near-field drag co-
efficients computed by the flow solver (CNF

d ) and by the post-processor (Cnf
d ) mainly come from

the friction contribution, and are due to the different location of the working variables (cells-cen-
troids or grid-nodes) and gradient schemes used by the two codes. In the following, to maintain
coherence on numerical approaches, comparison of far-field vs. near-field results will always be il-
lustratedwith reference to post-processor-computed values. It is however observed that the differ-
ence betweenCNF

d andCnf
d becomes relevant in laminar flow simulations at low Reynolds number

(where wall velocity gradients are smaller, compared to turbulent solutions).
As long as no viscous or wave drag is considered (2D inviscid subsonic cases), zero drag is

obtained with one count (0.0001) accuracy using all Lamb-vector-based formulation except “d”
(mostly based on volume integrals). In all other cases, formulation “c” (mostly based on surface in-
tegrals) provided drag coefficients in better agreement with near-field values. A significant differ-
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Table 2.2.5: Total drag counts (Σ distance: ≈ 15c; fine mesh; pole at aerofoil l.e.).

M∞ Re∞ α [◦]
104×

CNF
d Cnf

d Ca
d Cb

d Cc
d Cbc

d Cd
d CDV

d,irr CPT
d,irr

N
A
C
A
00

12

0.050
→ ∞ 0.00 0.5 0.0 0.1 0.1 0.4 0.1 1.1

4.00 0.7 0.3 0.3 0.3 0.7 0.3 2.0

9.0× 106
0.00 79.0 80.5 78.3 78.3 80.2 78.3 78.4
4.00 84.7 86.2 82.2 82.2 84.9 82.2 82.2

0.500

→ ∞ 0.00 0.0 -0.1 -0.4 -0.3 0.0 -0.3 0.7 0.2 0.1
4.00 0.4 0.3 -0.1 0.2 0.4 0.2 1.2 0.3 0.1

9.0× 106
0.00 80.0 81.8 79.0 79.0 81.2 79.0 79.1 81.3 80.3
4.00 87.6 89.4 84.7 84.6 87.8 84.6 84.5 87.7 87.3

1.0× 104
2.00 414.1 405.9 392.7 392.4 416.5 392.4 392.5 416.2 413.0
4.00 468.7 460.2 419.0 418.7 472.0 418.7 418.6 471.4 468.5

0.700 9.0× 106 3.04 147.9 149.3 161.0 160.6 148.5 142.6 142.3 148.4 147.9

0.800
→ ∞ 0.00 82.9 82.7 115.3 114.9 83.2 79.3 80.0 83.0 82.9

2.00 416.7 416.6 574.9 570.0 417.9 414.0 414.6 417.3 416.3

9.0× 106
0.00 160.2 161.5 184.2 182.6 162.3 157.3 157.3 162.2 160.5
3.00 506.4 507.6 606.3 599.9 508.8 501.8 501.6 508.1 506.1

0.900 9.0× 106 4.70 1556.0 1557.3 2109.5 2054.7 1563.0 1555.4 1554.3 1558.0 1554.5

RA
E

28
22

0.725 6.5× 106 2.65 141.1 142.0 145.7 144.0 141.5 131.1 130.1 141.7 140.8
0.730 6.5× 106 2.65 160.6 161.4 170.0 168.0 161.1 150.1 148.6 161.2 159.6

ence is also observed, in transonic cases, between prediction of force formula based on volume in-
tegrals extended to thewhole control volume (“a” and “b”) or corrected to avoid integrating in the
shock wave region (“c”, “bc” and “d”). In the same table, drag coefficient values obtained using far-
field thermodynamic methods [42, 148] are also included for the analysed cases in compressible
flow regime. These methods (inaccurate in nearly-incompressible flow cases, whenM∞ → 0)
compute the drag associated with variations of flow entropy and total enthalpy (Destarac and van
der Vooren approach: “DV” in Table 2.2.5) or with entropy variations only (Paparone and Tog-
naccini approach: “PT”). In both methods, for stationary and un-powered cases, the computed
drag is totally due to dissipative effects and therefore represents an irreversible drag (i.e. drag as-
sociated with entropy production). The agreement of total drag (Cd) with computed irreversible
drag (Cd,irr) reveals that the entire drag is due todissipative effects, as expected in two-dimensional
flows.

Finally, results of the total drag decomposition in lift-induced and parasite contributions, as
defined in Section 2.1.7, are included in Table 2.2.6. Again, in absence of viscous and wave drag,
zero lift-induced and zero parasite drag (in the limit of one drag count accuracy) are provided by
all formulations except “d”.

When viscous drag is considered (subsonic cases at finiteReynolds number), negative induced
drag coefficients are observed, with formulation “c” providing values closer to zero. Using the
definitions proposed in [55] and illustrated in Section 2.1.7, lift-induced drag in these conditions is
therefore not coincident with (zero) reversible drag and parasite drag is not coincident with (total)
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Table 2.2.6: Lift-induced and parasite drag counts (Σ distance: ≈ 15c; fine mesh;
pole at aerofoil l.e.).

M∞ Re∞ α [◦]
104×

Ca
d,i Cb

d,i Cc
d,i Cbc,d

d,i Ca,b,c,bc
d,p Cd

d,p

N
A
C
A
00

12

0.050
→ ∞ 0.00 -0.3 -0.3 0.0 -0.3 0.4 1.5

N
ea
rly

In
co
m
pr
.4.00 -0.1 -0.1 0.3 -0.1 0.3 2.1

9.0× 106
0.00 -4.0 -4.0 -2.1 -4.0 82.3 82.4
4.00 -2.9 -2.9 -0.2 -2.9 85.1 85.0

0.500

→ ∞ 0.00 -0.4 -0.3 -0.0 -0.3 0.0 1.0

Su
bs
on

ic

4.00 0.1 0.4 0.6 0.4 -0.2 0.8

9.0× 106
0.00 -4.2 -4.3 -2.0 -4.3 83.3 83.3
4.00 -3.0 -3.1 0.1 -3.1 87.7 87.6

1.0× 104
2.00 -39.0 -39.2 -15.2 -39.2 431.7 431.7
4.00 -66.9 -67.2 -13.8 -67.2 485.9 485.8

0.700 9.0× 106 3.04 11.6 11.1 -0.9 -6.9 149.5 149.2

Tr
an
so
ni
c0.800

→ ∞ 0.00 31.8 31.4 -0.3 -4.2 83.5 84.2
2.00 150.7 145.8 -6.4 -10.3 424.3 424.9

9.0× 106
0.00 18.4 16.8 -3.5 -8.5 165.8 165.9
3.00 87.2 80.8 -10.3 -17.3 519.1 518.8

0.900 9.0× 106 4.70 527.1 472.3 -19.4 -27.0 1582.4 1579.9

RA
E

28
22

0.725 6.5× 106 2.65 5.2 3.5 1.0 -9.4 140.5 139.6
0.730 6.5× 106 2.65 9.8 7.7 0.9 -10.1 160.2 158.8

irreversible drag. The difference (represented by the non-zero induced drag) is particularly visible
in low Reynolds number simulations, as already reported by Kang et al. [81], then here it is also
observed at high Reynolds number in symmetric flow conditions (α = 0◦), which revealed very
stiff for the convergence of the numerical solutionmethod, requiring a significantly larger number
of solver iterations compared to other cases.

In transonic flow, as already observed on total drag results, formulations “a” and “b” are largely
inaccurate. On the other hand, formulations corrected for shock region inaccuracies (“c”, “bc” and
“d”) provide lower lift-induced drag coefficients, with nearly zero induced drag obtained using
formulation “c” but only in the inviscid symmetric case (α = 0◦). For the other transonic cases,
formulation “c” still provides the smaller induced drag coefficients, but a non-zero induced drag is
still computed (negative in sign for the symmetric NACA0012 aerofoil and positive for the cam-
beredRAE2822). It can be neglected at Mach number close to 0.7 (where it remains in the limit
of one d.c.), but it becomes significant in magnitude at higher free-stream Mach numbers. Con-
sequently, parasite drag is higher than total drag for the other analysed transonic flow-fields even
when using formulation “c”, which generally provided the best results as discussed above.
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Figure 2.2.5: Integration domain size schematic.

2.2.3.2 Sensitivity to the integration domain size

Theaerodynamic force computationusing far-fieldmethods relies on the selectionof a fluidic con-
trol volume for the application of the integral momentum balance. Therefore, its definition repre-
sents a degree of freedomwhich, however, has theoretically no impact on the total force definition,
supposed it fully surrounds the body. In the previous paragraph, force coefficients were reported
using a control volume external boundary (Σ) approximately distant 15 chord lengths from the
aerofoil surface. This choice is justified by the sensitivity analysis included in Appendix B.1, where
results of total force far-field computations (lift and drag components) using different Lamb-vec-
tor-based formulations are illustrated for a variable-dimension control volume, identified by three
grid lines of the computational mesh, as indicated in Figure 2.2.5 (where the two characteristic
lengths used to define its size are also represented).

The downstream portion of Σ (wake plane) has chordwise distance from the aerofoil leading
edge XW, while the lateral distance of the C-shaped Σ edge from the aerofoil will be denoted as
ZW. Both XW and ZW will be expressed in chord units and, for the 3Dwing, are measured on the
symmetry plane. The DMT pole (Fig. 1.1.1) is located at the aerofoil leading edge (Fig. 2.2.5).
Its’ worth observing that for 0 < XW < 1 the integration domain does not fully surrounds the
aerofoil and the resulting computed force represents, in this case, the force exerted on the body
portion effectively laying on the frontier of the selected CV§. In Appendix B.1, variations of the
individual force constituents (vortex force, compressibility corrections, etc.) as a function of the
integration domain size are also illustrated. Moreover, domain size sensitivity is also reported for
the lift-induced and parasite drag coefficients, computed from far-field vortical methods based on
the decompositions summarised in Section 2.1.7.

As an example of the complete sensitivity analysis performed during the present study (involv-

§In such situations, however, this does not represent the aerodynamic force because, even assum-
ing negligible gravitational effects, the aerostatic force from the uniform pressure field still has to be
subtracted and does not vanish as for a closed body surface.
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ing the different simulated flow regimes listed in Table 2.2.1), Figure 2.2.6 and Figure 2.2.7 illus-
trate the variation of the total force (computed using formulation “c”) with the control volume
size. The computed force difference (far-field minus near-field) is plotted against the integration
domain size, which dimension is modified in this case varying both XW and ZW simultaneously
(i.e. XW = ZW) and XW − 1 (i.e. the relative Σ distance from trailing edge) is represented on the
abscissa, using a logarithmic scale.

In all analysed cases, the total force convergence is achieved a few chord lengths downstream
of the aerofoil, with non-negligible differences with regards to the near-field drag only observed
at low Reynolds number (Fig. 2.2.7), as highlighted also in Section 2.2.3.1. It is anticipated that
these, as well as other observed discrepancies, will be explained and corrected by the new unified
theory illustrated and discussed in Ch. 4.

Results reported above, together with those included in Appendix B.1, illustrate that the con-
trol volume should extend at least from1 to5 chord lengths (dependingon the analysedflow-field)
around the aerofoil in order to reach convergence of computed far-field total lift and drag on con-
stant values. Larger integration domains are usually avoided to prevent spurious effects from pol-
luting drag decomposition results. As a matter of fact, moving the wake plane downstream of the
aerofoil near wake, a conversion of reversible into irreversible drag is usually observed (especially
in three-dimensional flows),mainly due to the the artificial viscosity of the numerical scheme, dis-
sipating kinetic energy of trailing vortices into internal energy and resulting in a spurious entropy
production, which is also active in inviscid flow simulations. Indeed, to allow for feasible compu-
tational costs of numerical simulations, the grid has typically inadequate resolution downstream
of the near bodywake and themesh size rapidly grows together with the local artificial dissipation.

2.2.3.3 Grid convergence

At the scope of investigating numerical errors impact on the observed behaviour of lift-induced
andparasite drag coefficients (Table 2.2.6), a grid convergence analysis is performedon theNACA
0012 aerofoil for the inviscid transonic case at non-zero incidence angle (α = 2◦). Two addi-
tional grids were generated, starting from the reference (fine) mesh and agglomerating two-by-
two adjacent cells along each block direction (mediummesh: 41400 cells) or halving original grid
cells by placing intermediate nodes along each quadrilateral edge (super-finemesh: 662400 cells).
Figure 2.2.8 illustrates grid convergence of lift-induced and parasite drag coefficients, where the
generic mesh size on the abscissa is referred to the fine grid. Parasite drag is converging towards
a value higher than total (wave) drag and lift-induced drag coefficient is apparently approaching a
negative value as the grid is refined. This behaviour is different from that investigated by Destarac
[39] in his grid convergence studies for two-dimensional Euler solutions. It cannot be explained
by the same hypothesis formulated in [39] and related to near-wall grid cells with unitary aspect
ratio because, in this case, the mesh is characterised by the usual local grid refinement normal to
the wall, with highly stretched cells.

Moreover, the negligible difference in near-field total drag coefficients obtained on the fine and
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Figure 2.2.6: Far-field vs. near-field lift coefficient difference, as a function of the
integration domain size, for different simulated flow conditions (NACA0012 aerofoil).
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Figure 2.2.7: Far-field vs. near-field drag coefficient difference, as a function of the
integration domain size, for different simulated flow conditions (NACA0012 aerofoil).
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Figure 2.2.8: Grid convergence of parasite (Fig. 2.2.8a) and lift-induced (Fig. 2.2.8b)
aerodynamic force coefficients, for different Lamb-vector-based formulations (XW ≈
16c; ZW ≈ 15c; pole at aerofoil l.e.).

Table 2.2.7: Effect of far-field distance on total lift coefficient values, NACA0012
aerofoil (XW ≈ 16c; ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).

M∞ Re∞ α [◦] dFF[c] Cnf
l Ca

l Cb
l Cc

l Cbc
l Cd

l

0.80 → ∞ 2.0 300 0.557 0.557 0.549 0.558 0.551 0.551
0.80 → ∞ 2.0 3000 0.558 0.558 0.551 0.559 0.552 0.552
0.80 9× 106 3.0 300 0.451 0.450 0.449 0.452 0.451 0.451
0.80 9× 106 3.0 3000 0.451 0.449 0.449 0.452 0.451 0.450

super-fine meshes reveals that the spurious drag in the reference grid solution is negligible as well
(a similar situation was observed for all computed 2D solutions).

The impact of grid far-field boundary distance on the observed behaviour has also been investi-
gated. Indeed, a spurious far-field-boundary induced drag (independent from the grid refinement
but strongly dependent on the size of the computational domain) was also identified by Destarac
[40] analysing two-dimensional Euler solutions, then its potential impact on the computed results
has to be assessed. At the scope, the reference finemeshwasmodified enlarging the computational
domain size by a factor 10. Additional cell layers were included in the original mesh to cover the
region between the initial far-field boundary location (≈ 300c away from the aerofoil surface) up
to the extended domain boundary (≈ 3000c). The analysis was done on the NACA0012 aerofoil
for both inviscid and viscous transonic cases (atM∞ = 0.8 and non-zero incidence) where non-
zero lift-induced drag coefficients were observed and results are included in Table 2.2.7, 2.2.8 and
2.2.9 (the approximate distance of the domain far-field boundary is indicated as dFF).

No direct impact can be observed on negative induced drag coefficients, which indeed get
slightly larger in magnitude as the computational domain size is increased, due to the larger lift
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Table 2.2.8: Effect of far-field distance on total drag counts, NACA0012 aerofoil
(XW ≈ 16c; ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).

M∞ Re∞ α [◦] dFF[c] 104×
Cnf
d Ca

d Cb
d Cc

d Cbc
d Cd

d

0.80 → ∞ 2.0 300 416.6 574.9 570.0 417.9 414.0 414.6
0.80 → ∞ 2.0 3000 417.8 576.3 571.8 418.9 414.9 415.6
0.80 9× 106 3.0 300 507.6 606.3 599.9 508.8 501.8 501.6
0.80 9× 106 3.0 3000 507.8 606.8 600.4 508.9 501.8 501.5

Table 2.2.9: Effect of far-field distance on lift-induced and parasite drag counts,
NACA0012 aerofoil (XW ≈ 16c; ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).

M∞ Re∞ α [◦] dFF[c] 104×
Ca
d,i Cb

d,i Cc
d,i Cbc,d

d,i Ca,b,c,bc
d,p Cd

d,p

0.80 → ∞ 2.0 300 150.7 145.8 -6.4 -10.3 424.3 424.9
0.80 → ∞ 2.0 3000 150.7 146.1 -6.7 -10.7 425.6 426.3
0.80 9× 106 3.0 300 87.2 80.8 -10.3 -17.3 519.1 518.8
0.80 9× 106 3.0 3000 87.4 81.0 -10.5 -17.6 519.4 519.1

obtained as free-stream conditions are imposed far-away from the aerofoil surface (the flow solver
has no point-vortex correction, i.e. it is not imposed, at the far-field, the same circulation as ob-
tained on the aerofoil).

2.2.3.4 Sensitivity to the pole location

The aerodynamic force (both lift and drag) is independent from the choice of the pole used in
Lamb-vector-based formulations. Moreover, as highlighted in Sec. 2.1.7, the drag decomposition
provided by Eq. (2.27), (2.28) is also independent from the selected pole. However, due to nu-
merical errors, differentLamb-vector-based formulationsmayexhibit a sensitivity of both the total
force coefficients and of the drag decomposition to the pole location. Hereafter, these effects are
highlighted and discussed with reference to computed cases, illustrated in Table 2.2.1.

At zero incidence angle (symmetric flow fields), no variation with the pole location was ob-
served, therefore the sensitivity analysis will only report results for non-zero angles of attack.

It is worth observing that, in all Lamb-vector-based formulations, the (scaled) position vector
only appears in double cross products and ismeasured from the chosenpole. Therefore, if position
vectors are measured from the origin of a selected reference frame (different, in general, from the
chosen pole), any integral involving position vectors can be written as:∫

(r− rP)× (V1 × V2) =

∫
r× (V1 × V2)− rP ×

∫
V1 × V2 (2.40)

where rP is thepositionof the chosenpole in the selected reference frameandV1 andV2 are generic
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vector fields.
In twodimensions, bothV1 andV2 vectors appearing inLamb-vector-based formula are contained
in the plane of the flow, therefore their cross product (and its integral) is orthogonal to the plane.
As a consequence, its momentum around the Z-axis (lift force) is only influenced by the X-coor-
dinate of the pole and, analogously, drag is only influenced by pole Z-coordinate.

The complete diagrams analysing sensitivities to pole location are included inAppendix B.2. In
all analysed cases, formulations “c” and “a” (mostly based on surface integrals) exhibited negligible
sensitivity of the total force (lift and drag) with regards to the pole location, while unacceptable
variations were observed for the other formulations. In particular, formulation “d” (using mainly
volume integrals) provided theworst results with large inaccuracies on drag even for a pole shift of
a few chord lengths (≈ 200d.c.drag variation for a pole shiftof 3 chord lengths in theZ-direction).

Pole independence of the drag decomposition in lift-induced and parasite contributions was
also numerically verified for the most accurate formulations: “c” and “a”. Concerning lift-induced
dragonly, it has to bementioned that this resultwas expected for the twohighlighted formulations,
being in this case the Di expressions (Eq. (2.32) and (2.36)) mathematically independent of the
DMT pole (identical terms containing r in F∇ρ and Fρ or Fℓ+mρ

cancel-out).

It is also observed that choosing a pole position near the body surface (0 ≤ XP ≤ 1 and
ZP ≈ 0) allows in any case to obtain values of the total force and of the drag decomposition in
good agreement to those computed using pole-independent formulas.

At the scopeof investigatingnumerical errors impact on the illustrated sensitivities topoleposi-
tion variations, diagrams of total lift and drag variations for theNACA0012 inviscid transonic case
at AoA = 2◦ are proposed in Figure 2.2.9 for two different grids: the reference fine mesh (identi-
fied with “L3” in the figure) and the refined grid already used for the grid convergence analysis in
Section 2.2.3.3 (“L4” in the figure). A consistent reduction of the highlighted sensitivities is ob-
served for values computed using all formulations, suggesting an amplification of local truncation
errors by the local r vector magnitude.

Another numerical investigation was performed on the NACA0012 viscous transonic flow-
field atM∞ = 0.8 andAoA = 3◦, changing the gradient reconstructionmethod fromthebaseline
nodes-based Green-Gauss formula (G-G), used in all reported applications, to a Weighted Least
Squares method (WLS) [182, 190]. Formulations “c” and “a” exhibited negligible total force sen-
sitivities to pole variations with both gradient methods, while no clear trend with regards to the
gradient schememodification was identified for the observed sensitivities of other force formula-
tions.

2.2.3.5 Reversible drag, in 2D

For two-dimensional flows, where no trailing vortices are realised, the expected reversible drag
is zero and the total drag is entirely due to irreversible flow phenomena (viscosity or supersonic
compression) increasing fluid entropy. Figure 2.2.10 illustrates the difference between the total
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Figure 2.2.9: Effect of mesh refinement on sensitivity of total aerodynamic force
coefficients to pole location, for different Lamb-vector-based formulations (XW ≈ 16c;
ZW ≈ 15c; L3: fine mesh; L4: super-fine mesh).
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Figure 2.2.10: Irreversible vs. total far-field drag counts difference as a function of the
integration domain size, for different simulated flow conditions (NACA0012 aerofoil).

far-field drag (computed from the vortical formula in Eq. (2.15)) and the irreversible drag (com-
putedusing themethodofDestarac andvanderVooren [42]): an indirect reversible dragmeasure.

It is clear how they converge onto each other within one d.c. accuracy in the same range where
far-field drag was observed to stabilise (after three or four chord lengths). This numerically con-
firms the irreversible nature of total drag for the analysed two-dimensional flows.

2.2.3.6 Identification of non-zero lift-induced drag, in 2D

The consistency of total drag decomposition in lift-induced and parasite contributions with the
same drag breakdown in reversible and irreversible parts, theoretically discussed in Section 2.1.8,
has a numerical evidence in the results illustrated in Fig. 2.2.11, where lift-induced drag coeffi-
cients (computed using Eq. (2.36)) are plotted as a function of the integration domain size. It is
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clearly visible that, inmost of simulated cases (black curves), lift-induced drag rapidly approaches
zero and is negligible (−1d.c. < Cc

d,i < +1d.c.) for a Σ distance≥ 5 aerofoil chords. On the
other hand, in stiff numerical simulations (blue curves), transonic asymmetric cases (red curves)
or low Reynolds number conditions (green curves), the convergence of lift-induced drag to the
(null) reversible drag ismuch slower, and significant negative values of such a spurious lift-induced
drag are still obtained for a control volume size in the order of 10 or 100 chords. In particular, for
the two transonic cases with non-zero incidence, data included in Fig. 2.2.11 are related to an ex-
tended computational domain with far-field boundary at≈ 3000c instead of≈ 300c, to highlight
how zero lift-induced drag is indeed achieved in these cases on very large control volumes (Σ dis-
tance ≈ 1000c). At low Reynolds number conditions, results are in line with what was already
observed by Kang et al. [81]. They used formulation “b” of lift-induced drag (without the addi-
tional compressibility correction F∇ρ, which is however negligible in this case, although here not
illustrated) with a wake plane location between 2 and 3 chord lengths downstream of the aero-
foil trailing edge and observed negative induced drag coefficients in the order of approximately
−100d.c. at Re∞ = 1 × 104 ([81], Fig. 21, pag. 4636). This value however provides a rough
estimate only, as they simulated subsonic flow conditions atM∞ = 0.3 (instead ofM∞ = 0.5)
and Re∞ = 1 × 103, Re∞ = 1 × 106 and Re∞ = 1 × 107 (i.e. value at Re∞ = 1 × 104 is
interpolated).

The decomposition in lift-induced and parasite contributions is therefore not independent on
the selected control volume in the highlighted cases, even in absence of trailing vorticity (2D
flows) and consistency with total drag breakdown in reversible and irreversible parts (which, in-
stead, stabilise quite quickly downstream of the aerofoil near wake) is only achieved on very large
integration domains.

Relationship with the axial velocity perturbation Figure 2.2.12 also illustrates, for
some of the analysed cases, how the different rates of convergence for lift-induced drag observed
in Fig. 2.2.11 correspond to different decay rates of the streamwise velocity perturbation (u).

The above argumentation suggests that a drag breakdown in lift-induced and parasite contribu-
tions capturing respectively reversible and irreversible drag components cannot be obtained with
an arbitrary choice of the external integration domain surface (Σ), that should be placed far away
from the body surface in order to effectively decompose total drag in reversible and irreversible
parts. Unfortunately, in numerical applications, the integration domain cannot be extended too
far downstream of the body, where a spurious conversion of reversible into irreversible drag also
occurs, as discussed in Sec. 2.2.3.2. This limits the accuracy of drag decompositions in Lamb-
vector-based methods.

2.2.3.7 Newmethodology for parasite drag decomposition

Accepting the uncertainty mentioned above, a decomposition of parasite drag in transonic flow,
isolating the viscous contribution, is hereafter proposed and described.
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Figure 2.2.11: Computed lift-induced drag coefficient as a function of the integration
domain size, for all simulated 2D flow conditions.
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Figure 2.2.12: Contour plot of non-dimensional streamwise velocity perturbation
(squared) in nearly-incompressible viscous flow solutions and inviscid transonic flow
solutions (Cc

d,i computed with Σ distance ≈ 15 aerofoil chords).

As described in Sec. 1.4.3.2, such a breakdown is not straightforward, due to the entrainement
in the viscous boundary layer of the flow past shockwaves, and previous attempts to correctly sep-
arate the two drag contributions [54, 141] revealed not truly successful. In the present approach,
flow entrainement is explicitly taken into account and, once the viscous contribution has been
isolated, its complement to the total parasite drag can then be attributed to wave drag, in the hy-
pothesis of neglecting spurious drag (expected to be limited to a few drag counts, on sufficiently
refined grids). The proposed method provides therefore an indirect definition of wave drag.
As reported in Section 2.1.7, the definition of parasite drag in far-field Lamb-vector-based force
formulations proposed in [55] is made up of three different terms and is the same in formulations
“a”,“b”,“c” and “bc”:

Da,b,c,bc
p = ex ·

(
FS + Fμ + F∇ρ

)
(2.41)

The second term (Fμ), being explicitly dependent on the fluid viscosity, is totally attributed to the
viscous drag, while for the other two terms a decomposition in viscous and wave contributions is
required (eventually, the F∇ρ term could also be ignored in Eq. (2.41), because it vanishes quite
quickly as the control volume surrounding the body grows in size, as evidenced in Appendix B.1).

After having identified, in a computed flow-field, the boundary layer and viscous wake regions
(using, for example, appropriate solution sensors [141, 148]), the decomposition can be accom-
plished splitting either surface or volume integrals, depending on the selected formulation for the
individual terms to be decomposed. For example, in Eq. (2.41), vortex forces circulationmoment
(FS) and the compressibility correction term(F∇ρ) arebothexpressed as surface integrals over the
control volume far-field boundary. This boundary can be decomposed in two parts, as illustrated
in Figure 2.2.13, isolating the external surface of the viscous domain (VVISCOUS) and the frontier of
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(a)

Ω \Ω
VISCOUS

(b)

Figure 2.2.13: Example of domain decomposition and outward-pointing normal vec-
tors: viscous domain (Fig. 2.2.13b) and complement to viscous domain (wave drag
region, Fig. 2.2.13a).

the remaining part of the control volume (V\VVISCOUS), being surface integral contributions on
the two common interface surfaces exactely equal and opposite in sign, using outward-pointing
normal vectors.

The proposed decomposition in viscous and wave drag contributions can be therefore initially
defined by:

Da,b,c,bc
p,VISCOUS = ex ·

[
Fμ +

(
FS + F∇ρ

)∣∣∣
∂VVISCOUS

]
(2.42)

Da,b,c,bc
p,WAVE = Da,b,c,bc

p − Da,b,c,bc
p,VISCOUS (2.43)

where |∂VVISCOUS
indicates that surface integration is restricted to the frontier of the volumeportion

VVISCOUS, instead of the complete control volume V .
Another option is to use volume integral formulations and splitting integrals in the two vol-

umetric partitions of the integration domain (VVISCOUS and V\VVISCOUS). A formula based on
volume integrals for the vortex forces circulation moment has already been proposed in [141]
(Eq. (2.20)), while a similar formula for the compressibility correction F∇ρ is hereafter derived.
For the first term on the RHS of Eq. (2.29), an application ofGauss’s theorem gives:

V2
∞
2

∫
Σ

(
ρ− ρ∞

)
n dS =

V2
∞
2

∫
V
∇ρ dV − V2

∞
2

∫
∂B

(
ρ− ρ∞

)
n dS (2.44)

while, for the second term of Eq. (2.29) RHS, using the double cross product identity:

r×
[
n×

(
V2

2
∇ρ
)]

=

(
V2

2
∇ρ · r

)
n− (n · r) V

2

2
∇ρ (2.45)

Gauss’s theorem can again be applied, leading to the equivalent formula for the compressibility
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correction F∇ρ:

F∇ρ = −V2
∞
2

∫
∂B

(
ρ− ρ∞

)
n dS+ (2.46)

+
V2
∞
2

∫
V
∇ρ dV +

∫
V
∇(

V2

2
∇ρ · r)dV −

∫
V
∇ · (rV

2

2
∇ρ)dV = F∂B∇ρ + FV∇ρ

where the sum of last three volume integrals in Eq. (2.46) has been indicated with FV∇ρ and the
integral over body boundary (F∂B∇ρ) has to be attributed to viscous drag. A parasite drag formula-
tion based on volume integrals can therefore be written as (the superscript “e” will be used in this
case):

De
p = ex ·

(
FSV + Fμ + FV∇ρ + F∂B∇ρ

)
(2.47)

and hybrid formulations (using FSV +F∇ρ or FS+FV∇ρ+F∂B∇ρ) can also be obtained (the first one
has already been used in Section 2.2.3.2 and appointed asDd

p). Using the expression in Eq. (2.47)
to define parasite drag, the initial decomposition in viscous and wave drag contributions is there-
fore given by:

De
p,VISCOUS = ex ·

[
Fμ +

(
FSV + FV∇ρ

)∣∣∣
VVISCOUS

+ F∂B∇ρ

]
(2.48)

De
p,WAVE = De

p − De
p,VISCOUS (2.49)

where |VVISCOUS
indicates that volume integration is restricted to the portion VVISCOUS of the com-

plete control volume V .

Now, the parasite drag formulation based on volume integrals (Eq. (2.47)) can be used to vi-
sualise local contributions of individual grid cells to parasite drag. Eventually, the same can be
done for the induced drag, using formulations of the compressibility corrections based on volume
integrals (Fmρ

and FV∇ρ):

De
i = ex ·

(
Fℓ + Fmρ

− FV∇ρ − F∂B∇ρ

)
(2.50)

while Eq. (2.19)(x-component) can be used to visualise total drag.

Figure 2.2.14a provides a visualisation of the quantities under volume integral sign in (2.47),
multiplied by the cell volume and in non-dimensional form. Therefore, the visualised quantity
represents the elementaryparasitedrag coefficientof individual grid cells in thefluiddomain, apart
from the contribution of terms F∂B∇ρ and Fμ . A similar visualisation is provided in Figure 2.2.15
with reference to the elementary irreversible drag coefficient as computed using Destarac and van
der Vooren thermodynamicmethod [42]. While the local irreversible drag is well confined to the
viscous and shock wave regions, parasite drag computed using Lamb-vector-based formulation in
Eq. (2.47) is not confined to rotational flow regions, mainly due to the compressibility correction
term FV∇ρ, as evidenced in Figure 2.2.14b where the FV∇ρ term was not considered. In the same
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(a) (b)

Figure 2.2.14: Volumetric contribution to parasite drag of individual grid cells, with
the FV∇ρ term included (Fig. 2.2.14a) or not (Fig. 2.2.14b), M∞ = 0.8,Re∞ = 9× 106,
α = 3◦.

Figure 2.2.15: Volumetric contribution to the irreversible drag of individual grid cells
(M∞ = 0.8,Re∞ = 9× 106, α = 3◦).

figure it can also be appreciated how the shock-wave wake contributes to the drag production,
which is not observed in thermodynamic methods (Figure 2.2.15).

The lack of the mid-field property highlighted for the FV∇ρ term means that, for example, in a
viscous and subsonic flow-field, the drag production would not be confined to the boundary layer
and viscouswake regions, therefore the (total) viscous drag couldnot beobtained limitingdomain
integrals to the viscous region, as defined by Eq. (2.48). For these reasons and because a decom-
position of the F∇ρ term is indeed not necessary (as recalled at the beginning of this paragraph),
the proposed drag breakdownmethod can be sharpened and finally formulated as:

Da,b,c,bc
p,VISCOUS = ex ·

(
Fμ + FS|∂VVISCOUS

)
Da,b,c,bc
p,WAVE = FS − FS|∂(VVISCOUS)

(2.51)

(2.52)

or, in volume integrals form:

Dd
p,VISCOUS = ex ·

(
Fμ + FSV |VVISCOUS

)
Dd
p,WAVE = FSV − FSV |VVISCOUS

(2.53)

(2.54)
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Figure 2.2.16: Domain decomposition in viscous transonic flow (NACA0012, M∞ =
0.8;Re∞ = 9 × 106) at α = 0◦ (Fig. 2.2.16a) and α = 3◦ (Fig. 2.2.16b): grid cells
identified in the viscous domain highlighted in red.

Hereafter, results of parasite drag decomposition are presented for the different analysed vis-
cous transonic flow-fields (for both the NACA0012 and theRAE2822 aerofoils) using Eq. (2.51)
and (2.52) based on surface integrals for FS. Formulations based on volume integrals (Eq. (2.53)
and (2.54)) provided similar results.

Two different sensors, designed for fully turbulent flows, are used to select grid cells in the
viscous drag region. A first one (Fbl =

(
μ + μt

)
/μ) is based on eddy viscosity and assumes val-

ues significantly higher than 1 in the boundary layer and in the viscous wake. The other adopted
sensor is simply turbulence specific dissipation rate (ω), which assumes very high values near the
body surface and, in particular, in the viscous sub-layer, where the eddy viscosity vanishes. Cut-
off values on both sensors are used to identify grid cells in VVISCOUS, which are highlighted in red
in Figure 2.2.16. Due to the implementation of turbulent production terms in the adopted flow
solver, the turbulent wake is however dissipated very soon past the body and, for this reason, the
parasite drag decomposition was limited to 4 chord lengths downstream of the aerofoil. This im-
plies a higher impact on the drag breakdown of the spurious non-zero induced drag highlighted in
Section 2.2.3.2.

Results of parasite drag decomposition using the described Lamb-vector-based methodology
are compared to those obtained using the well-assessed thermodynamicmethod by Paparone and
Tognaccini [148] (Figure 2.2.17, 2.2.18 and 2.2.19), decomposing the irreversible drag, using the
same control volume subdivision.

Figure 2.2.17, 2.2.18 and 2.2.19 show a good agreement of the Lamb-vector-based drag break-
down against thermodynamic-based estimates, with differences compatible with the highlighted
parasite drag over-prediction, due to the spurious non-zero induced contribution. In the same
figures, in fact, total drag values computed with the twomethodologies are also compared against
near-field drag. As observed also in Section 2.2.3.1 (Table 2.2.5 and 2.2.6), parasite drag as de-
fined by Eq. (2.28) is higher than total aerofoil drag (negative induced drag cannot be ignored),
while the thermodynamic method provides total irreversible drag values in very good agreement
with near-field data. Compared to the thermodynamicmethod, wave drag computed usingLamb-
vector-based formula takes a few chord lengths downstream the shock before reaching a constant
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value, as expected being the Lamb vector field non-zero in the shock wake.

Finally, Tables from 2.2.10 to 2.2.15 provide a similar comparison, where results from the ther-
modynamic method by Destarac and van der Vooren [42] are also included, as well as available
breakdown data from different literature articles. In particular, Table 2.2.11 includes data from
Ostieri andTognaccini [141] for the symmetric flow-field around theNACA0012 aerofoil atM0.8
andRe∞ = 9×106 in absence of flow incidence. The comparison provides reasonable results and
it is interesting to note that a negative induced drag contribution (very similar in magnitude) was
already observed and reported by the authors in [141], although using a different grid, flow solver
and far-field force formulation. As mentioned in Ch. 1, this was the only viscous test-case where
the methodology by Ostieri and Tognaccini was tested, while now the proposed drag breakdown
method is also applied to an asymmetric flow-field at non-zero incidence angle (Table 2.2.12). In
this case, the spurious induced-drag contribution is much higher and results in an over-prediction
of both viscous and wave drag components.

For the other two transonic conditions (M∞ = 0.7 andM∞ = 0.9), breakdown data for the
NACA0012 drag are also available from Mele et al. [117] (Table 2.2.10,2.2.13). They used the
formulation “bc” and the parasite drag breakdown was performed using a wake plane positioned
just downstream of the shock wave. This was verified to result in an over-estimation of the wave
drag by Ostieri and Tognaccini [141], which is here also confirmed from the plots included in
Figure 2.2.18 (where formulation “c” was used).

At M∞ = 0.7, drag breakdown data from two very recent studies are also available (Table
2.2.10). In particular, Saetta and Tognaccini [172] used a thermodynamic method [148], al-
though the separation of viscous and wave drag was achieved using a different domain decom-
position, based on a machine-learning approach instead of on deterministic solution sensors and
associated cut-off values. Wave drag results are in acceptable agreement with the data obtained
by the present method, although total and viscous drag values reported by the authors are higher,
while wave drag is slightly lower (a coarser grid was used: 428 cells on the aerofoil surface for the
present study, 256 cells in [172]).

The comparison with data from Hart and Schmitz [69] is particularly interesting, as they ob-
tained the breakdown using a completely different approach, based on Partial Pressure Fields
(PPFs) [178][177]. Nevertheless drag breakdown values are very close to those obtained using
the proposed Lamb-vector-based approach. The same consideration can be done for the com-
parison of PPFs data [69] against drag breakdown values obtained by the present Lamb-vector
method and by the reference thermodynamic methods for theRAE2822 aerofoil, at case 9 flow
conditions [32] and Cl = 0.803 (Table 2.2.15).

