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The incompatibility between Quantum Theory and General Relativity gives rise to several log-
ical conundrums, and different approaches to the Quantum Gravity problem have arisen in
trying to solve them. Most of these approaches share the expectation that the smooth space-
time of General Relativity, with local symmetries given by the Poincaré algebra, should be re-
placed by a fundamentally discretised structure, with a minimum localisation limit for space-
time events. The existence of such a scale requires a deformation of the local symmetries to
retain the covariance of physical laws.

Such deformations naturally arise as the symmetries of non-commutative spacetimes,
which are models realising the idea of a quantum spacetime, where the transformations be-
tween reference frames become non-classical. Interestingly, similar features are found in a
seemingly unrelated research area in the foundations of Quantum Theory: the quantum ref-
erence frames research programme, in which abstract reference frames are replaced by phys-
ical systems that act as reference for the description of physical laws. These systems can be
quantum in nature and hence define reference frames with fuzzy properties. Additionally,
both the deformation of symmetries and the quantisation of reference frames suggest that
measurement apparatuses and observers should acquire non-classical features.

Symmetries, reference frames, observers, and measurement apparatuses: Following the
arguments above, it seems that all the pillars of General Relativity, and Physics in general,
have to be thoroughly scrutinised in the quest for a theory of Quantum Gravity. This the-
sis aims to investigate such foundational issues and answer the following questions: How do
quantum systems evolve in a spacetime with deformed symmetries? How does the quantisa-
tion of reference frames affect the observed physical properties of quantum systems? How do
measurement apparatuses behave in a non-classical spacetime and how are communication
protocols between observers affected?

The relevance of these questions is rooted in the growing interest that has sparked in re-
cent years in exploring the foundations of Quantum Gravity, independently of what the ul-
timate full theory will be, to advance the logical understanding of the fundamental princi-
ples on which such a theory should be built on. This thesis explores this sector of theoreti-
cal physics by focusing on how quantum systems are affected by the deformations of space-
time symmetries and the quantisation of the degrees of freedom describing reference frames.
By employing innovative techniques and deriving some significant results, the research work
presented in this thesis pushes the boundaries of the theoretical investigations and further
stimulates discussions in the foundations of Quantum Gravity.
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Prologue

One of the most marvellous skills we have developed in our evolution is the ability to harness
in abstract mathematical laws the complexity of the physical world we observe. From ancient
times we were sharpening sticks and going after lions, to the present era, when we are expand-
ing the scopes of our investigations to the fundamental constituents and to the very edges of
our Universe, we developed more and more complicated and abstract theories to explain the
data we collected with our ever-improving probes. This, in turn, led us to reveal (some of) the
mechanisms of Nature.

All the knowledge acquired during this impressive journey gave physicists the feeling that
everything could be described with some mathematical laws at the end of the 19" century.
Everything except a handful of phenomena that did not fit into the existing theories. At the
beginning of the 20™ century, these phenomena', which were lacking an accommodation
on the chessboard of physical theories, sparked one of the deepest scientific revolutions of
human history. The synthesis of this revolution marked the genesis of General Relativity and
Quantum Mechanics. These, together with Special Relativity and Statistical Mechanics, are the
pillars of modern physics, the theories on which the majority of the scientific achievements
and technological innovations of the last century are built. Furthermore, they also reshaped
our philosophical beliefs about the nature of space, time, and the objectiveness of Reality.

Special Relativity, developed by Einstein in 1905, was the first step in this revolution [6].
The idea behind this theory is that physical laws should be the same in all inertial reference
frames. When referred to electromagnetism, this relativity principle requires the velocity of
electromagnetic waves to be the same in all inertial reference frames. The existence of such
an invariant velocity scale was in strict contrast with Galilean relativity, and the price to pay
for introducing it into the physical laws was to abandon the notion of absolute simultaneity
and hence absolute time. Moreover, the notions of space and time were unified to form a
new entity, spacetime. With the derivation of General Relativity in 1915, the principle of rel-
ativity was further extended to require that physical laws should be the same in all general
reference frames [7]. In setting up this idea, Einstein also provided a new theory of gravita-
tion [8]. Indeed, in General Relativity, Gravity is not intended at the fundamental level as an
interaction, rather it is a manifestation of a non-trivial geometry of spacetime [9]. The latter
loses the status of a static arena on top of which physical phenomena unfold to become the
dynamical entity of the theory, whose geometry in a given region depends on the amount,
distribution, and type of matter and energy in that region. Vice versa, the dynamics of matter

ISome (in)famous examples are: the photoelectric effect, the problem of the propagation velocity of elec-
tromagnetic waves in Maxwell’s theory of electromagnetism, the UV catastrophe, the discreteness of absorption
and emission spectra of atomic elements, the precession of the perihelion of Mercury.
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is determined by spacetime geometry. This two-way feedback between spacetime and matter
was summarised by John Wheeler with the phrase “matter tells spacetime how to curve, and
curved spacetime tells matter how to move”.

The second building block of the revolution was Quantum Mechanics that, unlike General
Relativity, was the result of a collective effort. Indeed, even though the fathers of Quantum
Mechanics are typically considered to be Max Planck and Niels Bohr, significant contribu-
tions were made by Albert Einstein, Louis de Broglie, Max Born, Paul Dirac, Werner Heisen-
berg, Wolfgang Pauli, Erwin Schrédinger, John von Neumann, and many others. The first
phenomenological observations acting as a driving force for the development of the theory
were the so-called “UV catastrophe”, the photoelectric effect, and the discrete absorption and
emission spectra of atomic elements. The first problem was tackled by Max Planck, who intro-
duced the idea of quantised energy [10]. This was later used by Einstein > and Bohr to explain
the photoelectric effect [12] and the discreetness of the atomic spectra [13], respectively. Start-
ing from these ideas, the formalism of Quantum Mechanics was developed, turning the latter
into a full-fledged theory, which reshaped our understanding of the atomic world and opened
the path to the subatomic realm. From a foundational point of view, Quantum Mechanics
describes a World of probabilities [14]. In fact, physical systems are described by states that
only contain information on the probability of obtaining a given result after a measurement.
In general, physical systems can be in superposition of different positions, momenta, or any
other physical observable, measurements being the procedures that settle them into states
with definite values of these observables®. It is then evident that measurements in Quan-
tum Mechanics change the states of physical systems. This means that, in general, making
a measurement of an observable and then making a measurement of a second observable
does not yield the same results that would be obtained by changing the order of the measure-
ments. This is the complementarity aspect of Quantum Mechanics, which follows from the
uncertainty principles: there exist some complementary observables whose measurements
produce different results if performed in different order. Moreover, if an observer performs a
measurement of a given observable and then a second measurement of a complementary ob-
servable, there is no inference that can be made about the result that a subsequent measure
of the first observable would yield. Therefore, another novelty introduced by Quantum Me-
chanics is the notion of agency: the operationally meaningful properties of physical systems
depend on the choices made by the observers.

The scientific success of these two theories was granted by their extraordinary predictive
power. With General Relativity, the observed precession of the perihelion of Mercury was ex-
plained [15], and a number of new phenomena were predicted, such as gravitational lensing
and the existence of black holes and gravitational waves. While the first was already observed
in 1979 [16], the latter two were directly observed only in recent years, a century after the
development of the theory, with the efforts of the Event Horizon Telescope (2019) [17] and
the LIGO and Virgo Collaborations (2016) [18], respectively. On top of this, General Relativ-
ity opened the doors of cosmology, making it possible to study the evolution of our Universe

2Who is therefore sometimes considered to be the third father of Quantum Mechanics, although he then
strongly criticised the direction that physicists took for the development of the theory [11].

3Throughout this thesis we adopt the Copenhagen interpretation and do not deal with the issue of the inter-
pretation of Quantum Mechanics.
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from the beginning of time to the present era, passing through the formation of galaxies, stars,
and planets. Quantum Mechanics, on the other hand, was responsible of some great techno-
logical advancements, such as, among others, the discovery of superconductivity, tunnel field
effect transistors, LEDs and medical diagnostic apparatuses like the positron emission tomog-
raphy (PET) and the magnetic nuclear resonance (MNR). Today, great efforts are being made
for the creation of quantum computers and the development of quantum information theory
and quantum cryptography. On the foundational side, the attempts to create a quantum the-
ory compatible with the relativistic prescriptions of Special Relativity led to the discovery of
Quantum Field Theory. In this formalism, the Standard Model of particle physics was devel-
oped [19], providing the most accurate description to date of the fundamental building blocks
of our Universe: leptons, gauge bosons, and quarks.

Considering the impact that General Relativity and Quantum Theory had and that they
were developed during the same historical period, it is astonishing to realise how fundamen-
tally incompatible they are. On the one hand, there is the smooth world of General Relativity,
which describes Gravity at the macroscopic scale, on the other the fuzzy probabilistic realm
of Quantum Theory. The interface between the two theories is the scope of interest of the
Quantum Gravity research field. The crucial point that arises at this interface can be under-
stood through a gedankenexperiment proposed by Feynman at the Chapel Hill conference in
1957 [20]. In this proposal, a quantum particle sources a gravitational field and is prepared
in a superposition of two positions. Feynman argued that the gravitational field has to be in
a quantum superposition of the two possible configurations associated with the two parti-
cle positions. He stated that “if you believe in Quantum Mechanics up to any level, then you
have to believe in gravitational quantisation to describe this experiment”. Since in General
Relativity the gravitational field is a manifestation of spacetime geometry, this gedankenex-
periment is also setting the stage for the notion of quantum spacetime, namely the idea that
the smooth spacetime structure described by the Riemannian geometry of General Relativ-
ity has to be replaced by some more fundamental fabric, capable of harnessing the quantum
nature of spacetime in the Quantum Gravity regime. The latter could have striking conse-
quences for some foundational aspects of physics, such as causality and the notion of time.
Indeed, since the spacetime structure defines the causal relations between events, as well as
the flow of time, a spacetime with a quantum nature could in principle generate indefinite
causal structures and allow time to flow in a quantum superposition [21]. Other foundational
questions, which will be relevant for this thesis, regard the role of symmetries and observers
in a quantum spacetime. Indeed, if we accept the notion of quantum spacetime, we have to
be ready to address the problem of defining reference frames, which in general will be related
by non-classical symmetries, and observers related by such symmetries could be intended
as quantum observers. Moreover, by building on the quantum-mechanical idea of agency,
this could challenge the existence of an objective spacetime that all observers agree upon:
how spacetime is perceived by observers may be influenced by their measurement choices.
Conversely, the quantum properties of spacetime will likely affect the spectrum of possible
operations available to an agent.

Itis not unexpected that so many fundamental issues arise when considering the interface
between Quantum Theory and Gravity. On one hand, General Relativity only describes the

10
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effects of classical matter on the spacetime structure by means of the Einstein field equations

1 8nG
Ryv‘iRguv"'Agpv = FT;W ) 9]

where the left-hand side regards the geometry of spacetime, and the right-hand side is the
source term, constituted by the stress-energy tensor of the (classical) matter/energy distribu-
tion sourcing the gravitational field. In these equations, there is no room for quantum matter.
On the other hand, the Standard Model of particle physics, and Quantum Theory in general,
does not include Gravity in its description®. The reason for this is that the gravitational ef-
fects caused by quantum systems are negligibly small compared to those caused by other
fundamental interactions, in the regime in which we have tested Quantum Theory so far. This
regime is determined by the energy scale reached today at LHC Ejyc = 10 TeV. The Quantum
Gravity scale is not known and can only be deduced heuristically. One possible way to do this
is to consider at which scale the localisation limits of General Relativity and Quantum Theory
are saturated for a physical system. In Quantum Theory, physical systems cannot be localised
better than their Compton wavelength Ar > %, m being the mass; in General Relativity, a
physical system cannot be localised better than its Schwarzschild radius Ar 2 Cf:—T Requiring
that these two constraints are satisfied, we get (see fig. 1)

Ar>flp=1/—=10"m. @)

This is the so-called Planck length, commonly understood as the fundamental localisation
limit for physical systems. It can also be interpreted as the breakdown scale of General Rel-
ativity, which is haunted by the emergence of divergences in some regimes. These are called
singularities, and examples are given by black holes and the singularity at the beginning of
time, the Big Bang. The existence of such singularities is commonly accepted and, under
some hypotheses [23], it has also been rigorously demonstrated to be a necessity in the Gen-
eral Relativity framework for cosmological models. The problem is that we do not actually
know what happens when distances and time intervals smaller than Planckian are involved,
and the validity of General Relativity in these regimes, where quantum-mechanical and gravi-
tational effects become comparable (2), is highly questionable. It is therefore plausible that, in
order to investigate the early universe regime, as well as to get a fundamental characterisation
of black holes, a complete theory of Quantum Gravity is needed.

The Planck length (2) can be easily converted into Planck energy Ep = c*¢p = 10'% GeV,
time tp = ¢ 1/p ~ 107 s, or mass Mp = ¢*¢p = 10! GeVc™2 = 107° g. Performing the same
conversion for the LHC energy scale, £135c =~ 10722 m, we get a hint on why the quest for a the-
ory of Quantum Gravity is often considered to be the hardest problem in theoretical physics:
from the beginning of our evolution to the present day we were able to build a “microscope”

4With some exceptions. For instance, it is possible to consider the effects of an external Newtonian potential
in Quantum Mechanics or to consider a Quantum Field Theory on a curved background [22], but in these cases
the gravitational content is either reduced to a simple potential (Quantum Mechanics) or to a background on
which physics unfolds (Quantum Field Theory on curved spacetime). The back-reaction of quantum systems
on the structure of the gravitational field, hence the dynamics of spacetime in the presence of quantum sources,
is never taken into account.

11
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Figure 1: The emergence of the Planck scale from the interface between the physical domains
forbidden by Quantum Mechanics and General Relativity. Image adapted from [24]

that, starting from our everyday scale 10° m, allowed us to reach the microscopic world at
1072° m; however, this is 15 orders of magnitude away from the putative Quantum Gravity
scale ¢p. For this reason, so far there are no experimental observations that can serve as hints
for theoretical investigations, as happened for the 20™ century revolution, and probably there
will never be direct observations at the Planck scale, for a galaxy-spanning particle accelerator
would be needed to reach energies of the order of Ep. Since experimental observations offer
little to no guidance, Quantum Gravity research was purely speculative in its infancy [25]. This
caused a blooming of different theoretical approaches to the Quantum Gravity problem, each
of them starting from a subset of the logical conundrums that emerge at the interface be-
tween Quantum Theory and Gravity [26]. Some of them, like String Theory [27-30], try to find
a unified theory of Gravity and all other fundamental interactions, the so-called “Theory of
Everything”. Other approaches, such as Loop Quantum Gravity [31, 32] or Causal Dynamical
Triangulations [33], “just” focus instead on the problem of the quantisation of Gravity.

All the frameworks listed above are approaches to the Quantum Gravity problem that are
aimed at deriving a full-fledged theory. However, there are other avenues that can be fol-
lowed. For example, several studies have focused on the development of phenomenological
models that rely on expected features of spacetime at the Planck scale. This possibility has
been majorly investigated within the frameworks of non-commutative spacetime [34,35] and
deformation [36, 37] or breaking [38] of spacetime symmetries. Over the last three decades,
this led to the establishment of the Quantum Gravity phenomenology research field [39-42],

12
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whose aim is to derive putative Quantum Gravity effects that can be somehow “amplified” to
the level of becoming potentially observable with the experimental sensitivities reached, for
instance, in multi-messenger astrophysics [43].

Another more recent path that is being followed, which could be referred to as the “First
Principles approach’, investigates the interface between Quantum Theory and Gravity with
methodologies characterising the field of Quantum Foundations and tools from Quantum
Information Theory [44]. This is done in such a way as to derive logical constraints on the
non-classical nature of the gravitational field [45] or to experimentally reach a physical regime
in which the effects of the gravitational field sourced by a mass in a quantum superposition
is measured [46-51], realising the gedankenexperiment proposed by Feynman at the Chapel
Hill conference in 1957 [20]. This is feasible since the Quantum Gravity scale relevant for
such experiments is the Planck mass, which, unlike the Planck length and time, is surprisingly
close to our everyday world Mp =~ 107° g [52]. This new phenomenological window is quite
interesting, since it would allow to perform table-top experiments to test the quantum nature
of Gravity. Indeed, while astrophysical analyses have enough experimental sensitivity to test
some Quantum Gravity effects, the problem lies in the scarcity of data deriving from the total
absence of control on the sources. These analyses are promising [43,53], but will require some
time to collect a significant amount of data. Conversely, reaching the necessary sensitivity for
table-top experiments would give the possibility of performing controlled and replicable tests
of Quantum Gravity effects.

The research work discussed in this thesis falls within the approaches described in the last
two paragraphs. The focus will be on quantum spacetime, its symmetries, the effects that can
be derived from them, and quantum observers. The manuscript is divided into two parts.

In the first part, we review all the mathematical structures and physical notions necessary
to discuss the original work presented in the second part. The first chapter focuses on quan-
tum spacetime, specifically non-commutative spacetime, and its symmetries, described in
the language of Hopf algebras. The phenomenological opportunities offered by some models
are then described. The second chapter reviews some quantum information tools at the inter-
face between Quantum Theory and Gravity, such as quantum clocks and quantum reference
frames, discussing what kind of questions can be investigated with these tools.

As anticipated, the second part contains the original work of the thesis and is based on
[1-5]. The third chapter is devoted to quantum spacetime-induced decoherence. In the first
part of the chapter, we present a review of the quantum decoherence programme. Then we
present the results of [1], in which a decoherence process is derived for the evolution of quan-
tum systems evolving in a spacetime with deformed symmetries, i.e. a deformed time transla-
tion. There exits several Quantum Gravity-induced decoherence models in the literature, and
one possible phenomenological window to test them is given by neutrino oscillations. This
latter opportunity is investigated in the final part of the chapter, based on [3], in which we
show that the decoherence process originating from stochastic metric perturbations is ruled
out using KamLAND and Super-Kamiokande data. The fourth chapter is devoted to quan-
tum reference frames and is based on [5]. We consider the problem of mass superselection in
Quantum Mechanics and show that a mass superselection rule emerges for fundamental par-
ticles from the properties of quantum reference frames transformations and finite-resolution
quantum clocks. This superselection rule singles out flavour neutrinos as the only funda-
mental particles that can be observed in superposition. The last chapter is based on [2,4] and
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Prologue

investigates the problem of quantum observers. We focus on a deformation of the rotation
sector of spacetime symmetries described by the quantum group SU,(2), deformation of the
standard SU(2) Lie group. This gives rise to a framework in which observers cannot recon-
struct an objective notion of space(time), which becomes agency-dependent, and measure-
ment devices exhibit non-classical features exemplified by a new notion of quantum proba-
bility.

14



Part 1

Prolegomena



First Chapter

Quantum spacetime and quantum
symmetries

2T
J

As anticipated in the Prologue, the ultimate goal of the Quantum Gravity research field is to
find a fundamental description of the spacetime structure at the quantum level. This should
be achieved by replacing classical spacetime with some quantum structure, which is usually
referred to as quantum spacetime. However, there is no general consensus on what this term
actually means. A concrete realisation of this notion, which will be considered in this thesis,
is provided by non-commutative geometry [34, 54-56]. This idea builds on an analogy with
the quantisation of the phase space of a point particle. In that context, the tool used for this
quantisation is based on the correspondence of position and momenta with non-commuting
operators on the Hilbert space of the states describing the point particle. The notion of a
quantum spacetime, therefore, could be described by promoting the spacetime coordinates
to non-commuting operators acting on a Hilbert space whose elements are the states that
describe, in some sense, the quantum structure of spacetime. This structure is called non-
commutative spacetime. Of course, a non-commutative spacetime cannot possibly grasp all
the physical properties of a full theory of Quantum Gravity. Physical theories built on the
idea of spacetime non-commutativity are therefore intended as effective models that could
arise from a full theory of Quantum Gravity in some physical regimes. For instance, this is
the case for Loop Quantum Gravity [57] and String Theory [58]. In this sense, spacetime non-
commutativity can be interpreted as a “low-energy remnant” of full Quantum Gravity theo-
ries, from which Quantum Gravity effects can be derived in physical regimes of interest both
for theoretical reasons [1, 56,59, 60] and phenomenological purposes [37,40,42,43].

Some physical implications of this approach concern the localisability of events, the role
of observers, and spacetime symmetries. Specifically, since spacetime coordinates become
non-commuting operators, it is not surprising that some limits on the localisability of space-
time events emerge [59]. It simply comes from the application of the Heisenberg uncertainty
principle to the non-vanishing commutators between the spacetime coordinates. This can
also be seen as a further motivation to investigate spacetime non-commutativity since, as an-
ticipated in the Prologue, there exists a conflict between the localisation processes of space-
time events in Quantum Theory and General Relativity. Indeed, the former reproduces a
sharp localisation in the limit of very massive particles, which is not compatible with General
Relativity because it would alter the spacetime structure and eventually lead to the creation
of black holes, while the latter yields a sharp localisation in the limit of massless particles,
which is incompatible with Quantum Theory since it would produce quantum fluctuations
that would prevent a sharp localisation. This impossibility of sharply localising spacetime
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events can be effectively reproduced with a non-commutative spacetime structure, in which
the minimum localisation scale, typically identified with the Planck scale, appears in the com-
mutators between the spacetime coordinates. Moreover, the very notion of reference frames,
and thus observers, acquires some non-classical features in this framework. This, in turn, af-
fects the transformation laws between reference frames, giving rise to deformations of space-
time symmetries [36,61]. Such deformations make the non-commutative spacetime structure
relativistically invariant, meaning that all observers agree on the type of non-commutativity
between spacetime coordinates. Spacetime non-commutativity is therefore implemented as
a relativistically invariant law, which reproduces at the quantum level the realisation of the
Planck scale as an invariant scale of Nature, giving rise to a framework with two relativistic in-
variant scales, the velocity of light in vacuum ¢ and the Planck length ¢p'. This is the so-called
Doubly Special Relativity framework [36,37,61].

The above arguments allow us to anticipate that the symmetries of non-commutative
spacetime acquire some non-classical features and, for this reason, can be understood as
quantum symmetries. These are the main protagonists of this chapter, which reviews the
technical tools necessary to describe them, i.e. Hopf algebras, and provides some illustra-
tive examples, following [59, 62]. In this chapter only, we will adopt natural units by setting
¢ =1 =1, unless otherwise stated.

1.1 Mathematical preliminaries

For a commutative spacetime, symmetries are described in the language of Lie algebras. When
considering a non-commutative spacetime, it is necessary to resort to some richer structures
given by Hopf algebras. This section gives a brief review of this topic.

1.1.1 Universal enveloping algebras

A Lie algebra £ is a non-associative algebra over a field K with a product given by the Lie
bracket

[[]:£x2—g. (L.1)

This product satisfies the following properties
[ag + bb,f] = alg,f| + b[b,]] (linearity)

{ [9.h]=~[hg] (anti-symmetry) VabekK, g hfel. (1.2

|0.[6,]|+[b.[F.0]| +|F.[9.]| =0 Jacobiidentity)

If a Lie algebra is finite-dimensional with dimension n, it is possible to choose a set of 7 lin-
early independent elements of the algebra { g,-}?zl that generate, through linear combinations,

INotice that this realises a theory that has the same degree of symmetry as Special Relativity but that is not
Special Relativity. This is similar to the symmetry structure of the de Sitter spacetime, which is a maximally
symmetric spacetime with an intrinsic length scale given by its curvature radius.
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1.1 Mathematical preliminaries Chapter 1

all the elements of the algebra. This set forms a basis for the algebra and, since the product
of two Lie algebra elements lies in the algebra, the Lie bracket between two generators can be
expressed as a linear combination of the generators

l0:,0;] = Ci o, (1.3)

where C; i k are called structure constants. These uniquely define the Lie algebra.

It is possible to build a Lie algebra £ from a unital associative algebra </ by defining the
Lie bracket as
[a,b] =a-b-b-a, Vabed, (1.4)

where - is the associative product of «/. In this way, the bilinearity and the antisymmetry are
automatically satisfied, and the Jacobi identity follows from the associativity of the product.
The inverse process, namely writing down a unital associative algebra starting from a Lie alge-
bra, does not yield a unique algebra. Moreover, the construction of these associative algebras
typically depends on the structure constants of the Lie algebra. However, it is possible to have
a universal definition of associative algebra that is independent of the particular Lie algebra
from which it is constructed. This is called universal enveloping algebra U[£]. This is the most
general unital associative algebra whose Lie algebra, obtained by (1.4), is £. The universality
is obtained as follows. Given a Lie algebra £ and a unital associative algebra built from it «/g,
we can consider two algebra homomorphisms

f:ulg]-2¢,

(1.5)
g: £—>£¢£,

then there exists a unique homomorphism 4 : U[£] — «/¢ such that h = go f.

A universal enveloping algebra can also be constructed directly as follows. Let I (£) be
the tensor algebra on the vector space of £

T(L)=KeLelele..=PL, (1.6)
n=0

and let .# be the two-sided ideal of I (£) generated by the elements
a®b-b®a—[a,b], a,bel. (1.7)

Then the universal enveloping algebra can be defined as the quotient

ule]=7 &), (1.8)

1.1.2 Hopf algebras

To introduce the notion of Hopf algebras, it necessary to first talk about co-algebras and bi-
algebras.
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Co-algebra

A co-algebra is a vector space ¥ over a field K endowed with two K-linear maps, the co-
product A and the co-unit €

A:€E€—-€1€¢, ¢:6—K, (1.9)

satisfying the following properties

(A®1)oA=(1®A)oA (co-associativity), 1.10)
(e®1)oA=1=(1®¢)oA (co-unity), '

A co-algebra can be seen as a dual structure to a unital associative algebra. This can be seen
by writing down the axioms defining a co-algebra and those defining an algebra with commu-
tative diagrams. Similarly to (1.10), a unital associative algebra < can be defined as a vector
space over a field K endowed with two K-linear maps, the product and the unit

Vidxd -, n: K-, (1.11)

satisfying
Vo (V®1l)=Vo(l®V) (associativity), 1.12)
Vo(n®l)=1=Vo(l®n) (unity), '

where 1 is the unit element with respect to V. These two maps are dual to the co-product and
the co-unit, meaning that

A € € K K

o € o €

so that the diagrams defining the two sets of maps are unchanged if all the arrows are reversed,
andn < ¢, V— A, & — €. This is true also for the axioms defining the algebra and the co-
algebra that can be written as

TeV T®A
ARA R —> AR ERERE <—— €€
Vel \YJ A®1 A
o @ of A ER€ €
\Y A
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A o # o
\Y Ten A T®e
o A @ o € €€
nel e®l

Finally, there exists also a dual notion to that of an Abelian algebra. A Lie algebra is Abelian if
the product is commutative. This requirement can be written as

Vor=V, 7(a®b)=b®a, (1.13)
where 7 : of ® of — of ® of is the flip map. In the same way, a co-algebra is co-commutative if
ToA=A (1.14)
namely
Aa=ap®ap =ap®aq , Yaes, (1.15)
where we used the Sweedler notation for the co-product
Q)]

Aa = ) ®ap) = Z a(l) ® ag . (1.16)
i

Bi-algebra

A vector space over a field K endowed with a product V, unit 1, co-product A, co-unit €, and
an identity with respect to the product 1 is both a unital algebra and a co-algebra. Such a
structure is a bi-algebra 28 over K if?

A[V(a, b)] =V(Aa,Ab) , e(a-b)=¢e(@e(b), Va,beAB,
Al=1e1, ¢1)=1, 1eK.

(1.17)

Hopf algebra

An Hopf algebra . is a bi-algebra over a field K endowed with a K-linear map S : & — A,
called antipode, that satisfies the following compatibility condition

VO(S®]1)0A:V0(]1®S)OA:]I£, (1.18)

®The fist condition simply means that (a-b),, ® (a-b) 5, = (a@) - b)) @ (a) - b))
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1.1 Mathematical preliminaries Chapter 1
that can be written with a commutative diagram as
Sel
SR ——— SRS
/ \
Vi RN LN
N A
TR S T@S> SR S
This compatibility condition implies
S|V(a,b)] = V[s@,8(b)] , S(1)=1, (SeS)er=Ton0S. (1.19)

Universal enveloping algebra as an Hopf algebra

Let U[£] =Span(L,g1,g2,...) be a universal enveloping algebra with generators g1, gz, ... Itis
possible to give a structure of a co-algebra to U[£] by defining

Agi=gi®l+1eg;, €(gi)=0, Vi,

(1.20)
Al=1®1, n(A)=Al, YAcK.

The co-product and co-unit defined in this way are called primitive and automatically give to
U|[£] the structure of a bi-algebra. To have an Hopf algebra, we define a primitive antipode as

S(gi)=-g:i, S(1)=1. (1.21)

1.1.3 Duality

Given two vector spaces over C, they are said to be dual if there exists a non-degenerate
sesquilinear form
(¢, XxY—>C, (1.22)

that defines a scalar product between the two spaces. Given a vector space V, it is possible to
define its dual V* as the space of functionals over V

V*:=Hom(V,C), (f,x)=f(x), xeV, feV*. (1.23)

With this notion of duality;, it is straightforward to understand the reason why co-algebras and
algebras are intended as dual concepts. Indeed, given a co-algebra € over C it is possible to
define two maps V: 6€* x €¢* — €¢* and n: C — €™ on the dual vector space ¢*. These are
obtained as

(V(b,9).0):=(heg,aa) , (n(1),g):=¢(g) , Vhgeb” acs, (1.24)

from which it descends that these adjoint maps are a multiplication and a unit map, making
%™ a unital associative algebra. Of course, the inverse is also true, namely a co-algebra can be
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defined by duality from a unital associative algebra. This means that it is possible to define
the notion of dual Hopf algebras. Two Hopf algebras /# and /" are said to be dual if the
co-algebra of # is dual to the algebra of #* and vice versa

<V(g,b),a>:<g®h,A*a) , (n(),a)=¢"(a), Vg,he A, acH#"

(1.25)
<g,V*(a,b)> =(Ag,a®b) , {(gn*())=¢€l@), Vg heAH, ac "
and the antipodes are also dually paired
(S(g),a)=(g,S"(a)) , Vge A, ac A" (1.26)

If two Hopf algebras are dual to each other, the propositions regarding their operations are
also dually paired. For example, if #* is co-commutative then

<V(g,h)’Aa> =(g,a0m)(h,a@) =(g,ae)(hay) Yae A" =>V(g,h)=V(hg), (1.27)

namely ./ is commutative. The inverse is also true, therefore we can state that # is commu-
tative if and only if /#* is co-commutative, a statement that is synthesised with “commuta-
tivity <= co-commutativity’.

Action of a Hopf algebra on an algebra
The left action of a Hopf algebra .# on a unital associative algebra < is defined as
>:AAxA —of , hpaeod , heA, aed. (1.28)
This left action is compatible with the product and the co-unity of #, menaing that
V(g,h)pa=g>(h>a), h>1=c®)L. (1.29)

It is possible to define the action of a Hopf algebra on an algebra (or a co-algebra) in such a
way that the algebraic structures change covariantly under this action. This is called covariant
action and is defined as

h>V(a,b) =V(hoy>abx>b), Vhe#, abed, (1.30)
for an algebra « and
A(h>a)=(bpy>am)® (he>ag)=Ab>Aa, VheH#, a,e¥b, (1.31)

if the covariant action is defined on a co-algebra €. Of course, one can also define a right
action and, in the case of two dually paired Hopf algebras « and </*, a left action over </
automatically defines a dual right action over </ *

(a,h>b)=(a<"h,b) , Vaeol" beod, he . (1.32)
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Duality between a Lie group and its Lie algebra

To understand the role of symmetries in physical theories, the relation between a Lie group
and its Lie algebra is of paramount importance. This relation can be obtained by means of
some duality conditions, as specified, e.g., in [63]. Given an affine algebraic group G over a
field K, there exists a canonical Hopf algebra structure on the algebra of regular functions on
G, K[G], given by

Af(giege) = flgig), S(N@=r(g7") e(f)=f(Le), ¥/ eK[G] g1.828€G. (139

If £ is the Lie algebra of G, then the algebra K[G] is the Hopf algebra dual of the universal
enveloping algebra U[£] with dual pairing (,) : U[£] ® K[G] — K given by

{(a,f)= (2@ f)(1c) = (LW@f)(Lg), (1.34)

where Z (%) is the canonical representation of U|[£] as the algebra of right (left) invariant
differential operators in K[G].

1.2 Classical spacetime and its symmetries

Hopfalgebras not only offer a natural tool to describe quantum symmetries as intended in this
chapter, namely as the symmetries of non-commutative spacetimes, but it is also possible to
recast the theory of spacetime symmetries in the classical, commutative spacetime case in the
language of Hopf algebras. This is reviewed in this section to lay the ground for the analogous
formulation of symmetries in the non-commutative setting.

1.2.1 The Poincaré group and algebra

The symmetries of the classical Minkowski spacetime are given by the Poincaré group 22,
defined by
(@ ,N)-(a,A)=(A-a+d ,N-A), V(aA)(d,N)e2?,

(a,A)-(0,14) =(0,14) - (a,A) = (a,A), 1, =diag(1,1,1,1), (1.35)

(a,A)-(=AT-a,AT)=(-AT-a,A")-(a,A)=(0,1),

where A € SO(1,3) describes and element of the Lorentz group, namely a boost and/or rota-
tion, and a € R* describes a spacetime translation. The algebra of functions over this group,
C[22], is an associative, unital, and commutative algebra defined by

(f-8)(x) = f(X)g(x), ¥Xe2, (af +pg)(X)=af(X)+pg(X), 1(X)=1,  (1.36)

that encodes the information on the group structure of & if it is enriched with the structure
of Hopf algebra via

AF(X,X) = F(X-X'), S(A(X) = F(X7!), e =£(1). (1.37)
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Indeed, it is possible to recover the product and inverse laws of &2 from the co-product and
the antipode respectively.

The parameters defining a Poincaré transformation, namely the matrix elements A*, and
the four-vector a* form a basis for the algebra of functions C[22]. These functions satisfy

AANE, =AF 0 AP, AdH =NV, ©a"+a'e 1,
S(Auv) — (A—l)“v , S(a/l) — _(A—])“
e(A*,)=6*,, e(a")=0.

va’, (1.38)

The quotient of C[2?] with the Hopf sub-algebra SO(1,3) spanned by the A*, functions gives
the algebra of functions over Minkowski spacetime C[.# |, whose basis functions are the co-
ordinates x* with

Axt=xtel+lex*, S(x*)=-x, e(x*)=0. (1.39)

The action of a Poincaré transformation is a map from the spacetime coordinates x* to a new
set of coordinates x'*, equivalently given by

H=at + x"AH, = at + AF 1Y (1.40)

This is the standard description of Poincaré transformations of coordinates, however if we
want to describe the same action in the Hopf-algebraic picture outlined above, we see that
spacetime coordinates and Poincaré group transformations are elements of different alge-
bras. Therefore, to properly describe the action of a Poincaré transformation on spacetime co-
ordinates we have to think about this as a map from C[.#] to C[.#|eC[2?] or C[2?|eC[.4 ],
depending on the ordering. This is realised by the right (left) co-action

Ap:Cll]—ClU])eC[2] Ag[xF]=10a"+x"®A,,

1.41
AL O] — TP oCl]  Arlxh] = at o1 +AF, 0x". (141

In general, we can write the right co-action of a function f(x) € C[.#] using the Sweedler
notation as
Ap[f]=fPwea?, fPweclul, AP ec(z]. (1.42)

If £ is the Lie algebra of 2, then the right co-action of C[2?] on C[.#| defines a left action of
the universal enveloping algebra U[.#£] on C[.# ] as [64]

e f0):= fO(T,AP), Teu[2], fweclu], (1.43)

where (+,-) : U[£] ® C[2?] — C is a sesquilinear form defining a duality between U[.#] and
cl2].

The Lie algebra of the Poincaré group

The co-action of a Lie group G can be expressed in terms of the action of the corresponding
Lie algebra £ by means of the exponential map

e -G, (1.44)
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so that the right co-action of the Poincaré group on f(x) € C[.#] can be written as®

AR[f(0)] = 2" Miv i@ Pu f () = f(ak + x¥AR,) (1.45)

where the second equality comes from a Taylor expansion of f(x) and from the fact that the
Lie algebra generators have to satisfy the Leibniz rule, therefore their exponentiation is a ho-
momorphism for the coordinates product. To derive the differential representations of these
generators, we consider infinitesimal transformations. If we take w*” = 0 and a* # 0 we get

F)+ia"P,f(x) = f(x) +a 6(;:55) , (1.46)
therefore the differential representations of the spacetime translations generators read
Py=-id,. (1.47)
Taking w™® # 0, 0 # 0 and w'/ = a* = 0 we get*
é(‘”ioMfO - ‘”OiMOi)f(x) =f0)+{’ (xo agf;) — X "g,ﬁf)) » (1.48)
therefore the differential representations of Lorentz boosts generators is given by
w0 =-w" =", Mjy=—My; = i(x00; — ;) . (1.49)
Finally, by taking w’® = a* = 0, "/ # 0 and w/’ # 0 we get
é(wif'M,-j + a)jiMj,-)f(x) = fx+oAX) ~ f)+oAVf(X), (1.50)
therefore the differential representations of spatial rotations generators read
wij:—wji, Mij:i(xjai—xiaj), (1.51)

so that we can write the differential representations of the Poincaré algebra generators as

From these differential representations we can derive the Lie algebra £ of the Poincaré
group, given by

[PM,PV

=0, [MNV’PP] = i(”ﬂppv _r’VPP’“‘) ’

(1.53)
[Muv, Mpa] = i(npvaa —Nuo Myp —Nvp Myg + nvaM,up) .

3Here and in the following we omit the tensor products in the commutative setting where no ambiguity
arises. To be precise we should write ezMuw®®"” giPyeat [f)] = f(l®a*+x"®AH,). Analogously, equations
like (1.46) should be written as f(x)® 1+ iP,> f(x)®at = f(x)® 1 + iag;ff) ® at.
4¢!is the infinitesimal boost parameter (rapidity). In 1+ 1 dimensions this parameterises a pure boost matrix
cosh{ sinh( 1 ¢
sinh({ cosh() - (( 1

as A=

) where the last approximation holds for small {.
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Duality between Poincaré group and algebra

Using the scalar product defined in (1.43) it is possible to define a duality between the uni-
versal enveloping algebra U[.#] and the algebra of functions over 2, C[2]. The relations
between the basis elements of the two algebras are

(Pyrav) = _in,uv» (M,uv»ap) =0, (]l,g) :E(g),
(1.54)
(PuA®y) =0, (Muv,0P7) = i(6° 467, - 67,67,),  (T.1)=e(D).
These relations, together with the duality conditions for products and co-products
(i T,8) = (1 © To,00) = (11,8 (12,82,
(1.55)

(La1og)=(aT.g1eg) = (T"8)(T.g),

allow to compute the scalar product between any two elements of the two algebras.

Duality between spacetime coordinates and spacetime symmetries

In the beginning of this subsection we have defined the algebra of functions over spacetime
as the quotient

cl) =P 009 (1.56)

This algebra, with basis functions given by the spacetime coordinates x*, has the structure of
a commutative Hopf algebra with a co-algebra given by (1.39). By means of the dual pairing
introduced in (1.22), this Hopf algebra is dual to the sub-algebra of spacetime translations
spanned by the generators P,,. Specifically, the duality relation between the spacetime trans-
lations generators P, and the spacetime coordinates x* reads

(Pux*)=i6,". (1.57)

From this duality, it is possible to derive the algebra of spacetime coordinates from the alge-
bra of symmetries and vice versa, so that spacetime coordinates and symmetry algebra are
intimately related

Spacetime coordinates algebra <= Spacetime symmetry algebra

For instance, from the duality relations between products and co-products, and more pre-
cisely from the “commutativity <= co-commutativity” property and the fact that the gen-
erators P, define a Lie sub-algebra of 22, we immediately get that the Lie brackets between
spacetime coordinates must be be given by

[x*,x"] =0, (1.58)

which simply describe a commutative, classical spacetime structure. Therefore, the struc-
ture of classical spacetime is described by the duality between the Hopf algebra of spacetime
translations

[Pp’p\/

=0, AP,=P,®1+1®P,, e(P) =0, S(P,)=—-P,, (1.59)
and the commutative Hopf algebra of spacetime coordinates

Axt=x*el+1ex!, [x*,x"]=0, ¢(x*) =0, S(x*)=—-x. (1.60)
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1.2.2 The (centrally extended) Galilei group and algebra

In the previous subsection, we outlined the Hopf algebraic description of the Poincaré group
and algebra, describing the spacetime symmetries for relativistic systems. If we are instead in-
terested in studying the non-relativistic regime, spacetime symmetries are given by the Galilei
group and algebra. A Galilean transformation is given by

xX=R-x+a+vt, t'=t+b, (1.61)

where R € SO(3) describes a rotation, v,a € R3 are a velocity and a spatial displacement re-
spectively, describing a Galilean boost and spatial translation, and b € R describes a time
translation. A general Galilean transformation can then be parameterised by these 10 pa-
rameters, and the group structure of the Galilei group ¢ can be obtained by considering the
composition of two transformations. Specifically, the group structure is

(v',a',v',R')(b,a,v,R)=(b+b,a'+R -a+bv',vV'+R -v,R'R),

(b,a,v,R)-(0,0,0,15) = (0,0,0,15) - (b,a,v,R) = (b,a,v,R),

(1.62)
(b.a,v,R):(~b,~R""-(@=bv),~R""-v,R"!) = (0,0,0,I5),

v(V,a v ,R),(bavR)e9, I3=diag(1,1,1).

The whole Hopf algebraic theory developed for the relativistic case can be carried out also
in the Galilean setting. However, every algebraic or co-algebraic structure can be derived
from the relativistic case because Galilean symmetries are an Inonii-Wigner contraction of
the Poincaré symmetries. This is achieved by explicitly writing the ¢ factors in the generators
of the Poincaré algebra, group parameters and spacetime coordinates as

1

H ;v
PO:?,Ni:cG,-,xozct, aO:cb,(’z?. (1.63)

Then, by taking the ¢ — oo limit the Galilean Hopf algebraic structures are obtained.

However, there is an important difference between the Poincaré and the Galilean symme-
tries, besides the different physical regimes in which they are respectively valid. This has to do
with the representation of the algebra of symmetries on the phase space of physical systems,
both in Classical and Quantum Mechanics. For classical systems, it is not possible to have
a true Poisson bracket realisation of the Galilei algebra, indeed it is possible to have such a
canonical realisation only up to a neutral element. This is nothing more than a true Poisson
bracket realisation of the central extension of the Galilei algebra. For quantum systems, it is
not possible to have an irreducible unitary representation of the Galilei algebra. The action
of the Galilean generators is represented on the Hilbert space of quantum systems by an irre-
ducible unitary projective representation of the algebra. This is equivalent to an irreducible
unitary representation of a central extension of the Galilei algebra. For both classical and
quantum systems, therefore, we have that the correct symmetry algebra is the central exten-
sion of the Galilei algebra [65-67]. More details about the representation theory of the Galilei

27
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group in Quantum Mechanics can be found in chapter A. From a physical point of view, the
centre of this algebra is the mass M. This central extension can be derived from the relativistic
case as well. It is necessary to extend the Poincaré algebra and then consider the contraction,
so that

H
Py=—+Mc, (1.64)
c

the other quantities being the same as (1.63). Then, once again, the limit ¢ — oo is taken and
the Hopf algebraic structures of the central extension of the Galilei algebra are obtained. For
instance, the Lie brackets between the generators of the central extended Galilei algebra read

[H,P;]=[H,Ji]|=0, [Gi,Gj]:[pi,pj]zo : [G,-,Pj]:iM(Sij . (G, H]=iP;,
(1.65)
[]i»Gj] :ieijka , [fi,pj] :ieijkpk s Undm] =i€n," e o [M,-]=0.

Notice that, for both quantum and classical systems, the only physically meaningful case is
with M # 0 [65,67]. A detailed discussion of the origin of the central extension as the symmetry
algebra of Quantum Mechanics can be found in chapter A.

Bargmann argument for a mass superselection rule

The fact that the correct symmetry group (algebra) for quantum-mechanical systems is given
by the central extension of the Galilei group (algebra) has an important physical consequence.
To understand this, we consider a quantum-mechanical system that is in a superposition of

two different masses, m; and m,. We write the state of this system as |y) = %(Wﬁ + |w2)),
where the mass operator M in (1.65) acts as M |y;) = m;|y;). Consider now the following
chain of transformations: a spatial translation, a Galilean boost, the inverse translation, and
the inverse boost. The overall transformation is the identity on spacetime coordinates, as can
be immediately seen from (1.62). Since this transformation is the identity on spacetime, we
should expect that the action of its representation on the Hilbert space of a quantum system
would give at most a global phase. However, from (1.65) and the Baker-Campbell-Hausdorff
formula® we have
e_iy.Ge_ia.peiy.Geia.p _ e—iv-G—ia-P—%viaf[Gi,Pj] eiv-G+ia-P—%viaf[Gi,Pj] _ e_iMa.,, . (1.66)
From this we see that if we act with our transformation, on the superposition |w> we end up
with )
lw)— |L’/'>:ﬁ(eimla'"|‘l/1>+eim2a'v|wz>)’ (1.67)

meaning that the two states |u/1> and |w2> acquire a relative phase, namely |w> is changed by
the transformation. The fact that this transformation represents the identity on spacetime led
Bargmann to conclude that superpositions of different masses are not allowed in a Galilean
invariant Quantum Theory. This is known as Bargmann superselection rule.

SGiven a Lie group ¢ and the exponential map from the Lie algebra to the Lie group e : £ — %, the Baker-
Campbell-Hausdorff formula gives the solution to the equation eXe” = e for X, Y € £. Specifically, Z = X+ Y +
31X, Y] +..., where the other terms of this infinite series are omitted since they all vanish in our present case.
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Even though the argument above seems to be robust, it is not quite true that the transfor-
mation considered is the identity. Indeed, it is possible to show that, from a physical point
of view, the e *M % factor is a leftover of the special-relativistic time dilation that survives in
the non-relativistic ¢ — oo limit. Specifically, it is the ¢ — oo limit of the difference between
the proper times elapsed in the reference frame at rest and the reference frame undergoing
the chain of transformations [68]. Therefore, no mass superselection rule is actually needed
in non-relativistic Quantum Mechanics. We will also provide a rigorous algebraic proof of this
statement in chapter 4.

1.3 Non-commutative spacetime and its (quantum)
symmetries

In this section®, we outline how the symmetry structures of classical spacetime, the Poincaré
group and (Hopf) algebra, are deformed in a quantum, non-commutative spacetime. In gen-
eral, a non-commutative spacetime is described by

[x#, V] =10 (x). (1.68)
Of course, the algebra of functions over this spacetime is thus deformed
Clt]—Cqy|M] (1.69)

into a non-commutative Hopf algebra, or quantum group. The same happens, without chang-
ing the structure and properties of &2, to the algebra of functions over the Poincaré group,
which is itself deformed into a quantum group described by non-commutative basis func-
tions A", and a#, C[2] — C4|2]. The relation between the two algebras is not changed,

namely C,[ 4] = Cyl2 ]/SOq(l, 3) provided that the (deformed) Lorentz group is still a Hopf

sub-algebra of C,[2?]|. The action of C4[2?]| on C,[.#] is still given by the right co-action,
which is an algebra homomorphism so that the commutation rules between the coordinates
are not changed by a spacetime coordinate transformation

x'* = Ag[xt] = ﬂ®a”+xV®A”v€Cq[J%] ®Cy|2]=> [x’“,x'v] =i0(x'). (1.70)

From this, it immediately follows that

[x’”,x”’] =1&[a",a"]+x"® ([a“,AVp

- [aV,A“p]) Fx7xP @ (A, A = AV A ), (L71)

therefore a non-commutative spacetime structure necessarily implies that the group param-
eters are non-commutative, or equivalently

M (x) =0 <> [a*,a"] = [a“,ApU] - A”V,Apg] = 0. (1.72)
On a generic function, the right co-action reads
2 2
Ap[f]=fPweA?, fPwecyu], AP ecy[2]. (1.73)

6We will set 7 = 1 and ¢ = 1 in this section and in the next one.
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In general, choosing a basis {g1,..., gn} for C4[2], (1.73) can be written as a power series in
this basis elements. However, since the elements of C,[2?] are non-commutative, an ordering
prescription is needed so that

AR[f(x)]_ Z fw1 an@Qw[gf‘l,...,g,‘;‘"], (1.74)

.....

.....

where Q,, [ gf‘ ..., ga"| is called Weyl map and defines the ordering prescription, while

farran=Ta, a,> fX). (1.75)

Ty .a,:Cql]— Cy[] are the operators that constitute the universal enveloping algebra
Uq[ <], the Hopf algebra dual to C,[2?]. As in the commutative case, the left action of these
operators on functions is induced by the right co-action (1.73)

> f(0):= fO@(TAP), Teu,[2], feCylu]. (1.76)

As aHopfalgebra, U, [#] is independent on the choice of the ordering, namely the Weyl map.
It is only the basis of U, [.#£] that depends on the choice of the ordering chosen by Q.

The Weyl map is essential to derive the Hopf algebra U, [ £ from the first-order expansion
in the parameters of the right co-action Ag. Indeed, if these parameters are non-commutative,
the very notion of “first order” makes no sense without an ordering prescription since, using
the commutation relations, it would be possible to change the power counting in the param-
eters. For instance, if [a#,a"] = ia"”, then it would be possible to write a’a' = a'a® + i a®!
so that a zero-order term appears in the second-order expression a’a'. Choosing an ordering
with a Weyl map Q,, avoids this problem, so that the right co-action can be written as

Z'n+m
Ar[f)] = ,;qumm M;"mamP[g PﬂDf(x)@Qw(a’“” c.atm P @Pmom)
—Q —M ®w‘” lPZf’@a“ [f(x)®]]_:|’

(1.77)
for a Weyl map Q,,(a"w??) = wP?a*. The operators Py, M, are the ordering-dependent
generators of the Hopf algebra U[.Z] dual to C4[2]. Changing the ordering prescription
amounts to a non-linear change of these generators, which is a legitimate operation to per-
form in a universal enveloping algebra. The co-products and antipodes of these generators,
as well as the commutators between them, are found by compatibility with the product of
C4[M], duality with C,[£?], and compatibility with the composition law of C,[2?], respec-
tively.

When acting on a product of functions, the right co-action gives

Ar[fx)g(x)] = Qw(ezM 0@ gl Pl “”) [fgx) ®1] = Ar[f(0)]Ar[gx)] =

-0 ( zMw QWY zPﬁ”@a )[f()d@l]_]ﬂ ( MW QwHY sz®a [g(x)®ﬂ] (178)
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since it is a homomorphism for the product in C,[.#]. Being the co-product of the generators
dual to the product of C,[# ], the above expression can be rewritten as

Ar[f(0g)] = vlz{Qw(e%AMﬁfr@w””e"APﬁ”@““) [fwegwel]}, (1.79)

where Vi, : Cy[ M| ® Cy[ M ] ®Cy[P?] — Cy[M] ® Cy|2] represents the product of C,[4]
over the triple tensor product as Vi2{f(x) ® g(x) ® A} = f(x)g(x) ® A, A€ C,[2?|. Enforcing
(1.3) we get

i w YA W o 1 iagw wo o pw 14 i w oo W o 1
Q, ezAMpg®w elAPu ®a ):Qw(eszgwl@w elPu ®l®a )Qw(eZIL@MPU@w ell@Pu ®a ), (1.80)

which gives the link between the co-products of the generators of U,[£] and the right co-
action of C[2?] on C[.#]. Notice that, if the group parameters a* and w”’ are commutative,
then the co-products are primitive.

For what concerns the commutator, we can enforce that the right co-action is a homo-
morphism even with respect to the group composition, the latter being unaffected by the
quantum deformation of the algebra of functions C[2?]. By doing so we have

AR[(A',a')'(A,a)] =Qw(e%M%®wmeipﬁu®“u)[ﬂ®(A’-a+a’,A’-A)] =
= Ar| (N, @) |Ar| (A a)| = (1.81)

iagw UV pW o 41
1®(A/’a/)]0w(eszg®w ol Pi®a )

ipgw LY pW g 4l
:Qw(eZMPff@“’ e'fuea 1®(A,a)].

The product of two group elements is dual to the co-product of the group parameters, there-
fore the above expression can be rewritten as

1®(A,d)-(A, a)] _

Qw(e%M;,"U®w”"eiP;f®a”

- vzg{Qw(e%Mﬁﬁer“”eiPﬁ’@M”) [11 ®(N,a)® (A, a)] } : (1.82)

where Vi3 : Uy[£] @ P P — Uy [£] ® 2 represents the product of PP over the triple tensor
productas Vos{T ® (A,a')® (A,a)} =T e (A, d)- (A a), T € Uy[£]. From this we get

ingw wo o pw 14 iangw yi% FDW g ol iangw wo o pw 1%
Qu esza®Aw ezPﬂ ®Aa ) — Qw(eszg&u ®116le ®a ®]1)Qw(e2Mpa®]l®w elPM ®lea ) . (1.83)
where Aa* and AwP? are the co-products reflecting the composition law of 22 in (1.38)”.

1.3.1 «-Poincaré group and algebra

In what follows, we focus on a specific non-commutative spacetime structure given by the
x-Minkowski spacetime [59,69-72]

[xo,xj]:ng:iﬂtxj, [xi,xj]:o, kL= (1.84)

"The co-product of w”? can be derived from the composition law of the Lorentz subgroup.
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Even without the Hopf algebraic description discussed above, it is immediately understood
that a simple Poincaré transformation cannot leave these commutators invariant. In fact, if
we consider a spacetime translation x*' = x* + a* then the commutators become

[xol,xj'] = [x0+ ao,xj +al|l=idx! # i?ij, = i/l(xj + aj) . (1.85)

However, if |a°, a’ ] =i Aa’, then the commutators are relativistically invariant and the scale
A, typically identified with the Planck length ¢p emerges as an invariant length scale of the
theory. In fact, this is one of the commutators that arises when enforcing the homomorphism
property of the right co-action of C;[2?] on C4[.#]. This yields the commutation relations
defining the x-Poincaré group [73, 74]

[ao,aj] =ilal, [ai,aj] =0,

|a#, 0%, =-i /l{ (A% =87 A% + (A% - 500)17”‘} .

A“V,APU] -0,
(1.86)

An interesting first property that derives from these commutation relations is that it is not
possible to perform some “pure” transformations [62, 75]. Indeed, by interpreting the group
parameters as operators acting on a Hilbert space ./, a non-vanishing commutator can be
associated to an uncertainty relation between these parameters [62]. For example, to perform
a pure spatial translation, we would need a (sharply) vanishing a° parameter, but if we have

a® = 0 without uncertainty, Aa® = 0, then from the commutation relation [ao, al ] =ilal we
would need <aj > = 0 to have a sharp spatial translation, where the uncertainties and the ex-
pectation values are computed on states in .#5». The same argument applies for pure boosts.

The generators of the x-Poincaré group constitute the x-Poincaré Hopf algebra. The co-
products of these generators and the commutators among them can be derived, upon choos-
ing an ordering prescription, by means of (1.3) and (1.83). If the following order is chosen

[e.°]
Voo v k
Ar[fo]= X R0 @ 0 -0, )y -4, g

nm k=0 (1.87)

in+m(_i)k .
T 27 nimik! (Mysos - My, P, PS> F 0,

then the commutators and the co-products read®

PPy ] =0, 7P| = i€, P, |JuNy| = i€ Ne, i Po] =0, i) = i) T,

(1.88)
l_e—ZAPO A
_ k _ . 2 .
[Ni,N]'] ——zeij T, [Ni,Po]—lPl', [Ni,Pj]—l6ij T+§P —lﬂPiP]',
APy=Py1+1®Py, APj:Pj®IL+e_;LP°®P]-, AJi=];i1+1®];, (1.89)
1.

ANl-:Nl-®]1+e‘AP°®N,-+/1€ijkPj®]k.

ik
8]i = Ei] Mk, Ni = Mjo.
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The antipodes can be derived by the co-products by enforcing the consistency relations that
define a Hopf algebra. These antipodes are

S(Po) =Py, S(Pi)=—e*P;, S(1;)=~Ti, S(Ni) = —e N, + A,/ P ] (1.90)

The last thing that is left to notice is that, since the commutators of the algebra are deformed,
the Casimirs of the algebra will be deformed too, in general. This is the case for the mass

Casimir, that is given by
2
2
C = |=sinh —eMop?, (1.91)

Ap
A 20

The deformations appearing in the symmetry algebra that we have discussed in this subsec-
tion are more than just algebraic manipulations. As we will see in the last section of this chap-
ter, as well as in chapter 3, they can be physically interpreted as giving rise to testable effects.
Before considering this phenomenological aspect of symmetry deformations, we will discuss
some other theoretical features of the framework we have outlined so far.

The problem of the change of basis

The basis of the x-Poincaré Hopf algebra described by the equations above is called “right-
ordered bicrossproduct basis”. The reason behind this name comes from the choice that has
been made for the ordering of the group parameters, with the parameters of Lorentz boosts
on the left and the parameters of translations on the right (specifically, the time translation
parameter is the last on the right, hence the name of the basis). Different choices for the or-
dering correspond to non-linear changes of basis for the generators of the algebra. Of course,
such changes of basis yield, in general, different commutators and co-products. An example
is given by the so-called classical basis [76]. This basis is characterised by an algebra sector,
i.e. commutators and Casimirs, that is the same as the Poinacré algebra (this is the reason
why it is called “classical”), while all deformations are in the co-algebra sector. Specifically,
the co-products and the antipodes are given by

APy =Py &Il +11y' ® Py + APII;' ® P, AP;=P}®Iy+1®P},
AJi=];i®l+1®J;, AN; :N,-®]l+l'[61®N,—+)Lel.jkP}Hgl®]k,
S(Pg) =-Py+ AP 1", S(P}) = -PiTI5", (1.92)
SUi)=~Ji, S(Ni) = -TIoN; + Ae,/“ P! Jy
where the new translation generators are related to those of the bicrossproduct basis by
ey

Py=

oglly, P;=PII,", (1.93)

and

\J1-A2P,PH — AP}
Mo =AP)+/1-A2P,P'", ;' = : (1.94)

1- %P
ATly =Ty ® Ty, Ally' =TI, ;" , S(IT,) = I1*
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Obviously, the algebraic and co-algebraic sectors of the basis presented here are com-
pletely different from those of the bicrossproduct basis. Since the physical effects predicted
by a deformation of symmetries depend on the form of the commutators, co-products etc., of
the generators of the algebra, this means that, in general, different bases give rise to different
predictions, i.e. different physical theories. Should this be regarded as a problem? To correctly
address this issue, it is instructive to look at it from a different angle. The algebraic deforma-
tions of the spacetime symmetries sector discussed in this chapter admit a dual description
in terms of curved momentum spaces [77, 78]. In the context of curved momentum spaces, a
change of basis in the algebra amounts to a diffeomorphism in momentum space. Contrary
to General Relativity, in which diffeomorpshism invariance is built-in as a physical principle
of the theory, for curved momentum spaces no such invariance is needed in principle. Dif-
ferent coordinates on momentum space yield, in general, different predictions [79] and could
therefore describe different physical models. Only by performing experiments that can ver-
ify or falsify the physical predictions of the various models could it be possible to determine
which, if any, curved momentum space describes the physical laws of our world.

The Relative Locality regime of Quantum Gravity

The idea that momentum space might be curved is not new in physics, see [80] and refer-
ences therein. In the context of gravitational physics, a curved momentum space arises in
1 +2 dimensions with Gravity coupled to particles. In 1 + 2 dimensions the gravitational field
only has topological degrees of freedom and it is argued that there could exist a topological
phase of Quantum Gravity in 1 + 3 dimensions as well [80]. From a physical point of view, the
framework in which such a curved structure on momentum space emerges can be understood
as a “non-quantum, non-gravitational” regime of Quantum Gravity, in which 7 — 0, G — 0,
but their ratio, giving the Planck mass or Planck energy, is fixed. This is the Relative Locality
framework [81], in which the momentum space is the fundamental structure, described by a
curved pseudo-Riemannian manifold, and to each point of the manifold a (flat and commu-
tative) momentum-dependent spacetime structure is reconstructed as the tangent space to
that point. This can also be seen as a dual picture with respect to General Relativity, in which
spacetime is the fundamental structure, described by a pseudo-Riemannian curved manifold,
and to each point of this manifold a spacetime-dependent (flat) momentum space is assigned
as the tangent space to that point. This effectively realises the idea of Born reciprocity [82], a
principle by which the laws of physics should admit a duality symmetry between spacetime
and momentum space. In the framework of Relative Locality, every algebraic notion such
as co-products, the mass Casimir, etc. can be related to a geometrical quantity (connection,
geodesic distance, curvature, torsion, ...) of a curved momentum space [83], and this realises
the duality between the Hopf algebraic and the geometrical descriptions of deformed sym-
metries. From a physical point of view, the most striking result of Relative Locality is already
written in its name: Locality is not absolute as in Special Relativity, it becomes an observer-
dependent notion. Specifically, all observers describe interaction events distant from them as
delocalised in spacetime, whereas near events are perceived as localised. This is in analogy
with Special Relativity, that is obtained from Galilean relativity by introducing an invariant
velocity scale, and this results in the loss of the absoluteness of simultaneity (but locality is
still absolute). In Relative Locality, introducing an invariant energy scale results in the loss of
the absoluteness of locality.
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1.3.2 Localisability and observers

In the framework of Relative Locality, starting from a de Sitter momentum space [77] it is pos-
sible to show that the Poisson brackets between the coordinates of events have the same form
of the x-Minkowski commutation relations [83]. Therefore, the Relative Locality regime could
be interpreted as a “fi — 0 relic” of the x-Minkowski non-commutative spacetime, which
should be recovered upon quantisation (replacing the Poisson brackets with the commuta-
tor times i /7). From this point of view, can the relativity of locality be described directly in the
context of k-Minkowski spacetime? This is what we will discuss here, following [59].

