UNIVERSITA DEGLI STUDI DI NAPOLI
FEDERICO 11

SCUOLA POLITECNICA E DELLE SCIENZE DI BASE

DIPARTIMENTO DI MATEMATICA E APPLICAZIONI
“RENATO CACCIOPPOLI”

TESI PER IL DOTTORATO DI RICERCA IN
MATEMATICA E APPLICAZIONI
XXXVII Cicro

Qualitative and geometric aspects of elliptic
equations with Dirichlet or Robin boundary
conditions

ROSA BARBATO






Contents

1 Introduction
2 Preliminaries
2.1 Notations . . . . . . . . e
2.2 Basic definitions . . . .. Lo Lo
2.3 Rearrangement of functions . . . . . . . .. L L L L L L
2.3.1 Some quantitative inequalities . . . . . . . . .. ..o
2.3.2 Rescaling properties . . . . . . . ...
2.4 Some basic facts on convex sets . . . . . . .. . e e e e e
2.5 The Finsler norm . . . . . . . . . . L e e e e e e e e e
2.5.1 Anisotropic curvatures . . . . . . . . ...
2.5.2  The anisotropic total variation . . . . .. .. ... ... ... ... ......
3 The Talenti result in a quantitative version
3.1 The Talenti result . . . . . . . . . . . . e e e
3.2 Proof of control of the asymmetry . . . .. .. .. ... oo,
3.3 Estimate on the radiality of the solution . . . . . . ... ... ... ... ......
3.4 Estimate on the radiality of the source term . . . . . . . . ... ... ... .. ....
3.5 Lp-bound of the asymmetry . . . . . . . .. .. ... ...
3.6 Conclusions and Open Problems . . . . .. .. .. ... ... ... . ...
4 Asymptotics of the first anisotropic Robin eigenvalue
4.1 An anisotropic trace inequality . . . . . . . .. ... L L
4.2 Interior approximation . . . . . . . . . ... ..
4.3 The first Robin eigenvalue of the Finsler p-Laplacianasp — 1. . . . . ... .. ...
44 Thecasep=1 . . . . . . e
4.5 T-convergence of J, . . . . . . ...
4.6 An isoperimetric inequality . . . . . .. ..
4.7 Open Problems . . . . . . . .. e
5 Bounds for the first nonlinear Robin eigenvalue
5.1 Preliminary results . . . . . . . . Lo e
5.1.1 A characterization for \,(5,9Q) . .. . ... ... o oo
5.2  Limit properties when f — 0 or 8 — 400 . . . . . . . o
521 Thecase B<O0 . . . . . o e e
5.3 Upper bounds for A\,(5,Q2) . . . . . . ...

17
17
17
17
20
22
22
24
26
27

31
31
33
37
44
48
50

53
53
56
59
60
63
66
68



5.4 A lower bound for \,(5,2)

6 Nonlinear thermal insulation

6.1 The variational problem . . . . ... ... ... ...
6.2 Theplanarcase . . . . . .. .. .. ... .. .....
6.3 The n-dimensional case . . ... ... ........
6.4 Remarks . .. .. ..... ... .. ... .......

Bibliography

CONTENTS



Chapter 1

Introduction

One of the earliest problems in mathematics was the isoperimetric problem, which was considered
by the ancient Greeks. The problem is to find, among all closed curves of a given length, the one
which encloses the maximum area. This is one of the most famous shape optimization problems,
where the optimal solution is represented by the circle. These problems have been much studied in
mathematics, hence we recall some of these. Saint Venant in [102], conjectured that the ideal shape
of a beam’s cross-section should maximize its torsional rigidity, that is the capacity to withstand
torsional stress. This conjecture was ultimately solved by Pélya in 1948, who proved that the bar
exhibiting maximum torsional rigidity features a circular cross-section. From a mathematical point
of view, if we let € represent the cross-section of the bar, the torsional rigidity can be defined as the
L-norm of the unique solution in HE(92) to the following equation:

—Au=1 in
u=20 on 0f).

Denoting this solution as ug, known as the torsion function, then the torsional rigidity, is
expressed as:

T(Q) = /Q uq dz.

Hence, the Saint-Venant inequality asserts that:

T(Q) < T(B), (1.0.1)

where B represents any open ball in RV, with the same volume of €.

Another significant problem originating in the late 19th century is to identify the planar membrane,
fixed along its boundary, that possesses the lowest principal frequency. In his renowned work, The
Theory of Sound [101], Lord Rayleigh conjectured that, among all planar figures with a fixed area,
the disk minimizes the principal frequency. This assertion can be reformulated by stating that the
disk minimizes the first Dirichlet eigenvalue A;(2) of the Laplace operator, that is the smallest A for
which the following problem:

—Au=X in
u=~0 on 0f)
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has a nontrivial solution in H{(£2). This conjecture was proved 50 years later in two simultaneous
yet independent contributions, one by Faber [56] and the other by Krahn [84] which proved the
following inequality

A(Q) > Mi(B), (1.0.2)

with B being any open ball in RY, which has the same volume of Q. We refer the reader to the
book by Pélya and Szeg6 [100] for further developments.
From this point of view, in this thesis work, we are concerned with studying qualitative and geometric
aspects of some elliptic equations with Dirichlet or Robin boundary conditions. To facilitate the
reader, in what follows we will describe the main points of the various results we obtained.

Comparison results in quantitative form for Dirichlet boundary value
problems

Investigating isoperimetric inequalities needs an integration of analysis, geometry, and the theory
of partial differential equations. A crucial method for tackling isoperimetric problems is Schwarz
symmetrization, also known as the spherical symmetric and decreasing rearrangement of a function.
In essence, the Schwarz symmetrization of a measurable function involves rearranging the superlevel
sets of the function into a spherical configuration while preserving all LP norms.

The introduction of symmetrization techniques, particularly in relation to the qualitative properties
of solutions to second-order elliptic boundary value problems, was pioneered by Talenti. In Chapter
3 we study symmetrization techniques in the context of qualitative properties of solutions to second-
order elliptic boundary value problems which have been widely studied in the last decades. In the
seminal paper [109], Talenti considers an open and bounded set 2 C RY and the boundary value
problem

(1.0.3)
u=20 on 0f2.

{ —Au=f inQ
where f € L%(Q) it N >2 felLP(Q),p>1if N=2. He proved that it is possible to compare
the solution to (1.0.3) with the solution to the symmetrized problem

CAv— ffoimQf
{ Av=J" inQ (1.0.4)

v=20 on 9OF,

where QF is the ball centered in the origin with the same measure as Q and f? is the Schwarz
rearrangement of f (see Definition 2.3.4). More precisely, the following pointwise comparison holds

uf(2) <wv(z) Ve Qh (1.0.5)

As a matter of fact, this result holds also for the solutions of a more general uniformly elliptic linear
operator in divergence form. The technique employed by Talenti is a very powerful tool, as it adapts
well to solving various types of variational problems. An application of the Talenti’s result is Saint
Venant’s conjecture, which is obtained immediately integrating the inequality (1.0.5).

Among researchers, Talenti’s type result has gained more and more interest. A version of the
aforementioned result for nonlinear operators in divergence form is contained in [111], which includes



the p—Laplace operator as a special case; see also [22]. Further extensions can be found, for instance,
in [5] for anisotropic elliptic operators, in [7] for the parabolic case, in [16, 110] for higher-order
operators, and in [9], where the Steiner symmetrization is used in place of the Schwarz one. In the
recent paper [8], the authors consider problem (1.0.3) replacing the Dirichlet boundary conditions
with the Robin one and they prove a comparison result involving Lorentz norms of u and v whenever
f is a non-negative function in L?(2). In particular, in the case f = 1 and N = 2, they recover the
point-wise inequality as in [109]. Generalizations of the results contained in [8] can be found for
the anisotropic case in [103, 12], for mixed boundary conditions in [2], in the case of the Hermite
operator in [36] and in the nonlinear case [13]. For further generalizations and general overviews
of comparison results, we refer, for instance, to [3, 37, 40, 92, 80, 112, 113] and to the references
therein, not claiming to give here a comprehensive list of all the results developed in this context.

Another interesting question about the topic is trying to understand if comparison inequalities
are rigid, as it has been done in [6]. Indeed, the authors characterize the equality in (1.0.5) in the
case f > 0, proving that if equality occurs, then €2 is a ball, u is radially symmetric and decreasing,
and f = ff. Rigidity results for a generic linear, elliptic second-order operator can be found in [59]
and [79] and for Robin boundary conditions in [90, 91].

Once a comparison result and a rigidity result hold, it is natural to ask whether the comparison
result can be improved in a quantitative version. More precisely, considering the rigidity result in [(],
if equality almost holds in (1.0.5), is it true that the set 2 is almost a ball, and the function u and f
are almost radially symmetric and decreasing? The answer to this question is contained in Chapter
3, which is the main objective of the paper [11]. What we do is to study the stability of (1.0.5) and
to answer the following question: if u! is close to v in some sense, can we say that the set Q and the
functions u and f are almost symmetric? One of the difficulties we have to deal with is to give the
most suitable notions of "closeness" for this type of problem.

More precisely, we state our main result, contained in [11], in the following way.

Theorem 1.0.1. Let Q be a bounded open set of RN and let f be a non-negative function in L*(12).
Suppose that u and v are the solutions to (1.0.3) and (1.0.4), respectively. Then, there exist some
positive constants 01 = 01(N),02 = 62(N) and Cy := C1(N, |Q|, f*), Ca := Ca(N, |2, f*), C3 :=
C3(N, |9, f*), such that

3 . 0 . [%
Cra¥(@)+Cyinf =t a0)fh gy Co_ il 1 = 55 +0) B < o=y (106)

Moreover, the dependence of Cy1, Cy and Cs from |Q| and It is explicit.

In order to prove Theorem 1.0.1, we show that the quantity ||v — uf||o bounds from above each
term on the left-hand side: this is the aim of Theorems 1.0.2, 1.0.3 and 1.0.4.

The first step is contained in Theorem 1.0.2, which can be read in this sense: if the L*° distance
between uf and v is small, then the set Q has a small Fraenkel asymmetry index, defined as

{ [QAB, ()]

S 1Bl = ym}, (1.0.7)

where the symbol A stands for the symmetric difference and || is the measure of the set. This is a
standard way to measure how much a set Q differs from a ball B, with the same measure in the L'
norm (see Figure 1).
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Figure 1.1: Fraenkel asymmetry of (2

Theorem 1.0.2 (Control of the asymmetry). Let f € Lfg_ﬁ?( M) ifN>2, felP(Q),p>1if N=2
be a non-negative function and let u and v be the solutions to (1.0.3) and (1.0.4) respectively, and let
ut be the Schwarz rearrangement of u. Then, there exists a constant C, = C1(N) > 0, such that

_ut
o3(Q) < G 10 =Wl (1.0.8)
Q|1 £1l:
where
~ 2\3 2
Cy = max { <8N2wfvv) , (16N2w;\,wn)} : (1.0.9)

wn is the measure of the unit ball of RN and v, is the constant appearing in the quantitative
isoperimetric inequality (see Theorem 2.3.10 ).

To prove this result we make use of a clever idea introduced in [75], used for obtaining non-sharp
quantitative isoperimetric inequalities for the principal frequency and the capacity. This idea is also
explained and exploited in the survey paper [25] to prove a quantitative version of the Pdlya-Szegé
principle (see Theorem 2.3.7). Moreover, we observe that Theorem 1.0.2 implies the quantitative
result contained in [82] in the case f = 1.

In Theorem 3.2.2, we obtain a similar bound for the Fraenkel asymmetry of almost any superlevel
set Uy = {u > t} of the function u solution to (1.0.3).

The second step for proving Theorem 1.0.1 is contained in Theorem 1.0.3. We prove that the
LY(RYN) distance between u and uf is small, assuming that uf is close to v with respect to the
L*>-distance.

Theorem 1.0.3 (Estimate on the radiality of the solution). Let f € L%(Q) if N >2, feLP(Q),
p > 1 if N =2 be a non-negative function and let u and v be the solution to (1.0.3) and (1.0.4)
respectively. Then, there exist two constants 61 = 01(N) > 0 and Co = Co(N) > 0 such that

7]
# ||f||1N+221 1+(2—1)(§ #(0
inf [l = w(- + 20) |1y < Co T jo Do~ L (L010)
=o€R [ £1l

In order to prove this result, we observe in Lemma 3.3.1 that a small L™ distance between u!
and v forces the Pdlya-Szegd inequality, that is

/ |Vuu\2da:§/\Vu|2dac,
Qf Q



to hold almost as an equality. So, at this stage, it is natural to consider the Pdlya-Szegd quantitative
result proved in [38]:

inf / lu(z) — ub(x + z0)| dz < C [My(E(u)") + E(u)]®
RN

zoERN

where

{IVuf] <8 n {0 < ub < [Julloo }|

/RN|VU
E(u)="———1and M(6) = Tl > 07

[ v
RN

Hence, to prove the closeness of u to u? it remains to bound from above these quantities in terms of
o= ulloo-

Eventually, to conclude the proof of Theorem 1.0.1, we show the closeness of f and f¥, that is
the third and last step, contained in Theorem 1.0.4. Here, we prove that it is possible to bound the
L™ distance between f and f¥, for all m < 2, provided f € L2.

Theorem 1.0.4 (Estimate on the radiality of the source term). Let f € L*(Q) be a non-negative
function and let u, v be the solutions to (1.0.3) and (1.0.4) respectively. Then, for all 1 < m < 2
there exist Oy = 02(N,m) > 0, 63 = §35(N,m) > 0 and a positive constant C3 = C3(N, m) > 0 such
that

. =~ g 1-m L )
inf (£ = 5+ 20l mgey < Coll FIS IR P10 F 52 OF)0% o — o,
zoER

We prove this result using the quantitative version of the Hardy-Littlewood inequality (see (2.3.2))
proved in [39].

Nonlinear eigenvalues problems with Robin boundary conditions

In the context of the shape optimization problem, a great interest is posed in the eigenvalues problems.
In this context, we obtained some results on nonlinear problems with Robin boundary conditions.
Among the nonlinear operators we consider, it is worth mentioning the p-Laplace operator, defined
as Apu = div(|Vu[P~2Vu). Examples of such problems are the following. The Dirichlet problem,

—Apu = AMulP"2u  in Q
u=20 on 0f2,

the Neumann problem

%:O on 0N

{ —Apu = AMulP2u  in Q
ov

and the Robin problem,
{ —Apu = AuP~2u in Q

]Vu|p_2g:j + BlulP~2u =0 on 99,

with Q € RY an open bounded set, sufficiently smooth, v is the outer unit normal and 3 is a real
parameter.
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We recall some basic facts on the first Robin eigenvalue for the p-Laplace operator. First, there exists
a principal eigenvalue A1, defined as

Pd ) P gHN-1
MG = np dalVeTdT+ B Jaolgl aHTT
pEW L () Tolel? do

(1.0.11)

If Q is connected, A,(f, ) is simple and isolated and the corresponding eigenfunctions minimize
(1.0.11). Furthermore, the eigenfunctions are of constant sign. Moreover for 8 > 0 we have that
Ap(B,€) > 0 and for B <0, A\p(5,Q) < 0. When 5 = oo, we recover the Dirichlet case

fQ|V<,0|p dx

\P(Q) =
p () pewe(@) [olplP dz

while for 3 = 0 we have A,(2) = 0. Moreover, the first nontrivial Neumann eigenvalue is defined as

JoIVel? du

1 —_—.
pewir@\{0} [olelP dx
fgl@lp_QSO dz=0

A(Q) =

In Chapter 4 we discuss the results obtained in [19], in which we consider the Robin eigenvalue
problem in the anisotropic case and we concern our attention on the behavior of the first eigenvalue
when p goes to one. Hence, let {2 be a bounded, connected, sufficiently smooth open set, p > 1 and
B € R. In this Section, we study the I'-convergence, as p — 17, of the functional

/ FP(Vg)de + / (P F(v)dH Y
Jp(@) — Q o0
/ plPdx
Q

where ¢ € WHP(Q) \ {0} and F is a sufficiently smooth norm on R”. We study the limit of the first
eigenvalue A, (8, Q) = inf cy10(q) Jp(p), as p — 1%, that is:
»#0

Dul () + minB. 1} [ [olF0)aHY !

AQ,B) = inf 0% .
pEBV(Q) d
@#0 Q‘(p| €L

Furthermore, for § > —1, we obtain an isoperimetric inequality for A(£2, 5) depending on S.

The proof uses an interior approximation result for BV (€2) functions by C'*°(f2) functions in the
sense of strict convergence on RY and a trace inequality in BV with respect to the anisotropic total
variation. Let € be a bounded, connected, sufficiently smooth open set, p > 1, and g € R. We study
the asymptotic behavior, as p — 17, of the following minimum problem

W(50) = it (o) (1.0.12)
70
where

/ FP(Vo)dz + B / (ol P () dH N~
JP(SO): 0 o 9
/ lpPdz
Q

(1.0.13)
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v is the outer normal to 99 and F is a sufficiently smooth norm on RY. If u € W1P(Q) is a minimizer
of (1.0.12), then it solves the following Robin eigenvalue problem

—Qpu = Xp(8, Q)[ulP~?u in Q
FP=Y(Vu)Fe(Vu) - v+ BF)|ulP2u =0 on 99,

where Qpu is the anisotropic p—Laplace operator
1
Quu = div (pvg [Fp](W)) .

From the point of view of finding optimal domains for A, (3, £2), there is a significant difference from
the case of # > 0 to the case § < 0. It is known that the optimal shape with a volume constraint for
(1.0.12) depends on the sign of 3. For positive values of the Robin parameter, the so-called Wulff
shape is a minimizer (see [17] and for the Euclidean case see [24, 31, 43]):

Ap(B,2) > A\p(B,W)  where [W| = |Q]. (1.0.14)

If B < 0, the problem is not completely solved, even in the Euclidean case (that is when

F(&) = /3, €?). Indeed, in 1977 Bareket [20] conjectured that the first eigenvalue is maximized by
a ball in the class of the smooth bounded domains of given volume. In [58] it has been showed that
it is true for domains close, in certain sense, to a ball. Subsequently, the authors in [62] (see [83] for
the p-Laplacian case) have disproved the conjecture for || large enough and have shown that it is
true for small values of || in a suitable class of domains. In the Finsler setting, this problem has
been addressed in [97].

Our final aim is to obtain optimal shapes for the limiting functional of (1.0.12), as p — 1*. This
type of result falls within a well-investigated research field. For example, convergence results for
spectral functionals of the p-Laplacian, as p goes to 17, in relation also to isoperimetric inequalities,
have been treated in the Euclidean case in [23, 33, 35, 49, 77, 88, 98] and in [21, 78] when RY is
equipped with a Finsler metric.

These results are contained in the paper [17] and we first study the limit of \,(3, 2); in particular,
in Theorem 4.5.2 we prove that when 5 > —1, the functional J,, defined in (1.0.13), I'—converges, as
p— 17 to

IDele(@) +min1, 6} [ [olF@)an
J(p) = o0 :
/Q oldz

where |Dyp|r(€2) is the anisotropic total variation of ¢. This will imply that (see Proposition 4.5.3)

lim Ay(53,Q) = A(8,Q) :== inf : 1.0.1
Jm Ap(8,Q) = AB, Q) = inf J(e) (1.0.15)

Then, we prove an isoperimetric inequality for A(€2, §). In particular, in Proposition 4.6.3 we obtain
that keeping the volume of Q fixed, the Wulff shape minimises A(£2, ) when 5 > 0, and maximises it
when —1 < 3 < 0.

