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ABSTRACT

In this work, starting from the concept of absolute and relative ambiguities, | studied the
behaviour of ambiguities in potential fields and possibilities of reducing it via multiscale methods of
imaging, inversion and Machine Learning. Through a careful multiscale analysis of the fields generated
by the two sources, | defined the existence of a region of ambiguity and a region in which the sources
could be distinguished. The multiscale inhomogeneous properties of the fields due to general sources
were adopted to generalize the imaging method called Depth from Extreme Points (DEXP) in the

Inhomogeneous DEXP (INDEXP).

Then, proposed a new approach on joint inversion of gravity data for dealing with the ambiguity
due to the field of vertically-stacked sources. It is based on the sequential joint inversion with cross-
gradient constraint applied to gravity field and its second-order vertical derivative so resulting in a Multi-
Order Sequential Joint Inversion (MOSJI). In this way, | wanted to exploit the different wavenumber-

contents of the two dataset to reliably model sources at different depths.

The opportunities represented by the use of a sequential strategy lit the idea of performing a two-
step joint inversions workflow for cross-gradient constrained inversion of gravity data with seismic
models. The proposed method avoids the computationally-expensive seismic inversion and recover a
final density model which fits the gravity measurements and presents structural features from the seismic
model. The final density model which images both the main bodies and the background is also able to

provide information to update and improve seismic models.

Finally, | studied the ambiguity generated by the need of a synthetic training set in supervised
ML methods. For this reason, | proposed to generalize the training set of ML algorithm with a set of
simple sources, the so-called building blocks, and their gravity anomalies (FaultNet3D). This is possible

under the assumption that complex geometries could be analysed by a CNN as the ensemble of the gravity



anomalies generated by the edges. However, to preserve the validity of the assumption it requires the
interpretation of 2D gravity data (e.g., extracted profiles from gravity maps). To overcome this limitation,
I merged 2D interpretations into a reference model to constrain a 3D gravity inversion, so constituting a

“self-constraint".

All the synthetic tests and real case applications were selected to target the United Nation
Sustainable Development Goals (UN SDG), including energy transition, environmental safety and

hazard assessment.



INTRODUCTION

The need to face and effectively reduce interpretative ambiguities affects all geophysical methods
in different ways (Roy, 1962). Among them, potential fields methods are well-known to suffer from non-

uniqueness of solution.

In fact, the inverse problem of finding the model m from the measured data f has inherently
ambiguous solutions due to the Greens’ third identity and infinite different source distributions could
reproduce the same field (Blakely, 1996). Equivalently, we may say that the source distribution which
results in the so-called annihilator of the equation system relating the data to the model could not be

determined (Parker, 1977).

In addition, other kinds of ambiguities arise from different aspects that affect data acquisition and
modelling, so toughening the interpretation of potential fields. For instance, Fedi et al. (2005) suggests

to distinguish among different types of ambiguity:

= the data-error ambiguity, which is due to the instrumental and experimental errors that are
produced by the characteristics of the deployed instrument and to numerical errors

induced by the processing techniques;

= the sampling ambiguity, that is due to the practical limitations of having a more or less

dense measurement step;

= the algebraic ambiguity, which arises when an underdetermined system of equations
relating the data to the model is formed by the discretization of the source parameters in
more elements than the acquired measurements. This is a typical scenario in geophysical
data interpretation since the underground source volume is modelled in a 3D volume with

2D data.



One important aspect to deal with ambiguity is the introduction of a-priori information. The
simplest way to constrain the solution is the discretization of the source volume in elementary shapes
(e.g., prismatic cells) each having homogeneous properties (Menke, 2018). Similarly, specific
information on the characteristics of the source can be introduced (e.g., known depth-to-top from seismic
interpretation or wells; expected geometries and/or physical parameters ranges from geological
knowledge). These direct constraints could be used in the form of prior model or of boundaries on the
physical parameters range (Li and Oldenburg, 1996, 1998; Portniaguine and Zhdanov, 2002). A softer
constraint consists in the possibility to mathematically impose a desired behaviour of the source
distribution. The adopted operator will drive the solutions to be smooth (Li and Oldenburg, 1996) or

compact (Last and Kubik, 1983; Portniaguine and Zhdanov, 1999; Pilkington, 2009).

While the described a-priori information could be addressed to as external constraints, Paoletti
et al. (2013) introduced the possibility to adopt useful information extracted from the fields themselves,
such as depth estimates (Smith, 1959; Fedi and Florio, 2013; Bianco et al., 2024), horizontal boundaries
of the causative bodies (Blakely and Simpson, 1986; Fedi, 2002) and, most importantly, the structural
index N, a parameter specific of a given kind of source shape, such as sphere, dyke and so on (Reid et
al., 1990; Stavrev, 1997; Cella and Fedi, 2012; lalongo et al., 2014; Fedi, 2016a). They referred to this
category of a-priori information intrinsically present in the field as “self-constraints”. I refer to (Silva et
al., 2001; Barbosa et al., 2002) and references therein for deeper insights into the topic of a-priori

information.

Another way of reducing the ambiguity of the geophysical inverse problems is the so-called joint
inversion techniques, aiming at modelling different datasets in combined strategies. The data could be
quantities derived by a common field, such as the Newtonian potential, (Li and Oldenburg, 2000; Paoletti
et al., 2016; Capriotti and Li, 2022; Bianco et al., 2024) or different geophysical data (Fregoso and

Gallardo, 2009; Lelievre et al., 2012; Sun and Li, 2016; Tavakoli et al., 2021).



Joint inversion appears to be worth of the heavy computational efforts required as they output
two related models which are iteratively updated. However, this approach requires appropriate relative
weights for the different terms of the objective function to be minimized. This reflects in the fact that one
of these terms can take over the others and drive the process toward a non-representative model that, by
the fact, is still fitting the data within a desired error. On the other hand, the process of building a
constraint, such as a reference model (Liu et al., 2024), is affected by the need of strong assumptions

(e.g., empirical relationship).

While joint inversion is still an open field for applied geophysicists, the recent advancements in
Artificial Intelligence (Al) may provide new methods to face the ambiguity. ML methods are being
increasingly developed as reliable and data-driven tools for the automated interpretation of geophysical
data. In ML for applied geophysics purposes, one of the main difficulties is to get an enough generalized
training dataset without incurring in the overfitting problem. This occurs when a training dataset,
including only a narrow range of pairs, is not able to adequately interpret a wider range of scenarios. The
lack of a sufficiently large dataset of real data and true subsurface models reflects into the common

approach to generate synthetic models and compute their corresponding field.

Following the aim of the thesis, in Chapter I, | show that studying the potential fields with
multiscale methods, such as those based in the Wavelet Domain or in the Harmonic Domain (the source-
free region, in which the field is analyzed at various altitudes), may reduce the ambiguity. In particular,
I studied the multiscale behaviour of the fields related to a step and a flexure and show that the ambiguity
is not absolute but, fortunately, relative. To this end, I used the Multiridge method (Fedi et al., 2009)
which yields information on the depth to the source at different scales and estimated the field
homogeneity-degree function n(x,y,z) for many positions in the harmonic region according to the
inverse method of Vitale and Fedi (2020). My study about the relative ambiguity led to introduce the

concept of Region of Ambiguity.



