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Introduction

A theoretical group property is said to be a finiteness condition if it is
satisfied by every finite group; for instance, the classical chain conditions
on systems of subgroups are natural examples of finiteness conditions.
Since the 1920s, a relevant part of investigation in infinite groups has been
grounded in the observation that in many cases the imposition of finite-
ness conditions on an infinite group forces the group to be "close" to a
finite group. This theory has been developed by many prominent math-
ematicians such as S.N. Cernikov, R. Baer, K.A. Hirsch, A.G. Kurog, O.J.
Schmidt, H. Wielandt. In these years, the masterpiece Finiteness conditions
and generalized soluble groups [51] by D.].S. Robinson (1972), which collects
all most important classical results about finiteness conditions, has been
the book reference for many group theorists; thirty years later, J.C. Lennox
and D.].S. Robinson wrote the book The theory of infinite soluble groups [39],
which represents a picture of the landscape after the work made on finite-
ness conditions in the years between the two books.

More recently, a new perspective has been adopted with an increas-
ing number of group theorists focusing on groups that are far from being
finite. This thesis work is framed within this research line; in particular,
throughout this dissertation, we will try to describe the structure of groups
which are large in terms of cardinality; such groups are really far from be-
ing finite and the subgroups we are considering will be similarly far from
finiteness, even though in many cases the properties imposed on them will
be finiteness conditions.

In literature there have been many different approaches to the study of
large groups; the first classical approach goes in the direction to construct
groups in which it is possible to embed given groups. For instance, P.
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Hall in the famous paper [31] constructed a countable locally finite group
U (called Hall’s universal group), which is uniquely characterized by the
properties that every finite group G admits a monomorphism to U and all
such monomorphisms are conjugate by inner automorphisms of U. Hall’s
construction has been one of the starting motivations for the subsequent
deep investigation on certain large groups, like, for instance,the so-called
existentially closed large groups (see [36], [42], [43]).

A group G is said to have finite (Priifer) rank if there is a positive integer
r such that every finitely generated subgroup of G can be generated by at
most r elements; if such an r does not exist, we say that the group G has
infinite rank. It is not difficult to see that in some universes of (general-
ized) soluble groups, if a group G has infinite rank, then it must be rich
in subgroups of infinite rank. Moreover, in recent years, a series of rele-
vant papers has been published by many authors (including M.R. Dixon,
J. Evans, L.A. Kurdachenko, N.N. Semko, H. Smith) which shows that the
subgroups of infinite rank of a group of infinite rank have the power to
influence the structure of the whole group and to force also the behaviour
of the small subgroups of G, i.e., the subgroups of finite rank.

Recall here the definition of embedding property.

Definition. For every group G, let P(G) be a set of subgroups of G containing
the trivial subgroup; the elements of P (G) are called P-subgroups of G. We shall
say that ‘P is an embedding subgroup property if

(P(G))? =P(G),

for every group isomorphism ¢ : G — G* and X belongs to P(Y), whenever
X<Y<Gand X € P(G).

Furthermore, we will call the following properties embedding properties
of normal type or normality conditions (because they are the natural gener-
alizations of normality): normality, subnormality, Neumann’s properties
(which consider normality with the obstruction of a finite section), (1, k)-
subnormality and permutability.

An embedding subgroup property P is called absolute if it holds for
each subgroup X* of G* such that X* ~ X, where X € P(G) for some
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group G. If X is a class of groups, the property of a group of belonging
to X is an embedding absolute property. On the other hand, normality
conditions are nonabsolute embedding properties.

It has been proved that, for some choices of group theoretical proper-
ties P, if G is a group of infinite rank in which all subgroups of infinite
rank satisfy the property P, then the same happens also to the subgroups
of finite rank (see, for instance, [7], where a full reference list on this sub-
ject can be found). In particular, M.J. Evans and Y. Kim [27] proved that
if G is a locally soluble group of infinite rank in which all subgroups of
infinite rank are normal, then G is a Dedekind group, i.e. all subgroups of
G are normal. Actually, Evans and Kim considered the more general situ-
ation of groups of infinite rank in which all subgroups of infinite rank are
subnormal of bounded defect. In addition, M. De Falco, F. de Giovanni, C.
Musella et al. proved that all embedding properties of normal type pass
from subgroups of infinite rank to those of finite rank.

* Results of this type have suggested that the behaviour of small sub-
groups in a large group is negligible, at least for a right choice of the
definition of largeness and within a suitable universe.

On the other hand, it is well-known that proper subgroups of count-
able cardinality play a key-role in determining the structure of an infinite
group. Indeed, recall here that a class of groups X is said to be countably
recognizable if G is an X-group whenever each countable subgroup belongs
to X. Countable recognizability was introduced by R. Baer [1] who proved
that a group G is nilpotent when every countable proper subgroup of G
is nilpotent. Many authors worked on this topic finding out that many
group classes have this property (see, for instance, [20]). Even normality
conditions can be countably detected in some cases: for instance, F. de Gio-
vanni and M. Trombetti proved that if G is a group the pronormality of a
subgroup X of G can be detected from the pronormality in G of the count-
able subgroups of X (see Theorem 2.3 of [22]). The same authors [[21],
Corollary 2.5] proved that when in a group G every countable subgroup is
closed with respect to the profinite topology, then every subgroup of G is
closed.



* The role of countable subgroups in determining the structure of the
whole group has suggested that subgroups of a fixed cardinality N
might influence the behaviour of the group, at least for certain cardi-
nals N with suitable properties.

Thus, a new point of view has been adopted in many recent papers
where uncountable groups whose proper subgroups with the same car-
dinality as the whole group satisfy certain notable embedding properties.
Specifically, in this research line, uncountable groups G of cardinality N
are considered and any subgroup X of G is called large if it has likewise
cardinality R, and small otherwise.

This type of investigation, that goes from large to small, represents a
dual approach with respect to countable recognizability, which detects in-
formation about large subgroups (and the whole group) starting from the
small ones. Furthermore, it is a natural consequence of the positive results
obtained for groups of infinite rank.

Papers as [18] and [19] consider uncountable groups where all large
subgroups belong to a given group class while many subsequent papers
focused on uncountable groups with large subgroups satisfying an em-
bedding property of normal type (see [8], [9], [10], [11], [12], [54], [13],
[14]). In this work, we will mainly focus on uncountable groups whose
large subgroups verify a nonabsolute embedding property.

The results we are going to show are concerned with groups of reqular
cardinality.

Definition. Let x be an ordinal. A sequence of ordinals (A; < x|{ < PB) is
cofinal to x if for every & < « thereisa ¢ < P such that Az > . The cofinality of
K, denoted by cf (x), is the least B for which such a sequence exists.

Definition. A cardinal « is called reqular when cf (k) = k; otherwise it is called
singular.

When the Axiom of Choice (AC) is assumed to be true, the above defi-
nition is equivalent to the following.

Definition. A cardinal number «x is said to be reqular if, whenever the set S =

U S; is such that |I| < x and |S;| < « for each i € I, it follows that |S| < «.
icl



Throughout this work, we will always assume AC and we will use the
latter definition. Among regular cardinals, clearly there is Ny as the union
of finitely many finite sets is still a finite set. However, in our dissertation,
we will consider groups of uncountable cardinality.

The main obstacle in the study of groups of large cardinality is the ex-
istence of uncountable groups, of cardinality XN, say, in which all proper
subgroups have cardinality strictly smaller than X (the so-called Jénsson
groups). Considerations about the existence of Jénsson groups and how to
avoid them can be found in Chapter 1 (Sec. 1.2).

As a first step, in Chapter 1 (Sec. 1.1) we give a focus on uncountable
abelian groups of regular cardinality, as these groups possess certain pe-
culiar properties that are particularly crucial for studying the behaviour
of uncountable groups where all large subgroups satisfy an embedding
property. Furthermore, although the Priifer rank of an abelian group is
less or equal to its cardinality, in the uncountable case they coincide. In
general, we will observe that most normality conditions in uncountable
groups containing a large abelian subgroup pass from the large subgroups
to the small ones, as it happens for generalized soluble groups of infinite
rank where the presence of an abelian subgroup of infinite rank is guar-
anteed. Anyway, there exist uncountable nilpotent groups in which all
abelian subgroups are countable. In particular, an example of A. Ehren-
feucht and V. Faber [26] shows that a result similar to the above quoted
theorem of Evans and Kim does not hold for groups in which all uncount-
able subgroups are normal; therefore, the presence of an abelian large sub-
group is necessary to be a Dedekind group.

Clearly, among groups whose large subgroups are normal, there are the
groups in which all large subgroups have the same commutator subgroup.
These latter groups, which will be called here C}—groups when they have
cardinality R, will naturally occur in the description of groups in which
all large subgroups are normal and also will play an important role in the
proofs regarding uncountable groups without large abelian subgroup and
whose large subgroups satisfy a condition generalizing normality. Note
that, while the commutator subgroup of a group in which all subgroups
are normal must have order at most 2, the commutator subgroup of a C}-



group can have any cardinality less than X; in fact, Theorem 3 of [26] shows
that for every cardinal & > Nz (with 2% =R p+1) there exists a nilpotent
Céﬁﬂ-group of class 2 whose commutator subgroup has cardinality « and
either has prime exponent or is a torsion-free divisible group.

As the reader will observe, C}-groups play an analogous role with re-
spect to abelian groups when the focus is only on the properties of large
subgroups of a group of cardinality N.

The widest part of the thesis discusses normality condition for large
subgroups in uncountable groups and it consists of Chapter 2.

Definition. A subgroup H of a group G is said to be subnormal of defect a non-
negative integer k if there exists a finite series of G containing both H and G and
the minimum length for such a series is k.

A famous theorem by J.E. Roseblade [53] asserts that a group G where
all subgroups are subnormal of bounded defect k is nilpotent with class of
nilpotency bounded by a function of k. The above mentioned theorem by
Evans and Kim ensures that the thesis of Roseblade’s statement holds in a
locally soluble group of infinite rank where all subgroups of infinite rank
are subnormal of bounded defect. In Sec. 2.1, uncountable groups having
large subgroups that are subnormal of bounded defect are analyzed. Here,
an analogous version of the result by Evans and Kim is proved, provided
that the group contains a large abelian subgroup. Moreover, a structure
theorem for uncountable groups with normal large subgroups is shown
and the commutator subgroup of a C}-group is described. Most of these
results are in [8], [12] and [10].

Definition. A subgroup H of a group G is said to be nearly normal in G if it has
finite index in its normal closure HC.

In a famous paper of 1955, B.H. Neumann [46] proved that all sub-
groups of a group G are nearly normal if and only if the commutator sub-
group G’ of G is finite. L.D. Macdonald [41] proved a similar result with
bounds on the index of any subgroup in its normal closure and stated that
in such a case the order of the commutator subgroup is likewise bounded.



M. De Falco, E. de Giovanni and C. Musella [6] showed that in an infi-
nite rank generalized radical group it suffices that any subgroup of infi-
nite rank is nearly normal to have a finite commutator subgroup. Sec. 2.2
is devoted to the study of uncountable group whose large subgroups are
nearly normal: the investigation of these groups was started in Sec. 3 of
[12] where it was proved that an uncountable groups where all large sub-
groups are nearly normal has finite commutator subgroup if it contains
a large FC-subgroup; the results obtained in [13] improved the knowl-
edge of the structure of such groups even when there are no large FC-
subgroups, especially when a bound is considered for the index of every
large subgroup in its normal closure.

In [62] and in [28] some theorems of Neumann’s type are proved con-
sidering a generalization of the property of being nearly normal; in par-
ticular, in [62] it has been proved that if « is an infinite cardinal and G is
an FC-group, then every subgroup H of G has index strictly smaller than
« in its normal closure if and only if |G’| < a. In Sec. 2.2, even groups
of regular cardinality N in which every large subgroup has index strictly
smaller than a fixed infinite cardinal « in its normal closure are considered
and the above result has been improved.

Definition. A subgroup H of a group G is said to be almost normal if it has
finitely many conjugates in G.

In [46], Neumann proved that a group G is finite over its centre if and
only if every subgroup of G has finitely many conjugates; even in this case
Macdonald [41] provided a version with bounds of Neumann’s theorem.
Moreover in [49], Y. D. Polovicki proved that groups with this property
are precisely those with finitely many normalizers of (abelian) subgroups,
and by a celebrated theorem of Schur [57], they are also finite-by-abelian.
In a group of infinite rank, in the universe of generalized radical groups,
when every subgroup of infinite rank is almost normal, the centre has fi-
nite index (see [6]). In Sec. 2.3 some kind of translations of these results are
presented by restricting the attention only to the set of large subgroups of
an uncountable group. Most of the theorems of this section are available
in [12] and [14], where a bound is imposed on the number of conjugates of



any large subgroup.

It is a matter of fact that groups with finite commutator subgroup have
finitely many commutators of subgroups. In [17], de Giovanni and Robin-
son proved that the converse is also true when the group is locally graded.
In the same paper, they considered also infinite (locally graded) groups
with finitely many commutator subgroups of infinite subgroups. Sec. 2.4
is devoted to uncountable groups with the same property imposed only on
large subgroups and it is based on results from [11] (where groups with a
large abelian subgroup are considered) and [14]. Here, we state and prove
a version of Schur’s theorem for large subgroups.

Clearly, nearly normality, almost normality, the property of a group to
have finitely many normalizers, or finitely many commutator subgroups
are all examples of finiteness conditions. The results of the thesis involving
such embedding properties illustrate how uncountable groups can exhibit
behaviour similar to that of finite groups when these conditions are im-
posed on large subgroups.

Definition. Let m, k be nonnegative integers. A subgroup H of a group G is said
to be (m, k)-subnormal in G if there exists a subgroup K containing H such that
|K : H| < mand K is subnormal in G with defect at most k.

A subgroup H is (m,1)-subnormal in G if and only if it has index at
most m in its normal closure H®, while H is (1, k)-subnormal if and only
if it is subnormal of defect at most k. As we said above, groups where all
subgroups satisfy one of these conditions have been already considered
by Neumann [46], Macdonald [41] and Roseblade [53]. However, Lennox
[37] generalized Roseblade’s theorem, proving that there exists an integer
function p such that if every finitely generated subgroup of a group G
is (m, k)-subnormal in G, then the term 7, (;,44)(G) of the lower central
series of G is finite of order less than or equal to m!. On the other hand,
in [24] it is proved that locally soluble groups G of infinite rank whose
subgroups of infinite rank are (1, k)-subnormal are finite-by-nilpotent and
the authors showed that the same bound from Lennox’s theorem holds for
the cardinality of () (G).
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Sec. 2.5 deals with uncountable groups with a large abelian subgroup
and where all large subgroups are (m, k)-subnormal, for m, k fixed non-
negative integers and the reference paper is [54].

Definition. A subgroup H of a group G is said to be permutably complemented
if there exists a subgroup K of G such that G = HK and H N K = {1}.

A group G is named a C-group if all its subgroups are permutably com-
plemented. The structure of C-groups has been completely described in
[56] and there are a lot of papers dealing with groups with some per-
mutably complemented subgroups.

In particular, in [29] locally soluble groups of infinite rank in which
every infinite rank subgroup is permutably complemented are studied.
Chapter 3 contains a translation for uncountable groups of the result ob-
tained for groups of infinite rank and gives a further contribution to the
topic of groups in which some subgroups are permutably complemented.
Most of the results of this section are in [55].

It is worth noticing that many of the results about uncountable groups
are not true in the countable setting, since large subgroups of a countable
group are precisely all the infinite subgroups. A significant body of liter-
ature exists on infinite groups where all infinite (proper) subgroups fulfill
a specific property. For more in-depth information about this subject, we
refer the reader to [4], [34], [16].

Another way to go from finite to infinite groups is doing inverse limits
of finite groups.

Profinite groups are inverse limits of finite groups and are character-
ized as topological groups that are compact, Hausdorff and totally discon-
nected. Clearly, every finite group is profinite while every infinite profinite
group G is uncountable, specifically |G| = 20(C) where wy(G) is the car-
dinal of any fundamental system of neighborhoods of 1 consisting of open
subgroups [[63], Theorem 4.9]. For this reason, the exploration of infinite
profinite groups appears to be the natural continuation of the study of ab-
stract uncountable groups. Nevertheless, in a profinite group a subgroup
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is open if and only if it is closed of finite index. It follows that open sub-
groups are large in some sense since, in the infinite case, they share the car-
dinality with the group. The intersection of all open (normal) subgroups of
such a group is trivial, so that profinite groups are residually finite. Here,
an uncountable group G of cardinality N will be called residually small if the
intersection of all normal subgroups of index smaller than N is trivial. In
particular, residually finite uncountable groups are also residually small.

As the reader can observe in Chapter 2, in residually small uncount-
able groups with large subgroups satisfying a normality condition, the
behaviour of small subgroups can often be neglected. This suggests that
the investigation of profinite groups where all open subgroups verify a
specific embedding theoretical property could offer a new framework for
further research and Chapter 4 outlines some initial steps in this direction.

Indeed, Sec. 4.2 is concerned with profinite groups where all open sub-
groups satisfy one of the previously defined normality conditions and nu-
merous results from this line of research have proven to be encouraging.

In Sec. 4.3 the structure of profinite C-groups, i.e. profinite groups in
which all closed subgroups are permutably complemented, is examined.
It is shown that these groups are precisely the profinite groups where all
open subgroups have a permutable complement, and they are inverse lim-
its of finite C-groups. This latter result has enabled us to prove that the
structure of profinite C-groups is really close to that of the C-groups de-
scribed in [56], although they are two different group classes.

A profinite SC-group is a profinite group G where each closed subgroup
H of G admits a closed sectional complement in G, that is a closed com-
plement K to H such that if H < X < G and X is closed in G, then X N K
is a complement to H in X.

In the same section, we will see that the class of profinite SC-groups
coincides with that of profinite C-groups.

Most of our notation is standard and can be found in [51] for abstract
groups, in general, while concepts related to subgroup lattices, such as
permutable complementation, are available in [56]. For profinite groups,
we refer to [50] and [65]. However, we point out that:
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(1) "cartesian product" means "unrestricted direct product";

(2) "direct product" means "restricted direct product";

(3) "H <, (<,) G" means "H is an open (normal) subgroup of G";

(4) "H <. (<¢) G"means "H is a closed (normal) subgroup of G".
Chapter 4 was written under the supervision of G. A. Fernandez Alcober
during my stay at the University of the Basque Country (UPV/EHU). I
would like to express my gratitude to him and to the University for their

hospitality, as well as for the valuable discussions and meetings we had
on profinite groups.
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Chapter 1

Preliminaries about Large
Subgroups

1.1 Uncountable abelian groups

The class of abelian groups plays a crucial role in the study of groups
of uncountable regular cardinality, due to certain distinctive aspects that
warrant particular attention.