The proof of the convergence result, and then of the two isoperimetric inequalities, relies on two
results on the anisotropic total variation, which are also of independent interest. The first one is a
trace inequality in the BV space:

/ [u|F(v) dHY ™! < 1| Dulp(Q) + co / |uldz, Yu e BV(Q), (1.0.16)
*Q Q
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where ¢; and ¢ are two constants which depend on the geometry of the domain (see Proposition 4.1.1
and Proposition 4.1.2 below). This inequality has been revealed very useful in capillarity problems,
and it has been studied for example in [15, 66, 71].

The second key result is an interior approximation for BV functions by smooth functions with
compact support. It is well known that if {2 is an open set, then the total variation of a function
u € BV(Q) can be approximated with the corresponding total variation of a sequence in C'*°(12).
Actually, an analogous result is not true in general if one needs to approximate |Du| with a sequence
of C'*° function with compact support in €. In order to do that, more regularity is needed on (2.
In the Euclidean setting, this problem has been addressed in [88, 105]. In this paper (Theorem
4.2.3), we show that, for any v € BV (Q2) N LP(R2), for some p € [1,00), there exists a sequence
{ur }ken € C5°(92) such that, for any ¢ € [1, p],

up —u in LY(Q) and |Dug|p(RY) = |Du|r(RY).

We finally stress that the problem we deal with is strictly related to capillarity problems. We
refer the reader, for example, to [66, 71] for the Euclidean case and to [44] for the anisotropic case.

Another topic, about the first Robin eigenvalue, is afforded in Chapter 5, and it is about estimates
for this eigenvalue. In this Chapter, we prove upper and lower bounds for the first eigenvalue of the
p-Laplace operator with Robin boundary condition, namely

/|vap dx+6/ lw|P dHN 1
A 79 — : Q o0
(8.8 wew e (@) {0} / wl? da
Q

: (1.0.17)

where Q is a bounded Lipschitz open set of RN, N >2, 8> 0,1 <p < +oc. If ug € WHP(Q) is a
minimizer of (1.0.17), then it satisfies

—Dpug = (B, uglPug  inQ
(1.0.18)

0
\Vug\p”# + BluglP~2ug =0 on I9N.
v
It is well-known that ug has a sign, and ug € CH%(Q) if Q is C*7 for some 0 < o,y < 1 (see [37]).

We know that when § = 0, then \,(5,€) = 0 which corresponds to the first trivial Neumann
eigenvalue; in the case § = 400, then A\,(5, ) coincides with )\5 (Q), the first Dirichlet eigenvalue of

—A,, that we remember is
[1vel dz
2PqQ) = min 29

P pemdr@no) / P dz
Q

Finding estimates, perhaps the best possible ones, for A, (3, Q) is a topic of great interest to researchers
and several results have been given. As we have seen in (1.0.14), a Faber-Krahn inequality holds:

Ap(ﬁa Q) 2 )‘p(ﬁv B)

where B is a ball whose Lebesgue measure coincides with that of Q. Recently, in [53] it has been
proved that if € is a bounded, mean convex set, then it holds that

Tp 1

;) (R +7%p771)"

M) = (1) (1.0.19)
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2
g ™
sin —
p P

where R(2) is the anisotropic inradius of 2 and m), = . Moreover, in [415] an upper bound of

Ap(5,92) in terms of the first eigenvalue of a one-dimensional elliptic problem, depending on the
perimeter and the volume of a bounded convex set €2 is given; in particular, if p = 2 the following
estimate holds: -
w P7(Q) 1
po(p.0) < TL L)

—Z 02 2P(Q)
\|1+6IQI

(1.0.20)

We refer the reader also to [86, 104] for related results. As matter of fact, the inequalities (1.0.19)
and (1.0.20) generalize the well-known Hersch and Pélya inequalities for the Dirichlet-Laplace first
eigenvalue (see [18, 46] and the references therein contained).

We aim to prove some new upper and lower bounds for \,(5,€2). In particular, our first main
result is the following:

Theorem 1.0.5. Let Q C RN be an open bounded set, with C*7 boundary, and let B be a positive
number. Then,

1 1 K
> +

N, AT (BP(Q))7T

: (1.0.21)

where K is given by
_ vl
HUHq7

and v is a first eigenfunction of AZI))(B), defined in a ball B such that \J(B) = )\ZE)(Q).

K =K(N,p,q,m, A\ ()

In the case N = p = 2, the inequality (1.0.21) recovers a result proved in [108].

In order to prove (1.0.21), we use two main tools. The first is given by a characterization of
Ap(B,€2) by means of a Thompson-type principle (see subsection 5.1.1). Then, we use the behavior
of the eigenvalue and its eigenfunctions as § — 400 (see Section 5.2).

A second result we obtain is again an upper bound for \,(,€2), but in terms of the (Dirichlet)
p-torsional rigidity of 2. More precisely, for a given open bounded domain €, let uq € Wol P(Q) be
the unique solution to

—Apug =1 inQ
ug =0 on 0f2.

The p—torsional rigidity of € is

A=
([ 1¢ldo)
T,(Q) = max —~2 7 :/qu:U:/]VuQ|pda:.
PEW, P () /\Vgo[pdx Q Q
Q

Then we obtain the following.

Theorem 1.0.6. Let Q C RN be an open bounded set, with C*7 boundary, and let 8 be a positive

number. Then,
1 T,(Q) Q] \#1
> P : 1.0.22

N 19 +<ﬁP(Q)> (1.0.22)
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Again, inequality (1.0.22) generalizes a result by [108] given for N = p = 2; the main tool to
prove (1.0.22) still relies on a Thompson-like principle.
As regards a lower bound for the eigenvalue, we get that if @ C RY is a open bounded set, with
C' boundary, and 8 > 0, Then
1 1 Q[T
< —+

ai i w—— 1.0.23
M(B,92) T vy T p()eT 1023)

where v, is a suitable value independent of 3 (see Section 5.4 for its definition). This result generalizes
the case p = N = 2 proved in [108]. In that case, when 2 is a suitable symmetric plane domain, vo
coincides with the first nontrivial Neumann eigenvalue of the Laplacian.

The proof of (1.0.23) is based, in addition to the aforementioned Thompson’s principle, on the
precise behavior of the eigenfunctions of A,(3, ) when § goes to 0. In Theorem 5.2.3, Proposition
5.2.4 and Theorem 5.2.5 of Section 5.2 we state precisely such behavior. We show in particular that

B—0 ﬂ |Q| ’

where, for the sake of completeness, we compute the limit also considering negative ’s (see [69] for
the case p = 2). These results are contained in [18].

Nonlinear elliptic problems related to thermal insulation

In the last part of this thesis, we also study questions related to insulation problems. This kind
of topic has interested many researchers and it’s a very active field of research as it is related to
environmental improvement. In fact, thermal insulation may be applied to save energy and even if it
may seem counterintuitive, having too much insulation can have a negative impact on the energy
efficiency; furthermore, adding too much insulation is expensive and unsustainable. On this topic,
there are many papers, as for instance [1, 26, 28, 29, 30, 32, 54, 55, 63].

To this aim in Chapter 6 we consider a problem of this type: let €2 be a bounded connected open set
of RN, D C © a compact set, 5 > 0 a fixed constant. Let

I5,(D; Q) :inf{ / |D¢[Pdz+f3 / |plPaHN T,
@ o0 (1.0.24)
¢ € WHP(Q),¢ > 11in D}.

Our aim is to study maximization and minimization problems of Iz ,(D, ), among domains with
given geometrical constraints. In Proposition 6.1.1 we prove that, if €2 has Lipschitz boundary, then
there exists a minimizer u of (1.0.24) that satisfies

Apu=0 inQ\ D
u=1 in D
\Du|pQgZ + Blulf2u =0 on 05}

and the functional Ig ,(D,(2) assumes the following form

I5,(D,Q) = B / (P20 dHN
oN
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In this order of ideas, the case p = 2 has been treated in [50]. In this case, the minimization problem
arises from a thermal insulation problem, in fact, they consider a domain of given temperature,
thermally insulated by a thermal insulator of constant thickness and they ask for the best or worst
choice in terms of heat dispersion.

In this Chapter we consider the general case 1 < p < 400 and it is contained in the paper [17].
First, we consider the domains of the type Q = D + §B, with § > 0 and B the unit ball in RY; In
particular, in the planar case, in Theorem 6.2.1 we prove that if D is an open, bounded, connected
set of RN with piecewise C' boundary, the maximum of Iz ,(D, D + §B) is achieved at the disk
having the same perimeter of D. Moreover, we consider the N-dimensional case for convex sets and
we obtain in Theorem 6.3.1 that among the convex sets {2 = D + 0 B, with fixed § and of given Wy _1
quermassintegral of D, the maximum is attained when D is a ball.

Finally, we show a counterintuitive behaviour of the functional Iz ,(D,(2); indeed we prove in
Proposition 6.4.3 that for suitable values of 3, there exists a positive constant §y such that for any
bounded domain Q, with D C Q and || — |D| < dg, then Ig,(Bg,?) > I3 ,(Br, Br).



16

CHAPTER 1. INTRODUCTION



Chapter 2

Preliminaries

2.1 Notations

e We denote by N the dimension of the Kuclidean space;

o F stands for the k-dimensional Hausdorff measure in RY;
e wy is measure of the unit N—dimensional ball;

e x -y is the Euclidean scalar product for N > 2;

« we denote with |-| the Lebesgue measure and the Euclidean norm in R,

2.2 Basic definitions

We will denote by P(2) the perimeter of  in the sense of De Giorgi (see [141]).
For convenience, we will denote by || - ||, the norm || - |[1p(q#) o1 || - [|Lr(0); otherwise, we will write
the space explicitly.

If Q is an open and Lipschitz set, it holds the following coarea formula. Some references for
results relative to the sets of finite perimeter and the coarea formula are, for instance, [14, 89].

Theorem 2.2.1 (Coarea formula). Let f: Q — R be a Lipschitz function and let u: Q — R be a
measurable function. Then,

ulVf(x)lde = [ d u(y) dH(y). 2.2.1
Jvs@ie= [ ] o) (221)

2.3 Rearrangement of functions

This section is dedicated to stating some useful results on the rearrangement of functions, on
quantitative inequalities and rescaling properties. For a general overview of this topic, we refer, for
instance, to [31].

Definition 2.3.1. Let u : 2 — R be a measurable function, the distribution function of u is the
function p : [0, +00[ — [0, 400[ defined as the measure of the superlevel sets of u, i.e.

() = {2 €Q: u(x)| > t}].

17
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In particular, if u is the solution to (1.0.3) and v is the solution to (1.0.4), we fix the following
notations, for ¢t > 0
U={xeQ:ulz)>t}, uplt)=|U

and
Vi={z e (@) >t} wt)= Vi

By using the Coarea formula (2.2.1), one can deduce the following expression for p

w(t) = {u >t} N {|Vu| = 0}| +/t+oo (/u:s WlMdHNl) ds,

as a consequence, for almost all t € (0, +00),

1
> (¢ >/ —— quN-! 2.3.1
00 p(t) > vl (2.3.1)

and if p is absolutely continuous, equality holds in (2.3.1).

Definition 2.3.2. Let u : 2 — R be a measurable function, the decreasing rearrangement of u,
denoted by u*(-),is defined as
u*(s) =inf{t > 0: p(t) < s}.

From Definitions 2.3.1 and 2.3.2, one can prove that
u (u(t)) <t, Vt>0,
p(u*(s)) <s Vs>0.

Remark 2.3.3. Let us notice that the function u(-) is decreasing and right continuous and the
function w*(-) is its generalized inverse.

Definition 2.3.4. The Schwartz rearrangement of u is the function u! whose superlevel sets are
balls with the same measure as the superlevel sets of u.

We have the following relation between uf and u*:
ub(z) = u*(wnle| V),

where wy is the measure of the unit ball in RY. One can easily check that the functions u, u* e u
are equi-distributed, i.e. they have the same distribution function, and it holds

lullp = lu*llp = l[wf]lp, for all p > 1.
The following Lemma characterizes the absolute continuity of u (we refer, for instance, to [27, 40]).

Lemma 2.3.5. Let u € WYP(RY), with p € (1,+00). The distribution function p of u is absolutely

continuous if and only if
{0 < u < |Juf|loc} N {| V| = O} = 0.

An important property of the decreasing rearrangement is the Hardy-Littlewood inequality, see
[76].
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o
© & & N o N A O ®

Figure 2.1: The Schwarz symmetrization

Theorem 2.3.6 (Hardy-Littlewood inequaliy). Let us consider h € LP(Q) and g € L (Q). Then

9
/ Ih(2)g(x)] dz < / B (s)g" (s) ds. (2.3.2)
Q 0

By choosing h = X{jy>¢} in (2.3.2), one has

w(t)
/ Ih(x)| dz < / B*(s) ds.
[u|>t 0

If we require that the function w is a Sobolev function, i.e. u € Wol’p(Q), then also uf is a Sobolev
function and, moreover, the gradient does not increase under symmetrization, as a consequence of
the Pdlya-Szegé inequality (see [100]).

Theorem 2.3.7 (Pélya-Szegd inequality). Let u € WyP(Q), then ut € Wy P(QF) and
IVl < [Vullp. (2.3.3)
The following remark will be useful in the sequel.

Remark 2.3.8. We explicitly observe that the function

1 S
g0:8—>—/f*
s Jo

is decreasing. Indeed, let s; < s2, and let us show that ¢(s1) > ¢(s2). This is true if and only if

S1 S1 52 S1
Lt f*zi(/ f*_/ f*>
S1 Jo 52 Jo 52 \Jo 0

1o 1
s / s
s1 Jo so —s1 /s,
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20
Let us recall that f* is a decreasing function, so
fr(s) = f*(s1) = f*(r)

{1 F5(s) ds > f*(s1) z][ 7 (r) dr

if s < s1 < r. Hence,

We recall now some properties of the symmetric solution. The explicit expression of v, solution
(2.3.4)

12| 1 t
v(x) :/ 22/ f*(r) drdt,
w N2w§t2*ﬁ 0

~lz|V

to problem (1.0.4), is
(2.3.5)

1 wn |z Y .
/0 f*(r) dr.

and its gradient is
v e
[Vol(z) Nwpy|z|N-1

From (2.3.5) we can deduce that the gradient of v vanishes at most at the origin and Lemma
(2.3.6)

SrF = (/) (/0 f*>.

2.3.5 ensures that the distribution function v is absolutely continuous and it satisfies
()

N2wXv(t)*
While for the distribution function p
2 —u(t u(t)
N2F < —#0) / £ dr, (2.3.7)
p(t)>=~ Jo
(2.3.8)

Remark 2.3.9. With the same techniques used for proving (1.0.5), it is possible to prove that

/|Vu|q dr < / Vol de, 0<q<2,
Q Qt

and it is possible to estimate the L?-norms of the gradient of v in terms of LP—norms of f via Bliss
@t N
aN N

(2.3.9)

inequality (we refer to [109, Equation (23.a)]), obtaining

2 \? 1]

/ *) sN ds < Ki(N,q) ( fatN
0 0

1 901
/ |Vo|? de = - / -
Q quﬁ 0 s

2.3.1 Some quantitative inequalities
We recall now some quantitative results that we need to prove our main results Theorem 1.0.2,
Theorem 1.0.3 and Theorem 1.0.4. Let us start with the quantitative isoperimetric inequality, proved

in [65] (see also [73, 74, 41, 64]).
Theorem 2.3.10. There exists a constant 7y, such that, for any measurable set 2 of finite measure
L - 2(0)
P(Q) > Nwj |07 (1 o )> | (2:3.10)
Tn

where a(2) is defined in (1.0.7).
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We observe that the constant -, is explicitly computed in [60].

In the proof of Theorem 1.0.2, we apply the quantitative isoperimetric inequality (2.3.10) to the
superlevel set Uy of the solution to (1.0.3). In order to do that, it is useful to estimate the asymmetry
of Uy in terms of the asymmetry of €2, as in the following lemma (we refer to [25, Lemma 2.8]).

Lemma 2.3.11. Let Q C RY be an open set with finite measure and let U C €, |U| > 0 be such that

[Q\U] _ 1
< —a(). 2.3.11
o <@ (23.11)
Then, we have
1
a(U) > Qa(Q). (2.3.12)

As already stressed in the introduction, a key role will be played by the quantitative version of
Pélya-Szegd inequality (2.3.7), proved in [38].

Theorem 2.3.12 (Quantitative Pélya-Szegd inequality). Let u € WL2(RN), N > 2. Then, there
exist positive constants r, s and C, depending only on n, such that, for every u € WH2(RYN), it holds

/ u(z) + v (2 + 20)| da
RN

2R |{u > 0} || Vut2

< CO(N)[My:(E(w)") + E(uw)]®, (2.3.13)
where

\{\vuﬁy < 5} n {0 <uf < Huuoo}\

/RN]VUF
Eu)=-"+r——-1 and M,:(0) = Tl > 07

/ Va2
RN

We will also use a quantitative version of the Hardy-Littlewood inequality (2.3.2), proved in [39].
In order to state the result, we need to introduce the following notation:

(2.3.14)

pn(t) = [{h > t}],
1g(t) = [{g > t}|,
gn(x) = g*(un(h(z))),

and we observe that if the set €2 is a ball and the function h is radial and decreasing, then the
function gj,(z) = g*(2). Moreover, let us introduce the following Lorentz-type norm

1/q

€2
HgHAg(Q)=</O g*(S)q%(S)CB) : (2.3.15)

where, for s € [0, |Q]),

6,(s) = ( /0 (=) (o)) M@ da)l/p/ . (2.3.16)
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Theorem 2.3.13 (Quantitative Hardy Littlewood inequality). Let h and g be two measurable
functions such that hg € L*(Q) and let us assume that there exist p € (1,4+00) and q € [1,+00) such
that 0,(s) < oo for every 0 < s < |Q| and lgllaz(@) < oo. Then, by setting

qp+1
m = y 2.3.17
p+1 ( )
it holds
1 —qp 1+pgq e * *
A h(z)g(x) dz + MHQHA;(Q)IIQ = gnllpmioy < ; h*(s)g"(s) ds. (2.3.18)
2.3.2 Rescaling properties
For simplicity, we will often prove our results under two extra assumptions:
9 =1, Ifll=1. (2.3.19)

If this is not the case, we recover the result in the more general setting in the following way. Let us
set
_lofw
[alie

If u and v are solutions to (1.0.3) and (1.0.4) respectively, we define the functions w(z) = au (f) and
z(x) = av (%), that are solutions to

b=|Q|~.

—Aw=g inQ —Az=g" in Q!
w=20 on 99, z=0 on 9OF,

with [Q] = 1 and ||g||; = 1. Furthermore, the following holds

a() = a(Q);
2
Q'
2
Q"%
_1
loll, = I3 {EE W st f € (@)

Moreover, if o(t) and u(t) are the distribution functions of w and u respectively, then
t
) =1 u(-).
o(t) = 127 3

2.4 Some basic facts on convex sets

Let K be a nonempty, bounded, convex set in RV and let § > 0. Then the Steiner formulas for the
volume and the perimeter states that
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N N )
K +6B| =) <j>wj(K)5J
j=0
N(N —1)

= |K|+ NW(K) + =

WQ(K)(52 4 wpnd”

and

N-1 N -1 )
P(K+6B)=NY_ < . )Wj+1<K)5J
=0 \ J (2.4.1)

= P(K)+ N(N — 1)Wa(K)d 4 - - + Nwyd™¥ 1,

where B is the unit ball in RY centered at the origin and K + 6B stands for the Minkowski sum.
The coefficients W;(K) are the so-called quermassintegrals of K. In particular Wy is the volume of
K, Wi =L and Wy = wy.
It follows that
P(K +0B) - P(K)

lim : = N(N — 1)Wy(K). (2.4.2)

If K has C? boundary, with nonzero Gaussian curvature, the quermassintegrals can be rewritten
in terms of the principal curvatures of K. Indeed, in such a case
(K = & , N
Wi(K) = Hi 1 (x)dH" ", i=1,---,N. (2.4.3)
N Jox
Meanwhile, H; denotes the j-th normalized elementary symmetric function of the principal curvatures
of 9K, that is Hy = 1, and

1
H(x) = (N,1> S ka(o)k(@),  j=1. N1,

J 1<i <--<ij<N—1

where ki(x) - - kn_1(z) are the principal curvatures at a point € K. In particular, by (2.4.2) and
(2.4.3) follows also that

lim P H0B) = PIK) (N—1) [ Hy(x)dHN 1,
50+ o oK

where Hj(x) is the mean curvature of 0K at a point x.
The Alexandrov-Fenchel inequalities state that

1 1

(K N7 J(K)\ V= . .