Finally | show that if the field is inhomogeneous, e.g., n(x,y,z)is not constant, imaging
techniques such as the Depth from Extreme Points (DEXP) may be reformulated by using a not constant
n and that such inhomogeneous DEXP may be useful to fix the ambiguity of the step-flexure sources.
The proven method was finally applied to the real case of and abandoned mine in Udden, Sweden which

is of interest for environmental purposes and as a potential storage site for radioactive materials.

In Chapter 11, | face the ambiguity generated by the anomalies due to vertically-stacked sources
(e.g., salt dome and mother salt) using the fact that vertical derivatives of the field of various order have
different wavenumber-contents. To accomplish this task, I will move into the framework of cross-
gradient-constrained joint inversion of the gravity field and its second-order vertical-derivative. | call the
proposed workflow Multi-Order Sequential Joint Inversion (MOSJI). To test the method, | selected the
realistic synthetic model SEG Advanced Model (SEAM) Phase I, which reproduces a salt domain in the
Gulf of Mexico. It is one of the most studied scenarios for Exploration and Carbon Storage. | studied
also the real case of karst cavities, posing a direct hazard on people, which is however a common example

of interpretation pitfall, due to the occurrence of multiple sources at different depths.

In Chapter I11, I will develop a new type of joint inversion workflow to accomplish the general
task of combining gravity and seismic data. The originality of the method is that does not need a
conversion-rule of each of the two source properties, but it is able to import the main structural features
of a seismic model or even of a general geological model. To test the method, | selected again the

synthetic model SEAM Phase I. Then, | modeled the Mors Salt Dome in Denmark.

Finally in Chapter 1V, | will face the ambiguity in supervised ML methods. Since these methods
intrinsically need a synthetic training set, | will formulate a strategy to build it based on the simplest
source in potential fields, it is to say faults and contacts and their respective anomalies. From this, | will

produce ML interpretations that are then refined via 3D inversion. The ML algorithm was tested on a



synthetic model representing a salt dome-like structure. Finally, | applied the method to the
reconstruction of the Caltanissetta Basin from gravity data via such ML algorithm. This last representing

a typical basin-scale geophysical modelling which can applied to many situations for different purposes.

I want to underline that the modelled scenarios were selected as they are targeting the United
Nations Sustainable Development Goals (UN SDG) in different areas from energy transition to
environmental and hazard assessment. Thus, the proposed methods represent important tools in the path

to the UN-SDG.



1 AMBIGUITY IN POTENTIAL FIELDS
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2 Multi-order joint inversion of gravity data with inhomogeneous
depth weighting

This chapter is from: Multi-Order Sequential Joint Inversion of gravity data with inhomogeneous

depth weighting: from near surface to basin modelling applications; Bianco L., Tavakol M., Vitale A.,

Fed M.; 2024; IEEE Transactions on Geosciences and Remote Sensing.

The deeper understanding of ambiguities in potential fields modelling is crucial to address the
problem of facing relative ambiguities via Al algorithms. In fact, unless simple cases involving a single
source, potential field anomalies are produced by the superposition of different source contributions,
which interfere each other. Thus, many methods address the inversion problem by first separating the
effects of sources seated at different depths, but this is one of the trickiest tasks in potential fields
modelling. In general, standard filters often do not accomplish satisfactorily this task, mainly because
they are merely mathematical tools applied to physical signals. Instead, physically-based

transformations, such as upward continuation or differentiation may be more useful.

In this framework, one could invert single components of the GGT (e.g., Gz;) or combinations of
them (Li, 2001; Zhdanov et al., 2004; Martinez and Li, 2011). Different authors have explored these
opportunities. Biegert et al. (2001) found that G, and GGT inversion could be used to define the thickness
of the salt and its top, respectively. Capriotti and Li (2014) developed an algorithm to jointly invert G;
and GGT adopting a unique data misfit. They achieved improved solutions at depth when compared to
inverting only the gravity gradient data for a simple block and a basin-like test. Paoletti et al. (2016)
performed a joint inversion on the Vredefort Crater and analyzed its performance through a singular
value analysis. Capriotti and Li (2022) jointly inverted gravity and gravity gradient fitting each dataset
at its own noise level. They adopted a weighting parameter among the different parts of an enlarged data

misfit and obtained improved models in basin-like tests. Although the actual improvement brought by
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jointly inverting gravity and gravity gradients data is still debated, one can address this topic by looking

at both the positive and negative findings already mentioned.

To fully exploit the different wavelength-contents of the vertical derivatives of the field or the
different information brought by the seismic and the gravity, it is worthy to find an appropriate strategy
not to combine all the data into a unique data misfit. This leads to the strategy of treating them as two
separate datasets and combining resulting models via a structural constraint called cross-gradient

constraint.

The cross-gradient constraint was firstly introduced by Gallardo and Meju (2003) and has been
applied to jointly invert different geophysical datasets to the end of enforcing the structural similarity of
the different physical properties. Fregoso and Gallardo (2009) were the first to develop a cross-gradient
joint inversion of magnetic and gravity data. Later, Um et al. (2014) introduced a coupled inversion of
large-scale seismic and electromagnetic data for subsalt imaging. It can be seen as a sequential approach
including the cross-gradient constraint term. They split the joint inversion into separate EM, seismics
and cross-gradient inversions. This latter allows to constrain the resistivity model based on a reference
velocity model. The resulting resistivity model will serve as initial model for a new EM separate
inversion in an EM refinement process. The approach aimed at an easy minimization of the cross-gradient
term. However, the cross-gradient minimization could worsen the data fitting. In the subsequent iteration,
the data misfit will be minimized in separate inversions, which could indeed produce a lower structural
similarity. Gao and Zhang (2018) proposed a strategy to avoid this behaviour using the model
perturbations resulting from stand-alone inversions to constrain the cross-gradient minimization at each
iteration. Gross (2019) introduced an algorithm for a weighted joint inversion of gravity and magnetic
data using again a cross-gradient constraint. He achieved an improved structural similarity of the models
thanks to a local weighting of the cross-gradient. Zhang and Wang (2019) introduced a joint inversion

based on structural coupling. They adopted a fast gradient algorithm to solve the objective function,
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which was composed by three terms: the data misfit, the cross-gradient and the total-variation

regularization constraint. This latter led to a more focused and sharp solution.

Tavakoli et al. (2021) introduced a sequential workflow for the joint inversion of gravity and
magnetic data and obtained a successful modelling of evaporite structures. Fang et al. (2022) extended
the sequential approach to a 3D joint inversion of gravity and magnetic data. Other authors (Zhang et al.,
2021; Meng et al., 2022; Vatankhah et al., 2022) proposed different approaches to perform a cross-
gradient joint inversion of gravity and magnetic data. The sequential approach gives the opportunity to
gather structural information from the different components of the field (e.g., gravity and GGT) or, as

mentioned above, from gravity and seismic models.

In the multi-order joint inversion workflow, | take advantage from gravity and its " order
vertical derivatives, since they enhance different contents at medium-to-large wavelengths and at
medium-to-short wavelengths, respectively. The two components of the gravity data are jointly inverted
via the cross-gradient constraint in a workflow that provides the possibility of incorporating different

constraints.

