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INTRODUCTION 

The advancement of autonomous vehicle technology has the potential to 

revolutionize transportation, enhancing safety, efficiency, and convenience. 

At the core of this transformation lies the integration of model-based 

estimation and control techniques with artificial intelligence (AI). This 

integration is pivotal in addressing the complex challenges associated with 

vehicle dynamics and ensuring reliable and robust performance of 

autonomous vehicles. This thesis addresses this gap by developing novel 

methodologies that integrate these approaches to overcome the limitations 

of existing systems, with a particular emphasis on its significance for the 

future of autonomous driving. 

Vehicle dynamics encompass the behavior of a vehicle in motion, 

governed by the interaction of various forces and moments acting on the 

vehicle. Accurate estimation and control of these dynamics are crucial for 

several reasons: 

• Safety: Autonomous vehicles must operate safely in diverse and 

unpredictable environments. Precise control of vehicle dynamics is 

essential to maintain stability, avoid collisions, and respond 

effectively to emergencies. 

• Efficiency: Optimizing vehicle dynamics can lead to more efficient 

driving patterns, reducing energy consumption and emissions. This 

is particularly important in the context of electric and hybrid 

vehicles, where range and energy efficiency are critical concerns. 

• Comfort: Smooth and predictable vehicle behavior enhances 

passenger comfort. Proper control of dynamics ensures a pleasant 
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ride experience by minimizing sudden accelerations, decelerations, 

and lateral forces. 

• Reliability: Robust estimation and control systems improve the 

reliability of autonomous vehicles. By accurately predicting and 

responding to dynamic changes, these systems ensure consistent 

performance under varying conditions. 

Model-based estimation and control rely on mathematical models to 

describe the vehicle's dynamic behavior. These models can be derived from 

fundamental physical principles. Key advantages of model-based 

techniques include: 

• Predictive capability: Models provide a predictive framework that 

enables proactive control strategies, anticipating changes in vehicle 

behavior and adjusting controls accordingly. 

• Systematic design: Model-based methods allow for systematic design 

and tuning of control systems, leveraging well-established theories 

and tools from control engineering. 

• Transparency and interpretability: Models offer a transparent 

representation of vehicle dynamics, facilitating analysis, debugging, 

and validation of control algorithms. 

Common model-based techniques used in vehicle dynamics include 

Kalman filters for state estimation, Linear Quadratic Regulators (LQR) for 

optimal control, and Model Predictive Control (MPC) for handling 

constraints and optimizing performance over a prediction horizon. 

AI, particularly machine learning (ML), has emerged as a powerful tool 

for enhancing vehicle dynamics estimation and control. AI techniques can 

complement model-based approaches in several ways: 
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• Data-driven insights: ML algorithms can extract patterns and insights 

from vast amounts of data, improving the accuracy of dynamic 

models and identifying previously unknown correlations. 

• Adaptive control: AI enables adaptive control strategies that can learn 

and adjust to changing conditions, enhancing the robustness of 

control systems in real-world scenarios. 

• Complex decision-making: AI can handle complex decision-making 

processes, such as path planning and obstacle avoidance, by 

considering a multitude of factors and optimizing actions in real-

time. 

The primary objective of this thesis is to bridge the research gap by 

proposing hybrid methodologies that leverage the strengths of both model-

based and AI-driven techniques. Specifically, the work focuses on 

developing advanced solutions for critical tasks, including: 

1. Predicting tire-road interaction forces using a combination of 

physical models and neural networks. 

2. Estimating the sideslip angle through dynamic neural networks. 

3. Measuring and controlling unsprung mass displacements using 

virtual sensors integrated with AI methods. 

4. Addressing roll and pitch dynamics to improve vehicle stability on 

uneven terrains through a fusion of proportional control and 

reinforcement learning. 

The relevance of advanced vehicle dynamics estimation and control is 

underscored by the Society of Automotive Engineers (SAE) classification of 

driving automation levels. The SAE defines six levels of driving 

automation, ranging from Level 0 (no automation) to Level 5 (full 

automation): 
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• Level 0: No Automation – The driver handles every aspect of driving. 

• Level 1: Driver Assistance – Driver Assistance: The vehicle provides 

assistance with steering and braking, but the driver still has total 

control. 

• Level 2: Partial Automation – The vehicle can steer and 

accelerate/decelerate, but the driver has to stay focused and aware of 

their surroundings. 

• Level 3: Conditional Automation – In certain situations, the vehicle 

can drive itself; but the driver has to be prepared to take over when 

necessary. 

• Level 4: High Automation – In certain contexts, the vehicle can drive 

itself and handle all driving duties without the driver's help, but in 

other circumstances, the driver may need to take control of the 

vehicle. 

• Level 5: Full Automation – Without any input from the driver, the 

vehicle is capable of handling every driving duty in every situation. 

As vehicles progress from Level 0 to Level 5, the demands on dynamic 

estimation and control systems increase significantly. For instance, at Level 

4 and Level 5, vehicles must be capable of handling a wide range of dynamic 

scenarios autonomously, without human intervention. This requires highly 

reliable and precise control systems that can adapt to varying conditions, 

making the integration of model-based techniques and AI critical. By 

focusing on these high-stakes scenarios, this thesis lays the groundwork for 

systems capable of maintaining stability, efficiency, and comfort across a 

wide range of operating conditions. 
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1|OVERVIEW OF ESTIMATION TECHNIQUES 

Estimation is a crucial discipline in numerous fields of engineering, 

playing a vital role in control systems, signal processing, and robotics, 

among others. Two primary approaches dominate this field: model-based 

methods and data-driven techniques.  

The state of a dynamic system is not typically measurable directly. Even 

when it is feasible, practical considerations, such as cost or complexity, often 

lead to avoiding direct measurement. Instead, measurements are taken that 

are in some way related to the state. These measurements are linear or 

nonlinear functions of elements within the state [1]. 

This chapter provides a detailed exploration of these two paradigms, 

focusing on the Kalman filter for model-based estimation and neural 

networks for data-driven estimation. 

1.1|Model-based estimation: Kalman filter 

Model-based estimation relies on mathematical models that describe the 

system dynamics. One of the most prominent and widely used techniques 

in this category is the Kalman filter [2]. 

A Kalman filter is an algorithm that uses sensor measurements to infer 

the hidden internal state of a dynamic system. 

Equation (1.1) shows a general dynamic model: 

 

𝑥𝑘 = 𝑓𝑘(𝑥𝑘−1, 𝑢𝑘−1, 𝑤𝑘−1) 

𝑧𝑘 = ℎ𝑘(𝑥𝑘, 𝑢𝑘, 𝑣𝑘) 

 

(1.1) 
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Where: 

• 𝑥𝑘 is the system state vector at time index 𝑘. 

• 𝑢𝑘  is the measurable (deterministic) input to the system at time index 

𝑘. 

• 𝑤𝑘 is the disturbance or process noise, an unmeasurable input that 

affects the state. 

• 𝑧𝑘 is the sensor measurement, related to 𝑥𝑘. 

• 𝑣𝑘 is sensor noise that corrupts the measurement. 

The first equation is the “state equation” or “process equation” that 

describes how the state evolves over time. The second equation is the 

“output equation” or “measurement equation” which describes how the 

measured output relates to the state. 

The goal is to estimate the values of the state vector 𝑥𝑘 given all past 

measurements 𝑧𝑘, 𝑧1,…, 𝑧𝑘. 

 
Figure 1.1 | Relationship between state and measurement in a dynamic system. 

Kalman filters repeatedly execute two steps: 

1. Infer the current state value from all of the historical data that is 

accessible. 

2. By revising the prediction using all of the data that is currently 

available, estimate the value of the current state. 
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1.1.1|Linear Kalman filter 

Linear systems have the property that all variables of the system remain 

Gaussian if the stochastic inputs are Gaussian. 

The linear Kalman filter assumes that the system being modeled can be 

represented in the state-space form: 

 𝑥𝑘 = 𝐴𝑥𝑘−1 + 𝐵𝑢𝑘−1 + 𝑤𝑘−1 

𝑧𝑘 = 𝐶𝑥𝑘 + 𝐷𝑢𝑘 + 𝑣𝑘 
(1.2) 

Where: 

• 𝑥𝑘 is the system state vector at time index 𝑘. 

• 𝑢𝑘  is the measurable (deterministic) input to the system at time index 

𝑘. 

• 𝑤𝑘 is the disturbance or process noise, an unmeasurable input that 

affects the state. 

• 𝑧𝑘 is the sensor measurement, related to 𝑥𝑘. 

• 𝑣𝑘 is sensor noise that corrupts the measurement. 

• 𝐴, 𝐵, 𝐶, and 𝐷 are matrices, specific to the observed system, that 

describe its dynamic behavior. 

The two recursive in the linear Kalman filter steps are detailed: 

• Step 1a: State estimate time update. 

 𝑥̂𝑘
− = 𝐴𝑘−1𝑥̂𝑘−1

+ + 𝐵𝑘−1𝑢𝑘−1 (1.3) 

The objective is to predict the current state utilizing the most recent state 

estimate and the system model. 𝑥̂𝑘
− is called a priori estimate. 

• Step 1b: Error covariance time update. 

 𝑥̃𝑘
− = 𝑥𝑘 − 𝑥̂𝑘

− = 𝐴𝑘−1𝑥𝑘−1 + 𝐵𝑘−1𝑢𝑘−1 + 𝑤𝑘−1 − 𝐴𝑘−1𝑥̂𝑘−1
+

− 𝐵𝑘−1𝑢𝑘−1 = 𝐴𝑘−1𝑥̃𝑘−1
+ + 𝑤𝑘−1 (1.4) 

 Σ𝑥̃,𝑘
− = 𝐴𝑘−1Σ𝑥̃,𝑘−1

+ 𝐴𝑘−1
𝑇 + Σ𝑤̃ (1.5) 
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The approach involves utilizing the most recent covariance estimate and 

propagating it forward in time. 

For stable systems, the term 𝐴𝑘−1Σ𝑥̃,𝑘−1
+ 𝐴𝑘−1

𝑇  is contractive, indicating that 

the covariance diminishes. In the absence of input, the state of stable 

systems converges toward zero, or toward a known trajectory if 𝑢𝑘 ≠ 0. 

This contractive property implies that the accuracy of the state estimate 

increases over time. 

Conversely, the process noise covariance Σ𝑤̃ contributes to the overall 

covariance. Uncertainty of the inputs introduces additional uncertainty into 

the state estimate by deviating the system's trajectory from the predicted 

path based solely on 𝑢𝑘. 

• Step 1c: Predict system output. 

 𝑧̂𝑘 = 𝐶𝑥̂𝑘
− + 𝐷𝑢𝑘 (1.6) 

The optimal approach is to estimate the output by utilizing the output 

equation of the system model and the most accurate estimate of the system 

state at the present time. 

• Step 2a: Kalman gain matrix. 

 𝐿𝑘 =
Σ𝑥̃,𝑘

− 𝐶𝑘
𝑇

𝐶𝑘Σ𝑥̃,𝑘
− 𝐶𝑘

𝑇 + Σ𝑣̃

 (1.7) 

The primary purpose of calculating covariance matrices is to facilitate the 

update of 𝐿𝑘. The gain 𝐿𝑘 is time-varying, adapting to provide the optimal 

update to the state estimate based on current conditions. 

The first component of 𝐿𝑘, Σ𝑥̃,𝑘
− 𝐶𝑘

𝑇, indicates the relative need for 

correction to 𝑥̂𝑘 and the degree to which individual states within 𝑥̂𝑘 are 

coupled to the measurements. 

The matrix Σ𝑥̃,𝑘
−  informs us about the state uncertainty at the present time. 

A large entry in Σ𝑥̃,𝑘
−  signifies that the corresponding state is highly 
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uncertain and would benefit from a substantial update. Conversely, a small 

entry in Σ𝑥̃,𝑘
−  indicates that the corresponding state is already well-known 

and requires a smaller update. 

The term 𝐶𝑘
𝑇 provides the coupling between the state and the output. 

Entries that are zero indicate that a particular state has no direct influence 

on a specific output, and therefore an output prediction error should not 

directly update that state. Conversely, entries that are large indicate that a 

particular state is highly coupled to an output and thus contributes 

significantly to any measured output prediction error, warranting a 

substantial update to that state. 

The matrix Σ𝑣̃ indicates the reliability of the measurement. If Σ𝑣̃ is large, 

we prefer small, gradual updates. Conversely, if Σ𝑣̃ is small, we opt for 

larger updates. 

• Step 2b: State estimate measurement update. 

The fifth step involves computing the a posteriori state estimate by 

updating the a priori estimate using the estimator gain and the output 

prediction error 𝑧𝑘−𝑧̂𝑘: 

 𝑥̂𝑘
+ = 𝑥̂𝑘

−+𝐿𝑘(𝑧𝑘−𝑧̂𝑘) (1.8) 

The variable 𝑧̂𝑘 represents the expected measurement based on the current 

state estimate. Therefore, 𝑧𝑘−𝑧̂𝑘 represents the unexpected or new 

information in the measurement. The error may arise from a flawed system 

model, or sensor noise. This new information should be used to update the 

state estimate, but it must be weighted according to its informational value. 

The term 𝐿𝑘 is the blending factor. 

• Step 2c: Error covariance measurement update. 

 Σ𝑥̃,𝑘
+ = (𝐼 − 𝐿𝑘𝐶𝑘)Σ𝑥̃,𝑘

−  (1.9) 
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The measurement update has reduced the uncertainty in our state 

estimate. 

If a measurement is missed for any reason, then step 2 for that iteration 

is skipped. This means 𝐿𝑘 = 0, 𝑥̂𝑘
+ = 𝑥̂𝑘

−, and Σ𝑥̃,𝑘
+ = Σ𝑥̃,𝑘

− . 

 

Figure 1.2 | Schematic representation of the recursive steps of a linear Kalman filter. 

1.1.2|Extended Kalman filter 

The focus now shifts to the nonlinear case, characterized by system 

dynamics (1.1). 

The Extended Kalman filter (EKF) is a nonlinear generalization of the 

Kalman filter. The EKF linearizes the system equations around the current 

operating parameter using Taylor series expansions in order to compute 

covariance estimations. 

The two recursive in the EKF are detailed: 

• Step 1a: State estimate time update. 

 𝑥̂𝑘
− ≈ 𝑓𝑘−1(𝑥̂𝑘−1

+ , 𝑢𝑘−1, 𝑤𝑘−1) (1.10) 

The expected value of the state is approximated by propagating 𝑥̂𝑘−1
+  and 

through the state equation. 
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• Step 1b: Error covariance time update. 

 
𝑥̃𝑘

− = 𝑥𝑘 − 𝑥̂𝑘
− = 𝑓𝑘−1(𝑥𝑘−1, 𝑢𝑘−1, 𝑤𝑘−1)

− 𝑓𝑘−1(𝑥̂𝑘−1
+ , 𝑢𝑘−1, 𝑤𝑘−1) (1.11) 

 

 Σ𝑥̃𝑘

− = 𝐴𝑘−1Σ𝑥̃,𝑘−1
+ 𝐴𝑘−1

𝑇 + Σ𝑤̃ (1.12) 

The first term is expanded as a Taylor series around the prior operating 

point which is the set of values {𝑥̂𝑘−1
+ , 𝑢𝑘−1, 𝑤𝑘−1}. 

 

𝑥𝑘 ≈ 𝑓𝑘−1(𝑥̂𝑘−1
+ , 𝑢𝑘−1, 𝑤𝑘−1) +

𝑑𝑓𝑘−1(𝑥̂𝑘−1
+ ,𝑢𝑘−1,𝑤𝑘−1)

𝑑𝑥𝑘−1
(𝑥𝑘−1 +

−𝑥̂𝑘−1
+ ) +

𝑑𝑓𝑘−1(𝑥̂𝑘−1
+ ,𝑢𝑘−1,𝑤𝑘−1)

𝑑𝑤𝑘−1
(𝑤𝑘−1 − 𝑤̅𝑘−1) (1.13) 

This gives: 

 𝑥̃𝑘
− ≈ 𝐴̂𝑘−1𝑥̃𝑘−1

+ + 𝐵̂𝑘−1𝑤̃𝑘−1 (1.14) 

Substituting this to find the predicted covariance: 

 Σ𝑥̃,𝑘
− ≈ 𝐴̂𝑘−1Σ𝑥̃,𝑘−1

+ 𝐴̂𝑘−1
𝑇 + 𝐵̂𝑘−1Σ𝑤̃𝐵̂𝑘−1

𝑇  (1.15) 

• Step 1c: Predict system output. 

The system output is estimated as: 

 𝑧̂𝑘 = ℎ𝑘(𝑥̂𝑘
−, 𝑢𝑘, 𝑣𝑘) (1.16) 

This approach assumes that propagating 𝑥̂𝑘
+ provides the best 

approximation for estimating the output. 

• Step 2a: Kalman gain matrix. 

 

𝐿𝑘 =
Σ𝑥̃,𝑘

− 𝐶̂𝑘
𝑇

𝐶̂𝑘Σ𝑥̃,𝑘
− 𝐶̂𝑘

𝑇 + 𝐷̂𝑘Σ𝑣̃𝐷̂𝑘
𝑇
 

𝐶̂𝑘 =
𝑑ℎ𝑘(𝑥̂𝑘

−, 𝑢𝑘, 𝑣𝑘)

𝑑𝑥𝑘
 

𝐷̂𝑘 =
𝑑ℎ𝑘(𝑥̂𝑘

−, 𝑢𝑘, 𝑣𝑘)

𝑑𝑣𝑘
 

(1.17) 

• Step 2b: State estimate measurement update. 
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The fifth step involves computing the a posteriori state estimate by 

updating the a priori estimate using the estimator gain and the output 

prediction error 𝑧𝑘−𝑧̂𝑘: 

 𝑥̂𝑘
+ = 𝑥̂𝑘

−+𝐿𝑘(𝑧𝑘−𝑧̂𝑘) (1.18) 

• Step 2c: Error covariance measurement update. 

Finally, the updated covariance is computed as: 

 Σ𝑥̃,𝑘
+ = (𝐼 − 𝐿𝑘𝐶̂𝑘)Σ𝑥̃,𝑘

−  (1.19) 

The EKF has some disadvantages: 

• EKF relies on the linearization of nonlinear functions around the 

current estimate, which can lead to inaccuracies. If the state transition 

and observation models are highly nonlinear, the linear 

approximation might not be accurate, resulting in poor filter 

performance. Linearization errors can propagate through the 

iterations of the filter, leading to accumulated inaccuracies over time. 

This is particularly problematic in long-term applications where 

small errors can grow and affect the overall estimation. 

• Linearization requires the computation of Jacobian matrices, which 

can be computationally intensive, especially for high-dimensional 

systems. This can make EKF less suitable for real-time applications 

with limited computational resources. 

1.1.3|Unscented Kalman filter 

Instead of linearizing the functions, the Unscented Kalman filter (UKF), 

also known as Central Difference Kalman Filter (CDKF), selects a set of 

carefully chosen sample points, called sigma points, around the mean. 

These points are then propagated through the nonlinear functions. The 

resulting mean and covariance are computed based on the transformed 
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sigma points, providing a more accurate representation of the true 

nonlinear transformation. This approach captures the true mean and 

covariance to the second order, at least, for any nonlinearity, offering a more 

precise estimate compared to EKF. Although generating and propagating 

sigma points involves some computational effort, it is often more efficient 

and straightforward than calculating Jacobians, especially for systems 

where deriving Jacobians is complex or infeasible. 

The filter uses the parameters shown in Table 1.1. 

 

𝜸 𝜶𝟎
(𝒎)

 𝜶𝒌
(𝒎)

 𝜶𝟎
(𝒄)

 𝜶𝒌
(𝒄)

 

𝒉 ℎ2 − 𝐿

ℎ2
 

1

2ℎ2
 

ℎ2 − 𝐿

ℎ2
 

1

2ℎ2
 

Table 1.1 | Parameter of the UKF 

For Gaussian random variables: 

 
ℎ = √3 (1.20) 

𝐿 represents the augmented state vector's size. 

The two recursive in the UKF are detailed: 

• Step 1a: State estimate time update. 

First, form the augmented a posteriori state estimate vector for the 

previous time interval: 

 𝑥̂𝑘+1
𝑎,+ = [(𝑥̂𝑘−1

+ )𝑇, 𝑤̅, 𝑣̅] (1.21) 

Where 𝑤 and 𝑣 are the uncertainties of the process and of the measures 

(output), and the augmented a posteriori covariance estimate: 

 Σ𝑥̃,𝑘−1
𝑎,+ = 𝑑𝑖𝑎𝑔(Σ𝑥̃,𝑘−1

+ , Σ𝑤̃, Σ𝑣̃) (1.22) 

These factors are used to generate the 𝑝 +  1 augmented sigma points: 

 
χ𝑘−1

𝑎,+ = {𝑥̂𝑘−1
𝑎,+ , 𝑥̂𝑘−1

𝑎,+ + 𝛾√Σ𝑥̃,𝑘−1
𝑎,+ , 𝑥̂𝑘−1

𝑎,+ − 𝛾√Σ𝑥̃,𝑘−1
𝑎,+ } Σ𝑥̃,𝑘−1

𝑎,+  (1.23) 
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Figure 1.3 | Schematic representation of the generation of augmented sigma points. 

These sigma-points are divided into state portion χ𝑘−1
𝑥,+ , process-noise 

portion χ𝑘−1
𝑤,+  and sensor-noise portion χ𝑘−1

𝑣,+ . 

 

Figure 1.4 | Schematic representation of the division among state portion 𝛘𝒌−𝟏
𝒙,+ , process-

noise portion 𝛘𝒌−𝟏
𝒘,+  and sensor-noise portion 𝛘𝒌−𝟏

𝒗,+ . 

The state equation is evaluated using all pairs of χ𝑘−1,𝑖
𝑥,+  and χ𝑘−1,𝑖

𝑤,+  (where 

subscript 𝑖 denotes that the 𝑖 − th vector is being extracted from the original 

set), yielding the a priori sigma points χ𝑘,𝑖
𝑥,−. 

 χ𝑘,𝑖
𝑥,− = 𝑓(χ𝑘−1,𝑖

𝑥,+ , 𝑢𝑘−1, χ𝑘−1,𝑖
𝑤,+ ) (1.24) 
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Figure 1.5 | A priori sigma points 𝝌𝒌,𝒊
𝒙,− evaluation. 

Finally, the a priori state estimate is computed as: 

 
𝑥̂𝑘,𝑖

𝑥,− ≈ ∑ 𝛼𝑖
(𝑚)

χ𝑘,𝑖
𝑥,−

𝑝

𝑖=0

 (1.25) 

 

Figure 1.6 | A priori state estimation 𝒙̂𝒌,𝒊
𝒙,− evaluation. 

• Step 1b: Error covariance time update. 

Using the a priori sigma points from step 1a, the a priori covariance 

estimate is computed as: 

 

Σ𝑥̃,𝑘
− = ∑ 𝛼𝑖

(𝑐)
(χ𝑘,𝑖

𝑥,− − 𝑥̂𝑘
−)(χ𝑘,𝑖

𝑥,− − 𝑥̂𝑘
−)𝑇

𝑝

𝑖=0

 

= 𝛼0
(𝑐)

(χ𝑘,0
𝑥,− − 𝑥̂𝑘

−)(χ𝑘,0
𝑥,− − 𝑥̂𝑘

−)
𝑇

+ ∑ [√𝛼𝑖
(𝑐)

(χ𝑘,𝑖
𝑥,− +𝑝

𝑖=1

−𝑥̂𝑘
−)] [√𝛼𝑖

(𝑐)
(χ𝑘,𝑖

𝑥,− − 𝑥̂𝑘
−)

𝑇
] 

(1.26) 
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= 𝛼0
(𝑐)

(χ𝑘,0
𝑥,− − 𝑥̂𝑘

−)(χ𝑘,0
𝑥,− − 𝑥̂𝑘

−)
𝑇

+ χ𝛼χ𝛼
𝑇  

• Step 1c: Predict system output. 

The output 𝑧𝑘 is estimated by evaluating the model output equation 

using the sigma points describing the state and sensor noise. 

First, the points are evaluated: 

 Ζ𝑘,𝑖 = ℎ(χ𝑘,𝑖
𝑥,−, 𝑢𝑘 , χ𝑘−1,𝑖

𝑣,+ ) (1.27) 

 

Figure 1.7 | Sigma points 𝜡𝒌,𝒊 evaluation. 

The output estimate is then: 

 
𝑧̂𝑘 = ∑ 𝛼𝑖

(𝑚)
Ζ𝑘,𝑖

𝑝

𝑖=0

 (1.28) 

• Step 2a: Kalman gain matrix. 

To compute the estimator gain matrix, the required covariance matrices 

are computed: 

 
Σ𝑧,𝑘 = ∑ 𝛼𝑖

(𝑐)
(Ζ𝑘,𝑖 − 𝑧̂𝑘)(Ζ𝑘,𝑖 − 𝑧̂𝑘)

𝑇

𝑝

𝑖=0

 (1.29) 

 
Σ𝑥̃𝑧,𝑘

− = ∑ 𝛼𝑖
(𝑐)

(χ𝑘,𝑖
𝑥,− − 𝑥̂𝑘

−)(Ζ𝑘,𝑖 − 𝑧̂𝑘)
𝑇

𝑝

𝑖=0

 (1.30) 
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Then, 𝐿𝑘 is computed: 

 𝐿𝑘 = Σ𝑥̃𝑧,𝑘
− Σ𝑧̃,𝑘

−1 (1.31) 

• Step 2b: State estimate measurement update. 

Updating the a priori estimate to generate the a posteriori state estimate 

is the fifth step: 

 𝑥̂𝑘
+ = 𝑥̂𝑘

− + 𝐿𝑘(𝑧𝑘 − 𝑧̂𝑘) (1.32) 

• Step 2c: Error covariance measurement update. 

 Σ𝑥̃,𝑘
+ = Σ𝑥̃,𝑘

− − 𝐿𝑘Σ𝑧,𝑘𝐿𝑘
𝑇  (1.33) 

1.1.4|Strengths and Weaknesses 

The Kalman filter is a widely used technique for state estimation due to 

its mathematical rigor and ability to provide optimal estimates under 

Gaussian noise assumptions. Its predictive nature makes it well-suited for 

vehicle dynamics applications, such as estimating sideslip angle or tire-road 

forces. However, it struggles with highly nonlinear dynamics and non-

Gaussian noise, which are common in real-world scenarios. Variants like 

the EKF and UKF address these issues to some extent, but their reliance on 

accurate system models and computational intensity can limit their 

practical applicability. While Kalman filters provide transparency and 

interpretability, their dependence on accurate models is a significant 

limitation. In scenarios where model parameters are uncertain or external 

disturbances are prevalent, purely model-based techniques may fail to 

deliver reliable estimates, necessitating hybrid approaches that incorporate 

data-driven elements. 
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1.2|Data-driven estimation 

Data-driven estimation techniques leverage large volumes of data to 

make predictions or estimations about unknown values or future events. 

These techniques are essential across various fields such as finance, 

healthcare, marketing, and engineering. 

ML is a subset that involves the development of algorithms capable of 

learning patterns from data and making decisions or predictions based on 

that data. The central idea is to enable computers to learn from experience. 

ML can be divided into two categories: supervised learning and 

unsupervised learning. 

Supervised learning involves training a model on a labeled dataset, 

meaning that each training example includes the input data and the 

corresponding correct output. The goal is for the model to learn the 

mapping from inputs to outputs so that it can make accurate predictions on 

new, unseen data [3] [4]. Key techniques include: 

• Linear regression: Used for predicting a continuous outcome. It 

models the relationship between input features and the target 

variable as a linear function [5]. 

• Logistic regression: Used for classification problems. It predicts the 

probability of a binary outcome and models the relationship between 

input features and a binary target variable using a logistic function 

[6]. 

• Decision trees: Tree-like models that make decisions based on a series 

of feature splits. They are interpretable but prone to overfitting [7]. 

• Random forests: An ensemble method that uses multiple decision 

trees to improve prediction accuracy and control overfitting [8]. 
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• Support vector machines (SVM): Used in regression and classification 

problems. SVMs locate the hyperplane in a high-dimensional space 

that best divides data points of various classes. [9]. 

• Neural Networks (NNs): Composed of layers of interconnected nodes 

or neurons. They can model complex relationships in the data and 

are particularly powerful for image and speech recognition tasks 

[10]. 

Training a model using unlabelled data entails unsupervised learning. 

The goal is to find hidden patterns or intrinsic structures in the input data 

[11] [12]. Key techniques include: 

• Clustering: Groups similar data points together. Common algorithms 

include K-Means, Hierarchical Clustering, and DBSCAN [13]. 

• Anomaly detection: Finds outliers, or odd data points, that don't match 

the data's overall trend. Techniques include Isolation Forest and 

One-Class SVM [14]. 

In the studies presented in this thesis, extensive use was made of neural 

networks. 

1.2.1|Neural networks 

NNs are computational models inspired by the human brain's structure 

and function. They are designed to recognize patterns, classify data, and 

make predictions. At their core, NNs consist of layers of interconnected 

nodes (neurons), where each node represents a mathematical function. 

1.2.1.1|Data collection 

To develop a NN, it is necessary to have three sets of data: 

• Training dataset: It is a set of samples that is utilized throughout 

the learning process to fit the model parameters. 
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• Validation dataset: It is a set of samples that is used to fine-tune the 

hyperparameters. 

• Test dataset: It is independent of the training and validation 

dataset, yet it has the same probability distribution as the training 

dataset. If an NN that fits the training and validation dataset 

likewise fits the test dataset well, there has been minimal 

overfitting. 

Each of these datasets is characterized by a collection of input-output 

pairs. 

1.2.1.2|Basic structure of a NN 

A typical NN consists of three types of layers: 

1. Input layer: Receives the input data. 

2. Hidden layers: Middle layers that handle the inputs from the input 

layer. There can be one or more hidden layers. 

3. Output layer: Produces the final output of the network. 

Each neuron in a layer receives inputs, processes them using weights and 

biases, and applies an activation function to produce an output. 

 

Figure 1.8 | Basic structure of a NN. 
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1.2.1.3|Mathematical representation 

A neural network can be represented mathematically: 

1. Inputs and weights: Each neuron receives multiple inputs 𝑥𝑖 and each 

input has an associated weight 𝑤𝑖. 

2. Weighted sum: The neuron computes a weighted sum of its inputs: 

 𝑧 = ∑ 𝑤𝑖𝑥𝑖

𝑛

𝑖=1

+ 𝑏 (1.34) 

Where 𝑏 is the bias term. 

3. Activation function: The weighted sum 𝑧 is passed through an 

activation function 𝑓 to produce the neuron's output: 

 𝑎 = 𝑓(𝑧) (1.35) 

1.2.1.4|Common activation functions 

By introducing non-linearity into the model, activation functions in 

neural networks enable complicated pattern recognition and learning. They 

help decide whether a neuron should be activated or not, based on the input 

it receives. Without activation functions, the network would behave like a 

linear regression model, limiting its ability to solve complex problems [15]. 

Listed below are the most common activation functions: 

• Sigmoid: 

 
𝑓(𝑧) =

1

1 + 𝑒−𝑧
 (1.36) 

o Pros: It provides a probabilistic interpretation, often used for 

binary classification problems. 

o Cons: It suffers from vanishing gradient problems and 

saturation for extreme values of 𝑧. 
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Figure 1.9 | Sigmoid activation function. 

• Hyperbolic tangent (tanh): 

 
𝑓(𝑧) = tanh(𝑧) =

𝑒𝑧 − 𝑒−𝑧

𝑒𝑧 + 𝑒−𝑧
 (1.37) 

o Pros: Values are centered around zero, which can help with 

convergence. 

o Cons: Also suffers from vanishing gradient problems. 

 

Figure 1.10 | Hyperbolic Tangent activation function. 

• Rectified Linear Unit (ReLU): 

 𝑓(𝑧) = max(0, 𝑧) (1.38) 

o Pros: Simple and computationally efficient. 
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o Cons: It can suffer from "dead neurons" where neurons never 

activate for certain inputs (outputs remain zero). 

 

Figure 1.11 | Rectified Linear Unit activation function. 

• Leaky ReLU: 

 𝑓(𝑧) = {
𝑧     if 𝑧 > 0
𝛼𝑧   if 𝑧 ≤ 0

 (1.39) 

o Pros: It addresses the problem of dead neurons by allowing a 

small, non-zero gradient when 𝑧 ≤ 0. 

o Cons: It requires the selection of an appropriate 𝛼 parameter. 

 

Figure 1.12 | Leaky ReLU activation function. 
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• Parametric ReLU (PReLU): 

 𝑓(𝑧) = {
𝑧     if 𝑧 > 0
𝛼𝑧   if 𝑧 ≤ 0

 (1.40) 

o Pros: 𝛼 is learned during training, potentially leading to better 

performance. 

o Cons: It adds additional parameters to the model, which may 

increase computational complexity. 

• Swish activation function: 

 𝑓(𝑧) =
𝑧

1 − 𝑒−𝑧
 (1.41) 

o Pros: It has a smoother gradient compared to ReLU, which can 

facilitate convergence during training. 

o Cons: It may incur higher computational costs compared to 

simpler alternatives like ReLU. 

 

Figure 1.13 | Swish activation function. 

• Exponential Linear Unit (ELU): 

 𝑓(𝑧) = {
𝑧                    if 𝑧 > 0
𝛼(𝑒𝑧 − 1)   if 𝑧 ≤ 0

 (1.42) 

o Pros: It helps mitigate the vanishing gradient problem and allows 

for negative outputs. 
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o Cons: Computationally more expensive than ReLU. 

 

Figure 1.14 | Exponential Linear Unit activation function. 

• Scaled Exponential Linear Unit (SELU): 

 𝑓(𝑧) = 𝜆 {
𝑧                    if 𝑧 > 0
𝛼(𝑒𝑧 − 1)   if 𝑧 ≤ 0

 (1.43) 

o Pros: Self-normalizing properties that can lead to better 

performance in deep networks. 

o Cons: It requires careful initialization and use of specific 

architectures. 

• Softmax: 

 𝑓(𝑧𝑖) =
𝑒𝑧𝑖

∑ 𝑒𝑧𝑗
𝑗

 (1.44) 

o Pros: Converts a vector of values into a probability distribution, 

often used in the output layer for multi-class classification 

problems. 

o Cons: It can be sensitive to outliers due to the exponential function. 

1.2.1.5|Forward propagation 

Forward propagation entails the transmission of data from the input 

layer through the hidden layers to the output layer. At each layer, the 
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neurons process the inputs, apply the weights, biases, and activation 

functions, and pass the outputs to the next layer [16]. 

Mathematically, for a NN with multiple layers, the output of layer 𝑙 is 

given by: 

 𝑎(𝑙) = 𝑓(𝑊(𝑙)𝑎(𝑙−1) + 𝑏(𝑙)) (1.45) 

Where: 

• 𝑎(𝑙) is the activation of the neurons in layer 𝑙. 

• 𝑊(𝑙) is the weight matrix for layer 𝑙. 

• 𝑏(𝑙) is the bias vector for layer 𝑙. 

1.2.1.6|Loss function 

To train a NN, it is necessary to measure how well the network's 

predictions match the actual targets. This is done using a loss function 𝐿 

[17]. 

For example, the mean squared error (MSE) loss for regression tasks is: 

 𝐿(𝑦, 𝑦̂) =
1

𝑛
∑(𝑦𝑖 − 𝑦̂𝑖)2

𝑛

𝑖=1

 (1.46) 

Where 𝑦 is the actual output and 𝑦̂ is the predicted output. 

1.2.1.7|Backpropagation 

Backpropagation is the process of calculating the gradient of the loss 

function concerning each weight and bias using the chain rule [18]. 