In the previous subsection, we have anticipated that, in a non-commutative spacetime,
coordinates become operators acting on a Hilbert space. We denote this Hilbert space as
F¢. The three operators x' form a complete set of observables on # that, as a functional

space, is therefore given by LZ(Rs). The fact that the position and the time operator satisfy

[xo, x! ] = i Ax' means that they are incompatible observables that formally satisfy the uncer-
tainty relation

O i m i
Ax08x' 2 (x1)], (1.95)
on the states in .%. A representation of these four operators in L? (RS) is given by
Py =x'y),
(1.96)

Ly = il(r0r+ ;)wx),

where we have introduced the hat to denote the operators and distinguish them from their
representations. As we can see, the representation of x° only contains the radial coordinate
r. This suggests that all the non-commutativity of xk-Minkowski can be captured by the ra-
dial and time coordinates. In fact, by performing the change of coordinates x> = rcos#,
re!?sin@ = x! + i x? we end up with

[cos@,xo] = [ei¢,x0] =0, [xo,r] =idr = Ax°Ar= %||<r>|. (1.97)

For this reason, we can write any function in L? (R3) as a spherical harmonics expansion
V(X)) =X mWim(r) Y,,m(e, cp) and focus only on the radial components.

The states described by these wavefuntions can be interpreted as “states of the geom-
etry”, describing spacetime events in x-Minkowksi. The uncertainty relation in (1.97) tells
us that, in general, it is not possible to find states that sharply localise both the spatial and
the time coordinates. However, there are wave functions in LZ(IR{B) that minimise this uncer-
tainty. A particular limit of these states yields an improper state |o) thatlocalises both the time
and spatial coordinates at the origin r = 0. This can happen, contrary to standard Quantum
Mechanics, because the commutator in (1.97) is proportional to the expectation value of an
operator and not a constant as for the phase space of Quantum Mechanics [q, p] = i. This
means that every observer can localise the origin of their reference frame with the state |o) at
any time. However, there is no preferred frame. Everything is relativistic and it is possible to
change reference frame by using the right (or left) co-action of the x-Poincaré group on the
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wave functions describing spacetime events. Of course, it is not possible to sharply change
reference frame since events distant from the origin cannot be localised sharply. The new
observer can localise sharply their origin and cannot localise sharply the origin of the other
observer. This picture is similar to the Relative Locality framework, but the relation between
the two approaches is still not completely clear.

The discussion of this subsection introduces an important notion: Quantum observers.
For the purposes of this thesis, this term denotes observers that are related by quantum sym-
metries. This notion is concretely realised in k-Minkowski, in which the states of the geometry
describing spacetime events in general do not allow to sharply localise events because of the
non-vanishing commutator between the spacetime coordinates. There is only a point that a
given (quantum) observer Alice can localise, her spatial origin. Since the other points in space
cannot be sharply localised, any other observer Bob cannot be sharply localised by Alice, and
the picture is perfectly relativistic in that Bob can localise his origin sharply, but not Alice’s
position.

1.4 Phenomenological tests

In the previous sections of this chapter, we reviewed some theoretical aspects of the frame-
work of non-commutative spacetime and deformation of spacetime symmetries, exploiting
the language of Hopf algebras. It is now time to see what kind of phenomenological analy-
ses can be devised to test the predictions of these models. The idea behind such tests is to
“amplify” the small effects predicted by the theory. As we anticipated, the experiments that
are performed nowadays are several orders of magnitude away from the Planck scale, and
if reaching this scale was necessary to observe Quantum Gravity effects we would never ob-
serve them. The possibility of amplifying a physical effect depends on its nature. In particular,
itis possible to distinguish between “steep-onset” and “smooth-onset” effects, namely effects
that require a “microscope” to be observed and effects that can be “amplified” and be ob-
served even with instruments that do not reach the sensitivity to appreciate the same effect
without amplification.

Steep-onset effects are those that appear only at a given scale. For example, a hydrogen
atom is ionised only with photons with energies E = 13.6 eV. If only photons with energies
smaller than this value were available, we could not ionise the hydrogen atom, no matter how
many photons we used, because the energy of the photons does not cumulate in the process
and the effect cannot be amplified in this way. If this was the case for Quantum Gravity, then
we would need a Galaxy-spanning particle accelerator (the microscope) to reach the Planck
scale and witness Quantum Gravity effects. In this scenario, we would be of course doomed
to perform only theoretical analyses.

Smooth-onset effects, on the other hand, do not have a threshold scale above which they
appear and can be amplified. The most paradigmatic example of this type of effect is the
Brownian motion. In 1827 the botanic Robert Brown observed a strange motion performed
by pollen particles immersed in a sample of water. He did not have a microscope sensitive
enough to obscure water molecules, and he did not know about the existence of molecules in
the first place. However, he was (unknowingly) observing the effects of the collisions between
pollen particles and the water molecules, as explained by Einstein almost 80 years later. This
was possible, even though the ratio between the mass of a single molecule of water and a

36



1.4 Phenomenological tests Chapter 1

pollen particle is roughly 10714, because the motion of the pollen particle was the result of an
Avogadro number (= 10%3) of collisions. The amplifier is the number of molecules.

If the right amplifier can be found, there could be the possibility to test the predictions of
those approaches to QG that are characterised by smooth-onset effects. One such example is
given by interpreting the mass Casimir operator of the spacetime symmetry algebra as defin-
ing the mass parameter for particles. Therefore, if the Casimir is deformed, the dispersion
relation for particles will be deformed as well and, in general, takes the form f(E, p,m) = 0.
Typically, the dispersion relation for photons is such that the velocity of light in vacuum be-

comes energy-dependent and takes the form c(E) =1 - n(EEP)n (typically n =1 or n =2). Such
Quantum Gravity corrections to the velocity of particles are of course negligible for the ener-
gies that can be reasonably achieved but, if a high energetic particle, e.g. a photon, is emitted
from a distant source and travels for enough time, the difference between the arrival time and
the expected arrival time without Quantum Gravity effects can become macroscopic and ob-
servable with current technologies. This difference is called time delay. These investigations
can be performed with astrophysical sources [39-42], so that the smallness of the Planck scale
effects can be overcome with the largeness of the Universe, realising the idea of using the
Universe itself as a laboratory.

The phenomenological test described above was first proposed in [39]. The idea behind
this is to consider astrophysical sources such as gamma ray bursts (GRBs) and take the low
energy photons as the trigger signal of these sources, then consider the time of arrival of the
most energetic photons. In the assumption that the two photons are emitted (nearly) simul-
taneously’, if a difference in the arrival time of the high-energy photon and the trigger time
of the GRB is observed, this can be a measurement of time delay caused by a deformed dis-
persion relation. An example is given by the dispersion relation coming from the deformed
kx-Poincaré symmetries in the bicrossproduct basis. There are basically two possible disper-
sion relations in this case that are given by

2

2 A
2 . AE 2
= = —_ h —_ — ,
m-=C 7 Sin (2 E e"p
(1.98)
2 A 2 A
1 sinh (—2 m?|| =C= 1 sinh > E) — e p?.

The first comes from interpreting the Casimir as the mass of particles, while the second comes
from requiring that the mass is the rest energy of particles, and also has a geometrical inter-
pretation in the curved momentum space framework [83]. In any case, the first order in A,
which is the only thing that matters for phenomenological purposes, is the same for the two
dispersion laws. Moreover, the two cases are identical for photons. At first order in A we get

2
E=+\m?+p?+ /ITP so that the energy-dependent Quantum Gravity correction to the parti-

9This assumption is, in principle, challengeable. In fact, there is the possibility that GRBs are affected by an
intrinsic lag in the emission of low- and high-energy photons [84] and this lag can be of the same order as the
time delay effect (order of magnitude ~ 0.01 s —1s). For this reason, in some analyses high-energy neutrinos are
considered, for which time delays are of the order of days or even months, so that any possible intrinsic lag is
completely negligible.

37



1.4 Phenomenological tests Chapter 1

cles velocity reads v(E) = vo(E) + A E, where vo(E) = 1 - 77 ~ is the special-relativistic velocity
for relativistic particles. Notice that there is no a priori 1nd1cat10n on the sign of A and, in prin-
ciple, not even on its magnitude. Therefore, it is possible to write A as a free parameter —7 (to
be fitted with experiments) times the expected value of the Quantum Gravity scale ¢p = E;l.
The velocity of particles then becomes v(E) = vy(E) — nEAP with 1 € R. Therefore, if L is the
propagation distance, the time delay At is given by

L m* E E
t_ENL 1+ E2 +1] =Isp+ At = At = T]LE—P (1.99)
where fgr is the special-relativistic time of travel. Notice that, to carry out this analysis, par-
ticles are supposed to be classical particles propagating on a commutative spacetime with
deformed relativistic symmetries, in the spirit of the curved momentum space framework de-
scribed in the previous section.

The parameter 7 in (1.99) above essentially quantifies how far the Quantum Gravity scale
is from the Planck scale. This parameter is expected to be not much larger (or smaller) than
1. For this reason, even with energies of the order E ~ 10 GeV we would need a travel distance
of L ~ 10> m ~ 10° ly to get a time delay of At ~ 0.1 s. This is why it is necessary to turn to
astrophysical sources. However, the discussion above with the x-Poincaré symmetries is per-
formed in a flat spacetime context, while a framework contemplating an expanding spacetime
would be required to correctly describe the propagation of photons (and other particles) for
astrophysical distances. A proposal for a time delay in a cosmological setting was first derived
in [85] in the case of Lorentz invariance violations (LIV). This proposal is the one that has been
phenomenologically investigated ever since, and the expression for the time delay reads

1+¢
At( 1.100
f o (1.100)

where a dependence from the redshift z of the source appears and the Hubble parameter
for the ACDM model is'’ H({) = Hy/Qa + (1 +{)3Q,,. In the context of DSR theories, the
most general formula for time delays in a (deformed) FLRW background'!, at first order in
the Planck scale, was derived in [87]. Only three possible forms of redshift dependence are
allowed by relativistic consistency, on of which is precisely (1.100). Of course, the most general

19H,, Q4 and Q,, are the Hubble constant, the cosmological constant and the matter fraction respectively.

11As anticipated above, particles are considered to be classical and to be propagating on a commutative
spacetime background, therefore we are effectively in the limit 7z, G — 0 with their ratio kept fixed. How is it pos-
sible to describe a curved setting in such a regime? The answer is in the procedure used to derive the deformed
FLRW setting. To describe this, it is important to notice that it is meaningful to talk about deformation of sym-
metries only when there is an algebra of symmetries that can be deformed. For the classical FLRW spacetime,
this is not the case since it is not maximally symmetric. However, the FLRW spacetime can be reconstructed as
a succession of de Sitter slicings at fixed time [36], and the de Sitter spacetime is maximally symmetric. For the
deformed case it is possible to first deform the symmetries of de Sitter spacetime and then consider the slicing
procedure to reconstruct a deformed FLRW. Notice that de Sitter spacetime can be obtained as a solution to
Einstein equations even in the limit G — 0, as the only source needed by this spacetime structure is a positive
cosmological constant. Therefore, the idea is to deform symmetries locally, which is in any case the only rea-
sonable thing to do since an algebra of (classical) symmetries for general curved spacetimes does not exist, in
the regime 71, G — 0, and then reconstruct a general curved spacetime through the slicing method. In the case of
FLRW, the most efficient local slicing is with de Sitter spacetimes, where “local” means “at fixed times”.
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formula for the time delay is a linear combination of these three terms, hence depends on
three free parameters.

The possibility of testing putative Quantum Gravity effects using astrophysical sources
such as GRBs sparked the research on Quantum Gravity phenomenology almost 30 years
ago [39]. In these three decades, the phenomenological opportunity offered by deformed in-
vacuo dispersion relations has been the subject of numerous studies that focused on photons
from astrophysical sources [88-91], high-energy astrophysical neutrinos [92-94], and both
messengers combined [95].

1.5 Summary: non-classical reference frames

In this chapter, we reviewed the basics of the non-commutative spacetime formalism, focus-
ing on the ensuing deformation of spacetime symmetries that is described in the language
of Hopf algebras. We have first considered classical spacetime symmetries, and we have dis-
cussed how the theory of spacetime symmetries in the classical spacetime setting can be re-
cast in the language of Hopf algebras. We then analysed the main features of the “quantisa-
tion” of symmetries that originates from the non-commutativity between spacetime coordi-
nates. In particular, we emphasised that such deformations of symmetries can give rise to
testable effects that can be looked for in astrophysical and cosmological messengers. We also
observed that non-commutativity between spacetime coordinates intrinsically introduces a
notion of quantum observers because of the limits on localisation of spacetime events that it
places.

We want to make here an important final remark on the main formal feature of the defor-
mation of spacetime symmetries, i.e. the quantisation of the parameters defining symmetry
transformations that are promoted to operators acting on Hilbert spaces. Promoting the pa-
rameters of spacetime coordinate transformations to operators effectively amounts to replac-
ing classical reference frames with some form of non-classical reference frames. This is to
be expected since, as we discussed above, non-commutative spacetime symmetries require
observers to acquire non-classical features, hence the reference frames that they define can
be expected to behave non-classically. In fact, the problem of introducing quantum reference
framesin Quantum Gravity has been investigated for many years [31,96-101]. More recent ap-
proaches [51,102-126] to the problem of quantum reference frames have focused on the oper-
ational perspective in which abstract reference frames are abandoned in favour of a concrete
notion of reference frames defined by physical systems that act as a reference for the descrip-
tion of physical laws of other systems. Given that physical systems are ultimately quantum,
such a framework inherently replaces classical reference frames with reference frames whose
degrees of freedom are quantised, i.e. quantum reference frames. Remarkably, the transfor-
mations between different reference frames are described by unitary operators in which the
transformation parameter is itself promoted to an operator that acts on the Hilbert spaces of
the physical systems playing the role of references. This has sparked some interest in trying to
understand whether these two types of non-classical symmetry transformations are two sides
of the same coin, at least in some low-energy regime [109].

The next chapter is entirely devoted to quantum reference frames and other topics that are
useful for investigating the interface between Quantum Theory and Gravity with the logical
reasoning of Quantum Information Theory.
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Second Chapter

The Quantum Theory and Gravity interface:
Quantum Information tools

2T
J

Traditionally, quantum effects in Gravity were believed to take place only in the high-energy
regime, typically identified with the Planck scale Ep ~ 10'°GeV (or £p ~ 1073%m). Many pro-
posed theories of Quantum Gravity predict Planck scale effects that are far away from the en-
ergy scales we can test nowadays, and the only hope to test some of these effects, as discussed
in the previous chapter, is to find some amplifiers. For this reason, it is interesting to also ex-
plore the low-energy regime, where Quantum Gravity can be treated perturbatively and it is
possible to meaningfully define quantum particles [127-129]. In this regime, we can think of
concrete scenarios with direct physical meaning that can be used to develop phenomenolog-
ical tests. This is interesting because some foundational questions for the Quantum Gravity
problem already arise in this regime, in which we can investigate some expected features such
as the notion of quantum time (and quantum clocks), the existence of indefinite causal struc-
tures, the lack of classical reference frames, and so forth. Moreover, it could even be possible
to devise specific experiments to prove whether the gravitational field must be quantum in
nature [130, 131], analogously to what has been done for the electromagnetic field [132].

In this emerging research field, sometimes denoted as gravitational quantum physics,
tools from Quantum Information theory are used to answer fundamental questions in sce-
narios where Gravity is relevant, and this gives the opportunity to explore theoretical, con-
ceptual, and observational questions that arise when combining Gravity and Quantum The-
ory in the low-energy regime. An important feature of this approach is its intrinsic opera-
tional nature, which allows to straightforwardly translate abstract theoretical scenarios into
physically meaningful laboratory procedures. This provides an appropriate framework for a
dialogue with quantum optics experimentalists, who are planning phenomenological tests at
the interface between Quantum Theory and Gravity in regimes that are hitherto undreamt of
but could be accessible in the near future [48,51,52,119, 130, 133-138]. On the foundational
side, this research field is characterised by a major focus on conceptual questions rather than
on the construction of a full theory of Quantum Gravity. These are investigated by means of
thought experiments that are apt to question the mutual logical consistency between distinc-
tive elements of Quantum Theory and General Relativity (e.g. entanglement, the superpo-
sition principle, the equivalence principle, time dilation, and so forth) in concrete physical
scenarios. To make sense of the operational procedures that are devised to deduce properties
of spacetime or non-classical spacetime in such a framework, it is necessary to implement
devices that are sensitive to how time and distances change under the influence of Gravity.
Quantum clocks are an example of such devices. They not only allow to test putative quan-
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tum properties of spacetime, but also to test some features of classical Gravity. In addition to
the possible advantages in communication protocols involving quantum clocks, from a foun-
dational perspective using them to test some fundamental principles of physics, such as the
equivalence principle, gives the opportunity to question the applicability of these principles
beyond the assumptions that led to their current formulation. This, in turn, could yield some
hints in understanding how far the applicability of these principles can be pushed and what
it is necessary to modify in more general situations.

In this kind of logical reasoning drawn from Quantum Information theory, observers and
reference frames play a central role in describing physical systems and measurement appara-
tuses and procedures. The notion of reference frame is indeed at the heart of Physics for every
observation and theoretical prediction is relative to a given reference frame. Typically, refer-
ence frames in physical theories are considered as abstract entities that serve only the purpose
of describing physical laws. However, in actual experimental setups, reference frames are real
physical systems that act as references for other systems. For instance, the position of a parti-
cle in a laboratory is relative to some other object, such as a rigid optical table equipped with
precise and equally rigid rulers used to measure distances. To implement this operational
approach in physical theories, we are forced to consider reference frames as actual physical
systems with their own dynamics and even interactions with the surrounding systems. How-
ever, if Quantum Theory ultimately describes every physical system, then we are forced to
consider the possibility that the systems acting as reference can be quantum in nature, result-
ing in the notion of quantum reference frames (QRFs). Reference frames can acquire quantum
features in several inequivalent ways, corresponding to which type of quantum effects are rel-
evant in specific physical contexts. This has led to a bloom of different approaches that have
developed in parallel in the two communities of Quantum Gravity [31,96-101] and Quantum
Information [139-145]. In recent years, convergence between the two approaches has be-
gun [51,102-126,146-148]. This revealed similarities and differences between the approaches
and improved our understanding of which type of formulation is more suitable to describe a
certain physical situation.

We will focus on this more recent approach to QRFs, which sits at the interface between
Quantum Information and Quantum Gravity, introduced in [102]. The reason why QRFs could
arise in Quantum Gravity research comes from the observation that when Gravity acquires
non-classical features we cannot have a classical spacetime and, in the absence of the latter,
it seems questionable to let reference frames retain a classical nature. In fact, we have already
seen in the previous chapter an example of this in the context of non-commutative space-
times. The symmetries of the latter acquire quantum features, hence describe the transfor-
mation laws between non-classical reference frames [59]. Although reference frames are ab-
stract entities in this latter context, some possible connections between the two frameworks
are starting to emerge [109, 149]. For these reasons, it seems that investigating the issues that
arise in switching from classical to quantum reference frames could be paramount in shed-
ding light on some of the logical conundrums that arise in laying down the foundations of a
Quantum Gravity theory.

This chapter will give a review of the two fundamental tools that were presented in this
introduction, namely quantum clocks and quantum reference frames.
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2.1 Quantum clocks

The characteristic feature of the clocks that we use everyday is the correlation between their
dynamical states and some physical events that allow to tell the time. For instance, we can
observe the movement of the hands of a wristwatch throughout the day and associate to ev-
ery position of the hands a different time. A quantum clock is nothing more than a physical
system with this feature that obeys the laws of Quantum Theory, namely it is prepared in an
initial state that changes upon evolution according to some Hamiltonian. The simplest ex-
ample of a quantum clock is given by a two-level system, as this is not by far the most realistic
model of quantum clock that can be considered but the essential behaviour can be captured
already by this simple model. The Hamiltonian for such a clock reads

Hc = Ep|0)0] + Eq 111, 2.1)

where Ej and E; are the two energy levels (with E; > Ey and AE := E; — Ep) and |0) and 1)
their respective eigenvectors. Of course, since the state needs to evolve dynamically for the
system to properly function as a clock, the initial state of the clock cannot be one of the two
eigenvectors, since in that case the evolution would only add a global phase and we would not
have a dynamical change of the state of the system. A good choice for the initial state is given
by |wo) = % (10) + [1)). Evolving this state with H, at time ¢ we find, up to a global phase

— 1 —LtAE )

lye) \/z(|0>+e 1) |. (2.2)
Representing the state of the clock on the Bloch sphere, its evolution identifies a circular mo-
tion on the equator so that, if we had infinite resolution of the relative phase, the position of
the quantum state on the Bloch sphere could be correlated with the abstract time # appearing
in the Schrodinger equation. This system therefore defines an ideal clock. The only caveat is
that this is a periodic clock with period T = %. To extend the functioning of the clock beyond
T it could be possible to add a memory that keeps track of the “winding number” of the state
or consider a quantum clock built out of a N-level system. However, in realistic scenarios, we
do not have infinite resolution of the phase. In these cases, the precision of the clock can be
identified with the time that it takes for the clock to make a “tick”, given by the so-called or-
thogonalisation time, the time after which the state of the clock evolves to the state orthogonal
to the initial state. This is given by

_nh
~AE’
We see that the larger the energy gap, the more precise the clock is. Ideally, if this energy gap
were infinitely large, the clock would be arbitrarily precise.

t (2.3)

2.1.1 Quantum clocks as probe of spacetime

What does this have to do with Gravity and spacetime? It is well known that gravitational
fields produce time dilation effects and this effect is tested nowadays with extreme preci-
sion [49]. Therefore, it is conceivable that systems acting as quantum clocks could be used
to probe the structure of spacetime, both classical and quantum. On the classical side, this
could provide the first genuine general-relativistic effect observed in quantum-mechanical
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Figure 2: A Mach-Zender interferometer. The quantum state |1//> r goes through the two paths
and which path information is encoded in the (control) states |0)¢ and |1) . By using a beam
splitter, this information is canceled, namely a measurement in the |+) ¢ basis is performed.

systems. We start by considering the formalism of quantum clocks in classical spacetime, as
done in [150]. Specifically, we will consider an example in which a quantum clock is prepared
in a superposition of different paths into a Mach-Zender interferometer.

Mach-Zender interferometers

Before analysing the scenario pictured above, we introduce the basic notion of Mach-Zender
interferometer. First, let us make a distinction between a target state and a control state. The
target state is the state to which we apply the operations in the interferometer. The control
state typically just describes which path the system takes in the interferometer and is not
going to be affected by operations, it is just a flag that monitors where the system has been.
Referring to fig. 2, if |1//>T is the initial target state and % (IO)C + |1)c) is the control state, [0)¢
(I1)¢) signaling the passage of the system in the lower (upper) branch of the interferometer,
then the evolution of the state through the interferometer is

[0)c+11)c 1
L—— — —
|w>T V2 V2

Therefore, if we perform a measure in the {|0),|1)} basis, we will know which path the sys-
tem has gone through and we will not have a state in superposition, thus we will not observe
interference. In technical terms we say that acquiring which-path information destroys inter-
ference. To observe interference, the reason an interferometer is built for, we have to destroy
the which-path information, for instance by inserting a beam splitter at the second intersec-
tion of the two paths. Formally, this is described by performing a measure in the {|-)¢,|+)¢}

(ﬁ|w>T®|O>C+V|w)T®|1)C). (2.4)
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defined by’
10)cx1D¢

V2

In this way we can observe interference, indeed rewriting the final state before the measure-
ment in this basis we get

|+)c = (2.5)

1/~ ~ 1/~ ~
5(U|w>T+V|w>T)®|+)C+E(U|w)T—V|w)T)®|—>C, (2.6)

hence the probabilities in the |+) ¢ basis are

1 - p1 I
.Mﬂ:zhﬂwhiVﬁwT‘:Eigm%ﬂwﬂﬁth}. 2.7)

The form of this probability signals the appearance of an interference pattern on the target
state.

Time dilation as which-path monitor

We are now ready to study an example of how quantum clocks can be used to test general-
relativistic effects. The system we will consider is given by a quantum clock and a Mach-
Zender interferometer placed vertically in the gravitational field of the Earth with the two
horizontal paths in fig. 2 at different heights. A quantum clock can be regarded as a quantum
system with some internal degrees of freedom which keep track of how time ticks. Of course,
such a system will also be characterised by some external degrees of freedom describing the
dynamics in a given laboratory (for our purposes, they describe the dynamics in a gravita-
tional field). The dynamics of these external degrees of freedom is described by a Hamiltonian
that can be formally derived, see [136, 150, 151]. However, a heuristic analysis is sufficient to
capture the main features. A quantum particle in a gravitational potential ¢(x) is described,
in the laboratory frame, by the Hamiltonian

. p?

H_2m+m¢u) (2.8)
It is important to understand the meaning of the mass parameter that appears in this Hamil-
tonian. In fact, in Special an General Relativity, the internal energy of a system contributes to
its mass. To take this into account for the quantum clock we can heuristically replace m with

!This is equivalent to describing the action of the beam splitters as matrices. Specifically, consider the situa-

1
tion in which the system is inserted from the left as in fig. 2. Then we can describe the state as a vector ¢ = ( 0).
The beam splitters basically yields a probability % of finding the system in either of the two branches, and can be

represented by B = \/% (1 i) We can model the phase shift acquired during the propagation in the two arms as

1 0 A [—sind
P= ( 0 o A). The final state after the second beam splitter is given by v = BPByr =i ei? ( CEI:AZ ) This yields
2

probabilities P, = cos? £ and P_ = sin? § which are the same as in (2.7) with Re{T (v] LAITV|1//>T} = cosA.
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m+ He ¢, thus making the mass an operator on the Hilbert space of the clock. If we consider

slowly moving particles, we can neglect C—ZC in the kinetic term so that the Hamiltonian reads

~2 Iy
~ p HC ~
H:%+(m+?)(p(x). (2.9)

This Hamiltonian, which can be derived formally by means of an action principle [136, 150,
151], shows a coupling between internal and external degrees of freedom. This tells us that the
internal and external degrees of freedom will become entangled. Since the external degrees of
freedom, in the Mach-Zender example we are considering, correspond to the position occu-
pied by the system in the two arms, this means that which-path information will be encoded
into the internal degrees of freedom. We will now see this in more detail, describing what the
effect of such entanglement is.

In the case under study, the internal degrees of freedom of the system describe how time
ticks. Therefore, the internal degrees of freedom of the clock will be related to its proper time.
We call |7) the generic state of the internal degrees of freedom of the clock, whose Hilbert
space is the target space, thus the one on which quantum operations will be applied. The
generic state of the external degrees of freedom is denoted by |w> and will be the control
state, labelling the path that the clock takes. The total state is given by |¥in) = |¢in) ® |Tin) at
initial time, where

1
[win) = =10 +11), [7n) = (|E0> +|Er)). (2.10)

The final state will in general take the form
(\Pf>:L(e"“’0|0>®|ro>+ei“’l|1>®|r1>), (2.11)
V2

where |T,~> is the evolution of |Tin> when the system is on path i. It refers to the time the clockis
telling just before recombining the path, the two times being in general different because the
clock has spent some time on different paths. By tracing out the clock’s degrees of freedom,
the computation of the probabilities P in (2.7) yields

PJ_r:—+ )<T1|T2>‘COS (Ap+B), (2.12)

where )(ro|rl>) = (11|72) e'P and Ag is the phase shift coming from the free motion on the
two different paths. This probability oscillates with an amplitude 7, called visibility, defined
formally as

max P, —min P,

= . . (2.13)
maxP; +min P,

In our case, ¥ = '<11|‘52>‘. Therefore, we see that a drop in the visibility occurs whenever

‘<71|12>‘ # 1. This is a result of complementarity: the entanglement between internal and
external degrees of freedom allows to acquire which-path information when the internal de-
grees of freedom are physically accessible. Specifically, the probability to correctly guess
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which path the clock has taken, called distinguishability, is defined as 92 = 1-72. This is
non-zero when ‘(‘L’l |T2>‘ # 1. Of course, if we cannot access the internal degrees of freedom,

meaning that we cannot resolve the proper time difference, we have ’<T1|T2>’ =1 and no
which-path information would be accessible. This is telling us that this effect is a genuine
general-relativistic one. Indeed, while the additional phase shift § that occurs in (2.12) can
be described simply with Newtonian Gravity, the drop in visibility described by ‘(Tl |12>‘ #1
arises because of the possibility to resolve the difference between the proper times elapsed
on the two paths, a genuine general-relativistic predictions that cannot be described simply
with a Newtonian picture. In particular, this can be seen deriving the expression of the phase
difference in (2.12). By evolving the initial state as

[wr) = h /4 ), .14
we get
B |oragaBy| | qarm\| L (L s \\TA
7/—‘<T0|T1>‘— COS(—2h62 ) os(tl 2) , ﬁ—(mc +<HC>)—ﬁCZ , (2.15)

where A¢ is the gravitational (Newtonian) potential difference between the two horizontal
paths in the Schwarzschild spacetime sourced by the Earth, A7 is the ensuing time dilation
effect, ¢, is the orthogonalisation time of the clock, and T is the time spent by the clock in the
horizontal part of the interferometer.

The last expression for the visibility features only the time dilation At and the orthogo-
nalization time of the clock, which respectively tell us information about the paths and the
internal features of the clock. Therefore, it is conceivable to apply this formula, at least as a
first-order approximation, to more general cases with arbitrary clock initial states and Hamil-
tonian, as well as to more general gravitational fields. This also clearly shows that the effect
is a genuine consequence of General Relativity and cannot be explained simply by classical
Newtonian Gravity: it requires a time dilation A7, which is a general-relativistic effect, to pro-
duce a visible effect. If we did not have the clock degree of freedom, the only effect would be
the phase shift §, similarly to the Aharonov-Bohm effect. However, this phase shift cannot be
interpreted as a genuinely gravitational effect because it would occur with any kind of poten-
tial. Conversely, the reduction in visibility occurs only with clock degrees of freedom and is
an effect of the proper time difference along the two paths. We also see that, if the clock is
initially in an eigenstate of the clock Hamiltonian, namely ¢, = co, we have 7 = 1. This is not
at all surprising since, if the clock is initially in an eigenstate of the clock Hamiltonian, the in-
ternal degrees of freedom will not evolve, thus there would be no notion of proper time of the
clock since there would be no ticking of the latter. Finally, whenever the difference between
the proper times measured by the clock on the two paths is equal to the orthogonalization
time ¢, of the clock, the information about the paths accessible via the time dilation will lead
to a decrease in visibility due to complementarity. This occurs even after having recombined
the two paths, trying to “erase” which-path information?: fully erasing such information is
impossible since the internal degrees of freedom get entangled with the external ones, thus
the clock carries which-path information in its proper time.

2This is done by measuring in the |+) basis.
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The scenario discussed above is just an example of the compatibility of General Relativ-
ity (here represented by one of its most relevant predictions, gravitational time dilation) and
Quantum Mechanics (exemplified by the complementarity principle). Even more interest-
ingly, it shows how the principle of complementarity helps in interpreting the experiment:
the clock accumulates which-path information in its proper time, and this causes a drop in
visibility in the interference pattern.

2.1.2 Quantum clocks in non-classical spacetime: entanglement through
Gravity

In this subsection, we will study how quantum clocks behave in non-classical spacetime and
how entanglement arises in the interaction of two quantum clocks due to gravitational time
dilation.

In General Relativity, an ideal clock is assigned to each worldline. Hence, in General Rel-
ativity spacetime is pictured as a latticework of ideal clocks, telling the time at which events
occur. Being ideal, the gravitational effects of one clock on the flow of time of other clocks is
ignored, namely there is no back-reaction of the clocks on the structure of spacetime. How-
ever, this picture is inconsistent in that it treats physical systems and clocks on different foot-
ings, while a more accurate analysis should consider clocks as physical systems that affect the
spacetime structure. Of course, these effects are expected to be extremely small, but, from a
fundamental perspective, this effect is there. Specifically, we might ask what happens when
quantum clocks are used in this context. Being quantum clocks in superposition of energies,
from the equivalence principle we get that they are in a superposition of masses, thus they give
rise to a superposition of spacetimes, effectively realising a non-classical spacetime. Since the
proper time measured by a clock depends on the spacetime structure it is in, we can expect
that a superposition of spacetimes leads to a fuzzy time dilation and to the emergence of en-
tanglement, through time dilation itself, between the two clocks. This means that coherence
for the single clock will be lost, and the precision with which a quantum clock can measure
time is thus limited. We will now review this scenario, illustrated in [152].

Consider two quantum clocks whose trajectories can be well approximated by a semi-
classical static trajectory in the reference frame of a far-away observer, whose proper time is
called . In this reference frame, let r be the distance between the two clocks. Let A and B
be the two clocks that can be considered identical, namely they are described by the same
Hamiltonian (hence the same energy levels). For simplicity, we set Ey = 0 and E; = AE, so that
the spacetime corresponding to the energy Ej is flat spacetime. A and B are initially prepared
in the separable state

[wind =5 (B0 |Ev).) o ([Eos + [E1)). 216

Given that A and B are considered approximately static, the dynamics will be defined by the
internal dynamics and the gravitational interaction between them. If H4 and Hp are the in-
ternal Hamiltonians of A and B, from the equivalence principle, analogously to what has been
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done in the previous section, this interaction can be written as
a a
R G(mA+C—2A (WLB+C—§) G .
Hine = - =—-——HsHp, (2.17)
r ctr

where m; are the “static masses” and the last approximation holds when these masses are neg-
ligible when compared to the “dynamical masses” given by the internal energies. Therefore,
we can heuristically consider

~ o~ ~ G ~ -~
H= HA+HB_THAHB (2.18)
c'r

to be the Hamiltonian describing the evolution of the joint two-clocks system in the reference
frame of the far-away observer. This can be also derived more formally, as discussed in [152].
The evolution of the state of the two clocks under this Hamiltonian reads

iy 1 i
) = e i) = 31, |Eody + € H2F ) )+
1 . AR (2.19)
+ Ee—%mE IE), ® e—ﬁtAE(l—W)

|E0>B + |E1>B

We immediately see that the clocks get entangled via the gravitational interaction. If we trace
out clock A we get the mixed state

1 1 i GAE?
o= g IEoXE X+ b1 e )
1 ) (2.20)
i _ i G(AE)
+5"EM(“6 e IEo><E1|}’
whose purity is
o1 » [ G(AE)?

Tr{pB}_E 1+cos P 2.21)

The minimal value of this purity is %, corresponding to a maximally mixed state for clock B,
or a maximally entangled state for the joint system. Such a value is reached at time

whctr

— . (2.22)
G(AE)

Imix =

Note that this value is unaffected if we consider non-negligible masses m 4 and mp in that
the additional terms would act as identity operators on each subsystem, hence no additional
entanglement is generated by such terms. As we approach this time, the reduced state of clock
B becomes more and more mixed and it ceases to function as a proper clock, since it would
start to give random answers upon being interrogated on its time. Of course, since the joint
evolution is still unitary, after #,ix the purity of the state will increase again, as can be easily
seen from (2.21). The system is also perfectly symmetrical upon exchanging A and B, hence
the same arguments hold for clock A.

We now focus on the nature of the entanglement arising in (2.19). Specifically, from the
phase factor in the last term of (2.19) we find that the rate at which time runs for one clock
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depends on the energy of the other clock: if clock Ais in the state |Eo ), then clock B runs as if it
were in flat spacetime; if clock A is in the state | E; ), then clock B runs according to the dilated

time t(l - (iff . The entanglement is therefore mediated by the gravitational time dilation
effect, and it yields an uncertainty in the time dilation experienced by either of the clocks.

This uncertainty is given by A7 = % t. This can be made arbitrarily small by decreasing the

value of the energy gap AE of clock A. However, we know that the precision of a clock is given
by the orthogonalisation time (2.3), inversely proportional to the energy gap. Therefore, if we
want to be precisely measurable at A, we lose precision for clock B and vice versa. We can
express this in the form an “uncertainty principle”

nhG

LAT=—t. (2.23)

ctr
The entanglement between two clocks therefore implies that there are fundamental limita-
tions to the measurability of time as recorded by them: two nearby clocks cannot measure
time with arbitrary precision, even in principle.

2.1.3 How do quantum clocks tell the time?

In all of the above considerations, we described everything in terms of a far-way observer
picture. The state of the clocks, the distances and so on were written with respect to a far-
away observer, which is not influenced by the states of the clocks and can write everything in
terms of a Minkowski metric. However, this is a somewhat unsatisfactory description in that it
is quite unpractical. What we would prefer to have is a quantum clock “local” picture, namely
a picture in which we can describe the properties of the clock in its reference frame and in
which we can “stand” on different clocks describing the quantum dynamics from their point
of view. We will now try to see if there is a way to make sense of the perspective of the clocks
and how they tell the time.

The Page-Wootters formalism

The most common setting is the Page-Wootters formalism [153, 154]. It takes inspiration from
the Wheeler-DeWitt equation, although it has nothing to do with a constrained gravitational
theory. The idea is to describe quantum systems and the clocks used to tell the time in the
same formalism. In the original idea there was still a difference between “clocks” and “sys-
tems”, however nowadays only “systems” are considered and some of them can be considered
to act as “clocks”, hence describing the two types of systems on the same footing. Consider
two systems A and B with Hamiltonians H 4 and Hg. We can build the operator

C\:ﬁA®ﬂB+ﬂA®ﬁB, (2.24)

which can we naively think of as the total Hamiltonian of the system. In addition to these
Hamiltonians, time operators T; are introduced such that®

[T,—,ﬁ,—] —in. (2.25)

3The problem of introducing a time operator canonically conjugated to a Hamiltonian will be discussed in
the following.
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Then, the physical states of the joint system are those that satisfy the constraint

¢ (\Pphys> - 0. 2.26)

These are referred to as timeless states since, if we regard C as the total Hamiltonian, this
constraint enforces the physical states to not evolve with respect to it. Indeed, the general
form of a physical state is given by

) = fare i1

where |gb> 4p is a generic state of the joint system and the integration over 7 yields 6 (6), hence
it automatically enforces the constraint to be solved. Then if we consider the standard dy-
namical evolution we have

e )\Pphy5> - de e |¢>AB - ‘\Pphys> ’ (2.28)

hence physical states do not evolve. This is analogous to the timeless wave functionals for
the Wheeler-DeWitt equation. Nonetheless, a dynamics for the single systems can still be
recovered. Let |£); be the eigenstates of T; defined as

Tilni=tlny;, (|t);=6(t-1), (2.29)

so that T; can be decomposed as T; = Jdt ;16t];. From (2.25) we have that

e_%His Ti e%HiS: Ti—Sﬂi , (2.30)
thus the clock states satisfy the “covariance condition” e~ nHi t/lt) P = |t+ l">,—» so that every
clock state state can be obtained from a “seed” state |0); by means of |£); = e~ Hit|0) i
The time dependent state of one of the two systems |1//(t)>l. is recovered by conditioning the
physical state |'¥)nys of the joint system on being at time # via a projection on the time eigen-
vectors of the other system |7) ;. For instance, if we want to describe the dynamics of B with

respect to the time told by the clock A, the state of the system B is given by*
w)p = (¢ Yonys)- (2.31)

Then, considering that C “I’phys> =0 and that 14 ® Hg acts as an identity on |£) 4 we have

ih% |u/(t)>B - ih% A<t‘\PPhY5> - ih%A<0 e%tﬁAMB \yPhYS> -
== (0|eF s s @1 p|Wpnye) == (t|Ha®1p[Wpns)= 232

_ _A<t)6—1A®ﬁB‘quhys> = Hp|lw(1)), ,

“In the formalism of the density operator, the same equation reads pp (1) = Tra {pag |1l }.
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where we used the definition of |1//(t)) 5 the constraint condition (2.26) and

Ity o = e tH4®18|0) , The first and the last term give the Schrodinger equation for system B,
therefore we have

o . d _
(1 B+ Ay Wpnys ) =0 = i [w(0) = Hs (), (2.33)

This is the dynamics of system B from the perspective of system A (which is acting as a clock).
In this sense, the dynamics emerges from the correlations between the two clocks: there is no
global dynamics for the joint system but there exists a dynamical evolution when one of the
two systems is looked from the perspective of the other. This emergence of dynamics from
the correlations can be made explicit by noting that the states | ) 4 provide a resolution of the
identity for system A, hence we can write the physical states as

[¥) phys :fdrmA@ lw (), . (2.34)

This decomposition is also referred to as history state, since it is written in terms of the whole
history of clock A (the integration over all times). To each time of clock A a state |1//(t)> g of
system B is associated. We therefore see that the physical states describe completely the tem-
poral evolution of the system B by means of correlations between the latter and the degrees
of freedom of the clock system. Specifically, if Ug(t) = e~ 1B is the propagator obtained from
the Schrodinger equation for system B, then we have

‘\Pphys> :fdtlt)AQDUB(t)|1//(0)>:[D|TimeLine>A®|1//(0)>B, (2.35)

where |w(0)> g is the initial state of B at time 7 =0, |Ti meLine) , is the improper state repre-
senting the entire history of clock A, given by

|TimeLine>A = fdtlt)A , (2.36)
and U is the unitary operator
@:fdt|t><t|A®ﬁB(t):ﬁB(T):e‘%T®ﬁB. 2.37)

Problems with a time operator

In reviewing the Page-Wooters formalism, we introduced a time operator that closes a canon-
ical commutation relation with the Hamiltonian of the quantum clock. Research on finding a
time operator has been going on since the dawn of Quantum Mechanics, but already in 1933
Pauli raised some criticisms on the possibility of finding such an operator. In fact, if an op-
erator T that closes a canonical commutation relation with a Hamiltonian can be found, the
spectrum of the latter should necessarily be unbounded from below. This argument can be
recast in the form of a theorem as done in [155]. Specifically:

If a Hamiltonian H is bounded from below, then there is no time operator T such that
[T, H ] = ih and the following three conditions all hold
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1. |tn> is an eigenstate of Tsuchthatto<ty<---<t,<--

2. For all n, there exists m > n such that the amplitude of going from #, to t,, in time 7, i.e.
{tm|e 71" |t,), is non-vanishing.

3. For all m > n and for all £ > 0, the amplitude of going from ¢,, to ¢, vanishes.

This proves the impossibility of having a “Heraclitian” time (i.e. a monotonically perfect clock
always evolving forward) in Quantum Mechanics.

The solution to the conundrum raised by Pauli and the theorem above can be found be-
tween the lines of the theorem itself. In fact, the clock (i.e. the time operator) that is impossi-
ble to build is an ideal one. However, ideal clocks are not physical systems, as only finite-size
clocks with some intrinsic uncertainty exist in Nature. For this reason, the canonically conju-
gated Hamiltonian and time operators are idealisations that simplify technical computations,
and they should not be regarded as something that is fundamentally realisable. Real quan-
tum clocks are, in general, N-level systems that oscillate between their energy levels. Only in
the (non-physical) N — oo limit, with the spacing between the energy levels vanishing, can
a Hamiltonian with a continuous spectrum be approximately recovered. In realistic scenar-
ios, there will always be finite-size effects, which depend on the particular model of the clock
that we consider. We will not delve into the details of any specific model, for which we refer
to [156, 157].

Real clocks as N-level systems

In general, a good clock can be defined as a quantum system with a lower-bounded Hamil-
tonian with a discrete spectrum [158]. In the following, we assume an equally-spaced en-
ergy spectrum, but the generalisation to non-equally spaced energies is straightforward. The
Hamiltonian of the clock in this scenario reads

S
H=Y) Eu|E.XEn|, (En|Em)=6nm, (2.38)
n=0

where s+1 is the dimension of the clock space and E,, are the clock energy levels that, without
loss of generality, can be written as E;, = nA, A being the energy gap between two successive
energy levels. In the clock space, the following time states can be defined

1 $ i
\/S-l-_l ZO e ibntm |En> ) <Tn|Tm> = 5n,m ) (2.39)
n=

which provide a resolution of the identity 1 = Y3 _, |7, X(7»|- This time states allow to define a
Hermitian time operator T as [158, 159]

[Tm) =

S
T=Y tu|ltaXtal, (2.40)
n=0

so that the time states are eigenstates of this operator and the Hamiltonian is the generator of
shifts in time while this operator is the generator of shifts in energy

|Tn) = el |T0=0),

- (2.41)
|Em)=e"1"Fm|Ey=0) .
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Being the spectrum finite, the set of times is finite too. Without loss of generality, this set can

be taken to range from 7y = 0 to 75 := T with times defined as 7,, = ;”1‘2. In particular, a

cyclic condition has to be enforced on the time states, such that |‘L’ s+1) = |T()>. This condition

relates the period of the clock T, which is the maximum value of time that the clock can read

and the time it takes to “reset” and come back to the initial state, with the energy gap A as
27

T= N (2.42)

Therefore, the spacing between two successive time values reads

5 2z
s+1 (s+DA’

OT=Tm+1—Tm= (2.43)
From this we see that the range ¥ of clock depends on the energy difference between the
energy levels: the smaller such spacing is the greatest the range and the difference between
two successive times are. The latter also depends on the dimension of the clock space s + 1.
Specifically, in the limit s — oo we obtain a continuous clock, for which §7 = 0. In this case, the
clock values will continuously range in the interval [0, ¥] and the range can be made infinite
by considering the limit of vanishing spacing between energy levels A — 0, in which case the
spectrum of the Hamiltonian becomes continuous too. In the case of a continuous flow of
time, the Schrodinger equation for the system BS, with respect to time 7, can also be recovered
[158].

With the construction outlined above, a physically meaningful time operator can be in-
troduced in Quantum Mechanics in the Page-Wooters formalism. The problem of having an
unbounded from below Hamiltonian is resolved by replacing ideal clocks with physical ones,
characterised by discrete energy levels and time readings. The approximation of ideal clocks
is then justified since the continuous limit can be easily recovered [158].

2.2 Quantum reference frames

In this section, we review the basic notions of the Quantum Reference Frames (QRFs) for-
malism. Although there are different approaches to the problem, we consider the so-called
“foundational” approach introduced in [102], whose core idea is to abandon the notion of
abstract reference frames in favour of a more operational definition of reference frames that
become associated with physical systems that are, in general, quantum in nature.

From kindergarten physics, we know that a reference frame is a set of axes and a state of
motion that we use to represent physics, e.g. to fix the point of view from which a measure-
ment is carried out. In standard Quantum Mechanics, the change of reference frame is given
by the action of a unitary operator on the state of physical systems, |1//’ )= U |1//> Then the
Schrodinger equation reads

~

d, . .. ~d . dU FOUGY 17 PP
N = B — B — = H _— :H 244
zhdt|w) thdt|w>+zh T lw) (U +in dt)U ly") lv'y, (2.44)

therefore the covariance of the Schrédinger equation is expressed by
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*B qB

C ‘A C .A

XA qc

Figure 3: Canonical transformation between relative coordinates. Image adapted from [102].

~

B =080+ ihEUT. (2.45)

The transformation is a symmetry if H' = H, namely the Hamiltonian is invariant in form.
The defining characteristic of these transformations in standard Quantum Mechanics is that
the reference frame transformations only depend on fixed parameters. For instance, spatial
translations and boosts are given by

Or=ei™?  Og=ei’®, G=pr—mzx, (2.46)

where x( and v are the relative position and relative velocity of the initial and final reference
frame. These are not dynamical variables, rather they are just parameters, meaning that such
a transformation corresponds to considering reference frames as abstract entities, without
any dynamical law or physical content.

Relationalism in QRFs

In the framework introduced in [102], a fully relational construction is developed. Indeed, to
abandon the notion of abstract reference frames, all the relevant physical quantities have to
be relative to some physical system acting as a reference. This means that only the relational
degrees of freedom, e.g. relative positions and velocities, are physically meaningful in such
a framework. The typical setup consists of three systems, A, B, and C, of which two act as
“reference systems” and one act as “observed system”. To fix the ideas, we consider A and
C to define the QRFs and B to be the observed system. Of course, everything is symmetric
under the exchange of any pair of systems. This scenario is depicted in fig. 3. We will consider
the problem of defining QRFs for position and momentum in the following, therefore the
physical observables we will be interested in are the positions and the momenta of physical
systems. For example, from the perspective of C, there are two quantities that are important,
the relative distance between A and C and the relative distance between B and C. In this
perspective, the states that characterise two of the three physical systems with respect to the
third contain this relational information. In the reference frame of A, the relevant quantities
are instead the relative positions of B and C with respect to A, as depicted in fig. 3, and the
transformation that links the two sets of relational variables is given by

Xa——qc, Xp— 4B —4qc - (2.47)

Then a question arises: is it possible to “attach” a reference frame to a physical system which
is in superposition of some classical states? The answer is going to be positive [102].
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2.2.1 Quantum reference frame transformations

In standard Quantum Mechanics, if we want to change from a reference frame with origin in
C to a reference frame with origin in a different position translated by a quantity «, then we
have to apply the translation

O (a) = e %P (2.48)

to the state of system B. This acts on position eigenstates as ehPB |x)gp = |x—a)p and on
general states by linearity

hiaPB |1//>B = fde w(xp) |xB —a)y, (2.49)

If we want now to consider the reference frame with origin in A and the latter is described,
with respect to C, by a generic quantum state, it is in general not possible to translate the ref-
erence frame by a fixed amount, since system A can in general be in superposition of different
positions. To overcome this difficulty, we have to take seriously the linearity of Quantum The-
ory and consider a generalisation of the above translation transformation. Specifically, we
enlarge the Hilbert space by adding to the Hilbert space of system B the Hilbert space of sys-
tem A, and generalise the translation transformation to

Or(%4) = ent4®P5 | (2.50)

which can be regarded as a superposition of translations, “quantum-controlled” by the state
of system A. In fact, the transformed state in the new reference frame will be given by’

e PE )\ [ @51)

There is one last thing we have to implement. In the reference frame of A we describe the
systems B and C, hence we need a “swap” operator which maps A’s Hilbert space and observ-
ables into C ones. For translations, the latter is given by

Pac®aPl.=-Gc, Pac®pP\.=Gs, PacPaPl.=-Rc, PacPpP\. =75, (2.52)
which acts as in (2.47) on the position eigenstates
Paclxda=1-x)¢, Pac|p),=1-p)c - (2.53)
The overall transformation is therefore given by
Sy =Pacer™®Ps | S 720 0 280 — 4N 0 8D (2.54)

where Jfl(] ) is the Hilbert space of system I as described with respect to system J. This unitary
operator is such that the transformation is canonical, namely

5:%aSt = ~Gc, ScpaSt=—(Rc+7p), S:%SL=Gn, SippSL=75, (2.55)

SNote that no ordering issue arises since the two operators X4 and pp act on different Hilbert spaces.
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g and 7; being canonically conjugate variables. Moreover, the action of S, on generic states
is
>(C)

K% fdxAdeWAB(xA»xB)|xA>A|xB>B ,

(2.56)
[¥) e = Selw) g = f dqs dqcwsc(-dce, qs - dac) |4s) 5] 9c)c -

The above equation resembles the form of a quantum-controlled transformation depending
on the state of system A. The implications of this are quite striking: in general, superposition
and entanglement become (quantum) reference frame dependent notions [102, 103, 115]. To
see this, we can consider a couple of simple examples. Consider first the case in which Aisina
superposition of two positions while B is localised, namely |y) , , = % (|x1 Yat |x2>A) ®|x0)
which is a product state corresponding to

wAB(xA,xB \/_[5 XA— X1 +5(JCA XZ)]5(XB—Xo). (2.57)

Therefore, from (2.56) we have

© _ A _
)aB )5C

1
\/QUXO 1) p =)+ X0~ x2)p |- 2) )
(2.58)
The transformed state above is clearly an entangled state, hence entanglement is a QRF de-
pendent property. Consider now the case in which |w) ap = JdxIx)alx+ L), which corre-
sponds to ¥ 45(x, xg) = 6(xp — x — L). From (2.56) we get

)55 = ()0 22 o 0y v

v)in = f dx o) g lx+ L) — )0 = (f dq|q>c)|L>B, (2.59)

hence while systems A and B are both in a superposition and entangled with respect to C,
when changing to the reference frame of A we have a product state in which B is localised.
This clearly shows that superposition is a QRF dependent notion. Of course, when changing
reference frame from C to A, it is always possible to go back to the description in terms of C by
means of the inverse transformations, the two descriptions being therefore completely equiv-
alent under QRF transformations. Finally, although superposition and entanglement are QRF
dependent, it is possible to construct a quantity, which is the sum of the entanglement en-
tropy and the coherence entropy, which is invariant under QRF transformations [160].

The examples above are, of course, simple cases in which we focused only on translations.
In general, there can be arbitrarily many types of QRFs transformations that can be generically
described as superpositions of transformations of the form

§: Zﬁai ® |ai)<ai
i

) (2.60)

where ﬁai is a standard reference frame transformation ® which depends on the state of a
quantum system |ai> which encodes the relevant information for the transformation’. No-
tice that, in any case, this transformation must be unitary. A unitary transformation is, by

61t can be a spatial or time translation, a Galilean or Lorentz boost, a transformation to an accelerated refer-
ence frame, a rotation, or any other physically meaningful reference frame transformation.
"This can be the position, velocity, acceleration and so on, depending on the transformation.
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definition, a canonical transformation, because it preserves the symplectic structure of the
phase space. This ensures that a Hamiltonian system is mapped to a Hamiltonian system.
However, as we see from (2.55), the price to pay to keep the transformation canonical is that
not every physical quantity can be mapped to its relative counterpart. For example, a trans-
formation that maps positions and momenta into relative positions and relative momenta is
not canonical, because it changes the structure of the Poisson brackets. This means that we
have to choose some variables that are physcally meaningful for some reasons (e.g., because
there exists an operational notion of measurement that allows us to identify them). These will
be the quantities that will be mapped to relative variables, and this basically determines the
form of the swap operator, then the transformation will be completed canonically.

Dynamics in QRFs
Until now, we did not talk about dynamics. The time evolution of systems A and B in the
reference frame C is governed by the Liouville-von Neumann equation

~(C)

=404 150 A0
in—22 = | Q.55 (2.61)

When changing to the reference frame of A with a generic transformation S we have

~(A)

dp S(A) ~
in205C | i, 5], 2:62)
dr
with (A) _ cAO ot
Ppc=S0apS
R - 43 (2.63)
(A4 _ (O of
HBC_SHABS +lhas .

This transformation is called an extended symmetry if the Hamiltonian is invariant in form
SHO (1 = 7 ot 8Se A - -
SH, 7 ({m;, Xi, Diti=a,8)S" + lhas = Hye(mi, §i, WiYi=g,c) - (2.64)

In general, to satisfy this requirement, some additional structures have to be added to the
transformations S. Indeed, imagine that we want to change reference frame from C to A at
time t. To do so, we have to take the new reference frame in the position of A at time ¢ =0,
therefore we have to first evolve back in time system A in reference frame C, then perform the
change of reference through a QRF transformation, and finally evolve forward in time system
C in the reference frame A. A general QRF transformation at time ¢ is therefore given by [102]

o_ —LHWr5) Lfkneok LHO;
S=entc PACE[eh AD®Ypentia’t (2.65)

where ﬂ‘(t) are parametric operator functions of time which are determined by the transfor-

mation and depend on the position of A in the reference frame C and its derivatives. (A)g are

the operators that define the transformation, and ﬁffé is also transformation-dependent.

As an example, we can take translations. For these transformations, we have Og = pj,
fa(® =%aand P§) = PY) = P defined in (2.52), hence

_ifd A Qs o= i HO)
SW = e hHC T PycentasPreh Tt (2.66)
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From this we see

SAYS +in—8" =58+ SA'S + ih

B bt b 51 -
= B+ SHCS! +int(~AX + SHOS) = AP + AR = ALY @67

For Galilean boosts we have fA = Z—i, Op = Gg = ppt — mpXp and, with computations
analogous to the ones performed above, it is shown that the parity swap operator is

P(") Pacexp Elog(,/%)()?AﬁA+ﬁA2A) ) (2.68)
A

Therefore, Galilean boosts are given by

_LfA L'log(\/ )(xApAwaA) LPA oGy ig©
SW = nHc tp,e" Hmg PV oy (2.69)

in order to be symmetries of the free Hamiltonian. This strange form of the parity swap op-
erator is such that the velocity of A in the reference frame of C is opposite to the velocity of
C in the reference frame of A. Indeed, the operator ﬁg”c) act as a rescaling of the phase space
coordinates. To see this, notice that

PW =P,ce A e al,
- bl o
log| ZC |%4pa —Llog|2C
()t nh 2 DT
p ! VP
therefore
50) ~ (v)T log( A) Xapa —%10g(2—§)@,ﬁ,,~r
P p P =) Ce pae PAC. 2.71)
By expanding the exponential, calling @ = log( ) and ,6 %axA pa, we have®
.- 5 Linaen 5[] 58 Canp
e’pa= ) —PB"Pa=pa —(—a)"B" " =pa —(a)"p" =
=0 1! =0 m=o\m) n! m=0 k=0 M!k! (2.72)
= pae %ef
With this we have
i _3 m
PV paP VT = Pacpae e %ePe PPl = —e e = -7, (2.73)
mc

which means that the velocity of A in the reference frame of C is opposite to the velocity of C
in the reference frame of A. With analogous calculations it is possible to show that

5 m
Pz =%4e" ef = P(“)x P(”)Jr =-—SG¢. (2.74)
ma

8Note that fp = ﬁA(ﬁ a) B2pa = m(ﬁz—2a5+a2), Bpa = ﬁA(B\g’—Saﬁz +3a25—a3), and so on,
therefore " s = paL”"_ o (m) (= a™prm.,
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2.2.2 The algebraic structure of QRF transformations

In standard Quantum Mechanics, the generators of transformations between different ref-
erence frames form a Lie algebra of relativistic symmetries. This is given by the (centrally
extended) Galilei algebra and by the Poincaré algebra in non-relativistic and relativistic Quan-
tum Mechanics, respectively. Of course, we cannot expect that the QRFs transformations in-
troduced above close the corresponding classical algebra. Indeed, for instance, it is clear that
(2.66) and (2.69) describe in general superpositions of translations and Galilean boosts. Can
the QRFs transformations be interpreted in terms of generators closing a symmetry algebra?
The answer is positive, at least for the non-relativistic case [109]. Consider, as in the previous
examples, two quantum systems A and B described in the reference frame of a third system C
and restrict to one spatial dimension. We want now to describe the algebraic structure of the
transformations that describe the change of reference frame from C to A. For the two systems
A and B, consider two copies of the Heisenberg algebra

(X4, Pa] = ix, [Xp,PB| =i, (2.75)

with different constants « and . Of course, to describe symmetries and preserve the rela-
tional feature of the framework, we need to have x = /i. We keep both constants, however, in
order to keep track of the quantum features of the reference frame, and to better understand
how a “classical reference frame limit” can be achieved.

Relational Lie algebra

We start by considering a simple example, specifically we set t = 0 and consider a time-
independent scenario. In this case, the operator Gp simply reads Gg = —mpXp. Since QRFs
transformations act on the tensor product space, the generators of translations and boosts
will be given by

P\AB :fA®I/7\B (2.76)
and _
I?AB = & ® GB 2.77)
ma

respectively. However, if we naively generalised the standard translation and boost transfor-
mations as

)
S

Up = en®4®P5 | [ = elims®C8 2.78)

St~
3

we would get

o5 T =5 fenafit =5 A

UcpaUg = pa, UgpsUg; = pp + m—CPA . (2.79)
This, of course, would spoil the relational meaning of the phase space coordinates. In addi-

tion, note that if we compute the commutator between the two generators Pap and K45 we
get

~ ~ . Mp ~ .. Mp ~
[KAB,PAB] — ik Dp—intD,, (2.80)
ma ma
where ) .
ﬁA = E(fAﬁA + ﬁAfA) ®1lg, ﬁB =140 E(fBﬁB + ﬁBfB) . (2.81)
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Observe that the operator D 4 is exactly what is needed to restore the relational character of
the transformations. Indeed, as already observed previously, it holds that

e%'“ﬁAﬁAe_%'“ﬁA =e %pga, (2.82)
therefore, by setting a = log (%—f‘) and by applying the parity swap (2.52) we have
~ my .
pa— ——T7cC, (2.83)
mc

hence restoring the relational meaning of the phase space coordinates. The operators D,
Dp, Kap and Pyp are then found to satisfy the algebra
[KAB, PAB] = ik—Dp—ih—2 Dy, [DI,PAB] = ih6prPap — ixk6a1Pag,
ma ma (2.84)
[DA,DB] =0, [DI»KAB] = ik61Kap —iN6p1Kap,

where 6; is the Kronecker delta. This 4-dimensional algebra is called relational Lie algebra
Z(4). This is built from the naively deduced generators P4g and K45 and Dy, I = A, B. These
two generators are deduced from the commutator between P45 and K45 and are exactly the
operators introduced in (2.69) to preserve the relational property of the boost transformation.
This algebra can be simplified by introducing the following operators

~ K ~ h - -~ K ~ h -~
D:=—1,8mgDp——Ds®mplp, D*:=—1 28 mgDg+—Ds®mpglp. (2.85)
ma ma ma ma
In this way, we get
~ ~ ~ ~ ~ mpg ~
[PAB,KAB] =-iD, [PAB,D] = —2ikh—2 P35,
o mp e (2.86)
[KAB’D] =2ikh—Kyp, [D*,-] =0,
ma

therefore the algebra is the direct sum so(2,1) @ R. The classical reference frame limit can be
achieved by taking the k¥ — 0 limit, in which case the operators X4 and p4 become numbers.
In this limit, the subalgebra generated by {ﬁAB,I? AB,f)} yields a three-dimensional Heisen-
berg algebra generated by {pg, Gg, mgpl 5} which satisfies the commutation relations of the
centrally extended Galilei algebra.