Among the huge variety of real-world cases of vertically-stacked sources, | chose to face that of
salt basins (e.g., SEAM Phase | model) and that of karst cavities at different levels. These scenarios fall
within the UN SDG as the former represent important basins for energy transition and environmental
purposes (e.g., underground gas storage and waste disposal) while the latter pose immediate and unveiled

hazard to social communities.
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2.1 Sequential Joint Inversion via cross—gradient constraint
Gallardo and Meju (2003) defined the cross-gradient constraint between two physical properties

at a given point (x, y, z) with positive z -axis pointing downward as:
t(p,q) = Vp(x,¥,2) X Vq (x,y,2) (2.1)
where p and g are two physical properties. In a two-dimensional case only the 7, of the cross-

gradient exists as the x - and z -components vanish.

The cross-gradient constraint is added as a penalty term to the objective function (Gallardo and

Meju, 2011). In this case, the combined objective function for the joint inversion of two datasets is:

Yo, = o1(p) + ¢2(q) + x(p,q) (2.2)

where ¢;(p) and ¢, (q) contains the data-misfit and the model-norm terms for each dataset;
x(p, @) is the norm of the cross-gradient; subscripts 1 and 2 refer, respectively, to the two different

datasets; p and q are the two different physical parameter vectors.
Following the purpose of this section I now rewrite (2.1) as:

T(p1,p2) = Vpy (x,¥,2) X Vpy (x,¥,2) (2.3)

where p,and p, refer to density models recovered from the gravity and the gravity gradient

respectively.
Equation (2.2) becomes:

Y (p1,p2) = ¢1(p1) + @2(p2) + x(p1,p2) (2.4)

where ¢4(p1) and ¢, (p,) are the gravity and gravity gradient data objective functions and

x(p1, p2) is the 2D cross-gradient.
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At each j" iteration the model perturbations Apyj and Ap,; are determined via separate
inversions and used to constrain the cross-gradient term minimization. The system for the joint inversion
of two datasets through the minimization of the cross-gradient term y(p,, p;) is after (Gao and Zhang,
2018):

I 0
[o 1
LET &

~ Ap ,
Apyj| by
[Aﬁm‘l - [Af”] &

where I is the identity matrix; t,; and t, are the partial derivative matrices (0r/0p;and 0t/0p,,

respectively) of the 2D cross-gradient. The solutions of (2.5) are the cross-gradient constrained model
perturbations Ap,; and Ap,;. In this way, | constrain the cross-gradient minimization with the model
perturbations retrieved from separate inversions. Tavakoli et al., (2021) used this strategy as the key-step

for their sequential joint inversion algorithm.

To perform the separate inversion of gravity data, | adopted the algorithm introduced in section

1.3: inversion with inhomogeneous model depth-weighting that is to minimize:

m = argmin {|Am — d|}3 + 2 £, 27} (2.6)
m

=12 g2

With the model depth-weighting function:

w@%ﬂz?%a (2.7)
z 2
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2.2Joint Inversion Worfklow

I now define the workflow (see Fig. 2.1) for vertically-stacked sources modelling of G; and its
2% order derivative G,z. Other combinations may be exploited that could involve also fractional-order
derivatives (Florio et al., 2022). Prior to jointly invert my data, | proceed with the computation of the
inhomogeneous depth weighting function (12). I compute S(x, y, z) on G; because it has a most complete
set of contributions from deep to shallow sources. In addition, I can build a reference model by finding
an unconstrained compact solution for G;. It is to say | impose p=0. Letting the compactness to guide
the process, | obtain a preliminary model of the shallow sources with only slight contributions from the
deep-seated ones. It is possible to enhance this reference model with hard constraints from interpretation
of other geophysical data or geological/direct knowledge of the area (e.g., wells, field geology, etc.). The
computation of high-order derivatives could result in a rather low signal-to-noise. However, sometimes,
the first-order vertical derivative Gz is directly measured, especially during GGT surveys. These
measurements could be very useful to obtain stable higher-order derivatives. Usually, vertical derivatives
of potential fields may be computed numerically, here | adopt the stable algorithm of the Integrated
Second Vertical Derivative (ISVD) procedure (Fedi and Florio, 2001). Once the two datasets are formed,
I must define the a-priori information to express in the model weighting matrix L as specified before and

then move to the joint inversion.

The workflow exploits the powerfulness of the joint inversion thanks to decoupling the
minimization of the combined objective function in (4), in which the cross-gradient minimization is used
as constraint on the iterative updates of the model perturbations as in (5). Thus, | can expect that the
cross-gradient minimization could help to balance the gravity field inversion, which regards deep and
shallow source contributions, with that of the second-order vertical derivative of gravity, which would

include specially the contributions related to the shallowest sources.
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I want to stress this aspect, as it represents a new point of view on the joint inversion of potential
fields. Special tools will be used to make an adequate diagnostic of the validity of the model and of the

joint inversion (see synthetic tests and real case sections).
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2.3 Synthetic modelling

SEAM- Phase | Model

To test my approach with a synthetic realistic model, 1 chose the SEAM-Phase | model (Fehler
and Keliher, 2011). It is a 3D synthetic model based on a deep-water salt domain in the Gulf of Mexico.
It includes a complex salt intrusive and its mother-salt in a folded Tertiary basin. The physical properties
of the model and the related geophysical simulations are designed to provide key tools for testing
algorithm and workflow in a realistic scenario. In fact, the model includes common challenges faced in

geophysical exploration, while having a defined target to compare obtained results.

I illustrate the result obtained on the 2D profile extracted at y=4000m (Fig. 2.2d). The model
consists of 135x60 cubic cells with side sizes of 250 m for a total length of 34 km and a 15 km maximum
depth. The salt dome extends from 3 to about 8 km, while the top autochthonous salt layer is deeper than
12 km. Together with G; (Fig. 2.2b), | compute Gz, (Fig, 2.2a) and the inhomogeneous depth weighting

function on G; (Fig. 2.2c).
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Figure 2.2: a) Gz; b) G;; ¢) S(X, Y, z); d) synthetic density model.

In Fig. 2.3b, I show the result of a compact inversion of G under the assumption of a
homogeneous £ equal to 0. It is clear that the model is imaging in a reasonable way only the shallowest
source. The contribution of the deep-seated source is not forced to the deeper portions of the model, but
it is modelled as a diffuse source around the salt dome. Its density-contrast is very low, which is

geologically unreliable. In Fig. 2.3a, it is possible to appreciate the low data misfit given by the root mean
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square error (RMSE). However, applying a threshold of -0.17 g/cc to the model, | may isolate better the

contribution of the salt dome (Figure 2.3c) and use it as reference model in the joint inversion.

= 2
a) N G, RMSE = 3.358?e-06 mGalIfkml
£0
@ -1 —obs |
=y A 5
N 10 <
15 -0.
10 20 30
X[km]
treshold at -0.17 gl/cc
c) 0
g A
R 10 02§
15 e Ny 04
10 20 30
X[km]
Figure 2.3: a) observed and predicted data b) G, inversion with A(x, y, z)=0; b) model in a with an imposed
threshold of -0.17 g/cc.