The backpropagation algorithm consists of computing the gradient of the 

loss function with respect to each weight and bias using the chain rule: 

 𝛿(𝐿) = ∇𝑎𝐿 ⊙ 𝑓′(𝑧(𝐿)) (1.47) 

Where 𝛿(𝐿) is the error term for the output layer, ∇𝑎𝐿 is the gradient of the 

loss concerning the output activations, and 𝑓′(𝑧(𝐿)) is the activation 

function derivative at the output layer. 
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For hidden layers: 

 
𝛿(𝑙) = (𝑊(𝑙+1))

𝑇
𝛿(𝑙+1) ⊙ 𝑓′(𝑧(𝑙)) (1.48) 

Where 𝛿(𝑙) is the error term for layer 𝑙. 

1.2.1.8|Gradient descent 

In gradient descent, weights are updated as follows: 

 
𝑊(𝑙) = 𝑊(𝑙) − 𝛼

𝜕𝐿

𝜕𝑊(𝑙)
 

𝑏(𝑙) = 𝑏(𝑙) − 𝛼
𝜕𝐿

𝜕𝑏(𝑙)
 

(1.49) 

Where 𝛼 is the learning rate [19]. 

There are three main variants of gradient descent: 

• Batch gradient descent: Computes the cost function's gradient using 

the complete training dataset. It's computationally expensive for 

large datasets but converges smoothly. 

• Stochastic gradient descent (SGD): Computes the gradient using a 

single, randomly chosen data point. It's computationally efficient 

but has a high variance in the parameter updates, which can lead 

to noisy convergence.  

• Mini-batch gradient descent: Strikes a balance between batch and 

stochastic gradient descent by using a small subset (mini-batch) of 

the training data to compute the gradient. It reduces the variance 

of parameter updates (compared to SGD) and is computationally 

more efficient than batch gradient descent. It allows for efficient 

use of vectorized operations and parallel processing on modern 

hardware (e.g., GPUs). The generic sizes of a mini-batch are 

typically chosen as powers of two, such as 32, 64, 128, 256. Powers 

of two are often efficient for memory allocation and utilization in 

computer systems. Larger mini-batches can provide a more 
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accurate estimate of the gradient but may be computationally 

slower. Smaller mini-batches introduce more noise into the 

gradient estimate but can converge faster due to more frequent 

updates. 

 

Figure 1.15 | Graphic representation of stochastic, 

 mini-batch and batch gradient descent. 

1.2.1.9|Batch normalization 

Batch normalization (BN) is a technique used in NNs to improve training 

speed and model stability [20] [21]. BN lowers the internal covariate shift 

by normalizing each layer's inputs. This means that the distribution of the 

inputs to each layer remains more stable, allowing for higher learning rates 

and faster convergence. Networks with batch normalization are less 

sensitive to the initial weights, as the normalization process mitigates the 

effects of poor initializations. Normalizing the inputs helps in maintaining 

the gradient magnitudes within a reasonable range, improving the gradient 

flow through the network and reducing the chances of vanishing or 

exploding gradients. 

For each mini-batch, batch normalization computes the mean 𝜇𝐵 and 

variance 𝜎𝐵
2 of the activations. 

 𝜇𝐵 =
1

𝑚
∑ 𝑥𝑖

𝑚

𝑖=1

 (1.50) 
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𝜎𝐵
2 =

1

𝑚
∑(𝑥𝑖 − 𝜇𝐵)2

𝑚

𝑖=1

 

Where 𝑚 is the number of samples in the mini-batch, and 𝑥𝑖 represents 

the activation values. 

The calculated mean and variance are used to normalize each 

activation. 𝑥𝑖 is normalized using the computed mean and variance: 

 𝑥̂𝑖 =
𝑥𝑖 − 𝜇𝐵

√𝜎𝐵
2 + 𝜀

 (1.51) 

The small constant 𝜀 is added for numerical stability, preventing 

division by zero. 

After normalization, the activations are scaled and shifted using 

learnable parameters 𝛾 and 𝛽: 

 𝑦𝑖 = 𝛾𝑥̂𝑖 + 𝛽 (1.52) 

𝛾 and 𝛽 allow the model to undo the normalization if necessary, 

ensuring that the transformed outputs can represent any possible 

distribution. 

1.2.1.10|Bias-variance trade-off 

The bias-variance trade-off is a fundamental concept in ML that 

describes the relationship between a model's ability to fit the training 

data (bias) and its ability to generalize to unseen data (variance). This 

concept is particularly relevant in NNs, where it is crucial to balance 

these two aspects to achieve optimal performance. 

The inaccuracy that results from using a simple model to approximate 

a complicated real-world problem is known as bias. High bias typically 

means that the model is too simple to capture the underlying patterns in 

the data. In the context of NNs, this might occur if the network has too 

few layers or neurons, leading to underfitting. Underfitting happens 
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when the model cannot capture the complexity of the training data, 

resulting in poor performance on both the training and test datasets. 

Variance is the error that results from the model's sensitivity to small 

variations in the training set of data. High variance means that the model 

is too complex and fits the training data too closely, including its noise. 

This often happens when the NN has too many layers or neurons, or if it 

is trained for too many epochs. Such a model will perform very well on 

the training data but poorly on unseen data, a situation known as 

overfitting. 

 

Figure 1.16 | Graphical representation of overfitting and underfitting issues for 

classification and regression problems. 

The trade-off between these two types of error is known as the bias-

variance trade-off: 

• High bias, low variance: The model is too simple and does not 

capture the complexity of the data (underfitting). It has a high 

training error and does not improve significantly on the test set. 

• Low bias, high variance: The model is overly complex and captures 

the noise in the training data (overfitting). It has a low training 

error but a high test error. 
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Figure 1.17 | Graphic representation of the bias-variance trade-off. 

To manage the bias-variance trade-off in NNs, several strategies can 

be employed: 

• Model complexity: Adjusting the number of layers and neurons. 

More layers and neurons increase the model's capacity to learn 

complex patterns but also increase the risk of overfitting. 

• Regularization: Techniques such as L1/L2 regularization, dropout, 

and batch normalization can help prevent overfitting by adding 

constraints to the model. 

• Training data: Increasing the amount of training data can help 

improve the model's generalization by providing more examples 

from which to learn. 

• Cross-validation: Using techniques like 𝑘-fold cross-validation can 

provide a better estimate of model performance and help in 

selecting the optimal model complexity. 

• Early stopping: Monitoring the model's performance on a 

validation set and stopping the training process when 

performance starts to deteriorate can prevent overfitting. 
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1.2.1.11|Training, validation, and test phases 

Three main phases are involved in identifying the optimal parameters of 

an AI model. 

• Training phase: 

During training, the model learns from the training data. The goal 

is to minimize the training loss, which might lead to the following 

scenarios: 

o High bias (underfitting): If the model is too simple (e.g., a linear 

model for a non-linear problem), it will have high bias and 

will not capture the underlying pattern of the data well. This 

can be detected if the training loss is high and the model 

performs poorly on both the training and validation datasets. 

o High variance (overfitting): If the model is too complex (e.g., a 

very deep NN for a small dataset), it will have low training 

loss but might perform poorly on the validation dataset. This 

indicates that the model is fitting the noise in the training data 

rather than the actual signal. 

• Validation phase: 

The validation dataset helps in monitoring the model’s 

performance during training and tuning the model to avoid 

overfitting: 

o Detecting overfitting: If the validation loss starts to increase 

while the training loss continues to decrease, it indicates that 

the model is overfitting the training data. 

o Hyperparameter tuning: The validation loss is used to fine-tune 

the model's hyperparameters to find a balance between bias 

and variance. 

• Test phase: 
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The test dataset provides a final unbiased evaluation of the 

model’s performance. It helps to estimate how well the model 

generalizes to new, unseen data: 

o Generalization performance: A well-balanced model with a good 

trade-off between bias and variance will have comparable 

performance (low loss and high accuracy) on both the 

validation and test datasets. 

o Final assessment: If the test loss is significantly higher than the 

validation loss, it could indicate that the validation set was not 

representative, or there is still some overfitting. 

 

Figure 1.18 | Schematic representation of training, validation, and test phases. 

1.2.1.12|Regularization 

To prevent overfitting, regularization techniques can be applied: 

• L1 regularization: Adds a penalty proportional to the absolute values 

of the weights to the loss function: 
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 𝐿𝑟𝑒𝑔 = 𝐿 + 𝜆 ∑ |𝑤𝑖|

𝑖

 (1.53) 

Where 𝜆 is the regularization parameter that controls the strength of 

the regularization. A higher 𝜆 value increases the penalty, leading to 

more weights being driven towards zero. 

This function is not differentiable at zero, which can complicate the 

optimization process. L1 Regularization tends to drive many weights 

to exactly zero, resulting in a sparse model. While this can be 

beneficial for feature selection, it may lead to models that discard 

potentially useful features if the regularization parameter 𝜆 is not 

chosen carefully. This can sometimes result in underfitting. 

• L2 regularization: Adds a penalty proportional to the square of the 

magnitude of the weights to the loss function: 

 𝐿𝑟𝑒𝑔 = 𝐿 + 𝜆 ∑ 𝑤𝑖
2

𝑖

 (1.54) 

The penalty term in L2 regularization is based on the square of the 

weights. This function is smooth and differentiable everywhere, 

which makes the optimization process more stable and efficient. L2 

regularization shrinks all weights but does not drive them to zero. 

This typically results in a more balanced reduction of weights, 

preserving more features. 

• Dropout regularization: Randomly sets a fraction of the activations to 

zero during training to prevent the network from becoming too 

reliant on any single neuron. 
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Figure 1.19 | Schematic representation of dropout regularization. 

1.2.1.13|Hyperparameters 

Hyperparameters are parameters whose values govern the learning 

process and dictate the values of model parameters learned by a learning 

algorithm. When the learning algorithm is undergoing training, 

hyperparameters are employed. They are established before the start of the 

model training. At the end of the training, the model parameters are 

obtained [22]. Setting the proper hyperparameter values is critical since it 

has a direct influence on the model's performance. Hyperparameter 

optimization refers to the process of selecting the optimal hyperparameters 

to train the model [23] [24]. Examples of hyperparameters are: 

• Number of epochs [25]: The number of complete passes through the 

training dataset. More epochs can lead to better learning but also 

increase the risk of overfitting. 

• Initial learn rate [26]: The Learn Rate governs the rate at which the 

algorithm learns the NN model parameters. At the beginning of the 

learning process the model parameters are far from those that 

minimize the cost function [27], so it will be useful to have a high 

initial learning rate for a faster decreasing. 

• Learn rate drop factor [28]: As the value of the cost function approaches 

the minimum, it is necessary to decrease the learning rate to avoid 

oscillations around the minimum and allow convergence of the 
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model parameters. It is a factor to drop the learning rate that is 

expressed as a scalar ranging from 0 to 1. 

 

Figure 1.20 |Decrease in loss with respect to a model parameter as approaching 

toward the minimum for different values of the learn rate. 

• Learn rate drop period [28]: It is a positive integer that specifies the 

number of epochs [29] for dropping the learning rate. 

 

Figure 1.21 | Loss decrease as epochs increase for different values of learn rate. 

• Hidden units [30]: It is the number of values calculated as output from 

a hidden layer and input to the next layer. The same number of nodes 

was chosen for each hidden layer. 
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• L1 regularization coefficient [31]: It penalizes the absolute sum of the 

model parameters. Overfitting of the model on the training set is 

prevented by this regularisation parameter. 

• L2 regularization coefficient [32]: It penalizes the quadratic sum of the 

model parameters. This regularisation parameter keeps the model 

from overfitting to the training set. 

• Dropout probability [33]: Dropout is a regularisation method. During 

training, some layer outputs are dropped or ignored at random. It 

reduces the reliance of each unit in the hidden layer on other units in 

the hidden layers, which helps to prevent overfitting on the training 

dataset. 

• Mini batch size [34]: it is the number of samples used in each portion 

of the epoch with which the model parameters are updated 

approaching the minimum of the cost function. 

1.2.1.14|Hyperparameter tuning 

Hyperparameter tuning is a crucial aspect of ML model optimization, 

where the goal is to find the best set of hyperparameters that maximize the 

model's performance. Three methods used for hyperparameter tuning are: 

• Grid search: Grid search is a systematic method where you define 

a grid of hyperparameter values and evaluate the model 

performance for each combination of values within the grid [35]. 

It exhaustively searches through all the specified hyperparameter 

values to find the optimal set based on a predefined performance 

metric. 

o Process:  

1. Define ranges or discrete values for each hyperparameter 

of interest. 
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2. Construct a grid where each point represents a unique 

combination of these values. 

3. Train and evaluate the model for each combination 

4. Select the combination that yields the best performance 

metric. 

o Pros: Straightforward and easy to implement. It guarantees to 

find the optimal combination within the specified grid. 

o Cons: Computationally expensive, especially with a large 

number of hyperparameters or wide ranges of values. It may 

not efficiently allocate resources to more promising areas of 

the hyperparameter space. 

• Random search: Random search differs from grid search by 

sampling hyperparameter values randomly from predefined 

distributions [36]. Instead of exploring every combination 

exhaustively, random search focuses on randomly selected points 

in the hyperparameter space. 

o Process:  

1. Define probability distributions for each hyperparameter. 

2. Sample a specified number of combinations randomly 

from these distributions. 

3. Train and evaluate the model for each randomly selected 

combination. 

o Pros: 

1. More efficient than grid search in many cases. 

2. It allows the exploration of a broader range of 

hyperparameter values. 

 



1|OVERVIEW OF ESTIMATION TECHNIQUES 

 59 

 

o Cons:  

No guarantee of finding the optimal combination, although it 

often performs better than grid search in practice. 

• Bayesian optimization [37] [38]: Bayesian optimization is an 

advanced technique that uses probabilistic models to model the 

objective function (model performance) and decides where to 

sample the next set of hyperparameters based on the outcomes of 

previous evaluations. It balances exploration (searching in less 

explored regions) and exploitation (focusing on regions likely to 

yield high performance). 

o Process:  

1. Define the objective function: The objective function 𝑓(𝑥) 

to be optimized is defined. In the context of neural 

networks, 𝑥 represents the set of hyperparameters, while 

𝑓(𝑥) could be the performance metric, like accuracy or 

validation loss. The goal is to find the optimal set of 

hyperparameters that maximizes (or minimizes) 𝑓(𝑥). 

2. Build a probabilistic surrogate model: A Gaussian Process 

(GP) is typically used as the surrogate model to 

approximate the unknown objective function. This model 

estimates both the expected value of 𝑓(𝑥) and the 

uncertainty about this estimate. The GP provides a 

probabilistic view of the function by modeling the mean 

𝜇(𝑥) and the variance 𝜎(𝑥), allowing the optimization to 

be more informed when selecting new points to evaluate. 

This uncertainty helps the optimizer decide whether to try 
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new hyperparameters (exploration) or refine good ones 

(exploitation). 

3. Choose the acquisition function: The activation function 

gives a way to decide which set of hyperparameters to 

evaluate next. A common acquisition function is the Upper 

Confidence Bound (UCB), which selects points by 

considering both the predicted mean 𝜇(𝑥) and the 

uncertainty 𝜎(𝑥). 

 𝑈𝐶𝐵(𝑥) = 𝜇(𝑥) + 𝜁 ∙ 𝜎(𝑥) (1.55) 

𝜁 controls the balance between exploration and 

exploitation. A large value of 𝜁 tends to prioritize regions 

with limited or no samples (exploration). A small value of 

𝜁 value leads to concentrated sampling around the current 

best solution (exploitation). An intermediate value of 𝜁 

strikes a balance between well-known optimal areas and 

unexplored regions. 

 

Figure 1.22 | Graphical representation of the effect of 

 𝜻 variation in the UCB acuisition function. 
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4. Evaluate the objective function: After selecting a new set of 

hyperparameters based on the acquisition function, the 

true objective function 𝑓(𝑥) is evaluated. For neural 

networks, this involves training the model with the chosen 

hyperparameters and obtaining the performance metric 

(e.g., accuracy). This step is computationally expensive, as 

it requires full training or validation of the model. 

5. Update the surrogate model: The Gaussian Process model 

is updated with the newly acquired data point from the 

previous step. This means that the surrogate model’s 

predictions and uncertainties are refined, making it more 

accurate. The new data allows the GP to better 

approximate the underlying objective function, guiding 

future decisions on where to evaluate next. 

6. Iterate and converge: The process of selecting 

hyperparameters via the acquisition function, evaluating 

them, and updating the surrogate model is repeated. This 

loop continues until a stopping criterion is met, such as a 

maximum number of iterations or achieving a satisfactory 

performance level. Over time, the Bayesian Optimization 

algorithm converges to the optimal set of 

hyperparameters, reducing the need for excessive 

evaluations. 
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Figure 1.23 | Graphical representation of the recursive steps of Bayesian Optimization. 

o Pros: 

1. It efficiently finds the optimal hyperparameters with fewer 

evaluations compared to grid and random search. 

2. It can adaptively allocate resources to more promising 

areas of the hyperparameter space. 

o Cons:  

1. Requires tuning of its own hyperparameters, such as the 

choice of surrogate model and acquisition function. 

2. Computationally more intensive than grid and random 

search. 
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Figure 1.24 | Graphical comparison of tuning techniques for hyperparameters: grid 

search, random search and Bayesian optimization. 

Figure 1.24 graphically shows the decrease in the loss on the validation 

dataset when optimizing two hyperparameters with the three techniques of 

grid search, random search, and bayesian optimization. The loss on the 

validation dataset with respect to the two hyperparameters is identified by 

a surface, on the horizontal and vertical axes are shown the values with 

respect to only one of the hyperparameters and the corresponding 

calculated values with empty black circles. The attempts are identified in 

ascending order from black to blue color by the filled inner circles. The 

attempts that resulted in the calculation of the minimum value of the loss 

on the validation set are identified by the red color. Given the same number 

of attempts, Bayesian optimization is able to identify the set of 

hyperparameters that returns the lowest value of calculated loss on the 

validation set compared with both random search and grid search. 

1.2.1.15|Setting up an optimization problem 

Three concepts are key to setting up the training and optimization of a 

NN: 

• Normalizing inputs: Normalizing inputs involves adjusting the values 

of input features to a standard scale, typically to improve the 

efficiency and stability of the training process for neural networks. 
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The main goal of normalizing inputs is to ensure that each input 

feature contributes equally to the learning process. Without 

normalization, features with larger numerical ranges can dominate 

the learning process, making it difficult for the network to converge. 

Normalization helps in faster convergence during training, reduces 

the risk of getting stuck in local minima, and improves the overall 

performance and accuracy of the model. 

Common normalization methods include: 

o Min-max scaling: Rescaling the features to lie within a specific 

range, usually [0, 1] or [−1, 1]. 

o Standardization (Z-score normalization): Transforming the data 

to have a mean of 0 and a standard deviation of 1. 

 

Figure 1.25 | Graphical representation of the effect of input normalization on the cost 

 function assuming a model consisting of only two parameters. 

• Normalizing outputs: Normalizing outputs involves adjusting the 

values of output variables to a standard scale, which is crucial 

especially when dealing with models predicting multiple output 

variables simultaneously. When a model needs to predict multiple 

output variables, it's essential to normalize these outputs. This 
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ensures that each output variable contributes fairly to the learning 

process, even if they have different value ranges. Normalizing 

multiple outputs helps ensure that each output variable influences 

the model's learning process proportionally. This improves the 

stability of the learning process, model convergence, and prediction 

accuracy. Similar normalization methods used for inputs can be 

applied to multiple outputs, such as Min-Max scaling or 

standardization. 

• Weight initialization: Weight initialization refers to the process of 

setting the initial values of the weights in a NN before training 

begins. Proper weight initialization is crucial for training deep 

networks effectively. Poor initialization can lead to issues such as 

vanishing or exploding gradients, which hinder the learning process. 

Common methods for initialization include [39] [40] [41]: 

o Zero initialization: Setting all weights to zero, which is 

generally not used because it prevents the network from 

learning effectively. 

o Random initialization: Initializing weights with small random 

values from a normal or uniform distribution. 

o Kaiming He initialization: Initializing weights based on the size 

of the previous layer (specifically, using a normal distribution 

with mean 0 and variance 
2

𝑛
, where 𝑛 is the number of input 

units). 

o Xavier/Glorot initialization: Initializing weights with a 

distribution that depends on the size of the input and output 

layers, typically using a normal distribution with mean 0 and 
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variance 
2

𝑛𝑖𝑛+𝑛𝑜𝑢𝑡
, where the numbers for the input and output 

units are, respectively, 𝑛𝑖𝑛 and 𝑛𝑜𝑢𝑡. 

1.2.1.16|Optimization algorithms: Momentum 

The momentum optimization algorithm uses an exponentially weighted 

moving average of the gradients to adjust the NN weights more efficiently 

than simple methods like stochastic gradient descent. 

 𝐸[𝑔]𝑡 = Β𝐸[𝑔]𝑡−1 + (1 − Β)𝑔𝑡 (1.56) 

Where: 

• 𝑔𝑡 is the gradient of the weights at step 𝑡. 

• 𝐸[𝑔]𝑡 is the exponentially weighted average of the gradients at 

step 𝑡. 

• Β is the decay parameter (typically between 0.9 and 0.999) that 

controls the decay rate of the moving average. 

The weights 𝜃 are updated using the momentum: 

 𝜃𝑡+1 = 𝜃𝑡 − 𝛼𝐸[𝑔]𝑡 (1.57) 

Where: 

• 𝛼 is the learning rate. 

Momentum helps in accelerating convergence by accumulating past 

gradients, enabling smoother and faster updates to the weights. It reduces 

oscillations and improves stability in gradient descent by smoothing out the 

update process. 

1.2.1.17|Optimization algorithms: RMSProp 

RMSProp (Root Mean Square Propagation) uses an exponentially 

weighted moving average of the squared gradients to adjust the NN 

weights more efficiently than simple methods like stochastic gradient 

descent. 
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The exponential moving average is computed as: 

 𝐸[𝑔2]𝑡 = Γ𝐸[𝑔2]𝑡−1 + (1 − Γ)𝑔𝑡
2 (1.58) 

Where: 

• 𝐸[𝑔2]𝑡 is the exponentially weighted average of the squared 

gradients at step 𝑡. 

• Γ is the decay parameter (typically between 0.9 and 0.999) that 

controls the decay rate of the moving average. 

The weights 𝜃 are updated using the normalized gradient divided by the 

square root of the accumulated squared gradients: 

 𝜃𝑡+1 = 𝜃𝑡 −
𝛼

√𝐸[𝑔2]𝑡 + 𝜀
𝑔𝑡 (1.59) 

where: 

• 𝜀 is a small term (e.g., 10−8) added for numerical stability to avoid 

division by zero. 

RMSProp adjusts the learning rate for each parameter based on the 

magnitude of its gradients, which can lead to faster convergence. It 

performs well in scenarios where gradients have varying scales. 

1.2.1.18|Optimization algorithms: ADAM 

Adam (Adaptive Moment Estimation) is an optimization algorithm that 

combines the advantages of both momentum optimization and RMSProp. 

It dynamically adjusts the learning rate for each parameter, providing faster 

convergence and better handling of sparse gradients in NN training. 

At each time step 𝑡 Adam computes the first and the second moment: 

 𝐸[𝑔]𝑡 = Β𝐸[𝑔]𝑡−1 + (1 − Β)𝑔𝑡 

𝐸[𝑔2]𝑡 = Γ𝐸[𝑔2]𝑡−1 + (1 − Γ)𝑔𝑡
2 

(1.60) 

The weights 𝜃 are updated using both momentum: 

 𝜃𝑡+1 = 𝜃𝑡 −
α

√𝐸[𝑔2]𝑡 + 𝜀
𝐸[𝑔]𝑡 (1.61) 
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Adam combines the benefits of both momentum optimization and 

RMSProp, leveraging momentum to accelerate gradients in relevant 

directions and RMSProp to scale learning rates based on the magnitudes of 

recent gradients.  

Adam's hyperparameters Β, Γ, and 𝜀 typically have default values that 

work well across various applications, but fine-tuning may be necessary for 

specific problems. 

 

Figure 1.26 | Graphical representation of the effect of the  

Adam optimizer during the training process. 

1.2.2|Strengths and Weaknesses 

ML-based estimation methods, such as neural networks, have gained 

traction for their ability to handle nonlinearities and learn from large 

datasets. For instance, dynamic neural networks can predict complex 

vehicle dynamics without requiring explicit system models. However, their 

black-box nature and lack of theoretical guarantees pose challenges for 

safety-critical applications. Additionally, these methods often require 

extensive training data, which may not always be available or cover the full 

range of operating conditions. Data-driven techniques offer adaptability 

and robustness in uncertain environments, but their opacity and 

dependency on data quality limit their standalone applicability. Integrating 

these methods with model-based techniques can address these weaknesses, 

providing both reliability and adaptability. 
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2|OVERVIEW OF CONTROL TECHNIQUES 

Control systems are integral to modern technology, governing the 

behavior of dynamic systems. They are designed to regulate and manage 

the performance of various systems. The two primary types of control 

systems are open-loop and closed-loop (feedback) systems [42] [43] [44]. 

The control action and the output are unrelated in an open-loop control 

system. These systems do not use feedback to adjust the input, relying 

solely on pre-determined instructions. Open-loop systems are simpler and 

more cost-effective but less accurate and adaptable. 

 

Figure 2.1 | Open loop control system. 

Closed-loop control systems use feedback to compare the actual output 

with the desired output (reference). The difference between these values 

(error) is used to adjust the input to minimize the error and achieve the 

desired output. 

 

Figure 2.2 | Closed loop control system. 
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2.1|Proportional-Integral-Derivative Control (PID-

Control) 

PID control is the most widely used control technique, combining the 

advantages of Proportional (P), Integral (I), and Derivative (D) controls [45] 

[46]. It provides a balanced approach to improve stability, response time, 

and accuracy. 

 

𝑒(𝑡) = 𝑟(𝑡) − 𝑦(𝑡) 

𝑢(𝑡) = 𝐾𝑝 ∙ 𝑒(𝑡) + 𝐾𝑖 ∫ 𝑒(𝜏)𝑑𝜏
𝑡

𝑡0

+ 𝐾𝑑

𝑑𝑒(𝑡)

𝑑𝑡
 

(2.1) 

 

Figure 2.3 | Schematic representation of a PID control system. 

The difference between the expected output, 𝑟(𝑡), and the actual output, 

𝑦(𝑡), is the tracking error, denoted by the variable 𝑒(𝑡). 

This error signal 𝑒(𝑡) is fed to the PID controller, and the controller 

computes both the derivative and the integral of this error signal concerning 

time. The control signal 𝑢(𝑡) to the plant is equal to the proportional gain 

𝐾𝑝 times the magnitude of the error plus the integral gain 𝐾𝑖 times the 

integral of the error plus the derivative gain 𝐾𝑑 times the derivative of the 

error. 
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This control signal 𝑢(𝑡) is fed to the plant and the new output 𝑦(𝑡) is 

obtained. The new output 𝑦(𝑡) is then fed back and compared to the 

reference to find the new error signal 𝑒(𝑡). After receiving this incoming 

error signal, the controller updates the control input. As long as the 

controller is active, this operation keeps going.  

Finding the Laplace transform of Equation () yields the transfer function 

of a PID controller. 

 
𝐾𝑝 +

𝐾𝑖

𝑠
+ 𝐾𝑑𝑠 =

𝐾𝑑𝑠2 + 𝐾𝑝𝑠 + 𝐾𝑖

𝑠
 

(2.2) 

Increasing the proportional gain (𝐾𝑝) proportionally increases the control 

signal for a given level of error. This means the controller will respond more 

aggressively to an error, causing the closed-loop system to react more 

quickly. However, this often results in more overshoot. Additionally, 

increasing 𝐾𝑝 tends to reduce, but not eliminate, steady-state error. 

Adding a derivative term to the controller (𝐾𝑑) enables the controller to 

anticipate the error. With only proportional control and a fixed 𝐾𝑝, the 

control signal increases only if the error increases. However, with derivative 

control, the control signal can become large if the error starts to slope 

upward, even if the magnitude of the error is still relatively small. This 

anticipation effect tends to add damping to the system, thereby decreasing 

overshoot. However, the derivative term does not affect the steady-state 

error. Incorporating an integral term into the controller (𝐾𝑖) helps to reduce 

steady-state error. If there is a persistent, steady error, the integrator 

accumulates this error, increasing the control signal and driving the error 

down. A drawback of the integral term is that it can make the system more 

sluggish and oscillatory, as it may take some time for the integrator to 

unwind when the error signal changes sign. The general effects of each 
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controller parameter (𝐾𝑝, 𝐾𝑑, 𝐾𝑖) on a closed-loop system are summarized 

in the Table 2.1. 

Gain Rise time Overshoot Settling time Steady-state error 

𝐾𝑝 Decrease Increase Small change Decrease 

𝐾𝑖 Decrease Increase Increase Decrease 

𝐾𝑑 Small change Decrease Decrease No change 

Table 2.1 | Effects of variation of the coefficients 𝑲𝒑, 𝑲𝒊, and  

𝑲𝒅 on the dynamic behavior of the system. 

Where: 

• Rise time: The rise time is the time it takes for a system’s response 

to go from a specific lower percentage to a higher percentage of 

its final value. Typically, it’s measured between 10% and 90% of 

the final value. This metric indicates how fast the system responds 

initially to an input or disturbance. 

• Overshoot: Overshoot refers to the extent to which the system’s 

response exceeds its final or desired value. It is typically expressed 

as a percentage of the final value. Overshoot occurs due to system 

inertia and is usually undesirable, as it indicates temporary 

deviation beyond the target. 

• Settling time: Settling time is the time required for the system’s 

response to remain within a specific tolerance band around its 

final value (usually within 2% or 5% of the final value) without 

further oscillations. It indicates how long it takes for the system to 

stabilize after a disturbance or change in input. 

• Steady-state error: Steady-state error is the difference between the 

system’s final output and the desired input when the system has 

settled and all transient effects have dissipated. It indicates how 
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accurately the system follows the desired input over time and 

represents a system's long-term accuracy. 

 

Figure 2.4 | Graphical representation of rise time, overshoot,  

settling time and steady state error. 

These guidelines apply in many cases, but not all. To truly understand 

the impact of tuning the individual gains, more analysis or testing on the 

actual system is necessary. 

2.1.1|Strengths and Weaknesses 

PID control is a simple and effective technique widely used in vehicle 

dynamics for tasks such as maintaining speed or controlling suspension 

systems. Its primary advantage lies in its ease of implementation and 

tuning. However, it struggles with handling multivariable systems, time 

delays, and constraints, which are critical in autonomous vehicle 

applications. PID control is well-suited for basic tasks but falls short in 

addressing the complexity of modern vehicle dynamics. Its limitations 

highlight the need for more advanced methods, such as Model Predictive 
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Control (MPC), in applications requiring higher levels of precision and 

adaptability. 

2.2|Linear Quadratic Regulator (LQR) 

The Linear Quadratic Regulator (LQR) is an optimal control strategy that 

operates within the framework of linear dynamic systems. It aims to 

regulate the behavior of a system to minimize a cost function, typically a 

quadratic function representing the trade-off between the system's 

performance and control effort. The LQR is renowned for its robust 

performance and mathematical elegance in handling linear systems. 

The LQR controller operates on systems described by linear time-

invariant (LTI) state-space models: 

 𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) (2.3) 

Where: 

• 𝑥(𝑡) is the state vector at time 𝑡. 

• 𝑢(𝑡) is the control input vector. 

• 𝐴 is the state matrix. 

• 𝐵 is the input matrix. 

The goal of the LQR is to determine the control input u(t)u(t)u(t) that 

minimizes a quadratic cost function of the form: 

 𝐽 = ∫ (𝑥𝑇𝑄𝑥 + 𝑢𝑇𝑅𝑢)𝑑𝑡
∞

0

 (2.4) 

Where: 

• 𝑄 is a positive semi-definite matrix that penalizes the state 𝑥. 

• 𝑅 is a positive definite matrix that penalizes the control input 𝑢. 

The cost function 𝐽 represents a trade-off between state regulation and 

control effort. By adjusting 𝑄 and 𝑅, different performance characteristics 



2|OVERVIEW OF CONTROL TECHNIQUES 

 75 

 

can be prioritized. For example, increasing the entries of 𝑄 relative to 𝑅 

emphasizes state accuracy, while increasing 𝑅 relative to 𝑄 emphasizes 

control effort minimization. 

The matrices 𝑄 and 𝑅 are designed to reflect the relative importance of 

state deviation and control effort. 

The optimal control law for the LQR problem is given by a state feedback 

law: 

 𝑢(𝑡) = −𝐾𝑥(𝑡) (2.5) 

where 𝐾 is the feedback gain matrix. This gain matrix 𝐾 is determined by 

solving the Algebraic Riccati Equation (ARE): 

 𝐴𝑇𝑃 + 𝑃𝐴 − 𝑃𝐵𝑅−1𝐵𝑇𝑃 + 𝑄 = 0 (2.6) 

Here, 𝑃 is a positive definite matrix, known as the solution to the ARE. 

The ARE can be solved efficiently using numerical algorithms. This makes 

LQR suitable for real-time applications. Once 𝑃 is found, the optimal gain 

matrix 𝐾 is computed as: 

 𝐾 = 𝑅−1𝐵𝑇𝑃 (2.7) 

The LQR controller guarantees that the closed-loop system  

𝑥̇(𝑡) = (𝐴 − 𝐵𝐾)𝑥(𝑡) is stable if the pair (𝐴, 𝐵) is controllable and the 

matrices 𝑄 and 𝑅 are chosen appropriately. 

 

Figure 2.5 | Schematic representation of a Linear Quadratic Regulator. 
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2.2.1|Strengths and Weaknesses 

LQR provides optimal control by minimizing a quadratic cost function, 

making it an effective tool for balancing performance and energy efficiency. 

Its analytical formulation ensures stability and robustness under certain 

conditions. However, its applicability is constrained by its reliance on linear 

models, which may not adequately capture the nonlinearities inherent in 

vehicle dynamics. While LQR excels in providing systematic and 

theoretically sound solutions, its reliance on linearization can lead to 

suboptimal performance in highly nonlinear systems. Hybrid approaches 

or extensions such as nonlinear LQR can partially mitigate these drawbacks. 

2.3|Model Predictive Control (MPC) 

Model Predictive Control (MPC) is an advanced control strategy used 

widely in the field of control engineering for complex dynamic systems [47] 

[48] [49]. Unlike traditional control methods, MPC explicitly utilizes a 

model of the system to predict future states and optimize control actions. 

This predictive capability allows MPC to handle multi-variable control 

problems with constraints, making it highly effective for industrial 

processes, robotics, automotive applications, and more. 

The cornerstone of MPC is its reliance on a mathematical model of the 

system. This model describes the relationship between the inputs, states, 

and outputs of the system. The model can be derived from first principles, 

empirical data, or a combination of both. The types of models commonly 

used in MPC include linear time-invariant (LTI), linear time-varying (LTV), 

and nonlinear models. 

MPC predicts the future behavior of the system over a finite prediction 

horizon, which is a sequence of future time steps. At each time step, the 
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controller solves an optimization problem to find the optimal control inputs 

that drive the system towards desired future states while minimizing a cost 

function. This cost function typically includes terms for tracking error 

(difference between predicted outputs and desired outputs) and control 

effort. 

The optimization in MPC is performed in a receding horizon fashion. 

This means that only the first control action of the optimal sequence is 

implemented, and the process is repeated at the next time step with 

updated state information. This approach provides robustness to modeling 

errors and disturbances because the optimization is continuously updated 

based on the latest system measurements. 

MPC is particularly powerful because it can handle constraints on inputs, 

states, and outputs directly within the optimization problem. These 

constraints can represent physical limitations, safety requirements, or 

operational boundaries. The ability to manage constraints explicitly makes 

MPC suitable for real-world applications where such limitations are 

common. 