Lemma 1.1.1. Let G be an infinite group of reqular cardinality N, and let I be a
set of cardinality strictly smaller than N. If G is the direct product of a collection
(Gj)icr of subgroups, then there exists i € I such that G; has cardinality N.

Proof. Let < be a well-ordering in the set I, and for each i € I put

G;‘< = DI‘G]'.

j<i
Then (G} );c is a chain of subgroups of G, and

G =JGr.

iel

As the cardinal N is regular, at least one of the G’s has cardinality X, and
we may consider the smallest element k of I such that G/ has cardinality
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N. Then

Uai

h<k
has cardinality strictly smaller than R, and hence k is the successor of an
element k’ of I. It follows that Gi = G}, X Gy, and so Gy has cardinality
N. O

Lemma 1.1.2. Let A be an uncountable abelian group of reqular cardinality N.
Then A contains a subgroup of the form

B = DrB;,
i€l
where the set I has cardinality N and either all B; are infinite cyclic or they all
have the same prime order.

Proof. Suppose first that the subgroup T of G consisting of all elements of
finite order has cardinality R. In this case, it follows from Lemma 1.1.1
that there exists a prime number p such that also the p-component G, of
G has cardinality X. Then the subgroup G,[p"] has cardinality X for some
positive integer k, and so the socle of G, is the direct product of a collection
of cardinality N consisting of subgroups of order p. Assume now that T
has cardinality strictly smaller than R, so that A/T has cardinality N. Let
U/T be a free abelian subgroup of A/T such that A/U is periodic. Then it
is easy to prove that U/T has cardinality R, so that it is the direct product
of a collection of cardinality X consisting of infinite cyclic subgroups. On
the other hand, there exists a subgroup B of U such that U = B x T, so

that B ~ U/T and the statement is proved. O

Theorem 1.1.1. Let N be a reqular uncountable cardinal number, and let R be a
principal ideal domain of cardinality strictly smaller than X. If M is an R-module
of cardinality X, then M contains an R-submodule which is the direct sum of a
collection of cardinality N of nontrivial R-submodules.

Proof. The injective hull Eg(M) of M can be decomposed into a direct sum

Er(M) = EDE;,

icl
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where each E; is an injective indecomposable R-module. In particular,
each E; has cardinality strictly smaller than X, since it is a homomorphic
image of the fraction field of R, and hence the set I has cardinality X. On
the other hand, M is an essential submodule of Egx(M), so that M N E; #
{0} for all i € I. Therefore the direct sum

P MnNE)

iel
is a submodule of M satisfying the condition of the statement. O
Corollary 1.1.1. Let R be a regular uncountable cardinal number, and let R be
a principal ideal domain of cardinality strictly smaller than N. If M is an R-

module of cardinality X and N is a small R-submodule of M, there exists a large
R-sumbodule L of M intersecting N trivially.

Proof. By Theorem 1.1.1, there exists an R-submodule

B = PB;

icl

of M where |I| = X and each B; is a nontrivial R-submodule of M. It is
clear that, for each x € N N B, we can find a finite subset I, of I such that

XE@BZ'

icly

and, since N is small, the set ] = |J I has cardinality strictly smaller than
xXeN

NN € B; = {0}.

iel\]

N. Furthermore,

Hence, we can take

L= &B.

icl\J
[

Theorem 1.1.1 can, of course, be specialized by choosing as R the ring
Z of integers. In this case, we obtain the following statement, which shows
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in particular that any uncountable abelian group A of cardinality X con-
tains a subgroup which can be decomposed into the direct product of two
subgroups of cardinality N.

Corollary 1.1.2. Let A be an uncountable abelian group of regular cardinality
N. Then A contains a subgroup which is the direct product of a collection of
cardinality X of nontrivial subgroups.

1.2 Jonsson groups

A group G is called a Jonsson group (after Bjarni Jonsson) if every
proper subgroup of G has strictly smaller cardinality than G itself.

All finite groups are Jénsson and, among countably infinite examples,
we find the Priifer groups Z(p®) and the Tarski groups constructed by
Ol’sanskil. Shelah, in his work [60], provided a construction of a Jéns-
son group of cardinality 8y, without relying on the continuum hypothesis,
thereby providing a negative answer to a question posed by Kuro$ and
Cernikov in their paper [35]. Jonsson groups of cardinality N; were also
constructed by Obraztsov in [47]. Moreover, it has been shown that there
exist Jénsson groups of cardinality N, for each natural number 7 (see [44],
Theorem E).

It turns out that Jénsson groups represent the main obstacle in the
study of uncountable groups whose large subgroups satisfy an embed-
ding property. We list here a number of conditions which are enough in
order to avoid Jénsson groups. In fact, it is known that if N is any un-
countable regular cardinal, then a periodic group of cardinality N cannot
be a Jénsson group, provided that it is either locally finite or a 2-group (see
[33], Theorem 2.6), and a similar result was proved by S.P. Strunkov [61]
for groups in which every 2-generator subgroup is finite. Actually, groups
satisfying some weak solubility condition cannot be Jénsson groups, since
it was remarked by A. Macintyre that every Jonsson group is simple over
the centre; we present here the easy proof of this interesting result.

Proposition 1.2.1. Let G be a Jonsson group of cardinality N. Then G is perfect,
and G/ Z(G) is a simple group of cardinality N.

17



Proof. Let x be any non-central element of G. Then the centralizer C;(x) is
a proper subgroup of G, and so its cardinality is strictly smaller than . It
follows that |G : Cg(x)| = R, and hence the conjugacy class of x in G has
cardinality R. Therefore, also the normal closure of (x) in G has cardinality
X, and so (x)© = G. In particular, the factor group G/Z(G) is simple, and
of course it has cardinality X. Obviously, G’ is not contained in Z(G), and
if x is an element of G’ \ Z(G), it follows that G = (x)¢ = G’ is perfect. [
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Chapter 2

Normality conditions on Large
Subgroups

2.1 Normality and Subnormality

A celebrated theorem of J.E. Roseblade states that if k is a positive in-
teger and G is a group in which all subgroups are subnormal of defect at
most k, then G is nilpotent; moreover, there exists a function f such that
the nilpotency class of G is bounded by f(k) (see [51] Part 2, p.71). In
[27], Evans and Kim proved that in a locally soluble group of infinite rank,
when all subgroups of infinite rank are subnormal of defect at most k, also
the finite rank subgroups satisfy the same property, so that the group is
nilpotent of class at most f(k). As expected, Roseblade’s function plays a
role in our considerations.

Lemma 2.1.1. Let k be a positive integer and let G be an uncountable group of
regular cardinality N in which all large subgroups are subnormal of defect at most
k. If G is abelian-by-cyclic, then it is nilpotent of class at most f (k).

Proof. We can write G = A(x), where A is a normal abelian subgroup of
G and x is an element of G. Of course, A is large and it can be regarded as
a module over the countable ring R = Z(x). Moreover, the R-submodules
of A are all its G-invariant subgroups. By Theorem 1.1.1, A contains the
direct product
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DI‘MZ',

i€l
where [ is a set of cardinality X and, for each i € I, M; is a G-invariant
subgroup of A. It follows that there exist two subsets I; and I, of I, each
of cardinality X, such that

LN =0Q.
Forj=1,2, put
B]' = DrMi,
iEI]'

then B; and B; are G-invariant subgroups of A of cardinality X whose
intersection is trivial.

Thus, Roseblade’s theorem [53] ensures that 7 ¢().1(G/ B;) is also triv-
ial, for j = 1, 2. Therefore,

Y +1(G) < BiN By = {1}

and G is nilpotent of class at most f (k). O

Theorem 2.1.1. Let k be a positive integer, and let G be an uncountable group
of regular cardinality N in which all subgroups of cardinality X are subnormal of
defect at most k.

(a) If G contains a large abelian normal subgroup, then all subgroups of G are
subnormal of defect at most k, and so G is nilpotent of class at most f (k).

(b) If G contains a large abelian subgroup, then G is nilpotent and the subgroup
Vfk)+1(G) is small.

Proof.

(a) Let A be an abelian normal subgroup of G of cardinality XN. If x is any
element of G, the subnormal subgroup (A, x) is nilpotent by Lemma
2.1.1, and hence G is a Baer group. Let E = (x1, ..., x;) be any finitely
generated subgroup of G. Then E is subnormal and nilpotent, so that
also AE is nilpotent, and so there exists a nonnegative integer m such
that

B=[AFE,... E

—m—
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(b)

has cardinality X and C = [B, E] has cardinality strictly smaller than
N. For each positive integer i < ¢, let

0,:B—C

be the homomorphism defined by putting b% = [b,x;] for all b € B.
Then every B/ker6; has cardinality strictly smaller than X, and so the
subgroup

t
u= ﬂker@i
i=1
has cardinality X. Clearly, U is contained in the centre of AE, and by
Corollary 1.1.1 and Corollary 1.1.2 it contains two subgroups U; and
U, of cardinality N such that

Uy N, = EN(Uy, Up) = {1}.
It follows that the subnormal subgroup
EU, N EU,

has defect at most k in G. Therefore, all finitely generated subgroups
of G are subnormal of defect at most k, and so even every subgroup
of G is subnormal of defect at most k (see [51] Part 2, Lemma 7.41).

Suppose now that A is an abelian subgroup of G of cardinality X,
but that A is not necessarily normal. However, by assumption A is
at least subnormal in G, and we will first prove that G is nilpotent,
by using induction on the defect m of A in G. This is certainly true
if m = 1 by part (a). If m > 1, the subgroup A has defect m — 1 in
its normal closure A, and so it can be assumed that A€ is nilpotent.
It follows that the abelian group A%/ (A®)’ has cardinality R, and so
the factor group G/(A®)’ is nilpotent by (a). Therefore, G itself is
nilpotent. As G is nilpotent, there exists a positive integer s such that
75(G) has cardinality X and 41(G) has cardinality strictly smaller
than X. Then the factor group G/7;:+1(G) contains the abelian nor-
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mal subgroup 7v(G)/vs+1(G), which has cardinality R, and so it fol-
lows from part (a) that G/s41(G) is nilpotent of class at most f (k).
Therefore, ¥f(1)41(G) is contained in 7511(G), and hence it has car-
dinality strictly smaller than X.

Recall here that a Dedekind group is a group whose subgroups are all nor-

mal.

Corollary 2.1.1. Let G be an uncountable group of regular cardinality X in which
all large subgroups are normal. If G contains a large abelian subgroup, then G is
a Dedekind group.

The structure of a Dedekind group has been fully described by R. Bear
who proved that such groups are either abelian or a direct product of the
form Qg X B x D, where Qg is a quaternion group of order 8, B is an el-
ementary abelian 2-group, and D is a torsion abelian group with all ele-
ments of odd order. In particular, these groups have finite commutator
subgroup of order at most 2.

Corollary 2.1.2. Let G be an uncountable group of cardinality N in which all
large subgroups are normal, and let X be a large subgroup of G. Then G/ X' isa
Dedekind group. Moreover, if the factor group G/ X' is not abelian, then Y' = X’
for each large subgroup Y of X.

Proof. Of course, X’ is a normal subgroup of G. Suppose first that also the
commutator subgroup X' of X is large; then all subgroups of G containing
X' are normal, and so G/ X’ is obviously a Dedekind group. On the other
hand, if the subgroup X’ is small, we have that X/X’ is an abelian large
subgroup of G/X’, and so G/ X' is a Dedekind group by Corollary 2.1.1.
Suppose that G/ X' is not abelian, and let Y be any large subgroup of X.
Then Y’ is normal in G, and G/Y’ is a Dedekind nonabelian group by the
first part of the statement, so that G’ = Y/ hasorder 2. As Y < X' < G/, it
follows that Y/ = X'. O

Lemma 2.1.2. Let G be an uncountable group of regular cardinality X in which
all large subgroups are normal. If the intersection of all large subgroups of G is
trivial, then G is a Dedekind group.
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Proof. Let U be the set of all large subgroups of G. Obviously, G/U is a
Dedekind group for each U € U, and we may suppose that there exists
an element X of U such that G/X is not abelian. If U is any element of
U, the factor group G/(X N U) can be embedded into the direct product
G/X x G/U and so it contains an abelian subgroup of finite index. Thus,
G/(XNU) is a Dedekind group by Corollary 2.1.1, independently on the
cardinality of X N U. It follows that G' N X = G’ N X N U, and hence,

GnX< (u={1}.
Ueld

Therefore, X is abelian, and a further application of Corollary 2.1.1 yields
that G is a Dedekind group. O

Lemma 2.1.3. Let G be an uncountable group of regular cardinality N in which
all large subgroups are normal. If the commutator subgroup G’ of G is large, then
G" is a Jénsson group of cardinality N. In particular, if G has no Jénsson normal
large subgroups, then G’ is small.

Proof. Assume that the abelian group G'/G” has cardinality R, so that
there exists a subgroup X of G such that G < X < G’ and both the groups
X/G" and G’/ X have cardinality X (see Corollary 1.1.2). Then X is normal
in G and G/ X is a Dedekind group, which is impossible as its commutator
subgroup is infinite. It follows that G’/G” has cardinality strictly smaller
than X, and hence G” is large. On the other hand, G” is obviously con-
tained in every large subgroup of G, so that all its proper subgroups have
cardinality strictly smaller than X. Therefore, G” is a Jénsson group. [

Theorem 2.1.2. Let G be an uncountable group of regular cardinality X in which
all large subgroups are normal. If G has no Jonsson normal subgroups, then G is
nilpotent of class at most 2.

Proof. Let N be the intersection of all large subgroups of G, so that it fol-
lows from Lemma 2.1.2 that G/ N is a Dedekind group. Let ¢ be an arbi-
trary element of G. Since by Lemma 2.1.3 the commutator subgroup G’
of G is small, also the conjugacy class of g has cardinality strictly smaller
than N. It follows that the index in G of the centralizer C5(g) is likewise
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small, so that C5(g) has cardinality X and hence N < Cg(g). Thus, N
is contained in the centre of G, whence G/Z(G) is a Dedekind group. It
follows that G/ Z(G) is even abelian (see, for instance, [59]), and so G has
nilpotency class at most 2. O

Groups whose large subgroups have all the same commutator sub-
group, which in [13] have been called C}-groups when they have cardi-
nality N, were constructed in [26]. These groups are involved in the de-
scription of groups in which all large subgroups are normal, as the reader
will be able to observe in the main theorem of this section.

For the proof of the following lemma we refer to [8] (see Theorem 3.5).

Lemma 2.1.4. Let G be an uncountable locally finite group of reqular cardinality
N in which all large subgroups are normal. Then either G is a Dedekind group or
there is a prime number p such that G = H x K, where H is a large nilpotent
p-subgroup and K is a small Dedekind p'-group. Moreover:

(a) If p > 2, then the subgroup O)1(H) has exponent p and cardinality R,
while the groups HP and H /Oy (H) have cardinality strictly smaller than
N.

(B) If p = 2, then either G has a homomorphic image isomorphic to Qg and
H? = H’ or G has no homomorphic images isomorphic to Qg and (G')? =

{1}
The following result is the main theorem of this section.

Theorem 2.1.3. Let G be an uncountable group of reqular cardinality X which
has no Jonsson large subgroups. Then all large subgroups of G are normal if and
only if one of the following conditions holds:

(a) G is a Dedekind group;
(b) Gisa ng—group;

(c) G = P x Q, where P is a nilpotent p-group of cardinality X for some prime
p, Q is a periodic Dedekind p’-group, and

(i) if p > 2, Pis a Ch-group and Q is nonabelian,

24



(ii) if p = 2 and P contains a nonabelian C}-subgroup N of finite index
and such that P/ N' is a Dedekind nonabelian group.

Proof. Assume that all large subgroups of G are normal, so that G is nilpo-
tent by Theorem 2.1.2. Suppose that G neither is a Dedekind group nor sat-
isfies condition (b), and let Y be a large subgroup of G such that Y/ # G'.
It follows from Corollary 2.1.2 that G/Y’ is a Dedekind nonabelian group
and so there exists a normal subgroup K of G such that G/K is isomor-
phic to the quaternion group of order 8. Since G/Y’ is periodic and G is
nilpotent, we have that G itself is periodic. Then it follows from Lemma
2.1.4 that there exists a prime number p such that G = P x Q, where Pis a
p-group of cardinality X and Q is a Dedekind group of cardinality strictly
smaller than X which has no elements of order p. Assume first that p > 2,
so that P is contained in K and hence G/P is not abelian. It follows from
Corollary 2.1.2 that X’ = P’ for each large subgroup X of P, and so P satis-
fies condition (D) of the statement. Suppose now that p = 2, so that Q is an
abelian subgroup contained in K. Put N = KN P. Thus, P/N is isomor-
phic to the quaternion group of order 8; in particular, N has cardinality
N and so it cannot be abelian. Moreover, P/ N’ is a Dedekind nonabelian
group by Corollary 2.1.2, while it follows again from Corollary 2.1.2 that
X" = N’ for every large subgroup X of N.

Conversely, let G = P x Q be a group satisfying condition (c) of the
statement, and let X be any large subgroup of G. Then

X=(XNP)x(XNQ),

where X N P has cardinality X and X N Q is a normal subgroup of G. More-
over, we have (XN P) = P'if p >2and (XNP) = N when p = 2, s0
that X N P is normal in P, and so also in G. Therefore, the subgroup X is
normal in G, and the proof is complete. O

The consideration of the direct product of a quaternion group of order
8 by a Priifer 2-group shows that the statement of Theorem 2.1.3 does not
hold if X = R

Our aim is now to describe the behaviour of uncountable groups in
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which all large subgroups have the same commutator subgroup. No-
tice that these groups may have an infinite commutator subgroup; in fact,
Ehrenfeucht and Faber exhibited a nilpotent group G of class 2 and cardi-
nality Ry whose commutator subgroup is isomorphic to the additive group
of rational numbers, but X’ = G’ for each uncountable subgroup X. In
the same paper, the authors constructed (for a suitable prime number p)
an extraspecial p-group G of cardinality 8; whose abelian subgroups are
countable, so that also in this case G’ is the commutator subgroup of any
large subgroup.

Let G be a group, and let X be a subgroup of G. Recall that the isolator
of X in G is the set I(X) of all elements g of G such that g* belongs to X
for some positive integer k. It is known that in a locally nilpotent group
the isolator of any subgroup is likewise a subgroup. Moreover, if G is
a torsion-free locally nilpotent group and X is a subgroup of G which is
nilpotent of class ¢, then I (X) is also nilpotent of class ¢ (see [[39], Section
2.3]).