The results of the joint inversion are shown in Figure 2.4. | begin to describe the models resulting
from separate inversions. They are clearly not able to produce an adequate modelling of the salt features.
G:inversion (Fig. 2.4a) produces a model that correctly recover an increasing density contrast with depth
but joins the salt dome to the mother salt. This behavior is lost in the inversion of Gz (Fig. 2.4b), which
produces a compact salt dome but with a deep root connecting it to the mother salt. Nevertheless, both
models even if they have a low data misfit, they could not fix the vertical separation of the salt dome

from its mother salt, which is significant in basin modelling. On the other hand, in the joint inversion, G;
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(Fig. 2.4d) is more able to retrieve a rather complete model of the investigated subsurface volume while
I can see that Gz, (Fig. 2.4e) produces a model with only the shallower source modelled in a proper way,
while targeting comparable values of data misfit to those of separate inversions. The convergence plots
of joint inversion (Fig. 2.4f) are comparable to those of the separate inversions. These plots demonstrate

a similar computation efficiency while including more constraints which lead to more reliable solutions.

As obvious, one of the improvements is the enhanced structural similarity in the joint inversion
models. In fact, looking at the magnitude of cross-gradient values of the separately inverted models,
jointly inverted models (Fig. 2.5a-b), it is possible to appreciate a strong decrease in the absolute values.
It is also useful to compare the arrangement of these values. While the separate inversions show values
which distribute on the whole space from the position of the shallow-seated source towards depth, in the
joint inversion models they are concentrated at the boundaries of the shallower source, meaning that only

details due the discretization of the model-space can be reviewed.
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Figure 2.4: model resulting from a) separate inversion of G; b) separate inversion of G, ; ¢) convergence plots
for separate inversions d) MOSJI on G;; €) MOSJI on of G.; f) convergence plots for joint inversion.
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An insightful result is obtained when looking at the scatter plots of the recovered physical
parameters. It is possible to appreciate the linearization of the values in the jointly inverted models (Fig.
5d) with respect to common separate inversions (Fig. 5¢). | can describe a diagonal linear cluster. This
diagonal trend has a differentiated behaviour in its final portion. In fact, some values with lower values
in the G; model assume a higher value in Gz. This is because the sensitivity of G, is addressed toward
the salt dome, which cause less accuracy of modelling the mother salt. It is important to note that the salt
dome has an average density contrast of -0.2 g/cc. For layered models, this is justified as the retrieved
density distribution takes the meaning of an equivalent density contrast. It is to say that I have an actual
density contrast varying with depth, but I recover from inversion a value close to the weighted mean.
This concept was introduced to describe an equivalence between a stratified basin and a basin having the
same shape but filled homogeneously with an average density (Litinsky, 1989a). The same equivalence
was demonstrated in salt dome modelling with different density contrasts at the various layers (Chauhan

etal., 2018).



45

a) b

AT

—

10710

£ 107 é 107"°
N 10 N
< _.A\"h
15 = 1020 102
10 20 30 10 20 30
X[km] X[km
0 d) (km]
S 0| e 8 ol
= B 2
T 02 7w g 02...
g -04 g 04
N 06— N 06—
o) -0.6-0.4-0.2 0 o -06-04-02 0
Gz model[g/cc] G, model[g/cc]

Figure 2.5: a) cross-gradients value of separate inversions; b) scatter plot of density models of separate
inversions; from: ¢) Magnitude of cross-gradients value of MOSJI joint inversion; d) scatter plot of density

models of MOSJI joint inversion.

Karst cavities model

The karst model (Fig. 2.6d) is a grid of 50x50 cells sized 2 m x 2 m. It contains two bodies at
different depths. This setting represents a very complex but common challenge in karst cavities detection
for hazard assessment. The density contrast between the sources and the background is set at -2.7 g/cc.
The synthetic G; (Fig. 2.6b) was computed with spacing of 2 m, while G;;; (Fig. 2.6a) was obtained thanks
to the ISVD method. Following the procedure described in previous section, | computed S(x, y, z) matrix

based on the G; data (Fig. 2.6c).
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Separate inversions do not produce a clear separation between the two sources. In the model
retrieved from G inversion (Fig. 2.7b), the deep-seated source appears as a low-density diffuse source.
At the same time, the density of the shallowest source is clearly overestimated. Model resulting from G;
(Fig. 2.7a), produce a similar model, still missing a proper density contrast, lateral extension and depth
position. | can note that in this latter model, there is a slightly improved recover of the deep-seated cavity.
This reflects the fact that G; brings more information on the deepest source. In general, | can state that

nor the G; or Gz, are able to recover a correct density distribution with only separate inversions.
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I now adopt the described workflow for the MOSJI. So, | used the described procedure to build
a reference model and the inhomogeneous model weighting function for G,. Both G; and Gz, model (Fig.
2.7c-d) are instead able to describe the shallower and the deep-seated sources. | can see a rather accurate
positioning of the cavities with a proper density contrast. The model resulting from G; (Fig. 2.7c)
recovers slightly better the deeper source with an improved overall positioning and extension of the
cavity when compared to that produced by G;;. Once again, this reflects the different sensitivities brought
by the dataset. I noticed that the same considerations done before for the data misfit are valid also in this

case.
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The analysis of the cross-gradient values (Fig. 2.8a-b) confirms the results obtained in the
synthetic test at basin scale. The most interesting result is that also in this case is to obtain a linearization
of the physical parameters in the cross-plot of the jointly inverted models (Fig. 2.8d) with respect to that
of separate inversions (Fig. 2.8c). In this case, the divergent behaviour in the tail of the cluster is lost
compared to that observed in the previous test (Fig. 2.5d). This is due to the fact that in this model both

the sources have the same density contrast.
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Figure 2.8: a) Magnitude of cross-gradients value of separate inversions; b) scatter plot of density models of
separate inversions; from: ¢) Magnitude of cross-gradients value of MOSJI; d) scatter plot of density models
of MOSJI.
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2.4 Real case: Gruta de Las Maravillas

I now apply my method to a real case for cavity detection in Southern Spain. | investigated the

Gruta de las Maravillas in Aracena. It was previously studied Martinez-Moreno et al. (2014) and
interpreted with forward modelling. The cave lies within marbles and its genesis is due to the dissolution
of these rocks. It consists of three different levels with a water table that is present at 650 m a.s.|
(Martinez-Moreno et al., 2016). | performed my joint inversion on the central part of the Line 4
(Martinez-Moreno et al., 2014), that | resampled at 2m (Fig. 2.9a). | computed the Gz; (Fig. 2.9b) as
already discussed. Further information on the gravity data could be found in the afore mentioned works.
The zero-level of my model coincides with the maximum of the topography of the line. The model
consists of 50x35 cubic cells with a side dimension of 2m. In this case, | used a reference model with the
solution of an unconstrained preliminary inversion of Gz, which was cut at a threshold of -2.5 g/cc. This

is justified as a known density contrast of void in marbles.

Results suggest the presence of three shallow cavities with a density contrast of around 2.7 g/cc,
that well represents a typical density contrast of air-filled cavities within marbles (Fig. 2.9c-d). These
three sources have been also retrieved in the modelling of Martinez-Moreno et al. (2014). The horizontal
position is consistent between the forward model and my interpretation, locating the shallow-seated
group of cavities at a distance from 180 m to 250 m on the original line. The central cavity of the group
is slightly deeper in my modelling than in the forward model (Martinez-Moreno et al., 2014), which

locates this cavity at about 20 meters depth.