2.3.1|Mathematical formulation of MPC 

A discrete-time system is represented by the following state-space 

equations: 

 𝑥𝑘+1 = 𝑓(𝑥𝑘, 𝑢𝑘) 

𝑦𝑘 = ℎ(𝑥𝑘 , 𝑢𝑘) 
(2.8) 

where 𝑥𝑘 is the state vector, 𝑢𝑘 is the control input vector, and 𝑦𝑘 is the 

output vector at time step 𝑘. For linear systems, these equations can be 

simplified to: 

 𝑥𝑘+1 = 𝐴𝑥𝑘 + 𝐵𝑢𝑘 

𝑦𝑘 = 𝐶𝑥𝑘 + 𝐷𝑢𝑘 
(2.9) 
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Where 𝐴, 𝐵, 𝐶, and 𝐷 are matrices of appropriate dimensions. 

The cost function 𝐽 to be minimized over the prediction horizon 𝑁 is 

typically defined as: 

 
𝐽 = ∑(‖𝑦𝑘+𝑖 − 𝑦𝑘+𝑖

𝑟𝑒𝑓
‖

𝑄

2
+ ‖𝑢𝑘+𝑖‖𝑅

2 )

𝑁−1

𝑖=0

 (2.10) 

where 𝑦𝑘+𝑖
𝑟𝑒𝑓

 is the reference output, 𝑄 and 𝑅 are weighting matrices for the 

tracking error and control effort, respectively. 

The constraints are incorporated as: 

 

𝑥𝑘+𝑖 ∈ 𝜒 

𝑢𝑘+𝑖 ∈ U 

𝑦𝑘+𝑖 ∈ Y 

(2.11) 

Where 𝜒, U, and Y represent feasible sets for states, inputs, and outputs, 

respectively. 

The MPC optimization problem at each time step can be formulated as: 

 min𝑢𝑘,𝑢𝑘+1,…,𝑢𝑘+𝑁−1 ∈ 𝜒 (2.12) 

subject to: 

 

𝑥𝑘+𝑖+1 = 𝑓(𝑥𝑘+𝑖, 𝑢𝑘+𝑖), 𝑖 = 0, … , 𝑁 − 1 

𝑥𝑘+𝑖 ∈ 𝜒 

𝑢𝑘+𝑖 ∈ U 

𝑦𝑘+𝑖 ∈ Y 

(2.13) 

The solution to this problem provides the optimal control inputs 𝑢𝑘 ,

𝑢𝑘+1, … , 𝑢𝑘+𝑁−1. The first one, 𝑢𝑘, is applied to the plant. 



2|OVERVIEW OF CONTROL TECHNIQUES 

 79 

 

 

Figure 2.6 | Schematic representation of an MPC. 

In practice, the true state 𝑥𝑘 of the system may not be directly measurable. 

Therefore, state estimation techniques, such as the Kalman filter, are often 

used to estimate the state from available measurements. 

The optimization problem in MPC can be computationally intensive, 

especially for large-scale systems with long prediction horizons or 

nonlinear models. Efficient solvers and numerical algorithms, such as 

quadratic programming (QP) for linear MPC or sequential quadratic 

programming (SQP) for nonlinear MPC, are employed to solve these 

problems in real-time. Real-time implementation of MPC requires the 

controller to solve the optimization problem within each sampling period. 

This necessitates fast and reliable computational resources. Advances in 

embedded systems and parallel computing have made real-time MPC 

feasible for many applications. 
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2.3.2|Strengths and Weaknesses 

MPC is a powerful control technique that explicitly accounts for system 

constraints and predicts future behavior over a finite horizon. This makes it 

particularly effective for complex tasks like path tracking and obstacle 

avoidance. However, the computational burden of solving optimization 

problems in real time remains a challenge, particularly for high-speed 

vehicle dynamics. MPC offers unparalleled flexibility and robustness, but 

its high computational requirements can hinder real-time implementation. 

Efficient solvers and approximations are essential to make MPC viable for 

real-world applications. 

2.4|Reinforcement Learning (RL) 

In recent years, traditional control techniques have increasingly been 

complemented by data-driven approaches. This paradigm shift is driven by 

advancements in computational power, the availability of large datasets, 

and the development of sophisticated algorithms. As a result, control 

systems are now leveraging data to enhance performance, improve 

adaptability, and provide more robust solutions in various applications. 

The goal of a control system is to determine the correct inputs into a 

system that will generate the desired system behavior. In feedback control 

systems, the controller uses state observations to improve performance and 

correct for random disturbances and errors. Engineers utilize this feedback, 

along with a model of the plant and environment, to design the controller 

to meet the system requirements. This concept, although simple in theory, 

can become complex when the system is difficult to model, highly 

nonlinear, or has large state and action spaces. For instance, developing a 

control system for a walking robot involves commanding numerous motors 
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for the joints, processing state observations from various sensors, and 

satisfying multiple requirements such as balance, obstacle avoidance, and 

disturbance rejection. Traditionally, this problem is approached by 

breaking it into smaller sections, each solved independently. However, the 

interactions between control loops and the complexity of system 

requirements make design and tuning challenging. Recently, data-driven 

techniques like Reinforcement Learning (RL) have begun to complement 

traditional methods [50] [51] [52] [53]. This approach is gaining traction due 

to its ability to learn and adapt from interactions with the environment, 

making it highly effective for complex and dynamic systems. RL enhances 

traditional techniques by providing a robust framework for decision-

making and optimization in uncertain conditions. It enhances the ability to 

handle large state and action spaces and adapt to uncertainties, making it a 

valuable addition to the control design toolkit.  

RL works with data from a dynamic environment. The goal is to find the 

best sequence of actions that will generate the optimal outcome. RL solves 

this problem allowing a piece of software called an agent to explore, interact 

with, and learn from the environment. 

 

Figure 2.7 | Schematic representation of the interaction 

 between agent and environment. 
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The agent can observe the current state of the environment. Based on this 

observed state, it decides which action to take. The environment then 

changes state and provides a reward for that action, both of which the agent 

receives. Using this new information, the agent can determine whether the 

action was beneficial and should be repeated or if it was not and should be 

avoided. This observation-action-reward cycle continues until learning is 

complete. 

An internal function of the agent converts state observations (the inputs) 

to actions (the outputs). This is the single function that takes the place of all 

of the individual subcomponents of the control system. This function is 

referred to as the policy in the RL terminology. The policy selects the course 

of action based on a set of observations. 

 

Figure 2.8 | Replacement of subcomponents of a control  

system with the single function of the RL. 

The control problem would be solved by designing a perfect policy that 

accurately commands the right actuators for every observed state. 

However, achieving this is challenging in most situations, and even a 

perfect policy may become suboptimal as the environment changes over 

time. This is where RL algorithms come into play. RL algorithms adapt the 

policy based on the actions taken, observations from the environment, and 
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the rewards collected. The goal of the agent using RL algorithms is to learn 

the optimal policy through interaction with the environment, ensuring that 

it always takes the most rewarding action in the long run, regardless of the 

state. 

 

Figure 2.9 | Exploded representation of an agent with Function and RL algorithm. 

The goal of RL is the same of the traditional control problems; it 

represents the same concepts using different terms. Both methods aim to 

determine the correct inputs into a system to achieve the desired behavior. 

In both approaches, the objective is to design the policy (or controller) that 

maps the observed state of the environment (or plant) to the optimal actions 

(actuator commands). The state feedback signal corresponds to 

observations from the environment, while the reference signal is 

incorporated into both the reward function and the environment 

observations. 
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Figure 2.10 | RL algorithm vs Traditional control system. 

Five different areas need to be addressed with RL: 

• Environment. 

• Reward. 

• Policy. 

• Training. 

• Deployment. 

2.4.1|Environment 

In RL, the environment encompasses everything outside of the agent. It 

is where the agent sends actions and from which rewards and observations 

are generated. 

 This definition can be confusing from a control perspective, where the 

environment is often viewed as disturbances impacting the system being 

controlled. 
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Figure 2.11 | Environment in the perspective of a traditional control system. 

However, in RL terminology, the environment includes all aspects except 

the agent, encompassing the system dynamics. Thus, most of the system is 

considered part of the environment, while the agent is the software 

responsible for generating actions and updating the policy through 

learning. 

 

Figure 2.12 | Environment in the perspective of a traditional control system. 

One reason RL is so powerful is that the agent does not need any prior 

knowledge about the environment to learn how to interact with it. For 

instance, the agent does not need to understand the dynamics or kinematics 

of a walking robot; it can still determine how to maximize rewards without 

knowing the specifics of joint movements or appendage lengths. An RL-

equipped agent can be placed into any system and learn the optimal policy, 
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provided it has access to observations, rewards, actions, and sufficient 

internal states. 

Since the agent learns through interaction with the environment, it is 

essential to provide a way for the agent to interact, either with a real 

physical environment or a simulation. The choice between real and 

simulated environments depends on various factors. A real environment 

offers unmatched accuracy and simplicity, as it requires no model creation 

or validation, and it may be necessary if the environment is constantly 

changing or difficult to model accurately. However, simulations provide 

significant advantages in terms of speed, safety, and control. Simulations 

can run faster than in real-time and be parallelized, thus accelerating the 

learning process. They also allow modeling of conditions that are difficult 

to test and eliminate the risk of hardware damage. For instance, training an 

agent with a physical pendulum setup might be feasible due to its simplicity 

and low risk, but training a walking robot in the real world could result in 

damage and inefficiencies. Simulated environments are commonly used to 

train agents, especially when existing system models are available from 

traditional control design. Utilizing simulations, one can replace existing 

controllers with RL agents, add reward functions, and commence the 

learning process. Since learning requires numerous samples, simulations 

running faster than real-time and in parallel can significantly speed up this 

process. Additionally, simulations offer greater control over conditions, 

such as simulating low-friction surfaces like ice, which aids in preparing the 

robot for various real-world surfaces. Therefore, simulations can create 

more effective training environments for RL agents. 
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2.4.2|Reward 

Once the environment is established, the next critical step is defining 

what actions the agent should take and how it will be rewarded for doing 

so. This involves crafting a reward function that helps the learning 

algorithm discern when the policy is improving and ultimately converges 

on the desired outcome [54]. A reward function generates a scalar value 

representing the goodness of an agent’s state and action. 

 𝑟𝑒𝑤𝑎𝑟𝑑 = 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛(𝑠𝑡𝑎𝑡𝑒, 𝑎𝑐𝑡𝑖𝑜𝑛) (2.14) 

This concept mirrors the cost function in Linear Quadratic Regulator 

(LQR) theory, which penalizes poor performance and excessive actuator 

effort. The key distinction is that while LQR aims to minimize the cost, a 

reward function in RL seeks to maximize the reward, with rewards 

essentially acting as the negative of costs. 

 𝐽 = ∫ (𝑥𝑇𝑄𝑥 + 𝑢𝑇𝑅𝑢)𝑑𝑡
∞

0

 (2.15) 

Unlike the quadratic cost functions in LQR, RL allows for a more flexible 

reward structure, including sparse rewards, time-step-based rewards, or 

rewards given only at the end of an episode. This flexibility means rewards 

can be derived from complex, nonlinear functions or numerous parameters, 

tailored to the needs of effective training. Sparse rewards, where the agent 

only receives feedback after a lengthy sequence of actions, can lead to 

inefficiencies as the agent may spend considerable time exploring without 

receiving feedback, thus making it unlikely to discover the optimal action 

sequence by chance. To address this, reward shaping is used to provide 

intermediate rewards that guide the agent toward the desired behavior. Yet, 

reward shaping can introduce its own challenges, as shortcuts in reward 

functions may lead to suboptimal solutions. For instance, a poorly designed 
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reward function for a walking robot might cause the agent to adopt 

unintended behaviors, such as crawling instead of walking, which may 

appear optimal based on the rewards but is not aligned with the overall 

goal. Reward shaping isn’t always used to solve the problems of sparse 

rewards. Reward shaping is also employed to incorporate domain-specific 

knowledge, helping to guide the agent more effectively. For example, if one 

wants the robot to walk rather than crawl along the ground, one can reward 

the agent for keeping the robot's trunk at a walking height. Additionally, 

rewards could be given for low actuator effort, maintaining an upright 

position for longer periods, and staying on the intended path. Despite its 

potential, crafting an effective reward function is complex and often 

requires extensive experimentation to avoid poorly designed rewards that 

fail to achieve the desired results. 

Furthermore, reinforcement learning involves balancing exploration and 

exploitation. Since RL operates online, the agent’s actions influence the data 

it receives, creating a tradeoff between exploiting known rewarding actions 

and exploring unknown areas of the state space [55]. 

 

Figure 2.13 | Graphic representation of the difference  

between exploitation and exploration: Example 1. 

For example, if an agent knows that going left yields a reward while 

going right yields a penalty, it might prefer to always go left. However, if 
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the agent does not explore right, it may miss out on potentially better 

rewards elsewhere. 

 

Figure 2.14 | Graphic representation of the difference between  

exploitation and exploration: Example 2. 

Thus, a balance must be struck between exploiting known rewards and 

exploring new possibilities, similar to how students might explore various 

career options before settling on a path. While pure exploration can help 

find global solutions, it is inefficient and potentially risky in physical 

environments. For example, when driving down a highway, the potential 

harm that could arise from an autonomous vehicle exploring arbitrary 

steering wheel inputs should be considered. Simulated environments offer 

a controlled setting where exploration can be more extensive without risk. 

As the agent learns, it usually explores more at the beginning and shifts 

towards exploitation as it gathers more information. 

Another crucial aspect of RL is the concept of value, which assesses the 

long-term rewards of a state or action rather than just the immediate 

reward. The value of a state represents the total rewards expected from that 

state into the future. For instance, if an agent can choose between actions 

yielding short-term rewards, it may ultimately achieve a higher total 

reward by choosing actions with greater long-term value. 
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Figure 2.15 | Difference between Reward and Value. 

However, predicting future rewards can be uncertain, and immediate 

rewards might be more valuable than distant ones. 

 

Figure 2.16 | Graphical representation of the increase in  

uncertainty in predicting reward as time increases. 

To account for this, RL uses a discount factor (gamma) to adjust how 

future rewards are valued, balancing between immediate and long-term 

benefits. This discount factor, ranging between 0 and 1, helps manage the 

tradeoff between immediate gratification and future gains, ensuring a more 

balanced approach to learning and decision-making. 

 

𝑇𝑜𝑡𝑎𝑙 𝑑𝑖𝑠𝑐𝑜𝑢𝑛𝑡𝑒𝑑 𝑟𝑒𝑤𝑎𝑟𝑑 = 𝑟1 + 𝛾𝑟2 + 𝛾2𝑟3 + 𝛾3𝑟4 + ⋯

= ∑ 𝛾𝑖−1𝑟𝑖

𝑇

𝑖=1

 
(2.16) 

2.4.3|Policy 
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In RL, the agent is crucial for determining how to interact with the 

environment, and it consists of two main components: the policy and the 

learning algorithm. The policy is a function that maps observations from 

the environment to actions taken by the agent, while the learning algorithm 

optimizes this policy to achieve the best possible performance. 

 𝑃𝑜𝑙𝑖𝑐𝑦 → 𝑎𝑐𝑡𝑖𝑜𝑛𝑠 = 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛(𝑠𝑡𝑎𝑡𝑒 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛𝑠) (2.17) 

Policies can be structured in two main ways: directly or indirectly. A 

direct policy has a specific mapping from state observations to actions, 

whereas an indirect policy relies on other metrics, such as value estimates, 

to infer the optimal actions. 

For environments with discrete and manageable state and action spaces, 

a simple table, like a Q-table, can represent the policy by mapping state-

action pairs to their respective values. The policy then chooses the action 

with the highest value for any given state. However, this table-based 

approach becomes impractical when dealing with large or continuous state 

and action spaces, a challenge known as the curse of dimensionality. For 

instance, controlling an inverted pendulum requires handling a continuous 

range of states (angles and angular rates) and actions (motor torques), 

making a table infeasible. To address this, continuous functions can be used 

to represent the policy, and NNs offer a robust solution. 
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Figure 2.17 | Policy examples: Q-table and continuous function. 

NNs, with their nodes and layers, serve as universal function 

approximators capable of learning complex, nonlinear mappings between 

states and actions. Instead of manually designing intricate functions, NNs 

can be trained to approximate the desired function through systematic 

adjustments of their parameters. This adaptability and capability to 

generalize across various environments make NNs a powerful tool in 

reinforcement learning, despite the complexity involved in setting up and 

training these networks. 

2.4.3.1|Policy function-based, value function-based, and actor-critic 

In RL, the agent's policy, represented by NNs, is intricately linked with 

the chosen RL algorithm. Three primary approaches to RL, policy function-

based, value function-based, and actor-critic, demonstrate the differences in 

policy structures [56] [57]. 
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Figure 2.18 | Actor-critic as the intersection of value-based 

 and policy-based approaches. 

Policy function-based algorithms train an NN, known as the actor, to 

map state observations directly to actions. 

 

Figure 2.19 | Representation of the actor, policy-based function, by NN. 

These methods often employ policy gradients, which adjust action 

probabilities based on received rewards to balance exploration and 

exploitation. A critical aspect of this balance is the exploration-exploitation 

tradeoff: the agent must decide between exploiting the environment by 

choosing actions that yield known rewards or exploring new actions that 

might lead to even greater rewards. A stochastic policy addresses this 

tradeoff by incorporating exploration into the action probabilities. When 

learning, the agent updates these probabilities, nudging them towards 

actions that yield higher rewards. Over time, the probabilities of the most 

advantageous actions increase, leading the agent to consistently choose 

those actions. 
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The agent determines the effectiveness of actions by executing the 

current policy, collecting rewards along the way, and then updating the 

network to increase the probabilities of actions that lead to higher rewards. 

This adjustment involves taking the derivative of each weight and bias in 

the network concerning reward and modifying them to increase positive 

rewards. This process is known as gradient ascent, which explains the term 

"policy gradient." 

 

Figure 2.20 | Schematic (a) and graphical (b) representation of the gradient  

ascent process in the training of a policy-based function. 

Despite their utility, policy gradient methods can suffer from slow 

convergence and sensitivity to noisy rewards. The naive approach of 

following the direction of the steepest ascent may lead to convergence on a 

local maximum rather than a global one. Additionally, the high variance in 

cumulative rewards can slow down convergence. 
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Figure 2.21 | Problem of convergence to a local minimum during gradient ascent. 

Conversely, value function-based methods use a critic to evaluate the 

value of each action from a given state, guiding the policy to select the 

highest value actions. 

 𝑣𝑎𝑙𝑢𝑒 = 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛(𝑠𝑡𝑎𝑡𝑒 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛𝑠, 𝑎𝑐𝑡𝑖𝑜𝑛𝑠) (2.18) 

 

Figure 2.22 | Schematic representation of the value-based method. 

A classic example is Q-learning in Grid World, where the agent updates 

a Q-table with state-action values through iterative learning, utilizing the 

Bellman equation to refine its strategy. 

𝑄(𝑆, 𝑎) = 𝑄(𝑆, 𝑎) + 𝛼[𝑅(𝑆, 𝑎) + 𝛾 ∙ 𝑚𝑎𝑥 ∙ 𝑄′(𝑆′, 𝑎′) − 𝑄(𝑆, 𝑎)] (2.19) 
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Where: 

• 𝑅(𝑆, 𝑎): Reward for taking action 𝑎 from state 𝑆. 

• 𝑚𝑎𝑥 ∙ 𝑄′(𝑆′, 𝑎′): Maximum expected value from state 𝑆. 

• 𝛾: Discount future reward. 

• 𝑄(𝑆, 𝑎): Previous estimate of value. 

• 𝛼: Learning rate. 

The value function can also be represented by a NN. The idea is similar 

to using a table: state observations and an action are input, and the NN 

returns the value of that state/action pair. The policy consists of choosing 

the action with the highest value. Over time, the network would gradually 

converge on a function that outputs the true value for every action 

throughout the continuous state space. 

 

Figure 2.23 | Representation of the critic, policy-based function, by NN. 

Value function–based policies are not effective for continuous action 

spaces. The reason is that it is impossible to compute the value for each 

action one at a time within an infinite action space to determine the 

maximum value. Even in a large, but finite, action space, this process 

becomes computationally prohibitive. This limitation is particularly 

problematic in control problems, where continuous action spaces are 

common, such as applying a continuous range of torques in an inverted 

pendulum problem. 
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Actor-critic methods merge these two approaches, employing an actor-

network to propose actions and a critic network to evaluate them, making 

them suitable for continuous action spaces and environments with high 

reward variance. This approach is effective for continuous action spaces 

because the critic only needs to evaluate the single action taken by the actor, 

rather than attempting to find the optimal action by assessing all possible 

actions. 

The actor selects an action in a manner similar to a policy function 

algorithm and applies it to the environment. The critic then predicts the 

value of that action for the current state-action pair. Using the reward from 

the environment, the critic assesses the accuracy of its value prediction. The 

error is calculated as the difference between the new estimated value of the 

previous state and the old value from the critic network. This new estimated 

value is derived from the received reward and the discounted value of the 

current state. The error indicates to the critic whether the outcome was 

better or worse than expected. The critic updates itself based on this error, 

improving its future predictions for the same state. The actor also adjusts 

itself based on the critic's feedback, modifying its probabilities of selecting 

that action in the future. In this manner, the policy improves by following 

the reward gradient as recommended by the critic, rather than relying 

directly on the rewards. 
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Figure 2.24 | Schematic representation of the actor-critic method. 

This synergy accelerates learning and improves performance in complex 

environments, demonstrating why multiple NNs may be necessary for 

creating an effective RL agent. 

2.4.3.2|Deep Deterministic Policy Gradient (DDPG) 

A DDPG agent is a type of actor-critic RL agent that aims to find an 

optimal policy maximizing the expected cumulative long-term reward. 

DDPG agents employ the following NN-based components: 

• Critic: Q-value function critic 𝑄(𝑆, 𝐴). 

• Actor: Deterministic policy actor 𝜋(𝑆). 

During the training process, a DDPG agent: 

• Updates the properties of the actor and critic at each time step during 

the learning. 

• Maintains a circular experience buffer to store past experiences. The 

agent updates the actor and critic by using a mini-batch of 

experiences randomly sampled from this buffer. 

• Introduces perturbations to the action chosen by the policy using a 

stochastic noise model at each training step. 
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The addition of noise during learning improves the generalization of the 

model and makes it more robust [58]. There are three main reasons for its 

use: 

• Exploration: During learning, an agent must make decisions to 

maximize a reward. The addition of noise allows the agent to explore 

new actions and strategies that might not have been considered 

otherwise. 

• Regularisation: The addition of noise can act as a form of 

regularisation, helping to prevent overfitting. A model that learns to 

handle variability in its environment is more likely to generalize well 

to new data rather than overfitting to training data. 

• Numerical stability: In some situations, adding noise can help 

maintain numerical stability during optimization. For example, it 

may prevent the model from getting tripped up by local minima. 

The noise used is of the Ornstein-Uhlenbeck (OU) type [59]. OU noise is 

characterized by significant temporal correlation, which means that its 

perturbations over time are correlated. This can be advantageous in 

situations where it is important to maintain temporal consistency in the 

agent's actions. For example, in continuous control problems, OU noise can 

help to produce smoother actions over time. Unlike Gaussian noise, OU 

noise can be used to guide exploration in a more focused manner. Temporal 

correlation can help the agent explore more coherent sequences of actions 

rather than simply moving randomly through the action space. 

The noise value 𝑣(𝑘) is updated at each sample time step 𝑘 using the 

following equation: 

 𝑣(𝑘 + 1)  =  𝑣(𝑘)  + 𝜇̂ ∙ (𝜇 −  𝑣(𝑘)) ∙ 𝑇𝑆  +  𝜎(𝑘) ∙ 𝑁 ∙ √𝑇𝑆 (2.20) 
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The standard deviation decays at each sample time step according to the 

following equations: 

 
𝜎̃ = 𝜎(𝑘)  ∙ (1 − 𝑑𝜎) 

𝜎(𝑘 + 1) = max (𝜎̃,𝜎𝑚𝑖𝑛) 

(2.21) 

Where: 

• 𝜇: Mean noise value. 

• 𝜇̂: Constant specifying how quickly the noise model output is 

attracted to the mean. 

• 𝜎: Initial value of noise standard deviation. 

• 𝑑𝜎: Decay rate of the standard deviation. 

• 𝜎̃: Decayed standard deviation. 

• 𝜎𝑚𝑖𝑛: Minimum value of 𝜎. 

• 𝑁: Random number drawn from a normal Gaussian distribution. 

• 𝑇𝑆: Agent sample time. 

• 𝑣(1): Initial noise. 

A DDPG agent keeps track of four function approximators to estimate 

the policy and value function: 

• Actor 𝜋(𝑆; 𝜃): Using parameters 𝜃, the actor receives observation 𝑆 

and outputs the action that maximizes the long-term reward. 

• Target actor 𝜋𝑡(𝑆; 𝜃𝑡): The agent continuously modifies the target 

actor parameters 𝜃𝑡 using the most recent actor parameter values to 

increase the stability of the optimization. 

• Critic 𝑄(𝑆, 𝐴; 𝜙): Given observation S and action A as inputs, the 

critic, with parameters 𝜙, yields the associated expectation of the 

long-term reward. 
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• Target critic 𝑄𝑡(𝑆, 𝐴; 𝜙𝑡): The agent continuously modifies the target 

critic parameters 𝜙𝑡 using the most recent values of the critic 

parameters to increase the stability of the optimization. 

The structure and parameterization of 𝑄(𝑆, 𝐴; 𝜙) and 𝑄𝑡(𝑆, 𝐴; 𝜙𝑡) are the 

same, as are the structures and parameterization of 𝜋(𝑆; 𝜃) and 𝜋𝑡(𝑆; 𝜙𝑡). 

DDPG agent updates its actor and critic models at each time step using 

the following training procedure: 

• Set random parameter values 𝜙 for the critic 𝑄(𝑆, 𝐴; 𝜙) and set the 

same values for the target critic parameters 𝜙𝑡, so that 𝜙𝑡 = 𝜙. 

• Set random parameter values 𝜃 for the actor 𝜋(𝑆; 𝜃), and set the same 

values for the target actor parameters 𝜃𝑡, so that 𝜃𝑡 = 𝜃. 

• For each training time step: 

1. Choose action 𝐴 =  𝜋(𝑆; 𝜃)  +  𝑁 for the current observation 𝑆, 

where 𝑁 is the noise model. 

2. Apply action 𝐴. Note the reward 𝑅 and subsequent 

observation 𝑆′. 

3. Store the experience (𝑆, 𝐴, 𝑅, 𝑆′) in the experience buffer. 

4. Draw a random mini-batch of 𝑀 experiences (𝑆𝑖, 𝐴𝑖 , 𝑅𝑖 , 𝑆′𝑖) 

from the experience buffer. 

5. Change the value function target 𝑦𝑖 to 𝑅𝑖 if 𝑆′ is a terminal 

condition. If not, assign 

 𝑦𝑖 = 𝑅𝑖 + 𝛾𝑄𝑡(𝑆′𝑖, 𝜋𝑡(𝑆′𝑖; 𝜃𝑡); 𝜙𝑡) (2.22) 

The experience reward 𝑅𝑖 plus the discounted future reward 

composes the value function target. 

The agent first calculates the next action by providing the next 

observation 𝑆′𝑖 from the sampled experience to the target 



2|OVERVIEW OF CONTROL TECHNIQUES 

 102 

 

actor. Then the agent calculates the cumulative reward by 

providing the next action to the target critic. 

6. Update the critic parameters by minimizing the loss L across 

all sampled experiences 𝑀. 

 𝐿 =
1

2𝑀
∑(𝑦𝑖 − 𝑄(𝑆𝑖, 𝐴𝑖; 𝜙))2

𝑀

𝑖=1

 (2.23) 

7. To maximize the expected discounted reward, update the 

actor parameters according to the sampled policy gradient. 

 

∇𝜃𝐽 ≈
1

𝑀
∑ 𝐺𝑎𝑖

𝑀

𝑖=1

𝐺𝜋𝑖 

𝐺𝑎𝑖 = ∇𝐴𝑄(𝑆′, 𝐴; 𝜙) where 𝐴 = 𝜋(𝑆𝑖; 𝜃) 

𝐺𝜋𝑖 = ∇𝜃𝜋(𝑆𝑖; 𝜃) 

(2.24) 

𝐺𝑎𝑖 is the gradient of the critic output concerning the action 

computed by the actor-network, and 𝐺𝜋𝑖 is the gradient of the 

actor output concerning the actor parameters. Both gradients 

are calculated for observation 𝑆𝑖. 

8. Update the target actor and critic parameters using smoothing 

factor 𝜏(< 1). 

 

𝜙𝑡 = 𝜏𝜙 + (1 − 𝜏)𝜙𝑡 (critic parameters) 

𝜃𝑡 = 𝜏𝜃 + (1 − 𝜏)𝜃𝑡 (actor parameters) 
(2.25) 

2.4.4|Deployment 

The final step in the reinforcement learning workflow is the deployment 

of the policy. If the learning process occurs with the physical agent in the 

real environment, the learned policy can be directly applied and exploited. 

However, in scenarios where the majority of learning is conducted offline 

through interaction with a simulated environment, the policy, once 

sufficiently optimized, can be transferred to physical hardware. This static 
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policy can then be deployed across multiple targets, akin to traditional 

control laws. Nonetheless, continuous learning with the real hardware may 

still be necessary after deployment. This is because real environments may 

be difficult to model precisely, leading to discrepancies between the model's 

optimal policy and the real-world performance. Additionally, as 

environments evolve over time, ongoing learning allows the agent to adapt 

to these changes. Therefore, both the static policy and the learning 

algorithms are deployed to the target. This setup enables the choice between 

executing the static policy with learning turned off or continuing to refine 

the policy with learning enabled. This approach leverages the 

complementary nature of simulated and real-world learning, where 

simulation provides a safe and efficient means to achieve a near-optimal 

policy, and online learning with physical hardware fine-tunes the policy to 

ensure its effectiveness in the actual environment. 

 

Figure 2.25 | Deployment of policy and RL algorithm in the target hardware. 

2.4.5|Strengths and Weaknesses 

RL has emerged as a promising tool for autonomous vehicle control, 

capable of learning complex strategies from interaction with the 
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environment. Its ability to handle high-dimensional and dynamic systems 

makes it a strong candidate for advanced control tasks. However, RL's 

training process is data- and time-intensive, and the resulting policies may 

lack interpretability, raising concerns for safety-critical systems. RL 

provides adaptability and the potential to handle intricate control 

problems, but its limitations in interpretability and training efficiency pose 

significant challenges. Combining RL with model-based approaches can 

provide a structured framework while retaining its adaptability. 
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3|OVERVIEW OF KEY ROAD VEHICLE 

DYNAMICS TOPICS 

This section provides a comprehensive look at essential concepts in 

vehicle dynamics, focusing on four critical aspects. First, it examines tire-

road interaction forces (3.1), crucial for understanding vehicle behavior 

under various driving conditions. Then, it discusses the sideslip angle (3.2), 

which affects vehicle stability and control. The third subsection covers 

unsprung masses (3.3), which influence ride comfort and handling. Lastly, 

the section addresses roll and pitch (3.4), key factors in determining vehicle 

balance and dynamic response during maneuvers. 

3.1|Tire-road interaction forces 

Tire-road interaction forces are crucial components in vehicle dynamics, 

significantly affecting traction, handling, and safety. These forces are 

generated at the contact patch between the tire and the road surface, and 

they determine how effectively a vehicle can accelerate, decelerate, and 

navigate turns. Understanding and optimizing tire-road interaction forces 

is essential for enhancing vehicle performance and ensuring safe driving 

conditions. 

3.1.1|Definition and types of tire-road interaction forces 

Tire-road interaction forces refer to the forces exerted by the tire on the 

road surface and vice versa. These forces are responsible for transmitting 

the vehicle's power to the road, enabling movement and control. The 
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primary forces involved in tire-road interaction include longitudinal, 

lateral, and vertical forces. 

• Longitudinal forces: These forces are parallel to the direction of 

travel and are responsible for acceleration and braking. 

Longitudinal forces arise from the friction between the tire and the 

road surface as the vehicle speeds up or slows down. 

• Lateral forces: These forces act perpendicular to the direction of 

travel and are crucial for cornering. Lateral forces are generated 

when the vehicle changes direction, allowing it to navigate turns 

and maintain stability. 

• Vertical forces: Also known as normal forces, these are the forces 

acting perpendicular to the road surface. Vertical forces are 

primarily due to the vehicle's weight and are essential for 

maintaining tire contact with the road. 

 

Figure 3.1 | Schematic representation of the tire-road interaction forces. 

3.1.2|Measurement of tire-road interaction forces 

Measuring tire-road interaction forces directly involves sophisticated 

equipment and techniques. Common methods include: 
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• Load cells: These devices measure the forces transmitted through 

the tire by converting mechanical force into electrical signals. 

Load cells are often integrated into the vehicle's suspension 

system. 

• Force transducers: Mounted on the tire or wheel assembly, force 

transducers measure the forces acting on the tire in multiple 

directions, providing detailed data on tire-road interactions. 

• Tire pressure sensors: These sensors measure changes in tire 

pressure caused by deformation and contact with the road, 

indirectly providing information on interaction forces. 

3.1.3|Impact on traction and stability 

Tire-road interaction forces are vital for maintaining traction and 

stability. Adequate longitudinal forces ensure efficient acceleration and 

braking, while sufficient lateral forces enable safe cornering. Vertical forces 

keep the tires in contact with the road, preventing loss of control. 

Handling performance is directly influenced by tire-road interaction 

forces. Properly managed forces allow for precise steering response and 

control, enhancing the driver's ability to navigate various driving 

conditions. In high-performance vehicles, optimizing these forces is critical 

for achieving superior handling characteristics. 

3.1.4|Tire design and material 

The design and material of tires significantly impact tire-road interaction 

forces. Key factors include: 

• Tread pattern: The tread pattern affects how the tire interacts with the 

road surface, influencing traction, water dispersion, and noise 

generation. 
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• Rubber compound: The composition of the rubber affects the tire's grip 

and wear characteristics. Harder compounds last longer but offer 

less grip, while softer compounds wear out more quickly but offer 

higher traction. 

• Tire structure: The internal structure, including the belt and carcass 

materials, determines the tire's stiffness and ability to deform under 

load, affecting interaction forces. 

3.1.5|Case studies and practical applications 

• Integration with Advanced Driver Assistance Systems (ADAS): 

Integrating tire-road interaction data with ADAS can enhance 

vehicle performance and safety. ADAS systems, such as anti-lock 

braking systems (ABS) and electronic stability control (ESC), can 

benefit from accurate data on interaction forces to optimize their 

functions. 

• Autonomous vehicles: As autonomous vehicles become more 

prevalent, managing tire-road interaction forces will be crucial for 

ensuring smooth and safe operation. Advanced sensors and control 

algorithms will be essential for maintaining optimal traction and 

stability in a wide range of driving conditions. 

• Motorsport applications: In motorsport, optimizing tire-road 

interaction forces is critical for maximizing performance. Advanced 

tire technologies and precise tuning allow racing teams to maintain 

optimal traction and grip, enhancing speed and handling. Case 

studies of successful racing teams highlight the importance of 

managing tire-road interaction forces in competitive settings. 

• Commercial vehicles: For commercial vehicles, such as trucks and 

buses, managing tire-road interaction forces improves both safety 
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and efficiency. By optimizing these forces, commercial vehicles can 

offer better fuel economy, reduce tire wear, and enhance overall 

performance. 

• Off-road vehicles: Off-road vehicles face extreme conditions that 

challenge tire-road interaction. Advanced tire designs and 

technologies ensure that off-road vehicles maintain traction and 

stability on rough terrain. Practical applications in off-road 

environments demonstrate the effectiveness of these technologies in 

managing tire-road interaction forces. 