Lemma 2.1.5. Let G be a torsion-free locally nilpotent group whose commutator
subgroup G' is divisible abelian. Then the factor group G/ G’ is torsion-free.

Proof. The isolator Ig(G’) of G’ in G is an abelian normal subgroup of G,
and of course the factor group G/ I (G’) is torsion-free. On the other hand,
I (G’) splits over its divisible subgroup G, and so I(G’') = G’ because
I(G")/G' is periodic. Therefore, the group G/ G’ is torsion-free. O

Theorem 2.1.4. Let G be an uncountable group of reqular cardinality X which
has no Jénsson large subgroups. If G is a Cl-group, then it is nilpotent of class at
most 2. Moreover, either the subgroup T consisting of all elements of finite order
of G is large and G’ has prime exponent or T is small and G’ is divisible.

Proof. All large subgroups of G are obviously normal, so that it follows
from Theorem 2.1.2 that G is nilpotent of class at most 2 and G’ is small by
Lemma 2.1.3.

Assume first that T is a large subgroup of G, so that T' = G'. Of course,
it follows from the hypotheses that all finite homomorphic images of T are
abelian, and hence in this case G’ has prime exponent by Lemma 2.1.4.
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Suppose now that T is small and assume by contradiction that (G')* #
G’ for some positive integer k. As G = G/T is a torsion-free group of car-
dinality N in which all large subgroups are normal, its commutator sub-
group G is divisible (see [8], Theorem 3.6) and hence G/G is likewise
torsion-free by Lemma 2.1.5. It follows that (G/ @,)k has cardinality R,
and so also GF is large. Moreover, [Gk, G| < (G )k because G has class 2, so
that G¥/(G’)¥ is contained in the centre of G/ (G')¥ and hence Z(G/(G')¥)
has cardinality 8. Thus, G/(G')¥ is a Dedekind group by Corollary 2.1.1.
On the other hand, G/ (G’)¥ cannot be abelian, and so G contains a normal
subgroup N such that G/ N is isomorphic to the quaternion group of order
8, which is impossible, since in this case N is large and N " # G’'. Therefore
G' is a divisible group. O

The above quoted examples due to Ehrenfeucht and Faber show that
both situations described in Theorem 2.1.4 may actually occur.

2.2 Nearly Normality

A subgroup H of a group G is said to be nearly normal in G if it has finite
index in its normal closure HC. If H is a family of subgroups of a group G,
we will say that the subgroups in H are boundedly nearly normal if there
exists a positive integer k such that |[H® : H| < k for each subgroup H in
H.

B.H. Neumann [46] proved that all subgroups of a group G are nearly
normal if and only if the commutator subgroup G’ of G is finite; Neu-
mann’s Theorem yields that if every subgroup of a group is nearly normal,
then there is a bound for the index of every subgroup in its normal closure,
so that every subgroup is boundedly nearly normal.

Theorem 3.6 of [12] shows that the imposition of nearly normality only
on the set of all large subgroups of an uncountable group G of cardinal-
ity N is enough to have that G’ is finite, provided that G contains a large
FC-subgroup. Hence, even in such a case, the behaviour of small sub-
groups can be neglected and every subgroup of the group is boundedly
nearly normal. This fact suggests a deeper investigation of the structure
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uncountable groups whose large subgroups have boundedly finite index
in their normal closure. This choice links directly the study of nearly nor-
mality to that of normality for large subgroups and to the investigation of
the influence of this latter property on the behaviour of the commutator
subgroup.

For the purposes of our discussion, here we will state and prove a ver-
sion with bounds of the above quoted result of [12].

Theorem 2.2.1. Let G be an uncountable group of regular cardinality N. If there
exists a positive integer k such that for every large subgroup X of G, | X© : X| < k
and G contains a large abelian subgroup, then the commutator subgroup G' of G
is finite of order bounded by a function of k.

Proof. Since G contains a large abelian subgroup, it follows from Corollary
1.1.2 that there exists in G an abelian subgroup of the form A = A; x A,
where both A; and A; have cardinality X. Then all subgroups of the factor
group G/ AY are nearly normal with the same bound as in G, and hence
the commutator subgroup G'AY/ AS of G/ A is finite of order at most a
positive integer m depending only on k (see [41], Theorem B), fori = 1,2.
On the other hand, as |Af : A1l < kand |A§ : Ap| <k, we have that

IAS N AS| = |AS N AS : AN A||AS N Ay Apn Ay < KA

The commutator subgroup G'(A§ N AS)/(AS N AY) is isomorphic to a
subgroup of the direct product

G'/(AS NG x G /(AS NG,
so that it is finite of order at most m2, hence G’ has order at most m2k?. [

Now we are able to show that the condition of nearly normality (with
bounded index) on large subgroups is equivalent to the property that the
commutator subgroup of every large subgroup coincides with the com-
mutator subgroup of the whole group up to a finite section (of bounded
order).

Theorem 2.2.2. Let G be an uncountable group of reqular cardinality N.
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Then all large subgroups of G are nearly normal if and only if for every large
subgroup X of G, the index |G’ : X'| is finite.

Proof. Assume that all large subgroups of G are nearly normal, and let X
be any large subgroup of G; then the index |X© : X| is finite and the factor
group G/XC is finite-by-abelian, so that also the index |G’ : (G’ N X)| is
finite. If the commutator subgroup X’ of X is large, the above argument
shows that |G’ : X’| is finite. Assume that X’ is small, and let N be the core
of X in X©; then N’ is small, so that the factor group XG /N’ contains the
large abelian subgroup N/N’. Therefore G’/ N’ is finite (see [12], Theorem
3.6), and hence |G’ : X'| is finite. O

Proposition 2.2.1. Let G be an uncountable group of regular cardinality N. If
there exists a positive integer k such that for every large subgroup X of G, |XC :
X| < k, then for every large subgroup X of G, the index |G' : X'| is finite and
bounded by a function of k.

Proof. Let X be any large subgroup of G. There exists a positive integer m,
depending on k, such that G'X®/XC is finite of order less or equal than
m (see [41], Theorem B), so that |G’ : (G’ N X)| < mk. If the commutator
subgroup X’ of X is large, the above argument shows that |G’ : X'| < mk.
Assume that X’ is small, and let N be the core of X in X©; then N’ is small,
so that the factor group X© /N’ contains the large abelian subgroup N/N’.
Therefore |G’/ N’| < m*k* by Theorem 2.2.1, and hence the index |G’ : X'|
is likewise less or equal than m*k*. O

Recall first that every group G contains a maximum locally nilpotent
normal subgroup H(G), the so-called Hirsch-Plotkin radical, and that the
upper Hirsch-Plotkin series

{1} = Ho(G) < Hi(G) < -+~ < Ha(G) < Hy1(G) < ...

is defined recursively by putting

Hzx+1(G)/Htx(G) = H(G/Hac(G))
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for each ordinal « and
H)\(G) = | He(G)
a<A

if A is a limit ordinal. A group G is said to be radical if it admits an ascend-
ing (normal) series whose factors are locally nilpotent, or equivalently if
its upper Hirsch-Plotkin series terminates with G. It is easy to show that
in any group G the subgroup R(G) generated by all radical normal sub-
groups is likewise radical and coincides with the last term of the upper
Hirsch-Plotkin series of G.

In [12], the authors proved that the subgroup R(G) of an uncountable
group G of cardinality N in which all large subgroups have finite index has
to be small (see Lemma 3.7). In the same paper, some consequences of that
lemma concerning uncountable groups G in which R(G) has countable in-
dex are shown (see Corollary 3.8 and Corollary 3.9). Since every ascendant
radical subgroup of a group G is contained in R(G) by [[51], Part I, Lemma
1.31], these results can be slightly improved as follows.

Corollary 2.2.1. Let G be an uncountable group of regular cardinality . If G
contains a large radical ascendant subgroup, G contains a large subgroup X such
that the index |G : X| is infinite.

Corollary 2.2.2. Let G be an uncountable group of reqular cardinality X in which
all large subgroups are nearly normal. If G contains a large radical subgroup, then
the commutator subgroup G’ of G is small.

Proof. Assume for a contradiction that G’ is a large subgroup of G.

Let X be a large radical subgroup of G; then if Y is the core of X in
XG, also |X© : Y| is finite, and hence Y is likewise large. Moreover, Y is
contained in R(G) (see [51], Part I, Lemma 1.31). It follows that R = R(G)
is large and |G’ : R’| is finite by Theorem 2.2.2, so that Corollary 2.2.1
ensures that G’ contains a large subgroup X such that the index |G : X|
is infinite. Then all subgroups of G/XC are nearly normal, and hence the
commutator subgroup G'/XC is finite. On the other hand, X has finite
index in X© and so also in G’, and this contradiction proves the statement.

O
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Proposition 2.2.2. Let G be an uncountable group of reqular cardinality N in
which all large subgroups are nearly normal. If G contains a large radical sub-
group, then the commutator subgroup G’ of G is small and G is locally (finite-by-
nilpotent).

Proof. As in the proof of Corollary 2.2.2, we have that R(G) is large while
R(G)' is small; it follows that the factor group G/R(G)’ contains the large
abelian subgroup R(G)/R(G)’, and hence it is finite-by-abelian (see [12],
Theorem 3.6). Therefore, G’ is small; hence for every element x of G, we
have that |G : Cg(x)| < N.

Let F = (x1,...,xt) be any finitely generated subgroup of G. The cen-

tralizer t
Cc(F) = () Ca(x)
i=1

has index in G strictly smaller than R, and hence it is a large subgroup, so
that Cs (F)F has finite index in (Cg(F)F)C. It follows now from Theorem
1.1 of [3] that G is locally (finite-by-nilpotent). O

Proposition 2.2.3. Let G be an uncountable group of reqular cardinality N in
which all large subgroups are nearly normal. If G contains a large locally nilpo-
tent subgroup, then the commutator subgroup G’ of G is finite-by-(locally nilpo-
tent).

Proof. Let X be a large locally nilpotent subgroup of G; then if Y is the core
of X in X©, also | X© : Y| is finite, and hence Y is likewise large. Moreover,
Y is contained in the Hirsch-Plotkin radical H of G (see [51], Part I, Lemma
1.31), so that H is large, and hence G/ H is finite-by-abelian. In particular,
the index |G’ : (G’ N H)| is finite, and so there exists a finitely generated
subgroup F such that G’ = F(G' N H). As in the proof of Proposition 2.2.2,
we can see that the subgroup FCg(F) is nearly normal in G, and hence
Fy = FCq/(F) has finite index in F, = FZ'.

It follows from Proposition 2.2.2 that F is finite-by-nilpotent, so that
there exists a positive integer m such that 7, (F) is finite; moreover,

Fv/ym(F) = F/9m(F) - (FL O H)Ym(F))/ Ym(F)
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is locally nilpotent.

The subgroup 7, (F) is normalized by F;, hence it has finitely many
conjugates in F,, so that K = «,,(F)™ is finite; clearly, F, = F;(F, N H), and
hence

E/K =FK/K-((F,NH)K)/K

is locally nilpotent (see [3], Lemma 2.7). Therefore, F, contains a finite
characteristic subgroup M such that F,/M is locally nilpotent (see [3],
Lemma 2.9) and hence

G'/M=FE/M-((GNH)M)/M

is locally nilpotent. O

Proposition 2.2.4. Let G be an uncountable group of reqular cardinality N in
which all large subgroups are nearly normal. If the commutator subgroup G’ of
G is small, it is an FC-group and G'Z(G)/Z(G) is a residually finite group.

Proof. Let x be any element of G, and let C be the centralizer of x in G;
then the index |G : C| is strictly smaller than X, so that C is large. It fol-
lows from Theorem 2.2.2 that the index |G’ : (G’ N C)] is finite. Therefore,
G'Z(G)/Z(G) ~ G'/(G'NZ(Q)) is residually finite and every element of
G’ has finitely many conjugates in G'. O

Next two theorems give a description of the structure of groups G of
cardinality N in which all large subgroups are boundedly nearly normal; in
particular, the first of them provides a necessary and sufficient condition
for the bounded nearly normality of all large subgroups of G based on the
fact that their commutator subgroups are constrained between G’ and the
commutator subgroups of some C};-subgroup of G.

The second theorem must be seen in relation with Theorem 2.1.2 and
Theorem 2.1.4 which ensure that any C}-group (containing no Jonsson
large subgroups) is nilpotent of class at most 2 and its commutator sub-
group either is divisible or has prime exponent.

If G is a group of cardinality N, following [11], we shall denote by
Cx(G) the set of all commutator subgroups of the large subgroups of G.
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Theorem 2.2.3. Let G be an uncountable group of reqular cardinality N which
has no Jonsson large subgroups. Then there exists a positive integer k such that
|X© : X| < k for every large subgroup X of G if and only if there exist a positive
integer h and a family {K; | j € J} of Ci-subgroups of G such that |G’ : Kl <h
and X' contains some K}, for every large subgroup X of G.

Proof. Assume that |XC : X| < k for every large subgroup X of G, so that
the set Cx (G) of all commutator subgroups of large subgroups satisfies the
minimal condition by Proposition 2.2.1. Indeed, if

X{>Xy> ... X, > X0 >

is a descending chain of elements in Cy(G), we have that there exists a
positive integer h such that, for every n, |G’ : X,| < h; it follows that
the chain above has to be definitively constant. Therefore, for every large
subgroup X of G, there exists a large subgroup Kx of G such that K}, <
X' and K is a minimal element of Cy(G); then Y’ = K for every large
subgroup Y of Kx; finally, it follows again from Proposition 2.2.1 that |G’ :
K| < h for every large subgroup X of G. O

Theorem 2.2.4. Let G be an uncountable group of regular cardinality X which
has no Jonsson large subgroups. If there exists a positive integer k such that for
every large subgroup X of G, | X© : X| < k, then G' is small and [G', G| is finite.

Moreover, if G' is infinite, it contains a finite subgroup N containing [G', G]
such that either G' / N has prime exponent p or G/ N is a C}-group with divisible
commutator subgroup.

In the first case, the subgroup T of G consisting of all elements of finite order
is large, and the p'-component of T/N is small, while in the second case T is
small and G has finitely many commutator subgroups of large subgroups.

Proof. As in the proof of Theorem 2.2.3, it follows from Proposition 2.2.1
that the set Cx(G) of all commutator subgroups of large subgroups sat-
isfies the minimal condition; let K be a large subgroup of G whose com-
mutator subgroup K’ is a minimal element of Cx(G); then K is clearly a
Cl-group.
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In particular, K’ is small (see Theorem 2.5 2.1.4), so that G’ is likewise
small since |G’ : K'| is finite; therefore, for every x € G, Cg(x) is large,
and hence |G’ : Cg/(x)] is finite and bounded by a function of k again by
Proposition 2.2.1. An application of Theorem 1.2 of [23] ensures that 73(G)
is finite.

Let N be a finite subgroup of G’ containing y3(G) such that

G'/73(G) = (K'v3(G)/73(G)) - (N/73(G)).

Clearly N is normal in G and G'/N is either an abelian group of prime
exponent or a divisible abelian group by Theorem 2.1.4.

Assume first that G’/ N is an abelian group of prime exponent p; then
Theorem 2.1.4 ensures that the torsion subgroup of the C}-group K is large
so that T is large.

Suppose now that G’ is infinite, so that G/N does not contain any
large abelian subgroup (see [12], Theorem 3.6); on the other hand, the
p’-component of T/N has trivial intersection with G’/ N, and hence it is
contained in the centre of G/ N, so that it must be small.

Otherwise, if G’/ N is divisible, then G/N is a Cjy-group by Theorem
2.2.2,and T is small by Theorem 2.1.4. O

In this paragraph, we will extend the concept of (boundedly) nearly
normality of a subgroup. If G is a group and H is a family of subgroups
in G, we will say that the subgroups in ‘H are weakly nearly normal if there
exists a cardinal number a > 1 such that |H® : H| < a for each subgroup
H in ‘H. When « is finite, weakly nearly normal subgroups (with bound «)
are boundedly nearly normal.

Subsequently, we will examine the structure of uncountable groups
where large subgroups are weakly nearly normal with an infinite cardi-
nal as a bound.

Tomkinson in [62] studied FC-groups where every subgroup has index
less than an infinite cardinal a in its normal closure and he proved the
following theorem.

Theorem 2.2.5. Let G be an FC-group and let a be an infinite cardinal.
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If|UC : U| < a for each subgroup U of G, then |G| < a.

The assumptions of Theorem 2.2.5 can be weaken when we consider
uncountable FC-groups of regular cardinality.

Theorem 2.2.6. Let G be an uncountable FC-group of regular cardinality N.
Let a be an infinite cardinal. If [U : U| < « for each large subgroup U of G,
then |G'| < a.

Proof. There exists a large subgroup K of G whose commutator subgroup
K’ is finite (see [63], p.155); therefore, K/ K’ contains an abelian subgroup
of the form A;/K’ x Ay/K’ where both A; and A; have cardinality X by
Corollary 1.1.2. Hence, for i = 1,2, the commutator subgroup G’ AZ.G/ AIG
of G/ AY has cardinality less than « by Theorem 2.2.5, so that |G’ : (G' N
AYNAS)| <a.

On the other hand, both |AS : A;| and |AS : A,| are strictly smaller
than a and |A§ N AS : K'| = |[A$ N AS : A1 N Ay|, hence

IASNAS K| = |AT N AS : AP N A||AS N As: AL N Ay < a.
As a consequence, we have that
IG" K| = |G : (GC'NASNAD)||(G'NAF N AS) 1 K'| < a,
therefore |G'| < «. O

If B is a cardinal number, a group G is said to be a BC-group if for every
element x of G, the conjugacy class of x has cardinality strictly smaller than
B. In other words, G is a BC-group if |G : Cg(x)| < B, for every element
x of G. When S is a finite cardinal number, a BC-group is a BFC-group.
Hence, we will focus on the case of BC-groups where f is infinite.

Theorem 2.2.5 has been improved in [28], where the authors prove that
if G is a BC-group for some infinite cardinal 8 < « and |U° : U| < « for
each subgroup U of G, then |G’| < «, provided that GCH is assumed to be
true.

Theorem 2.2.6 leads to the following corollary in the case that G is a
BC-group, with B < a, or « is a strong limit cardinal, i.e., 27 < « for every
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v < a.

Corollary 2.2.3. Let G be an uncountable group of reqular cardinality X contain-
ing a large FC-subgroup. Let a be an infinite cardinal such that |U® : U| < «
for each large subgroup U of G.