Following the proposed approach, once again | am able to model the deepest sources (Fig. 2.9c-
d), thanks to their different wavelength-content. | found a deeper cavity with its center at about 80 m
depth and with a 50 m extension. The forward modelling (Martinez-Moreno et al., 2014) proposed an
elongated horizontal source between 50- and 75-meters depth. The positioning is slightly different in the

two interpretations, but their ranges are comparable.
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Figure 2.9: a) observed and predicted Gz; b) observed and predicted Gzzz; c) model resulting from joint

inversion of Gz; d) model resulting from joint inversion of Gzzz.
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In addition, forward model (Martinez-Moreno et al., 2014) suggested an elongated appendix on
the upper right corner of this cavity. | have confirmation of this possible features in my modelling.
Martinez-Moreno et al. (2014) provide also resistivity, induced polarization and seismic modelling on
the same profile. Seismic data modelling clearly shows the presence of the two lateral sallower cavities
as low velocity zones with a low number of rays respectively in the velocity model and ray tracing
coverage model. The central cavity is not clearly interpretable, but its presence is confirmed by gravity
modelling presented both here and in the aforementioned work (Martinez-Moreno et al., 2014).
Resistivity and Induced Polarization model are more informative on the elongated appendix of the deeper
sources which is recovered in my results and suggested by the forward modelling (Martinez-Moreno et

al., 2014).

Analysis of the cross-gradient (Fig. 2.10a) is comparable in magnitude and distribution with those
obtained in synthetic tests, with the highest values located on the edges of sources. In the end, | obtain a

linearization in the cross-plot of physical parameters (Fig. 2.10b).
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4 Deep-learning gravity inversion based on building blocks learning

This chapter is from:

e Deep-learning gravity inversion based on building blocks learning; Messina C., Bianco

L., Fedi M.; 2024: Under Review at Geophysics.

Supervised ML methods create a system that learns or improves performance based on the data
they use. This is completely different from inverse modelling involving physical knowledge of the

problem. It is possible to distinguish between two main types of ML algorithms:

= Unsupervised Machine Learning, where algorithms find patterns in their own data,

without guidance.

= Supervised Machine Learning, in which the network tries to do prediction starting from a

pair of features-labels.

Supervised Machine Learning is not explicitly based on physical equations but extracts the
relationship between data and sources thanks to a training on large ensembles of samples (Shi et al.,
2023). ML inversion optimizes a parameterized function, often implemented using neural networks, to

predict underground structures based on observed data.

Among the other authors that explored ML methods for potential fields, I recall some works that
contributed to the development of the topics. Al-Garni (2015) adopted a Modular Neural Network
(MNN) for the interpretation of magnetic anomalies caused by a dike. He estimated the top depth, the
half width and the dip of the dike, and also the inclination and the intensity of magnetization. Bernstein
et al. (2022) adopted a strategy based on CNN for the recognition of complex magnetic signatures caused
by metallic pipelines. They created a 2D CNN to distinguish the presence of pipelines in synthetic
gridded magnetic data. The labels of CNN will be equal to 1 if the features are identified as pipelines and

to O elsewhere. Cutaneo et al. (2023) used an unsupervised Machine Learning technique, called
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Unsupervised Boundary Analysis (UBA), to identify without a priori information the sources edges of
potential fields. They used Self-Organized Maps and k-means algorithms. In this sense, they aimed to

reduce the dependency of the interpretation on the geometry of the training models.

The increasing use of supervised ML algorithms in applied geophysics has been accompanied
with enthusiasm in its ability to extract relationships between data and models, which is referred to as
“data-driven” nature. This has been always opposed to inversion algorithms which by definition are
“physics-driven” method and could be seen as “model-driven” method when strong a-priori information
are introduced. In applied geophysics the lack of enough real data and true model poses a severe
limitation on the data-driven behavior of ML algorithms. To this end, the common approach is to build

synthetic training datasets with different strategies (e.g., random walk algorithms).

Authors approached this issue in different ways. Huang et al. (2021) applied a CNN to the 3D
inversion of gravity data. They generated as much as 20000 training models, obtained from a random
walk algorithm. Deng et al. (2022) adopted CNN to predict physical parameters from 2D images of the
magnetic gradient tensor. They extracted information of geometry, depth and magnetization such as
inclination and declination obtaining a 3D model. Vitale et al. (2023) used the Bishop synthetic model
to train a feed-forward network to reconstruct the depth of the basement. The dataset of gravity anomalies
was organized associating the basement depths to their gravity data within a moving window, so resulting
into a dataset of about 30000 examples. More recently, Bianco et al. (2023) shaded light on the need to

train a CNN with a dataset consisting in gravity anomalies fault like sources.

In this sense, one should look at these ML algorithms as data- and model-driven method, since
the assumptions made to build the training set constitute, in principle, an a-priori information. However,
this approach clashes with the intrinsic nonuniqueness of the potential fields. To this end, | studied the

possibility to simplify the gravimetric anomalies and reduce the training set to the source-anomaly pairs
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that represent the “building blocks” of the method. In this way, | want to circumvent the problem of
facing nonuniqueness by constructing a complex training set and model gravimetric anomalies by the

sum of simple sources.

ML algorithm

Supervised Machine Learning is not explicitly based on physical equations but extracts the
relationship between data and sources thanks to a training on large ensembles of samples (Shi et al.,
2023). ML inversion optimizes a parameterized function, often implemented using neural networks, to

predict underground structures based on observed data (Zhang et al., 2022).

In the framework of the Supervised ML methods, | will use in this work a Convolutional Neural

Network (CNN). The relationship between data and model may be expressed as:
m=N(d; 0) (4.1)

where 0 is a set of parameters to be learned and N the mapping function. d represents the
observation data input, here called features, to the neural network. Finally, m represents the model output,
here called labels, as predicted by the neural network. The misfit between predicted and real labels is
used as a loss function to optimize the neural network parameters. The optimization formula can be

expressed as:
¢ = argming —~ X, L(m;, N (d;; 6)) (4.2)

where L (-) represents the loss function, m; represents the it" label, and N (d;; ©) represents the

model output by the neural network.

When the value of the loss function exceeds a specified threshold or the maximum number of

iterations is reached, the loss is backpropagated to update the neural network parameters. This process
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ensures that the model learns from its mistakes and adjusts its internal weights and bias to improve

performance. The dataset is characterized by pairs of features-labels:
T= {x,d}, (4.3)

Where T is training sample ensemble, x; is the feature vector of the i model; d; is the label
vector of the i model; M is the size of the sample. The features x; are the inputs to the machine learning
algorithm, and in my case, they are the set of the gravimetric anomalies generated by elementary blocks.

The latter are the labels of the network. T is used during the training phase to guide the learning process.

Building Blocks

I describe a method to reconstruct complex sources through the creation of a generalized dataset
composed of the fields of elementary sources, such as faults with varying parameters such as dip, density
contrast, thickness and depth to the top. The set formed by these sources is a sort of “building blocks”

set which I may utilize to reconstruct a general source. For this reason, the ML method is named

‘FaultNet3D’.
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Figure 4.1: Gravity anomalies caused by prismatic sources of different width W.




74

The procedure is the following: gravimetric anomalies of bodies of different extent are
represented in (Fig. 1) by red, blue and yellow profiles. If one examines their own behaviour around the
edges of their respective sources (Fig. 2) it is possible to observe how the anomaly takes a characteristic
Z-shaped form (right edge) or S-shaped form (left edge). This behaviour is typical of contacts and faults.
In other words, a gravimetric anomaly, when analysed along a profile crossing the source, can be seen
as composed by the constructive interference of anomalies generated by the edges of the source bodies.
When the mutual interference is too strong, as for prisms of limited length, the anomaly takes on its well-

known bell shape (purple line in Fig. 1).