A drag decomposition for theRAE2822 aerofoil was also obtained by Saetta and Tognaccini
[172] for the flow conditions corresponding to case 6 [32] and Cl = 0796. In these conditions,
however, the wave drag reported in [172] is higher than the corresponding values obtained from
the present simulations (Table 2.2.14), although the size of the two different grids is similar in this
case. The observed discrepancies might be due to the different separation of the viscous and wave
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Figure 2.2.17: Decomposition in viscous and wave contributions for the parasite drag
(Lamb-vector-based) and for the irreversible drag (thermodynamic-based), using the
same integration domain subdivision (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).

regions in the computed flow-field, achieved using either deterministic sensors (as in the present
study) or a machine learning approach (as in [172]).

One may wonder why surface integrals decomposition has not been performed using the ex-
ternal control volume boundary only, i.e. according to Figure 2.2.20, as this would represent the
natural way to split far-field integrals. However, this approach leads to a decomposition which
highly depends on the wake plane longitudinal position (XW, Figure 2.2.21), because part of the
air flowcrossing the shockwave is downstreamentrained in the viscous region, as alreadyobserved
byMele et al. [117].

The integral contribution on the two (coincident) interior surfaces at the interface between

Table 2.2.10: Drag breakdown for the NACA0012 aerofoil at M∞ = 0.7, Re∞ =
9× 106, Cl = 0.5 (ZW ≈ 15c; XW ≈ 5c; fine mesh; pole at aerofoil l.e.).

Cd × 104

total induced viscous wave
Lamb vector (formulation “c”) 148 -4 98 54
Thermodynamic (DV) 148 96 52
Thermodynamic (PT) 148 94 54
Mele et al. [117] 153 6 78 69
Hart and Schmitz [69] 148 96 52
Saetta and Tognaccini [172] 161 111 50
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Figure 2.2.18: Decomposition in viscous and wave contributions for the parasite drag
(Lamb-vector-based) and for the irreversible drag (thermodynamic-based), using the
same integration domain subdivision (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).
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Figure 2.2.19: Decomposition in viscous and wave contributions for the parasite drag
(Lamb-vector-based) and for the irreversible drag (thermodynamic-based), using the
same integration domain subdivision (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).
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Table 2.2.11: Drag breakdown for the NACA0012 aerofoil at M∞ = 0.8, Re∞ =
9× 106, α = 0.0◦ (ZW ≈ 15c; XW ≈ 5c; fine mesh; pole at aerofoil l.e.).

Cd × 104

total induced viscous wave
Lamb vector (formulation “c”) 162 -5 103 64
Thermodynamic (DV) 162 99 63
Thermodynamic (PT) 160 96 64
Ostieri and Tognaccini [141] 157 -4 101 60

Table 2.2.12: Drag breakdown for the NACA0012 aerofoil at M∞ = 0.8, Re∞ =
9× 106, α = 3.0◦ (ZW ≈ 15c; XW ≈ 5c; fine mesh; pole at aerofoil l.e.).

Cd × 104

total induced viscous wave
Lamb vector (formulation “c”) 508 -19 218 309
Thermodynamic (DV) 508 215 293
Thermodynamic (PT) 505 209 296

Table 2.2.13: Drag breakdown for the NACA0012 aerofoil at M∞ = 0.9, Re∞ =
9× 106, Cl = 0.5 (ZW ≈ 15c; XW ≈ 5c; fine mesh; pole at aerofoil l.e.).

Cd × 104

total induced viscous wave
Lamb vector (formulation “c”) 1561 -32 172 1421
Thermodynamic (DV) 1558 145 1413
Thermodynamic (PT) 1554 129 1425
Mele et al. [117] 1550 -29 153 1426

Table 2.2.14: Drag breakdown for the RAE2822 aerofoil at M∞ = 0.725, Re∞ =
6.5× 106, Cl = 0.796 (ZW ≈ 15c; XW ≈ 5c; fine mesh; pole at aerofoil l.e.).

Cd × 104

total induced viscous wave
Lamb vector (formulation “c”) 142 -2 109 35
Thermodynamic (DV) 142 110 32
Thermodynamic (PT) 141 107 34
Saetta and Tognaccini [172] 145 92 53

Table 2.2.15: Drag breakdown for the RAE2822 aerofoil at M∞ = 0.730, Re∞ =
6.5× 106, Cl = 0.803 (ZW ≈ 15c; XW ≈ 5c; fine mesh; pole at aerofoil l.e.).

Cd × 104

total induced viscous wave
Lamb vector (formulation “c”) 162 -2 114 50
Thermodynamic (DV) 161 115 46
Thermodynamic (PT) 160 111 49
Hart and Schmitz [69] 163 113 50
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Figure 2.2.20: Example of decomposition using the far-field surface only.
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Figure 2.2.21: Parasite drag decomposition in viscous and wave contributions us-
ing surface integrals, with or without considering the viscous/wave regions interface
boundary (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.; interface integral computed on
the viscous domain frontier).

VVISCOUS and V\VVISCOUS (Figure 2.2.13, dashed line in Figure 2.2.20) accounts for the flow en-
trainement. In fact, if the boundary layer edge was a streamline (i.e. no flow entrainement) this
integral would be zero, being the Lamb vector orthogonal to flow streamlines, therefore with no
circulation on such paths. Downstream of the aerofoil near wake (XW > 2.5), flow entraine-
ment is non-negligible, viscous drag estimated at the wake plane increases, taking over part of the
wave drag, which in turns decreases by the same amount. This is quantified by the surface integral
at the interface (Figure 2.2.21) which, if taken into account in parasite drag decomposition, can
therefore eliminate the breakdown dependence on the wake plane position.

96



2.2. Numerical analyses

−50 0 50 100 150 200 250 300
−0.05

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

CD × 104

C L

3D elliptic wing - Drag polar curves
(M∞ = 0.75 ; Re∞ = 3× 106 ; β = 0◦)

Total (near-field)
Total (far-field)
Induced
Reversible

(Cnf
L )

2/(πA)

Figure 2.2.22: Drag polar breakdown isolating lift-induced contribution, for the 3D
elliptic-planform wing, computed using Fa Lamb-vector far-field force formula (XW/c0 =
4.5). Reversible drag by Destarac and van der Vooren method (XW/c0 = 1.0).

2.2.4 Aerodynamic force analysis, in 3D

In the previous subsections, it was observed how an accurate drag breakdown in lift-induced and
parasite contribution requires control volumes extending far away downstream of the body. Un-
fortunately, in numerical applications and especially in 3D, the integration domain cannot be
extended too far downstream of the body, because a spurious conversion of reversible into irre-
versible drag also occurs, as discussed in Section 1.3.

In Fig. 2.2.22, the drag polar curve for the elliptic wing case described in Section 2.2.1 was
computed by direct surface stress integration (near-field method) and compared with the same
data obtained by the Lamb-vector-based far-field formula Fa (Eq. (2.6))¶.

In the samefigure, the total far-field drag is decomposed isolating the lift-induced contribution.
As observed in Sec. 2.2.3.4 (and verified in Appendix B.2), this contribution is analytically inde-
pendent on the pole location, when computed using Fa. Results provided by the incompressible
Prandtl formula are also included in the plot, being the Oswald factor known and unitary (elliptic

¶In this case, despite the presence of shock waves in the flow-field, the accuracy of Eq. (2.6) was
recovered using the new thermodynamic Lamb-vector definition [122] illustrated in Ch. 4, instead
of using the alternative formula Fc (Eq. (2.15)) as done for two-dimensional test cases.
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Figure 2.2.23: Lift-induced and reversible drag of the 3D elliptic-planform wing at
non-zero incidence (lifting case), compared to Prandtl formula value (ZW/c0 = 10.1).

planform) and considering that the wing has no aerodynamic twist. Computed induced drag val-
ues are very close to the reference incompressible Prandtl curve, although smaller by a few drag
counts.

The control volume selected for the drag decomposition illustrated in Fig. 2.2.22 extends ap-
proximately 4.5 root chord lengths downstream of the wing trailing edge. As a matter of fact, the
computed induced drag is underestimated and affected by the spurious negative contribution al-
ready observed in two-dimensional flows. This effect is stronger in the near wing’s wake (where
the axial velocity defect is higher) and slowly vanishes downstream, reducing the underestimation.
On the other hand, the reversible drag content of the flow-field is also gradually reducing, due to
the physical and numerical dissipation, then the computed lift-induced drag has amaximumwhen
this effect overcomes the former (Fig. 2.2.23). A typical choice, in Lamb-vector methods, is to as-
sume the peak value as best estimate for the lift-induced drag. The reversible drag contribution
was also calculated through the method of Destarac and van der Vooren [42], Eq. (1.81), by dif-
ference to the total near-field drag and plotted in Fig. 2.2.23. At the trailing edge of the wing, the
computed reversible drag is surprisingly close to the value predicted by Prandt’s incompressible
formula, then it gradually decreases as the wake plane is moved downstream of the wing, due to
the reasons discussed above. By the way, it is worth remarking that the validity of the Prandtl for-
mula in the transonic regime (and even in supersonic conditions) is not at all a straightforward
result, as already evidenced byMele et al. [116] and by Kang et al. [81].

A very similar result was obtained, for the same elliptic-planform wing, by Kang et al. [81]
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Figure 2.2.24: Drag variation with the wake plane position for the 3D elliptic-planform
wing, figure extracted from [81], pag 4630.

(Fig. 2.2.24 is extracted from the cited reference: pag. 4630, Fig. 10). They analysed a subsonic
case (M∞ = 0.5) and observed an underestimation of lift-induced drag by the Lamb vector
method (solid line with empty circular marks), compared to the Prandtl formula (purple dotted
line). The reversible drag contribution was not reported and the spurious drag contribution was
non-negligible despite the absence of shock-waves, as the vortical formula Fb was used instead of
Fc (see Tab. 2.2.6 for an estimation of the difference on 2D flows) using the standard vorticity-
based definition of the Lamb vector (ℓ = ω × V). As mentioned above, here the application
to a transonic flow condition (M∞ = 0.75) was possible due to the alternative thermodynamic
Lamb-vector definition [122], proposed and described in Ch. 4.

Another computation, again using the same elliptic wing (although with a different and finer
mesh), was analysed by Zou et al. [232] in incompressible flow conditions and atRe∞ = 1×105

(α = 4◦). In Fig. 2.2.25, the underestimation of lift-induced drag computed using a formula
derived from Lamb vector methods (“exact induced drag”, black solid line with filled squares),
with regards to the Prandtl formula (horizontal green line) is visible. Comparison was provided
against values computed usingMaskell’s formula (instead of reversible drag), which also start very
close to the Prandtl line near the wing trailing edge.

The simulation at zero incidence (and zero lift) is instead analysed in Fig. 2.2.26. A similar
behaviour is observed for the lift-induced and reversible drag variations with the wake plane po-
sition, the main difference consisting in the absence of reversible drag (CD,i = 0 is also predicted
by Prandtl’s formula) and, therefore, in the lack of conversion into irreversible drag. Neverthe-
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Figure 2.2.25: Induced drag variation with the wake plane position for the 3D elliptic-
planform wing, figure extracted from [232], pag 12.

less, the computed lift-induced drag is not able to approach the zero value as the spurious negative
contribution vanishes very slowly (a logarithmic scale was used in Fig. 2.2.11) and in this case the
computational domain extends up to 30 root chord lengths only, downstream of the wing.

2.3 Discussion

The Lamb-vector-based drag decomposition in lift-induced and parasite contributions proposed
by Fournis et al. [57] (Eq. (2.27), (2.28)) differs from the original compressible drag decompo-
sition of Mele et al. [117] by the term F∇ρ�.

However, the introduction of F∇ρ in the formulas makes the original decomposition loose its
mid-field property. As a matter of fact, density variations are non-negligible outside of flow rota-
tional regions, an aspect which has already been evidenced in Sec. 2.2.3.7 with regards to the local
parasite drag generation.

Themain benefit of using theF∇ρ term in Fournis et al. decomposition consists in the possibil-
ity to establish links with the classicalMaskell’s and Betz’s formulas (Eq. (2.30), (2.31)), allowing
to achieve the drag breakdown independence on the DMT pole.

Nevertheless, these are generalisedMaskell’s and Betz’s formulas (discussed in Ch. 1, §1.4.2.1)

�Indeed, Mele et al. formulation also neglects the Fμ term in Eq. (2.28), a valid assumption for
high Reynolds number flows.
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Figure 2.2.26: Lift-induced and reversible drag of the 3D elliptic-planform wing at
zero incidence (non-lifting case) compared to Prandtl formula value (ZW/c0 = 2.4).

and inconsistencies were highlighted in the identification of reversible and irreversible drag con-
tributions using such definitions in compressible flows.

On the other hand, the pole dependency of Mele et al. decomposition could be handled in
a different way, i.e. by identifying appropriate criteria to fix a pole location. Indeed, first it was
highlighted that the DMT pole needs also being selected as the pole where the aerodynamic mo-
ment is required to be computed (Appendix A). Then, it was observed in Sec. 2.2.3.4 that the
pole should be located near the body, in order to reduce the weight in far-field formulas of quan-
tities computed in the near-wall grid cells, where the local flux residuals are typically higher than
average. Additionally, considering for example the two-dimensional cases analysed in Sec. B.2, a
pole position near the body surface (0 ≤ XP ≤ 1 and ZP ≈ 0) allows in any case to obtain val-
ues of the total force and of the drag decomposition in good agreement to those computed using
pole-independent formulas.

For the above reasons, Mele et al. decomposition is still to be preferred in most cases, espe-
cially when a following parasite drag breakdown has to be performed. Concerning the identified
spurious induced drag contribution (Sec. 2.2.3.6), using either Mele et al. or Fournis et al. break-
down definitions leads to no different conclusions, since the F∇ρ term vanishes at large distance
from the body.
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2.4 Summary and remarks

• In present chapter, the accuracy of different Lamb-vector-based force formulations was
assessed in nearly-incompressible, subsonic and transonic flow regimes, analysing both in-
viscid and viscous numerical solutions at low and high Reynolds number [124]. A loss of
accuracy was observed in association with the Lamb vector integration in the control vol-
ume interior, with the best results obtained using formulation “c” (involving the Lamb vec-
tor only through surface integrals) and the worst obtained from formulation “d” (mostly
based on volume integrals). It is anticipated that the observed inaccuracies can now be sig-
nificantly reduced through a thermodynamic-based calculation of the Lamb vector, repre-
senting the core of the unified methodology proposed in this dissertation (Ch. 4).

• The author also analysed, for different steady Lamb-vector-based force formulas, sensitiv-
ities of the computed force and of the drag decomposition to the control volume selection
and to the choice of the arbitrary pole used in DMTs, the latter being rarely addressed in
the literature [81]. Formulations “c” and “a” provided the most accurate results (nearly
zero sensitivity in a reasonable range of pole locations) while unacceptable variations with
the DMT pole were observed using other formulations, at least with the adopted numer-
ical method. Results of a grid convergence analysis revealed an impact of discretization
errors on the highlighted sensitivities, which represent pure numerical effects.

• Inconsistencies experienced in previous works and related to the drag decomposition in
lift-induced and parasite contributions (with ambiguities on the physical or non-physical
role of a non-zero induced drag found in two-dimensional flows) have been definitively
clarified. Indeed, for the first time, the relationship between reversible/irreversible drag
definitions and lift-induced/parasite drag contributionshas been clearly addressed, remov-
ing the ambiguity that tended to identify the two in previous works. Using Lamb-vector-
based lift-induced drag definitions, a non-zero spurious induced drag was clearly identi-
fied post-processing two-dimensional numerical solutions, increasing in magnitude as the
Reynolds number is reduced or theMach number increased, and vanishing as the distance
of the outer control volume boundary from the aerofoil surface is significantly increased.

• Generalised forms of the classical Kutta-Joukowski theorem, Maskell and Betz formulas
were derived (in Ch. 1) starting from the integral momentum balance, for steady flows,
as an alternative to the originally proposed derivation starting from the vortical force for-
mulas [57]. The capability of Lamb-vector-based lift-induced and parasite drag definitions
(directly linked to generalised classical formulas) to respectively capture reversible and ir-
reversible drag contributions was theoretically discussed, then numerical support to the
theoretical argumentation was provided post-processing three-dimensional and two-di-
mensional CFD solutions. The latter ones were analysed in nearly-incompressible, sub-
sonic and transonic regime, considering both inviscid and viscous flows (at high or low
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2.4. Summary and remarks

Reynolds number). In 2D, consistency of lift-induced drag predictions with the expected
zero reversible drag (confirmed by thermodynamic methods) was shown to hold on very
large control volumes only. A spurious induced drag contribution, related to the axial ve-
locity perturbation, is otherwise computed, resulting in negative induced drag values.

• The above argumentation reveals the domain dependence of the drag breakdown in lift-
induced and parasite contributions, and suggests that a decomposition capturing respec-
tively reversible and irreversible drag components cannot be obtained with an arbitrary
choice of the external control surface, that should be placed far away from the body skin
in order to effectively decompose the total drag in reversible and irreversible parts. Unfor-
tunately, in numerical applications (and especially in 3D), the integration domain cannot
be extended too far downstream of the body, where a spurious conversion of reversible
into irreversible drag also occurs, polluting drag decomposition results. This limits the
accuracy of the drag breakdown achievable through classical or Lamb-vector-based meth-
ods, and highlights that the proposed direct definitions of lift-induced drag in viscous and
compressible flows still need to be sharpened to remove the bias represented by the iden-
tified spurious effect. In high Reynolds number flows without strong shocks, Lamb-vec-
tor-based methods can instead already provided a reliable drag breakdown.

• It was evidenced that, to decompose parasite drag in viscous and wave contributions,
Lamb-vector integrals cannot be limited to the wake plane only, but flow entrainement in
the viscous wake needs to be taken into account, and its effect was quantified by integrals
extended at the interface between the viscous and the outer flow regions.

• A new methodology to perform parasite drag decomposition in viscous and wave contri-
butions accounting for the flow entrainement in the viscous regionwas then proposed and
tested on transonic flow-fields around aerofoils. Results were compared to viscous and
wave drag estimates obtained using consolidated thermodynamic-based methods, and a
benchmarking was provided including recent results also obtained using different decom-
position approaches [69, 117, 172]. A reasonable agreement was observed, at condition
to account for the spurious induced drag observed on control volumes of limited size.

• Amodified formulation (based on volume instead of surface integrals)was also derived for
lift-induced and parasite drag contributions, allowing for a visualisation o the drag sources
in the flow domain using Lamb-vector methods.
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The contribution to the vortex force from the velocity induced by the
vorticity in the trailing sheet gives a component parallel to the free-
stream. This is the ‘induced drag’ associated with the generation of
kinetic energy in the trailing vortex system.

Philip Geoffrey Saffman

3
Unsteady regime

Thischapterwillmainlyfocusonmovingbodies, although themethods illustratedherein
can also be applied to different unsteady flows around fixed objects (e.g. low Reynolds vortex
shedding, transonic buffeting, etc.). In this context, working in non-inertial frames of reference
could be a convenient choice, in particular when a rigid body motion is considered and a solidal
frame can be used. At the scope, it is worth recalling the expression of Navier-Stokes equations
in a generally non-inertial reference frame, together with some useful transformations involving
time derivatives in inertial and non-inertial frames. This is done in Appendix A.2.

Differently from the steady case, the aerodynamic force exerted onmoving bodies like flapping
wings, for example, is also characterised by the presence of a thrust component. In this Chapter, a
general thrust force theory usingLamb-vector formulas is also proposed, which encompassesGar-
rick’s linear theory [61] as a particular case. This allows, for example, the direct thrust calculation
on oscillating aerofoils in viscous flows, not possible before.

3.1 Lamb-vector methods

Different exact Lamb-vector-based force formulas developed in the last two decades are herein
briefly recalled, summarising the key properties of each formulation and extending, where neces-
sary, their validity to the unsteady flow regime. In what follows, similarly to what introduced for
steady flows (Chapter 2), F is the aerodynamic force exerted by the fluid on the body B immersed
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Chapter 3. Unsteady regime

in it, whileV is the control volume used for the integral balance of linearmomentum, bounded by
the aerofoil surface∂B and the far-field surfaceΣ, where ndenotes the unit normal vector pointing
outwards of V (Fig. 1.1.1).

Here a neat formulation is introduced, where the exact force formulas are written for a gen-
erally non-inertial reference frame, including apparent body forces due to the relative motion (a
derivation is provided in [140], although restricted to incompressible flows). In this form, for-
mulas are valid for both inertial and non-inertial reference frames (respectively (O, ex, ey, ez) and
(O′, e′x, e′y, e′z) in Fig. 1.1.1), at condition of consideringV as, respectively, the absolute or the rela-
tive fluid velocity and interpreting partial time derivatives as appropriate for the selected reference
frame (i.e. respectively at constant absolute, or relative, position). Apparent body forces due to
the relative framemotionwill of course be zero in the case of inertial reference frames. The general
case of non-zero fluid velocity at the body wall is also considered. This allows applying the force
formula to viscous and to effectively inviscid flows, as well as to fixed or moving bodies. Similarly,
as already introduced for steady flows in Chapter 2, the adopted generalised notation is also valid
for both laminar and turbulent flow regimes. In the first case, Reynolds stresses and variables fluc-
tuations are zero. In the second case, mass density (ρ) and fluid particle velocity (V) are intended
as their corresponding ensemble and Favre averages respectively.

3.1.1 Original formula

The original unsteady compressible formulation, derived by Wu et al. [222, p. 621] for the lam-
inar flow regime in inertial reference frames (further extended to the turbulent regime by Mele
and Tognaccini [119]), is hereafter written for a generally non-inertial reference frame, including
apparent body forces due to the relative motion (the general derivation is included in Appendix
A.4, for both the aerodynamic force and moment formulas). This is not necessarily solidal to the
body and, at this stage, no hypothesis is even made on the body being rigid or deformable.

This formula is denoted with subscript “a” and can be expressed in compact form as:

Fa = Fℓ + Fρ + Ft + FS + Fμ + Fm (3.1)

where:

Fℓ = −
∫
V
ρℓ dV −

∫
∂B

ρV2

2
n dS (3.2)

Ft = −
∫
V
r×
[
∇×

(
ρ
∂V
∂t

)]
dV +

∫
∂B

r×
[
n×

(
ρ
∂V
∂t

)]
dS (3.3)

Fm =

∫
V
ρf
m
dV +

∫
Σ
r×
[
n×

(
ρf
m

)]
dS (3.4)

In Eq. (3.1), the symbols Fρ, FS and Fμ are defined as already introduced for steady flows
(Eq. (2.8),(2.9) and (2.4)) and the vortex force term (Fℓ) here is explicitly corrected by the body
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3.1. Lamb-vector methods

surface integral, which is non-zero for inviscid flows (Sec. 2.1.6) or moving bodies*. Ft collects
terms containing time derivatives of the fluid velocity and Fm is the contribution of body forces
per unit mass (f

m
), including gravitational acceleration (g) and apparent forces, if any, due to non-

inertial effects:
f
m
= g− dU

dt
− dΩ

dt
× x− Ω × (Ω × x)− 2Ω × V (3.5)

where x is the position vector referred to the frame origin, which is moving with linear velocity
U(t) and angular velocityΩ(t)with regards to an inertial reference. In the following, gravitational
effects will be neglected (i.e. g = 0).

3.1.2 Modified formula

Themid-field modification of formula “a” proposed by Mele and Tognaccini [119] in the steady
regime (Ch. 2, Sec. 2.1.2) is also applicable to the unsteady formula. It will be here considered for
comparison against other formulas. Nevertheless, themid-field property is lost in this case even in
inertial reference frames (Fm = 0) because, in unsteady conditions, non-dissipative flow regions
are not homo-enthalpic (an assumptionused toprove themid-field property for steadyflows) and,
moreover, the unsteady volume integrand in Ft is also non-zero everywhere in the flow-field.

Themodified force formula can be written in compact form as:

Fb = Fℓ + Fmρ
+ Ft + FS + Fμ + Fm (3.6)

where Fmρ
is defined as in Ch. 2 (Eq. (2.22)).

3.1.3 Alternative formula and its extension to unsteady flows

The alternative formula derived, for steady flows, byMele et al. [117] and containing surface inte-
grals only (with exception for the last term in Eq. (2.4)) proved to be numerically more accurate
than the ones previously described [124], also in presence of shockwaves, where numerical issues
were reported with formulations using volume integrals in the shock wave region [117, 124].

This formulation is here extended to unsteady flows (and denoted with subscript “c”) by in-
troducing two additional terms (which will be highlighted in the following) one of which is still a
volume integral. Moreover, for unsteady flows Ft and Fm also contain volume integrals. Therefore
the accuracy of this unsteady alternative formula in presence of shock waves has to be assessed,
which is one of the objectives of this chapter.

*The velocity at the body wall, involved in skin integrals terms, is composed by the fluid velocity
relative to the wall, plus the moving wall velocity. For viscous flows and impermeable bodies (zero
relative fluid velocity) skin terms are therefore still non-zero for moving walls, except in the particular
case of a zero-thickness body (e.g. an ideal plate), where the contributionofwall velocities onopposite
sides of the body cancel-out.
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In compact form, the formula can be expressed as:

Fc = Fℓ+mρ
+ Ft + FS + Fμ + Fm (3.7)

defining:

Fℓ+mρ
=−

∫
Σ
ρVV · n dS+

∫
Σ
ρ
V2

2
n dS+

∫
Σ
r×
[
n×

(
V2

2
∇ρ
)]

dS+

−
∫
V

∂ρ
∂t

V dV −
∫
∂B

ρVV · n dS
(3.8)

where the last two terms in Eq. (3.8) are new with regards to the steady formula derived in [117]
(see Eq. (2.16)). In particular, the last body integral is non-zero for impermeable but moving
walls. Finally, the RHS expression in Eq. (3.8) can also be simplified combining the first and last
integrals into: −

∫
∂V ρVV · n dS.

3.1.4 Transonic formula and its extension to unsteady flows

The steady hybrid formulation proposed byMele et al. for transonic flows [117] (“c” formulation
in the shock wave region, combined with “b” formulation in the remaining of the fluid domain,
Ch. 2, Sec. 2.1.4) can also be extended to unsteady flows. This is done here, in analogy with what
derived in Sec. 3.1.3. The formula can be written in compact form as:

Fbc = Fℓ + Fmρc
+ Ft + FS + Fμ + Fm (3.9)

with:

Fmρc
=−

∫
V\Vsw

mρ dV −
∫
∂Vsw

ρVV · nsw dS+
∫
∂Vsw

ρ
V2

2
nsw dS+

+

∫
∂Vsw

r×
[
nsw ×

(
V2

2
∇ρ
)]

dS+
∫
Vsw

(
ρℓ− ∂ρ

∂t
V
)
dV +

−
∫
∂B

r×
[
n×

(
V2

2
∇ρ
)]

dS

(3.10)

where Vsw is the selected shock wave domain (with outward-pointing normal vector nsw) and the
time derivative term in the fifth integral of Eq. (3.10) is new with regards to the steady formula
derived in [117].

The original intention of the authors to avoid volume integration in Vsw is preserved as far as
the elementary vortex forces (−ρℓ) are concerned, nevertheless a new volume integral inVsw now
arises for unsteady compressible flows, due to the presence of mass density time derivative in the
fifth integral of Eq. (3.10). This however does not involve spatial derivatives, as instead occurring
for term containing the Lamb vector.
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3.1. Lamb-vector methods

It should also be pointed out that the identification of the shock wake region (generally non-
connected, in case of multiple shocks in the flow-field) is now required as a function of time (i.e.
Vsw = Vsw(t) and ∂Vsw = ∂Vsw(t)), following the evolution of the shock waves system. This
introduces an additional complexity in the application of Eq. (3.10) to numerically-computed
flow-fields, where the force sensitivity to the choice ofVsw might behave differently depending on
the selected time step, resulting in a variable accuracy of the far-field method.

3.1.5 Modified transonic formula and its extension to unsteady flows

Having extended the transonic formula to unsteady flows in the previous section, it is straight-
forward to derive its modification where the outer vorticity contribution (FS) is obtained using
domain integrals in V instead of surface integrals on Σ. The conversion proposed by Ostieri and
Tognaccini [141] (Ch. 2, Sec. 2.1.5) is of course applicable also to the unsteady transonic formula
and the correspondingmodified total force expression, denoted with subscript “d”, can be written
in compact form as:

Fd = Fℓ + Fmρc
+ Ft + FSV + Fμ + Fm (3.11)

where:
FSV = −

∫
V
∇(r · ρℓ)dV +

∫
V
∇ · (rρℓ)dV +

∫
∂B

r× (n× ρℓ)dS (3.12)

3.1.6 New unsteady terms formulation

Eventually, unsteady terms included in Ft can be expressed, for all compressible force formulas
previously illustrated, in an alternative way by adding and subtracting in Ft the integral

∫
Σ r ×[

n×
(
ρ∂V∂t
)]

dS and applying aDerivativeMomentTransformation (DMT) [222, pp. 700-701]
to the integrals in V and on ∂V = Σ ∪ ∂B. The new Ft expression is:

F∗t = −
∫
V
ρ
∂V
∂t

dV −
∫
Σ
r×
[
n×

(
ρ
∂V
∂t

)]
dS (3.13)

and has the advantage of not containing spatial gradients of flow variables, which could bring nu-
merical advantages in post-processing CFD solutions. Moreover, it is worth observing that the
new formulation also contains no pole dependence in the volume integral, highlighting that there
is a force contribution from the unsteady velocity field variation which does not depend on the
selected DMT pole. This was not evident in the original Ft expression, with the reference pole
appearing in both integrals of Eq. (3.3). Additionally, in Eq. (3.13) the surface integral represents
now a far-field contribution (being computed on Σ) instead of a near-field one (as in Eq. (3.3),
where it is computed on ∂B). Then, this alternative expression of unsteady terms is also funda-
mental for the derivation of the new exact aerodynamic force and moment formulas, which will
be illustrated in Ch. 4.
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Chapter 3. Unsteady regime

In the following, Fa, Fb and Fc symbols will be added a superscript ∗ to denote that, in this
case, the corresponding force formulas are defined using unsteady terms as expressed in Eq. (3.13)
instead of Eq. (3.3).

3.1.7 The incompressiblemixed inertial/non-inertial formulation and its
extension to 3D and to inviscid flows

For incompressible fluids (constant density) or ideal gases in the incompressible flow regime (neg-
ligible effects of density variations), the vortical force formula (nomatter the original or modified
expressions, as compressibility corrections vanish) can be written in amixed inertial/non-inertial
form, following the approach of Ostieri et al. [140]. This is a technique also exploited in geophys-
ical flows and is based on a mixed Lamb vector definition which uses the absolute flow vorticity
(ω) and the relative fluid velocity (V′). As discussed inAppendixA.2 anddifferently from the sim-
plified notation used in previous sections, here it is necessary to explicitly use prime superscripts
to distinguish relative quantities from the absolute ones, as they co-exist in the same formula:
ℓmix = ω× V′.

Themixed inertial/non-inertial formulation, initially derived in [140] for two-dimensional vis-
cous flows, will be here extended to 3D and to inviscid flows.

Themixed formulation is introduced at the scope of taking advantages from both sides. In fact,
some authors [139, 140] reported that using relative flow velocities computed in a non-inertial
reference frame can provide higher accuracy in numerical applications when dealing withmoving
grids. Nevertheless, for incompressible flows, the use of an inertial frame of reference guarantees
the mid-field property of the far-field force formula, for high-Reynolds number flows. In fact, in
this case, Fρ = 0, Fm = 0, Fμ ≈ 0 and the unsteady term (Ft) can be expressed as:

Ft = −ρ
∫
V
r× ∂ω

∂t
dV + ρ

∫
∂B

r×
(
n× ∂V

∂t

)
dS (3.14)

where the Schwarz theorem has been applied to the volume integrand. This is then negligible in
non-rotational regions of the flow-field, providing the mid-field property. It is worth observing
that the relative flow vorticity

ω′ = ∇× V′ = ω− 2Ω (3.15)

is instead generally non-zero in the entire flow-field due to the frame rotational velocityΩ†. The
idea is then to keep using the absolute flow vorticity, together with the relative fluid velocity, defin-
ing the Lamb vector as: ℓmix = ω× V′.

Let us explicitly write the inertial and non-inertial forms of the incompressible formula. Start-

†the last equality in Eq. (3.15) follows as the curl of the velocity equals twice the fluid particle
rotation appearing in the vorticity tensor.
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ing with the inertial one, i.e. Eq. (3.1) with Fm = 0 and Fρ = 0:

Fff = Fℓ + Ft + FS + Fμ (3.16)

It is convenient, for the following derivation, to re-define the symbols on the RHS, isolating body
skin integrals in an additional term, i.e.:

Fℓ = −ρ
∫
V
ℓ dV (3.17)

Ft = −ρ
∫
V
r× ∂ω

∂t
dV (3.18)

FS = −ρ
∫
Σ
r× (n× ℓ) dS (3.19)

FB = ρ
∫
∂B

r×
(
n× ∂V

∂t

)
dS− ρ

∫
∂B

V2

2
n dS (3.20)

Fμ =
∫
Σ
r×
[
n×∇ ·

(
τ
v
+ τ

R

)]
dS+

∫
Σ

(
τ
v
+ τ

R

)
· n dS (3.21)

leading to:
Fff = Fℓ + Ft + FS + FB + Fμ (inertial form) (3.22)

Of course this is purely amatter of convention and, in the following, it will be assumed that, when
the FB term is not explicitly included in the force formula, body skin integrals are individually
included in the other contributing terms, as done in the previous sections.

The same can be done in non-inertial reference frames, where the absolute velocity (V) is re-
placed by the corresponding relative quantity (V′), partial time derivatives are evaluated at con-
stant relative (instead of absolute) position ( ∂

∂t′ instead of
∂
∂t) and apparent forces are of course

included through the Fm term:

Fff = F′ℓ + F′t + F′S + F′B + Fμ + Fm (non-inertial form) (3.23)

where

F′ℓ = −ρ
∫
V
ℓ′ dV (3.24)

F′t = −ρ
∫
V
r× ∂ω′

∂t′
dV (3.25)

F′S = −ρ
∫
Σ
r×
(
n× ℓ′

)
dS (3.26)

F′B = ρ
∫
∂B

r×
(
n× ∂V′

∂t′

)
dS− ρ

∫
∂B

V′2

2
n dS (3.27)

Fm = ρ
∫
V
f
m
dV + ρ

∫
Σ
r×
(
n× f

m

)
dS (3.28)
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and the relative Lamb vector has been defined as ℓ′ = ω′ × V′.

It is worth observing that prime superscripts were omitted for scaled position vectors (r), as
they are always referred to the DerivativeMoment Transformation (DMT) pole (Fig. 1.1.1). The
relative position of a generic point in space, with regards to the DMT pole, is in fact independent
of the reference systemused to compute both the point and pole locations (i.e.: x−xP = x′−x′P).
Similarly, unit normal vectors at theCVboundaries (n) are intrinsic anddonot transformbetween
frames. Finally, based on the considerations included in Appendix A.2, the viscous term Fμ is also
frame invariant.

Now, the derivation of the mixed inertial/non-inertial formulation starts from the inertial for-
mula (Eq. (3.22)). Using Eq. (A17), the body term (FB) can also be expressed as:

FB = ρ
∫
∂B

r× (n× a) dS− ρ
∫
∂B

r× (n× ℓ) dS def
= FtB + FSB (3.29)

where the definition of the last two terms in Eq. (3.29) is straightforward. The inertial formula is
then re-written as:

Fff = Fℓ + Ft + FS + FtB + FSB + Fμ (3.30)

and it is also observed that Ft and FSB , for two-dimensional flows around impermeable bodies and
for Σ fixed in time, are related to the time rate of the hydrodynamic impulse in the control volume
(IV = ρ

∫
V r× ωdV):

dIV
dt

= −
(
Ft + FSB

)
(3.31)

In fact, in these hypotheses, FSB can be written as:

FSB = −ρ
∫
∂B

r× [n× (ω× V)] dS = −ρ
∫
∂B

r× [(n · V) ω− (��n · ω)V] dS =

= −ρ
∫
∂B

r× ω [(V∂B + V− V∂B) · n] dS = −ρ
∫
∂B

r× ω (V∂B · n) dS =

= −ρ
∫
∂V

r× ω (V∂V · n) dS

(3.32)

where it was considered that, for 2D flows, the vorticity is orthogonal to the planar vector n and
that, for impermeable bodies, the relative velocity at the body wall (V − V∂B) is always tangent
to the skin. Therefore, FSB reduces to the body integral of the first vorticity moment, times the
flux of the moving wall velocity. In the case of Σ fixed in time (VΣ = 0), the integral can also
be extended to ∂V , and then Eq. (3.32) exactely provides the boundary term needed to apply
Reynolds transport theorem (Appendix A, Sec. A.3) to Ft, proving Eq. (3.31).

This equation represents a link, for 2D flows, between incompressible Lamb-vector methods
and impulse theories [138, 218]. It can be extended to 3D flows, provided that the non-zero inte-
gral ρ

∫
∂B r×Vωn dS is subtracted on the RHS of Eq. (3.31). Its validity also stands formovingΣ,

as long as it does not intersect any vortical structure (i.e. ω = 0 on Σ). This was used for example
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by Kang et al. [79]. Moreover, in the case of Σ intersecting non-zero vorticity and for generally
non-impermeable bodies, Eq. (3.31) can be further extended to the form:

dIV
dt

= −
{
Ft + FS + FSB − ρ

∫
∂V

r× Vωn dS+ ρ
∫
∂V

r× ω [(V− V∂V) · n] dS
}

(3.33)

In previous studies on incompressible Lamb-vector-basedmethods [139, 140, 169], body skin
terms were always formulated as FtB + FSB (RHS of Eq. (3.29)) instead of as FB (Eq. (3.20)). The
latter expression, derived and used in the present work, has two advantages in numerical applica-
tions compared to the former: i) it does not involve spatial gradients of flow variables, which is
beneficial for the accuracy of the compute results; ii) in the steady case, it is also independent of
the arbitrary pole used forDerivativeMoment Transformations. For these reasons, it was selected
as the reference formulation of body skin terms in all calculations included and reported herein.