If either w is a strong limit cardinal or GCH is true and G is a BC-group for
some infinite cardinal p < w, then |G'| < a.

Proof. Clearly, we can assume that & < XN. Let F be a large FC-subgroup
of G; by Theorem 2.2.6, the commutator subgroup F’ of F has cardinal-
ity strictly smaller than «. Therefore, F/F’ contains an abelian subgroup
of the form A;/F x Ap/F' where both A1 and A, have cardinality X by
Corollary 1.1.2.

Assume first that a is a strong limit cardinal; then for each i = 1,2,
for every x € G, the normal closure <xAiG)G/ A7 has cardinality strictly
smaller than a, so that the factor group G/ A¢ is an aC-group, and hence
the commutator subgroup G'AY/A¢ of G/AY has cardinality less than
« (see [28], proof of Corollary 3.3 and Theorem B). Otherwise, if GCH is
true and G is a BC-group for some infinite cardinal B < «, then G/ Af isa
BC-group (see [28], Lemma 3.4), so that, also in this case, the commutator
subgroup G’ AZ.G / AiG of G/ AZ.G has cardinality less than a by Theorem C of
[28]. Reminding that both |A$ : A;| and |AS : A;| are strictly smaller than
a (so that |[AS N AS : F/| < &), we have that |G| < a. O

2.3 Almost Normality and Finite Number of Nor-

malizers

A subgroup H of a group G is said to be almost normal in G if it has
finitely many conjugates in G or, equivalently, if the normalizer Ng(H) of
H in G has finite index in G. If H is a family of subgroups of a group G,
we will say that the subgroups in ‘H are boundedly almost normal if there
exists a positive integer k such that |G : Ng(H)| < k for each subgroup H
in H.
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In [46], Neumann proved that a group G is finite over its centre if and
only if every subgroup of G has finitely many conjugates; moreover, in
[49], Polovicki proved that groups with this property are precisely those
with finitely many normalizers of (abelian) subgroups, and by a celebrated
theorem of Schur [57], they are also finite-by-abelian. In particular, when
all subgroups of a group G are almost normal, they are both boundedly
almost normal and boundedly nearly normal.

De Falco, de Giovanni and Musella in [12] showed that in an uncount-
able group containing a large abelian subgroup, if all large subgroups are
nearly normal, the group is central-by-finite. As a consequence, in such
groups all subgroups are (boundedly) almost and nearly normal. In addi-
tion, the same authors proved that, when all large subgroups are almost
normal, they are also nearly normal.

In the present section, we will provide two similar results with bounds
since it will be useful for our aims. Indeed, the goal of this section is to
explore the behaviour of uncountable groups of regular cardinality whose
large subgroups are boundedly almost normal, starting from the study of
uncountable groups where there are finitely many normalizers of large
subgroups. Actually, it will turn out that these properties are equivalent,
even when we focus only on the set of large subgroups, giving a kind of
translation of the above quoted Polovicki’s theorem.

Our first result shows that the commutator subgroup of a group G of
cardinality N with finitely many normalizers of large subgroups must be
small, provided that G has no simple sections of cardinality N.

Proposition 2.3.1. Let G be an uncountable group of regular cardinality N hav-
ing no simple sections of cardinality N. If G contains only finitely many normal-
izers of large subgroups, then the commutator subgroup G' of G is small.

Proof. We will proceed by induction on the number k of the proper nor-
malizers of large subgroups. If k = 0, all large subgroups are normal, and
the statement follows from Lemma 2.1.3.

Assume that k > 0, and let Ny, ..., Ny be the proper normalizers of
large subgroups; for every i = 1,...,k, the subgroup N; has less than k
proper normalizers of large subgroups, and hence, by induction hypoth-
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esis, N is small. On the other hand, the subgroup N;j has finitely many
conjugates in G, so that the conjugacy class of N/ is also finite and hence
the subgroup N = (N7, ..., N/) is small.

Let H/N any non-abelian large subgroup of G/N; then H is not con-
tained in any N;, so that H is normal in G. Therefore, G’/ N is small (see
[8], Theorem 4.3), so that G’ is small. O

In [45], B. H. Neumann provided a characterization of groups with
finitely many normalizers:

Theorem 2.3.1. A group G is covered by finitely many abelian subgroups if and
only if G/ Z(G) is finite.

Such a result has an interesting consequence concerning groups with
a finite covering of central-by-finite subgroups. In order to prove it, we
require the following lemma by Neumann, which plays a key role in all
arguments related to finite coverings of groups.

Lemma 2.3.1. Let the group G = X1 U - - - U X}, be the union of finitely many
subgroups X1, ..., Xn. Then any X; of infinite index can be omitted from this
decomposition; in particular, at least one of the subgroups Xy, ..., Xy has finite
index in G.

Corollary 2.3.1. Let G be a group covered by finitely many central-by-finite sub-
groups. Then G/ Z(G) is finite.

Proof. Assume that G = X; U - U X;, where Xj,..., X; are central-by-
finite subgroups of G. It follows from Lemma 2.3.1 that there exists a sub-
set {i1,...,im} of {1,...,t} suchthat G = X; U--- U X, and |G : X; | is fi-
nite forevery j =1,...,m. Thus, |G : Z(X;,)| is finite foreach j = 1,...,m;
so the centre

has likewise finite index in G. O

Proposition 2.3.2. Let G be an uncountable group of regular cardinality N hav-
ing no simple sections of cardinality N such that G contains only finitely many
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normalizers of large subgroups. If G contains a large abelian subgroup, then
G/Z(G) is finite.

Proof. We will proceed by induction on the number k of the proper nor-
malizers of large subgroups. If k = 0, all large subgroups are normal and
the statement follows from Corollary 2.1.1.

Assume that k > 0, and let Ny, ..., Ni be the proper normalizers of
large subgroups; for every i = 1,...,k, the subgroup N; has less than k
proper normalizers of large subgroups, and hence, by induction hypothe-
sis, N;/ Z(N;) is finite.

If G=NjU---UN, then G/Z(G) is finite by Corollary 2.3.1.

Assume that Ny U - - - U Ny is properly contained in G, and let g be
an element of G\ (N7 U - -- U Ny). It follows from Proposition 2.3.1 that
|G : Cg(g)| < X, sothat Cs(g) contains a large abelian subgroup; therefore
Cg(g) contains a subgroup of the form A; x A, where each A; is a large
abelian group by Corollary 1.1.2. Clearly, for eachi = 1,2, g € Ng(A4;), so
that A; is normal in G; moreover, G/ A; has finitely many normalizers, so
that its centre Z;/ A; has finite index in G/ A;. It follows that Z; N Z; has
finite index in G, so that Z(G) has likewise finite index in G. O

As previously stated, now we will give a version with bounds of The-
orem 3.3 and Corollary 3.4 of [12]:

Theorem 2.3.2. Let G be an uncountable group of reqular cardinality N. If
there exists a positive integer k such that for every large subgroup X of G, |G :
Ng(X)| < k and G contains a large abelian subgroup, then G/Z(G) is finite of
order bounded by a function of k.

Proof. Since G contains a large abelian subgroup, it follows from Corollary
1.1.2 that G contains an abelian subgroup of the form A = A; x A, where
both A; and A have cardinality X. Then the normalizer Ng(A;) has index
in G bounded by k for i = 1,2. Moreover, all subgroups of the group
Ng(A;)/A; are boundedly almost normal with bound (at most) k, and so
its centre C;/ A; has index at most g(k) in Ng(A;)/ A;, where g is an integer
function (see [41], Theorem A). Thus, |G : C;| < kg(k) fori = 1,2 and so
the core C = (C; N Cy)g is an abelian normal subgroup such that |G : C|
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is bounded by a function h(k) of k. If x is any element of G, by Theorem
1.1.1 we have that C contains a subgroup C(x) which is the direct product
of a collection of cardinality X of nontrivial (x)-invariant subgroups.

Let X be any small subgroup of (C,x). Then, by Corollary 1.1.1 and
Corollary 1.1.2, there exist two (x)-invariant large subgroups U; and U, of
C(x) such that

UGN, =XNnU U, = {1}

As the subgroups XU; and XU, are boundedly almost normal with bound
k, their intersection
X = XU; N XU,

is boundedly almost normal with |G : Ng(X)| < k. It follows that all
subgroups of (C, x) are boundedly almost normal with bound (at most)
k2, so that the centre Z((C, x)) has index at most g(k?) in (C, x) and hence
it has index at most I (k) = h(k)g(k?) in G.

Consider a transversal {xy,...,x:} toCin G,sothat G = (C, x1,...,x})

and the intersection
t

Z((C,xi))

i=1
is a subgroup of Z(G) of index in G less or equal to I(k)t < I(k)h(k) =
h?(k)g(k?). Therefore, G/Z(G) is finite of order bounded by an integer
function of k. H

Lemma 2.3.2. Let G be a group and let H be a subgroup of G. If H is both
boundedly nearly normal and boundedly almost normal, then H® / Hg is finite of
bounded order.

Proof. Let k and h be positive integers such that |H® : H| < k and |G :
Ng(H)| < h. It follows that H has at most / conjugates, say Hé,..., H8!
with t < h. Of course, ]HG : H8i| < kforeveryi € {1,...,t}, so that

t
|H® : Hg| = |H® : (H®| < |H® : H%!|...|H® : H®'| < hk.
i=1

40



Corollary 2.3.2. Let G be an uncountable group of reqular cardinality N in
which all large subgroups are boundedly almost normal. Then X© / X is finite of
bounded order for each large subgroup X of G.

Proof. Let X have cardinality 8, so that G/ X has bounded-index centre
by Theorem 2.3.2. In particular, G'X /X is finite of bounded order (see,
for instance, Theorem 1 of [64]) and every subgroup in G/ X is boundedly
nearly normal. It follows that | X© : X| is bounded. Lemma 2.3.2 ensures
that X© /X is finite of bounded order.

We can assume now that X is small. Since X is a large subgroup, its
normalizer Ng(X) has bounded index in G and Ng(X)/X has bounded-
index centre C/X. It follows that there is a bound even on the index |G :
Cg| where Cg is the normal core of C in G. Of course (Cg)' < C' < X,
thus (Cg)’ < X and (Cg)’ is small. Therefore, we can apply Theorem
2.3.2 to the group G/ (Cg)" whose centre tuns out to have bounded index.
Since G’/ (Cg)’ is finite of bounded order and (Cg)" < Xg, we have that
the index | X® : X| is bounded too, so the statement is a consequence of
Lemma 2.3.2. [

If X is a class of groups, a group G is called residually X if it has a col-
lection of normal subgroups (N;);c; such that G/ N; belongs to X for each
i and

N; = {1}.

i€l
A group G is residually finite if the intersection of all its (normal) subgroups
of finite index is trivial.

Let N be any infinite cardinal number. Here, a group of cardinality N
will be called residually small if it has a collection of normal subgroups of
index strictly smaller than N whose intersection is trivial.

Furthermore, we will call a group G of cardinality X weakly residually
small if it contains a family of subgroups (not necessarily normal in G) of
index less than N with trivial intersection.

It is clear that, in the universe of infinite countable groups, the notions
of being residually finite, residually small, and weakly residually small
coincide. Moreover, if G is a group of cardinality X whose large subgroups
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are all normal, G is weakly residually small if and only if it is residually
small.

Recall here that in the above quoted example of Ehrenfucht and Faber,
all large subgroups are both boundedly almost normal and boundedly
nearly normal; on the other hand, as a of consequence Lemma 2.1.2 we
have that the behaviour of small subgroups can be neglected in the case of
(weakly) residually small uncountable groups where all large subgroups
are normal.

Theorem 2.3.3. Let G be a (weakly) residually small uncountable group of reg-
ular cardinality N in which all large are normal, then all subgroups of G are
normal.

Proposition 2.3.3. Let G be a weakly residually small uncountable group of reg-
ular cardinality X having no simple sections of cardinality .

(1) Ifall large subgroups of G are boundedly nearly normal, then G contains an
abelian large subgroup and is finite-by-abelian with commutator subgroup
of bounded order.

(2) If all large subgroups of G are boundedly almost normal, then G/ Z(G) is
finite of bounded order.

Proof.

(1) Let K be a C%z-subgroup of G (its existence is guaranteed by Theo-
rem 2.2.3); K is residually small and it follows from Theorem 2.3.3
that K is a Dedekind group. Therefore, G contains an abelian large
subgroup and it is finite-by-abelian with commutator subgroup of
bounded order by Theorem 2.2.1.

(2) Corollary 2.3.2 ensures that all large subgroups of G are boundedly
nearly normal, thus G contains a large abelian subgroup. Therefore,
G/Z(G) is finite of bounded order by Theorem 2.3.2. O

Corollary 2.3.3. Let G be an uncountable group of reqular cardinality N having
no simple sections of cardinality N.
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(1) If all large subgroups of G are boundedly nearly normal, then G/ Z3(G) is
finite.
(2) If all large subgroups of G are boundedly almost normal, then G/ Z,(G) is
finite.
Proof.
(1) The commutator subgroup G’ is small by Theorem 2.2.4, so that |G :
Cs(g)| < W for every g € G. It follows now from Proposition 2.3.3

that G/Z(G) is finite-by-abelian, and hence Z3(G) has finite index in
G.

(2) As above, it follows from Proposition 2.3.3 that G/Z(G) is central-
by-finite, so that Z(G) has finite index in G. O

Theorem 2.3.4. Let G be an uncountable group of reqular cardinality N having
no simple sections of cardinality N. Then the following conditions are equivalent:

(i) G contains only finitely many normalizers of large subgroups.
(ii) All large subgroups are boundedly almost normal.

(iii) G contains a subgroup N of finite index in G such that N normalizes all
large subgroups of G and all large subgroups of N are normal in G.

Proof.

(i) = (ii) We will proceed by induction on the number k of the proper normal-
izers of large subgroups. If k = 0, all large subgroups are normal.

Assume that k > 0, and let Ny, ..., Nj be the proper normalizers of
large subgroups; for everyi = 1,. .., k, the subgroup N; has less than
k proper normalizers of large subgroups, and hence, by induction
hypothesis, all large subgroups of N; are bounedly almost normal in
N;.
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(i) = (iii)

If G = Ny U- - - U N then, by Lemma 2.3.1, there exists {iy,..., it} C
{1,...,k} such that G = Nj; U---UN;, and |G : N;| < o for every
j=1,...,t so thatif H is a large subgroup of G,

H=(HNNy)U---U(HNN;,)

where each H N N, is almost normal in Nj, for every j = 1,...,¢.

It follows that |G : Ny, (HN N;;)| < oo forevery j = 1,...,t and
]

consequently

G :](leNij(HﬁNij)‘ < oo,

t
Since (N Ny, (HN Nj;) < Ng(H), we have that H is almost normal.
j=1 7

Assume that Ny U - - - U Ni is properly contained in G, and let H be
any large subgroup of G. Let ¢ be an element of G \ (N7 U - - - U Ny);
it follows from Proposition 2.3.1 that |G : C5(g)| < X, so that L =
HNCg(g) is large. Clearly, ¢ € Ng(L), so that L is normal in G;
moreover, G/L has finitely many normalizers, so that it is central-
by-finite, and hence H is almost normal in G.

In any case, the normalizers of all large subgroups of G have finite
index, so that all large subgroups are boundedly almost normal.

All large subgroups of G are boundedly nearly normal by Corollary
2.3.2, so that the set Cx(G) satisfies the minimal condition and G’ is
small (see Theorem 2.2.3 and Theorem 2.2.4); it follows that G/ Z(G)
is weakly residually small, and hence Z,(G) is large by Proposition
2.3.3. Let K be a large subgroup such that K’ is minimal element
of Cx(G). We have that for each ¢ € G, KN Cg(g) is large, thus
K' < Cg(g). It follows that K’ < Z(G) and we can consider the fac-
tor group G/K’; such a section contains the large abelian subgroup
K/K' and hence its centre N/K’ has bounded finite index by Theo-
rem 2.3.2.

If Y is any large subgroup of N, then Y/ < N’ < K/, so that Y/ = K’
by the minimality of K’; in particular K’ < Y < N, so that Y is normal
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in G. Finally, let H be any large subgroup of G. Then H N N is large,
so that, as above, (HN N)" = K’, and hence the subgroup H/K' is
normalized by N/ K’; therefore, H is normalized by N.

(iii) = (i) This claim is obvious. [

We can notice that the same result as Theorem 2.3.1 holds if a group
G is covered by finitely many Dedekind subgroups. Indeed, G is central-
by-finite by Corollary 2.3.1. In such a frame, the following result describes
the behaviour of groups with a finite covering consisting of subgroups
with normal large subgroups.

Theorem 2.3.5. Let G be an uncountable group of regular cardinality N hav-
ing no simple sections of cardinality NX. If G = Xj U ---U X, is the union of
finitely many subgroups X; ..., X, where each X; has all large subgroups that
are normal, then G has finitely many normalizers of large subgroups.

In particular, when G contains a large abelian subgroup, G/ Z(G) is finite.

Proof. Tt follows from Lemma 2.3.1 that there exists a subset {iy, ..., iy} of
{1,...,n} such that G = X;, UX;, U..UX, and |G : X;| < oo for every
j=1,...,m. Put

then |G : N| is finite.
Let H be any large subgroup of G. Then, foreveryj =1,...,m, HN Xi].
is large and hence it is normalized by N; therefore,

H=HNX;)UHNX;,)U..UHNX;,)

is normalized by N. Theorem 2.3.4 ensures that G has finitely many nor-
malizers of large subgroups while the last part of the statement follows
from Proposition 2.3.2. O]
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2.4 Finite Number of Commutator Subgroups

If G is a group with finite commutator subgroup G/, it is clear that it
admits only finitely many commutator subgroups. A sufficient condition
for a group to have a finite commutator subgroup was found by de Gio-
vanni and Robinson in [17], who proved that a locally graded group G is
finite-by-abelian if and only if the set

{X'|x <G}

is finite. Recall here that a group G is locally graded if every finitely gen-
erated nontrivial subgroup of G contains a proper subgroup of finite in-
dex. The requirement that the group is locally graded cannot be removed
from the above statement, since Tarski groups (i.e., infinite simple groups
whose proper non-trivial subgroups have prime order) have precisely two
commutator subgroups. On the other hand, the class of locally graded
groups is very large, and contains in particular all locally (soluble-by-
finite) groups. In the same paper [17], the authors studied also groups with
finitely many commutator subgroups of infinite subgroups, and proved
that locally graded groups with this property either have a finite commu-
tator subgroup or are Cernikov groups (and in particular they are count-
able in the latter case).