In the learning phase the building blocks are characterized by various depth-to-top, thickness,
width, dip and density contrasts. The strategy, hence, will consist of: A) interpreting along many 2D
profiles the gravity anomaly through my Machine Learning algorithm; B) building a 3D reference model
by merging the interpreted 2D models; C) obtaining a final 3D model by data inversion constrained by

the reference model.
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Figure 4.2: Gravity anomalies of contacts with their characteristic Z and S shapes. A) S-shaped anomaly;
B) Contact source of the S-shaped anomaly; C) Z-shaped anomaly; D) Contact source of the Z-shaped

anomaly.

Network Architecture

The first step is to create a generalized dataset composed by fault-like building blocks and their
corresponding gravimetric anomalies. To this end | generated a large set of different types of fault
models, by varying their parameters (Table 4.1). Instead than using standard gravity formulas for
contacts and faults, | have adopted a different forward modelling method, consisting in generating 2D
sections of MxN prismatic cells to which the density is assigned so as to approximate different types of
faults and contacts. The fields of any cell were generated with the formula of Bhattacharyya (1964).
Compared to the parametric formulas, this approach better fit the aim of obtaining a final tomographic

model of complex sources and gives more flexibility for future developments of the method.

Density contrast -1g/em? to 1
g/cm?® with 0.1 g/cm?3step

Top depth 1 km to 14 km with 1
km step

Bottom depth 2 km to 15 km with 1
km step

Horizontal extent 1 km to 29 km with 1
km step

Dip from 10° to £ 90°

Table 4.1: Parameters ranges.
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I was able to reproduce in this way up to 221.100 different models. The resulting faults can be
classified into the following types: faults with a low dip angle such as thrust type (Fig. 3A), high dip-
angle (Fig. 3B) and vertical faults (Fig. 3C) as well as mixed models. After calculating the synthetic
gravimetric anomalies for the various models, | constructed the features-labels pairs shown in (Fig. 3).

The dataset was randomly divided into three sets:

e Training Set, containing the subset of T used by the network for training. This set is the 85%

of the total one.

e Validation set which is the subset of T that the network uses to validate the training. In this

set there are 10% of the total models.

e Testing Set containing a subset of T used to test the network. This set contains the 5% of the

total models.
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Figure 4.3: Representation of different types of faults containing in the dataset; A) Low dip angle faults; B) High dip-

angle faults; C) Vertical Faults.

For the network architecture | was inspired by the work of Wang and Xu (2021). They defined a

Siamese structure, called in this way because it uses two twin CNN with the same architecture and sharing
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of the weights of neurons. In this work, | adopted the architecture of a single branch of the Siamese
structure. Moreover, | made the CNN shallower by decreasing the total number of the layers. From a
parametric point of view, | used the same values. The choice of such a simple architecture relies on the
will of exploring and testing the concept of using the “building blocks” as elementary source to build an

enough generalized training set. The network architecture is shown in (Fig. 4.4).

Anomalies Models
; . / / -
400
0 10 20 30 15
Features \ \ 0 20 2
- - - > » - > > - > Labels
Corwl Conv2 Conv3d Convd  Conv5 Convé Conv7  Convg FC1 FC2
BN MP BN BN BN BN BN BN
= Fully-connected Layer = Convolutional Layer+Batch Normalization = Convolutional Layer+Max Pooling function

Figure 4.4. Architecture of Convolutional Neural Network (CNN); BN is the function of Batch Normalization; Conv

1-8 are the convolutional layers; MP is Max Pooling function; FC1-2 are the fully connected layers.

The network architecture is characterized by 8 convolutional layers, 1 max pooling (after the
second convolutional layer) and 7 batch Normalization functions that are used after the convolutional
layers 1, 3,4,5,6,7,8. Finally  used 2 fully connected layers and a regression output. Each convolutional
layer is followed by a clipped ReLu activation function. The latter allows setting any negative input value
to 0 and any value that is above a threshold value, chosen by the operator, to the aforementioned threshold
value also called "clipping celling”. It allowed to prevent the output value from becoming too large. The

negative values will then be retrieved via the BN normalization function.

To build this architecture 1 used the MATLAB Deep Network Design toolbox and The Adam

algorithm (Adaptive Moment Estimation) as optimizer, a stochastic method based on the descent
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gradient. With this architecture, | trained the network and tested the validation of the training. I tested
the performance of the training with the model contained in the Test Set, selected in a random way.
(Figure 5.5) shows one of these tests. My network demonstrated to be able to accurately interpretate the

density contrast between the sources and the background, the geometry and the position of the bodies.
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Figure 4.5. Testing model. A) Misfit between observed data and calculated data. B) Real model C) Predicted model

from the neural network.

Synthetic modelling

As a first test, | applied the network to a synthetic case. | created a pyramid-like source which,
for geometries, density contrasts and extension can be seen as a simplification of a salt dome (Chen et
al., 2023). The density contrast between the source and the background is -0.3 g/cm®. The body is shown
with the vertical section at y=21 km (Figure 5.6a) and different depth slices (Figure 5.6b). I then

computed its gravity anomaly, from which | extracted 8 radial profiles, equally spaced 22.5°. Following
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my approach, each profile was divided into two parts (AO and OA”), corresponding to Z-shaped and S-
shaped anomalies, respectively. The ML interpreted models obtained along the profiles are shown in
figure (4.7), in which | can observe again that the network reliably predicts the density contrast and also

the shape and the position of the body.
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Figure 4.6: A) Vertical section of synthetic model; B) Depth slices of synthetic model respectively at different depths.

I then computed its gravity anomaly, from which | extracted 8 radial profiles, equally spaced
22.5°. Following my approach, each profile was divided into two parts (AO and OA’), corresponding to
Z-shaped and S-shaped anomalies, respectively. The ML interpreted models obtained along the profiles
are shown in figure (4.7), in which it is possible to observe again that the network reliably predicts the

density contrast and also the shape and the position of the body.
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Figure 4.7: FaultNet3D interpretation of the profile A-O-A’, the black points represent the position of the synthetic

source.

After obtaining these sections, | performed a 3D interpolation to create a 3D reference model to
be used in a standard 3D inversion algorithm (see chapter I). For what it concerns the  exponent (Eq.
1.11), it has been chosen according to the strategy of Cella and Fedi (2012). They suggested that the
model depth weighting exponent £ is effectively depending on the source model rather than to the power-
law decay of a single cell, so that f=N. N may be estimated by specific techniques, or it may be assumed

as a priori information on the type of source.

I compared the results obtained from the inversion with the reference model derived from the

FaultNet3D algorithm, with those obtained with the inversion unconstrained from the reference model.
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Figure 4.8: Comparison between inversion constrained with the ML reference model A) sections; B) depth slices;

and unconstrained inversion C) sections; D) depth slices. Black dots in the vertical sections indicates the source.

From the comparison among these images, | observe that the inversion with Machine Learning
reference model is able to reproduce fairly well the position, density contrast and shape of the source,
improving the results obtained by the FaultNet3D interpretation. On the other hand, Figure (4.8B) shows
that the unconstrained inversion does not reproduce well either the shape or the position of the source.