Following on the derivation of themixed formula and considering that ℓ = ℓmix+ω×VT, the
vortex force term re-writes as follows:

Fℓ = −ρ
∫
V
ℓmixdV − ρ

∫
V
ω× VT dV = Fmixℓ + FTℓ (3.34)

In the samemanner, the other terms in Eq. (3.30) that contain the Lamb vector can be re-writ-
ten as the sum of two quantities: one depending on ℓmix (namely, Fmix) and another one depend-
ing on the transport Lamb vector ω× VT (namely, FT):

FSB = FmixSB + FTSB (3.35)

FS = FmixS + FTS (3.36)

while, by means of Eq. (A9), Ft is modified as follow:

Ft = −ρ
∫
V
r× ∂ω

∂t′
dV + ρ

∫
V
r× (VT · ∇ω) dV − ρ

∫
V
r× (Ω × ω) dV =

= Fmixt + FTt − ρ
∫
V
r× (Ω × ω) dV

(3.37)

where the last term is generally non-zero for 3D flows, while it vanishes in the two-dimensional
case, when both the flow vorticity (ω) and the frame angular velocity (Ω) are orthogonal to the
planar space. By means of Eq. (A1):

FTℓ = −ρ
∫
V
r× [∇× (ω× VT)] dV + ρ

∫
∂B∪Σ

r× [n× (ω× VT)] dS (3.38)

Considering that:

∇× (ω× VT) =�����:0
ω (∇ · VT) + VT · ∇ω− ω · ∇VT −�����:0

VT (∇ · ω) (3.39)
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where the first and last terms are null, respectively, because all diagonal terms in∇VT are identi-
cally zero, and because a rotor field is divergence-free. Also note that the third term vanishes in
the case of 2D flows.

Therefore, concerning the transport term in the vortex force, we can write:

FTℓ = −ρ
∫
V
r× (VT · ∇ω− ω · ∇VT) dV + ρ

∫
∂B∪Σ

r× [n× (ω× VT)] dS =

= −FTt + ρ
∫
V
r× (ω · ∇VT) dV − FTSB − FTS

(3.40)

Eventually, all the transport terms (FT) in the total force cancel-out and the aerodynamic force
formula becomes:

Fmixff = Fmixℓ + Fmixt + FmixS + FmixSB + FtB + Fμ + F3D (3.41)

with:
F3D = −ρ

∫
V
r× [(Ω × ω)− ω · ∇VT] dV (3.42)

This term is new and was not present in the two-dimensional formulation derived byOstieri et al.
[140]. Similarly, the body surface integral FmixSB was not considered in [140] because no-slip wall
conditions in the relative reference frame were assumed in the case of viscous flows.

Finally, considering that ℓmix = ω′ × V′ + 2Ω× V′ = ℓ′ + 2Ω× V′ and recalling Eq. (A10)
and (A2), we can re-write body terms avoiding the integration of spatial derivatives at the wall:

FmixB = FmixSB + FtB = ρ
∫
∂B

r×
[
n×

(
a− ℓmix

)]
dS =

= ρ
∫
∂B

r× n×
[
∂V′

∂t′
+

dU
dt

+

(
dΩ
dt

× x′
)
+ Ω × (Ω × x′)

]
dS− ρ

∫
∂B

V′2

2
n dS

(3.43)

and re-arrange the total force formula as:

Fmixff = Fmixℓ + Fmixt + FmixS + FmixB + Fμ + F3D (3.44)

For viscous flows around rigid and impermeable bodies, assuming the non-inertial reference
frame solidal to the moving body, the no-slip wall boundary condition (V′ = 0) makes this term
reducing to:

FmixB = ρ
∫
∂B

r× n×
[
dU
dt

+

(
dΩ
dt

× x′
)
+ Ω × (Ω × x′)

]
dS (3.45)

in which only the velocities of the non-inertial reference frame are present. Therefore this term
is in this case independent of the flow-field and represents the direct contribution of the body
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3.1. Lamb-vector methods

motion to the aerodynamic force.

3.1.7.1 The case of pure plunging motion

It is worth observing that, in the case of pure plunging motion (Ω = 0), absolute and relative
vorticity coincide, and so is for the non-inertial and mixed Lamb vector definitions (ℓ′ = ℓmix).
Therefore, the vortex force, as well as unsteady and outer vorticity terms in Eq. (3.23) and Eq.
(3.44) also coincide (F′ℓ = Fmixℓ ; F′t = Fmixt ; F′S = FmixS ). Moreover, in the expression of Eq.
(3.43) withΩ = 0, a DMT can be applied using Eq. (A1) to the space-independent vector field
dU
dt , obtaining:

FmixB = F′B + Fm (for pure plunging) (3.46)

The transport speedVT is also space-independent in absence of frame rotation (Ω = 0), then the
three-dimensional effects term is also zero (F3D = 0).

Therefore, in the case of pure plunging motion, the mixed and non-inertial formulations do
coincide.

3.1.8 Lamb-vector-based force decomposition

Different decompositions of the aerodynamic force are herein proposed and illustrated using the
original compressible vortical force formulation (Fa), although similar considerations apply to all
other previously illustrated formulations.

Two-dimensional flows around oscillating aerofoils are considered and the integration domain
is selected with a planar downstream portion of Σ (wake plane) orthogonal to the flight direction
and intercepting the aerofoil trailing edge, where the DMT pole is also located. Note that this
CV choice, for high-Reynolds number flows, tends to separate the bound vorticity (which is kept
in the interior of V) from the free vorticity in the unsteady wake (which is left outside of V).
This distinction is theoretically achieved in an exact way only in the asymptotic case of effectively-
inviscid flows (Re∞ → ∞) since, in the case of finite Reynolds number, in the very near wake a
vorticity directly generated by the body boundary layer is still present.

When the DMT pole is on the wake plane, provided the remaining portion of Σ is not too
close to the body, FS and Fμ have no lift component. For pitching oscillations (Ω ̸= 0), this
is only obtained in inertial reference frames, as the FS integral cannot otherwise be restricted to
the wake plane. In the case of pure plunging motion, instead, it can be generalised to non-inertial
reference frames as well. In such cases, FS+Fμ provides the parasite drag and lift is then only given
by Fℓ + Fρ + Ft + Fm.

Links between this vortical lift expression and the classical linear theory byTheodorsen (Ch.
1, Sec. 1.2.2.2) have been evidenced in [139, 142, 169] and a rigorous derivation and discussion
is provided in Appendix A.5.
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Chapter 3. Unsteady regime

The drag (or thrust) force,Di, induced by the unsteady lift is therefore given by:

Di =
(
Fℓ + Fρ + Ft + Fm

)
· ex (3.47)

where ex is a unit vector aligned with the free-stream velocity V∞. Its time-average in the oscil-
lation period is expected to be of negative sign (thrust) in the inviscid linear incompressible case
and for pure plunging motion, as proved by Garrick [61].

Here an hypothesis is formulated (subject to following verification in Section 3.2.7), stating
that thrust will still be provided by Di for plunging oscillations in a generally viscous and com-
pressible flow, while a positive drag will instead be provided by the parasite contribution:

Dp =
(
FS + Fμ

)
· ex (3.48)

The above decomposition corresponds to the unsteady version of Mele et al. [117] decompo-
sition, proposed by the authors for steady flows (Ch. 2, Sec. 2.1.7). Compared to the last unsteady
extension of this decomposition byOstieri et al. [142], Eq. (3.47) and (3.48) are now generalised
to non-inertial frames of reference and to inviscid flows.

As illustrated in Ch. 2, in the steady regime Fournis et al. [57] proposed an update of the
decomposition which is mathematically pole-independent. This was achieved through the proof
of two vectorial identities, linking vortical to classical force formulas, recalled hereafter for the sake
of clarity:

Fℓ + Fρ − F∇ρ = FKJ + FMSK (3.49)

FS + Fμ + F∇ρ = FBETZ (3.50)

A similar effort is done here for the unsteady regime. Indeed, Eq. (3.47) and (3.48) are pole-
dependent (as steady version byMele et al. [117]) and the above vectorial identities are no more
valid in their original (steady) form. Their extension to the unsteady regime is instead formulated
in this context (and for the first time) as:

Fℓ + Fρ + Ft + Fm − F∇ρ = FKJ + FMSK + FTIME + FAPP + FBODY+

−
∫
Σ
r×
[
n×

(
ρ
∂V
∂t

− ρf
m

)]
dS

(3.51)

FS + Fμ + F∇ρ = FBETZ +
∫
Σ
r×
[
n×

(
ρ
∂V
∂t

− ρf
m

)]
dS (3.52)

A pole independent decomposition can therefore still be achieved by incorporating the high-
lighted integrals in Eq. (3.51) and Eq. (3.52) in the F∇ρ term, leading to an unsteady expression
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of the additional compressibility correction:

Funs∇ρ = F∇ρ −
∫
Σ
r×
[
n×

(
ρ
∂V
∂t

− ρf
m

)]
dS (3.53)

which leads to revised unsteady identities, where the RHSs now contain no pole dependency:

Fℓ + Fρ + Ft + Fm − Funs∇ρ = FKJ + FMSK + FTIME + FAPP + FBODY (3.54)

FS + Fμ + Funs∇ρ = FBETZ (3.55)

The corresponding decomposition of the axial vortical force (LHSs, projected along ex), rep-
resenting the unsteady version of Fournis et al. [57] drag decomposition, cannot however be in-
terpreted as a breakdown in induced and parasite contributions. In fact, the lift component of
FS+Fμ+Funs∇ρ is now non-zero (for example, the integral in Eq. (3.53) cannot be restricted on the
wake plane), therefore it does not represent a parasite drag. Its interpretation is instead provided
by Eq. (3.54) and (3.55), and it is worth observing that, for the two proposed decompositions, all
unsteady and apparent force terms are entirely attributed to the induced drag component, follow-
ing an approach similar to that used byGariepy et al. [59] in their unsteady thermodynamic-based
decomposition.

3.2 Numerical analyses

3.2.1 Computed flow fields

CFD solutions were obtained for an oscillating NACA0012 aerofoil (unitary chord length) in
pitching or plunging motion, at different values of the free-stream Mach number (M∞) and
Reynolds number (Re∞), using Stanford University Unstructured (SU2) compressible and incom-
pressible flow solvers [46, 145] (version 7.3.1 “Blackbird”). SU2 solves flow governing equations
using a nodes-centred Finite VolumeMethod (FVM) based on dual grids. Unsteady simulations
were performed using a dual time stepping approach, with moving mesh technique and central
Jameson-Schmidt-Turkel scheme [75]. Pseudo-time marching is based on an implicit Euler algo-
rithm and no multi-grid procedure was used in this case to accelerate convergence. Weak (en-
tropic)Euler solutionswere computed in the case of effectively-inviscid flowsimulations (Re∞ →
∞), while viscous analyses used an Unsteady Reynolds-Averaged Navier-Stokes (URANS) for-
mulation of flow governing equations, with turbulence closure based on k−ω SSTMenter’smodel
[120], assuming fully turbulent flow. Incompressible simulations assumed a constant molecular
flow viscosity (independent of the static temperature) and the energy equation was not solved‡.

‡Indeed, in absence of heat flux through the body walls, the variation of static temperature due
to viscous dissipation of kinetic into internal energy is negligible in the considered flow conditions
(high Reynolds number and low Eckert number). This was also numerically verified in Sec. 3.2.4.
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Chapter 3. Unsteady regime

Figure 3.2.1: NACA0012 grid used in incompressible plunging URANS simulations.

The SU2 flow solver was validated for the simulation of pitching and plunging oscillations
in very recent studies, dealing with propulsive performance of flapping aerofoils [99] or with
fluid-structure interaction and aeroelastic flutter [52]. Nevertheless, a validation study is also in-
cluded inAppendixC, considering plunging oscillations in knownflowconditions (M∞ → 0 and
Re∞ = 2×104), where both experimental andnumerical results are available from literature data.

As for steady simulations (Ch. 2), a slightly altered definition ofNACA0012 aerofoil providing
closed trailing edge (t.e.) is used [165]. Two different C-type grid were used for incompressible
and compressible plunging simulations respectively. They were generated using the open-source
software Construct2D (COmputational fluid dyNamics STRUctured grid CreaTor for 2D aero-
foils) [155] and the computational domain extends up to 300 chord lengths around the aerofoil,
where free-stream boundary conditions are applied.

Themesh used in incompressible plunging simulations has 429 nodes on the aerofoil and 200
along the wake, resulting in an overall number of hexahedral cells equal to 828× 200 = 165600
(viscous grid, Fig. 3.2.1). For compressible (and for pitching) simulations, instead, a refinedmesh
was used, with the same number of nodes on the aerofoil (429) but 1000 (instead of 200) along
the wake, resulting in an overall number of hexahedral cells equal to 2428 × 200 = 485600
(viscous grid, Fig. 3.2.2) or 2428 × 150 = 364200 (inviscid grid). Grid lines were also forced
to keep almost aligned with Cartesian axes downstream of the aerofoil, overriding default mesh-
generator settings which tended to relax the grid refinement at the trailing edge off the body (as
in Fig. 3.2.1). In viscous flow simulations, cells are clustered around the aerofoil surface to allow
computing numerical solutions down to the wall, without using any wall function.

Grid convergence data justifying the adopted spatial and time discretization are reported in
Appendix D.2.

The plunging motion was simulated at different values of the reduced frequency k = πfc/V∞

and of the non-dimensional plunging amplitude h̃ = ĥ/c, at right angles to the direction of flight
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Figure 3.2.2: NACA0012 grid used in compressible or pitching URANS simulations.

(zero mean effective angle of attack: αē = 0◦). Simulations were initialised from uniform free-
stream conditions at time t0 = 0s, when the harmonic plunging oscillation of time period T
starts with the aerofoil moving downwards. Pitching oscillations, instead, started with the aero-
foil increasing its angle of attack with regards to the free-stream flow, from an initially zero in-
cidence setting. The centre of rotation was assumed at the quarter-chord point and the mean
and amplitude values of the aerofoil angle of attack are denoted with ᾱ and α̂ respectively, i.e.:
α(t) = ᾱ + α̂ sin [2πf (t− t0)]. A summary of the analysed cases is reported in Tab. 3.2.1 and
Tab. 3.2.2, where the physical time step (Δt) and the number of Dual Time Iterations (DTIs)
used are also reported§.

In compressible simulations, the physical time step was selected as T /250 for inviscid analy-
ses and as T /500 in the viscous case, while the number of Dual Time Iterations (DTIs) was set
respectively at 2500 (inviscid case) or at 5000 (viscous case). This choice is conservative with
regards to literature results where larger time steps were used for plunging aerofoils and time con-
vergence was shown [99, 140]. As viscous simulations needmore solver iterations to achieve sim-
ilar convergence and residuals drop, instead of just increasing the number of dual time iterations, a
combined approachwas preferred and the physical time stepwas also halved to reduce peak values
of flux residuals between time steps.

A contour plot of flow vorticity magnitude is illustrated in Fig. 3.2.3 for the subsonic viscous

§It is worth highlighting that, when the incompressible solver is used (as in unsteady simulations
included herein for M∞ → 0), a divergence-free velocity field is always imposed, regardless of the
free-stream and oscillatory motion conditions. This means that, even if M∞ = V∞/a∞ ≪ 1, the
fluid is considered incompressible whichever the reduced frequency value, when compressibility ef-
fects might instead arise in ideal gases (the Mach number based on the motion characteristic speed,
Mmotion = (πfc) /a∞, should also be considered). An infinite speed of sound is assumed (a∞ → ∞)
and the ideal gas model is replaced with a constant-density thermodynamic model, with specific in-
ternal energy (and entropy variations) only depending on the fluid static temperature. Specific flow
enthalpy, instead, is a function of both temperature and pressure (h = e + p/ρ), the latter being no
more a thermodynamic variable.
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Table 3.2.1: Summary of the analysed plunging cases.

M∞ Re∞ k h̃ αē Δt DTIs
→ 0 → ∞ 0.05 0.1 0.0◦ T /100 300
→ 0 9× 106 0.05 0.1 0.0◦ T /500 1000
→ 0 → ∞ 0.50 0.1 0.0◦ T /100 300
→ 0 → ∞ 0.50 0.2 0.0◦ T /100 300
→ 0 9× 106 0.50 0.1 0.0◦ T /500 1000
→ 0 → ∞ 1.00 0.1 0.0◦ T /100 500
→ 0 → ∞ 1.00 0.2 0.0◦ T /100 500
→ 0 9× 106 1.00 0.1 0.0◦ T /500 1000
→ 0 → ∞ 2.00 0.1 0.0◦ T /500 500
→ 0 9× 106 2.00 0.1 0.0◦ T /500 1000
0.5 → ∞ 1.00 0.1 0.0◦ T /250 2500
0.5 9× 106 1.00 0.1 0.0◦ T /500 5000
0.7 → ∞ 1.00 0.1 0.0◦ T /250 2500
0.7 9× 106 1.00 0.1 0.0◦ T /500 5000

Table 3.2.2: Summary of the analysed pitching cases.

M∞ Re∞ k α̂ ᾱ Δt DTIs
→ 0 → ∞ 1.00 5.0◦ 0.0◦ T /250 2500
→ 0 9× 106 1.00 5.0◦ 0.0◦ T /500 5000

flow-field (M∞ = 0.5; Re∞ = 9×106) after 10 computed oscillation cycles, using two different
zero-centred vorticity scales. The larger scale (−5/s < ω < 5/s, Fig. 3.2.3a) is enough to visualise
the unsteady wake vorticity produced by the plunging oscillations. However, with a smaller scale
(−0.05/s < ω < 0.05/s, Fig. 3.2.3b), spurious vorticity waves are observed, travelling with flow
dilatation waves, revealing that vorticity is numerically not confined to dissipative flow regions as
it should be in theory. Indeed, in high Reynolds number flows, the initially irrotational flow-field,
should remain irrotational outside of boundary layers, shock waves and associated wakes. A very
similar picture as Fig. 3.2.3b was also obtained for the inviscid subsonic case and a visualisation of
flow entropy variation field shows that it is also affected by spurious waves. Considering the vor-
ticity balance equation (either absolute or relative vorticity, as they coincide in a 2Dpure plunging
motion):

Dω
Dt

= ω · ∇V− ω(∇ · V) + 1
ρ2
∇ρ×∇p+∇×

∇ ·
(
τ
v
+ τ

R

)
ρ

+∇× f
m

(3.56)

it is clear how, from the five terms on theRHS, the first (stretching/tilting) term is zero in a two-di-
mensional flow-field, the fifth (apparent forces) term is zero even in non-inertial reference frames
(where f

m
̸= 0) as apparent forces are space-independent (and thus irrotational) in pure plunging

motion, the fourth (viscous) term is also basically zero for high-Reynolds number flows in regions
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where dissipative effects are negligible and, for the same reasons, the third (baroclinic) term is also
zero as the unsteady flow would be isentropic outside of boundary layers, shock waves and asso-
ciated wakes. The only non-zero term on the RHS of Eq. (3.56) is the second one (dilatation
term). However, integrating vorticity equation along path-lines, when starting from freestream ir-
rotational conditions (ω∞ = 0) there’s no possibility for flow dilatation to produce fluid particles
vorticity variations, as the velocity divergence ismultiplied by a locally-null vorticity vector. How-
ever, in a numerical calculation, the artificial dissipation is also active, causing spurious vorticity
to arise also in inviscid subsonic conditions and the flow dilatation term to become then effective.

Contour plots of relativeMach number around the plunging aerofoil in viscous transonic con-
ditions are instead included in Fig. 3.2.4, at different time fractions of the oscillation period, where
shock waves on both upper and lower aerofoil sides are visualised.

3.2.2 Post-processing method

Numerical solutions described in Sec. 3.2.1 were post-processed usingUBF2D, which also imple-
ments unsteady far-fieldmethods illustrated in Sec. 3.1 (Appendix F). Results obtainedwith com-
pressible far-field formulations “bc” and “d” are not included hereafter for two reasons: first, it will
be shown (Sec. 3.2.6) that relatively small integration domains are often required for an accurate
force calculation, which limits the applicability of Eq. (3.9) and (3.11) as they require the shock
wave region to be fully included in the selected control volume; then, in Ch. 4, the need tomodify
the compressibility correction (Fmρ

) in transonic flows to avoid domain integration around strong
shocks will be overcome by the new approach proposed therein.

When dealing with turbulent flows governed by theRANS equations, the isotropic Reynolds
stress tensor (related to the turbulent kinetic energy) was neglected and Boussinesq’s approxima-
tion for the deviatoric component was assumed: τ

R
= 2μt

[ 1
2

(
∇V+∇VT)− 1

3∇ · V
]
.

In the post-processing of 2DCFD solutions, spatial gradients of flow variables were computed
using finite differences in the computational (non-curvilinear) space for incompressible
flow-fields, while a nodes-based Green-Gauss formula has been used in compressible cases. Time
derivatives were always computed using a 2nd-order central finite differences scheme, while asym-
metric stencils were adopted at time domain boundaries to preserve accuracy. Volume and surface
integrals are numerically computed as described in Ch. 2, Sec. 2.2.2.

One oscillation cycle was analysed, after adequate convergence level of unsteady forces was
reached (closed loops of instantaneous lift and drag). This corresponded to start post-processing
after n complete computed oscillations, with n = 10 for the subsonic cases (M∞ = 0.5) and
n = 4 for transonic simulations (M∞ = 0.7). The pole used in DMTs is located at the aerofoil
trailing edge and thereforemoveswith it in time, aswell as the employedCVwhichhas alwaysbeen
selected as a subset of the (moving) computational grid and is identified by three orthogonal grid
lines of the computational mesh, as illustrated in Fig. 3.2.5 (where the characteristic lengths used
to define its size are also represented). In particular, XW measures the chordwise position of the
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(a) Larger scale.

(b) Smaller scale.

Figure 3.2.3: Flow vorticity around a plunging NACA0012 (k = 1 ; h̃ = 0.1 ; M∞ = 0.5
; Re∞ = 9 × 106 ; αē = 0◦). Snapshot at the end of 10 complete oscillations, using
different vorticity scales.
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Figure 3.2.4: Relative Mach number contour plots, at different time period fractions
- plunging NACA0012 (k = 1 ; h̃ = 0.1 ; M∞ = 0.7 ; Re∞ = 9× 106 ; αē = 0◦).

“wake plane”, delimiting the integration domain downstream of the aerofoil. The lateral distance
of theC-shapedΣ edge from the aerofoil will be denoted asZW. BothXW andZWwill be expressed
in chord units.

In what follows, a non-inertial frame of reference solidal with the rigid oscillating aerofoil (ori-
gin at leading edge, x-axis in chord-wise direction and z-axis pointing upwards) has been con-
sidered. This facilitates the computation of relative time derivatives in the case of moving grid
simulations. Another, inertial, frame of reference is also considered, initially coincident in origin
and axes orientation with the non-inertial one and fixed in time. The computation of absolute
time derivatives (to be used in the inertial frame of reference) can move from the corresponding
relative time derivatives using the transformations in Appendix A.2.

3.2.3 Plunging oscillations in incompressible flow

A comparison between near-field and far-field calculations of the instantaneous aerodynamic co-
efficients (the latter obtained using the mixed inertial/non-inertial formula) is reported in Fig.
3.2.6 and 3.2.7, for the simulations characterised by a plunging amplitude ĥ = 0.1c. Gener-
ally, far-field and near-field predictions are in satisfactory agreement, for both viscous and inviscid
simulations. Results from Theodorsen’s linear theory [194] are also included in lift-coefficient
plots. The reduction of the mean slope of the lift curve at moderately and highly unsteady regime
(k = 0.5, k = 1.0, k = 2.0), already evidenced in the calculations by Ostieri et al. [140], reveals
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Figure 3.2.5: Control volume shape and characteristic dimensions.

an opposite trend compared to what observed in the quasi-steady regime (up to k = 0.05), where
the aerofoil thickness results in a slightly higher average lift slope compared toTheodorsen’s thin
aerofoil theory. Indeed, the latter is an expected behaviour, as it approaches what experienced in
steady-state conditions, where the thickness effect increases lift of thin aerofoils in the linear range.
With the introduction of viscosity, the average lift curve slope is slightly reduced and the drag co-
efficient increases, leading to a reduction of the mean thrust coefficient as observed in Fig. 3.2.8b
for both near-field and far-field results.

In the same figure, mean (time-averaged) thrust coefficients (both near-field and far-field esti-
mates) computed for inviscid flow are compared against values obtained using Garrick’s formula
(Ch. 1, Eq. (1.76)), valid in the linear case (small perturbations assumption).

The agreement with reference linear theory is good even if, at the higher values of the reduced
frequency, mean thrust coefficients are slightly overestimated by Garrick’s formula. Such a dis-
crepancy can be associated to non-linear effects, since the small perturbation hypothesis is lost as
the oscillation frequency is increased and larger values of the effective incidence angle are experi-
encedduring the plungingoscillation. Additionally, even for small perturbations, Fernandez-Feria
[49] highlighted that Garrick’s theory needs to be corrected to account for suction effects not just
at the aerofoil leading edge (Ch. 1, Sec. 1.2.2.3) but all over the body, which results in lower C̄T

values as the reduced frequency is increased.

The free-stream flow conditions used for inviscid flow simulations are: V∞ = 34m/s, ρ∞ =

1.225kg/m3 and T∞ = 288.15◦K, corresponding toM∞ = 0.10. It was verified that, if a com-
pressible (instead of incompressible) simulation is performed for the same flow conditions, the
computed (near-field) mean thrust coefficient is closer to Garrick’s linear estimate (Fig.3.2.8b).
Such a simulation was performed using the compressible SU2 solver, at the highest tested value
of the reduced frequency (k = 2). However, this behaviour is misleading as non-linear discrep-
ancies are hidden by compressibility effects, that tend to accentuate flow expansions at the lead-
ing-edge and to increase the thrust coefficient. This was the case of flow simulations reported in
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Figure 3.2.6: Lift and drag coefficients versus effective angle of attack αe =

arctan
(
ḣ/V∞

)
, comparison of near-field (NF), far-field (FF) and Theodorsen’s esti-

mations. Plunging NACA0012 (h̃ = 0.1; αē = 0.0◦; M∞ → 0; Re∞ = 9 × 106). DMT
pole at the aerofoil trailing edge; XW/c = 1, ZW/c = 1. k = 0.05 in (a) and (b),
k = 0.50 in (c) and (d).
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Figure 3.2.7: Lift and drag coefficients versus effective angle of attack αe =

arctan
(
ḣ/V∞

)
, comparison of near-field (NF), far-field (FF) and Theodorsen’s esti-

mations. Plunging NACA0012 (h̃ = 0.1; αē = 0◦; M∞ → 0; Re∞ = 9 × 106). DMT
pole at the aerofoil trailing edge; XW/c = 1, ZW/c = 1. k = 1.00 in (a) and (b),
k = 2.00 in (c) and (d).
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Figure 3.2.8: Comparison between far-field (ff), near-field (nf) and Garrick’s mean
thrust coefficients: 3.2.8a is extracted from [169] (Pag. 13, Fig. 9); 3.2.8b refers to
the present study. Plunging NACA0012 (αē = 0◦; M∞ → 0). DMT pole at the aerofoil
trailing edge; XW/c = 1, ZW/c = 1.

[169] (Pag. 13, Fig. 9), where a compressible solver was used to compute unsteady flow solutions
at M∞ = 0.10, showing an apparently better agreement at high k values. For reader’s conve-
nience, the referenced plot extracted from [169] is also included in Fig. 3.2.8a. In the legend
of the extracted graph, FG indicates values computed using Garrick’s formula, Fnf represent near-
field data obtained by the compressible flow solver and FCi

denote far-field values computed using
the mixed inertial/non-inertial vortical force formula on the inviscid flow solutions. Moreover,
it should also be noted that the present comparison between near-field and far-field estimations
(Fig. 3.2.8b) shows a good agreement also in the case at kh̃ = 0.05, where Russo et al. did not
report a satisfactory matching (Fig. 3.2.8a).

Results from viscous simulations are also included in Fig. 3.2.8b. Results computed with the
mixed inertial/non-inertial formula are in satisfactory agreement with near-field data also in these
fully turbulent high-Reynolds-number flow conditions, in the full range of analysed reduced fre-
quency values.

In Fig. 3.2.9 an analysis of the (numerical) variation of far-field total drag coefficient with the
integration domain dimension is illustrated, for the plunging case with unitary reduced frequency
value and h̃ = 0.1 (a similar behaviour was observed in all other simulated cases). In particular,
time histories of the aerodynamic drag coefficients (both far-field and near-field estimates) are
included for different control volumes, which are also shown in the figure together with vorticity
contour plots.

It can be observed that, as thewake edge ofΣ ismoved downstreamof the aerofoil trailing edge
(in Fig. 3.2.9 Xs = XW − 1 and varies from 0 to 300 chord lengths), the far-field aerodynamic
force computation looses accuracy, with strong deviations from the near-field data observed up to
Xs ≈ 50. An improvement is thenobtainedon larger control volumes andno significant variations
are observed for 50 < Xsc < 300. A similar behaviour was also observed on lift coefficients,
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although not reported in Fig. 3.2.9.

This can be explained by analysing the different terms involved in the mixed inertial/non-in-
ertial far-field force formula. It contains domain integrals (inV), external surface integrals (on Σ)
and body skin integrals (on ∂B). The last terms are dominant over all others, especially for invis-
cid flows. Based on what observed in Fig. 3.2.9, domain and external surface integrals are for sure
affected by spurious numerical effects in the region where 0 < XW − 1 < 50. Nevertheless, inte-
grals on Σ vanish on large control volumes, as the flow-field is still undisturbed at large distances
from the aerofoil, not yet reachedbyflowadvection at the simulated time. For the same reason, the
pollution of domain integrals observed in the wake region has a relatively lower impact on larger
control volumes, where the majority of the integration domain falls outside of the computed un-
steady wake. The dominant skin terms therefore tend to mask pollution effects on large control
volumes and far-field force inaccuracy is then reduced. It is anticipated that the observed inaccura-
cies can now be significantly reduced through the unified thermodynamic/vortical methodology
proposed in this dissertation, which will be discussed and illustrated in Ch. 4.

3.2.4 Pitching oscillations in incompressible flow

Since in the case of pure plunging motion the mixed and non-inertial formulations coincide, to
demonstrate the advantages of using the mixed formulation for unsteady incompressible flows,
pitching oscillations were additionally considered, as detailed inTab. 3.2.2. In particular, theweak
Euler simulation (Re∞ → ∞) is also used as a test-case for the extension of the mixed formula
to the analysis of inviscid flow-field derived in Sec. 3.1.7.

CFD simulations used the refined grid (Fig. 3.2.2) providing higher resolution especially in the
unsteady wake region, to better analyse the far-field force variation with the control volume size.
The energy equation was now solved (in the viscous case) and a Sutherland’s dynamic viscosity
model was used. Nevertheless, negligible temperature variations in the entire flow-field were ob-
served, confirming the assumption used in Sec. 3.2.3. Thepost-processing covered one oscillation
period, starting after 10 complete pitching cycles were computed.

Figure 3.2.10 and 3.2.11 provide comparison of lift and drag coefficients respectively, com-
puted using the inertial (Eq. (3.22)), non-inertial (Eq. (3.23)) and mixed (Eq. (3.44)) far-
field formulas, against reference data computed using near-field integration on the body wall (Eq.
(1.1)), for the inviscid pitching simulation. A red arrow along curve loops indicates the marching
direction during the analysed pitch oscillation. The selected control volume is relatively small in
size (XW = 1.2, ZW = 0.2) and satisfactory results are provided by all far-field formulas. Similar
plots are provided in Figure 3.2.12 and 3.2.13 for the viscous pitching simulation.

To better appreciate differences in compared formulations, which cannot be easily deduced
from the included plots because of the larger unsteady variation scale, the time series standard
deviation of a generic far-field force coefficient (Cff

l|d), with regards to the corresponding near-field
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Figure 3.2.9: Far-field drag variation changing the wake plane position, for the plung-
ing NACA0012 in incompressible inviscid flow (h̃ = 0.1; k = 1.0; αē = 0◦; M∞ → 0;
Re∞ → ∞). DMT pole at the aerofoil trailing edge; ZW ≈ 2, Xs = XW − 1.
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Figure 3.2.10: Near-field vs. far-field lift coefficient using incompressible vortical force
formulas in inviscid flow (XW = 1.2, ZW = 0.2).
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Figure 3.2.11: Near-field vs. far-field drag coefficient using incompressible vortical
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Figure 3.2.12: Near-field vs. far-field lift coefficient using incompressible vortical force
formulas in viscous flow (XW = 1.2, ZW = 0.2).
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Figure 3.2.13: Near-field vs. far-field drag coefficient using incompressible vortical
force formulas in viscous flow (XW = 1.2, ZW = 0.2).
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Table 3.2.3: Standard deviation of far-field force coefficient time series (Fff), with
regards to near-field data (Fnf), in inviscid incompressible flow.

Formulation σCl σCd
inertial 8.94e-04 3.45e-04
non-inertial 9.20e-04 5.14e-04
mixed 8.47e-04 5.24e-04

Table 3.2.4: Standard deviation of far-field force coefficient time series (Fff), with
regards to near-field data (Fnf), in viscous incompressible flow.

Formulation σCl σCd
inertial 4.80e-04 9.55e-04
non-inertial 5.25e-04 8.16e-04
mixed 4.27e-04 8.13e-04

data (Cnf
l|d), is defined as follows (ti is the discrete time):

σCl|d =

√√√√∑N
i=1

[
Cff
l|d(ti)− Cnf

l|d(ti)
]2

N
(3.57)

whereN is the number of total time steps of the computed periodic series.

Table 3.2.3 and 3.2.4 include standard deviation data for the three compared formulations,
highlighting that lift is accurate in all cases, while a loss in drag accuracy is observed in presence of
viscosity. This will be improved by using the unified thermodynamic/vortical approach discussed
in Ch. 4 and results included in Section 4.2.6 will show that accuracy is recovered in most cases.
Previously, other authors [139, 140] reportedmuch larger inaccuracies using the inertial formula,
which were however not encountered in this work.

Nevertheless, as the integration domain is extended downstream of the pitching aerofoil, all
formulas loose accuracy on drag (Fig. 3.2.14) and on lift (similar plot, not included herein), as
already observed in Sec. 3.2.3. However, this behaviour is divergent for the non-inertial formula-
tion, due to the lack of the mid-field property in this case. As the control volume size is enlarged,
the integration is extended to flow-field regions where the computational mesh is not sufficiently
refined, accumulating errors in the computed far-field force as their contribution is non-negligible
in absence of the mid-field property. In particular, the diverging behaviour is due to the presence
of position vectors x in the expression of apparent forces (f

m
), which are themselves multiplied

by (scaled) position vectors in the surface integral of the Fm term, resulting in a non-linear de-
pendence on x vectors. Their magnitude increases far from the centre of rotation, but the grid is
therein quite coarse and does not provide adequate resolution for apparent forces.

This effect is even stronger when the lateral CV dimension ZW is also increased (from 0.2 to
10.0, Fig. 3.2.15), resulting in large inaccuracies of the non-inertial formula at any XW position.
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The new unsteady terms formulation (F∗t , applicable to both inertial and non-inertial formulas)
allows reducing inaccuracies in the non-inertial frame of reference (although not at a satisfactory
level), while almost no effect was observed from its application in inertial frames for this pitching
case¶. Two different scales for the drag coefficients are used in Fig. 3.2.14 and 3.2.15 to highlight
the computed force divergence in non-inertial reference frames (observed for both standard and
new unsteady terms formulations). The (mid-field) inertial and mixed formulations provide rea-
sonable accuracy as long as the unsteady wake is captured with sufficient accuracy (XW < 2).
Further downstream the flow vorticity is gradually dissipated and the far-field methods suffer of
similar problems as those already observed and discussed in Sec. 3.2.3. The mixed formula how-
ever behaves best among others, with smaller errors in the region of lower accuracy (σCd peak).
Very similar plots (not includedherein)were obtained for the post-processingof the viscous pitch-
ing simulation�.

It is worth mentioning that the accuracy recovery downstream of the convected wake (XW >

50, Fig. 3.2.15), already observed in plunging simulations, is not realised in the case with ZW =

0.2 (Fig. 3.2.14). Surface integrals on Σ do not vanish in this case even if the wake plane is in a
region of undisturbed flow, as the lateral CV dimension is too small, causing the C-edge crossing
the unsteadywake (Fig. 3.2.16). A similar phenomenonwas also observed anddiscussed in steady
simulations (Appendix B, Fig. B.1.17).

3.2.5 Plunging oscillations in subsonic flow

Fig. 3.2.17 and Fig. 3.2.18 illustrate, for plunging oscillations in viscous subsonic flow, a compari-
son of near-field lift anddrag coefficients versus their far-field counterparts, computed using theFa
formula in either inertial or non-inertial reference frame and with the unsteady terms computed
by Eq. (3.3) or Eq. (3.13). Thewake plane is located at the aerofoil trailing edge and the ZW coor-
dinate (Fig. 3.2.5) is equal to 0.2. Timemarching along lift anddrag loops is indicated highlighting
points at the beginning (nT ) of the time period T and after a fraction of it (nT + T /25). The
aerofoil non-dimensional upwards displacement from its initial reference position is plotted on
the ordinates axis, taking the opposite of the relative vertical position (h/c), which is convention-
ally positive in the downwards direction for a plunging motion.

All compared formulations provided results in close agreement with near-field data (three of
the four symbols are superimposed, altogether looking like a filled circle), except when the un-
steady terms were computed in the standard way (Eq. (3.3)) and based on absolute velocities.
This inaccuracy can be related to the anticipated computation of spatial gradients (involved in
Eq. (3.3) and not in Eq. (3.13)) using absolute velocities, also considering that in pure plunging

¶Its advantage will be much more clear on plunging cases, illustrated in the next sections. Here
it was highlighted that the use of F∗t can bring benefits also on different cases, such as the pitching
oscillations considered herein.