In the universe of uncountable groups of cardinality N, we have al-
ready underlined the great importance of groups where there is only one
possibility for the commutator subgroup of any large subgroup (that is,
abelian groups and C}-groups). For this reason, a natural question arises
about the behaviour of uncountable groups in which there are only finitely
many commutator subgroups of large subgroups. In [11] and [14], the
structure of such groups has been investigated and all the results of this
section come from these two papers.

Lemma 2.4.1. Let G be an uncountable locally graded group of regular cardi-
nality N such that the set Cyx(G) is finite. If G contains a large abelian normal
subgroup A, then the commutator subgroup G’ of G is finite.

Proof. Let g be any element of G. It follows from Corollary 1.1.1 and Corol-
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lary 1.1.2 that A contains two (g)-invariant subgroups B; and B; of cardi-
nality N such that By N B, = {1}. For each i = 1,2, the factor group
A(g)/B; is locally graded (see [40]) and has only finitely many derived
subgroups, so that its commutator subgroup is finite (see [17]). Thus, also
the commutator subgroup (A(g))" of A(g) is finite. Moreover, the set

{(A{g)'|g € G}

is finite, because it is contained in Cy(G), and each subgroup (A(g))’ ob-
viously has only finitely many conjugates in G. Therefore,

[A,G] = ([A,g]|g € G) = ((Ag))'|g € G)

is a finite normal subgroup of G. Put G = G/[A, G]. Then A is contained
in the centre of G, and so Z(G) is large. If X is any subgroup of G, the
product XZ(G) is a large subgroup and (XZ(G))" = X'. It follows that
the set

{X|X <G}
is finite, so that the locally graded group G has a finite commutator sub-
group (see [17]), and hence G’ itself is finite. O

Let G be a group, and let X be any cardinal number. Let us denote with
Ly (G) the set of all large subgroups of G. As the set Cx(G) is obviously
fixed by all automorphisms of G, the intersection

Dp(G)= (] (Ne(X')c)
XeLy(G)

is a characteristic subgroup of G. Moreover, if Cx(G) is finite, the subgroup
X' has only finitely many conjugates in G for each X € Ly(G), so that its
normalizer has finite index in G and hence also the index |G : Dy(G)| is
finite.

The following result is Lemma 3 of [11].

Lemma 2.4.2. Let G be an uncountable locally graded group of reqular cardinal-
ity X which has no large simple sections. If X' = G’ for each non-abelian large
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subgroup X of G, then G’ is small. Moreover, if G is infinite, then G is nilpotent
of class 2 and it has no abelian large subgroups.

Lemma 2.4.3. Let G be an uncountable locally graded group of regular cardinal-
ity W such that the set Cx(G) is finite, and suppose that G has no large simple
sections. Then G is soluble-by-finite and its commutator subgroup G' is small.
Moreover, if G contains an abelian large subgroup, then G' is finite.

Proof. Obviously, it can be assumed that G is not abelian. Let m be the
number of nontrivial elements in the finite set Cx(G), and suppose first
that m = 1. Then X’ = G’ for each non-abelian large subgroup X of G,
so that it follows from Lemma 2.4.2 that G’ is small, and it is even finite,
provided that G contains an abelian large subgroup.

Assume now that m > 1. As the characteristic subgroup D = Dy(G)
has finite index in G, it has cardinality X, and so D’ belongs to Cx(G). If D
is abelian, the commutator subgroup G’ of G is finite by Lemma 2.4.1 and
the statement holds. Suppose that D is not abelian, and let M be a non-
abelian subgroup of cardinality X of D such that M’ is minimal among
the non-trivial elements of Cy(D). Then Y/ = M’ for every non-abelian
large subgroup Y of M, and so it follows from Lemma 2.4.2 that either
M’ is finite or M is nilpotent and M’ is small. As D is contained in the
normalizer Ng(M'), the subgroup M’ is normal in D, and in any case we
obtain that D/M’ is a locally graded group of cardinality . Moreover,
the set Cx(D/M’) has order strictly smaller than m, and so it can be as-
sumed by induction that D /M’ is soluble-by-finite and D’/ M’ has cardi-
nality strictly smaller than X. Thus D is soluble-by-finite and D’ is small, so
that G itself is soluble-by-finite and D /D’ is an abelian normal subgroup
of G/ D’ of cardinality X. As the set Cy(G/D’) is obviously finite, it follows
from Lemma 2.4.1 that G’ /D’ is finite, and hence G’ has cardinality strictly
smaller than N. Suppose now that G contains an abelian large subgroup A,
and let E = (x1, ..., x¢) be any finitely generated subgroup of G. For each
i = 1,...,k the conjugacy class of x; in G has cardinality strictly smaller
than R, so that |G : Cg(x;)| < R, and in particular |A : Ca(x;)| < R. It
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follows that also the index of the centralizer
k
CA(E) = ﬂCA(xZ-)
=1

in A is strictly smaller than R, so that C4(E) is large hence by Corollary
1.1.2 it contains two large subgroups B; and B; such that B; N B, = {1}.
Clearly, the groups EA/B; and EA/B; have finitely many derived sub-
groups, so that they have a finite commutator subgroup, and it follows
that also E' is finite. Therefore the commutator subgroup G’ of G is locally
finite and every finitely generated subgroup of G satisfies the maximal
condition on subgroups. Since G'/D’ is finite, it is enough to show that
D’ is finite, whence the replacement of G by D allows to suppose that X’
is normal in G for each element X of £(G). If X is any non-abelian large
subgroup of G of cardinality, we have that X/X' is an abelian group of
cardinality N, and the set Cy (G/ X') has less than m non-trivial elements,
so that by induction on m it can be assumed that G’/ X’ is finite. Thus each
non-abelian large subgroup of G has finite index in its normal closure. Let
u and v be elements of G such that uv # vu, and put U = (u,v). As
above, the index |A : C4(U)| < N, so that the centralizer C4(U) is large
and Corollary 1.1.1 and Corollary 1.1.2 show that it contains two large
subgroups C; and C; such that

CiNG =CGNU = {1}

Then U = UC; N UC,, and hence U has finite index in its normal closure
UCS. Moreover, each large subgroup of G /UC has finite index in its normal
closure, and the group G/UC contains an abelian large subgroup, so that
Theorem 3.6 of [12] yields that G/ UC has a finite commutator subgroup.
Therefore the index |G’ : G' N U] is finite, so that G’ is finitely generated
and hence even finite. O

Let us denote by Iy (G) the intersection of all members of the set Cy (G).

Theorem 2.4.1. Let G be an uncountable locally graded group of reqular car-
dinality N which has no large simple sections. Then the set Cy(G) is finite if
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and only if the subgroup In(G) has finite index in G'. Moreover, in this case,
either Iy(G) is an abelian group of prime exponent or it is divisible abelian and
In(G) = M’ for a suitable large subgroup M of G.

Proof. 1f the index |G’ : Ix(G)| is finite, it is clear that the set Cy (G) is finite.
Conversely, suppose that Cx(G) is finite. In order to prove that Iy(G) has
finite index in G/, we may obviously assume that G’ is infinite, so it follows
from Lemma 2.4.3 that G has no abelian large subgroups. As the normal
subgroup D = Dy(G) is large, also the normal subgroup D/D’ of G/D’
has cardinality X, and hence G’/ D’ is finite by Lemma 2.4.1. Let X be any
large subgroup of G, and put Y = X N D. Clearly, Y has cardinality N, so
that Y’ is normalized by D and Y /Y'is a large abelian subgroup of D/Y’.
Thus D’/Y’ is finite by Lemma 2.4.3, and hence also the index |G’ : X/|
is finite. As the set Cx(G) is finite, it follows that the subgroup Ix(G) has
finite index in G’. Let M be a large subgroup of G such that M’ is a minimal
element of the set Cx(G). Then U’ = M’ for each large subgroup U of M,
and hence M’ is either abelian of prime exponent or divisible abelian by
Theorem 2.1.4. In the first case, we obtain of course that also Ix(G) is
abelian of prime exponent. On the other hand, if M’ is divisible abelian,
then Iy(G) = M’ because the index |[M’ : Iy(G)]| is finite. The statement is
proved. O

Next lemma is an easy consequence of [[56], Theorem 3.2.5], however,
for the aims of this section it is enough to give a direct proof of it, without
using the structure of C-groups (i.e., groups where each subgroup admits
a permutable complement).

Lemma 2.4.4. Let p be a positive prime number. If G is an elementary abelian
p-group, for each subgroup H of G there exists a subgroup K of G such that
G=HXxK.

Proof. Let us consider the non-empty set L = {K < G|KNH = {1}}
ordered by inclusion. It is clear that (£, C) is inductive, so that Zorn’s
lemma ensures the existence of a maximal element K in £. Assume by

contradiction that H x K is a proper subgroup of G and pick an element
a € G\ (H xK). Since a has order p, (H x K,a) = (H x K) x (a) = H X
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(K x (a)). Inparticular, HN (K x (a)) = {1}, contradicting the maximality
of K. Hence G = H x K. O

Proposition 2.4.1. Let G be an uncountable group of regular cardinality X hav-
ing no simple sections of cardinality N.

(1) If G has finitely many commutator subgroups of large subgroups, then G is
finite-by-C}.

(2) If G is finite-by-C}, then all large subgroups are boundedly nearly normal.
Proof.

(1) Since G'/Ix(G) is finite by Theorem 2.4.1, for every large subgroup
H we have that |G' : H'| < |G'/Ix(G)|, and hence

|H® : H| < |HG' :H|= |G :G'nH| < |G : H| < |G /L(G)|;

therefore we can assume that G is nilpotent of class 2 and G’ has
prime exponent (see Theorem 2.2.4). Lemma 2.4.4 guarantees that
there exists a finite subgroup E of G such that G’ = Ix(G) x E; clearly
G/E is a C}-group.

(2) Let N be a finite normal subgroup such that G/N is a C}-group; for
every large subgroup H we have that H'N = G’'N, so that

|G':H'| <|H'N:H'| <|N|,
and hence, by the same argument as above, we have |H® : H| < |N].

]

Lemma 2.4.5. Let G be an uncountable group of reqular cardinality R which has
no Jénsson large subgroups. If all large subgroups of G are normal, the section
G/ Ix(G) contains a large abelian subgroup.

Proof. If G is a Dedekind group, it contains an abelian subgroup of finite
index, so the statement is obvious. In any case, by Theorem 2.1.3 G con-
tains a C}-subgroup of small index, say M, and for each large subgroup
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H of G, HN M is a large subgroup of M, so that M' = (HNM)" < H'.
It follows that Iy(G) = M’ and M/Ix(G) is a large abelian subgroup of
G/Ix(G). 0

This lemma, together with Theorem 2.1.1, ensures that for groups of

cardinality N with no Jénsson large subgroups, G/Ix(G) is a Dedekind
group whenever all large subgroups of G are normal.
It follows that G’/ Ix(G) is finite and G has finitely many commutator sub-
groups of large subgroups by Theorem 2.4.1. Actually, in order to have
finitely many commutator subgroups of large subgroups it suffices that all
large subgroups are boundedly almost normal or, equivalently, that there
are finitely many normalizers of large subgroups.

Taking into account that groups with finitely many normalizers of sub-
groups are central-by-finite and that (locally graded) groups with finitely
many commutator subgroups are finite-by-abelian, the following theorem
can be regarded as a sort of translation of Schur’s theorem.

Theorem 2.4.2. Let G be an uncountable group of reqular cardinality N having
no large simple sections. If G contains only finitely many normalizers of large
subgroups, then G contains only finitely many commutator subgroups of large
subgroups.

Proof. 1t follows from Theorem 2.3.4 that G contains a normal subgroup
N of finite index whose large subgroups are normal in G. Then N/Ix(N)
contains a large abelian subgroup by Lemma 2.4.5, so that it follows from
Proposition 2.3.2 that G/ Iy (N) is central-by-finite; in particular, G’/ Ix(N)
is finite.

Finally, if H is any large subgroup of G, then H N N is large, so that
(HNN) > Ixy(N)and so Iy(N) < H < G'. O

2.5 (m,k)-subnormality

If G is a group, H is a subgroup of G and (m, k) is a pair of nonnegative
integers, H is said to be (m, k)-subnormal in G if there is a subgroup Hy
containing H such that |Hy : H| < m and Hj is subnormal in G with
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defect at most k. The pairs (m, k) are ordered lexicographically; with this
ordering, if H is (m, k)-subnormal for some pair (m, k), then the least such
pair is called the near defect of H in G (see [37]).

Lennox ([37], [38]) called almost subnormal every (m, k)-subnormal sub-
group for each pair of nonnegative integers (m, k). Clearly, a subgroup H
is (m,1)-subnormal in G if and only if it has index at most m in its nor-
mal closure H®, while H is (1, k)-subnormal if and only if it is subnormal
of defect at most k. It follows from theorems of Neumann [46] and Mac-
donald [41] that if a group admits only (7, 1)-subnormal subgroups for a
fixed positive integer m, then its commutator subgroup is finite of order
bounded by a function of m. On the other hand, the well-known theorem
of Roseblade [53] asserts that there exists a function f such that if G is a
group in which every subgroup is (1, k)-subnormal for a fixed positive in-
teger k, then G is nilpotent of class bounded by f (k). Lennox [37] general-
ized Roseblade’s theorem, proving that there exists a function p such that
if every finitely generated subgroup of a group G is (m, k)-subnormal in G,
then the term 7,,(,,41)(G) of the lower central series of G is finite of order
less than or equal to m!. An analogous result was proven in [24] where
locally soluble groups of infinite rank whose infinite rank subgroups are
all (m, k)-subnormal for some m and k are studied. In this section, we will
consider uncountable groups whose large subgroups are (m, k)-subnormal
for a fixed pair (m, k). For the convenience of the reader, for each pair of
nonnegative integers (1, k), we define the group class X(m, k) to be the
class of all uncountable groups of regular cardinality X (and the trivial
groups) whose large subgroups are (m, k)-subnormal in G. We begin this
section by showing that the Baer radical of an X(m, k)-group has all large
subgroups subnormal with bounded defect.

Lemma 2.5.1. Let G be a locally nilpotent group. Then every (m, k)-subnormal
subgroup of G is subnormal in G of defect at most m + k.

Proof. Let H be an (m, k)-subnormal subgroup of G, so that there exists a
subnormal subgroup X of G of defect at most k such that |X : H| < m,
If N = Hy is the normal core of H in X, then X/N is a finite nilpotent
group, so H/N is subnormal in X /N with defect at most m. Hence, H is a
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subnormal subgroup of G of defect at most m + k. O

Corollary 2.5.1. Let G be a locally nilpotent X(m, k)-group. If G contains a
large abelian subgroup, then G is nilpotent of class at most f(m + k).

Proof. The assertion is a consequence of Lemma 2.5.1 and of Theorem 2.1.1.
O

Corollary 2.5.2. Let G be an X(m, k)-group containing a large abelian subgroup.
Then the Baer radical of G is large and nilpotent of class at most f(m + k).

Proof. Let A be a large abelian subgroup; then A is (m, k)-subnormal in G,
so that there exists a subnormal subgroup C of defect at most k such that
|C : A| < m. It follows that A¢, the normal core of A in C, is a large abelian
subnormal subgroup of G. Thus, B is a locally nilpotent X(m, k)-group
containing a large abelian subgroup. The statement is now a consequence
of Corollary 2.5.1. O

Proposition 2.5.1. Let G be a group of cardinality N. If there exists a positive
integer r such that «y,(G) is small, then for every finitely generated subgroup F
of G, the centralizer Cg(F) is a large subgroup of G.

Proof. Let s be the least positive integer such that ,.1(G) is small, and let
g be any element of G; if we put

g = {g"h € 7(G)},

the function

gh e gn®) — [g,h] € [g,7:(G)] < 7511(G)

(G)

is a bijection and, therefore, the set g7*'~/ has cardinality strictly smaller

than N. However,

187 = 75(G) : Cp ) (8)]
(G) of g.

Put F = (g1,...,8t); then |y5(G) : C, () (gi)| is strictly smaller than X,
foreachi € {1,...,t}. Moreover

Co(F) = 'iCG (8i),

where C, ()(g) is the centralizer in 7
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so that |15(G) : C,,(g)(F)| is strictly smaller than X, and hence C;(F) is a
large subgroup of G. O

R.E. Phillips in [48] introduced the following generalization of sub-
normality for infinite groups: a subgroup H of a group G is called f-
subnormal in G if there exists an f-series from H to G, that is a finite series

H=Hy<H;<---<H,=G

such that either H; is normal in H;q or |H;yq : H;| < oo for every i €
{0,...,n—1}.
Clearly, every (m, k)-subnormal subgroup is f-subnormal.

Corollary 2.5.3. Let G be an X(m, k)-group. If there exists a positive integer
r such that ,(G) is small, then every finitely generated subgroup F of G is f-
subnormal in G.

Proof. Tt follows from Proposition 2.5.1 that C (F)F is an (m, k)-subnormal
subgroup of G in which F is normal. O

Lemma 2.5.2. Let G be an X(m, k)-group. If G is abelian-by-cyclic, then it is
finite-by-nilpotent and |y (11 (G)| < (m!)%.

Proof. We can write G = A(x), where A is a normal abelian subgroup of
G and x is an element of G. Of course, A is large and it can be regarded as
a module over the countable ring R = Z(x). Moreover, the R-submodules
of A are all its G-invariant subgroups. By Theorem 1.1.1, A contains the
direct product

DI‘MI' ,

icl
where [ is a set of cardinality N and, for each i € I, M; is a G-invariant
subgroup of A. It follows that there exist two subsets I; and I, of I, each
of cardinality N, such that

LN =@.
Forj=1,2, put
Bj == DI‘MZ',
iel;
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then By and B; are G-invariant subgroups of A of cardinality X whose
intersection is trivial. Thus, [[37], Theorem A] ensures that, forj =1, 2,

"7y(m+k)(G/B]')‘ < ml.

Therefore, |7, (m1k)(G)| < (m!)? and G is finite-by-nilpotent. O

Lemma 2.5.3. Let G be an X(m, k)-group containing a large abelian normal
subgroup.

Then G is locally finite-by-nilpotent, and if B is the Baer radical of G, then
G/ B has finite exponent.

Proof. Let x be any element of G, and let A be a large abelian normal sub-
group of G; the subgroup (A, x) = A(x) is an abelian-by-cyclic X(m, k)-
group so, by Lemma 2.5.2, |,k (A(x))| < (m!)?. Therefore, (x) has
index at most (m!)? in ()Y u(mak) (A(x)). Since A(x)/ vy (mer) (Alx)) is
nilpotent of class at most y(m + k) — 1, the subgroup (x)7,,(nsx)(A(x))
is subnormal in A(x) with defect at most y(m + k) — 1. Finally, A(x) is
(m, k)-subnormal in G and so it has index at most m in (A({x))%* which is
subnormal in G with defect at most k.