In particular, the bottom closes at a much greater depth than the real one.
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Real case: Caltanissetta Basin, Italy

As a real case, | choose that of the Caltanissetta basin (Sicily, Italy) which is a deep and wide
sedimentary basin. The gravity map was digitized with a 2 km sampling rate. The Bouguer plate density
contrast was 2.67 g/cm®. Data were upward continued to a common altitude of 3.2 km (Milano et al.,

2020).

100 200 300 400 500 600 700 800
x(km)

Figure 4.9: Gravimetric anomaly of Sicily. In red the profiles interpreted.

The Caltanissetta Basin corresponds to the main depozone of the Sicilian-Maghrebian foreland
basin system. It is located between the northern Sicilian Mountains (Sicani and Madonie Mountains) and
the southern Sicilian Fold and Thrust Belt (SFTB). This basin was formed during the opening of the
southern Tyrrhenian Sea in the late Miocene and during the compression and shortening of the Sicilian-
Maghrebian chain. Over time, the accretionary front has shifted southward and south-eastward,
advancing approximately 50 km between the early Pliocene and early Pleistocene (Catalano et al., 2000;

Tzevahirtzian et al., 2023). Its complex morpho-structural framework results from the progressive



83

accretion of thrust sheets and duplex formation from paleogeographic domains of the oceanic one of
Neo-tethys and the African continental paleo-margin. During Neogene times, a series of wedge-top
basins were formed, characterized by several depocenters separated by intrabasinal highs and related to
the Messinian active thrusting synclines (Butler et al., 1995). The basin is filled with Pliocene-
Pleistocene marine deposits, such as deep-sea carbonates, which overlap each other and finally slide into
the basin (Scandone et al., 1975). The stratigraphy, from bottom to top, is the following: Iblean units
and Trapanese units which are composed by Meso-Cenozoic shallow water to pelagic deposits; Sicans
units consists in Permian-Cenozoic deep-water deposits; Numidian Flysch units which incorporate part
of Sicilide units; On the top there are evaporites deposits of the Messinian and Pleistocene foreland
deposits. The Messinian sedimentary deposition in the Caltanissetta sub-basin has historically been
regarded as the comprehensive geological record of the Sicilian crisis. Its tripartite structure makes it an
excellent counterpart to the seismic ‘trilogy’ observed in the deep Mediterranean basins (Lofi et al., 2011;

Roveri et al., 2014).

Many gravity, magnetic and seismic studies have been conducted in the area. Among them,
Milano et al. (2020) used gravimetric and magnetic data to reconstruct the depths to the crystalline
basement, to the Moho and to the top of the carbonate platform. Accordingly, the basin bottom is deep
down to 16 km depth below seas level, with a -0.2 g/cm® mean density contrast between the clastic
infilling and surrounding rocks. Similarly, Sgroi et al. (2012) proposed a seismo-tectonic interpretation
of the basin with a 16 km estimated maximum depth. Finally, a seismic profile was acquired through the
Caltanissetta basin, processed and interpreted by Catalano et al. (2013). In this work they interpreted and

divided the basin in different units. According to them, the Crystalline basement is at a 24 km depth.

I used the same workflow applied to the synthetic case. Thus, | extracted 8 radial profiles from
the map (Figure 4.9), dividing each of them into two sub-profiles. The ML interpreted profiles were then

interpolated to obtain a 3D reference model. The Figure (4.10 A) show the results of constrained
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inversion along the profile A-A’, in which it is possible to observe that the equivalent density contrast
between the sediments that fill the basin, and the background is -0.2 g/cm®. In Figure 10B, the depth
slices show that the basin ends at around 16 km Note that, the results of modelled basin are comparable
to those present in literature (Sgroi et al., 2012; Milano et al., 2020) who estimated the depth of the basin
around 16 km. In addition, for geometries and depth, | can associate it to the top of autochthonous of
Iblean Unit present in the interpretation of (Catalano et al., 2013). On the contrary, figure 10C, illustrates
that the unconstrained inversion leads to a too smooth representation of the basin, with an equivalent
density contrast of around -0.1 g/cm®. Note also that the basin extends too deep, down to around 24 km
(Figure 10 D), which is much greater than the depth estimated from literature by the previous work (Sgroi

et al., 2012; Catalano et al., 2013; Milano et al., 2020).
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Figure 4.10: Comparison between the constrained inversion with a reference model (A-B) and unconstrained

inversion without reference model (C-D).
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CONCLUSIONS

Starting from the scenario of Skeels (1947) evoking an absolute ambiguity for potential fields, I
proposed new approaches to unveil what is really ambiguous and what may instead be determined in the

source domain.

To accomplish this goal, | studied the advantages given by using different datasets in the
interpretation of potential fields. The possibility of integrating more dataset means that more
information is brought into the interpretation processes, so to allow a reduction of ambiguity. In this
sense, | used the gravity field at different altitudes and at different orders of differentiation, in a

multiscale approach, and the integration of potential fields with other geophysical datasets.

In the first approach, | analyzed the behavior of the fields generated by a step and a flexure at
different altitudes and different order of differentiation. | was able to study the properties of these fields
and extract self-constraints from the field themselves. This strategy led to the definition of relative
ambiguity, meaning that the ambiguity regards not all the harmonic region but only a part of it, called
region of ambiguity. From these findings, | introduced a new multiscale method based on the DEXP
transform of the field, called Inhomogeneous DEXP, where the scaling exponent is not necessarily
constant at different positions, but varies with the homogeneity degree of the field. | obtained models
that demonstrated improvements in the imaging of the complex bodies’ geometries which are brought

by the adoption of an inhomogeneous exponent.

Regarding the joint inversion framework, | used first gravity data with no other different

geophysical data (such as DC resistivity, magnetic or seismic), but with the high-order vertical
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derivatives of the Newtonian gravity potential. My idea was that the different wavenumber-content of
these dataset alongside with the self-constraints extracted from the field themselves (e.g., an
inhomogeneous model depth-weighting function) could reduce the inherent ambiguity. The integration
of multi-order dataset was achieved via the so-called sequential strategy with the cross-gradient
constraint. This feature lets us to separately invert two datasets and iteratively enforce their structural
similarity without incurring in the need of a unique objective function to be minimized. Using this
approach, | was able to successfully model different scenarios in which vertically-stacked sources
represent a tricky challenge for interpretation (e.g., salt domain and multi-level karst system). The
goodness of the result were demonstrated by the minimization of the cross-gradient and looking at the

linearity of the distribution among the models’ properties.

I used further this sequential strategy formulating a workflow for a joint inversion of gravity data
and seismic-derived/geological models. In this sense, | aimed at generating density models inverting
gravity and gravity gradient data based on the structural information derived from s seismic model
without the need of any physical-parameters conversions. The main advantage of this approach is that
we can avoid seismic data inversion and look at the final density model to obtain precious information
on both the main bodies (for instance, the salt dome) and the background (for instance, the layer densities
around the salt body). The workflow enforces the structural similarity between the density model and the
seismic model but still fitting the gravity measurements. In this way, we are able to detect those portions
of the density model in which artifacts are present (e.g., gravimetric pushdowns) and thus improve the
final density model. The final model could be useful to confirm seismic modelling or to provide useful
information for a subsequent update of the models, in a cyclic procedure involving seismic and potential

fields with the common aim of reducing uncertainty and ambiguity in subsurface interpretation.

For clarity, although I have developed and coded these algorithms for 3D joint inversions now I

was able to test the methods only on 2D cases, due to lack of a sufficient computational power. However,
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small-scale synthetic tests proved the actual efficiency of the inversion codes even for 3D cases. For this
reason, the methods require coding adaptations to run on cluster and/or cloud computing so unlocking

their full capacity.