�It is anticipated that the observed inaccuracies can now be significantly reduced through the uni-
fied thermodynamic/vortical methodology proposed in this dissertation, which will be discussed and
illustrated in Ch. 4.
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Figure 3.2.14: Total far-field drag variation with wake plane position, for ZW = 0.2:
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Figure 3.2.16: Flow vorticity around a pitching NACA0012 (k = 1 ; M∞ → 0 ;
Re∞ → ∞ ; ᾱ = 0◦ ; α̂ = 5◦). Snapshot at the end of 9 complete oscillations and CV
reference dimensions.

Table 3.2.5: Standard deviation of far-field force coefficient time series, with regards
to near-field data, in viscous subsonic flow.

Formulation σCl σCd

U
.V
.E
.¹

Fa inertial 1.09e-01 1.22e-03
F∗a inertial 4.58e-04 4.02e-04
Fa non-inertial 4.50e-04 3.99e-04
F∗a non-inertial 4.75e-04 3.99e-04

S.
V.
E.

²

F∗b non-inertial 5.11e-04 4.28e-04
F∗c non-inertial 4.74e-04 2.61e-04

¹ Unsteady Variant Effect. ² Steady Variant Effect.

motion grid velocities only affect the vertical speed component. This inaccuracy is avoided using
the alternative formulation of unsteady terms: F∗t .

Drag coefficient has two minima per oscillation cycle: one in the up-stroke and one in the
down-stroke, the average drag being of negative sign (thrust) at the simulated Reynolds number
(Knoller-Betz or Katzmayr effect [16, 82, 85]).

Tab. 3.2.5 includes data of the calculated standard deviation (as defined in Sec. 3.2.4) for the
differentFa formulations illustrated inFig. 3.2.17 andFig. 3.2.18 (UnsteadyVariantEffect: U.V.E.).

Selecting the non-inertial reference frame alongwith the alternative unsteady terms expression
(F∗t ), a further comparison is presented in Tab. 3.2.5 for the different force formulas (F∗a , F∗b and
F∗c ) as defined in Sec. 3.1 (Steady Variant Effect: S.V.E.). Formulation “c” provided the most ac-
curate results, a feature that the author already observed post-processing steadyRANS solutions
[124].
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Figure 3.2.19: Lift breakdown into individual F∗a constituents, in the non-inertial
reference frame and for viscous subsonic flow.

A breakdown of total lift and drag (computed using F∗a formula in the non-inertial reference
frame) into individual components of the vortical force expression is provided in Fig. 3.2.19 and
Fig. 3.2.20. A strong temporal delay in lift generation, with regards to the plunging motion, is
visible (Fig. 3.2.19), as expected being the flow regime highly unsteady at the simulated reduced
frequency value (k = 1). The unsteady term (F∗t ) is dominant on lift and oscillating around
zero on drag, while compressibility corrections are comparable inmagnitudewith the vortex force
components. It is observed that the FS term only provides a drag contribution, almost constant in
time, with the adopted choice of the CV.

Also in this case, a sensitivity analysis on the variation of total lift and drag (computed using
the non-inertialF∗c formula)with theCV selection, has been performedmodifying thewake plane
position for different values of theZW dimension. Fig. 3.2.21 andFig. 3.2.22 illustrate the variation
of respectively lift and drag cycles standard deviations from near-field data. The parameter σCl|d is
a measure of the absolute error between far-field and near-field force coefficients over one oscilla-
tion period and, for drag, a measure of the relative error is also provided in Fig. 3.2.22 considering

the ratio of σCd over the modulus of the time-averaged near-field drag coefficient Cnf
d (for lift, the

time average is zero in this case). Although themid-field property is not verified by any of the com-
pressible Lamb-vector formulas, errors do not diverge in this case as the CV size is progressively
increased, differently from what observed in presence of pitching oscillations for the non-inertial
formulation. For pure plunging, apparent forces are in fact spatially independent.

It is clear that, again, a loss of accuracy occurs as theCV extends in the regionwere large vortic-
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Figure 3.2.20: Drag breakdown into individual F∗a constituents, in the non-inertial
reference frame and for viscous subsonic flow.

ity variationswere observed (Fig. 3.2.23), with a peak onCVswith size between 20 and 30 aerofoil
chords. This region corresponds to the location up to which the vortical structures highlighted in
Fig. 3.2.3 have been advected downstream of the aerofoil at the simulated time used in post-pro-
cessing (10T ≤ t < 11T ). When the wake plane is located a few chord lengths downstream of
the aerofoil, total lift is correctly computed for both small andhigh values of theZW distance, while
small ZW values are required to achieve an accurate matching between far-field vs. near-field total
drag. Selecting anXW position downstreamof the computed unsteadywake, total drag is correctly
computed in the inviscid flow case for both small and high values of the ZW distance, while large
inaccuracies are still observed in the viscous case for all analysed ZW values.

Different reasons can be at the basis of the observed inaccuracies, causing a pollution of com-
puted results which decreases (but does not vanish) for CVs encompassing the vorticity waves
region. Indeed, a first source of inaccuracy is envisaged in the presence of a shear surface in the
aerofoil wake during the unsteady oscillation. Like shock waves, this shear surface is a flow-field
discontinuity for inviscid flows (and, as such, should be considered as a CV boundary**) as far as
strong solutions of the Euler equations are concerned. This is useful, for example, in establishing
links between the vortical force theory and classical unsteady potential theories (Appendix A, Sec.
A.5). Nevertheless, when dealing with Navier-Stokes equations (which do not admit discontinu-
ities) or looking for weak Euler solutions (as in numerical applications) shock waves and shear

**see, for example, Fig. A.5.1a in Appendix A, in the case of small perturbations (rectilinear wake
discontinuity).
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Chapter 3. Unsteady regime

Figure 3.2.23: Flow vorticity around a pitching NACA0012 (k = 1 ; h̃ = 0.1 ;
M∞ = 0.5 ; Re∞ = 9× 106 ; αē = 0◦). Snapshot at the end of 10 complete oscillations
and CV reference dimensions.

layers can be included in the interior of the CV (the flow-field still being differentiable therein),
nevertheless a loss in accuracy is expected in those regions due to the steep gradients of flow vari-
ables involved.

Eventually, the improvement observed for the inviscid case in far-field predictions onCVs fully
including the vorticity waves, can be explained by the presence of non-zero body surface integrals
in the vortical force expression. These (near-field) terms are dominant over volume (mid-field)
integrals and mask their inaccuracy, instead emerging in the viscous case. Surface integrals over
the external CV boundary (Σ) provide no contribution on such large CVs (for either viscous or
inviscid cases) as the far-field is still undisturbed in the simulated time interval.

A sensitivity study of the analysed far-field force methods to the spatial grid resolution is also
included in Appendix D.3.

The inaccuracies observed herein will be largely reduced by the introduction of the unified
thermodynamic/vortical approach discussed in Ch. 4, representing part of the advantages of the
innovative far-field method proposed in this dissertation. In particular, the impact of the Lamb
vector calculation approach on the highlighted force variations with the CV size will be investi-
gated and discussed in Section 4.2.6.

3.2.6 Plunging oscillations in transonic flow

Starting from inviscid simulations, having observed that sufficiently small values of σCl and σCd

are obtained in inviscid conditions also on large CVs, the post-processing of Euler transonic solu-
tions was performed locating the outer integration domain boundary 50 chord-lengths off from
the aerofoil surface, which of course includes any shock wave in the flow-field.
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Figure 3.2.24: Near-field vs. far-field lift coefficient using non-inertial force formulas,
in inviscid transonic flow.

A comparison of the different Lamb-vector-based drag formulas in the non-inertial reference
frame is illustrated in Fig. 3.2.24 and Fig. 3.2.25 (unsteady terms are always computed according
to Eq. (3.13)). As expected, formulations “a” and “b” are largely inaccurate on drag in presence of
shock waves [116, 124], while far-field drag computed by formulation “c” is in satisfactory agree-
ment with near-field data, despite the presence of the new volume integral term highlighted in
Sec. 3.1.3.

The inaccuracy highlighted in the viscous subsonic case when using the inertial formulation
with standard expression of unsteady terms, is not observed here for this inviscid case (Tab. 3.2.6),
while it is clearly visible on lift computed for the viscous transonic solutions (Tab. 3.2.7, Fig. 3.2.26
and Fig. 3.2.27 ). Finally, although not reported herein, similar results as those illustrated for the

Table 3.2.6: Standard deviation of far-field force coefficient time series, with regards
to near-field data, in inviscid transonic flow.

Formulation σCl σCd

S.
V.
E.

¹ F∗a non-inertial 7.52e-04 8.40e-03
F∗b non-inertial 1.15e-03 7.70e-03
F∗c non-inertial 2.81e-04 2.10e-04

U
.V
.E
.²Fc inertial 1.43e-03 4.68e-04

F∗c inertial 1.51e-03 5.07e-04
Fc non-inertial 1.33e-04 1.84e-04

¹ Steady Variant Effect. ² Unsteady Variant Effect.
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Figure 3.2.25: Near-field vs. far-field drag coefficient using non-inertial force formulas,
in inviscid transonic flow.

Table 3.2.7: Standard deviation of far-field force coefficient time series (Fc), with
regards to near-field data, in viscous transonic flow.

Formulation σCl σCd
Fc inertial 3.02e-01 1.54e-02
F∗c inertial 1.61e-03 6.98e-04
Fc non-inertial 1.50e-03 7.43e-04
F∗c non-inertial 1.58e-03 7.78e-04

subsonic case, were obtained for the sensitivity of far-field total lift and drag coefficients to the
integration domain selection.

3.2.7 Thrust/Drag Bookkeeping

The proposed decompositions of the aerodynamic force, described in Section 3.1.8, are herein
applied to the plunging NACA0012 aerofoil in viscous subsonic and transonic conditions. The
hypothesis formulated in Section3.1.8 and related to the identificationof thrust anddrag onplung-
ing aerofoils immersed in a generally viscous and compressible flowwill be verified. In all analysed
cases, the wake plane intercepts the aerofoil trailing edge (XW = 1), where the DMT pole is also
located.

Fig. 3.2.28-3.2.33 illustrate results of total lift and drag decomposition respectively for the vis-
cous incompressible, subsonic and transonic plunging simulations, using definitions from Eq.
(3.47)/(3.48). Force coefficients are plotted as a function of the effective angle of attack:
αe = arctan(ḣ/V∞).
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Figure 3.2.26: Near-field vs. far-field lift coefficient using force formula “c”, in viscous
transonic flow.
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Figure 3.2.27: Near-field vs. far-field drag coefficient using force formula “c”, in
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Chapter 3. Unsteady regime

Numerical results confirm that, with the selected integration domain and pole position, no lift
is obtained by Fs + Fμ (Fig. 3.2.28,3.2.30 and 3.2.32), then the unsteady axial force is effectively
decomposed in lift-induced and parasite contributions (Fig. 3.2.29,3.2.31 and 3.2.33).

In the same figures, drag coefficients from steady viscous simulations are included at incidence
angles equal to −10◦,−5◦,0◦,5◦ and 5◦ (to compare against unsteady parasite drag), together
with total axial force coefficients from the unsteady inviscid simulation at the sameMach number
(to compare against unsteady induced drag). It is interesting to note the remarkable agreement
between the identified unsteady thrust in viscous flow and the unsteady inviscid total axial force at
M∞ → 0 andM∞ = 0.5. Discrepancies are observed in transonic conditions, but in this case
such a comparison is unfair, as the inviscid axial force does not purely represent a thrust contri-
bution: it also includes wave drag. Moreover, the strength of viscous and inviscid shock waves is
quite different. It is also highlighted that the unsteady parasite drag exhibits very slight variations
with the effective angle of attack experiencedby the aerofoil during its plungingoscillation, despite
the strong incidence effects instead observed in steady conditions. For example, it should bemen-
tioned that the steady viscous flow atM∞ = 0.5 and α = ±10◦ separates from the aerofoil (the
corresponding drag coefficients are oscillating and the average value is out of scale in Fig. 3.2.31),
while fully attached flow is instead realised at the same effective angle of attack during the unsteady
motion, where separation has not enough time to develop. This also happens in viscous transonic
conditions, where a shock-induced separation was observed at α = ±5◦ (Cd = 381d.c., out of
scale in Fig. 3.2.33) which does not occur under unsteady conditions.

Finally, Fig. 3.2.34-3.2.37 illustrate results of the pole-independent total force decomposition.
As anticipated in Sec. 3.1.8, and with the current CV selection (XW = 1.0; ZW = 0.2), this
cannot however be interpreted as a drag breakdown in induced and parasite contributions, as the
lift component of FS + Fμ + Funs∇ρ is non-zero. Like for steady flows, a sensitivity analysis of this
(and of the former) unsteady force decomposition with the control volume selection should be
performed, to investigate, among other things, on the possibility to obtain a pole-independent
drag decomposition identifying the unsteady lift-induced and parasite drag. This however was
not yet possible at the time of the reported research because of the numerical variation of the total
forcewith the control volume size (extensively evidenced and discussed throughout this chapter),
preventing from analysing different breakdowns of the same unsteady drag.

3.3 Summary and remarks

• The validity of three existing Lamb-vector-based force formulas (“c”, “bc” and “d”) was ex-
tended to the unsteady flow regime, introducing additional terms. Formulation “c” pro-
vided the most accurate results on all analysed flow-fields (viscous or inviscid, subsonic
or transonic), a feature already observed in the steady regime and now also confirmed for
unsteady flows and including the new additional terms. Thiswas not straightforward since,
differently from the steady version, the additional terms in the unsteady formula contain
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Figure 3.2.28: Lift decomposition isolating zero lift contribution for the viscous in-
compressible flow case at k = 1, using Fa in the non-inertial reference frame.
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Figure 3.2.29: Drag decomposition in induced and parasite contributions for the
viscous incompressible flow case at k = 1, using Fa in the non-inertial reference frame.
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Figure 3.2.30: Lift decomposition isolating zero lift contribution for the viscous sub-
sonic flow case, using F∗c in the non-inertial reference frame.
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Figure 3.2.31: Drag decomposition in induced and parasite contributions for the
viscous subsonic flow case, using F∗c in the non-inertial reference frame.
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Figure 3.2.32: Lift decomposition isolating zero lift contribution for the viscous tran-
sonic flow case, using F∗c in the non-inertial reference frame.
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Figure 3.2.33: Drag decomposition in induced and parasite contributions for the
viscous transonic flow case, using F∗c in the non-inertial reference frame.
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Figure 3.2.34: Pole-independent lift decomposition for the viscous subsonic flow case
(F∗c non-inertial).
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Figure 3.2.35: Pole-independent drag decomposition for the viscous subsonic flow
case (F∗c non-inertial).
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Figure 3.2.36: Pole-independent lift decomposition for the viscous transonic flow case
(F∗c non-inertial).
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Figure 3.2.37: Pole-independent drag decomposition for the viscous transonic flow
case (F∗c non-inertial).
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volume integrals, which were appointed to cause accuracy issues, especially in presence of
shock waves, by different authors working on steady Lamb-vector methods.

• A recently proposed mixed inertial/non-inertial unsteady incompressible vortical force
formulation, originally derived for two-dimensional viscous flows, has been also extended
to three-dimensional and to inviscid flow conditions. Furthermore, a new expression of
body integral terms, appearing in unsteady vortical force formulas, has been derived and
successfully applied to post-process viscous and inviscid numerical flow solutions around
an oscillating NACA0012 aerofoil in pure plunging motion. The new expression of body
skin terms has the advantage of being numerically more accurate, as no computation of
spatial derivatives on the body surface is required. Moreover, for steady inviscid cases, this
expression is also independent of the arbitrary pole used for derivative moment transfor-
mations.

• Different unsteady Lamb-vector-based force formulas were compared and their accuracy
assessed in inertial and non-inertial reference frames, for oscillating aerofoils simulated
using moving grids.

• For a pure plunging motion, the best results were obtained working in non-inertial refer-
ence frames. In these cases, inertial formulations revealed inaccurate on both lift and drag,
for viscous flows. A new expression was derived for the integrals containing time deriva-
tive of the velocity field. This does not involve the computation of spatial gradients and
its use eliminates the inaccuracy observed for Lamb-vector-based force formula in inertial
reference frames. In non-inertial formulations, its use resulted in a negligible impact.

• For a pure pitchingmotion, the best results were obtained using inertial ormixed formula-
tions, while for the non-inertial formulation errors diverged as the CV size was increased,
due to the lack of the mid-field property combined with space-dependent apparent forces
(poorly resolved on coarse meshes, far from the body).

• For plunging oscillations in an incompressible flow, the discrepancy observed in a liter-
ature paper [169] between near-field and far-field estimates of mean thrust coefficients,
at low values of the reduced frequency, is not observed in the reported results, which ex-
hibit a satisfactory agreement with linear predictions of Garrick’s theory in the inviscid
flow regime. In addition, it was proved that, using a compressible flow solver, may lead to
an apparently better agreement of inviscid mean thrust calculations with Garrick’s results,
at high values of the reduced frequency. This is however an effect of the higher leading-
edge flow expansion during aerofoil plunging motion (increasing the mean thrust), which
masks the discrepancies instead observed in incompressible flow simulations and justified
by the loss of the small perturbations hypothesis.

• The numerical dependence of unsteady far-field force predictions on the integration do-
main has been broadly and systematically analysed (an aspect almost never addressed in
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literature). A significant loss of accuracy was identified in all force formulas when extend-
ing the selected control volume far from the body, in the region of computed vortical struc-
tures (aerofoil unsteady wake and, for compressible flows, spurious vorticity waves). On
small control volumes, the observed inaccuracieswere not so large, althoughnot negligible
on drag, especially in viscous cases. This revealed a pollution of computed integrals, and it
was anticipated that the observed inaccuracies can now be significantly reduced through
the unified thermodynamic/vortical methodology proposed in this dissertation.

• Two different unsteady force decompositions were discussed. The proposed axial force
breakdown inunsteady induced force andparasite drag allows forTDB in two-dimensional
flows, and a pole-independent force decomposition was also derived. Indeed, a method-
ologywas proposed for oscillating aerofoils identifying, in the far-field Lamb-vector-based
axial force expression, the individual force termsproviding thrust and thoseprovidingdrag.
It is interestingly highlighted that the decomposition is achieved using a control volume
that tends to separate the bound vorticity on the body surface from the free vorticity in
the unsteady wake. The proposed vortical approach to the TDB problem also gives a new
insight on the physical phenomenon of thrust generation on flapping wings, complemen-
tary to that provided by Knoller and Betz (related to non-zero effective angles of attack):
thrust is obtained as the axial force induced by the unsteady lift, i.e. by the time-variation
of the aerofoil circulation and associated unsteady trailing vorticity.

• In subsonic flow, the decomposition provides satisfactory results when thrust and drag
contributions are compared respectively to the inviscid force (thrust only) and to the
steady force (drag only). Nonetheless, it is also highlighted that the computed unsteady
parasite drag exhibits very slight variations with the effective angle of attack experienced
by the aerofoil during its plunging oscillation, while strong incidence effects are instead
observed on the steady drag. Decomposition results in transonic flow were also analysed,
although in this case the inviscid force does not purely represent a thrust contribution, but
also includes wave drag.

• It has to be mentioned that the proposed TDB method and the associated separation of
bound and free vorticity are difficult to extend to three-dimensional configurations, due to
the discusses limitations on the selection of the wake plane and DMT pole locations.
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…a fundamental theory will be considered better than others if it
involves fewer unknown variables in more localised integration do-
mains (a property to be said “neater”), and it can reveal more clearly
the key physics underlying the force.

Jie-Zhi Wu

4
Unified thermodynamic/Lamb-vector-based

far-field forcemethod

In CFD, Lamb-vector-based methods are much tailored for numerical solutions
where flow vorticity is directly computed (e.g. by incompressible flow solvers using vor-
ticity-based algorithms) [138, 179, 216], while they might exhibit lower accuracy when flowmo-
mentum is instead computed (e.g. in compressible solvers using primitive flow variables) [124],
then vorticity is obtained through a numerical differentiation of the velocity field (ω = ∇× V),
to finally compute the Lamb vector. Indeed the non-linear differential vector identity V · ∇V =

∇ (V2/2)+(∇× V)×V, which is used in the theoretical derivation of Lamb-vector-basedmeth-
ods, might not numerically hold, depending on the selected numerical differential operators [11].
Therefore the discretemomentumequation, which is numerically satisfied at convergence accord-
ing to the solver’s order of accuracy (e.g. 2nd-order) and with the selected advective flux formula-
tion, might not be satisfied (at least not with the same accuracy) when the discrete expressions of
∇ (V2/2) and ℓ = (∇× V)×V are instead considered, as in a numerical post-processing proce-
dure using Lamb-vector-based momentum methods. Moreover, the expected solution accuracy
might not be locally achieved in flow-field regions around shock waves (where high-resolution
schemesmay blend towards lower order accuracy) or in areas of the computational domainwhere
the local flux residuals are hard to drop below a selected threshold.
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Chapter 4. Unified thermodynamic/Lamb-vector-based far-field force method

In this chapter, a unified approach to far-field aerodynamic force prediction anddecomposition
is proposed, where the exact Lamb-vector-based formula derived by Wu et al. [222, p. 621] and
later on modified by Mele and Tognaccini [119] is used in combination with a thermodynamic-
based calculation of the Lamb vector through Crocco’s equation [33] (page 48, Eq. (1.127), re-
called hereafter for the sake of completeness).

ρℓ = ρ (T∇s−∇H) +∇ · τ
v
+ ρf

m
− ρ

∂V
∂t

This equation is an exact alternative expression ofmomentum equation, highlighting the presence
of conservative forces. It relates the Lamb vector to thermodynamic quantities, and therefore rep-
resents a local bridge betweenLamb-vector and thermodynamicmethods. Its introduction is then
the chain link to build the unified far-field force method illustrated herein.

As anticipated in Ch. 1 (Sec. 1.4.3.2), an interesting interpretation of Crocco’s equation can
be given as a local expression of the Kutta-Joukowski theorem applied to the fluid particle, in 2D steady
inviscid and incompressible flows, without body forces.

Generally, Crocco’s equation states that the elementary vortex force, −ρℓ, is balanced by the
resultant of all other external and inertial forces, and this resultant (per unit mass) can be replaced
to the Lamb vector in far-field force formulas.

In post-processing CFD solutions, this way of computing the Lamb vector (which does not
require an explicit vorticity calculation) is therefore based on the numerical form of flowmomen-
tum equation and discretely satisfies the local (and integral) momentum balance which far-field
methods rely on.

As detailed in Ch. 2, inaccuracies of Lamb-vector-based force formulas using flow vorticity
were often reported [117, 124], with best results provided by formulation “c”, which however does
not involve the Lamb vector (and flow vorticity) unless in one term, computed on the external
control volume surface (Σ). Formulations integrating flow vorticity in the CV interior are never-
theless valuable, as they allow identifying the local sources of the aerodynamic force in the flow-
field. However, in their application, the computed force, theoretically independent on the selected
control volume, was observed to vary as the wake plane is moved downstream of the body in the
near wake, stabilising past several characteristic lengths [124] (see Appendix B).Then, above all,
in presence of shock waves, large inaccuracies of computed domain integrals were systematically
observed (Ch. 2, Sec. 2.2.3.1) and reported [117, 124], polluting far-field force results. Indeed it
was observed that, as the control volume includes (also partially) any strong shock, the computed
drag is considerably higher than the reference near-field value, with unacceptable differences that
can reach hundreds of drag counts for a 2D aerofoil in transonic flow [117]. This was attributed
to the lower accuracy of numerical flow solutions in the shockwave region, where usually non-lin-
ear schemes (e.g. based on limiters) are used to guarantee Total Variation Diminishing solutions,
although locally compromising with numerical errors.

To overcome shock-related inaccuracy issues, the transonic variant of Mele and Tognaccini’s
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formula [117] (Fbc, Ch. 2, Sec. 2.1.4) was based on the exclusion of the shock wave region from
domain integrals. The selection of the shock wave region, however, introduces other degrees of
freedom in the force formula and results are numerically dependent on the particular choice, with
higher accuracy only obtained excluding the entire control volume from domain integration (Fc,
Sec. 2.1.3), retaining surface integrals only [124]. Moreover, the proposed variant is not applica-
ble to the original compressible vortical force formula as derived by Wu et al. [222, p. 621] (Fa,
Sec. 2.1.1).

The new mixed approach is applicable to both Lamb-vector-based formulations (Fa and Fb)
and provides a unified formula where Lamb-vector-based and thermodynamic-based methods,
so far considered as different alternatives*, are combined in a new exact expression of the total
aerodynamic force. This will be shown to provide a far-field formulation of the pressure force act-
ing on the body, where different contributions can be identified. In a future research perspective,
this is particularly interesting, as an alternative approach to near-field pressure force decomposi-
tion was recently provided by Partial Pressure Fields (PPFs) methods, first derived by Schmitz
and Coder for the incompressible regime [178] and then extended to compressible flows [177].

In this work, the proposed unified method is applied to post-process two-dimensional and
three-dimensional numerical flow-fields from both steady and unsteady CFD simulations.
A NACA0012 aerofoil is considered, either fixed or oscillating with a pure-plunging motion, in
a subsonic or transonic, viscous or inviscid, flow. Finally, an application to a 3D elliptic wing in
transonic viscous and turbulent flow is also illustrated.

4.1 Development of the unified force method

4.1.1 The baseline far-field force formula

To develop and illustrate the method, the exact unsteady compressible formula derived by Mele
and Tognaccini [119] (Fb, Ch. 3, Sec. 3.1.2) is here adopted as a baseline. Nonetheless, as dis-
cussed above, the method can be similarly applied to the other illustrated unsteady vortical for-
mulas (Fa and Fc, Sec. 3.1.1 and Sec. 3.1.3).

In Sec. 3.1.2, the force formula was introduced using a neat formulation which provides gen-
eralisation to turbulent flows, non-inertial reference frames, inviscid flows and/ormoving bodies.
Here its particularisation to laminar flows will be assumed as the baseline form to derive the uni-
fied force method. In fact, it will be shown that the extension to the turbulent regime depends
on the selected Lamb vector expression. Moreover, the alternative expression of unsteady terms
(derived in Sec. 3.1.6) will also be incorporated in the adopted formula, in view of its following
numerical application which already revealed beneficial as evidenced in Sec. 3.2.

Therefore, the baseline far-field formula (which is hereafter recalled for the sake of complete-

*although first attempts to links the two approaches weremade by Kang et al. [81] and by Fournis
[54].
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ness) can be expressed in compact form as:

Fb = Fℓ + Fmρ
+ F∗t + FS + Fμ + Fm (4.1)

where:

Fℓ = −
∫
V
ρℓ dV −

∫
∂B

ρV2

2
n dS (4.2)

Fmρ
= −

∫
V
r×
[
∇ρ×∇

(
V2

2

)]
dV −

∫
∂B

r×
[
n×

(
V2

2
∇ρ
)]

dS (4.3)

F∗t = −
∫
V
ρ
∂V
∂t

dV −
∫
Σ
r×
[
n×

(
ρ
∂V
∂t

)]
dS (4.4)

FS = −
∫
Σ
r× [n× (ρℓ)] dS (4.5)

Fμ =
∫
Σ
r×
(
n×∇ · τ

v

)
dS+

∫
Σ
τ
v
· n dS (4.6)

Fm =

∫
V
ρf
m
dV +

∫
Σ
r×
[
n×

(
ρf
m

)]
dS (4.7)

4.1.2 Standard vorticity-based Lamb vector method

In Eq. (4.1) the Lamb vector appears through Fℓ and FS and can be computed using its definition
ℓ = ω× V, i.e.:

Fvrtℓ = −
∫
V
ρ (ω× V) dV −

∫
∂B

ρV2

2
n dS (4.8)

FvrtS = −
∫
Σ
r× {n× [ρ (ω× V)]} dS (4.9)

The resulting vorticity-based force formula can be expressed in compact form as:

Fvrtb = Fvrtℓ + Fmρ
+ F∗t + FvrtS + Fμ + Fm (4.10)

The extension of Eq. (4.10) to turbulent flows governed by the Reynolds-AveragedNavier-Stokes
(RANS) equations is discussed in Appendix E.1.
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4.1.3 New thermodynamic-based approach to the Lamb vector method

Alternatively, theLambvector appearing inFℓ andFS canbe computed frommomentumequation
(for a generally non-inertial reference frame) in the form of Crocco’s theorem, obtaining:

Fthdℓ = −
∫
V

[
ρ (T∇s−∇H) +∇ · τ

v
+ ρf

m
− ρ

∂V
∂t

]
dV −

∫
∂B

ρV2

2
n dS (4.11)

FthdS = −
∫
Σ
r×
{
n×

[
ρ (T∇s−∇H) +∇ · τ

v
+ ρf

m
− ρ

∂V
∂t

]}
dS (4.12)

The resulting thermodynamic-based force formula can therefore be expressed in compact form as:

Fthdb = Fthdℓ + Fmρ
+ F∗t + FthdS + Fμ + Fm (4.13)

The extension of Eq. (4.13) to turbulent flows governed by theRANS equations is derived in Ap-
pendix E.2.

4.1.4 New exact force formula

It isworthobserving that, when theLambvector inFℓ andFS is computedusingCrocco’s equation,
apparent forces terms and time-derivative terms in Eq. (4.11) and Eq. (4.12) cancel-out with the
analogous (and opposite) terms in Fm and F∗t . The same happens for the viscous stress term in
Eq. (4.12), which is exactly equal and opposite in sign to that already included in Fμ . Moreover,
applyingGauss’ divergence theorem to the analogous term inEq. (4.11), viscous stress fluxes onΣ
cancel-out with the opposite term inFμ , then fluxes on body skin only remain in the force formula.

Therefore, defining the vector fieldG = ∇H− T∇s, the unified method formula reduces to:

FTHDb =

∫
V
ρG dV −

∫
∂B

ρV2

2
n dS+

−
∫
V
r×
[
∇ρ×∇

(
V2

2

)]
dV −

∫
∂B

r×
[
n×

(
V2

2
∇ρ
)]

dS+

+

∫
Σ
r× (n× ρG) dS−

∫
∂B

n · τ
v
dS

(4.14)

which represents a new thermodynamic method, now expressing the total force (both lift and
drag) instead of the irreversible drag alone as in previous thermodynamic based algorithms. For
isothermal flows, G represents the gradient of total Gibbs free energy. It is related to the gradient
of flow exergy ε (referred to the free-stream state, Eq. (1.128)) by: G = ∇ε − ΔT∇s, where
ΔT = T − T∞. A notation with uppercase superscripts (FTHDb ) is used to differentiate this
new exact expression with regards to its mathematically equivalent formulation represented by
Eq. (4.13), where lowercase superscripts were instead adopted. Both formulas were in fact con-
sidered to calculate the aerodynamic force in numerical applications described in the following
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section. The simplified exact formula of the unifiedmethod can be expressed in compact form as:

FTHDb = FG + Fmρ
+ FGS + Fτ (4.15)

where:

FG =

∫
V
ρG dV −

∫
∂B

ρV2

2
n dS (4.16)

FGS =

∫
Σ
r× [n× (ρG)] dS (4.17)

Fτ = −
∫
∂B

n · τ
v
dS (4.18)

Indeed, Fτ was already defined in Ch. 1, Eq. (1.1) and represents a near-field contribution.
The extension of Eq. (4.15) to turbulent flows governed by the RANS equations is also dis-

cussed in Appendix E.2.
It is worth highlighting that no explicit dependence on time derivatives and apparent forces

(due to relative motion, in non-inertial reference frames) appears in Eq. (4.14) recovering a prop-
erty of the near field formula. Flow unsteadiness is implicitly accounted for in the variations of
total enthalpy, which also includes (together with Fmρ

) the absolute or relative velocity magni-
tude, depending on the selected inertial or non-inertial reference frame.

4.1.4.1 Link withOswatitsch’s formula

In Eq. (4.15)), the integral term over the external control-volume surface (FGS ) is linked to Os-
watitsch’s entropy drag formula [143] (Ch. 1, Sec. 1.4.1.1). In fact (a similar derivation is also pro-
vided in [54]), introducing total enthalpy and entropy perturbations with regards to free-stream
conditions (ΔH = H− H∞, Δs = s− s∞), it is:

FGS =

∫
Σ
r× [n× (ρG)] dS =

∫
Σ
r× {n× [ρ (∇H− T∇s)]} dS

=

∫
Σ
r× {n× [ρ (∇(ΔH)− T∇(Δs))]} dS

For steady un-powered high-Reynolds number flows around adiabatic bodies, assuming a unitary
Prandtl number (Pr ≈ 1) and uniform free-streamconditions, variations of specific total enthalpy
in the entire flow-field are negligible (ΔH ≈ 0). Then, considering also the perfect gas equation
p = ρRT (with R being the gas constant):

FGS ≈ −
∫
Σ
r× {n× [ρT∇(Δs)]} dS

= −
∫
Σ
r× {n× [∇(ρTΔs)]} dS+

∫
Σ
r× {n× [Δs∇(Δp/R)]} dS
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withΔp = p−p∞. Thefirst integral on theRHS can be transformedusing identity Eq. (A2), then
the FGS drag component is obtained by projection along the free-stream direction ex = V∞/V∞:

DG = ex · F
G
S ≈ 1

V∞

∫
Σ
ρTΔs (V∞ · n) dS+ ex ·

∫
Σ
r× {n× [Δs∇(Δp/R)]} dS

Introducing static temperature and velocity perturbations (T = T∞ + ΔT, V = V∞ + ΔV), we
can write:

DG ≈ T∞

V∞

∫
Σ
ρΔs (V∞ · n) dS+ 1

V∞

∫
Σ
ρΔTΔs (V∞ · n) dS+

+ ex ·
∫
Σ
r× {n× [Δs∇(Δp/R)]} dS =

=
T∞

V∞

∫
Σ
ρΔs (V · n) dS− T∞

V∞

∫
Σ
ρΔs (ΔV · n) dS+

+
1
V∞

∫
Σ
ρΔTΔs (V∞ · n) dS+ ex ·

∫
Σ
r× {n× [Δs∇(Δp/R)]} dS

Therefore, under Oswatitsch’s assumption of a parallel flow with small perturbations on a suffi-
ciently distant Σ surface from the aerofoil [143], only the first-order perturbation term can be
retained, leading to:

DG ≈ T∞

V∞

∫
Σ
ρΔs (V · n) dS (4.19)

which is Oswatitsch’s entropy drag definition Eq. (1.79).

4.1.5 New exact moment formula

Theunified formulation is complete once the aerodynamicmoment around a selected pole is also
addressed, closing the total force definition as an applied vector.

Thebaselinemoment formula is represented byEq. A28, which is here reported for the reader’s
convenience and denoted with the subscript “b”:

Mb = Mℓ +Mmρ
+M∗

t +MS +Mμ +Mm (4.20)

Provided that, similarly to what illustrated in Sec. 4.1.3, a thermodynamic-based calculation of
the Lamb vector can also be introduced inMℓ andMS instead of using standard vorticity-based
formulas, a new exact expression for the aerodynamicmoment can be derived following the same
procedure described in Sec. 4.1.4 for the resultant force.

Simplifications of unsteady and apparent forces terms are straightforward, as well as cancella-
tions involving the viscous stress term inMS. For the viscous term included inMℓ, instead, pre-
liminarily to the application of Gauss’ divergence theorem (in line with the derivation included in
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Sec. 4.1.4) the following differential vector identity has to be taken into account:

−r̂×
(
∇ · τ

v

)
= ∇ ·

(
τ
v
× r̂
)
+���

0
τv (4.21)

where τv is the vector associated to the skew-symmetric part of the tensor τ
v
, which is null under

the assumed hypothesis of a non-micropolar fluid, with symmetric stress tensor.

Finally, the new exact aerodynamic moment formula is expressed by:

MTHD
b = MG +Mmρ

+MG
S +Mτ (4.22)

where:

MG =

∫
V
r̂× ρG dV −

∫
∂B

r̂× ρ
V2

2
n dS (4.23)

MG
S = −1

2

∫
Σ
r̂2 [n× (ρG)] dS (4.24)

Mτ = −
∫
∂B

r̂×
(
τ
v
· n
)
dS (4.25)

andMmρ
is given by Eq. (A26) in Appendix A.

4.1.6 Some remarks

Most of the observations and remarks included hereafter are discussed with reference to the force
formulas, although similar considerations may be done for the aerodynamic moment as well.

• Comparing Eq. (4.14) with Eq. (1.1), it is highlighted that all terms but the last one on the
RHS of Eq. (4.14) can be interpreted as a far-field expression of the pressure force acting
on the body, while the viscous force (last integral) appears in its near-field formulation.

Indeed pressure force (Fp, Eq. (1.1)) is the only one which deserves a decomposition, be-
ing attributed to different physical phenomena (viscosity, compressibility and trailing vor-
ticity). In standard Lamb-vector-based far-field methods, the direct presence of pressure
(varying in the entire flow-field) in the force formula is eliminated in favour of fluid velocity
and its spatial derivatives. Here it is eliminated introducing entropy and total enthalpy.

• A similar structure can be observed between the new exact formula (Eq. (4.15)) and the
steady inertial version of the baseline Lamb-vector-based formula (Eq. (4.1) with F∗t = 0
and Fm = 0). The latter represents a far-field expression of the whole aerodynamic force.
By comparison, if only the pressure force (Fp) is expressed by far-field integrals, the exact
formula is obtained simply replacing Fμ with Fτ and−ℓ with G. Moreover, the validity of
the hybrid far-field/near-field formula obtained in this way is not limited to steady flows in
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inertial framesof references, but it holds exactly for unsteadyflows in generally non-inertial
frames.

• The lack of an explicit dependence on time derivatives represents an advantage for numer-
ical applications of the simplified far-field formula. In fact, post-processors do not need to
use data at different physical times other than the working time, then the instantaneous
far-field force can be computed post-processing one flow-field at the time (savingmemory
and reducing the computational effort).

• Theunifiedapproachalso allowsderiving a far-field expression independentof timederiva-
tives and apparent forces for the whole aerodynamic force. It is obtained from Fthdb simply
avoiding the last simplification involving viscous terms:

FThDb = FThDℓ + Fmρ
+ FThDS + Fμ (4.26)

with

FThDℓ =

∫
V

[
ρG−∇ · τ

v

]
dV −

∫
∂B

ρV2

2
n dS (4.27)

FThDS =

∫
Σ
r×
{
n×

[
ρG−∇ · τ

v

]}
dS (4.28)

It represents a mid-way expression between Fthdb and FTHDb (hence, the superscript ThD),
where the viscous force is still computed by far-field integrals.