Time doesn’t hear if you ask it to wait: Dynamical Lie algebra

We now analyse the time-dependent counterpart of the algebra derived above. In this case,
the operator Gp is given by Gg = ppt—mpXp. By repeating the same arguments of the previous
paragraph, we end up with the following 7-dimensional algebra

[PAB,KAB] = ih—BDA— iK—BDB +2iK—BQBt, [PAB;DI] = i(K5A]—h5B])PAB
ma my ma

~ ~ . K -~ =~ o~ . ~ = ~ . h -~
[PAB»QI] =i—0oaT, [PAB,T] =2ikmpQp, [KAB,QI] =—i—6pT
ma ma
PPN . N . X n s 12 - . A~
[KABrDI] = —ZK6A[KAB+I6B[ hKAB_zm_tT , [KAB,T] = —21hmBQA (2.87)
A

[51,@]] :2i5I](K6AI@A+h5BléB)y [BA;EB] =0,

(D1, T| = i(x6ar+1850)T, [Q1, ] = i(nSp1+x6a1),
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where Q4 = 2%{ @1, Qp =14 2’%, T = pa® pp, while all the other generators but Gp

have the same form as before. The above algebra is called dynamical Lie algebra 2(7). As
in the time-independent case, the introduction of the additional generators (j 4, Drand T
restores the relational character of the phase space variables, as well as ensuring that the QRFs
transformations are extended symmetries of the full Hamiltonian

7y s
H=—"4 lpg+1,0 —2. (2.88)
ZmA ZmB

With this definition of the generators, the translation in (2.66) and the Galilean boost in (2.69)
can be written as products of group elements obtained via the exponential map and the parity
swap operator’

(2.89)

For what concerns the classical reference frame limit, this is once again given by x — 0,
which is the same as saying that the position and momentum of system A become commuta-
tive functions. In this limit, the generators {P4p, Kap, Qp} have classical counterparts

=2

- S A a A p
Py =x48pp, Rop="L2 e (ppt—mpp), 05=1,0—2 (2.90)

ma 2m3

By straightforward calculations, it can be shown that the commutators between these opera-
tors are the same as the k — 0 limit of (2.87). Therefore, the operators

~  ap A MA s ~ 1 . —
By =Q5, G:p—:KgB, P=——Piy, M=myls, (2.91)

define a representation of the (1 + 1) centrally extended Galilei Lie algebra.

2.2.3 Perspective-neutral approach to QRFs

Until now, we have developed the framework of QRFs by describing everything from the per-
spective of a given reference frame from the start and then discussing how to change between
different perspectives. Another possibility is to adopt a perspective-neutral approach from
the beginning and then study the reduction to a specific perspective of a given quantum sys-
tem [103]. Consider three quantum systems, A, B, and C in a simple 1 +1-dimensional model.
Imagine the system being invariant under spatial translations. This property can be described
by requiring that the total momentum of the system vanishes. As already discussed within the
Page-Wooters formalism, such a condition is a constraint that has to be enforced on the phys-
ical states of the system

5 g\ Ph h 1 P
PIWE e =0= |¥)P 7 = gfdae’“ |0) e > (2.92)

i A .~ -~ imaA ~ ~ ~ ~
INote that e 79I P, = Pycel me QAt, where Q¢ is defined in the same way as Q4 and Qp, namely Q¢ =
=2
1p® ZHTCC We also set x = 7.
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where |¢) agc 1s a generic state of the kinematical Hilbert space and P =Y ; pi is the total
momentum. If

|9) anc :fdPA dpsdpcPasc(pa ps.pc)|pa)|ps)|pc) (2.93)

is a generic state in the kinematical Hilbert space, then
h
) e = fde dpcyscia(ps, pe)|-ps—pc)|ps)|pc) =
= fdPA deWAClB(pA, PC) |PA> |—PA - Pc> |Pc> = (2.94)

=fdPAdPBWAB|C(PA,PB)|PA>|PB>|—PA—PB>,

where ¥ agic(pa, pB) := ¢ apc(pa, P, —pB— pc) and analogously for the other momentum dis-
tributions. Then of course the physical states contain some redundancy, given by the projec-
tion onto the null-momentum states. This redundancy can be removed by reducing to the
perspective of one of the three quantum systems and then disregarding the system’s degrees
of freedom, which will be taken to be the redundant ones. Specifically, imagine that we want
to take A’s perspective. We define the trivialisation operator

Tyoia = enia®(Prelc+lzepc) (2.95)

which maps the physical states (2.92) to

[W)pcia=|pPa=0)e [¥)5e:=pa=0) ®fde dpcwscia(ps pc)|ps)|pc) - (2.96)

Technically, this operator does not commute with the constraint, hence it actually maps out
of the physical Hilbert space. Nevertheless, it is shown that it is actually a rewriting of the
same information content in a different basis. Indeed, with simple computations, we have

Tc1aPThe 4= Pa, (2.97)

hence the constraint is mapped to p4, making (2.96) still a physical state. After this triviali-
sation of the constraint, there is no relevant information, in the physical system A, about the
original state. Therefore, we can consider A to be redundant and interpret the state |1//)59AC)
as the state of the physical systems B and C with respect to A which corresponds to the
perspective-neutral physical state I‘P)%yg. To achieve this reduction, we simply project the
state (2.96) onto |x4 = 0) ,. This has the physical meaning of fixing the position of the physi-
cal system A, thus taking it to be the origin of a reference frame from which all distances are

taken. The reduced state is therefore

|w>§3Ag:27TA<xA:0|W>BC|A:fdpA<p|U/>BC|A:fdedeWBCM(PB,PC)|pB>|I9C>-

(2.98)
Moreover, it can be shown that the combination of the trivialisation operator and this projec-
tion is an isometry. Now, of course the same derivation can be performed by taking another
system’s perspective, say system C. Then it is possible to change from one perspective to the
other and the transformation that allows to do that is found to be exactly (2.66). Hence we
have recovered, from a perspective-neutral framework, the QRFs transformations introduced
previously by considering superpositions of translations.
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2.2.4 From space to spacetime: Quantum clocks and spacetime QRFs

We reviewed the QRFs framework in simple scenarios. Specifically, we started from a simple
Galilean setting, without any gravitational content, and devised a recipe to generalise refer-
ence frame transformations to cases in which the reference frames are attached to quantum
systems. As discussed previously, there are some arguments in the Quantum Gravity literature
that hint towards a quantisation of the degrees of freedom defining reference frames, and one
nice property of the framework adopted in the QRFs literature is that it allows to operationally
discuss physical quantities well-defined in the laboratory, which is something really hard to
do in a full theory of Quantum Gravity. For this reason, it is interesting to study the connec-
tions between the two fields and, to do so, it is paramount to first analyse the generalisations
of the QRFs framework to gravitational settings.

Timeless and relational formulation

To fix the ideas, we consider a system of N quantum particles with internal degrees of freedom
and a mass M which is the source of a gravitational field in a 1 + 1 dimensional model [117].
Each particle has a mass my, I =1,..., N and is described by a state living in the Hilbert space
F = €L ® HL , where 7L, encodes the external degrees of freedom (e.g. the position)
while Jfl{lt is the Hilbert space of the internal degrees of freedom. These degrees of freedom
allow us to formulate a fully relational formalism in which one of the particles is chosen as
QRE and the dynamics of the other particles is described with respect to the quantum clock
defined by the internal degrees of freedom of the particle chosen as QRE In such a framework,
both the state of the external degrees of freedom and the clock state play a role in describing
the dynamics of the other particles. Specifically, the external degrees of freedom fix the QRF
in space, while the internal degrees of freedom describe the clock, ticking according to the
proper time in the particle’s frame.

In the framework discussed above, space and time are treated on equal footing by means
of a timeless formulation in which the state of the whole system is fully constrained, hence
does not evolve, and dynamics emerges from internal correlations of physical clocks by con-
ditioning on the state of the particle chosen as QRE Then, the physical state of the IV particles
and the mass M, denoted as |'¥)py, satisfies

Cl¥)ph =0, (2.99)

where C is (a set of) first-class constraints, defined on the Hilbert space of the whole system,
encoding both the dynamics of the particles in spacetime and the global symmetries of the
model. With this condition, the evolution of the state |'¥)p, is “frozen”.

The constraint appearing in (2.99) is obtained by summing all the contributions to the
dynamics of the N particles, which come from the particles’ dispersion relations, and by en-
forcing the conservation of the energy-momentum. The latter requirement is analogous to
what is done in a perspective-neutral framework in (2.92). In a general-relativistic picture,
the dispersion relation of a particle is given by C; = —gH" pﬁ pl - m‘% 2. The gravitational field
sourced by the mass M can be regarded as a Newtonian limit of a more general metric field,
therefore in our model we have

2¢p(x —xp1) 01 10

00 5 8 =8 =0, g''=1, (2.100)

g =-1+
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where
GM
dx—xp)=T—— (2.101)
|X XM|
With this form of the metric, the dispersion relation reads
Cr= —g°°(x,—xM)p0 —pi—mict. (2.102)
We can rewrite this constraint as
C;= [ —-g%(x; —xpm) p ’_w H g% (x; —xp) Po +w ] (2.103)

with w{, = \/p§ + m% c?. By enforcing the energies to be positive, py = 0, we therefore have a
new constraint that, upon quantisation, reads

~g%(&; —&n) P — @y, D), =/P3+mic?. (2.104)

The weak-field approximation is crucial for this quantisation to be carried without ambi-
guities, since g!! is a constant and g% is time independent, hence no ordering ambiguity
arises. If |1,(/ [>ph is the physical state of particle I that solves the constraint, by conditioning

C |1,(/ [>ph = 0 with respect to the time x(I’ we get the Schrodinger equation for particle I in the
weak field limit and with special-relativistic corrections. Specifically, by considering a regime
in which'®

=0, (2.105)

[ 00 XI—XM) ;

1//1(36?)> .

—8%(%; - %u)

we have

I<x?‘6‘w;>p =0=> lhd:jc

o wf(x?)> , (2.106)

I

where |y (x?)> = I<x?’1lfl>ph- Defining x9 = ct; and expanding perturbatively we get
d ﬁ% Pr
_ 2 B .o
lhd_I‘WI(tI)>— myc +2m1 8m362 +m](P(XI XM) )ujl(t[)> . (2107)

Therefore, at the level of the single particle, the dynamics emerges from the entanglement
between the time and spatial degrees of freedom.

The formalism outlined above realises the first task, namely to have a timeless formulation
in which dynamics is an emergent feature. However, we do not yet have a relational formal-
ism. To realise this, we need to eliminate the external structure. This is done by considering
two more constraints on top of the N constraints C;. These additional constraints encode the
conservation of the energy-momentum for the whole system and are given by'"

N ~

" 2
fo= 2 | Po+ AR XM,pz) +py, fi= Zp1+pM, (2.108)
I=1 I=1

PSP ]
19This is equivalent to the requirement that all the terms % are negligible.

1We consider that the state of the mass M in the initial coordinates x* is chosen so that the physical config-
uration of the mass M does not dynamically evolve. Nevertheless, the mass M contributes with its energy and
momentum to the definition of constraints, but does not define a dynamical constraint.
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where )
132 T2
A()A([_)A(M;f’[): —goo(x[—fiM) (l-l- 212) (2.109)
mjc

is denoted as worldline operator and is derived in [117]. This operator simply encodes the rel-
ativistic time dilation from the rest frame to an arbitrary frame. Notice that both the energies
coming from the motion of the particles and the internal energies are considered in the con-
straint fo, which reduces to a Page-Wooters constraint when the external degrees of freedom
are disregarded and only the internal state of the particles is considered. As a result of this
construction, the full constraint is written as

N
C=Y MCr+z'f,, (2.110)
I=1

where z# and A7, I =1,..., N, are Lagrange multipliers. Notice that, if we consider the clocks
to be non-interacting, all the constraints are first-class, meaning that they commute with each

other. Specifically, [CI, fl] = [ o, fl] = 0 hold exactly, while [CI, fo] = 0 holds in our regime be-

cause of [ \/—g% (fq — iM), (T){,] =0 forall I. The physical states that satisfy (2.99) can therefore

be written as
i vN ~ i ry
W) ph X de,/dezeﬁZI:HVfcfeﬁZ“fu|c1>> : (2.111)

where

N
|q)):fl_[ [d,u(xl)dEI]dzxMCD(xl,...,xN,xM;El,...,EN)|x1,...,xN,xM>|E1,...,EN>,
I=1
(2.112)

with x; = (x,x7). In the above, du(x;) = \/—8oo(X; —Xnm)d®x; is the covariant integration
measure and | E 1) are the eigenstates of the internal Hamiltonians H.

We can now take the perspective of a specific particle, for instance particle 1, by mapping
the phase space observables to the relational observables in the perspective of particle 1 and
then requiring that the origin of the reference frame coincides with the position of the particle.
This is done by performing a projection operation onto the state |g; = 0) 1~ This procedure
yields the relational state from the perspective of particle 1, which reads

y) = (@ =0|F1|¥),p (2.113)

where the operator T implements the mapping of the initial positions to the relative posi-
tions to particle 1 and is given by

7 = pilos|-gwCan | L (99035 i (fi-9") 40 (fo-h) (2.114)
The last two terms of this operator are responsible for the mapping onto relative coordinates,
while the first term transforms the metric to a locally inertial metric field at the location of
particle 1. The details can be found in [117]. The dynamics is now encoded in the new con-
straints

Cr=F,C,T; = M/}La)i, (2.115)
\ goo(dn)

S
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where g7 and gy are the new spacetime coordinates of the particles relative to particle 1 and
kr and kj; the momenta operators canonically conjugate to them. Therefore the new metric
field, in the perspective of particle 1, is given by

_ goo(%r —Xnm)
T T

I (A A
aram) =91 ——— , 2.116)
goo(Ar4nm) =T 200X —%o1)

which sets the metric in the position of particle 1 to be the Minkowski metric. Therefore, 5
realises a transformation to the Quantum Locally Inertial Frame (QLIF) of particle 1.

With some calculations, it is possible to show that the state in (2.113) can be written as

=

where H is the Hamiltonian of the system in the perspective of particle 1 and |‘L’1> is the
state of the clock 1, defined by T |T1> =173 |T1> with [T[, H]] =ih61;. The state ‘w(l)> formally

plays the role of an initial state and is related to the state |(,b> in (2.113), see [117] for the details.
Indeed, the state in (2.117) can be interpreted as an history state which associates to any time
eigenstate |Tl> a state of the remaining particles at time 7;.

v ) ) (2.117)

Of course, it is possible to describe the system in the perspective of any other particle. If
we want to take the perspective of particle 2, another operator 95 is defined analogously to
91 and the state of the system in the perspective of particle 2 is given by

[9)® = (r2=0|T3|¥),, = fdrzeﬁ 2y @Y r) (2.118)

It is possible to map one perspective into the other with the operator I, = f’fgfflT by means
of

>(2)

lw)® =, (r2 = 0|F72|w) Y ®|p1 = 0), . (2.119)

Superposition of gravitational redshift and relativistic time dilation

We now focus on a model with only two particles (and the mass M) and consider measure-
ments made in the QRF of particle 2. Analogously to the measurement procedure in [112], we
change the constraints to

Cr=1/-8% (% —%n) pg - p»fl p1+P2+Pwm,

~

) R R R R H R o i, A (2.120)
To :P(1)+P(2)+P(])W+A(X1—XM’P1)T+A(X2—XM,p2) 7+5(T2—T2)%

)

where the measurement Q, is assumed to commute with every constraint and to occur at time
75 in the QRF of particle 2. We can define the state of the system in the perspective of particle

1 in the same way as done in (2.113), with the replacement of f, with fOQ. In this case, the I3
operator is denoted as J"_\Q,l. The resulting state is given by
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Lt ds| HY+A128( T +A
) = fdr L e ") ) (2.121)
where
T[0(01)0(22)| = (11 = 2)0(1) O(12) + 0112 — 1) O(12) O(1) (2.122)
is the time ordering operator and
AlGz —am ke d> —any) 731
Ay = ( ) - g"o(q{ Qu) T2 (2.123)
‘/—gOO(QM) 775116,1 goo((IM) Ysk1
is the worldline operator of particle 2 in the perspective of clock 1, with
A~ A 2
X (21k1+kM)
Yek1=g\| 1+ ——55— (2.124)
msc

1

encoding the effects of the special-relativistic time dilation. Notice that the metric field ap-
pearing in this expression is exactly the metric field g, (@2, ) in the QLIF of particle 1.

To understand what the effects of the quantum nature of the reference frame 1 are, we
specify the state in (2.121) in three different physical regimes: Galilean, in which particles are
considered to be non-relativistic and no gravitational field is present; Newtonian, in which
particles are considered to be non-relativistic but there is a mass M sourcing a gravitational
field; special-relativistic in which particles are considered to be relativistic but no gravitational

field is present.

* In the Galilean case, there is no source of gravitational field and the particles are non-
relativistic. Therefore we have Aj» = 1 and the history state in (2.121) can be written

as

T5 i g
0 = [t

+00 IIA(I)( )
—tHW7-7 HW
+f drie 7 1772 =5 Q2 o= VT
T*
2

(1)>|T

(2.125)

* In the special-relativistic regime, there is no source of gravitational field but particles

are special-relativistic, therefore the worldline operator reduces to

Ysk1

Y2

Ayp =

The history state (2.121) becomes

Tk i 7
) :fdkzdtg{f dry e # Ty  (I, 1) ko, 1) +

+00
+f drie” # AV (1178 o= thl//(D(kz, 1f2)|kz,l‘2>}|T1>
T

k
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where
(” fdt’ ATy D 1y, 1) K, 2, (2.128)
and
T = AL (k)75 (2.129)

is the (momentum-dependent) special-relativistic time dilation of time 77.

e In the Newtonian case, particles are considered to be non-relativistic but there is a
source of gravitational field. Such a source has mass M and the worldline operator be-
comes

goo (@2 — qum)

A1z =1/ ~8olG2, M) = - , (2.130)
00( ) gOO(qM)
therefore the history states (2.121) reads
Tq i
|1//>(1) :quZquMdtZ{f dTle_ﬁHmTlU/él)(qz,QM, 1) |92, gu, 12) +
= (2.131)
gy T S ST S
+f drie 7 e n 21//Tq(Q2,KJM,t2)|QZ,67Mr ta) ¢ |T1)
Tq
where
(” f dt' e H Ay 0 (g0, gar, ) a2 gua, 1) (2.132)
and
T,=A% (q2,qum)75 (2.133)

is the (position-dependent) gravitational redshift of time 7.

From these physical regimes, we understand that the framework we adopted can describe two
interesting phenomena: the superposition of gravitational redshifts and the superposition of
special-relativistic time dilations. Starting from (2.125), we see that in the Galilean case no
new effect arises, indeed the measurement happening at time 75 in the perspective of clock 2
occurs at the same time in the perspective of clock 1. In (2.127), we see that special-relativistic
effects cause a time dilation from the perspective of clock 1, which therefore does not see
the measurement occurring at the same time of clock 2, as can be seen from (2.129). This is
nothing new 2 but, on top of this, we also see that clock 1 sees the measurement as being a
delocalised event in time. Indeed, in the second integral in (2.127), we see that the time 7
at which clock 1 sees the measurement taking place depends on the momentum of particle
2 as seen in the reference frame of clock 1. Since the relational degrees of freedom between
the two particles are, in general, in a quantum superposition of different momenta, clock
1 observes a superposition of special-relativistic time dilations, hence perceives the event as
being delocalised in time. Finally, in (2.131) some analogous considerations can be made for
(2.131). The time 74 at which clock 1 sees the measurement taking place is gravitationally

12The only difference is that in the time dilation factor in (2.129) there is a term that depends on particle 1
dependent and does not appear classically.
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redshifted, as can be seen in (2.132) and in the second integral in (2.131). Since time depends
on the position of particle 2 as seen in the reference frame of clock 1, the latter perceives the
measurement as a delocalised event in time in this case as well, the difference being that in
this case this delocalisation results from a superposition of gravitational redshifts. Ultimately,
the latter emerges because, in general, the relational degrees of freedom between the two
particles are in a quantum superposition of different positions.

2.3 Summary: Quantum observers

In this chapter, we have reviewed some of the most useful tools to investigate the Quantum
Theory and Gravity interface in the language of Quantum Information Theory. These are,
specifically, quantum clocks and quantum reference frames. We have discussed some ex-
amples of operational procedures to observe both classical general-relativistic effects, e.g. the
gravitational time dilation, and non-classical spacetime effects with quantum clocks. We then
showed how dynamics can emerge from quantum correlations between quantum clocks in
the relational and timeless framework of the Page-Wooters formalism. We finally introduced
some basic notions of the quantum reference frames framework, discussing both its foun-
dational approach and the group properties of these transformations in the 1+ 1 dimension
case. We also discussed the notion of spacetime quantum reference frame examining some
features that emerge when space and time are put on the same footing in this framework, e.g.
the relativity of time localisation of events in spacetime originating from superpositions of
gravitationally-redshited or special-relativistic dilated times.

This last effect is only one example out of several of this kind that hint towards the no-
tion of quantum observers. In fact, observers who describe physical events with a quantum
reference frame are not expected to behave classically, since such a description is affected by
quantum effects that can even give rise to quantum superpositions of causal orders as in the
gravitational quantum switch [112,161,162]. While these observations are relevant for the de-
velopment of a theory of quantum observers, it is important to notice that there is no need to
talk about observers in the QRFs framework, as the purpose of this research field is to derive a
general method to map the description of physical systems between different coordinate sys-
tems that are in a quantum relation with each other. Talking about observers would introduce
an additional structure that would complicate the discussion even further. However, when a
theory of quantum observers will be fully developed, it could be expected that these will be
observers whose reference frames have quantum degrees of freedom, subject to the effects
that we outlined in this chapter. However, QRFs are only one side of the coin. To fully de-
velop a theory of quantum observers, it will also be paramount to define a notion of quantum
measurement apparatuses, intended as measurement devices that do not produce classical
readings ', and to delve into the problem of the agency-dependence of spacetime'*. This is a
largely unexplored area in the foundations of Quantum Gravity that will be investigated in the
last chapter of this thesis.

13These could manifest both as non-classical outputs and with outputs with non-classical probabilities.
14This term is used to denote the possible influence that the observers’ measurement choices have in recon-
structing spacetime through physical events.
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Interlude

In the first part of the thesis, we have introduced all the topics that are relevant for what fol-
lows. The discussions around these topics have already highlighted how the interface be-
tween Quantum Theory and Gravity really challenges the most fundamental pillars of our un-
derstanding of the physical realm. Symmetries, reference frames, observers, and measurement
apparatuses. The logical conundrums at the heart of the Quantum Gravity problem, from
the “first principles” point of view, originate from the incompatibility between the different
ways these foundational elements enter, and are characterised in, the two theories. This the-
sis opened with the aim of exploring exactly this issue. How do quantum systems evolve in a
spacetime with deformed symmetries? How does the quantisation of reference frames affect
the observed physical properties of quantum systems? How do measurement apparatuses be-
have in a non-classical spacetime and how are communication protocols between observers
affected? It is now time to delve into these questions.
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Third Chapter

Quantum spacetime-induced decoherence
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NI

In this chapter, we investigate quantum decoherence mechanisms that originate from quan-
tum spacetime properties, both from a theoretical and a phenomenological point of view,
presenting the results in [1] and [3]. First, we consider the effects of spacetime symmetries
deformations on the dynamics of quantum-mechanical systems, following the results pre-
sented in [1]. The main result derived in [1] is that, in general, the evolution of quantum
systems in a spacetime equipped with deformed symmetries, specifically with deformed time
translations, is not given by the standard Liouville-von Neumann equation. From a specific
deformation, this equation is modified into a Lindblad equation that describes a decoher-
ence mechanism, which ultimately arises from the sheer properties of spacetime, rather than
from interactions with an environment, and, for this reason, is an example of fundamental
decoherence. After this, we present the phenomenological analysis of some quantum space-
time decoherence models presented in [3], in which we studied the effects of these models
on neutrino oscillation phenomena. Using neutrino oscillation data from long-baseline reac-
tors and atmospheric neutrino observations, we establish stringent constraints on the energy
scale governing the strength of the decoherence induced by stochastic metric fluctuations,
which amount to, respectively, Eqg = 2.6-10%* GeV and Egg = 2.5-10°° GeV. These constraints
are strong enough to rule out this decoherence model.

Since decoherence is the main character of this chapter, the first section is devoted to the
introduction of the main ideas of the quantum decoherence programme. The focus is then
shifted to a formal rewriting of some properties of Quantum Mechanics in terms of Hopf alge-
braic structures. This paves the way for the subsequent part of the chapter, which is devoted
to the discussion of the results presented in [1]. The final part of the chapter is dedicated to
the results in [3].

3.1 The Quantum Decoherence programme

Right after the development of Quantum Mechanics, it was already crystal clear that some
effects observed at microscopic scales seemed completely absent in our everyday world. For
instance, in the microscopic world, physical systems can be, and are in general observed to
be, in superpositions of states describing distinct values of physical observables, e.g. a particle
being in a superposition of two different positions. On the contrary, not only are such super-
positions never observed in our macroscopic world, but even the possibility of just transfer
quantum features to macroscopic systems by coupling them with microscopic ones, which is
allowed by the laws of Quantum Theory, leads to paradoxes. The most paradigmatic example
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in this regard is given by Schrodinger’s cat paradox [163], a gedankenexperiment in which a
cat is closed in a box with a vial of poison, a hammer, and an unstable atom. The decay of
the atom triggers the hammer that breaks the vial, hence the poison is released and the cat
dies. In the quantum-mechanical description of this setup, the atom is at all times in a su-
perposition of “decayed” and “not decayed” states, thus the cat should be in a superposition
of “being dead” and “being alive”. Then, if an observer opens the box, Quantum Mechanics
predicts that the state of the system collapses into one of the two states. It would therefore
seem that the observer decides the fate of the cat, hence giving rise to the paradox: What
was the state of the cat before opening the box? Can the cat be dead before opening the box
and alive afterward? Are these questions meaningful at all? Paradoxes such as the one just
illustrated are at the heart of the so-called quantume-to-classical transition problem that, in
the early days of Quantum Mechanics, urged physicists to refuse the application of the theory
to the macroscopic realm, setting a clear separation between the quantum and the classical
world known as the Heisenberg cut [14].

3.1.1 No system is truly isolated

Since Quantum Theory describes our Universe to a more fundamental level, the emergence
of the macroscopic world from the microscopic quantum realm remained a long-standing
problem for the foundations of Quantum Mechanics. Only in the 1970s and 1980s was this
problem finally addressed [164-167], when it was understood that the paradoxes could be
solved by not trying to force preconceived classical concepts onto Quantum Mechanics. One
of these was the idealisation of isolated systems, namely that it should always be possible to
isolate any physical system from interactions with the surrounding environment, so that the
objective nature of the system can be observed.

While for classical phenomena it is possible to neglect the effects of some interactions
with an environment, for quantum features this is not the case. For example, consider the
interactions stemming from the collisions of a football at rest with air molecules. These col-
lisions produce no observable effect on the classical motion of the football (it will remain at
rest), since the momentum transfer from every collision is negligible and, moreover, these
are isotropic, so the net transferred momentum is zero on average. However, if we consider
the football to be, in principle, a quantum object, from the laws of Quantum Mechanics, the
scattering interactions yield the emergence of quantum correlations between the football and
the air molecules, and these are the real cause for the loss of “quantumness”lz the coherence
“leaks” into the environment. Air molecules act as a decohering source for the football, al-
though the interactions are small enough not to perturb the classical motion. This is nothing
more than the manifestation of quantum entanglement, which requires a rethinking of the no-
tion of locality. Indeed, while Quantum Mechanics is still a local theory, namely interactions
are all local, these can produce non-local states. This is a feature completely absent in the
macroscopic world, where the properties of a physical system are always preserved within the
system itself. This fact justifies the idealisation of isolated systems in classical physics: shield-
ing a physical system from the environment just reduces noise effects without changing its

10n the contrary, microscopic systems do not interact much with the environment, hence they retain their
quantum features.
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nature, thus the physical system retains its individuality. Vice versa, in Quantum Theory a
state describing two systems A and B

|WAB>:ZCij|Ai>®’Bj> (3.1)
ij

in general cannot be written in terms of states describing the single systems

Wap) =Y aibj| Ay |B;) =[wa)®|ws), (3.2)
i7

no matter how spatially separated they are. This means that the two systems have lost their
individuality and new physical properties exist within the non-local quantum correlations
between them. Contrary to the classical case, interactions with the environment can therefore
create entanglement between the latter and a physical system, changing its nature. These
interactions cannot be neglected if they are too “weak” and are not to be thought of as simple
perturbations that should be minimised to describe the true nature of physical systems. They
are instead the cause of the (typically irreversible) “delocalisation” of quantum coherence,
which is the origin of quantum features, into the system-environment state. This is the core
idea of environmental decoherence.

Ultimately, the purely quantum-mechanical phenomenon of quantum entanglement” is
the root of the emergence of the classical world from the underlying quantum substrate. Of
course, it is not yet clear whether the decoherence induced by environmental interactions can
explain the effective emergence of all classical phenomena. This is still highly debated in the
physics and philosophy community, although there are no doubts about the robustness of
the formalism of Quantum Decoherence since, in the last three decades, several experiments
have witnessed the action of decoherence and the gradual transition between quantum and
classical regimes in different physical setups [169-177], which has also become a problem to
overcome to realise mesoscopic quantum superpositions [46,47] and fault-tolerant quantum
computers [178, 179].

In the following subsections, we will review the concepts introduced in this introduction
in a more formal manner, following [180].

3.1.2 The emergence of the classical world from quantum correlations

To understand how decoherence actually works, it is very illustrative to analyse the famous
double-slit experiment, which, in the words of Feynman [181], is a phenomenon “which has
in it the heart of Quantum Mechanics; in reality, it contains the only mystery”. In the double-
slit experiment, particles pass through a screen with two slits. After the passage, they hit a
detector screen, where they leave a spot. Then two different behaviours are observed:

2This is the standard interpretation of environmental decoherence. However, there are some examples of
decoherence models that do not require the generation of quantum entanglement [168]. Since the subsequent
presentation of environmental decoherence serves only the purpose of introducing the general ideas of the
framework, we will not deal with this issue and will simply follow the standard approach.
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e The “wave” scenario, in which an interference pattern is observed on the screen, corre-
sponding to the probability density

1 1
0t = |y1@) +a (0] = E(lwl(x)|2 + |w2(x)|2) +Re{y1 (Y3 (0}, (B3

where v;(x) is the wave function that describes the passage through the sliti = 1,2.

* The “particle” scenario, where a detector is placed at one of the slits to observe whether
the particles pass through it and the pattern created by the particles on the screen cor-
responds to the probability density

1
000 = ([y100[* + [y ). (3.4)

In the second case, the probability density is just the classical sum of the two probability den-
sities, whereas in the first case, there is interference between the two probability amplitudes.
This experiment is a clear manifestation of complementarity between which-path informa-
tion and interference: either the “particle-like” or the “wave-like” behaviour is observed.

Between the two opposite cases described above, there is also the possibility of gaining
only partial which-path information, avoiding the emergence of a full classical behaviour. To
do so, we must properly describe the measurement processes that occur in the detectors at the
slits. Specifically, we will assign a quantum state to the “composite” detector, consisting of the
two detectors, before measurement, called the “ready” state and denoted by |r). We write the
state of the particles passing through the slit i as |w,~ ), and the states of the detectors after the
passage of the particle through the slit i are denoted by |i>, so that if a particle is prepared in
such a way as to pass with certainty through the slit i, the state of the detector-particle system

is |y;) ® |i). Therefore, if a particle is prepared in a superposed state |y) = %le) - |w2>),
the evolution of the particle-detectors system is given by

1
|u/)®|r>—»$(|w1)®|1>+|w2>®|2>). (3.5)

We see that an entanglement has been generated between the composite detector and the
particle. The state of the particle alone is given by the reduced density operator

B = Traeweeor {[[¥2) & 11 + [12) 012 (w1 @ 11+ (| 0 21}

(3.6)
1
= S ([va Xl + lwaXwel + @D [y Xl + 12) [y2)Xy ),
therefore the probability density on the screen at position x is
1
0(x) = (x|pplx) = 5(|w1(x)|2 + |u/2(x)|2) +Re{y (03 (1) 21D} (3.7)

The last term in this probability density describes the interference pattern, and the visibility
of such interference is modulated by the overlap of the detector states |1) and |2). The more
are these states distinguishable, namely the more wich-path information we can acquire, the
more this overlap decreases. It is easy to see that in the case of perfect measurement, in which
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(2]1) = 0, we recover the particle behaviour of (3.4). On the contrary, in the case of complete
absence of which-path information, (2|1) = 1, we recover the wave behaviour (3.3). Between
these two extreme cases, (3.7) describes the possibility of obtaining only partial which-path
information so that it is still possible to observe some interference. With this description,
we understand that the reason behind the loss of “quantumness” is to be searched for in the
creation of entanglement between the particle and the measuring apparatus.

The example above is crucial as it can easily be generalised to explain the idea of the envi-
ronment as a which-path monitor. Consider a macroscopic system that can be in two different
positions. The air molecules (and even the photons!) around it scatter on its surface, and their
subsequent motion, of course, depends on the position of this system. Therefore, it is easy to
understand that the air molecules contain “which-path information” %, hence they play the
same role of the composite detector in the double-slit experiment, the states |1) and |2) being
now the post-scattering states. If the number of air molecules is N, which for macroscopic
systems is, of course, a large number, then these states are

N
iy =&|e) (3.8)
k=1

where ‘eg)> is the state of the k-th air molecule after being scattered from the system in posi-

tion i, and <e§cz) ‘eg)> = ¢ < 1. Therefore, (2|1) = €™ ~ 0 for large N, and any interference be-
tween the two different positions is completely damped, meaning that the macroscopic sys-
tem cannot be observed in superposition of the two positions. This occurs because the evo-
lution (3.5) spreads the superposition, initially confined to the system, to the overall system-
environment state. Hence, the coherence of the initial superposition describing the state of
the system is now “delocalised” into the environment and becomes a shared property of the
system-environment state. In this process, the environment behaves as a monitoring process
that, however, does not require an actual observer: To decohere the system, it is sufficient
that which-path information is encoded in the environment and thus could be in principle
retrieved.

3.1.3 von Neuamn measurements

As we have seen in the previous subsection, many interactions can be understood as mea-
surement processes, and this is crucial to enlightening the quantum-to-classical transition
process through decoherence. The measurement processes described above are ideal quan-
tum measurements that are described within the von Neumann scheme. In this framework,
two physical systems are considered: a system S, with Hilbert space s and basis vectors
{ |sn> }, and a measurement apparatus A that performs measurements, formally represented
by a Hilbert space /4. The former (latter) is typically considered microscopic (macroscopic).
We can consider states |sn> to be the eigenstates of an observable, measured by the apparatus,
corresponding to the possible outcomes of the measurements, namely the eigenvalues of the
observable. We can also imagine that the apparatus has some kind of pointer that starts from

3The term “which-path information” is used in a broad sense to denote generally “which-state information”.
In this case, this is a “which-position information”.
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a fixed position before the measurements and reaches a position n after measuring the result
corresponding to |sn> We can describe this situation by denoting the pre-measurement state,
the “ready” state, as |a, ), while the post-measurements states are |a, ). Therefore, the generic
measurement process in the von Neumann scheme is given by

Hs® Fx3 |sp)® |ar) — |sn) ®|an) € Hs® Hn, (3.9)

which establishes a one-to-one correspondence between the states of the system and the
post-measurement states of the apparatus. An important assumption is that the measure-
ment does not change the state of the system, namely it is an ideal measurement.

If we consider system S to be in a general state before measurement, |1//> s=2nCn |sn>,
then the evolution of the system-environment state is given by linearity as

) - (z 5 |sn>) ola) — Y calsu)e|an) 6.10

which shows the dynamical emergence of entanglement. If we now consider the reduced
state of the system, this will be given by the trace over the apparatus of the density operator
describing the system-environment state

ps=Tra{ X1} = Y cncyy su)sm| T an X am]} =

% com X (9xlan) a6} )5

(3.11)

)

where { |<Pk>]f is an orthonormal basis of #4 and ¢, := ¢jc;,,. Therefore, we see that pg is
given by
Ps= ) cam{am|an)|sn)(sm| - 3.12)
n,m

Local damping of interference: the environment as a measuring device

The state (3.12), which is a generalisation of (3.6), can help us better understand how the
quantum-to-classical transition works. Indeed, if we consider the expectation value of a local
observable O = Os ® 1 4 of the system S, this is given by

(0) =Tr{01w)¥I} = Trs{Osps} = 3 cum(am|an) (sm|Os]sn) - (3.13)

From this we see that the possibility of witnessing any interference between states |sm) and
|sn) with a local observable depends on the overlap of states |a,) and |a,,). The more dis-
tinguishable these states are, the more the off-diagonal terms of the density operator deco-
here. In the limit of perfect distinguishability, ( a, | an) =0, a complete loss of “quantumness”
characterises the system S. Interference terms are still present at the global level but become
locally unobservable in (3.12), which becomes diagonal for {a,|a,) = 0. This occurs for any
system that interacts with a macroscopic environment. Indeed, while it would still be possible
to witness interference with global measurements in the overall system-environment super-
position (3.10), in practice it is impossible to include all environmental degrees of freedom in
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the measurement process for macroscopic environments. Moreover, due to the large number
of degrees of freedom, the creation of system-environment entanglement is irreversible for
all practical purposes. As a consequence, the delocalisation of quantum coherence into the
joint system-environment state induced by the inevitable interactions with the environment,
which thus behaves as a “which-state monitor”, is irreversible. This is exactly the process of
environmental decoherence. The only way to preserve quantum features would be to shield
physical systems from their environments, but this is practically impossible for macroscopic
objects. On the contrary, microscopic systems do not interact much with the environment
and quantum features are preserved”.

Superselection rules

Since decoherence arises as a consequence of continuous system-environment interactions,
it is not surprising that the study of decoherence is intrinsically linked to the infamous mea-
surement problem. The latter can be decomposed into three parts.

1. The problem of the non-observability of interference: Why is it difficult to observe in-
terference properties, in particular on macroscopic scales?

2. The problem of the preferred basis: Why do there appear to be some preferred physical
quantities?

3. The problem of outcomes: Why do measurements have outcomes and what selects the
specific outcome out of all the possibilities?

From the discussions in the previous subsections and the examples presented in the next
subsection, it should be clear why decoherence essentially solved the first problem. On the
contrary, the possibility of solving the last problem within this framework is a matter of de-
bate. This is easily understood by looking at (3.12): There is nothing in this state that singles
out a specific outcome of the measurement, rather it describes a probability distribution of
possible outcomes. For this reason, states such as (3.12) are sometimes referred to as pre-
measurement states. This issue is to be ascribed to the fact that the problem of outcomes is
intrinsically related to the choice of a specific interpretation of Quantum Mechanics. For this
reason, we will not deal with this problem.

What deserves clarification here is the second problem, which can be understood by look-
ing at (3.9). In principle, there is no reason to prefer the basis states |sn> to expand the states
of the system S, and in fact we could choose another basis |s;1> for such expansion. In this
case, there would be another set of states of the apparatus |a§1> associated with this other ba-
sis, and all subsequent discussions would repeat in the same way. Although the choice of the
basis is purely mathematical, the emergence of classical properties is a very tangible physical
phenomenon. What sets the preferred basis? Why are macroscopic systems always observed
in definite positions but not in superpositions thereof? The answer to this problem is to be
searched in the form of system-environment interactions [182—184]. Due to these, some states

4For instance, the number of air molecules scattering off an atom is ridiculously small compared to the
number of air molecules scattering off a macroscopic object like a car.
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are more prone to decoherence. Such preferred states are not predetermined, they emerge dy-
namically as the states that are least sensitive to the interactions with the environment, i.e. the
states that become least entangled with it. Such states are called pointer states [182], because
they can be interpreted as those that correspond to the physical quantities that can be most
easily “read off”. This process is called environment-induced superselection, in analogy with
other superselection rules in physics that axiomatically prohibit the existence of some super-
positions. For the case of environmental superselection, this is not set axiomatically, rather it
is the environment that dynamically defines the pointer states and the observable properties
of physical systems.

To understand how this superselection emerges, consider the total Hamiltonian of the
system-environment
H=Hg+ Hg + Hipt . (3.14)

We can now consider some important cases. First, we consider the so-called quantum mea-
surement limit, in which the dynamics is dominated by the interaction Hamiltonian, namely
the energy scales involved in the interaction part are much larger than the energy scales of the
self-Hamiltonians Hs and Hg. This is a remarkable limiting case since it applies to a variety
of physical situations and allows us to understand quite easily the superselection process. As
remarked above, pointer states are those that get least entangled with the environment upon
evolution. Therefore, we are interested in finding the states |sn> such that a product state
|sn) ®|ao) at time r = 0 remains in the product form |s,) ® |a, (1)) at later times ¢ > 0. Thus,
we need

e~ hithint |sn)®|ao) = Ai|sn)® e~ fithint |ao) == |sn) ®|an(0)) . (3.15)
Therefore we see that the pointer states in the quantum-measurement limit are simply the
eigenstates of the part of the interaction Hamiltonian pertaining to the Hilbert space of the
system. This can also be expressed in terms of pointer observables, which are nothing more
than the superselected observables of the system, linear combinations of projectors onto
pointer states

Os=Y on|sn)Xsnl - (3.16)
n

Since | sn) are eigenstates of the Hamiltonian, every projector | sn )X Sn | commutes with it, there-
fore pointer observables satisfy the commutativity criterion

[ 65» ﬁint

=0. (3.17)

Typically, the interaction Hamiltonian can be written as Hi,; = S® E, and in these cases the
pointer observables are those that commute with S, or the latter itself if it is Hermitian, in
which cases the pointer states are the eigenstates of S. A frequent scenario is S = (%), which
corresponds to a continuous monitoring of the position of the system by the environment,
leading to decoherence of spatial superpositions. In general, the interaction Hamiltonian can
always be decomposed as

Hne=) Sa®Eq, (3.18)

a

and if the S, are Hermitian, this Hamiltonian describes the simultaneous monitoring of these
observables. Pointer states with such decomposition are given by simultaneous eigenstates
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of all the Sg, Sa|sn) = Al |sn> If the eigenvalues 1'® do not depend on 7, namely |sn) are
degenerate eigenstates of all S, then every state which is a superposition of the states |sn>
will not get entangled with the environment as it is easily shown

e it |y @ |ag) = e‘%ﬁimt(z Cn |Sn>) ® |ag) = (Z Cn |Sn>) ® e i ZaAFe | g
n n

=[v)s|ay0).

(3.19)

If the states |sn> are also orthonormal, they define a subspace of the Hilbert space of system
S in which all states do not get entangled with the environment. Such subspaces are called
decoherence-free subspaces. The existence of such subspaces is a manifestation of a dynamical
symmetry of the interaction. Of course, if the self-Hamiltonian Hs cannot be neglected, to
define a decoherence-free subspace it is necessary that the states |sn> are not projected out
the subspace via the internal evolution.

Another interesting scenario is the so-called quantum limit of decoherence [185], in which
the highest energies available in the environment are smaller than the energy differences be-
tween the eigenstates of the system. In this case, the evolution of the environment is slow
compared to that of the system, therefore the former can only monitor those observables that
are constants of the motion. Typically, such a quantity is the Hamiltonian of the system, which
leads to the superselection of the energy.

Of course, it is also possible to have intermediate regimes in which Hiy and Hg are com-
parable. In these cases, the two Hamiltonians can lead to superseleciton of non-commuting
observables, in which cases the preferred states will be a “compromise” between the two sets.
For instance, if the interaction Hamiltonian provides a monitoring of the position and the
self-Hamiltonian yields a superselection of momenta, the pointer states will be localised in
phase space.

As for the applicability of these limiting cases, the quantum-measurement limit efficiently
describes the interactions of macroscopic systems with scattering particles. In these cases,
the interaction Hamiltonian will be given by force laws that typically depend on some power
of the distance between the object and the particle, hence it will commute with the position
operator. From this we understand why macroscopic objects are observed to be in definite
positions. The quantum limit can be applied for microscopic systems like atoms that are typ-
ically observed to be in eigenstates of the self-Hamiltonian, namely those that are observed
to be superselected in the energy. Note that such a scenario is very different from a situation
in which the presence of the environment can be simply neglected. Indeed, without the en-
vironment, there would not be continuous monitoring of the energy leading to a suppression
of the coherence between different energy states. Another remarkable example is the super-
selection of the charge for charged particles that interact with their own Coulomb field that
constitutes the environment [186]. In all these examples, the preferred basis is not chosen so
as to match our experience of which physical quantities are observed as superselected. Selec-
tion occurs because of the structure of the system-environment interaction. Accordingly, the
space of possible quantum superpositions is strongly reduced because the interaction laws
depend only on a handful of physical quantities (position, momentum, charge, ...).
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3.1.4 Simple examples of environmental decoherence

For the discussion outlined above, it is no surprise that, in quantum decoherence research,
several efforts are made to derive specific models for the system-environment interactions in
different physical scenarios. Such models focus on describing the time evolution of environ-
mental states and the ensuing influence on the density operators of physical systems. Typi-
cally, it is found that the overlap between different environmental states decays exponentially
as

{am®)|an()) o e D, (3.20)

where 7 is the characteristic (model-dependent) decoherence timescale. This exponential
decay of the overlap then translates, by means of (3.12), into a suppression of coherences
between off diagonal elements of the density operator of the system interacting with the envi-
ronment. This shows that the dynamics of the local system alone is effectively non-unitary. As
we shall see shortly, even the interactions with a thermal bath of photons as weak as the cos-
mic microwave background leads to a fast decoherence of macroscopic objects. This shows
that such decoherence processes are not only utterly effective, but that it is also nearly impos-
sible to avoid them.

A two-level model

Consider a two-level system S that interacts with an environment & of N other two-level sys-
tems. For simplicity, we refer to these systems as “spins” in the following. The basis states of
S are indicated by |0) and |1), while the basis states of the environment are |1); and ||),, with
i =1,...,N. We assume that the intrinsic dynamics of the system and the environment can
be neglected, hence the dynamics is fully specified by the interaction Hamiltonian, which is
chosen to be

N N
H= Hin = %(|0><0| —xne | g (11X~ 1) @15 | = %fw > 867 @15,
i=1 J#I i=1 J#i

(3.21)
where 1; = |11 |l. +[IX! |l. is the identity operator on system i and 6 is the Pauli z-spin op-
erator. This Hamiltonian describes a linear interaction between the system S and each of
the environmental spins in such a way that the environment monitors the z-spin compo-
nent of the system, which is therefore the superselected observable. We also notice that the
Hamiltonian commutes with 6, so there is no exchange of energy between the system and
the environment. This means that this Hamiltonian describes a model of decoherence without
dissipation, showing that decoherence is a truly quantum effect with no classical counterpart.
For convenience, we can write the Hamiltonian as

~ 1 ~
Hint = EOA-Z ® E y (322)
where the 2V eigenstates of E are labeled by
m =]t e), /1.8y, (3.28)
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with 0 < n <2V -1 and eigenvalues

N
en=) (-D)"g;, (3.24)
i=1

where n; = 1 (n; = 0) if the i-th environmental spin is the || ), (| t )l) state. Therefore, a generic
pure state of the overall system cab be written as

2N
W)=Y (anl0)+byl1))®|n) . (3.25)
n=0
Of course, since 6,|0) = |0) and 6,|1) = — 1), the action on the Hamiltonian on the states of
the system is given by
N € ~ €
H|0)®|n) = 3” 0y®|n), HIl)®|n) = —3”|1> ®|ny, (3.26)

therefore, if the state of S& at t = 0 is uncorrelated

2N-1
|¥0)=(alo)y+bI1))® > culny, (3.27)
n=0
upon evolution this state becomes
[P (1) =alo)ye|& ) +bll)e|&1(D), (3.28)
with
2N-1 e
|6o()) =|E1(=0)= > che ' 2 |ny . (3.29)
n=0

Since some correlations have emerged between the states |0, |1) and the states |£(1)), |61 (1)),
interference between the states |0) and |1) becomes increasingly quenched as the overlap
(&1(1)|&0(1)) increases (which means that the amount of which-state information that could
be recovered from the environment increases). The latter is given by

2N_1 .
r(0):= (60|61 = Y |ca[ e e, (3.30)
n=0

N . .
called decoherence factor. Of course, |c,|* <1 and Y25 |c,|* = 1. This factor appears in the
reduced density operator of the system as

Ps(0) =Trg {[¥(OXW (0] } = [al? 1001+ |BI* [1X11+ ab™ r() l0X1]+ a” br* (1) 101, (3.3D)

therefore the off-diagonal terms vanish as r(¢) — 0, as it should be. From this we also see that
there is no dissipation, since the diagonal terms of the density operator are not changed by
the interaction, namely Tr{ﬁs(t)} =1 V t. Of course, the specific form of interference damp-
ing depends on the state of the environment and the couplings of the interaction, namely ¢,
and g;, respectively. However, the coherence factor (3.30) can be interpreted as the sum of
2N vectors in the complex plane with different phases. At any given time, this can be seen
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as a two-dimensional random walk with 2V steps with lengths given by |c,|* following the
direction specified by the phase €,¢. It then follows that the average squared length of the
coherence factor will be proportional to the average step length, which scales as

<|T(l‘)|2>0< <|C|2>:2_N. (3.32)

This shows an exponential decay of the coherence with the size of the environment. Moreover,
it can also be shown [183, 187] that for sufficiently large N and several distributions of envi-
ronmental couplings g;, the coherence factor () is approximately described by a Gaussian
decay with time

r=e T, (3.33)

where the decay constant I' depends on the initial state of the environment and the distribu-
tion of g;. However, as long as the number of degrees of freedom of the environment is finite,
there will always be a recurrence time such that the coherence factor returns to the initial value
r(Trec) = r(0) = 1. Of course, this time strongly depends on the initial state of the environment
and the distribution of g;. For a highly symmetric case in which the state of all environmental

systems is given by % (| 1)+ |1>l.) and the couplings are all equal, g; = g, Vi, then

r(t) = cos™ (%t) , (3.34)

which is periodic with period % and shows that full “re-coherence” will occur at times Tyec =

ng , n € N. Another highly symmetric scenario is when the environment happens to be in

an eigenstate of the Hamiltonian |n), in which case no decoherence occurs at all. Of course,
such highly “ordered” scenarios are not realistic. In physically relevant cases, the recurrence
time is of Poincaré type, i.e. Trec N/, and it exceeds the lifetime of the Universe for realistic
(but finite) environments [183], hence the loss of coherence is irreversible for all practical
purposes.

Localisation due to scattering

The spatial localisation of macroscopic systems induced by the scattering of environmen-
tal particles is really one of the most compelling reasons that sparked the interest in the
quantum-to-classical transition, and it ultimately is the heart of the decoherence research
programme. In fact, environmental scattering and the emission of thermal radiation are the
dominant effects for the decoherence of macroscopic objects. Through scattering, environ-
mental particles provide continuous monitoring of the position of physical systems, which
is therefore the superselected observable. Thus, these interactions delocalise the coherence
between spatially separated components of the states of physical systems, leading to deco-
herence in position space. Of course, the scattering cross section is bigger for larger systems,
and hence spatial decoherence is faster for macroscopic systems.

We now consider an example of the above-mentioned scattering process, without provid-
ing all the details that can be found in [180]. As usual, consider a system S and an environment
(which is now made up of scattering particles) & that are initially uncorrelated

p(0) = ps(0) ® P (0) . (3.35)
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The centre of mass of system S is denoted by x, so the different states of system S are labelled
by the eigenstates of the position operator, |x). A state in superposition of different |x) de-
scribes a system S with a centre of mass in superposition of different positions. The scattering
model is derived [180] by requiring the following assumptions:

e Atinitial time, S and & are uncorrelated (this assumption is considered in practically all
decoherence models).

* The centre of mass of S is not perturbed by the scattering interactions (this is a require-
ment of “macroscopicity” for S).

* The particle distribution is isotropic.
* The scattering interaction is invariant under translations of S&.

* The scattering rate is faster than the characteristic evolution time of S under the self-
Hamiltonian Hg.

All of these assumptions can be justified in the physical context of interest. The only assump-
tion that can be limiting is the second, which means that the scattering model cannot be ap-
plied when the masses of the scattering particles are similar to the mass of S, hence excluding
the cases in which the latter is a mesoscopic object.

With these assumptions, it can be shown that, over timescales that are short compared to
the internal dynamics of S, the evolution of the off-diagonal matrix elements pgs(x,x’, t) of the
density operator of S is given by

pS(x)x/rO)e_Alx_x,|2t ’ )"0 > |x_x/|
ps(x,x', 1) = , (3.36)
psx,x',00e7 T, A< |x—x|

where A is the typical de Broglie wavelength of the scattering particles. This different be-
haviour depending on A is easily explained. If the particle wavelengths are small compared
to the spatial separation Ax := |x—x’ |, each scattering process can resolve this separation,
therefore the localisation rate will be independent of Ax. Vice versa, if the wavelengths are
larger than Ax, a large number of particles is required to acquire significant which-path in-
formation, and this number increases as the separation Ax increases. Of course, the short-
wavelength limit provides a lower bound for the decoherence rate, since it corresponds to a
maximum of which-path information that can be acquired by the environment. Therefore,
we focus on the long-wavelength limit, which is incidentally also the case of interest for the
scattering of photons. The decoherence time in this case, for a separation Ax, is clearly given
by

1
TD(A)C) = m . (337)

For the scattering of thermal photons at temperature T and assuming system S to be a dielec-
tric sphere of radius R [167], the constant A is found to be
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6/ 71\9
A= 1020(£) (Z) cm s, (3.38)
cm) \K

If we consider room temperature (7 ~ 300 K) photons scattering off a dust grain with R ~
1073 cm, the decoherence time for a separation Ax ~ 107% cm (three orders of magnitude
smaller than the radius) is 7p ~ 107! s. Even if we consider the same object simply immersed
in the cosmic microwave background T = 3K, the decoherence time for a separation of the
same size as S, Ax ~ 1073 cm, is 7p ~ 1 s, which still corresponds to a pretty efficient deco-
herence process. Of course, if the size of the object is decreased, these decoherence times
become increasingly longer. For example, for a large molecule with R ~ 107% cm and a sep-
aration comparable to the size of the object Ax ~ 107® cm, we get 7p = 10° s for photons at
room temperature.

These examples show that decoherence is an ubiquitous effect and also that decoherence
mechanisms can be very efficient. We also see that decoherence is just a consequence of the
application of standard Quantum Mechanics to the unavoidable interactions of physical sys-
tems with their environments. Therefore, decoherence is not something distinct from Quan-
tum Theory, it is built-in the theory itself, and cannot be neglected. Only by properly taking
into account the effects of decoherence is it possible to realistically describe physical systems.

3.1.5 Master equations

In the formalism described above, to compute the evolution of the density matrix of a phys-
ical system S interacting with an environment &, it is necessary to first compute the overall
dynamics and then trace out the degrees of freedom of &

p3(0) =Trs {UPss U (0} (3.39)

However, for any realistic scenario, this is seldom feasible since determining the exact dy-
namics of the system-environment combination is typically impossible. Moreover, we are not
interested in the evolution of the environment, the only thing we care about is the influence of
the environment on the system. For this reason, to study the evolution, it is possible to derive,
under some assumptions, some approximate equations called master equations. Since the
trace operation is non-unitary, these equations will also describe, in general, a non-unitary
dynamics. Such master equations allow us to replace (3.39) with

ps(H) =V [ps0], (3.40)

where V(¢) is called dynamical map. Basically, it is a superoperator’ representing a channel
from the initial to the final system state. In the following, we restrict our attention to mas-
ter equations that can be written as first-order differential equations that are local in time,
namely

d_ . TP R
Ps(0)=E[ps(0)] =~ | Hs,ps(0)] +D[ps(0)]. (3.41)

where the first term is the standard (unitary) Liouville-von Neumann part, and the second
term represents decoherence, and possibly also dissipation, caused by the environment. The

SIfD(Hs) 3 s : s — Hs is a trace-class operator, then 2 [9(]55)] 5V :9(Hs) — D(Hs).
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oAnly difference in the unitary term is the presence of a shifted Hamiltonian ﬁg instead of
Hg because, in general, the interaction with an environment will change the energy levels
of the unperturbed Hamiltonian. If the environment induces no decoherence, ® [ ,65(1?)] =0,
then this change in energy levels, called the Lamb shift, will be the only effect induced by the
environment.

An important class of master equations, which can be applied to several physical contexts,
is the so-called Born-Markov master equation. The assumptions on which the derivation of
this class of equations is based are the following.

1. The Born approximation, which can be applied when the system-environment coupling
is sufficiently weak and the environment is large enough so that the change in its density
operator can be neglected.

2. The Markov approximation, which can be applied when “memory effects” of the en-
vironment can be neglected, namely self-correlations within the environment decay
faster than the characteristic timescale of the evolution of the system.

Physically, the Born approximation corresponds to a weak-coupling limit between a physical
system and a much larger environment, for which the back-action of the system can be ne-
glected. This approximation is therefore reasonable for many cases of interest, in which the
changes of the system-environment as a whole are negligibly small compared to the evolu-
tion of the system alone. The Markov approximation is similar to the notion of Markovian
processes in classical probability theory. A stochastic process is Markovian if the probability
of an event is independent of previous events, namely the system has no “memory of its past”.
A Markovian environment is therefore an environment in which the dynamically formed self-
correlations (namely correlations among parts of the environment) decay on a timescale 7ot
which is much shorter than the characteristic evolution time of system S, 75. This assump-
tion is reasonable if the system-environment coupling is weak and the environment is at a
sufficiently high temperature.

A particular class of Markovian master equations, which will be of interest in the following,
are the so-called Lindblad master equations, or Lindbladians. They are derived by requiring
that positivity of the density operator be preserved throughout the evolution

(w|psd]y) =0, V{|w>,t}e]€sle+. (3.42)

This is a physically motivated requirement, since the diagonal matrix elements of the density
operator are typically interpreted as occupation probabilities. It has been shown [188, 189]
that the most general master equation satisfying this requirement takes the form®

d i

—ps(1) =7

= | 5,50 +%§3Y(xﬁ{[§a,ﬁs(ﬂ§g] +[Saps(0), 8} } (3.43)

where the operators S, are those appearing in the decomposition of the interaction Hamilto-
nian Hin = 3.4 Sq ® Eq, and 44 are time-independent coefficients that contain the physical

6A simple derivation of this equation can be found in chapter IX of [190].
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information about the decoherence parameters. It is important to note that this equation is
of Markovian type, but not all Markovian equations can be recast in this form. In general,
an additional assumption, the rotating-wave approximation, is needed. If a master equation
is not a Lindbladian, in general, it is not guaranteed that the positivity condition is satisfied.
However, the inability to write a master equation in this form does not necessarily mean that
(3.42) is violated. An example is given by the quantum Brownian motion, for which the exact,
non-Markovian, master equation can be derived. Being non-Markovian, this equation is, of
course, not a Lindbladian, but it can be shown that (3.42) is satisfied [191].

The Lindblad equation can be simplified by diagonalising the matrix I = (y4p), which is
always possible since this matrix is positive. If 1, = 0 are its eigenvalues, then

P50 =+ [Hg,ps(t)] - EZAy{LLLHps(t) +ps(DL, L, —ZLpPs(l‘)LL}, (3.44)
u

where .7:” are called Lindblad generators. These are not Hermitian, in general, namely they
are not necessarily physical observables. When they are Hermitian, the equation is further
simplified

. (3.45)

d i [~ 1 ~ [~
TPs=—2 | A4, ps(0)] - E;AH L | L Ps(0)]
If the Lindblad generators are chosen to be dimensionless, A, have the dimension of inverse
time and therefore are to be regarded as the decoherence rates. In fact, all the physics of the

decoherence process is hidden in these coefficients.

3.2 Fundamental decoherence from quantum symmetries

The introduction to decoherence of the previous section has set the stage for the presenta-
tion of the results of [1,3]. In [1], we develop a decoherence model for quantum systems by
considering the action of deformed symmetries (specifically, deformed time translations) on
the evolution of quantum systems, while in [3] we derive some strong constraints for another
quantum spacetime-induced decoherence model using neutrino oscillations. These results
fall under the umbrella of the studies on decoherence carried out in the context of Quantum
Gravity and Gravity in general. In the next subsection, we review this topic [192].

3.2.1 Decoherence in (Quantum) Gravity

As we extensively discussed in the first part of the chapter, interactions with an environment
generally lead to decoherence processes for quantum systems. An idea that dates back to Pen-
rose and Diosi is that the gravitational field is essentially an ubiquitous environment, with
which every system interacts [193, 194]. Contrary to the environments discussed above, in-
teractions with the gravitational field cannot be shielded, even in principle, simply because
every system necessarily is in spacetime. Since Gravity is universal, and also because the mag-
nitude of gravitational effects increases with the mass, Di6si and Penrose proposed the idea
that Gravity could be the ultimate explanation for the emergence of classical behaviours in
the macroscopic regime.

Moreover, the possibility that the interplay between quantum and gravitational effects can
generate decoherence of quantum systems has also emerged in the earliest investigations on
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Figure 4: Artistic representation of fundamental decoherence originating from quantum
spacetime. The latter is represented as a fuzzy medium in which quantum particles propa-
gate. A particle is initially represented as a fuzzy cloud that, upon evolution (represented by
the trajectory), becomes more and more sharp. Here, localisation in space is represented but
quantum gravitational effects can cause localisation in other relevant variables, e.g. energy
and momentum.

Quantum Gravity. The original motivation was provided by the Hawking’s proposal [195] that
the evaporation of a black hole evolves pure states into mixed states. This is at the heart of the
so-called black hole information paradox, which is still today at the centre of a heated debate
aimed at establishing whether the evolution of the quantum states of a black hole and the
emitted radiation is unitary [196-202].