By an application of [[37], Theorem B], G is locally finite-by-nilpotent.

Let X be a cyclic subgroup of G. By the above argument, there exists a
chain

X=Xy < <Xo=6G

such that either X;; is subnormal in X; with defect at most yu(m + k) — 1
or X;41 has index at most (m!)? in X;; we shall prove by induction on the
length of the chain that for every cyclic subgroup X of G, there is a positive
integer s dividing B(m) = ((m!)?)! such that X* is subnormal in G.

We can assume that X® is subnormal in X, for some positive integer s
dividing B(m). If X; is subnormal in G, then X® is subnormal in G. So we
can assume that the index |G : X;| < (m!)?; then the core Y of X; in G has
index at most ((m!)?)! = B(m) in G. Hence, XP(") is a normal subgroup
of Y N X%, which is subnormal in Y. It follows that XP(m) is subnormal in
G, and hence XP(") < B.

Therefore, G/ B has finite exponent. O
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The following result depends on [[2], Theorem 1']. Recalling that an
abelian normal subgroup A of a group G can be regarded as a module over
the group ring Z(G/Cg(A)), we obtain the following interesting lemma.

Lemma 2.5.4. Let G be a group containing an uncountable abelian normal sub-
group A. If G/ Cg(A) is finite, then A contains a subgroup of the form
Dr(a;)®,
iel
where the set I has the same cardinality as A.
Lemma 2.5.5. Let G be an X(m, k)-group. If G contains a large nilpotent normal
subgroup N such that G/ N is locally finite, then 7y, (211 (G) is small.

Proof. Since N is nilpotent of cardinality R, there exists a nonnegative
integer r such that |Z,(N)| < X and |Z,;1(N)| = Y. So, the section
A = Z,,1(N)/Z,(N) is an abelian normal subgroup of G = G/Z,(N).
Let E be any finitely generated subgroup of G and put L = E - A. Since
NNL < Cg(A), then L/Cz(A) is finite, so that Lemma 2.5.4 ensures that
A contains a subgroup H of the form
H = DI‘ZZ'
icl
where I is a set of cardinality X and, for each i € I, A; is a nontrivial normal
subgroup of L. So we can find two L-invariant subgroups H; and H; of
H, both of cardinality X and such that

H{NHy=ENH; Hy={1}.
Therefore,
E=E-H,NE-H,
is the intersection of two (m, k)-subnormal subgroups of G and, by [[24],

Lemma 2.5], E is (m?,k)-subnormal. An application of [[37], Theorem A]
completes the proof. O

Now we are able to state and prove the first main theorem of this sec-
tion.

Theorem 2.5.1. Let G be an X(m, k)-group. If G contains a large abelian normal
subgroup, then G is finite-by-nilpotent and |7y, (,241)(G)| < (m?)!.

57



Proof. Let B be the Baer radical of G; it follows from Corollary 2.5.2 and
Lemma 2.5.3 that B is nilpotent and G/B is a locally finite group, so that
Yu(m+k) (G) is small by Lemma 2.5.5. Let F be any finitely generated sub-
group of G. Applying Proposition 2.5.1 to the group AF, we can say that
Car(F) islarge, so thatalso C4p(F) N A is a large subgroup. It follows that
Z(AF) is large, and hence it contains two large subgroups U; and U, such
that

uynNn, =FNUuU, = {1}
Therefore,
F=FU;NFU,

is the intersection of two (m, k)-subnormal subgroups of G and, by [[24],
Lemma 2.5], F is (m? k)-subnormal. The statement follows from [[37],
Theorem A]. O

The last part of this section is devoted to its second main theorem con-
cerning X (m, k)-groups which contain a large abelian subgroup not neces-
sarily normal.

Lemma 2.5.6. Let G be an X(m, k)-group. If G contains a large abelian sub-
group, then the Baer radical of G is a finite-index subgroup.

Proof. Let B be the Baer radical of G. By Corollary 2.5.2, B is a large nilpo-
tent subgroup of G and, by Robinson’s theorem, B/B’ has cardinality X.
Since G/B’ is an X(m, k)-group, as a consequence of Theorem 2.5.1, we
have that

|V u(mi) (G/B)| < (m?)L.
By Hall’s theorem, |G/ B’ : Z,,,(,2,1)(G/B’)| is finite so, with

Z/B' = Zyym211)(G/B'),

also |G : ZB| is finite. Clearly, ZB/B’ is nilpotent by Fitting’s theorem,
and so the nilpotency of the normal subgroup B of ZB ensures that ZB is a
nilpotent normal subgroup of G. It follows that Z < B and the statement
is proved. O
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Theorem 2.5.2. Let G be an X(m, k)-group. If G contains a large abelian sub-
group A, then G is finite-by-nilpotent and 7y, 2., 1 (G) is small.

Proof. If B is the Baer radical of G, then B is a large and nilpotent sub-
group of G by Corollary 2.5.2. Since G/B is finite by Lemma 2.5.6, as a
consequence of Lemma 2.5.5, we have that 7,2 4)(G) is small.

In addition, Lemma 2.5.6 ensures the existence of a finitely generated
subgroup F such that G = FB. By Corollary 2.5.3, F is f-subnormal in G,
so that there exists an f-series of the form

F=L<E<---<F =0,

where either |F; ;1 : F| is finite or F; < F; 1, foreachi =0,...,n— 1.

We will prove that G is finite-by-nilpotent by induction on the length n
of the f-series above. If n = 1, since G is an uncountable group, F is normal
in G. On the other hand, [[3], Theorem 1.1] tells us that F is also finite-
by-nilpotent so we can find a positive integer r such that the G-invariant
subgroup 7, (F) is finite, and

G/vr(F) = BF/v(F) = (F/7(F)) - (By:(F)/7:(F))

is nilpotent by Fitting’s theorem.

Assume now that n > 1. Then |F, 1 : F,_1 N B| is finite and BN F,,_1
is contained in the Baer radical of F,_1, so we can apply the inductive hy-
pothesis to F,_; which has to be a finite-by-nilpotent group. It follows that
there exists a finite characteristic subgroup M of F,_; such that F,_1/M
is nilpotent (see [[3], Lemma 2.9]). If F,_; is normal in G, also M is G-
invariant, and

G/M = (E,_1/M) - (BM/M)

is nilpotent by Fitting’s theorem.

Assume that the index |G : F,_1] is finite; then M has finitely many
conjugates in G, so that M is finite by Dietzmann’s lemma.

On the other hand,

G/M® = (F,_1M%/M®) - (BM® /M)
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is finite-by-(locally nilpotent) [[3], Lemma 2.7], so that G itself is finite-
by-(locally nilpotent), and hence actually finite-by-nilpotent by Corollary
2.5.1. O

Theorem 2.5.3. Let G be a residually small X(m, k)-group. Then G is finite-by-
nilpotent and |y, (1) (G)| < ml.

Proof. Let N be any normal subgroup of G of index less than X. Theorem
A of [37] ensures that

Yutmi(GIN/N| <

Assume by contradiction that 7y, (,,4.1) (G) contains more than s = m! el-
ements, say Xo,...,Xs. Foreachi,j € {0,...,s} and i # j, there exists a
normal subgroup N;; of G with small index such that xl-_lx]' ¢ N;;. Con-
sider
N= (] Ny
{ijli#j}
we have that N has small index and x;lx]- ¢ N for every i,j € {0,...,s}
and i # j, so that
Viu(mik) (G/N)| > 5 =ml,

a contradiction. O
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Chapter 3

Permutably complemented Large
Subgroups

A subgroup H of a group G is complemented if it admits a complement,
that is, a subgroup K of G such that G = (H,K) and HNK = {1}. If H
is a complemented subgroup of a group G and there exists a complement
K to H such that HK = KH, then H is said to be permutably complemented.
A group G is called a C-group if all its subgroups are permutably com-
plemented. The structure of C-groups has been completely described. In-
deed, Theorem 3.2.5 of [56] states that a C-group is the semidirect product

(Dra;) x (Drg;),
iel je]

where all factors A; and B; are finite of prime order and, for each i € I,
the group A; is G-invariant. In particular, an abelian C-group is the direct
product of elementary abelian groups.

Many papers address groups that admit a particular subset of per-
mutably complemented subgroups (see, for instance, [25] and [15]), while
the survey [29] by Ferrara and Trombetti provides an overview of these
results, often generalizing them. In addition, in [29], the authors analyze
infinite groups whose infinite subgroups are permutably complemented
as well as periodic locally soluble groups of infinite rank, in which all
subgroups of infinite rank are permutably complemented. Although it
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remains unclear whether these infinite rank groups are always C-groups,
Ferrara and Trombetti proved that when the commutator subgroup has
infinite rank, all subgroups are permutably complemented (see Theorem
7.1).

In this section, we will explore the behaviour of uncountable groups
of regular cardinality N in which all subgroups of cardinality X (or a sub-
set of them) are permutably complemented. For the convenience of the
reader, the class of all groups of cardinality X whose large subgroups are
permutably complemented (and the trivial groups) will be denoted with

C(R).

3.1 Large Subgroups

The first part of this section is devoted to the study of C(X)-groups un-
der the specific condition of containing a large abelian normal subgroup.
Here, the structure of K-groups, i.e., groups in which every subgroup is
complemented, plays a key role. Most of the results regarding this class of
groups can be found in [56].

Subsequently, we prove a result for uncountable groups that is analo-
gous to the one presented in [29] and that we cited above. An essential step
towards this objective will consist of examining the case of C(X)-groups
with small commutator subgroup.

In the last part of the section, C(X)-groups with a large Hirsch-Plotkin
radical are considered. In particular, we will show that such groups are ac-
tually C-groups since they have all subgroups permutably complemented.

Lemma 3.1.1. Let G be an abelian C(X)-group. Then G is a C-group.

Proof. Since G contains the direct product of large subgroups A; X Ay, itis
isomorphic to a subgroup of G/ A1 x G/A,. The statement follows from
Lemma 3.2.1. of [56]. ]

Lemma 3.1.2. Let G be a group of cardinality N and let A be a large abelian
normal subgroup of G whose large subgroups admit a permutable complement in
G. Then A is generated by cyclic G-invariant groups of prime order.
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Proof. Since each large subgroup of A is permutably complemented in G,
it has a complement in A so that Lemma 3.1.1 ensures that A is the direct
product of elementary abelian groups. Let H be a subgroup of A which is
maximal with respect to being generated by G-invariant cyclic subgroups.
Suppose that H < A. Then there is a proper subgroup U of A containing
H and having prime index in A. If V is a permutable complement of U
in G, then V N A is a cyclic G-invariant subgroup of prime order, so that
H x (VN A) is generated by G-invariant cyclic subgroups, contradicting
the maximality of H. So A is generated by cyclic G-invariant subgroups. If
D is a cyclic G-invariant subgroup of A, we have that D is a direct product
of G-invariant subgroups of prime order, so we have the statement. O

Now we are in the position to prove that any C(X)-group is actually a
C-group, provided that it contains a large abelian normal subgroup.

Lemma 3.1.3. Let G be a C(N)-group. If G contains a large abelian normal
subgroup, then G is a C-group.

Proof. Let A be a large abelian G-invariant subgroup. It is clear that G/ A
is a C-group. Moreover, Lemma 2.5.2 yields that A is generated by G-
invariant cyclic subgroups of prime order. It follows from Lemma 3.1.9
of [56] that G is a K-group. Since G/ A is hypercyclic by Theorem 3.2.5 of
[56], the same result ensures that G is a C-group. O

A group is said to be a (Hall) FK-group if every finite subgroup is (per-
mutably) complemented. In [15], these types of groups have been thor-
oughly studied and the same paper provides several characterizations of
periodic Hall FK-groups (cf. Theorem 3.4 and Theorem 3.5). In the follow-
ing lemma, it is proved that a C(X)-group whose commutator subgroup
is small is a periodic Hall FK-group and therefore it is residually a finite
C-group (see Theorem 3.5 of [15]).

Proposition 3.1.1. Let G be a C(X)-group with small commutator subgroup G'.
Then,

(a) G is locally a C-group. In particular, G is a periodic Hall FK-group;

(b) G is residually finite;
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(c) all locally nilpotent subgroups of G are (abelian) C-groups. Specifically, the
Fitting radical F(G) of G is abelian;

(d) all subgroups of Z(G) are (permutably) complemented in G.

Proof. Since G’ is small, we have that for every x € G, |G : Cg(x)| < N,
Let E = (x1,x2,...,X,) be a finitely generated subgroup of G, then

Co(E) = (Co(x)
i=1

and |G : Cg(E)| < XN. Furthermore, G/G’ contains a subgroup of the form
A1/G' x Ay/G’ where each A; is a G-invariant subgroup of cardinality
N. If D is a permutable complement to A;, for instance, then D contains
a large abelian subgroup B of G and |B : Cg(E)| < X. It follows that
Cg(E) admits a large subgroup U such that UNE = {1} and UE/U is
isomorphic to E. Thus, E is a C-group and G is a locally finite metabelian
group. Corollary 5.12 of [29] guarantees that all finite subgroups of G are
permutably complemented and G is residually finite, so that (a) and (b)
are proved. Reminding that, for any positive prime p, a p-group with all
subgroups permutably complemented is abelian, we have (c). Finally, (d)
stems from (a) and Theorem 5.28 of [29]. O

Theorem 3.1.1. Let G be a C(N)-group with large commutator subgroup G'.
Then, if G has no large simple sections, G is a C-group.

Proof. Assume that G is large. We have that G/G®) is a C-group, in par-
ticular it is metabelian and G” is perfect. Let H be a large normal subgroup
of G”, G” /H is metabelian and so G’ = H. It follows that G’ has no large
proper normal subgroups. Let us consider the set £ of all proper normal
subgroups of G” ordered by inclusion and let £ be a totally ordered part
of L. Put
N=JN.
Ne&

Since, N is G”-invariant, we have that either N = G” or N is small. If
N = G”, for every x € G”, there exists Ny € & such that x € Ny. It
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follows that (x)C" is small an so also the index |G” : Ggr(x)]| is strictly
smaller than X. Thus, for every finitely generated subgroup E of G”, a
similar argument to the one used in Proposition 3.1.1 ensures that |G” :
Cgr(E)| < N. Furthermore, the C-group Cgr(E)E/Cgr(E) is isomorphic
to E/Z(E), so that E®) is trivial and G is soluble of derived length at most
3, although G” is perfect. Such a contradiction tells us that N is a small
subgroup and the ordered set £ is inductive. Now, if M is a maximal
element of £, then G” /M is a large simple section of G, contradicting the
assumption on G”. As a consequence, we have that G” must be small. By
[Proposition 3.1.1, (a)], G is locally finite. Let F be a finite subgroup of G,
and let us consider F = G'F in which G’ is a finite index subgroup with
small commutator subgroup. It follows from [Proposition 3.1.1, (b)] that
Fis residually finite, so that E is trivial and, in particular, F’ is abelian.
Thus, G’ is abelian and so G is a C-group by Lemma 3.1.3. O

Reminding that in a locally soluble group all simple sections are finite
of prime order, Theorem 3.1.1 has the following consequences.

Corollary 3.1.1. Let G be a locally soluble C(X)-group with large commutator
subgroup G'. Then, G is a C-group.

Corollary 3.1.2. Let G be a locally nilpotent C(X)-group. Then G is an abelian
C-group.

Proof. Theorem 3.1.1 tells us that G’ must be small so that we can apply
[Proposition 3.1.1, (c)] yielding that G is an abelian C-group. O

Theorem 3.1.2. Let G be a C(N)-group with large Hirsch-Plotkin radical.

Then G is a C-group. In particular, in a C(X)-group containing a large ascen-
dant finite-by-(locally nilpotent) subgroup, all subgroups are permutably comple-
mented.

Proof. The first part of the statement is a direct consequence of Corollary
3.1.2 and Lemma 3.1.3. Now, if N is a large finite-by-(locally nilpotent) as-
cendant subgroup of G, actually it is finite-by-abelian by Corollary 3.1.2, so
N’ is finite. By Hall’s theorem, also the index [N : Z;(N)]| is finite, so that
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Corollary 3.1.2 ensures that Z;(N) is a large abelian ascendant subgroup
of G. Thus, the Hirsch-Plotkin radical of G is large. O

Corollary 3.1.3. Let G be a C(X)-group with finite commutator subgroup G,
then G is a C-group.

Recall that a group G is called locally normal if every finitely generated
subgroup is contained in a finite normal subgroup.

Proposition 3.1.2. Let G be a C(N)-group. If G is an FC-group, then G is a
C-group.

Proof. Let T be the torsion subgroup of G, we have that G/T is torsion-
free and abelian, so that G/T has to be both torsion-free and a C-group.
It follows that G is periodic, in particular it is locally normal. Assume
first that G’ is small, thus G is residually a C-group by [Proposition 3.1.1,
(a)], so that Theorem 2.1 of [29] ensures that G is a C-group. Let G’ be
large. If G” is large, we have that it is also perfect by a similar argument
to the one used in Theorem 3.1.1 and, for each finite normal subgroup N
of G, G = Cg(N)". It follows that G” is a central subgroup, which is
a contradiction. So G” has to be small and the statement stems from an
application of Theorem 3.1.1. O

3.2 Subnormal Large Subgroups

In the last part of the present section, it will turn out that, as for soluble
groups with all subgroups permutably complemented (see, for instance,
[56], Theorem 3.2.6, due to Kochendorfer), to prove that a soluble group G
of cardinality N admitting a large abelian normal subgroup is a C-group,
it is not necessary to require that every large subgroup of G is permutably
complemented; it suffices to consider all large subnormal subgroups of
defect at most 2.

Theorem 3.2.1. Let G be an uncountable soluble group of regular cardinality
N such that every large subnormal subgroup of defect at most 2 is permutably
complemented. If G contains a large abelian normal subgroup, then it is a C-

group.
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Proof. Let A be alarge abelian G-invariant subgroup. Itis clear that G/ A is
a C-group. Since each large subgroup of A is subnormal in G with defect
at most 2, Lemma 3.1.2 yields that A is generated by G-invariant cyclic
subgroups of prime order. It follows from Lemma 3.1.9 of [56] that G is
a K-group. Since G/ A is hypercyclic by Theorem 3.2.5 of [56], the same
result ensures that G is a C-group. O

In the universe of nilpotent groups, we will show that in order to prove
that an uncountable group of cardinality N is a C-group, it is enough to
look at large normal subgroups, even without the assumption of contain-
ing a large abelian normal subgroup.