3.2|Sideslip angle 

The sideslip angle, often referred to as 𝛽 (beta), is a fundamental 

parameter in vehicle dynamics that significantly influences the handling 

and stability of a vehicle. It is defined as the angle between the vehicle's 

longitudinal axis and the direction of travel of its center of mass. 

Understanding and controlling the sideslip angle is crucial for ensuring safe 

and efficient vehicle operation, particularly in high-performance and 

autonomous driving contexts. 

3.2.1|Definition and significance of the sideslip angle 

Mathematically, it can be expressed as: 

 𝛽 = tan−1 (
𝑣𝑦

𝑣𝑥
) (3.1) 

where 𝑣𝑦 is the lateral velocity and 𝑣𝑥 is the longitudinal velocity of the 

vehicle. A non-zero sideslip angle indicates that the vehicle is not aligned 

with its trajectory, which is particularly important during cornering or 

when the vehicle is subjected to lateral forces. 
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Figure 3.2 | Schematic representation of the sideslip angle of a vehicle. 

The sideslip angle is a critical parameter for several reasons: 

• Vehicle stability: Excessive sideslip angles can lead to instability and 

potential loss of control. For instance, a high sideslip angle can 

precede phenomena such as understeer or oversteer, where the 

vehicle fails to follow the intended path. 

• Tire wear: High sideslip angles can result in increased tire wear due 

to the greater lateral forces acting on the tires. Efficient management 

of the sideslip angle can thus enhance tire lifespan. 

• Performance: In motorsport, minimizing and accurately controlling 

the sideslip angle can lead to better handling and faster lap times. 

Precision in this aspect allows drivers to maintain optimal traction 

and speed through corners. 
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• Safety: For everyday vehicles, controlling the sideslip angle 

contributes to safer driving, particularly in adverse conditions such 

as wet or icy roads. 

3.2.2|Measurement of sideslip angle 

Direct measurement of the sideslip angle is challenging due to the 

complexity of accurately determining the direction of travel of the vehicle's 

center of mass. Advanced technologies used for this purpose include: 

• GPS systems: High-precision GPS can provide accurate 

measurements of a vehicle's trajectory, which can be used to infer the 

sideslip angle. 

• Inertial Measurement Units (IMUs): These devices measure 

acceleration and angular velocity, which can be processed to 

estimate the vehicle's sideslip angle. 

• Optical sensors: Cameras and other optical devices can track the 

motion of the vehicle relative to the road to provide an estimate of 

the sideslip angle. 

3.2.3|Role of sideslip angle in vehicle dynamics 

The sideslip angle has a profound effect on vehicle handling. It influences 

how the vehicle responds to steering inputs and how it maintains its path 

during maneuvers. A well-controlled sideslip angle ensures that the vehicle 

can follow the driver's intended path with minimal deviation, thus 

enhancing overall handling and stability. 

To manage the sideslip angle effectively, modern vehicles employ 

various control strategies: 
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• Electronic Stability Control (ESC): This system automatically adjusts 

brake pressure on individual wheels and modulates engine power to 

correct deviations in the sideslip angle, thereby preventing skidding 

and maintaining stability. 

• Active steering systems: These systems adjust the steering angle 

automatically to compensate for changes in the sideslip angle, 

providing more precise control and improving cornering 

performance. 

• Torque vectoring: By varying the distribution of power between the 

wheels, torque vectoring systems can influence the sideslip angle to 

enhance cornering grip and stability. 

For autonomous vehicles, precise control of the sideslip angle is essential 

for reliable and safe operation. Autonomous driving algorithms must 

constantly monitor and adjust the sideslip angle to ensure the vehicle 

remains on its intended path, especially during complex maneuvers or 

when reacting to unexpected obstacles. 

3.3|Unsprung masses 

The vertical displacement of unsprung masses is a critical aspect of 

vehicle dynamics, influencing both ride comfort and handling performance. 

Unsprung masses include components such as wheels, tires, brakes, and 

parts of the suspension system that are not supported by the vehicle's 

springs. Understanding and managing the vertical displacement of these 

masses is essential for optimizing vehicle performance, ensuring passenger 

comfort, and maintaining stability. 
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Figure 3.3 | Schematic representation of sprung and unsprung masses 

3.3.1|Definition and significance of unsprung mass vertical 

displacement 

Vertical displacement of unsprung masses refers to the upward and 

downward movement of these components. This movement is primarily 

induced by road irregularities, such as bumps and potholes, which cause 

the wheels and other unsprung components to move vertically. 

The vertical displacement of unsprung masses is a key factor in several 

areas: 

• Ride comfort: Excessive vertical movement can transmit harsh 

vibrations and shocks to the vehicle's body, reducing passenger 

comfort. Effective management of this displacement is crucial for a 

smooth and comfortable ride. 

• Handling performance: The behavior of unsprung masses affects the 

tire-road contact, which is essential for traction and stability. Proper 

control of vertical displacement ensures optimal tire grip and 

improves handling performance. 

• Vehicle safety: Stability during braking, cornering, and acceleration 

can be compromised by uncontrolled vertical displacement of 
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unsprung masses. Ensuring minimal and controlled movement 

enhances overall vehicle safety. 

• Tire wear: Excessive vertical displacement can lead to uneven tire 

wear, reducing tire lifespan and increasing maintenance costs. 

3.3.2|Measurement of vertical displacement 

Direct measurement of vertical displacement involves using sensors and 

instruments to track the movement of unsprung masses. Techniques 

include: 

• Accelerometers: Mounted on wheels and other unsprung components, 

accelerometers measure the acceleration due to vertical movements, 

which can be integrated to determine displacement. 

• Laser displacement sensors: These sensors measure the distance 

between the unsprung components and a reference point on the 

vehicle body, providing precise displacement data. 

• Strain gauges: Installed on suspension components, strain gauges 

measure the deformation caused by vertical loads, which can be used 

to estimate displacement. 

3.3.3|Role of vertical displacement in vehicle dynamics 

Vertical displacement of unsprung masses directly affects the comfort of 

passengers. When a vehicle encounters a road irregularity, the unsprung 

masses move vertically, generating vibrations and shocks. Effective 

suspension design aims to minimize these impacts, isolating the vehicle 

body from road disturbances and enhancing ride comfort. 

The ability of a vehicle to maintain traction and stability during 

maneuvers is heavily influenced by the vertical displacement of its 

unsprung masses. Excessive vertical movement can cause the tires to lose 
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contact with the road, reducing grip and compromising handling. 

Suspension systems are designed to control this displacement, ensuring 

that the tires remain in optimal contact with the road surface. 

 Modern vehicles incorporate advanced technologies to better manage 

vertical displacement: 

• Active suspension systems: These systems use actuators to adjust the 

suspension characteristics in real-time, providing optimal control of 

vertical displacement under varying conditions. 

• Adaptive damping: This technology adjusts the damping force based 

on road conditions and driving style, enhancing both ride comfort 

and handling. 

• Air suspension: Air springs can be adjusted for different loads and 

driving conditions, providing a versatile solution for controlling 

vertical displacement. 

3.3.4|Suspension system design 

The design of a vehicle's suspension system plays a crucial role in 

managing the vertical displacement of unsprung masses. Key components 

and considerations include: 

• Springs: The stiffness of the springs affects how much the unsprung 

masses move in response to road irregularities. Softer springs 

provide better ride comfort by allowing more movement, while 

stiffer springs improve handling by limiting movement. 

• Dampers: Also known as shock absorbers, dampers control the rate 

of vertical displacement by dissipating the energy from the 

movement. Proper damping is essential for balancing ride comfort 

and handling performance. 
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• Anti-roll bars: These components reduce body roll during cornering, 

influencing the vertical displacement of unsprung masses and 

improving stability. 

3.4|Roll and pitch 

Roll and pitch are fundamental quantities of vehicle dynamics that 

significantly impact handling, stability, and passenger comfort. Roll refers 

to the tilting motion of a vehicle from side to side, while pitch describes the 

tilting motion of a vehicle from front to back. Understanding and 

controlling roll and pitch are essential for optimizing vehicle performance 

and ensuring safe and comfortable driving experiences. 

3.4.1|Definition and significance of roll and pitch 

Roll is the rotational movement of a vehicle around its longitudinal axis, 

which runs from the front to the back of the vehicle. It is typically induced 

by lateral forces, such as those encountered during cornering. The roll 

angle, denoted as 𝜑 (phi), describes the extent of this rotation. 

Pitch is the rotational movement of a vehicle around its lateral axis, 

which runs from one side of the vehicle to the other. It is primarily 

influenced by longitudinal forces, such as acceleration and braking. The 

pitch angle, denoted as 𝜗 (theta), indicates the degree of this rotation. 
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Figure 3.4 | Schematic representation of roll and pitch angles of a vehicle. 

3.4.2|Measurement of roll and pitch 

Direct measurement of roll and pitch involves using sensors and 

instruments to monitor the rotational movements of the vehicle. Techniques 

include: 

• Inertial Measurement Units (IMUs): IMUs combine accelerometers 

and gyroscopes to measure angular velocities and accelerations, 

providing accurate data on roll and pitch angles. 

• Gyroscopes: These sensors measure the rate of rotation around the 

vehicle's axes, allowing for the calculation of roll and pitch angles. 

• Laser and optical sensors: Mounted on the vehicle's body, these sensors 

measure the displacement and angle changes relative to a reference 

point, providing data on roll and pitch dynamics. 

3.4.3|Role of roll and pitch in vehicle dynamics 

Roll and pitch significantly affect a vehicle's handling and stability. 

Properly managed roll dynamics ensure that the vehicle remains level and 

stable during cornering, preventing excessive tilting that can compromise 

tire grip and lead to skidding or rollover. Similarly, controlled pitch 
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dynamics ensure that the vehicle's weight distribution remains balanced 

during acceleration and braking, maintaining traction and stability. 

3.4.4|Influence on suspension design 

The design of a vehicle's suspension system plays a crucial role in 

managing roll and pitch motions. Key components and considerations 

include: 

• Anti-roll bars: These components, also known as sway bars, connect 

the left and right wheels and resist roll motion by distributing lateral 

forces more evenly across the vehicle. This reduces body roll during 

cornering and enhances stability. 

• Suspension geometry: The arrangement of suspension components 

affects how the vehicle responds to roll and pitch. Optimized 

suspension geometry can minimize unwanted tilting motions and 

improve overall handling. 

• Dampers: Shock absorbers control the rate of roll and pitch by 

dissipating energy from the suspension movement. Proper damping 

is essential for balancing ride comfort and handling performance. 

• Springs: The stiffness of the springs influences the vehicle's resistance 

to roll and pitch. Stiffer springs reduce roll and pitch angles but may 

compromise ride comfort, while softer springs provide better 

comfort but can lead to increased tilting. 
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4|APPLICATIONS IN THE PROPOSED 

VEHICLE DYNAMICS TOPICS 

For each of the vehicle dynamics topics proposed in Chapter 3, the 

techniques presented in Chapters 1 and 2 were applied. The proposed 

solutions are based on physical models, AI, or a combination of the two 

approaches. 

In the following, each application is indicated:  

• Tire-road interaction forces: 

o AI-based estimation (Section 4.1): A method for predicting 

tire-road interaction forces using only longitudinal and 

lateral acceleration measurements, bypassing the need for 

expensive sensors, was proposed. By employing a multi-

output NN, the study accurately predicts the interaction 

forces on the rear wheels, with experimental validation 

highlighting its effectiveness and offering valuable insights 

for vehicle dynamics and control systems [60]. 

o Model and AI combined estimation (Sections 4.2 and 4.3): Two 

solutions have been proposed. The first consists of a 

technique for estimating tire-road interaction forces using 

a Central Difference Kalman filter applied to a Double 

Track Model. The approach integrates Pacejka's magic 

formulas and NNs to account for nonlinearities, combined 

slips, camber angle, load transfers, and aerodynamic 

forces, using measurements like longitudinal velocity, yaw 

rate, and steering angles [61]. The second introduces an 
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enhanced method for estimating tire-road interaction 

forces under combined slip conditions by combining 

Pacejka’s formula with NNs. The NNs, trained on various 

driving scenarios, effectively correct the estimation errors 

of Pacejka’s formula, significantly improving traction force 

estimation, especially in non-pure slip conditions like 

curves [62]. 

• Sideslip angle: 

o AI-based estimation (Section 4.3): Two NNs to estimate the 

sideslip angle, a critical factor in vehicle stability and 

safety. Using inputs like lateral acceleration, steering wheel 

angle, and yaw rate, the networks accurately estimate the 

sideslip angle without the need for expensive sensors [63]. 

• Unsprung masses: 

o Model-based estimation (Section 4.5): A virtual sensor to 

measure the vertical displacement of a vehicle's unsprung 

masses was designed. It employes a 7-degree-of-freedom 

vehicle model with inputs from longitudinal and lateral 

accelerations. 

o AI-based estimation (Section 4.6): A virtual sensor for 

estimating the vertical displacement of a vehicle's wheels 

has been presented. Using a multi-output NN with inputs 

from an IMU and active suspension data, the virtual sensor 

accurately predicts displacements for all four wheels [64]. 

o Model and AI combined estimation (Section 4.7): A multi-

output NN with a model-based approach to improve the 

accuracy of wheel displacement estimation for vehicle 
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suspension systems has been presented. By compensating 

for errors in traditional models using only vertical 

acceleration measurements, the methodology significantly 

enhances estimation accuracy [65]. 

• Roll and pitch: 

o AI-based estimation (Section 4.8): A multi-output estimator 

that uses longitudinal and lateral accelerations to estimate 

a vehicle's roll and pitch angles simultaneously [66]. 

o AI-based control (Section 4.9): A hybrid control strategy for 

active anti-roll bars, combining a proportional controller 

with a Reinforcement Learning (RL) based controller to 

reduce vehicle body roll during cornering and on rough 

terrain was introduced. 

4.1|Multi-output physically analyzed neural 

network for the prediction of tire–road 

interaction forces 

This study presents a novel method for predicting tire-road interaction 

forces using only longitudinal and lateral acceleration measurements. 

Given the high cost and difficulty of implementing sensors that directly 

measure these forces in a vehicle, this approach addresses a critical need by 

utilizing commonly available sensor data. The study employs a multi-

output NN architecture to predict the longitudinal, lateral, and vertical 

forces exerted by the rear wheels, particularly those related to traction. 

Experimental validation confirms the effectiveness of this method in 

accurately forecasting tire-road interaction forces. Furthermore, an in-depth 

analysis of the input-output relationships sheds light on the complex 

dynamics of tire-road interactions. This research highlights the potential of 
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NN models to improve predictive capabilities in vehicle dynamics, offering 

valuable insights for various automotive engineering and control system 

applications. 

To define the physical quantities for both input and output, it is essential 

to establish reference systems. 

The vehicle reference system, 𝑆𝑦𝑉, is defined according to ISO 8855:2011 

[67] as follows: 

• Longitudinal axis (𝑥): This axis runs from the rear to the front of the 

vehicle, aligned with the direction of movement. 

• Lateral axis (𝑦): This axis extends from the right side to the left side 

of the vehicle, perpendicular to the longitudinal axis. 

• Vertical axis (𝑧): This axis points from the bottom to the top of the 

vehicle, perpendicular to the plane on which the vehicle is 

moving. 

The origin of the 𝑆𝑦𝑉 reference system is the vehicle's center of gravity, 

denoted as point 𝐺 (Figure 4.1). 

 

Figure 4.1 | 𝑺𝒚𝑽 vehicle reference system. 

The wheel reference system, 𝑆𝑦𝑊, is also defined according to ISO 

8855:2011 [67] as follows: 

• Longitudinal axis (𝑥): This axis runs from the rear to the front of the 

tire, aligned with its rolling direction when the vehicle is moving 

forward. 
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• Lateral axis (𝑦): This axis extends from the right side to the left side of 

the tire, parallel to the plane of the road. 

• Vertical axis (𝑧): This axis points upward, perpendicular to the road 

surface. The z-axis is orthogonal to the plane formed by the x- and y-

axes. 

The origin of the 𝑆𝑦𝑊 reference system is at point 𝑃, located at the tire–

road contact patch (Figure 4.2). 

 

Figure 4.2 | 𝑺𝒚𝑾 wheel reference system. 

4.1.1|Choice of inputs and outputs 

Two quantities, defined in the 𝑆𝑦𝑉 reference system, have been selected 

as inputs to the NNs, based on their physical significance: 

• Longitudinal acceleration (𝑎𝑥): When a vehicle accelerates, the 

interaction forces between the tires and the road are crucial in 

transferring power to the wheels, generating the traction needed to 

propel the vehicle forward or applying braking forces to decelerate 

it. Therefore, the vehicle's longitudinal acceleration depends on the 

tires' ability to generate traction and braking forces on the road 

surface. 
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• Lateral acceleration (𝑎𝑦): When a vehicle turns or changes direction, 

lateral acceleration becomes significant. The interaction forces 

between the tires and the road provide the lateral traction necessary 

to keep the vehicle on its intended path. 

The outputs of the NN, defined in the 𝑆𝑦𝑊 reference system, include: 

• Longitudinal force (𝐹𝑥𝑅𝐿
): Traction and braking force of the rear-left 

tire. 

• Lateral force (𝐹𝑦𝑅𝐿
): Lateral steering force of the rear-left tire. 

• Vertical force (𝐹𝑧𝑅𝐿
): Load force of the rear-left tire. 

• Longitudinal force (𝐹𝑥𝑅𝑅
): Traction and braking force of the rear-right 

tire. 

• Lateral force (𝐹𝑦𝑅𝑅
): Lateral steering force of the rear-right tire. 

• Vertical force (𝐹𝑧𝑅𝑅
): Load force of the rear-right tire. 

Including vertical forces as an output variable in the NN model is 

justified by their significant impact on vehicle performance and safety. 

Vertical forces on the tires, known as tire vertical loads, are crucial for 

various aspects of vehicle behavior, such as handling, stability, and ride 

comfort. These forces directly affect tire-road interaction, influencing 

traction, grip, and the vehicle's ability to maintain control during 

maneuvers like braking, cornering, and acceleration [68]. 

The vertical acceleration at the center of gravity, although measurable, 

was not used because it didn't provide additional information beyond what 

was already captured by the horizontal accelerations (𝑎𝑥 and 𝑎𝑦). The 

downward force on the wheels from the ground consists of a constant 

part—the vehicle's weight on each wheel—and a variable part caused by 

shifts in the vehicle's weight distribution during maneuvers. These shifts 

are already reflected in the horizontal accelerations, as the sensor is inertial. 
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Therefore, the horizontal acceleration data contains all the necessary 

information for the NN to estimate vertical contact forces. Additionally, 

vertical acceleration alone cannot indicate how vertical forces are 

distributed between the two traction tires. By excluding vertical 

acceleration as an input, the NN becomes more computationally efficient, 

needing to process only two inputs instead of three. Experimental results 

demonstrated that omitting vertical acceleration still allowed for accurate 

estimation of the vertical forces. 

4.1.2|Data collection 

Data were collected as part of experimental tests in the context of the 

ITEAM project by Flanders Make. Table 4.1 provides details about the 

sensors used, including their locations, the quantities they measure, their 

measurement range, and the units of measurement. 

Sensor Location 
Measured 

quantity 

Measurement 

range 

Measurement 

unit 

IMU SBG 

IG500A 

[69] 

Center of 

gravity of 

the vehicle 

𝑎𝑥 , 𝑎𝑦 ±5𝑔 (
𝑚

𝑠2
) 

Kistler 

RoaDyn 

s635 [70] 

Rear wheels 
𝐹𝑥𝑅𝐿

, 𝐹𝑦𝑅𝐿
, 𝐹𝑧𝑅𝐿, 

𝐹𝑥𝑅𝑅
, 𝐹𝑦𝑅𝑅

, 𝐹𝑧𝑅𝑅 
±35 𝑘𝑁 (𝐹𝑥 , 𝐹𝑧) 
±20 𝑘𝑁 (𝐹𝑥 , 𝐹𝑧) 

(𝑁) 

Table 4.1 | Sensors used, locations, measured quantities, and measurement units. 

The accelerometer is mounted at the vehicle’s center of gravity (COG) 

using an aluminum bracket, which is lightweight and does not significantly 

impact the accuracy of the acceleration measurements due to its negligible 

weight relative to the vehicle. The IMU has a sampling rate of 100 𝐻𝑧, while 

the force sensor samples at 125 𝐻𝑧. To ensure consistency between the data, 

the force measurements used for training were resampled to 100 𝐻𝑧, 

matching the lower of the two sampling rates. This means the NN, which 
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uses acceleration as input, can estimate forces at a rate of 100 𝐻𝑧, providing 

new predicted force values every 0.01 𝑠. 

The NN model was trained offline using a system with an AMD Ryzen 5 

4500U processor and 16 GB of DDR4-2666 dual-channel memory. The 

training process took approximately 3 hours and 56 minutes to reach 

convergence, highlighting the efficiency of modern ML algorithms and 

optimization techniques, even on modest computational hardware. This 

demonstrates the practical feasibility of the approach. 

Using the same hardware setup, the NN was able to estimate all outputs 

for the experimental data (comprising 752909 instances) in 4873 𝑠. This 

corresponds to producing all six outputs approximately every 6.5 ∙ 10−5 𝑠, 

or at a frequency of around 15400 𝐻𝑧, which is notably higher than the 

input rate of 100 𝐻𝑧. This rapid output generation on a low-end computer 

indicates the potential for real-time application of the proposed solution. 

Table 4.2 shows the distance a vehicle travels before a new force output 

is generated at various longitudinal speeds, calculated by multiplying the 

vehicle speed by the sample time. 

 

Velocity (
𝑘𝑚

ℎ
) Velocity (

𝑚

𝑠
) Vehicle travel distance (𝑚) 

20 5.555 0.05555 

40 11.11 0.1111 

60 16.67 0.1667 

80 22.22 0.2222 

100 27.77 0.2777 

120 33.33 0.3333 

Table 4.2 | Vehicle travel distance at different  

velocities between two successive outputs. 

No filters were applied to the measured acceleration and wheel forces. 

NNs inherently perform signal filtering during both training and data 
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processing. This is achieved through algebraic operations that connect 

inputs, including inputs from previous time steps, to outputs. This process 

effectively acts as a filter, reducing noise in the outputs. Additionally, NNs 

can detect dynamic relationships between inputs and outputs, even without 

an explicit physical model. Since noise in the input does not have a 

meaningful relationship with output noise, the NN naturally filters out 

noise during its operation, ensuring cleaner output signals. 

Maneuvers conducted with a Range Rover Evoque vehicle (Figure 4.3) 

were utilized to generate the training, validation, and test datasets. Table 

4.3 outlines the vehicle's specifications: 

 

Symbol Name Value 
Measurement 

unit 

𝑀 Sprung mass of the vehicle 2012.47 (𝑘𝑔) 

𝑚𝐹𝐿 
Front-left unsprung mass of the 

vehicle 
54.47 (𝑘𝑔) 

𝑚𝐹𝑅 
Front-right unsprung mass of the 

vehicle 
54.47 (𝑘𝑔) 

𝑚𝑅𝐿 Rear-left unsprung mass of the vehicle 42.43 (𝑘𝑔) 

𝑚𝑅𝑅 
Rear- right unsprung mass of the 

vehicle 
42.43 (𝑘𝑔) 

ℎ Height of the CoG 0.631 (𝑚) 

𝑙 Wheel base 2.662 (𝑚) 

𝑎1 Distance CoG to front axle 1.148 (𝑚) 

𝑎2 Distance CoG to rear axle 1.514 (𝑚) 

𝑡1 Front-wheel track 1.706 (𝑚) 

𝑡2 Rear-wheel track 1.712 (𝑚) 

𝐽𝑧𝑥 Products of inertia zx −48.67 (𝑘𝑔 ∙ 𝑚2) 

𝐽𝑧 Moment of inertia with respect to z 4101 (𝑘𝑔 ∙ 𝑚2) 

Table 4.3 | Vehicle characteristics. 
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Figure 4.3 | Experimental vehicle during maneuvers. 

The maneuvers were performed at the Ford Lommel Proving Ground 

(Figure 4.4). 

 

Figure 4.4 | Ford Lommel Proving Ground. 

To capture the vehicle's behavior in different conditions, 88 maneuvers 

were performed, covering 12 distinct types: 
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Number Name Description 

1 − 14 Constant radius 

Radius ranging from 30 𝑚 to 100 𝑚. 

Maneuver performed both clockwise and 

anticlockwise. 

15 − 19 Step steer 

Velocity of 80 
𝑘𝑚

ℎ
 and steering wheel angle 

ranging from 40° to 120°. Maneuver 

performed both clockwise and 

anticlockwise. 

20 − 23 Brake in turn 

Initial velocity of 80 
𝑘𝑚

ℎ
 and 100 

𝑘𝑚

ℎ
. 

Maneuver performed both clockwise and 

anticlockwise. 

24 − 29 Sine with dwell 
Velocity of 60 

𝑘𝑚

ℎ
 and steering wheel angle 

ranging from 40° to 80°. 

30 − 38 Slalom 
Equispaced cones of 17 and velocity 

ranging from 30 
𝑘𝑚

ℎ
 to 60 

𝑘𝑚

ℎ
. 

39 − 46 
Track 7, Inner 

durability road 

Laps on track 7 with variable velocities up 

to 100 
𝑘𝑚

ℎ
. 

47 − 49 Hill section Variable slopes of up to ±30%. 

50 − 54 Gradients 
Uphill slopes followed by downhill slopes. 

Gradients of  ±25%. 

55 − 60 
Track 5, High-speed 

oval 

High-speed track laps with velocities of up 

to 120 
𝑘𝑚

ℎ
 . 

61 − 70 Acceleration test 
Accelerations with traction torques 

ranging from 1500 
𝑁𝑚

𝑠
 to 4000 

𝑁𝑚

𝑠
. 

71 − 78 Brake test 
Braking with pedal travel from 20% to 

60%. 

79 − 88 
ISO double lane 

change 
Velocities ranging from 30 

𝑘𝑚

ℎ
 to 55 

𝑘𝑚

ℎ
. 

Table 4.4 | List of the performed maneuvers with description. 

A total of 752909 multi-input-multi-output pairs were gathered for the 

training and validation datasets, representing 2 hours and 5 minutes of 

driving time. 

Figure 4.5 shows the distribution of samples collected for the training 

and validation datasets based on longitudinal acceleration 𝑎𝑥 and lateral 

acceleration 𝑎𝑦. 
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Figure 4.5 | Distribution of acquired samples with respect to inputs 𝒂𝒙 and 𝒂𝒚. 

Figures 4.6 and 4.7 illustrate the distribution of samples collected for the 

training and validation datasets in relation to the input accelerations and 

the corresponding output forces. 

 

Figure 4.6 | Distribution of acquired sample with respect to accelerations and forces 

exchanged with the road by the rear-left tire. 
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Figure 4.7 | Distribution of acquired samples with respect to accelerations and forces 

exchanged with the road by the rear-right tire. 

It is clear that the relationship between the two inputs, 𝑎𝑥 and 𝑎𝑦, and the 

six outputs—𝐹𝑥𝑅𝐿
, 𝐹𝑦𝑅𝐿

, 𝐹𝑧𝑅𝐿
, 𝐹𝑥𝑅𝑅

, 𝐹𝑦𝑅𝑅
 and 𝐹𝑧𝑅𝑅

— is nonlinear and 

complex, making it difficult to describe with simple mathematical 

equations. 

The maneuvers performed to test the NN, along with the corresponding 

results, are discussed in detail in a specific section. 

4.1.3|Neural network development 

The NN utilized in this study has the following structure: 

• Input layer. 

• First hidden layer with a ReLU activation function. 

• Second hidden layer with a ReLU activation function. 

• Output layer. 
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There are several methods for determining the number of hidden layers 

in a NN [71] [72]. However, no single method can universally determine the 

optimal number of layers for every NN. Since most NNs in the literature 

employ two hidden layers, this approach was also adopted for the present 

study. Figure 4.8 illustrates the NN's structure. 

 

Figure 4.8 | NN architecture with evidence of inputs (𝒂𝒙, 𝒂𝒚) and outputs 

(𝑭𝒙𝑹𝑳, 𝑭𝒚𝑹𝑳
, 𝑭𝒛𝑹𝑳, 𝑭𝒙𝑹𝑹, 𝑭𝒚𝑹𝑹

, 𝑭𝒛𝑹𝑹). 

To enhance convergence to the optimal set of model parameters, the data 

collected for the training and validation datasets—used as inputs for the 

NN—were normalized to have a zero mean and a unit standard deviation 

[73]. 

Figure 4.9 displays histograms of the non-normalized inputs, clearly 

showing the differences in standard deviations. Table 4.5 provides the mean 

and standard deviation of the non-normalized inputs. 
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Figure 4.9 | Histograms of the non-normalized inputs. 

 

 𝑎𝑥 𝑎𝑦 

𝒎𝒆𝒂𝒏 0.0291 0.1127 

𝒔𝒕𝒂𝒏𝒅𝒂𝒓𝒅 𝒅𝒆𝒗𝒊𝒂𝒕𝒊𝒐𝒏 0.9968 2.7555 

Table 4.5 | Mean and standard deviation of non-normalized inputs. 

When dealing with multiple outputs that have different value ranges, 

MSE training tends to prioritize accuracy for the output with the larger 

range over the one with the smaller range. To address this, the outputs of 

the training and validation datasets were normalized to have a zero mean 

and unit standard deviation [10]. Figure 4.10 presents histograms of the 

non-normalized outputs, clearly indicating the differences in means and 
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standard deviations. Table 4.6 lists the mean and standard deviation of the 

non-normalized outputs. 

 

Figure 4.10 | Histograms of the non-normalized outputs. 

 𝐹𝑥𝑅𝐿
(𝑁) 𝐹𝑦𝑅𝐿

(𝑁) 𝐹𝑧𝑅𝐿(𝑁) 𝐹𝑥𝑅𝑅
(𝑁) 𝐹𝑦𝑅𝑅

(𝑁) 𝐹𝑧𝑅𝑅(𝑁) 

𝒎𝒆𝒂𝒏 472.14 −0.68 6021.99 364.29 113.65 6045.80 

𝒔𝒕𝒂𝒏𝒅𝒂𝒓𝒅 𝒅𝒆𝒗𝒊𝒂𝒕𝒊𝒐𝒏 827.40 1694.94 1358.65 802.85 1677.35 1397.31 

Table 4.6 | Mean and standard deviation of non-normalized outputs. 

To enhance generalization, all input-output samples were shuffled [10]. 

After normalization and shuffling, the multi-input-multi-output pairs were 

split so that 80% of the pairs, corresponding to 100.4 minutes of driving 

time, were used for the training dataset, while the remaining 20%, 

corresponding to 25.1 minutes of driving time, were allocated to the 

validation set. 



4|APPLICATIONS IN THE PROPOSED VEHICLE DYNAMICS TOPICS 

 135 

 

To predict the road-tire interaction forces at time 𝑘 + 1, inputs from not 

only time 𝑘 but also earlier time instants were utilized. This approach 

allows the NN to leverage additional information for prediction, even if the 

measurements are the same. Figure 4.11 illustrates this concept. In each pair 

(𝑖,𝑗), element 𝑖 represents the physical quantity, and element 𝑗 denotes the 

time instant. 𝑚 is the number of samples of each input quantity used for 

output prediction and serves as the hyperparameter to be optimized. 𝑛 is 

the number of input quantities, which in this case is 2. 

 
Figure 4.11 | Incorporation of 𝑚 − 1 samples preceding the current one 𝑘. 

 

Bayesian optimization [74] was employed to determine the set of 

hyperparameters that minimize the Root Mean Square Error (RMSE) on the 

validation dataset, thereby identifying the model parameters that minimize 

the cost function. The ranges of the hyperparameters optimized 

hyperparameters resulting from this process are presented in Table 4.7. 

 

Name Range Type Value 

Initial learn rate [10−2, 10−1] Real 0.0128 

Learn rate drop factor [0.1, 0.3] Real 0.2466 

Learn rate drop period [1, 2] Integer 1 

Hidden units [500, 1500] Integer 1159 

(1,k-m+1)

(2,k-m+1)

…

(n,k-m+1)

(1,k-m+1) … (1,k-1) (1,k) (1,k-1)

(2,k-m+1) … (2,k-1) (2,k) (2,k-1)

… … … … …

(n,k-m+1) … (n,k-1) (n,k) (n,k-1)

(1,k)

(2,k)

…

(n,k)
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L2 regularization coefficient [10−6, 10−2] Real 0.0012 

Dropout probability [0.1, 0.3] Real 0.1651 

Mini batch size [128, 256, 512, 1024] Integer 1024 

Sample number [1, 10] Integer 10 

Table 4.7 | Ranges of variation and identified optimal hyperparameters. 

The NN training progress was monitored by measuring the MSE on each 

mini-batch at every iteration. The training was conducted over six epochs 

in total. Figure 4.12 shows the reduction in training loss across iterations on 

a logarithmic scale, alongside the final MSE on the last mini-batch (Final 

Training Loss, FTL) and the final MSE on the validation dataset at the end 

of training (Final Validation Loss, FVL). The black vertical lines indicate the 

end of each epoch. 

 

Figure 4.12 | Decrease in training loss at successive iterations. 

FTL and FVL are equal to 0.13901 and 0.11718, respectively. Since the 

values assumed by these metrics exhibit the same order of magnitude, it can 

be concluded that the NN does not overfit the training dataset. 

Tables 4.8 presents the RMSE between the non-normalized predictions 

and non-normalized references for the training and validation datasets [75]. 
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Dataset 𝐹𝑥𝑅𝐿
 (𝑁) 𝐹𝑦𝑅𝐿

 (𝑁) 𝐹𝑧𝑅𝐿
 (𝑁) 𝐹𝑥𝑅𝑅

 (𝑁) 𝐹𝑦𝑅𝑅
 (𝑁) 𝐹𝑧𝑅𝑅

 (𝑁) 

Training 176.11 323.35 383.90 179.95 327.83 399.78 

Validation 176.80 322.45 382.58 180.06 329.97 398.80 

Table 4.8 | RMSE between predicted and reference forces related 

 to training and validation datasets. 

4.2|Estimation of the tire-road interaction forces by 

using Pacejka’s formulas 

This study presents a novel approach for estimating tire-road interaction 

forces by integrating models and measurements. A Central Difference 

Kalman Filter (CDKF) was applied to a Double Track Model, chosen to 

handle the system's nonlinearity. The tire-road interaction was modeled 

using Pacejka’s magic formulas, which account for the combined effects of 

longitudinal and lateral slips, as well as the camber angle. This approach 

allowed for the execution of complex and realistic maneuvers. The 

developed estimator also considers the influence of lateral and longitudinal 

load transfers and aerodynamic forces in all three spatial directions. The 

camber angle in this observer was estimated using NNs. The measurements 

used include longitudinal velocity, yaw rate, longitudinal slip, and wheel 

steering angles. 

4.2.1|Estimation-oriented vehicle model 

The reference systems considered are: 

• Inertial reference system (𝑆𝑦𝑂). 

• Vehicle reference system (𝑆𝑦𝑉). 

• Wheel reference system (𝑆𝑦𝑊). 

The inertial reference system (𝑆𝑦𝑂) is the earth-fixed reference system. It 

is defined as follows: 

• (𝑂) is the origin. 
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• (𝑂, 𝑥, 𝑦) is the horizontal driving plane (road). 

• (𝑧) points upwards. 

A vehicle model is made of three separate sets of equations: 

• Congruence equations. 

• Equilibrium equations. 

• Constitutive (tire) equations. 

The estimator was developed based on a rear-wheel-drive sports vehicle 

that has been experimentally validated. Simulations were conducted using 

CarMaker software [81] [82]. 