(WJ( )) ]2<W( )> ’ 0<i<j<N-1, (2.4.4)
WN wN

where the inequality becomes an equality if and only if K is a ball.
In what follows, we will use the Alexandrov-Fenchel inequalities for particular values of i and j.
When ¢ = 0 and j = 1, we have the classical isoperimetric inequality:

P(K) > Nuy ¥ |K[~.
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Moreover, if i = k — 1, and 7 = k, we have
sz(K) > wNNJkH Wk—l(K)N*k‘kH-

Now we denote by K* a ball such that Wy _;(K) = Wx_1(K*) and then by the Alexandrov-Fenchel
inequalities (2.4.4), for 0 <4 < N — 1 it holds that

)

hence
Wi(K) < Wi(K™), 0<i<N-1. (2.4.5)

Now consider the two-dimensional case. Let D be an open, bounded, connected set in R2, we
denote by D* the disk having the same perimeter of D. If Q = D + §B and Q, = D* 4 0, B, where
B is the disk centered at the origin, the Steiner formulae become

Q| = |D| + P(D)6 + 6%,  P(Q) = P(D) + 27,

Q.| = |D*| + P(D*)6, + w62, P(),) = P(D*) + 276,.

Let us observe that, in our context, if we ask that the area of the insulating material Q \ D remains
constant, then

Q| — |D| = P(D)d + 6% = |Qu| — |D*| = P(D*)d, + w02
Since P(D) = P(D*), then 6 = ¢, and, as byproduct, P(2) = P(€.). On the contrary, if § = d.,
then [Q] — |D| = || — |D*|.
If D is a general bounded domain, with piecewise C' boundary, it holds

Q| <|D|+ P(D)§ + 7%,  P(Q) < P(D) + 279, (2.4.6)

hence § = ¢, implies
Q] = |D| <[] — | D,

which means that, if we fix the perimeter P(D) and the thickness ¢, the area of the insulating
material increases.

2.5 The Finsler norm

We give several definitions and properties related to the Finsler norm (for further references see
[57, 107, 106]). In particular, we recall some basic facts on the anisotropic total variation of a BV
function, and on the anisotropic curvatures.

We will assume that F' is a convex, even, 1—homogeneous function

£eRN — F(€) € [0, +o0],

such that
F(t¢) = [lF(¢), teR, €Y, (25.1)

and such that
alg]| < F(E), ¢eRY, (2.5.2)



2.5. THE FINSLER NORM 25

for some constant a > 0. It is easily seen that this hypothesis assures the existence of a positive
constant b > a such that
N
F(§) <bl¢], £eR™.

Throughout the paper, we will also assume that F belongs to C?(R™ \ {0}) and that
Vg [FP)(€) is positive definite in RY \ {0}. (2.5.3)
The assumption (2.5.3) on F' ensures that the operator
1
Q,u = div (pvg [Fp](Vu)>
is elliptic, therefore there exists a positive constant v such that
N
Y Vi [FP &g > AP vne RV \ {0}, V€ e RY.
ij=1

The polar function F°: RN — [0, +oo] of F is

) _ f"l)
=

It is easily seen that also F° is a convex function satisfying the properties (2.5.1) and (2.5.2).
Furthermore, we have

§-v
F(v) =sup ,
¢20 (&)
and from this follows that
€-n| < FEF°(n)  V&neRY. (2.5.4)

The Wulff shape centered at the origin is the set denoted by
W= {€eRN: Fo(¢) < 1}.

We denote ky = |[W|, where |[W)] is the Lebesgue measure of W. More generally, the set W, (z¢)
indicates 7W + g, that is the Wulff shape centered at o with volume xyx7", while its anisotropic
perimeter is Nxyr¥~1. If no ambiguity occurs, we will write W, instead of W,.(0).

The functions F' and F° enjoy the following properties:

Fe(§)-€=F(), F&)-&=F°() Ve e RV \ {0}, (2.5.5)
F(F(€)) = FO(Fe(¢) =1 Ve e RV \ {0}, (2.5.6)
FO(QFe(FQ(€)) = F(OFL(Fe(§) =¢ Ve e RV \ {0}, (2.5.7)

where Fr = VF(&).
Given a bounded domain €, the anisotropic distance of z € Q to 9 is defined as

dr(x) :== yie%fQFo(a; —-vy), x€l.

We highlight that, when F(£) = /3>, &2, then F = F° and dp = dg is the Euclidean distance
function from the boundary.
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The function dp is a uniform Lipschitz function in €, and
F(Vdp(z)) =1 ae. in Q.

We have that dp € I/VO1 >°(Q2). Many properties of the anisotropic distance function are studied in
[42].
Finally, the anisotropic inradius of €2 is

RE(Q) = max{dp(z), = € Q},

that is the radius of the largest Wulff shape W, (x) contained in .

2.5.1 Anisotropic curvatures

Here we recall some properties of the anisotropic mean curvature, as well as an integration formula
in anisotropic normal coordinates. We refer to [42] for further details.
If Q has a C? boundary, the anisotropic outer normal to 9 is defined as

n(y) = Fe(v(y),  yeon,
where v(y) is the Euclidean outer normal to 92 at y. Moreover, by (2.5.6) it holds that
Fo(n'(y)) = 1.
Let us denote by T,0Q the tangent space to 9 at y; the anisotropic Weingarten map is defined as
dn®: T,00 — Tp,r () W.

The eigenvalues vi” < k" < ... < /{ﬁfl of this map are called the anisotropic principal curvatures at
y (see also [114]). The anisotropic mean curvature of d at a point y is defined as

HE () =6 (y) +...6h_1(y), yE .

The anisotropic distance dr is a C? function in a tubular neighborhood of 9€2; hence we are in
position to define the matrix-valued function

W(y) = —Fee(Vdr(y))Vidr(y), y e 9.

Based on this function, it is possible to give a different definition of the anisotropic principal
curvatures [412, Remark 5.9]. Since W(y)v € T,05, for any v € RY, it remains defined the map
W(y): T,00 — T,00, as W(y)w = W(y)w, w € T,00. The matrix W(y) (that is, in general,
non-symmetric) admits the real eigenvalues 1 (y) < xf'(y) < ... < k% _;(y). Actually, the definition
is equivalent to the preceding one. Moreover, it holds that

HE (y) = div [Fe (—=Vdr(y))] = tr(W(y))

(see also [114, Sec. 3]).
To state the change of variable formula in anisotropic normal coordinates, we need some preliminary
definitions.
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Let
¢(y7t):y_tFE(V(y))a yeaﬂa teR

and for y € 01,
U(y) = sup{dr(z), z € Q and y € II(2)) }

where
II(z) = {n € IN: dp(z) = F°(z —n)} (2.5.8)

is the set of the anisotropic projections of a point z € 2 on 0f2.
Then, we recall the following

Theorem 2.5.1. ([/2, Theorem 7.1]) For every h € L'(), it holds

L(y)
/ h(x)dz = / Fu(y) / By, )T (y, 1) de dHN " (y),
Q o0 0

where

J(y,t) = ' (1-— t/@f(y)). (2.5.9)

Since 1 — tkf'(y) > 0 for any i = 1,..., N — 1 ([42, Lemma 5.4]), J(y,t) is positive. Moreover, it
holds that
—% [J(y,t)] _ = ki (y) (2.5.10)
J(y,1) =1t (y) o
Finally, we conclude this subsection, by recalling that, for any = € Q such that II(z) = {y}, it
holds that ([42, Theorem 4.16)):

Vdp(z) = —

(2.5.11)

2.5.2 The anisotropic total variation

Let © be an open set in RV, a function f € L'(2) has a bounded variation in € if
sup{ / fdivgdr: ¢ € CLHORY), 4] <1 } < 0.
Q
A function f € L} () has a bounded variation in Q if for each open set U CC (,

sup{/deivd)d:U:qbéCg(U;RN),qb| §1}<oo.

We write BV (Q2) and BVj,.(€2) respectively, the space of such functions.

A measurable subset £ C RY has finite perimeter if yz € BV () and has locally finite perimeter if
XE € BVIOC(Q)-

If f=xpg, and E is a set of locally finite perimeter in €, we can write ||0F| for the Radon measure
w and we observe that ||0F)|| is the perimeter measure of F, and ||0E||(f2) is the perimeter of E in ).

Definition 2.5.2. Let z € RY. We say z € §*Q, the reduced boundary of E, if

1. ||OE||(B(x,r)) > 0 for all r > 0;
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Figure 2.2: Normals to F and to B(x,r).

2. 1m0 fiy(y ) vE dIOE] = vp (o)

3. |vg(x)| = 1, where vg is the outer normal to E.

What happens in the anisotropic case?
Let © be an open set in RY and v € BV (Q); the total variation of u with respect to F is defined as

| Dulp(Q) :sup{/Qudiv(g) de : ge CHORY), Fo(g) < 1}.

It holds that |Du|r is L'— lower semicontinuous on BV () ([10, Th. 5.1]) and, in the case u is a
smooth function, we have

|Du|F(Q):/QF(Vu)d:L‘.

The perimeter of a set E in () with respect to F' is:
Pp(E;Q) = |Dxg|r(Q2) = sup {/ div(g) de : g€ C’é(Q;RN), F°(g) < 1}.
E

Moreover,
Pr(E;Q) :/ F(vg)dHN 1
QNo*E

where 0* F is the reduced boundary of F and vg is the Euclidean normal to 9*E. Finally, we denote
by Pp(E) = Pp(E;RY).

If Q is a bounded Lipschitz open set and v € BV (Q2), assuming v = 0 in RV \ Q, we have
u € BV (RY). Moreover, if with an abuse of notation we denote the trace of a BV function u and
the function w itself with the same symbol, we have also that

|Du|p(RY) = | Du|¢(Q) + /m lu| F(v)dHN 1 (2.5.12)
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(see for example [34, Lemma 3.9]).
An isoperimetric inequality holds for the anisotropic perimeter. Indeed

Pr(E) > Pr(Wp). (2.5.13)

where Wg, is the Wulff shape with the same measure of E, and the equality holds if and only if F is
the Wulff shape centered at the origin (see for example [61]).

The following approximation results in BV hold (refer to [15], [70, Theorem 1.17] for the Euclidean
case and to [5, Proposition 2.1] for the Finsler case).

Proposition 2.5.3. Let f € BV (), then there exists a sequence {fi}ren C C(2) such that:

lim /Q|fk—f|da::O

k——+oo
and

kETw\ka!F(Q) = |Df|F(9).

Proposition 2.5.4. Let E be a set of finite perimeter in Q. A sequence of C* sets {Ey} exists,
such that:

k—+o00

lim /’XEk — xgldx =0
Q

and
lim |D 0) = Pr(E; Q).
& 1 | XEk|F( ) F( y )

To conclude, we recall the coarea formula, which holds for any v € BV (Q)

/ F(Vu) dx = / Prp({u > s},Q), (2.5.14)
Q

RN

(see for example [10]).
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Chapter 3

The Talenti result in a quantitative
version

In this Chapter, we prove a quantitative version of the classical comparison result of Talenti for
elliptic problems with Dirichlet boundary conditions. The key role is played by quantitative versions
of the Pélya-Szeg6 inequality and of the Hardy-Littlewood inequality.

3.1 The Talenti result

As we want to obtain a quantitative version of (1.0.5), it is useful to recall briefly the outline of its
proof.

Theorem 3.1.1 (Talenti, [109]). Let f € L¥+2(Q) if N > 2, f € LP(Q), p> 1 if N = 2 and let u
and v be the solutions to problems (1.0.3) and (1.0.4) respectively. Then,

uf(z) < o(x).
Proof. Let us observe that u is a weak solution to (1.0.3) if and only if
/ VuVeds = / fedz, Vo eWy?(Q). (3.1.1)
Q Q

Let us fix t € [0, ||ul|co[ and h > 0, and let us define the function ¢:

0 ifu<t
olz)=Qu—t ift<u<t+h (3.1.2)
h if u>t+ h.

Using (3.1.2) as a test in the weak formulation (3.1.1), we have

/ \Vu|? dz = / fl@)(u—1) da:+/ hf(zx)dz.
Ut\Ut+h Ut\Ut+h UtJrh

If we divide now by h, and we send h to 0, we get

(t)
/ |Vau| dHN () = f(gc)dacg/wt f*(s) ds.
oU U 0

31
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Applying the isoperimetric inequality to the superlevel set U;, the Hélder inequality and the
Hardy-Littlewood inequality, we get, for almost every t,

Equivalently, we can write

1
1<N2WN (/ I )( 1 (t))

and, integrating from 0 to ¢, we obtain

@, g
Pt / r—2+N/ F(s) ds dr = v*(u(t)). (3.1.3)

NQWE w(t) 0
Since u*(r) = inf{7 | u(7) < r}, (3.1.3) implies

w'(r) = nf{7 | u(r) <r} <inf{o*(u(7)) |p(r) <r} <o'(r),

that gives (1.0.5). O

The quantitative version of The Talenti comparison result, states as follows:

Theorem 3.1.2. Let Q) be a bounded open set of R™ and let f be a non-negative function in
L%(9). Suppose that u and v are the solutions to (1.0.3) and (1.0.4), respectively. Then, there exist
some positive constants 01 = 01(n), 0y = 02(n) and Cy := C1(n,|Q|, f1), Cy := Ca(n, |9, f¥), Cs :=
C3(n, |9, f*), such that

Cla3(9)+02 1nf Nu—u i +$0)||L1(Rn +Cg 1nf Af= FA( +a:0)||L1(Rn < ||U—Uﬁ||Loo(Q). (3.1.4)

Moreover, the dependence of C1, Co and Cs from |Q| and f* is explicit.

The choice of the L>°-norm to bound the left-hand side in (3.1.4) is motivated by the fact that we
are quantifying the pointwise inequality established by Talenti. It is possible to replace the L°°-norm
with a weaker one but in this case, we only obtain the bound of the asymmetry of the domain, see
Section 3.5.

In order to prove this Theorem, we show that the quantity ||v — uf||s bounds from above each term
on the left-hand side. Hence, in the next Sections, we will prove Theorems 1.0.2, 1.0.3 and 1.0.4.



3.2. PROOF OF CONTROL OF THE ASYMMETRY 33

3.2 Proof of Theorem 1.0.2

The following Lemma is inspired by Lemma 2.9 (Boosted Pdélya-Szegd principle) contained in [25].

Lemma 3.2.1. Let f € L¥2(Q) if N > 2, f € LP(Q), p > 1 if N = 2 and let u and v be the
solutions to (1.0.3) and (1.0.4) respectively.
Let sq be defined as follows

Q2
$Q = sup {t >0:p(t) > 19 (1 — 01(4))} e R, (3.2.1)
then, it results
1
—500%(Q) < [|Jv — u¥||oo, (3.2.2)

27n

where v, is the constant appearing in the quantitative isoperimetric inequality (2.3.10).
Let us point out that sq € (0, +00):
o It is greater then zero whenever a(€2) > 0 since ¢ — p(t) is right-continuous and p(0) = |€|;

o It is finite since there exists r small enough that u*(r) > sq. Indeed, by contradiction let us
assume that Vr u*(r) < sq, then Vr

Q
r2utu ) > lof (1- 252).
This is a contradiction for r sufficiently small.

o By the definition of decreasing rearrangement 2.3.2 it follows that

e (-2

Proof. We assume that () > 0, otherwise the result is trivial. Let us apply the quantitative
isoperimetric inequality (2.3.10) to the level set Uy and, then, argue as in the proof of Theorem 3.1.1,

2 2 2 1 2
N2WF 2% (1) (1 + 7oﬂ(Ut)) < Nown o (1 (1 + aQ(Ut)> < P21,

p(t)
< / d u:t;vlu\ﬁ ( /D f*) (—4(8)).

If we divide by N2wpy %;ﬂ*%(t) and we integrate between 0 and 7, we get

2 T ) Y] 1 t
T—l—/ a(Uy) dtg/ 22/ 5| dt = v*(u(r)).
Tn Jo w(r) N2w§t2_ﬁ 0

The last, due to the definition of decreasing rearrangement, can be written as

2 (w0 2] 1 b, ern .
%/0 oa”(Uy) dt S/r (]\72%137152—1%/0 f ) dt —u*(r) = v(r) —u*(r). (3.2.4)

(3.2.3)
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We define the set

Q
A= {tzo:,u(t) > |0 (1—0‘(4)>} (3.2.5)
then 0 € A whenever «(€2) > 0, and it is an interval since u is a decreasing function. Moreover, for
all t € A, it holds

Q\UI | pl)
o e S

1€
Therefore, we can apply Lemma 2.3.11 and we get

a(Q).

N

Q
a(Uy) > 04(2) Vi € A (3.2.6)
On the other hand, from (3.2.4) it follows

Oé2
min {u*(7), sq} (@) < 2

w(r)
A(Uy) dt < v(r) —u*(r
st [ ety ar <o~

, Vrelo,|Q], (3.2.7)
and, choosing r sufficiently small in (3.2.7), we can conclude that
1 9 y
EsQa (Q) < v — vu*||co-
O
We are now in a position to prove Theorem 1.0.2.

Proof Theorem 1.0.2. Firstly, let us suppose |2| = 1, and ||f||1 = 1. Let us assume that «(Q2) > 0,
otherwise the inequality (1.0.8) is trivial. We set

&= |Jv— |,

(3.2.8)
and we suppose that ¢ < 1. If this is not the case, inequality (1.0.8) holds, being a(€2) < 2 and
K, > 8. Definition (3.2.8) implies

v(z) —e < uf(z) < ov(z), for almost any z € QF
and it follows that

v(t+e) < p(t) <uv(t). (3.2.9)
Moreover, as v is absolutely continuous, we have

t4e , t+e —N2w§
/t v :/t V,H»%fou(r) f*
2
t+e 2 N 2
2/ —7]\] wN2 it = —N2w§5
ATl

v(t+e)—v(t)

where the inequality follows from Remark 2.3.8. So, (3.2.9) becomes

22

v(t) — N2wNe < u(t) < v(t).

(3.2.10)
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By the definition of s and the property of decreasing rearrangement, we get
Q Q
1(sq) = p (u <1 - 0‘(4)» <1- O‘(4). (3.2.11)
So, combining (3.2.10), (3.2.11) and the absolutely continuity of v(¢), we have
Q 2 59 2
()[(4)§1— (sQ)<1—I/(SQ)+N2ijV5:/ (t)dt + N*wl e
0
2
ElS) NZWE 2 2 2 SO 2 2
= dr + N?wle < N2wN QP ~ + N?w¥ = N?w¥ (sqg+¢
/O V_H_% v(r) f* N N’ | ||f||1 N N( )
that gives
Q
sq > )3 —c (3.2.12)
AN2wy
We now distinguish two cases
2 % @)
Case 1 Let us assume that N wye < 5 then by (3.2.12) and Lemma 3.2.1, we obtain
1
s—a?(Q) < g (3.2.13)
16N2wl vn
2 a(2)
Case 2 Let us assume that N“w 8 > then
2 2
a(Q) < 8N*wie < 8N2wles (3.2.14)

From (3.2.13) and (3.2.14), we get the claim (1.0.8) by choosing
~ 2\3 2
C1 = max (8N2wfvv) ,(16N2wf\,v Yn) ¢ s
O

in the case |©2] = 1 and ||f||; = 1. In the general case, using the scaling properties contained in
Section 2.3.2, we obtain the desired claim (1.0.8)
= {u>t}.