The independence on time derivatives and apparent forces is a peculiarity of the near-field
formula (Eq. (1.1)), while the possibility to get rid of such terms in far-field expressions
(Eq. (1.2)) is not a trivial result, as themomentumbalance naturally brings them into play.

From the point of view of numerical applications, computing the total force with either
Eq. (4.27) or (4.11) gives identical results (therefore, only Fthdb was computed in the next
section), as unsteady and apparent forces terms are not computed in the first formula, or
computed twice (with opposite signs) in the second formula, of course with zero net con-
tribution in this case.

• Retaining the original force formula structure as in Eq. (4.13) (i.e. ignoring all simplifica-
tions leading to Eq. (4.15)) one can still compute and analyse the classical Lamb-vector-
based total force decompositions into individual vortical constituents (i.e. Fthdℓ , Fmρ

, F∗t ,
FthdS , Fμ and Fm) or into lift, lift-induced drag and parasite drag [57], but now using ther-
modynamic-based expressions to calculate Fℓ and FS, which can result in higher accuracy
for the overall integral momentum balance. Hybrid formulations are also possible, using a
thermodynamic-based expression to calculate only one between Fℓ and FS, the other term
still being computedwith a vorticity-based expression. This can be interesting for example
to keep linking the vortex force to flow vorticity, while expressing the wake integral (FS, re-
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lated to parasite drag) in terms of thermodynamic quantities, which results in amore com-
pact drag production field (Section 4.2.5) allowing for an easier decomposition of parasite
drag into viscous and wave contributions.

• Compared to classical thermodynamicmethods, thenew formulas introduced in this chap-
ter do not suffer of any ill-definition in their integral expressions. This is an issue of all drag
formulas based on velocity decompositions (Ch. 1, Sec. 1.4.1.2), which involve square
roots of quantities that can drop below zero. No satisfactory solution to this problem has
been achieved yet, especially for unsteady flows around rotating bodies [135], while the
new thermodynamicmethods derived from the proposed unified approach overcome this
limitation.

• For steady high-Reynolds number flows, Lamb-vector-based force formulas were often
identified as confined expressions of the aerodynamic force involving rotational regions of
the flow-field only (mid-field property) [113, 116]. This argumentation was indeed based
on Crocco’s theorem, which associates zero Lamb vector to homoentalpic and homoen-
tropic flow regions, allowing a restriction of both domain and surface integrals in Fℓ, Fmρ

and FS to rotational flow regions only. From a numerical point of view, the newmixed ap-
proachnowdoes ensure that the computedLambvector is indeed zero in flow-field regions
where dissipative effects are negligible and outside shock waves and associated wakes (ho-
moentalpic and homoentropic regions), which is evidently not guaranteed by the standard
vorticity-based calculation in numerical applications, given the difference in Lamb vector
fields computed by the two approaches (Section 4.2.4).

4.2 Numerical analyses

4.2.1 Selected test-cases

CFD solutions using Finite Volume Methods (FVMs) were obtained for a NACA0012 aerofoil
(unitary chord length) either fixed or oscillating in pure plunging motion and immersed in an
effectively-inviscid or viscous flow(at low andhighReynolds number), with different values of the
free-stream Mach number (M∞). All simulated conditions assumed dry air and no variation of
specific heat capacities with the static temperature was considered (ratio of specific heat capacities
fixed at 1.4). The ideal gas constant for the air mixture was set at the value of 287.058 and the
molecular viscosity was computed based on flow static temperature, using Sutherland’s viscosity
law. As for previous flow simulations (Ch. 2, Ch. 3), a slightly altered definition of NACA0012
aerofoil providing closed trailing edge (t.e.) is used [165] and the computational domain extends
up to 300 chord lengths around the aerofoil. Impermeable and adiabaticwall boundary conditions
(b.c.) were used at solid surfaces, assuming no-slip for viscous cases and zero shear stress (free-
slip) for inviscid simulations. Characteristics-based free-stream b.c. were instead adopted at the
far-field boundary of the entire computational domain.
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Table 4.2.1: Summary of the analysed 2D test-cases.

M∞ Re∞ k h̃ αē
0.5 1× 104 0.00 0.0 2.0◦

0.5 9× 106 0.00 0.0 4.0◦

0.8 → ∞ 0.00 0.0 2.0◦

0.8 9× 106 0.00 0.0 3.0◦

→ 0 9× 106 0.05 0.1 0.0◦

→ 0 9× 106 0.50 0.1 0.0◦

→ 0 1× 104 1.00 0.1 0.0◦

0.7 → ∞ 1.00 0.1 0.0◦

Denotingwith c the aerofoil chord andwithV∞ the free-streamvelocitymagnitude, the plung-
ing motion is characterised by the reduced oscillation frequency (k = πfc/V∞), the non-dimen-
sional plunging amplitude (h̃ = ĥ/c) and the mean effective angle of attack (αē, where αe =

α + arctan(ḣ/V∞)). Plunging oscillations were simulated at different values of the reduced fre-
quency (from quasi-steady to highly-unsteady regime) and at right angles to the direction of flight
(αē=0). Table 4.2.1 summaries the selected two-dimensional test-cases, where steady-state solu-
tions for the fixed aerofoil can be regarded as flow solutions for aerofoil oscillations at zero fre-
quency and/or zero amplitude. Except for the unsteady incompressible flow simulation at low
Reynolds number, all test cases were selected from the data-set of steady and unsteady flow-fields
already analysed in Ch. 2 and Ch. 3.

The elliptic-planform wing three-dimensional flow solution, illustrated and analysed in Ch. 2,
was also selected as a test-case for the developed unified method. The adopted geometry and
computational grid are the same used by Marongiu et al. [113] and Mele et al. [116], which
motivates the selection of this 3D test-case.

Details on the procedure and tools used to generate the selected CFD solutions are available
from Sec. 2.2.1 and Sec. 3.2.1.

A grid convergence analysis (additional to that provided in Appendix D.2) justifying the em-
ployed spatial discretization for plunging simulations in incompressible laminar flow is reported
in Appendix D.1.

A visualisation of the unsteady flow-field after 4 computed oscillation periods is provided in
Fig. 4.2.1 and Fig. 4.2.2, respectively, for the low Reynolds viscous incompressible and for the
inviscid transonic cases. The amplitude of the oscillatory plunging motion is set at one tenth of
the aerofoil chord length and snapshots are provided at time frames corresponding to: midway
down-stroke (4T ), lower dead-point ((4+ 1/4)T ), midway up-stroke ((4+ 2/4)T ) and upper
dead-point ((4 + 3/4)T ). Bound and free vorticity are visible in Fig. 4.2.1 for the viscous case,
as well as in the inviscid flow (through the unsteady wake shear layer visible in Fig. 4.2.2). Being
far from a linear slightly-perturbed flow regime, the wake pattern is of non-straight and oscillatory
shape, with upwards (downwards) wake deflection near the aerofoil trailing edge in correspon-
dence of midway down-stroke (up-stroke) points, while nearly-straight initial wake is observed at
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Figure 4.2.1: Vorticity magnitude contour plots, at different time period fractions -
plunging NACA0012 (k = 1 ; h̃ = 0.1 ; M∞ → 0 ; Re∞ = 1× 104 ; αē = 0◦).

saddle points (Fig. 4.2.1). During the unsteadymotion at k = 1, the effective angle of attack expe-
rienced by the aerofoil resulting from the actual inflow conditions (combination of freestream and
vertical velocities) oscillates between±11.31◦, values reached at midway down-stroke (positive
incidence) and midway up-stroke (negative incidence). The flow field response to the actual in-
flow is however characterised by a strong delay and the shock waves on the upper and lower sides
are stronger at dead-points, which are reached later on during the oscillation, when the instanta-
neous angle of attack has changed to zero again (Fig. 4.2.2).

4.2.2 Post-processing method

The aerodynamic force (lift and drag) was computed, in the post-processing phase, using near-
field surface stress integration (Eq. (1.1)), far-field Lamb-vector-based formulations summarised
in Section 4.1 (Eq. (4.10) andEq. (4.13)) and the new simplified exact force formula (Eq. (4.15)).
In the application of far-field methods toRANS solutions (Appendix E), the isotropic Reynolds
stress tensor (related to the turbulent kinetic energy) was neglected and Boussinesq’s approxima-
tion for the deviatoric part was assumed: τ

R
= 2μt

[ 1
2

(
∇V+∇VT)− 1

3∇ · V
]
.

Moreover, the last integral inEq. (E2) and the last integral inEq. (E12), which are related to tur-
bulent fluctuations and represent unclosed terms, were not computed. In particular, the first one
was neglected assumingMorkovin’s hypothesis, stating that compressibility has a weak influence
on the Reynolds stress [131]. Interestingly, results will show that turbulent force formulas well
predict the aerodynamic force fromRANS solutions even when the highlighted unclosed terms
are neglected.
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Figure 4.2.2: Relative Mach number contour plots, at different time period fractions
- plunging NACA0012 (k = 1 ; h̃ = 0.1 ; M∞ = 0.7 ; Re∞ → ∞ ; αē = 0◦).

For unsteady simulations, one plunging cycle was analysed starting after 4 complete oscilla-
tions were computed. The DMT pole (Fig. 1.1.1) is located at the aerofoil leading edge (l.e.) for
steady cases (for the 3Dwing, the mid-span wing section is considered) or at the trailing edge for
unsteady simulations. In the latter case, it therefore moves in time with the aerofoil, as well as the
employed control volume, which has always been selected as a subset of the (moving) computa-
tional grid. It is identified by three orthogonal grid lines of the computational mesh, as illustrated
in Fig. 4.2.3, where the characteristic lengths used to define its size are also represented. In partic-
ular, XW measures the chordwise position of the “wake plane”, delimiting the integration domain
downstream of the aerofoil. The lateral distance of the C-shaped Σ edge from the aerofoil will
be denoted as ZW. Both XW and ZW will be expressed in chord units and, for the 3D wing, are
measured on the symmetry plane.

A non-inertial frame of reference solidal with the rigid oscillating aerofoil (origin at the leading
edge, x-axis in chord-wise direction and z-axis pointing upwards) has been considered. This facili-
tates the computation of relative time derivatives in the case of moving grid simulations. Another,
inertial, frame of reference is also considered, initially coincident in origin and axes orientation
with the non-inertial one, then fixed in time. Of course, in the case of steady solutions (k = 0),
the inertial and non-inertial frames of reference do coincide.

Two-dimensional numerical solutions described in Sec. 2.2.1were post-processed using the in-
house software,UBF2D, implementing far-field methods illustrated in Sec. 1.4.1 and Sec. 1.4.3.2.
Three-dimensional solutions were instead post-processed using a dedicated scripting routine im-
plemented and executed in the Tecplot®360 commercial environment (see App. F for further de-
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Figure 4.2.3: Control volume shape and characteristic dimensions.

tails).
The post-processing moves on from an input flow-field, where variables are provided at grid

nodes. Spatial gradients of flow variables are computed using a nodes-basedGreen-Gauss formula
[182]while time derivatives (in the non-inertial reference frame) are calculated using a 2nd-order-
accurate finite differences formula (an asymmetric stencil is used at the boundaries of the analysed
time period to preserve accuracy). Volume integrals are numerically computed by simply sum-
ming up cell centre values, multiplied by the cell volume, over the selected integration domain.
Similarly, surface integrals are obtained computing the state in the cell surface centre, obtained by
centred averaging. An exception occurs when the integration domain boundaries coincide with
grid boundaries (e.g. at the body wall). In this case, wall spatial gradients required to evaluate the
skin friction term (Fτ) and the body integral of the compressibility correction (Fmρ

) are obtained
by extrapolation of the corresponding values computed at the first adjacent cell (for the velocity
gradient), or at the first two adjacent cells (for the density gradient).

4.2.3 Far-field force accuracy and sensitivity to the wake plane position

Post-processing a steady subsonic 2D NS solution at low Reynolds number (Re∞ = 1 × 104),
the aerodynamic drag computed through the far-field Lamb-vector-basedmethod using flow vor-
ticity (Fvrtb ) needs a control volume extending approximately 4 chords downstream of the aerofoil
to converge (Fig. 4.2.5), while, using Crocco’s equation to compute the Lamb vector, the two for-
mulas (Fthdb and FTHDb ) suddenly stabilise as soon as the whole aerofoil surface is enclosed in the
selected control volume (XW ≥ 1, Fig. 4.2.5). Of course the total force (both lift and drag) is
intrinsically independent of any control volume selection. The latter is a degree of freedom in the
far-field formulas (the near-field method is instead independent of it, as it does not involve any
control volume), but because of the equivalence between the two, and because they both calcu-
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late the intrinsic force value, far-field results should be theoretically independent on both XW and
ZW. Nevertheless, in numerical applications, variations of the computed far-field force with the
control volume size are generally observed, and Fig. 4.2.5 illustrates in this case the much lower
sensitivity of the unified method to the wake plane location.

Moreover, the converged drag values obtained using vorticity-based formulas (Fvrtb ) differ by
≈ 12d.c. from the corresponding values computed using the near-field formula (Fnf, Eq. (1.1)),
while the new unified thermodynamic/Lamb-vector-based methods (Fthdb and FTHDb ) provide re-
sults basically coincident with the near-field formula, in the accuracy limit of 1d.c.. No significant
differences are observed on lift (Fig. 4.2.4), although it is highlighted that, also in this case, com-
putations using the unifiedmethods are closer to near-field data. A laminar flow separation on the
aerofoil upper surface (occurring at approximately 45% of the chord length) is responsible for the
slightly negative lift coefficient values, at positive incidence.

Similar resultswereobtained alsopost-processing aRANSsolution for the sameMachnumber,
but at high-Reynolds number (Re∞ = 9× 106, Fig. 4.2.6, 4.2.7). The difference (on both lift and
drag) between the two thermodynamic-based formulas is negligible and their results are basically
coincident with the near-field reference data. The standard vorticity-based method, in this case,
converges to a value which is 4d.c. lower (Fig. 4.2.7).

In presence of shock waves (M∞ = 0.8), the vorticity-based formulation is largely inaccurate
ondrag (Fig. 4.2.9), as alreadyobservedbyMele et al. [117] andMinervino andTognaccini [125].
To overcome this issue on the Fvrtb formula, Mele et al. [117] also proposed a transonic variant of
the method, based on a modified expression of the compressibility correction term (Fmρ

), which
excludes the shock wave region from domain integration. The selection of the shock wave region,
however, introduces other degrees of freedom in the force formula (apart those related to the con-
trol volume selection and to the DMT pole location) and the obtained results are numerically de-
pendent on the particular size and shape of the excluded region surrounding the shock wave (or
even multiple shock waves), with higher accuracy only obtained excluding the entire control vol-
ume from domain integration, retaining surface integrals only [125]. The modification proposed
in [117] is moreover not applicable to the original compressible vortical force formula as derived
by Wu et al. [222, p. 621], while the new unified approach is applicable to both Lamb-vector-
based formulations and computed drag values are in very close agreement with the reference data
obtained by near-field integration (Fnf, Eq. (1.1)). Again results from the two thermodynamic-
based formulas coincide and the difference with regards to the reference near-field drag is in this
case limited to 3d.c., well below the discrepancy obtained using the vorticity-based formula. A
slight reduction of the (acceptable) discrepancy observed on lift for the vorticity-based method
(Fvrtb ), with regards to the reference near-field data, is also obtained using the new approaches (Fthdb
and FTHDb , Fig. 4.2.8).

Similar resultswereobtained alsopost-processing a turbulentRANSsolution at the sameMach
number (Re∞ = 9× 106, Fig. 4.2.10, 4.2.11). In this case, despite the higher angle of attack, flow
viscosity attenuates the shockwave and the differences observed between the vortical formula and
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Figure 4.2.4: Far-field lift as a function of the wake plane position for the vorticity-
based and the thermodynamic-based Lamb-vector methods, in low-Reynolds number
viscous subsonic flow (ZW = 15c; DMT pole at aerofoil l.e.).

the reference data are slightly reduced, although still unacceptable on drag (Fig. 4.2.11). Results
obtained using the new unified approach are instead coincident with those provided by the near-
field method (less than one count on drag).

Although the formulas derived in Section 4.1 are exact and generally valid also in 3D, the ac-
curacy and sensitivity to the wake plane position of the three compared far-field formulas were
also assessed on the 3D elliptic wing, in transonic viscous and turbulent flow. Results illustrated
in Fig. 4.2.12 and Fig. 4.2.13, for lift and drag coefficients respectively, further confirm the higher
accuracy of the new proposed mixed approach.

The improved accuracy and reduced domain sensitivity, observed for the unified method for-
mulas, have important practical implications. Smaller integration domains can be used, compared
to the standard vorticity-based approach, to obtain accurate force results, which is a computa-
tional advantage especially for the post-processing of unsteady flow solutions. Moreover, this is
beneficial in the perspective of a following force decomposition analysis. In fact, the use of larger
integration domains usually pollutes the results of a drag breakdown, as lift-induced drag (linked
to trailing vorticity) is dissipated downstream of the body due to the artificial viscosity, an effect
which is generally predominantwith regards to that produced by the physical viscosity [113, 116].
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Figure 4.2.5: Far-field drag as a function of the wake plane position for the vorticity-
based and the thermodynamic-based Lamb-vector methods, in low-Reynolds number
viscous subsonic flow (ZW = 15c; DMT pole at aerofoil l.e.).
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Figure 4.2.6: Far-field lift as a function of the wake plane position for the vorticity-
based and the thermodynamic-based Lamb-vector methods, in high-Reynolds number
viscous subsonic flow (ZW = 15c; DMT pole at aerofoil l.e.).
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Figure 4.2.7: Far-field drag as a function of the wake plane position for the vorticity-
based and the thermodynamic-based Lamb-vector methods, in high-Reynolds number
viscous subsonic flow (ZW = 15c; DMT pole at aerofoil l.e.).
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Figure 4.2.8: Far-field lift as a function of the wake plane position for the vorticity-
based and the thermodynamic-based Lamb-vector methods, in inviscid transonic flow
(ZW = 15c; DMT pole at aerofoil l.e.).
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Figure 4.2.9: Far-field drag as a function of the wake plane position for the vorticity-
based and the thermodynamic-based Lamb-vector methods, in inviscid transonic flow
(ZW = 15c; DMT pole at aerofoil l.e.).
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Figure 4.2.10: Far-field lift as a function of the wake plane position for the vorticity-
based and the thermodynamic-based Lamb-vector methods, in high-Reynolds number
viscous transonic flow (ZW = 15c; DMT pole at aerofoil l.e.).
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Figure 4.2.11: Far-field drag as a function of the wake plane position for the vorticity-
based and the thermodynamic-based Lamb-vector methods, in high-Reynolds number
viscous transonic flow (ZW = 15c; DMT pole at aerofoil l.e.).
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Figure 4.2.12: Far-field lift as a function of the wake plane position for the vortic-
ity-based and the thermodynamic-based Lamb-vector methods, in 3D high-Reynolds
number viscous transonic flow (ZW/c0 = 10.1; DMT pole at l.e. of mid-span wing
section).
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Figure 4.2.13: Far-field drag as a function of the wake plane position for the vor-
ticity-based and the thermodynamic-based Lamb-vector methods, in 3D high-Reynolds
number viscous transonic flow (ZW/c0 = 10.1; DMT pole at l.e. of mid-span wing
section).
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Additionally, the reduced domain sensibility also implies a reduced uncertainty in the integra-
tion domain selection, which is an issue in Lamb vector methods more than in other far-field
approaches [125, 188]. Finally, as mentioned above, the higher accuracy is crucial in presence
of strong shocks, where vorticity-based methods fail in computing drag and different approaches
were proposed, although at the cost of introducing additional degrees of freedom in the formula
(then, additional uncertainties in the practical application of the method).

A similar improvement of far-field drag computations in presence of shockwaves using the new
thermodynamic-based, instead of the standard vorticity-based Lamb vector calculation, is also
observed in the unsteady regime, where Fig. 4.2.15 illustrates results of a flow simulation for the
plunging NACA0012 aerofoil in inviscid transonic flow. Time marching along lift and drag loops
in Fig. 4.2.14 and Fig. 4.2.15 is indicated highlighting points at the beginning (4T ) of the time
period T and after a fraction of it. Slight differences on far-field (Fthdb and FTHDb ) versus near-field
(Fnf) drag values are still visible, probably related to the accuracy ofCFD solutions in the unsteady
wake and shock waves regions. It is interestingly observed that, applying the samemethods using
formulation “a” as the baseline, the accuracy of FTHDa is almost perfect (Fig. 4.2.16). Indeed, the
difference between formulations “a” and “b” is the expression of the compressibility correction,
which in the last case depends on position vectors in the entire control volume, amplifying errors
in the unsteady wake region where the computational mesh is not sufficiently refined.

In the unsteady case (whichever the baseline formula), the two thermodynamic-based meth-
ods did not providematching results and a slight difference between the two is observed, with the
simplified formulaproviding closer results compared to the referencenear-fielddata. Thishas tobe
attributed to the different treating of the skin friction force, which is expressed by far-field integrals
in Fthdb while its reference near-field formulation is used in FTHDb . The average drag is of negative
sign (thrust) at the simulated Reynolds number (Knoller-Betz or Katzmayr effect [16, 82, 85]), a
bio-inspired propulsive mechanism which is still subject of recent studies [149, 214]. All tested
formulas exhibit negligible differences on lift (Fig. 4.2.14).

Results illustrated in steady viscous and subsonic flow are also confirmed in the unsteady
regime, with figures from4.2.17 to 4.2.22 providing comparisonof lift anddrag calculations for the
plungingNACA0012 aerofoil in viscous and incompressible flowat different values of the reduced
frequency k. While the three far-field formulas exhibit negligible differences on lift (Fig. 4.2.17,
4.2.19 and4.2.21), the accuracy of drag calculation is improvedusing the unified thermodynamic/
Lamb-vector-based method. This result is confirmed at the three different analysed values of the
reduced frequency, as well in laminar (Fig. 4.2.22) or turbulent flow condition (Fig. 4.2.18 and
4.2.20). At the upper-boundof the quasi-steady flow regime (k = 0.05), where drag variations are
confined to less than 6.d.c. over thewhole aerofoil oscillation cycle (Fig. 4.2.18), far-field drag cal-
culations obtained using the unified method formulas differ from the reference near-field data by
one d.c. only, compared to drag results of the vorticity-based formula, which are≈ 5d.c. smaller.
This result is in very good agreement with the analogous observations discussed for the steady
subsonic and turbulent case (Fig. 4.2.7).
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Figure 4.2.14: Far-field lift from vorticity-based and thermodynamic-based Lamb-
vector methods, compared to near-field force in transonic inviscid flow (XW = 50c;
ZW = 50c; DMT pole at aerofoil t.e.; non-inertial).

179



Chapter 4. Unified thermodynamic/Lamb-vector-based far-field force method

−200 −150 −100 −50 0 50 100 150 200
−0.10

−0.08

−0.06

−0.04

−0.02

0.00

0.02

0.04

0.06

0.08

0.10

4T

4T + T /25

Cd × 104

−
h/

c

Drag cycle of plunging NACA0012 aerofoil
(k = 1.00 ; h̃ = 0.1 ;M∞ = 0.7 ; Re∞ → ∞ ; ᾱe = 0◦)
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Figure 4.2.15: Far-field drag from vorticity-based and thermodynamic-based Lamb-
vector methods (“b” formulation), compared to near-field force in transonic inviscid
flow (XW = 50c; ZW = 50c; DMT pole at aerofoil t.e.; non-inertial).
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Figure 4.2.16: Far-field drag from vorticity-based and thermodynamic-based Lamb-
vector methods (“a” formulation), compared to near-field force in transonic inviscid
flow (XW = 50c; ZW = 50c; DMT pole at aerofoil t.e.; non-inertial).
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Figure 4.2.17: Far-field lift from vorticity-based and thermodynamic-based Lamb-
vector methods, compared to near-field force in incompressible viscous and turbulent
flow (XW = 1.0c; ZW = 0.2c; DMT pole at aerofoil t.e.; non-inertial).
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Figure 4.2.18: Far-field drag from vorticity-based and thermodynamic-based Lamb-
vector methods, compared to near-field force in incompressible viscous and turbulent
flow (XW = 1.0c; ZW = 0.2c; DMT pole at aerofoil t.e.; non-inertial).
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Figure 4.2.19: Far-field lift from vorticity-based and thermodynamic-based Lamb-
vector methods, compared to near-field force in incompressible viscous and turbulent
flow (XW = 1.0c; ZW = 0.2c; DMT pole at aerofoil t.e.; non-inertial).
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Figure 4.2.20: Far-field drag from vorticity-based and thermodynamic-based Lamb-
vector methods, compared to near-field force in incompressible viscous and turbulent
flow (XW = 1.0c; ZW = 0.2c; DMT pole at aerofoil t.e.; non-inertial).
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Fnf
Fvrtb
Fthdb
FTHDb

Figure 4.2.21: Far-field lift from vorticity-based and thermodynamic-based Lamb-
vector methods, compared to near-field force in incompressible viscous and laminar
flow (XW = 1.0c; ZW = 0.2c; DMT pole at aerofoil t.e.; non-inertial).
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Figure 4.2.22: Far-field drag from vorticity-based and thermodynamic-based Lamb-
vector methods, compared to near-field force in incompressible viscous and laminar flow
(XW = 1.0c; ZW = 0.2c; DMT pole at aerofoil t.e.; non-inertial).
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4.2.4 Lamb vector and vorticity fields

A visualisation of the (negative) Lamb vector field around the NACA0012 aerofoil in steady vis-
cous and transonic flow (M∞ = 0.8, Re∞ = 9 × 106, α = 3◦) is presented in Fig. 4.2.23; it
represents the local generation of the Kutta-Joukowski force on the aerofoil. As already evidenced
by [113] for incompressible flows, the Lamb vector is essentially generated in the proximity of
the body wall (boundary layer and viscous wake) and across shock waves (the contribution in
the wake of the shock is small an not visible in Fig. 4.2.23). This is the flow-field region where
the aerodynamic force is generated and all vectors illustrated in Fig. 4.2.23 have their tail points in
such a small portion of the domain. It is observed that the largest magnitude of the Lamb vector
is obtained near the aerofoil leading edge and the magnitude difference between upper-side and
lower-side l.e. lobes is the major contribution to the aerofoil lift.

The Lamb vector is computed, from the analysed steady CFD solution, directly from flow
vorticity using its definition (ℓ = ω × V, Fig. 4.2.23a), or indirectly from Crocco’s equation
(Fig. 4.2.23b). In the first case, the Lamb vector field is of course orthogonal to flow stream-
lines. Vectors directions therefore appear perfectly aligned and normally oriented with regards
to the aerofoil surface in Fig. 4.2.24a, as flow streamlines in the boundary layer are almost tangent
to the wall. In the second case, deviations in the Lamb vector directions are observed, particu-
larly in proximity of the aerofoil surface and at its trailing edge (Fig. 4.2.24b), where a spurious
streamwise Lamb vector component is highlighted. This evidences the local imbalance between
the computed Lamb vector and the resultant of all other forces (per unit mass) acting on the fluid
particle. To better appreciate the local difference in Lamb vector fields, they are also illustrated
superimposed one onto each other in Fig. 4.2.25, where a closer visualisation is provided near the
wall upstream of the strong shock (Fig. 4.2.25a, showing the large deviations in the first cells ad-
jacent to the surface) and near the trailing edge (Fig. 4.2.25b, where the largest deviations occur,
although confined to the proximity of the sharp t.e.).

It is also interesting to plot the Lamb vector field from an unsteady simulation of a plunging
aerofoil (Fig. 4.2.26). Once again, it is clearly observed that the major contribution to thrust
generation (maximum at mid strokes, Fig. 4.2.22) is provided by the vortex force.

In the case the Lamb vector is computed fromCrocco’s equation, an indirect calculation of the
flow vorticity can also be obtained, as an alternative to the direct differentiation the velocity field.
Indeed, the cross-product inverse to derive ω from ℓ = ω × V is not uniquely defined. If ℓ and V
are orthogonal, then the solutions are:

ω =
ℓ× V
V · V

+ qV (4.29)

for any arbitrary q scalar field. Therefore, this indirect vorticity calculation (a technique also pro-
posed in geophysical applications [35]) ignores the spurious streamwise Lamb vector component
and only allows for computing the transverse vorticity field (by setting q = 0), which in two-di-
mensional flows represents the entire vorticity. The Lamb vector knowledge would not suffice
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(a)

(b)

Figure 4.2.23: Visualisation of the negative Lamb vector fields computed from flow
vorticity (4.2.23a) or from Crocco’s equation (4.2.23b), for the steady viscous transonic
flow-field (M∞ = 0.8 ; Re∞ = 9× 106 ; α = 3◦).
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(a)

(b)

Figure 4.2.24: Zoomed visualisation of the negative Lamb vector fields computed
from flow vorticity (4.2.24a) or from Crocco’s equation (4.2.24b), for the steady viscous
transonic flow-field (M∞ = 0.8 ; Re∞ = 9× 106 ; α = 3◦).
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(a)

(b)

Figure 4.2.25: Comparison of the negative Lamb vector fields computed from flow
vorticity (red) or from Crocco’s equation (blue) in the region of aerofoil leading-edge
(4.2.25a) and trailing-edge (4.2.25b), for the steady viscous transonic flow-field (M∞ =
0.8 ; Re∞ = 9× 106 ; α = 3◦).
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Figure 4.2.26: Visualisation of the unsteady negative Lamb vector field (computed
from flow vorticity) for the laminar and incompressible flow-field around a plunging
NACA0012 (k = 1 ; h̃ = 0.1 ; M∞ → 0 ; Re∞ = 1× 104 ; αē = 0◦).
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however to indirectly compute the vorticity in three-dimensional flows, where a physical stream-
wise vorticitymight instead be present [205]. In this case, besides the Lamb vector, the additional
knowledge of flow helicity density (ω ·V) would be necessary to indirectly calculate the whole vor-
ticity.

Fig. 4.2.27 illustrates, for the steady viscous transonic solution, a comparison between the vor-
ticity magnitude computed from a direct differentiation of the velocity field (nodes-based Green-
Gauss formula, Fig. 4.2.27a) or indirectly obtained from the Lamb vector and velocity fields
(Fig. 4.2.27b). The former is characterised by larger oscillations in the region of the shock wave,
in particular above its top end, which are not observed on the indirectly computed vorticity field.
The observed oscillations suggest inaccuracies on flow vorticity computed by numerical differ-
entiation of the discrete velocity field, and one should also consider that, in primitive variables
flow solvers, the vorticity balance equation is usually not part of the Partial Differential Equations
(PDEs) system which is numerically solved. Those inaccuracies are reduced by the indirect vor-
ticity calculation (in 2D), which relies on the Lamb vector, obtained through Crocco’s equation
(momentum balance), and on fluid velocity, obtained from momentum and mass balance equa-
tions.

Concerning the spurious vorticity waves observed in the unsteady compressible regime, inCh.
3 Sec. 3.2.5 their relation to flow dilatation waves was discussed. Here below a picture similar to
that included in Fig. 3.2.3b is obtained using the inverse vorticity calculation method described
in Sec. 4.2.4. In Fig. 4.2.28, it is compared to the snapshot of the velocity divergence, at the same
time step. It can be observed how the vorticity waves contour plot (Fig. 4.2.28a) now shows a
pattern similar to that of dilatation waves (Fig. 4.2.28b), which was less evident using the standard
vorticity calculation approach (Fig. 3.2.3b).

4.2.5 Local production of the aerodynamic force

For steady high-Reynolds number flows, Eq. (4.1) – or, better, itsRANS extension (Appendix E)
– can be used to visualise the local production of the aerodynamic force. In fact, in this case the
term Fμ is negligible [112, 119] and all other non-zero terms in Eq. (4.1) only contain volume
integrals, with exception of FS. Nevertheless, Ostieri and Tognaccini [141] also derived an equiv-
alent expression for FS only involving volume integrals (Ch. 2, Sec. 2.1.5). It is recalled hereafter,
for the sake of completeness:

FSV = −
∫
V
∇(r · ρℓ)dV +

∫
V
∇ · (rρℓ)dV

Therefore, the whole aerodynamic force can be obtained integrating, over the control volume
domain, a local force production, represented by the sum of all quantities under volume integral
sign. On a discrete basis, the elementary contribution to this domain integral of each grid cell
of the computational domain is visualised in Fig. 4.2.29 and Fig. 4.2.30, with reference to lift and
drag respectively. Again the Lamb vector contribution in Fℓ and FSV can either be computed
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(a)

(b)

Figure 4.2.27: Contour plot visualisation of the vorticity magnitude directly obtained
differentiating the velocity field (4.2.27a) or indirectly computed from the Lamb vector
(4.2.27b), for the steady viscous transonic flow-field (M∞ = 0.8 ; Re∞ = 9 × 106 ;
α = 3◦).
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(a) (b)

Figure 4.2.28: Flow vorticity (a) and velocity divergence (b) around a plunging
NACA0012 (k = 1 ; h̃ = 0.1 ; M∞ = 0.5 ; Re∞ = 9 × 106 ; αē = 0◦). Snapshot
at the end of 10 complete oscillations, using inverse vorticity calculation.

from flow vorticity (Fig. 4.2.29a and Fig. 4.2.30a) or from Crocco’s equation (Fig. 4.2.29b and
Fig. 4.2.30b), and results illustrate how the local aerodynamic force production is well confined in
the second case compared to the first one. Differences are visible on lift (for example at the shock
foot, Fig. 4.2.29) and a dramatic improvement is observed on drag (Fig. 4.2.30), where the local
drag production at the top of the shock wave region is hard to be physically justified (Fig. 4.2.30a)
and the spurious drag production visible around the leading edge is also reduced by the newmixed
approach (Fig. 4.2.30b). The neatness of drag production distributions is particularly relevant for
Lamb-vector-based drag decomposition methods aiming to separate viscous, wave and spurious
drag contributions[83, 110, 125]. In particular, at the shock foot, the distinction between the
boundary layer contribution and the shock wave contribution to the local drag is facilitated with
the proposed unifiedmethod, which is clearly not straightforward in the vorticity-based approach,
where the local drag production is spread between the two zones (Fig. 4.2.30a).

In Fig. 4.2.31 the total drag visualisation is also decomposed isolating lift-induced and parasite
contributions, usingMele et al. [117] definitions expressed using volume integrals only:

Di = ex ·
(
Fℓ + Fmρ

)
Dp ≈ ex · FSV (for high Reynolds number flows)

It is interesting to observe that the shock wave wake contributes to the breakdown, but its effects
almost compensate on the overall drag (Fig. 4.2.30b).

4.2.6 Sensitivity to the control volume size in unsteady results

In Ch. 3 dedicated to unsteady force analysis, the Lamb vector was calculated using its definition
ℓ = ω × V, i.e. with the standard vorticity-based approach. A significant loss of accuracy was
identified in all force formulas when extending the selected control volume far from the body, in
the region of computed vortical structures (aerofoil unsteady wake and, for compressible flows,
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(a)

(b)

Figure 4.2.29: Lift coefficient of individual grid cells, computing the Lamb vector from
flow vorticity (4.2.29a) or from Crocco’s equation (4.2.29b), for the steady viscous
transonic flow-field (M∞ = 0.8 ; Re∞ = 9× 106 ; α = 3◦).
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(a)

(b)

Figure 4.2.30: Drag coefficient of individual grid cells, computing the Lamb vector
from flow vorticity (4.2.30a) or from Crocco’s equation (4.2.30b), for the steady viscous
transonic flow-field (M∞ = 0.8 ; Re∞ = 9× 106 ; α = 3◦).
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(a)

(b)

Figure 4.2.31: Lift-induced (4.2.31a) and parasite (4.2.31b) drag coefficient of indi-
vidual grid cells (obtained computing the Lamb vector from Crocco’s equation), for the
steady viscous transonic flow-field (M∞ = 0.8 ; Re∞ = 9× 106 ; α = 3◦).
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spurious vorticity waves). On small control volumes, the observed inaccuracies were not so large,
although not negligible on drag, especially in viscous cases.

The scope of this section is to analyse the impact of the Lamb vector calculation method on
the far-field force variationwith the control volume size, for the pitching or plunging viscous cases
at Re∞ = 9 × 106 and k = 1 in incompressible and compressible subsonic (M∞ = 0.5) flow
conditions (Tab. 3.2.1). URANS simulations used the refined grid (Fig. 3.2.2) providing higher
resolution especially in the unsteady wake region, to better analyse the far-field force variation
with the control volume size. The energy equation was solved also in the incompressible case
(nevertheless, negligible temperature variations in the entire flow-field were observed).

Figures from 4.2.32 to 4.2.39 provide comparison of the two approaches, for a control volume
selected with ZW = 10.0†.

In Ch. 3 (Sec. 3.2.4) it was observed that, for pitching oscillations, the presence of apparent
forces in the non-inertial force formula leads to a divergent behaviour of computed errors as the
control volume is progressively enlarged. This is avoided using the new thermodynamic-based
approaches (Fig. 4.2.32 and 4.2.33) as apparent forces are either computed twice and with oppo-
site signs (which of course makes their global contribution vanish in Fthdb ) or not computed at all
(FTHDb ) and the divergence of errors disappears in both cases. The new force formula is evenmore
accurate, with no appreciable error on computed lift for any of the investigated control volume
size. Nevertheless, errors on drag are still non-negligible and higher accuracy can be obtained,
for this pitching aerofoil, working in the inertial reference frame (Fig. 4.2.34 and 4.2.35). In this
case, in fact, errors obtained using the proposed thermodynamic approaches are acceptable on
drag as well as on lift, with the new force formula providing accurate results almost on the entire
investigated range.

Analysing plunging oscillations (Figures 4.2.36 and 4.2.37), it is clear how higher accuracy on
drag can be obtained using the thermodynamic-basedmethod (Fthdb ), at least in the regions where
the mesh is fine enough to sufficiently capture the unsteady wake (i.e. XW < 2), or where the
external CV surface (Σ) does not intercept any vortical structure (i.e. XW > 50). In the same
regions, lift is also accurately computed, with improvements with regards to the standard vortic-
ity-based method (Fvrtb ) for XW > 50 (the vortex force volume integral is now accurately com-
puted, Fig. 4.2.36). Using the new exact force formula (FTHDb ) further improves drag accuracy
and completely eliminates errors on far-field lift calculation even in the wake region with coarse
computational grid.