4.2.1.1|Congruence equations 

Congruence equations are a link between kinematic quantities. They 

relate the kinematics of the tires with the motion of the vehicle. The Slip 

Angles, shown in Figure 4.13 for the 𝑖𝑗-wheel, are calculated using the 

estimates of longitudinal velocity 𝑢, lateral velocity 𝑣 and yaw rate 𝑟 

expressed in the vehicle reference system (𝑆𝑦𝑉). These quantities are shown 

in Figure 4.14. 

 

Figure 4.13 | Slip angle of the wheel. 
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Figure 4.14 | Longitudinal velocity 𝒖, lateral velocity 𝒗 and yaw rate 𝒓. 

 

𝛼11 = atan (
𝑣 + 𝑟𝑎1

𝑢 − 𝑟
𝑡1

2

) − 𝛿11 

𝛼12 = atan (
𝑣 + 𝑟𝑎1

𝑢 + 𝑟
𝑡1

2

) − 𝛿12 

𝛼21 = atan (
𝑣 − 𝑟𝑎2

𝑢 − 𝑟
𝑡2

2

) 

𝛼22 = atan (
𝑣 − 𝑟𝑎2

𝑢 + 𝑟
𝑡2

2

) 

(4.1) 

The Longitudinal slips are provided as model inputs. The camber angles 

were obtained using NNs. A supervised training procedure has been 

employed for training NNs to fit the following nonlinear functions: 
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𝛾11 = 𝑓11(𝑟, 𝛼11, 𝛿11) 

𝛾12 = 𝑓12(𝑟, 𝛼12, 𝛿12) 

𝛾21 = 𝑓21(𝑟, 𝛼21) 

𝛾22 = 𝑓22(𝑟, 𝛼22) 

(4.2) 

Where steering angles 𝛿𝑖𝑗, slip angles 𝛼𝑖𝑗 and the yaw rate 𝑟 are the 

inputs, while camber angles 𝛾𝑖𝑗 are the outputs of NNs. Specifically, 𝛿11 and 

𝛿12 are the steering angles of the front-left and front-right wheels. The 

inputs of the NN were chosen as they undergo a variation during the curve 

of the vehicle, as well as the output. The NNs made it possible to identify 

their dependence. The camber angles constitute inputs for Pacejka’s Magic 

Formula. 

4.2.1.2|Constitutive equations 

In each vehicle model, equations are set to relate the movement of the 

vehicle to the grip forces that each tire exchanges with the road. In this case, 

Pacejka's Magic Formulas were used. Magic-Formula tire models are 

considered state-of-the-art for modeling tire-road interaction forces in 

vehicle dynamics applications. Since 1987, Pacejka has published several 

versions of this type of tire model [76]. In this study, the latest development 

was used. 

Since the movements of a vehicle primarily depend on the road forces on 

the tires, accurate knowledge of tire-road interaction forces is inevitable. 

The MF tire models consider the tire to behave as a parallel linear spring 

and linear damper in the radial direction with one point of contact with the 

road surface. The contact point is found by treating the tire and wheel as a 

rigid disc. The slip between the tire patch elements and the road and the 

inclination of the center plane of the wheel with respect to the road strongly 

influence the contact forces in the longitudinal and lateral directions. The 

inputs for the Magic Formula are the wheel load (𝐹𝑧), the longitudinal (𝜅) 
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and lateral slip (𝛼), and the inclination angle with the road or camber angle 

(𝛾). 

There are three conditions of slip: 

• Pure cornering slip: cornering with a free rolling tire. 

• Pure longitudinal slip: braking or driving the tire without 

cornering. 

• Combined slip: cornering and braking/driving simultaneously. 

For pure slip conditions, the lateral force 𝐹𝑦 as a function of the lateral 

slip 𝛼 and the longitudinal force 𝐹𝑥 as a function of longitudinal slip 𝜅 have 

a similar shape which can be described by the following formula: 

𝑦(𝑥) = 𝐷𝑐𝑜𝑠{𝐶 arctan[𝐵𝑥 −  𝐸(𝐵𝑥 − arctan(𝐵𝑥))]} 

𝑌(𝑋) = 𝑦(𝑥) + 𝑆𝑉 

𝑥 = 𝑋 + 𝑆𝐻 

(4.3) 

Where 𝑌(𝑋) being 𝐹𝑥 or 𝐹𝑦 and 𝑋 respectively 𝜅 or 𝛼. 𝑆𝐻 is the horizontal 

and 𝑆𝑉 is the vertical shift. The peak factor D determines the peak of the 

characteristic. The shape factor C mainly influences the shape of the curve. 

The stiffness factor B stretches the curve. The curvature factor E can modify 

the characteristic around the peak of the curve. 

Figure 4.15 illustrates the meaning of the factors. 

 
Figure 4.15 | Road-tire interaction force characteristic. 
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However, the pure slip condition represents an ideal condition. In real 

conditions, the longitudinal and lateral forces between the tire and the road 

depend on a combination of longitudinal and lateral slips. The combined 

slip version of the Magic Formula corrects previous formulas using 

weighting functions. 

𝐹𝑥 = 𝐹𝑥0𝐺𝑥𝛼(𝛼, 𝜅, 𝐹𝑧) 

𝐹𝑦 = 𝐹𝑦0𝐺𝑦𝜅(𝛼, 𝜅, 𝐹𝑧) + 𝑆𝑉𝑦𝜅 

𝐺𝑥𝛼 =
cos {𝐶𝑥𝛼arctan [𝐵𝑥𝛼𝛼𝑠 − 𝐸𝑥𝛼(𝐵𝑥𝛼𝛼𝑠 − arctan(𝐵𝑥𝛼𝛼𝑠))]}

cos {𝐶𝑥𝛼arctan [𝐵𝑥𝛼𝑆𝐻𝑥𝛼 − 𝐸𝑥𝛼(𝐵𝑥𝛼𝑆𝐻𝑥𝛼 − arctan(𝐵𝑥𝛼𝑆𝐻𝑥𝛼))]}
 

𝐺𝑦𝜅 =
cos {𝐶𝑥𝜅arctan [𝐵𝑦𝜅𝜅𝑠 − 𝐸𝑦𝜅(𝐵𝑦𝜅𝜅𝑠 − arctan(𝐵𝑦𝜅𝜅𝑠))]}

cos {𝐶𝑦𝜅arctan [𝐵𝑦𝜅𝑆𝐻𝑦𝜅 − 𝐸𝑦𝜅(𝐵𝑦𝜅𝑆𝐻𝑦𝜅 − arctan(𝐵𝑦𝜅𝑆𝐻𝑦𝜅))]}
 

(4.4) 

with 𝐺𝑥𝛼 the weighting function of the longitudinal force for pure slip 

and 𝐺𝑦𝜅 the weighting function for the lateral force at pure slip. 𝑆𝑉𝑦𝜅 is the 

𝜅-induced side force. 

𝐹𝑧0𝑖𝑗 = 𝐹𝑧0𝑖𝑗𝜆𝐹𝑧0𝑖𝑗 

𝑑𝑓𝑧𝑖𝑗 =
𝐹𝑧𝑖𝑗 − 𝐹𝑧0

𝐹𝑧0
 

𝑆𝐻𝑥𝑖𝑗 = (𝑝𝐻𝑥1 + 𝑝𝐻𝑥2𝑑𝑓𝑧𝑖𝑗)𝜆𝐻𝑥𝑖𝑗 

𝑆𝑉𝑥𝑖𝑗 = 𝐹𝑧𝑖𝑗(𝑝𝑉𝑥1 + 𝑝𝑉𝑥2𝑑𝑓𝑧𝑖𝑗)𝜆𝑉𝑥𝑖𝑗𝜆𝜇𝑥𝑖𝑗 

𝜅𝑥𝑖𝑗 = 𝜅𝑖𝑗 + 𝑆𝐻𝑥𝑖𝑗 

𝐶𝑥𝑖𝑗 = 𝑝𝐶𝑥1𝜆𝐶𝑥𝑖𝑗 

𝐷𝑥𝑖𝑗 = 𝜇𝑥𝐹𝑧𝑖𝑗 

𝐸𝑥𝑖𝑗 = (
𝑝𝐸𝑥1 + 𝑝𝐸𝑥2𝑑𝑓𝑧𝑖𝑗

+𝑝𝐸𝑥3𝑑𝑓𝑧𝑖𝑗
2 ) ∗ (1 − 𝑝𝐸𝑥4𝑠𝑖𝑔𝑛(𝜅𝑥))𝜆𝐸𝑥𝑖𝑗 

𝐾𝑥𝑖𝑗 = 𝐹𝑧𝑖𝑗(𝑝𝐾𝑥1 + 𝑝𝐾𝑥2𝑑𝑓𝑧𝑖𝑗)𝑒𝑝𝐾𝑥3𝑑𝑓𝑧𝑖𝑗𝜆𝐾𝑥𝑖𝑗 

𝐵𝑥𝑖𝑗 =
𝐾𝑥𝑖𝑗

𝐶𝑥𝑖𝑗𝐷𝑥𝑖𝑗
 

𝐹𝑥0𝑖𝑗 = 𝐷𝑥𝑖𝑗𝑠𝑖𝑛 {𝐶𝑥𝑖𝑗 arctan [

𝐵𝑥𝑖𝑗𝜅𝑥𝑖𝑗

−𝐸𝑥𝑖𝑗 (
𝐵𝑥𝑖𝑗𝜅𝑥𝑖𝑗

− arctan(𝐵𝑥𝑖𝑗𝜅𝑥𝑖𝑗)
)

]} + 𝑆𝑉𝑥𝑖𝑗 

(4.5) 
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𝛾𝑦𝑖𝑗 = 𝛾𝑖𝑗𝜆𝛾𝑦𝑖𝑗
 

𝑆𝐻𝑦𝑖𝑗 = (𝑝𝐻𝑦1 + 𝑝𝐻𝑦2𝑑𝑓𝑧𝑖𝑗)𝜆𝐻𝑦𝑖𝑗 + 𝑝𝐻𝑦3𝛾𝑦𝑖𝑗 

𝑆𝑉𝑦𝑖𝑗 = 𝐹𝑧𝑖𝑗 (
(𝑝𝑉𝑦1 + 𝑝𝑉𝑦2𝑑𝑓𝑧𝑖𝑗)𝜆𝑉𝑦𝑖𝑗

+(𝑝𝑉𝑦3 + 𝑝𝑉𝑦4𝑑𝑓𝑧𝑖𝑗)𝛾𝑦𝑖𝑗

) 𝜆𝜇𝑦𝑖𝑗 

𝛼𝑦𝑖𝑗 = 𝛼𝑖𝑗 + 𝑆𝐻𝑦𝑖𝑗 

𝐶𝑦𝑖𝑗 = 𝑝𝐶𝑦1𝑖𝑗 + 𝜆𝐶𝑦𝑖𝑗 

𝐷𝑖𝑗𝑦 = 𝜇𝑦𝐹𝑧𝑖𝑗 

𝐸𝑦𝑖𝑗 = (𝑝𝐸𝑦1 + 𝑝𝐸𝑦2𝑑𝑓𝑧𝑖𝑗) (
1 − (𝑝𝐸𝑦3

+𝑝𝐸𝑦4𝛾𝑦𝑖𝑗)𝑠𝑖𝑔𝑛(𝛼𝑦𝑖𝑗)
) 𝜆𝐸𝑦𝑖𝑗 

𝐾𝑦0𝑖𝑗 = 𝑝𝐾𝑦1𝐹𝑧0𝑖𝑗 sin (2 arctan (
𝐹𝑧𝑖𝑗

𝑝𝐾𝑦2𝐹𝑧0𝜆𝐹𝑧0𝑖𝑗
)) 𝜆𝐹𝑧0𝑖𝑗𝜆𝐾𝑦𝑖𝑗 

𝐾𝑦𝑖𝑗 = 𝐾𝑦0𝑖𝑗(1 − 𝑝𝐾𝑦3|𝛾𝑦𝑖𝑗|) 

𝐵𝑦𝑖𝑗 =
𝐾𝑦𝑖𝑗

𝐶𝑦𝑖𝑗𝐷𝑦𝑖𝑗
 

𝐹𝑦0𝑖𝑗 = 𝐷𝑦𝑖𝑗𝑠𝑖𝑛 {𝐶𝑦𝑖𝑗 arctan [

𝐵𝑦𝑖𝑗𝛼𝑦𝑖𝑗

− 𝐸𝑦𝑖𝑗 (
𝐵𝑦𝑖𝑗𝛼𝑦𝑖𝑗

− arctan(𝐵𝑦𝑖𝑗𝛼𝑦𝑖𝑗)
)

]} + 𝑆𝑉𝑦𝑖𝑗 

𝑆𝐻𝑥𝛼𝑖𝑗 = 𝑟𝐻𝑥1 

𝐵𝑥𝛼𝑖𝑗 = 𝑟𝐵𝑥1 cos(arctan(𝑟𝐵𝑥2𝜅𝑖𝑗)) 𝜆𝑥𝛼𝑖𝑗 

𝐶𝑥𝛼𝑖𝑗 = 𝑟𝐶𝑥1 

𝐸𝑥𝛼𝑖𝑗 = 𝑟𝐸𝑥1 + 𝑟𝐸𝑥2𝑑𝑓𝑧𝑖𝑗 

𝛼𝑠𝑖𝑗 = 𝛼𝑖𝑗 + 𝑆𝐻𝑥𝛼𝑖𝑗 

𝑆𝐻𝑦𝜅𝑖𝑗 = 𝑟𝐻𝑦1 + 𝑟𝐻𝑦2𝑑𝑓𝑧𝑖𝑗 

𝐵𝑦𝜅𝑖𝑗 = 𝑟𝐵𝑦1 cos(arctan(𝑟𝐵𝑦2(𝛼𝑖𝑗 − 𝑟𝐵𝑦3))) 𝜆𝑦𝜅𝑖𝑗 

𝐶𝑦𝜅𝑖𝑗 = 𝑟𝐶𝑦1 

𝐸𝑦𝜅𝑖𝑗 = 𝑟𝐸𝑦1 + 𝑟𝐸𝑦2𝑑𝑓𝑧𝑖𝑗 

𝜅𝑠𝑖𝑗 = 𝜅𝑖𝑗 + 𝑆𝐻𝑦𝜅𝑖𝑗 
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Symbol Name 

𝑝𝐶𝑥1 Shape factor for longitudinal force 

𝑝𝐸𝑥1 Longitudinal curvature at 𝐹𝑧𝑛𝑜𝑚 

𝑝𝐸𝑥2 Variation of curvature with load 

𝑝𝐸𝑥3 Variation of curvature with load squared 

𝑝𝐸𝑥4 Factor in curvature while driving 

𝑝𝐾𝑥1 Longitudinal slip stiffness at 𝐹𝑧𝑛𝑜𝑚 

𝑝𝐾𝑥2 Variation of slip stiffness with load 

𝑝𝐾𝑥3 Exponent in slip stiffness with load 

𝑝𝐻𝑥1 Horizontal shift 𝐹𝑧𝑛𝑜𝑚 

𝑝𝐻𝑥2 Variation of shift with load 

𝑝𝑉𝑥1 Vertical shift at 𝐹𝑧𝑛𝑜𝑚 

𝑝𝑉𝑥2 Variation of shift with load 

Table 4.9 | Longitudinal force coefficients at pure slip. 

 
Figure 4.16 | Road-tire interaction forces in 𝑭𝒓𝑾 and 𝑭𝒓𝟏 reference systems. 

Name Symbol 

𝑝𝐶𝑦1 Shape factor for lateral forces 

𝑝𝐸𝑦1 Longitudinal curvature at 𝐹𝑧𝑛𝑜𝑚 

𝑝𝐸𝑦2 Variation of curvature with load 
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𝑝𝐸𝑦3 Variation of curvature with load squared 

𝑝𝐸𝑦4 Factor in curvature while driving 

𝑝𝐾𝑦1 Longitudinal slip stiffness at 𝐹𝑧𝑛𝑜𝑚 

𝑝𝐾𝑦2 Variation of slip stiffness with load 

𝑝𝐾𝑦3 Exponent in slip stiffness with load 

𝑝𝐻𝑦1 Horizontal shift 𝐹𝑧𝑛𝑜𝑚 

𝑝𝐻𝑦2 Variation of horizontal shift with load 

𝑝𝐻𝑦3 Variation of horizontal shift with inclination 

𝑝𝑉𝑦1 Vertical shift at 𝐹𝑧𝑛𝑜𝑚 

𝑝𝑉𝑦2 Variation of vertical shift with load 

𝑝𝑉𝑦3 Variation of vertical shift with inclination 

𝑝𝑉𝑦4 Variation of vertical shift with inclination and load 

Table 4.10 | Lateral force coefficients at pure slip. 

Symbol Name 

𝜆𝐹𝑧0 Scale factor of nominal (rated) load 

𝜆𝐶𝑥 Scale factor of 𝐹𝑥 shape factor 

𝜆𝜇𝑥 Scale factor of 𝐹𝑥 peak friction coefficient 

𝜆𝐸𝑥 Scale factor of 𝐹𝑥 curvature factor 

𝜆𝐾𝑥 Scale factor of 𝐹𝑥 slip stiffness 

𝜆𝐻𝑥 Scale factor of 𝐹𝑥 horizontal shift 

𝜆𝑉𝑥 Scale factor of 𝐹𝑥 vertical shift 

𝜆𝐶𝑦 Scale factor of 𝐹𝑦 shape factor 

𝜆𝜇𝑦 Scale factor of 𝐹𝑦 peak friction coefficient 

𝜆𝐸𝑦 Scale factor of 𝐹𝑦 curvature factor 

𝜆𝐾𝑦 Scale factor of 𝐹𝑦 cornering stiffness 

𝜆𝐻𝑦 Scale factor of 𝐹𝑦 horizontal shift 

𝜆𝑉𝑦 Scale factor of 𝐹𝑦 vertical shift 

𝜆𝑥𝛼 Scale factor of 𝛼 influence on 𝐹𝑥 

𝜆𝑦𝜅 Scale factor of 𝜅 influence on 𝐹𝑦 

𝜆𝑉𝑦𝜅 Scale factor of 𝜅 induced ‘ply-steer’ 𝐹𝑦 

Table 4.11 | Scaling factor coefficients for pure slip. 
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The parameters of the Magic Formula and the friction coefficients 

correspond to those of the simulation model in IPG CarMaker. The scaling 

factors, used to correct the parameters of the formula, were tuned by 

making the vehicle perform a lap on the Nürburgring circuit at a maximum 

speed of 150 
𝑘𝑚

ℎ
 and comparing the outputs, longitudinal and lateral forces, 

of the Magic Formula (obtained using as input the values taken from the 

simulation vehicle) with the outputs of the IPG CarMaker model. 

Pacejka's formulas return the forces in the 𝐹𝑟𝑊 reference system. It is 

necessary to convert them to the 𝐹𝑟1 reference system for vehicle modeling 

purposes. 

 

𝑋1𝑗 = 𝐹𝑥1𝑗 𝑐𝑜𝑠(𝛿1𝑗) − 𝐹𝑦1𝑗𝑠𝑖𝑛(𝛿1𝑗), 𝑗 =  1,2 

𝑌1𝑗 = 𝐹𝑥1𝑗 𝑠𝑖𝑛(𝛿1𝑗) + 𝐹𝑦1𝑗𝑐𝑜𝑠(𝛿1𝑗), 𝑗 =  1,2 

𝑋2𝑗 = 𝐹𝑥2𝑗 , 𝑗 =  1,2  

𝑌2𝑗 = 𝐹𝑦2𝑗 , 𝑗 =  1,2 

(4.6) 

4.2.1.3|Equilibrium equations 

During acceleration, due to the inertia forces, the vertical tire-road forces 

of interactions related to the rear axle increase, and those related to the front 

axle decrease. This phenomenon is called longitudinal load transfer. 

Similarly, during a curve, the vertical tire-road interaction forces related to 

the external tires increase, while the internal ones decrease. This 

phenomenon is called lateral load transfer. 

In a motionless vehicle, the vertical loads must balance only the vehicle 

weight. The static loads on each axle are: 

 
𝑍1

0 =
𝑚𝑔𝑎2

𝑙
 

𝑍2
0 =

𝑚𝑔𝑎1

𝑙
 

(4.7) 

The longitudinal load transfer is expressed by the following relationship: 
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𝑍1 = 𝑍1
0 + 𝛥𝑍𝑥  

𝑍2 = 𝑍2
0 − Δ𝑍𝑥 

Δ𝑍𝑥 = −
𝑚𝑎𝑥ℎ

𝑙
+

𝐽𝑧𝑥𝑟2

𝑙
≈ −

𝑚𝑎𝑥ℎ

𝑙
 

(4.8) 

𝑎𝑥 is the longitudinal acceleration. The second term considers the 

longitudinal load transfer due to a rotation of the vehicle around the vertical 

axis and can be neglected with respect to the first. 

Suspension geometry and compliances directly influence lateral load 

transfer. In the first-order vehicle analysis shown in [76], the lateral load 

transfers are linear functions of 𝑌1 and 𝑌2, where 𝑌1 is the total tire-road 

interaction force relative to the front axle in the 𝑦 direction of the 𝐹𝑟1 

reference system and 𝑌2 is the total tire-road interaction force relative to the 

rear axle in the 𝑦 direction of the 𝐹𝑟1 reference system. 

 𝛥𝑍1
𝑦

= 𝜉11𝑌1 + 𝜉12𝑌2 

Δ𝑍2
𝑦

= 𝜉21𝑌1 + 𝜉22𝑌2 
(4.9) 

These coefficients were identified through a parametric identification 

procedure. 

 

𝜉11 = 0.2344 

𝜉12 = 0.1193 

𝜉21 = 0.1132 

𝜉22 = 0.2243 

(4.10) 

Modelling of the aerodynamic forces has been included in the vehicle 

model to make it more complete. The aerodynamic forces acting on the 

vehicle are the Drag Force F𝐷, the Side Force F𝑠 and the Lift Force F𝐿. The 

three forces act respectively in the x, y and z directions. The aerodynamic 

force has the same direction and opposite sign with respect to the vehicle-

air relative velocity. The ∗ − subscript indicates the relative velocity. If the 

air velocity is zero, these relative velocities coincide with the absolute 

velocities 𝑢 and 𝑣 in the 𝑥 and 𝑦 directions.  
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F𝐷 =
1

2
𝜌𝐶𝐷𝐴𝑢∗

2 

F𝑠 =
1

2
𝜌𝐶𝑆𝐴𝑣∗

2 

F𝐿 =
1

2
𝜌𝐶𝐿𝐴𝑢∗

2 

(4.11) 

Where: 

• 𝐶𝐷: drag force coefficient. 

• 𝐶𝑆: side force coefficient. 

• 𝐶𝐿: lift force coefficient. 

The three coefficients were identified through a parametric identification 

procedure. 

 
𝐶𝐷 = 0.32 

𝐶𝑆 = 0.4 
(4.12) 

The vehicle was modeled as a double track with three degrees of 

freedom: longitudinal speed 𝑢, lateral speed 𝑣, and yaw rate 𝑟. The 

equations that characterize the dynamics of the system were obtained by 

applying the balance of forces in the 𝑥 and 𝑦 directions and around the 𝑧 

direction in the reference system 𝐹𝑟1. 

The state of the system is: 

 {𝑥} = {
𝑢
𝑣
𝑟

} (4.13) 

Since only the longitudinal speed and the yaw rate are measured, the 

output of the system is: 

 {𝑦} = {
𝑢
𝑟

} (4.14) 

In continuous time: 

 

𝑢̇ =
1

𝑚
(𝑋11 + 𝑋12 + 𝑋21 + 𝑋22 − F𝐷) + 𝑟𝑣 

𝑣̇ =
1

𝑚
(𝑌11 + 𝑌12 + 𝑌21 + 𝑌22 − F𝑆) − 𝑟𝑢 

(4.15) 
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𝑟̇ =
1

𝐽𝑧
(

𝑎1(𝑌11 + 𝑌12) − 𝑎2(𝑌21 + 𝑌22)

−
1

2
𝑡1(𝑋12 − 𝑋11) +

1

2
𝑡2(𝑋22 − 𝑋21)

) 

In discrete time: 

 

𝑢𝑘+1 = 𝑢𝑘 + (
1

𝑚
(

𝑋11𝑘 + 𝑋12𝑘 + 𝑋21𝑘

+𝑋22𝑘 − 𝐹𝐷𝑘
) + 𝑟𝑘𝑣𝑘) 𝑑𝑡 

𝑣𝑘+1 = 𝑣𝑘 + (
1

𝑚
(

𝑌11𝑘 + 𝑌12𝑘 + 𝑌21𝑘

+𝑌22𝑘 − F𝑆𝑘
) − 𝑟𝑘𝑢𝑘) 𝑑𝑡 

 

(4.16) 

After modeling the system, state estimation was carried out through the 

use of a CDKF. 

The overall estimator is schematically shown in Figure 4.17. 

 
Figure 4.17 | Road-tire interaction forces estimator flow chart. 
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4.3|Improvement of traction force estimation in 

cornering through neural network 

Accurate traction force estimation is crucial for the advancement of 

control systems, particularly in the realm of autonomous driving. This 

study introduces an innovative approach to enhance the estimation of tire-

road interaction forces under combined slip conditions, leveraging a 

combination of empirical models and NNs. Initially, the well-known 

Pacejka’s Formula, or Magic Formula, was employed to estimate tire-road 

interaction forces under pure longitudinal slip conditions. However, it was 

found that the formula produced unsatisfactory results under non-pure slip 

conditions, such as during cornering. To address this issue, an NN 

architecture was developed to predict the estimation error associated with 

Pacejka’s Formula. Two distinct NNs were developed for this purpose. The 

first network used as inputs the longitudinal slip ratios and slip angles of 

the traction wheels. The second network utilized the longitudinal slip ratios 

of the traction wheels along with the vehicle’s longitudinal and lateral 

accelerations. Both networks were designed as multi-output models, 

capable of simultaneously estimating the longitudinal force errors for both 

traction wheels. The NNs were trained using data from straight-line 

accelerations, circuit maneuvers, and sinusoidal steering maneuvers. The 

performance of the estimator was tested by completing two laps on the 

Hockenheim circuit in the reverse direction. The initial Root Mean Square 

Error (RMSE) was significantly reduced through the use of these corrective 

NNs. These results confirm the effectiveness of the NN-based approach in 

improving traction force estimation under combined slip conditions, 

addressing the limitations of Pacejka’s Formula in cases of non-pure slip, 
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and opening up new possibilities for the development of more advanced 

and safer vehicle control systems. 

To define the physical quantities within this estimator, it is essential to 

establish reference systems: 𝑆𝑦𝑉 vehicle reference system and 𝑆𝑦𝑊 wheel 

reference system. 

This estimator is designed to predict the forces exerted by the road on the 

tires of a rear-wheel-drive vehicle, specifically the rear-left traction force 𝐹𝑟𝑙 

and the rear-right traction force 𝐹𝑟𝑟. These forces are aligned with the 𝑥-axis 

of the 𝑆𝑦𝑊 reference system and are illustrated in Figure 4.18. 

 

Figure 4.18 | Traction forces 𝑭𝒓𝒍 and 𝑭𝒓𝒓. 

4.3.1|Pediction using the Pacejka’s formula 

In the context of longitudinal forces under pure longitudinal slip 

conditions, Pacejka’s formula can be simplified and expressed as follows: 

𝐹̃𝑟𝑗 = 𝐷 ∙ sin (𝐶 ∙ arctan (𝐵 ∙ 𝜅𝑟𝑗 − 𝐸 ∙ (𝐵 ∙ 𝜅𝑟𝑗 − arctan (𝐵 ∙ 𝜅𝑟𝑗)))) (4.17) 

Equation (4.17) represents the longitudinal force 𝐹̃𝑟𝑗 generated by a tire 

mounted on wheel 𝑗 (left or right) of the rear axle 𝑟, as a function of the 

longitudinal slip 𝜅𝑟𝑗. 

The coefficients in the equation have the following meanings: 
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• 𝐶 (Shape factor): This parameter affects the steepness of the force 

function relative to slip (in this case, the longitudinal slip ratio). It 

controls how quickly the force increases or decreases in response to 

changes in slip. A higher value of 𝐶 makes the curve sharper around 

zero slip, resulting in a more sensitive response to slip variations. 

• 𝐷 (Peak factor): This scaling parameter influences the maximum force 

generated by the tire. It represents the tire's maximum potential force 

output. Higher values of 𝐷 lead to greater overall longitudinal forces. 

• 𝐵 (Stiffness factor): The stiffness parameter 𝐵 affects the shape of the 

force function. It determines how rapidly the force changes with slip 

variations. Higher 𝐵 values produce a quicker response, while lower 

values yield a more gradual response. 

• 𝐸 (Curvature factor): This parameter is used to adjust the function's 

shape around zero slip. It introduces a correction in the term 

arctan (𝐵 ∙ 𝜅𝑟𝑗), modeling additional curvature in the force response 

based on longitudinal slip. A positive 𝐸 value tends to smooth the 

behavior around zero, while a negative value tends to enhance it. 

These coefficients were determined by conducting straight-line 

acceleration maneuvers and fitting curves to the resulting data derived 

from Pacejka’s formula.  Four acceleration maneuvers with maximum 

longitudinal accelerations of 0.5, 1, 1.5, and 2 
𝑚

𝑠2 were performed starting 

from zero velocity and reaching a velocity of 180 
𝑘𝑚

ℎ
. The traction force and 

longitudinal slip ratio values of both driving wheels were recorded. The 

data obtained for all simulations were then aggregated and used for the 

curve fitting procedure. 
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The curve-fitting procedure consists of the following steps: 

1. Definition of the quadratic cost function: 

 𝐽 =
1

2
∑ ∑(𝐹̃𝑟𝑗𝑘

(𝐵, 𝐶, 𝐷, 𝐸) − 𝐹𝑟𝑗𝑘
)2

𝑛

𝑘=1𝑗=𝐿,𝑅

 (4.18) 

• 𝐹̃𝑟𝑗𝑘
 is the estimated traction force with Pacejka’s formula, 

parameterized with respect to 𝐵, 𝐶, 𝐷, 𝐸, related to tire 𝑟𝑗, obtained at 

the 𝑘-th time instant. 

• 𝐹𝑟𝑗𝑘
 is the reference traction force related to tire 𝑟𝑗, obtained at the 𝑘-

th time instant. 

• 𝑛 is the number of samples. 

2. Random selection from a normal Gaussian distribution of the initial values of 

𝐵, 𝐶, 𝐷, 𝐸. 

3. Calculation of the gradient of the cost function. The gradient of the cost 

function with respect to the parameters 𝐵, 𝐶, 𝐷, 𝐸, denoted as 

𝛻𝐽(𝐵, 𝐶, 𝐷, 𝐸), is a vector containing the partial derivatives of the cost 

function with respect to each parameter. This vector indicates the 

direction and magnitude of the maximum decrease in the cost function 

with respect to each parameter. 

4. Update Parameters via Gradient Descent [77]. 

5. Iteration. Steps 3 and 4 were repeated until the cost function converged to a 

minimum value. 

Convergence verification to a global minimum. Steps 3, 4, and 5 were 

repeated 100 times with different initial values to find the global minimum 

among all minima. 

Since the tire mounted on the rear-left wheel is identical to that on the 

rear-right wheel, the same coefficients were obtained for both tires. Figure 
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4.19 displays the collected data, the fitted curve, and the identified 

coefficients. 

At low values of the longitudinal slip ratio, there is a phase where an 

increase in longitudinal slip results in a linear increase in traction force. In 

this range, the traction force is directly proportional to the slip. As the slip 

continues to increase, a maximum grip point is eventually reached, where 

the longitudinal force reaches its peak. Beyond this maximum grip point, 

any further increase in longitudinal slip leads to a decrease in longitudinal 

force, indicating that the tire is entering a saturation phase and losing grip. 

 

Figure 4.19 | 𝑭̃𝒓𝒋 Pacejka’s traction force vs 𝜿𝒓𝒋 longitudinal slip ratio: comparison 

between acquired data and interpolating curve. 

4.3.2|Corrective neural networks 

The estimation of tire forces using the simplified Pacejka’s formula can 

be improved by incorporating additional coefficients that account for 

specific tire behaviors. However, implementing such formulations is 

complex due to the difficulties in identifying these coefficients, which 

require a significant blend of theoretical knowledge and practical 

experience from the operator conducting the tests [78]. 
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To improve the accuracy of longitudinal force estimation, a parallel NN 

has been developed that uses traction wheel slip angles or vehicle 

accelerations, in addition to longitudinal slip ratios. This NN is designed to 

quickly assess the discrepancy, denoted as Δ𝐹𝑟𝑗 (𝑗 = 𝑙, 𝑟), between the 

estimation derived solely from Pacejka’s formula and the reference force. 

The corrections are calculated as the difference between the forces 

obtained from the executed maneuvers and the forces computed using 

Pacejka’s formula with the identified coefficients: 

 Δ𝐹𝑟𝑗 = 𝐹𝑟𝑗 − 𝐹̃𝑟𝑗 (4.19) 

Figure 4.20 illustrates the overall estimator. 

 

Figure 4.20 | Schematic representation of the estimator used for the prediction of 

longitudinal tensile forces with evidence of the combination of Pacejka’s model and 

corrective NN. 
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4.3.3|Choice of inputs 

The two NNs presented in this study utilize six distinct input variables, 

of which four for each NN: 

• Longitudinal slip ratios of traction tires 𝜅𝑟𝑙, 𝜅𝑟𝑟: It is well-established 

in the literature [78] that a vehicle's traction forces depend on the 

longitudinal slip between the tire and the road surface. These 

values are expressed in the 𝑆𝑦𝑊 reference system. 

• Slip angles of traction tires 𝛼𝑟𝑙, 𝛼𝑟𝑟: Research indicates [78] a 

connection between cornering traction force and the vehicle's slip 

angle. These values are also expressed in the 𝑆𝑦𝑊 reference 

system. 

• Longitudinal acceleration 𝑎𝑥: The traction forces experienced by a 

vehicle are directly related to its longitudinal acceleration, as any 

object subjected to force will accelerate proportionally in the same 

direction [79] [80]. These values are expressed in the 𝑆𝑦𝑉 reference 

system. 

• Lateral acceleration 𝑎𝑦: The traction forces on a vehicle change 

during cornering. Increased longitudinal acceleration leads to a 

greater deviation from pure longitudinal slip, resulting in larger 

variations in longitudinal force at a constant slip ratio. 

The primary goal of this study is to investigate longitudinal interaction 

forces specifically under traction conditions. Consequently, from all the 

samples collected during the maneuvers, only those in which the 

longitudinal slip ratios of both the left and right tires are greater than zero 

were selected for analysis. 
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4.3.4|Data collection 

The estimator was developed based on a rear-wheel-drive sports vehicle 

that has been experimentally validated. Simulations were conducted using 

CarMaker software [81] [82]. The maneuvers carried out to gather the 

necessary data for the training and validation sets include the following: 

• Fourteen laps on the Nürburgring track, with seven laps completed in 

each direction, as shown in Figure 4.21. The driver was instructed to 

navigate the track while performing various accelerations, ensuring 

a diverse range of data points. During the seven laps in each 

direction, the driver achieved maximum longitudinal cornering 

accelerations ranging from 0.3 to 2.1 
𝑚

𝑠2, increasing in increments of 

0.3 
𝑚

𝑠2. Higher longitudinal cornering accelerations were not 

attempted, as the vehicle was unable to maintain a grip on the road. 

 
Figure 4.21 | Top view of the Nürburgring track used for training NNs. 