An equivalent result holds for almost every superlevel set U,
Theorem 3.2.2. Let u and v be the solutions to (1.0.3) and (1.0.4) respectively, and let u* be the
(3.2.15)

Schwarz rearrangement of u. Then, it holds
QP Q% 4
A (Uy) < Crs v = u]|oo,
w3 () £l

where Cy is defined in (1.0.9)
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Proof. Firstly, let us assume that [Q2] =1, and || f]; = 1.

As in the proof of Theorem 1.0.2, let us suppose that a(U;) > 0 and ||v — uf||s < 1, otherwise
the inequality (3.2.15) is trivial. By applying the quantitative isoperimetric inequality (2.3.10) to

the superlevel sets Uy, and arguing as in (3.2.3), we have

2 ! w(t)
1+Oz2(Ut)<'u2/ fr
0

2
& N2wd u(t)> %

and, integrating from ¢ to 7 > t, we obtain

9 T T o w(r)
T—t+— [ U, dr < / ) . / F* dr.
Tn Jt t N2w1§u(7’)2_ﬁ 0

Performing the change of variables p(r) = s on the right-hand side, we have

9 [T u(t) 1 S §
et — oﬂ(Ur)drs/u [ ds = () = o (ute),

Tn Jt (1) N%}ﬁs -~ J0

that implies
9 [ur(r) )
— 2(U,) dr < v*(r) —u*(r) < ||Jv — u¥]| oo,
Tn Jt
obtained using (3.1.3) and the definition of decreasing rearrangement.

Arguing as in Lemma 3.2.1, we define the set

v={rztp 2 e (1- 22,

(3.2.16)

(3.2.17)

(3.2.18)

that is non-empty whenever a(U;) > 0. Moreover, we define s; = sup(A;) and we observe that

o s > t, as we are assuming a(Uy) > 0;

e s is finite;

s =u" (M(t) (1 - a(4Ut)>>;

o for all r < s, the set U, verifies the hypothesis (2.3.11) and, so,

(3.2.19)

(3.2.20)
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so, we have

St 2
< u(t) — p(se) <wv(t) —v(sy) + N2wN€ = / V' (r)dr + N*w}e
t

St N2w1§ 2 NQCUW‘QP*% 2
— N dr+ Nwle< — N (s —t) + N2wle,
/t I p N e 17T N

that gives
a(Ut) .
2

AN2wy

(50— ) = (t) (3.2.21)

Now, we distinguish two cases.

a(Ut)
8

2
Case 1 Let us assume that N%we < pu(t) , then by (3.2.21) and (3.2.20), we obtain

D sy <6 (3.2.22)

16N2wf vy,

2 U
Case 2 Let us assume that N?wYe > u(t)a(8 ) then

1

2 2
pt)a(Uy) < 8N?wle < 8N wies (3.2.23)
From (3.2.22) and (3.2.23), we get the claim (3.2.15) with the same costant Cy defined in (1.0.9).

As in Theorem 1.0.2, we prove the Theorem in the case |Q2] =1 and ||f||; = 1, and we recover
the general case using the rescaling properties from Section 2.3.2. O

3.3 Proof of the Theorem 1.0.3

The aim of this Section is to prove Theorem 1.0.3, and as a first step, we observe that the following
lemma holds.

Lemma 3.3.1. Let f € L%(Q) if N>2, felP(Q), p>1if N=2 and let u be the solution to
(1.0.3) and let v be the solution to (1.0.4), then

[ivu = [ 196 <2l - o (3.3.1)
Q Qf

Proof. We observe that the solution v to (1.0.4) is the unique minimizer in Wo 2(Q) of the functional

=5 [ vt [ re,
3 | vl [ =g [ wep- [ g

Hence, by the Talenti’s inequality (see Remark 2.3.9 with ¢ = 2),

that implies
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[Ivaf < [ 9o
Q Qi
and the Holder inequality, we obtain

[ivap= [ e < [ [ vep<e [ o) <2l - ol
Q Qf ot Qf Qf
and the thesis (3.3.1) follows. O

In particular, (3.3.1) suggests that the Pélya-Szeg6 inequality holds true almost as an equality
when ||v — uf||o is small enough. So it is natural to consider the Pélya-Szegé quantitative inequality,
recalled in Theorem 2.3.12.

At this point, to prove the closeness of u to uf it is enough to show that, for every positive §, the
quantity M, (d) can be estimated from above by some power of . This is not true in general for a
generic Sobolev function, but it holds for u because it is the solution of (1.0.3).

The main idea to bound from above the quantity M,:(0) is to write the set {|Vu| < §} as the
union of suitable subsets, and to bound from above the measure of each of them. In order to do
that, in Lemma 3.3.2 we define a set I C [0, ||ul|s] and, in (3.3.8), we define a positive number
te s € [0, ||ul|sc], so that we have

{|Vuf] < 6} :( {|vuﬂ\ < 5} nut~ 1IN (o,te,g))
U ({\Vuﬂ < 5} Nuf~1(IN (O,te,g))
U ({\Vuﬁ] < (5} ﬁuﬁ_l(tsﬁ,%-oo)).

In Propositions 3.3.4 and 3.3.6 and in Remark 3.3.5, we study separately the above sets.
We will prove Lemma 3.3.2, Propositions 3.3.3, 3.3.4, 3.3.6, 3.3.7 under the additional assumptions

Ifli=1, 192 =1, [jv—uf| < <0,
where ey will be suitably chosen later.

Lemma 3.3.2. Let us fiv a > 0, let € = ||[v — uf||oo and let us define the set I as follows

g {te 10, [[ufloo] * /U:t\w —/uﬁ:tvuﬁy > ga}. (3.3.2)

1] < 2¢17, (3.3.3)

/ Vol —/ |Vub| < e (3.3.4)
v=t ul=t

Proof. Claim (3.3.4) is a direct consequence of the definition of the set I in (3.3.2). Moreover, using
the Coarea formula (2.2.1), we have

+oo
ns (Lo w) = [ e
I \Jov=t {ut=t} 0 v=t ult=t
:/ |VU\2—/ |Vub|? < 2,
Qf Qf

and claim (3.3.3) follows. O

Then,

and, for everyt € I¢, it holds
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Proposition 3.3.3. Let 6 > 0 and let v be the solution to (1.0.4). Then, there exists a positive
constant Ko = Ko(N) such that
[{IVo| < 6} < K»d", (3.3.5)

where
K2 = wNNN.

Proof. To prove (3.3.5), it is enough to show
{|Vv| <6} C {|z| < N§}. (3.3.6)

So, if we take x € {|Vv| < J}, we have, using (2.3.4), (2.3.5) and Remark 2.3.8

5> [Vol(0) = — /lexn rryar > L ey a2 2
- ~ Nwplz[N=1 g ~ N9 Jo N
and, as a consequence, we have
||
> — ..
Vol(@) > 5, (3.7
and we can conclude. O

Proposition 3.3.4. Let u be the solution to (1.0.3), let u* be its Schwartz rearrangement and I as
in (3.3.2). If we define the following quantity

/ N
— . n'B I _
teg=sup{t>0: p(t)>eN"?}, = (3.3.8)
then, for every § > 0, it holds
_ 1 g\
{19e] < 8} At (0 (0, 8)] < NN(5+ > , (3.3.9)
Nwy
1
for every a, B € R such that 0 < 3 <a <1, f< —.
n
Proof. We observe that (3.3.4) in Lemma 3.3.2 is equivalent to
P(v =1)|Vo|(y) — P(u* = t)|Vuf|(z) < £, (3.3.10)

for every y € {v =t} and = € {u* = t}. If we fix 2 € {uf = t} and we consider y = £(t)x, where

1
0t) = (%) ¥ we have that y € {v = t}.

Then, for every ¢t € I¢ such that t < t. g, (3.3.10) becomes
P(v = t)|Vo|(£(t)z) — P(u* = t)|Vu|(z) < eN?, (3.3.11)

and, since

we have
(3.3.12)
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Now, from definition (3.3.8), follows
Plv=1\" /
——) =t t) >eN™P
v (T ) = v > ) > eN,
and, combining (3.3.12) with (3.3.13), we obtain
a—f

Vol (C(t)z) — [Vud|(z) < = T
Nwy

Moreover, combining (3.3.7) and (3.3.14) and the fact that £(¢) > 1, we have

|z| ¢ # g*P b1/ 7e
N |Vub|(z) < |Vo|(l(t)z) — |[VuF|(z) < v T Vo e uw (I1°N(0,t. 5)).
W

From (3.3.15), follows that

a—p
{|Vuﬁ|<5}ﬂuﬁ_1(lcﬂ(0,tg7ﬁ))§ {]$| <No+° },

and, consequently,

a—B\ N
{1vuf] < 8} Nt (100 (0, )] ng<N6+€ ) .

L

Wi

Remark 3.3.5. We observe that
| (te 5, +00)| < €7,

indeed

since p is right continuous.

(3.3.13)

(3.3.14)

(3.3.15)

(3.3.16)

Proposition 3.3.6. Let u be the solution to (1.0.3), let uf be its Schwartz rearrangement,and let
I and t. g defined as in (3.3.2) and (3.3.8), respectevelly. Then, there exists a positive constant

K3 = K3(N) and a real number 04 = 04(N) such that

[ I N (0t 5))| < Kze¥,

1
where K5 = 5NNwy, for every a, 3 € R such that 0 < B < a <1, f < —.
n

Proof. From (2.3.6) and (2.3.7), we have

_I/(t) v(t) *(r) dr _y’,(t) ut) *(r) dr _Nl(t) v(t) *(r) dr
EmAURY LAY s/o f(r) d s/o () d

v(t)> % Jo u(t)*~%

(3.3.17)
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and, consequently, using (3.2.10), for all ¢ € (0,t. g), it holds

i (t) > =V (t) <5§g>2—5‘6 > —y’(t)(l - szf§€)2_?v > /(1) (1 —N%;ivgl—"’ﬁ)%fv. (3.3.18)

Moreover, it is easily seen that

1
[N (I (0, te))] = [uf (190 (0, t,9)) N (| V] = 0} + / / o 2 / .
IeN(O,te,g) J ub=t |Vu#| I°N(0,te g)

Hence, from (3.3.18) and the fact that the distribution function of v is absolutely continuous, we get

2 L\ 2T
|uﬂ*1(IC N(0,te5))| > (1 — NijVVesl*" 5) / -/
Icﬂ(ﬂ,tsﬁ)

S

2_
2 /
= (1= W) T )

2 2 /
> e 0t (1- (2 ) MuRe ),

where the last inequality is the Bernoulli inequality, which holds true as

1 1-n/p
e <egp:i= 5 . (3.3.19)
N2wh

I N (0, tep)| = 1= uF 1IN (0, te,6)) | — |05t 5, +00)]
< 1= [T ICN (0,te,8))] — palte,s)

So, we have that

2 2 ., 2
<1 - I°N(0,t.5))] (1 — <2 — N) N2yl ﬁ) —v(t.g) + N?wle

2 2 /
= [ (I N (0,t.p))| + N?wY ((2 — N) el=mh ¢ 5) .
(3.3.20)
Arguing as in [38, Lemma 3.2], we can deduce that

1

o
S Y
L | :

= 74_ -

1 J=tn{ivol<sy IV Ji=iyngvessy [V

1 1

< |{IVo| <$é +//
Vel < 031+ 5 1 Jp=tyn{vel>ey [V

<1Ive] <8} + 5 [ Now (jj)N

1 1
= {IVvl = 0} + s Nwy ||
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and, by Proposition 3.3.3 and Lemma 3.3.2,

1
N
Nwy cl-a

W NI N (0,t.5))| < v HI)| < wnNVSN + (3.3.21)

Combining (3.3.20) and (3.3.21), we obtain, setting d = e, for 0 < ¢ <1 — «

g g

4—1 2 % 2\ 1w N n Y l-a—

U (I N(0,t5))] < N wgy Q_N € +e) FwnNTe" +nwie 1,

Choosing
04 = min{l —n/B,1 — a — q,nq},

we get the desired claim for a positive constant K. O

Proposition 3.3.7. Let u be the solution to (1.0.3) and let M, be the quantity defined in (2.3.14).
Then, there exist 05 = 05(N) > 0 and K4 = K4(N) such that

M

u

i(e7) < Kye®,
where Ky = TN wy.
Proof. We have
M, (8) < [{|Vuf| < 6}
= [{Ived| < 6} muH(IC N (0,t9))|
+ {IVed] < 8} N (TN (0,8 5))
+ \{\Vuﬁ] < (5} Nuf~(t. g, +00)|
< |{IVed| < 8} Nt~ (10N (0,8 )]

+ NI N (0, 82))] + palte 5)
1 a=f\N ,
< NN((H— < 1> + K3 4+ "b,
Nwy

where in the last inequality we have used (3.3.9), (3.3.16) and (3.3.17). So, evaluating M,;(d) in £",
we obtain

1 a=B\N ,
M (e") < (g’”+E 1) + Kqe 478,

N
Nwy

so we can conclude, by setting
05 = min{Nr, N(a — 3), 04,7’ B},
obtaining the desired claim for a positive constant K. O

We are now in position to conclude with the proof of Theorem 1.0.3.
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Proof of Theorem 1.0.5. Firstly, let us assume |Q2] =1, and ||f||; = 1 and ¢ < g¢. If this is not the
case, i.e. € > €, the thesis (1.0.10) by choosing C5 sufficiently big.
Other, from Theorem 2.3.12, we have that there exist two positive exponents r and s such that

Jan lu(@) — vf(z + x0)| da

inf < C(N) [M:(E(u)") + E(w)]* 3.3.22
it o < O(N) (M5 (B(u)") + B(w) (3.3.22)
where ) -
Bl = JolV _fﬂtf‘;“’ .
fm |Vud|
By using Lemma 3.3.1, we have that
B(u) < 2P =l uﬁ‘ﬁ";"- (3.3.23)
fm [Vu|
Hence, using (3.3.23) and Proposition 3.3.7, we get
[u— (- + o) 2o — vl |, 20l — oo |
u—u(-+x — _
inf IR < o) K4< o uJ';”) 1 2 “ﬁ”;‘” .
mERN ([ Tyt Joa V] Jor V22
So, there exists K5 = K5(N), such that
— b # 01
u—u(-+x —
g e CH 0oy <”” : U‘;") , (3.3.24)
W (foe V) Jou V0

being #; = s5. Moreover, if we apply the Talenti’result (2.3.9) with ¢ = 2 there exists K; = K1(N,2)
such that
IVuf|l2 < [|Volle < K| f]] 2 .
Ni2

Hence, it follows that there exists a constant Cy > 0 such that

. ~ 0 Y
inf |[Ju —u(- + @0)|| < Collo — bl L[| 1" (3.3.25)

2N
onRN Ll(]RN) N+2

Finally, we remove the additional assumptions || = 1 and || f||; = 1 using the rescaling properties
in Section 2.3.2.
O

Remark 3.3.8. We can improve estimate (1.0.10) by replacing the L'-norm with the L9- norm,
with ¢ € {1, % {, by exploiting the classical Gagliardo-Nirenberg estimate (see [95, pag.125]). In
particular, for ¢ = 2, we obtain

il
i (i = + 20)|[ o < Ko (oG08 1y _ ) (3.3.26)
roER™ EEN = e N B

where K¢ = Kg(IN) > 0 is a positive constant.
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3.4 Proof of Theorem 1.0.4

The aim of this Section is to prove Theorem 1.0.4. We are assuming that f is in L2(RY), |Q] =1
and |[f|}1 = 1.
Furthermore, without loss of generality, we can assume that xy = 0 achieves the infimum in

; _ ol — _
Jinf llu = (- + 20)l|paqemy = = vl 2 (3.4.1)

2]

and by the arguments in [38] it is possible to show that
IQAQY] < Cyei. (3.4.2)
Indeed, following [38, Lemma 4.5], QF is concentric to the ball which achieves the infimum in

{ ‘UtoABto

. | }
U, ) = f Ui, | = |B
a( to) m |Bto| ’ | to’ | to‘ )

y) ERN

with g < Cei.
Moreover, using (3.2.9), we have

2 2
Nzwﬁ >1_/t+e Nzw]]\/\, ’Q‘ B 2
t

to+e
tg) > v(to+e :1—/ — s > =1-N%w¥ (to+¢). (3.4.3
'u( 0) ( 0 ) 0 Z/_H_%foy(r) Iz |Q’_1+% Hf”l N( 0 ) ( )

Eventually, taking into account Theorem 3.2.2, formula (3.4.3) implies
IQAQF| = 2|0\ QF
= 2|({u > to} U {u < to}) \ |
=2[{u > to} \ Q% + 2[{u < to} \ QF
< 2[{u > to} \ Bto| + 2[{u < to}|
= a(Uyy) + (1 = p(to))

Cy
p(to)
- 2
< 26’15% + NQwJ’VV (Cesi +¢)

~ 1
< Cyet.

2
€3 + N2wX (to +¢)

The main idea of this section is to apply the quantitative Hardy-Littlewood inequality (Theorem
2.3.13) to h = v, the solution to (1.0.4), and the function g defined as follows

9= fxana- (3.4.4)

Next lemma ensures us that the functions h and ¢ are admissible functions for Theorem 2.3.13.

Lemma 3.4.1. Let f € L*(Q) and let g be the function defined in (3.4.4). Then , there evist
p € (1,400) and q € [1,400) such that, we have

1
1 14+pq
i - ' gl i
inf llg = g ( 20l oma) < <2p+16q\9Ag(Q) /m(g g)v) : (3.4.5)
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where
qp+1
m =
p+1

I

and moreover, it holds m < 2
Proof. In order to prove (3.4.5), we apply Theorem 2.3.13 to the function h = v and g defined in

(3.4.4). Let us check that the assumptions of the theorem are satisfied, namely
)y < 00,

Op(s) <005 llgllaza

for some p, q € [1,4+00). Indeed,
“p1

0,(s) = /OS (jﬂ%]étf*(r)dr) T

NwaVth

1

B 1
< (NQWJJVV|Q|)17 (/St(l—lf,)pll)
0

£ 1l

for all p > 1, and

mm—/%>wm
ol e Gt ) )
1 <N2w]§32—12v/0f> ds.

<[ :
o /<N1/f) p

2, N 42
wy t

‘H
Q=

We observe that, if t < s, we have
t S
/ I S/ f*, since f* is positive;
0 0

o f*(t) > f*(s), since f* is decreasing

It follows that
1
P
L R o 1 s N\
oty <o [ | | (s [ 7)
P Jo /t(QN)pl NZwJJVvS27N 0
0
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where

LA

1
1 2 1 » 2
Ki(pN)=—[(2— =) —— +1| (N?wl¥)».

So, we have that

9l < Kr(p, M)l ey

where

By imposing [ > 0 and 0 < k < 2, we obtain the following constraints on p and ¢:

4\ 1
p>1, <g<2+(1-—)-=. (3.4.6)

1
P N)p

So, by the classical embedding Theorem for Lorentz space (see [35]), we have

L2,2 N Lk,l

Now, we are in position to use Theorem 2.3.13 and we obtain

1

1 1+pq
i — (- gl g
xolélﬂglv”g 9 (- +@o) | Lmwyy < (2p+1eq||9||Ag(Q) /m(g g)v) ,

where

m_qp+1_2N(k—l)+2kl
T op+1l o 2k4n(k—1)

Moreover, we observe that, from (3.4.6), it follows that m < 2.