A very similar behaviour is observed in compressible subsonic conditions (Fig. 4.2.38 and
4.2.39) where the control volume was now selected with ZW = 100.0 to avoid vorticity waves
intercepting its external surface (Σ).

†To maintain coherence with the notation used for the compressible case illustrated in the fol-
lowing figures, here the symbol Fb was used also for incompressible analyses although, of course, the
specific expression of the compressibility correction (i.e. Fa of Fb) is not relevant for incompress-
ible cases, as they both vanish. Transonic variants of the force formula (Fc, Fbc and Fd) are also not
meaningful for incompressible flows, then the notation could be restored to the general symbol Fff.
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Figure 4.2.32: Comparison of vorticity-based and thermodynamic-based Lamb vector
approaches on the total far-field lift variation with wake plane position (F∗b non-inertial,
ZW = 10.0, pitching motion).
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Figure 4.2.33: Comparison of vorticity-based and thermodynamic-based Lamb vector
approaches on the total far-field drag variation with wake plane position (F∗b non-
inertial, ZW = 10.0, pitching motion).
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Figure 4.2.34: Comparison of vorticity-based and thermodynamic-based Lamb vector
approaches on the total far-field lift variation with wake plane position (F∗b inertial,
ZW = 10.0, pitching motion).
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Figure 4.2.35: Comparison of vorticity-based and thermodynamic-based Lamb vector
approaches on the total far-field drag variation with wake plane position (F∗b inertial,
ZW = 10.0, pitching motion).
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Figure 4.2.36: Comparison of vorticity-based and thermodynamic-based Lamb vector
approaches on the total far-field lift variation with wake plane position (F∗b non-inertial,
ZW = 10.0, plunging motion).
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Figure 4.2.37: Comparison of vorticity-based and thermodynamic-based Lamb vector
approaches on the total far-field drag variation with wake plane position (F∗b non-
inertial, ZW = 10.0, plunging motion).
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Figure 4.2.38: Comparison of vorticity-based and thermodynamic-based Lamb vector
approaches on the total far-field lift variation with wake plane position (F∗b non-inertial,
ZW = 100.0, plunging motion).
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vorticity-based
thermodynamic-based
new force formula

Figure 4.2.39: Comparison of vorticity-based and thermodynamic-based Lamb vector
approaches on the total far-field drag variation with wake plane position (F∗b non-
inertial, ZW = 100.0, plunging motion).
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4.3 Summary

• A new unified thermodynamic/vortical approach was conceived, developed and tested
[122]. Theauthorproposedamixedapproach to far-field force/momentprediction,where
exact Lamb-vector-based formulas are used in combination with a thermodynamic-based
calculation of the Lamb vector, through Crocco’s equation.

• The resulting hybridmethod (which does not require an explicit vorticity calculation) pro-
vides results in far better agreementwith regards to the reference near-field force datawhen
compared to standard vorticity-based approaches, especially in presence of shock waves,
where inaccuracies of domain integrals involving the Lamb vector were systematically re-
ported by different authors.

• The proposed unified approach also led to the formulation of new exact force/moment
formulas, representing an innovative thermodynamic method, able to compute the total
force in generally unsteady viscous and compressible flows (not just the irreversible drag
alone, as typically obtained by standard thermodynamicmethods). Thenew force formula
is based on a far-field expression of pressure forces on the body (the only ones deserving
a phenomenological decomposition) while friction stresses are retained in their standard
near-field expression. It does not contain an explicit dependence on time derivatives and
on apparent forces due to relative motion in non-inertial reference frames. This can also
be obtained in a far-field expression for the whole aerodynamic force: it is achieved simply
avoiding simplification of viscous terms (which are therefore still computed by far-field
integrals). The independence on time derivatives and apparent forces is a peculiarity of
the near-field formula, while the possibility to get rid of such terms in far-field expressions
was not a trivial result, as the momentum balance naturally brings them into play. This is
obtained thanks to the alternative expression of unsteady terms, derived in Ch. 3, which
allowed simplifications otherwise not straightforward using the standard expression.

• A similar structurewasobservedbetween thenewexact formula and the steady inertial ver-
sion of the baseline Lamb-vector-based formula. The latter represents a far-field expression
of the whole aerodynamic force. By comparison, if only the pressure force is expressed by
far-field integrals, the exact formula is obtained simply replacing Fμ with Fτ and−ℓ with
G. Above all, the validity of the hybrid far-field/near-field formula obtained in this way is
not limited to steady flows in inertial frames of references, but it holds exactly for unsteady
flows in generally non-inertial frames.

• Compared to classical thermodynamicmethods, thenew formulas introduced in this chap-
ter do not suffer of any ill-definition in their integral expressions. This is an issue of all drag
formulas based on velocity decompositions (Ch. 1, Sec. 1.4.1.2), which involve square
roots of quantities that can drop below zero. No satisfactory solution to this problem has
been achieved yet, especially for unsteady flows around rotating bodies [135], while the
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new thermodynamicmethods derived from the proposed unified approach overcome this
limitation.

• For steady flows, the relation withOswatitsch’s entropy drag formula was also highlighted.

• The new far-field aerodynamic force formulas, derived from the Navier-Stokes equations,
were then extended to turbulent flows governed by theRANS equations, and applied to
post-process two-dimensional numerical flow-fields from both steady and unsteady CFD
simulations for a
NACA0012 aerofoil (either fixed or oscillating with a pure-plunging motion), in a sub-
sonic or transonic, viscous or inviscid, flow. As a further validation case for the newly de-
rived exact formulas, a three dimensional application to an elliptic wing in transonic and
viscous flow at high Reynolds number was also considered.

• Theaccuracy anddomain sensitivity of total forcepredictionobtained through thebaseline
far-field formula considered in Ch. 4 were significantly improved by the new thermody-
namic-based calculation of the Lamb vector, for all analysed cases. In particular, analysing
the unsteady far-field force on variable integration domains (where poor results were ob-
tained with the vorticity-based method except on very small CVs), accuracy on drag was
recovered using the thermodynamic-basedmethod in the regionswhere the adoptedmesh
is fine enough to sufficiently capture the unsteady wake, or where the external CV surface
does not intercept any vortical structure. Using the new exact force formula further im-
proves drag accuracy and completely eliminates errors on far-field lift calculation, even in
the wake region solved with a coarse computational grid.

• Moreover, using the new Lamb vector calculation, the local aerodynamic force produc-
tion is well confined to viscous and shock regions, which was not observed for standard
approaches. This is a relevant aspect for Lamb-vector-based drag decompositionmethods
aiming to separate viscous, wave and spurious drag contributions.

• Finally it was shown that, in the case the Lamb vector is computed fromCrocco’s equation,
an indirect calculation of the flow vorticity can also be obtained, as an alternative to the
direct differentiation of the velocity field. This resulted, for example, in computed vorticity
waves around plunging aerofoils with pattern similar to flow dilatation waves (as required
by the vorticity balance equation, far from the body), which was not obtained using the
direct approach. However, this indirect vorticity calculation only allows for computing the
transverse vorticity field. In three-dimensional flows, where a physical streamwise vorticity
might be present, the Lamb vector knowledge would therefore not suffice to indirectly
compute the total vorticity. In this case, besides theLambvector, the additional knowledge
of flow helicity density would be necessary to indirectly calculate the whole vorticity.
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Conclusions

Findings

A comprehensive illustration of the main aerodynamic force/moment theories developed so far
for both steady and unsteady flows was first provided (Ch. 1), with emphasis on identifying links
and interconnections between thedifferent approaches, homogeneously included in the same the-
oretical picture. The physical decompositions offered by eachmethodwere highlighted, after hav-
ing accurately analysed the definitions involved in the corresponding breakdowns. In particular,
the employed definitions for the different forms of aerodynamic drag, identified on a physical and
phenomenological basis, were first discussed, highlighting their objective or non-objective char-
acteristics in either real or numerically computed flow-fields.

This dissertation focused onLamb-vector-basedmethods for the analysis and decomposition of
the aerodynamic force in the steady andunsteady regimes. Theneed for sharpening and improving
suchmethodsmoved fromprevious studies, highlighting thatLamb-vector-based force predictions
did not yet reach a mature stage (for steady [56, 81] and especially for unsteady flows [140, 142])
compared to the superior accuracy offered, for example, by thermodynamic methods. Moreover,
the research steps leading to their development were convoluted, with different formulations and
decompositionsproposed in thepast, involving several degreesof freedom in the applicationof the
methods and some aspects (as, for example, wave drag identification)whichwere still questioned.

The research activity, subject of this dissertation, started therefore with a preliminary effort
focused on the identification of all the critical aspects and spurious effects influencing the ro-
bustness, accuracy and reliability of the force computation and breakdown in Lamb-vector-based
methods [124], considering both the steady (Ch. 2) and the unsteady regime (Ch. 3). Some of
the highlighted problems affected the majority of numerical applications published in the past,
although very rarely discussed.

As a pre-requisite, the many different Lamb-vector-based force formulas available from litera-
turewerehomogeneouslyorganised in a general form,which is valid for either laminaror turbulent
mean flows, viscous or inviscid regime, fixed or moving bodies, inertial or non-inertial reference
frames. This also included the derivation of extended versions of some of the formulas, initially
restricted to viscous and steady regimes, to deal with inviscid and/or unsteady flows [127]. Simi-
larly, generalised far-field formulations were also derived for the aerodynamic moment.
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Solutions to some of the open issues identified in the preliminary phase (such as the separation
of viscous and wave drag from the total parasite contribution, or the accuracy of unsteady inertial
formulas) were proposed and verified through numerical applications in Ch. 2 and Ch. 3 [124,
127].

It was evidenced that, to decompose parasite drag in viscous and wave contributions, Lamb-
vector integrals cannot be limited to the wake plane only, but flow entrainement in the viscous
wake needs to be taken into account, and its effect was quantified by integrals extended at the
interface between the viscous and the outer flow regions.

A new methodology to perform parasite drag decomposition in viscous and wave contribu-
tions, accounting for the flow entrainement in the viscous region, was proposed and tested on
transonic flow-fields around theRAE2822 and NACA0012 aerofoils. Results were compared to
viscous andwavedrag estimatesobtainedusing consolidated thermodynamic-basedmethods, and
a benchmarking was provided including recent results also obtained using different decomposi-
tion approaches [69, 117, 172].

Inconsistencies experienced in previous works and related to the drag decomposition in lift-in-
duced and parasite contributions (with ambiguities on the physical or non-physical role of a non-
zero induced drag found in two-dimensional flows) have been definitively clarified. For the first
time, the relationship between reversible/irreversible drag definitions and lift-induced/parasite
drag contributions has been clearly addressed, removing the ambiguity that tended to identify the
two in previous works. Using Lamb-vector-based lift-induced drag definitions, a non-zero spu-
rious induced drag was clearly identified post-processing two-dimensional numerical solutions,
increasing in magnitude as the Reynolds number is reduced of the Mach number increased, and
vanishing as the distance of the outer control volume boundary from the aerofoil surface is signifi-
cantly increased. This represents a biaswhich limits the accuracyof thedragbreakdownachievable
through classical or Lamb-vector-based methods, and highlights that the proposed direct defini-
tions of lift-induced drag in viscous and compressible flows still need to be sharpened.

A new expression was derived for the integrals containing time derivative of the velocity field.
This does not involve the computation of spatial gradients and its use eliminates the inaccuracy
observed in the simulation of plunging aerofoils for Lamb-vector-based force formulas in inertial
reference frames.

Additionally, amethodwas proposed for oscillating aerofoils identifying, in the far-field Lamb-
vector-based axial force expression, the individual force terms providing thrust and those provid-
ing drag. Indeed, the proposed breakdown in unsteady induced force and parasite drag allows for
TDB in two-dimensional flows, and a pole-independent axial force decomposition was also de-
rived. It is interestingly highlighted that the decomposition is achieved using a control volume
that tends to separate the bound vorticity on the body surface from the free vorticity in the un-
steady wake. The proposed vortical approach to the TDB problem also gives a new insight on the
physical phenomenon of thrust generation on flapping wings, complementary to that provided
by Knoller and Betz (related to non-zero effective angles of attack): thrust is obtained as the axial
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force induced by the unsteady lift, i.e. by the time-variation of the aerofoil circulation and associ-
ated unsteady trailing vorticity. In subsonic flow, the decomposition provides satisfactory results
when thrust and drag contributions are compared respectively to the inviscid force (thrust only)
and to the steady force (drag only). Nonetheless, it is also highlighted that the computed un-
steady parasite drag exhibits very slight variations with the effective angle of attack experienced by
the aerofoil during its plunging oscillation, while strong incidence effects are instead observed on
the steady drag. Decomposition results in transonic flow were also analysed, although in this case
the inviscid force does not purely represent a thrust contribution, but also includes wave drag.

Then, a new unified thermodynamic/vortical method was conceived, developed and tested
[122]. The author proposed a mixed approach to far-field force/moment prediction, where exact
Lamb-vector-based formulas are used in combination with a thermodynamic-based calculation
of the Lamb vector, through Crocco’s equation. This is fundamental in post-processing CFD data
fromflow solversworking onprimitive variables. In this case, in fact, the standard approach, which
consists in computing the Lamb vector from its definition, involves the numerical differentiation
of the discrete velocity field to compute the flow vorticity. This gives no guarantee that it satisfies
the vorticity balance equation, usually not part of thePartialDifferential Equations (PDEs) system
which is numerically solved. Momentum equation is instead satisfied, and Crocco’s theorem is an
expression of the momentum balance.

From the operative point of view, the resulting hybrid method (which does not require an ex-
plicit vorticity calculation) allowed for solvingmost of the problems frequently encountered in the
numerical application of Lamb-vector-based methods on CFD solutions obtained frommomen-
tum-based flow solvers (and highlighted in the early steps of this doctoral research), namely: the
accuracy of force formulas in presence of shock waves, the non-physical dependence of total force
coefficients on the control volume selection, a spurious local force production in non-rotational
flow-field regions, etc..

From the theoretical point of view, the proposed approach represents a step forward in the
direction of unifying far-field theories and also led to the formulation of a new exact force for-
mula, providing an innovative thermodynamic method, able to compute the total force (not just
drag alone) in generally unsteady viscous and compressible flows. The new formula is based on a
far-field expression of pressure forces on the body (the only ones deserving a phenomenological
decomposition) while friction stresses are retained in their standard near-field expression. It in-
volves the integration of the vector fieldG = ∇H− T∇swhich represents, for isothermal flows,
the variation of total Gibbs free energy. It is related to the gradient of flow exergy ε (referred to
the free-stream state) by: G = ∇ε − ΔT∇s.

Thishybridnear-field/far-field formuladoesnot contain anexplicit dependenceon timederiva-
tives and on apparent forces due to relativemotion in non-inertial reference frames, which impact
is twofold: operationally, it represents an advantage for any post-processing routine; physically, it
tells us that a far-field decomposition of the pressure force is possible without involving unsteady
or apparent terms at all, even for unsteady flows or in non-inertial frames.
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Theunified approach also allows deriving a far-field expression independent of timederivatives
and apparent forces for the whole aerodynamic force: it is obtained simply avoiding simplifying
viscous terms, which are therefore still computed by far-field integrals. The independence on time
derivatives and apparent forces is a peculiarity of the near-field formula, while the possibility to get
rid of such terms in far-field expressions is not a trivial result, as the momentum balance naturally
brings them into play. This is obtained thanks to the alternative expression of unsteady terms,
derived in Ch. 3, which allowed simplifications otherwise not straightforward using the standard
expression.

Compared to classical thermodynamicmethods, the new formulas derived from the proposed
unified approach do not suffer of any ill-definition in their integral expressions (an issue of all drag
formulas based on velocity decompositions: Ch. 1, Sec. 1.4.1.2). No satisfactory solution to this
problem has been achieved yet [135], while the new thermodynamic methods introduced in this
doctoral research overcome this limitation.

Moreover, the proposed unified method eliminates the need to use some of the Lamb-vector-
based formulations analysed in this dissertation (namely, “bc” and “d”). In fact, theywere based on
artefacts to recover accuracy in presence of shock waves (at the cost of introducing other issues)
which are not necessary anymore as the unified formulas are accurate in subsonic as well as in
transonic flows. A further reduction to two (i.e. formulation “a” and “b”) is possible recalling that
formulation “c” is indeed not truly Lamb-vector-based but hybrid classical, the vortex force having
disappeared in this far-field expression (Ch. 2). Then, for steady flows, considering that the mid-
field property is only guaranteed by formulation “b” (Ch. 2), this finally reduces to one the set of
relevant Lamb-vector-based force formulas.

The unified approach was also extended to the computation of the aerodynamic moment and
a new exact moment formula based on theG field integration was similarly derived.

Finally it was shown that, in the case the Lamb vector is computed fromCrocco’s equation, an
indirect calculation of the flow vorticity can also be obtained, as an alternative to the direct dif-
ferentiation of the velocity field. This resulted, for example, in computed vorticity waves around
plunging aerofoilswithpattern similar toflowdilatationwaves (as requiredby the vorticity balance
equation, far from the body), which was not obtained using the direct approach. However, this
indirect vorticity calculation only allows for computing the transverse vorticity field. In three-di-
mensional flows, where a physical streamwise vorticity might be present, the Lamb vector knowl-
edge would therefore not suffice to indirectly compute the total vorticity. In this case, besides the
Lamb vector, the additional knowledge of flow helicity density would be necessary to indirectly
calculate the whole vorticity.

Future perspectives

Further developments of the method are envisaged in identifying a physical and phenomenolog-
ical correlation for the different terms contributing to the new exact force formula. Indeed it has
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already been highlighted that a new breakdown of the pressure force is allowed by this formula,
suggesting that interesting links could be identified with recent studies being conducted on Par-
tial Pressure Fields [177, 178], which as well provide a decomposition of pressure forces.

It was alsomentioned that the newly identified vectorG = ∇H−T∇s represents, for isother-
mal flows, the variation of total Gibbs free energy. It is related to the gradient of flow exergy ε (re-
ferred to the free-stream state) by: G = ∇ε− ΔT∇s. This suggests another direction for further
investigations, as different far-field methods based on the energy/exergy balance [8, 9, 43] were
recently developed and studied. These however are scalar equations and those methods therefore
cannot provide information on the total force vector. Thenew exact force formula of the proposed
unified method, instead, is a vector relation, linking the total force to flow exergy and providing
information on both lift and drag.

Since not only the resultant force but also the aerodynamic moment was addressed, deriving
exact far-field formulations for both quantities, this opens the door to the analysis and decompo-
sition of the moment as well.

Additionally, the axial force decomposition illustrated in Ch. 3, allowing to define a TDB for
oscillating aerofoils, could alsobe investigated topotentially provideTDBon isolatedpropellers in
axial and subsonic flow, comparing the isolated thrustwith the total axial force obtained in inviscid
conditions.

Finally, as the new formulas were derived in an exact form from the Navier-Stokes equations,
future applications of the proposed method may also address, for example, supersonic flows or
turbulent flows resolved by Direct Numerical Simulations.
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A
Notable Transformations andDerivations

A.1 DerivativeMoment Transformations (DMTs)

Let V be a subset ofRN (N = 2, 3 is the space dimension) where a differentiable vector field f
is defined and a regular boundary ∂V constitutes its frontier. The following integral identities are
applicable: ∫

V
f dV =

∫
V
r× (∇× f)dV −

∫
∂V

r× (n× f)dS (A1)

with r defined by Eq. (2.2). If f is the gradient of a scalar function, f = ∇φ, Eq. (A1) reduces to:∫
∂V

φn dS = −
∫
∂V

r× (n×∇φ)dS (A2)

Additional DMT identities are included in [222, pp. 698-705] (this section only reports those
effectively used in this dissertation) and a rigorous derivation of Eq. (A1) and Eq. (A2) can be
found in [138], including the general proof of Eq. (A2) which does not lie on Eq. (A1). It is also
worth mentioning that Eq. (A1) can be derived as a particular case of the more general identity
published by the Italian mathematician Pietro Burgatti [24] (the proof is provided in [136]).

All these identities are invariant with respect to a change in the origin (pole) of the scaled posi-
tion vector r. Therefore, in the application of Eq. (A1) andEq. (A2), the pole in r can be arbitrarily
chosen, usually depending on convenience.
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Eq. (A1) can be regarded as a multi-dimensional version of the integration by parts formula
[222, pp. 593, 700], as it relates the integral of f to the same integral of the first moment of its
derivatives (through the curl of f, in this case) plus a boundary term*.

Similar formulas can also be obtained for the integral of the first moment of f, to be related to
the same integral of the secondmoment of f derivatives, plus boundary terms. Denotingwith r̂ the
(non-scaled) position vector referred to the DMTpole (r̂ = (N − 1) r = x− xP), the following
integral identities can be proved to hold for both 2D and 3D fields:

∫
V
r̂× f dV = −1

2

∫
V
r̂2(∇× f)dV +

1
2

∫
∂V

r̂2(n× f)dS (A3)∫
∂V

r̂× nφ dS =
1
2

∫
∂V

r̂2(n×∇φ)dS (A4)

In these identities† it is implicitly assumed that the pole is the same for all moments involved
on both sides of the identity. Therefore, when Eq. (A1) and (A2) are used to compute the aero-
dynamic force (Sec. A.4), the pole can be arbitrarily chosen as mentioned above, while when the
aerodynamic moment is computed using Eq. (A3) and (A4), the DMT pole is inherently coinci-
dent with the reference pole where the moment calculation is required (see Sec. A.4).

It is explicitly observed that identities (A3) and (A4) are similar to Eq. (A1) and (A2), in the
sense that moments can be substituted on the LHS and identities are recovered by replacing the
operator r×, on the RHS, with−r̂2/2.

A.2 Reference frame transformations

Let us consider a non-inertial reference frameO′(x′y′z′), with the same clock of an inertial frame
O(xyz): t′ = t. The relativemotion ofO′(x′y′z′)with regards to the inertial frame is described by
the translational velocity of its origin U(t) and by its angular velocityΩ(t) around the origin O′.
Specifying with a prime superscript (′) the variables in the O′(x′y′z′) reference, the relationship
between derivatives computed in the two frames are given by the following relations (detailed

*a similar formula, which instead involved the divergence of f, can also be derived [222, p. 700].
†derived and discussed into details in [222, pp. 700-705].
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derivation in [199, pp. 3-6, in Italian]):

∇f = ∇′f (superscript ′ will be therefore omitted for spatial gradients) (A5)
Df
Dt

=
Df
Dt′

(A6)

∂f
∂t

=
∂f
∂t′

− VT · ∇f (A7)

Db
Dt

=
Db
Dt′

+ Ω × b (A8)

∂b
∂t

=
∂b
∂t′

− VT · ∇b+ Ω × b (A9)

DV
Dt

=
DV′

Dt′
+

dU
dt

+
dΩ
dt

× x′ + Ω × (Ω × x′) + 2Ω × V′ (A10)

where f and b denote a scalar and a vector field respectively, while V, V′ and

VT = V− V′ = U+ Ω × x′ (A11)

represent the absolute fluid velocity (V), the relative fluid velocity (V′) and the transport speed
(VT) at relative frame position (x′) with regards to the inertial reference.

These statements allow us to rewrite the continuity andmomentum balance equations in non-
inertial reference frames as:

1
ρ
Dρ
Dt′

= −∇ · V′ (A12)

ρ
DV′

Dt′
= ρa′ = ∇ · τ + ρ

[
g− dU

dt
− dΩ

dt
× x′ − Ω × (Ω × x′)− 2Ω × V′

]
(A13)

In [199, p. 6, in Italian] it is also shown how the stress tensor, for Newtonian fluids, is also
invariant for inertial or non-inertial reference frames, therefore prime superscript is omitted on τ.

It is explicitly observed that the notation with prime superscripts used above is strictly nec-
essary in Eqs. from (A5) to (A10), where the need to distinguish the two reference frames in
the same equation is required. When there is no need to distinguish quantities, as they are all
evaluated in the same frame of reference (as for Eq. (A12) or (A13)), prime superscripts can be
omitted, and this will be done in other document sections. In such cases, it is intended that, for
example,V is considered as, respectively, the absolute or the relative fluid velocity and partial time
derivatives should be interpreted as appropriate for the selected reference frame (i.e. respectively
at constant absolute or relative position). Apparent body forces due to the relative frame motion
will of course be zero in the case of inertial reference frames.
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A.3 Shifting time derivative and integral signs

A.3.1 Reynolds transport theorem

LetF be a tensor of any rank andV(t) a time-dependent control volume. Then the theorem states
that:

d
dt

∫
V(t)

FdV =

∫
V(t)

∂F
∂t

dV +

∫
∂V(t)

F (V∂V · n) dV (A14)

with V∂V being the velocity of the control volume boundary [222, p. 24].

A.3.2 Aris identity

Let Φ be a tensor of rank higher that zero and S(t) a time-dependent closed surface. Then Aris
proved the following identity [7, p. 63]:

d
dt

∫
S(t)

n · Φ dS =
∫
S(t)

n ·
[
∂Φ
∂t

+ VS (∇ · Φ)
]
dS (A15)

with VS being the velocity of the moving surface ([138]).

A.4 Derivation of the original Lamb-vector-based formula

A.4.1 Aerodynamic force

Here below a derivation of the original far-field force formula based on the Lamb-vector is in-
cluded, alternative to that provided by the pioneering authors [222, pp. 617-621]. A general
non-inertial frame of reference will be considered and the formula will be derived for unsteady
compressible flows around bodies with non-zero wall velocities (e.g. moving objects, slip flows or
non-impermeable walls). The flow will be assumed laminar, although generalisations of the final
force formulas to the turbulent regime are also included in Appendix E.

The starting point is always represented by the integral balance equation for linearmomentum,
although now considered in the form of Newton’s second law (combination of continuity and
momentum balance), which allows translating Eq. (1.2) into:

Fff = −
∫
V
ρa dV −

∫
Σ

(
pn− τ

v
· n
)
dS+

∫
V
ρf
m
dV (A16)

where a is the fluid particle acceleration and f
m
is definedbyEq. (3.5). Considering the differential

vector identify V · ∇V = ∇ (V2/2) + (∇× V) × V, the (opposite) inertial force of the fluid
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particle (ρa) can be written as:

ρa = ρ
DV
Dt

= ρ
∂V
∂t

+ ρV · ∇V = ρ
∂V
∂t

+ ρ∇
(
V2/2

)
+ ρ (∇× V)× V

= ρ
∂V
∂t

+∇
(
ρ
V2

2

)
− V2

2
∇ρ+ ρℓ

Using this expression in the far-field force formula, and getting rid of the gradient term through
Eq. (A1), leads to:

Fff =−
∫
V
r×
[
∇×

(
ρℓ− V2

2
∇ρ
)]

dV +

∫
∂V

r× (n× ρa) dS−
∫
Σ
pn dS+

+

∫
Σ
τ
v
· n dS+

∫
V
ρf
m
dV −

∫
V
r×
[
∇×

(
ρ
∂V
∂t

)]
dV

Recalling that ∂V = Σ ∪ ∂B and applying again Eq. (A1) to the vector field f = ρℓ − V2

2 ∇ρ, it
becomes:

Fff =−
∫
V

(
ρℓ− V2

2
∇ρ
)
dV −

∫
Σ
r×
[
n×

(
ρℓ− V2

2
∇ρ
)]

dS+

−
∫
∂B

r×
[
n×

(
ρℓ− V2

2
∇ρ
)]

dS+
∫
Σ
r× (n× ρa) dS+

∫
∂B

r× (n× ρa) dS+

−
∫
Σ
pn dS+

∫
Σ
τ
v
· n dS+

∫
V
ρf
m
dV −

∫
V
r×
[
∇×

(
ρ
∂V
∂t

)]
dV

Then, introducingmomentum equation (Eq. (A13)) in the fourth integral of the above equation,
we obtain:

Fff =−
∫
V

(
ρℓ− V2

2
∇ρ
)
dV −

∫
Σ
r×
[
n×

(
ρℓ− V2

2
∇ρ
)]

dS+

−
∫
∂B

r×
[
n×

(
ρℓ− V2

2
∇ρ
)]

dS−
��������∫
Σ
r× (n×∇p) dS+

+

∫
Σ
r×
(
n×∇ · τv

)
dS+

∫
Σ
r×
(
n× ρf

m

)
dS+

∫
∂B

r× (n× ρa) dS+

−
�
�
��

∫
Σ
pn dS+

∫
Σ
τ
v
· n dS+

∫
V
ρf
m
dV −

∫
V
r×
[
∇×

(
ρ
∂V
∂t

)]
dV

where the static pressure contribution is eliminated with the help of identity (A2). The two in-
tegrals over the body skin can be combined and re-elaborated using the inertial force expression

219



Appendix A. Notable Transformations and Derivations

and, again, Eq. (A2), obtaining:∫
∂B

r×
[
n×

(
ρa− ρℓ+

V2

2
∇ρ
)]

dS =

∫
∂B

r×
(
n× ρ

∂V
∂t

)
dS+

+

∫
∂B

r×
[
n×∇

(
ρ
V2

2

)]
dS =

∫
∂B

r×
(
n× ρ

∂V
∂t

)
dS−

∫
∂B

ρ
V2

2
n dS

(A17)

The final far-field force expression therefore becomes:

Fff =−
∫
V
ρℓ dV +

∫
V

V2

2
∇ρ dV −

∫
Σ
r× (n× ρℓ) dS+

∫
Σ
r×
[
n× V2

2
∇ρ
]
dS+

+

∫
Σ
r×
(
n×∇ · τv

)
dS+

∫
Σ
r×
(
n× ρf

m

)
dS+

∫
Σ
τ
v
· n dS+

∫
V
ρf
m
dV +

−
∫
V
r×
[
∇×

(
ρ
∂V
∂t

)]
dV +

∫
∂B

r×
(
n× ρ

∂V
∂t

)
dS−

∫
∂B

ρ
V2

2
n dS

where, on the right-hand-side, the contributions of Fℓ, Fρ, FS, Fμ , Ft and Fm as defined in Ch. 2,
Sec. 2.1.1 and Ch. 3, Sec. 3.1.1 can be clearly identified.

Each of these individual contributors can vanish in particular cases, e.g.: inertial frames of
reference and no gravitational effects (Fm = 0); steady flows (Ft = 0); incompressible flows
(Fρ = 0); inviscid flows (Fμ = 0).

A.4.2 Aerodynamic moment

Here below a derivation of the original far-field moment formula based on the Lamb-vector is
included, alternative to that provided by the pioneering authors [222, pp. 617-621]. A general
non-inertial frame of reference will be considered and the formula will be derived for unsteady
compressible flows around bodies with non-zero wall velocities (e.g. moving objects, slip flows or
non-impermeable walls). The flow will be assumed laminar, although a generalisation of the final
moment formula to the turbulent regime is straightforward, based on what derived for the force
formula in Appendix E.

The starting point is represented by the integral balance equation of extrinsic fluid particlemo-
ment (which, for non-micropolar fluids, provides the whole angular momentum balance). It is
obtained by taking the cross-product of the linear momentum balance (in the form of Newton’s
second law) by r̂. The corresponding definition for the far-field aerodynamic moment, with re-
gards to the pole P, is therefore given by (Eq. A16 left-multiplied by r̂, in the cross product way):

Mff = −
∫
V
r̂× ρa dV −

∫
Σ
r̂×
(
pn− τ

v
· n
)
dS+

∫
V
r̂× ρf

m
dV (A18)

where the dependence ofMff on the chosen pole is included in r̂.
From now on, the same derivation used for the force formula can be followed, at condition of

using identities (A3) and (A4) instead of (A1) and (A2), respectively. The final far-field moment
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formula, expressed in terms of the Lamb vector, is given by:

Mff =−
∫
V
r̂× ρℓ dV +

∫
V
r̂× V2

2
∇ρ dV +

1
2

∫
Σ
r̂2 (n× ρℓ) dS+

−1
2

∫
Σ
r̂2
(
n× V2

2
∇ρ
)
dS−1

2

∫
Σ
r̂2
(
n×∇ · τv

)
dS−1

2

∫
Σ
r̂2
(
n× ρf

m

)
dS+

+

∫
Σ
r̂×
(
τ
v
· n
)
dS+

∫
V
r̂× ρf

m
dV +

1
2

∫
V
r̂2
[
∇×

(
ρ
∂V
∂t

)]
dV +

−1
2

∫
∂B

r̂2
(
n× ρ

∂V
∂t

)
dS−

∫
∂B

r̂× ρ
V2

2
n dS

It can be written in compact form as:

Mff = Mℓ +Mρ +MS +Mμ +Mt +Mm (A19)

once the following definitions have been set (according to the colour highlights used above):

Mℓ = −
∫
V
r̂× ρℓ dV −

∫
∂B

r̂× ρ
V2

2
n dS (A20)

Mρ =

∫
V
r̂× V2

2
∇ρ dV − 1

2

∫
Σ
r̂2
(
n× V2

2
∇ρ
)
dS (A21)

MS =
1
2

∫
Σ
r̂2 (n× ρℓ) dS (A22)

Mμ = −1
2

∫
Σ
r̂2
(
n×∇ · τv

)
dS+

∫
Σ
r̂×
(
τ
v
· n
)
dS (A23)

Mt =
1
2

∫
V
r̂2
[
∇×

(
ρ
∂V
∂t

)]
dV − 1

2

∫
∂B

r̂2
(
n× ρ

∂V
∂t

)
dS (A24)

Mm = −1
2

∫
Σ
r̂2
(
n× ρf

m

)
dS+

∫
V
r̂× ρf

m
dV (A25)

It is worth observing that these individual constituents of themoment formula can be obtained
from the homologous terms appearing in the force formula (Fℓ, Fρ, FS, Fμ , Ft and Fm) by the sim-
ilarity rule highlighted in Sec. A.1, i.e. by taking (non-scaled) moments of the vector fields under
integral signs and, where integrals already involve moments, by replacing the operator r× with
−r̂2/2.

Scaling factors (1/(N −1)) do not appear in position vectors for themoment formula, which
is therefore independent of the space dimension (2D or 3D).

The dependence ofMff on the chosen pole is included in r̂ and the same pole was used to apply
DMTs.

According to what done for the force formula by Mele and Tognaccini [119], the compress-
ibility correction (Mρ) can also be expressed in an equivalent form which guarantees, for steady
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flows, the mid-field property of the moment formula:

Mmρ
=

1
2

∫
V
r̂2
{
∇×

[
ρ∇
(
V2

2

)]}
dV = −1

2

∫
V
r̂2
[
∇×

(
V2

2
∇ρ
)]

dV =

=
1
2

∫
V
r̂2
[
∇ρ×∇

(
V2

2

)]
dV

(A26)

Moreover, similarly to what illustrated in Ch. 3 (Sec. 3.1.6), an alternative andmathematically
equivalent form of unsteady moment terms (Mt) can be obtained by adding and subtracting the
integral 12

∫
Σ r̂

2
(
n× ρ∂V∂t

)
dS and applying identity (A3). This leads to the expression:

M∗
t = −

∫
V
r̂×
(
ρ
∂V
∂t

)
dV +

1
2

∫
Σ
r̂2
(
n× ρ

∂V
∂t

)
dS (A27)

which does not involve spatial gradients of flow variables and allows the aerodynamic moment
formula to be written as:

Mff = Mℓ +Mmρ
+MS +Mμ +M∗

t +Mm (A28)

This expression represents the baseline formula used to derive the new exact moment formula
in Ch. 4, Sec. 4.1.4.

A.5 Links between vortex force theory and unsteady linear theo-
ries

The aim of this section is to prove that, under the same hypotheses used in Ch. 1, Sec. 1.2.2 (non-
dissipative incompressible 2D slightly perturbed flow, initially irrotational), the vortex force the-
ory of Wu et al. [221] encompasses unsteady linear theories as a particular case, therefore estab-
lishing links between the two formulations. Of course, due to the impulse nature of linear theories,
the connection between 2D Lamb vector methods and impulse formulations (highlighted in Ch
3, Sec. 3.1.7) is a key element to bridge the two. Once this connection is identified, the gener-
ality of Wu et al. [221] vortex force theory can be exploited to extend unsteady force analysis to
non-linear, viscous and compressible flows.

Linear theories were studied in inertial reference frames, therefore the incompressible Lamb-
vector force formula to start with is Eq. 3.16, which is here recalled for the sake of completeness:

Fff = Fℓ + Ft + FS +�
�7
0

Fμ

where it was considered that Fμ vanishes for inviscid flows. The control volume is selected with its
external surface Σ intercepting the aerofoil trailing edge. This allows excluding the wake disconti-
nuity ∂W from the CV boundary ∂V , which would otherwise be composed by ∂B ∪ ∂W ∪ Σ, as
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represented in Fig. A.5.1a. With thisCV choice, thewake plane can runwithout being interrupted
by the wake discontinuity (Fig. A.5.1b). In fact, Kutta’s conditions ensures that the velocity field
is continuous at the trailing edge (and equal to V∞, for slightly perturbed flows).

The other terms of the far-field formula are therefore given by‡:

Fℓ =
������*0

−ρ∞

∫
V
ℓ dV − ρ∞

∫
∂B

V2

2
n dS = −ρ∞

∫ b

−b

(V±)2

2
n± dx (A29)

Ft =���������:0
−ρ∞

∫
V
r× ∂ω

∂t
dV + ρ∞

∫
∂B

r×
(
n× ∂V

∂t

)
dS =

= ρ∞

∫ b

−b
r×
(
n± × ∂V±

∂t

)
dx (A30)

FS = −ρ∞

∫
Σ
r× (n× ℓ) dS = −ρ∞ [r× (n× ℓ)] |(b,0,t) (A31)

Under the abovementioned assumptions, the entire flow-field is irrotational outside of vortical
sheets concentrated at the bodywall and along its infinitely-thin unsteady wake, therefore domain
integrals in Eq. (A29) and (A30) were cancelled to zero.