From these pioneering ideas, the field of gravitationally-induced decoherence research
was born, and several Quantum Gravity-inspired framework were also proposed over the
years [192]. The key notion is that Gravity could give rise to environmental decoherence
processes, if the interactions between the gravitational degrees of freedom (either classical
or quantum) and those of the quantum system are taken into account [203-208]. However,
there can also be different types of gravitationally-induced decoherence. In fact, an intriguing
possibility is that classical or Quantum Gravity effects might cause departures from standard
Quantum Theory caused by the sheer properties of spacetime itself, giving rise to decoher-
ence processes even in the absence of interactions with an environment, see fig. 4. This type
of decoherence is called fundamental, since it would affect quantum systems independently
of their environments. Unlike environmental decoherence processes, for which information
on quantum coherence is delocalised in the environment, in the case of fundamental deco-
herence such information is lost, since there is no environment to (from) which it could have
been transferred (be retrieved).

Since a full theory of Quantum Gravity is still missing, any theoretical description of quan-
tum gravitational decoherence is necessarily incomplete, and physical predictions in general
depend on assumptions about the behaviour of Gravity at the quantum scale. For this reason,
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decoherence effects are typically discussed in very different ways, and either the proposals
are based on specific models, resulting in model-dependent effects, or quantum-gravitational
features are introduced heuristically, based on some general ideas about Gravity at the Planck
scale. The model proposed in [1] certainly falls into the first category. In fact, we propose a
rigorous derivation of a decoherence process in a full-fledged model of quantum spacetime,
namely spacetime non-commutativity and the ensuing deformation of spacetime symme-
tries. Examples of other models in the literature can be grouped into categories:

e Some authors build their intuition on gravitational decoherence starting from the idea
that, independently of the resolution of the Quantum Gravity riddle, it is expected that
spacetime as a dynamical variable fluctuates in a stochastic way. These stochastic fluc-
tuations, which are the cause of decoherence in these models, can be implemented in
different ways [209-211].

 Since decoherence is a dynamical feature, it is not a surprise that it is possible to derive
some decoherence mechanisms by adding some non-trivial features to the flow of time,
such as replacing ideal clocks with realistic clocks [212] or taking into account the effects
of gravitational time dilation [151].

* Anotheridea thatis shared among some authors is that spacetime, at the quantum level,
should manifest a foamy structure. This foaminess, of course, modifies the evolution of
quantum systems, leading to decoherence [207,208].

* Finally, one of the first ideas in Quantum Gravity research is that a quantum structure
of spacetime should manifest itself by enforcing a fundamental limit on localisation.
Depending on the nature of this minimal length, some decoherence mechanisms can
be derived [213,214].

Regardless of the specific different realisations in these models, the core question consis-
tently seems to be the same: Does gravitational decoherence enforce a fundamental limit on
the scales at which quantum features of nature can be observed?

3.2.2 Hopf-algebraic rewriting of Qquantum Mechanics

The decoherence model proposed in [1] is derived in the framework of non-commutative
spacetime and deformation of spacetime symmetries, introduced in the first chapter chap-
ter 1, which are typically described with the language of Hopf algebras. The mathematical
structures arising in this Hopf-algebraic framework have a surprisingly simple interpretation
in the context of Quantum Mechanics, as we shall outline briefly in the following.

Given a quantum particle, the physical observables are given by Hermitian operators act-
ing on its Hilbert space .# and, considering an observable O acting on this Hilbert space,
its action on multiparticle states, namely states in the tensor product #%", is given by the
so-called second quantised operator [215]

dr(@) - 1ono+éon1+(6®1+1®6)onz+(6®11@11+1®6®1+1®1®6)0H3+... | (3.46)
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where IT,, is the projector onto .#®". This expression can be easily rewritten by defining’

Ap:=(A®1)oA,1, n=2, AJO:=A0=001+100, AyO:=1, (3.47)
so that
cx’ o~
ar=Y% (AnO)oHn. (3.48)
n=0

From this we see that we can interpret the co-product as the action of a single-particle ob-
servable on a two-particle state. To make this more clear, we can consider an example. The
simplest type of observable is given by the generators of (spacetime) translations, namely the
Hamiltonian and spatial momentum. Considering the latter, if particle states are labelled by
the eigenvalues of this operator®, then the action of the i-th component of the momentum
operator on a two-particle state is given by

AP k) ®|q) = (ki+qi)[k)@|q), (3.49)

namely, it simply yields the i-th component of the total momentum of the two-particle state.
If the co-product of the momentum is not trivial, then the composition law will be deformed,
and in general will be written as

APi|k)e|q)=(keq)|k)®|q) . (3.50)

Another important action of the observables of a physical system is given by the right ac-
tion on the dual Hilbert space #*, which is defined as

(Pi(al) k)=~ (alPilkc)y = P (k| =~k (k]| . (3.51)
This is not to be confused with the conjugate of the left action
~ ~ T
(k| i = (Pi]k)) = ki [k} . (3.52)

The difference is easily understood by considering these actions in the position representa-
tion, in which momentum eigestates are represented by plane waves, and the translation gen-
erator is the derivative. Therefore

~ 0

p; |k> — —ih——ei*k = k; e xk
O0x?
- (3.53)

~ 0 i i
P (k| — —ihﬁe_ﬁx'k =—k;je n*k

while

—

k| B, = (Bi k) — e hk| in0 | = ke hek, (3.54)
(k| P = (P [K)) =

7F0rexample,A36:5®1®1+1®6®1+1®1®6

8particle states can be regarded as the representations of the symmetry group of the underlying spacetime
structure. In both the relativistic and non-relativistic regime, these states can then be labelled by the momentum
(and the mass, which defines the mass shell hyperboloid or paraboloid, respectively).
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were the arrows denote the direction in which the derivates act. Although the right- and left-
actions are different, it is possible to use a map to write the first as a left-action. This map is
nothing more than the antipode. In fact, by defining S(P;) = —P;, we get

Pi (k| = —k; (k| = (k| (k) = (k| S(P;). (3.55)

From a physical point of view, the antipode can be seen as defining the opposite momen-

tum. For example, in the position representation (x|k) = e *¥ while (k|x) = e~ #*¥ which is
simply a plane wave with opposite momentum. Since the latter, given a particle with a mo-
mentum k, can also be defined as the momentum that a second particle must have to produce
a two-particle state with zero total momentum

q | AP;|k)yelq)=0, (3.56)

in general having a deformed composition law for the momenta means that how the opposite
momentum is defined is also deformed.

The last operation that we need to take into account is the action of symmetry generators
on operators. In Quantum Mechanics this is given by the adjoint action

adp(A) =-i| 4,4, (3.57)

where, in this example, we have considered the Hamiltonian H, so that the adjoint action
gives the time evolution of A in the Heisenberg picture. Is there a way to write such an action
in terms of the co-algebraic structures defined above? The answer turns out to be positive

adp(A) = (id® S)oAHoA=(Ael-18 A)oA=-i|H A, (3.58)
where id is the identity map id(0) = O and the diamond map is defined as
(Ao1)od:=—iHA, (1eH)oA:=—iAM. (3.59)

This is the definition of the quantum adjoint action [216]. If we have non-trivial coalgebra
structures, given a generator of the symmetry algebra G, (ide S)AG in general is a sum of
terms of the form @" ® @m, where G; are some generators of the symmetry algebra, and 7 and
m are some powers. Therefore, for non-trivial coalgebra structures, we generalise the adjoint
action of a generic symmetry generator G on an operator A to’

adg(A):=(ideS)oAGe A, (Gle G| o A= (-i)" "G AGY". (3.60)

With this adjoint action we can define the dynamical law of quantum systems, namely the
Liouville-von Neumann equation, directly from the algebraic and co-algebraic structures of
the spacetime symmetry algebra

d_ 1 i
P = 2ads(p(0) = — |H.p0)]. (3.61)

9In [216] the quantum adjoint action is defined for the abstract algebra. Here, we consider the representation
of this algebra on the Hilbert space of a quantum system. For this reason, the quantum adjoint action has to
satisfy some additional properties, such as preserving the hermiticity and positivity of the density operator upon
evolution. Therefore, we introduce the powers of —i in the definition of the diamond map. This will become
clearer in the next subsection.
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This completes the Hopf-algebraic rewriting of Quantum Mechanics, specifically of the
properties we are interested in. From this we understand that the algebraic properties of the
spacetime symmetry algebra define the structure of Quantum Theory:

* The representations of the algebra define the particle states with definite momentum
and mass. In both the relativistic'® and non-relativistic cases, the spacetime symmetry
group can be written as a semidirect product of a non-Abelian part and the group of
spacetime translations. Therefore, the representations are obtained with the little group
method (cf. chapter A) and are labelled by the eigenvalues of the spatial translations (the
momentum) and the mass, which defines the mass shell, m? = E2—p-p for the Poincaré
group and 2mE = p - p + 2mu for the Galilei group, where u is the internal energy [67].
These are just the orbits in the (E, p) space under the action of the non-Abelian part of
the group, namely the points that can be reached from a reference point (Ey, po) under
the action of rotations and boosts.

* The coalgebra structures define the action on the multiparticle states (co-product), dual
Hiblert space states (antipode), and operators (adjoint action).

e The dynamical law is nothing more than the adjoint action of the time translation gen-
erator on density operators.

If the symmetry algebra is the standard Galilei (or Poincaré) algebra, then the structure of
Quantum Mechanics is recovered. However, with the formal Hopf-algebraic definitions we
have given, we can introduce quantum spacetime-inspired deformations in the symmetry
algebra and see the effects that such deformations have on quantum systems.

3.2.3 Here comes the decoherence

We are finally ready to discuss the results of [1]. We consider the deformation of space-
time symmetries given by the x-Poincaré algebra that arises as the symmetry algebra of -
Minkowski non-commutative spacetime, described in chapter 1. The latter is characterised
by a non-commutativity between the spatial coordinates and the time coordinate

[xo,xi] = itpxi = izxi, [xi,xj] =0, (3.62)
cK
where cx is typically identified with the Planck energy, ck = Ep and tp = £pc! is the Planck
time. As discussed in chapter 1, the symmetry algebra of this non-commutative spacetime
can be written in different bases, which in general predict different physical effects. The basis
we choose to analyse here is the so-called classical basis [76], which is characterised by an
undeformed algebra sector, with all deformations confined in the coalgebra. This is a par-
ticularly interesting basis to study in a quantum-mechanical framework, since single-particle

10The reader could be worried that considering relativistic systems with the formalism of first quantisation is
inconsistent. This framework should be intended to be applied to a physical regime in which particle creation
and annihilation are negligible. In such a context, it is justified to consider relativistic systems as described by a
first quantised theory. As a matter of fact, this is done in a variety of contexts in the literature [117,150,217,218].
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states, defined as representations of the algebra, are the standard ones, and only the action of
symmetries on operators and on multi-particle states is deformed.

The only coalgebra structures we will need in the following concern the (spacetime) trans-
lation sector, and are given by
-~ P~y = o “ ]. A =~
APy = Py®Tly+ 10y ® Py+—P;Il;' ® P!,
K
AP;=P;®l+1eDP;, (3.63)
~ ~ la2. ~ ~ ~
S(By) = —Py + ;Pz fi;', S(P;)=-p;0y",
where

1 pun 19
1= 5PHP, = Po (3.64)

)

=2

1-LP
p"p,=-P2+P°=—P2+ PP,

and P, have the physical dimensions of momentum. In the following we consider the effects

of these deformations at first order in the Quantum Gravity scale x " !. Therefore, the deformed
structures will be given by

AH =Hel+le®eH+:-P;oP',
P

~ ~ )
S(Py) =-Py+ P,

(Po) =—Po+ 55, P", P (3.65)
AP; :P,-®]l+IL®P,-+WP,-®PO,

S(P;) =-P;+ ﬁﬁiﬁo ,

where Mp = ¢ '« is the Planck mass and H := cP, is the generator of time translations with

respectto = c1x0.

With this deformed coalgebra, we can immediately read off the deformed composition
laws for momenta

~ 1
APi|k)e|q)=(keq)|k)e|q) = (keog); = kﬁqﬁmkﬂi(q),

(3.66)

. 1

AH|k)®|q)=(Ek)®E(q)|k)®|q) = E(k)e E(q) = E(k) + E(q) + s kidts
p

where, for on-shell free particles with mass m, E(q) = v/ m? + g?. Moreover, by making use of
(3.60) we can derive the deformed time evolution for the density operators that describe the
states of quantum particles. Since we want to preserve a probabilistic interpretation for the
matrix elements of density operators, we define this evolution in such a way as to preserve the
hermiticity and the positivity:

d_ 1 PR
Ep(t).—%{adH(p(t))+[adH(p(t))] } (3.67)
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In fact, with the definition given in (3.60), we show that this equation is a Lindbladian. The
basic ingredient of this equation is ad g(ﬁ ( t)) which, at first order in M;l, reads

adg(p(1)) = (id® S)AHop(f) = (id® S)

~ ~ | P
H®]1+]l®H+—Pi®P’)<>,6(t)=
Mp

—~ ~2 1 . o~ (3.68)
~ —i[H, ﬁ(t)] - PP~ PP,
thus the evolution equation (3.67) becomes
d i ~ 5 [5i ~
&sz—%PﬂMULéhMPPbPaMUH, (3.69)

which is a Lindblad equation (3.45) with Lindblad generators given by the spatial components
of momentum, f,- = ﬁ,-, and a matrix of decoherence coefficients proportional to the identity,
A; = hMp)~! Vi. Hence, this equation, interpreted as the evolution equation of the den-
sity operator of a quantum system living in a non-commutative spacetime whose symmetries
are those of a quantum deformation of the Poincaré algebra, describes a decoherence mech-
anism in the momentum basis, which is therefore the superselected basis, see section 3.1.3.
While for environmental decoherence the superselection rules depend on the form of the in-
teraction with the environment, for decoherence induced by deformed symmetries the super-
selected observables depend on the deformations. Since the deformation of the time transla-
tion generator in (3.65) is given by the spatial components of the momentum, these appear as
the superselected observables.

We can easily solve (3.69) for a free particle. If |m, p) are the basis states of the Hilbert
space of the particle, where m is the mass, (3.69) reads

d 3 i 1 2
3P0 =]~ 5(E(R)~E@) - 555 (p=4) | opa(0, (3.70)

where p (1) := (m, p| p(r) | m, q). The solution therefore is simply given by

t
2h Mp

i
ppaD) = ppg(O)exp | = 1(E(p) - E(q))

(p- q)zl . (3.71)

From this solution we see that the diagonal elements are conserved, while the off-diagonal
terms are exponentially damped, with a (momentum-dependent) decoherence time given by

27 Mp
(p-q)°

The ensuing decoherence rate is suppressed by the quantum deformation scale Mp and is
amplified by increasing values of p — g, in such a way that the decoherence process becomes
increasingly more efficient as the energies involved approach the Planck scale.

p(p.q) = 3.72)

This exponential damping effectively realises a localisation in momentum, hence con-
firming that the spatial components of momentum are the superselected observables, and it
also results in a loss of purity over time, as can be seen by studying the time evolution of the
linear entropy

S =1 —Tr{ﬁz} . 3.73)
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The time derivative of this quantity is simply
a5 _ —2Tr{AiA(r)} I 2i| H,p(0)| + Lo [ﬁ- |7 A(t)H =
dr Par” " h S NP VAL Rl b N
(3.74)

S ﬁ(t)[ﬁ [ﬁ" ﬁ(t)H - L Y 6,000 =0
hMp 1 ’ hMp - 1 i )
where we used Tr{ﬁ(t) [ﬁ, ﬁ(t)]} =0 and 0;(z) := [ﬁ(t),f’,-]. Therefore, we see that (3.69)

indeed leads to an increase in the entropy (or a decrease in the purity) of the system. Using
(3.71) we can also derive the asymptotic behaviour

2 —00 2
(1) = l—fdgpdgq‘ppq(O)’ e~ P-a t—»l—fdgp‘ppp(O)) . (3.75)

Of course, the increase in the entropy stops when the off-diagonal terms are washed out, mak-

ing the density operator diagonal in the momentum basis, so that O; = [ p( t),ﬁ,'] =0 and

ds _
=0

3.2.4 Galilean limit

In addition to the result discussed above, we can also derive the effects on the evolution for
non-relativistic particles by considering the Galilean limit of (3.63). The non-relativistic ver-
sion of this algebra is the x-Galilei algebra [219]. This non-relativistic limit is achieved by
explicitly writing off the units of ¢ in the algebra, and taking the limit ¢ — co. We have'

Py=—, x=cMp. (3.76)

o |

With these definitions, (3.63) reads

A~ A A AN A 1 AN A ~7

AHy = Hy® Ty + 11y ® Hy+ —P;I1;' ® P,

Mp

AP;=P;®1+1®P;, (3.77)

—~ ~ 1 ~o~ ~ ~ ~
S(Hy) = —Hy+ —P1i;", S(P;)=-B;1iy",
Mp

with

——— _ (3.78)
A \/1—64]1w%(—H2+02PiP1)—ﬁH0
My = ——

1- 1, PP

For the complete algebra, we would also have N; = ¢ B; for the boosts generators.
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Therefore, ¢ — oo yields [Ty — 1, ﬁa 1 — 1, hence
AHy=Hy®1+1® Hy+ —P; ® P*,
Mp
AP;=P;®l+1®P;, (3.79)
=2
S(Bo) = ~Ho+ 2, §(By) =B,
Mp
The composition laws for momenta thus become
APilk)e|q)=(keq);|k)®|q) = (koq),=ki+q:,
(3.80)

~ 1 .
AH|k)®|q) = (Ek) o E(@) |k)®|q) = E(k)® E(q) = E(k) + E(q) + Mpkiql ,

2
where now E(p) := 2”—m for free particles. It is also clear that the deformed equation (3.69)
remains the same in this non-relativistic limit. Therefore this is the evolution equation for
quantum particles both in the relativistic (at first order in M;l) and in the non-relativistic
cases.

Even though the result is the same in the two cases, in the non-relativistic limit we can
derive another interesting result. In fact, the decoherence time (3.72) can be used to derive
a fundamental constraint on the mass of quantum particles. To do so, we observe that if a
system is in a state with a given energy spread 6 E, the state is characterised by a lifetime [220]

h
.2 — . (3.81)

‘~6E
Decoherence cannot be observed if the decoherence time is longer than the lifetime of the
state of the system. Thus, for decoherence to be observable, the decoherence time and the
lifetime must satisfy the condition 7p < 7.. Conversely, if we do not observe decoherence
in a given quantum system prepared in a state with energy spread 6 E, we have the opposite

bound, Tp =1, 2> h(é‘E)_l, namely,

0P <,y (3.82)
6E ~ p. .
For quantum states whose wave function is localised in spatial momentum, % > 1 (from
2
which (gZ)Z ~ 1), we have from (3.82) that
mS Mp. (3.83)

This bound sets a limit on the mass of quantum systems. Specifically, it is not possible to
create highly delocalised states in position for quantum systems with a mass greater than the
Planck mass Mp. This can be regarded as a more rigorous derivation of an expected feature of
quantum-gravitational physics, namely that the Planck mass constitutes a breakdown scale
of Quantum Mechanics, as is shown from heuristic arguments, for instance, in [52,214]. No-
tice that had the momentum dependence in (3.72) been different, e.g. linear, we would not
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have been able to derive such an absolute bound, which is a genuine implication of quantum
spacetime properties.

Before closing this section, let us remark that the limit (3.83) should be taken seriously
only for elementary quantum systems. For composite systems, it has been suggested that
the effects of symmetry deformation might be suppressed by some power of the number of
constituents [221-223].

3.2.5 The emergence of the arrow of Time?

It is well known that decoherence is related to the problem of the emergence of a time reversal
asymmetry [224-226]. The problem of the emergence of an “arrow of Time” is deeply con-
nected to the interpretation of Quantum Mechanics, the problem of the wave function col-
lapse, the measurement problem, and other somewhat philosophical questions [224]. How-
ever, we will not discuss these issues here and will only make a quick comment on (3.69). The
ideas presented below are not part of [1] because they were sparked after the publication of
the article as a consequence of a question raised by Claus Kiefer in the review process. We
thank Claus Kiefer for his question that led to the discussion presented in the following.

Non-unitary evolution typically breaks the time reversal symmetry of the Liouville-von
Neumann equation. If T is the anti-unitary time reversal operator and p(f) is the solution to
the Liouville-von Neumann equation, it is easy to see that the time reversal transformation
changes this density operator as

PN : PN PN
~

ToT ' =Te 1l 50)en 11T = en At 50)e 11 = p(—p), (3.84)

therefore applying T to the Liouville-von Neumann equation and then changing ¢t — —t leaves
the equation invariant (assuming that H is invariant under time reversal)

745071 = —iﬂﬁl A(r)]frl 950 = i[H A(—t)] tmt Ao o —i[H A(t)]
ar’ noLhP ar’ plhP ar’ plhP (3{‘35)

Of course, this property does not hold, in general, for a non-unitary evolution equation like
the Lindbladians (3.45). In particular, this is the case for (3.69), as is immediately shown

4ocn=1tLs507 1L [PI ﬁ(—t)] __L 1p [13" ﬁ(—t)] (3.86)
dt dt ™ 2nMp| VL ’ ‘
therefore, by mapping ¢ — —t we get
450 = _1[17 ﬁ(t)] f—|p, [13" ﬁ(r)] (3.87)
dt nl 2nMp| VL ’ '

which is not the same equation as (3.69). Of course, the solution to this equation is simply
given by (3.71) with t — —1 in the non-unitary part of the exponent. This leads to a non-
physical scenario in which, for example, the purity of the density operator exceeds 1 as time
grows. This is to be expected since equation (3.69) is not symmetric under time-reversal and
its solution contains an exponential damping factor that yields an exponential growth when
time is reversed.

What is the physical origin of this time asymmetry? In environmental decoherence this
can be traced back to the neglecting of the environmental degrees of freedom: The evolution
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of the system-environment combination is perfectly unitary, and if we were able to have ac-
cess to all environmental degrees of freedom, we would see the evolution as symmetric under
time reversal. Since this is impossible for all practical purposes, an effective time asymmetry
emerges in the dynamics of the system alone. In our case, however, there is no environment,
and the evolution is therefore fundamentally non-unitary: The emergence of the arrow of
Time in (3.69) seems to be fundamental and not a consequence of the impossibility of con-
trolling the degrees of freedom of some environment. This time asymmetry can be explained
once again with deformed symmetries. In fact, in the standard Liouville-von Neumann case,
the time-reversed evolution equation is generated by — H, which we can rewrite as S (FI ). By
making the ansatz that this operator generates the time-reversed evolution also in the de-
formed case, we define

d_ 1 _ o
PCD= %{ads(ﬁ)(p(—t))+ ads(ﬁ)(p(—t))] } (3.88)
This definition yields
d5ch= 1[1? ﬁ(—t)] L |p [13" ﬁ(—t)” (3.89)
dt nl 2nMp | VL ’ '

which is exactly (3.87). From this we understand that the reason for the emergence of the
time-reversal asymmetry is simply S(H) # —H. Therefore, in this model, Time asymmetry
originates, at the fundamental level, from a deformation of spacetime symmetries.

Of course, the model presented in this chapter is derived within a very specific framework,
non-commutative spacetime, which should not be intended as a full theory of Quantum Grav-
ity, rather it can be regarded as some effective limit of such a theory. Therefore, here we are not
arguing that we derived a definite explanation for the emergence of the tyme-reversal asym-
metry. The results presented above are just to show that a full theory of Quantum Gravity,
among other things, could also yield a definitive answer for the foundational long-standing
problem of the emergence of the arrow of Time in the physical world. As a matter of fact, a
simple model, such as the one presented in this chapter, already hints towards this direction.

3.3 Constraints on quantum spacetime-induced
decoherence from neutrino oscillations

In the previous section, we presented a new model of quantum spacetime-induced decoher-
ence originating from a deformation of spacetime symmetries. In general, propagation in a
quantum spacetime can affect the pattern of neutrino oscillations. Specifically, this may be
ascribed to deformations of the neutrino dispersion relation [227], minimal length and gen-
eralised uncertainty principle scenarios [228,229], CPT violations [208, 230, 231], Lorentz in-
variance violations [232, 233] or generalised quantum-mechanical evolution equations lead-
ing to decoherence mechanisms and collapse models [234-236]. Some of these models cause
deviations from the standard neutrino oscillation pattern, while others [230, 232, 233] im-
ply a damping of the total neutrino fluxes (the two possibilities are discussed and compared
in [237]).
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In this section, we perform a phenomenological analysis of Quantum Gravity-induced de-
coherence models by investigating their effects on neutrino oscillations, following [3]. We in-
vestigate how neutrino oscillations are affected by fundamental decoherence, a generic fea-
ture emerging in Quantum Gravity research [1, 192,209, 211-213, 238]. To account for de-
coherence, the usual Schrodinger equation describing propagation of neutrino wavepackets
is replaced by a general Lindblad equation [189]. We fully develop the relevant formalism
and show that a Lindblad-type evolution introduces an exponential damping factor into the
oscillation probability that quenches the oscillations, without altering the neutrino fluxes.
The functional dependence of the damping factor on the neutrino energy characterising dif-
ferent neutrino experiments and on neutrino masses depends on the specific decoherence
model. We compute it explicitly for a number of quantum spacetime-induced decoherence
mechanisms originating from different sources: non-commutative spacetime [1], stochastic
fluctuations of a minimal length [213], stochastic fluctuations of metric perturbations around
Minkowski spacetime [211], and the interaction with a thermal background of gravitons [206].
We discuss the relevance of the resulting oscillation damping for measurements exploiting re-
actor, solar, atmospheric, and astrophysical neutrino.

Because the experiment baseline generally enters linearly in the oscillation damping fac-
tor, one could naively assume that long-baseline experiments might provide stronger con-
straints on the effect. However, for very long baselines neutrino wavepackets decohere al-
ready in the standard oscillation scenario because of the different propagation velocities of
the mass eigenstates. Therefore, oscillations are washed out and flavour eigenstates decohere
into mass eigenstates [43, 218,239, 240], thus rendering the fundamental decoherence effect
irrelevant.

We find that the most sensitive probes for fundamental decoherence are reactor neutrinos
and atmospheric neutrinos. Their sensitivity to decoherence depends on the dependence of
the effect on neutrino energies and masses. Among the models we considered, we find that
the only one that can be significantly constrained using these observations is the one where
decoherence is induced by metric fluctuations [211]. For this model, we establish stringent
constraints on the Quantum Gravity scale governing the strength of the effect. Even though
this is the only model that can be meaningfully constrained using neutrino oscillations, for
completeness, we discuss the dependence on the relevant experimental parameters of all the
models we considered, to show in detail why neutrino oscillations do not offer a good phe-
nomenological window for them.

3.3.1 Neutrino oscillation in the standard scenario

Neutrino oscillations are commonly described within the plane wave approximation [218],
which requires specific assumptions concerning the conditions at production (equal energy,
equal momenta, equal velocity, or energy-momentum conservation). This is reasonable in
the standard neutrino oscillation picture, and all possible assumptions produce the correct
oscillation probability. However, it is not suited for decoherence analyses since, typically, the
decoherence terms in the evolution break the equivalence of the assumptions, resulting in
ambiguous results. For this reason, in the following, we describe neutrino evolution within
the wave packet formalism. We start by briefly reviewing the derivation in the standard sce-
nario following [218], and then generalise the analysis by introducing decoherence effects. We
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remark that a fully consistent treatment of neutrino oscillations should require a relativistic
quantum field theory framework. However, the correct (standard) oscillation probability can
also be derived with a first quantisation approach, see, e.g., [218]. It is then conceivable to dis-
cuss possible decoherence effects affecting the standard oscillation pattern within the same
framework, as extensively done in the literature [208,227,229-231,234,240-243].

The wave packet corresponding to a generic neutrino flavour state ‘VY> can be written as

a superposition of mass states wave packets |1//i) ® |v,~> as
“’7> =2 Upilyiye|vi)= ZU;‘ifd3pwi(P) p)e|vi), (3.90)
i i

where U is the neutrino mixing matrix and |p> are momentum eigenstates. If the neutrino

state is described by a density operator p(¢) at time ¢, such that p(0) = ‘vﬁ><vﬁ ‘, the transition

probability from the initial flavour state f to a different flavour state a within time ¢ is given
by
P(B— a; 1) =Tr{ p(t) [va XVal} (3.91)

Taking into account the time evolution of the density matrix

p61= e[|y v | -
:ZU*iUﬁjfdgpdgq%(l’)w;(ﬂe_%[Ei(p)_Ej(q)]t|p>(q|® Vi><1/j‘ (3.92)
i,
and decomposing the flavour states as in (3.90),
[VaXva| = kZJU;kUal | b X 1| @ [vieXvil (3.93)

the transition probability at time ¢ reads
P(p— ;1) =) Up;Up;Ug;Uai f & pdqui(p) (a);(a)e; (p)e TIE@E@]T (5.9
i\

where we used the relation

Tr{ (|p><q| ® Vi><vj‘)(|qbk><(/)l| ® [vi)(vi| )} = ¢r(q) 97 (P)Bk;01i - (3.95)

Note that the plane wave description can be recovered from (3.94) by setting ¢; (p) = eiPx
v, (p) =% (p-p;) and performing one of the standard space-to-time conversion techniques
[218].

Since in any neutrino oscillation experiment the propagation distance is much larger than
the wave packet size, the problem is effectively one-dimensional, and only the component
of momenta in the direction between the source and the detector is relevant. If the wave
packets of the produced and detected neutrinos are peaked, respectively, in x =0 and x = L,
the corresponding momentum distribution functions are y;(p) = fl.(S)(p —p;) and ¢;(p) =
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fi(D '(p- p;.)e_%”L. Assuming that the momentum distribution functions are sharply peaked
around the mean momenta p; (at emission) and p’, (at detection), one can expand the ener-
gies E; j(p) about the mean momenta at first order:

Eij(p) = Eij(pip) + (p=pijvg;, (3.96)

where vg, ; = pi,j c*/E;, j(pi,j) is the group velocity of the wave packet. Then the transition
probability (3.94) reads

P(f—a;0)= ZUﬁlUﬁ]U Uaie—%AEw”%prﬂfdpdq fl.(s)(p)fj(s)*(q)
, (3.97)
.fj(D)(q+6,-)e—ﬁ‘foi(D)*(p+5,-)e%PLe‘%[PVgrq”gj]f,

where we further shifted the integration variables p — p; — p and g — p; — ¢ and introduced
the notation 6; = p; — ]9;., AE;j=Ei(pi)—Ej(pj) and Apij=pi—pj-

Because the emission and arrival times of neutrinos are not measured in typical oscillation
experiments, the transition probability (3.97) is averaged over time [218] and a normalisation
factor is introduced so that the probability is normalised, ", ) Pf—a)=1:

P(B—a)= N Y UjUp;Us;Uai ehPiil fdtfdpdqfi(s)(p)f]@*(q)
" (3.98)

.fj(D)(q +6j)fi(D)*(p + 51,)3%(19—67”6_%[p”gi_q”gj+AEif] t ,

where 4" is the normalisation factor. Integration over the time variable results in 6 (pvg, —
qug; +AE;j). This is simply enforcing an equal-energy condition on the wave packet compo-

nents, 6 (E i(p)—E; (q)). This condition arises because only the equal-energy components are
not washed out by the rapidly oscillating factor in the integration. Therefore, integration over
time can be replaced by enforcing the equal energy condition on the wave packets compo-
nents. This produces equivalent results as to the time integration when no decoherence is in
place (the complete proof can be found in section 6 of [218]), and it is the only one that gives
well-defined results once decoherence processes are taken into account, as we show in the
following section.

Calling r;; = vg,/ vg;, one finally obtains

P(f—a)= ZUlUﬁ]U Ume‘PU fdpfl.(s)(p)fj(s)*(rijp+AEij/Ugj)
Vg;

(3.99)
.fj(D)(rijp+AEij/vgj+5j)fl-(D)*(p+5,~)e%l’(1—rif)]“,
where
" A AE;j L~ A AE;j\L (3.100)
ij = |RPij Ug, n o |2 vg |1 '

is the phase factor and the last approximation, in which vg,; := (vg, + vg;)/2, can be performed
because the difference between vg, and vy, j is of order Amlgj and AE;j is already of order
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Amfj. For relativistic or quasi-degenerate neutrinos, the momentum difference can be ex-
2

panded in terms of the energy difference and the mass difference Am; ]

2

2
AE;: ccAms-.
Yo iy (3.101)

N Vgij 2pij

where p;; is the average momentum. This yields the standard phase
2

ij
_ (3.102)
2hpij

c2Am
¢pij=-L

In general, the last phase factor in eq. (3.99) can be rapidly oscillating, and this would
produce a loss of coherence for the neutrino wave packets. However, in several experimental
setups of interest, this effect is negligible. This is the case where two conditions are met.

The propagation coherence condition ensures that the distance L travelled by the neutrinos
is smaller than the distance over which the wave packets corresponding to different mass
eigenstates separate due to the difference in their group velocities. This condition is satisfied
if

) (3.103)

S

S.aob } is the maximum wave packet spatial width between the source (S)

where ox = max{a

and the detector (D), and Avgij = ’ Vg, — Vg;

The interaction coherence condition, related to the coherence properties in the neutrino
production and detection processes [218], ensures that the two momentum distributions
overlap in the domain of the integral. This condition reads

ox

AE;j 1. (3.104)

Vgij

When conditions (3.103) and (3.104) are satisfied, we can set r;; = 1 in the integral (3.99)
and neglect the term AE;; inside the arguments of the distribution function. This leads to the
standard neutrino oscillation formula typically derived within the plane wave assumption:

P(B—a)=) U Up;jU, Uqi e, (3.105)
ij
with ¢;; given by (3.102).

3.3.2 Fundamental decoherence in neutrino oscillation

Fundamental decoherence causes a non-unitary evolution of the neutrino wave packet. This
can be described by generalising the Hamiltonian evolution via a Lindblad equation [189],

no:p = £[p], (3.106)
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where the evolution operatoris £[p] = —i[H, p] + X (z’kpx,j - %{ff;,%k, p}) and %y are the

Lindblad operators, that depend on the specific decoherence mechanism, as we discuss later
in this section. Then e~ 7 in (3.92) is replaced by ens, yielding the density operator evolution

[ve)(vs| = LUy, | Epdquip)v;@et|lp)al o |vi){vi|]

:ZU*iUﬁjfdgpdngi(p)w; (@) HEP B 200 Y g vi)(vi,
L]

(3.107)
where in the last line the Lindblad operators are taken to commute with the momentum op-
erator, an assumption that is consistent with the specific decoherence models we consider in
this section, and Z;;(p, q) is a model-dependent positive function of p and g resulting from
the action of the Lindblad operators £} on the | p><q| eigenstates. Restricting to the one di-
mensional approximation, and following similar steps as in the previous section, we obtain
an expression similar to (3.98), with an additional damping exponential in the integral

Poc(f—a; ) =N U*iUﬁfU;jUaie%Apiijdpdqfl.(s)(p)fj(S)*(q)
i,j

p(p) = et

.fj(D) (g + 5j)e%(n-q)Lfi(D) * (p+ 51.)@‘% [p“gi“?”gﬁAEii] L o= 7<ij(P+pinq+p;) ,

(3.108)
where Pog(f — a;t) denotes the deformed probability. Averaging over time would produce a
divergent probability, since Z;;(p,q) =0V p, q. This can be traced back to the fact that aver-
aging over time in the presence of decoherence is inherently an ill-defined procedure, since
decoherence processes break the time symmetry of quantum-mechanical laws. The time in-
terval | — oo, 0[ corresponds to a non-physical “recoherence”, which is the cause of the diver-
gent probability. We therefore directly enforce the equal-energy condition on wave packet
components, as discussed in the previous section. Further substituting the remaining time

. . . . L o, o7 . fol
variable in the damping factor with ey, the transition probability over a propagation dis
tance L reads

* * s 2T S S)*

Poc(B— a; L) :,/vz UﬁiUﬁjUajUaiel%depﬁ )(p)fj( " (rij p+ AE;jlvg))-

b & (3.109)

* i —-Dji iTii i— 7.1AE1"

[P rij p+ AE;jlvg + 8 )7 (p+6enP ke ’(p+p PRIy SR
where D;;(p,q) := vgile.Ef,- i(p,q) is the decoherence-induced damping factor. If the coher-
ence conditions discussed at the end of the previous section are satisfied, the normalised
transition probability reads

PoG(p— a;L) =Y Up;Upj Uy Ui € e” P PiPD. (3.110)
Lj

This general formula applies to any decoherence model described by Lindblad-type evolu-
tion, provided that the Lindblad operators commute with the momentum operator. The ef-
fect of decoherence is to introduce a damping factor in the transition probability, such that
when the decoherence effect is dominant no oscillation pattern in the neutrino propagation
is observed. In subsection 3.3.2 we specialise this formula to different models of Quantum
Gravity-induced fundamental decoherence.
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Two flavours analysis

Most neutrino oscillation experiments are sensitive to the oscillation between two neutrino
flavours, depending on their sensitivity to different mass-squared differences. In the two-
flavour case, the matrix U in (3.110) is parameterised in terms of the mixing angle 0 as

cosf sinf
U= (—sin@ cosO) ’ @.111)
c2Am?

and the oscillation phase (3.102) reduces to ¢ = — L3 o with Am? the mass-squared differ-
ence and p the average momentum. Then the standard transition probability (3.105) takes
the well-known form

2 ¢

Pgq(a— B) = sin® 26 sin 5 (3.112)

and the transition probability accounting for fundamental decoherence, (3.110), reduces to

1 1
Pogla— p) = sin®26 [—(1 - e_D) + e Psin? 9 = e PPyqla — B) + —(1 - e_D) sin®20,
2 2 2
(3.113)

is the average group velocity of the two

pe ___ pc

E = pcie

mass eigenstates, m is the average mass, p;, p; are the mean momenta of such states and p is
the average momentum.

with D = v ' £ £ (p;, pj), where vg =

For the analysis reported in the following sections, it is useful to consider the survival prob-
ability

1
Pogla— @) =1-Pogla— B) = e PPyg(a — a) + (1 - e‘D)(l - Esin2 29) : (3.114)

where

Pgd(a — @) =1 - Pgq(a — B) = 1 —sin® 20 sin® % . (3.115)
This is consistent with the result reported in [242], where, however, different possible forms
for the damping factor were considered with respect to [3].

Damping factor for different decoherence models

In this section, we specialise the general formulas (3.109) and (3.114), that account for the
effects of a Lindlbad-type evolution on neutrino oscillations, to a number of decoherence
mechanisms that find support in Quantum Gravity research. Specific decoherence models
can be distinguished according to the functional dependence of the damping factor on the
neutrino energies and masses. In the following, we focus on four models, whose properties are
summarised in table 3.1, in which fundamental decoherence is induced by different possible
features of quantum spacetime: non-commutative spacetime [1], stochastic fluctuations of
a minimal length [213], stochastic fluctuations of the metric around Minkowski spacetime
[211], and the interaction with a thermal background of gravitons [206].

Starting from the Lindblad operators characterising the evolution of quantum systems in
each of these models, the damping factor D;;(p, q) appearing in the oscillation probability
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(3.109) and the resulting oscillation probability (3.110) can be computed as described in the
previous section. Notice that while in the original papers defining the various models deco-
herence is assumed to be suppressed by the Planck scale Ep, in the following we replace this
with a generic Quantum Gravity scale Eqg, to be constrained by observations. Moreover, the
mass appearing in the Lindblad operators needs to be understood as being an operator that
acts on flavour neutrinos states, the latter being superpositions of the mass operator eigen-
states.

Decoherence induced by non-commutative spacetime [1] leads to the transition proba-
bility
1S ()
P(p—a) =Y UsUp;Uy;Ugie/®ie ™ot (3.116)
i,j
In the two-flavour approximation, the damping factor reads

Lcb

= _(Am??. 3.117
SogEgap? o) (3.117)

Decoherence induced by stochastic fluctuations of the metric [211] results in the transi-
tion probability

LES. (Am )2
J Ahy Fo A A
P(p— @)= Y Uj,Up;U; Uai P i ec 1] (3.118)
i,
Then the two-flavour damping factor is
2
LES(Am?)
= ) (3.119)
4hvgEqgctm; m;%

Depending on whether we consider the quasi-degenerate mass eigenstates m; and my or
the mass eigenstates m; (or my) and mg3, we can write the product of the masses in terms of
the average mass or the mass-squared difference. If the two mass eigenstates of interest are
my and my, as is the case for reactor neutrinos, we have m;m; ~ m?, m being the average
mass. If the mass eigenstates of interest are m; (or my) and ms, as it happens to be the case
for atmospheric neutrinos, then m; m; = muyin/ mfnin + Am?, My being the minimum mass
between the two mass eigenstates.

The decoherence process induced by a fluctuating minimal length [213] gives the transi-
tion probability

16Lc* a4 2
* * idij " hvg, . E2 Eij(Amij)
P(B—a)=) UgUpjUy Uqie'Pie "ii7eo , (3.120)
i,j
and the damping factor in the two-flavour approximation

16Lc*

=———E'(am)°. (3.121)
5
hivgEdq
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Model | Physical source of decoherence | Lindblad operators | Damping factors
A ) ) & c_p Lcﬁ[Amz)2
) Deformation of symmetries [1] = \/% b = W
' ' p2 LEG(AmZ)Z
B) Metric perturbations [211] L= m H = W
2 4 4 2
C) Fluctuating minimal length [213] £ = 4ame g D= M
ES hvgEdg
QG
. . VksT
D) Gravitons at temperature T [206] % = E—QGH D=0

Table 3.1: Lindblad operators and damping factors for different Quantum Gravity-induced
decoherence models. P; is the j—th component of the momentum operator, Eqg is the Quan-
tum Gravity scale, kp is the Boltzmann constant, m is the mass and H is the free Hamiltonian.
The Lindlbad operator for the model [211] is computed within a relativistic version of the
model, see (3.130).

Depending on whether we consider the quasi-degenerate mass eigenstates or not, we can ap-
proximate the mass difference squared with the squared mass difference or write the former
in terms of the latter. For the quasi-degenerate mass eigenstates, we have (Am)2 ~ Am?. For
the non-degenerate mass eigenstates we have instead

2
(Am)2 = (—mmin+ \/mrzmn—ermz) (3.122)
A thermal background of gravitons [206] yields the exponential factor
expd —1—81 (Ei(p) - Ej( ))2 (3.123)
Xp4 — i(p)—E; .
p 2 hE(ZQG 1 p ] q

in the evolved density operator (3.107). Therefore, this model predicts no contribution to the
probability after the equal-energy condition is imposed and has no observable effect on neu-
trino oscillations. Therefore, neutrino oscillations cannot provide a phenomenological test
ground for this model. We summarise the results described above in table 3.1. We note that,
among the models we consider, the only one that can be recast in terms of the phenomenolog-
ical models analysed in [241] is the first in table 3.1. Specifically, the third model in table 3.1,
which turns out to be the most interesting one for our purposes, is not included in the analysis
of [241].

Relativistic model with stochastic metric fluctuations

To study the effects of decoherence induced by stochastic metric perturbations on neutrino
oscillations, we derive here a stochastic Schrodinger equation resulting from the metric fluc-
tuations defined in [211], adapted to a relativistic regime.

Consider a particle evolving freely in a spacetime with stochastic perturbations. Denoting
by 7 the proper time of the particle and by ¢ the laboratory time, the Schrédinger equation in
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the laboratory time reads [150]
.. d )
zha|w>:rH|w>, (3.124)

where H is the Hamiltonian with respect to the proper time 7 and

1‘-—1 _ %% (3.125)
oV T8 A ar '

Writing the metric as g,y = Ny + hyy, with ‘huv

< ‘n wv| being a (time-dependent) stochastic

hy pHp” hu p*'p”
| pv -1 pv
TRV T T Y (I_W’ (3120

perturbation, we get

where y is the Lorentz factor and the last expansion comes from ’h,w < ‘n uv|- By calling
Lo,V
Hy = y~! H the free Hamiltonian in the laboratory frame and H, = — h‘zl:npzc’; H)j the stochastic
correction, we get a stochastic Schrodinger equation
.. d
zhE lw) = (Ho+ Hy) |w) . (3.127)

By following the same techniques in [213] (namely, by means of a cumulant expansion [244])
and assuming the following form for the correlator of the stochastic fluctuations [211]

<hij(t)hmn([,)> =7:0;j0mnb(t—1), (3.128)

with all the other correlators being 0 and with 7. being the characteristic time scale of the
perturbations, we get the Lindblad equation

2 2

i Tc p p
0:p=——|Hy,p|—— Hy, Hy, 3.129

P h[ 0P] n2 | 2m2c2 ' | 2m2c2 ° p ( )
By setting the scale of the fluctuations to be the Quantum Gravity scale 7, = hEéé., we see that

the Lindblad operator defining this equation is given by

2
p Hy

P = , (3.130)

2m?c? | /Eqc

which leads to a damping factor
2
LEY ()

ij= (3.131)

- , 4y0d 04
4hvg, ;Eqg c*m; m;
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3.3.3 Experimental constraints on fundamental decoherence

Different neutrino oscillation experiments, involving astrophysical, atmospheric, solar, or re-
actor neutrino, span a wide range of propagation lengths and energy. In this section, we start
by discussing the potential sensitivity to decoherence of these classes of neutrino oscillation
experiments. This depends on the specific model of fundamental decoherence that is consid-
ered, since the damping factors that are derived from each model have different dependencies
on the neutrino energies and masses. We show that only the decoherence induced by met-
ric perturbations [211] may affect neutrino oscillations to an observable level, assuming that
the decoherence effect is suppressed by the Planck energy scale, and we use atmospheric and
reactor experiments to establish constraints on the model.

Sensitivity of different neutrino oscillation experiments to fundamental decoherence

Before considering the sensitivity of neutrino oscillation experiments to specific fundamental
decoherence models, two general considerations are in order.

The standard neutrino oscillation pattern, governed by the phase factor ¢ of (3.102), de-
pends on the ratio %: when % ~ Am? oscillations are visible, while % <« Am? is the fast oscilla-
tion regime, where it is only possible to measure the average probability. In this fast oscillation
regime, the standard survival probability for a two-flavour oscillation (3.112) reads

1
(Pgal@—a)y=1- 5sin2 20. (3.132)

When accounting for decoherence, the average over the oscillations in (3.114) gives the same
result as in the standard case

(Pogla — @) = (Pggla — @) =1- %sinz 20, (3.133)

thus Lindblad-type decoherence has no observable effects in this regime. This is the regime
characterising solar neutrino oscillations, which are therefore not relevant for this kind of
decoherence studies.

Because the damping factor in the oscillation probability, D;;, depends linearly on the
propagation length L (see table 3.1), one would naively expect that the best setup to test fun-
damental decoherence is provided by astrophysical neutrino observations, for which L is the
largest. However, in this regime, the fundamental decoherence mechanism competes with
the standard decoherence induced by the difference in propagation velocities of different
neutrino mass eigenstates, discussed in section 3.3.1. For illustrative purposes, we discuss this

by focusing on the model in [1], for which the damping factor is D;;(p, q) = mé;;w (p- q)z,
L]

but similar arguments hold for any Lindblad-type decoherence that leads to the oscillation
probability (3.109). We also consider a simple case in which the shape factors are Gaussian
distributions with the same variance at the source and the detector for all the mass eigen-
states, with §; = 6 ; = 0 and AE;; = 0. Specifically, we set

2

fOp e ¥, (3.134)

108



3.3 Constraints from neutrinos Chapter 3

where the normalisation is unimportant since it is absorbed in the factor A" in (3.109). With
these choices, and approximating Vg, with vg, j» €d. (3.109) yields (we here set i =c =1 to
simplify the notation)

o1 e
X X ibij ZEQG(1+rl.2j]ugij +L(-r;j)?0%
P(B—a)=N2nV2rm) {U;UpUs Uaie
i,j
201+r2 )2
P a-ryPugy ol —pl (3.135)
- 2L0-r; 202
2 ij "%
e 4[1+rij)1}gij+ EQG }
LO-rij)?%0?
2 o p
\/Ugij (2(1 + rl.].)vgij + Foc

The exponential damping factor in (3.135) takes two contributions: one, which vanishes when
Egg — oo, is due to the Lindblad deformation of the evolution equation; the other one, pro-
portional to (1-r; j)z, is due to the velocity difference between mass eigenstates. Although the
velocity difference is rather small and its effect can be partially controlled by decreasing o,
through suitable detection techniques [240], the decoherence it induces is strong enough to
wash out oscillations over propagation length scales typical of astrophysical neutrinos. There-
fore, the effects of Quantum Gravity-induced decoherence are not observable.

For atmospheric and reactor neutrinos the standard decoherence effect we just discussed
is negligible. Moreover, the full oscillation pattern is visible and is not averaged out, contrary
to what happens for solar neutrinos. Therefore, in the following, we focus on this kind of
neutrino observations to study fundamental decoherence.

We start by computing, for each of the models in table 3.1, the theoretical ranges for neu-
trino energies that would produce significant decoherence effects in oscillations when using
the mass and length parameters typical of reactor and atmospheric neutrino experiments,
and assuming Eqg = Ep ~ 10'® GeV. For simplicity, we work in a two-flavour setup and re-
quire that the corresponding damping factor satisfies the condition D 2 1, which ensures that
the decoherence effect is large enough to affect the oscillation pattern [234]. We then com-
pare these energy ranges with the realistic energies characterising reactor and atmospheric
neutrinos, in order to identify the models that can be effectively constrained with this kind of
observations.

For long-baseline reactor experiments, we take L ~ 10° m as a reference propagation dis-
tance and set Am? ~ (Am)2 ~ 1072 eV?/c* [245], since such experiments are sensitive to the
mass-squared difference between the quasi-degenerate mass eigenstates m; and m,. The
damping factors of the various decoherence models also depend on the neutrino mass value,
for which we take two possible reference values, m ~ 1072 eV/c? and m ~ 1 eV/c?, the maxi-
mum value allowed by cosmological data [246]. Once these parameters are fixed, the require-
ment D 2 1 identifies a range in neutrino momentum p for each decoherence model. These
are listed in table 3.2. Considering that the typical energy of reactor neutrinos, such as those
detected by the KamLAND experiment [245], is in the range [1,10] MeV [245], only decoher-
ence induced by stochastic metric fluctuations [211] could be significantly constrained using
this kind of data.
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Model | Observability window for m = 1072 eV/c? | Observability window for 7 = 1 eV/c?

A) p<1078eV/c p<1078eV/c

B) p<10722eV/cor p >100eV/c p<10723eV/cor p >10*eV/c

C) p <107 GeV/cor p>10**GeVic | p <1073 GeV/cor p 2104 GeV/c
D) /1 /1

Table 3.2: Observability windows for the decoherence models listed in table 3.1 using reactor
neutrino experiments, for different values of the neutrino mass. Details of the computations
are provided in the main text. Note that when two ranges are shown for p, this comes from
solving the quadratic equation that comes from the condition D 2 1.

A similar analysis can be applied to atmospheric neutrino oscillation experiments, that
are sensitive to the mass-squared difference between eigenstates m; » and ms, so that Am? ~
1073 eV2/c* [247]. We assess the sensitivity of these experiments considering again two possi-
ble values of the lowest-mass eigenstate, nyin ~ 1072 eV/c? and muy, ~ 1 eV/c?. Atmospheric
neutrinos can propagate over a wide range of distances, spanning several orders of magni-
tude, from 10 Km to 10* Km [247]. For the scope of estimating the sensitivity of this kind
of observations we take the minimum and the maximum possible values. The observability
windows are reported in table 3.3 and table 3.4, respectively. Again, we see that only decoher-
ence induced by stochastic metric fluctuations [211] might be significantly constrained using
atmospheric neutrino oscillation data.

In summarising the results of this subsection, solar and astrophysical neutrinos cannot
be used to test Lindblad-type decoherence. Reactor and atmospheric neutrino experiments
can in principle be used to this aim. However, not all models predict a level of decoherence
that might be detected by these experiments if the energy scale governing the strength of de-
coherence is set to the Planck scale. Among the four models we considered, only the one in
which decoherence is induced by metric fluctuations can be meaningfully constrained using
these experiments. In the following subsections, we derive the constraints on the energy scale
associated to this model.

Before we conclude this section, we would like to comment on the concerns expressed
in [243], where the possibility of testing Quantum Gravity-induced decoherence with neutrino
oscillation experiments was questioned. The Quantum Gravity model considered in [243]
(see also [242]) had a similar form as the one of [213] (since the Lindblad operator depends
on the energy). In fact, we find that the damping factor associated with this model is heavily
suppressed, in accordance with the estimates provided in [243]. For other models, such as the
one in [211], similar arguments to those used in [243] do not lead to such a large suppression
of the damping factor and, in fact, lead to estimates of the damping factor consistent with
those we report in table 3.1.

Constraints from long-baseline reactor neutrinos

We base our analysis on the data used by the KamLAND collaboration for precision measure-
ments of neutrino oscillation parameters concerning the mass eigenstates m; and my [245].
Within this two-flavour approximation, the survival probability accounting for Lindblad-type
decoherence is (3.114), and the damping factor D for decoherence induced by metric fluc-

110



3.3 Constraints from neutrinos Chapter 3

Model | Observability window for 7y, = 1072 eV/c? | Observability window for mpy;, = 1 eV/c?
A) p<107%eV/c p<10~"eV/c

B) p<10"YeV/cor p>10%eV/c p<102%eV/cor p>10%eV/c

C) p<1075GeVicor p>102GeVic | p<107"*1 GeV/cor p > 10**GeV/c
D) /1 /1

Table 3.3: Observability windows for the decoherence models listed in table 3.1 using atmo-
spheric neutrino experiments, for different values of the neutrino mass L = 10 Km. Details of
the computations are provided in the main text.

Model | Observability window for 7y, = 1072 eV/c? | Observability window for mpy;i, = 1 eV/c?
A) p<10~7eVic p<10%eV/c

B) p<107%eV/cor p > 10eVic p<1078eV/cor p > 103eVic

C) p<107M2GeVicor p>102GeVic | p<107138GeV/cor p =102 GeV/c
D) /1l /1

Table 3.4: Observability windows for the decoherence models listed in table 3.1 using atmo-
spheric neutrino experiments, for different values of the neutrino mass and L = 10*Km. De-
tails of the computations are provided in the main text.

tuations [211] is given by (3.119)'2. As can be seen in fig. 5, the neutrino oscillations in the
KamLAND experiment are damped with respect to the pattern of a neutrino beam travel-
ling in vacuo with a fixed baseline. This is expected since several reactors are involved in the
experiment, placed at different distances from the detectors, and the neutrino beam travels
through matter. Including these effects would require a more refined analysis and a complete
knowledge of the KamLAND experiment. However, such a detailed modelling goes beyond
the scope of [3], since it is not needed when the goal is to provide a conservative bound on
Quantum Gravity-induced decoherence. To this aim, in fact, it is sufficient to ask that de-
coherence is not as strong as to dampen oscillations on its own more than what the known
damping effects do. Indeed, if this were not the case, the damping stemming from quantum-
spacetime effects, combined with this standard damping, would completely quench the os-
cillations. In fig. 5 we also plot the survival probability (3.114), computed taking into account
the appropriate values for the experimental parameters as detailed in the caption of the fig-
ure. The only free parameter is the Quantum Gravity scale Eqg, and to produce the plot, we
fixed it to a reference value Eqg = 10%* GeV for illustrative purposes. We can see that the
decoherence effects are stronger at higher energies (lower values of %), whereas at lower en-
ergies the deformed survival probability approaches the standard one in vacuo. Therefore,
the regime most sensitive to test decoherence is the one corresponding to the first oscillation
period, so we use data points in the range % € [10,45] Km MeV~! to provide a constraint on
the model, see fig. 6. This restriction is justified by the fact that if the quantum spacetime-
induced damping had observable effects in the remaining part of the % interval, it would also

12Given the energies at play in this regime, the velocity factor is Vg = 1.
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Figure 5: We plot the standard survival probability (red dot-dashed curve) in vacuo, given by
(3.115), the Quantum Gravity-deformed probability with damping factor (3.119) (blue solid
line), the data points from KamLAND experiment [245] (black dots with error bars) and the
KamLAND best fit for such data (orange dashed curve). The oscillation parameters are set to
the PDG values in [248] sin? 20 = 0.85 and Am? = 7.53-10"°eV?/c*. The damping factor (3.119)
is computed by setting L = 180 Km, E¢ = 10%* GeVand m = 1 eV/c?.

have a much stronger effect on the oscillation pattern in the considered % interval, thus being
incompatible with the data in that regime.

Our constraint is derived by asking that the difference between the y? obtained by fitting
the deformed probability (3.114), with D given by (3.119), to KamLAND data and the y? corre-
sponding to KamLAND best fit line is not larger than 2.7, corresponding to a 90% confidence
level for a difference of 1 in the counting of degrees of freedom for the two fits. In the expres-
sion for the damping factor (3.119), we set the oscillation parameters to be the values reported
by the Particle Data Group (PDG) in [248]. We also set L = 180 Km as done in the original os-
cillation analysis by the KamLAND collaboration [245]. Moreover, since the constraint on the
Quantum Gravity scale is stronger for smaller neutrino masses (see (3.119)), a conservative
bound is found by setting m = 1 eV/c?, namely:

EoG =2.6-10° GeV. (3.136)

Constraints from atmospheric neutrinos

We use data collected by the Super-Kamiokande collaboration and reported in [247]. The
relevant % range is [1, 10%] Km GeV~!, so that the observed oscillation pattern is sensitive to
the parameters relative to the mass eigenstates m; and mgs. As can be seen in fig. 7, the fast
oscillations regime starts for % >103 Km GeV™!. In this regime, the data only probe the aver-
age oscillations, and the averaged Quantum Gravity-deformed survival probability converges
to the standard one, see (3.133). For this reason, we limit our analysis to data in the range
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Figure 6: We plot the Quantum Gravity-deformed probability with damping factor (3.119)
(blue solid line) with the value of Egg = 2.6-10%* GeV corresponding to the upper limit we set
as described in the main text, the data points from KamLAND experiment [245] in the range
TL; € [10,45] Km MeV~! (black dots with error bars) and the KamLAND best fit for the full data
set reported in fig. 5 (orange dashed curve). The oscillation and the decoherence parameters
are the same as for fig. 5.

% € [1,10%] Km GeV~!, where the oscillation pattern is visible and decoherence produces ob-
servable effects. We compare the y? obtained by fitting the data with the deformed probability
(3.114), with D given by (3.119)'3, and the y? corresponding to the standard oscillation pat-
tern with oscillation parameters taken from the PDG [248]. We require that the difference
between the two y? is less than 2.7, corresponding to a 90% confidence level for the 1 de-
gree of freedom difference between the two models. A conservative constraint is found by
setting mmin, = 1 eV/ c? in (3.119), since the constraint on the Quantum Gravity scale would
be stronger with smaller values of the mass. Moreover, each data point in fig. 7 results from
oscillations over a distance that spans several orders of magnitude, roughly from L = 10 Km
to L= 10* Km. Since the constraint on the Quantum Gravity scale is stronger for higher travel
distances (see (3.119)), we take a conservative approach again and set L = 10 Km in our anal-
ysis. With this, we find

Eoc=2.5-10°° GeV. (3.137)

13Given the energies at play in this regime, the velocity factor is vg = 1.
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Figure 7: We plot the standard oscillation probability (solid orange curve), the Quantum
Gravity-deformed probability (dotted blue curve) with damping factor (3.119), with mpy, =
leV/c?, L =10 Km and Egg = 10" GeV, chosen for illustrative purposes, and the data col-
lected in [247]. The values of the oscillation parameters used for the plot are those reported
in the PDG [248], Am3, = 2.45-1072 eV?/c* and sin® 26,3 = 0.99. The £ axis is in logarithmic
scale.
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Figure 8: We plot the standard oscillation probability (solid orange curve), the Quantum
Gravity-deformed probability (blue solid curve) with damping factor (3.119), with Egg =
2.5-10°° GeV, corresponding to our upper limit (3.137), and the data collected in [247] in the
range % € [1,10%] Km GeV~!. The values of the oscillation and the decoherence parameters
are the same as in fig. 5.
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3.4 Discussion

This chapter was devoted to the study of decoherence processes in Quantum Gravity. In the
first part, we reviewed the environmental decoherence programme to provide the relevant
notions for the results of [1] and [3]. Then, we provided an overview of decoherence studies
in Quantum Gravity to embed our work in the relevant literature. The second section was
dedicated to [1], in which we studied the emergence of a decoherence mechanism from a
deformation of spacetime symmetries. An important novelty of (3.69) is that it yields a local-
isation process in momentum, while, to the best of our knowledge, all other models in the
literature describe localisation in energy or in position [192]. The final section was dedicated
to [3], in which we provided a phenomenological analysis of some Quantum Gravity-induced
decoherence models using neutrino oscillation data. The remarkable result of [3] is that it
rules out one of such models, namely the decoherence process arising from stochastic metric
perturbations [211], generalised to its relativistic version in [3].

In our work, we showed that a Lindblad equation arises naturally as the evolution equation
of quantum systems living in a non-commutative spacetime, where the symmetry generators
are deformed and described by non-trivial Hopf algebras. A first hint towards this direction
was given in [249] where, however, the time evolution is not of the Lindblad type and the pos-
itivity of the density operator is not preserved. Our results yield a fundamental decoherence
mechanism by which the density operator of a quantum system becomes localised in the mo-
mentum basis. Although our decoherence process is fundamental and unavoidable, since
there is no interaction with an environment, it would still be interesting to understand what
type of environment could lead to the Lindblad equation we derived.

Our analysis shows that there exists a consistent framework modelling putative quantum
spacetime effects in which pure quantum states can evolve into mixed states. This fact is par-
ticularly suggestive when seen from the perspective of the black hole information paradox.
Indeed, the possibility that the evolution of quantum fields on a black hole background might
not be given by ordinary quantum evolution has been dismissed over the years as problem-
atic and lacking links with fundamental theories of Quantum Gravity [250]. A natural devel-
opment on this side would be to check whether the non-unitary evolution we derived can be
recast in the form of a qubit toy model of black hole evaporation [251] thus providing the first
fully worked out model of non-unitary black hole evolution derived from first principles.