• Twelve sinusoidal steering maneuvers, each consisting of five periods 

lasting 2 𝑠 each. The amplitude of these maneuvers varied from 30° 

to 180° in increments of 30°. The velocity increased across six 

maneuvers, starting at 10 
𝑘𝑚

ℎ
 for six cases and 60 

𝑘𝑚

ℎ
 for the 

remaining six, until the lateral stability limit was reached, beyond 

which the vehicle lost grip. This approach emulates challenging 

conditions for the vehicle's cornering acceleration. 
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In addition to these maneuvers, data from acceleration maneuvers used 

to identify the coefficients of Pacejka’s formula were also included. This 

addition was strategically implemented to enhance the NNs' understanding 

of the vehicle's operational scenarios. 

Two multi-output NNs, referred to as NN1 and NN2, were developed, 

each with four inputs and two outputs. Both networks use the longitudinal 

slip ratios of both tires as inputs. The first network also includes the slip 

angles of the two traction tires. However, measuring or calculating tire slip 

angles is challenging, as they depend on the longitudinal and lateral 

velocities of the vehicle, which are difficult to measure accurately [83]. 

Furthermore, calculating tire slip angles requires knowledge of the vehicle's 

geometric characteristics, such as wheelbase, front and rear track widths, 

and suspension type [84]. In this study, the slip angle of each tire is 

calculated using the following equation [82]: 

 𝛼 =
𝑣𝑦

(𝑃)

|𝑣𝑥
(𝑃)

|
 (4.20) 

where 𝑣𝑥
(𝑃)

 and 𝑣𝑦
(𝑃)

 represent the longitudinal and lateral velocities at the 

tire-road contact point, expressed in the 𝑆𝑦𝑊 reference system. 

To address this challenge, the second network incorporates the 

longitudinal and lateral accelerations of the vehicle as additional inputs, 

which can be measured using an IMU. Acceleration measurements are 

easier to obtain than measuring or estimating tire slip angles, and their use 

allows the estimator to be unaffected by vehicle specifications. Differences 

in wheelbase, front and rear track widths, and suspension types can lead to 

variations in the accelerations experienced by the vehicle, as measured by 

the IMU. However, IMU measurements occur downstream of these 
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variations, making the corrective NN independent of vehicle 

characteristics. 

Figures 4.22 and 4.23 show, by means of density matrices, the orders of 

magnitude of the acquired data and how they are related to each other. 

The physical relationship between the longitudinal slip ratio and slip 

angle of the tire is not easy to interpret. However, it is easy to see that when 

a tire has a positive (negative) slip angle, which occurs when the vehicle 

turns right (left), the inner tire, right (left) when the vehicle turns right (left), 

experiences an increase in the longitudinal slip ratio. It is also easy to see 

that the slip angle of a tire changes linearly with respect to the slip angle of 

the opposite tire. 

 

Figure 4.22 | NN1 input (longitudinal slip ratios 𝜿𝒓𝒍, 𝜿𝒓𝒓 and slip angles 𝜶𝒓𝒍, 𝜶𝒓𝒓) density matrix. 

Similarly, in the case of the relationship between the longitudinal slip 

ratio and acceleration, it can be seen that when the lateral acceleration is 

positive (negative), which occurs when the vehicle turns left (right), the 

inner tire, left (right) when the vehicle turns left (right), experiences an 

increase in the longitudinal slip ratio. 
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Figure 4.23 | NN2 input (longitudinal slip ratios 𝜿𝒓𝒍, 𝜿𝒓𝒓 and 

 accelerations 𝒂𝒙, 𝒂𝒚) density matrix. 

Figures 4.24-4.29 show how each input is related to the two outputs. On 

the left are scatter plots, and on the right are density plots. 

When the vehicle experiences a curve, the traction force undergoes a non-

linear decrease with respect to the longitudinal slip ratio of the tire. This 

decrease shows saturation as the longitudinal slip increases. Physically, this 

means that a tire's cornering behavior is more distant from its straight-line 

behavior the greater the vehicle's traction in cornering. The relationship 

between the longitudinal slip ratio of one tire and the traction force of the 

opposite tire is complex, but there is still a decrease compared to pure 

longitudinal slip. 
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Figure 4.24 | Scatter plot (left) and density plot (right) of the traction force correction 

𝜟𝑭𝒓𝒋 vs rear-left longitudinal slip ratio 𝜿𝒓𝒍. 

 

Figure 4.25 | Scatter plot (left) and density plot (right) of the traction force correction 

𝜟𝑭𝒓𝒋 vs rear-right longitudinal slip ratio 𝜿𝒓𝒓. 

When the sideslip angle of a tire is positive (negative), i.e., when the 

vehicle is driving through a right (left) turn, the inner tire, right (left) in the 

case of a right (left) turn, experiences a decrease in traction force compared 

to that in pure longitudinal slip conditions. The relationship between the 

slip angle of one tire and the traction force correction of the opposite tire is 

symmetrical to that of the same tire. 
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Figure 4.26 | Scatter plot (left) and density plot (right) of the traction  

force correction 𝜟𝑭𝒓𝒋 vs rear-left slip angle 𝜶𝒓𝒍. 

 

Figure 4.27 | Scatter plot (left) and density plot (right) of the traction  

force correction 𝜟𝑭𝒓𝒋 vs rear-right slip angle 𝜶𝒓𝒓. 

The traction force experiences a general decrease in cornering compared 

to that calculated in pure longitudinal slip conditions. The vehicle cannot 

easily negotiate curves with accelerations greater than 2
𝑚

𝑠2, and values 

outside the 0 ÷ 2
𝑚

𝑠2 range represent outliers. 
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Figure 4.28 | Scatter plot (left) and density plot (right) of the traction force correction 

𝜟𝑭𝒓𝒋 vs longitudinal acceleration 𝒂𝒙. 

When the lateral acceleration is negative (positive), i.e., when the vehicle 

is driving through a right (left) turn, the inner tire, right (left) in the case of 

a right (left) turn, experiences a decrease in traction force compared to that 

in pure longitudinal slip conditions. 

 

Figure 4.29 | Scatter plot (left) and density plot (right) of the traction force correction 𝜟𝑭𝒓𝒋 

vs lateral acceleration 𝒂𝒚. 

The longitudinal and lateral slips of one tire are also related to the force 

of the other tire. This demonstrates the advantage of using a multi-output 
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network rather than two single-output networks for each tire. In this way, 

more data can be obtained for output prediction simply by making more 

efficient use of the available data. 

All input-output samples were then shuffled to improve generality [85]. 

The multi-input-multi-output sample pairs were divided into training and 

validation datasets with an 80 − 20 proportion. 

4.3.5|Neural networks development 

The NNs are structured as follows: 

• Input layer. 

• First hidden layer with Rectified Linear Unit (ReLU) activation 

function. 

• Second hidden layer with Rectified Linear Unit (ReLU) activation 

function. 

• Output layer. 

The Bayesian optimization method [74] was used to train the two NNs. 

The capacity of Bayesian optimization to effectively explore the 

hyperparameter space and make well-informed decisions about which 

configurations to assess next makes it especially well-suited for this goal. 

Unlike traditional grid or random search methods [86] [87], Bayesian 

optimization leverages a probabilistic model to guide the search process, 

allowing for a more targeted and effective optimization process by 

iteratively selecting the most promising configurations. For each trial, the 

Adam optimizer was utilized [88]. 

With Bayesian optimization, it was possible to determine the set of 

hyperparameters that minimized the RMSE of the validation dataset and, 

as a result, the model parameters that minimized the loss function. The 
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range of variation, the optimal hyperparameters, and the RMSEs found 

during optimization for the two NNs are shown in Table 4.12. 

Name Range Type Value NN1 Value NN2 

Initial learn rate [1−2  ÷ 1−1] Real 0.0307 0.0101 

Hidden units [100 ÷  1000] Integer 843 841 

L2 regularization 

coefficient 
[1−6  ÷ 1−2] Real 4.5 ∙ 10−6 7.5 ∙ 10−3 

Dropout probability [0.1 ÷  0.3] Real 0.1867 0.1005 

Mini batch size [512, 1024, 2048, 4096] Integer 1024 1024 

MSE of the 

validation dataset 
  1649.5 𝑁 1440.8 𝑁 

Table 4.12 | Ranges of variation of hyperparameters, optimal hyperparameters, and 

RMSE of the validation dataset of NN1 and NN2. 

Figures 4.30 and 4.31 show the decrease in the Training Loss during the 

training of the two NNs and the relative Validation Loss. The Validation 

Loss is calculated every four epochs for both networks. Training lasts for 20 

epochs each, and each epoch contains approximately 229 mini-batches. 

 

Figure 4.30 | Decreasing Training and Validation Loss on a logarithmic 

 scale during NN1 training. 
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Figure 4.31 | Decreasing Training and Validation Loss on a logarithmic 

 scale during NN2 training. 

The NN1 and NN2 show a comparable MSE of the validation dataset, 

demonstrating that the use of accelerations, simpler to measure or estimate 

than the slip angle, still allows an accurate estimate of the correction on the 

error of the Pacejka’s formula and consequently an accurate estimation of 

traction force. 

4.4|Prediction of the sideslip angle using dynamic 

neural networks 

With the increasing interest in autonomous vehicles, safety in vehicle 

operation is becoming an increasingly critical focus. The sideslip angle is a 

key parameter for modern control systems designed to enhance passenger 

safety, as it directly impacts the lateral motion and stability of a vehicle. A 

large sideslip angle can lead to oversteer or understeer, resulting in a loss 

of control and potentially causing an accident. Therefore, it's crucial to 

continuously monitor this parameter while driving to take corrective 

actions if needed. However, sensors that directly measure the sideslip angle 

are costly and difficult to implement. This study proposes two NNs for 

estimating the sideslip angle. The factors that most significantly influence 
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the vehicle's sideslip angle were identified and the NNs are designed to 

leverage data from previous time instants for estimation. Specifically, the 

first network uses lateral acceleration and steering wheel angle as inputs, 

while the second uses longitudinal acceleration, lateral acceleration, and 

yaw rate. Experimental tests conducted during maneuvers that provoke 

sideslip have demonstrated that, despite using a limited number of 

measurements, the estimators can accurately predict the sideslip angle. 

4.4.1|Choice of inputs and output 

The selection of inputs was based on physical observations. Initially, 

fifteen potential inputs were identified: 

• 𝑎𝑥, 𝑎𝑦: The longitudinal and lateral accelerations at the vehicle’s 

center of gravity. These are related to the velocities 𝑣𝑥 and 𝑣𝑦, as 

shown in Equation (4.21). Referring to the well-known bicycle model 

[89]: 

•  
𝑣̇𝑥 = 𝑎𝑥 + 𝜓̇ ∙ 𝑣𝑦  

𝑣̇𝑦 = 𝑎𝑦 − 𝜓̇ ∙ 𝑣𝑥 

(4.21) 

• 𝜗̇, 𝜓̇, 𝛿: The roll rate, yaw rate, and steering wheel angle of the 

vehicle. The sideslip angle becomes relevant during cornering 

maneuvers, much like these three variables. Additionally, the yaw 

rate is explicitly featured in Equation (4.21), which is used to 

calculate the sideslip angle. 

• 𝜔𝑓𝑙, 𝜔𝑓𝑟 , 𝜔𝑟𝑙, 𝜔𝑟𝑟: The rotational speeds of the four wheels. Under 

pure rolling and longitudinal motion conditions, the rotational 

speeds of the four wheels are given by: 

•  𝜔𝑖𝑗 = 𝑅 ∙ 𝑣𝑥 (4.22) 

Where 𝑅 is the wheel radius. In real-world conditions, this equation does 

not hold strictly due to longitudinal slip. Moreover, the wheel radius at a 
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standstill differs from the actual radius when the wheel is in motion. During 

cornering, the four speeds also vary due to the differential in the driving 

wheels and the fact that the outer wheels trace a larger radius than the non-

driving wheels. However, there remains a physical correlation between the 

vehicle's longitudinal velocity 𝑣𝑥 and the rotational speed of the wheels. 

𝑏𝑝𝑓𝑙, 𝑏𝑝𝑓𝑟 , 𝑏𝑝𝑟𝑙, 𝑏𝑝𝑟𝑟 , 𝑡𝑟𝑞𝑟𝑙, 𝑡𝑟𝑞𝑟𝑟: brake pressures and motor torques. Brake 

pressure induces deceleration, reducing the longitudinal velocity 𝑣𝑥. 

Conversely, motor torque causes acceleration, increasing the longitudinal 

velocity 𝑣𝑥. 

The output of the NN in this study is the sideslip angle. According to 

Equation (4.21), the sideslip angle depends on the longitudinal and lateral 

velocities at the vehicle's center of gravity. However, direct measurement 

of the lateral velocity at the center of gravity is not possible, as the sensor 

used—a Corrsys-Datron optical sensor—cannot be positioned there. 

Instead, the sensor was mounted at the front of the vehicle, as depicted in 

Figure 4.32. 

 

Figure 4.32 | Placement of the Corrsys-Datron sensor. 
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The longitudinal velocity measured by the Corrsys-Datron sensor 

corresponds to the longitudinal velocity at the center of gravity. The lateral 

velocity at the center of gravity can be calculated using geometric 

relationships and the vehicle's yaw rate: 

•  𝑣𝑦 = 𝑣𝑦𝐶𝐷
− (𝑎1 + 𝑎𝐶𝐷) ∙ 𝜓̇ (4.23) 

Where: 

• 𝑣𝑦𝐶𝐷
 is the lateral velocity at the Corrsys-Datron sensor. 

• 𝑎1 is the longitudinal distance between the vehicle's center of gravity 

and the front axle. 

• 𝑎𝐶𝐷 is the longitudinal distance between the front axle and the 

Corrsys-Datron sensor. 

• 𝜓̇ is the vehicle's yaw rate. 

At the start and end of the maneuvers, the sideslip angle is close to 0∘, 

and 𝑣𝑥 is near 0
𝑘𝑚

ℎ
. Since 𝑣𝑥 appears in the denominator in Equation (3.1), 

this could lead to unrealistically large sideslip angles approaching ±90∘, 

which could corrupt the network training. To prevent this, initial and final 

samples from each maneuver that meet the condition 𝑣𝑥 < 10
𝑘𝑚

ℎ
 were 

discarded and are not included in the training or validation datasets. 

4.4.2|Data collection 

Data were collected as part of experimental tests in the context of the 

ITEAM project by Flanders Make. The training, validation, and test datasets 

were created by performing various maneuvers with a Range Rover Evoque 

vehicle. 

The maneuvers were performed at the Ford Lommel Proving Ground, 

with the track layout shown in Figure 4.33. 
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Figure 4.33 | Tracks of the Ford Lommel Proving Ground [90]. 

The maneuvers used to generate the training and validation datasets 

include: 

• Constant radius. 

• Step steer. 

• Brake in turn. 

• Sine with dwell. 

• Slalom. 

• Inner durability road. 

• Gradients. 

• High-speed oval. 

• Acceleration tests. 

• Brake tests. 

• ISO double lane change. 

A total of 85 maneuvers were executed across 11 different scenarios to 

capture the vehicle's behavior under a wide range of conditions. The 

density plot in Figure 4.34 illustrates the comprehensive coverage of the 

experimental data, ranging from longitudinal velocities of 10
𝑘𝑚

ℎ
 to 120

𝑘𝑚

ℎ
, 
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with lateral velocities varying between 10
𝑘𝑚

ℎ
 and 3

𝑘𝑚

ℎ
 as longitudinal 

velocity increases. The decision to exclude lower longitudinal velocities 

from the training and validation datasets was intentional, aimed at 

reducing noise interference in the reference sideslip angle calculation. 

While higher velocities above 120
𝑘𝑚

ℎ
 are theoretically possible, 

performing tight-radius turns at such speeds is impractical due to 

regulatory speed limits [91] and the lack of suitable road infrastructure for 

such maneuvers for safety reasons [92]. Furthermore, at speeds exceeding 

120
𝑘𝑚

ℎ
, the primary focus of control systems shifts towards enhancing 

longitudinal stability [93] rather than lateral stability. 

 

Figure 4.34 | Distribution of the samples belonging to the acquired data with respect to 

longitudinal and lateral velocities. 

To improve convergence to the optimal set of model parameters, the data 

used as inputs for the network were normalized to have zero mean and unit 

standard deviation [73]. Additionally, all input-output samples were 

shuffled to enhance the generalization ability of the model [85]. The dataset 

was then split into training and validation sets in an 80 − 20 ratio. 
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4.4.3|NNs development 

Feedforward Neural Networks (FFNNs) with time history were 

developed. The NN is structured as follows: 

• Input layer; 

• First hidden layer with ReLU activation function; 

• Second hidden layer with ReLU activation function; 

• Output layer. 

To predict the sideslip angle at instant 𝑘 + 1, it was decided to use not 

only the inputs from instant 𝑘, but also those from previous time instants. 

This approach allows the NN to leverage more information to predict each 

sideslip angle value, even though the same set of measurements is used. 

Figure 4.11 illustrates this concept graphically. In each pair (𝑖,𝑗), the element 

𝑖 represents the physical quantity, while the element 𝑗 represents the time 

instant. 

Bayesian optimization was used to identify the set of hyperparameters 

that minimize the RMSE on the validation dataset and, as a result, 

determine the model parameters that minimize the cost function. The 

optimal hyperparameters identified through this optimization process are 

listed in Table 4.13. 

Name Range Value 

Initial learn rate [1−2  ÷  1−1] 0.0456 

Learn rate drop factor [0.1 ÷  0.3] 0.2461 

Learn rate drop period [1 ÷  2] 1 

Hidden units [500 ÷  1500] 607 

L2 regularisation coefficient [1−6  ÷  1−2] 0.0017 

Dropout probability [0.1 ÷  0.3] 0.1196 

Mini batch size [128, 256, 512, 1024] 1024 

Sample number [1 ÷  10] 10 

Table 4.13 | Optimal hyperparameters for the original NN. 
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Following this, an analysis was conducted to determine which input 

variables had the most significant impact on the prediction of the sideslip 

angle. Since all inputs are normalized to have a zero mean, each input 

variable in the validation dataset was selectively set to its mean value (zero). 

Setting an input to its mean value effectively removes its influence on the 

predicted output, leading to an increase in the RMSE of the validation 

dataset. The inputs that cause the largest increase in RMSE are those that 

most significantly influence the prediction. Table 4.14 presents the 

hierarchy of physical quantities based on their impact on the prediction of 

the sideslip angle. 

 

Input RMSE of the validation dataset 

𝑎𝑦 = 𝑚𝑒𝑎𝑛𝑎𝑦
(= 0) 1.6452 

𝛿 = 𝑚𝑒𝑎𝑛𝛿(= 0) 1.5536 

𝜓̇ = 𝑚𝑒𝑎𝑛𝜓̇(= 0) 1.2743 

𝑏𝑝𝑖𝑗 = 𝑚𝑒𝑎𝑛𝑏𝑝𝑖𝑗
(= 0) 1.1756 

𝜔𝑖𝑗 = 𝑚𝑒𝑎𝑛𝜔𝑖𝑗
(= 0) 1.1683 

𝑎𝑥 = 𝑚𝑒𝑎𝑛𝑎𝑥
(= 0) 1.1423 

𝑡𝑟𝑞𝑟𝑗 = 𝑚𝑒𝑎𝑛𝑡𝑟𝑞𝑟𝑗
(= 0) 1.1338 

𝜗̇ = 𝑚𝑒𝑎𝑛𝜗̇(= 0) 1.1271 

No change in the inputs 1.1260 
Table 4.14 | Hierarchy of most influencing physical quantities. 

The results indicate that the most influential factors in predicting the 

sideslip angle are the lateral acceleration 𝑎𝑦 and the steering wheel angle 𝛿. 

A first neural network (NN1) was then trained using only these two 

variables. However, measuring these variables requires two different 

sensors: one for lateral acceleration [94] [95] and another for the steering 

wheel angle [96] [97]. Additionally, neither variable provides explicit 

information on the vehicle's longitudinal dynamics, despite longitudinal 
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velocity 𝑣𝑥 appearing explicitly in Equation (3.1). For this reason, a second 

neural network (NN2) was trained using longitudinal acceleration 𝑎𝑥, 

lateral acceleration 𝑎𝑦, and yaw rate 𝜓̇ as inputs. These quantities can be 

measured using a single sensor, typically an IMU, which is often already 

installed in modern vehicles. Figure 4.35 illustrates the structures of the two 

NNs. 

 
Figure 4.35 | NN architecture with evidence of inputs (𝒂𝒚, 𝜹 for NN1, 𝒂𝒙, 𝒂𝒚, 𝝍̇ for NN2) 

and output (𝜷). 

Both NNs were trained using Bayesian optimization, applying the same 

hyperparameters and variation ranges listed in Table 4.13. The identified 

hyperparameters and the RMSE on the validation dataset for both NN1 and 

NN2 are shown in Table 4.15. 
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Name Value NN1 Value NN2 

Initial learn rate 𝟎. 𝟎𝟒𝟓𝟎 𝟎. 𝟎𝟏𝟕𝟒𝟔 

Learn rate drop factor 𝟎. 𝟏𝟖𝟐𝟕 𝟎. 𝟐𝟒𝟔𝟏 

Learn rate drop period 𝟏 𝟏 

Hidden units 𝟏𝟒𝟒𝟔 𝟏𝟏𝟓𝟒 

L2 regularisation coefficient 𝟎. 𝟎𝟎𝟎𝟕𝟑 𝟎. 𝟎𝟎𝟎𝟎𝟏𝟖 

Dropout probability 𝟎. 𝟏𝟎𝟖𝟔 𝟎. 𝟏𝟎𝟗𝟖 

Mini batch size 𝟓𝟏𝟐 𝟐𝟓𝟔 

Sample number 𝟗 𝟗 

RMSE of the validation dataset 𝟏. 𝟏𝟐𝟖𝟎° 𝟏. 𝟏𝟑𝟑𝟒° 

Table 4.15 | Optimal hyperparameters and RMSE of the 

 validation dataset of NN1 and NN2. 

The RMSE of the validation dataset for both the NN1 and NN2 is only 

slightly higher than that of the original NN (1.1260°) which used 15 

physical input quantities. This analysis effectively reduced the number of 

inputs while maintaining a similar level of RMSE. 

By calculating the MSE for each mini-batch at each iteration, the progress 

of the NN training was tracked. The NN was trained over an amount of six 

epochs. The decrease in training loss at subsequent iterations, the computed 

MSE on the last mini-batch (last Training Loss, FTL), and the resulting MSE 

on the validation dataset at the conclusion of training (Final Validation 

Loss, FVL) are all presented on a logarithmic scale in Figure 4.36 and 4.37. 

An epoch's end is indicated by vertical dotted black lines. 
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Figure 4.36 | Decrease in training loss at successive iterations (NN1). 

 

Figure 4.37 | Decrease in training loss at successive iterations (NN2). 

NN1 and NN2 are not superior to each other in terms of estimation 

accuracy. Instead, they represent two viable alternatives that are more 

efficient compared to the original network which employed 15 different 

inputs, while maintaining comparable accuracy. The primary advantage of 

employing smaller NNs lies in the reduction of sensor requirements rather 

than solely in runtime optimization. The runtime is highly dependent on 

the hardware that could potentially enable even a complete network to be 

used. By employing fewer sensors, the proposed approach not only 

streamlines the NN architecture but also simplifies the overall system 
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complexity. This reduction extends beyond the NN itself to encompass 

various aspects such as wiring determinations, communication interface 

simplifications, and the mitigation of resampling requirements due to 

sensors operating at different sample times. While quantifying the exact 

extent of this overall improvement may prove challenging, its immediate 

intuitiveness underscores its significance. 

4.5|Measurement of unsprung mass displacement 

of road vehicles through a model-based virtual 

sensor 

This work presents a virtual sensor designed to measure the vertical 

displacement of the unsprung masses in a road vehicle, which is crucial for 

controlling vehicle suspension systems. The virtual sensor is based on a 7-

degree-of-freedom vehicle model, using the vehicle's measured 

longitudinal and lateral accelerations as inputs. The data used in the 

development of this paper were collected during a secondment at the 

Tenneco company conducted during the doctoral program. 

4.5.1|Estimation-oriented vehicle model 

The vehicle has been modeled by applying D'Alembert's principle along 

the following axes: 

• Longitudinal axis to vehicle 𝑥. 

• Transverse axis to vehicle 𝑦. 

• Vertical axis to vehicle 𝑧. 

• Four vertical axes pass through the corners of the vehicle. 

The first three axes form a levogyre orthogonal triad. The 𝑥-axis has a 

positive direction in the vehicle's direction of travel, the 𝑦-axis faces to the 

left, and the 𝑧-axis faces upwards. The origin of this reference system is at a 
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distance equal to ℎ𝐺  below the vehicle's center of gravity. The 𝑥 and 𝑦 axes 

are the roll and pitch axes of the vehicle. The four vertical axes related to 

the unsprung masses are positive upwards. The degrees of freedom 

associated with the vehicle model are given in Table 4.16. A scheme of the 

vehicle model is shown in Figure 4.38. 

 

Symbol Name 

𝜑 Roll 

𝜗 Pitch 

𝑧𝑜 Heave 

𝑧̃𝐹𝐿 Front-left corner displacement 

𝑧̃𝐹𝑅 Front-right corner displacement 

𝑧̃𝑅𝐿 Rear-left corner displacement 

𝑧̃𝑅𝑅 Rear-right corner displacement 

Table 4.16 | List of degrees of freedom of the system. 

Where: 

 𝑧̃𝑖𝑗 = 𝑧1𝑖𝑗 − 𝑧2𝑖𝑗 (4.24) 

Specifically: 

• 𝑧1𝑖𝑗 is the vertical displacement of the unsprung mass relative to 

corner 𝑖𝑗 only. 

• 𝑧2𝑖𝑗 is the vertical displacement of the sprung mass relative to corner 

𝑖𝑗 only. 

• The index 𝑖 refers to the front (𝐹) or rear (𝑅) axle of the vehicle. 

• The index 𝑗 refers to the left (𝐿) or right (𝑅) side of the vehicle. 

According to the convention chosen, the displacement 𝑧̃𝑖𝑗 is positive 

when the elastic and damping elements 𝑖𝑗 are in compression. 
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Figure 4.38 | Lumped-parameters diagram of the vehicle. 

𝑘1 is the tire stiffness. 𝑧0𝑖𝑗 is the vertical displacement of the tire-road 

contact patch. Since it is impractical to know this value exactly [98], it will 

be assumed to be 0. 

4.5.1.1|Anti-roll torques 

The vehicle has an active anti-roll torque for both the front and rear 

suspension. It has been modeled as shown in Figure 4.39. To achieve 

translational force equilibrium, each torque is replaced by the 

corresponding force pair. The torque values have been set as model inputs. 

 

Figure 4.39 | Diagram of anti-roll bar torques and their equivalent force pairs. 
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4.5.1.2|Damping forces 

Damping forces are active for both the front and rear suspensions. The 

positive direction of the damping forces is shown in Figure 4.40. 

 

Figure 4.40 | Diagram of damping forces. 

The damping force 𝐹𝑑𝑖𝑗 depends on the control electric current 𝑖𝑑𝑖𝑗 and 

the relative velocity between the sprung and unsprung mass, computed as 

follows: 

 𝑧̇̃𝑖𝑗 = 𝑧̇1𝑖𝑗 − 𝑧̇2𝑖𝑗 (4.25) 

The lookup table returns force values in the ranges −1109.1 ÷ 1373.2 𝑁 

(front suspension) and −1183.3 ÷ 1115.6 𝑁 (rear suspension) for input 

currents in the range 0 ÷ 1.6 𝐴 and relative velocities in the range −2 ÷ 2 
𝑚

𝑠
. 

The damping force 𝐹𝑑𝑖𝑗 applied in the model does not coincide with the 

force applied by the damping actuator, just as the speed 𝑧̇̃𝑖𝑗 of the model 

does not coincide with the speed of the actuator. The Motion Ratio 𝑀𝑅𝑖𝑗 

considers the different points of application of damping forces on the real 

vehicle and the vehicle model. Regarding the first one, damping forces are 

applied at the actuators, while concerning the second one, the previously 

mentioned forces are applied at the corners of the vehicle. 𝑀𝑅𝑖𝑗 is equal to 

the ratio between the length of the suspension arm 𝐴𝐿𝑖𝑗 and the distance 
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𝑊𝐿𝑖𝑗 between the pivot point of the arm and the wheel. The geometric 

meaning of these quantities is shown in Figure 4.41. 

 

Figure 4.41 | Length of the suspension arm 𝑨𝑳𝒊𝒋 and distance 𝑾𝑳𝒊𝒋 between the pivot 

point of the arm and the wheel. 

For the damping force applied in the model to be equivalent to that 

applied by the actual actuator, conversions must be made for the velocity 

input to the lookup table and the force output from the lookup table. The 

input velocity and the output force are relative to the actual actuator. 

Applying the lever rule [99], the velocity 𝑧̇̃𝑖𝑗 as input to the lookup table 

must be multiplied by the factor 𝑀𝑅𝑖𝑗 before interpolating the values from 

the lookup table. The output force must be multiplied by 𝑀𝑅𝑖𝑗 to obtain the 

force 𝐹𝑑𝑖𝑗 . 

 

Figure 4.42 | Damping force calculation scheme  

with look-up table input and output representation. 
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4.5.1.3|Spring forces 

The springs within the front and rear suspensions are passive and 

pneumatic. The positive direction of the spring forces is shown in Figure 

4.43. 

 

Figure 4.43 | Diagram of spring and tire forces. 

The net elastic force 𝐹𝑒𝑖𝑗 depends on the relative displacement between 

the sprung and unsprung masses. The spring in the suspension is 

pneumatic. In this type of spring [100], the force 𝐹𝑒𝑖𝑗 increases exponentially 

as the difference 𝑧̃𝑖𝑗 = 𝑧1𝑖𝑗 − 𝑧2𝑖𝑗, spring in compression, increases. 

Furthermore, this force takes on a zero value when compression is zero. 

Equation (4.26) incorporates the desired characteristics: 

 
𝐹𝑒𝐹𝑗 = 𝛼𝐹(𝛽𝛾𝑧𝐹𝑗 − 1) 

𝐹𝑒𝑅𝑗 = 𝛼𝑅(𝛽𝛾𝑧𝑅𝑗 − 1) 
(4.26) 

The identification of the numerical values assumed by the parameters in 

Equation (4.26) is explained in the Section 4.5.1.5. 

Figure 4.44 shows the elastic force 𝐹𝑒𝑖𝑗 at a displacement 𝑧̃𝑖𝑗. The diagram 

is plotted in the range of variation from −100 𝑚𝑚 to 100 𝑚𝑚. 
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Figure 4.44 | Force exerted by the spring element 𝑭𝒆𝒊𝒋 with respect to displacement 𝒛̃𝒊𝒋. 

The elastic force 𝐹𝑒𝑖𝑗 generated by tire 𝑖𝑗 has been considered linearly 

dependent on 𝑧1𝑖𝑗 − 𝑧0𝑖𝑗. The tire stiffness coefficient 𝑘1 = 0.1882 
𝑘𝑁

𝑚𝑚
. 

4.5.1.4|Equilibrium Equations 

The dynamical Equations related to the 7-degree-of-freedom vehicle 

model are explained in the present Section. The vehicle model is defined by 

the following equilibrium Equations: 

• Around 𝑥 

𝐼𝑥𝜑̈ = (𝐹𝑑𝐹𝐿 + 𝐹𝑒𝐹𝐿)
𝑡1

2
− (𝐹𝑑𝐹𝑅 + 𝐹𝑒𝐹𝑅)

𝑡1

2
+ (𝐹𝑑𝑅𝐿 + 𝐹𝑒𝑅𝐿)

𝑡2

2

− (𝐹𝑑𝑅𝑅 + 𝐹𝑒𝑅𝑅)
𝑡2

2
− 𝑀𝑅𝑜𝑙𝑙𝐹𝑟𝑜𝑛𝑡 − 𝑀𝑅𝑜𝑙𝑙𝑅𝑒𝑎𝑟

+ 𝑀ℎ𝐺𝑎𝑦 

(4.27) 

• Around 𝑦 

𝐼𝑦𝜗̈ = −(𝐹𝑑𝐹𝐿 + 𝐹𝑒𝐹𝐿)𝑎1 − (𝐹𝑑𝐹𝑅 + 𝐹𝑒𝐹𝑅)𝑎1 + (𝐹𝑑𝑅𝐿 + 𝐹𝑒𝑅𝐿)𝑎2

+ (𝐹𝑑𝑅𝑅+𝐹𝑒𝑅𝑅)𝑎2 − 𝑀ℎ𝐺𝑎𝑥 
(4.28) 

• Along 𝑧 

𝑀𝑧̈𝑂 = 𝐹𝑑𝐹𝐿 + 𝐹𝑒𝐹𝐿 + 𝐹𝑑𝐹𝑅 + 𝐹𝑒𝐹𝑅 + 𝐹𝑑𝑅𝐿 + 𝐹𝑒𝑅𝐿 + 𝐹𝑑𝑅𝑅 + 𝐹𝑒𝑅𝑅 (4.29) 
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• Body-wheel coordinate link 

 

𝑧2𝐹𝐿 = 𝑧𝑂 +
𝑡1

2
𝜑 − 𝑎1𝜗 

𝑧2𝐹𝑅 = 𝑧𝑂 −
𝑡1

2
𝜑 − 𝑎1𝜗 

𝑧2𝑅𝐿 = 𝑧𝑂 +
𝑡2

2
𝜑 + 𝑎2𝜗 

𝑧2𝑅𝑅 = 𝑧𝑂 −
𝑡2

2
𝜑 + 𝑎2𝜗 

𝑧1𝑖𝑗 = 𝑧2𝑖𝑗 + 𝑧̃𝑖𝑗 

(4.30) 

• Along 𝑧 – front left wheel 

𝑚𝐹𝐿 (𝑧̈̃𝐹𝐿 + 𝑧̈̃𝑂 +
𝑡1

2
𝜑̈ − 𝑎1𝜗̈) −

𝑀𝑅𝑜𝑙𝑙𝐹𝑟𝑜𝑛𝑡

𝑡1

= −𝐹𝑑𝐹𝐿 − 𝐹𝑒𝐹𝐿 − 𝑘1(𝑧𝑂 +
𝑡1

2
𝜑 − 𝑎1𝜗 + 𝑧̃𝐹𝐿 − 𝑧0𝐹𝐿) 

(4.31) 

 

• Along 𝑧 – front right wheel 

𝑚𝐹𝑅 (𝑧̈̃𝐹𝑅 + 𝑧̈̃𝐺 −
𝑡1

2
𝜑̈ − 𝑎1𝜗̈) +

𝑀𝑅𝑜𝑙𝑙𝐹𝑟𝑜𝑛𝑡

𝑡1

= −𝐹𝑑𝐹𝑅 − 𝐹𝑒𝐹𝑅 − 𝑘1(𝑧𝑂 −
𝑡1

2
𝜑 − 𝑎1𝜗 + 𝑧̃𝐹𝑅 − 𝑧0𝐹𝑅) 

(4.32) 

• Along z – rear left wheel 

𝑚𝑅𝐿 (𝑧̈̃𝑅𝐿 + 𝑧̈̃𝑂 +
𝑡2

2
𝜑̈ + 𝑎2𝜗̈) −

𝑀𝑅𝑜𝑙𝑙𝑅𝑒𝑎𝑟

𝑡2

= −𝐹𝑑𝑅𝐿 − 𝐹𝑒𝑅𝐿 − 𝑘1(𝑧𝑂 +
𝑡2

2
𝜑 + 𝑎2𝜗 + 𝑧̃𝑅𝐿 − 𝑧0𝑅𝐿) 

(4.33) 

 

• Along z – rear right wheel 

𝑚𝑅𝑅 (𝑧̈̃𝑅𝑅 + 𝑧̈̃𝑂 −
𝑡2

2
𝜑̈ + 𝑎2𝜗̈) +

𝑀𝑅𝑜𝑙𝑙𝑅𝑒𝑎𝑟

𝑡2

= −𝐹𝑑𝑅𝑅 − 𝐹𝑒𝑅𝑅 − 𝑘1(𝑧𝑂 −
𝑡2

2
𝜑 − 𝑎2𝜗 + 𝑧̃𝑅𝑅 − 𝑧0𝑅𝑅) 

(4.34) 

Within the previously presented Equations, 𝑎𝑥 and 𝑎𝑦 represent the 

longitudinal and lateral accelerations of the centre of gravity and are 

measured with an IMU. 
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The developed model is characterized by lumped parameters. The 

modeling was developed using this approach for several reasons: 

• Purpose of the analysis: the main objective is a concise and easily 

interpretable representation of the suspension to focus on the 

fundamental dynamics. The use of a multibody model would 

have introduced additional complexity not relevant to the specific 

objectives of this study. 