Let us prove now Theorem 1.0.4.
Proof of Theorem 1.0.4. Firstly, let us observe that
i _ ol _
xoléllgNHf G+ zo)llpm@myy < f = Fllom @)
<N f = gllzm@yy + llg — gl pmeeny + 15 = gl vy -
Let us estimate from above the quantities || f# — Gl pm®ny and || f — gl pm(rn):

1% = gl ey < I1f = gllpm@ny = 11l m (oo
1 1
< QN Q[ 3| £l (34.7)

~ 2=—m
< Cyl| fll2esm

where in the last inequality we have used Holder’s inequality and (3.4.2).
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It only remains to estimate ||g — g*| | Lm (), and thanks to Lemma 3.4.1 and (3.3.26), it is enough
to estimate the following quantity

/m(gﬁ_g)vg/mftiv—/ﬂfqu/RNf(u_uu)+/mf(uﬂ_U)
Z/va|2—/Q|Vu|2—|—/RNf(u_uﬁ)

< 2+ || fllallu — v 2y (3.4.8)

_2_
N+2

<2+ K| /]2 (ufr”N i )

3—- 8.6, _2
< 2+ Kgl|f]l, ~7 ewit,

Hence,

1
]_ 1+pq 9 _2 A T+pq
lo = Fllomem < (grres ) WIS (204 Kol ™)™ )

Combining (3.4.7) and (3.4.9), there exists a constant C3 depending only on m and the dimension
n, such that

inf F = FEC A 20) | m vy < Gy £113<%,

where

i (s 86, < 1 ) i o [2-m 1 205 1
= max 1 1, — , = min , , .
2 PIm N2 ) \T1pg s sm '1+pg \N+2/)1+pq

O]

Remark 3.4.2. We explicitly observe that in Theorem 1.0.4 we cannot obtain a comparison result
for the quantity ||f — f¥|| r2rn~)- Indeed, let B be the unitary ball, centered at the origin, in the
plane, and let us consider the following problem and its symmetrized:

{ —Au, = f, inB ‘ { —Av, = fg inB
Uy =0 on dB." U, =0 on 0B,
where

fo(x) =14 0" xp, 1720 (2).
and, consequently,

fi@) =140 X, 0,0 (@).
With these choices, we obtain

1fo = fillL2m) = Vo

and
I fo = FEllirimy = @)Y 0™ =0

as o — 0and r < 2.
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In order to conclude, we refer now to [67, Theorem 8.16], that states that the following estimate
holds

Jwllo < € (supw+glg)
oQ

where w solves in
—Aw=yg

with g € L%, q > 2. So, in our case, we can choose w = v, — U, and any r > 1, obtaining

[ve — uol|Loo(B) < CIfE - follzr(B)

so it is clear that, if 1 <7 < 2, [[vs — us || (5) — 0.

3.5 [LP—bound of the asymmetry

In Theorem 1.0.2, we bound the Frankel asymmetry of the set Q with the quantity ||u®* — v||s. We

observe that it is possible to obtain an analogous result in terms of ||v||, — ||u||, and this kind of
estimate might seem more natural, as the solution to (1.0.3) and (1.0.4)are in L* only if f € LP
with p > N/2.

Arguing as in the proof of Theorem (1.0.2), the following estimate holds
a®*P(Q) < C([[ollf — [full?)-
Indeed, let us observe that, if we multiply (3.2.3), i.e.

. (t
N?wq >~ (t) (1 + 2a2(Ut)) < (/Ou f*> (=1 (1)),

n

by the quantity
Pt ()2

2
2, N
N=wy

and integrate between 0 and ||u||oo, We obtain

[u]loo [l |0
/ pt? L u(t) e / ptP () o (Uy) dt <
0 0

. e (3.5.1)

bl oy <
NG /O Pt Ltp(t) R (' (1)

N2w
F(l) = /Olwzil (/Ow f*(s)ds) dw

and, since F(+) is an increasing function and the Talenti comparison in Theorem 3.1.1 holds, we have

) f*(s)ds) dt.

0

We define now

Fu(t)) < F(v(t)).
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So, (3.5.1), becomes

llulloo . 9 [llulle . ) 1 l[ulloo L d
/ pt?" p(t)+— pt? p(t)a” (Up)dt < _2/1\7/ —pt"™ —(F(u(t))) dt
0 Yn Jo N2wy™ Jo dt
1 [ i 1 ellee =
—w [ e Dr R0 < s [ b - D Rw()
N2wy™ Jo N2wy ™ Jo

llvlloo
= / ptP (1) dt.
0

Then,

2 e o il ) )
s pt p(t)a (Ut)§7 ; pt? () (Ur) < [lollp” — [lullp
n

n

and by definition of sq in (3.2.1),

2 [ 2 a(Up)\ o?(Q) |2
= P pu(t) o >Q<1 ) P> 21 02(Q)sh.
ol p(t)e (Ut)_%| | 1 T _4%0( )5
Hence,
€]
o) < ol (352

In order to conclude, we have to define t; such that

1
v(2t1) = |9Q| (1 - 8a(Q)> )
for which it holds the following bound

2t
|§|a(ﬂ) _ 10— (1 - ;a(9)> — 0(0) — v(2t) = /0 V() ds

zlw

2
2h N2w N2wl
:/ -1+% NV(t) .= —1+3N

O S At i P

Now let us distinguish two cases:

e sq >t > Ca(f) then from (3.5.2), we obtain

Q
ol = ull? = £ ca? ()

n

e so < t; we have

lv]l oo 2,
loll,” — llull,? = / PP (w(t) — (b)) dt > / oY () - p()dt. (3.53)

t1

Since sq < t1 <t < 2t1, we have both

V() > v(2t) = Q)] (1 - ;a(Q)) , (3.5.4)



50 CHAPTER 3. THE TALENTI RESULT IN A QUANTITATIVE VERSION

and

u(t) < 19 (1 - ia(Q)) . (3.5.5)

_ o

> ?a(Q)(Qp -1t} > C2F — 1)@0/’“(&2) >C(2F — 1)@a2+p(Q),

since a(Q2) < 1.

3.6 Conclusions and Open Problems

Proof of Theorem 1.0.1. The proof of the main Theorem follows directly by combining Theorem
1.0.2, Theorem 1.0.3, and Theorem 1.0.4, by choosing

th ==, 0=

=
S~

and )
1-36 [
1 (3

Cr = \QI Nl Ca= N
Cs Hle i

1

24lm N-2\5,\ 03
Ca = (Gall IR NI 45 +<NM)3,

where C’l, Cy and C’3 are the constants appearing, respectively, in Theorem 1.0.2, Theorem 1.0.3,
and Theorem 1.0.4, 6; is the exponent in Theorem 1.0.3 and 5 and 03 are the exponents appearing
in Theorem 1.0.4. O

We conclude with a list of open problems.

Open problems

o It remains open the issue regarding the sharpness of the exponents of the quantities a(€2),
[lu — UﬁHLl(RN) and ||f — fﬁHLl(RN)in Theorem 1.0.1. As far as the exponent of «(f), it may
depend on the function f and it remains open to establish if there is a function f for which it
is sharp.

We already know that in [82], it is conjectured that for f = 1 the sharp exponent is two. The
method we use is known to produce nonsharp inequalities in the case of asymmetry. For the
others, the exponent is not explicitly known.

e It could be interesting to prove the quantitative result of the Talenti comparison result in the
non-linear setting. We recall that the comparison result for the p—Laplace operator is proved
n [111] and the relative rigidity result can be found in [91]
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o In [8] it is proved that a Talenti comparison result holds, when replacing the Dirichlet boundary
conditions with the Robin boundary conditions with a positive boundary parameter. It could
be interesting to study a quantitative version of this result, as it has already been proved in
[91] that the estimates are rigid. This last point may be more challenging, as the solution
to the Poisson equation with Robin boundary condition is not constant on the boundary of
Q. This last feature does not allow one to use a Polya- Szegé principle either its quantitative
counterpart.
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Chapter 4

On the first Robin eigenvalue of the
Finsler p-Laplace operator as p — 1

Let 2 be a bounded, connected, sufficiently smooth open set, p > 1 and § € R. In this Chapter, we
study the I'-convergence, as p — 17, of the functional

/ FY(Vg)dz + B / (P F () dHN !
Jp(SD) — 9] o0
/ plPda
Q

where p € WP(Q) \ {0} and F is a sufficiently smooth norm on RY. We study the limit of the first
eigenvalue A, (8, Q) = inf cy10q) Jp(p), as p — 1%, that is:
70

Dulp(2) + min{8, 1} / ol F(v)dH V!
A(Q,B) = inf 02 .

BV (Q
wewz()( ) /Q‘Soldx

Furthermore, for 5 > —1, we obtain an isoperimetric inequality for A(€, 3) depending on .

(4.0.1)

The proof uses an interior approximation result for BV (€2) functions by C'*°(f2) functions in the
sense of strict convergence on RY and a trace inequality in BV with respect to the anisotropic total
variation.

4.1 An anisotropic trace inequality

To study the behavior of the first Robin eigenvalue for the Finsler p-Laplace operator, as p goes to
one, we have to prove the independent result. In this section, we prove a trace inequality in BV
with respect to the anisotropic total variation. We first give the result in a general case (Proposition
4.1.1), then we refine the constants involved in the inequality by requiring more regularity on the
boundary of Q (Proposition 4.1.2).

93
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Firstly, let Q be an open set with HY~1(99) < 400 and let us set, for every y € 99,

/ xAF () dHN 1
q(y) = lim sup ¢ =02

p—0F ‘DXA|F(Q)

A C QN By(y), Al >0, Pp(A;Q) < 400

and @ = sup,csq q(y). The following inequality generalizes the trace inequality given in [15, Theorem
4].

Proposition 4.1.1. Let Q be a bounded open set with HN~1(99) < 400, Q < +00, and let u be a
function in BV (Q). Then for any € > 0, it holds

/ ([ F(v)dHY ! < (Q—l—s)]Du\F(Q)—i—c(Q,e)/ lulda, (4.1.1)
*Q Q

where ¢(2, ) does not depend on u.

Proof. Let us fix y € 00 and p(y) > 0 such that
/ xpF()dH " < (Q +¢)|Dxslr(9),
0*Q

for any B C QN B, (y) with Pp(B;2) < +oc.
If spt(u) C By, (y), then

+o00
[ rea = [ ) ( / X{|u|>t}<y>dt) aHN !
+o0

+00
= /0 ( J. F(V)X{|u|>t}(y)dHN1> dt < (Q+ 5)/0 ’DX{|U|>t}\F(Q)dt.

By using the coarea formula, we have
[ PO < @+ DRl r() < @+ ) Dule(@).

Let {B,(y) }ycon be a cover of 02 and let us extract a finite sub-cover By, ..., By. Now, considering
a partition of unity @1, ..., g such that

If f € BV(Q), then

()
F

(35

<(Q+¢e)> (leiDulp(Q) + [uDe;| p(2))
=1
k

=@+ ([ eulDulr+ [ wdiDgile(@)

i=1

< @+ Dule(®) + (6. [ Julde.
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If the boundary of €2 is sufficiently smooth, we can show that ) can be taken equal to 1 and
e = 0. More precisely, we have the following (refer to [66, Lemma 1] for the Euclidean case).

Proposition 4.1.2. Let Q be a bounded open connected set of class C%. Then there exists a positive
constant ¢ such that

[ulF(v) dHN ! < |Dul|p(Q) + c/ luldz, Yu e BV(Q). (4.1.2)
o0 Q

Proof. Since Q is C2, then a uniform sphere condition of radius » > 0 holds, in the sense that for

every point y € 99 there exists z € Q such that y € B,(z) C Q. Let R €]0, +00[ be the maximum of
the principal radii of curvature of 9W. Such maximum exists being F' (and F°) strongly convex. If

/@f e /11@71 are the anisotropic principal curvatures, we have that

1
k)<=, i=1,...,N—1,
0
with p = % ([42, Lemma 5.4]). Therefore, in the set Qu 1= {z € Q : dp(z) < §}, it holds that dp
is C? ([42, Lemma 4.1 and Theorem 4.16]) and

F 0 if kI <0
" () 15 =0
1= w; (y)dp(z) L if0 <kl < "
where y € 0f) is the anisotropic projection of z € Q on 9€). Then
N-1 r
j N -1
> T W < (4.1.3)
= 1—ri"(y)dr(x) L

for x € Qu. We may restrict ourselves to the case where u is nonnegative (being |D|u||r(2) <
|Du|r(€2)). Moreover, Proposition 2.5.3 assures that a sequence u,, € C°°(€2) which strongly converges
to u in L*() and such that [ F'(Vun) || g1 () converges to [Du|p(£2), as n — +oo, exists. Hence we
can assume also that u is smooth.

Integrating by parts and recalling that F'(Vdp(x)) =1 in €, it holds that

/Q—QQdF(x) u(z) (’2‘ - dF(x)>+ da

_ /pr(VdF(x)) V() (g _ dp(x))+ dx

o0N

_ /QFg(VdF(I)) - Vu(z) <g - dF(J:)>+dx /

Qp
2

—/ w(x)Fe(Vdp(x)) - Vdp(z) dv — g/ u(z)Fe(Vdp(z)) - vdHN
Qu

K N-1
u(z) da + 1 /8 uly) P,

where in the last equality we have used (2.5.11).

At this stage, in the Euclidean context (as in [66, Lemma 1]), the proof follows by directly
estimating from above the Laplacian of the distance function in terms of the curvatures of 0{2. Here
we use a different strategy. In particular, we estimate the term

Fe(Vdp(z)) - Vu(z) (£ — dp() "
0 2
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Hence, by (2.5.4) and (2.5.6) it holds that

/QFg(VdF(:L‘)) V() (‘2‘ _ dF(:z;)>+dx > —g/QF(Vu(x)) dr=-L\Dulp(©).  (414)

On the other hand, the change of variable formula of Theorem 2.5.1 gives that

Fe(Vdp(z)) - Vu(z) (£ — dp(z) e
0 2

N

= [ P [7 (5 -) Gl 0N naan .

Integrating by parts and using the fact that J(y,0) = 1, the above integral becomes

_ 5/89 u(y)F(v)dHN "L (y) — /asz F(v) /02 w(o(y,1)) (’2‘ _ t) %dt dH 1 (y)

i /a FWw) / * u(b(y. )T (v, )t aH 1 (y)

<=5 [ uP@a )+ =1 [ ) [C o). )

1o}
n

2 N-1
+ /8 W) /0 (6 (y, )T (y, tydt dHY 1 ()

-k U v a u dx
=4 | wwP@)de )+ N [ ud

where in the inequality we have used (2.5.10) and the bound (4.1.3). Hence, joining with (4.1.4) it

holds that 9N
| u) P < 1Dulr(@) + 2 [ uta) da.
o0

O

Remark 4.1.3. Using the notation of the above theorem, we explicitly observe that the constant in
(4.1.2) is
2N

c =
W
4.2 Interior approximation

Now we provide an approximation result for BV -functions by smooth functions with compact support
in Q.

We preliminary state two useful lemmas. Firstly, we recall from [88, Lemma 3.2] the following
result on diffeomorphic perturbations of sets 2 with Lipschitz boundary. We denote by ¢ and I the
identical vector and matrix function, respectively.

Lemma 4.2.1. Let Q C RY be a bounded open set with Lipschitz boundary. Then there exists 7o > 0
and, for 0 < 7 < 19, a family of C®°—diffeomorphisms ®7 : RN — RN with inverses W™ such that
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« B0 — g0 —

o« ®7 =, and VT — 1 as T — 0 uniformly on RY;

o VO (z) = I and VYT (x) — I as T — 0 uniformly with respect to x on RY;
o ®7(Q) € Q for all T € (0,70).

Now, we give the anisotropic version of the change of coordinates formula for BV -functions,
stated in [70, Lemma 10.1].

Lemma 4.2.2. Let u be a function in BVi(Q), ® : RN — RN be a diffeomorphism and A € Q.
Then

[D(wo &~ 1)[p(®(A)) = |HDulp(A), (4.2.1)

where H = | det VO®|[V®]~! and |HDu|p(A) := sup / g+ H dDu.
Fo(g)<1JA

Proof. Let us consider u € C1(Q) and g € C3(A;RY), then the following change of area formula
holds

/ (go<I>_1)-V(u0<I>_1)d:z::/ (g0 1) - (Vuod ) Vo)dz
D(A) (A)

:/g-(vu(v¢—1oq>))|detvq>dz (4.2.2)
A
:/g-(HVu)dz.

A

Thus, the thesis (4.2.1) holds for v in C1(2), that is
/ F(V(uo® 1))de = / F(HVu)dz.
B(A) A

Suppose now that u € BVjy.(2). By Proposition 2.5.3, in A €  we can approximate u by
a sequence {u;} C C*. Moreover, the corresponding functions u; o ®~! converge to u o ®~! in
LY (®(A)).

Hence, we can pass to the limit in (4.2.2), obtaining

-1 =1y _ . U = . v n 2.
[M(go@ ). dD(uo ® )—/Ag HdD /Ag (Hv)d| Dyl (4.2.3)

where v is obtained by differentiating Du with respect to |Dul.
If F°(g) <1, then also F°(go ® 1) <1 and spt(go @ 1)) C ®(A). Therefore, by definition of
total variation with respect to F', we have

/A g+ (Hv)d|Du| < |D(uo &1)[p(®(4)), (4.2.4)

We have
|HDu|p(A) = sup / g-H dDu = sup / g (Hv) d|Dul.
Feo(g)<1JA Feo(g)<1JA
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Hence, taking the supremum on the left hand side in (4.2.4), it holds

|HDul|p(A) < |D(uo @ 1)|p(2(A)).
For the reverse inequality, let v € C3(®(A); RY) with F°(vy) < 1. By (4.2.3) applied with g = yo ® €
C3(A;RY), and F°(y) < 1, we have

1y (43)

/ v-dD(uo ® %) = /(’yoCI))-(HV)d|Du|
B(A) A
Fo(yo®)<1
< sup / g+ (Hv)d|Du| = |HDu|p(A).
Fo(g)<1./A

Hence, since « is arbitrary, taking the supremum on  at the left hand side, we have

[D(wo @ 1)[p(®(A)) < |HDulp(A).

At this stage, we are in position to state the main approximation result.

Theorem 4.2.3. Let Q@ C RY be an open bounded set with Lipschitz boundary and let uw € BV (Q) N
LP(Q) for some p € [1,00). Then there exists a sequence {ug}tren C C§°(Q) such that, for any
q € [1,p],

up —u in LYQ) and |Dug|p(RY) = [Du|pRY).

Proof. Let us fix a family (®7)g<,<n, of diffeomorphisms fron RY to RV with inverses (U7 )g<r<r,
according to Lemma 4.2.1, and consider

ul=uoVW" for 7 €]l0,70)

By construction u” = 0 a.e. outside a compact subset of Q. By [88, Theorem 3.1], we know that
u” € LP(Q) for all 7 € [0, 70], ™ — u in LP(Q) and also in LP(RY).
The change of coordinates formula in Lemma 4.2.2 implies that

|Du”|p(RY) = /N|(V\1JT)T] |det(V®T)| d|Du|p.
R

Thus v™ € BV (RY) and, since the integrand on the right hand side uniformly converges to 1,

lim |Du7|p(RY) = |Du|p(RY)

T—=0t

It remains only to prove that there exists v™ € C5°(£2) such that
[um —v"||, <7 and ||[DuT|p(RY) — |DvT|r(RY)| < 7.