Another interesting development of the line of thought that led us to our result would be to
try to derive a model that could explain the quantum-to-classical transition of primordial cos-
mological perturbations [252-257]. In fact, the Fourier modes of such perturbations are ex-
pected to have Planckian energy at sufficiently early times. On these scales, the decoherence
time (3.72) is of the order of the Planck time, making the decoherence process very effective.
In this scenario, one does not need to invoke any of the additional decoherence mechanisms
that have been considered in the past, such as the interaction of the perturbations with exter-
nal fields, and the emergence of classicality in the large-scale structures that we observe today
would be derived from the sheer properties of (quantum) spacetime, namely its (deformed)
symmetries.

Finally, we outlined an intriguing discussion concerning the emergence of the arrow of
Time. Indeed, the equation we derived is of course not symmetric under time reversal, as is
obvious for a non-unitary evolution. However, differently from the “effective” asymmetry that
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characterises environmental decoherence models, in our case, this asymmetry is fundamen-
tal because it does not arise as a consequence of the absence of control over environmental
degrees of freedom. Instead, such a time-reversal asymmetry emerges because the generator
of the time-reversed evolution is deformed, hence yielding a fundamental arrow of Time.

Besides the possible implications for the foundational issues just discussed, fundamental
decoherence models might open up several windows to experimentally access the Quantum
Gravity regime. Notice that such decoherence processes are not expected to replace the exper-
imentally well-established environmental decoherence [177,258], and, in fact, they typically
provide negligible contributions to the typical experimental setups devised to study standard
environmental decoherence effects. However, they can become relevant and observable in
specific regimes, as discussed below.

An example of such experimental opportunities concerns tabletop experiments with op-
tomechanical cavities [213, 259]. In these setups, two cavities are realised by means of four
mirrors, one of which is movable. Inside the cavities, two atoms or molecules in a harmonic
potential are prepared in an entangled state and are hit by an external laser source (realising
a Raman single-photon source). The excitations of these sources lead to single-photon ex-
citations and the radiation so obtained in the cavities allows to study the vibrational modes
of the oscillators. In the presence of an environment, the entanglement between the two os-
cillators is degraded with a rate Apeat = ’;_ZLQT from mechanical heating at temperature T; the

presence of additional gravitational decoherence mechanisms would increase such a rate to

2
Aneat + Agray, Where in our case Agray = %. Adapting the analysis presented in [213] to the

peculiarities of the fundamental decoherence mechanism we uncovered, we find that the ex-
perimental parameters that will be achievable in the near future, like temperatures 7 ~ 10 mK
and quality factors Q ~ 10° [260,261], will allow to reach Planck-scale sensitivity on the quan-
tum deformation scale, Mp ~ 10~8 g, for quantum systems with mass M ~ 1072°g.

Another physical framework that allows to test such decoherence models involves modifi-
cations of the oscillation rates for neutrinos. Generic decoherence mechanisms induce mod-
ifications in these rates [262-264] that are driven by the exponential damping factor e 1t

with T' = TBI. This factor produces a significant contribution to the oscillation probability

roughly when e < e [262]. In our case T ~ (R Mp) ™' (6p)? ~ (R Mp) ™ (6m)2. Taking
Mp ~ 1078g and (6m)? ~ 1073eV? [264], we find T’ ~ 10" %51, Therefore, the factor e’
produces relevant effects on neutrino oscillations when they propagate over cosmological
times ¢ > 10'° s ~ 10% yr. However, when neutrinos propagate over such large distances, stan-
dard decoherence effects, which are much stronger than Quantum Gravity-induced damp-
ing, occur because of the different propagation velocities between different mass eigenstates
[43,218,239,240]. Therefore, neutrino oscillations cannot be used as a phenomenological test
for our model, but they can be of use for other decoherence models.

We investigated this latter phenomenological opportunity for different models of deco-
herence induced by quantum spacetime effects. We showed that fundamental decoherence,
originating from quantum properties of spacetime, can alter the pattern of oscillation of neu-
trinos, causing the emergence of a damping factor in the neutrino transition probability. This
might be significant in principle for long baseline-reactor neutrino experiments and for atmo-
spheric neutrino observations. These are general results concerning all quantum spacetime-
induced decoherence models that can be described in terms of a Lindblad-type equation for
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the evolution of neutrinos. However, whether a specific model affects observations to a de-
tectable level depends on the specific decoherence-inducing mechanism. These predict dif-
ferent forms of the damping factor, characterised by the dependence on neutrino energies
and masses. Among the models we considered, we found that only the one in which decoher-
ence is induced by stochastic metric fluctuations [211] can be significantly constrained using
reactor neutrinos and atmospheric neutrinos. With these, we set conservative constraints on
the scale governing the strength of the decoherence process that are several orders of magni-
tude stronger than the Planck scale, Egg = 2.6-10%! GeV and Egg = 2.5-10°° GeV from the
KamLAND reactor neutrino experiment and the Super-Kamiokande atmospheric neutrino
observatory, respectively. These constraints would require the scale governing the model to
be unrealistically large, so that the hypothesis that the decoherence induced by stochastic
metric perturbations affects neutrino oscillations can be considered to be ruled out.
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Fourth Chapter

Quantum reference frames and superposition
of mass states

T
N>

Fundamental particles (i.e. not composite) are generally considered to have fixed masses.
Formally, they are identified with irreducible representations of the relevant symmetry group,
namely the Poincaré or the Galilei group for relativistic and non-relativistic Quantum Me-
chanics, respectively. See chapter A for a review of the representation theory of the Galilei
group. In both cases, the mass is one of the parameters that specify the representation, and
hence it is one of the relevant quantum numbers that physically define fundamental parti-
cles [67,265,266]. For this reason, it is in principle possible to have quantum states for physi-
cal systems and fundamental particles that are in a quantum superposition of different mass
eigenstates.

As discussed in chapter 1, in non-relativistic Quantum Mechanics, mass superpositions
lead to an apparently troublesome effect, namely the fact that a particular chain of reference
frame transformations that yields the identity on spacetime coordinates, results in a relative
phase between different mass components. This leads Bargmann to enforce a superselection
rule on the mass in non-relativistic Quantum Mechanics [66], known as the Bargmann supers-
election rule. It was later shown by Greenberger [68] that, from the physical point of view, this
effect is just a remnant of special-relativistic time dilation, therefore it should be expected.
Hence, the enforcement of a mass superselection rule is not justified.

In relativistic Quantum Mechanics and quantum field theory, fundamental particles are
typically described as mass eigenstates. However, this is not the case for all fundamental par-
ticles. For instance, neutrinos can be observed in states that are not eingenstates of the mass:
flavour neutrinos oscillations not only signal that such particles are massive but are also an
imprint of the fact that they propagate as coherent mass superpositions [218, 267]. Flavour
neutrinos are the only fundamental particles that exhibit this feature, and no other funda-
mental particles, such as charged leptons, are observed to undergo flavour oscillations. One
possible explanation for this can be looked for in the experimental sensitivity of current oscil-
lation experiments. In fact, while in some processes, such as pion decays, flavour neutrinos
can be produced as coherent mass superpositions and charged leptons cannot, in other pro-
cesses, such as W boson decays, both types of particles can be produced in mass superposi-
tions, but the coherence length of mass superposed charged leptons is too small to allow for
the detection of these superpositions with current experimental setups [268]. Of course, the
disparity between the two types of particles originates from the huge difference between the
neutrinos and the charged leptons masses. Although this argument is compelling, it is possi-

118



Chapter 4

ble to ask if there could be other possibilities to explain this discrepancy, namely that flavour
neutrinos are the only fundamental particles that are observed in mass superpositions while
other particles are superselected in mass. Is there a fundamental explanation for this emer-
gent superselection rule for the mass? Does the different behaviour among particles depend
on how we observe them, or is it an intrinsic property of the particles themselves?

The reason for investigating this issue lies in the observation that when relativistic parti-
cles, such as flavour neutrinos, are in mass superposition, the standard Lorentz boost trans-
formations are not suitable to define their rest frames, since these transformations depend
on the mass of the particles. For this reason, the rest frames of flavour neutrinos are in-
trinsically quantum reference frames [269]. In the quantum reference frames formalism (cf.
chapter 2) [51, 102-126], reference frames are not abstract entities, rather they are defined by
physical systems that act as relational references. Given that physical systems are ultimately
quantum in nature, the formalism opens up the possibility of defining physical quantities
with respect to physical systems that are in quantum superpositions, but the reference phys-
ical systems can also be in localised states, and hence behave as classical reference frames.
This latter possibility is prevented for the rest frame of flavour neutrinos as these particles
are intrinsically superpositions of different mass eigenstates and cannot be localised in mass.
From this we understand that the possibility of having fundamental particles in mass super-
positions naturally divides such particles into two classes, depending on whether their rest
frames are inherently quantum reference frames or not. These observations lead us to ask
whether there is a fundamental origin for the mass superselection that does not affect flavour
neutrinos.

Superselection rules, in general, can originate from the lack of knowledge that one ob-
server has on the reference frame from which the physical systems they observe come from
[270]. In these cases, the observer describes the density operator of a physical system that
they receive from an unknown reference frame as an incoherent average over the group of
transformations that relate the unknown and the observer’s reference frames. This incoher-
ent average procedure leads to decoherence, hence superselection rules, for the physical ob-
servables conjugated to the transformation generators. Of course, it is possible to consider
partially coherent averages by smearing the integral average with a function of the group ele-
ments that describes the partial knowledge of the relation between the two reference frames.
In the context of quantum reference frames, considering two systems A and B that act as
quantum reference frames for the description of a third system S, the incoherent average can
be realised by performing a transformation from A to B, then taking a partial trace on the
degrees of freedom of A and taking its density operator to be maximally mixed, so that it con-
tains no information on its relation with B. The partially coherent average is obtained in this
context by letting the density operator of A be in a generic state, different from the identity, so
that it takes the role of the smearing function in the classical reference frame setting.

In this chapter, which is based on [5], we consider two observers, A and B, and a system
S. We take A to be a physical system describing the production of the fundamental particle
S (e.g. the particle whose decay generates S) and B to be the detector/observer that detects
S. We investigate the possibility that the observer’s lack of knowledge of the relation between
their reference frame and the reference frame of A, in which the production of the particle S
is described, may be the source of a superselection rule on the mass for the latter. We take
the two reference frames A and B to be equipped with a quantum clock each, so that they
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are spacetime quantum reference frames [117] (cf. chapter 2) and we can consider a general
spacetime coordinate transformation between them. We assume that B has no access to the
degrees of freedom of A, so that, after the reference frame transformation, the latter are traced
out. Moreover, the quantum clocks are assumed not to be perfect, namely their time readings
are affected by some finite resolution, which we implement by replacing perfect measure-
ments with coarse-grained ones described by POVMs. We show that a superselection rule
on the mass for fundamental particles can emerge, depending on the differences between
the masses that are superposed, the average energy of the particles, and the resolution of the
clocks of the two spacetime quantum reference frames A and B. We also derive the interval in
which these resolutions must lie, such that flavour neutrinos are observed as mass superpo-
sitions, while charged leptons are superselected in mass.

This chapter is organised as follows. In section 4.1 we develop an algebraic proof that the
phase factor used in the Bargmann argument is not an artefact of the non-relativistic Quan-
tum Mechanics formalism, rather it is a special-relativistic effect that survives in the non-
relativistic limit. This establishes, on a formal ground, the inconsistency of the Bargmann ar-
gument for a mass superselection rule in non-relativistic Quantum Mechanics. In section 4.2,
for the sake of readability, we give a brief review of the tools, some of them already discussed
in more detail in chapter 2, that we need to derive our result: quantum reference frames, in-
coherent averages, and quantum clocks. Finally, in section 4.3 we discuss our main result.
We show that a mass superselection rule can emerge for a fundamental particle in the rela-
tivistic regime when the observer does not have access to the reference frame in which the
particle production process is described. Whether the particle is superselected in mass or not
depends on its energy, the mass-squared difference between the mass eigenstates to be su-
perposed, and the resolution of the (quantum) clocks of the two reference frames in which
the production and the detection of the particle are described.

4.1 No mass superselection in non-relativistic Qquantum
Mechanics

Superselection rules have been debated for along time in Quantum Mechanics [139]. The rea-
son for this is that there are some physical parameters, such as electric charge, mass, and spin,
whose coherent superpositions do not seem to be observed in Nature, even though nothing
prevents this possibility in principle. However, this is not entirely true for the mass. In fact,
while the majority of particles appear to be superselected in mass, the phenomenon of par-
ticle oscillations is caused by the propagation of coherent superpositions of different mass
eigenstates. Moreover, from the properties of the algebra of symmetries in non-relativistic
Quantum Mechanics, it is possible to develop the Bargmann argument to enforce a superse-
lection rule for the mass [66] (cf. chapter 1). However, it has been physically motivated [68]
that this argument does not hold and, in this section, we provide a formal derivation of this
fact. Specifically, we will algebraically prove that the phase factor appearing in (1.66) is not a
mathematical artefact of the algebra of symmetries, rather it is a special-relativistic effect that
survives in the non-relativistic regime.

A Galilean transformation of spacetime coordinates is given by (see chapter A for more
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details on the Galilei group and algebra)
xX=R-x+a+vt, '=t+D, (4.1)

where R is an SO(3) matrix describing a rotation, a € R3 and b describe a spatial and a time
translation, v € R3 is a velocity that parameterises a Galilean boost. These transformations
are the symmetries of non-relativistic Quantum Mechanics. Specifically, the symmetry group
of Quantum Mechanics is given by a projective unitary representation of the Galilei group,
whose algebra is the central extension of the Galilei algebra and is given by

[H,P;]=[HJi] =0, |Gi,Gj| = |PiPj| =0, |Gi,Pj|=iM6i; , [GiH]=iP;,
(4.2)
[fi,Gj]:ieijka ’ []i’Pf]:ieijkPk » Unidm) =i€uTi . [M,]=0.

where P; and H are the spatial and time translations generators, G; are the generators of
Galilean boosts, J; are the generators of rotations, and M is the center given by the mass. All
these generators are Hermitian operators acting on the Hilbert spaces of quantum systems.

Given the algebra above, the Bargmann argument is as follows. Consider a chain of refer-
ence frame transformations given by a spatial translation of a, a Galilean boost of v, a transla-
tion of —a, and a boost of —v. Of course, looking at (4.1), it is immediate to see that the overall
transformation is the identity on spacetime coordinates. However, if we consider the repre-
sentation of this chain of transformations on the Hilbert space of a quantum system, from the
algebra (4.2) we get!

-iv-G-faP-Fvial [Gi,Pj] ol v-G+iaP-3vial [Gi,Pj] “iMav

G —Lg. ivG Lg
sze haPeszehaP: —e & , (4.3)

e e

where of course the finite transformations are given by the exponentiation of the algebra gen-
erators. Therefore, the chain of transformations, which gives the identity on spacetime coor-
dinates, is a phase factor when represented on the Hilbert space of a quantum system. For
quantum systems with a definite mass, this factor becomes an irrelevant global phase, so that
the chain of transformations is effectively the identity on the quantum system too. However,
if we consider a quantum system that is in a superposition of two different masses, m; and
my, then this is no longer the case, as discussed in chapter 1. The fact that this transforma-
tion represents the identity on spacetime led Bargmann to conclude that superpositions of
different masses are not allowed in a Galilean invariant Quantum Theory [66]. This is known
as Bargmann superselection rule.

Even if the Bargmann argument seems reasonable, in [68] it has been shown that the
phase factor appearing in (4.3) is actually a remnant of the special-relativistic time dilation
effect that survives in the non-relativistic limit. To show this, a more general class of reference
frame transformations, the extended Galilean transformations that include transformations
between reference frames with a relative acceleration, are considered in [68]. Here, we show

To get this result, the Baker-Campbell-Hausdorff is used. Given a Lie group ¢ and the exponential map
from the Lie algebra to the Lie group e: £ — ¢, the Baker-Campbell-Hausdorff formula gives the solution to the
equation eX e = e” for X,Y € . Specifically, Z = X+ Y + (X, Y] +..., where the other terms of this infinite
series are omitted since they all vanish in our present case.

121



4.1 No mass superselection Chapter 4

that this phase factor emerges naturally when considering the chain of transformations that
yields (4.3) in the relativistic regime, i.e. when the generators satisfy the Poincaré algebra, and
then taking the non-relativistic limit, so that (4.3) is indeed an effect of the Poincaré symme-
tries that survives in the non-relativistic regime.

The relevant commutators for the derivation of (4.3) in the relativistic case are
|Ni,Pj| =i6i;Po, [Ny, Po] =iPi, [Py Py =0. (4.4)
Using the general expression for the Baker-Campbell-Hausdorff formula [271]

_logz
=1*
¥4

1 ()
eXe¥ =e?, Z:X+f dtg(eadxetady)[Y], g(2): Y gnlz—1)", (4.5)
0 n=0

where ad4[B] := [ A, B] is the adjoint action and g(z) is an analytic function in the disk given
by {|z—1] < 1}. Considering the chain of transformations in (4.3), in the relativistic case we
get

(-a
AVIST4

where hg({) = X502, X0 8. (-7 (7) sinh(r\/[-[) and { is the boost parameter (rapidity).
More details on the derivation can be found in section 4.B. Acting with this operator on a
momentum eigenstate of an on-shell particle |p, m) we get

. Ga 2 22
Tp((,a)|p,m>:exp{—21hmhs([)(\/p +m?c +[-p)}

By taking the non-relativistic limit we have { ~ ¢™'v = h,({) = %c‘l Vv-vand N = cG, so that

Tp({,a):= e N g i@ P il N yaP :exp{—Zi hs(¢)(Po +(-P)}, (4.6)

p,m). (4.7)

, . . C-a
| ’ m)=1 _ hy [p2 4 202 4 0. ,
Cl_g)loTp(( a)|p,m) Cirgoexp{ Zlhm ({)( pZ+m?c:+( p)} p,m)
I I (4.8)
To(v,a) |p,m)=e"F "5 |p,m) = e T M@ |p, m),

where T;(v,a) := e WG @PoivGpiaP Thjg result formally shows that the phase factor in
(4.3) is inherently a consequence of the special-relativistic symmetry algebra that survives in

the non-relativistic limit.

From this derivation, as well as from [68], it is clear that the Bargmann argument for a
mass superselection rule in non-relativistic Quantum Mechanics does not hold, meaning that
mass superpositions are allowed, in principle, both in relativistic and non-relativistic Quan-
tum Mechanics. However, such superpositions are quite uncommon among fundamental (i.e.
not composite) particles. In particular, the only fundamental particles that are observed to be
in mass superpositions are flavour neutrinos. Is there a fundamental origin for the emergence
of such a superselection for the mass? In the following, we investigate this issue.
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4.2 A brief review of some tools

In this section, we will give a brief review of some tools that will be used in section 4.3 to de-
rive the main result of this work. We start with quantum reference frames, namely reference
frames whose degrees of freedom, which are used as a reference for other systems, are quan-
tised. Then we review the incoherent group average procedure, which describes the reference
frame transformation between the reference frames of two observers that have no knowledge
of each other’s reference frames. Finally, we discuss the notion of quantum clocks, which are
physical systems acting as temporal reference frames. We will discuss how quantum clocks
can be used to perform perfect time measurements, in which the time is sharply determined,
or coarse-grained time measurement with finite resolution, described by POVMs.

4.2.1 Quantum reference frames

In the quantum reference frames formalism [51, 102-126], reference frames are not assumed
to be abstract entities, rather they become associated to physical systems. These can also
be quantum in nature, so that they can be in superposition of some classical states, hence
defining quantum reference frames. In this subsection, we will denote operators with a hat,
contrary to the previous section, to make the difference with the classical reference frame
setting more evident.

The simplest setting, which will be enough for our work, involves three physical systems,
A, B and S, one of them defining a reference frame in which the other two are described. In
standard Quantum Mechanics, if we describe system S in a reference frame centred in A and
we want to change from this to a reference frame centred in a position away from A by a quan-
tity a, we have to apply the translation en®Ps 1o the state of system S. This acts on position
eigenstates as e @Ps |x)s = |x — @)s and on general states by linearity. If we want now to centre
the reference frame on system B and the latter is described, with respect to A, by a generic
quantum state, it is in general not possible to translate the reference frame by a fixed amount,
since system B can be, in general, in superposition of different positions. To overcome this
difficulty, we consider a generalisation of the above translation transformation. Specifically,
we enlarge the Hilbert space by adding to the Hilbert space of system S the Hilbert space of
system B, and generalise the translation transformation to eh¥B®Ps [102]. This translation is
now “quantume-controlled” by the state of the system B. The transformed state in the new
reference frame will be given by

eh 975 ) @ |y) . (4.9)
Another thing to take into account is that in the reference frame of A we describe systems
B and S, while in the reference frame defined by B the states of A and S are described. For

this reason we need a “swap” operator which maps B’s Hilbert space and observables into A’s
ones [102]. This is denoted with £24_. 5, therefore the overall transformation is given by

Sy =Pa_pere®Ps| S VoM — 2P o P (4.10)

where Jﬁl(] ) is the Hilbert space of system I as described with respect to system J.

An important remark is that the above considerations are for physical systems at fixed
time. If we want to take into account the dynamics and transform the state at time ¢ in the
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reference frame of A to the state at time ¢’ in the reference frame of B, we need to do some
additional steps. Basically, we first have to translate back in time system B, then we need
to apply the quantum reference frame transformation to system S (in this case, it will also
contain a time translation) and B (by means of the swap operator) and finally we translate
at time 1’ system A in the new reference frame B. In general, the quantum reference frame
transformation will be given by [102]

O=e il OB enflst (4.11)

where U éB Visa generic transformation on system S quantum-controlled by the state of system
B. In the following, we suppress the hat on operators again to simplify the notation.

4.2.2 Incoherent group average

In the quantum reference frame formalism, the three physical systems are on the same footing
and any of them can be considered as the one defining the quantum reference frame in which
the other two are described. However, in our work, we will consider A or B as the physical
system defining the reference frame (“observer”) in which the system S is described (“system”)
together with B or A.

An important ingredient for our work is the notion of knowledge that one observer has
about the other observer’s reference frame, and how B describes system S in the absence
of such knowledge about A’s reference frame [217,270,272,273]. We will first analyse this
problem with classical reference frames and then see how to incorporate it in the quantum
reference frame setting.

Consider two observers A and B with their classical reference frames. Let us consider that
A prepares a quantum system S in a given state. This state is prepared with respect to the
reference frame of A: for instance, A can prepare a spin in a superposition of up and down
with respect to her z axis, hence the state depends on which axis she chooses to call z. If
she sends this system to B, he can recover information about this system only if he knows
the relation between his reference frame and A’s. In the spin example, B has to know the
relative orientation between the two reference frames. If B does not know this relation, the
state that he receives is effectively a random state given by an average over all the possible
transformations relating the two reference frames. This is called incoherent group average
[270]. In the spin example, if B does not know the relative orientation, how can he know
where A’s z axis lies? There is no information, for B, in the statement “this is a spin state in a
superposition of up and down with respect to my z axis” if he does not know which such axis
is. This incoherent average is given by [270]

pP = f du@ U’ U'(g), (4.12)
G

where G is the group of transformation and du(g) is the Haar measure. In the spin example,
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the state prepared by A is’
w_ 1 w_1(11
=5+ 1n) = =3 3. 13

and the group is SU(2) parameterised as

i 0 —i8 cin O
e'mcosz —e sin2 .
2 2 sin%6
U= , du(@,n,0) = 3 dfdndo .
i oin O —i 0 27
e’siny e ”cosz

If B knows the relation between the two reference frames (that is, he knows the angles 7, 6
and n) the transformed state is

B 1 %e‘zm (eZi(5+”) (cosO+1) + cosO — 1)

Ps =5 %e—zin(eZi(cSm)(cos@—l)+c059+1) sinfcos(6 +1)+1

1 —sinf cos(6 +1n)

(4.14)
while, if he does not know such relation, he effectively describes the state he receives as the av-
erage over the rotation group of (4.14), namely pr )= %]12. This means that the averaging pro-
cedure is a completely decohering channel in this case. In the general case, the Hilbert space
of the system will decompose, under the action of a generic symmetry group G, into a direct
sum of charge sectors #s = @ qifg , where each charge sector carries an inequivalent repre-
sentation of G. Each of these charge sectors can be further decomposed into a tensor product
stq = ./%Sq ® J&fsq, where ./%Sq are called decoherence-full subsystems (or gauge spaces) [274]
and JVSq are called decoherence-free subsystems (or multiplicity spaces) [275,276]. The result
of the average over G on the former is to map every operator to the identity and act on the
latter as the identity. Therefore, in the general case, the incoherent average amounts to a
fully decohering channel for subsystems .2, while the information is preserved in the sub-
systems J&fsq [270]. This means that, depending on the system and the group of transforma-
tions, the incoherent average induces some decoherence with respect to some observables
and gives rise to superselection rules [139,277]: Observables associated with the generators
of the transformations are superselected, which means that B cannot observe interference
for such observables. In the example above, the spin is superselected, since there are no off-
diagonal terms in the density matrix.

It is possible to formalise the incoherent averaging process in the context of quantum ref-
erence frames [270]. Consider again three systems, A, B, and S, which are in general all quan-
tum systems. Consider A and B as the systems defining two reference frames. The simple
idea is that the transformation from A to B is quantum-controlled by the state of the reference
frame B and, in the full Hilbert space comprising the reference frame and the system, there
are no decoherence or superselection rules for the global observables of the system. How-
ever, it is possible to consider the situation in which B does not have access to the degrees of
freedom of A. In this case, if % : ﬁ,”éA) ® JES(A) — JfIE‘B ) ® JfS(B ) is the transformation from the

2It is possible to consider a generic superposition |y)” = a|t) + B|1), aa* + f* = 1. The result of the

average is the same for any choice of @ and .
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reference frame of A to the reference frame of B, the final state after the transformation is
o =Teyfup ), 415)

where p(A) is the initial state of B and S in the reference frame of A and p(B ) is the state of S
in the reference frame of B. This procedure amounts to an incoherent average in which the
two reference frames have partial knowledge of the relation among them, in which case the
incoherent average is to be taken with a distribution function over the group modelling this
partial knowledge [274]

pP = f du(@) f(QU P U (g, (4.16)

where if f(g) = 6(g) we have full knowledge and hence no average on the group, while f(g) =
1V g € G describes a full incoherent average. If A and B have no knowledge of each other’s
degrees of freedom, which means that p(A) x 1p® p(A) then (4.15) yields the equivalent of an
incoherent average.

We can consider a simple example to make these statements more clear. Consider A and
B as two (non-relativistic) quantum reference frames that do not share the spatial origin. The

operator % is simply the spatial translation operator % = PP 4_pei“8®Ps_ Therefore, given a
generic state of B and S

Pig = fRZ dedXE;fRZ dpsdpsp(xs, s, ¥y ) |26 X x| @ |ps )P4 (4.17)

we get
(B) deBf dPSdPSP(xB,pS,xB’pS)eh B(ps ps)

p5><pg( . (4.18)

pr(A) 1p® p(A) then p(xB, Ps, XB, pg) = ps(ps, pg), hence

ps = fdef dpsdpsp(ps ps)et” s{ps=rt)

which is exactly the result of an incoherent average over spatial translations.

Ps><l9's‘:fRdPSP(Ps,PS)|PS><Ps|, (4.19)

From this we see that, in the context of quantum reference frames, the process of tracing
out the degrees of freedom of one reference frame describes the fact that the other reference
frames do not have access to its degrees of freedom. This is equivalent to an incoherent aver-
age procedure in which the reference frames have partial knowledge of their relation. If there
is no knowledge, then the state of the reference frame to which we want to transform has to
contain no information, meaning that it should be a maximally mixed state, proportional to
the identity. This yields, therefore, the quantum reference frames equivalent of the incoherent
average.

4.2.3 Quantum clocks and coarse-grained time measurements

It is possible to get rid of time as an external parameter in Quantum Mechanics and give it an
operational meaning with the formalism of quantum clocks [153]. In this way, time becomes
a quantity defined by means of some quantum system acting as a clock [112, 158, 278-281].
Given three physical systems A, B and S, each of them can act as a quantum clock defining
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the time for the evolution of the other two. Choosing system A as the time reference frame,
the state of the overall system can be written as a history state [154,279]

I‘I’>:f(5 dTA|TA>A®|</>(TA)>Bs:L dTAe—%(HB+HS)TA|TA>A®|¢0>BS’ (4.20)

where |¢>0> gs I8 a generic state of systems B and S at initial time 74 =0, |‘L' A) 4 is the state of
the clock when it reads time 74 and %, is the clock space, namely the set of values that the
clock can read. This can also be a discrete set [158,280,281] and the integral symbol has to be
regarded as a generic notation to denote the sum over the clock values. If the clock is discrete,

this integral reads
S

W)=Y [rh)ae|erh), (4.21)

n=0

s+ 1 being the dimension of the clock space. If the clock Hamiltonian is
S
Ha= Y E}|ELXES, 4.22)
n=0

E’} being the clock energy levels, then the clock states are orthonormal and provide a resolu-
tion of the identity. These can be written as

N

Z e HEATH |EX>A ) <TA|TA> S(th—-14), la= Z |T?1><771| . (4.23)
S+]. n= n=0

|TZ!1>A

We will focus on physical systems with lower-bounded Hamiltonians with equally spaced
energy levels. In this case, the energies can be written as E’} = EO +ndEy, 0Ex being the
spacing, and the times rg become ‘L';l‘ ) LT 4, so that the set of tlmes ranges from 70 4=0to

Ti;_l =T 4. In this case, an Hermitian time operator can be defined [158, 159]

N

Ta=) T4 |TZ><TZ| ) (4.24)
n=0

Asking for the resetting of the clock requires the cyclic condition ‘TO = O> = |75H! >, which

yields T4 = 2’m . Therefore, the smallest time interval is given by

2nh (IA
Sto=1" -7 = = ) 4.25
4= "aA AT 5+ 1)0E; s+1 (4.25)

From this we see that the range ¥ 4 of clock A depends on the energy difference between the
energy levels: the smaller such spacing is the greatest the range and the difference between
two successive times are. The latter also depends on the dimension of the clock space s + 1.
Specifically, in the limit s — oo we obtain a continuous clock, for which 674 = 0. In this case,
the clock values will continuously range in the interval [0,T4]. In the case of a continuous
flow of time, the Schrodinger equation for the system BS, with respect to time 7 4, can also be
recovered [158] (c.f. chapter 2).

In the following, we will consider systems with both external degrees of freedom (i.e. posi-
tion, momentum, ...), defining the state of motion, hence a spatial quantum reference frame,
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and internal degrees of freedom (i.e. spin, atomic energy levels, ...), which can be used to
define the clock space. Therefore, the Hamiltonian of a system A will be given by a sum of an
external degrees of freedom Hamiltonian H,4 and a clock Hamiltonian H¢,. Such a system de-
fines a spacetime quantum reference frame [117]. In this way, we have a formalism in which
every physical quantity, including time, is defined by means of a quantum state of a physical
system. In this case, the quantum reference frame transformation (4.11) is generalised to

HA+HCAJ %(HB-FHCB)@TA

U=ehl g, gUP e : (4.26)

Hc, (T7) being the clock Hamiltonian (time operator) of clock I.

With quantum clocks it is possible to describe time measurements. A perfect time mea-
surement is given by a projective measurement on the measured time. Specifically, if S is a
physical system described by the quantum clock C then

pSC:fzdrdr'ps(r,r’)®|T><T'|C (4.27)
(gC
is the history state of the overall system. The state of system S at a given time 7* reads

ps(T*) =Trc {pscl'[(r*)} =Trc {psc |T* X7*| } = (t*|psc|t*) . (4.28)

This describes a perfect measurement of time. A finite resolution measurement can be de-
scribed with a POVM instead of a projection. This is given by

M(t*0)=| dres(v—1")ItXzl, | di*M(r%50)=1, (4.29)
(,gc gC
where f% dt* c;(t —1*) = 1 and the parameter o is used to reproduce the perfect measure-

ment limit
lim ¢;(t—7") =6(r—7") = lim M(z";0) = |7 X7 . (4.30)
o— og—

With a POVM, the state of system S at time 77, with an coarse-grained time measurement,
becomes
ps(t™) =Trc {pSCM(T*;a)} =], drco (T -17) (rlpsclt) . (4.31)
C
In the following, we will take the function M (T*, 0) to be a Gaussian centred in 7* with vari-
ance o. We will refer to the variance as the “resolution” of the clock, so that the smaller the
variance, the higher the resolution of the clock is.

4.3 Mass superselection from QRF transformation

We now consider a 1+ 1-dimensional model in which we have three systems, A, B, and S. The
first two will be regarded as the systems defining two quantum reference frames, each of them
associated with a finite resolution quantum clock C4 and Cg, while S will be the “observed”
(relativistic) system. Specifically, we will consider B as a detector that detects S at a given time.
A will be a generic system that describes the production of S (it could even be the target of a
collision or a decaying particle that produces S). Moreover, in the setup described above, we
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suppose that B has no access to the degrees of freedom of A (and vice versa). Therefore, if the
state of the BS system as described by A is pg‘S), the state of S in the reference frame of B will be
given by (4.15). We want to derive the transformation % when the physical systems involved
are relativistic. We assume, moreover, that A and B have fixed masses m 4 and mpg, while S is

allowed to be in (in principle even continuous) superposition of different mass eigenstates.

The pure history state [154] that describes B and S in the reference frame of A is given by
A —+\Hp+Hcg+H
|‘I’Bs>( ):L(m dre h( B+Hey+ S)TA(p(TA) |‘I’0>B'S,CB ® |TA>CA , (4.32)
A

where | W), ¢ ¢, is the initial state of systems B with its clock and S, and ¢(7 4) is the state of
clock A. More explicitly, the state above reads

W)™ :/m) dTAf(A)dtBjdmsfd,UmB(PB)fd#ms(Ps)U/B(PB;tB)<PS(l95’ ms)-
» p dms | o (4.33)
e e S g ) o ms) @ i) o 'B)ey ®[Ta)c,

where

dp
2/ m?c? + p?
is the Poincaré covariant measure and éﬁjm and ¥ ]* D" are the clock space of clock J in the
reference frame I and its dual, i.e. the energy space. If the initial state is not pure, we will have
more generally

dum(p) = (4.34)

_i i /
Phe = [ng dradr) e h[HB+HCB+HS]TAPB,s,CBeh (H+Hey + 5] ®pc, (T4, 70)[TaXTUlc, s
A

(4.35)
and analogously for (4.33).

To describe the change of reference frame from A to B, we analyse all the factors that arise
in % in (4.15) in the setup described above. We do this by considering the action of trans-
formations on a state of the form (4.32), since for the general case (4.35) the action is easily
derived from this simpler case. The details of these derivations can be found in section 4.A.
The overall transformation is given by

9 = e—%(HA+HcA)®TBt@A_)B e%P5®xB e—%Hs@TB Ué\(i) e%(HB+HcB)®TA ’ (4.36)

mp
where 224_.p is the operator swapping the degrees of freedom of B with respect to A with
the degrees of freedom of A with respect to B, Ué‘(;—i) is the boost operator, and the other
operators realise the spacetime translations. By applying this transformation and tracing over

the degrees of freedom of A, we obtain that the final state of S at time 7, after being emitted
at time 7, in the reference frame of B is given by

*L %) _ ’ Y.
ps(Tpi14) _LdHMA(nA)L;B)thLEB) dTBﬁ,;z dmsdmszZ dpams (s) d#m’s(”s)

Y(Z—i)‘l _(ns—n’S)Cﬁ(;—ﬁ)}TB' (4.37)

_%{(Egs_En:S)
s
: CA,UA(tA - t;;) CB,og (TB - Tg)e

i

7 A
e

Ts_ 7S ' A
Eg —Es, +(ns—ns)cﬁ o

/ /. I
pS(”S;”sy ms, mS)nA) ‘T[S) m8><n8) ms‘s ’
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where we considered general coarse-grained time measurements for both clocks C4 and Cp.
The details of the computations can be found in section 4.A. There are essentially two cases
of interest in this general scenario:

1. Time 77 is measured while B has no information about the time measurement of A.
This is described by a trace over the clock C4, and this can be effectively realised by
integrating over 7, which amounts to performing a trace over the Hilbert space of clock
Ca.

2. Time 77 is not measured while B has information on the time measurement of A. This
case is analogous to the previous one and can be realised by integrating over 775,.
These two cases can be obtained from the general scenario in which B measures 75 and

knows £}, in which case the state of the system is exactly (4.37) with both c4 ¢ A(tA - tj;) and
CB,op (T B— rg) being non-trivial functions. In the following, we will choose Gaussian profiles

for the functions CA,UA(IA - tZ) and cg gy (TB - Tg). In this way, it is possible to perform the
computations in this general setting and then consider some limiting procedures to recover
the two cases above. Specifically, by taking

)2 )2
_ (’3’723) _ (IA’;A)
CB,op (TB - TE) = 295 ’ CA,O'A(tA - tj;) = 27 ’ (438)

1 1
—e —e
V27nopg V2O 4

the integrals on 74 and 7 can be easily performed and yield
ps(tpth) = fR dpem, (70 4) fR 2dri’lsdm’s fR | Abimg (r5) Ay (ﬂ’s)ps(ns,n’s,ms, m’s;ﬂA)-

. T[,
r —%{(E’STS_ES,S) y(;—’;)—l —[ns—ng]cﬁ(;—’;)}rg
e .

2, z,
o g
A ! TA B
-4 - —|\mg—n',|cB| 4 -5
zhze { ( S S) 'B(mA)} 2h2

i

h
e

15 7S ’ A
Eg —ES, +(n5—ns)cﬁ o

(4.39)

-e

!
s _ 'S ' A
ES —ES, +(T[s—7[s](3ﬁ(m—A)

S

/ /

From this result, we see that superpositions between different momenta and different mass
states are damped unless the following two conditions are satisfied

o

-Vv2< (AE;TS + C,BAJIS)—A <v2,

L, (4.40)

~V2S[ABP -1 - cﬁAnS]f <V2.

If S is taken to be a relativistic particle 7, n’s > mgc, m’Sc with a narrow momentum distribu-

’ns—n’s’ <1 ‘ns—,n’s‘
T

S
tion of different mass eigenstates we get

2V2 Esh i(1 y—l) 1( 1)

tion < 1 in the support of ps(ng,ng, ms, m'S;nA), then for the superposi-

|am?| < (4.41)

+—|+—[|1+—=
cty |oal |8l ] oz |l
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Such a constraint for the mass superposition could be of interest in the context of funda-
mental particle oscillations. Specifically, we have a constraint on the mass separation that the
observer B can observe in superposition depending on the mean energy of the particle Eg, the
resolution of the clocks at the source and at the detector, and the boost parameter of A with
respect to B. To make the above constraint more readable, we consider the two limiting cases
04— ooand opg — oo.

The case in which 04 — oo gives the same result as performing the integral over 7} in
(4.37), namely a trace on the Hilbert space of the clock C4. In this limit, we get

_ 2V2Esh 1 )< 2V2 Esh

~Y ~Y

2
‘Ams‘

1
r—|. (4.42)
|ﬁ|)

+_
|ﬁ| opct

In this case we do not get a constraint for the mass superposition in general, since ‘Am%) is

yctop

unbounded for small values of 7 4 in the integral (4.37). However, if we restrict to the case
in which system A is moving with (unknown) relativistic velocity with respect to B, namely if
a2 mac, then

2V2Esh 1 2vV2Esh 1 4v2Esh
‘Am?g)fi—f —(1+— S—\/_ shf) L)< av2Esh : (4.43)
ctop |B] ctogp V2 ctop
The other interesting scenario is achieved with g — oo that yields
2vV2Egh -1 4v2Esh
)Amﬁ‘ﬁ { S+ < \/4_ - (4.44)
cto xy 18| ctoa

In this case, the mass superposition is constrained independently of the value of 7 4. Notice
that, in particles oscillations experiments, the measurement time is not observed, and this
is typically realised formally with an average over the observation time [3,218]. This would
correspond to the present case in which o — co. This result can be visualised in fig. 9

The results (4.43) and (4.44) have the same form as the result in [268] in which? ‘Am% ‘ <

2V2Esog, where o is the energy uncertainty at production. This is the crucial difference
between our results and [268]. In our case, the two constraints (4.43) and (4.44) depend on
the resolutions of the cloks Cp and Cy4 at detection and production. In [268], the quantity og
is related to the decay width of the decaying particle that produces S. It is found that charged
leptons are not produced as coherent mass superpositions in pion decays and are produced
coherently in W decays, then the possibility of observing mass superpositions for charged
leptons, in the latter case, is disregarded by means of a standard analysis on the coherence
length of a mass superposition. In particular, the coherence length of mass superpositions for
charged leptons produced in a W decay is too small to make such a superposition detectable
with current technology. In our framework, it is the resolution of the clock that determines
the possibility of observing mass superpositions. We can derive the constraints on such res-
olution so that neutrinos are allowed to be observed in mass superpositions while charged
leptons are not. To derive these constraints, we consider the observed mass-squared differ-
ences for neutrinos, the typical energies at which they are detected in different oscillation

3Notice that o' has the dimension of energy, while o' and o 4 have dimension of time.
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Physical regime Average energy Es | Mass-squared differences

Solar neutrinos Eg~0.1 Mev-10MeV ‘Am%z‘ ~1075eV2/c4, Am%3| ~ )Amgg‘ ~1073 eV2/ct
Atmospheric neutrinos Eg ~100Mev—10TeV ‘Am%z‘ ~1075 eV2/c4, Am%3| ~ )Amgg‘ ~1073 eV2/ct
Reactor neutrinos Eg~1Mev—-1GeV ‘Am%z‘ ~1075eV2/c4, ‘Am%sl ~ )Am%s‘ ~1073 eV2/ct
Charged leptons in pion decays | Eg~ 90 MeV ‘Amgﬂ ~100 MeV?/c4, |Am§1 ~ ’Amfn ~1GeV2/ct
Charged leptons in W decays Eg ~40 GeV ‘Amﬁy‘ ~100 MeV2/c*, |Am§,) ~ )Amfn| ~1GeV?/c*

Table 4.1: Typical energies of neutrinos and charged leptons in different physical regimes. The

~

values of the mass-squared differences for charged leptons are approximated as ‘Amiu

and the values of the muon and tau masses, as well as the values of

the neutrinos mass-squared differences, are taken from [248]. We used the average energies
for charged lepton reported in [268] and for neutrino energy ranges we used the values in
[282,283].

2
Amg,

2
~ )Amm

2
my,

regimes [282, 283], the mass-squared differences for charged leptons, and the dypical ener-
gies at which they are produced in pion and W decays [268]. These parameters are reported
in table 4.1.

By requiring that neutrinos (charged leptons) should (not) be observed in mass super-
postions, independently of the energy regime and the mass-squared difference, we get the
following constraint for the resolution of the clocks

109s<0o,5S10%s (4.45)

where the upper bound comes from the requirement of being able to witness mass super-
positions for flavour neutrinos, while the lower bound enforces the mass superselection for
charged leptons. This interval falls well within our current sensitivity. For comparison, the
order of magnitude necessary to minimally violate the lower bound is roughly four orders of
magnitude away from the shortest pulses of laser light created yet, with a duration of ~ 10716 s
[284].

4.4 Discussion

The work presented in this chapter provides new insights into the problem of mass superse-
lection in Quantum Mechanics. We first developed an algebraic proof of the relativistic origin
of the phase factor used in the Bargmann argument to enforce a mass superselection rule in
non-relativistic Quantum Mechanics, and this formally shows the inconsistency of this argu-
ment. Then we presented a novel approach to establish the emergence of a mass superse-
lection rule for fundamental relativistic particles that is based on the properties of quantum
reference frame transformations and non-ideal quantum clocks (i.e. quantum clocks with
finite resolution). Specifically, we considered the spacetime quantum reference frame trans-
formation from the quantum reference frame describing the production of a fundamental
particle, taken to be in mass superposition at the source, to the reference frame of the ob-
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‘Amg‘c“a/;
Esh

B) ‘Amg‘c“a/;

B
> 1, pg (ms,m’s)zo S L pg)(ms,mg);éo

Figure 9: Cartoon of the main result of this chapter summarised in (4.44), i.e. the emergence
of a mass superselection rule that depends on the mass-squared difference, the energy of the
particle, and the resolution of the clock o 4. The higher the resolution of the clock, the higher
the mass-squared difference that can be observed in superpostion is. The resolution of the
clock here is determined in this picture by the thickness of the clock marks (thicker clock
marks correspond to higher values of the variance). An analogous graphic representation can
be realised for (4.43).

server/detector that detects it*. We assumed that the observer does not have access to the
other quantum reference frame, so that the state of the particle is actually given by a partial
trace over the degrees of freedom of the latter, effectively realising an average of the state of the
particle over the Poincaré group of transformations between the two reference frames. The
state of the particle detected at a given time in the reference frame of the detector is obtained
by means of two POVMs that represent the finite-resolution time readings of the clocks at the
source and at the detector. By means of this procedure, we derived a constraint for the mass
difference that can be observed to be in superposition from the detector that depends on the
resolution of the two clocks, the average energy of the particle, the mass-squared difference
itself, and, in the general case, the velocity of the source in the reference frame of the detector.
If a particle is observed to be in mass superposition, the resolutions of the clocks do not satisfy
the constraint.

In the physically relevant case, when an average over the observation time is taken [218],
the constraint no longer depends on the velocity of the source, thus we are able to derive the
interval in which the resolution of the clock at the source has to lie in such a way that flavour
neutrinos can be detected to be in superposition while charged leptons are superselected in
mass. The same constraint applies for the resolution of the clock at the source if the time
average is taken on the production time and the source is assumed to have a momentum
greater than its mass.

To conclude, we considered a simplified scenario in 1+ 1 dimensions with free particles.
These assumptions are enough to derive a selective superselection rule for the mass that sin-

4There is no quantum clock associated with the particle since the latter is assumed to be fundamental, i.e.
with no internal structure apt to define a quantum clock. The same results that we obtained can also be derived
by considering a quantum clock associated with the particle and taking a partial trace over this clock’s degrees
of freedom, which would represent the inability to access the internal structure of the particle.
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gles out flavour neutrinos as the only fundamental particles that can be observed in mass
superpositions. However, it would be interesting to generalise our work to the 1+ 3 dimen-
sional setting and include interactions and also a more robust definition of measurement
events, along the lines of the perspective-neutral framework presented in [117]. In this way,
our formalism could be extended to investigate the emergence of other superselection rules
in Quantum Theory, e.g. superselection of spin and electric charge [139, 285, 286]. This would
establish a relational origin of superselection rules in Quantum Theory, rooted in the proper-
ties of quantum reference frame transformations.
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4.A Derivation of the transformed state

In this appendix, we show the derivation of the state (4.37).

We start by performing the change of reference frame in the description of the density
operator corresponding to (4.33) that is given by”

(A _ / / ! / 1.
PBs _Lj(‘)szAdTALIgA)ZdthtB _[demS dmsfw d.UmB(PB)d.“rms(PB)f[R2 dpims (ps) d,umg(l?s)
—i(H,+H, —i|EPSt —En,/s‘l,"

.pCA(TA)Tiq)pBS(pB!pS)p%!pg)mS)mg)pCB(tB,t};)e h( Bt CB]TAe h( s VAT Eg A).

s ms )P ms| @ 1psX Pl 15X thl, © [£aXThlg, eF )™,

(4.A.1)
To perform the change of reference frame, we have to perform the following steps:
) . L . . i[HB+HC )®TA
e First, we need to evolve back in time system B, which is achieved with e B .
This simply cancels the e_l(HB +HeyJra factor.

* A Poincaré transformation can be written as a Lorentz boost followed by a spacetime
translation. The next step is therefore a Lorentz boost on system S. This is given by an

operator U, é\ (;—i) that transforms the momentum of the system S as

p
Ué‘(m—l;) |ps,ms)s® |ps)y =75, ms)s®|ps)ys HSZY(Z—Z) [Ps—ﬂ(Z_BB)\/ m§02+p§} ’

(4.A.2)

2
I PN S B ! , | BB )= —PB (4.A.3)
m m2 c2 m s
’ e \ee) el
mp

 After the Lorentz boost, we have a spacetime translation of system S, performed with

; i
e%P5®xB e‘ﬁ(HS+HCS)

where

oT ) )
B This results in

e%Pg@XBe—%HS®TB |]‘[s, mS>S® |pB>B ® |tB>CB -
(4.A.4)

B fde dqs (x| ps)-(gs|xs) eh™5 e 151 s, ms) s ® | 4s)y ® | 85) c,

ts._ [ 2 2 2 4
where ES = SC”+ mgct.

5sz(PB,ps,p};,p’S, ms, mg; t, tg) =yg(ps; tB)(/ﬁs(ps,ms)wg(p}g; tg)%(p’s, m’s) and

S/
hypothesis that systems B and S are pure states. In this case, pps would be a general mixed state.

'
EPs = \/ p’szc2 + m’szc4. Of course, we could start from directly with a density operator formalism and relax the
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¢ All transformations on S have been performed, therefore we now have to exchange the
degrees of freedom of B with the degrees of freedom of A with a swap operator, #4_.p.
The action of this swap operator is given by

My -1( 4B 4qs
PA_B|lgB),® |tB R|TA :‘—— B> ® (—)IB ® (—)TA .
|q >B | >CB | >CA mBq A Y mg . Y mg .
(4.A.5)
Then, with a change of variables 7 4 := — 4 g, we have y(i—i) = y(%) We also define

the new clock space.

Tpi=y ! (i—i) tp and denote with GQL(BB)

_i
* Finally, we need to evolve the system A at the correct time with e "’(HA+HCA]®TB . This
gives

e—%(HA-FHCA)@TB |7[A>A ®

ma

o5 et

=e 1" | ,) e

I e p+15 ) 8|T8)0 , (4A6)
YmATA TB TB)cy» (&A-

. iy
where we have used the covariance condition e 7 7¢ 1) = |t + 1) ..

Therefore, the overall transformation is given by
—L(HA‘*‘HC )®TB ipsexy —iHsoTy rA[ PB L(HB+HC )®TA
U =e " A Pppen ST Be i STBJS| —|eh B , (4.A.7)
mp
and the transformed state is obtained by means of pffs) =U p%AS) 9T, After some long but sim-
ple algebra this yields

(B) _ / / / / 1.
Pas —fRZ dumA(nA)dumA(nA)L;A)zdTAdTALéB)ZdTBdTBfRdeSdefRZ dﬂms(ﬂs)dﬂm’s(ﬂs)

2 dxp dx%

TA '
'fRZdeB(PB)deB(P}g)fR %%PCA(TAJ';‘)PCB(TB,T/B;HA,E%)Y(m—A)Y(m—i)-

i | g7s A s 7
i $ TAN_5 S 4 2A
“n ES TBy(mA) Es’ TBY(mA)

-e

/
-<xB

®[ta)7hlc, @ [maXmil s @

o ) (Phl5):

/ / / mp
pas|PB,Pp s, g, Ms, Mg <xB|PB> N A
A

mpg ,
my

; ! i B B L1
- EHATB—EEAT/) —%(Z”STA—I,TA) i o
>€ h( A A 'B e g eh(xan xBnS) ®

TTA 'y
’}’(m—A)TA +TB><')’(m—A)T;‘ +TIB

o
s, mS><7TS, mg s

’

Ca
(4.A.8)
with
,OAS(pB; plBy s, ﬂg; ms, mfg) = PBS(PB»AglﬂS» p/By A]_gllﬂ:g) meg, mg) ’
;. e A\ n’A (4.A.9)
pCB(TB!TB’nArﬂA)'_ Pcg| TBY| — !TBY - ’
ma ma
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where AEI g = y(r’:l—l;) (n s+ ﬁ(r’:l—l;)E e ) and analogously for A , s, all the variables (but the

mass of system B) being primed, and

B ._ PB 7T PB
Jns.—'}/(m—B) ESS+'B(m_B)nS (4.A.10)
Since we used
de
lp= |xB>(xB|B, lp= d,umB(qB)|qB>(qB|B (4.A.11)
the correct normalisation for plane waves is
1 i
<xB|PB> [4(7”36 +ch )]4eﬁprB’ (4.A.12)
with the Dirac delta defined by
dx
d(a :f en?t, 4.A.13
(a) o ( )
Integrating over xp and x}, we therefore get
1 211
214 !
mg 2 2 TA Ty
46| pp+rs+—ma|O|pp+ o+ 1+ 1+
PBTs mAnA) (pB s mAnA)MB (mAc ] (mAC)
211 [ / 2]
b1 b/
1+( s ”A) 1+ —= A) . (4.A14)
mpcCc mac mpgcC mapcC

If we consider B to be macroscopic, we have mpgc > n g, therefore the above factor becomes

2
T

1+( A)
mac

and it just simplifies the measure of the integrals in d;; (p) ditm, ( p%). Moreover, all rela-

% - 212
1+ ( 4 ) . (4.A.15)
mac

mp / /
46 +Tg+—7y |0 + 7 + m2
(pB 5T ma A) (pB 57 my A) B¢

tivistic factors y(%) and /3(51—1;) become y(%) and ﬁ(%) (same for primed variables). The
state of the system then becomes

pffs) f dpm, (ma) dpmA(nA)f dTAdTAL drp dTBf dmsdmsf dpmg(ws) dpey, (”s)

HA nA

/ . / / / /
e (taty)pc, (TB,TB,nA,nA)pAs(ns,ns,nA,nA, ms, ms)y(m—A)y(m—A)~

A A L1
ZHSTA_ZT[,STA)

'

A I I
TA+TB><Y(—)TA+TB ,
ma

Ca

(4.A.16)
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where we have now %} := y(%) [Egs + cﬁ(%)ns and
m _ m _
pAs(ﬂs,n’S,nA,n’A, ms, m’S) = sz(—ﬂs — Laa A s, —nls - L'y, Ayt ms, my | .
ma ma
(4.A.17)

By tracing over A, we get 4(mi 2+ ni ché (n A— ”14)- In this way, we get rid of the integral over

',% and, changing variables 14 := y(%), th = 1'24)/(;1—//‘1), we have

o fR Qom0 f(g g, L  drydrl fR dmsdn fR iy Or5) Aty (4
A B

!
_L EHSTB—EHST’ )Y A i ol
“pcy(ta, tfq;ﬂA)PCB(TB,T%;ﬂA,ﬂA)PS(”S,ﬂg,ms,mé;ﬂA)e h( ’ s ('"A)e (o),

i A A ~1[ A
_%(J(ﬂsrA—Zﬂgtg)y [m—A)

‘e ﬂs,ms><7t's,m’5’8® |TB><T§3|CB ® |l’A+TB><l';1+T%|CA ,
(4.A.18)
where
-1 -1
T A ’ TA
A, Uy a) = T Ba N, -4 ,

pcalta tyma) = pc, AY(mA)] AY(mA)

(4.A.19)

/ !, . !/ /
Ps(ﬂs,ﬂs, ms, ms»”A) = PAS(”Srﬂs;TlAy”A; mes, ms) .

This is the history state of the system S in the reference frame B. We can obtain the state
of the system S detected at some time 7} after being emitted at some time ¢, with finite res-
olution time measurements by performing two POVMs as shown in section 4.2. Specifically,
we have

PS(TE; tj;) =Trc,,cp {PgB)H(T*)} =Trc {pS[MCB (Th;08)® MCA(l‘Z;UA)] } =

:fgéb’) dTB\/‘%/(‘B)thCAYUA(IA—IZ)CB,UB(TB—TE)<IA|®<TB|pr)|TB>®|tA> .

(4.A.20)
Therefore we get

ps(Tp; 1) :fRdﬂmA(ﬂA)L;B)dl‘AngB) dTBfRdesdmiszZ dpimg(ms) dﬂmg(”’s)'

. !
/ / _%(E]SIS_E;[’S)TBY(%)
0, (ta=TB, ta—TB;WA)PCy (TB TB WA, T A) PS| TS, s, Ms, Mg T 4 | € :

g oo ()
e

’

CBop (TB - TE)CA,UA (l‘A - tZ) |7Ts, m5><n's, m,s S
(4.A.21)
Given that

H = Y(:TA) (4.A.22)

EgS +cp
A

TA
ma

6The trace over 4 is defined as Tr{} := fR dpem, (7 4) (n A|-|n A), therefore the measure in the integral over ”14
and the measure of the trace integral simplify the normalisation factor in front of the delta.
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the state above becomes

* o ookY) ! ! .
ps(Tp t1) —LdﬂmA(ﬂA)LAB)thLEB) drBfdemsdef[Rz dptmg(s) d,um’s(”s)

y(;_/;)_l -(ns-ng)cﬁ(;—g)}m_

!
rS_ s
EgS-E )

“Caoa(ta—ty)cpoy(TB—Th)e h{ (4.A.23)
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h
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A

/
s _ 'S TA
ES _ES’ +[7TS-7T’S)Cﬁ(m—A)

’

I I, ! i
Ps(ﬂs,ﬂsy ms, ms,ﬂA) ’ﬂs, ms><ﬂ3, mg s

where we have further considered pc, = pc; = 1, namely that all the time readings of both
clocks have the same probability of being observed.

4.B Special-relativistic phase factor

In this appendix, we provide the details of the derivation presented in section 4.1. In the fol-
lowing, we will make use of the general expression for the Baker-Campbell-Hausdorff formula
(BCH) [271]
1
1
eXe¥ =eZ, 7= X*f drg(e™xe’™)[y] =X+ Y+ XY+ 4.B.1)
0

where ad 4 [B] := [ A, B] is the adjoint action and

logz & &

g(2) = gl =) gulz=1"=1+) gulz-1", (4.B.2)
1- z n=0 n=1

is an analytic function in the disk {|z - 1| < 1}.

We will consider a more general chain of transformations with respect to the one in sec-

tion 4.1, given by
e—i(~Ne—%aOPo—%a-Pei(~Ne%a0P0+%a~P ’ 4.B3)

where N;, Py, and P; are the generators of Lorentz boosts, time translations, and spatial trans-
lations, respectively. The relevant commutators are

| Ni.Pj| =i6i;Po, [Ni,Po] =iPi, [Py Py|=0. (4.B.4)

To perform the computations, we set

it N —Lia
z(Ne haP,

_ e N i 0
e’Pi=e % := g N g=ja Po (4.B.5)

so that

i _i, 0p i, il
e N p=j; @’ Po=jaP _ ,Zp+Zo+il'N (4.B.6)

since [Pﬂ, PV] = 0. We start by computing Zp. Expanding eq. (4.B.1) we get

i3 00 1 . i n
Zp=—i{-N- % Yoa Y gnf dt(e—’adwe—ﬁ"ada-l’ -1 [P]. (4.B.7)
j=1 0

n=0
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] = Z (_l)n—r(’:)e—irad(.N[Pj] —

(4.B.8)

—z)k(ad(.N)k[Pj] .