• Computational resource limitations:  implementation of a 

multibody model requires significant computational resources, 

especially in complex scenarios. A lumped-parameters model was 

preferred to ensure that the analysis could be conducted 

efficiently. 

• Experimental validation:  data to test the estimator indicate that 

the lumped-parameters model offers an accurate representation of 

suspension dynamics. 

4.5.1.5|Identification of unknown parameters 

The parameters presented in Section 4.5.1.3 and the height of the center 

of gravity ℎ𝐺  have been identified through a parametric identification 

procedure. Several lane change maneuvers and one lap on track 7 of the 

Ford Lommel Proving Ground were performed on track 10. Track 7 is 

4.3 𝑘𝑚 long and combines several transient and steady-state maneuvers, 

including elevation changes. 

Figure 4.45 shows, schematically, the known quantities (red and green). 
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Figure 4.45 | Simplified graphical representation of the estimator subsystems with 

specifications of known (red) and estimated (black) quantities. The estimated acceleration 

of the unsprung masses relative to the chassis is indicated in green. 

The anti-roll torques 𝑀𝑅𝑜𝑙𝑙𝐹𝑟𝑜𝑛𝑡 and 𝑀𝑅𝑜𝑙𝑙𝑅𝑒𝑎𝑟 are known because they are 

applied to the vehicle, independently of the displacements estimated with 

the virtual sensor. The damping forces 𝐹𝑑𝑖𝑗 are partially known because the 

relative velocities between the sprung and unsprung masses are computed 

through the proposed virtual sensor, while the applied control electric 

currents are known. The longitudinal and lateral accelerations 𝑎𝑥 and 𝑎𝑦 are 

measured via an IMU and preliminarily processed. For a correct 

identification of the unknown parameters, as well as a correct subsequent 

estimation of the system states, it is necessary to remove the DC Gain of the 

lateral and longitudinal accelerations and to convert them from signals 

expressed in multiples of the gravitational acceleration 𝑔 to signals 

expressed in 
𝑚

𝑠2. The presence of an offset in the measurements would lead 

to a rapid drift of the measured signals. The use of accelerations not 

expressed in 
𝑚

𝑠2 would lead to the identification of physically invalid 
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parameters, and the estimation of displacements would be different from 

that expected. The initial offset was removed by removing the acceleration 

value measured with the vehicle in stationary conditions. The unit 

conversion was performed by multiplying the original signals by 9.80665, 

the gravitational acceleration. High-pass and low-pass filters were not used 

as, although they would allow the removal of high- and low-frequency 

components not characteristic of the signal of interest, they would result in 

unacceptable delays in the estimation of displacements and in the 

application of the estimator to suspension control systems that require 

rapid processing and responses to external inputs to preserve safety and 

ride comfort. Furthermore, it must be noted that the accelerations always 

oscillate around the null value, as do the states, since no offset has been 

introduced into the model. Therefore, any integration errors of 𝑧̈̃𝑖𝑗 due to 

measurement noise are automatically compensated over time. From the 

knowledge of the quantities highlighted in red in Figure 4.45 and the 

physical model, it is possible to calculate 𝑧̈̃𝑖𝑗 and then, by double integration, 

𝑧̃𝑖𝑗 . The actual relative displacements between the unsprung masses and the 

sprung mass have been measured by means of a sensor placed inside each 

wheel. Subsequently, the values of the parameters 𝑎𝐹, 𝑎𝑅 , 𝑏, 𝑐 and ℎ𝐺  for 

minimizing the mean square error between the measurements taken and 

the 𝑧̃𝑖𝑗 signals obtained through the dynamic model have been identified. 

The identification procedure consists of the following steps: 

1. Definition of the quadratic cost function: 

 𝐽 =
1

2
∑ ∑ ∑(𝑧̂̃𝑖𝑗𝑘

(𝛼𝐹 , 𝛼𝑅 , 𝛽, 𝛾, ℎ𝐺) − 𝑧̃𝑖𝑗𝑘
)2

𝑛

𝑘=1𝑗=𝐿,𝑅𝑖=𝐹,𝑅

 (4.35) 
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• 𝑧̂̃𝑖𝑗𝑘
 is the estimated displacement, parameterized with respect to ℎ𝐺 , 

related to the unsprung mass 𝑖𝑗, obtained at the 𝑘-th time instant. 

• 𝑧̃𝑖𝑗𝑘
 is the experimental measurement related to the unsprung mass 

𝑖𝑗, obtained at the 𝑘-th time instant. 

• 𝑛 is the number of samples. 

2. Random selection from a normal Gaussian distribution of the initial 

values of 𝛼𝐹 , 𝛼𝑅,𝛽, 𝛾 and ℎ𝐺 . 

3. Calculation of the Gradient of the Cost Function. The gradient of the cost 

function with respect to the parameters 𝛼𝐹, 𝛼𝑅, 𝛽, 𝛾 and ℎ𝐺 , denoted as 

𝛻𝐽(𝛼𝐹, 𝛼𝑅, 𝛽, 𝛾, ℎ𝐺), is a vector that holds the cost function's partial 

derivatives with regard to each parameter. This vector indicates the 

direction and magnitude of the maximum decrease in the cost function 

with respect to each parameter. 

4. Update Parameters via Gradient Descent [77]. 

5. Iteration. Steps 3 and 4 were repeated until the cost function converged 

to a minimum value. 

6. Convergence verification to a global minimum. Steps 3, 4, and 5 were 

repeated 100 times with different initial values to find the global 

minimum among all minima. 

Table 4.17 shows the parameters related to Equation (4.26) identified 

through the parametric identification procedure. 
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Symbol Description Value 

𝛼𝐹 Vertical front scale factor 5955 

𝛼𝑅 Vertical rear scale factor 8166 

𝛽 Exponential form factor 4.796 

𝛾 Horizontal scale factor 4.691 

ℎ𝐺 
Distance of the CoG* from the origin 𝑂 

of the reference system 
0.561 (𝑚) 

*CoG: Centre of Gravity 

Table 4.17 | Air spring force coefficients and distance of the CoG from the origin O 

Table 4.18 shows the Root Mean Square Error (RMSE) of the 

displacement for the four unsprung masses. 

 𝑧̃𝐹𝐿 𝑧̃𝐹𝑅 𝑧̃𝑅𝐿 𝑧̃𝑅𝑅 

RMSE 0.0098868 0.0090681 0.0086620 0.0076287 

Table 4.18 | RMSE between predicted and reference displacements of maneuvers 

carried out for parameter identification. 

4.6|Neural Network-based virtual measurement of 

road vehicle wheel displacements 

This study introduces a virtual sensor designed to measure the vertical 

displacement of a road vehicle's wheels, specifically aimed at enhancing the 

control of the vehicle's suspension systems. The virtual sensor utilizes a 

multi-output NN to predict the displacement of all four wheels 

simultaneously. Inputs to the network include longitudinal, lateral, and 

vertical accelerations from an Inertial Measurement Unit (IMU), along with 

anti-roll torques from both front and rear anti-roll bars, and currents in the 

actuators of active suspensions.  

4.6.1|Choice of inputs and output 

A vehicle reference system is defined with the origin at the center of 

gravity, the 𝑥-axis in the direction longitudinal to the vehicle, the 𝑦-axis in 

the direction lateral to the vehicle, and the 𝑧-axis pointing upwards. The 
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three axes are oriented in a way to make an orthogonal levorotatory triad. 

The subscript 𝑖 denotes the axle, front 𝑓 or rear 𝑟, and the subscript 𝑗 the left 

vehicle side 𝑙 or right vehicle side 𝑟. The selection of inputs for the NN is 

rooted in physical considerations. Nine inputs are identified, each crucial 

for capturing various aspects of the vehicle's behavior:  

• Longitudinal acceleration 𝑎𝑥: this input reflects weight transfer 

during acceleration or deceleration, impacting the compression or 

expansion of the suspension at each axle; lateral acceleration 𝑎𝑦: 

Lateral forces during cornering result in asymmetrical load 

distribution, affecting the vertical displacement of wheels on the 

outside and inside of curves; Vertical acceleration 𝑎𝑧: changes in 

vertical acceleration correspond to suspension compression or 

extension, influencing the vertical displacement of wheels relative 

to the chassis. 

• Currents in the damping actuators 𝑖𝑖𝑗: actuators at each wheel 

respond to vehicle dynamics by applying forces to adjust the 

suspension, affecting the vertical position of the wheels.  

• Antiroll moments 𝑀𝑖: these moments counteract chassis roll during 

cornering, redistributing load between the inner and outer 

suspensions to maintain vehicle stability. 

The four outputs of the NN are the vertical displacements of the wheels 

𝑤𝑖𝑗 with respect to the chassis, evaluated at the wheels. These displacements 

are positive if the wheel approaches the chassis and negative if it moves 

away. The reference values were measured by means of a physical sensor 

placed on each wheel. 

 

 



4|APPLICATIONS IN THE PROPOSED VEHICLE DYNAMICS TOPICS 

 191 

 

4.6.2|Data collection 

The data used in the development of this paper were collected during a 

secondment at the Tenneco company conducted during the doctoral 

program. The data were acquired by performing on the Ford Lommel 

Proving Ground acceleration, deceleration, and steering maneuvers, which 

most stress the vertical displacements of the wheels, in a way that covers 

the normal operating conditions of a road vehicle. Manoeuvres were carried 

out for a total of 3 hours, which allowed a low computational burden in 

training while maintaining adequate generalization. 

4.6.3|Neural network development 

The NN consists of an input layer, two hidden layers with ReLU 

activation functions, and an output layer, as shown in Figure 4.46. 

 

Figure 4.46 | NN architecture with evidence of inputs (𝒂𝒙, 𝒂𝒚, 𝒂𝒛, 𝒊𝒇𝒍, 𝒊𝒇𝒓, 𝒊𝒓𝒍, 𝒊𝒓𝒓, 𝑴𝒇, 𝑴𝒓) and 

outputs (𝒘𝒇𝒍, 𝒘𝒇𝒓, 𝒘𝒓𝒍, 𝒘𝒓𝒓). 

In order to increase the amount of information used to estimate the 

output at instant 𝑘 + 1 without increasing the number of measurements 
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required, samples from 𝑚 previous instants were also used as input 

according to the scheme shown in Figure 4.11.  

The hyper-parameters were tuned by Bayesian optimization according 

to the ranges shown in Table 4.19. 

 

Name Range Type Value 

Initial learn rate [10−2  ÷  10−1] Real 0.8983 

Hidden units [500 ÷  1500] Integer 873 

L2 regularisation coefficient [10−6  ÷  10−2] Real 0.0043 

Dropout probability [0.1 ÷  0.3] Real 0.1324 

Mini batch size [128, 256, 512, 1024] Integer 512 

Sample number [1 ÷  20] Integer 19 

Table 4.19 | Range of variation of hyper-parameters and identified values. 

Using mid-range hardware, the estimator is able to return the four 

outputs with a sample time of 0.01 𝑠, making a real-time application 

feasible. 

4.7|Enhancement of the wheel vertical 

displacement estimation in road vehicles 

through integration of model-based estimator 

with artificial intelligence 

In the automotive industry, accurately estimating wheel displacements 

is crucial for optimizing vehicle suspension systems. Traditional model-

based approaches often struggle to predict these displacements accurately 

due to the complex dynamics of road-vehicle interactions. This study 

proposes integrating a multi-output NN that compensates for estimation 

errors inherent in model-based approaches. 
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The physical model used in this study is shared with the one presented 

in Section 4.5. 

 

Figure 4.47 | Schematic representation of the model-based estimator of wheel 

displacements. 

4.7.1|Corrective neural network 

The model-based estimator cannot accurately estimate wheel 

displacement relative to the vehicle body when this displacement is caused 

by road inputs, as it lacks information about the road profile. To address 

this limitation, a multi-output NN was integrated to work in parallel with 

the model-based estimator, compensating for the missing road input data. 

The NN leverages vertical acceleration information to estimate the 

suspension displacement resulting from road inputs. It can identify 

nonlinear relationships between these inputs and wheel displacements 
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without requiring a physical model, which is often complex due to the 

unpredictable nature of road inputs. 

Initially, the NN was trained using forces and torques from the actuators 

and acceleration data from an IMU along three axes as inputs, with the 

output being the displacement of the four wheels. This training was 

conducted using experimental data from the same vehicle for which the 

model-based estimator was developed. Once properly trained, the NN 

learns the intrinsic correlations between the inputs without needing a 

physical model of the system. 

The inputs to the trained NN were normalized to have a mean of zero 

and a standard deviation of one. The key idea of this study is that by setting 

some of the inputs to zero—effectively their mean value—the NN can 

isolate the effects of the remaining inputs based on the relationships it 

learned during training. In this case, the model-based estimator cannot 

provide accurate wheel displacement estimates due to road inputs, but this 

information is captured in the vertical acceleration data, which is not used 

by the model-based estimator but is included in the NN's inputs. 

NNs learn to map inputs to outputs based on patterns in the training 

data, with the network's weights adjusted to minimize errors between 

predicted and actual outputs. When input features are normalized, setting 

them to their mean value removes their contribution from the network’s 

calculations. Consequently, the NN can only rely on the non-zero features 

to make predictions, limiting its ability to fully use the learned relationships 

involving the zeroed-out features. 

In the context of model-based estimators, the input features are crucial 

for accurate predictions. However, the estimator cannot account for the 

influence of road inputs on wheel displacement because it lacks the 
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necessary input variability. As a result, predictions rely solely on other 

inputs, which do not provide sufficient information for accurate estimation. 

Road inputs cause vertical movement of the vehicle’s center of gravity, 

leading to measurable vertical acceleration. These inputs do not cause 

horizontal motion and do not result in longitudinal or lateral accelerations. 

Since the model-based estimator uses longitudinal and lateral 

accelerations—which do not contain road input information—it cannot 

estimate vertical wheel displacement due to road inputs on its own. To 

overcome this, all inputs to the NN, except for vertical acceleration, were 

set to zero (the mean value of the normalized inputs). The output from the 

NN, representing the displacement due to road inputs, was then added to 

the estimate obtained from the model-based estimator. 

The overall displacement is calculated using the following Equation: 

 𝑧̃𝑖𝑗 = 𝑧̃𝑖𝑗
𝑀𝐵 + 𝑧̃𝑖𝑗

𝑁𝑁 (4.36) 

Where: 

• 𝑧̃𝑖𝑗
𝑀𝐵 is the wheel displacement 𝑖𝑗 due to the model-based estimator. 

• 𝑧̃𝑖𝑗
𝑁𝑁 is the wheel displacement 𝑖𝑗 due to the NN. 

The overall estimator is shown in Figure 4.48. 
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Figure 4.48 | Schematic representation of the overall estimator of wheel displacements. 

4.7.2|Neural network development 

The NN used is a feedforward NN [101] with two hidden layers and a 

ReLU activation function [102]. 

To effectively train an NN, three distinct datasets are essential: the 

training dataset, used to adjust model parameters; the validation dataset, 

employed to fine-tune hyperparameters; and the test dataset, which 

evaluates the network's performance independently. The data used in the 

development of this paper were collected during a secondment at the 

Tenneco company conducted during the doctoral program. The data were 

collected by performing natural maneuvers in line with state-of-the-art 

indications. The objective was to develop a significant test scenario that isn't 

specific to a single car and aligns the estimator with emerging patterns in 

human-machine decision-making that are indicative of intelligent cars [103] 

[104]. The training and validation sets were acquired by asking the driver 

to perform normal driving on bends and roads with bumps in order to 
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stress the suspension and then dividing the samples, randomly shuffled, 

according to an 80-20 proportion. The test set consisted of different data, in 

order to verify the absence of overfitting of the training data, in which the 

driver was asked to stress the suspension again. The NN demonstrates 

proficiency by performing effectively on both the training and validation 

sets, while also fitting the test set accurately, thereby guarding against 

overfitting. 

Hyperparameters are essential to the NN's learning process because they 

affect the values that the model parameters learn. These parameters are set 

before training and significantly impact the model's performance [22]. 

Optimizing hyperparameters, known as hyperparameter optimization, is 

essential for effective model training [23] [24]. In this study, several 

hyperparameters were optimized: initial learning rate [26], hidden units 

[30], L2 regularization coefficient [32], dropout probability [33], and mini-

batch size [34], number of samples. 

To estimate the wheel displacement at instant 𝑘 + 1, it was decided to 

consider the inputs from both instant 𝑘 and prior instants. With this 

approach, the NN can use additional data for the prediction without 

additional measures. In each pair (𝑖, 𝑗), the time instant is represented by 

the element 𝑗, while the measure is represented by the element 𝑖. For each 

input quantity used in the output prediction, 𝑚 is the number of samples 

and constitutes the hyperparameter to be tuned. 𝑛, which in this case is 

equal to 9, is the number of input quantities. In Figure 4.11, the concept is 

depicted. 

The variation ranges of the hyper-parameters and the identified value 

are shown in Table 4.20. 

Name Range Type Value 

Initial learn rate [10−2 −  10−1] Real 0.0320 
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Hidden units [100 −  1000] Integer 113 

L2 regularization coefficient [10−6 −  10−2] Real 2.7 ∙ 10−5 

Dropout probability [0.1 −  0.3] Real 0.291 

Mini batch size [128,256,512,1024] Integer 128 

Number of samples [1 −  50] Integer 19 

Table 4.20 | Range of variation of hyperparameters and identified values. 

Figure 4.49 shows the decrease in Training Loss and Validation Loss 

during NN training. 

 

Figure 4.49 | Decrease of MSE during NN training. 

4.8|Addressing integration challenges in vehicle 

roll and pitch estimation using Neural Network 

This study introduces a novel multioutput estimator that utilizes 

longitudinal and lateral accelerations to simultaneously estimate a vehicle's 

roll and pitch angles. Training data were obtained by performing laps 

around the Nürburgring track in both directions and a slalom maneuver 

using CarMaker software. OU noise was applied to the accelerations to 

simulate real-world signals. Subsequently, the NN was tested during a 

double lane change maneuver, with OU noise added to the input signals. A 

comparison between the NN's estimations and those obtained through the 
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integration of roll rate and pitch rate signals demonstrates the advantages 

of the NN approach. By employing algebraic calculations instead of signal 

integration, the NN provides consistent estimations over time. 

4.8.1|Choice of inputs and output 

The model's inputs were carefully chosen to reflect the real-world 

physical aspects of the problem: 

• Longitudinal acceleration 𝑎𝑥: When the vehicle accelerates forward, the 

force of inertia tends to shift the weight of the vehicle towards the 

rear. This weight shift causes the vehicle to pitch, with the front end 

rising and the rear end lowering. When braking, the opposite 

happens. The weight shifts towards the front, causing the vehicle to 

pitch, with the front end lowering and the rear end lifting. 

• Lateral acceleration 𝑎𝑦: When the vehicle accelerates sideways in a 

curve, the force of inertia tends to shift the weight of the vehicle 

towards the outside of the curve. This shift in weight causes the 

vehicle to roll, with the outer part of the vehicle falling and the inner 

part rising. 

The two outputs of the NN are the roll 𝜑 and pitch 𝜗 of the vehicle, 

calculated as rotation about the 𝑥 and 𝑦 axes of the reference system 𝑆𝑦𝑉. 

4.8.2|Data collection 

The data for training and validation of the NN were acquired by carrying 

out in CarMaker two laps of the Nürburgring track, shown in Figure 4.21, 

in the opposite direction and a slalom maneuver between ten obstacles 

placed 18 𝑚 apart. 

To achieve greater robustness of the estimator with respect to noise, an 

OU noise was added to the accelerations used as input. White noise is a 
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stationary process with independent and identically distributed 

increments. In practice, this means that its values change randomly and 

abruptly, without any memory of the past. OU noise is a stochastic process 

with a memory component. Its values change gradually and continuously, 

with a tendency to return towards a predetermined mean. This behavior 

makes OU noise more realistic for modeling many natural and engineering 

phenomena, which often exhibit some inertia and regression toward the 

mean. The superimposed noise has a standard deviation rate of 0.2 and a 

mean attraction constant of 5. Figure 4.50 shows the noise over a time 

interval of 5 𝑠. 

 

Figure 4.50 | OU noise using the training of the RL algorithm. 
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4.8.3|Neural network development 

The NN consists of an input layer, two hidden layers with swish 

activation functions, and an output layer. 

 

Figure 4.51 | NN architecture with evidence of inputs (𝒂𝒙, 𝒂𝒚) and outputs (𝝋, 𝝑). 

The swish activation function is shown in (1). 

𝑓(𝑥) =
𝑥

1 − 𝑒−𝑥
 (4.37) 

offers several advantages over other commonly used activation functions 

in NNs. Swish has a non-monotonic gradient, similar to ReLU (Rectified 

Linear Unit), but with a smoother slope in the negative region. This can 

facilitate learning and gradient propagation during NN training. It allows 

for a greater flow of information through the network compared to other 

functions like ReLU, which zeros out negative information. This can lead to 

better problem representation and higher model accuracy. Swish has been 

shown to achieve better performance than other activation functions in 

various ML tasks, such as image classification, machine translation, and 

natural language processing [29]. To improve the accuracy of the output 

estimate at time 𝑡, past samples were incorporated as additional inputs to 

the model, as illustrated in Figure 4.11. This approach leverages historical 

data without requiring extra real-time measurements. 
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The Bayesian optimization method was employed to train the two NNs. 

The hyperparameter variation ranges provided in Table 4.21 were used to 

guide this training process. 

Name Range Type Value 

Initial learn rate [10−2  ÷ 10−1] Real 0.8983 

Hidden units [100 ÷  500] Integer 873 

L2 regularisation coefficient [10−6  ÷ 10−2] Real 1.3 ∙ 10−6 

Dropout probability 1st layer [0.1 ÷  0.2] Real 0.1929 

Dropout probability 2nd layer [0.1 ÷  0.2] Real 0.1131 

Mini batch size [128, 256, 512, 1024] Integer 512 

Sample number [1 ÷  20] Integer 20 
Table 4.21 | Range of variation of hyper-parameters and identified values. 

4.9|Improving roll reduction in road vehicles on 

uneven surfaces through the fusion of 

proportional control and reinforcement 

learning 

This research addresses the pivotal role of active anti-roll bars in 

mitigating vehicle body roll during cornering, thereby enhancing overall 

stability, maneuverability, and comfort. The proposed approach integrates 

two distinct control methodologies—a straightforward error proportional 

controller and a Reinforcement Learning (RL) based controller. Each front 

and rear active anti-roll bar applies a roll-reducing torque computed by the 

proportional controller during cornering. However, this torque alone 

proves insufficient in effectively damping roll oscillations induced by road 

irregularities. The RL-based controller leverages observations 

encompassing Inertial Measurement Unit data (roll rate, pitch rate, and 

vertical acceleration), and wheel vertical displacements and employs the 

roll as a reward signal. This controller calculates two additional corrective 

torques. These torques are seamlessly incorporated by both front and rear 
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anti-roll bars alongside the proportional controller, effectively minimizing 

cornering oscillations. The results demonstrate the efficacy of the solution 

in significantly reducing vehicle roll, even in challenging road conditions. 

This novel hybrid control strategy combines the simplicity of proportional 

feedback with the adaptability of RL, offering a robust anti-roll system that 

excels in both cornering dynamics and rough terrain scenarios. 

4.9.1|Controller design 

The realized controller, schematized in Figure 4.52, consists of two 

components, one proportional to the error between the null reference and 

the roll angle and the other based on Reinforcement Learning. 

 

Figure 4.52 | Diagram of the overall control system with details of the 

 signals and components involved. 

The proportional controller receives the control error as input and 

returns a control signal, which is the same for both front and rear anti-roll 

bars: 

 𝐶𝑘𝑃𝑖 = 𝑘𝑃 ∙ (0 − 𝜑) = −𝑘𝑃 ∙ 𝜑 (4.38) 

Where 𝑘𝑃  =  2500 
𝑉

𝑟𝑎𝑑
 has been tuned to obtain a roll angle of less than 

0.0035 𝑟𝑎𝑑 (0.2°)  at a lateral acceleration of 3.5 
𝑚

𝑠2 and in the absence of 

bumps in the road. 
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The control signal is a voltage signal that can vary between −48𝑉 and 

+48𝑉. 

4.9.2|Reinforcement learning enhancement 

To achieve an efficient roll angle decrease even on bumpy roads, the 

proportional controller was combined with an RL-based controller acting 

in parallel. 

The RL-controller is based on the interaction between an environment 

and an agent. The training of the RL-controller is divided into two phases, 

the first occurs offline where the environment is represented by a simplified 

physical model, the second occurs online where the environment is 

represented by the actual physical system. In the second phase, the 

controller reinforces the learning that took place initially offline. In the 

specific case of the controller realized in this study, the environment is 

represented by a 7-degree-of-freedom model, common with the model in 

Section 4.5, in which longitudinal and lateral accelerations and inputs from 

the road are signals acquired using the IPG CarMaker simulation software. 

The agent belongs to the Deep Deterministic Policy Gradient (DDPG) 

category [105]. This agent can apply continuous actions over time. 

In this study, the observations 𝑆 are: roll rate 𝜑̇, pitch rate 𝜗̇, vertical 

acceleration 𝑧̈𝑂, relative displacements of the wheels 𝑧̃𝑖𝑗 concerning the 

chassis; the actions are the corrective signals 𝜋𝐹𝑟𝑜𝑛𝑡 and 𝜋𝑅𝑒𝑎𝑟; the reward is 

given by −100 ∙ 𝜑2, i.e. penalizes non-zero roll angle values. 

The overall control signal 𝐶𝑖, the sum of the error proportional 

contribution 𝐶𝑘𝑃𝑖 and the one based on Reinforcement Learning 𝜋𝑖, enters 

as an input to the actuator of the active anti-roll bar, which uses it to 

calculate the anti-roll torque. The relationship between the anti-roll bar 
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torque of the front and rear bars and the control signal is governed by a 

second-order transfer function: 

𝑀𝑅𝑜𝑙𝑙𝑖
(𝑠)

𝐶𝑖(𝑠)
=

𝐺

(𝜏1𝑠 + 1) ∙ (𝜏2𝑠 + 1)
 (4.39) 

Where 𝐺 = 400; 𝜏1 = 69𝑚𝑠; 𝜏1 = 14𝑚𝑠. 

The Reinforcement Learning NNs were trained by having the vehicle 

perform a slalom maneuver in the IPG CarMaker software. Longitudinal 

and lateral accelerations were recorded and used as input to the 7-degree-

of-freedom lumped-parameter model. From this model, which constitutes 

the Reinforcement Learning environment, observations are sampled, and 

rewards are generated. 

Figure 4.53 shows the longitudinal and lateral acceleration of the vehicle 

realized during the training maneuver. 

 

Figure 4.53 | Longitudinal and lateral accelerations of the vehicle of the performed 

slalom maneuver in the case of the training maneuver. 
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Figure 4.54 shows the vertical displacement of the road wheel contact 

points due to road bumps. 

 

Figure 4.54 | Vertical displacement of the road wheel contact points due to road 

bumps in the case of the training maneuver. 

As a result of proportional control only, the vehicle's roll decreases, 

however, road bumps cause oscillations that are not attenuated by 

proportional control solely. An RL agent was trained offline to decrease 

such oscillations. The training lasted 100 episodes. Each episode had a 

duration of 33.27 𝑠 with a sample time of 0.01 𝑠. Consequently, the number 

of steps per episode was 3327 and the total number of steps was 3327000.  

To ensure the generalization of the results, OU noise was added during 

training. Table 4.22 shows the values characterizing the OU noise for this 

study. Figure 4.55 shows the noise versus steps. 

 

Symbol Description Value 

𝜇 Noise mean value 0 (𝑉) 

𝜇̂ 
Constant specifying how quickly the noise 

model output is attracted to the mean 
0.7 

𝜎 Initial value of noise standard deviation 10 (𝑉) 

𝑑𝜎 Decay rate of the standard deviation 10−5 
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𝜎𝑚𝑖𝑛 Minimum value of 𝜎 0 (𝑉) 

𝑇𝑆 Agent sample time 0.01 (𝑠) 

𝑣(1) Initial noise 0 (𝑉) 

Table 4.22 | Values characterizing the OU noise. 

 

Figure 4.55 | OU noise trend by training steps. 

The training of the NNs took place with a progressive increase in reward, 

as shown in Figure 4.56. 

 

Figure 4.56 | Trend of total reward per episode as training progresses. 

Figure 4.57 shows a comparison of roll angle in the absence of anti-roll 

torque, in the presence of proportional control, and in the presence of 
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proportional control with simultaneous correction by Reinforcement 

Learning in the case of the training maneuver. 

 

Figure 4.57 | Comparison of roll angle in the absence of anti-roll torque, in the presence of 

proportional control, and in the presence of proportional control and correction by 

Reinforcement Learning in the case of the training maneuver. 

Table 4.23 shows RMSE in the presence of proportional control and in 

the presence of proportional control with simultaneous correction by 

Reinforcement Learning in the case of the training maneuver. 

 Proportional control Proportional control + RL 

RMSE (deg) 0.1585 0.0930 

Table 4.23 | RMSE of the roll with respect to the null reference in the absence of control, in 

the presence of proportional control, and in the presence of proportional control with 

simultaneous correction by Reinforcement Learning in the case of the training maneuver. 
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5|RESULTS OF PROPOSED APPLICATIONS 

This section provides the results of the studies presented in Section 4. 

Root Mean Square Error (RMSE) was used to evaluate the performance 

of the proposed estimation and control solutions. 

The RMSE is defined as follows: 

 𝑅𝑀𝑆𝐸 = √∑
(𝑥̂𝑗 − 𝑥𝑗)2

𝑛

𝑛

𝑗=1

 (5.1) 

Where: 

• 𝑥̂𝑗 is the 𝑗-th estimated sample of the test maneuver. 

• 𝑥𝑗 is the 𝑗-th reference sample of the test maneuver. 

• 𝑛 is the number of samples of the test maneuver. 

5.1|Multi-output physically analyzed neural 

network for the prediction of tire–road 

interaction forces 

5.1.1|Test maneuvers 

The NN test was carried out using maneuvers to highlight the 

contribution of each of the two inputs in the prediction of the road-tire 

interaction forces in the three spatial directions of the wheel reference 

system 𝑆𝑦𝑊: 

• Constant Radius Cornering: in this maneuver, the vehicle travels a 

curve with a constant radius of 30 𝑚 in a clockwise direction, first 

accelerating and then decelerating. Figure 5.1 shows the non-
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normalized accelerations along the three directions of 𝑆𝑦𝑉 for this 

maneuver. 

• Slalom: in this maneuver, the vehicle advances through seven 

obstacles positioned 17 𝑚 from each other and at a speed of 

approximately 60 
𝑘𝑚

ℎ
, making rapid changes in direction. Figure 5.2 

shows the non-normalized accelerations along the three directions of 

𝑆𝑦𝑉 for this maneuver. 

 

Figure 5.1 | Non-normalized accelerations in 𝑺𝒚𝑽 | Constant Radius Cornering. 
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Figure 5.2 | Non-normalized accelerations in 𝑺𝒚𝑽 | Slalom. 

5.1.2|Input and output denormalization 

The trained NN requires normalized inputs and returns normalized 

outputs. The inputs must be normalized using the mean and standard 

deviation used to normalize the inputs of the training and validation 

datasets, as shown in Equation (5.2). The outputs must be denormalized 

using the mean and standard deviation used to normalize the outputs of 

the training and validation datasets, as shown in Equation (5.3). 

𝑎̃𝑖𝑗 =
𝑎𝑖𝑗 − 𝜇𝑎𝑖

𝜎𝑎𝑖

 (5.2) 

Where: 

• 𝑎̃𝑖𝑗 is the 𝑗-th normalized sample of the test maneuver relative to the 

acceleration measured in the 𝑖-th direction of 𝑆𝑦𝑉. 
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• 𝑎𝑖𝑗 is the 𝑗-th non-normalized sample of the test maneuver relative 

to the acceleration measured in the 𝑖-th direction of 𝑆𝑦𝑉. 

• 𝜇𝑎𝑖
 is the mean of all accelerations of the training and validation 

datasets in the 𝑖-th direction of 𝑆𝑦𝑉. 

• 𝜎𝑎𝑖
 is the standard deviation of all accelerations of the training and 

validation datasets in the 𝑖-th direction of 𝑆𝑦𝑉. 

• 𝑖 = 𝑥, 𝑦. 

𝐹̂𝑖𝑅𝑘𝑗
= 𝐹̂̃𝑖𝑅𝑘𝑗

∙ 𝜎𝐹𝑖𝑅𝑘
+ 𝜇𝐹𝑖𝑅𝑘

 (5.3) 

Where: 

• 𝐹̂̃𝑖𝑅𝑘𝑗
 is the 𝑗-th normalized sample of the test maneuver relative to 

the predicted force of the 𝑘-th tire in the 𝑖-th direction of 𝑆𝑦𝑊. 

• 𝐹̂𝑖𝑅𝑘𝑗
 is the 𝑗-th non-normalized sample of the test maneuver relative 

to the predicted force of the 𝑘-th tire in the 𝑖-th direction of 𝑆𝑦𝑊. 

• 𝜇𝐹𝑖𝑅𝑘
 is the mean of all forces of the training and validation datasets 

of the 𝑘-th tire in the 𝑖-th direction of 𝑆𝑦𝑊. 

• 𝜎𝐹𝑖𝑅𝑘
 is the standard deviation of all forces of the training and 

validation datasets of the 𝑘-th tire in the 𝑖-th direction of 𝑆𝑦𝑊. 

• 𝑖 = 𝑥, 𝑦, 𝑧. 

• 𝑗 = 𝑅, 𝐿. 

5.1.3|Predicted forces 

The predicted forces relative to the reference are shown in Figures 5.3 

and 5.4. 
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Figure 5.3 | Reference vs predicted forces | Constant Radius Cornering. 

 

Figure 5.4 | Reference vs predicted forces | Slalom. 
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Table 5.1 shows RMSE between non-normalized predictions and non-

normalized references obtained for each force and maneuver [75]. 

Test 𝐹𝑥𝑅𝐿
 (𝑁) 𝐹𝑦𝑅𝐿

 (𝑁) 𝐹𝑧𝑅𝐿
 (𝑁) 𝐹𝑥𝑅𝑅

 (𝑁) 𝐹𝑦𝑅𝑅
 (𝑁) 𝐹𝑧𝑅𝑅

 (𝑁) 

Constant Radius 104.79 217.06 222.65 107.81 143.66 134.23 

Slalom 168.89 365.34 453.22 206.79 421.66 449.36 

Table 5.1 | RMSE between predicted and reference forces. 

Figures 5.3 and 5.4, and Table 5.1 show that the NN is able to accurately 

predict the six output forces using only longitudinal and lateral acceleration 

measurements. 

5.1.4|Influence of lateral load transfer on predicted lateral 

forces 

Remarks can be made on the prediction of lateral forces: 

• Looking at the second row of Figure 5.3, we see that the lateral forces, 

although both negative, take different values. In particular, it is 

greater in absolute value for the left tire. This is due to the lateral load 

transfer that, by increasing the vertical force on the left tire and 

decreasing it on the right tire, amplifies the lateral force on the left 

tire compared to the right tire. The NN is able to predict such 

behavior while using a single lateral acceleration. 
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Figure 5.5 | Asymmetry of lateral forces due to lateral load transfer. 