Moreover, the algorithms could be further improved by introducing more refined mathematical

tools to reduce the computational loading required for large-scale 3D inversions.

Finally, I moved the focus of my research on ML algorithms. In particular, | proposed the strategy
of training a ML algorithm with a set of simple sources, which I called building blocks, and their own
gravity anomalies. My assumption was that complex geometries could be analysed by a CNN as the
ensemble of gravity anomalies generated by the edges. Hence, the strong constraint of looking only at

the edges of the sources represents a practical way of facing the non-uniqueness of the solutions.

However, this strategy requires the interpretation of 2D gravity data to preserve the validity of
the assumption that the edges of a given source could be seen as faults/contacts. For this reason, I
proposed to merge 2D interpretations into a reference model to constrain a 3D gravity inversion. This
could be seen as extracting a “self-constraint™ from the field itself, thanks to the strong information
related to the assumed building-blocks. Thus, the method (called FaultNet3D) was proved to yield a
useful and reliable strategy to obtain a constrained model even when external a-priori information is not

available, or it is rather not useful.

The possibilities of further developments are represented by improving the width of the ranges
adopted to build the training models. In addition, the approach could be used to train an ad-hoc deeper
network to improve the performances or a Siamese network to include higher-order of vertical derivation
of the gravity field or magnetic data. This last possibility was not explored as | wanted to avoid any

influence brought by a deep network and look only at the behaviour of the building blocks training set.
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The new concept of “region of ambiguity” and the new tools introduced: Inhomogeneous DEXP,
multi-order sequential joint inversion, seismo-gravity joint inversion and Fault3DNet represent very
promising tools in the challenge of reducing ambiguity in potential fields modelling. The results
demonstrated that an accurate study of the data together with a proper multiscale approach and a wise
usage of constraints and Al algorithms could efficiently support applied geophysicists in different stage

of the exploration.

Finally, 1 want to underline that all the studied scenarios represent important cases targeted by
the United Nation Sustainable Development Goals. In fact, | showed the case of an abandoned mine
(Udden Mine, Sweden), karst cavities (Gruta de Las Meravillas, Spain), salt dome (Mors, Denmark) and
a sedimentary basin (Caltanissetta, Sicily) which are studied and explored for environmental, energy

transition and hazard management purposes.
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APPENDIX
Al- Scaling function

This part is extracted from: Vitale and Fedi (2020).

Scaling functions are important to understand the homogeneous properties of potential fields. In
the following demonstrations, the cartesian coordinate system is assumed with the z-axis negative

downward.

The gravity field f(r) due to a homogeneous sphere at ro(Xo, Yo, Zo) with density M=1 and

normalized by the gravity constant k, can be expressed as:

f(r) = 22 (ALD)

lIr=roll3

If the source is at ro (0,0, zo) and the field is measured at x=xo, y=Yo this results in:
_ 1
@) =05 (AL2)

The scaling function can be defined as the derivative of the logarithm of the field f with respect

to log(2):

r (2) = 2egU @]

TR (AL1.3)
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For the above-mentioned example of the gravity field, the scaling function z is:

2z

T(z) =— (Al.49)

Z—2Zy
The scaling function has the important property of not being dependent on the source property,

such as density or magnetization intensity. Taking into account a g order of derivation for the field f, it

is possible to express the scaling function as:

__dlog[f(2)] _ _ (k+2)z
Tq(Z) ~ dlog(2) z—2g (ALS5)

From the equation (A1.5) it is clear that z(z) is singular at z=zq in the source region, but at z=-zo

it results in z(z) = -1, and it follows that:

d{loglf ()] +log(2)} _ dzf —0 (A1.6)

0z z=-2, 0z lz=—z,

From equation (A1.6) it is easy to understand that the function zf has a maximum at z=-zo. This
means that, scaling the gravity field with a power law of the altitude z and exponent equal to 1, results in

a scaled gravity field, Wg:

W, = fz (AL7)

It is possible to generalize the scaling function formula to any k™ order vertical derivative of the
field fc, and to any kind of homogeneous source; in fact, starting from the k™ order derivative of the
gravity field, of homogeneity degree n:

1
fe(x =X, Y=Y0, 2) = "y (AL.8)

Where N=-n:

( ) _ aloy[fk (Z)] — (k+N)Z

A T 7—2, (AL.9)

T
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At z=-70:

(k+N)
2

T, (=20) =— (A1.10)

Hence, the general scaled function, Wy, which is called DEXP transformation, has an extreme
point at the source position x=xXo, y=Yo and z=-zo and it can be expressed as:

k+N

W, =fzz (A1.11)

Obviously real sources generate a field that cannot be explained by something like a simple pole
source, unless the field is measured at a great distance. So, real sources are defined as source distributions
within finite volumes with arbitrary shapes. But, in some cases, the source complexity can be simplified
to semi-infinite volume-less shapes. For example, pipes, ridges, valleys, volcanic necks can be seen as
infinite cylinders. These simple shape bodies are generally defined as one-point sources, meaning that of

just the coordinates one singular point are sufficient to define them (e.g., center or the edge).

Assuming an ideal source, it is easy to write the most general form of the scaling function t in
scalar notation for data at any position r in the source-free region, and for the source at any position r in

the source region:

dlogfx dlogfy dlogfy
dlog(x—-¢)  dlog(y—-n) dlog(z—{)

T,(rp)=

(Al1.12)

_10fk . 10fk o0 L0k ¢, _
T, (0p) = 2 (e — 6y + 2y — gy + 2z - )

Equation (1.27) could be written in a different form, as:

dlogf dlogf dlogf
A1) =l 1 Uttt _dat

=a—bé—cn—d (A1.13)
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dlo dlo dlo
gfk c= gk d = gfk

Where: a = Vlog(fi) ‘r, b =——, oy ' oz

Now, the differential scaling function (Fedi and Florio, 2009) can be defined as the

gradient D of the scaling function z:

D =Vr, (Al.14)
with components:
ot da ab ac od
xS axt ! TS
ot da ab ac od
Dy—a—a—af—an —az (A115)
ot da aob ac od
: = T a2t Tal TS
Or in matrix notation:
D=a+Tp (Al.16)
Where: o =Va,
o dc od
ox Ox O0Ox
ab dc ad
= % 3y oy (A1.17)
o4 0d 0d
0z 0z 0z

Because for homogeneous fields the Euler equation holds, at r=r*(*, »* {*) it results in:
T (r,p*) = —n (A1.18)
It will be:

Dy (r,p*) =0 (A1.19)
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Thus, the unknown source position r* may be obtained solving the system in eq. (A1.18).

Eq. (A1.19) lets us substitute r* to r in any equations and so estimate the degree of homogeneity n.

Now, considering a multi-homogeneity source model, any field from complex source
distributions, that is, given by any general source, may be locally approximated at every point r by a

homogeneous field of degree n.

For this reason, it is possible to solve the system deduced from equation (A1.19) at every point r
of the field domain, to estimate the source parameters &*, n*, {*. For every position in the space ri (Xi,i,zi)
let us assume &*=x; and # *=yi. Knowing them and substituting them in equation (A1.18), it is possible

to estimate the degree of homogeneity n and so N, in every X, y, z point in R.
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