ZPZ—i(‘N—%iajigni(—l)n_r(n)i oD aden) [Pi] =-i¢- N+

k=0
21 21+1

%i“i > gni (—D"‘r(n){i (;l): (ad‘N) [Pi] = Z <21+ 1)! ZZHI(ad"N)ZlH[Pj]}

l_
(4.B.9)

Using (4.B.4) we see that (ad(.N) [P]] =i2l{;¢-P(¢- ()l Yfor7=1and (adc N) [Pj] = Pj for

[ = 0. Analogously, we have (ad( N) [P i) =i (¢-¢ ) { j Po. From this we obtain

ieN-Laartar§ 3 com [P 2 )
Zr=—iON-jeaPogal) &) D (r{lzlm)' [IZa0

00 r2[+1 4l+2 ' i
Lo © 0P }:_l('N_%““'”
(4.B.10)
l > | 4R N/ ET) ! =
—Ea-(rglgn;(—l) (r){(-( cosh(r ¢ () \/c_smh( ¢ ()}_
i (-P
—itN-Laap-la (;{7[%(\7 0)-a] s (VR )}
where
he(x) = Z g Z (—1)”"(") cosh (rx),
h(x) := ZgnZ( D" r( )smh(rx), (4.B.11)
a:= Z(—l)”gnZ(—l) ( )
n=0 r=0
Notice that
1, n=0 1, n=0
1+x)"= = Z( 1) ( ) , (4.B.12)
Yrox' (%), n>0 r=0 0, n>0

therefore a = gy = 1. Analogously, for later convenience, we also want to compute the sum

Y. 8n). (—1)”‘r(’:)r =g+ (-D"gn)_ (—l)r(':)r : (4.B.13)
n=0 r=0 n=2

r=1
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We observe that
1 n n n
nx(l+x)" =Y x| [r=>Y D" |r=0 vn=2, (4.B.14)
r=1 r r=1 r
therefore
o0 n ner n 1
gn Y (=1 r=gi=-. (4.B.15)
n=0 r=0 r 2

With a =1 we finally have

. i i (-P
Zp:—Z('N—%a'P—%a'({W hc(\/{_{)—l

With similar steps it is possible to show that

+ \/};)_(hs(m)} (4.B.16)

] o0 1 . i n
Zy=—i{-N- %ao > gnf dt(e"adcwe‘ﬁ"ada"f’o - IL) [Po], (4.B.17)
n=0 0
reads
i -P
Zy=—il-N- £a°{hc(\/c-c)p0 W4 ns(VE2) } , (4.B.18)
VE-¢
so that
e 4N =@ Po—jaP _ oy ) ¢ N- Lo (, /(.()po _ i p_ ia.({'_P [h ( (.(;) 1l
noe h et
hs( v ('C) 0 X
—i—(a (-P+a-(P0) =:e”.
AVIS
(4.B.19)
For the other part of the chain of transformations
et N i’ PoraP (4.B.20)
we have (4.B.19) with{ — -, a° — —a°, and a — —a, thus
. i i j j j -P
e*N e Pt 1P = expd it N+ a’h(V-C)Po++a P+ Lt [hc(\/(-() “1+
n n [ 414
— iM(QOC'P'Fa'(PO)} = eY
A/
(4.B.21)
With the computations above, we now have
e—i(-Ne—%aOPO—%wPeiCNe%aOPo+%a-P — eXeY’ (4.B.22)
where X and Y are defined in (4.B.19) and (4.B.21), respectively. To write the product eXe" as

e? we have to use once again the BCH. However, the commutator between X and Y is simply

given by

[X,Y] = —2%}—@ ¢-N,a"¢-P+a-gpy| = —2%\/(7}13(\/(7)(@10% + %(-P) . (4B23)
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For this reason, we have that [X, (X, Y]] = —[Y, [X, Y]] =—i [( ‘N, [X, Y]] so that all the sub-
sequent commutators in the BCH will be of the form ;" [( ‘N, [X, Y]] , where [A, B],

denotes [ commutators of Awith B, namely [A, B], = [ ) [A, ...[A B] ] ] . The BCH is antisym-

. 1
metric in the exchange X < Y so that we have eXe¥ = eX*Y+z[X.Y]+W

W= Z ln+r

n+r=1

, where

¢N[xY]| {enr-cn} (4.B.24)

The term in the curly brackets reads

0, r=2l+1, n=2p+1
0, r=2l, n=2p

-2, r=2l+1, n=2p
2, r=2l, n=2p+1

-D'-(-D"= (4.B.25)

The last two lines above are both characterised by r + n = 2(I + p) + 1, therefore we conclude

1
that W = 0. With this result, we have eXe¥ = eX+Y+3 [X.Y] , so that the chain of transformations
(4.B.3) reads

exp{—%mhs(Wz)(zgfj+a°)po-;hs(¢cfc)(za°+a-c)%}. (152

If we take units of momentum for P, we have P |p, m) =mcy/1+ mpTZCZ, where |p, m) is a
momentum eigenstate of an on-shell particle. The rapidity parameter is defined in terms of
the velocity of the boost as

VUV

arctanh Pt (4.B.27)

(=&
%E

so that, in the non-relativistic limit { ~ % From this we have

3

2c

hs(\/_) i g ()\/(_: vy (4.B.28)

where we have used (4.B.15). Therefore by acting with (4.B.26) on a state | p, m), we get

exp{-;mhs(M)(ﬂm Jro- i (ET) e+ a) j(_(}mmw

C—00

vv(2a-v+t) L+ p> i
~expl —i—— m ——-=
P v m2c? I

a-v
h+53 )v ptlpmy—

i ] i
mexp{—ﬁ(a U+Tt0)m—Etov p}|p,m>—exp{—%(a v+Tt0)M—%t0v-P}|p,m>,
(4.B.29)
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in the non-relativistic limit, where a° = ¢ty and M is the mass operator. The last line above is
exactly the result of
e WOl =30 P oivGojtHjaP |y (4.B.30)

By setting cfy = a® = 0, (4.8) is recovered. Of course, it is possible to obtain the same re-
sult from purely algebraic arguments by considering the Inénii-Wigner contraction of the ex-

tension of the Poincaré algebra N = cG, Py = %I +Mc, a® =ctyand { = \/%arctanh@ in
(4.B.26). By taking the ¢ — oo limit we get
ex i(a v+v'vt)M itvP (4.B.31)
P17% o TR ’ -

that is the operator appearing in the last line of (4.B.29).
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Fifth Chapter

Quantum observers: agency-dependence of
spacetime and Doubly Quantum Mechanics

2T
J

General Relativity is, in Einstein’s words, “a theory of rods and clocks”. Observers are assumed
to have a negligible effect on spacetime, which they can probe without influencing it. For all
practical purposes, observers are “external” elements to spacetime: nothing they do, in this
idealisation, can influence anything other than their degree of knowledge of the geometry of
spacetime. In Quantum Theory, observers play a similar “external” role with respect to ob-
served systems. This is known as the “Heisenberg cut” [14, 287]: the separation between an
observed quantum system and the observer, which has to be classical. The observer’s knowl-
edge, information, and choices are described classically, and this is an essential feature of
the Copenhagen interpretation of Quantum Theory. However, due to the quantum nature of
observed systems, there are mutually incompatible measurements which the observers can
choose to perform (complementarity). Therefore, Quantum Mechanics introduces an impor-
tant novelty: the operationally-meaningful properties of the observed systems depend on the
choices made by the observer. Through the impact of these choices the observer is already an
“agent” [288] for what concerns measurements in Quantum Theory.

As discussed in chapter 1 and chapter 2, when Quantum Theory and General Relativity are
combined, in any of the many approaches to Quantum Gravity, spacetime acquires quantum
features, in one form or another [26]. We must then contemplate the possibility that the afore-
mentioned agency-dependence of Quantum Mechanics, as implied by the complementarity
principle, might in turn introduce a dependence of certain properties of spacetime on the
choices of the observer. The notion of an objective spacetime which all observers agree upon
might have to be revised. The way in which spacetime reveals itself to observers may depend
on some of their choices. Furthermore, the quantum properties of spacetime will likely affect
the spectrum of possible operations available to agents, possibly making them quantum ob-
servers. These observations suggest a picture in which spacetime and the agency of observers
affect each other inextricably, so much so that the “externality” idealisation, a good working
hypothesis in General Relativity and Quantum Theory, will have to be abandoned in favour of
anotion of “internal” [289] and “quantum” observers that is required by the logical structure of
Quantum Gravity. Moreover, in chapter 2 we also noted that to fully develop a theory of quan-
tum observers, we should also contemplate the possibility that the measurement devices that
such observers use could be themselves quantum in nature, i.e. measurement apparatuses
that produce non-classical readings. The exact meaning of this has yet to be understood, as
trying to give quantum features to the two distinctive elements of a measurement device, i.e.
its outputs and the probabilities of observing them, defies our common experience. In the
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second part of this chapter, we will formally develop a proposal for such a quantum mea-
surement device, by defining the notion of quantum probability in a new framework that we
call “Doubly Quantum Mechanics”, a theory in which the geometrical configurations of phys-
ical systems, measurement apparatuses, and reference frame transformations are themselves
quantised, in addition to the phase space variables of standard Quantum Mechanics.

The material presented in this chapter, which is based on [2, 4], investigates these largely
unexplored issues that arise in laying the foundations for a Quantum Theory of Gravity.

SU,(2) quantum group model

Most approaches to the Quantum Gravity problem suggest that some fundamental geometric
notions that are pervasively used in physics might be “quantised”, so that there are funda-
mental limitations to the measurability of the observables that depend on them. The most
studied possibility is that Quantum Gravity effects, which are supposedly characterised by a
length scale of the order of the Planck length £p ~ 1.6 x 1073°m, determine a small-scale dis-
creteness or fuzziness in dimensionful quantities like lengths (or distances), areas, and (pos-
sibly hyper) volumes [290-298]. These arguments also suggest that the Riemannian geometry
that provides the mathematical foundation of General Relativity should emerge as a coarse-
grained picture of some other form of geometry [299], one that incorporates the mentioned
fuzzy/discrete properties of spacetime at small scales. As discussed in chapter 1, one of the
most natural settings to realise such a notion of “quantum spacetime” is provided by non-
commutative geometry, where coordinates are promoted to operators satisfying non-trivial
commutation relations [34, 35, 55, 300], and the group structure of empty spacetime symme-
tries is replaced by the notion of quantum groups, where group parameters are also promoted
to non-commutative operators [24].

In recent years there has also been a growing interest in investigating putative Quantum
Gravity effects in the regime of Quantum Mechanics, see chapter 1. In fact, in this context it
is possible to question the logical consistency of the very fundamental assumptions of Gen-
eral Relativity and Quantum Theory [45, 112,117,131, 301-307], as well as to concretely re-
alise table-top experiments to test these assumptions at the interface between the two the-
ories [48,51,52,119,130, 133-138]. In the following, we focus on this physical regime by in-
vestigating the effects of quantum group deformations on quantum-mechanical systems, a
scarcely explored area [1, 2, 308] since these deformations are typically studied in the context
of classical relativistic mechanics [75,87,309-316] and quantum field theory [60,317-320].

A convenient setting to make the first steps in this direction is the spin sector of standard
Quantum Mechanics, where physical results concerning spin systems solely depend on the
geometrical degrees of freedom of spin systems themselves, the Stern-Gerlach apparatuses
used to prepare and/or measure it, and the relative orientation between different observers.
In this context, we can harness the complexity of spacetime quantisation by ascribing quan-
tum properties of space to the deformation of the standard SU(2) rotation symmetry, which
is promoted to a SU,(2) quantum symmetry [321], where the dimensionless deformation pa-
rameter g € C is such that g = 1 reproduces the standard SU(2) group. Relying on SU,;(2)
to explore the notion of “quantum geometry” is rather natural, since in the classical case
SU(2) describes the geometrical configurations of spins and Stern-Gerlach apparatuses and,
through a double cover, the rotations in three-dimensional space. In the context of Quan-
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tum Gravity, the study of quantum groups that involve a dimensionless deformation scale,
such as SU,(2), is motivated by the observation that General Relativity does not only describe
the geometrical properties of spacetime, which describe distances and volumes, but also its
conformal geometry, i.e. angles. One piece of theoretical evidence in favour of quantum/non-
classical angles [2,114] in Quantum Gravity is that the introduction of a cosmological constant
in different approaches, such as Loop Quantum Gravity/Spin Foam models [322-324] and
Group Field Theory [325], requires the deformation of the local gauge group from SU(2) to
SU,4(2). In these models, the deformation parameter g is a function of the dimensionless ratio
between the Planck length and the Hubble length scale associated with the cosmological con-
stant such that g ~ 1. In fact, it has been argued that this reflects a minimal possible resolution
in angular measurements, in a universe that is characterised by a fundamental discreteness
(a short-distance cut-off) and a cosmological horizon (a large-distance cut-off) [326,327].

The mathematical details of SU,(2) have been developed extensively [321, 328-330]. In
this chapter, we want to further explore the physical features of this group to arrive at a pre-
diction for the novel “quantum geometrical” effects that observers would see if, in an effective
regime of Quantum Gravity, rotations of reference frames were described by SU,(2) transfor-
mations. We will consider the case in which g € [0, 1] and specifically g ~ 1, since we expect
the deformation to be of quantum-gravitational origin.

5.1 Quantum protocol for the alignment of reference frames
in classical space

The ultimate goal of this chapter is to investigate the non-commutative generalisation of the
following setup. Two observers, Alice and Bob, do not share the same Cartesian reference
frame and do not know the relation (i.e. the rotation matrix) between their reference frames.
They want to perform an alignment protocol that allows them to measure the elements of
the rotation matrix and hence synchronise their spatial orientations. We will now consider
a simple example of such a protocol in which the messengers are qubits, i.e. SU(2) spinors.
We will then take a journey towards the generalisation of this protocol when the SU(2) gruop
is replaced by the SU,(2) quantum group and, as is often the case, the most important part
will not be the end, but what we will find along the journey. In fact, we will see how such a
generalisation requires a notion of agency-dependence of space and the formulation of the
Doubly Quantum Mechanics framework, in which the notion of quantum measurement de-
vice is introduced.

5.1.1 Qubits as SU(2) spinors in standard Quantum Theory

Itis well-known that any single qubit state, represented as a density matrix p, can be expanded
in the basis of the identity 1 and Hermitian Pauli matrices o; as

1
p=51+7-3), (5.1)

where the expectation values of the spin observables give the components of the Bloch vector:

ri=(o)=Tr{po;}. (5.2)
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The latter relation holds since the Pauli matrices form an orthonormal basis
Tr{ouov} =26, (5.3)
where o := 1. As such, we can also define a 4-dimensional Bloch vector
r=Tr{poy}, 5.4

whose zero-component ry = Tr p = 1 is simply the normalisation of the state.

Consider now a SU(2) transformation of the quantum state. As it turns out, the density
matrix (5.1) decomposes into an SU(2)-invariant singlet and an SU(2)-covariant triplet term,
since for any matrix U € SU(2),

1 1 -
p—»UpUT:§(1+?-U6UT):E(1+r"5), (5.5)

where now the transformed Bloch vector is 7/ = R -  with

1 t
Rl.j:ETr{UojU oif (5.6)
an element of PSU(2) = SO(3). In other words, if the quantum state is transformed by a SU(2)
matrix, the Bloch vector 7 that represents it transforms like a 3-dimensional vector under

spatial rotations.

Clearly, the phase of the SU(2) transformations is cancelled and the adjoint action of
SU(2) yields a spatial rotation in its fundamental representation. Hence, the normalisation
1o is a SU(2)-invariant, while 7 transforms in the adjoint representation of SU(2) and thus
under the fundamental representation of SO(3).

In this manner, we can associate to every SU(2) transformation of states or spin observ-
ables a SO(3) spatial rotation. In particular, we can write the same qubit state relative to
different bases of Pauli matrices U & U by simply rotating the corresponding Bloch vector
accordingly

F/p:Tr{pugu’f}:R‘l.?p:R‘l-Tr{pﬁ}, (5.7)

where '/ p and ?p are both Bloch vectors of the same quantum state p, however, written relative
to different observable bases. Interpreting UG U' and G as being the observables correspond-
ing to differently orientated sets of Stern-Gerlach devices in the lab, this rewriting allows us to
express how observers with different spatially orientated reference frames will “see” the same
quantum state of a (possibly an ensemble of) qubit.

5.1.2 Alignment protocol between two laboratories by exchanging qubits

Suppose that Alice and Bob have never met before and thus do not know how their reference
frames are orientated with respect to each other. Supposing further that they can communi-
cate classically, they can proceed as follows in order to figure out the relation between their
descriptions. Alice prepares three ensembles of qubits, each prepared so that the ensemble
state corresponds to a Bloch sphere basis vector. For example, she could prepare three en-
sembles of N qubits each so that

Ey,=1{Feyn=0,0,00_, Ey, ={F),n=0,1,000_, E;, ={F;, n=0,0,D})_,, (5.8

147



5.1 Alignment protocol Chapter 5

Figure 10: Alice (on the left) prepares a set of N qubits (e.g., electron spins) in the spin up
eigenstate of her x axis (e.g., by passing unpolarised electrons through a x-orientated Stern—
Gerlach apparatus, and selecting only the ones that emerge with their spins up). She then
sends these electrons to Bob, whose laboratory is rotated by an unknown amount with re-
spect to hers. Bob divides these N qubits in three groups and sends each group through a
machine that measures the spin along one of his three orthogonal axes (e.g., three perpen-
dicular Stern—-Gerlach apparatuses; in the picture, he is passing the electrons through a y-
orientated machine). He then counts the number of spin up and spin down measurements
that each machine reads, and calculates the expectation value of the corresponding observ-
able. Repeating the experiment for a set of NV qubits that Alice selected to be polarised along
the y—, and, respectively, z—axes allows Bob to build a statistics of the expectation values of
the nine observables associated to each pair of choices of axes made by him and Alice. In the
large- N limit, these expectation values tend to the nine components of the rotation matrix
R that connects Alice’s reference frame and Bob’s. Notice that, in this illustrative picture the
electron beams (in orange) are manipulated with some “mirrors” (the black cylinders) which
are assumed not to have any effect on the qubit states.
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i.e., every qubit of the first ensemble is prepared to be in the “up in x4 direction” pure state,
where x4 is Alice’s x direction, and similarly for the other two ensembles. Alice can then send
Bob these three ensembles to perform state tomography on them. Bob could proceed as fol-
lows: he divides each ensemble in three subensembles and measures all qubits of the first
subensemble with a Stern-Gerlach (SG) device orientated in the xp direction, of the second
in the yp direction, and of the third in the zp direction. This will tell him how to write Alice’s
states relative to his basis and, via (5.7), what the relative SO(3) rotation between their spatial
frames is. For example, relative to Alice, the ensemble state of E, appears as

1 N N 1
pXA:5(]1+rxA-0A)=5(]l+0xA)- (5.9)

Suppose now that Bob’s measurement apparatuses are in the following relation with Al-
ice’s, 54 =UdGU"'. Then, using (5.7), we can write the same ensemble state, but now relative
to Bob as

1 - - 1 .
pr:E(H‘FrxA'UUBUT)ZE(IL"'”XB'O-B)’ (5.10)
where 7y, = R- 7y, and
1 1
iy = 3 TH{(04);U0a), U} =5 T0{U 0, U" (0, 10

which is equivalent to (5.6) if we remember that U are unitary matrices. Bob can measure
7xp = Tr{px,0 5} using tomography on Ey,, which is why he has to split that ensemble into
three subensembles to measure its qubits relative to a basis of SG devices.

Proceeding this way also with E,,,, E;,, Bob can figure out the Bloch vector basis Txp ?yB,
7, of Alice’s ensemble states relative to his frame, and if Alice also tells him how she describes
the same states, namely as 7y, 7y,, 7, then they can simply compute R from the relation of
these two sets of bases. In principle, Bob has to perform an infinite number of measurements
to determine the rotation matrix connecting his reference frame with Alice’s with arbitrary
precision. From this, the matrix (5.A.5) admits a direct operational interpretation in terms of
(5.11): it is the matrix of the asymptotic N — oo values of the averages of the spin measure-
ments that Bob performs on the qubit states sent to him by Alice.

5.2 Quantum Euler angles and agency-dependent spacetime

With the protocol outlined in the previous section, two observers can in principle measure
the rotation matrix that relates their reference frames with arbitrary precision. In a quantum
space in which SU(2) is replaced by SU,(2), there can be a fundamental limit that prevents
observers from doing the same, i.e. a fundamental limit on the precision of such a measure-
ment can originate from the quantum properties of space. Although this is what we want to
ultimately do, we shall not describe in its entirety the alignment protocol with SU,(2) transfor-
mations right away. This section reports the results in [2], which is intended as a preliminary
investigation of how Quantum Gravity-induced deformations of the classical rotation sym-
metry, described by the quantum group SU,(2), could modify the transformation laws among
reference frames in an effective regime. We interpret here the states of a representation of its
algebra as describing the relative orientation between two reference frames. This leads to a
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quantisation of one of the Euler angles and to an aspect of agency-dependence: space is re-
constructed as a collection of fuzzy points, exclusive to each agent, which depends on their
choice of reference frame. Each agent can choose only one direction in which points can be
sharp, while points in all other directions become fuzzy in a way that depends on this choice.
Thus, two agents making different choices will observe the same points with different degrees
of fuzziness.

5.2.1 Quantum rotation matrices in SU,(2)

The quantum group SU,(2) is defined by considering the algebra of complex functions on
SU(2), denoted by C(SU(2)) and deforming it in a non-commutative way. The generators
{a, c} are regarded as functions on the group, satisfying non-trivial commutation relations

ac=qgca ac*=qc*a cc*=c"c
c’c+a’a=1 aa"—a a=(1-qg°)c’ c.

Here, 1 refers to the identity element of the algebra and ¢q is the deformation parameter as-
sumed to be close to 1 and in particular g < 1. Indeed, in the ¢ — 1 limit, we obtain the
commutative limit and recover the classical description of SU(2). In passing, we mention that
it suffices to consider g < 1 since, if g > 1, the mapping a — a*, ¢ — qc* sends the SU,(2)
algebra to the SU,-1(2) one.

To establish a first link with the classical picture, we present the generalisation of the spin-
% representation (5.A.1), given by

_|a —gc*
Ug= (c a* ) a,ce C(8U42)) qe(0,1). (5.13)
We will now construct one of the key ingredients of the analysis which is a “quantisation” of
the SU(2) to SO(3) homomorphism. To do so, we take the classical homomorphism Rl.]. =

3Tr {0 jUloU }, where o; are the Pauli matrices, and promote U to Uy

1
— t
(Rq)ij = 5Tr{a,- Ulo; Uq}. (5.14)
By computing these elements explicitly, we obtain

L@ -qc?+(a)?-q(ch?) L=a®+q?+(a)?-q(c)?) 11+qHa*c+cta)
Ry=|i(@®+qc?-(a)?-q(c*))) i@ +qct+(@)?+q(c)? -i1+gHac-c*a)
—(ac+c*a*) ilac—c*a*) 1-(1+g%*cc*

(5.15)
and one can check that in the commutative limit ¢ — 1 this coincides with the matrix obtained
via the classical homomorphism. This matrix provides a (co)-representation of SO, (3) related
to the (co)-representation found in [330] by a similarity transformation. We note that in (5.14)
the cyclic property of the trace operation does not hold due to the non-commutative nature
of a and c. This gives rise to a “quantisation ambiguity” which however does not affect our
phenomenological results. The relevant technical issues are addressed in section 5.A.
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The classical analogue of (5.15) describes all possible elements of SO(3) when varying the
complex numbers a and ¢ with continuity. Each of these classical matrices describes a possi-
ble relative orientation between observers A and B. In the quantum case (5.15) has no physi-
cal meaning when taken alone, but only when paired with a certain state |1//> € J€, where A
is the Hilbert space on which a and c act. In the classical case, a and c codify information
about the alignment of two reference frames, via their angular parameterisation (see below
and section 5.A). For this reason, when being promoted to operators, we interpret the states
on which they act as those codifying the relative orientation between the reference frames of
observers A and B. Physical information about this orientation can be extracted by comput-
ing the expectation values (/| (Rq),; |w) with their relative uncertainties resulting from the
non-commutative nature of these matrix elements, given by

Ay =/ (Wl R%|w) — (w|Re)ijlw)” (5.16)

In this framework, the A;; do not vanish simultaneously, in general, for a given state |1//) in-
troducing a “fuzziness” in the alignment procedure. When this occurs, the latter is affected
by an intrinsic uncertainty which cannot be eliminated: A and B are no longer able to sharply
align their reference frames. In light of these arguments, it is crucial to identify ./ and study
the representations of operators a and c on it.

SU,(2) representations and quantum Euler angles

The representations of the algebra (5.12) have been thoroughly studied in [330]. The Hilbert
space containing the two unique irreducible representations of the SU,(2) algebra, g € (0,1),
is A = H, ® #, where 7, = (* ® L*(S') ® L*(S") and 7, = L*(SY). If x,¢ € [0,27[ are co-
ordinates on S! and |n) is the canonical basis of ¢2, the algebra of functions on SU4(2) is
represented as

p@lx)y=e*ly) p@)|x)y=e*x) p@|x)=p|x)=0, (5.17)

n(@|ng,x)=e*\1-g* |n-1,¢,x) 7@ |ndx)=e’q"|n¢,x),
(5.18)

m(@*)|n,¢,x)=e M\ 1-g>"* 2 n+1,¢,x)  w(c)|nd,x)=e"?q"|n,¢,x) .

Itis not coincidental that quantum number y is common in both representations. We show in
section 5.C that representation p can be obtained as a limit of representation 7, in agreement
with the fact that in the classical case we only need three real parameters to specify rotations.

Let us give a physical meaning to the quantum numbers appearing in the representations,
making a comparison between these relations and the classical parameterisation of a and ¢
for U e SU(2)

é

L0 5. 0
a:e”cosg, c=e smi, (5.19)

where 7, 6 and 6 are a linear redefinition of Euler angles, as discussed in section 5.A. We note
that p(a) and p(c) act diagonally, therefore we can make the identifications y =n and 6 = 0.
For what concerns representation 7, ¢ acts diagonally, while a and a* act as ladder operators.
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Figure 11: Discretised angles (5.20) computed with g = 0.9. 8(n) is decreasing with n starting
from 7 and approaching 0 for large values of n. Interestingly, the step between consecutive
angles decreases as n gets larger, and for very large n we can approximate the angular distribu-
tion as continuous. This can be easily verified analytically by computing A0 (n) = 0(n+1)-0(n)
and taking the limit for n — co. Another feature that gives robustness to our proposal is that
the angular steps decrease as ¢ is closer to 1.

For operator a, we added a phase that is implicitly set to 0 in the literature [321], which does
not affect the commutation relations (5.12), but is needed to have a comparison of (5.18) with
(5.19). From this, we identify y =7, ¢ = 6 and, exploiting the fact that c acts diagonally, we are
led to the significant result

q" = sin(@) < 6(n) =2arcsin(q"). (5.20)

The Euler angle 8 becomes quantised, a feature captured in fig. 11. The quantisation of 6 can
also be inferred using 7 (a) (see section 5.A).

Semi-classical rotations

To gain further intuition from the classical picture, where the rotation axis and the angle by
which the rotation is performed are specified by three Euler angles, we henceforth focus on
“semi-classical” rotations, specified by the three quantum numbers 6(n), ¢, ¥, which describe
small deformations of classical rotations defined by these angles. More precisely, the states
|w(9, ¢, x)) that produce such deformed rotations should satisfy

<1!/(9,¢>,X))(Rq)ij‘il/(ewbyxw = Rij(6,¢,x) + 001 - q)
Vi j, (5.21)
A% =001-q)

where R;; € SO(3) and where 0 is one of the allowed values in (5.20). This prescription restricts
the quantum rotations that we can construct to those in which the 6 Euler angle can only take
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the allowed values in (5.20), for a fixed g. In order to clarify the meaning of this prescription,
we provide some examples.

A first class of states that trivially satisfies the requirement (5.21) is the set of eigenstates
| )() € A,. It is easy to see that the expectation value of the quantum rotation matrix (5.15) in
such states describes a rotation of angle 2y around the z axis, namely

cos(2y) -—sin(2y) 0
(x|Rqlx)=[sin(2y) cos(2y) Of, (5.22)
0 0 1

with all the A;; being zero. Thus, rotations around the z axis are classical/continuous: two
observers, A and B, whose relative orientation is described by | X) € #,, can align themselves
sharply.

The relative simplicity of rotations around the z axis is not representative of the richness of
structure of other rotations, and this is mainly due to the fact that for generic basis states of the
form | n, o, )(> the first condition in (5.21) is not satisfied, forcing us to consider superpositions
of such states. Since ¢ and y are identified with their classical counterparts, we are led to
consider superpositions

lwy=3 calndx) » Y |ea|*=1. (5.23)
n=0 n=0

Among the states of this form that satisfy (5.21), we need to find those for which the uncertain-
ties are kept under control. The best way to do this would be to demand that the coefficients
{c,;} minimise the functional

S|teatito n| = A% - ul((wly)-1), (5.24)
L]

where p is a Lagrange multiplier enforcing normalisation of |w> In general, solving the min-
imisation problem (5.24) is a daunting computational task. Therefore, in section 5.B, we in-
voke physical intuition to construct these states. Fixing a value for g, we build superpositions
of states | n, ¢, x) centred around a certain 72 € N. The expectation values and uncertainties rel-
ative to these states will reproduce deformations of the classical rotation matrices specified
by the angles (6(72), ¢, x), in the sense of (5.21).

It is worth noticing that there is a special class of such semi-classical rotations for which
some simplifications arise. This is the case of rotations with § = 7 around the axes of the
x — y plane. The classical theory predicts that y = 0 and a generic ¢ select a direction in the
x — y plane (¢ = /2 selects a rotation around the x axis, while ¢ = 0 describes one around
the y axis) around which we rotate of an angle . As emphasised before, since ¢, y behave
classically, the quantum numbers associated to these angles specify the axis of rotation in the
quantum case too. For the case 0(0) = &, building a superposition of the basis states is not
necessary to satisfy (5.21) and the basis state |0,(/>, 0) is sufficient to describe the correspond-
ing semi-classical rotation around an axis in the x — y plane, specified by ¢. The expectation
value of R; on such state is

—qgcos(2¢) —gsin(2¢) 0
(0,$,0|R4|0,¢,0) = | —gsin(2¢) gcos(2¢) 0 |, (5.25)
0 0 -1
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while the A;; are non-zero and do not depend on the specific value of ¢

2
Wa=-@a-¢ Wi-¢a-¢ BLJ/a-¢9
2
ARq = %\/(1 _ qZ)(l _ q4) %\/(1 _ qZ)(l _ q4) %‘ /(1 - qZ) . (5.26)
From the above matrices, it can be verified that the state |0, o, 0> satisfies (5.21).

For a generic axis of rotation, the quantum Euler angle 6 will play a non-trivial role both
in the determination of the axis itself and in the determination of the rotation angle.

5.2.2 Same stars, different skies

Perhaps the most striking implication of our results is that they provide a possible scenario
for a novel type of relationship between observers and the spacetime they observe, such that
the choices made by the observer in setting up her reference frame affect the spacetime she
observes. We shall argue this by first advocating Einstein’s operational notion of spacetime,
whose points have physical meaning only in as much as they label an event there occurring.
We use as a reference example a network of sources emitting photons (“stars”): each photon
emission is a physical point of spacetime. These points of spacetime will be labelled by mea-
sured coordinates and uncertainties on those coordinates. The key observation here is that, in
our model, these uncertainties are not intrinsic properties of the spacetime points but rather
depend on the choices made by the observer. These arguments give rise to a framework in
which different skies may originate from the observation of the same stars.

Agency-dependent space

We will apply our formalism to establish the connection between the g-deformation of the
SU(2) group and the agency-dependence of space. Before showing this with a concrete nu-
merical example, we will discuss why this property of space is to be expected with a thought
experiment.

Consider two observers, Alice and Bob, each equipped with their own set of telescopes,
who want to map the starry sky. Each of them chooses their reference frame (in particular,
their z axis) to assign coordinates to the stars they observe. We assume that their origins
coincide, but their z axes do not. Without loss of generality, we can focus on the (y, z)-plane
so that, for each observer, any telescope is mapped onto another by a rotation about the x
axis. In the classical case, Alice and Bob can compare their experimental results by rotating
their data with a classical rotation matrix. Formally, there exists an element of the SO(3) group
that sharply describes the relative orientation between Alice and Bob.

We now analyse how the situation changes in our novel non-commutative framework. We
henceforth assume that Alice and Bob can choose the direction along which points can be
sharp independently from one another. For definiteness, we focus on observer Alice first. In
her task of mapping the starry sky, she focuses on a particular star, which she observes with
one of her telescopes. This instrument is generally misaligned with respect to the z axis she
has chosen. In our framework, this means that there exists a state |w A) connecting the relative
orientation between the aforementioned telescope and the z axis. Following our physical
interpretation, |1// 4) determines a quantum rotation matrix through the expectation value of
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Figure 12: A semi-quantitative description of the starry skies observed by Alice and Bob. Alice’s
z axis is aligned with the yellow star, while Bob’s z axis is aligned with the green star, so that the
yellow star is sharp for Alice while the green star is sharp for Bob. For Alice (Bob) the fuzziness
increases as the angular deviation from the yellow (green) star increases, and the same stars
are observed with different fuzziness because of the relative orientation of the z axes of the
two agents. We thank Francesco Minieri for the realisation of this image.

R, and an uncertainty matrix defined by (5.16). This means that Alice cannot appreciate the
relative orientation between the telescope and her z axis with arbitrary precision, since there
will always be some intrinsic uncertainty given by the deformation of the SU(2) group. As a
consequence of this, she will not be able to sharply deduce the position of this star in the sky.
For that same star, this line of reasoning also applies to Bob, but the state | ) will generally
be different from |y 4 ), implying a different degree of fuzziness. In turn, this procedure can
be applied to any star in the sky so that Alice and Bob each have their own picture of the
celestial sphere, as can be seen in fig. 12. The striking result is that the uncertainty associated
with each star is not an intrinsic property of spacetime but depends on the choices made by
the observers. In particular, different choices of the z axis give rise to different pictures of
the starry sky. The subtle observation is that there is no way for Alice and Bob to define an
objective celestial sphere, meaning that the definition of space itself cannot be independent
of the observer who reconstructs it. In this sense, we say that Alice and Bob are agents: we
abandon the idea of objective space, replacing it with a notion of observed space from which
we cannot subtract the choices of the observer who infers it.

As mentioned earlier, it is important to note that, even though the z axis is a preferred
direction for observers (only its points can be sharp), our framework produces an isotropic
description of space. In fact, spatial rotations are a (q-deformed) symmetry. There is no di-
rection that is preferred a priori, and the special role played by the z axis in the reference frame
of a given observer is only the result of the choices made by that observer in setting up their
frame. The observer freely chooses their preferred z direction. This should be contrasted with
the case of standard spatial anisotropy, in which different directions have different proper-
ties a priori, independently of the choices made by observers, and invariance under spatial
rotations is lost.

155



5.2 Agency-dependent spacetime Chapter 5

Numerical analysis

To gain insight into these conceptual novelties and to better grasp the meaning of fig. 12, we
now show some numerical examples to support our claims. We start with Alice’s point of view.
Let her z axis be aligned with a certain star (a) and consider another star () she wants to
observe from a telescope, whose relative orientation with respect to the first star is described
by the following state:

)= n:0;¢:g;)(:0>. (5.27)

This state,already introduced in section section 5.2.1 and which satisfies the “classicality” con-
ditions (5.21), can be seen as a g-deformed rotation of 7 around the x axis. The expectation
value is obtained by substituting ¢ = 7 in (5.25) while the variances are the ones in (5.26)

qg O 0
<1//A|Rq|WA>: 0 —g 0 |,
0 0 -g°
(5.28)
L/A=Pi-¢9 I/a-da-g9 (”qu)\/(l—qz)
ARg=|3/U=-gH0-¢" 3VU-gH0-¢H SL2Va-|
N VE— 0
which at first order in (1 — g) give
1-(1-q) 0 0
(Wa|Rg|lwa)= 0 -1+(1-q) 0 :
0 0 —1+2(1-gq)
(5.29)

V2(1-q) vV2(1-¢q) 20 -q)
ARs= (V201 -q) V2(1-q) 2(0-¢q)
VvV2a-q) 2(0-¢q) 0

Identifying Alice’s z axis with the vector v = (0,0,1) and applying these matrices on v, the
transformed vector v’ = (v}, vy, v4) will lie in the range

—V20-g) <vi<V20-q) -V20-g <vh<\2(0-q) vi=-1+2(1-¢). (5.30)

This quantitatively shows what we mean by fuzziness: the g-rotated vector v’ lies in a cone

with aperture given by
Aa=2/2(1-q). (5.31)

The agency feature of the model can be well understood if we now compare these results
with those obtained if Alice chose to align her z axis with the star . In this case she would
have seen f sharply and a under a cone with aperture (5.31). This line of reasoning can be
extended when considering multiple stars: different states describing the relative orientation
of these stars with respect to Alice’s z axis will produce different uncertainties in determining
their directions. In turn, this is characterised by different cone apertures under which the
stars are seen. In table 5.1 we show some numerical examples presenting this feature.

156



5.3 Doubly Quantum Mechanics Chapter 5

H 0(n) Aperture H
0° 0
+45.275° 0.210
+90.560° 0.284
+137.518° 0.402
+180° 0.442

Table 5.1: Dependence of the aperture on the observation angle 6(n) using g = 0.99. The
aperture is monotonically increasing as the angles grow in absolute value. The states used to
obtain these results are constructed numerically in section 5.B. For consistency, the aperture
for 180° is not truncated at first order in (1 — g) as in (5.31), but is computed numerically with
eq. (5.28) with g = 0.99.

From this analysis, it is worth noting that the fuzziness grows as our quantised Euler angle
increases, resulting in a starry sky inferred by Alice, similar to what is depicted in fig. 12. Of
course, the analysis can also be repeated for Bob, who, in general, chooses a different z axis
and observes the same stars as Alice. The states describing the relative orientation between
these stars and his z axis will be different from those characterising Alice’s frame. The degree
of fuzziness that he observes for a particular star will be different from the one assigned to it
by Alice, resulting in a different inference of the starry sky, as shown in fig. 12.

5.3 Doubly Quantum Mechanics

In the previous section, we investigated some preliminary effects that arise when the rotation
symmetry group SU(2) is deformed in the SU,(2) quantum group. We did not delve into the
formulation of a non-commutative analogue of the quantum protocol analogous presented
in section 5.1, since this requires the development of a fully quantum framework, in which the
geometrical degrees of freedom of spin systems and Stern-Gerlach apparatuses are affected
by the quantisation of the rotation group. The aim of this section, which is based on [4], is
to complete this discussion and thus to lay the foundations of a “Doubly Quantum Mechan-
ics” (DQM) theory, where the geometrical configuration of physical systems and measure-
ment apparatuses, as well as the relation between reference frames, are described by quantum
states that are elements of the Hilbert space of the irreducible representations of the quantum
group describing the (deformed) symmetries of the quantum spacetime under study. Such a
framework is doubly quantum since not only the phase space of physical systems is quantised
but also their geometrical configurations. In particular, we will focus on the spin sector as in
the previous section. Naturally, the doubly quantisation procedure in this context is realised
by promoting the standard SU(2) rotation symmetry to the quantum deformation SU,(2).
This is implemented as a quantisation of the complex coefficients characterising a generic
spin state and a generic Pauli matrix, which in standard Quantum Mechanics are completely
specified by SU(2) elements, thus requiring a doubly quantum-mechanical description of the
system. With the same line of reasoning, the complex coefficients of the SU(2) elements de-
scribing the relation between different observers will also be affected by the same type of
quantisation. We develop the formalism by generalising the axioms of Quantum Theory in a
consistent way.
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As a consequence of our axioms, we will show that the formalism naturally yields a quan-
tisation of the Born rule, introducing the notion of quantum measurement devices, which re-
quires measurement probabilities to be described by self-adjoint and positive semi-definite
operators acting on the Hilbert space associated to the SU,(2) quantum group, introducing a
novel operational meaning for probability measurements. After introducing a suitable class of
semi-classical geometry states, which describe near-to-classical geometrical configurations
of physical systems, we finally investigate the doubly quantum version of the alignment pro-
tocol in section 5.1 using these states. We find that probability measurements are affected,
in these configurations, by intrinsic uncertainties arising from the quantum properties of
SU4(2). It is exactly this feature that translates into an unavoidable fuzziness for observers
who attempt to align their reference frames by exchanging qubits, even when the number
of exchanged qubits approaches infinity. In the classical SU(2) case, two observers can in
principle sharply align their reference frames, but this is prevented in the DQM framework
because the quantum properties of the geometrical configurations, as described by the quan-
tum group SU,(2), yield a fundamental limit on the measurement of probabilities.

5.3.1 Spin measurements in Quantum Mechanics

In Quantum Mechanics, rotational symmetry is governed by the SU(2) group. All the ma-
chinery required for quantum-mechanical computations with spinors can be derived starting
from three basic ingredients, o, and its eigenstates |1), || ), given by

Uz:((l) _01), |T>=((1)), |1>:((1)). (5.32)

Indeed, a generic spin up state |Tﬁ> along a direction 7 = (sinf;cosws,sinf;sinws, cosHy)
where 0, w; € [0, 7] x [0,27], can be written as

-y 1 * *
|T,7>:US|T>:(; xJi )(0):x|T>+y|l>, x,yeC, x*x+y*y=1, (5.33)

namely by acting with an SU(2) matrix on the spin up state. These complex parameters can
be represented in terms of angular variables as

. 0 ; 0
x=e'ts cosEs, y=e'®s sinES , xs» ®s € 10,27], (5.34)
so that the resulting spin state can also be written as
; 0 ; 0 0 ; 0
[15) =€t cos=|1) +e'Psin=||) =cos = |1) +e'“ssin—||), (5.35)
2 2 2 2
up to a global phase. Analogously, the generic spin down state is given by
* * —Ilwe _» 68 95
|lay=-y"[1)+x"|l)=—e Ssm?|T>+cos?|1>. (5.36)

Since states are defined up to a global phase, we have defined w; = ¢s — s to match the angle
appearing in the generic direction 7i by omitting the irrelevant global phase e'*s.
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It is possible to measure the spin along a direction /7 = (sinf,cosw,,sinf,sinw,, cosl,)
with a generic spin state, using a Stern-Gerlach apparatus orientated in direction /. The
observable associated with this measurement is described by the Pauli matrix o, obtained
by acting on o ; with a SU(2) matrix

_ + [aa*-c*c¢  2ac* | [ cosf, e '“esing,
I = =| . . , 5.37
Tin=Ua02Uq ( 2ca* cc*—a* a) (e”“a sinf, —cosf, 637
where
e . 0 . 0
Ua:(a i ) , a=eYacos =2, ¢c=e'Pagin2 . (5.38)
c a 2 2
Notice that (5.37) can be rewritten in terms of projector operators I; ., IT; . as
o =M, =T o= [ 1a X | = [La )L - (5.39)

These projectors define the probabilities of finding spin up and down in the direction m by
performing a measurement on a spin up state along a direction 7i. These are given by

Py (17) = (1|, | 17) = x"xaa” + y*yec* + x* yac* + y*xca* =

= % [1 + cos(@a) cos(Hs) + cos(a)a - ws) sin(@a) sin(@s)] )

P (17) = (ta|ly,|[1a) =x"xc*c+ yy*a*a—x"yc*a-y*xa*c =
1
=3 [1 —cos(04) cos(6s) — cos(w, — ws)sin(6,) sin(@s)] :
so that the expectation value of o3 in | 17)is
(o) =P1,(17) = P, (15) (5.41)

The quantities of interest for this result are the probabilities and these depend on both couples
of parameters {x, y} and {a, c}, defining the spin state and the direction of the measurement,
respectively. With the same techniques, it is possible to calculate similar expressions when
the spin is in a generic down state, |lﬁ>

The physical setup described above is relative to a single observer, Alice, in her reference
frame. If we consider a second observer, Bob, whose axes are misaligned with Alice’s, we can
obtain Bob’s description of Alice’s physical results by applying a SU(2) symmetry transforma-
tion, denoted by Uy, on both states and observables as

1By =Ug|12), of =Ugon Uy, (5.42)

where T‘% > and a% are the generic spin up state and Pauli matrix in Alice’s description, re-
spectively given by (5.35) and (5.37). Of course, given that Uy is unitary, the probabilities of
spin measurements and the expectation value of the spin are invariant under this transfor-

mation. This matrix is given by

_ ¥ . 0 . 0
Ug:(u li ) , u=escos—2, v=ePsgin— . (5.43)
v o u 2 2
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Contrary to the definition of spins and Pauli matrices along generic directions for the single
observer, both phases y¢ and ¢, are relevant since the relative orientation between two ob-
servers is defined by three angles, whereas a generic direction in space is specified only by two
angles.

5.3.2 Mathematical preliminaries

In this section, we are want to develop a quantum-mechanical framework in which the SU(2)
rotational symmetry of section 5.3.1 is promoted to a quantum symmetry described by SU,;(2)
[321,328-330]. Before diving into the physical construction, we present some basic features
of this quantum group. It is defined by deforming the algebra of complex functions on SU(2),
denoted by C (S U (2)), in a non-commutative way. The generators {a, y} are regarded as func-
tions on the group, satisfying non-trivial commutation relations

ay=qya ay'=qy’a vy =y'y

Yy+a a=1 ae —a a=010-g)yy,

where g € (0,1) and * denotes the hermitian conjugation. The deformed algebra is denoted by
C (S Uy (2)). In terms of these operators, the non-commutative counterpart of (5.38) is written
as [331]

U9 = (0‘ —qy ) . (5.45)

The representations of @,y have been thoroughly studied in the literature, e.g. [332, 333].
The Hilbert space containing the two unique irreducible representations of the SU,(2) alge-
bra, when q € (0,1), is #sy, (2) = H#n ® H, where #; = (*® L*(S") ® L*(S") and 7, = L*(S"). If
¢, x € [0,2n] are coordinates on S' and |n) is the canonical basis of £2, the algebra of functions
on SU,(2) is represented as

p@lry=e*x)  pry=e*x)  pMx)=p0M)|x)=0 (5.46)

ngx)=e\/1-g"|n-1,¢,x)  7))|n,d.x)=€"q"|n,¢,x)

n(a)

(5.47)
ng,x)= e M\ /1— g2n+2 |n+ Lo, x) (y™) |n,</),)() e Pq" |i’l,¢,)(> .

In the following sections, we will consider multiple copies of C(SU,(2)) in which we will label
the quantum numbers appearing in their representations by subscripts {s, a, g} to distinguish
the role of the various SU,(2) transformations, as done in section 5.3.1.

n(a®)

5.3.3 Spin measurements in Doubly Quantum Mechanics

In classical mechanics, the state of a physical system at a given time is completely charac-
terised by a point in phase space. When transitioning to Quantum Mechanics, the notion of
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a point in phase space is replaced by the concept of a state in a Hilbert space. Both theo-
ries share the same classical Euclidean background: the quantum properties of a spin system
are encoded in the fact that its state can always be described in terms of a superposition of
spin states, which, however, are always relative to some classical direction in space. When
taking the quantum spacetime hypothesis at face value, it is plausible to imagine that a nec-
essary step toward the understanding of the Quantum Gravity problem should require a tran-
sition from Quantum Mechanics to a novel theory, in which also the geometrical properties of
physical systems and the transformation laws between observers are described by states in a
Hilbert space. We present an example of such a Doubly Quantum Mechanics model, limiting
our attention to the physics of spin measurements. Specifically, the standard rotation sym-
metry under the SU(2) group is promoted to a deformed symmetry under the quantum group
SU4(2), quantum deformation of its classical counterpart, widely employed in the study of the
Quantum Gravity problem [322-325]. The classical SU(2) group parameters become opera-
tors satisfying the commutation relations (5.44) and the states on which they act encode the
relevant information regarding the orientation in space of a physical system.

From an operational point of view, in the commutative case, an observer can extract rel-
evant physical information from a spin state only by performing some measurements on the
latter with a Stern-Gerlach apparatus. A spin measurement is thus characterised by two in-
dependent three-vectors in space: one defining the spin orientation and the other the Stern-
Gerlach orientation. To carry on this operational framework to the non-commutative case,
we are led to characterise the physical information relevant to an observer by means of two
independent geometry states. One of them encodes information about the spin orientation
and the other contains information about the Stern-Gerlach orientation.

In this regard, a spin system becomes a doubly quantum-mechanical system, since its
full description now requires two different states living in different Hilbert spaces. The Stern-
Gerlach apparatus, albeit being a classical measurement device from the point of view of stan-
dard Quantum Mechanics, acquires non-classical properties in Doubly Quantum Mechanics,
since its orientation in space becomes characterised by a geometry state. Specifically, we will
see that the characteristic feature of such a quantum measurement device is that the probabil-
ity of a measurement outcome is quantised by being promoted to an operator acting on the
Hilbert space associated to the experimental setup.

In the following, we adopt an axiomatic approach to extend the basic principles of Quan-
tum Mechanics when the quantisation of rotation symmetry by means of SU,(2) is taken into
account. By adapting the logical steps outlined in section 5.3.1 to our Doubly Quantum Me-
chanics formalism, we derive the fundamental quantities describing a spin measurement in
this context.

The axioms of Doubly Quantum Mechanics

Axiom 0 (Geometry) The information on the directions in space of physical systems and the
relative orientation between reference frames is encoded in geometry states, elements of the
Hilbert space #sy, (2)-

Axiom 1 (Pre-measurement states) The states prepared by an observer, referred to as pre-
measurement states, are spin % states with coefficients that are operators acting on the Hilbert
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space Jfgy - These states are elements of ]?1 = Jfl ® C(SU,4(2)), where C(SU,4(2)) is the al-

gebra of functions on SU,(2) and Jfl :=C?%is the Hllbert space of a spin in standard Quantum
Mechanics. In the following, to 31mp11fy the notation, we omit the tensor product between the
Jfé component and the operator coefficients.

The generic spin up pre-measurement state is obtained, analogously to the generic spin
up state in (5.33), acting on |T> 1 with an SU,(2) matrix

) =ud(In1) =) x+]1)y, (5.48)

=[5 ) =i g I X G

where 1 is the identity operator in the SU,(2) algebra and the operators x, y € C(SU,;(2)) and
their hermitian conjugates satisfy the SU,(2) algebra relations (5.44), with x = @ and y = y.
The bra corresponding to (5.48) is given by

(v ="+, (5.50)

and is such that
(yly)y=x"x+y*y=1, (5.51)
where the (-|-) notation denotes the scalar product on the Jﬁ Hilbert space and the pointwise

product between the operator coefficients. The last equahty follows from the commutation
relations of the SU,(2) algebra (5.44). This is just the non-commutative analogue of the fact
that a generic state is normalised in the commutative setting.

Analogously to (5.36), the generic spin down state can be obtained by acting with U{ on
|1)1 as done for (5.48)

lv')=—qy*+|1)x", (5.52)

which is also normalised since
(W'|v'")y=q*xx* +yy*=1. (5.53)
Moreover, |y) and |y') satisfy (y'|y) = (y|y') =0.

Axiom 2 (Observables) A generic Pauli matrix, representing the observable of a spin mea-
surement, is an element of @(]ﬁ ) ® C(SU,4(2)), where @(Jf; ) is the Hilbert space of linear

operators on Jﬁ We omit the tensor product between the & (j"& ) component and the oper-

ator coefﬁc1ents as in the previous axiom. The possible outcomes of a spin measurement are
given by the eigenvalues of the corresponding self-adjoint Pauli matrix.

The generic Pauli matrix is obtained, analogously to the one in (5.37), by conjugating the
q-deformed Pauli z matrix with an SU,(2) matrix

q(]l—(1+q2)c*c) (g+q YHac*

"
1=Usot UL = “1y -1 2) ||
(g+qg )ca -q ]l—(l+q)c c

(5.54)
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where
an::(? - )=|r><1|a—q|r><1|c*+|1><r|c+|1><1|a*, (5.55)

with the operators a,c € C (S Uq (2)) and their hermitian conjugates defining a different copy
of the SU,(2) algebra (5.44), with respect to axiom 1, with a = @ and ¢ = y. Notice that (5.54) is
the non-commutative generalisation of the generic Pauli matrix (5.37) that represents a Stern-
Gerlach apparatus orientated along a generic direction and is self-adjoint in the sense that
(0T kn = (07) i

The matrix o7, is the g-deformation of o, and reads [332]

ot=(0 _aJi=alniili-a . 556
We interpret this matrix as the one characterising a Stern-Gerlach apparatus orientated along
the positive z direction. In the commutative case, o is traceless and the generic Pauli matrix
obtained by conjugation with U € SU(2) is still traceless. In the present case, o1 is g-traceless
[334] and the generic Pauli matrix in (5.54), obtained by conjugation wtih UZ € SU,4(2), is still
g-traceless, where the g-trace is defined as

Trg{A} =) g% A (5.57)

Analogously to the classical case, (5.54) can be rewritten in terms of the non-commutative
generalisation of projectors along directions specified by the generic Pauli matrix, which we
denote by I1; , IT , as

09=qMy, —q ' 1, = q[1e 1ol = a7 [loXlo] (5.58)
where
o) =[Da+|)e, |lo)=—ql|t)e*+|)a”, (5.59)
with
<TU|TU>:<lU|lU>:]1! <TO’|lU>:<lU|TU>:0- (5.60)

From (5.58), it immediately follows that |10> (| lg>) is an eigenstate of 0¥ with eigenvalue g
(—g™"). The explicit expressions for |15 15| and ||+ )| +| are given by

M, = 1o X1o| = [1X1]aa” + [1){I] cc™ +|1)(I| ac™ +|IX1| ca”

. . . . (5.61)
My, =[loXlo| =[1X1 g cc™ + 1)1 a”a=|1)XI|gc"a=[1)X1]qa"c
Therefore the projectors I1;  and I1  satisfy the following properties
mj =M, 0 =M, M, M, =0,,MM0,=0, 0, +T, =0e1, (5.62)

where I:= [1)(1|+]1)X!].

This axiom introduces an important conceptual departure from standard Quantum Me-
chanics for what concerns the nature of measurement apparatuses as their geometrical con-
figurations are now specified by quantum geometry states in the Hilbert space #%sy,2). This
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opens up the possibility of describing “non-classical measurement devices”, characterised by
geometrical configurations that do not have a classical counterpart. We will not delve into
this feature of our framework in this chapter, postponing this task to future work.

Axiom 3 (Probabilities and expectation values) The expectation value of an observable 0 €
@(]ﬁ) ® C(SU,4(2)) on a generic state |w> € %% ® C(SU,4(2)) is defined as a map

2

X

(0): |76, 0 C(SU,2)

2 () ® C(SU,2)

3 [y)x0 — (y|0|y) e C(SU4(2))®C(SUy(2)) . (5.63)

At the practical level, this map performs the standard expectation value in the .#,, compo-
nent, which is then multiplied by a coefficient that is given by the tensor product between the
operator coefficients of @ (on the right side of the tensor product) and the product between
the operator coefficients of (| and the operator coefficients of |) (on the left side of the
tensor product). Of course, the ordering of the tensor product is just a choice that does not
affect any result. Analogously, this map can be defined on a generic spin state |1//’ ).

With this definition, the non-commutative generalisations of the probabilities of finding
spin 14 or spin |, on a generic spin up state |1//> are elements of C(SUq (2)) ® C(SUq (2)) and
can be defined as

P(1o):= () = (y|y, [y) = (y[1o) (1o |v)

P(lg):= (1) = (w|y, [v) = (¥[le){lo|v) -
The non-commutative generalisations of the probabilities of finding spin {, or spin |, on a
generic spin down state |u/’ ) are given by the same formula with |u/’ ) replacing |w> By defini-
tion, the probabilities defined in (5.64) are self-adjoint and positive semi-definite operators,
and from (5.62) it immediately follows that

(5.64)

P(1,)+P(ls)=181. (5.65)

Therefore, they satisfy the desirable properties that probabilities must have. The explicit ex-
pressions for P(1,) and P(|4) are given by

P(to)=x"x®aa"+y*y®cc*+x"y®ac* +y* x®ca” (5.66
P(ly)=q*x*xec*c+y*y®a*a-qx*yecta-qy*x®a‘c’ '

The properties listed above for these operators can also be explicitly verified using the defin-
ing rules of the SU,(2) algebra in (5.44). These expressions are the non-commutative general-
isations of (5.40), with the tensor product separating the spin and the Stern-Gerlach compo-
nents.

From the definitions of probabilities, we see that the expectation value of the generic Pauli
matrix (5.54) in a generic spin up pre-measurement state (5.48) is given by

(07)=(y|ow)=qP(1s) - ' P(lo). (5.67)
It is possible to repeat the same steps and calculate the analogous of (5.66) and (5.67) for }w’ ).

Axiom 4 (Measurements) Performinga measurement with a macroscopic Stern-Gerlach ap-
paratus associated to (5.54) projects a pre-measurement state |w> or |1//’ ) given by (5.48) and
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(5.52) respectively, onto |T g> or |lg). As a consequence, the geometry state of the spin sys-
tem is updated to the geometry state of the Stern-Gerlach apparatus, given that | 1) and | lo)
are eigenstates of the generic Pauli matrix (5.54). States |T g) and |1 U) are post-measurement
states that can also be interpreted as the pre-measurement states of a subsequent measure-
ment, analogously to standard Quantum Mechanics, since the operators a, c appearing in
(5.59) satisfy the commutation relations of the SU,(2) algebra as also the operators x, y in
(5.48) do. This means that we can make the identifications
a=x", c=y,

; T (5.68)
—qc*=-qy”, a"=x",

when the measurement outcome is |Ta> or |1g>, respectively. The operators x’,y’ satisfy
the commutation relations in (5.44), with x’ = @ and y' = y. This ensures that the post-
measurement state has the same structure as a pre-measurement state, meaning that the rel-
evant physical quantities can be calculated as outlined in axiom 3. Of course, the observable
used for a subsequent measurement is obtained as described in axiom 2 with a different copy
of SU,(2) defined by the operators a’, ¢’

What about Bob?

The axioms stated above govern the measurement procedures performed by a single observer.
We now wish to extend this formalism to the case in which two observers connected by a
SU,4(2) transformation are considered, to investigate the covariance properties of the frame-
work we are proposing.

A change of reference frame between two observers Alice and Bob is described by a SU,;(2)

transformation that maps 2% in #® = 7Y @ C(SUq (2)) =76, ® C(SUq (2)) ® C(SUq (2)).
z 2 2

Analogously, Alice’s observables are mapped into Bob’s, elements of @(]5% ) ®C (S Uy (2)) ®
C (S Uy (2)). The last copy of C(SU,(2)) encodes the information on the relative orientation be-
tween the two observers. In the following, the quantities relative to Alice refer to those intro-
duced in axioms 1, 2, 3, formally extended with an additional 1 on the last copy of C (S Uq (2)),
and will be denoted by a superscript or subscript A, while the quantities relative to Bob are
denoted by a superscript or subscript B.

The generic spin up state in Bob’s reference frame can be obtained as

‘u/B )=U{ ‘U/A> , (5.69)
where
lou —glev . .
ut=(1o8 TSl e - aliKil o v )+ X1 s o) 1 o).

(5.70)
is the SU,(2) matrix connecting the two observers written in terms of a further copy of the
SU,(2) algebra generators u, v, which still satisfy the commutation relations (5.44), with u and
v taking the role of @ and y, respectively. It is straightforward to show that the coefficients of

| T) and | l) in ‘1//3 > still satisfy the commutation relations of SU,(2). With a similar argument,
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itis possible to derive the generic spin down state, ‘w’ B > = Ug ‘w’ A > The generic Pauli matrix
can be written in Bob’s reference fame as

qa_ 119, 49759t
Op= Ug aAUg (5.71)

With these definitions, the probabilities and the expectation value in (5.66) and (5.67) are
invariant, namely

<UZ>B = <UZ>A , PB(TE) = PA(T,?) ) PB(lg) = PA(lf,‘) , (5.72)
where

od=a|tB)(18| - a7 1E)1E[ = aug )| vd - ug LD ud s73)

q\ _ T ~491,,,] T\ _ I

(o), = (W|otlv’) Pi{1) = (v
and the expectation values are elements of C (S Uy (2)) ®C (S Uy (2)) ®C (S Uy (2)) defined as
maps analogously to (5.63), where the third component of the tensor product contains prod-
ucts of elements of the copy of C(SU,(2)) pertaining to the relative orientation, and the terms
appearing in the first two copies of the tensor product are defined as in (5.63). This implies

that the framework we developed is truly covariant under SU,(2) transformations, meaning
that different observers agree on the physical laws describing the theory.

) (1ale'), LicaB, (5.74)

Quantum probabilities

In standard Quantum Mechanics, observables are given by self-adjoint operators and mea-
surement outcomes are described by probability distributions that depend on the form of the
operator and of the state of the physical system on which measurements are performed. The
probabilistic nature of measurement outcomes arises from the superposition principle. In the
axiomatisation of our framework, the implementation of quantum rotational symmetry has
the natural consequence that probabilities themselves are promoted from non-negative real
numbers to positive semi-definite self-adjoint operators, so that the probabilities of observ-
ing given outcomes are characterised by probability distributions as well. The latter depend
on the form of the probability operators and of the geometry states |®) € Jngq @) ® Jngq @)
which codify information on the geometrical configuration of the spin state and of the Stern-
Gerlach device. Measurement outcomes of the probability thus depend on these geometrical
configurations, just as in standard Quantum Mechanics, with the additional feature that our
novel non-commutative framework allows for the geometry states to be written in terms of
superpositions of probability eigenstates, defined as

P(15)

p,ry=plp,r), (5.75)

where r denotes the possible degeneracy of the eigenvalue p. In section 5.D we present a
detailed analysis of such eigenstates. As we will discuss in the next section, generic geome-
try states describing semi-classical scenarios are factorisable in #sy, ) ® #’sy, 2). Therefore,

these states will be written as |®) = ‘(I)S > ® ‘(I)SG>, where ’(DS > (‘®5G>) is the geometry state
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describing the spatial orientation of the spin state (Stern-Gerlach apparatus), and will be gen-
erally given by superpositions of basis states in its copy of Ay, ). In section 5.D we show
that, in general, these semi-classical states of the geometry are not eigenstates of the proba-
bility operator, so they must be written as a superposition thereof. The overlap between the
geometry states |®) and the probability eigenstates | p, ) defines the distribution of outcomes
of a probability measurement, according to

fpy=3 (@[p.r){p.r|®), (5.76)

which is automatically normalised. This distribution is characterised by a mean value py and
a variance A?, which is in general non-zero. Of course, a classical probability is described by
a distribution with vanishing variance, namely a delta function of the form f(p) = 6(p — po),
obtained when the geometry state of the experimental setup is a probability eigenstate with
eigenvalue py.

What is the meaning of a probability distribution for probabilities? Ideally, a probabil-
ity measurement can be performed by measuring the frequency of some event on an infinite
number of trials. An observer studying the behaviour of a beam of spin 1/2 particles pass-
ing through a Stern-Gerlach apparatus could thus measure the probability of finding spin up
with arbitrary precision when the number of particles in the beam goes to infinity. Standard
Quantum Mechanics dictates that such an experiment, performed several times under the
same conditions, would yield the same outcome for the spin up probability. Doubly Quantum
Mechanics allows for superpositions of probability eigenstates and predicts, in general, non-
vanishing variance for the probability measurements described above. Therefore, an observer
repeating the experiment in the exact same geometrical configuration, both for the spin sys-
tem and the Stern-Gerlach apparatus, would find a statistical distribution for the probability
measurements.

A tentative interpretation for this feature is the following. When setting up the Stern-
Gerlach apparatuses (one for preparing the spin states and another to actually perform the
spin measurement), the observer fixes the geometrical configurations of the devices. Two
experiments in which the Stern-Gerlach apparatuses are prepared in the exact same geomet-
rical configuration will share the same geometry state, which is a superposition of probability
eigenstates, in general. When performing a probability measurement, the geometry state col-
lapses in a probability eigenstate and yields one of the probability values in the spectrum of
the probability operator P(1,) in (5.64). Due to quantum superposition of probability eigen-
states, the ensuing statistical distribution for this observable will be characterised by a non-
vanishing variance.

5.3.4 Semi-classical states

In the previous section, we have defined the non-commutative generalisation of physical
quantities related to the outcome of spin measurements and expressed them in terms of oper-
ators that act on geometry states. The effective outcome of actual measurements is described
by a distribution with mean value and variance that are obtained by computing the average
values and variances of these operators in the spinor and Stern-Gerlach geometry states. We
will denote the average value in the geometry states with a bar. For instance, the average value
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of 09 in the geometry state |®) is denoted by 07 := (®|07|®) and the average value in the ge-

ometry of the expectation value of 07 in a spin state is (¢9). The uncertainty on the measure-
ment of a given observable, defined as the square root of the variance of the observable in the
geometry states, is denoted by A. For instance, the uncertainty in the geometry states of the

— = —
expectation value of the spin will be indicated by A[(g7)] =/ A [(o7)]:=/(c7)* = (a) .