The first convergence (in LP) has been proved in [88, Theorem 3.1]; meanwhile the convergence of
the total variation is based on the following argument.

For any & > 0, let us consider the mollification u. := u” 7., where n.(x) =: e "n(s~'x), for the
standard mollifier n. Hence u. — u” in LP(Q) and for the zero extensions, in L'(RY) [14, Proposition
3.2.¢].
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Then, by the lower semicontinuity of the anisotropic total variation, we have
|Du”|p(RY) < lim inf|Du.|p(RY).
e—0t
Therefore, it remains to prove the opposite inequality
lim sup|Duc|p(RY) < |Du7|p(RY). (4.2.5)
e—0t

Let us choose ¢ € Cg°(RY,RY) with F°(¢) < 1 and calculate

/ ue div(p)dx = / u” (ne x div @)dx = / u” div(n. * ¢)dz < |Du”|p(RY), (4.2.6)
RN RN RN

where the inequality in the last term holds since F°(n. * ¢) < 1. Indeed, by using the 1-homogeneity
of F° and Jensen’s Inequality with the probability measure n.(z —-)£" (see, for instance, [94, Lemma
1.8.2]), we gain that

P nte=wetdn) < [ - nrey <1

Hence, by passing to the limit in (4.2.5), we reach the inequality (4.2.6) by the arbitrariness of ¢. [J

4.3 The first Robin eigenvalue of the Finsler p-Laplacian as p — 1

In this Section, we give an application of the results proved above to a Robin eigenvalue problem.
More precisely, our aim is to analyze the I'-limit of the functional

/ FP(Vo)da + 8 / ol P () dH N~
Jp(p) = =4 / 2 . peWP(Q)\ {0}, (4.3.1)
lpPdx

where () is a bounded, connected, sufficiently smooth open set, p > 1 and § € R, and prove an
isoperimetric inequality for the limit, as p — 17, of the first eigenvalue

AP(Ba Q) = <pEVIi/I%£’(Q) Jp(@)v (432)

p#0
depending on the value of the parameter 5. The analogous results for the Fuclidean case have been
proved in [49].
A key point for proving this result is the convergence of the functional .Jj,.
We first recall the following existence result for (4.3.2) holds.

Theorem 4.3.1 ([17, 5: ]) Let p > 1, B € R and Q bounded Lipschitz domain. Then there exists a
minimum u € CH*(Q) N C(Q) of (4.5.2) that satisfies

FP=Y(Vu) FE Vu) v+ BEW)|ulP2u=0 ondQ.

Moreover, u does not change sign in Q. Finally, \,(8,9) is positive if § > 0, while is negative if
B < 0.
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4.4 The case p=1

In order to study the limit case of J, as p goes to 1, we consider the functional

Dg|(€) + min{, 1} /8 IplF )

J(p) = : (4.4.1)
[ Itz
Q
where ¢ € BV (£2) and ¢ # 0. Hence, we study the associated minimum problem
A, B) = inf  J(p). 4.4.2
(€2, 58) et o) () (4.4.2)
p#0

Depending on 3, we will impose different assumptions on the regularity of the domain. Indeed:
e if 8 > 0, we will suppose that 02 is Lipschitz;
o if =1 < 8 <0, we will assume that 99 is C2.

In particular, this difference depends on the fact that in the case 8 < 0 we use the trace inequality,
studied in Section 4.1.

Finally, if 5 < —1 the problem is not well posed; indeed if 8 < —1, then A(Q, 5) = —oo while if
B = —1, A is finite but can be not achieved, also in the case of smooth domains. For further details,
we refer the reader to the Euclidean case treated in [19].

Let us discuss the presence of the term min{3,1} in (4.4.1). For any value of 3, it could seem
more natural to study the problem

AQ,1,8) = inf 44.3
@LP)= _inf (143
©#0 |(10|d$
Q
Actually, we have that for § > 1 it holds
A2, 1,8) = A, 8) = hp(Q),
where hr(2) is the first Cheeger constant of € in the Finsler setting (see e.g. [34]):
N P .
he(@) = g (PPIERT) e PR(EIQ) (4.4.4)
PEBV(Q) ECQ  |E|
p#0 Mdm

Indeed, in this case, it is immediate to see that

On the other hand, if u is a minimizer of (4.4.4), then, by Theorem 4.2.3, there exists u; € C5°(€)

such that

L1 !
U — U, |Duk|F(RN) — ‘DU|F(RN),
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for any ¢ < Therefore

N-1

/F(Vuk)dac
AMQ,1,8) < lim 22— = hp(Q).
k—+o00
|lug|dx

Now we focus on the possibility of studying the minimization problem (4.4.2) restricting our
analysis to characteristic functions. Hence if £ C 2, we have

Pp(E;Q) + min{1, 3} F(vg)dHN !

J(XE) — |E|QQQ8E

By denoting
R(E,B) = J(xg),

we consider the minimization problem

(Q.5) = jnf R(E,B). (4.4.5)
Before proving the equivalence between problems (4.4.2) and (4.4.5), we need the following result on
the lower semicontinuity of the numerator of the functional J.

Lemma 4.4.1. Let § > —1. The functional
G(u) = |Dulp(Q) + min{1, 8} / [l F (1) dHN !
aQ

is lower semicontinuous on BV () with respect to the topology of L' (£2).

Proof. If 5 > 0, the lower semicontinuity (with € Lipschitz) follows immediately by the lower
semicontinuity of each term. Then we assume 3 < 0 (and Q in C?). The proof is an adaptation of
[93, Proposition 1.2] to the Finsler case.

Let u € BV(Q), and let us consider a sequence {uy}ren € BV (Q) converging to u in L'(Q); we
have the following estimate

G(u) — G(ug) < |Dulp(Q) — |Dug|p(Q2) + /aQ lu — | F(v)dHN L. (4.4.6)

Now, for a fixed § > 0, let us define Q5 = {x € Q : dg(z) < §}, where dg¢ is the standard Euclidean
distance to the boundary of € ; moreover let us consider vy = (1 — xs)(u — ug), where xg4 is a cut-off
function such that x5 =1 in Q\ Qs and [Vys| < 2 in Q. The trace inequality (4.1.2) applied to vs
gives
N1 2
lu — ug|F(v)dH < |D(u — ug)|r(Qs) + — lu — ugldr + ¢ |u — ug|dz, (4.4.7)
o0 0 Qs Qs

where b > 0 is independent of k£ and c is the same constant as in (4.1.2).
Moreover, we have

|D(u — uk)|p(25) < [Dulp(Qs) + | Dug|r(Q2s) + |D(u — w)[(O(2\ Q5)), (4.4.8)
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but last term is zero on a set of §’s of positive measure because u —uy € BV (Q), for all k£ € N. Hence,
by (4.4.6)-(4.4.7)-(4.4.8), we gain:

G(u) — G(ug) < |Du|p(Q) + |Du|p(Qs) — |Dug| (2 \ Qs) + (2; + c) /Q |lu — ug|dz.

By the lower semicontinuity of the functional |Dug|r(2\ Qs) in L1(Q\ ©s), we have that

limsup[G(u) — G(ug)] < 2|Dulp($s).

k—+o00
The conclusion follows by sending § — 0%. O
At this stage, we state the main existence result of the minimum problem (4.4.2).

Theorem 4.4.2. For any 8 > —1, there exists a minimum to problem (4.4.2). In particular, it holds
AR, B) = £(2, B).
Moreover, if u € BV (Q) is a minimum of (4.4.2), then

A, 8) = R({u > t}, B),
for some t € R.

Proof. Let up, be a minimizing sequence in BV () such that |u||r1q) = 1.
Let $ > 0. Then u, is bounded in BV (Q2), therefore u,, weakly* converges in BV and strongly in
LY(Q) to u € BV(Q).
When § > 1, since both u, and u are assumed to be identically zero outside €2, we have
J(un) = |Duy|p(RY) and the lower semicontinuity of the anisotropic total variation gives that
J(u) < lﬁr_r}irg J(uy) (4.4.9)

and w is a minimum of the functional J.
On the other hand, when 0 < 8 < 1, let us set Q% := {x € Q : dg(z) > &}, we have

J(tn) > [ Dun | p(2°) + B || Dy [ (2, 0F) + /8 )

By the lower semicontinuity, we have

lim inf J (uy) > |Du|(92°) + B|Du| (RN \ Q9).
For § — 0T, since u € BV (Q) we obtain (4.4.9) providing that u is the minimum for J.
Finally, when —1 < 8 < 0, it is easily seen that J(u,) < C. Indeed, using the trace inequality
(4.1.2), we obtain
J(un) = (1+ B)|Dun|r(Q) +¢f = ¢f
and
C Be

| Dun| () < m 1 Y
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Being u,, € BV () and by the fact that the functional J is lower semicontinuous (proved in Lemma
4.4.1), we have that v is a minimum of J.
Now, we want to prove the second part of the Theorem. Obviously, we have

A(Q,B) <4, 5).

To prove the reverse inequality, we take v € BV () a minimizer of (4.4.2). By using the coarea
formula (2.5.14)

400
| Dulr(€2) =/ Pr({u > t},Q)dt,

—00

we have

+00 +oo
/ Pr({u > 1},Q)dt + min{3, 1}/ YD N O{u > £ F(v)dt

A(Q>B) == o
/+ > 1}|dt
+oo
/ R{u> t}, B)|{u > t}|dt
_= - +Oo
/ {u > t}]dt

> ot A(E.§)
= L(82, B).

This shows that A(Q, 5) = £(£2, §) and, in particular, we have that

[t 0,6) - 10,00 > e =0

—0o0

and using the definition of £(€, 3) we observe that the integrand is nonnegative. In particular, u # 0
and we have that A2, 5) = R({u > t}, 5). O

4.5 TI'-convergence of J,

Following the same strategy of [49, Sec. 4], we will prove that the functional J, I'—converges to the
functional J, as p — 17.

Definition 4.5.1. A functional J, I-converges to J as p — 17 in the weak* topology of BV () if,
for any u € BV (), the following hold:

(i) For any sequence u, € BV (§2) which converges to u weak* in BV () as p — 171, then

liminf Jp,(up) > J(u). (4.5.1)

p—1t

(ii) There exists a sequence u, € W1P(Q) which converges to u weak* in BV (Q) as p — 1T, such
that
lim sup Jp(up) < J(u). (4.5.2)

p—1t
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Now, we are in position to prove the convergence theorem for the functional .J, (see [419, Theorem
4.2] for the Euclidean case).

Theorem 4.5.2. Let B > —1, then J, I'-converges to J asp — 17.

Proof. Let us suppose u, € WhP(Q2) and |[upl|rr() = 1. We give the proof by distinguishing the
possible values of 8. In any cases, we will have to prove (4.5.1) and (4.5.2).

The case 3 > 1. Let us fix a sequence u, € WP (Q) weak* converging to u in BV (Q), as p — 17,
By using the Holder-type inequality contained for example in [51, Proposition A.1], we have:

< /Q F(Vu,)de + /a ) yup|F(y)dHN—1>p
< ([ Prvude+ [ upPw)an ) (o) + Py

Hence we have

liminf Jy,(up) > |Du|p(£2) +/ Ju|F(v)dHN 1t = | Du|p(RY) = J(u).
p—1t 0]
This proves (4.5.1).

To give the proof of (4.5.2), we observe that, by Theorem 4.2.3, there exists a sequence {uy }ren C
C6°(§2) such that, for any ¢ € [1,p|, ux converges to u in LI(S2) and [|F(Vug)|[11(q) converges to
|Du|p(RY) as k — +o00. Moreover, it easily seen that for p — 17, [|[F(Vuy)|| 1) converges to
[|F(Vug)|| 1 () and hence we have that there exists a subsequence pj, — 17, as k — +00, such that
[|[F(Vug)|[7h, () converges to |Du|p(RN) as k — +o00. This implies that lim supy,_, , oo Jp, (ug) > J(u),
that concludes the proof of (4.5.2).

The case 0 < 8 < 1. Let us consider a sequence u, weak* converging to u in BV (Q2), as p — 1%,

1

A simple application of the Young inequality a” > pab — (p — 1)6% with b = -, yields to

T () = /Q FP(Vu,)dz + 8 /8 ()
N-1_P—1
Z/QF(vup)dHﬁ/mmpF(y)dH — (921+ Pr(2).

Therefore, the conclusion (4.5.1) follows by applying the Proposition 4.4.1.

In order to get the second claim, Proposition 2.5.3 assures the existence of a sequence uy €
C>(Q) strongly converging to u in L'(Q) and ||F(Vug)||11(q) converges to |Du|p(Q), as k — +oo.
Moreover uy,F(v) converges to wF(v) in L'(0Q, H¥~1). An argument similar to the previous case

leads us to say that || F(Vuy)|| ek (o) converges to [Du|r(2) and / lug|PF(v)dHN 1 converges to
oN

/ |u| F(v)dH™ "1, as k — 400. Hence the sequence {uy}ren satisfies (4.5.2).
onN

The case —1 < B < 0. Let us consider a sequence u, € W1P(Q) weak* converging to u in BV (Q),
asp — 17T,

For any ¢ > 0, let us set Q5 = {z € Q : dg(x) < 0} and consider a smooth function 1 equal to
zero in  \ Q5 and to one on 99, such that |Vi| < 2.
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The trace inequality (4.1.2) applied to the function v = (u — |upy|P~1u,)e gives
R e O
o9
_ 2b _
<D=l )l (@s) + (5 +¢) [ fum e (453
é

2b
< 1Dulr(@)+ [ F(ul updo+ (5 +¢) [ =gl i,
Qs

Qs

where we have used that |D(u — |uy|P~1u,)|p(0Qs) = 0 for a set of §’s of positive measure because
u — |uyP~lu, € BV(Q).
By using ||a| — |b|| < |a — b] in (4.5.3), we have

J(u) — Jy(uy) = [Dulp() — /Q F?(Vu,)da + B /8 (= ) P)ar
<IDulr(®) — | FP(Tuy)do + |31 Dulr (%)
Q

2b
+ ’ﬁ\/ﬂ F(V(Jup|P uy))dz + |8 (5 + c) /Q lu — |up [P~y |de = A, (4.5.4)

Multiplying by \Tél > 1, we have

A< 2Dulp(R) + 1 Dulr(@\99) — | P (Vuy)da — [ o F b~ e

e (4.5.5)
+ [ POl o+ (5 e) [l fupl uglde.
Q Qs

The Young inequality gives that

/ F(V(Jupl? ) )i = / Plupl? ™ F(Vup)da
Q Q
S/QFP(Vup)dx—F(p—1)/Q|up|pd:c. (4.5.6)

Furthermore by (4.5.4), (4.5.5) and (4.5.6), we have that

J(u) = Jp(up) < 2|Dulr(2s) + [Dulr(Q\ Q5) —/ F(V(Jup|"~ up))dee

Q\Qs
K -1
+(p-1) [ |lupPdz+ = +¢ lu — |up P~ up|de.
Q d Qs

Since u, converges to u in L?(Q), then |uy|P~1u, converges to u in L'(), as p — 1. Hence, by
taking p — 17, we have
limsup [J(u) — Jp(up)] < 2|Du|p(Qs).
p—1t
By sending 6 — 0T, we obtain (4.5.1).
Finally, the inequality (4.5.2) is obtained as in the previous case. O
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The proof of the I'-convergence of the functional J, is useful to prove the convergence of the
eigenvalues and eigenfunction, as p — 1. To do this we follow the technique used in the Euclidean
case [19, Corollary 4.3].

Proposition 4.5.3. For any > —1, it holds
lim A,(3,8) = A(Q, ).

p—1t

Moreover, the minimizers u, € W'P(Q) of (4.3.1), with |[up||L»(q) = 1, weak* converge to a minimizer
u € BV(Q) of (4.4.1) asp— 1T.

Proof. Theorem 4.5.2 assures the existence of a sequence w, converging to a fixed minimizer u of
(4.4.1). Let us consider the sequence of minimizers u, of (4.3.1), we have:

lim sup Jp,(up) < limsup Jp(wp) < J(u) = A(€2, 5). (4.5.7)

p—1t p—1

This means that Jy,(up) is upper bounded uniformly. If 3 < 0, by the trace inequality (4.1.2), we
have that

| PP(uy)de < A©.5) = DRI () — e

and, by (4.5.6) and (2.5.1), that
(14900 [ [VuyPds < A(©.8) — e = (0~ 1),

Hence, by the compactness, we have that u, is upper bounded in BV (). If 5 > 0, this directly
follows from (4.5.7). Therefore u, weak* converges to u in BV ().
Finally, by (4.5.1) and (4.5.7), we have that

A, B)=J(u) < J(u) <lim }nf Ip(up) < limsup Jp(up) < A(Q, 5),
p—1T

p—1t

and hence the conclusion by observing that A\,(5,Q) = J,(up). O

4.6 An isoperimetric inequality

At this stage, we treat the shape optimization problem for A(€2, 5). To this aim, we briefly recall
the properties of the eigenvalue problem A, (3, Wg) and then we prove an explicit computation for
A(Wg, B). By Theorem 4.3.1, a minimizer of (4.3.2) solves the following problem:

—Qpu = Ap(B, Wi)ul"~?u in Wg (46.1)
(F(Vu)P~ F(Vu) - v+ BFE(W)[ulP2u=0 on OWk. o

In particular, the following result holds.
Theorem 4.6.1. If u, € CH*(Wg) N C(WR) is a positive solution of (4.6.1), then there exists a
monotone function p, = p,(r), r € [0, R], such that v, € C*(0, R) N C1([0, R]), and
up(x) = @p(F(x)) in Wr
©,(0)=0 (4.6.2)
|op(R)P~2@},(R) + Beop(R)P~H = 0.

Moreover, ¢, is decreasing if B > 0, while is increasing if 8 < 0.
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For a proof, we refer the reader to [17] for the positive values of the Robin parameter; the case of
negative values of the parameter can be treated similarly (see for example [96]).

We first compute A(Wg, ), observing that we will make use of the I'- convergence result only
for the case —1 < 8 < 0 (refer also to [19, Proposition 5.2]).

Proposition 4.6.2. If 3 > —1, then
N

A(Wr, 8) = Bhe(Wr) = B4, (4.6.3)

where = min{3,1}.

Proof. If B > 0, we recall that
A(WRv B) =

By using Theorem 4.4.2 and the isoperimetric inequality, denoting by W, the Wulff shape of radius r
such that |W,| = |E| we have

R(E, B) = J(xz)

Pp(E,Wg) + 3 F(vg)dHN 1
OWRNOE

IE|
(E) _ 2 Pr(Wr) _ 2 Pr(Wg)
=5 2wl

ok J(xe).

. Pr
>
> B |

~N
_Bﬁv

where we have used also that Pr(W,) = NexrV =1, [W,| = kyrl.
This proves AOWg, 5) > 8 %. For the reverse inequality we take £ = Wg, hence

AW, B) = (W, 6) < ROV, §) = .

Now, we study the case —1 < # < 0 and we will make use of the I'-convergence.
Hence, let u, € WH?(Wpg) a minimizer of (4.3.2). We know, thanks to Proposition 4.5.3, that

lim A1 (Wg,p, 8) = AWk, B)
p—1t

and we take u,(-) = ¢,(F°(-)) as in (4.6.2). So, the minimizer converges strongly in L'(Wg) to
u € BV (Wg), almost everywhere in Wx and u, — u in BV (Q) for p — 1*. Moreover, u,, is radially
increasing, hence u is radially nondecreasing and this implies that its superlevel sets {u > t} are
concentric Wulff shapes {r < F°(z) < R}, where r and R are the radius of the Wulff shapes W, and
Wh respectively, and, by Theorem 4.4.2, it holds that
N (Y +8

AW e

for some r € [0, R[. Therefore, by minimizing the function

_§N—1_’_ﬁ

we observe that the minimum is attained at £ = 0. Hence, the thesis follows. O

£ [01],
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Finally, we prove an isoperimetric inequality for A(£2, 5) when a volume constraint holds: if 5 > 0,
the Wulff shape is a minimizer and, if § < 0, it is a maximizer for A(€, 3) (see [19, Theorem 5.3] for
the Euclidean case).