• The second row of Figure 5.4 shows between seconds 16 and 25 an 

asymmetry of the lateral force from the zero value. This is because 

the lateral load transfer, by alternately increasing and decreasing the 

vertical forces on the left and right tires, results in an alternative 

amplification of the lateral force on one tire relative to the other. The 

NN is able to predict such behavior despite the lateral acceleration 

oscillating symmetrically around zero, as shown in Figure 5.2. 
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Figure 5.6 | Alternating amplification of lateral forces due to  

alternating lateral load transfer. 

5.1.5|Input sensitivity analysis 

To analyze the influence of each input on the outputs of the NN, each 

normalized input was set equal to the mean value of the training and 

validation datasets, i.e., zero. In this way, all the variability of that input 

quantity was canceled out and consequently also its influence on the 

predicted outputs. 

Tables 5.2 and 5.3 show RMSE and percent variation obtained for each 

force and each maneuver following the zeroing of each normalized input. 

Figures 5.7 and 5.8 show the variation in RMSE for each maneuver with and 

without zeroing the normalized inputs. The increase in RMSE is a 

consequence of the impossibility of the NN to find the interconnections 

between the inputs necessary to predict the outputs. 
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Test  𝐹𝑥𝑅𝐿
 (𝑁) 𝐹𝑦𝑅𝐿

 (𝑁) 𝐹𝑧𝑅𝐿
 (𝑁) 𝐹𝑥𝑅𝑅

 (𝑁) 𝐹𝑦𝑅𝑅
 (𝑁) 𝐹𝑧𝑅𝑅

 (𝑁) 

Constant radius 
𝒂̃𝒙𝒋 = 𝟎 

1073.83 274.30 484.29 996.97 234.61 350.91 

Slalom 1421.79 404.11 733.91 1361.89 461.61 725.61 

Constant radius 
𝒂̃𝒚𝒋 = 𝟎 

202.95 3212.93 2040.00 254.84 1978.47 2091.31 

Slalom 255.12 2370.79 1733.73 250.09 2271.87 1759.72 

Table 5.2 | RMSE after zeroing of normalized inputs. 

Test  𝐹𝑥𝑅𝐿
 (%) 𝐹𝑦𝑅𝐿

 (%) 𝐹𝑧𝑅𝐿
 (%) 𝐹𝑥𝑅𝑅

 (%) 𝐹𝑦𝑅𝑅
 (%) 𝐹𝑧𝑅𝑅

 (%) 

Constant radius 
𝒂̃𝒙𝒋 = 𝟎 

924.74 26.37 117.51 824.75 63.31 161.42 

Slalom 741.84 10.61 61.93 558.59 9.47 61.48 

Constant radius 
𝒂̃𝒚𝒋 = 𝟎 

93.67 1380.20 816.24 136.38 1277.19 1458.00 

Slalom 51.06 548.93 282.54 20.94 438.79 291.61 

Table 5.3 | Percent variation of RMSE after zeroing of normalized inputs. 

 

Figure 5.7 | RMSE with and without zeroing of normalized inputs | 

 Constant Radius Cornering. 

 

Figure 5.8 | RMSE with and without zeroing of normalized inputs | Slalom. 

Figures 5.9-5.12 show the predicted forces relative to the reference 

following the zeroing of each input. 
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Figure 5.9 | Reference vs predicted forces (𝑎̃𝑥𝑗 = 0) | Constant Radius Cornering. 

 

Figure 5.10 | Reference vs predicted forces (𝑎̃𝑦𝑗 = 0) | Constant Radius Cornering. 
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Figure 5.11 | Reference vs predicted forces (𝑎̃𝑥𝑗 = 0) | Slalom. 

 

Figure 5.12 | Reference vs predicted forces (𝑎̃𝑦𝑗 = 0) | Slalom. 



5|RESULTS OF PROPOSED APPLICATIONS 

 220 

 

Tables 5.2 and 5.3 and Figures 5.7 and 5.8 highlight specifically by which 

input the prediction of each force is most affected: 

• Zeroing longitudinal acceleration 𝑎̃𝑥 resulted in a large increase in 

RMSE for longitudinal forces 𝐹𝑥𝑅𝑘
, highlighted in red. When the 

driver accelerates or brakes, the road exerts positive or negative 

longitudinal forces on the tires in the forward direction that allow 

the vehicle to increase speed, positive acceleration, or decrease 

speed, negative acceleration. Thus, the physical dependence 

between these quantities is evident, allowing longitudinal 

acceleration measurements to be employed to predict the 

longitudinal forces that the road exerts on the tires. The first rows of 

Figures 5.9 and 5.11 clearly show that the NN can no longer 

accurately predict longitudinal forces in the absence of longitudinal 

acceleration information. 

• Zeroing longitudinal acceleration 𝑎̃𝑥 resulted in increased RMSE for 

vertical forces 𝐹𝑧𝑅𝑘
, highlighted in green. When the driver 

accelerates, the vehicle's center of gravity shifts backward due to 

vehicle inertia, causing an increase in load on the rear tires. Similarly, 

when the driver brakes, the vehicle's center of gravity shifts forward, 

causing a decrease in the vertical load on the rear tires. Longitudinal 

load transfer is the term for this phenomenon [68]. This means that 

when the longitudinal acceleration is positive, the vertical forces on 

the rear tires increase; conversely, when the longitudinal acceleration 

is negative, the vertical forces on the rear tires decrease. Looking at 

the third row in Figure 5.9 between seconds 8 and 23, i.e., when the 

longitudinal acceleration is positive, the vertical forces are 

underestimated. This is due to the inability of the NN to predict the 
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load increase on the rear tires due to vehicle inertia in the absence of 

longitudinal acceleration information. A similar observation can be 

made by looking at the third row of Figure 5.11 between seconds 6 

and 14. Looking at the third row of Figure 5.9 between seconds 23 

and 33, i.e., when the longitudinal acceleration is negative, the 

vertical forces are overestimated. This is due to the inability of the 

NN to predict the decrease in vertical load on the rear tires due to 

vehicle inertia in the absence of longitudinal acceleration 

information. A similar observation can be made by looking at the 

third row in Figure 5.11 between seconds 24 and 28. 

 

Figure 5.13 | Influence of 𝑎̃𝑥 zeroing on RMSE of longitudinal  

forces 𝐹𝑥𝑅𝑘 and vertical forces 𝐹𝑧𝑅𝑘. 

• Zeroing lateral acceleration 𝑎̃𝑦 resulted in a large increase in RMSE 

for lateral forces 𝐹𝑦𝑅𝑘
, highlighted in purple. When the driver drives 

through a curve, the road exerts lateral adhesion forces on the tires 

that are directed toward the center of the curve. These lateral 
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adhesion forces oppose the centrifugal force that pushes the vehicle 

toward the outside of the curve. These forces result in lateral 

acceleration of the vehicle toward the center of the curve. Thus, the 

physical dependence between these quantities is clear, allowing 

lateral acceleration measures to be employed to predict the lateral 

forces exerted on the tires by the road. The second rows of Figures 

5.10 and 5.12 clearly show that the NN can no longer accurately 

predict lateral forces in the absence of lateral acceleration 

information. 

• Zeroing lateral acceleration 𝑎̃𝑦 resulted in an increase in RMSE for 

vertical forces 𝐹𝑧𝑅𝑘
, highlighted in orange. When the driver travels 

through a curve, the centrifugal acceleration, equal in modulus and 

direction and opposite in direction to the acceleration 𝑎̃𝑦, results in a 

shift of the vehicle's center of gravity outward with a consequent 

increase in vertical load on the outer tires and a decrease in vertical 

load on the inner tires. Lateral load transfer is the term for this 

phenomenon [68]. This means that when the lateral acceleration is 

positive, the vertical forces on the right tires increase and those on 

the left tires decrease; conversely, when the lateral acceleration is 

negative, the vertical forces on the right tires decrease and those on 

the left tires increase. Looking at the third row of Figure 5.10 between 

seconds 8 and 33, we see that the vertical forces are underestimated 

for the left tire and overestimated for the right tire. This is due to the 

inability of the NN to predict the increase in vertical load on the left 

tire and the decrease in vertical load on the right tire due to vehicle 

inertia in the absence of lateral acceleration information. A similar 
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observation can be made by looking at Figure 5.12 between seconds 

16 and 25. 

 

Figure 5.14 | Influence of 𝑎̃𝑦 zeroing on RMSE of lateral forces 𝐹𝑦𝑅𝑘
 and vertical forces 𝐹𝑧𝑅𝑘. 

• Looking at the second rows of Figures 5.9 and 5.10 between seconds 

8 and 33, it can be seen that in both cases, the NN succeeds in 

predicting a variation from the static vertical force. In the first case, 

due to lateral load transfer only, in the second case, due to 

longitudinal load transfer only. In Figure 5.3, the resulting forces are 

accurately predicted because the NN managed to combine the two 

accelerations, longitudinal and lateral, to simultaneously predict 

both load transfers. 
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Figure 5.15 | Combination of longitudinal and lateral load  

transfers for estimating vertical forces. 

5.2|Estimation of the tire-road interaction forces by 

using Pacejka’s formulas 

The suitability of the proposed technique to estimate tire-road interaction 

forces has been assessed by comparing estimation results with ones 

obtained through simulations made in the CarMaker environment 

employing an experimentally validated vehicle on realistic circuits, 

Nürburgring and Hockenheim. Furthermore, a Gaussian white noise has 

been added to the measurements to make them more realistic. The graphs 

and tables show the results obtained. The graphs, shown in Figures 5.16-

5.21, overlap references and estimates. Tables 5.4-5.9 show the Root Mean 

Square Error (RMSE) as a performance indicator of the proposed estimator. 

5.2.1|Lap on the Nürburgring circuit 

The comparisons between estimated forces and simulated ones related 

to the Nürburgring circuit are shown in Figures 5.16-5.18. The obtained 

results demonstrate the capability of the proposed estimator to capture the 

behavior of tire-road interaction forces with a good estimation quality.  
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The values of RMSE confirm the quality of the estimation obtained 

through the model-based estimator designed around the Central Difference 

Kalman filter. 

 𝐹𝑥11 (𝑁) 𝐹𝑥12 (𝑁) 𝐹𝑥21 (𝑁) 𝐹𝑥22 (𝑁) 

RMSE 24 41 42 51 

Table 5.4 | RMSE between predicted and reference longitudinal forces. 

 𝐹𝑦11 (𝑁) 𝐹𝑦12 (𝑁) 𝐹𝑦21 (𝑁) 𝐹𝑦22 (𝑁) 

RMSE 80 61 55 70 

Table 5.5 | RMSE between predicted and reference lateral forces. 

 𝐹𝑧11 (𝑁) 𝐹𝑧12 (𝑁) 𝐹𝑧21 (𝑁) 𝐹𝑧22 (𝑁) 

RMSE 81 86 93 89 

Table 5.6 | RMSE between predicted and reference vertical forces. 

 
Figure 5.16 | Reference and estimated longitudinal forces (Nürburgring). 
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Figure 5.17 | Reference and estimated lateral forces (Nürburgring). 

 
Figure 5.18 | Reference and estimated vertical forces (Nürburgring). 
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5.2.2|Lap on the Hockenheim circuit 

The comparisons between estimated forces and simulated ones related 

to the Hockenheim circuit are shown in Figures 5.19-5.21. The obtained 

results demonstrate the capability of the proposed estimator to capture the 

behavior of tire-road interaction forces with a good estimation quality.  

The values of RMSE confirm the quality of the estimation obtained 

through the model-based estimator designed around the Central Difference 

Kalman filter. 

 

 𝐹𝑥11 (𝑁) 𝐹𝑥12 (𝑁) 𝐹𝑥21 (𝑁) 𝐹𝑥22 (𝑁) 

RMSE 53 67 67 70 

Table 5.7 | RMSE between predicted and reference longitudinal forces. 

 𝐹𝑦11 (𝑁) 𝐹𝑦12 (𝑁) 𝐹𝑦21 (𝑁) 𝐹𝑦22 (𝑁) 

RMSE 87 80 92 86 

Table 5.8 | RMSE between predicted and reference lateral forces. 

 𝐹𝑧11 (𝑁) 𝐹𝑧12 (𝑁) 𝐹𝑧21 (𝑁) 𝐹𝑧22 (𝑁) 

RMSE 122 94 109 119 

Table 5.9 | RMSE between predicted and reference vertical forces. 
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Figure 5.19 | Reference and estimated longitudinal forces (Hockenheim). 

 
Figure 5.20 | Reference and estimated lateral forces (Hockenheim). 
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Figure 5.21 | Reference and estimated vertical forces (Hockenheim). 

5.3|Improvement of traction force estimation in 

cornering through neural network 

The two NNs were tested by making two laps in the opposite direction 

of the Hockenheim track, shown in Figure 5.22. 

 

Figure 5.22 | Top view of the Hockenheim track used for training NNs. 
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5.3.1|Traction force correction 𝚫𝑭̂𝒓𝒋 

Figures 5.23-5.26 show the predicted difference Δ𝐹̂𝑟𝑗 compared to the 

reference Δ𝐹𝑟𝑗. Along with the prediction, the inputs used by the two NNs 

are also shown. 

 

Figure 5.23 | Lap 1 | NN1: predicted 𝛥𝐹̂𝑟𝑗 vs reference 𝛥𝐹𝑟𝑗 traction force correction. 

 

Figure 5.24 | Lap 1 | NN2: predicted 𝛥𝐹̂𝑟𝑗 vs reference 𝛥𝐹𝑟𝑗 traction force correction. 
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Figure 5.25 | Lap 2 | NN1: predicted 𝛥𝐹̂𝑟𝑗 vs reference 𝛥𝐹𝑟𝑗 traction force correction. 

 

Figure 5.26 | Lap 2 | NN2: predicted 𝛥𝐹̂𝑟𝑗 vs reference 𝛥𝐹𝑟𝑗 traction force correction. 

It can be seen from the figures that the correction achieved is the greater 

slip angles of the two wheels in the case of the NN1 and the greater lateral 

acceleration 𝑎𝑦 in the case of the NN2. This is consistent with the fact that 

Pacejka’s formula is only capable of accurately predicting the traction force 

in the case of pure longitudinal slip, i.e., not in curves where the quantities 

mentioned assume non-zero values. 

5.3.2|Overall estimated traction force 

Figures 5.27-5.30 show the overall prediction, the sum of the longitudinal 

force calculated by means of Pacejka’s formula, and the correction obtained 

by means of NN1 and NN2. 
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Figure 5.27 | Lap 1 | Traction force calculated with 

 Pacejka’s formula corrected by the NN1. 

 

Figure 5.28 | Lap 1 | Traction force calculated with 

 Pacejka’s formula corrected by the NN2. 

 

Figure 5.29 | Lap 2 | Traction force calculated with 

 Pacejka’s formula corrected by the NN1. 
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Figure 5.30 | Lap 2 | Traction force calculated with 

 Pacejka’s formula corrected by the NN2. 

Table 5.10 shows the Root Mean Square Error (RMSE) for the two laps 

and the two tires for each predictor compared with the analogous values 

obtained exclusively using Pacejka’s formula. 

Lap Force 
Pacejka’s 

formula 

Pacejka’s 

formula 

with NN1 

correction 

Pacejka’s 

formula 

with NN2 

correction 

1 
𝐹𝑟𝑙  (𝑁)  416.746 13.377 13.487 

𝐹𝑟𝑟  (𝑁) 652.468 18.031 14.620 

2 
𝐹𝑟𝑙  (𝑁) 653.514 18.147 17.587 

𝐹𝑟𝑟  (𝑁) 431.861 12.941 17.187 

Table 5.10 | RMSE between predicted and reference forces. 

5.4|Prediction of the sideslip angle using dynamic 

Neural Networks 

5.4.1|Test maneuvers 

The two NNs were tested by carrying out two maneuvers that prompted 

a change in the sideslip angle. The predicted sideslip angle relative to the 

reference is shown in Figure 5.31-5.34. 
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Figure 5.31 | Reference vs predicted (NN1) sideslip angle | Slalom. 

• Slalom: the vehicle moves through a series of cones in a close 

pattern. Slalom tests are frequently used in automotive testing and 

assessment, such as analyzing a vehicle's handling qualities or 

testing suspension system performance. In this case, the cones 

were positioned at 17 𝑚 and the vehicle was advancing at a speed 

of 30 
𝑘𝑚

ℎ
. 
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Figure 5.32 | Reference vs predicted (NN2) sideslip angle | Slalom. 

• ISO double lane change: it is a vehicle dynamics driving test or 

maneuver used to evaluate a vehicle's handling capabilities 

during rapid lateral transitions, such as an emergency lane 

change. The ISO double lane change is a standardized test that is 

carried out in accordance with the International Organisation for 

Standardisation (ISO) criteria in ISO 3888-2. In this case, the 

vehicle was advancing at a speed of 30 
𝑘𝑚

ℎ
. 
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Figure 5.33 | Reference vs predicted (NN1) sideslip angle | ISO double lane 

change. 

Unlike the training dataset and the validation dataset, in the test dataset, 

the initial and final samples in which the longitudinal velocity was less than 

10 
𝑘𝑚

ℎ
 were not removed. This is due to the desire to analyze the behavior 

of the NN operation also during the initial and final transients. 

In each Figure, the first graph shows the calculated reference values in 

their entirety, including the initial and final phases in which the sideslip 

angle, calculated according to Equation (3.1), oscillates numerically 

between −90° and +90°, the second graph shows an enlargement in the area 

of interest. 
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Figure 5.34 | Reference vs predicted (NN2) sideslip angle | ISO double lane change. 

5.4.2|Remarks 

There are two important remarks to be made for both NNs: 

• Although the calculated sideslip angle values oscillate between 

−90° and +90° in the initial and final transients and no 

information was given during training for these phases, the NNs 

are able to correctly predict a null value. 

• The NNs return a signal unaffected by noise during maneuvering. 

The reason for this behavior lies in the network's ability to detect 

dynamic links between inputs and output. The oscillating values during 

transients are exclusively due to numerical motivation, the velocity 𝑣𝑥 

tending to 0 in the denominator of (3.1) at the beginning and end of 
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maneuvers. The noise in the reference, on the other hand, is due to the 

presence of noise in the quantities used to calculate the reference sideslip 

angle 𝛽. There can be several causes of noise: electromagnetic interference 

[106], radio frequency interference, impedance mismatch [107], thermal 

noise [108], etc. Both numerical oscillations and noise are unrelated to 

vehicle dynamics. The initial and final oscillations cannot be predicted by 

the NN as they were excluded from the training dataset. Noise, instead, was 

not removed from the training dataset, which uses unfiltered signals. 

However, as there is no deterministic cause-effect link between the noise in 

the inputs and the noise in the output, the NN cannot reproduce it in the 

predictions. In contrast, dynamic links are dictated by physical laws that 

relate to inputs and outputs. It has been shown that NNs are able to detect 

such ties by returning a null value of the sideslip angle in transients and a 

filtered value during maneuvering. 

Table 5.11 shows the RMSE for the two maneuvers and the two NNs. The 

results are shown for the signal without the initial and final samples in 

which the velocity is less than 10 
𝑘𝑚

ℎ
  as such samples, affected by numerical 

errors, corrupt the result. 

 Manoeuvre RMSE (deg) 

NN1 
Slalom 1.4090 

ISO double lane change 1.5747 

NN2 
Slalom 1.4319 

ISO double lane change 1.6142 

Table 5.11 | RMSE between predicted and reference sideslip angle for the test datasets. 

It must be pointed out that RMSE are calculated with respect to a 

reference signal that is noisy, so the error obtained is partially due to 

estimation error, partially due to noise. 
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To obtain a more reliable metric that does not take into account 

measurement noise in the reference, it was decided to calculate a filtered 

reference using a Savitzky‒Golay (SG) filter [109]. The SG filter is able to 

effectively reduce the noise in the signal while maintaining the main 

characteristics of the original signal. This is particularly useful when there 

is a need to remove noise from a signal without compromising useful 

information. The SG filter is less sensitive to sudden changes in the signal 

than the moving average filter [110]. This makes it particularly suitable for 

applications where it is important to maintain the overall shape of the 

signal. Compared to a low-pass filter, it is able to preserve the temporal 

characteristics of the signal by not introducing delays [111]. The 

disadvantage is that it cannot be used in real-time due to the need for future 

data to calculate the current output. 

Figures 5.35 and 5.36 show the FFTs of the original reference signal and 

the reference signal filtered through a Savitzky‒Golay filter. The two FFTs 

are shown both in their entire frequency range and in the limited range from 

0 𝐻𝑧 to 5 𝐻𝑧. A considerable amplitude attenuation for high frequencies 

and an unchanged amplitude for low frequencies can be seen. 
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Figure 5.35 | FFTs of the original and filtered sideslip angle β reference | Slalom. 

Having filtered out the reference signal makes it possible to calculate 

more reliable metrics, less affected by noise, to evaluate the ability of the 

estimator to predict the actual signal, and to adequately compare the 

performance of this estimator to those already presented in the literature. 

Table 5.12 shows the RMSE for the two maneuvers and the two NNs 

using an SG filtered reference signal. 
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Figure 5.36 | FFTs of the original and filtered sideslip angle 𝛽 reference |  

ISO double lane change. 

 Manoeuvre RMSE (deg) 

NN1 
Slalom 0.3292 

ISO double lane change 0.3195 

NN2 
Slalom 0.4089 

ISO double lane change 0.4594 

Table 5.12 | RMSE between predicted and reference sideslip angle for the test datasets 

using a Savitzky‒Golay filtered reference signal. 

5.5|Measurement of unsprung mass displacement 

of road vehicles through a model-based virtual 

sensor  

The outputs provided by the virtual sensor are compared with the 

experimental reference data in this Section. The virtual sensor was tested by 
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carrying out an additional lap on track 7. The choice was made to test the 

estimator on different data than those with which the parameters were 

identified to ensure that there was no overfitting of the data used for its 

development. The comparisons between the estimated displacements 𝑧̃𝑖𝑗 

related to the four unsprung masses and the experimental displacements 

are portrayed in Figures 5.37-5.40. 

Table 5.13 shows the RMSE [112] of 𝑧̃𝑖𝑗 concerning the measurements 

obtained with the physical sensor. 

 𝑧̃𝐹𝐿 (m) 𝑧̃𝐹𝑅 (m) 𝑧̃𝑅𝐿 (m) 𝑧̃𝑅𝑅 (m) 

RMSE 0.0156893 0.0131200 0.0133240 0.0120560 

Table 5.13 | RMSE between predicted and reference displacements of virtual sensor test 

maneuver. 

 

Figure 5.37 | Relative displacement of the front-left displacement 𝑧̃𝐹𝐿 versus time 𝑡. 
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Figure 5.38 | Relative displacement of the front-right displacement 𝑧̃𝐹𝑅 versus time 𝑡. 

 

Figure 5.39 | Relative displacement of the rear-left displacement 𝑧̃𝑅𝐿 versus time 𝑡. 

 

Figure 5.40 | Relative displacement of the rear-right displacement 𝑧̃𝑅𝑅 versus time 𝑡. 
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The dynamics characterizing the suspension are effectively captured, as 

shown in the correspondence between the peaks and valleys of the 

estimated and measured signals. This correspondence is not present only in 

areas where the inputs from the road are relevant. The virtual sensor can 

convert the information from the accelerations into the corresponding 

displacements of the unsprung masses. These accelerations are the result of 

chassis dynamics and not inputs from the road. The present offsets and 

nonreplicated transients are due to inputs from the road and are beyond the 

scope of this study. 

Figure 5.41 shows the histograms of the estimation error. Each bar has a 

width of 0.005 𝑚. The error is distributed around zero. 

 

Figure 5.41 | Histograms of the error between the predicted and measured unsprung mass 

relative displacement. 
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The low estimation error demonstrates the effectiveness of the virtual 

sensor proposed in this paper to measure the relative displacement of 

unsprung masses belonging to a road vehicle. 

5.6|Neural Network-based virtual measurement of 

road vehicle wheel displacements 

The estimator was tested by carrying out additional acceleration, 

braking, and steering maneuvers to stress the suspension. Figure 5.42 

shows the comparison between the reference and estimated data. The 

presented results reveal the suitability of the proposed approach based on 

NNs for estimating the vertical displacements of the wheels with respect to 

the chassis. The RMSEs between reference and predicted displacements for 

the four wheels are shown in Table 5.14, which confirms the goodness of 

the proposed estimation technique. 

 

Figure 5.42 | Predicted wheel displacements relative to the reference. 
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 𝑤𝑓𝑙  (𝑚) 𝑤𝑓𝑟  (𝑚) 𝑤𝑟𝑙  (𝑚) 𝑤𝑟𝑟  (𝑚) 

RMSE 0.0089 0.0092 0.0101 0.0087 

Table 5.14 | RMSE between predicted and reference displacements. 

5.7|Enhancment of the wheel vertical 

displacement estimation in road vehicles 

through integration of model-based estimator 

with artificial intelligence 

In this Section, the estimator's outputs are compared to the experimental 

reference data. The estimator was tested by performing a maneuver that 

included accelerations, decelerations, and steering on a non-flat road. To 

make sure there wasn't any overfitting of the data employed for the NN's 

development, it was decided to test the estimator on another set of data than 

the ones used to train it. The comparisons between the estimated and 

experimental displacements are depicted in Figures 5.43 and 5.44. 

 

Figure 5.43 | Comparison of reference and estimated displacement. 
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The driver took bends and crossed roads with bumps, putting stress on 

the suspension. Figure 5.43 shows that the overall estimator accurately 

predicts the vertical displacement of the wheels throughout the maneuver. 

Figure 5.44 shows a detail of the maneuver in which it is evident that the 

model-based estimator alone is not able to accurately predict vertical wheel 

displacements under all conditions. In particular, it is unable to predict 

them in the presence of road bumps as it contains no information on their 

presence. Vertical wheel displacement can be accurately estimated when it 

is stressed by longitudinal and lateral accelerations of the vehicle, which are 

the only acceleration inputs to the model. These cause the vehicle to pitch 

and roll, resulting in compression and extension of the suspension. The AI-

based estimator, on the other hand, using only vertical acceleration, is only 

able to predict vertical wheel displacement in the presence of road bumps. 

In contrast to the model-based estimator, the AI-based estimator is not able 

to estimate the vertical displacement of the wheels when stressed by 

longitudinal and lateral accelerations as these are not present as input. The 

overall estimator, combining the characteristics of both, accurately predicts 

the signal of interest under all conditions, as can be seen by the reproduction 

of the peaks and valleys of the reference signal. 
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Figure 5.44 | Comparison of reference and estimated displacements, detailed with 

contributions from model-based and AI-based estimation. 

Utilizing the same hardware configuration employed for offline training 

of the NN, subsequent estimation during the test maneuver, including 

30000 samples, was achieved in 1.761 𝑠. This implies that the estimator 

produced all four outputs approximately once every 5.87 ∙ 10−5 𝑠, 

corresponding to a frequency of approximately 17000 𝐻𝑧. Notably, this 

frequency surpasses the input rate of 100 𝐻𝑧. Such rapid output generation, 

obtained with a low-range computer, demonstrates the technical feasibility 

of adopting the proposed solution in real-time application. The actual real-

time application depends on the hardware employed. 

Table 5.15 shows the RMSE [112] with and without AI compensation and 

the relative percentage improvement in the estimate. 

 𝑧̃𝐹𝐿 𝑧̃𝐹𝑅 𝑧̃𝑅𝐿 𝑧̃𝑅𝑅 

RMSE (𝒎) of model-based estimation 0.0098884 0.0090696 0.0086634 0.0076300 
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RMSE (𝒎) with AI-based compensation 0.0065767 0.0060694 0.0052854 0.0052882 

Percentage improvement (%) 33.491 33.080 38.991 30.692 

Table 5.15 | RMSE and percentage improvement between the predicted and reference 

displacements of virtual sensor test maneuvers. 

Based on the results obtained, it can be seen that although the model-

based estimator is able to provide good results, it shows inaccuracies due 

to inputs from the road. The presence of an AI component, which works in 

parallel with the model-based one, effectively compensates for this 

estimation error, allowing the RMSE to decrease by more than 30% 

compared to the model-based estimator. In the overall estimator, the 

dynamics characterizing the suspension are effectively captured, as shown 

in the correspondence between the peaks and valleys of the estimated and 

measured signals. 

5.8|Addressing integration challenges in vehicle 

roll and pitch estimation using Neural Networks 

The NN was tested by performing an ISO Double Lane Change 

maneuver with Carmaker. OU noises were superimposed on the 

longitudinal and lateral accelerations, used as input to the network, and roll 

and pitch rate measures, to verify the robustness of the virtual sensor to 

noisy signals. Figures 5.45 and 5.46 show the comparison between the 

reference roll and pitch angles, the one estimated by the NN and the one 

obtained by integrating the roll and pitch rates. 
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Figure 5.45 | Reference vs predicted roll angle 𝜑. 

 

Figure 5.46 | Reference vs predicted pitch angle 𝜗. 

The NN was able to accurately estimate vehicle roll and pitch, despite 

the noise superimposed on the inputs. The integration of roll and pitch rate, 

on the other hand, does not allow accurate estimation as the integration of 

the signals results in a progressive accumulation of error over time. This 

does not happen in the case of NNs, which instead calculate their outputs 

through algebraic operations and not by integrating the inputs. The virtual 

sensor returned a Root Mean Square Error between reference and 

prediction for roll and pitch of 0.0137° and 0.0214°, demonstrating 

accuracy in estimation. 
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5.9|Improving roll reduction in road vehicles on 

uneven surfaces through the fusion of 

proportional control and reinforcement 

learning 

To test the controller, an additional slalom test was carried out with 

different road irregularities, as shown in Figure 5.47. 

 

Figure 5.47 | Vertical displacement of the road wheel contact points due to road bumps in 

the case of the test maneuver. 

Figure 5.48 shows the longitudinal and lateral acceleration of the vehicle 

realized during the test maneuver. 
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Figure 5.48 | Longitudinal and lateral accelerations of the vehicle of the performed slalom 

maneuver in the case of the test maneuver. 

Figure 5.49 shows a comparison between roll angle in the absence of 

control, in the presence of proportional control, and in the presence of 

proportional control with simultaneous correction by Reinforcement 

Learning in the case of the test maneuver. 
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Figure 5.49 | Comparison of roll angle in the absence of anti-roll torque, in the presence of 

proportional control, and in the presence of proportional control and correction by 

Reinforcement Learning in the case of the test maneuver. 

Table 5.16 shows the RMSE of the roll with respect to the null reference 

in the absence of control, in the presence of proportional control, and in the 

presence of proportional control with simultaneous correction by 

Reinforcement Learning in the case of the test maneuver. 

 

 Proportional control Proportional control + RL 

RMSE (deg) 0.1626 0.0935 

Table 5.16 | RMSE of the roll with respect to the null reference in the absence of control, in 

the presence of proportional control, and in the presence of proportional control with 

simultaneous correction by Reinforcement Learning in the case of the test maneuver. 
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The obtained results underscore the effectiveness of the proposed 

combined control strategy in mitigating vehicle roll, particularly in 

challenging conditions. The incorporation of road irregularities, as seen in 

Figures 4.54 and 5.47, serves as a real-world test for the controller's 

robustness. 

While proportional control alone exhibits a reduction in roll, the 

oscillations induced by road bumps persist. In contrast, the simultaneous 

correction by RL, as seen in Figures 4.57 and 5.49, significantly diminishes 

these oscillations, highlighting the complementary nature of the two control 

methods. 

With the RMSE metric, Tables 4.23 and 5.16 quantify the performance 

improvement. The substantial decrease in RMSE under the combined 

proportional control and RL strategy signifies a remarkable enhancement 

in roll control precision. 
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6|CONCLUSIONS AND FUTURE 

DEVELOPMENTS 

 

This doctoral thesis has explored the estimation and control of vehicle 

dynamics, with a focus on the integration of model-based techniques and 

artificial intelligence (AI). The research has demonstrated how this synergy 

can provide innovative solutions to the complex challenges associated with 

vehicle dynamics. 

• Tire-road interaction forces: 

o AI-based estimation: One of the central contributions of this work is 

the development of a novel approach for estimating tire-road 

interaction forces. The proposed model, based on a multi-output 

neural network, uses longitudinal and lateral accelerations 

measured by an Inertial Measurement Unit (IMU), reducing both 

the costs and complexity of implementation by leveraging 

affordable sensors that are already present in commercial vehicles. 

Through the optimization of hyperparameters and the use of 

time-series samples from previous instants, the approach has 

proven to be particularly effective in predicting the forces 

involved, as validated by experimental tests and comparisons 

with reference models. 

o Model and AI combined estimation: Another important advancement 

presented in this thesis is the methodology for estimating tire-

road interaction forces using Pacejka’s formulas. This method 

does not rely on sensors placed inside the wheels but instead 
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utilizes indirect measurements and mathematical models, such as 

a Central Difference Kalman Filter and a double-track vehicle 

model.  

The integration of neural networks with well-established models 

like the Pacejka formula has also led to notable improvements in 

traction force estimation during cornering. The combined use of 

AI-based techniques and physical models has reduced the 

estimation errors typically encountered when using Pacejka’s 

formulas alone 

• Sideslip angle: 

• AI-based estimation: Moreover, the thesis addressed the challenge 

of predicting the sideslip angle, a critical parameter for vehicle 

stability, especially in autonomous driving. The use of dynamic 

neural networks, fed by cost-effective sensor data (e.g., lateral 

acceleration, yaw rate), has proven to be an effective strategy for 

accurate sideslip angle prediction without the need for expensive 

sensors. This innovative approach reduces noise and oscillations 

in the output, further enhancing the reliability of vehicle stability 

control systems. 

• Unsprung masses: 

• Model-based estimation: The model-based virtual sensor for 

unsprung mass displacement utilizes a 7-degree-of-freedom 

vehicle model, offering a precise understanding of how vehicle 

accelerations affect suspension displacements. 

• AI-based estimation: The neural network-based virtual sensor 

enables simultaneous estimation of vertical displacements for all 
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four wheels without physical modeling, simplifying the control 

and monitoring process. 

• Model and AI combined estimation: Integrating AI with traditional 

model-based estimators significantly improves estimation 

accuracy, particularly when the system is influenced by road 

inputs. 

• Roll and pitch: 

o AI-based estimation: The proposed approach eliminates the need 

for roll rate and pitch rate integration, which can suffer from drift 

and noise accumulation. The key advantage of the proposed 

method lies in its avoidance of signal integration. Unlike 

traditional methods, the neural network utilizes algebraic 

calculations, leading to consistent estimations over time, even 

under noisy conditions. 

o AI-based control: A hybrid control strategy combines proportional 

control with reinforcement learning (RL) for improving vehicle 

roll reduction, especially on uneven road surfaces. This innovative 

approach integrates active anti-roll bars controlled by a 

proportional feedback controller and an RL-based system, 

demonstrating significant improvements in vehicle stability and 

comfort. The RL-based controller effectively compensates for the 

limitations of proportional control alone, particularly in reducing 

oscillations caused by road irregularities. 
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The research presented in this thesis offers several avenues for future 

exploration and development: 

• Incorporating data from external sensors (e.g., road surface 

sensors, weather conditions) to enhance the accuracy of dynamic 

estimators. 

• Applying the estimation and control methodologies to SAE Level 

4 and 5 autonomous vehicles, where dynamic control systems 

must handle all driving scenarios without human intervention. 

• Developing adaptive AI models capable of real-time learning 

from vehicle behavior to optimize control for various 

environments and driving styles. 

• Extending experimental validation to real-world driving 

scenarios, including urban environments, highways, and off-road 

conditions, to assess the robustness of the proposed solution.
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