Semi-classical conditions

In this section, we focus on semi-classical geometry states that yield small deviations, which
vanish in the limit g — 1, with respect to the results of standard Quantum Mechanics. This
is done by requiring the average values of the relevant physical quantities in the geometry
states to differ by @(1 - g) with respect to the standard quantum-mechanical counterparts
and their variances to be (1 — q). These requirements are consistent with the fact that the
parameter ¢ is expected to be very close to 1, g ~ 1, if the SU,;(2) deformation is taken to be
quantum-gravitational in origin, as in our case.

According to axiom 0, the states encoding information on the spin, Stern-Gerlach appa-
ratuses, and relative orientation are elements of the Hilbert spaces of the representations of
the SU,(2) algebras defined by {x, y}, {a, ¢}, and {u, v} respectively. The Hilbert space is always
given by #sy, 2) = #5 ® /), defined in section 5.3.2. The representations are given by (5.46)
and (5.47) where the quantum numbers {n, ¢, x} are replaced by {ng, s, xs}, {na, da, xa}, and
{ng,¢g, x ¢} for the representations of {x, y}, {a, c}, and {u, v}, respectively.

As pointed out in [2], these representations can be interpreted as giving a quantum de-
scription of the angles that define directions and relative orientations in space. Specifically,
the angles ¢, y in the classical representations (5.34) and (5.38) retain their classical nature,
while the angle 0 becomes discretised in the range [0, 7], according to

2arcsing”, ne Ny
O(n) = , (5.77)
0, n=oc0

where we formally set 6(co) = 0. Specifically, the values in ]0, 7] corresponding to n € Ny are
derived from the /#7; component of %SUq(g), while 6(co) = 0 arises from the ), component.

We start by identifying a class of semi-classical states describing the directions of spin sys-
tems and Stern-Gerlach apparatuses in terms of these quantum numbers. Since we want to
describe a physical setup in which spin states and Stern-Gerlach apparatuses can be prepared
independently, we require that the semi-classical geometry state describing the experimental
setup is separable, so that it can be written as the tensor product of a geometry state character-
ising the spin direction and the geometry state describing the Stern-Gerlach direction. Each of
these states is an element of A5y, (2) and will be specified by two angles 6 = 0(n) and w = ¢—7y,
indicating the classical counterpart of the direction along which spins and Stern-Gerlach ap-
paratuses are aligned, where 0(n) is one of the allowed values in (5.77). These states will be de-

noted by ‘q)s (65,0 3)> and ‘@SG (64 @ a)> and the full geometry state of the experimental setup
will then be given by the tensor product )(D(Qs,ws,Ba,wa)> = ‘@S(Bs,ws)> ® ‘(DSG(Ha,wa)> €

U, 2) ® JKSUq(g). Of course, since the angle 8(n) assumes discrete values, for a given clas-
sical direction specified by angles (6, w) it is only possible to find, in general, a semi-classical
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state that describes a spin or a Stern-Gerlach aligned along a direction (O(ng),w) that is as
close as possible to (0, w), where ny is the value of n such that |9(n) - 9| is minimal. For values
of g closer to 1, the gap between two consecutive angles becomes smaller, so that the values
0(n) are more dense in any given angular range.

The semi-classicality conditions for the geometry states ‘CDS(H s a)s)>, ‘CI)SG (040 a)> read
|1l/_>9s,ws = (COS% +0(1- q)) |T> + (ei‘”s sin% +0(1 - q)) \1)

A|9) g0, =00 -@|1) +00-q) 1)

— | cosO,+0(1-q) e @asing,+0(1 - q) : (5.78)
T 0000 = | pivq sinf,+0(1-q) —cosO,+0C(1-q)

0(l-q) O(1-q)

S, -[230 2070

where the average value and variances on the geometry are taken in the full geometry state
‘@(6 s Ws, 04, wa)> and the subscripts indicate which of the two components of the full geom-
etry state enters non-trivially in the computation. The variance of a non-Hermitian operator
Ois defined as A~ [0] = (®|0"01®) — (@|0'|®) (®|0|®) following [335]. Additionally, the full
state of the geometry ‘(D(Qs, ws, 0,4, wa)> has to satisfy

P(10)0,w 0000 = 3 [1 +cos(04) cos(6) + cos(w, — ws) sin(6,) sin(@s)] +0(1-q)
(5.79)
A [PU]g. 0.0, =O0—a)

We emphasise that the quantities in (5.78) only serve as guidelines for identifying the states
that describe semi-classical experimental setups, but do not enter directly in the physical pre-
dictions of the theory. As discussed in section 5.3.3, the average value and variance of the
probability are the observable quantities and are linked to the expectation value of the spin.
The condition (5.79) guarantees that they are affected by small corrections of order (1 — q)
when the geometry states describe a semi-classical scenario.

When two observers are involved, we consider an additional copy of C(SU,(2)) and the
corresponding additional copy of #’sy, 2 contains states describing the relative orientation
between the observers (see section 5.3.3). The discussion of semi-classical states in this con-
text is a simple extension of the one presented above. Specifically, the semi-classical condi-
tions can be generalised by replacing the operators appearing in (5.78), (5.79) by the corre-
sponding ones for Bob, defined in section 5.3.3. The full state of the geometry now involves

three states and is of the form ‘@(Qs,wsﬁa,wa,@g,)(g,<pg)> =

= [05(05,0,)) 8|05 (04 0,) ) ®

(DRO(Q @ Xg (pg) >, i.e. the full geometry state is factorisable.

In section 5.3.5 and section 5.E we show that states of the form

@RO(Hg,)(g, gbg)> are the semi-

classical counterpart of generic rotations R, () Rx(0g) R;(y), where y4 = “T”, $g=3n-H,
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and 0g = 6(n) is again one of the allowed values in eq. (5.77). The discretised nature of 6(n)
in the context of two observers implies that for a given classical rotation specified by angles
(8,9, x) it is only possible to find, in general, a semi-classical state that describes a rotation
defined by (8(np),®, ), where ng has the same meaning as before. Notice that the states

q)RO(g . Xg’¢g)> depend on both angles . and ¢, and not only on their difference, as is

the case for semi-classical states describing the direction of physical systems, since a rotation
is specified by three angles, while a direction requires only two.

Semi-classical states and probability eigenstates

We now comment on the connection between the semi-classical geometry states and proba-
bility eigenstates. As shown in section 5.D, the only factorisable eigenstates of the probability
operator are of the form | xs) ® |xa), |Xs) ® [na Par Xa), |15 Ps: X5) ® | Xa),

s, ws) ® |Ha, wa) , with

(o.0) (e.0) %
|/Js»ws>S:Ns Z [ s, ns)'”s»¢s:){s>:Ns Z 1

ns=0 ns=0 \/ (6]4;q2)ns—1

|,Ua’wa>a =Ng Z q" f (a, na) |na’¢a,)(a> =

nq=0

(ns—1) a- qZ)nS—l

u?s |n5) (PS) XS> )

00 5 (ng+) (1= g?)"a-1
:Na Z q q uga|na’¢a’xa>r

na=0 \/(q4;q2)na—1
(5.80)

where wg, = ¢5q — Xs,a» Ns,q are normalisation constants, and the q-Pochhammer symbol
(a; q)y, is defined in section 5.D. As discussed in section 5.E, the only separable probability
eigenstates that do not satisfy the requirements (5.78), (5.79) are of the form | Xs)® | Na,ParXa)
and |ng, ¢s, xs) ® |xa) for ns, ng = 1. We also show that states of the form |y 4) and |0, s,a)
describe spin systems and Stern-Gerlach apparatuses aligned along directions (6 s,a(n),w S,a).

In particular, ‘CDS'SG (0, w s,a)> = | Asa=® M> describe spin and Stern-Gerlach apparatuses that
are aligned in the positive z direction, while for a classical direction (0, w) with 6 # 0, the states
that semi-classically describe physical systems aligned along the direction (H(ng),w) which is

PSSG (Qs,a(na); ws,a) > =

relations, ng is the value of n such that |9(n) —9| is minimal, where 6(n) is given by (5.77),

the closest to (0,w) are given by

,us,a(G),ws,a> . In the previous
S,a

2
and 5 4(6) is such that the distributions ‘ fusa(6), nm)‘ have maximum in rny. In general, a

semi-classical full geometry state ’CI)S 05,0 S)> ® ‘CI)SG (04, wa)> will not be a probability eigen-
state, of course. Probability measurements involving these geometry states will exhibit doubly
quantum-mechanical behaviour, as discussed in section 5.3.3. For what concerns the relative
orientation, in section 5.E we show that the states of the same form as those considered for
the single observer satisfy the generalised semi-classical conditions, where states of the form

(5.80) are denoted as ‘ Hg, bg, )(g> to make the dependence on both angles ¢y, xo explicit.
g

The states

QRO (6 2(0), g, x g) > semi-classically describe the relative orientation between two
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(0,w) direction | (0,w) direction,8 #0

@S(Hs(ng),ws)> s = ) s(0), ws).
q)SG(Ha(ne))wa)> |Xa:wd>

Ri(21g) | R(@R:(O)Ry(y), 6#0

,ua(e)»wa>a

(DRO(Bg(nQ))(pg’Xg)> ’Xg> ‘/“Lg(e)’(pg'Xg>g

Table 5.2: Semi-classical states used in the rest of the section. Further details about the nota-
tion adopted for these states can be found in section 5.3.4.

observers. Classically, the latter is specified by the rotation matrix that relates the two ob-
servers, parameterised as R;(a)Ry(6)R;(y). In our quantum setting, for a given classical ro-
tation specified by three angles (0, , ), the state that describes the rotation that is closest to

Rz(@)Rx(0)R:(y) is ‘I’Ro(eg(ne)»¢g’?(g)> = ‘ﬂg(e)’(l’g»?(g>g’ where yg = 5L, ¢g =51 -5,

2
and 6g4(ng) # 0 is such that ‘f(,ug,ng)‘ , which replaces |f(,us,a, ns,a)|2 in (5.80), is peaked

around ng. States of the form ‘@RO(O,cpg, Xg)> = ‘ Xg> semi-classically describe rotations
g

R, (a)Rx(0)R(y) = R;(a +7) = R(2)g). As for the case of the single observer, a semi-classical

full geometry state ‘@5(es,ws)> ® ‘(DSG(Ha,wa)> ®

eigenstate, in general. In table 5.2 we summarise all the semi-classical states that we are going
to use in the following. Further details, as well as some numerical examples involving these
states can be found in section 5.E.

(DRO(Qg, OFS Xg)> will not be a probability

5.3.5 (Non)-Alignment protocol between two observers

In this section, we analyse a protocol in which two observers attempt to align themselves
by exchanging spin systems, emphasising the novelties introduced by the Doubly Quantum
Mechanics framework and providing also some numerical examples using the semi-classical
states introduced in the previous section.

In the classical setting, two observers can reconstruct the rotation matrix that relates their
(in general misaligned) reference frames according to the following protocol. Suppose that Al-
ice and Bob are two observers, each equipped with their own set of Stern-Gerlach apparatuses
defining their Cartesian axes. Alice prepares 3N spins orientated along the positive direction
of each one of her axes, x4, y4,z4 and sends them to Bob. Then Bob divides each group into
three sets of NV spins, and with each set he performs spin measurements along each of his
axes, X, VB, 2B, by using the corresponding Stern-Gerlach apparatuses. This physical setup
is depicted in fig. 10 (and, schematically, in fig. 13). The spin expectation values along Bob’s
axes computed with the spin states prepared by Alice are the elements of the rotation matrix
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Figure 13: Schematic description of the alignment protocol in fig. 10. Alice sends spin sys-
tems aligned along her axes and Bob performs spin measurements on these spins with Stern-
Gerlach apparata aligned along his axes. Notice that Alice prepares her spin states in the | T24)
state by blocking the lower path of her Stern-Gerlach apparatus, and Bob counts the number
of spin up results by doing the same on his Stern-Gerlach apparatus. The picture describes
the measurement of the R33 component of the rotation matrix, since the Stern-Gerlach ap-
paratuses (i.e. the magnetic fields B;) used by Alice and Bob are aligned along their z axes,
z4 and zp respectively. By preparing spin systems aligned along the other directions i and

performing spin measurement along other directions j, all the R;; matrix elements can be
measured.

R that relates the two reference frames [2] according to

Ry = (1f

0? T?>, Lj=x)2z. (5.81)
These expectation values are given by the difference between the probability of obtaining spin
up and the probability of obtaining spin down, according to (5.41). To compute these proba-
bilities, Bob will measure the frequencies of spin up (down) outcomes for every i, j pair. For
any of these pairs, the number of spin up results, k, on a total of N measurements, will be
distributed according to a binomial distribution of the form

P(k,N,p) = (JZ)pk(l—p)N'k. (5.82)

where p is the probability of obtaining spin up, and depends on the spin state used to per-
form the measurement, the direction along which the Stern -Gerlach is orientated and the
relative orientation between the two observers. The expectation value of k is given by E[ k| =

Np and its uncertainty is given by the square root of the variance A[k] = \/E[k?] —E[k]® =
v Np( - p). Therefore, the expectation value for the frequency is given by p with uncertainty

Nz v/ p(1—p). For any given i, j pair, denoting the probability of obtaining spin up by p;;,
Bob will then measure the expectation value of the spin to be distributed according to

al plya\meas _ (2E[K] - N)£2A[k] pij(1=pij) 3
(12]o|14) ™ = ~ =(2pij-1) 22 - ——2pi;~1. (5.83)

By means of this protocol, Bob can measure the elements of the rotation matrix with arbitrary

- . . _1 . .
precision, since the uncertainty scales as N~ z, hence the two observers can sharply align their
reference frames when exchanging an infinite number of spin systems.
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Figure 14: The doubly quantum version of the protocol in fig. 13. The schematic setup is sim-
ilar to the classic case, the difference being that the the geometrical degrees of freedom are

now described by quantum states in the Hilbert space #’sy,2). Specifically, the states ‘CDS >
and ‘(DSG> replace the notion of alignment of spins and Stern-Gerlach apparata along the ob-

servers’ axes, while the state ‘@RO> replaces the notion of coordinate axes and describes the
relative orientation between Alice and Bob, whose reference frames will not be sharp any-
more. The quantum nature of these geometrical degrees of freedom is represented by curly
lines for the reference frames, the magnetic fields inside the Stern-Gerlach apparata, and the
spin systems in place of the straight lines of fig. 13.

The doubly quantum protocol

We now investigate how the protocol outlined above changes in our non-commutative frame-
work, as a consequence of the quantisation of the geometry of the spin states, Stern-Gerlach
apparatuses, and relative orientation. In doing so, we have to describe how Bob performs
measurements with his apparatuses on the states that Alice prepares, according to (5.81),

which we want to generalise to the non-commutative setting. This means that measurements

q

are performed on the states )wA> ® 1, where ‘1//‘*> is given by (5.48), and the observable is o 5,

given by (5.71), which describes a rotation of Alice’s observable.

In light of the properties of quantum probabilities discussed in section 5.3.3, the probabil-
ity that Bob measures spin up or down in a measurement is itself described by a probability
distribution f(p). This means that the number of spin up outcomes k in N spin measure-
ments is distributed according to the joint probability density

N

P2 (k,N,p) = (k) p*a-pNrfrp), (5.84)

obtained by multiplying the binomial distribution P(k, N, p) with the probability density f(p)!,
where p is the probability of obtaining spin up in a measurement and f(p) is given by

fp) =Y (®|p,r){p,r|®), D)= (CDS> ® ‘<I>5G> ® ‘CDRO> : (5.85)

!This is nothing more than the probability density of measuring the value p for the observable P A(T B ) and
observing k spin up outcomes within N spin measurements, which is given by the product between the condi-
tional probability for the latter event given that the value measured for the probability is p, P(k, N, p), and the
probability density of measuring the value p, f(p). This is discussed in more detail in section 5.E3.
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which generalises (5.76) to the case in which also the relative orientation between observers
is taken into account, and | p, 1) are now the eigenstates of the probability operator PA(T g)

defined in (5.74). We will focus on the case in which these three states are semi-classical (in
the sense of section 5.3.4) and can be assigned independently.

With these ingredients, we can generalise the classical measurement procedure. The ex-
perimental setup is the same as in the commutative case (see fig. 14), but the results obtained
by Bob will be different because the number of spin up outcomes is distributed according to
(5.84). For this reason, the expectation value of k and its uncertainty, as shown in section 5.E1,
read

E[k] = Npo, Alk] = \/N(N— DA%+ Npo(1 - po) (5.86)

where py and Ai are the mean value and variance of f(p), respectively. Recalling that <0'g> =

qPA(Tg) - q‘lpA(lg) = (q + q‘l)PA(Tg) — g~ '1, the measurement outcomes of the expecta-

tion value of the spin will be distributed, up to constant factors, according to f(p), as shown
in section 5.E2. Therefore, analogously to (5.83), Bob will measure the expectation value of

the spin <ag>meas = <aq> iZ[ <ag> ] to be distributed as

someas | (a+ a7 JELK] - NG| £ g+ a7 ALk
<UB> N (5.87)
[(q+ q‘l) Po— q‘l] + (q+ q‘l)Af :

q > meas

= {7}

N—o0

We thus see that in the non-commutative case, Bob cannot measure the elements of the
rotation matrix with arbitrary precision. Indeed, a fundamental uncertainty on these ma-
trix elements, that depends on the states )CDS >, ‘@SG> and ’®R0>, arises in our framework.
Of course, the more the distribution function f(p) is peaked around the value py, the more
precise the measurements performed by Bob will be. In standard Quantum Mechanics, this
function becomes f(p) = 6(p - po), and we recover the classical result (5.83), since Ay = 0.
However, in our setting, this uncertainty is typically non-vanishing, since geometry states de-
scribing semi-classical experimental configurations are not probability eigenstates, in gen-
eral. This yields a fundamental uncertainty on the measured expectation value of the spin
that does not vanish even when performing an infinite number of measurements, contrary to
the standard result in (5.83). In the following subsection, we will consider concrete examples
of the theoretical result outlined above to numerically quantify the fundamental uncertainty
appearing in (5.87).

Numerical analysis of the doubly quantum protocol

In the classical protocol, the directions along which spins and Stern-Gerlach apparatuses
are aligned coincide with the Cartesian axes of the two observers involved, which define the
rows and columns indexes of the rotation matrix that connects them, see (5.81). In the non-
commutative setting, these directions are quantised, so that the rows and column indexes
of the rotation matrix are replaced by geometry states that semi-classically describe the di-
rections x4, ¥4, z4 that are closest to three Cartesian axes ¥, y, z, in the spirit of section 5.3.4.
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These states are given by

Xg: x2> = @5(9(71%),0)> = ,us(g),0>s, ‘x2G>:: (DSG(Q(n%),O)> = ,Lta(g),0>a,
o 2= o(o(os) ) - (5) ) i) o%(olos) 3)) - (3} 5)
Zq zf]> = ‘@S(O,ws)> =|xs=ws), ‘zf,G> = )CDSG(O,wa)> =|xa=wa),

(5.88)
For the subsequent numerical examples, we take g = 0.99 so that H(nz_zr) = 0(34) = 1.006 7 is

the 6(n) that is closest to 7, corresponding to ,u(%) = 7, with the prescriptions described in
section 5.E and section 5.3.4.

The building blocks needed to construct the non-commutative analogue of the matrix
elements describing the relative orientation between Alice and Bob are

oy = (ytolly?)=(y* UgaZUgT pt), (5.89)
A

asis also the case in the classical protocol. Expectation values and variances of this operator in
the states of the geometry yield the mean value and uncertainty of the distribution associated
to the rotation matrix connecting the two observers. In particular, we define

R?j(eg»¢g’)(g) = <q)ij(9gr</’g’7(g) <UZ>A'®ij(9g"/’g’Xg)> ,

U5 (3 5) = (00020 (o2 Ot 20)) - [ ea)

'CDij(eg,(Pg»Xg)> = ‘l;lg> ® ‘]3G> ®

(5.90)

where

q)RO(gg,<pg,xg)> . (5.91)

andi,j=x,Y,2z.

As we will concretely show in the following examples, the doubly quantum nature of the
alignment protocol generally yields a deformed rotation matrix, with elements specified by
(5.90), that replaces the standard rotation matrix. The elements in (5.90) are characterised, in
general, by a non-vanishing Ay that limits the possibility of the two observers to learn about
their relative orientation with infinite precision. We will consider three examples given by the
states

(I)RO(Qg;(Pg»Xg)> =|xg= 0> ,

T 3
q)RO(Hg’¢g’Xg)> = ”g(g)’gbg =M As = 0> ) (5.92)
g

3 3

§

We denote the measurement outcomes of the alignment protocol as deformed rotation matrix
elements R?j (6 o Pg X g), characterised by their mean values and uncertainties, collected in a
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3 x 3 matrix denoted by RY (9 oo X g). Using the geometry states listed above, with the same
numerical approximations outlined in section 5.E and up to two decimal places, we obtain

0.99 0.00 —-0.03 0.00 0.14 0.10
R%(0,0,0)=| 0.00 0.99 —0.03 |+| 0.14 0.00 0.10 (5.93)
0.00 0.00 0.99 0.10 0.10 0.00
I 0.98 0.02 0.00 0.03 0.17 0.10
Rq(1.0065,5n,0): 0.00 0.01 -0.99 [+| 0.17 0.17 0.02 (5.94)
0.00 0.97 0.00 0.14 0.02 0.10
5 0.98 0.00 0.02 0.03 0.14 0.17
Rq(n,zn,o): 0.00 -0.98 0.02 |+[ 0.14 0.03 0.17 (5.95)
0.00 0.00 -0.97 0.17 0.17 0.00

The values in these matrices differ by at most O[(1 — g)] from their classical counterparts

R, (@)Ry(0g)R,(y), with y¢ = O‘Tﬂ/ and ¢ = %n — @ The uncertainties are the square roots

of the elements ZZ[RZ- jl appearing in eq. (5.90) and are at most O[(1 — q)” 2], Analogously to
the examples for the single observer presented in section 5.E, one can numerically check that
as g increases, the uncertainties become closer to 0. Notice that the result obtained for the
first example, where the relative orientation state effectively describes the identity transfor-
mation, still predicts an intrinsic uncertainty in the alignment procedure. This is in agree-
ment with the fact that, in our framework, the geometrical degrees of freedom describing the
spin and Stern-Gerlach orientations and the relative orientation between reference frames
acquire a quantum nature. Therefore, the directions associated with the very messengers of
the protocol and the measurement apparatuses are quantum, so that an intrinsic uncertainty
arises even when the state describing the relative orientation between the two observers cor-
responds to the identity transformation.

The numerical examples analysed in this subsection confirm what was expected from the
general theory presented in section 5.3.5. We have chosen a particular class of semi-classical
states and other choices are possible, which do not affect significantly the numerical results.
Indeed, in section 5.D we have shown that there are no separable eigenstates of the probabil-
ity operator that describe measurements of spin systems misaligned with the Stern-Gerlach
apparatuses. For this reason, some of the elements of the quantum rotation matrix are in-
evitably affected by a non-vanishing uncertainty, for any choice of semi-classical states. This
yields a fundamental limit on the observers’ knowledge regarding other observers’ orienta-
tion in space when executing the alignment protocol described above, preventing them from
sharply aligning their reference frames.

5.4 Discussion
In this chapter, we deepened the physical interpretation of the quantum group SU,(2). With
the goal of investigating the emergence of fundamental limits on the precision of spatial syn-

chronisation in an alignment protocol in a quantum spacetime, we first proposed a model of
agency-dependence of spacetime and then developed the full fledged formalism of Doubly
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Quantum Mechanics, in which the geometrical degrees of freedom of all physical systems,
including measurement devices, exhibit non-classical features.

In the first part of the chapter, based on [2], we derived a framework in which one of the
Euler angles becomes quantised and reference frames exhibit fuzzy properties. The nature
of this fuzziness is distinct from the one usually associated with quantum reference frames
(cf. chapter 2) [51,102-126, 147,148, 336, 337], which arises by describing the frame itself as
an ordinary quantum system. The key difference is the source of the frame fuzziness: for
QRFs it is governed by Planck’s constant 7z and follows from the standard laws of Quantum
Mechanics, while in our scenario it is the deformation of spatial rotations, governed by the
parameter ¢, that produces the fuzziness. Accordingly, the states encoding the fuzziness are
associated with physical systems (including the frame) in the context of QRFs, while here they
are abstract geometry states that describe the relation between two frames. QRFs can be in
relative superposition, however, the transformations between them act on the states of the
physical systems directly, without being described by a quantum state of their own.

The most striking consequence of our work is that, contrary to the classical case in which
all observers can objectively reconstruct space(time), in our work, they are agents: using
quantum rotations, they reconstruct their own versions of the space(time) that depend on
their choices of the z axis, and there is no operational procedure they can use to reconstruct
it objectively. In fact, even if they were to exchange their data, they would need to g-rotate it
in their coordinates, inevitably introducing the intrinsic uncertainty predicted by the SU,(2)
model.

In [2] we focused on a semi-classical regime, in which the expectation values and the vari-
ances of the g-deformed rotation matrix act on classical vectors, to derive some novel qual-
itative properties. This is a first step toward a description of a g-deformed version of the
alignment procedure described in section 5.1. The next step in this programme is to develop
the full quantum regime, with a more developed characterisation of physical objects such as
spinors and Stern-Gerlach apparatuses, as well as a consistent interpretational framework for
such “Quantum Mechanics on a quantum space(time)”. This is exactly what we did in the
second part of the chapter, based on [4]. We moved the first steps toward the formulation of
a DQM theory, namely a theory of Quantum Mechanics in which the geometrical degrees of
freedom of physical systems are themselves quantised, formulating its axioms by specifying
them for spin measurements. This is achieved by deforming the rotation symmetry group
SU(2) into the quantum group SU,(2). The striking prediction of this framework is the no-
tion of quantum probabilities, namely probabilities that are operator-valued. The probability
distribution of a given measurement depends on the geometrical configuration of the experi-
mental setup, specified by its geometry states, and exhibits, in general, non-classical features,
such as a non-vanishing variance. We have focused on semi-classical states, which present
small deviations from classical geometrical configurations, and used them to implement the
doubly quantum-mechanical analogue of the protocol in section 5.1. While in the classical
setting this protocol allows them to sharply measure their relative orientation (the rotation
matrix relating their reference frames), the quantumness of probabilities deriving from the
DQM framework prevents them to do so: an intrinsic, in general non-vanishing, variance af-
fects the matrix elements of the rotation matrix relating their reference frames. This feature
could be a hint that the amount of information that two observers can exchange when they
do not know the relation between their reference frames is limited, even if the number of ex-

177



5.4 Discussion Chapter 5

changed messages is infinite. In the standard SU(2) case, there is no such limit, as the number
of logical bits (and qubits) encoded per physical qubit approaches unity for large numbers of
exchanged physical qubits [273, 338], and the two observers can then align their reference
frames with infinite precision [141]. This is prevented when SU(2) is replaced by SU,(2) in
our DQM framework, and this could signal the emergence of an intrinsic limit on the amount
of information that two observers can exchange.

At the practical level, the axiomatic approach outlined in our work promotes complex
numbers, appearing in linear combinations of spin states, in the expression of the generic
Pauli matrix, and in the matrix defining the relative orientation between two observers, to
operators satisfying the commutation relations of SU,(2). This is the only technical difficulty
introduced in our framework, as relevant physical quantities are then computed using formal
prescriptions analogous to those adopted in Quantum Mechanics. Nevertheless, this is al-
ready enough to introduce, for the first time, the notion of quantum probability. Typically, the
geometric configurations of experimental setups are given by superpositions of probability
eigenstates, hence the probability distribution for a given measurement is non-classical, i.e.
it has a non-vanishing variance. This opens up the possibility of defining non-classical mea-
surement apparatuses in a formal way, but also would require a rethinking of the operational
meaning of probability itself.

Our work shares some features with [114], in which quantum reference frames for spin
systems are introduced. The main analogy lies in the fact that both frameworks allow for non-
classical notions of directions in space and rotation angles, even though the origin and the
nature of these two types of fuzziness are different in the two contexts. Moreover, in [114]
the physical regime of “unlimited resources” is considered, which allows for the definition of
sharp classical directions. This is done by considering spin coherent states with large spin
to define axes in space. In our framework, directions of physical systems (spins and Stern-
Gerlach apparatuses), as well as the relative orientation between different observers, are spec-
ified by quantum states in Hilbert spaces that do not describe any physical system, rather they
characterise the intrinsic (quantum) structure of space. These states are such that, in general,
classical directions cannot be defined. It would be interesting to investigate the possible con-
nections between our work and the “limited resources” regime of the framework presented
in [114]. This would offer fertile ground for investigating the possible connections between
the quantum reference frames [102, 103, 117] and the quantum groups approaches to quan-
tum spacetime a topic that has attracted growing interest in recent years with preliminary
studies that are focusing on trying to find a (quantum) group structure for quantum reference
frames transformations [109, 149].

The formalism developed in [4] can be regarded as a template for incorporating quantum
spacetime effects in Quantum Mechanics in a consistent way, enforcing the relativistic in-
variance of the theory and building up from first principles. Interestingly, one of the axioms
we have formulated attributes quantum properties to macroscopic measuring devices. While
they are still “classical” in the sense of standard Quantum Mechanics, they are described by
geometry states in a Hilbert space in the sense of quantum spacetime. This suggests the pos-
sibility of realising “non-classical measurement devices”, intended as measurement appara-
tuses that are characterised by fully quantum geometrical configurations, such as superpo-
sitions of semi-classical geometry states. We did not consider such possibilities in our work,
postponing this task to future works to investigate the consequences of this property that, as

178



5.4 Discussion Chapter 5

of current knowledge, is exclusive to the DQM framework. The latter could also be generalised
to accommodate other quantum symmetries and to characterise observables for quantum
systems in a quantum spacetime invariant under such symmetries. Some preliminary studies
have analysed geometry states of some non-commutative spacetime models and their rela-
tive quantum group transformations [59, 339, 340] and it would be interesting to incorporate
these results in a DQM model, in order to also explore the boost and translation sectors and
define a DQM with general spacetime (quantum) symmetries. It could even be conceivable to
implement a general formalism of DQM valid for any quantum group, analogously to [113] in
which a framework for general symmetry groups has been developed formally for quantum
reference frames. A DQM framework for general quantum symmetries of spacetime would
also allow to formalise dynamical models compatible with the quantum symmetries [308].

Finally, the DQM framework allows for a deeper discussion about the fundamental prin-
ciples underlying the formulation of a Quantum Gravity theory, particularly concerning the
nature of probabilities that acquire quantum features in DQM. At the effective level, it is con-
ceivable to try to encompass such a prediction in the broader area of generalised probabilistic
theories [341], possibly signaling that the DQM framework describes a model beyond Quan-
tum Theory. To investigate this latter possibility, the DQM for spin measurements that we
developed in our work could already be sufficient. Indeed, it might be possible to imple-
ment a doubly quantum version of the CHSH game [342] to test if the Tsirelson’s bound [343],
which sets the maximum violation of the CHSH inequality in Quantum Theory, is violated.
This would lead to the violation of some fundamental principles of Quantum Theory, such as
Information Causality [344] (a generalisation of the no-signaling principle), and provide an
insight for going beyond them, in laying down the foundations of a Quantum Gravity theory.

All of the future perspectives presented above offer an opportunity for enriching both phe-
nomenological and theoretical aspects of studies in Quantum Gravity, a much needed effort
in light of the recent phenomenological opportunities apt to test [48,51,52,119, 130, 133-138]
the quantum nature of spacetime and probe the limits of the assumptions underlying General
Relativity and Quantum Mechanics at the interface between them.
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5.A Classical SU(2) parameterisation and quantisation
ambiguity

The SU(2) group is defined as the group of 2 x 2 unitary matrices with determinant equal to 1.
A generic element U € SU(2) can be parameterised as

U= (“ ¢ ) , (5.A.1)

where a and ¢ are two complex numbers satisfying
* *
aa +cc =1, (5.A.2)

constraining the degrees of freedom to three real numbers. A commonly used parameterisa-
tion for a and c in terms of three real numbers is

5.0
smE , (5.A.3)

a= ei”cosg, c=é
2
with 1,6 € [0,27) and 0 € [0,7). These three angles encode all the information needed to
uniquely identify a SU(2) element and are useful in identifying the connection of SU(2) to
the rotation group SO(3). Indeed, the canonical homomorphism between the two groups is
realised via

R,; :%Tr{aiUUj U*}E%Tr{Uaj utoil, (5.A.4)

where R;; is a rotation matrix, U is parameterised as in (5.A.1) and o; are the Hermitian Pauli
matrices. Writing (5.A.4) explicitly, we have

Ha@-c+@)?-"H i-a*+P+@)’-cH» (a*c+cta)
R=|L(@®+c2-(@"?-(c"?) 3(@+cE+@)?+("? -i@c-c'a)|. (A5
—(ac+c*a") ilac—c*a*) 1-2cc*

As anticipated in the results section, matrix (5.15) indeed coincides with this classical one in
the g — 1 limit.

Inserting the parameterisation (5.A.3) in (5.A.5) we obtain the rotation matrix in terms of
trigonometric functions of the three real angles 1, 6 and 6. These are simply a redefinition of
the well known Euler angles (a, §,7)

a+ T oa-—
o=p n=221 s 277 (5.A.6)
2 2
In terms of these, a generic rotation matrix is written as R(a, 8,y) = Rz(@)Rx(B)R;(y), where
R; and R, are rotations around the z and x axis, respectively.

In the quantisation procedure, we replace the classical U with the deformed Uy in (5.A.5),
thus replacing the complex numbers a and ¢ with the operators satisfying (5.12), and leave
the Pauli matrices untouched. It may be argued that a deformation of the Pauli matrices,
such as the one studied in [345], should be considered here. However, doing so leads to non-
Hermitian operators for the entries of the resulting matrix. With our choice, not only do we

180



5.A Quantisation ambiguity Chapter 5

get hermitian operators, but we reconstruct a matrix that matches the one obtained in [330]
upon doing a change of basis, and this guarantees that we obtain a representation of SO,(3)
as explained shortly.

To discuss our results, we used the matrix (5.15) that is obtained with the first ordering
in (5.A.4). Due to the non-commutative nature of the operators a and c, the cyclic property
of the trace, expressed in (5.A.4) is no longer valid. This leads to two possible definitions of
the quantum rotation matrix. The alternative to (5.15), obtained using the second ordering in
(5.A.4), is
@ -gc®+(@a)*-q(c"?) L(-a*+qc+@a)?-qc? qla*c+cra)

P, = La®+ 1qc2 —(@)?-q(c? 1@ +qct+@)’+q(c)? -—igla*c-c*a)|. 5A7)

2 2
+q * ok .1+q * ok 2 *
24 (ac+c*a”™) I>a (ac—c*a™) 1-1+¢g°)cc

It turns out that P, and Ry are actually similar matrices: R; = MPyM ~1 with

1 g |1
23(1+—q2)3 0 0
1 q 1
M= 0 2(zgp)? 0 ) (5.A.8)
0 o
23

This matrix (with its inverse) reduces to the identity at first order in (1 — g) so that the two
matrices are equivalent from a phenomenological point of view. Indeed, since the Quantum
Gravity expectation is that g is extremely close to 1, the search for experimental manifesta-
tions of our g-deformation is not likely to ever go beyond the leading (1—¢g)-order effects [346].
Notice that the two matrices come from an ambiguity of the “quantisation procedure”, namely
the ordering of the matrices in (5.A.4). This is similar to what happens in standard Quantum
Mechanics where different orderings in the classical observables give rise to different quan-
tum operators that give the same classical limits.

Furthermore, the link with the quantum group SO (3) is established as follows. The vec-
tor (co)-representation of SU,(2) is linked to the (co)-representation of the quantum group
S04(3) through the isomorphism C(504(3)) := C(SU4(2)/Z>); the representation reads [330]

@)?  -Q+g%a*c -qc
di=| cta* 1-10+qg>c*c ac |. (5.A.9)
—q(c*)? -(U+g*c*a a?

In the commutative limit, this matrix approaches a generic rotation matrix written in the so-
called complex basis, and can be rewritten in the Cartesian basis by a similarity transforma-
tion, with
-1 -i 0
N=|0 0 1 (5.A.10)
-1 i 0

acting as the change of basis. By applying this transformation in the g-deformed case too, one
can easily check that N~!d; N is identically equal to (5.15). This clarifies the link to the S 04(3)
quantum group. The matrices P, and R, are (co)-representations of SO,(3) since they can
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be obtained by a similarity transformation from (5.A.9). Therefore, our ansatz (5.14) realises a
“‘quantisation” of the SU(2) to SO(3) homomorphism.

In closing this section, we offer some comments on another quantisation ambiguity, con-

cerning our definition of the angle 6(n) in (5.20). There we obtained the definition of sin (9(”)

by comparing the eigenvalues of 7(c) to the classical parameterisation of ¢ in (5.19). We find

0(n)

5 ) in terms of 7(a* a), which also acts diag-

that this is consistent with the definition of cos (
onally. Indeed, on a generic eigenstate

O(n
na*a)|n,¢,x)=01-qg""|n,¢,x) = cos® (( )| no,x) . (5.A.11)

Furthermore, this is in agreement with the fact that a*a + c*c = 1, as can be inferred from
(5.12). However, it should be noted that since a and a* do not commute (see (5.12)), another
result could be obtained for 6(n) by defining its cosine in terms of n(aa*), which also acts
diagonally (cf. (5.18)), rather than 7(a* a). As can be easily checked, this would lead to allowed

values of @ which are the same as in our 7 (a”* a) case, with the only difference that 6 = 7 would

be missing from the spectrum of 6(n). With this ordering, we would have sin (0(”)) q”“

which is simply a shift of n with respect to the ordering we adopted. Evidently, the main
results and the main aspects of physical interpretation of our analysis are unaffected by this
quantisation ambiguity.

5.B Numerical construction of semi-classical Gaussian states

In order to construct the semi-classical states, we have resorted to numerical computations,
focusing on the case g = 0.99 as an illustrative example. However, by increasing the value
of g, we have checked that the following states satisfy condition (5.21), thus approximating
classical rotations with increasing precision.

We will focus on the (y, z) plane setting y =0, ¢ = 7, as can be seen from (5.A.6). We want
to construct states that semi-classically describe a deformed rotation of a certain angle in this
plane. Since n defines the only angle left, 6, we choose to build superpositions (5.23) centred
on particular values of n, denoted as 77, with coefficients ¢, multiplying the states |n, b, x)
rapidly decreasing as 0(n) deviates from 6(77). Our ansatz is that these coefficients have the
form of a discretised Gaussian distribution.

The variance is then chosen as follows. Recalling that

0(n) =2arcsing”, (5.B.1)
we can define A7 as
An:= @ AG) (5.B.2)
Tdelew o

We take AO = % — arcsin g, which is just half the value of the maximum angular deviation,
and weigh it with the rate of change of n with respect to 6, approximated as the derivative.
Therefore, the value of the variance depends on the central value 72. This approximation be-
comes more and more accurate with increasing values of 7 for which 6(77) becomes quasi-
continuous. Moreover, the higher the value of 71, the larger the variance is.
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We then define our superposition coefficients ¢, as

_(i=n)?
e 2Ai?

(5.B.3)

Cyp = .
n o - =n?
)
Zn:O e 2AQ

For computational reasons, we do not consider the full superposition going from n = 0 to
n = oo, but we truncate the series considering the 3-o range of our Gaussian. That is, the sum
goes from npyin to Nmax, Where

For relatively small values of 72, the value of nyi, could be negative when considering the 3-o
range. When this happens, we simply truncate the Gaussian and start the series from n = 0.
We have explicitly verified that this does not affect our results in a significant way.

We have used this algorithm to construct the states used for the numerical analysis of
table 5.1. In what follows, we show the results for the computation of the expectation values
of the matrix elements (Rq)ij with their relative uncertainties for states centred around n =

95,34,7,0, corresponding to angles 8 = 45.275°,90.560°,137.518°,0 = 180°.
e n=95,0=45.275°

0.997 0.000 0.000

(w(45.275°)| Ry |y (45.275°)) = | 0.000  0.695 0.708 [,
0.000 —0.708 0.698
(5.B.5)
0.005 0.071 0.030
AR, =10.071 0.073 0.069
0.030 0.069 0.073
* n=34,0=90.560°
0.990 0.000  0.000
(¥(90.560°) | Ry|w(90.560°)) = | 0.000 —0.015 0.990 |,
0.000 —0.990 —0.005
(5.B.6)
0.015 0.100 0.100
AR;=10.100 0.099 0.004
0.100 0.004 0.100
e n=7,0=137.518°
0.982 0.000  0.000
(w(137.518°)|R4|w(137.518%)) = | 0.000 —0.739 0.663 |,
0.000 -0.663 —0.721
(5.B.7)

0.025 0.067 0.173
AR4=10.067 0.067 0.074
0.173 0.074 0.067
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* n=0, 0 =180°
0.99 0 0
(w(180°)|Ry|lw(180%)=| 0 —-099 0 |,
0 0 -0.99
(5.B.8)

0.014 0.014 0.140
AR;=10.014 0.014 0.140
0.140 0.140 0

To obtain the states that describe the g-deformations of rotations of negative angles { < 0,
we only have to consider the same states with ¢ = —7. It is straightforward to show that for
states of the form (5.23) with y = 0 having real superposition coefficients like (5.B.3), the map

¢ — —¢ exchanges (Rq)zs with (R")sz’ leaving all the other elements unchanged, and yields

the same uncertainty matrix. Therefore, the aperture of the cone in table 5.1 is the same for
opposite angles.

For the 6 = 0 case, we use the state in the representation p that gives the identity matrix
when computing the expectation values. This state is simply given by | x =0) € #,. From
(5.22) we thus have

(W(0)|Ry|w(0°))=13x3  AR;=03x3. (5.B.9)

5.C paslimitofrn

By adding a phase to the representation n discussed in the mathematical literature [321] we
have

p@lyy=e*|x)  p@)x)=e*x) p@|x)=pc"|x)=0, 5.C.1)

n(a) |n,¢),€> = eiecos(@) |n— 1,(/),€> 7n(c) ‘I’l,g[),€> = ei(psin(@) |I’l,¢,€> y

n(a®)

n,(p,e>_eie\l 1—q2co32 (@) |n+1,(/),e> (5.C.2)

n(c*)|n,¢,e) = e_"d’sin(@) |n,¢,¢€),

with our definition of quantised angle, 6(n) = 2arcsin g". Looking at (5.C.1) and (5.C.2), it may
seem that we have four Euler angles in the representations of SU,(2), namely the aforemen-
tioned (y,€,¢,0(n)). This is a subtlety solved by observing that, with the additional € phase
that we introduced in the 7-representation, the representation p can be obtained as a some-
what trivial limit of representation 7. Therefore, we have three physical degrees of freedom,
with the angles y and € linked by this limit operation, so that we can ultimately set e = ¥.

To see this, we need to find a class of states such that

r@lym)—etlyw) ,  w@|wxp)—0 (5.C.3)
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in this limit. We can show that states of the type (with the identification € = y)
1 2n
= k,o, (5.C.4)
from the n-representation satisfy requirement (5.C.3) for n — oo.
In fact, for the operator ¢ we can immediately see that
. 1 2n B
() |w,) = e Y g |k, x) (5.C.5)
n+1i=,
and, therefore, since g is slightly less than one
. 1 an(l__q2n+2)
(Wa|m(c)m©)|wn) = — -0, n—oo. (5.C.6)

1 1-g?

Hence, 71(c) |, ) = 0. The limit for the operator a is more subtle; in this case we have that

iy 2n
(@) |yn) = \/Zﬁ,; V1-g2%|k=1,¢,x), (5.C.7)

and we consider the difference

W) =@ |yn) - e |yn) . (5.C.8)

To show that the limit 7 (a) |1,U n) — el |w> holds we will show that the succession of the norms
of the states in (5.C.8) has 0 limit. We have that

0= (Ylw) = (waln @) m(@yn) + (Walyn) —2Re{e (| m(@")|yn)} =

1-g?" 1 %ﬁ 2/1—q%—(1—q%)
n—oo

=n+1
0.

1 2n

5 1)

=n+1

n+1 n+1k

=1+ <1+

n+l  n+l,

9_ 2n+21_q2n
1-g?

n+1

(5.C.9)

This observation that representation 7 converges for certain states to representation p can
be extended to generic functions of operators. In general, such functions can be written as the
sum of powers of the operators 7 (a), m(a*), n(c) and (c*). We now prove that these functions
acting on a class of states in representation 7 give, in a certain limit, the value that the same
function gives in the limit of these states with 7 (a) replaced by p(a) and so on. To do so, we
consider a slightly different class of states than the one in (5.C.4). In particular, we consider

2n!

1
NS k;|k, b x) - (5.C.10)

The reason why we make this choice with the factorial will be clear in the following.

%) =
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Consider first the case in which we have an operator of the form 7(c)”n(a)". If we act with
this operator on the state (5.C.10) and we compute the norm of the state obtained in this way,
we get

2m(nl-1) [1 — g2+

n—oo

0= (Wp|n(@) n(c) "m0 n(@)! |¥,) < (5.C.11)

(1-g*>™)(n'+1) m#0

The same argument holds if we have only powers of the operator 7(c) (i.e, [ = 0) or other
combinations involving 7 (a*), m(c*) and different orderings. The case with m = 0, in which
the limit above is 1, corresponds to a power of 7(a) that will be handled slightly differently in
the following.

Now we turn to the powers of the operator 7 (a), i.e 7(a)”". We do something analogous to
the argument used for 7(a), namely we define the difference state

|¥!,) = m(@™ |W,) - "™ |, , (5.C.12)

and show its norm goes to zero as n — oco. After some algebraic manipulations, this norm is
found to satisfy

I ! 2m 1 u 10+1) 2kl I —2k. 2 n—0o0
0= (W,[¥),) =< — Y |d""M D! a74?) -1 =0, (5.CI3)
n'+1k=n!+m !

where (q 2k ) = ]'[l L (1 2’”25) is the g-Pochhammer symbol. The result of the limit

comes from the fact that the term in the square brackets above is essentially just a sum of
powers of q.

We have thus shown that a generic function of 7 (a) and 7 (c) operators applied to (a class
of) states in the representation n converges to the same function applied to a state in the
representation p (a similar argument holds for functions of 7n(a*) and n(c*) operators). The
reason why we considered a state of the form (5.C.10) is now clear: it is necessary to have a
number of states in the superposition that goes to infinity faster than m to properly carry out
the limit when considering generic functions, in which case we have a series in m.

The states (5.C.4) can also be used to show directly for the vector (co)-representation that
it is possible to obtain the rotations about the z axis as a limit in the representation 7. In the
same way, it is possible to obtain the identity, i.e. the null rotation, in the same representation.

To obtain a rotation about the z axis, we must have ¢ = 0, and we have to consider the
large n limit. In this limit, setting ¢ = 0, we can approximate our 7 representation as

n@|n, g xy=eX|n-1,¢,x) w=ncH=0 w@)|nx)=e X n+1,¢,x).

(5.C.14)
Therefore, using the states (5.C.4), we obtain
Ttlcosy ZElsing 0
(w|Rglw)y=|-"LLsiny Ftcosy Of. (5.C.15)
0 0 1

In the large n limit, we see that (5.C.15) approximates a rotation matrix about the z axis with
greater and greater precision and it can be shown that the variances are equal to 0. Moreover,
x =01in (5.C.15) gives the identity matrix in the large n limit.
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5.D Eigenstates of the probability operator

With explicit computations involving the probability operator (5.64), we see that the states
{lxs)®|xa) |xs) ® |narPar xa), |ns,ds, xs) ® |xa)} are eigenstates of P(1,) with eigenvalues
given by {1,1 — g?"«*2,1 — g?"}, respectively. Recalling that n,, ns € [0,00), these probability
eigenvalues are discrete and take values in [0,1]. These states span the /), ® #,, A, ® /7,
and A, ® /£, components of the Hilbert space styq @) ® Jﬁsuq @), given that they are basis
states. Using (5.75), we show that there is only one other class of separable eigenstates in
JCr ® #&5. To show this, consider a generic factorisable probability eigenstate independent
from the ones written above, given by

|P, I‘> = Z hnskna |ns;(ps;)(s> ® |na;(,ba;)(a> (5.D.1)

ng,ng=0

The eigenstate equation P(1,) |p,r) = p|p, 1) yields
hns knu

(1 - g2")(1 — g2ra*2) 4 g2nstna) _ p] "

+ hns_lkna+lei(ws—wa)qns+na \/(1 _ q2n3)(1 _ q2na+2)+ (5D2)

+ hns+1kna—le_i(ws_wa)qns+na \/(1 _ anu)(l — q2n5+2) =0,
where wg 4 = g0 — Xs,a-

Setting ny =0 and n, = 0in (5.D.2), we obtain

ok, (%" = ) + P kg1 0”500 e, /(1 = g2na) (1 - g2) =0, (5.D.3)

hnsko(l + q2n5+2 _ qz _ p) + hns—lkoei(ws_wa)qns \/(1 _ 6]2’15)(1 _ q2) =0. (5.D.4)

Inspecting (5.D.3), consider the case in which hg = 0, so that either #; =0 or k,, =0 V n,. In
the latter case, the state (5.D.1) is a null vector. In the former, we consider (5.D.2) for n; =1,
which yields hyk;,-1 = 0. Therefore, either h, =0 or k,,, =0 V n,. Again, in the latter case,
(5.D.1) is the null vector, while in the former we move on to consider (5.D.2) for ng = 3. This
argument repeats in the same way for all the other values of n;, ultimately yielding that either
hu, =0 V nsor ky, =0 VY n,. Therefore if hy = 0 the vector in (5.D.1) is the null vector and an
analogous reasoning applies also for the case in which ky = 0. This means that if a separable
state of the form (5.D.1) exist, necessarily hg # 0 and ko # 0.

Among the eigenstates with hy, ko # 0, let us first focus on the cases in which p # 1. If we set
ng =01in (5.D.3) we get hok,, =0, since p # 1. Therefore, since hg # 0, we have k,,, =0 V ng4, in
which case the state in (5.D.1) is the null vector. Let us move on to the case in which hg, kg # 0
and p = 1. Equations (5.D.3) and (5.D.4) are solved by

q%(ns_l) 1- q2)n5—1

\/ (@% %) n-1

ana(na+1) (]_ — qz)na_l n (5D5)

a

\/ (@ G*) n—1 o

hns = st(,“s; ng) = N

kna = Naqnaf(lla» ng) = Ng

Ms = e!(smwa) Ha >
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f(u.n)
0.35
0.30
0.25f
0.20
0.15
0.10
0.05f
n

2IO 4IO 6I0 8I0 1(I)0 12I0
Figure 15: Distribution f(u, n) with n € [0,130] nNj for two different values of y, p =7 (cyan
plot) and p = 17 (green plot), corresponding to distributions centred in n = 34 and n = 96 (or
0(n) = % and 0(n) = %), respectively, for g = 0.99. As we see, these distributions are well ap-
proximated by the Gaussians defined in section 5.B that we used in [2] and in the first part
of this chapter. Notice also that the variance increases as the value of n on which they are
peaked increases, in the same way as the Gaussian states in section 5.B do. Therefore, these
states, derived by searching for the semi-classical eigenstates of the probability operator, are
an improvement of those that we used in the first part of this chapter and somewhat formally
justify the numerical construction of Gaussian states that we proposed in [2], since the char-
acteristic behaviour of the physical quantities we consider there is not altered by the small
differences between the states that we found here and the Gaussian states.

where (a; q), is the g-Pochhammer symbol defined as (a; q), := H,’C’;é(l —ag®), n>0and
(a; q)o =1, pys:= hlhal (Uq = k1 kgl) determines the value of ng (n,;) on which the distri-
bution of |f(us,ns)|2(|f(ua,na)|2) is centred as shown in fig. 15, and N = hy (N, = k) is a
normalisation constant. We will denote with | s, 3> and | Ha a)a) states of the form

s ws)gi= ) hn|nsds xs)
ng=0

o0 (5.D.6)
|Naywa>a:: 2: kna|nay¢a,Xa>-
nga=0

In the case where u and p, are complex, pugs = |,us|ei'35, Ka = |ua|eiﬁ“, itis easy to show that the
additional phase can be absorbed into the angles w; and w,, meaning that the computation
of all quantities of interest (expectation values in the geometry state of spin states, Pauli ma-

trices and probabilities) gives the same result when performed with either “,u5|,w s— P S> ®

“ya|,wa—ﬁa> or |,Lts|eiﬁS,ws> ® “,ua|e"ﬁ“,wa>. Given the generality of the angles ws and

wq, we consider g, i1, € R*. Therefore, the probability eigenstates in (5.D.1) with eigenvalue
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p =1 can be written as | W) $® | W) .» and describe spin systems and Stern-Gerlach apprata
aligned along the same semi-classical directions.

5.E Numerical examples with semi-classical states

We consider some examples involving explicit computations of average values in the geom-
etry states of the generic spin state (5.48) and of the generic Pauli matrix (5.54), as well as
average values and uncertainties in the geometry states of the probability operator P(1,) in
(5.66). These examples will give an indication on which geometry states may be regarded as
those semi-classically describing the directions of spin systems and Stern-Gerlach appara-
tuses, in the sense of conditions (5.78), (5.79). The results concerning the average value in the
geometry of the generic spin states and of the generic Pauli matrices should not be regarded
as the starting points for the computation of quantum-mechanical predictions for a spin sys-
tem. We remind the reader that the physical predictions of our model are mainly encoded in
the measurement outcomes of the probability P(1,) (and consequently of (a7)), according
to the axioms outlined in section 5.3.3. Let us begin by exploring geometry states inspired
by the probability eigenstates derived in section 5.D. Once we have obtained a class of semi-
classical geometry states, we will conclude with an example showing that these are also suit-
able for semi-classically describing the relative orientation between two observers, satisfying
the requirements outlined at the end of section 5.3.4. Some of the following examples and
computations in section 5.3.5 involve states of the form (5.D.6) that require a numerical anal-
ysis, where we set g = 0.99 for definiteness. For practical purposes, we truncate the infinite
series originating from the computations involving these states so that we have control up to
the second decimal place.

1. Consider the state ‘(I)S> ® ‘(DSG> = |xs)®|xa) € #,® #,, which is an eigenstate of P(1)
with eigenvalue 1. The corresponding geometry states for the spin state and the Stern-
Gerlach apparatus are )q)s > = |xs) and ‘CDSG> = |xa), respectively. The average values

in these states of the generic spin state (5.48) and of the generic Pauli matrix (5.54) are
given by L
lv)=11), Allw)] =0,
_ 0 _ (5.E.1)
o9 = (g —q_l) , A[O’q] = 02><2 .
This semi-classically describes a spin and a Stern-Gerlach both orientated along the
positive z direction, in the sense of requirements (5.78) and (5.79). We thus make the

identification ‘@S(O,a)s)> = |Xs = wy), ’CDSG(O,wa)> = |Xa =Wg).

2. Consider now ‘(DS>®‘<I>SG> =|xs)®|na Pa xa) in #,® 7, the eigenstate of probability

with eigenvalue 1 — g®"«*2. It can be explicitly verified that |na, ¢a, xa) does not satisfy
requirements (5.78) and (5.79) for n, = 1. When n, = 0, we obtain

[w)=11), Allw)] =0,
S R R 0 0 (5.E.2)
o —( 0 q)r A[U ]_((1+q2)2(1_q2) 0) .
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The state |0, ¢a, X a) semi-classically describes a Stern-Gerlach apparatus along the neg-

ative z direction, so we make the identification ‘CDSG(T[, a)a)> = |O, ba, Xu>-

Analogously, we may consider ‘CDS> ® ‘@SG> =|ns,ds, xs)®|xs), eigenstate of the proba-

bility with eigenvalue 1— ™. Similarly to the previous case, it may be explicitly verified
that for ng =1, |ns,(/>s,)(s> does not satisfy requirements (5.78) and (5.79). When n; =0,
we obtain

[w)=11), B[ly)] =0,

— _ (5.E.3)
Uq:(q 0 1), A[O’q]:()zXz.

0 —g°
The state |0, ¢s, xs) thus semi-classically describes a spin along the negative z direction,
and we make the identification )@S(T[, a)s)> =10, s, Xs)-

3. We now consider states of the form ’®S> ® ‘®5G> = |,us, w3>s® |,ua, wa>a, which are eigen-
states of the probability in /7, ® #; with eigenvalue 1. To exhibit a specific example
involving these states, we resort to numerical computations by setting g = 0.99, for def-
initeness. We choose u = 7, so that the | fy, n)|2 function is peaked around nz = 34,

corresponding to O(n%) ~ 7, in the spirit of section 5.3.4. The average values and uncer-
tainties in the geometry states for the generic spin state and generic Pauli matrix read

[v) =0.71[1)+0.71e™ 1), A[|y)] =0.04([1)+ 1)),

—g_[ 000 0.99¢~@a o] = 0.10 0.10 (5.E.4)
~10.99¢i?a 0.00 |’ ~l0.10 o0.10)"

corresponding to acceptable values for |7, w s) s and |7, w S> . 1o semi-classically describe
directions that differ from those in the x — y plane by quantities of order &(1 — g), both
for the spin system and the Stern-Gerlach apparatus, respectively. We therefore make

the identification @S(%,wsw = |7,ws), ’@SG(%,O)@)> = |7,waq),. In particu-

lar, setting w = 0,7/2, we obtain a semi-classical description of the axes closest to the
X,y axes, respectively, which will be employed in the deformed alignment protocol in
section 5.3.5.

By varying the value of y, so that | s ar ns,q) |2 is peaked around a certain ny, it can be
shown that the state | Hs,a @ M) < 4 18 the semi-classical counterpart of other directions

corresponding to (Q(ng),w).

So far, we have focused on the eigenstates of probability. With similar computations, one can
show that by combining geometry states representative of semi-classical directions of spin
systems and Stern-Gerlach apparatuses defined in the three examples above, it is possible to
construct states in #sy, 2) ® #’su, ) which are not necessarily probability eigenstates but still
satisfy the semi-classical conditions (5.78), (5.79). We close the discussion concerning a single
observer with such an example.
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4. We consider ‘CDS> = | Xs> and ‘CDSG> = |7,0),, describing a semi-classical scenario in
which the spin is orientated along the z axis and the Stern-Gerlach apparatus is ori-
entated along the x axis, as indicated by the computations in (5.E.1) and (5.E.4). The
probability distribution function will therefore be characterised by

P(15) =050, A[P(1,)] =0.05. (5.E.5)

As expected, the variance assumes a non-zero value, given that this particular geometry
state is a superposition of probability eigenstates.

We have provided some examples concerning the physical quantities of interest for a sin-
gle observer and this allowed us to identify some states as suitable semi-classical descriptions
of directions in space for both spin states and the Stern-Gerlach apparatuses. We now discuss
how the same states can semi-classically describe relative orientations in space between two
observers, approximating classical rotations parameterised as
a+y 3 a-—-y

=g Y 5.E.6
s Pe=T (5.E.6)

Taking into account the generalised requirements at the end of section 5.3.4 and (5.E.6), one

R (@)Rx(O)R:(y), xg=

can show that states ’ X g> semi-classically describe rotations around the z axis of an angle 2y ¢,

so we make the identification ‘@RO(O, 0, )(g)> = ‘ Xg>- On the other hand, states of the form

‘“g’¢g’xg>g:: niohng ”g»(l’g’?(g> , (5.E.7)
=

semi-classically describe rotations (5.E.6) with 6 € ]0, 7], where the value of p is determined
by 0 according to table 5.2. We therefore make the identification

‘Hg’</’g’7(g>g = ‘q)RO(Bg = 0(”9)’¢g)Xg)> , (5.E.8)

where ny has the same meaning as in the final part of example 3. In particular, the state

g =0, (,bg,)(g> coincides with ‘ng = 0,(pg,)(g>, and it can be shown that the state )O, 37”,0>
g

semi-classically describes a rotation around the x axis of an angle 7. We conclude this ap-

pendix with an example involving a generic rotation around the x axis.

5. Consider ‘CI>S> = |7,05),, CDSG> = |xa) and ‘@RO> = ‘7,(/>g,)(g>g (as in examples 3 and

4 we consider g = 0.99 for definiteness). The average values and uncertainties in the
geometry state for the generic spin state and the generic Pauli matrix read

1+ e_i(d)gwg_ws)) 11,

lw)= 0.50(1 - ei(‘Pg‘Xg‘MS)) 1)+ /560 50

Allw)]=0.1 sin(%) (|T>+|l>),

(5.E.9)

_ wilosr) |
—_| 000 099 A q]:(O.IO 0.10)

0.9961-(%_%5,) 0.00 0.10 0.10
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In the above, if we set ¢ = %n, X g = 0, we conclude that ‘CI)RO> = ‘7, %n, 0> is a suitable
8

state to semi-classically describe a counterclockwise rotation of 6(34) = 1.006% around
the x axis. This is particularly evident when also setting w; = 0. Thus, we make the iden-

tification )7,%7!,0> = ’@RO(%,%H, O)>. In this case, the probability is distributed
g
according to

Pa(18) =051, A[Pa(15]] = 0.04. (5.E.10)

The relative orientation state discussed in this example is also employed in the protocol
described in section 5.3.5, where in one of the examples Alice and Bob are connected by
arotation of 1.006% around the x axis.

5.F Further discussions on the joint probability distribution

In this appendix, we provide two (simple) proofs. First, we derive (5.86). Then, we show that
the uncertainties written in (5.90) are those appearing in (5.87). Finally, in the last part, we
also discuss some interpretational aspects of the joint probability distribution (5.84).