Proposition 4.6.3. If 3 > 0 and Wg is the Wulff shape of radius R and |Wg| = |2|, then
AWk, B) < AR, B).

If —1 < B <0, then

Equality holds if and only if Q is the Wulff shape of radius R.

Proof. 1f B > 0, by using the same argument of the Proposition 4.6.2, we have that then

s Pr(Wr)

R(E.B) = J(xe) = B = g = AOWn. ),

for any £ C €. The conclusion follows by passing to the infimum on the set £ C Q and using
Theorem 4.4.2.
If =1 < 8 < 0, then using the isoperimetric inequality [61] and (4.6.3), we have that

Prp(2)
€|

Pr(Wr)
W]

AQ,B) <P <p = AWk, B).

The equality case follows immediately by the equality case of the Wulff inequality (2.5.13).

4.7 Open Problems

We conclude with a couple of open problems. Indeed, it would be interesting to study:

1. the I'-convergence of the functional and the behavior of the minimizers in the case of 5 not
constant; the main problem is to find which satisfies the second part of the definition of the
I'— convergence. Indeed, this result is known for 5 bounded on the boundary(see [51]);

2. the behavior of the second Robin eigenvalue as p goes to 1. We expect that for the anisotropic
case, we can generalize the results proved in [99].



Chapter 5

Upper and lower bounds for the first
Robin eigenvalue of nonlinear elliptic
operators

Let Q be a bounded, smooth domain of RV, N > 2. In this Chapter, we prove some inequalities
involving the first Robin eigenvalue of the p-Laplacian operator. In particular, we prove an upper
bound for the first Robin eigenvalue of nonlinear elliptic operators in terms of the first Dirichlet
eigenvalue.

5.1 Preliminary results

To prove the two inequalities involving the first Robin eigenvalue for the p-laplacian operator and in
particular, to prove an upper bound for the first Robin eigenvalue of nonlinear elliptic operators in
terms of the first Dirichlet eigenvalue, and a lower bound, in terms of a Neumann-type eigenvalue, in
this section we introduce some preliminary results.

We first recall the following version of the Hélder inequality proved in [52, Proposition A.1].

1 1
Proposition 5.1.1. Let 1 < p,p’ < oo be such that — + — = 1. Assume that f1,fo : @ — R and
p p

91,92 = 02 — R are measurable functions satisfying f1 € LP(Q2), fa € LPI(Q), g1 € LP(OQ, \) and
g2 € LY (0Q,\). Then fifs € LYRQ), gig2 € L1 (09, \) and

/ Fufol do + / M) g1g0] dHV !
0 o0

= {/ ’flpd$+/ /\(x)glpd’HN_lr [/ ’f?‘p/dl‘—‘r/ A@)|gal? dHN "
Q Fol9) Q 80

where A is a bounded function defined on 92, with A > 0, not identically null.

=

Second, we recall the following Poincaré-Wirtinger inequality (see [115, Theorem 4.4.6]).

Theorem 5.1.2. Let Q be a bounded Lipschitz open set in RY and p > 1. Then there exists a
positive constant C' such that for any u € WHP(Q), with faQ udHN =t = 0 it holds that

/u\pdwgé/ |Vu|Pdz. (5.1.1)
Q Q
69
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5.1.1 A characterization for \,(j3,(2)

Let Q be a bounded domain of RV, N > 2, 3> 0, and let f € L>(f) a given function. We consider
the following Robin boundary value problem

—Apuy = f in Q (5.1.2)
o 1.
\Vuf\pfzﬂ + Bluf|P~2ur =0 on 0L,
v
where, we recall that Ayu = div(|Vul[P~2Vu) is the p-Laplace operator with 1 < p and j is a positive
parameter. By standard existence results, there exists a unique function uy € WHP(Q) which solves
(5.1.2), in the sense that

/|VUf\p_2VUfV<pdx—|—ﬂ/ g [P 2upo dHN :/fgodm Yo € WHP(Q). (5.1.3)
Q o0 Q

Moreover, uy > 0 if f > 0, and by classical regularity results, if 2 has C'7 boundary, then
uy € CM(Q) ([57)),
It is known that the solution to this equation is the unique minimum of the functional

F(v) := ]1)/9|Vv|p dx + g/aQMp dHN L (z) — /va dx.

Indeed, it is possible to prove the existence and the uniqueness of the minimum of the functional
thanks to the direct method of calculus of variations.

In the limiting cases = 0 and § = oo, we recover the Neumann and the Dirichlet boundary
conditions respectively. Now we are in a position to state and prove a Thompson principle for the
Robin p—Laplacian.

The idea of the Thompson principle is to prove that there exists a function that minimizes the energy
functional.
For a given f € L>(Q), let us be the solution to (5.1.2), and define the quantity

IB) = [ (Ful? do+ 8 [ g an¥t = | fugda

where the last equality follows from the equation, using uy as test function.
Given f € L*(Q), let us consider the set V¢ of all the continuous vector functions V € C(9)
such that —divV = f, in the sense that

/V‘Vgoda:—i—/ wV-VdHle/fgoda:, Yo € CHQ). (5.1.4)
Q o0N Q

Lemma 5.1.3. Let Q be a bounded, C*7 domain of RN, N > 2, and let 3 be a positive parameter.
If f € L*(9) is a nonnegative function, we have that

J¢(B) = min {/Qywp’ dr + f 7T /m|v-uyp’ dHN—l}. (5.1.5)

Vevy

Proof. Let uy be the solution to the problem (5.1.2). Then by definition of J; and (5.1.4) with
© = uy it holds that

Jf(,B):/qufdar:/QV-Vdeac—i-/aQus-VdHN1,
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for any V' € Vy. Hence, applying Proposition 5.1.1 with fi = |Vuy|, fo = |V|, g1 = ﬁ%uf and
g2 = ﬁ_%ﬂ/ -v|, we have

p—1

P

Jr(B) < </|V\pfl d:z:+5_p£1/ V- V|ﬁ d’HN_l) «
@ o0
1
x (/IWflp dm+6/ Jugl? d”HN_1>p,
Q a9

Jf(ﬁ)ﬁ/]ﬂppl dx+ﬁpll/ ‘V.V’p% dHN-L.
@ o0

hence

Finally, if V = |Vu f|p_2Vu f, then V' € V¢ and the equality in the above inequality holds, hence
the thesis follows.
O

Now, we want to prove that the first Robin eigenvalue of the p-Laplace operator can be written
in terms of the functional J¢(f).

Proposition 5.1.4. It holds that

1 J4(8)
1 = max 7/
) /Q J de

Proof. Let f >0, f € L>(Q2), f # 0 and uy be a solution to (5.1.2). Then by the weak formulation
of the solution uy and the Holder inequality it holds that

L fEL®Q), F>0,f£00. (5.1.6)

550 = [t < ([ as)” ([ 7 as)” 6.1

On the other hand, using us as test function in the variational formulation (1.0.17) of \,(5, ) it
holds that
Jr(8,9)

Using (5.1.8) in (5.1.7) and rearranging the terms we get

B 1
/Q 7 ds AFT(.Q)

(5.1.9)

By observing that if f = )\p(ﬁ)ugfl, where ug is a first positive eigenfunction of (1.0.18), the equality
in (5.1.9) holds and the thesis follows. O

A useful property of J¢(3) is a convexity property. More precisely:
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Lemma 5.1.5. Let Q be a bounded open set in RN, with CY7 boundary. Then for any f € L>(9),
f =0, the function J; satisfies

1 1) H(a), (5.1.10)

1
Br1 a1

Jr(B) < Jp(a) + (

for any a, B > 0 and for some function H(a) > 0.

Proof. To prove (5.1.10), let f be fixed and let us denote with us, € C*7(Q) be the solution to
(5.1.2) where the coefficient in boundary condition is given by a. By the Thompson principle (5.1.5),
if we choose V = |Vuso[P>Vuy o, we have that

Jf(ﬁ) < /|VUf7a’p dx +ﬁ_Pi1/ HVUf’a|p_2VUf7a . V|I% dHN_l
Q o0

1
:/|Vuf,a!p+o‘pl/ [VtgalP 2 Vg o - v 7T dHN !
Q oN

1 1 P
P / Vs o [P~ Vet g - ] 77 AN
g1 1) Joa

1 1 P
< Jpe) + | —— - —— / IV ttgolP 2 Vg o - |71 dHN 1
g1 a1 ) Joo
Denoting by H(a) the function [, |[VuysaP~?Vuy,q - y[#dHNfl, the thesis follows. O

5.2 Limit properties when g — 0 or § — +00
The following proposition is well-known. For the sake of completeness, we give also a proof.

Proposition 5.2.1. Let Q be a bounded, Lipschitz open set in RY. Then
lim A, (8,9) = AP(Q). 5.2.1
I8_1>I_|I_loo P(B? ) p( ) ( )

Proof. If ug is a first positive eigenfunction for A\, (3, (2) such that [lug||z»(q) = 1, it holds that

A(8,Q) = / |Vug|Pda +,8/ ubdHN T < AP(Q), VB ER.
Q Q

Then ug is bounded in W1P(Q). Then weakly converges in W1P(2) and strongly in LP(Q) and
in LP(002) to a function us € Wol’p(Q), and |lueol/zr() = 1. By the definition of AP(Q) and
semicontinuity, it holds that

AP () S/ | Vitoo|Pda < lim inf [/ ‘Vuﬁpdx_Fﬁ/ugdeN—l} <
Q B_>+OO [} Q

\Vug|Pdz + B | uhdHY 1| < AP(Q),
Q Q p

< lim sup
B—+o0

and the proof is complete. O



5.2. LIMIT PROPERTIES WHEN /3 — 0 OR 8 — +00 73

Proposition 5.2.2. Let Q be a bounded, Lipschitz open set in RY, and let upg € WLP(Q) be a

solution to the problem (5.1.2), with f € LP' (). Then there exists a function uf ., € Wol’p(Q) that
satisfies

—Apufoo = in €,
pifoo = f in (5.2.2)
Uf oo =0 on 0)
and it holds that
. _ . P — p
BEIEOOJf(ﬁ) BETOO/S)‘VUf7B| dx /Q|Vu]c7oo\ dz. (5.2.3)

Proof. Using uy g as test function in (5.1.3), by definition of \,(3,2) and the Holder inequality, we
get

)\p(ﬂ,ﬂ)/ ’uf,g‘pdl' S/ |Vuf7/3]pdx+ﬂ/ ‘Uf’g‘pd'HN_l = / fuppgdx <
Q Q oN Q

<l @l sllisy. (5:24)
Then, recalling (5.2.1), (5.2.4) implies

/ lufglPde < C  as B — +o0,
Q

and using again (5.2.4) it holds that us g is bounded in WP(2) as 8 — +oc. Hence uy g weakly
converges in W1P(€2) and strongly converges in LP(£2) and LP(92) to a function uys € WP(Q).
Moreover, by (5.2.4) again it holds that us . € Wol’p(ﬂ). Finally, we can pass to the limit in (5.1.3)
in order to get that us o solves (5.2.2), and

lim J = i
o 1) = G

/|VUf75‘deE+ﬁ/ |Uf75|pd7‘[N_1}
Q o

= lim ur gdr = Ut oodr = Vuroo|Pde.
ﬁ—>+oo/ﬂff’5 /fo, /Q| f.00!

Hence (5.2.3) is in force. O
Now, we show the behavior of A,(3,9) as § — 07.

Theorem 5.2.3. Let Q be a bounded Lipschitz domain in RN and X\,(3,Q) be the first Robin
etgenvalue, with B > 0. Then
L A8.9) _ PE)
g0t B €

Proof. Let ug be a first positive eigenfunction of A\,(3,£2). By using as test function ¢ =1 in the
equation solved by ug, we have that

(5.2.5)

/\p(ﬁ,Q)/ ug_ldx =7 ug)_ldx.
Q o0

For 8 — 07, A\p(8,9Q) — 0. We claim that ug — ¢, where c is a constant, for 8 — 07. To prove the
claim, let us fix |[ug|[rr) = 1. Hence

/VUB]pdx < /|Vu5\pda:+5/ wgdHY Y = 0 (8,9),
Q Q o0
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then ||Vugl||p() is bounded, and ug is bounded in W?(€2). By compactness, there exists a
subsequence, still denoted by ug, and a function ug € WP(Q) such that

Vug — Vug weakly in LP(Q2),
ug — Ug strongly in L1(Q), 1<q¢<p
ug — U strongly in LP(0Q2), 1<q<p.

Hence

/|vu0\de < lim inf (/Vu5|pd:1:+/ ﬁ|uﬁypcmN—1>
Q =0t \Jo o0
= liminf A\, (3,8) = 0.

B—0t
Then, ||Vugl|zr(q) = 0 and ug = ¢ is constant in Q. Using in particular that
p—1 19/ N—1
ug dH
AP(B? Q) — AQ p
g / p—1 ’
ug dx
9 B
passing to the limit we have that
Ap(B, 82 P(Q
i M(5:9) PO
B—0+ I6; 19
that is the thesis. O

Now, we show the behavior of the solutions of (5.1.2) as 8 — 0.

Proposition 5.2.4. Let Q be a bounded, Lipschitz domain, 0 < f € L*(Q) and f > 0, and
1
consider us g a solution to (5.1.2). Then the sequence 53 = usg — KB~ »—1 € WIP(Q), with

1
]_ —1
K = <P(Q)/ f dx) ! 1, weakly converges in WYP(Q), as 8 goes to 0, to a function v € WP(Q)
Q

which satisfies

—Apv=f in
v 1 (5.2.6)
P22~ —
Vol 5 P /Qfdx on 0N.

Moreover,

lim /|Vujr,5|p d:B:/Vv|pdx.
B—=0F Jo Q

Proof. By the weak formulation (5.1.3) and the Holder inequality, we have that

/Q!VUf,ﬁ\”dfr+ﬂ/m!¢ﬁ!pd%N_l Z/Qfmdw < A llzw @ lussll o @)-

Then by using the definition of the first Robin eigenvalue of the p-Laplace operator, we can write

1
1 Pt :
Vu de+ﬁ/ wpgPdHN 1 < | —— /fpdx.
/QI 1.8 aﬂ| 1.8l WERD) ;
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Hence recalling (5.2.5),

1 1 1
/\V[ﬁ“lﬂfﬂﬂpder/ [B7TuggPdHN " < C,
B Ja o0

1
for some positive constant C' independent of 5. Hence, for § — 07, we have that V[f7=Tuy 5] — 0 in
1
LP(Q) and B7=Tuy g converges in LP(0N2) to a constant K. Hence from the equation, using ¢ =1 as

test function,
/f:/ (37 Tug g RN
Q o0

, 1 T
then for 8 — 0%, we obtain K = (/ fda:) .
Q

P(Q)
Now, let
K
Vg =ups—
pT
be a test function for (5.1.3). Then it holds that
/ \Vipg|Pdx + B / uh S ppdHN T < / fibsdz. (5.2.7)
Q
Now, being
PYgdHN T =0, (5.2.8)
o
we have

/ uh G padHN T = / ul gdHN 1 >0,
o0
and as a consequence in (5.2.7),
[ 1vuse < [ osde < 1flollosle

Now, recalling (5.2.8) and using the Poincaré-Wirtinger inequality (5.1.1) we get

/ |Vipg|Pdax < C, / |Yg|Pdx < C.
Q Q

This implies that 15 weakly converges in W1P(2) and strongly in LP(£2), up to a subsequence, to a

1
function v € WP(€2). Moreover, using also the convergence of 37 Tuys g to K in LP(9S2), we obtain
that the function v is a solution to (5.2.6). By the weak formulation (5.1.3), if we use as test function
g, we have

K K
/|VUf,6|p dw+5/ lug,slP™ (uw— )dHN ! /f<um— 1>dff»
ﬁp—l Q ﬁp—l

and then finally
lim /\Vuf,5|p dx:/fv—Kpl/ v:/\va dx.
B—=0t Jo Q aQ Q
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5.2.1 The case <0

For the sake of completeness, we devote the last part of this section to study the behavior of A, (/3,£2)
as  — 07. First, we prove a trace inequality (see [68] for the case p = 2).

Theorem 5.2.5. Let Q C RY an open, bounded domain with Lipschitz boundary, there exists eq > 0
such that for every e > eq there exists C(e) > 0 for which

P©)

[ <5/\wp da + =

14+ C(e /|u]p dx. (5.2.9)

Moreover, we can choose C(g) = 0 as € = +o00.

Proof. We proceed by contradiction, hence there exists § > 0 and a sequence {u,} C WHP(2) such
that

[ [PAHN 1 2n/|Vun|pdm—|— )1+ ) /|unpdm
29 Q 19

If fQ|Vun|p dx = 0 for some n, then wu, is constant and this is a contradiction, being § > 0. Now, we
can assume that [o|Vuy[P dx # 0 for every n. Let us define

Un = tn 1
(fﬂ‘vun‘p dx)»
we have that [|Vv,[P dz =1 and
/ o P dHN 7L > + 28 (1+9) /|vn\f’ dx. (5.2.10)
) |Q|

Now we want to prove that { [|v,|[Pdz} is bounded. If this is not true, there exists {n;} such that
limy, [o|vn, |Pde = oo. Let us define

'Unk
Wg = ’

1
(fﬂ‘vnk ‘pd:ﬁ) P

we have that

lim /]Vwk|pd;1::0 and/\wk|pdx:1,
k—+o00 0 Q

then {wy} is bounded in W'*(Q) and there exists {wy, } weakly converging in W'?(Q) and strongly

1
in LP(2) to a function w € WHP(Q). By uniqueness of the limit Vw = 0 and wy, — — strongly
Qlr

in WHP(€), hence

P(Q
PO 145 < / jwp, [P dHN T,
€2
0
and this is a contradiction, being lim;_, 4 f aﬂ‘wk | dHN 1 = || Q]| So, there exists a subsequence

{vn, } such that limy_, oo [o|vn, [Pda = ¢, for ¢ > 0. Hence, by using [72, Theorem 1.5.1.10], we have

that
1
/ |, [PAHN §ElP/ank]pdx—i—K(a)/wnk\pdx,
o0 Q Q



5.3. UPPER BOUNDS FOR \,(33,) 77

for e € (0,1). Putting together with (5.2.10), we have that

P©)

nk+(1+5)/|vnk|pd$§€1_; +K(z—:)/|vnk|pdx,
€2 Q 0

and this is a contradiction.

The trace inequality allows us to prove that the limit (5.2.5) holds true also when 8 — 07.
Theorem 5.2.6. Let Q be a bounded Lipschitz domain in RN and Ap(B,Q) be the first Robin
etgenvalue, with B < 0. Then

Ap(B8,9) _ P(Q)

lim = .
g—0-  f3 1Y

Proof. Let ug be a positive eigenfunction of \y(8,€) with |lug||r»(q) = 1. Then

AP(B,Q):/|Vu5|pdx—|—B/ luglPdHN L.
Q o

Using the trace inequality (5.2.9) with ¢ = —% (as |8 is small) we get

Pé;z) . Mg Q) _ P|g|?> (1 e (_;)) |

The thesis follows, being C(—1/8) — 0 as § — 07. O

5.3 Upper bounds for \,(3,2)

In this Section, we want to get upper bounds for A,(5,2). The first general result is the following.