Theorem 3.2.2. Let G be an uncountable nilpotent group of reqular cardinality
N such that every large normal subgroup is complemented. Then G is a C-group.
In particular, G is abelian.

Proof. Assuming first that the centre Z(G) is large, we have that there ex-
ists a subgroup K of G such that G = Z(G) x K and K is a C-group. Of
course K is normalized by Z(G), so that, actually G = Z(G) x K. Every
large subgroup of Z(G) is G-invariant so it is complemented both in G
and in Z(G). It follows that Z(G) is a C-group by Lemma 3.1.1 and then G
has all subgroups permutably complemented by [[56], Lemma 3.2.1, (b)].
Now, let Z(G) be small and, by induction on the nilpotency class of G,
assume that G/Z(G) is a C-group. We have that G is nilpotent of class at
most 2 and the commutator subgroup G’ of G is small. [Proposition 3.1.1,
(d)] ensures that Z(G) is complemented and that it is a C-group, thus by
the same argument as above, there exists a subgroup K of G such that
G = Z(G) x K and K is a C-group. The statement is a consequence of
[[56], Lemma 3.2.1, (b)]. O

Corollary 3.2.1. Let G be an uncountable soluble group of reqular cardinality
N such that every large subnormal subgroup of defect at most 2 is permutably
complemented. If G contains a large nilpotent normal subgroup, then it is a C-

group.
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Chapter 4

Profinite Groups with some
Embedding Properties on Open
Subgroups

4.1 Index of a Closed Subgroup

A profinite group is an inverse limit of finite groups or, equivalently,
a topological group that is compact, Hausdorff and totally disconnected.
Any finite group is profinite and infinite profinite groups can only have
cardinality 2%s for some infinite cardinal number R,. In a profinite group,
open subgroups are precisely all closed subgroups of finite index. More-
over, we can always find a fundamental system of neighborhoods of the
identity consisting of open normal subgroups. In particular, the set of all
open normal subgroups of a profinite group forms a fundamental system
of neighborhoods of the identity.

Let H be a closed normal subgroup of a profinite group G. Then G/ H is
also a profinite group, which implies that it is either finite or has cardinal-
ity 28« for some infinite cardinal number X,. The aim of this section is to
show that the same restrictions hold for the index of any closed subgroup
of a profinite group. An immediate consequence of the Baire Category
Theorem is that such an index cannot be countably infinite.
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Lemma 4.1.1. Let G be a profinite group. Then every closed subgroup of G has
either finite or uncountable index in G.

Proof. Assume by contradiction that H is a closed subgroup of G of count-
ably infinite index. Let T be a left transversal of H in G, we have that the
set {gH | g € T} is a countably infinite covering of G. By Baire’s Category
Theorem at least one of the sets gH with ¢ € T has to have non-empty
interior.

On the other hand, G is a topological group and hence, by definition,
the map p : (x,y) € G x G — xy € G is continuous. Since the identity
map id: g € G — ¢ € G and the constant map f, : g € G — x € G are
continuous, also the function ¢, : § € G — (x,g) € G X G is continuous.
Thus, the composition Iy = u o ¥y is continuous, and it sends g to xg. As
above, it is easy to prove that [, .1 : ¢ € G — x !¢ € G, which is the
inverse function of Iy, is continuous. Hence, I, is a homeomorphism for
any x € G. It follows that if g¢H is an open left coset of H, then [, (¢H) =
H is open. Hence, H has finite index in G. l

Recall here that if G is a topological group, its local weight wy(G) is
defined as the smallest cardinal of a fundamental system of open neigh-
borhoods of 1 in G. When G is an infinite profinite group, it follows from
Theorem 2.1.3 of [50] that w((G) is the cardinal of any fundamental system
of neighborhoods of 1 consisting of open subgroups. Actually, for an infi-
nite profinite group G, Theorem 4.9 of [63] guarantees that |G| = 2%0(C).,
Note that for a profinite group G, wy(G) is finite only if G is finite; and in
that case wy(G) = 1.

More generally, if H is a closed subgroup of the topological (profinite)
group G, we will denote by G/H the topological (profinite) space of left
cosets of H in G and we define the local weight of G/H to be the small-
est cardinal of a fundamental system of open neighborhoods of a point
of G/H. Since for any two points of the quotient space G/H, there is a
homeomorphism of G/H that maps one of those points to the other, this
definition is independent of the point used.

In the following, if H is a subgroup of a group G, we will say that a
subgroup K of G is a supersubgroup of H it H < K.
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Recall here that, if X is a topological space and ¢ is an equivalence
relation on X, the open sets of the quotient space X /¢ are all the subsets of
X /o whose preimage under the canonical projection map 7 : X — X/0o
is open in X.

If G is a profinite group and H is a closed subgroup of G, we denote by
rty the canonical projection from G to G/ H. We have that a set £ of cosets
of H is open in G/H if and only if 71;,' (£) is an open subset of G.

Lemma 4.1.2. Let G be a profinite group and let H be a closed subgroup of G. For
every open set L of G/H, 7([_{1 (L) is an open set which is a union of left cosets of
H. Moreover, if L is an open neighborhood of the left coset H, the subgroup H is
contained in 7w (L).

Proof. We have 71, (£) = {x € G|xH € L}. In particular, for each xH €
L, xH C 7' (£). On the other hand, for any element g in 7' (L), the

cosetgHisin Land g € gH C |J xH. It follows that
xHel

g (L) = |J xH.
xHeL

The last part of the statement follows as a consequence of the above equal-
ity. [

If H is a closed normal subgroup of profinite group G and  is a funda-
mental system of neighborhoods of 1 consisting of open normal subgroups
of G, it is easy to see that the set N* = {NH/H = ny(NH)|N € N} is
a fundamental system of neighborhoods of H in the profinite group G/ H.
When H is a closed subgroup, not necessarily normal, we have the follow-

ing generalization.

Proposition 4.1.1. Let G be a profinite group and let H be a closed subgroup of
G. Then, if N is a fundamental system of neighborhoods of 1 consisting of open
normal subgroups of G, the set N* = {nyg(NH) |N € N} is a fundamental
system of neighborhoods of the left coset H in the profinite space G/ H.

Proof. Let £ be an open subset of G/H containing the left coset H. By
Lemma 4.1.2, K = ﬂﬁl(ﬁ) is an open subset of G containing 1, so there
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exists an open normal subgroup N € N such that N C K.
Now, consider yh € NH withy € Nand h € H. We have that yh € yH.

However, y €¢ N C K and Lemma 4.1.2 ensures that K = |J xH; in
xHeLl
particular, yH € £, so that yh € yH C K. It follows that NH C K and so

If G is a profinite group and H is a closed subgroup of G, let Og(H)
denote the set of all open supersubgroups of H in G.

When we take the fundamental system of neighborhoods A of 1 con-
sisting of all open normal subgroups, Proposition 4.1.1 ensures that the
set

N* = {np(U)|U € Oc(H)}

is a fundamental system of neighborhoods of the left coset H. Moreover,
for each U € Og(H), ' (my(U)) = U, which is open, hence 7ty (U) is
open.

Lemma 4.1.3. Let G be an infinite profinite group and H be a closed subgroup of
G of infinite index, then wo(G/ H) is infinite.

Proof. By way of contradiction, assume that there exists a finite fundamen-
tal system of open neighborhoods Ny of the left coset H. Let U be an open
subgroup of G containing H. Since 7t (U) is an open set in G/ H, it must
contain some element £ € Ny. It follows that nﬁl (L) is an open subset of
G containing 1. Therefore, we can find an open normal subgroup N of G
such that N C 711;1 (L) C U. This implies that there are only finitely many
open supersubgroups of H.

On the other hand, H, being a closed subgroup of a profinite group,
is the intersection of all its open supersubgroups. Hence, H is the inter-
section of finitely many open subgroups hence H itself is open, which is a

contradiction since H is of infinite index. ]

Lemma 4.1.4. Let G be an infinite profinite group, then the set of all open sub-
groups of G has cardinality wy(G).

Proof. Tt is clear that the cardinality of wy(G) is at most the cardinality of
the set of all open subgroups of G. Now, by Theorem 2.1.3 of [50] we
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can fix a fundamental system of neighborhoods N of 1 having cardinality
wo(G) and consisting of open subgroups. Then, for each open subgroup
U of G, there exists V € N such that V is a subgroup of U. However, for
every V € N, there are only finitely many supersubgroups of the type U,
since |G : V| is finite. If O(G) is the set of all open subgroups of G, we
have that
oG)= J{ulu=vy.
VeN

The statement is now a consequence of the fact that w(G) is infinite. [

An analogous result is true when we focus on the profinite space G/ H
of the left cosets of a (not-open) closed subgroup H of a profinite group G.

Corollary 4.1.1. Let G be an infinite profinite group and let H be a closed sub-
group of G of infinite index. Then, the set Oc(H) has cardinality wo(G/H).

Proof. Firstly, observe that there is a one to one correspondence between
O¢(H) and the fundamental system of open neighborhoods

N* ={mu(U)|U € Oc(H)}

of the left coset H in G/H. Indeed, if U; and U, are elements of Og(H),
g (Uy) = my(Uyp) if and only if Uy = U,. It follows that |Og(H)| = |N*|
so we have to prove that |N*| = wy(G/H).

Now, let Ny be a fundamental system of neighborhoods of open sub-
sets of the left coset H and such that |Ny| = wo(G/H). Pick U € Og(H).
Since 7t (U) is an open neighborhood of the coset H, there exists an ele-
ment £ of Ny such that £ C 7ry(U). Then K = 715, (£) is an open subset
of G containing 1 by Lemma 4.1.2. It follows that we can find an open
normal subgroup N of G such that N C K C U. Thus, for every L € N4y,
there are finitely many 7ty (U) with U € Og(H) and, since wo(G/H) is
infinite, IN*| = |Ny| = wo(G/H).

U

If « is an ordinal number, it is the set of all ordinals less than «, i.e.
a = {B|B < a}, and the symbol « + 1 denotes the successor of «, that is
the set a U {a}.

72



Proposition 4.1.2. Let « be an ordinal number and let {Xg}pg<, be a family of
non-empty sets. If { Xg, ¢p,, &} is an inverse system of surjective maps such that
for every B < aand xg € Xg, |4>/;11 ﬁ(xﬁ)\ > 2, then

lim Xg| > 21,

B<a

When a is infinite and each Xg is finite for B < w, the equality holds.

Proof. The first step of this proof is to construct an injective map from
{0,1} to limXg. Consider an arbitrary map f : « — {0,1}. We have
B<a
that for any B < a and xg € Xg, |¢[;i1,ﬁ(xl5)| > 2, thus there exist at least
two elements of Xg 1 whose image is xg, so that we can define the follow-
ing map ¥ : {0,1} — Xpq such that ¥3(0) = x%H and x(1) = X}SH
are two distinct preimages of xg in Xg 11 by ¢511.
Pick an element xg € Xj, and by transfinite induction, we define

xpy1 = Xp(f(B)) € Xp+1.

If A is a limit ordinal less than &, and xp is defined for every p < A, define
x, as an element of the non-empty set gb;}% (xp)-
p<A 7

Then, for every & > B > v, ¢ ,(x) = x4 so that (x3)s<4 is a coherent
sequence. Therefore, the map

¢ {0,1}* — limXj
B<a

f — (x,B),B<tx

is well-defined. It is injective because, if f,¢ € {0,1}* are such that ¢(f) =
¥(g), we have ¥3(f(B)) = ¥p(g(B)) for every B < «, and so also f(B) =
g(p) for each & < B. It follows that f = g. In this way, we have proved
that

2% = 1{0,1}*] < [lim X,

B<a
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On the other hand, @Xﬁ < ITXp thus, when each X pis finite we have:

B<a p<a
lim X5 < [T|X5/ < T =",
B<a B<a B<«
If « is infinite, it follows that 2/* = N'Oa‘ by Lemma 5.6 of [32]. O

Corollary 4.1.2. Let I be a well-ordered set and let {X;}ic be a family of non-
empty sets. If {X;, ¢;, I} is an inverse system of surjective maps such that for
every i, j € I such thati > jand xj € X;, |¢;j1(xj)| > 2, then

lim X;| > 2/l

i€l

When I is infinite and each X; is finite for i € I, the equality holds.

Lemma 4.1.5. Let G be an infinite profinite group and let H be a closed subgroup
of G. Then G/ H is homeomorphic to the inverse limit

im G/U.
UEOG(H)

Proof. Since for every Uy, U, € Og(H), Up N Uy is still an open subgroup
of G containing H, the set O (H) is a directed set and we can consider the

inverse limit @ G /U with compatible continuous mappings
UeOg(H)

puv:8UeG/U—gVeG/V,

for every U,V € Og(H) such thatU < V.
For each U € Og(H), define the map

mau:gH € G/H — gU € G/U.

Clearly, 7ty 11 is surjective and continuous for every U € Og(H), so that
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the map
¢:G/H— @ G/u
UeOc(H)
induced by the 7ty i with U € Og(H) is a continuous surjection by Corol-
lary 1.1.6 of [50]. Now, let xH and yH be two distinct cosets of H in G. It

follows that x 'y ¢ H. Since H = () U, we have that x~ 'y ¢ U for
UeO(H)

some U € Og(H). Hence my y(xH) # g u(yH) and so also ¢(xH) #

¢(yH). O

Theorem 4.1.1. Let G be an infinite profinite group and let H be a closed sub-
group of G of infinite index. Then, |G : H| = 200(G/H),

Proof. Since O (H) is the set of all open subgroups of G containing H,

H= () u
UGOG(H)

Let u be the smallest ordinal with cardinality wo(G/H) and let us well-
order Og(H) by setting Uy = G and Og(H) = {U) |A < u}. For each
A <pu,weputGo=Uy=Gand

Gy = [ Ua.

a<A

Clearly, the set {G) | A < u} is a strictly descending chain of closed sub-
groups including G and whose intersection is H. Even if G, is not nec-
essarily normal, we have that the space of the left cosets G/G, is a profi-
nite topological space. The inverse limit of the finite topological spaces
G,/ G) 41 with the continuous mappings

Pry:8Gr € G/Gy — ¢G, € G/G,
for every v < A < y, is a profinite topological space. We want to show

that @G /G, has the same cardinality as G/ H. Since, for a fixed § € G,
A<y
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(§G)) A<y is a coherent sequence, we can consider

m:gH € G/H — (G )<y € l'&nG/G)L
A<p

which is well-defined since, for every ¢1,¢2 € G, g1H = ¢ H if and only
if g1 ¢, € H, which is true if and only if 1 les € Gy, for every A < .
Clearly, 7t is injective. If we consider the continuous surjective compatible
maps ¢, : gH € G/H — gG) € G/G,, for each A < u, we have that 7
is the corresponding induced map, so it is surjective by Corollary 1.1.6 of
[50], being each G/ G, Hausdorff compact spaces. In particular, we have
that

=|G: H|.

@G /Gy
A<a

On the other hand, since {G, | A < u} is a strictly descending chain, for
each A < u, Gy > G,41 and each coset of G is a union of finitely many
cosets of G, 1. Indeed, for every A < u, |Gy : Gri1| = |Gy : Gy N U,|
is finite so, if Gy = x1G 41 U xpGr11 U---UxGyy1 and ¢ € G, we have
gG)y = gx1Gr41 U gxoGrpq U -+ - U gx¢Gy 1. Therefore,

(P;—il—l,/\ (8Gr) = {gx1G), §%2Gy, ., gx: Gy }

where t > 2. It follows that, for each A < y, every element in G/G,
has at least two preimages by ¢, 1. By Proposition 4.1.2, we have that
|G : H| > 2%(G/H) Lemma 4.1.5 and Corollary 4.1.1 ensure that

G/H|=| lim G/U

UGOG(H)

< I le/ul< T No=wg©™.
UEOG(H) UEOG(H)

Since |G : H| is infinite, wy(G/ H) is infinite by Lemma 4.1.3 and it follows
that 2%0(G/H) — NSUO(G/H) by Lemma 5.6 of [32]. O
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4.2 Normality Conditions on Open Subgroups

In a profinite group, each open subgroup has finite index, so it is large
in some sense. In this section we will explore how the behaviour of open
subgroups with respect to one of the normality conditions mentioned in
Chapter 2 influences the structure of a profinite group. For the conve-
nience of the reader, it is worth noticing that for every open subgroup H
of a profinite group G, all the supersubgroups of H are still open since they
are union of finitely many cosets of H.

Our first two results show that Neumann’s Theorems (of [46] and [45]
respectively) are true in a profinite group whenever we consider only the
open subgroups of G and there are bounds on the indices involved. In
particular, the behaviour of subgroups that are not open is negligible and
heavily affected by that of the open ones.

Theorem 4.2.1. Let G be a profinite group and k a positive integer. If, for any
open subgroup H <, G, we have |H® : H| < k, then the commutator subgroup
G' of G is finite of order bounded by a function of k.

Proof. Let us consider a normal open subgroup N <, G. We have that ev-
ery subgroup H/N < G/N has finite index bounded by k in its normal
closure. Indeed, (H/N)® = H® /N so that

((H/N)®:H/N| = |H°/N:H/N| = |H®: H| <k

By Neumann’s theorem, it follows that G'N/N is finite of order bounded
by a function i = f(k) of k. Assume by contradiction that |G’| > h and
pick xp,x1,...,x5 € G’ that are pairwise distinct. Since the intersection
of all open normal subgroups of G is trivial, for every i,j € {0,...,h} and
i # J, there exists an open normal subgroup N; ; of G such that xi_lx]- & Ni .
Set
N= () N
{ij |7}

Since N is the intersection of finitely many normal subgroups, N is an open
normal subgroup of G. Furthermore, for each i,j € {0,...,h} and i # |,
xi_lx]- ¢ N. It follows that |G'N/N| > h, which is a contradiction. O
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Theorem 4.2.2. Let G be a profinite group in which for every open subgroup H
of G, we have that |G : Ng(H)| < k, for a fixed positive integer k. Then G/ Z(G)
is finite of order bounded by a function of k. In particular G' is finite of bounded
order.