5.E1 Expectation value and variance of joint probability density

We want to compute the mean value and variance of a joint probability density given by
N m N-m
P(m,N,p) = . p"(1-p) F(p), (5.E1)
where F(p) is the probability distribution of p with mean value and variance given by
1 1
po = f dp pF(p), A% = f dp pP*F(p) - pj . (5.F2)
0 0

Starting with E[ k], applying the law of total expectation, we have

1 N 1 N 1
E[k] = dem@(m,N,p):f de( )mpmu—p)N‘mF(p):Nf dp pF(p) =
0 m=0 0 m \IM 0

=Npo,
(5.E3)
where we have used the definition of py and
N
Z( )mpm(l—p)N‘m:Np. (5.E4)
o \m
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The proof for the variance takes similar steps. Again, by the law of total expectation we have
) 1 N
A2 = [E[kz] ~E[k)*= | dp 3 m2 2 (m,N, p) — N*p? =
m=0

1
=f de(N)mzp’"(l—p)N"”F(p)—NZPS=
0 m \m

1 1 (5.E5)
=Nf0 dpp(l—p)F(p)—N2P3+N2fo dp p*F(p) =

1
= N?A% + Npo— Nfo dp p*F(p) =
= N(N-1)A%+ Npo(1- po),

where py and A% are the mean value and the variance of F defined above and we have used

Y (N) m?p"(1-p)N"" = NpQ1-p)+n*p*. (5.E6)
o \m

Notice that the probability operator P A(Tg ) defined in (5.74) has a spectrum that has both
a discrete and a continuous part, with degenerate eigenvalues. Therefore, the above integrals
should actually be performed on the spectrum of PA(T g), denoted as A(P). For this reason,
we set the probability distribution F(p) to be given by

f(p), peA(P)
F(p) = , (5.E7)

0 , pgA(P)

where f(p) = ¥, (®|p,r){p, r|®) is the probability distribution of the probability PA(T g) in
the geometry state |®) and r denotes the possible degeneracy of p. Of course, with this defi-
nition, the variance A% is the same as the variance A? used in the main text.

5.E2 Equivalence between the variances of the joint probability
distributions and the variance of <JZ>

Starting from the variances in (5.90), we now provide the second proof. The variances in (5.90)
in a generic state of the geometry |®) are explicitly given by

(o)

K = (q+q7)@P3(12)10) + 472 ~201+ g% (@I P5(17) 1) +

) (5.E8)
-|@+aH@ips(15)i-q7"|".

From the definition of f(p), f(p) =X, (P

1= d ) p,
fA(P) pY |p.rXpr

T

p,r){p,r|®), by decomposing the identity as

) (5.E9)
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we have
@ P(12)i0)= | dppPron, @ips(id)or= [ appron. (5.£10
A(P) A(P)

Therefore, recalling the definitions of Ay and py in (5.E2), we get

Z2[<UZ,>] = (q + q‘l)zAfc +q° —2(1 + q‘z)po —q? +2(1 + q‘z)po = (q + q‘l)zAi . (5.E11)

Of course, the integral over A(P) is intended to be an integral (discrete sum) over the contin-
uous (discrete) part of the spectrum.

5.E3 The interpretation of the joint probability distribution

We now want to delve into some interpretational points regarding the joint probability dis-
tribution in (5.84). As extensively discussed in section 5.3.5, the quantity to be measured in
the doubly quantum protocol is the expectation value in the spin state of the Pauli matrix
operator, given by

(o8 o ft) -
Therefore, the measurement of this quantity effectively amounts to a measurement of the
quantum probability observable P A(Tg ) As discussed in section 5.3.4, in our framework, the
effective result of actual measurements is described by the average value and the variance

in the geometry states of the operators describing the observable that is being measured. As
noted above, in the present case, the quantity measured in the alignment protocol is the prob-
ability of observing spin up in a spin measurement PA(TE ) Contrary to typical observables
in standard QM, the measurement of the probability observable in (5.74) requires N sepa-
rate spin measurements, since it is itself defined by an expectation value in the spin states.
This means that the experimental setup for the measurement of a single component of the
rotation matrix in the alignment protocol is made of the Stern-Gerlach apparata used to pre-
pare and measure the spins and the N spins used to perform the measurements. At the end
of the measurement procedure, a given value p, drawn from the spectrum of P A(Tg), will be
observed, with a probability density f(p) that depends on the geometry states. Therefore,
the probability of observing k spin up results out of N measurements will be conditioned on
the observation of the value p as a result of the probability measurement. This conditional
probability will be given by the binomial distribution P(k, N, p) = (]]\C’) pk(l - p)N —k hence the
probability density of observing k spin up outcomes in N measurements and observing p as a
result of the probability measurement is given, from the definition of conditional probability,
by the product between this binomial and the distribution f(p), which is exactly (5.84). No-
tice also that the two proofs provided above show that the expectation value and the variance
of this joint distribution coincide, in the large NV limit, with the expectation value and variance

of P A(T g) in the geometry states.
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Epilogue

In this thesis, we explored several topics at the interface between Quantum Theory and Grav-
ity, focusing on some foundational aspects of the Quantum Gravity realm. Specifically, the
questions advanced in the abstract that have opened the thesis and guided the research work
presented in it revolve around the expected non-classicality of symmetries, reference frames,
and observers in a Quantum Gravity theory. This is analysed mainly in the two related areas
of non-commutative spacetime/deformation of symmetries and quantum reference frames.
The relevant results obtained in this research work are highlighted in the following and are
discussed in depth at the end of every chapter.

In chapter 3, we showed that quantum systems undergo a decoherence process during evo-
lution in a quantum spacetime characterised by deformed symmetries. The corresponding
decoherence time sets the Planck mass to be an upper limit to the mass of quantum systems,
making it a breakdown scale of Quantum Theory. This possibility was heuristically discussed
in the Quantum Gravity literature, but we rigorously derived it from symmetry arguments. We
investigated the possibility of testing some Quantum Gravity-induced decoherence processes
using neutrino oscillations. We found that the decoherence induced by stochastic metric per-
turbations can be strongly constrained and effectively ruled out using data from KamLAND
and Super-Kamiokande collaborations.

In the context of quantum reference frames, in chapter 4 we offered new insights into the
problem of mass superpositions for fundamental particles. From the lack of knowledge of the
relation between the quantum reference frame of the physical system producing a fundamen-
tal particle and the quantum reference frame of the detector that detects it, we showed that
a particle produced in a mass superposition is observed to be superselected in mass if either
of the resolutions of the clocks of the two quantum reference frames is smaller than the ratio
between the mass-squared difference in the superposition and the mean energy of the par-
ticle. This can be seen as the emergence of a fundamental selective superselection rule for
the mass that singles out flavour neutrinos as the only fundamental particles that can be ob-
served in mass superpositions, and opens up the possibility of investigating the emergence
of other superselection rules in Quantum Theory from the properties of quantum reference
frame transformations.

In chapter 5, we studied “quantum observers”, namely observers whose reference frames
and measurement apparatuses have non-classical features. We focused on a quantum group
deformation of the rotation sector of spacetime symmetries, which introduces an intrinsic
fuzziness to the notion of direction in space. This, in turn, produces a fuzziness in the align-
ment of measurement apparatuses (e.g. Stern-Gerlach devices) and physical systems (e.g.
spins) along spatial directions. The relations between observers become non-classical as well.
In this framework, observers cannot reconstruct an objective notion of space(time), which
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becomes agency-dependent, and measurement devices exhibit non-classical features repre-
sented by a quantisation of the Born rule that promotes probabilities to operators, so that the
outcome of a measurement is characterised by a non-classical probability distribution. Be-
cause of this, two observers who do not share the same reference frame cannot sharply deter-
mine their relative orientation by performing a quantum information protocol. An intrinsic
uncertainty arises even in the limit of infinite measurements, contrary to standard Quantum
Theory.

These results shed some light on the behaviour of quantum systems in the presence of
quantum reference frames and non-classical spacetimes and could help to further investigate
the foundational principles in the quest for a theory of Quantum Gravity.
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Appendix A

Representation theory of Galilei group in
Quantum Mechanics

AR
J

In this appendix, we give a review of the representation theory of the Galilei group in Quantum
Mechanics.

A.1 Basics of group theory

We shall here give some useful definitions of group theory that we will use in the following.

A.1.1 Direct and semidirect products (and sums)

Consider two groups, G and G’ with elements a, b,... and a’, b/, ... respectively. We can com-
pose the two groups with the direct product G® G’ whose elements will be (a, a@'). The inverse
elements will be given by (a‘l, a _1) while the product will be (a,a’)(b,b') = (ab,a’ b'). This
is, of course, a rather simple structure. A more involved group can be obtained if one of the

groups acts by means of a group of automorphisms on the second one. An automorphism of
a group Gisamap 7: G — G such that

@) =e, 1(@)”" :T(a_l) T(@1b)=1(ab), A1)

where e is the identity of G. If we have two groups H (with elements h, /’,...) and A (with
elements a,d’,...) such that for each element h € H there exists an automorphism of A 7y,
obeying the composition law

ThTw =Thi (A.2)

then we can define the semidirect product of H and A, H x A, as the group with elements
(h, a) and composition law
(W, d)(h,a)= (Wh,d1(a), (A.3)

while the inverse law is (h,a) ! = (h™1,7,-1(a™!)). In the case of the Galilei group, the group
H is # x 98, and the group A is 9. The automorphisms are given by 7, r(b,a) = (b,R-a+
bv). Analogously, the automorphisms for the semidirect product # x 28 are Tr(v) = R - v.
The composition law for 93 and 2 is the sum in both cases. Finally, another operation on
groups is the quotient. Consider a group G which has an invariant subgroup Gy'. Let us call

Given a group G and a subgroup Gy we say that Gy is an invariant subgroup (or normal subgroup) if x € Gy
thenaxa e GyVaegG.
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a,b,... the elements of G and x, y,... the elements of Gy. Two elements a and b in G will
be called equivalent if there exists an element x € Gy such that a = xb. G can therefore be
split in disjoint equivalence classes and make a group of these, and this group will be the
factor group of G by Gy, namely G/G ) In the case where we have G = H X A we find that

the subgroup H made up of elements (h,e,) is isomorphic to H and the subgroup A with
elements (ep, a) is isomorphic to A but only the latter is invariant. In the case of a semidirect
product +, (H x A)/ﬁ is isomorphic to H.

The same definitions can be given for a Lie algebra corresponding to a Lie group. The Lie
algebra corresponding to a direct product of Lie groups G® G’ is the direct sum of Lie algebras
Le L'. As a vector space, it is given by the direct sum of the two vector spaces. If u, v,... are
vectors in the Lie algebra L and v/, v/, ... are vectors in the Lie algebra L', the Lie bracket is
defined by

[ueu',ve|, ., =[uv], e[u,v],. (A.4)

For the analog of the semidirect product we have to deal with algebra automorphisms and
derivations. An automorphism 7 of a Lie algebra L is a linear map 7 : L — L such that

TAu+pv)=Atw) +pt() , [1(W),7(V)] :r([u, v]) , LUER, u,velL. (A.5)
Derivations are infinitesimal automorphisms and are defined by the properties
DAu+pv)=AD@) +pD@) , D([u,v])=[Dw),v]+ [, DW)], LueR, w,veL. (A6)

If we denote the Lie algebra of H x A by L, this will be as a vector space the direct sum of
the two algebras once again, Ly and Ly. If we denote by u, u//,... the elements of Ly and by
a,a’,...we now have to understand what happens to the Lie brackets [u, a] . Ly and L, will be
subalgebras of L and in particular L, will be an invariant subalgebra, meaning that [u, a] will
be an element of L4 for all u € Ly and a € L4. This means that the Lie bracket of an element
u € Ly acts as a derivation on Ly, [u, a] = Dy (@) and these derivations are just infinitesimal
forms of the automorphisms 7. The Lie bracket will be given by

[uea,uoa :[u,u’]LHeB[a,a’]LA@Du(a')ea(—Dur(a)), (A7)

/]LHGELA

where Lyé L, denotes the semidirect sum. Finally, the Lie algebra corresponding to a factor
group G/G0 is the factor algebra. Since Gy is invariant, the Lie algebra Ly corresponding to
it is also invariant, and the factor algebra is obtained by projecting L onto Lj, namely simply
ignoring the elements of L.

A.1.2 Representations of Lie groups

Given a group G and a vector space V, a representation of Gon VisamapIl: G> g—II(g) €
Lin(V) such that the composition law and the inversion of the group are preserved, namely

(g)(g) =1(g1g2) , (g™ H)=1T""(g). (A.8)

A representation on a complex vector space is unitary if the representatives I1(g) are unitary.
A representation is projective if the composition property is satisfied up to a constant

IT(g)1I(g2) = w(gr, g2)11(g182) . (A.9)
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For a projective unitary representation, the constant w must be a phase. A representation is
reducible if V admits an invariant non-trivial subspace W (i.e. W # V and V # @). If this is
the case, we can write V as V = (V\W) @ W and there exists an operator © such that all the
operators of the representation can be written as

H(ll) (g) H(IZ) (g))

/ —_ -1 —

(A.10)

from which the invariance of W is evident. If there is no non-trivial invariant subspace of V'
the representation is irreducible. For an Abelian group, unitary irreducible representations
are 1-dimensional. This follows from the Schiir’'s Lemma

Lemma 1. (Schiir's Lemma) Given a group G and an irreducible representation of G over a
complex vector spaceV, if A€ Lin(V) is such that [A, U(g)] =0VgeGthen A=Al withAeC.

For a representation of an Abelian group we have U(g)U(h) = U(gh) = U(hg) = U(h)U(g)
V g,h € G. Therefore, from the previous lemma, we have that all the representatives must
be proportional to the identity U(g) = A¢ 1, thus any subspace of V is invariant, in particular
every 1-dimensional subspace of V is invariant. Hence, if dim V # 1 the representation cannot
be irreducible. From this we conclude that dim V' = 1. For the representation to be unitary, we
have 1, = €' %8 with ¢p(g) € R.

A.2 The Galilei group

The Galilei group ¥ is the relativistic group of transformations for a theory involving particles
with velocities much smaller than the velocity of light in vacuum c. The group is composed of
spacetime translations, spatial rotations, and Galilean boosts, accordingly it is a ten parame-
ters group.

Given an event of coordinates (xp, ) in a given reference frame S with origin O and coordinate
axes e;, if we consider an active transformation to another reference frame ', with origin O’
and coordinate axes e;., which is Galilean transformed with respect to S, we have

xp=xp(0)+x0r,

A1l
t'=t+b, (A-11)

where x}, are the coordinates of the transformed point in S, X = @ + v ¢ are the coordinates
of O in S (i.e. its law of motion) and xp(O’ ) are the coordinates of the transformed point
in the reference frame §', i.e. xp(0') = x,(0')e’; = x'e’; = R/; x'ej, where the second-last
equality comes from the fact that the transformed point in S’ has the same coordinates of the
starting point in S. In the above, O’ is translated with respect to O by a, the axes of S are
rotated with respect to the axes of S by the matrix R’ j» the time coordinate ¢ is translated by
an amount b and the relative velocity between O’ and O is v, in the reference frame S. From
these arguments, we get, dropping the subscript P

¥ = Rijxj +ad +vit, (A.12)

namely
xX=R-x+a+vr,

A.13
t'=t+b. (A.13)
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A.2.1 The group structure

We label the element of the Galilei group that results in the transformation law (A.13) as g =
(b,a, v, R). From (A.13) we immediately get the composition law of the group
X'=R-x'+d +vi=R-(Rx+a+vi)+ad +v' @t+b) =r
=RR-x+a +R-a+bv' + (V' +R -v)t, (A.14)
"=t'+b =t+b+b,
thus we get
g'g=,a v ,R)(bavR)=(b+b,a+R-a+bv,vV+R -v,R'R), (A.15)
with g, g’ € 4. From this we also obtain the inversion law of the group, by requiring that
(b+b',a'+R"-a+bv,v'+R' -v,RR)=(0,0,0,1), (A.16)
i.e. the identity of the group. Solving the equation with respect to the primed variables gives

gl = (_b,_R—l-(a—bv),—R‘l-v,R‘l). (A.17)

Writing an element g € ¢4 as g = (b, a, v, R) gives a parameterisation of the group in terms of
ten coordinates, namely the transformation parameters. With respect to these coordinates,
(A.15) and (A.17) are smooth functions, thus we see that ¢ has the structure of a 10 dimen-
sional Lie group. In this regard, (A.13) can be understood as a simple 5 dimensional matrix
representation of the abstract group ¢, indeed considering 5 dimensional vectors (x, £,1), an
element g(b,a, v, R) € 94 can be represented by a 5 x 5 matrix Q(g) as

x' R v a
=0T 1 b|-|¢], (A.18)
ol 0 1

which is simply (A.13) in disguise, with a, v, x and x’ being coloumn vectors, while 07 is a row
vector.

From the composition law (A.15) we can also observe that ¢ is not a simple group, in-
deed it has a 6 parameters invariant Abelian subgroup % composed of spatial translations
and Galilean boosts, which is the maximal Abelian invariant subgroup. Indeed, given u =
(0,a,v,1) €% and g = (b,d’, V', R) € 9 we have by direct computation

gug'=(0,a+R-(a-bv)-bv,R-v,1) e %, (A.19)
namely % is a normal subgroup of ¢. It is Abelian since
(0,a,v,1)(0,a’,v',1)=(0,a+a’,v+7,1) (A.20)

is a commutative multiplication law.

By the same argument, the factor group cg/% is not a simple group since it has a 1 parameter
V)

invariant subgroup, the time translation subgroup 9. It is only the factor group ( U V g
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namely the rotation group %, which is a simple group. We can therefore write the group ¢ as
the semidirect product by % of the semidirect product by 9~ of #

G=(ZXT)xU. (A.21)

This is the standard decomposition of the Galilei group in terms of its maximal normal sub-
group, i.e. the group %. For what concerns the study of the representations of ¢4, however,
another decomposition is more interesting. Indeed, we can see that the group of spacetime
translations J; is an invariant (Abelian) subgroup of ¢. This is given by the direct product
of the time translation subgroup and the spatial translations subgroup, 93 = 9 ® 93. The
quotient group Cg/ T admits another invariant subgroup, namely the group of pure Galilean
boosts 48, and the quotient of gg/ T with respect to % gives the simple group #. Thus we

have
G=(BXxB)xTy=(RXB)x (T ©T3). (A.22)

This decomposition will be useful in the following.

A.2.2 The Galilei Lie algebra

Finally, from (A.15) we can also derive the Lie algebra of the group [65]. Let us denote with
7, ;, B; and A; the basis elements of the Lie algebra generating time translations, spatial
translations, Galilean boosts and spatial rotations, respectively. We can obtain an element of
the group using the exponential map. Specifically, since

g(b,a,v,R) =(b,0,0,1)(0,4,0,1)(0,0,v,1)(0,0,0,R), (A.23)

we have
g(b,a,v,R) = exp{bt} exp{ai ni} exp{ v ﬁi} exp{ rt /1,-} , (A.24)

where r is a vector specifying the three parameters needed to determine a rotation. The four
exponential maps describe therefore time translations, spatial translations, Galilean boosts,
and spatial rotations, respectively. To derive the Lie algebra, we now consider such trans-
formations with infinitesimal parameters. For instance, considering a time translation and a
spatial translation

0=g(6b,0,0,1)g(0,64,0,1)—g(0,6a,0,1)g(6b,0,0,1) =

=exp{6bt} exp{&zi n,-}» — exp{éai Jr,-} exp{dbt} ~8bda' (tmw; — ;1) =6bda' [, 7]
(A.25)
where the first equality comes from direct computation with the composition law (A.15).
From this we get the Lie brackets between the time translations generator and the spatial
translations generators. Let us now consider a non-trivial example. For instance, take a
Galilean boost and a spatial rotation. From the composition law we have

exp{ér’ﬂ,—} exp{éviﬁi} - exp{éviﬁi} exp{(Sri?Li} =
=g(0,0,0,R)g(0,0,v,1)—g(0,0,v,1)g(0,0,0,R) = g(0,0,R-v,R) - g(0,0,v,R)=  (A.26)
= exp{51/iﬁi + 6ri/1i} - exp{c?viﬁi + 6ri/1i}
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Sv :=R(©0r)-6v ~dv+6rAdv, (A.27)

and considering infinitesimal transformations

g(0,0,R(61)-6v,R(61)) — g(0,0,6v, R(6T)) ~ €' j1617 6vF B; . (A.28)

Expanding the first line in (A.26) we get § vksri [/1 P k] therefore

[/11',,5]'] =€l-jk,3k (A.29)

With the same procedure all the Lie brackets can be obtained and one ends up with the Lie
algebra of the Galilei group

[t,7:] = [r,Ai] =0, [ﬁi,ﬁj]=[ﬁi,ﬂj]=[ni,nj]=0 . Bt =70,

AiBi] =€ Be o Ao =eif s (0] = e A (430

A.3 Physical representations of the Galilei group in Quantum
Mechanics

Having dealt with the structure of the Galilei group in the previous section, we are now ready
to study the physical representations of ¢ in Quantum Mechanics. We know by Wigner theo-
rem that when we act with a symmetry transformation on a reference frame, if the description
of quantum-mechanical physical laws of a system has to be unchanged? (as it should be for a
symmetry transformation), then the elements of the symmetry group must be represented by
unitary or anti-unitary operators on the Hilbert space of the system. We now focus on physical
systems given by elementary particles.

An elementary particle is completely determined once some physical parameters are fixed.
For example, these could be the mass and spin of the particle, and, since these parame-
ters determine what the particle is, all observers should agree on their values. This means
that there should exist some observables, in our example some mass and spin observables,
M and S, such that, if U(g) is the representation of g on the Hilbert space of the particle,
U(g)MU'(g) = M and U(g) SU'(g) = S, namely these observables should be the same for all
observers. Moreover, they should have fixed values since they define the particle whatever its
quantum state is, hence M = m 1 and S = s1. Wigner showed that a sufficient condition for
this to occur is that the representation is irreducible [347].

One can also argue the following: while an elementary particle can be in whatever state
in a given Hilbert space, the Hilbert space itself defines what the particle is. This means that
it should be invariant under the action of the representation of the symmetry group, U; of
course, the subset {0} is invariant under the action of the representation and the latter is ir-
reducible if {0} and /7 are the only invariant spaces under the action of U. If this is not the
case, then it means that there is a non-trivial invariant subspace of #, say .#'. However, in

2This means that the eigenvalues of the physical observables, namely the possible results for measurements,
and the probability to observe such values are the same in the two reference frames.

202



A.3 Physical representations Appendix A

this case, it means that in the Hilbert space relative to the first particle, .#, there is a smaller
Hilbert space invariant under the action of the symmetry group, i.ea “more fundamental” par-
ticle. This can be regarded as a heuristic/logical argument in support of the requirement that
elementary particles be described by irreducible representations, which is anyway backed up
by the mathematical arguments of Wigner.

Therefore, from now on, we will assume that we can describe elementary quantum parti-
cles by means of (anti-)unitary irreducible representations of symmetry groups, and we will
focus on the case of unitary representations of symmetry groups, since this will be the case
for the Galilei group.

A.3.1 To describe particles we need rays

All of this is almost true. Since Quantum Mechanics is a theory of probabilities, a physical
system is not described by a state |y) € #, but rather by a ray in the Hilbert space, namely
an equivalence class of states

[¥]:={ey) 10€R, [y) €S}, (A.31)

where S :={|y) € # | (y|y) =1}, i.e. the unit sphere in #. Therefore, to describe proba-

bilities, which are projections of states onto other states ’((,b|w> , we can define a scalar prod-

uct between rays
(@] [¥]:= [(elw)|, (A32)

as the mathematical object describing probabilities (it is clearly independent of the choice of
representatives in the equivalence class). Therefore, the proper requirement for a symmetry
transformation is the following.

Symmetry requirement: Two descriptions of a quantum-mechanical system are
isomorphic if there exists a one-to-one correspondence [¥] — [\V'] between rays which
preserves transition probabilities, namely [®] - [¥] = [®'] - [¥'] .

As far as states are concerned, every ray correspondence can be extended to a state corre-
spondence |u/’ y—U |1//>, where U is a unitary operator. However, the ray correspondence
determines U only up to a phase, therefore we can define an operator ray [U] as

[U]:={e U1 0€R, U e %y, (A.33)

% 7 being the set of unitary operators on ./, and argue that any isomorphic ray correspon-
dence defines a unitary operator ray and vice versa. The product of two such rays is defined
as

[U][V]:={e"UV|0€R, U,V ey} (A.34)

Now, from the symmetry requirement we understand that the proper statement about the
representation of a symmetry group on the Hilbert space of a quantum-mechanical system is
that there should exist an isomorphic ray correspondence [U(g)] V g € ¢ such that the usual
representation relation

[U@][Um]=[Ugh] (A.35)
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holds. However, since ray elements are defined up to a phase, this relation written in terms of
representatives of the rays reads

UUh) =w(g hU(gh), (A.36)
where w(g, h) is called local factor and is a complex number of modulus 1,
w(g, h)=e*®M reR. (A.37)

((g, h) is often referred to as local exponent of the group. (A.36) means that U is a unitary
projective representation of ¢4.

For elementary particles, we have to add the irreducibility condition. This implies that, in
general, elementary particles in Quantum Mechanics should be described by unitary projec-
tive irreducible representations of the symmetry group. The possibility of having a description
in terms of true representations, i.e. w = 1 in (A.36), depends on the symmetry group.

Properties of local factors and exponents

In general, w(g, h) can only be defined in a neighbourhood of the identity of the group, e € 4.
The same applies to the local exponent { (g, k). For the identity, we impose U (e) = 1, therefore,
from (A.36) and (A.37), it follows that w(e,e) = 1 and {(e,e) = 0. If w and { can be defined on
the whole group, then they are called factor and exponent of the group, respectively. In what
follows, we shall consider that all the relations hold in a neighbourhood of e, &/ < 4. However,
this is more a technicality dictated by mathematicians rather than an interesting physical fact
since we phycists are almost always interested in Lie groups obtained by exponentiation of a
Lie algebra, hence everything is always defined on the whole group. In the following we will,
however, maintain the notation “local” to refer to the exponent and the factor of the group.

Equivalentlocal factors and exponents Given two different sets of representatives U(g) and
U'(g)=a(@U(g (|a(g@|=1, aeC)wehave U'(g)U'(h) = w' (g, ) U'(gh) where

a(g)a(h)
a(gh)

Two local factors linked by the relation (A.38) are dubbed equivalent. Given that w = el (A.38)
immediately translates into a relation for the local exponent

{'(g,h) =g, ) - i{log[a(g)] +log[a(h)] - log[a(gh)]} . (A.39)

Two local exponents related by (A.39) are said to be equivalent.

w' (g, h) = w(g,h). (A.38)

Associativity From the associative law of the group multiplication [U(g)U (h)|U(t) =
=U(g)[UMU(1)] we get

w(g how(ght)=w(g ht)wh,t). (A.40)
This translates, for the local exponent, into
((g,h)+{(gh,t)=((g,ht)+{(h,1), (A.41)

and from this, it immediately follows that
((e,g)=((g e =0,

(A.42)
{(ggh=¢ge.
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The local group

The operators contained in all the operator rays of a ray representation of a group ¢ form a
group themselves. Let [U(g)] be an operator ray. All the operators in this ray have the form
e'?U(g), for some U. Therefore, the ray multiplication gives

(e”’U (g))(e"g’U(h)) = ol O+0 &) y(gp) | (A.43)

The elements of the local group ¥ are pairs (6, g) endowed with the multiplication law
(6,8)(6",h) = (0+6"+{(gh),gh). (A.44)

The associativity of this multiplication law is ensured by (A.41). The inverse element of (6, g)
is derived from this as

(0.8)" =(-0-¢(g.87") &), (A.45)
since (6, g)(6,g) " = (0, e). The elements of & can be also written as
(0.8)=(0,€)(0,8), (A.46)

where © := {(0, ¢) | 6 € R} is an Abelian subgroup of <& which is the center of ¢, in that
(6,e)(0,8)=(0,g)(0,e)=(6,g). (A.47)

Of course, the factor group cg/® is isomorphic to ¥4.

On ¢ we can define a representation U which is an extension of the representation U in
the sense that ‘
U((B, g)) =e"U(g) (A.48)

Given that the composition law of ¢ is (A.44), for this representation we have
(7((9, g)) (7((9’, h)) = U(e +0'+{(g h), gh) = !0+ IO+l (g (A.49)
namely U is a true representation of ¢. With this, the problem of studying a unitary projec-

tive (irreducible) representation of ¢ is replaced by the problem of studying a true unitary
(irreducible) representation of the central extension 4.

The local factor for the Galilei group

For Lie groups, the local exponent, hence the local factor, can be derived from the Lie algebra.
For the Galilei group, this procedure gives [66] for (A.36)

U(g)U(h) :exp{%m(a’-R’-v—v'-R'-a+bv’-R’-v)}U(gh), (A.50)

where g = g(b,a,v,R) and h = h(b',a’,v’,R’) and m is the mass of the particle. In the follow-
ing, we will assume m # 0 since the Galilei group is the symmetry group of non-relativistic
Quantum Mechanics.
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The local group of the Galilei group is then an 11 parameter group with elements param-
eterised by (0, b, a, v, R). The true representations of this group follow the composition law

17((9, g)) (@, m)= (7(9 +0'+0(g, ), gh) = 'O EM y(gp) (A.51)

where {(g,h) =7 (a' ‘R'-v-v'-R-a+bv'-R- v) is the local exponent of the group. From this
composition law we see immediately that the maximal invariant Abelian subgroup is not %
anymore, rather it is T4, namely the five dimensional subgroup of spacetime translations and
the central extension, whose elements are parameterised by (0, b,a,0,R). The factor group

cg/?]z is not a simple group since it has an invariant Abelian subgroup 28, namely the sub-

G,
group of Galilean boosts. Only the factor group ( /371)/@, namely the rotation group, is a
simple group. Therefore, we have

@:(%x%)xéi, (A.52)

which resembles the decomposition (A.22), which will be the one that will be used to con-
struct the representations of the Galilei group in Quantum Mechanics.

Finally, from (A.51) we can also get the Lie brackets involving the new generator by which
we extend the Lie algebra. Indeed, we see immediately that since

(o, 1)0(0.9)=0(0.8)=0(0,9)7(6,1) (A.53)

then the new generator will commute with all the generators of the Galilei algebra. By explicit
computation, it can be shown that the extension is not trivial, namely that the new generator
appears in some Lie brackets. For the specific case of the Galilei group, there is only one Lie
bracket that gets modified. Indeed we have that, through the exponential map

U(O, a,0, IL)U(0,0, v, 1) _ (0’0’ v, 1) (0’ a,0, IL) _ eia'U(n)eivU(ﬁ) _ eiv-U(ﬁ)eia-U(n) —

— e%ma-v _ e—%ma-v)eia-U(n)+iv-U(ﬁ) (A.54)
which yields
ia'vl UG, UB)| ~ima'vis,;. (A.55)
From this relation between the representatives of the generators, we can infer that
[ni,ﬁj] = b (A.56)

is the corresponding Lie bracket in the abstract Lie algebra, represented in (A.55) by means
of U(u) = m. With similar calculations it can be shown that the other Lie brackets are not
modified.

A.3.2 Thelittle group method

We are now ready to construct the representations of the Galilei group [67,348,349]. To do so,
we take into account (A.22) and that 97 is Abelian. In general, if we have a group ¢ which can

206



A.3 Physical representations Appendix A

be written as® ¢ = H x N, where N is Abelian, the unitary irreducible representations of N
will be 1-dimensional, since this is the case for all the Abelian groups, and they can be written
as

Nan—elMes,, (A.57)

with n(n) € R. In our case, N is also simply connected and, up to isomorphisms, R” is the only
Abelian simply connected group, thus N is a vector space. In this case we therefore have

Non—emeS,, (A.58)

with € N, N being the dual vector space. Considering the natural action of H on N defined
by
h)-n=n-h""(n), (A.59)

we can define the orbit of n 3 NV as the set
Oy:={hme N | he Hf, (A.60)

for a fixed . Thus, N is divided into disjoint orbits O, and to each orbit a Hilbert space is
associated #(, with scalar product

(¢plw) 1=f@ dpm ¢* mym), (A.61)
n

where du(n) is a measure invariant under the action of H. Given n € N the subgroup of H
leaving 7 invariant is the little group of , £, < H. Since the points lying on a given orbit are all
linked by an element of H, all the little groups corresponding to different points on the same
orbit are all equivalent. Therefore we can state that

The unitary irreducible representations of ¢ = H X N, where N is Abelian, are obtained by
choosing an orbit @ of H in the dual group N and a unitary irreducible representation A of the
little group €, associated to a reference point g in the orbit ©. The Hilbert space associated to

the representation (O, ) is #p ® FEn.

From (A.22) we see that H = Z x 8 and N = 9. The unitary irreducible representations of
9, are 1-dimensional and are labelled by the elements 7 of the dual group N. To understand
the physical meaning of these labels, we recall that in Quantum Mechanics we can decompose
the state of a free particle in position x at time ¢ as

It,x) = fdu(E, p e 'Ele!PX|E p), (A.62)

where E is the energy, p is the momentum and du(E, p) = d*pdEéS (E - % - u) enforces that

the total energy is given by the kinetic energy energy plus the internal energy of the system u.
Considering a spacetime translation to a new reference frame

|t',x')=U(b,a,0,1)|t,x) :fd,u(E,p) e EleiPXomibEgiap|p by (A.63)

3The composition law for such a structure is given by (n', h') (n, h) = (n' + I’ (n), h' h), where k' (n) denotes the
homomorphism of H into the group of automorphism of N defining the semidirect product structure.
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From this we see that

U(b,a,0,1)|E,p)=e"'"Ee'*P|E,p) . (A.64)

By these arguments and from (A.58) we understand that the elements 71 for the translation
sector of the Galilei group are given by the energy and momentum 7 = (E, p), namely the ir-
reducible representations of the spacetime translation sector are labelled by (E, p). Moreover,
from (A.62) we get the feeling that the invariant measure under the action of Z x 8 is du(E, p),

namely the orbits of elements (E, p) under the action of the factor group are paraboloids
2

E- 2”—m = u, parameterised by u. It will be shown that this is actually the case in the following.

The next step is to find the orbits of (E, p) under the action of the factor group. Once
we find the orbits, we will fix one of them, choose a reference point (Ey, po) and study the
representation of the little group of this element. The total Hilbert space will then be given
by the tensor product of the Hilbert space associated to the orbit and the Hilbert space of the
representation of the little group. The basis vectors of this Hilbert space will be denoted with
|E, p; a) = |E, p) ® |a), where a collectively denotes the labels on which the representations

of the elements of the little group will act.

To find the orbits of an element (E, p) under the action of cg/ g, we observe that from
(A.15) and (A.50) we get

U(b,a,0,1)U0,0,v,R) = e2™*’U(b,a,v,R) ,

i

(A.65)
U(0,0,u,R)Ub,R™'-(a—bv),0,1) = e 2@ V)V (p a, v, R),

namely

a—%bv)

U(h,a,0,1)U(0,0,0,R) = ¢ YU0,0,v, UMb, R -(a-bv),0,1). (A.66)

This property is useful since U(0,0, v, R) is exactly the generic element of the factor group
cg/ T therefore this equation lets us understand how this group acts on the representations
of 73. Specifically, setting | E, p; a),, , := U(0,0,v, R) |E, p; ar) we get

Ub,a,0,1) |E,p; a>y o= eim(a—%bv)-ve—ibE+ip.R—1.(a—bl') |E, p;a>v =
' ' A.67
_ eia-(R-p+mv)—ib(E+%mv2+v-R-p) |E p; a> ( )
- ) ) U’R )

where we have used the property p-R™! - (a— bv) = p,-(R_l)i]-(aj -bvi)y=(al-b vf)Rjipi =
(a—bv)-R-p. This means that U(0,0,v, R) }E ,p; a) transforms according to the representation
(E',p’), namely

|E,p;a), pox |E,psa), (A.68)
where

p'=R-p+mv

, 1, (A.69)
E :E+v-R-p+5mv .

This means that if a representation of the Galilei group contains a physical representation
(E, p) of the translations group, it contains all the representations (E’, p) given by (A.69).
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With this we can find the orbit of the element (E, p) under the action of gg/ Ty Indeed,

from (A.69) we immediately get that the two elements (E, p) and (E’, p’) are connected by the
relation

E-"—=E-". (A.70)

This means that, as we correctly guessed before from (A.62), the orbit of an element (E, p) is
given by the paraboloid

(A.71)

2m
Each point of this paraboloid corresponds to an irreducible representations of the translations
group contained in a physical representation of the Galilei group. If #(E, p) is the Hilbert
space of representation (E, p), we can write the Hilbert space associated to the orbit of (E, p),
JCm,u as the direct integral

Il
<

2

Homu = 5§ du(E,p) #(E, p) = 9€d3 pdEa(E— 2p_m —u|A(E, p) (A.72)

The little group

We now have to study the little group of a given element (E, p) to complete the construction
of the representations. The little group of such an element is defined as the subgroup of gg/ T,
made up of transformations (0,0, v, R) such that

p=R-p+mv (A.73)

1
E:E+v-R-p+Emv2, (A.74)

namely (E, p) is left invariant. It can be seen that the two conditions are notindependent since
(A.73) implies (A.74). This means that an element of the little group is specified by a rotation,
since (A.73) uniquely defines the velocity v after the choice of a rotation. This correspondence
is actually an isomorphism between ¢g , and Z, since

p=R-p+mv, p=R -p+mv’, (A.75)

imply

p=RR-p+m(R-v+v), (A.76)
therefore the product of two elements of the little group ¢ , corresponds to the product of
two rotations R'R. This shows that the irreducible representations of the little group are al-
ready known: they are the irreducible representations of the rotation group labelled by an
integer (or half-integer) number s, whose action is described by 2s + 1-dimensional matrices,
D°. This means that the basis states |E, p) are 2s + 1 degenerate states labelled by an index
ranging from —s to s, which we collectively denoted as a. Therefore, the basis states of the
total Hilbert space A, , := #p, , ® V* are

|E,p;a) = |E,p>®{|s,s), Is,s—1),...,|s,—s+1), |s,—s)} (A.77)
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meaning that any state |1//> € /£, , can be decomposed as
S
lwy= > | dwE p ysnE p|Ep)elsn), (A.78)
n=-s
where
Ysn(E,p):=((Ep|e s nl)|y). (A.79)

We now have to show that choosing a paraboloid and a representation 7* determines a rep-
resentation of the whole Galilei group.

We first fix a paraboloid E — % = u and a reference point on the paraboloid (Ey, po). All
other points can be obtained as Vg p = (0,0, vg, p, Eg,p) € (g/% so that Vg p(Eo, po) = (E, p)
by means of (A.69). Considering another point (E’, p’), we will have the same property with
another element Ve pr and from (A.69) there exits an element V such that V(E, p) = (E',p').
Hence

1% VE,p(E(), p()) = VE’,p’ (Eyp, po) . (A.80)

From this we see that £
(E,p;V) . y,-1
Vo P = VLV Vi p € 0y (A.81)

and, conversely, that any V € gg/ g, can be written as V = Vi VO(E'p V) V]; ;. We now choose

to define U(VE, p) such that the proportionality constant in (A.68) is 1, so that
U(VE,p) |Eo, po) = |E,p) - (A.82)

For U(V,) we have that

N
UWpls,m =Y. (D] Msh), (A.83)
h=-s

thus forany V € cg/ g, we have that
UW)([EpY®ls,n )= UVe, pU(Vg P |uve 7' (| p) o1s,m) ) =

= Ui, U(V, ") (Eo, po) @ 1s,m) ) = (A.84)

_|1E,p)e Y (D (V5P| "5,

h=-s

From (A.15)and (A.23) we see that
(b,a,v,R) =(b,a,0,1)(0,0,v,R), (A.85)
thus from (A.50) we get
U(b,a,v,R) = e_%m“'”U(b, a,0,1)U(0,0,v,R). (A.86)

Hence, the action of the representative of a generic element of the Galilei group on the basis
states |E, p) ® |s, n) yields

. . ;. , N .
Ub,a,v,R)(|E,p)els,m | = e tmavriar =i g g 3 | D(vEPP0)| Bis k), (A87)
h=-s

210



A.3 Physical representations Appendix A

with definitions (A.69) and (A.81), with V = (0,0, v, R). With (E, p'|E,p) = 6(E- E6® (p—p)
and (s, l|s,n) = 8, from (A.78) the scalar product on the total Hilbert space is found to be

(plw)y= 3 fdu(E,P)¢§‘,n(E,p)ws,n(E,p), (A.88)

n=-s

meaning that the functional space of the representation is the space of square integrable func-

tions on the paraboloid E — % = u. Therefore, the physical representations of the Galilei
group, denoted by [m | i, s], are labelled by two real numbers m, u and a half-integer or inte-
ger number s. These are regarded as particles with mass m, internal energy u, and spin s. To
understand this correspondence, a more physical discussion is in order.

A.3.3 Galilean invariance of the Schrodinger equation

In position space, the wave function of a particle with mass m is the Schrédinger equation
1
i0y(x, 1) = —%Aw(x, N+uyx,t), (A.89)

where, in the free particle case, u is a constant. Now considering a (passive) Galilean transfor-
mation we have that the same point in space(time) that is described by coordinates (x, t) in
the transformed frame S’ has coordinates (x', t') in the frame S, according to (A.13). The wave
function in the S’ is indicated with ¥’ and if the physical predictions of the two wave fuctions
have to be the same we get that they can differ at most by a phase

—-if(x', 1)

v'(x,0)=e w1, (A.90)

and both wave functions should satisfy the Schrédinger equation with respect to their coor-
dinates

1
0y (x,0) = —%Aw’(x, n+uy'(x,1), (A.91)
1
P60,y t) = —Z—A’t//(x’, Y +uy,t), (A.92)
m
where
ot ox'
0;= anav':aﬁv-v’, (A.93)
0= 5 _piy Sv_RY
i= 5 '=RJ0,>V=R-V. (A.94)

Therefore, from (A.91) we get
]. : ! 4
i0p+iv-V +—A —uleT* Dy ) =0, (A.95)
2m
and enforcing (A.92) we end up with the system of equations

Vf-mv=0
_ (A.96)
0pf+v- V-V f.Vf-LAf=0

2m
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whose solution is
_ v 1 240
f=mv-x 2mvt+c, (A.97)
where c is a constant. Thus we have
U/,(x’ t):e—imv-x’+£mv2t’—icw(x/’ 1. (A.98)
Via a Fourier transform we get in momentum space
w(E,p) = f d3xdre PFHELy(x, 1) (A.99)
and the Schrodinger equation becomes
p?
[E—%— u]u/(E,p) -0, (A.100)

2
namely the support of ¢ (E, p) is on the paraboloid E — 2”—m = u. If we now consider a Galilean
transformation we get

' (E, p) :fd?’xdte'i”'x*iEtw’(x, f =

N . ) P (A.101)
:fdgxldt/ e—zp-R -x'-vt'+vb-a+iE(t —b))e—zmv-x +3mv-t —zcw(x/, t/) )
By choosing ¢ = %m bv? - %m v - a, after some algebra we end up with
W/(E»p) _ e—%mv-a+ia-p’—ibE’w(E/’p/), (A.102)

with E’ and p’ defined in (A.69). We see that this is equivalent to (A.87). Indeed from (A.87)
we have

wl(E’p) — <E,p|U|W> — <w|UT|E’p>* _ <W|E,,Pl>* e_% mv-a+ia-p'—ibE' _
—e? ).
From these arguments we see that the solution of the Schrodinger equation for a free spinless
particle of mass m and internal energy u belongs to the representation [m | u,0] of the Galilei

group. Of course, any other choice of the constant ¢ would have led us to a different, but
equivalent?, projective representation.

A.103
mv~a+ia~p’—ibE’w(E/ ( )

A.3.4 Spin and internal energy

We now discuss the physical meaning of u and s. Starting with u, taking a basis state of the
representation [m | u, s], we define an operator U, such that °

U,|E,p):=|E+up). (A.104)

4Two unitary operators U and U’ are said to be equivalent if there exists a third unitary operator such that
U’ = VU V™!, For operator rays, the notion of equivalence is somewhat generalised. Indeed, two operator rays
are said to be equivalent if [U'] = [V][U] [V~1] which means, for the operators in the ray, U’ = PV U v~ with
PeR.

SIn this equation and in all the subsequent discussions we will neglect the spin factors since they play no
role as far as the internal energy is concerned.
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We call /7, the Hilbert space of functions y (E, p) with scalar product

2
(¢l :fd?’pdE(s E- :—m - u)(,b*(E,p)q/(E,p). (A.105)
If we define |§/) := U, |y) we have that
W(E,p) = (E,p|Bulv) = (w|T|E,p) =w(E+up), (A.106)

therefore, if |y) € #,, | ) will be a state in 7. This means that
2

(97),, = f d3pdE6(E— f—m)cﬁ*(E,p)iﬁ(E,p) =

E’—p—z—u
2m

(A.107)
= f dpdE's

" (E,pYFE,p)=(d|w) 4. -

This means that *J,, is an isomorphism between %, and .#. Moreover, we can easily check
that the operator Uy, (b, a, v, R) in the [m | u, s] representation and the operator Uy(b, a, v, R) in
the [m | 0, s] representation are equivalent. To show this, we observe that (A.87) implies

V,Uo(b,a,v, YV, |E,p) ,, =e'""Uy(b,a,v,R)|E,p) (A.108)

thus we conclude that U,, = e’ b “Q]uU()%;l, namely that the two representations [m | u, s] and
[m | 0, s] are equivalent. This means that for an isolated free particle the internal energy u
has no physical meaning. This reflects the fact that for an isolated particle we can choose the
origin of energy arbitrarily.

Moving on to the label s, we want now to interpret it as the spin of the particle. To do so,

we focus on the little group of a given point (Ey, po) of the paraboloid E - % = u. In particular,
we choose (Ey, po) = (1,0). Any other point on the paraboloid can be obtained from this by
means of

Vip=(0,0,m"'p,1). (A.109)

With this choice, we see that for any
1
V=(0,0,v,R), (E’,p/) = (E+ V-R-p+ Empz,R-p+ mv) (A.110)

we obtain for VO(E’p PR i1 (A.87) that

VO(E,p;v,R) — (0,0,—m—1p’, ]1)(0,0, V,R) (0,0, m—lp,]l) _
=(0,0,-m ' R-p,R)(0,0,m™! p,1) = (0,0,0,R). (A.111)

Therefore we can write (A.87) in the simpler form

. S
E,p) s, n>) _ p3mav+iap'-ibE |E',p’> ® Z [DS(R)]nh |S,h> , A.112)

h=-s

U(b,a, v,R)(

where relations (A.69) hold. We see that with this choice the label s truly characterises the
rotational properties of the particle, i.e. it represents its spin. This is possible since the choice
(A.109) corresponds to a change of reference frame to the rest frame of the particle.
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A.4 The representations of the Galilei Lie algebra

The last step to conclude the discussion of the representations of the Galilei group is to derive
the infinitesimal generators of the group, i.e. its Lie algebra. To do so, we will consider the
transformation properties of wave functions in the momentum space under the action of the
Galilei group. In general, we have that

Vin(E,p) = ((Eplesnl|U@ly) =

i . /s ! S * (All?))
_ p-smav+iap'~ibE Z [DS(R)]nh[<w|(|E’,pl>®|S,h>)] )
h=-s

namely

. S, S
W'S,n(E, p)=U(@wsn(E,p)=e 2maVHiap ~ibE Z [DS(R)]nhws,h(E/,p/) ) (A.114)
h=-s
where g = (b,a,v,R) and U(g) = exp{i(bT+a-P+v-B +w-])}, with T, P, B and J being
the generators of time translations, spatial translations, Galilean boosts and spatial rotations

respectively. In the following, the parameters b, a, v and @ will be infinitesimal.
For spatial translations we have

U(0,a,0, Dy, (E,p) = e *Py,(E,p) ~ (1 +ia-P)ys,(E,p)

I (A.115)
e 4Py (E,p) ~(+ia p)ys.(Ep),
therefore
Galilean boosts yields
U©0,0,v, Dy n(E,p) =€ "By u(E,p) ~ (L +iv-B)yn(E,p)
I (A.117)
1
WS,n(E’;p,) ~ V/S,n(Ey p)+mv 'VpU/s,n + (Em vz +v- p)aEWS,n y
hence®
B=-imV,-ipog. (A.118)
Time translations are treated in a similar way
U(b,0,0, 1)y (E,p) = e’y n(E,p) ~ (L +ibT)ysu(E p)
I (A.119)
e PEy 1 (E,p) ~ (1 - i bE)ys a(E,p),
which implies
T=—E (A.120)
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Finally, we have to deal with rotations. In general we see that (A.114) implies that the infinites-
imal generators should act on the spin variables in a non-trivial way. In particular, we have a
linear combination of components with different spin labels. Therefore, to be more precise,
the previous generators (along with the generated group elements) are matrices that act in a
trivial way on the spin labels, namely

P,"=ps,",
B,"=-5,"(imV,~ipdg), (A.121)
T, "=—-Es".

This is left implicit to simplify notation. However, when it comes to rotations, this is not the
case anymore, since rotations act in a non-trivial way on the spin variables. In this case we
have _

U(0,0,0, Ry n(E,p) = e Ty o (E,p) ~ (1 + i)y n(E, p)

Il
s

Y DR "B p) ~ 5

h=-s h=-s

~ i [5nh + iw-th] {u/s,n(E, pto- (p AVp)WS,n(E) P)} ,
h=-s

5, +iw-S," \ws,(E,p+onp) ~ (A.122)

thus we conclude that
It =-i8,"pAv,+8,", (A.123)

where D(R) = ¢/“'S. With this we obtain the standard splitting of the total angular momentum
into its orbital and intrinsic components. Of course the operator S acts on different variables
with respect to all the differential operators that appear in this representation. Therefore S
commutes with every combination of p and E and their derivatives. This, alongside the fact
we should have a representation of the algebra (A.30), leads us to the commutation relation

[S,‘,Sj] =i€ijk8k (A.124)
From this, by direct computation we easily get the algebra

[T,P)=[T,7:]=0 , |Bi,B;|=|PiPj| =0, |BiP;|=iusi; , [B,T]=iPi,

[]l»B]] = lel]kBk » []lypj] = lel]kpk y []n;]m] = lenmk]k y (A125)

which is indeed a representation of (A.30). The only difference between the two algebras is in
the commutator between boosts and spatial translations. Here we get a representation of the
central extension of the Galilei algebra where the central charge is given by the mass = —m.

A.4.1 Casimirs of the algebra

The algebra (A.125) admits three Casimirs. The first one is trivial, indeed, the element u triv-
ially commutes with all the other generators, therefore it is a Casimir of the algebra. For
the second Casimir we know that S commutes with all generators but J, for which we have

[ Ji,S j] =€;j kg «. Therefore, S commutes with all generators and is in fact the second Casimir.
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Finally, we know that the quantity 2m E — p? = 2m u is invariant under boosts and rotations.
In terms of generators, we have 2u T — P?, and this quantity trivially commutes with the gen-
erators of time and spatial translations. Therefore the three Casimirs of the algebra are

2uT—P2 =2mu,
(,u]+P/\B)2 =m?S*>=m?s(s+1), (A.126)
u=-m.

We see that the characterisation of the physical representations in terms of the three labels m,
u and s is recovered.

A.4.2 Mass superselection rule

The fact that we have a representation of the central extension of the Galilei group yields an
important physical consequence. Consider a state in the representation [m; | u, s|®[m3 | u, sl,
which can be written as |w> = |1,I/1> ® |w2>, with |wk> € [my | u, sl and m; # m,. We now con-
sider the following succession of transformations: a spatial translation, a Galilean boost, the
inverse translation, and the inverse boost. The overall transformation is the identity, of course,
as can be immediately seen from (A.15) (or from (A.30) since the generators commute). This
means that when we represent this transformation on the Hilbert space of a quantum system,
it should be given by at most a phase. When we represent the generators on the Hilbert space,
the generators do not commute anymore and we have, from the Baker—Campbell-Hausdorff
formula’,

e_i,,.Be_ia.pei,,.Beia.p _ e—iv-B—ia-P—%vi al [Bl-,Pj] eiv-B+ia-P—%vi al [Bl-,Pj] _ e_l'ua.,, . (A.127)
Alternatively, this could be derived directly from (A.50). From this we see that if we act with
our transformation, which is basically the identity, on the superposition |1[/> we end up with

im av imyav

[w) = v}y =™ [yr) @ e ™ [ya) (A.128)
meaning that the state is changed after an identical transformation. This led Bargmann [66]
to formulate a superselection rule for the mass, the Bargmann superselection rule, which does
not allow coherent superpositions of different masses in a Galilean-invariant Quantum The-
ory. However, as we discussed in chapter 1 and chapter 4, this superselection rule is not justi-
fied since this effect is just a remnant of special-relativistic features that survives in the non-

relativistic limit. i

A.5 Tensor product of two representations

Until now we have described how the Hilbert space of a single free particle is described in
terms of group-theoretic arguments. A many-particle system is, of course, described by means

Given a Lie group G and the exponential map from the Lie algebra to the Lie group e : L — G, the Baker-
Campbell-Hausdorff formula gives the solution to the equation eXe? = e for X, Y € L. Specifically, Z = X + Y +

X v]+ g [x v - & xv]]+..
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of tensor products of the Hilbert spaces of the single particles, i.e. the states of such a system
transform according to the tensor product of the single-particle representations. To describe
such a system, we have to introduce some collective observables describing its transforma-
tion properties and some other collective observables describing its internal structure, which
does not depend on the choice of reference frame. To do so, the tensor product representation
should be decomposed into a direct sum or irreducible representations.

We will focus on a two-particle state [350] that transforms according to the representation
[my | uy, s1]1 ® [my | up, s2]. A basis state in the Hilbert space Jf,%l'ul ® Jf;ﬁz'uz is given by the
tensor products |E1, p1; E», p2> ® |51, ni; So, n2> on which the representation acts as

—%ma-v+ia-(p’l+p’2)—i b(Ei+E§)

E{,pb; Eppl) e

o D% (R)| el 52, h) (A.129)

U(g)(|El,P1 Ez»P2>®|51,n1;Sz,n2>) =e
oYy __ T, [PV (R)

hy==s1 “hy=-s,

where p', and E; are defined by (A.69). The scalar product on this Hilbert space is simply given
by
2 2
(Ply) =Xme—s Tibe—s, [A* prdE1d* p2 dE, 5(151 - 2’)711 - M1)5(Ez - ;722 - Mz) X
X('b;,l’ll;Sz,l’lg (Eb P1; EZ) pZ)wsl,nl;Sg,ng (Elr P1; EZr pZ) . (AIBO)

To decompose this Hilbert space into a direct sum of invariant subspaces, we first define
the collective observables
QI:p1+p2 , E=E1+E>, (A.131)

namely the total momentum and total energy of the two particle system. We next introduce
the relative momentum

q=—— W -v)=—""—"7"—"—, (A.132)

and we introduce a similar variable for the energy

my E1 — my E>
€i=——mMM—=.

= (A.133)

my + my

From these relations we have the change of variables
Ei=(-)''e+ —E, pi=(-1)""'g+—Q, A.134
i=ED i pi=(-1""q i Q ( )

whose Jacobian is 1. We introduced the total mass M = m; + my which, together with the
reduced mass m = 7%, will be useful for simplifying the equations. In addition to these
variables, we can also define the total internal energy as the sum of the internal energies and
the kinetic energy of the relative motion
2 2
u:u1+u2+q—EE—Q—. (A.135)
2M 2M
This allows us to write the variables relative to the two particles (including the internal ener-
gies) in terms of the collective observables E, €, u, g, and Q. However, in doing so, we start
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with 8 variables and end up with 9 new ones. In order to keep the number of degrees of free-
dom unchanged, we need to constrain one of the new variables with the introduction of a new
integration with a relative Dirac delta. In rewriting the Dirac deltas we have

2 2 2 2
m m m m
El—i—ul:€+—1E—L—u1:€+—lu1+—1u2—u1+ Pr I P
2m1 M 2m1 M M 2m1 M2m2 (A.136)
:e_Q'CI_mz—ml 2 MUy — MUy
M 2m1m2 M
and 5 ) ) ,
Eg—&—uz:u—E1+Q——&—u2:u—u1—u2—q—, (A.137)
2my 2M  2my 2m
QZ

where we have used the relation u = E — 53; which will become the constraint to enforce with
a Dirac delta in a new integration in the variable u, which will run from the minimal value
u1 + uy to +oo. Therefore, the scalar product becomes
S1 $2 +00 Q2
(lv)= 2 X2 dud|E- - —u

ny=-s np=—sJuUi+up

2m

2
dePdEdsqdeé(u— - Uiy — q—) x

Q'CI_ Mp—my o MUy — My
M 2m1m2 M

x0|€e—

)('b:l!nl;SZrnZ (E) Q; €, q)ufsl,nl;SZ,ng (E) Q; €, q) .
(A.138)

From this we see that the total Hilbert space ;. ,, ® Jf,fqzz,uz is written as a direct integral of

1,U1

Hilbert spaces #,
o0
‘]f’%bul ® ‘;frsnzz,uz = \% dust,, (A.139)
uy+up
each associated to a paraboloid
2
E-L_y. (A.140)
2M

From section A.3.2 we know that ), will be written as a direct product of an Hilbert space
that fixes a representation of the translation subgroup and the Hilbert space defining the rep-
resentation of the little group of a given point on the paraboloid. From (A.140) we see that
the first of these two Hilbert spaces is given by .7 ,,. For the second component of the ten-
sor product, we have to consider the subspaces in ./, invariant under the action of the little
group, which once again can be identified with the rotation group. We see from (A.138) and
the change of variables that, when a point on the paraboloid (E, Q) is fixed, the wave func-
tions depend only on the vector g, which has a constant norm when a paraboloid is chosen,
q2 =2m(u— u; — up). Hence, once a point on the paraboloid is chosen, wave functions are
functions on the unit sphere and can be expanded in spherical harmonics of the unit vector

. -1
4:=|q| g, namely

oo A

A, A

Wsl,m;sZ,nz (E’ Q; €, q) = Z Z 1//51',[;11;82,}12 (E» Q) Y]L,,u(q) ’ (A'141)
A=0pu=-71

where Y} ;,(g) are the spherical harmonics, eigenfunctions of the operators
2 . 2 .
¢ :(—tq/\Vq) L 0= —iquVy,, (A.142)
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with eigenvalues A(A + 1) and p respectively, where A € Ny and p € [-A, A] n Z. We see that
Li+Ly—L=-ip1 AV, —ip2AV,, +iQAVg =2, (A.143)

thus ¢ is really the relative orbital angular momentum. From these arguments we understand
that rotations (i.e. the little group) will act on the labels n;, n, and p and will be represented
by
oo
D" ®D%® (@ D‘). (A.144)
A=0

The Hilbert space on which the representation will act is 37, (7/51 V2® 7/1). A basis of this
Hilbert space is given by

[e,0]

VA
@{|sl,n1>® |32,n2>® |/1,u> | n; € [—s;, 81N (ZUE) , LE[-A, A OZ} ) (A.145)
A=0

This tensor product of representations can be decomposed in a direct sum of irreducible rep-
resentation 7/ by means of a standard addition of angular momenta

o0 o0 S1+82 o0 S1+82 A+s
Brereert)=® @ (e )=B B D ¥, (A.146)
A=0 A=0s=|s1—s,| A=0s=|s1-s2| J=|A—s|

a basis of this Hilbert space being

oo S1+$2 A+s 7
GB EB EB {I],AHAE[—],]]m(ZuE)}. (A.147)

A:OS:|31—32|]=|/1—S|

This is the representation of the little group of a given point on the paraboloid, therefore we
have now that #, = #);, ® ( P, Prs | 7/1), hence

s=|s1—s2| FT=|A-s

o0 o0 S1+82 A+s It
S N
A ® X =h @ B D HuuoV!|, (A148)
ur+u A=0s=|s1-s2| J=|A—s|

where 7, ® 7/ is the Hilbert space of a particle of internal energy u, mass M and total
angular momentum J, namely it is the Hilbert space associated to a representation

[M | u,]] of the Galilei group, hence the previous direct integral can be written in terms of
representations as

Io's) o0 S1+82 A+s
[my | Uy, s11® [ma | Uy, S5 =§ dul@@ @ D m+mluil|. (A.149)
urt+up A=05=|s1—s2| J=|A~s]|

A final remark on this decomposition is that the internal energy u is no longer an arbi-
trary constant. For a single particle, we observed that the internal energy is an arbitrary con-
stant since there is an equivalence between the two representations [m | uy, s] and [m | uy, s],

219



A.5 Tensor product Appendix A

namely the operators Uy, (b,a, v, R) and Uy, (b, a, v, R) of the representations differ by a phase
e!P(i—12) We indicate this equivalence condition as

[m|uy,sl=[m|uy,s]. (A.150)
If we consider, for instance, the direct sum of two representations
[m|uy,s11®[m|u,ssl, (A.151)

then we can still define the internal energies up to a common constant, but we cannot redefine
them arbitrarily. For instance we have that

[(mluy,s1l=[m|0,s1], [m|up,s21=[m|0,s,], (A.152)
but
[m|uy,s1l@mlug,sl=[m|0,s11@[m|ux—uy, sl #[m|0,s1]1@[m]0,s,]. (A.153)

Therefore, in (A.149), which is a direct integral of the representations [M | u, A] i.e. a direct sum
in disguise, we can still choose an arbitrary zero value for the internal energies, but we cannot
arbitrarily choose the values of u in the direct integral for all the representations [M | u, A].
This is also because now the internal energy of the compound system has information about
the kinetic energy of the relative motion, which is a physical information, since u = u; + u, +

2
Zq_m' We can, for instance, scale the internal energy with an equivalence by an amount u; + u,
such that the direct integral is now from 0 to co, making the internal energy of the compound
2

system a direct measure of the kinetic energy of the relative motion u = zq_m-
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