Theorem 5.3.1. Let Q C RN be an open bounded set, with C™Y boundary, 3 be a positive number,
and f € L (), with f > 0. then

. >/Q\vufm,p dv geihs </fdm> 5o
1 = P(Q)7 / £ di

where P(2) = HN=1(9Q) denotes the perimeter of Q, and uf o satisfies (5.2.2).

Proof. Let f be fixed. Then by using the convexity of J¢(/3),

Jf(a)gjf(ﬁ)+< L— )/ ||V g|P™ 2<6ufﬁ>| —1dH VL.

apr—1

If we multiply for p%l,

< (15 ()7 [

()
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then for a that goes to infinity
J J . 8 _p_
) 2 9700 + [ [Vl (52 )
oN

We know by Proposition 5.2.2 that Jy(co) = / |V s oo Pdr and using the Hélder inequality and the
Q
equation solved by uy g

) v
[ 19uga () an
o0
> (/ 1Vuys
P(Q)—1 \Joa ’

Then, putting all together, we obtain

J5(8) > /Q|Vuf,oo|pdx+ Ifm) (/Qfdw)pil.

So finally, by using (5.1.6) we get that

p P

p—2 (%)MHN_I)M :p(Ql)pil (/Qfd:n)p_l.

that is the result. O

Now we are in position to prove the main bounds for A\,(3,2). So, let us be a first positive
Dirichlet eigenfunction of —A,, that is a positive function such that

—Aptios = AP (S in Q (53.2)
u=0 on 0.
We recall that following reverse Holder inequality holds:
Theorem 5.3.2 ([4]). For 0 < ¢ < r < oo we have
lusoll, < Kllusolls
with
K = K(N,p,q,r,\P(Q)) = H“‘I’", (5.3.3)
Vllq

and v is a first eigenfunction of (5.3.2) in a ball B such that )\pD(B) = )\IP(Q).

We can now prove the following main results.
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Theorem 5.3.3. Let Q C RN be an open bounded set, with CY7 boundary, and let 5 be a positive
number. Then,

1 1 K
T 2 -— + — (5.3.4)
A3, AP Q)T (BP(Q))r T
where K is given in (5.3.3).
Proof. If we choose in (5.3.1)
f=ubt
where u is a first positive Dirichlet eigenfunction, then
1
up = 1 Ueo
AD(Q) T
and we obtain
o1
1 1 /Q]Vuoop dx B_plj (/Q uPs! d:):)
1 Z D _p_ + 1 .
Ap(B, €)1 Ay (Q)r1 / ub, dx P(Q)r1 / ub, dx
Q Q
By the Reverse Holder inequality (5.3.2),
_pP_
</ uf‘;g1>p1 dx > %/ ub,,
Q K Ja
then 1
1 1 Sl
1 Z =t o pLK
N(B,Q) AP PQ)r
O

For a given open bounded domain €, let ug € WO1 P(02) be the unique solution to

—Apug =1 inQ
ug =0 on 0f2.

The p—torsional rigidity is

1

P p—1
([ 1elar)
T,(Q) = max o7 :/ugdx:/]VUQ]pd:r.
PEW, P (9) /‘V(’O|pd$ Q Q
Q

Theorem 5.3.4. Let Q C RY be an open bounded set, with C17V boundary, and let B be a positive

number. Then, .
1 T,(€2) Q] \»T
—>P . 5.3.5

BT 9 " <5P(Q)> (5:35)
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Proof. 1t is immediate by choosing f =1 in (5.3.1). O

Remark 5.3.5. Using w = 1 or w = uq as test function in the variational characterization (1.0.17)
of Ap(8,Q), we immediately get

A\(8,9) < min {Ajf(g), P‘gr)} |

The two inequalities (5.3.4) and (5.3.5) then give a stronger bound on A, (3, 2).

Remark 5.3.6. For § — oo, by using that the first Robin eigenvalue of the p-Laplace operator goes
to the first Dirichlet eigenvalue of the p-Laplace operator, the inequality (5.3.5) becomes

T (AL (Q) 7T
Prr <1,
]

which corresponds to a well-known inequality due to Pélya in the case of the Laplace operator.

5.4 A lower bound for \,(,()

In this Section, we want to get a lower bound for \,(5,2). To this aim, let us define

/ 7 dz
v, = inf =0

v [ (gupds
Q
where K = % Jq fdz, and the infimum is computed among all the functions f > 0, f € L>(Q)
and where v is a solution to the problem (5.2.6).

Remark 5.4.1. It is easily seen that v, > 0. Indeed, if we denote with vpn = faQ vdHN"1, we have
Joq(v — va)dHN ! = 0; by using the weak formulation of (5.2.6), the Holder inequality and the
Poincaré-Wirtinger inequality (5.1.1), we have

1
7

/Q VolPda = /Q (v~ van)da < ( /Q )" ( /Q |v_vm|f’dw)’l’ <
<o [rva) ([ ),

=

then

p/
/Qf dx 1

2>
/|Vv|pdx o
Q

Theorem 5.4.2. Let Q C RN be an open bounded set, with C*Y boundary. For any 3 > 0,

> 0.

IR S B [
M(B,9) T 5ﬁP(Q)ﬁ
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Proof. Let f >0, f € L>(Q). By using again the convexity of J;(3), we have

1 1 Oura\ P _
wa)st(aH( : —1> | 19ugal (Zhe ) s,
Br1  ar1) Joo ov

If we multiply for 3 P%l,

BT T4(B) < BT Jp(a) + (1 - (g)) /muvuf,a\p—? (agf;a) 71 N

and using the definition of J¢(«) and the boundary condition

75(8) < /Q Vs,

For o« — 0", we have that

20474 P anN-t.
1%

1 1 Q[T
o ey

%(6,9) BrTP@)r

Indeed, from Proposition 5.2.4 we have that

lim /\Vu]va|p da:—/|va dx,

a—0t

where v is a solution to (5.2.6), and

lim / [|Vu p,28uf7 7T dHN - 1—hm/ o oPdHN 1 = 1(/ f)p
a—0t Ja0 fe ov Frex P(Q) Q )

Hence, from (5.1.6)

1 / v (1)

sup

1 Up 1
Ap(B, )P gy 22 /fp ﬁﬁP( )P T [ f7 <oo /fp

Then
1
— < —+ 1 L|Q|p—l’

that is the thesis. O
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Chapter 6

Shape optimization for a nonlinear
elliptic problem related to thermal
insulation

In this Chapter, we consider a minimization problem of a nonlinear functional I ,(D, ) related to a
thermal insulation problem with a convection term, where € is a bounded connected open set in R"™
and D C Q is a compact set. The Euler-Lagrange equation relative to I 3,p is a p-Laplace equation,
1 < p < oo, with a Robin boundary condition with parameter 5 > 0.

The main aim is to study extremum problems for Iz, (D, §2), among domains D with given geometrical
constraints and Q \ D of fixed thickness. In the planar case, we show that under perimeter constraint
the disk maximizes Ig .

In the N-dimensional case we restrict our analysis to convex sets showing that the same is true for
the ball but under different geometrical constraints.

6.1 The variational problem

Given a compact set D in RY and a bounded connected open set Q of RN with D C Q, we are
interested to study

1y i) = intf [ |Dodars [ jolrar,
(6.1.1)
¢ewmam¢z1mp}

with 8 > 0. The following result holds.

Proposition 6.1.1. If Q is bounded connected open set of RN with Lipschitz boundary, and D is a
compact set with D C ), then there exists a unique positive minimizer u € WHP(Q) of (6.1.1) such
that satisfies

Apu =0 inQ\ D
u=1 . in D (6.1.2)
|Du]p_2$ + Bluff2u =0 on 9.

83
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Moreover the functional can be written as

Is,(D,Q) =6 [ w™tauN !, (6.1.3)
o0

where u is the solution to (6.1.2).

Proof. The proof follows by a standard application of a calculus of variation’s argument. We sketch
the proof for completeness.

Let u,, be a minimizing sequence for I5,(£2, D). Then u, is bounded in W%, Ju,, — u weakly
in W1P(Q), strongly in LP and a.e in 2. Then by semicontinuity, u is a minimizer of I5,({, D).
Moreover, being |u| still a minimizer, we can assume u > 0. By Harnack inequality, v > 0 in Q.
Furthermore, by convexity, u is the unique minimizer and it satisfies

Apu =0 in
u=1 in D

0
|Du|p_2£ + puP~t =0 on 09.

Let W%p(ﬂ) the closure in WHP(Q) of {¢|q : ¢ € C®°(RY) with D Nsupp¢p = (}. Hence, the

minimizer v is such that u — 1 € W%p (©) and it is a solution to (6.1.2). In particular
/ |DulP2DuD¢ dx+ 5 | wP~'¢pdHN "' =0
Q\D o

for any ¢ € W%p(ﬂ).
So, if we take p =u —1 € W%p(Q),

/ |Du|P"2Du(Du) dz + P tu(u—1) dHN " =0,
Q o0

that is
/|Du]p dx + 6/ (WP —uP™ ) dHN 1 =0
Q o0

and this implies (6.1.3). O

6.2 The planar case

In this subsection we consider the case where ) is the Minkowski sum
QO=D+0B,

B is the unit ball centered at the origin and J is a positive constant, representing the thickness of
Q\ D. Then we set

Theorem 6.2.1. Let D be an open, bounded connected set of R? with piecewise C' boundary. Then
g ps(D) < Igps(D7),

where D* is the disk having the same perimeter of D.
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Proof. Let v be the radial minimizer of I3, 5(D*) and Q, = D* +0B. Given R > 0 the radius of D*,
we denote by
Um =0(R+0) = r?zinv

and
maxv = v(R) = 1.

*

As v is radial, the modulus of the gradient of v is constant on the level lines of v.
So we can consider the function

g(t) = |Dvly=t, vy <t <1

and

L
w(z) =G(R+d(x)), =€, where G7'(t) =R +/ @ds

and d(z) is the distance of a point = from D. In particular, v is decreasing and the function g can be
zero only for v = 1. This means that G~! is decreasing, therefore so is G and then w € W?(Q). So
we get:

max w = wlogp =1 =G(R),

Wy, = innw =w|pg = G(R+ ) = v,
|Dwly=t = |Dvly=t = g(t), wm <t <1

Hence w is a test function. Then

Igps(D) < /

|Dw|? dz + 5/ lw|P dH!.
Q\D a0

Let
Ei={zcQ:wx)>t)={zcQ:dx) <G ()} =D+G *t)B

and let
By = {x € Qy s v(z) > t}.

By Steiner formula (2.4.6) we get
P(Q2) < P(D) + 2m¢,

P(E;) < P(D) 427G~ (t) = P(D*) 4+ 2rG~(t) = 2n(R+ G~ (t)) = P(B,)

for every t € |wp,, 1]. Hence,

[ ipwiat = [ g(wan’ = g P(E) < ) P(B)

= / |Dv|dH', w, <t <1
v=t

Then, using the co-area formula
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1
/ |Dw|pd:1;:/ dt/ |Dw[P~tdH?
Q\E Wi w=t

1 1
= / [g()]P~LP(Ey)dt < / [g(0)]P~ P (By)dt (6.2.1)

W, Wm,

= / |DvlPdzx.
Q\D.

Since by construction w = wy, = vy, on I and P(2) = P(€), we have
/ PdHY = [P P(Q) = [om [P P(2) = / P dH (6.2.2)
o 02

Hence, by (6.2.1) and (6.2.2) it holds that

Tsps(D) < / DuwlPdz + 8 / P!
Q\D o0

< / |Dv|pdx+[3/ w|PdH! = I5,.5(D*).
Q.\D* o0,

6.3 The n-dimensional case

Now we prove that in higher dimension (n > 3) balls still maximize I, 5, but our result finds its
natural generalization in the class of convex domains D.

Theorem 6.3.1. Let D be an open, bounded, convex set of RN. Then

Iﬁ7p75(D) S I187p’5(D*)’
where D* is the ball having the same W_1 quermassintegral of D, that is Wy_1(D) = Wy_1(D*).

Proof. Let v be the radial minimizer of Ig,s(D*) and let Q, = D* + 6B. Since 2 = D + 0B
and Steiner formula for the perimeter (2.4.1) and Aleksandrov-Fenchel inequalities (2.4.5) imply
P(Q) < P(Q).
Let us denote by v, = v(R + J) = ming+ v and by maxq, v = v(R) = 1. As v is radial, the modulus
of the gradient of v is constant on the level lines of v.
Now we consider the function

g(t) = |Dvly=¢, vy <t <1

and

1
w(z) =G(R+d(z)), =€, where G71(t) = R+/ @ds,

and d(z) is the distance of a point z from D.
By construction w € W1(Q) and being G decreasing one has:
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maxw = wlogp =1 =G(R),
Wy, = innw =w|pg = G(R+9) = v,

|Dwly=t = |Dvly=t = g(t), wm <t <1

Then
Igps(D) < / |Dw? dx + ﬁ/ [P dHN L,
Q\D 90
Let
B={reQ:u@)> 1) = {reQ:dx) <07 (1) =D+G71)B
and

By ={x € Q, :v(x) > t}.

Being Wx_1(D) = Wx_1(D"), using the Steiner formula and (2.4.5), we get for t €|wy,, 1] and
p=GL(t) that

N-1
P(E;)=P(D+pB)=n ( )Wk+1(D)Pk

N=0 k
N-1 N -1

< ( K )Wkﬂ(D )" = P(D" + pB) = P(B,)
N=0

Hence

—/ \Dv]d"HN_l, Wy, <t <1
v=t

then, using co-area formula

1
/ |Dw|pd:1;:/ dt/ | Dw[P~taHN !
Q\D Wi w=t

1 1
- / ()P P(E)dt < / lg()]P~ P (By)dt

Wm, Wm,

= / |DvlPdzx.
O\D,

Since by construction w = wy, = v, on I and P(2) < P(f,), we have
/ lw|PdHY ™! = |w,, [PP(Q) = [vm[PP(Q) = / loPdHN
o0 O

So,

Igp.5(D) S/ ]Dw|pdx+ﬁ/ |w’deN71
Q\D 90

S/ !Dvlpderﬁ/ [o[PdHN ! = I5,,5(D*).
Q.\D* .
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6.4 Remarks

There is a counterintuitive behavior of the functional I3, 5(D,2) when € and D are concentric balls,
which can be seen in the next two propositions.

N—l)]pl’

Proposition 6.4.1. Let Bg be the ball of radius R > 0 centered at the origin. If 5 > [R(l
p [e—

N—1 7!
then Ig,s(Bgr) is decreasing in 6. When B < [R(p—l)} , then Ig,s(BR) is increasing for
N -1 1 N-—-1 1
0 < ( ) — — R and decreasing for § > () — — R.
p—1/ g1 p—1/ g

Proof. 1If D = Bp is the ball of radius R > 0 centered at the origin, then obviously 2 = Br + §dB =
Bpys and the minimum of (6.1.1), is the radial function

-
A (=L pe ()
wry =11 (o) B |(R) ] e (6.4.1)
1
1—m~-Tlog g p=N
for a suitable constant ;. This follows from the fact that

d

PN A = VT ()2 () = 0,
dr
but u is decreasing and positive, then
_1
p—1
dr)=-L"" re[RR+4.
rp-1

If p # N, then integrating by parts and keeping in mind that u(R) = 1 it holds

1 (p—1 p=N p=N
— —~qp—1 p—1 — Rp—1 1.
)= (7)) |+

Ifp=N,
1 r
u(r) = —y N1 logﬁ + 1.

Now, we can find ~; using the boundary conditions.
If p # N, then using Robin condition on 02 it holds that

—(—u'(R+8))P~" + B(u(R + )P~ = 0.

By using the explicit expression of w,

() 5 = it (o (20 )R (1= (B12) 7))

and we have that

ol —
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In particular,

/ (|DuP?Du - v) dHN"1 =0
A(Q\D)

and using the divergence theorem

—/ | Dul? —i—/ w(|DufP?Du-v) =0
o\D a(Q\D)

—/ \Du|p—/ ﬁup—F/ u(|DulP2Du - v) = 0.
o\D o9 oD

I5,.5(BRr) = / ypmpﬁ@ dHNT
OBgr (91/

This implies that

Let us observe that
I,5(Br) = Nwnm

and we have

95l13p,5(Br)] <0
if

_ p
n= ) N-1
ey + A T log B
and NowB
w
I@N,(;(BR) = al N_1
ey + BT log
So
9s[1s,n,5(Br)] <0
if
IR
IR +0) TR
and this is true if and only if
1
0> — R,
BN-T

and the proposition is proved. O
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To show the next result, we first need the following Lemma, using the following notation.
Let D = Br C 2, and denote by

P = P(Bg) = nwyRN™!, V = |Bg]
=wyR", AP = P(Q) — P(Bg), AV = |Q| — | Bg|.

Lemma 6.4.2. Let D = By be the ball of radius R > 0 centered at the origin such that D C Q. For
any oo > 0, there exists a constant

1
C= 1 -1
50 + U.)NRTL

such that if AV < dq it holds that
AP > CAV.

We refer to [50] for the proof.
Now, we want to prove that, in the regime 8 "small", if the thickness § is below a certain threshold
value, I ,(Bg, ) is greater then I ,(Br, Br).

Proposition16.4.3. Let D = BpR be the ball of radius R > 0 centered at the origin and § <
[R](\;_ll)]p . Then there exists a positive constant dy such that for any bounded domain 2, with
D C Q and |Q — |D| < do, then

I3, (Br,S?) > I3 ,(Br, BRr).
Proof. Let u be the minimizer of Iz ,(Bg,{2). Consider

E:Q\BR, szaﬁ\aBR, tha{u>t}\6BR, Iy =0BrNQ

and
p(t) = P{u>t}NY), for a.e. t > 0.

Our aim is to prove that
Igp(Br; Br) = BP(Br) < 13,(Br; Q) = / |DulPdz + 5/ [ufPdd N
Q a0

or equivalently

HYH) < 1 / | Du|Pdx + / luPdHN L,
B Ja o

Indeed by co-area formula and Fubini theorem, we have

1 1 1
/ tp_lp(t>dt — / tp_1P<{u > t} N Z)dt — / </ tp_ldHN_l)dt
0 0 o \Jr;
1 1
+/ (/ tp—ldHN—l)dt+/ (/ tp—ldeN—l)dt
0 \JInQ 0 \Jr,non (6.4.2)

N-1 1
= H(l)+/ upd’HN_1+/up_1|Dudac.
p D Jry Q



6.4. REMARKS 91

From the Lemma 6.4.2 we know that for |3| < d¢, with Jp fixed,
p(t) — Y1) > Cp(t)

and then

1 1 1
/ P~ p(t)dt >2/ tp_lHN_l(Fl)dt+C/ = ()t
0 0 0

= ZHN—l(Fl)JrC/upd:E,
p P Ja

where C is the constant of the Lemma 6.4.2. Combining this with (6.4.2), we have

9 N-1 r 1
7HN71<F1) + C/ uPdr < u + / wPdHN 1 —|—/ upfl‘Du|da:.
p P Ja p P Jry Q

On the other hand, by the Young inequality

-1
/up_1|Du|dx§ P - /updx—l—€/ |Du|Pdz,
Q per-1 JQ pJa

we get the following estimate

-1
HYH DY) + C'/ uPdx < / wPdHN !+ pil uPdx + 6/ |Du|Pdx =
Q T'o er-1 Jo Q

1
:/ udeNfl—FLl uPdr — — /upd:c+5/ | DulPdx
o er—1 JQ er—1 JQ Q

1
and choosing € = — it holds that

B
1 1
HYH D) + [C - Bpil (p—1)] / uPdr < / wPdHN 1+ / |DulPdz.
Q T B Ja
N-1 ) ) 1
Therefore, as R < —————, for §p sufficiently small, the constant C' is larger then =1 (p — 1)
(p—1)B7-1

and thesis follows. O
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