Linear theories studied the unsteady motion of a flat plate which, under small perturbation
hypothesis, can be considered at z = 0. Therefore, integrals on ∂B were specialised to the upper
and lower surfaces of the x-axis segment between−b and b, where quantities are indicated with
+ (upper) or − (lower) superscripts. The reference frame is selected as in Sec. 1.2.2, i.e. x-axis
chordwise, aligned with V∞, with origin at the mid-chord point. Over the Σ surface, the Lamb
vector is zero except at the intersectionwith thewake line (plate trailing edge), where the vorticity
is concentrated (the free vorticity is therein the only non-zero singularity). The Lamb vector can
therefore be described on Σ as a distribution with Dirac impulse at the trailing edge (where ℓ =

γ
w
× V∞) and Eq. (A31) can be computed using Lebesgue integration.

Assuming the DMT pole at the mid-chord point (reference frame origin) and recalling that
n± = ∓ez over theupper and lowerflatplate surfaces (invariant in time, under small perturbations
hypothesis), where the velocity vector V± is given by (V∞ + u±)ex + wez§, lift can be expressed

‡In the case where the CV is instead chosen as in Fig. A.5.1a, Fℓ and Ft include another term,
identical to the body skin integral but computed over the ∂W boundary (instead of ∂B), while FS = 0
(in this case the wake plane is interrupted and therefore Σ does not intercept any singularity).

§no distinction has been done between upper and lowerw velocities as, for small disturbances, the
relative transverse fluid velocity is zero at the impermeable wall and the plate motion velocities are of
course the same on both sides of the wall.
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(a) Generic wake plane position
(dashed lines collapse onto the body and wake boundaries).

(b) Wake plane intercepting the aerofoil trailing edge.

Figure A.5.1: Integration domain for 2D slightly perturbed unsteady inviscid flows.
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A.5. Links between vortex force theory and unsteady linear theories

by:

l = Fff · ez =

= −ρ∞

∫ b

−b

(V±)2

2
(n± · ez) dx+ ρ∞

∫ b

−b
r×
(
n± × ∂V±

∂t

)
· ezdx− ρ∞V∞bγw(b, t) =

=
ρ∞
2

∫ b

−b
[V2

∞ +���(u+)2 + 2V∞u+ − V2
∞ −���(u−)2 − 2V∞u−]dx+

− ρ∞

∫ b

−b

∂

∂t
[
x(V∞ + u+)− x(V∞ + u−)

]
dx− ρ∞V∞bγw(b, t) =

= ρ∞V∞

∫ b

−b
(u+ − u−)dx− ρ∞

d
dt

∫ b

−b
x(u+ − u−)dx− ρ∞V∞bγw(b, t)

(A32)
where higher order velocity perturbation terms were neglected, based on the assumption that
u/V∞ ≪ 1 and w/V∞ ≪ 1. In the last row, time derivative was moved outside of the inte-
gral sign despite the moving integration domain, because the boundary integral in the Reynolds
transport theorem [222, p. 24] would be identically zero, since the frontier velocities cancel-out
on opposite sides of the flat plate.

Taking into account thatu+−u− = γb, Eq. (A32) reduces toEq. (1.19)ofCh. 1,whichproves
the objective of this section. The time variation of the fluid impulse in V appears in the second
term of Eq. (A32) and the derivation from vortex force theory provided herein also justifies the
symbols used in Eq. (1.20).

Choosing the DMT pole at the trailing edge, Eq. (1.18) is instead recovered. It is observed
that, in this case, the FS term gives no lift contribution as expected, being the pole located on the
wake plane with n = ex [81] (see also Sec. 2.1.1).

With an analogous procedure, links can be established for the aerodynamic moment as well.
Indeed, starting from Eq. (A19), for inviscid and incompressible flows in inertial frames of refer-
ence the formula reduces to:

Mff = Mℓ +Mt +MS

Under the same hypothesis on the control volume selection and assuming a 2D slightly perturbed
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flow over the flat plate with straight wake aligned with the free-stream, it is:

Mℓ =��������:0
−ρ∞

∫
V
r̂× ℓ dV − ρ∞

∫
∂B

r̂× V2

2
n dS =

= −ρ∞

∫ b

−b
(x− xP)×

(V±)2

2
n± dx (A33)

Mt =
�����������:0
ρ∞
2

∫
V
r̂2
(
∇× ∂V

∂t

)
dV −

ρ∞
2

∫
∂B

r̂2
(
n× ∂V

∂t

)
dS =

= −
ρ∞
2

∫ b

−b

(
x2 + x2P − 2xxP

)(
n± × ∂V±

∂t

)
dx (A34)

MS =
ρ∞
2

∫
Σ
r̂2 (n× ℓ) dS =

ρ∞
2
[(
x2 + x2P − 2xxP

)
(n× ℓ)

]
|(b,0,t) (A35)

Therefore, basedon the sameconsiderations used in the lift formula, the plate pitchingmoment
is given by:

m = Mff · ey =

= −ρ∞

∫ b

−b
(x− abex)×

(V±)2

2
n± · ey dx+

−
ρ∞
2

∫ b

−b

[
x2 + (ab)2 − 2xab

](
n± × ∂V±

∂t

)
· ey dx+

+
ρ∞V∞

2

[
b2 + (ab)2 − 2ab2

]
γw(b, t) =

= −ρ∞V∞

∫ b

−b
(x− ab)(u+ − u−)dx+

+
ρ∞
2

d
dt

∫ b

−b

[
x2 + (ab)2 − 2xab

]
(u+ − u−)dx+

+
ρ∞V∞

2

[
b2 + (ab)2 − 2ab2

]
γw(b, t) =

= −ρ∞V∞

∫ b

−b
xγbdx+

ρ∞
2

d
dt

∫ b

−b
x2γbdx+ ρ∞V∞

b2

2
γw(b, t) + abl+

+
������(ab)2

2
ρ∞

dΓ
dt

+
���������(ab)2

2
ρ∞V∞γw(b, t)

(A36)

where the lift expression provided by Eq. (A32) was taken into account. The last two terms in the
moment formula were cancelled-out since, for the Kelvin theorem, it is:

−dΓ
dt

= V∞γw(b, t)

then the formula reduces to Eq. (1.21) of Ch. 1, which proves the result.
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A.6 Asymptotic behaviour of pressure and density terms in FBETZ

Theasymptotic behaviour of flowquantities in unboundedexternal aerodynamics has beendeeply
analysed by Liu et al. [102]. Starting from the linearized Navier-Stokes equations, they showed
for example that an exponential decay of the flow velocity is obtained once the fluid vorticity and
dilatation are assumed tohave a compact structure in the analyseddomain¶. Thisdomainhowever
is very large and includes the starting vorticity, with the flow being inherently unsteady.

Considering a steady flow model, which means limiting the analysis to a true subset of the
complete domain [217], and assuming a high-Reynolds number regime (which allows neglecting
viscous effects far from the body and wake) the asymptotic behaviour of the velocity field was
studied by Batchelor [12, pp. 114-124]. He proved, on a kinematic basis, that an algebraic decay
of the velocity perturbation (δV = (u, v,w)T) is obtained in the case of compact vorticity and
dilatation (which however in this case needs to be assumed by hypothesis). Far from the body and
wake, therefore, u, v and w behave as∝ 1/r2, where r is the distance from perturbation sources.
Surface integrals involving velocity perturbations raised to powers higher than one can then be
neglected as the integration domain is extended, since the area grows as∝ r2.

For steady compressible flows, density variations in the isentropic flow region far from thebody
andwake can bemodelled at second-order on the velocity by the following relation, derived inde-
pendently by Drela [44, p. 168] and Smith [181]:

ρ− ρ∞
ρ∞

= −1
2
M2

∞
V2
∞

{
2uV∞ +

[
1− (2− γ)M2

∞
]
u2 + v2 + w2} (A37)

Smith [181] also derived a binomial expansion of the compressible Bernoulli equation to express
static pressure variations in terms of the velocity perturbations, at second-order [177]:

p− p∞ =
1
2
ρ∞
{
−2uV∞ −

[(
1−M2

∞
)
u2 + v2 + w2]} (A38)

In Ch. 1, Sec. 1.4.2, the following definition was made:

FBETZ
def
=

∫
Σ
(pt,∞ − pt) n dS+

∫
Σ

1
2
V2
∞(ρ− ρ∞)n dS+

∫
Σ
τ
vt
· n dS (A39)

The scope of this section is to prove that, for high-Reynolds number flows and far from the body
and wake, the sum of the first two integrals on the LHS of the above expression can be restricted
on the wake plane W. Indeed it will be shown that the contributions on Σ\W for the first and
second integrals are approximately equal and opposite in sign, as numerically verified by Fournis
et al. [57].

Eq. (A37) and (A38) can be used at the scope, when Σ\W is assumed far from the body and

¶This was first proved to hold, on a dynamic basis, for incompressible flows byWu [219] and then
generalised to unsteady viscous and compressible flows by Liu et al. [100].
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wake. In this case, in fact, it is possible to write:∫
Σ\W

(pt,∞ − pt) n dS =

∫
Σ\W

(
p∞ +

1
2
ρ∞V2

∞ − p− 1
2
ρV2
)
n dS ≈

≈
∫
Σ\W

[
ρ∞uV∞ +

1
2
ρ∞V2

∞ − 1
2

(
ρ∞ − M2

∞u
V∞

)
·

·
(
V2
∞ + u2 + 2V∞u+ v2 + w2)] n dS ≈

≈
∫
Σ\W

(
����ρ∞uV∞ +

����1
2
ρ∞V2

∞�����−1
2
ρ∞V2

∞�����−ρ∞uV∞ +
1
2
M2

∞uV∞

)
n dS

and ∫
Σ\W

1
2
V2
∞(ρ− ρ∞)n dS ≈ −

∫
Σ\W

1
2
M2

∞uV∞n dS

where terms of orderO(δV2)or higherwere automatically neglected as their integral contribution
vanishes as Σ\W is extended far from the body and wake.

Being the two integrals approximations equal and opposite in sign, this proves the possibility
to write:∫

Σ

[
pt,∞ − pt +

1
2
V2
∞
(
ρ− ρ∞

)]
n dS ≈

∫
W

[
pt,∞ − pt +

1
2
V2
∞
(
ρ− ρ∞

)]
n dS

under the specified assumptions. This gives no lift component once the wake surface is assumed
as a plane orthogonal to V∞.
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B
Sensitivity study of the steady force formulas

This studywas performed on two-dimensional test-cases, considering themajority of the analysed
flow conditions for the NACA0012 aerofoil, listed in Section 2.2.1 (Table 2.2.1).

B.1 Variation of the control volume size

Results of the sensitivity analysis are hereafter reported focusing on the lifting cases (asymmetric
flow-fields), although data at zero incidence are also included for comparisonwhen relevant in the
discussion below (e.g. in transonic flow conditions).

B.1.1 Nearly-incompressible inviscid flow

In this case, there’s no dissipative effect (except that related to the artificial diffusion of the numer-
ical scheme) and the total force is provided by the vortex force only (Fℓ) and, in particular, by the
additional body surface term of the inviscid formulation (2nd term on the RHS of Eq. (2.21)). In
fact, the effectively inviscid flow, in absence of shock waves and with uniform free-stream condi-
tions, is both omoenthalpic and omoentropic, then the Lamb vector is zero according to Crocco’s
theorem everywhere within the flow-field except for the infinitely thin vortex sheet bounding the
aerofoil. Therefore, being the flow also incompressible, all volume and far-field surface integrals
appearing in Eq. (2.6), (2.12), (2.18), (2.19) give no contribution to the aerodynamic force and
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the classical inviscid near-field formula is recovered from the body surface integral in Eq. (2.21),
considering the validity of Bernoulli’s theorem in incompressible flow regime.

For a fixed distance of the integration domain from the body boundary (ZW), a generally good
agreement of all far-field vortical force formulations with near-field results is observed on total lift
(FigureB.1.1a) as soonas the control volumechordwisedimension (XW) is extendeddownstream
the aerofoil trailing edge (XW ≥ 1). In Figure B.1.1b all individual force constituents are zero
except for the vortex force (Fℓ) which is entirely given by the body boundary integral (F∂Bℓ , 2nd

term on the RHS of Eq. (2.21)). The agreement on total drag is very good for all formulations
(differences with regards to the result of near-field drag results are lower than one drag count)
except for the one using volume integrals only (formulation “d”), which estimates however differ
from near-field data by less than 2 drag counts (Figure B.1.2a). Looking at the individual drag
constituents, a very slight compressibility correction is visible (Figure B.1.2b) - being the flow
regime actually nearly, yet not exactely, incompressible - which is balanced by an opposite vortex
force contribution resulting in a zero lift-induced drag coefficient. The slightly non-zero total drag
coefficient is due to the vortex forces circulationmoment term (FS or FSV) revealing the presence
of a spurious wakewith non-zero vorticity downstream of the aerofoil. An analysis of the different
contributions in FSV revealed that the body surface integral is negligible and volume integrals are
providing almost the whole drag in formulation “d”, being therefore more affected by spurious
effects than the surface integral FS. Drag variations stabilise within 1 count limit approximately
one chord downstream of the trailing edge.

For a fixed wake plane location (≈ 15 chords downstream of aerofoil trailing edge), small
oscillations on total lift and drag are observed when varying the integration domain size between
0 and 2 chords in the normal-to-chord direction (Figure B.1.3). This occurs because, for small
values ofZW, the thin spuriouswake downstreamof the aerofoil is intercepting the control volume
boundary mostly at its upper and lower boundaries, where the grid resolution is coarser. As ZW is
increased, the wake is fully captured at the wake plane, where the mesh size is much smaller. This
phenomenon will be further highlighted describing results for one of the viscous cases reported
in the following, where the (physical) aerofoil wake is thicker and oscillations are larger.

The sensibility to the integration domain size is further analysed with regards to the decom-
position of drag in lift-induced and parasite contributions as described in Section 2.1.7. Both
contributions can be considered zero (values smaller than 1 drag count) with the exception for
the parasite drag coefficient computed using volume integrals (formulation “d”), which is slightly
overestimated (B.1.4).
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Figure B.1.1: Sensitivity to wake plane location of total force (Fig. B.1.1a) and
individual constituents (Fig. B.1.1b) of different Lamb vector-based lift formulations,
in inviscid nearly-incompressible flow (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.2: Sensitivity to wake plane location of total force (Fig. B.1.2a) and
individual constituents (Fig. B.1.2b) of different Lamb vector-based drag formulations,
in inviscid nearly-incompressible flow (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.3: Sensitivity to integration domain size, at fixed wake plane location, of
total lift (Fig. B.1.3a) and drag (Fig. B.1.3b), in inviscid nearly-incompressible flow
(XW ≈ 16c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.4: Sensitivity of different Lamb vector-based formulations of lift-induced
and parasite drag coefficients to the integration domain size, in inviscid nearly-incom-
pressible flow (XW ≈ 16c; ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).
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B.1.2 Nearly-incompressible viscous flow

In this case viscous dissipation is active, the Lamb vector is non-zero in the boundary layer and
in the viscous wake, therefore its volume and far-field surface integrals (Fℓ and FS or FSV) give
non-zero contributions to the total force (Figure B.1.5b, B.1.6b). The effects of compressibil-
ity (Fρ, Fmρ

and Fmρc
) is negligible being the flow regime nearly-incompressible at the simulated

Mach number, as well as the effect of terms explicitly depending on viscosity and turbulent fluc-
tuations (Fμ , Eq. (2.4)) as proved by Marongiu and Tognaccini for high-Reynolds number flows
[112]. Basically, the only contribution to lift is provided by the vortex force (Figure B.1.5b) and
almost the entire contribution to drag is provided by vortex forces circulation moment at far-field
(Figure B.1.6b). This is justified because, as illustrated by Fournis et al. [55], being in this case
compressibility corrections and viscous terms (Fμ) negligible, vortex forces circulation moment
alone represents a compressible Betz’s formula (giving no contribution to lift, as numerically ver-
ified in [55]) and the vortex force alone represents the generalised Kutta-Joukowski theorem and
extended of Maskell’s formula contributions, which drag component is the induced drag [55].

A very good agreement with near-field results is provided by all formulations on total lift co-
efficients (Figure B.1.5a) while total drag coefficient estimated using “c” formulation (based on
far-field surface integrals only) is closer than others to near-field computed value (Figure B.1.6a).
For a fixed distance of the integration domain from the body boundary (ZW), total drag variations
stabilise approximately 5 chord downstream of aerofoil trailing edge.

As observed also in the inviscid case, for a fixedwake plane location (≈ 15 chords downstream
of aerofoil trailing edge), oscillations on total lift and drag are observed when varying the integra-
tion domain size between 0 and 4 chords in the normal-to-chord direction (Figure B.1.7a, B.1.8a),
with significant variations in the same range of the vortex force (Fℓ) and its circulation moment
at far-field surface (FS or FSV) as illustrated in Figure B.1.7b and Figure B.1.8b. Again, this phe-
nomenon will be further analysed in the following, when describing results of the viscous case at
subsonic Mach number (M∞ = 0.5).

analysing drag decomposition in lift-induced and parasite contributions (Figure B.1.9), slight
negative values are obtained for the induced drag when using “a”, “b”, “bc” and “d” formulations,
while zero induceddrag is predictedby “c” formulationbasedon far-field surface integrals only. It is
observed that, for the viscous case, induced drag coefficients are slightly lower than corresponding
values computed for the inviscid case at the sameMach number (Figure B.1.9b, B.1.4).
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Figure B.1.5: Sensitivity to wake plane location of total force (Fig. B.1.5a) and
individual constituents (Fig. B.1.5b) of different Lamb vector-based lift formulations,
in viscous nearly-incompressible flow (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.6: Sensitivity to wake plane location of total force (Fig. B.1.6a) and
individual constituents (Fig. B.1.6b) of different Lamb vector-based drag formulations,
in viscous nearly-incompressible flow (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.7: Sensitivity to integration domain size, at fixed wake plane location, of
total force (Fig. B.1.7a) and individual constituents (Fig. B.1.7b) of different Lamb
vector-based lift formulations, in viscous nearly-incompressible flow (XW ≈ 16c; fine
mesh; pole at aerofoil l.e.).
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Figure B.1.8: Sensitivity to integration domain size, at fixed wake plane location, of
total force (Fig. B.1.8a) and individual constituents (Fig. B.1.8b) of different Lamb
vector-based drag formulations, in viscous nearly-incompressible flow (XW ≈ 16c; fine
mesh; pole at aerofoil l.e.).
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Figure B.1.9: Sensitivity of different Lamb vector-based formulations of lift-induced
and parasite drag coefficients to the integration domain size, in viscous nearly-incom-
pressible flow (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.). Fig. B.1.9a: parasite drag;
Fig. B.1.9b: induced drag.

B.1.3 Subsonic inviscid flow

In this case, there’s no dissipative effect (except that related to the artificial diffusion of the nu-
merical scheme) and the Lamb vector is zero everywhere within the flow-field (except in the in-
finitely thin vortex sheet bounding the aerofoil). However, differently from the already illustrated
case atM∞ = 0.05, compressibility effects are now not negligible then the aerodynamic lift is
not yet provided by the vortex force alone, as obtained for the nearly-incompressible case (Fig-
ureB.1.10b). All formulations provided a very goodmatchingwith near field data (FiguresB.1.10a
andB.1.11a) with relatively larger discrepancies observed for the formulation “d” on total drag co-
efficient, although limited within 1 drag count. As for the inviscid case in nearly-incompressible
flow conditions, a perfect balance between vortex force and compressibility corrections was ob-
served on drag (Figure B.1.11b), resulting in zero induced drag coefficients (Figure B.1.13). Varia-
tionswithZW are negligible after 2 chords distance in the normal-towall direction (FigureB.1.12).
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Figure B.1.10: Sensitivity to wake plane location of total force (Fig. B.1.10a) and
individual constituents (Fig. B.1.10b) of different Lamb vector-based lift formulations,
in inviscid subsonic flow (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.11: Sensitivity to wake plane location of total force (Fig. B.1.11a) and
individual constituents (Fig. B.1.11b) of different Lamb vector-based drag formulations,
in inviscid subsonic flow (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.12: Sensitivity to integration domain size, at fixed wake plane location, of
total lift (Fig. B.1.12a) and drag (Fig. B.1.12b), in inviscid subsonic flow (XW ≈ 16c;
fine mesh; pole at aerofoil l.e.).
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Figure B.1.13: Sensitivity of different Lamb vector-based formulations of lift-induced
and parasite drag coefficients to the integration domain size, in inviscid subsonic flow
(XW ≈ 16c; ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).
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B.1.4 Subsonic viscous flow (high Reynolds number)

In this case viscous dissipation is active and compressibility effects are not negligible. As observed
also for the viscous nearly-incompressible case, the agreement of far-field results versus near field
data is very good on total lift and better for formulation “c” on total drag (Figure B.1.14a, B.1.15a),
with vortex force and compressibility correction both contributing to aerofoil lift (FigureB.1.14b)
but not exactely compensating each other on drag (Figure B.1.15b), resulting in slightly negative
induced drag coefficients (Figure B.1.19), as already observed in the case of viscous nearly-in-
compressible flow, while zero lift-induced drag is instead predicted by formulation “c”. Total drag
values stabilise approximately 4 chords downstream of the aerofoil.

The origin of total lift and drag oscillations observed when varying the integration domain size
in normal-to-chord direction (ZW) up to 2 aerofoil chords is now better highlighted looking at
the relative position of the integration domain external boundaries with regards to the aerofoil
viscous wake, visualised in Figure B.1.17 using a contour plot of flow entropy variation. Is it clear
that, for small values of ZW, the viscous wake is captured on the upper portion of the integration
domain boundary, where the mesh resolution is coarser. As ZW is increased and the integration
domain intercepts the viscous wake on its downstream boundary (with finer mesh resolution),
rapid variations of lift constituents are observed (Figure B.1.16b), then computed values stabilise
at ZW ≈ 1.5c.
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Figure B.1.14: Sensitivity to wake plane location of total force (Fig. B.1.14a) and
individual constituents (Fig. B.1.14b) of different Lamb vector-based lift formulations,
in viscous subsonic flow (high Reynolds number, ZW ≈ 15c; fine mesh; pole at aerofoil
l.e.).
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Figure B.1.15: Sensitivity to wake plane location of total force (Fig. B.1.15a) and
individual constituents (Fig. B.1.15b) of different Lamb vector-based drag formulations,
in viscous subsonic flow (high Reynolds number, ZW ≈ 15c; fine mesh; pole at aerofoil
l.e.).
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Figure B.1.16: Sensitivity to integration domain size, at fixed wake plane location,
of total force (Fig. B.1.16a) and individual constituents (Fig. B.1.16b) of different
Lamb vector-based lift formulations, in viscous subsonic flow (high Reynolds number,
XW ≈ 16c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.17: Relative position of integration domain external boundaries with re-
gards to the aerofoil wake (M∞ = 0.5 ; Re∞ = 9× 106 ; α = 4◦).
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Figure B.1.18: Sensitivity to integration domain size, at fixed wake plane location,
of total force (Fig. B.1.18a) and individual constituents (Fig. B.1.18b) of different
Lamb vector-based drag formulations, in viscous subsonic flow (high Reynolds number,
XW ≈ 16c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.19: Sensitivity of different Lamb vector-based formulations of lift-induced
and parasite drag coefficients to the integration domain size, in viscous subsonic flow
(high Reynolds number, ZW ≈ 15c; fine mesh; pole at aerofoil l.e.). Fig. B.1.19a:
parasite drag; Fig. B.1.19b: induced drag.

B.1.5 Subsonic viscous flow (low Reynolds number)

The laminar flow separation on the aerofoil upper surface (occurring at approximately 45% of the
chord length) is responsible for the slightly negative lift coefficient, at positive incidence, observed
in Figure B.1.20a. A slight contribution of FS to total lift is also visible from Figure B.1.20b, being
the wake plane not exactely orthogonal to the freestream direction (Section 2.1.7).

From Figure B.1.21a, all formulations seem to provide estimates of total drag with non-negli-
gible differences with regards to the near field value.
It is worth mentioning that, in laminar flow cases, all terms in Lamb-vector based formulations
were computed without neglecting any contribution, being in this case null the last integral of
Eq. (2.4) (only present in turbulent flows). Nevertheless, due to numerical reasons, the aerody-
namic force is not constant as the control volume is extended in theXW direction (Figures B.1.20a
and B.1.21a) downstream of the trailing edge (as theoretically it should be) and convergence of
total force coefficients is slower than in the turbulent flow case. No significant differences are in-
stead observedwith domain variations in theZW direction, with regards to the analogous subsonic
case at high Reynolds number (Figures B.1.22 and B.1.23).

Analysing drag decomposition in lift-induced and parasite contributions (Figure B.1.24), all
formulations provided negative induced drag and parasite drag higher than total near field drag in
control volumes smaller than 15 chord lengths around the aerofoil. This is in line with what was
already observed by Kang et al. [81]. They used formulation “b” of lift-induced drag (without
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the additional compressibility correction F∇ρ, which is however negligible as visible from Fig-
ure B.1.23b) and a wake plane location between 2 and 3 chord lengths downstream of the aerofoil
trailing edge (corresponding to XW between 3 and 4) and observed negative induced drag co-
efficients in the order of≈ −100d.c. at Re∞ = 1 × 104 ([81], Fig. 21, pag. 4636). This value
however provides a rough estimate only, as they simulated subsonic flow conditions atM∞ = 0.3
(instead ofM∞ = 0.5) and Re∞ = 1× 103, Re∞ = 1× 106 and Re∞ = 1× 107 (i.e. value at
Re∞ = 1× 104 is interpolated).
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Figure B.1.20: Sensitivity to wake plane location of total force (Fig. B.1.20a) and
individual constituents (Fig. B.1.20b) of different Lamb vector-based lift formulations,
in viscous subsonic flow (low Reynolds number, ZW ≈ 15c; fine mesh; pole at aerofoil
l.e.).
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Figure B.1.21: Sensitivity to wake plane location of total force (Fig. B.1.21a) and
individual constituents (Fig. B.1.21b) of different Lamb vector-based drag formulations,
in viscous subsonic flow (low Reynolds number, ZW ≈ 15c; fine mesh; pole at aerofoil
l.e.).
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Figure B.1.22: Sensitivity to integration domain size, at fixed wake plane location,
of total force (Fig. B.1.22a) and individual constituents (Fig. B.1.22b) of different
Lamb vector-based lift formulations, in viscous subsonic flow (low Reynolds number,
XW ≈ 16c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.23: Sensitivity to integration domain size, at fixed wake plane location,
of total force (Fig. B.1.23a) and individual constituents (Fig. B.1.23b) of different
Lamb vector-based drag formulations, in viscous subsonic flow (low Reynolds number,
XW ≈ 16c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.24: Sensitivity of different Lamb vector-based formulations of lift-induced
and parasite drag coefficients to the integration domain size, in viscous subsonic flow
(low Reynolds number, ZW ≈ 15c; fine mesh; pole at aerofoil l.e.). Fig. B.1.24a:
parasite drag; Fig. B.1.24b: induced drag.
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B.1.6 Transonic inviscid flow

In this case, apart from numerical dissipation, the only drag source is due to the strong shock wave
on the aerofoil upper side. Compressibility correction contribution to total lift is larger than vor-
tex force lift component (Figure B.1.25b) and all far-field formulations provide acceptable total
lift estimates when compared to near-field data (Figure B.1.25a). The same is not true on total
drag, where formulations “a and ”b provide much higher values than others. This was already re-
ported by Mele and Tognaccini [119] with regards to formulation “b”. Mele et al. introduced the
hybrid “bc” formulation [117] to avoid volume integration in the shock wave region, where high-
resolution numerical schemesmay blend towards lower order accuracy. Of course “c” formulation
is even better in this case, as no volume integration is performed, while formulation “a” suffers of
similar inaccuracies as formulation “b” because both the vortex force and one term of the corre-
sponding compressibility correction are computed using volume integrals. Is is observed that cor-
rect values of drag compressibility correction (Fmρc

) don’t exactely counterbalance the vortex force
term (Figure B.1.28b), resulting in slightly negative induced drag coefficients (Figure B.1.29) as
already observed in previously illustrated viscous cases. However, while in mentioned cases for-
mulation “c” did not provide negative induced drag coefficient, all formulations now exhibit this
behaviour in the analysed inviscid transonic case at 2◦ angle of attack. This is not observed at zero
incidence angle (symmetric flow-field) for the same transonic flow conditions using formulation
“c” (Figure B.1.30). Parasite drag represents therefore a far-field prediction of total (wave) drag
at zero incidence, while at α = 2◦ the non-zero lift-induced contribution to total drag cannot be
ignored for any of the analysed Lamb vector-based formulations.

At fixed wake plane location (XW ≈ 16c), variations of far-field results with the integration
domain size in normal-to-chord direction (ZW) are visible up to≈ 1c (where the control volume
boundary is intersecting the shock wave) and up to≈ 3c as far as formulation “bc” is concerned,
the control volume boundary intersecting in this case the selected region around the shock wave
excluded from volume integration (Figures B.1.27 and B.1.28).
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Figure B.1.25: Sensitivity to wake plane location of total force (Fig. B.1.25a) and
individual constituents (Fig. B.1.25b) of different Lamb vector-based lift formulations,
in inviscid transonic flow (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.26: Sensitivity to wake plane location of total force (Fig. B.1.26a) and
individual constituents (Fig. B.1.26b) of different Lamb vector-based drag formulations,
in inviscid transonic flow (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.27: Sensitivity to integration domain size, at fixed wake plane location, of
total force (Fig. B.1.27a) and individual constituents (Fig. B.1.27b) of different Lamb
vector-based lift formulations, in inviscid transonic flow (XW ≈ 16c; fine mesh; pole at
aerofoil l.e.).
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Figure B.1.28: Sensitivity to integration domain size, at fixed wake plane location, of
total force (Fig. B.1.28a) and individual constituents (Fig. B.1.28b) of different Lamb
vector-based drag formulations, in inviscid transonic flow (XW ≈ 16c; fine mesh; pole
at aerofoil l.e.).

248



B.1. Variation of the control volume size
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Figure B.1.29: Sensitivity of different Lamb vector-based formulations of lift-induced
and parasite drag coefficients to the integration domain size, in inviscid transonic flow
(ZW ≈ 15c; fine mesh; pole at aerofoil l.e.). Fig. B.1.29a: parasite drag; Fig. B.1.29b:
induced drag.
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Figure B.1.30: Sensitivity of different Lamb vector-based formulations of lift-induced
and parasite drag coefficients to the integration domain size, in inviscid transonic flow
(ZW ≈ 15c; fine mesh; pole at aerofoil l.e.). Fig. B.1.30a: parasite drag; Fig. B.1.30b:
induced drag.
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B.1.7 Transonic viscous flow

In this case both viscous andwave drag are present. Comments and observations discussed above
for other cases with one effect active at the time (viscosity or shocks), similarly apply together
to this viscous transonic case, with formulation “c” providing the best agreement with regards
to near-field total lift and drag values (Figure B.1.31, B.1.32, B.1.33, B.1.34) and negative values
observed for lift-induced drag coefficients of all analysed Lamb vector-based formulations (Fig-
ure B.1.35). A similar behaviour is observed, in this viscous transonic case, also at zero incidence
angle (Figure B.1.36).
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Figure B.1.31: Sensitivity to wake plane location of total force (Fig. B.1.31a) and
individual constituents (Fig. B.1.31b) of different Lamb vector-based lift formulations,
in viscous transonic flow (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).
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Figure B.1.32: Sensitivity to wake plane location of total force (Fig. B.1.32a) and
individual constituents (Fig. B.1.32b) of different Lamb vector-based drag formulations,
in viscous transonic flow (ZW ≈ 15c; fine mesh; pole at aerofoil l.e.).

0 2 4 6 8 10 12 14 16
0.446
0.447
0.448
0.449
0.450
0.451
0.452
0.453
0.454
0.455
0.456

ZW [aerofoil chords]

C l

NACA0012 aerofoil -RANS solution
(M∞ = 0.8 ; Re∞ = 9× 106 ; α = 3◦)

Fa Fb Fbc Fc
Fd near-field

(a)

0 2 4 6 8 10 12 14 16
−0.10

0.00

0.10

0.20

0.30

0.40

ZW [aerofoil chords]

C l

NACA0012 aerofoil -RANS solution
(M∞ = 0.8 ; Re∞ = 9× 106 ; α = 3◦)

Fℓ Fρ Fmρ
Fmρc

FS FSV Fμ F∇ρ

(b)

Figure B.1.33: Sensitivity to integration domain size, at fixed wake plane location, of
total force (Fig. B.1.33a) and individual constituents (Fig. B.1.33b) of different Lamb
vector-based lift formulations, in viscous transonic flow (XW ≈ 16c; fine mesh; pole at
aerofoil l.e.).

251



Appendix B. Sensitivity study of the steady force formulas

0 2 4 6 8 10 12 14 16
480

500

520

540

560

580

600

620

ZW [aerofoil chords]

C d
×

10
4

NACA0012 aerofoil -RANS solution
(M∞ = 0.8 ; Re∞ = 9× 106 ; α = 3◦)

Fa Fb Fbc Fc
Fd near-field

(a)

0 2 4 6 8 10 12 14 16
−300
−200
−100

0
100
200

300
400
500
600

ZW [aerofoil chords]

C d
×

10
4

NACA0012 aerofoil -RANS solution
(M∞ = 0.8 ; Re∞ = 9× 106 ; α = 3◦)

Fℓ Fρ Fmρ
Fmρc

FS FSV Fμ F∇ρ

(b)

Figure B.1.34: Sensitivity to integration domain size, at fixed wake plane location, of
total force (Fig. B.1.34a) and individual constituents (Fig. B.1.34b) of different Lamb
vector-based drag formulations, in viscous transonic flow (XW ≈ 16c; fine mesh; pole
at aerofoil l.e.).
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Figure B.1.35: Sensitivity of different Lamb vector-based formulations of lift-induced
and parasite drag coefficients to the integration domain size, in viscous transonic flow
(ZW ≈ 15c; fine mesh; pole at aerofoil l.e.). Fig. B.1.35a: parasite drag; Fig. B.1.35b:
induced drag.
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Figure B.1.36: Sensitivity of different Lamb vector-based formulations of lift-induced
and parasite drag coefficients to the integration domain size, in viscous transonic flow
(ZW ≈ 15c; fine mesh; pole at aerofoil l.e.). Fig. B.1.35a: parasite drag; Fig. B.1.36b:
induced drag.

B.2 Variation of the DMT pole location

The variation with the DMT pole coordinates of total lift and drag, as well as of the drag decom-
position in lift-induced and parasite contributions, is herein reported for the analysedNACA0012
cases where non-negligible sensitivities were observed (asymmetric flow-fields).
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B.2.1 Nearly-incompressible inviscid flow
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Figure B.2.1: Sensitivity to pole location of different Lamb vector-based formulations
of total lift (Fig. B.2.1a) and total drag (Fig. B.2.1b), in inviscid nearly-incompressible
flow (XW ≈ 16c; ZW ≈ 15c; fine mesh).
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Figure B.2.2: Sensitivity to pole location of different Lamb vector-based formulations
of parasite drag (Fig. B.2.2a) and lift-induced drag (Fig. B.2.2b), in inviscid nearly-
incompressible flow (XW ≈ 16c; ZW ≈ 15c; fine mesh).
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B.2. Variation of the DMT pole location

B.2.2 Nearly-incompressible viscous flow
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Figure B.2.3: Sensitivity to pole location of different Lamb vector-based formulations
of total lift (Fig. B.2.3a) and total drag (Fig. B.2.3b), in viscous nearly-incompressible
flow (XW ≈ 16c; ZW ≈ 15c; fine mesh).
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Figure B.2.4: Sensitivity to pole location of different Lamb vector-based formulations
of parasite drag (Fig. B.2.4a) and lift-induced drag (Fig. B.2.4b), in viscous nearly-
incompressible flow (XW ≈ 16c; ZW ≈ 15c; fine mesh).
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B.2.3 Subsonic inviscid flow
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Figure B.2.5: Sensitivity to pole location of different Lamb vector-based formulations
of total lift (Fig. B.2.5a) and total drag (Fig. B.2.5b), in inviscid subsonic flow (XW ≈
16c; ZW ≈ 15c; fine mesh).
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Figure B.2.6: Sensitivity to pole location of different Lamb vector-based formulations
of parasite drag (Fig. B.2.6a) and lift-induced drag (Fig. B.2.6b), in inviscid subsonic
flow (XW ≈ 16c; ZW ≈ 15c; fine mesh).

256



B.2. Variation of the DMT pole location

B.2.4 Subsonic viscous flow (high Reynolds number)

0 3 6 9 12 15
0.514
0.516
0.518
0.520
0.522
0.524
0.526
0.528
0.530
0.532
0.534

XP/c

C l

NACA0012 aerofoil -RANS solution
(M∞ = 0.5 ; Re∞ = 9× 106 ; α = 4◦)

Fa Fb Fbc Fc
Fd near-field

(a)

0 3 6 9 12 15
−100
−80
−60
−40
−20

0
20
40
60
80
100

ZP/c
C d

×
10

4

NACA0012 aerofoil -RANS solution
(M∞ = 0.5 ; Re∞ = 9× 106 ; α = 4◦)

Fa Fb Fbc Fc
Fd near-field

(b)

Figure B.2.7: Sensitivity to pole location of different Lamb vector-based formulations
of total lift (Fig. B.2.7a) and total drag (Fig. B.2.7b), in viscous subsonic flow (XW ≈
16c; ZW ≈ 15c; fine mesh).