Proof. Let N <, G, then all supersubgroups H of N in G are open, so that
|G : Ng(H)| < k. Since Ng(H)/N = Ng,n(H/N), if we set Z(G/N) =
ZNn/N, we have that |G/Zy| < h, where h = f(k) is a function of k.
Assume by contradiction that |G/Z(G)| > h, so there exist at least 1 + 1
pairwise distinct elements xy, . . ., x, in a fixed transversal T of Z(G). Since
the intersection of all open normal subgroups of G is trivial, it follows that

Z(G)= () Zn.
Ng,G
Indeed, if ¢ € () Zn, then [gN,xN] = N for every x € G and N 4,
N<,G
G, therefore [x,¢g] € (| N = {1} and ¢ € Z(G). Thus, for each i,j €
Ng,G

{0...,h} and i # |, we can find an open normal subgroup N;; such that

xi_lx]- does not belong to Zy;, . Set M = [ Njj;. Itis easy to prove that
' {ijli#j}
Zy = (1 Zn,, so it follows that for each i,j € {0,...,h} and i # j,
{ijli#}

xi_lxj does not belong to Z); but that is a contradiction. Indeed, M turns
out to be an open normal subgroup of G such that |G/Zy| > h. O

In particular, when in a profinite group G there are finitely many nor-
malizers of open subgroups we have that the group is central-by-finite.
Actually, such a condition is equivalent to many interesting properties, as
it is stated in the following theorem of [30]. Here, we define the pro-norm
N, (G) of a profinite group G as the intersection of all normalizers of closed
subgroups of G; of course, N;(G) is a normal subgroup of G and it also co-
incides with the intersection of the normalizers of all open subgroups of
G.

Theorem 4.2.3. Let G be a profinite group. The following conditions are equiva-
lent.
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(i) G has finitely many normalizers of closed subgroups.
(ii) G has finitely many normalizers of open subgroups.
(iii) G’ is finite.
(iv) G/Z(G) is finite.

(v) G/N:(G) is finite.

More precisely, for a profinite group, the converse of Schur’s theorem
holds; moreover, every profinite FC-group is both finite-by-abelian and
central-by-finite (see also Lemma 2.6 of [58]).

The argument employed for the above results is based on the fact that,
in a profinite group, the intersection of all open normal subgroups is triv-
ial. This property can be easily applied to analyze profinite groups where
open subgroups are subnormal of bounded defect. As in Subsection 3.1, f
will denote Roseblade’s function defined in [53] and it will play a central

role in our next result.

Theorem 4.2.4. Let k be a positive integer and let G be a profinite group whose
open subgroups are all subnormal of defect at most k. Then G is nilpotent of class
at most f (k).

Proof. For every open normal subgroup N <, G, we have that
Yk)y+1(G/N) = Y 41(G)N/N = N/N.

It follows that
Y1 (G) < () N={1}.
N<,G

]

Lennox [37] generalised Roseblade’s theorem, proving that there exists
a function u such that if every finitely generated subgroup of a group G is
(m, k)-subnormal in G, then the term 7,4 1) (G) of the lower central series
of G is finite of order less than or equal to m!. An analogous generalization
can be proved for profinite groups.
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Theorem 4.2.5. Let m and k be positive integers and let G be a profinite group
whose open subgroups are (m, k)-subnormal. Then, |y, (41 (G)| < ml.

Proof. For each open normal subgroup N of G, Theorem A of [37] yields
that
Y u(m+k) (G)N/N| < ml.

Put s = m! and assume by contradiction that |y, (45 (G)| > s. Let
X, - .-, Xs be pairwise distinct elements of 7, (G). Since the intersec-
tion of all open normal subgroups of G is trivial, for each i,j € {0,...,s}
and i # j, there exists an open normal subgroup N; ; of G such that xi_lxj ¢
N; ;. Set
N= (1] N
{ijli#j}

We have that N is an open normal subgroup of G and xlflxj does not be-
long to N forevery i,j € {0,...,s} and i # j, so that

Vu(mik) (G/N)| > s,

which is a contradiction. ]
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4.3 Permutable Complementation of Closed Sub-

groups

4.3.1 Complemented subgroups

Let us consider the full cartesian product G = Cﬂr\I G, where G, is a
ne

cyclic group of prime order p, for every n € IN. Then G is profinite and

an elementary abelian p-group, hence every subgroup in G is permutably

complemented (i.e., G is a C-group) by Theorem 3.2.5 of [56].
Furthermore, G is countably based since ' = {n%i] H,|H, < G,Vn €

N and H, = {1} for finitely many n € IN} is a fundamental system of
neighborhoods of the identity. Now, if U <, G, then it contains an element
N € N. Since G/N is finite, N can be contained in finitely many (open)
subgroups as U. Thus, in G we can find only countably many open sub-
groups.

On the other hand, G can be regarded as a IF,-vector space and clearly
a base B of G has to have cardinality 2. If we pick an element x € B,
then (B \ {x}) is a maximal subgroup of G, furthermore if x and y are dis-
tinct elements of B, we have that (8 \ {x}) # (B \ {y}), so that maximal
subgroups are not countably many. It follows that there are subgroups of
finite index which are not open. If H is such a subgroup, it has a finite (of
prime order) permutable complement K. It follows that K is a closed sub-
group with a non-closed complement. Now, a natural question arises: are
there any closed complements to K? In the following we will investigate
such a problem.

Let us call profinite C-group a profinite group G where each closed sub-
group H of G admits a closed permutable complement in G, thatis a closed
subgroup K of G such that G = HKand H N K = {1}.

Lemma 4.3.1. Let G be a profinite C-group. Then, if C is a closed subgroup of G,
C is a profinite C-group.

Proof. Let H be a closed subgroup of C, then H is closed even in G and
there exists a closed subgroup K such that G = HKand HNK = {1}. We
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have that C = HKNC = H(KNC)and HNKNC = {1},so KNCisa
closed permutable complement of H in C. O

Lemma 4.3.2. Let G be a profinite C-group. Then, if C is a closed normal sub-
group of G, G/ C is a profinite C-group.

Proof. Let H/C be a closed subgroup of G/C, then H is closed and per-
mutably complemented in G by a closed subgroup K, so that G = HK
and HNK = {1}. It follows that G/C = HK/C = (H/C)(KC/C) and
HNKC = C(HNK) = C, thus KC/C is a closed permutable complement
toH/Cin G/C. O

Lemma 4.3.3. Let G be a (profinite) C-group and let H be a (closed) subgroup
of G. If S is a (closed) supplement to H in G, then there is a (closed) permutable
complement of H in G that is contained in S.

Proof. Observe that S is a C-group (profinite C-group by Lemma 4.3.1).
Hence HNS <) S is complemented in S, say K the (closed) permutable
complement in S of HN S. We have that S = (HNS)Kand HNSNK =
HNK = {1}. Furthermore G = HS = H(HN S)K = HK, so K is a (closed
in G) permutable complement of H contained in S. O

Corollary 4.3.1. Let G be a (profinite) C-group with H (closed) subgroup of G
and N (closed) normal subgroup of G. If S is a subgroup of G containing N and
such that S is a (closed) permutable complement of H modulo N, then there exists
a (closed) complement K of H in G that projects onto S, that is S/N = KN/ N.

Proof. 1t is easy to notice that S is a (closed) supplement of H in G such
that SN H < N. By Lemma 4.3.3, there exists a (closed) complement K to
H in G with K < S. By construction, S = KN(HNS) = KN. O

Lemma 4.3.4. Let G be a profinite group and let H and K closed subgroups of G.
Then the product HK = {hk | h € H,k € K} is a closed set of G.

Proof. Both H and K are compact, so that the cartesian product H x K is
also compact. Being G a topological group, themap i : (x,y) € Gx G —
xy € G is continuous and therefore y(H x K) = HK is compact. Since G
is Hausdorff, HK is even closed. O
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Lemma 4.3.5. Let A and B be profinite C-groups. Then A X B is a profinite
C-group.

Proof. Let H be a closed subgroup of A x B, then HN A is closed in A,
so that it admits a complement in A. In particular, there exists a closed
subgroup C of A such that A = (HNA)Cand HNANC = {1}. Since
H and A are closed, Lemma 4.3.4 ensures that HA is closed in A x B. It
follows that HA N B is a closed subgroup of B, hence there exists a closed
subgroup D of B such that B= (HANB)D and HANBND = {1}. Since
D < B,wehavethat HAND = HANDNB = {1}.

Now, we can notice that CD is a closed permutable complement of H
in A x B:

HCD = H(HN A)CD = HAD = HA(HANB)D = HAB = AB

and
HNCD <HANCD=C(HAND)=C,

hence
HNCD<HNC=HNANC={1}.

Theorem 4.3.1. Let G be a profinite group. The following are equivalent:
(i) Ewvery closed subgroup of G has a closed permutable complement.
(ii) Ewvery closed subgroup of G has a permutable complement.
(iii) Ewvery open subgroup of G has a permutable complement.
(iv) Every open subgroup of G has a closed permutable complement.
(v) Every G/N is a C-group for each open normal subgroup N of G.

Proof. Ttis clear that (i) implies (ii), (iii) follows from (ii) and that any per-
mutable complement of an open subgroup of G is finite and so it is closed,
hence (iv) is equivalent to (iii). Furthermore, if N <, G, every subgroup
H/N of G/N is open in G/N and H is open in G. Hence, when (iv) is
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true, in G/N all subgroups are permutably complemented, so whenever
we choose N <, G, G/N is a C-group and we have (v). To conclude, it
suffices to prove that (i) stems from (v).

Let us assume that every G/N is a C-group whenever N <, G and let
N be the set of all open normal subgroups of G. Then N can be well-
ordered so suppose that N' = {N, |y < A}, for some ordinal number A.
We set Gy = Ny and put

Gu=[)Na
a<p

foreach 0 < p < A. In that way, we geta family {G, | 4 < A} of closed nor-
mal subgroups of G and it is possible to show that each section G/ G, has
all closed subgroups permutably complemented. Indeed, by transfinite in-
duction, we have that G/ Gy is a C-group; let u + 1 be a successor ordinal
and assume that G/Gy, is a profinite C-group, then G/G, ;1 embeds into
the cartesian product G/ G, X G/N,, via a continuous homomorphism

1:G/Gyuy1 = G/Gu x G/N,,

such that ((§G,41) = (§Gyu, g§Ny,). The subgroup ((G/G,1) is closed in
G/Gy x G/N, and so it is a profinite C-group by Lemmas 4.3.5 and 4.3.1.
It follows that every closed subgroup of G/G, 1 has a closed permutable
complement.

Furthermore, for every closed subgroup H of G, HG, 11/ G4 1 is closed
in G/ G4 1 and we can construct a closed complement K, 1/ G, 11 starting
from a closed complement Ky / Gy of H Gy / Gy in G/ Gy, such that Ky+1 <
K. Indeed, we have G/G, 11 = HK};/G; 41 and Corollary 4.3.1 ensures
that there exists a closed subgroup K11 < K containing G,,;1 such that
Ky+1Gy = Ky and K11/ Gy, 11 is a closed complement to HG;,11/Gy,11 in
G/Gyy1-

If v < Ais a limit ordinal, since H is closed in G, HG,, /G, is a closed
subgroup of G/G,. Clearly, for each p < A, HG,, /G, is closed in G/G,
so, by inductive hypothesis, it admits a permutable complement K}, / G, in
G/Gy. Moreover, we can assume that the set {K, |4 < A} is a chain so
that it is filtered from below.
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In particular, we have that
G = HK,,

and

for every u < 7.

It follows that G = (| HKj, and, since {K,, | 4 < 7} is a totally ordered,
p<y
an application of [[50], Proposition 2.1.4 (a)] tells us that

G=H((Ky)-

<y

If weset K, = K, we have that G, < K, and HN K, < G, so that
Py
K, /G, is a closed complement to HG, /G, in G/G,. In particular for A,

we will find a closed subgroup K, such that G = HK) and HNK, < G, =

N N, = {1}. So H has a closed permutable complement in G. O
u<A

Corollary 4.3.2. Let G be a C-group, then the profinite completion of G is a
profinite C-group.

Proof. Since G is a C-group, it is residually finite so G embeds in its profi-
nite completion. So, if  is the family of all finite-index normal subgroups
of G, the profinite completion

G = limG/N
Xen

is an inverse limit of finite C-groups, thus it is a profinite C-group by The-
orem 4.3.1. ]

In general, profinite C-groups are not periodic. If we consider the full
cartesian product

pelP

where C, is cyclic of order p € P, it is a profinite C-group since it is an
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inverse limit of finite C-groups. However, the element x = (x,),cp such
that every x, # 11is aperiodic. In particular, G is not a C-group.

On the other hand, if G is a non-torsion profinite C-group and x € G
is an aperiodic element, (x) does not have any closed complement since
every closed subgroup of G has either finite or uncountable index (see
Theorem 4.1.1).

In a profinite C-group, the Frattini subgroup is always torsion-free
since for every periodic element x € G, the subgroup (x) is permutably
complemented by a proper open subgroup K of G such that G = (x)K. If
x € Frat(G), then G = K, which is a contradiction as (x) N K = {1}.

Proposition 4.3.1. Let G be a profinite C-group and let A be a non-trivial closed
abelian normal subgroup of G. Then A contains minimal G-invariant subgroups
of G and they are finite of prime order.

Proof. Pick an elementa € A\ {1}. Since G is a profinite group, we can
always find an open normal subgroup M of G such thata € M N A. In
particular, consider an open normal subgroup N of G witha ¢ NN A and
of minimal index in A. This implies that A N N is maximal as an open G-
invariant subgroup of A not containing a. Clearly, A N N admits a closed
complement in G, say K and C = A N K is a closed normal subgroup of A
since A is closed and abelian. Moreover, C = AN K < K because A <G, so
C 9 AK = G, and thus A = C x (AN N). Assume that C is not a minimal
normal subgroup of G. By the above argument, C = C; x C; where C;
and C; are closed, G-invariant, non-trivial subgroups. For i = 1,2, we
have that (AN N) x C; is open in A and closed in G, and moreover, |A :
(ANN) x Cj| < |A: (ANN)|. The minimality of this index ensures that
a€ (ANN)xC;fori=1,2, hencea € AN N, a contradiction. It follows
that C is a minimal normal subgroup of G.

Let D be any minimal G-invariant subgroup of A. In particular, D is
non trivial. For every N <, G, we have that D N N is G-invariant so, either
DNN = {1} or D < N by the minimality of D. Since the intersection
of all open normal subgroups of G is trivial, there exists an open normal
subgroup M of G such that DN M = {1}. It follows that D is isomorphic
to a subgroup of the finite group G/ M, hence D is finite. Pick an element

86



x € D of prime order and consider a closed complement K to (x) in G.
Since G = (x)K, we have that D = (x)(KN D). Now, KN D <K since
D <Gand KND <D as D is abelian, hence KN D <KD = G,so KN D =
{1} and D = (x). O

Lemma 4.3.6. Let G be a profinite C-group and let A be an abelian closed normal
subgroup of G. Then, either A is a minimal normal subgroup or the intersection
D (A) of all closed G-invariant maximal subgroups of A is trivial.

Proof. If A is not a minimal normal subgroup of G, Proposition 4.3.1 en-
sures that it contains a proper minimal G-invariant subgroup D which is
finite of prime order. As D is closed, it has an open complement L in G and
LN Ais G-invariant, closedin Gand A = D x (LN A). In particular, LN A
is a maximal element of the set {K <. A | K <G} ordered by inclusion and
P (A) < ANL.

Assuming that ®.(A) is non-trivial, we have that ®.(A) contains a G-
invariant subgroup of prime order (x) by Proposition 4.3.1. Now, if C
is a closed complement to (x) in G, we have that CN A is a G-invariant
maximal subgroup of A such that x ¢ CN A, which is a contradiction. It
follows that ®.(A) = {1}. O

Corollary 4.3.3. Let G be a profinite C-group and let A be an abelian closed nor-
mal subgroup of G. Then A is isomorphic to the cartesian product of G-invariant
subgroups of prime order.

Proof. If A is a minimal normal subgroup of G, the statement is obvious.
Define ®(A) as the intersection of all G-invariant maximal subgroups of
A. If A is not a minimal normal subgroup of G, Lemma 4.3.6 ensures that
®(A) = {1}. Since the G-invariant subgroups of A are precisely the G-
submodules of A regarded as a G-module, Proposition 7.4.5 of [65] guar-
antees that A is isomorphic to the cartesian product of simple G-modules
that, in our case, are G-invariant subgroups of prime order by Proposition
4.3.1. O

Theorem 4.3.2. Let G be a profinite C-group. Then G = G’ x K where G’ is

isomorphic to the cartesian product C1;Ai whose factors A; are G-invariant sub-
1
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groups of prime order and K is a closed subgroup of G isomorphic to the cartesian
product of prime order subgroups CrB;.
je

Proof. If N is the set of all open normal subgroups of G,

G’ = lim G'N/N,
NeN

which is isomorphic to a subgroup of the (abelian) cartesian product
Cr G'N/N,
NeN

so that G’ is an abelian G-invariant closed subgroup of G and its struc-
ture is provided by Corollary 4.3.3. If K is a closed complement to G', we
have that K is an abelian profinite C-group, thus a further application of
Corollary 4.3.3 completes the proof. O

4.3.2 Sectional complemented subgroups

We will call profinite SC-group a profinite group G where each closed
subgroup H of G admits a closed sectional complement, or S-complement
for short, in G, that is a closed complement K to H such thatif H < X <. G,
then X N K is a (closed) complement to H in X.

It is easy to see that every profinite C-group is a profinite SC-group.
Indeed, if H is a closed subgroup of a profinite C-group G and K is a closed
complement to H in G, for every closed subgroup X containing H we have
that

X =XNHK=H(KnNX),

so that X N K is a closed complement to H in X.

Proposition 4.3.2. Let G be a profinite SC-group and let N <. G, then G/ N is
a profinite SC-group.

Proof. Let H/N <. G/N. Since H <, G, there exists a closed S-complement
Kto Hin G. Let X/N <. G/N containing H/N. We have that G/N =
(KN/N)(H/N)and KN N H = N so that KN/N is a complement to H/N
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in G/N. Moreover, it is easy to see that X/N = ((KNNX)/N)(H/N)
where (KNNX)/N=KN/NNX/Nand KNNXNH = N.SoKN/N is
a closed S-complement to H/N in G/N. O

In particular, if N is an open normal subgroup of a profinite SC-group,
G/ N is a finite SC-group and then it is a C-group by Theorem 3.2.4 of [56].

It follows that the inverse limit of finite SC-groups is a profinite C-
group (so it is also a profinite SC-group).

A profinite SC-group is a group where all open subgroups have a closed
S-complement. Hence, a profinite group G is a profinite SC-group if and
only if every open subgroup admits a (sectional) complement. Further-
more, the profinite completion of a residually finite SC-group is a profinite
C-group.
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