0 3 6 9 12 15
−100
−80
−60
−40
−20

0
20
40
60
80
100

ZP/c

C d
,p
×

10
4

NACA0012 aerofoil -RANS solution
(M∞ = 0.5 ; Re∞ = 9× 106 ; α = 4◦)

Ca,b,c,bc
d,p Cd

d,p near-field

(a)

0 3 6 9 12 15
−10
−8
−6
−4
−2
0
2
4
6
8
10

ZP/c

C d
,i
×

10
4

NACA0012 aerofoil -RANS solution
(M∞ = 0.5 ; Re∞ = 9× 106 ; α = 4◦)

Ca
d,i Cb

d,i Cc
d,i Cbc,d

d,i

(b)

Figure B.2.8: Sensitivity to pole location of different Lamb vector-based formulations
of parasite drag (Fig. B.2.8a) and lift-induced drag (Fig. B.2.8b), in viscous subsonic
flow (XW ≈ 16c; ZW ≈ 15c; fine mesh).
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B.2.5 Subsonic viscous flow (low Reynolds number)
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Figure B.2.9: Sensitivity to pole location of different Lamb vector-based formulations
of total lift (Fig. B.2.9a) and total drag (Fig. B.2.9b), in viscous subsonic flow (XW ≈
16c; ZW ≈ 15c; fine mesh).
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Figure B.2.10: Sensitivity to pole location of different Lamb vector-based formulations
of parasite drag (Fig. B.2.10a) and lift-induced drag (Fig. B.2.10b), in viscous subsonic
flow (XW ≈ 16c; ZW ≈ 15c; fine mesh).
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B.2. Variation of the DMT pole location

B.2.6 Transonic inviscid flow
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Figure B.2.11: Sensitivity to pole location of different Lamb vector-based formulations
of total lift (Fig. B.2.11a) and total drag (Fig. B.2.11b), in inviscid transonic flow
(XW ≈ 16c; ZW ≈ 15c; fine mesh).
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Figure B.2.12: Sensitivity to pole location of different Lamb vector-based formulations
of parasite drag (Fig. B.2.12a) and lift-induced drag (Fig. B.2.12b), in inviscid transonic
flow (XW ≈ 16c; ZW ≈ 15c; fine mesh).
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B.2.7 Transonic viscous flow
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Figure B.2.13: Sensitivity to pole location of different Lamb vector-based formulations
of total lift (Fig. B.2.13a) and total drag (Fig. B.2.13b), in viscous transonic flow
(XW ≈ 16c; ZW ≈ 15c; fine mesh).
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Figure B.2.14: Sensitivity to pole location of different Lamb vector-based formulations
of parasite drag (Fig. B.2.8a) and lift-induced drag (Fig. B.2.8b), in viscous transonic
flow (XW ≈ 16c; ZW ≈ 15c; fine mesh).
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C
URANS solver validation in known flow

conditions

For plunging oscillations in incompressible flow, benchmarking with reference data is possible, to
validate the computed results.

Euler solutions can be compared to analytical results obtained by the linear theories of Theo-
dorsen [194] andGarrick [61] (valid for small perturbations), as done by Sticchi et al. [188] using
the same flow solver (SU2) as in the present study and detailed in Ch. 3, Sec. 3.2.3.

To validate unsteady SU2RANSsolutions, instead, the selected test-case is aNACA0012 aero-
foil undergoing sinusoidal plunging oscillations, with amplitude ĥ = 0.175c and immersed in
an incompressible and viscous flow at Re∞ = 2 × 104. Experiments were performed for this
test-case by Heathcote et al. [70] using a free-surface closed-loop water tunnel and considering
different values of the oscillation frequency. Numerical simulations are also available for the same
test conditions from the work of Young and Lai [229] and, more recently, of Wu et al. [227] and
Liu et al. [99]. The latter source is particularly relevant for the actual validation purposes as the
authors used the SU2 flow solver and provided benchmarking of their computed results against
the experimental data from Heathcote et al. [70] and against numerical calculations performed
with different flow solvers.

Nevertheless, as the results validated by Liu et al. [99] were obtained using a different version
of the code (v7.0.7) and a different turbulence model (Sparlar-Allmaras) with regards to those
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Appendix C. URANS solver validation in known flow conditions

Plunging NACA0012 aerofoil
(h̃ = 0.175 ;M∞ → 0 ; Re∞ = 2× 104 ; αē = 0◦)
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Figure C.0.1: Comparison of the present results with literature experimental and nu-
merical data: non-dimensional time-averaged thrust acting on the NACA0012 aerofoil
(left) and power input (right) sustaining the prescribed plunging oscillation.

adopted here (v7.3.1 and k − ω SST, see Sec. 3.2.1), a validation study for the actually employed
RANS solver was also performed and included hereafter, considering three different values of the
oscillation reduced frequency (k = 1, k = 2 and k = 3). The analysed time period is taken after
ten computed oscillation cycles.

Results obtained by the current simulation methodology and flow solver are compared in Fig.
C.0.1 andC.0.2 against the experimental dataofHeathcote et al. [70] and thepreviously published
numerical computations by Liu et al. [99]. A satisfactory agreement of predicted time-averaged
thrust and power coefficients with literature data can be observed at all computed values of the
oscillation frequency.
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Figure C.0.2: Comparison of the present results with literature experimental and
numerical data: propulsive efficiency of the oscillating NACA0012 aerofoil in pure
plunging motion.
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D
Unsteady grid convergence analyses

D.1 Near-field force in incompressible laminar flow

D.1.1 Spatial resolution study

A grid sensitivity study on a plungingNACA0012 aerofoil was recently published [188] using the
same flow solver, free-stream conditions and oscillation parameters. Hereafter an additional spa-
tial grid convergence analysis is presented for the unsteady viscous simulation at unitary reduced
frequency. The computational mesh illustrated in Fig. 3.2.2 (fine mesh) was coarsened down by
taking one-over-two nodes (medium mesh) or one-over-four nodes (coarse mesh) along each of
the two grid directions.

The mesh refinement study reports time histories of the computed lift and drag coefficients
provided by the flow solver* (Fig. D.1.1,D.1.2) as well as the time-averaged drag coefficient (Cd̄)
obtained for the three grids over one complete oscillation (Fig. D.1.3). Here, the generic cell size
was referred to the corresponding grid spacing on the finemesh. The ratio between them identifies
the three grid levels on the abscissa in Fig. D.1.3, where h = 1 represents the fine mesh. The

*In this and in the next appendix section, the near-field force will always be directly obtained as
an output of the flow solver (i.e. it is not computed by the post-processor). According to the notation
used in Ch. 2, a superscript NF should be used in force coefficients. Nevertheless, since no confusion
would be generated in this case where no other force coefficients are considered, superscripts will be
omitted to simplify the notation.
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coarse
medium
fine

−0.10
−0.08
−0.06
−0.04
−0.02
0.00
0.02
0.04
0.06
0.08
0.10

−
h/

c

plunging oscillation

Figure D.1.1: Time history of computed lift coefficients, on different grid levels.

selected time period is the same used in Section 4.2.3 (i.e. the fifth oscillation cycle).
TheGrid Convergence Index (GCI) methodology, first proposed by Roache in [163] and fur-

ther described in [164, pp. 107-142][47], is used to analyse the mesh sensitivity of the averaged
drag coefficient. As described in [180], the GCI is a measure of the percentage by which the com-
puted value is away from the asymptotic numerical value, theoretically obtained on an infinitely-
refined grid. It also indicates howmuch the solutionwould changewith a further refinement of the
mesh. The outcome of the grid convergence analysis is reported in Table D.1.1, where the asymp-
totic range of convergence of themonitored quantity (Cd̄) is also provided, allowing to verify that
its value is approximately one, as required by the adopted methodology [163, 180].

The fine mesh level was therefore selected in this work as a good compromise between flow
solution accuracy and computational cost.

Table D.1.1: Unsteady grid convergence data.

Grid Level Mesh Size Cd̄
Order of Richardson’s GCI Asymptotic Range of

[cells] Convergence extrapolation Convergence Indicator
coarse 22459 0.0166

2.2 0.0127 0.950medium 91050 0.0135 7.95%
fine 364200 0.0129 1.84%

D.2 Near-field force in subsonic turbulent flow

D.2.1 Spatial resolution study

Hereafter a grid convergence analysis is presented for the unsteady viscous simulation atM∞ =

0.5 (Tab. 3.2.1, Sec. 3.2.1). The computational mesh illustrated in Fig. 3.2.2 (fine mesh) was
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Figure D.1.2: Time history of computed drag coefficients, on different grid levels.
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Figure D.1.3: Grid convergence of the time-averaged drag coefficient.
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coarseneddownbykeepingone-every-twonodes (mediummesh)or one-every-four nodes (coarse
mesh) along each of the two grid directions (Fig. D.2.1).

Considering the plunging aerofoil as a propulsion system, its performance is characterised by
the time-averaged thrust coefficient generated on the aerofoil:

C̄t =
1
T

∫ t+T

t
Ct dt = − 1

T

∫ t+T

t
Cd dt

as a consequence of the provided power input to sustain the oscillatory motion, which for pure
plunging is expressed, in non-dimensional form, by:

C̄p =
1
T

∫ t+T

t
Cp dt =

1
T

∫ t+T

t
Cl

ḣ
V∞

dt

resulting in a propulsive efficiency of the system quantified by η = C̄t/C̄p.

Themesh refinement study reports time histories of the instantaneous power and thrust coef-
ficients, computed from lift and drag forces provided by flow solver (Fig. D.2.2,D.2.3), as well as
the time-averaged thrust coefficient (Ct̄) and propulsive efficiency (η) obtained for the three grids
over one complete oscillation (Fig. D.2.4). Here, the generic cell size was referred to the corre-
sponding grid spacing on the finemesh. The ratio between them identifies the three grid levels on
the abscissa in Fig. D.2.4, where h = 1 represents the fine mesh. The selected time period is the
fifth computed oscillation cycle.

A converging trend of computed results as the mesh is refined can be observed in all figures.
Then, the Grid Convergence Index (GCI) methodology, first proposed by Roache in [163] and
further described in [164, pp. 107-142][47], is used to quantify the mesh sensitivity of the av-
eraged thrust coefficient. As detailed in [180], the GCI is a measure of the percentage by which
the computed value is away from the asymptotic numerical value, theoretically obtained on an
infinitely-refined grid. It also indicates howmuch the solution would change with a further refine-
ment of themesh. The outcome of the grid convergence analysis is reported in Table D.2.1, where
the asymptotic range of convergence of the monitored quantity (Ct̄) is also provided, allowing to
verify that its value is approximately one, as required by the adopted methodology [163, 180].

The fine mesh level was therefore selected in this work as a good compromise between flow
solution accuracy and computational cost.

Table D.2.1: Unsteady spatial grid convergence data.

Spatial Mesh Size Ct̄
Order of Richardson’s GCI Asymptotic Range of

Grid Level [cells] Convergence extrapolation Convergence Indicator
coarse 30350 0.0213

1.7 0.0234 1.019medium 121400 0.0228 3.47%
fine 485600 0.0232 1.04%
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(a) (b) (c)

Figure D.2.1: Zoomed view, in the aerofoil region, of the coarse (a), medium (b) and
fine (c) meshes used for the spatial grid convergence analysis.

0 0.25 0.5 0.75 1
−0.02
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
0.16
0.18

Time period fraction

C p

Plunging NACA0012 aerofoil
(k = 1 ; h̃ = 0.1 ;M∞ = 0.5 ; Re∞ = 9× 106 ; ᾱe = 0◦)
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Figure D.2.2: Time histories of computed power coefficients, on different grid levels.
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Figure D.2.3: Time histories of computed thrust coefficients, on different grid levels.
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Figure D.2.4: Spatial grid convergence of the time-averaged thrust coefficient and
propulsive efficiency.

D.2.2 Time resolution study

For the same flow conditions used in the spatial resolution study (viscous case at M∞ = 0.5,
Tab. 3.2.1, Sec. 3.2.1) and using the fine mesh (485600 cells), the sensitivity of computed results
to the physical time step size (Δt) was analysed considering three different values: Δt = T /500,
Δt = T /250 and Δt = T /125.

Time histories of thrust and power coefficients computed after four complete oscillation cycles
(Fig.D.2.6 andFig.D.2.5) indicate a very slight sensitivity of computed results to the time step size,
as evidenced also by the trends of time-averaged quantities (Fig. D.2.7), with grid convergence
indices well below 1% already for themedium time step grid (T /250, Table D.2.2). Nevertheless,
for unsteady simulations included in Sec. 3.2.1, the smaller time step was selected (T /500).

Table D.2.2: Unsteady temporal grid convergence data.

Temporal Time Step Ct̄
Order of Richardson’s GCI Asymptotic Range of

Grid Level Size Convergence extrapolation Convergence Indicator
coarse T /125 0.0231

0.7 0.0233 1.002medium T /250 0.0232 0.51%
fine T /500 0.0232 0.32%

D.3 Far-field force in subsonic turbulent flow

The aim of the study reported herein is to analyse and to evaluate the impact of spatial grid refine-
ments on the integral momentum balance which (analytically) guarantees the equivalence be-
tween near-field and far-field force expressions. Considering the unsteady viscous case atM∞ =

0.5 (Tab. 3.2.1, Sec. 3.2.1), URANS simulations were run for the three grid levels already de-
scribed in Sec. D.2.1. Then, near-field forces obtained from surface stresses integration were com-

270



D.3. Far-field force in subsonic turbulent flow

0 0.25 0.5 0.75 1
−0.02
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
0.16
0.18

Time period fraction

C p

Plunging NACA0012 aerofoil
(k = 1 ; h̃ = 0.1 ;M∞ = 0.5 ; Re∞ = 9× 106 ; ᾱe = 0◦)

T /125
T /250
T /500

Figure D.2.5: Time histories of computed power coefficients, for different time steps.
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Figure D.2.6: Time histories of computed thrust coefficients, for different time steps.
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Figure D.2.7: Temporal grid convergence of the time-averaged thrust coefficient and
propulsive efficiency.

pared to the corresponding far-fielddata, computedusing the threedifferent formulas illustrated in
Sec. 3.1 (steady variants) and selecting the non-inertial reference frame along with the alternative
unsteady terms expression (F∗t ). Similarly to what done in Sec. 3.2.5, the post-processing consid-
ered the time period starting after ten complete aerofoil oscillations and a control volume sized by
XW = 1.0 and ZW = 0.2. Lift and drag time series standard deviation defined by Eq. (3.57) were
used to measure the distance of unsteady force results (far-field vs. near-field). The convergence
of one force method onto the other can be appreciated from data included in Table D.3.1, where
standard deviations computed on the three grid levels (coarse, medium and fine) are reported.
Nevertheless, different sensitivities are observed for the three compared formulations, with F∗c
matching near-field data by a few drag counts difference already on the coarse mesh. Other for-
mulations integrating spatial gradients of flow variables in the CV interior (F∗a and F∗b ) are much
more sensitive to the spatial grid resolution.

Table D.3.1: Standard deviation of far-field force coefficient time series, with regards
to near-field data, in viscous subsonic flow and on different grid levels.

fine medium coarse
Formulation¹ σCl σCd σCl σCd σCl σCd
F∗a 4.75e-04 3.99e-04 1.68e-03 9.31e-04 7.12e-03 1.62e-03
F∗b 5.11e-04 4.28e-04 1.83e-03 1.05e-03 7.06e-03 2.01e-03
F∗c 4.74e-04 2.61e-04 1.68e-03 3.81e-04 7.16e-03 4.43e-04

¹ Non-inertial reference frame.
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E
Turbulent flow regime

E.1 Vorticity-based Lamb vector method

Mele and Tognaccini [119] extended the validity of Eq. (4.10) to turbulent flows governed by
theReynolds-AveragedNavier-Stokes (RANS) equations. They focused on statistically stationary
flows, although a generalisation to unsteady mean flows and to non-inertial frames of reference
is straight-forward and introduced hereafter. Expressing a random property f as f = f̄ + f ′ or
f = f̃+ f ′′, where f̄ and f̃ are, respectively, the ensemble and Favre average of f (the latter defined as:
f̃ = ρf/ρ̄), while f ′ and f ′′ are the corresponding fluctuations, the formula expressing the mean
far-field force was proved to hold in the same form of Eq. (4.10), i.e.:

F̄vrtb = F̄vrtℓ + F̄mρ
+ F̄∗t + F̄vrtS + F̄μ + F̄m (E1)

where the averaged individual terms on the right-hand side are defined from their instantaneous
expressions (Eqs. (4.8),(4.3),(4.4),(4.9),(4.7)) replacing ρ,V and ωwith their corresponding en-
semble (for mass density) or Favre (for fluid velocity and vorticity) averages, while F̄μ is defined
including turbulent fluctuations as:

F̄μ =
∫
Σ
r×
[
n×∇ ·

(
τ̄
v
+ τ

R

)]
dS+

∫
Σ

(
τ̄
v
+ τ

R

)
· n dS+

+

∫
V
r×
(
∇× δ̃ρV

)
dV

(E2)
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with τ
R
= −ρV′′V′′ indicating the Reynolds stress tensor and δ̃ρV = V′′∇ · (ρV′′).

Therefore, when referring to the turbulent formula in the document, average symbols will be
omitted (except for turbulent fluctuation terms) to simplify the notation.

E.2 Thermodynamic-based Lamb vector method

Crocco’s equation for turbulent flows can be written as:

ρ̄
∂Ṽ
∂t

+ ρℓ = ρ̄
(
T̃∇s̃+ T̃′′∇s′′ −∇H̃

)
+∇ · τ̄

v
+ ρ̄f̃

m
(E3)

where the non-linear product of static temperature and entropy gradient generates the second
term on the right-hand side containing turbulent fluctuations.

To extend the thermodynamic-based Lamb vector method to turbulent flows, we take the
Reynolds average of Eq. (4.13):

F̄thdb = F̄thdℓ + F̄mρ
+ F̄∗t + F̄thdS + F̄μ + F̄m (E4)

and proceed in a similar way as in [119] to calculate the individual terms on the right-hand side
averaging their instantaneous expressions (Eqs. (4.8),(4.3),(4.4),(4.9),(4.6),(4.7)) and substitut-
ing ρℓ with its equivalent expression obtained through Eq. (E3). For example, for the first term,
we have:

F̄thdℓ = −
∫
V
ρℓ dV −

∫
∂B

ρV2

2
n dS = −

∫
V
ρℓ dV −

∫
∂B

ρV2

2
n dS =

= −
∫
V

[
ρ̄
(
T̃∇s̃+ T̃′′∇s′′ −∇H̃

)
+∇ · τ̄

v
+ ρ̄f̃

m
− ρ̄

∂Ṽ
∂t

]
dV +

−
∫
∂B

ρ̄Ṽ2

2
n dS

(E5)

where, in the body skin integral, turbulent velocity fluctuations from Ṽ2 = Ṽ2
+ Ṽ′′ · V′′ were

not included as null at the wall. For the compressibility correction term, taking into account that
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r×
[
∇ρ×∇

(
V2

2

)]
= r×

{
∇×

[
ρ∇
(

V2

2

)]}
, we can write:

F̄mρ
= −

∫
V
r×
{
∇×

[
ρ∇
(
V2

2

)]}
dV −

∫
∂B

r×
[
n×

(
V2

2
∇ρ
)]

dS =

= −
∫
V
r×

{
∇×

[
ρ̄∇

(
Ṽ2

2

)]}
dV −

∫
V
r× [∇× (ρ̄∇kt)] dV +

−
∫
∂B

r×

[
n×

(
Ṽ2

2
∇ρ̄

)]
dS =

= −
∫
V
r×

[
∇ρ̄×∇

(
Ṽ2

2

)]
dV −

∫
V
r× [∇× (ρ̄∇kt)] dV + (E6)

−
∫
∂B

r×

[
n×

(
Ṽ2

2
∇ρ̄

)]
dS

where kt =
(
Ṽ′′ · V′′

)
/2 is the turbulent kinetic energy, with velocity fluctuations now con-

tributing off the wall through the volume integral and still not on the body skin.

For the averaged outer vorticity contribution (F̄thdS ), we have:

F̄thdS = −
∫
Σ
r× (n× ρℓ) dS = −

∫
Σ
r×
(
n× ρℓ

)
dS =

= −
∫
Σ
r×
{
n×

[
ρ̄
(
T̃∇s̃+ T̃′′∇s′′ −∇H̃

)
+∇ · τ̄

v
+ ρ̄f̃

m
− ρ̄

∂Ṽ
∂t

]}
dS (E7)

And it is easy to verify that:

F̄∗t = −
∫
V
ρ̄
∂Ṽ
∂t

dV −
∫
Σ
r×
[
n×

(
ρ̄
∂Ṽ
∂t

)]
dS (E8)

F̄μ =
∫
Σ
r×
[
n×∇ · τ̄

v

]
dS+

∫
Σ
τ̄
v
· n dS (E9)

F̄m =

∫
V
ρ̄f̃
m
dV +

∫
Σ
r×
[
n×

(
ρ̄f̃
m

)]
dS (E10)

f̃
m
= −dU

dt
− dΩ

dt
× x− Ω × (Ω × x)− 2Ω × Ṽ (E11)

A re-definition of F̄thdℓ , F̄mρ
and F̄thdS can be done moving the contribution of turbulent fluctu-

ations from Eqs. (E5)(E6)(E7) into F̄μ . Applying identity (A1) to the vector field (T̃′′∇s′′) and
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considering that turbulent fluctuations are zero on the body wall, the new F̄μ expression is:

F̄∗μ =

∫
Σ
r×
[
n×∇ · τ̄

v

]
dS+

∫
Σ
τ̄
v
· n dS−

∫
V
r× [∇× (ρ̄∇kt)] dV +

−
∫
V
r×
[
∇×

(
T̃′′∇s′′

)]
dV (E12)

This allows to formally write all other terms in the far-field force formula (Eq. (E4)) in a similar
way to their laminar expressions (as done also for Eq. (E1)), replacing each quantity with the
corresponding ensemble or Favre average as appropriate.

Therefore, when referring to the turbulent formula in the document, average symbols will be
omitted (except for turbulent fluctuation terms) to simplify the notation.

It is worth highlighting that viscous/turbulent terms (F̄μ or F̄
∗
μ ) are different for the vorticity-

based or the thermodynamic-based turbulent force formulas (Eq. (E1) or Eq. (E4)).
Finally, for turbulent flows, in the Reynolds-averaged version of the simplified exact formula

(Eq. (4.15)) F̄τ will also include the last two integrals (fluctuation terms) of Eq. (E12).
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Numerical implementation

Thepost-processing of numerical solutions illustrated in the previous chapters was approached in
different ways.

First, a pilot research code, UBF2D, was designed and developed in-house from scratch. It is
able to analyse unsteady two-dimensional structured solutions and implements a variety of far-
field formulations and numerical schemes, to serve as a virtual laboratory for testing theoretical
developments and numerical implementations.

The following extension to three-dimensional and to unstructured solutions posed the inves-
tigators in front of different options: the design and development of a new in-house 3D unstruc-
tured code, or the implementation of post-processing algorithms in available commercial/public-
domain codes, widely used in engineering.

Thekey factor influencing initial decisionswas representedbyparallel computing indistributed
memory mode, a feature strictly necessary for a powerful code, able to deal with complex config-
urations and/or unsteady 3D solutions. As amatter of fact, computing time could be an issue also
in post-processing (not only in theCFD solution phase) and, in addition, the investigators already
experiencedmemorymanagement difficulties using UBF2D for unsteady post-processing, which
required a significant effort in reducing the memory footprint of the code for an efficient execu-
tion. Memory usage could therefore represent a limitation in generally 3Dand unstructured cases
(even for steady solutions), unless the code is able to exploit resources distributed on different
computational nodes.
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Such features are nowadays offered by the majority of commercial and public-domain post-
processors, while an in-house implementation allowing for distributed memory usage would re-
quire adopting a completely different programming paradigm, with regards to the sharedmemory
approach initially used for the pilot code UBF2D.

For the purposes of verification and validation of the theories illustrated in this dissertation,
the 3D post-processing was therefore implemented using dedicated routines developed and ex-
ecuted in the Tecplot®360 commercial environment [193]. At the same time, investigations also
addressed a similar implementation in the public-domain open-source software ParaView [84],
although without reaching a mature stage yet (details in Sec. F.2.2).

F.1 UBF2D: a pilot research code

The following description is not intended as a code reference guide or detailed documentation
manual. Instead, it offers an overview on the main features of the software and briefly describes
the numerical receipts used in the implementation. Results obtained by the code described herein
are illustrated and discussed throughout Chapters 2-4 of this dissertation.

Unsteady Break-Force 2D (UBF2D) is a pilot two-dimensional code developed by the Italian
Aerospace Research Centre (CIRA) and theUniversity of Naples Federico II, for the analysis and de-
composition of the aerodynamic force on clean aerofoils. It is written in C++ (roughly 8300 code
lines) and uses the public-domain TecIO library [192] to manage input and output of structured
datasets*. UBF2D relies on local and remote code repositories in a distributed version control
systems based onGit.

The code is able to post-process a steady or unsteady 2Dflow-field, where data are provided in
dimensional form(International SystemofUnits) at grid nodes of a structuredC-mesh (organised
in one or multiple blocks, clock-wise-oriented along the C-direction). UBF2D reads in solution
input files, together with a case configuration file (containing asymptotic conditions, reference
values, mesh movement specification, numerical settings, etc.).

Theaccepted solution input format is givenbyTecplot sub-zone (load-on-demand)binary files
(one file for each solution time) containing at least primitive variables data and grid velocities.
Indeed, either fixed or moving meshes are considered, where harmonic pitching and/or plunging
oscillations may be prescribed. Similarly, the code is able to deal with either viscous or inviscid
solutions, obtained from compressible or incompressible flow solvers.

The aerodynamic force is internally computed using both near-field and far-field formulations,
ensuring coherence of the adopted gradient schemes andworking variables allocationnecessary to
fairly compare the two force results. Different far-field formulations are implemented and available
to the user: steady thermodynamicmethods fromDestarac and van der Vooren [42] and fromPa-

*Incidentally, during the initial developing phase, a bug was found in the TecIO library (version
2021, release 1), related towriting out cell-centred data in structured blocks. It was reported toTecplot
Inc. and subsequently fixed in the following releases of the library.
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parone and Tognaccini [148]; several Lamb-vector-based methods developed in the last decades
(a summary is provided in [124]) and applicable to inertial or non-inertial reference frames. For
incompressible flows, the mixed inertial/non-inertial described in Ch. 3 (Sec. 3.1.7) is also avail-
able. Unsteady terms can be computed in the standard or in the alternative way (Ch. 3, Sec. 3.1.6)
and the compressibility correction by Mele et al. [119] can be computed using any of the three
mathematically equivalent formulations provided by Eq. (2.11). The Lamb vector can be com-
puted in two different ways, i.e. by its vortical or thermodynamic definitions (Ch. 4), then the
new exact force formula derived in Ch. 4 (Sec. 4.1.4) is also implemented in the code.

The integration domain used by far-field force methods is always selected as a sub-set of the
input grid (identified by three orthogonal grid lines of the C-mesh around the aerofoil) and can
be parametrically modified to allow for far-field force analysis on variable control volumes.

UBF2Dprovides three different options for the computation of spatial gradients from discrete
structured data-sets:

• a nodes-based Green-Gauss (G-G) formula, with results allocated at cells-centres.

• 2nd-order finite differences in the computational space associated to the physical curvilin-
ear grid, using nodal values of the working variables (asymmetric stencils are used at grid
boundaries to preserve accuracy) and allocating gradient data at grid nodes.

• aWeighted Least Squares (WLS)method, based on cell-centres data and allocating results
at cells centres as well. Ghost cells are used at grid boundaries with appropriate values of
the working variables.

The last twomethods are discrete gradient approximationswith steph, whereh is the genericmesh
spacing. The nodes-based G-Gmethod, for curvilinear grids, degenerates to the finite differences
schemewith step h/2 andwas used in almost all 2Dcomputations included in this dissertation. A
detailed discussion on the numerical accuracy of the implemented gradient reconstructionmeth-
ods can be found in [182, 190].

Time derivatives were always computed using a 2nd-order central finite differences scheme,
with asymmetric stencils adopted at time domain boundaries to preserve accuracy.

Volume integrals are numerically computed by simply summing-up cell centre values, multi-
plied by the cell volume, over the selected integration domain. Similarly, surface integrals are ob-
tained computing the state in the cell surface centre, which can be either obtained by centred av-
eraging based on face nodes, or by linear interpolation of cell-centred values from adjacent cells†.

Different regions can be identified in the integration domain and used for parasite drag de-
composition. This is performed by either using deterministic sensors or by supplying external
information (provided as cells flagging, in the solution input files), whichmay come, for example,
from other codes usingmachine learning approaches to separate different regions in the flow-field

†In the text, a general three-dimensional nomenclature is used, despite UFB2D being a 2D code.
In this case, obviously, “volumes” should be intended as “areas”, “faces” as “edges”, and so on.
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(this was done in [171], where UFB2Dwas used in combination with an auto-encoder, perform-
ing the domain decomposition). In the first approach, the shock sensor defined by Lovely and
Haimes [109] is used, together with two viscous sensors, designed for fully turbulent flows: i)
an eddy viscosity sensor (Fbl =

(
μ + μt

)
/μ), which assumes values significantly higher than 1

in the boundary layer and in the viscous wake [148, 197]; ii) turbulence specific dissipation rate
(ω), assuming very high values near the body surface and, in particular, in the viscous sub-layer,
where the eddy viscosity vanishes. The user can supply appropriate sensor cut-off values in the
configuration file.

The code provides screen output (including case settings, near-field pressure and viscous
forces, far-field forces obtained by different formulations and their complete decomposition) as
well as Tecplot binary output (sub-zone load-on-demand file, containing input and computed
variables, including near-field and far-field aerodynamic forces, calculated on all specified integra-
tion domains). For unsteady post-processing, a time history file including the main force results
is also generated for the user’s convenience.

F.1.1 Auxiliary codes

Auxiliary codes were also developed to provide interface between the open-source grid generator
Construct2D (COmputational fluid dyNamics STRUctured grid CreaTor for 2D aerofoils [155]),
the flow solverSU2 (StanfordUniversityUnstructured [46, 145]) and theUBF2Dpost-processor.

Thepre-processorConstruct2Dgenerates ameshfile inNASAPlot3D structured format [174].
An interface code,CONVERT2SU2, was then developed to generate coarser grids from the origi-
nal mesh file, taking one over n nodes in the input grid (n > 1 can be specified by the user), and
to convert the resulting structured mesh into the SU2 native unstructured grid format.

Unstructured flow solutions obtained by SU2 cannot be directly provided as an input to the
structured post-processorUBF2D, due to the different organisation of the data. Nevertheless, due
to the original ordered arrangement of themesh generated during pre-processing, nodes indexing
is possible and such information can be recovered from the original structured grid and applied to
the SU2unstructured flow-fields, resulting inmapped solution files. The interface codeUNS2STR
provides this data conversion, taking care of the nodes duplication at the “wake line” necessary to
cut the unstructured domain, restoring the C-grid topology.

F.2 Implementation incommercialandopen-sourcepost-processors

The most popular post-processors, routinely used in the world of computer-aided engineering,
since time include all the numerical ingredients to performa complete analysis of the aerodynamic
force, according to the methodologies illustrated in this dissertation.

Nevertheless, the abovementioned tools, as such, do not offer a functionality to directly com-
pute the aerodynamic force from a numerical flow-field around a body of interest. Instead, a ded-
icated routine need to be implemented and executed in the post-processor environment (either
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interactively, or in batch mode) to instruct the software to perform all necessary operations to
compute both near-field and far-field force values.

Moreover, their reliability has to be verified and results need to be validated. In fact, such tools
are usually (and almost exclusively) employed to visualise numerical flow-field information, even-
tually performing limitedmanipulation to compute additional quantities from the initial data-set.
The accuracy of operations such as spatial gradients calculation, for example, is questioned, and
has been investigated in bothTecplot 360 (a proprietary commercial tool) andParaView (anopen-
source license-free software).

Investigations involved steady and viscous cases only, consideringboth structured andunstruc-
tured data-sets. The main outcomes of this study (still in progress) are briefly summarised in the
following subsections, highlighting consolidated results as well as the identified problems which
require further work to be solved. The anticipated conclusion is that, at the moment, reliable re-
sults were only obtained using Tecplot 360 on structured data-sets.

F.2.1 Tecplot 360

Applications involved version2022.R1of the software and theTecplotmacro languagewas used to
develop a scripting procedure (roughly 1200 code lines) to post-process 3Dnumerical flow-fields
obtained for the elliptic-planformwing and described inCh. 2 (Sec. 2.2.1). Both thermodynamic
and Lamb-vector methods were implemented, the latter based on a vortical or thermodynamic
formulation of the Lamb vector (Ch. 4).

Multi-block structured solutions generated by CIRA ZEN flow solver were successfully anal-
ysed and results are illustrated in Ch. 2 and 4.

Subsequently, in the perspective of a further extension of the implemented methodology to
complex configurations, unstructured tests were conducted. In particular, the same elliptic wing
configuration was simulated, for the same flow conditions, using the unstructured solver SU2‡.

The “CFD analyzer” tool, in Tecplot 360, was used to compute spatial gradients of flow vari-
ables. It implements a finite differences algorithm in the case of ordered data-sets and a least-
squares method for unstructured data (details are available in the online software documentation
[193]).

While for structured data the accuracy of computed results (both near-field and far-field) was
satisfactory since early applications, severe accuracy issues were observed in post-processing un-
structured flow-fields. As a matter of fact, even the near-field force was not correctly computed
(Tab. F.2.1).

A detailed analysis evidenced how the inaccuracy came from the viscous contribution (Cf
D,

Tab. F.2.1) and, ultimately, from the calculated velocity gradient tensor (Fig. F.2.1). Indeed,

‡Indeed, to allow for a comparison only based on the different data arrangement (i.e. without
involving other effects due to the different flow solvers), similar tests (with similar conclusions) were
also performed converting to unstructured data the flow solutions directly obtained using CIRAZEN
code (i.e., the same solutions previously analysed as ordered data-sets).

281



Appendix F. Numerical implementation

Table F.2.1: Near-field force computed by SU2 or using Tecplot 360, from the un-
structured elliptic wing flow-field (M∞ = 0.75, Re∞ = 3× 106, α = 4◦).

104×
CL CD Cp

D Cf
D

SU2 output (FNF) 0.421 262.5 204.1 58.4
Tecplot 360 (Fnf) 0.421 246.6 204.4 42.2

(a) (b)

Figure F.2.1: Derivative of the streamwise velocity component (U) with regards to
the Z coordinate, on the wall of the elliptic wing (M∞ = 0.75, Re∞ = 3× 106, α = 4◦),
computed by Tecplot 360 from the structured (a) or the unstructured (b) flow solution.
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Table F.2.2: Near-field force computed by SU2 or using Tecplot 360 beta, from the
unstructured elliptic wing flow-field (M∞ = 0.75, Re∞ = 3× 106, α = 4◦).

104×
CL CD Cp

D Cf
D

SU2 output (FNF) 0.421 262.5 204.1 58.4
Tecplot 360 beta (Fnf) 0.421 262.9 204.4 58.5

the least-squares algorithm used by Tecplot 360 on unstructured data is known to be inaccurate
for highly stretched cells in near-wall grid layers [190], even using an appropriate weighting ma-
trix. The observed differences were however too large and a ticket with the customer support was
created to report the problem, suggesting the implementation of a G-G algorithm. Tecplot Inc.
confirmed the reported issue and implemented the G-G scheme as a beta feature in the 2024 R1
version of the code, which revealed successful in eliminating the inaccuracy in the near-field force
calculation (Tab. F.2.2).

However, far-field results on unstructured data were still not satisfactory. This was due to a par-
tial implementation of the G-G method, initially introduced to compute gradients at grid nodes
only, while cell-centred gradients are used in the post-processing routine for the far-field force
analysis. As confirmed by Tecplot Inc., further releases of the software should include a full imple-
mentation of the G-G algorithm, also including cell types different from hexahedra, which will
allow for a general applicability of the developed methodology to complex configurations.

F.2.2 ParaView

ParaView is a popular open-source post-processor relying, among others, on theVTK library, col-
lecting software tools for manipulating and displaying scientific data (maintained by the same
Company). Applications involved version 5.11.2 of the software, which was compiled on a Linux
HPC cluster with MPI (Message Passing Interface) and Python support. Python scripting was
then used to develop a code procedure to post-process numerical flow-fields obtained from CFD
solvers.

Differently fromTecplot 360, ParaView offers some interesting features, such as the possibility
to extract a control volumeby exact plane clipping (insteadof using grid subsets delimitedby exist-
ingmesh surfaces), the availability of different algorithms (instead of just one) for the calculations
of spatial gradients (in either structured or unstructured solutions), or the definition of embedded
user-defined “programmable” operations through python implementation. Of course, the most
interesting aspect is represented by the availability of source files, which allows investigating code
functionalities into the details and eventually modifying existing features or implementing new
ones.

Both 2D and 3D transonic flow-fields were analysed, considering structured solutions gener-
ated by CIRAZEN flow solver, their unstructured-converted versions (Sec. F.2.1), as well as un-
structured flow-fields directly obtained using the SU2 code (instead of ZEN).
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Table F.2.3: Near-field force computed by SU2 or using ParaView, from the unstruc-
tured elliptic wing flow-field (M∞ = 0.75, Re∞ = 3× 106, α = 4◦).

104×
CL CD Cp

D Cf
D

SU2 output (FNF) 0.421 262.5 204.1 58.4
ParaView (Fnf) 0.421 261.5 204.5 57.0

The implementation in ParaView provided accurate results for the near-field force computed
on either structured or unstructured solutions (2Dor 3D). Tab. F.2.3 provides an example for the
unstructured elliptic wing solution.

Far-field formulas, instead, did not return accurate force values except on 2D structured flow-
fields, indicating that further investigations are necessary to identify the reasons of the observed
discrepancieswith regards to the reference near-field data. This could requiremanipulating source
files to introduce the implementation of a new gradient scheme (G-Gmethod, for example).

Since, at the moment, these preliminary investigations did not lead, apart from very simple
cases, to reliable and accurate results, this dissertation does not include any post-processing data
obtained from ParaView.

It is nevertheless relevant to mention the work conducted at ISAE SUPAERO in the ParaView
environment. The involved research team developed a set of open-source plug-in modules to be
loaded in ParaView to perform both near-field and far-field post-processing of unstructured CFD
and EFD solutions [3]. The complete tool is named Epsilon [5] and, in its actual version (v3), it
implements steadymethods only,mainly devoted to the exergy analysis (this explains the software
name) but also including pioneeringmomentummethods and a fewLamb-vector formulas. Their
work is currently under investigation by the author although, at the moment, no sufficient data
have been collected to allow for a validation of the code results on some of the test cases analysed
in this dissertation.
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