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Introduction

Geometry — the study of shapes. Coding theory — transmission of a message in such
a way that one can recover the original message even if some part of it is corrupted
or lost. These diverse-looking topics are blended by the researchers to find many new
results resulting in a significant improvement in both the topics.

Nowadays, it is hard to find an electronic device without some code implemented
on it. Therefore, coding theory can be thought of as an application of mathematics
without which the evolution of the information age could not be possible to this ex-
tend. In this thesis, we will see some aspects where these areas feed off each other,
with results and techniques from one informing the other.

Rank metric codes are subsets of matrices where the distance between a pair of code-
words is measured as the rank of their difference. These codes were first studied
by Delsarte (Delsarte (1978)), particularly for combinatorial reasons. They arise in
applications such as error correction in networks, criss-cross error correction, and in
code-based cryptography. There are many equivalent ways of representing the rank
metric codes. We will see some correspondence here to give an idea of how geometry
comes into the picture.

The Chapter 1 is introductory in nature. It provides the essence of this dissertation
to the reader. It starts with giving basics of projective spaces over finite fields moving
to some special substructures which are studied in classical finite geometry, preciously
spreads. In the next section, we start by dealing with linear sets which are certain
point sets in projective spaces, generalizing the notion of a subgeometry.

In Section 1.3 we deal with rank metric codes in the general setting. We describe
their connection with linearized polynomials and linear sets. These connections are
essential, as they highlight how ideas from geometry can be applied to solve problems
in coding theory, particularly in the context of rank metric codes. We also give a
detailed list of all the known maximum scattered linear sets over projective line which
has found connection with MRD codes having high minimum distance. The chapter
also introduces bilinear forms and the polarities. Bilinear forms are used to define
polar spaces, and the chapter explore the generators and properties of these spaces.
The most important part of this section is that where we describe the spread of polar

spaces. This part of the chapter mainly deals with a brief introduction to our final
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chapter which in turn addresses (affine) vector space partitions.

Chapter 2 treats two main problems (1) as per Lunardon & Polverino (2004) every
linear set can be viewed as a subgeometry or as a projection of a subgeometry from a
suitable vertex to a suitable axis; we want to find geometric ways to determine known
maximum scattered linear sets over the projective line; (2) determine the inequivalence

classes in a family of MRD codes discovered by Neri et al. (2022).

The chapter begins by listing all the known maximum scattered linear sets over pro-
jective line and describe also connection they have with MRD codes having high
minimum distance. Then we give a geometric construction of the vertex for an eva-
sive linear set of the projective space PG(r — 1,¢"). Later in the Section 2.3 we start
focusing on the projective line in order to dig deeper and establish a geometric de-
scription of the vertex for all the known maximum scattered linear sets following the
same idea used by Zanella & Zullo (2020) and Csajbok & Zanella (20160) in their
articles. Taking into account an interesting Valentina Pepe’s work (Pepe (2024)) we
were able to give a characterization of the vertex for all the known maximum scattered

linear sets over PG(1,¢").

Moving forward in this chapter we solve the equivalence issue left as an open prob-
lem in Section 5 of Neri et al. (2022). The authors extended a class of MRD code
with minimum distance (n — 1) and rank 2 constructed using an object known from
finite geometry, called a linear set. They find out under which circumstances the
corresponding MRD codes can be called ‘new’ for n > 5. The necessity of their main
theorem (see Theorem 4.6), still holds if ¢ = 3,4. However, as underlined in the ini-
tial part of (Neri et al. 2022, Section 4), in such cases the sufficiency part, and more
generally the equivalence issue for the codes require more demanding computations
and is left as an open problem (see (Neri et al. 2022, Section 5)). In this chapter
we deal with these problems, extending their result. We also determined the number
of inequivalent codes for ¢t = 3,4. Finally, we showed that for ¢ = 4, the linear sets
of PG(1,¢®), ensuing from codes in the relevant family, are not equivalent to any

scattered linear set known so far.

Vector space partitions are a powerful tool for simplifying complex problems, improv-
ing efficiency, and enabling more precise computations in a wide variety of applica-

tions. In Chapter 3, we consider (affine) vector space partitions (abbreviating them as
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avsps) of a special kind, preciously avsps which have properties like irreducibility and
tightness. We introduce hyperbolic, parabolic or elliptic affine spread of PG(n, ¢) and
show them to be equivalent to spread of QT (n+1,q), Q(n+1,q) and Q" (n+1,q), re-
spectively. Based on our results the extension problem formulated in (Bamberg et al.
2023, Conjecture 2) is shown to be equivalent to that of the existence of a spread of
the triality quadric Q% (7,¢), which in turn is equivalent to establish the existence of

an ovoid of QT (7, ¢q).
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CHAPTER

Preliminaries

1.1 Projective spaces over finite field

Let us consider an (n+1)-dimensional vector space V over I, where F, is a finite field
with ¢ elements, ¢ is a prime power. Consider an equivalence relation on the points
of V'\ {0} defined by the proportionality over a certain basis of V', i.e., z,y € V are
equivalent if Ja € [} such that x = ay. The set of these equivalence classes, called
points, is called n-dimensional projective space over F, and it is denoted by PG(n, q)
or PG(V). An r-space 7 of PG(n, q) is set of points all of whose representing vectors
together with zero forms an (r + 1)-dimensional subspace of V(n + 1, ¢q). Therefore,
we can say the projective space PG(n,q) is a geometry whose points, lines, planes,
..., hyperplanes are the subspaces of V' of dimension 1, 2, 3,... n.

The number of r-spaces of PG(n, ¢) or number of (r 4 1)-spaces of V' is given by

{n—l—l} :ﬁq”—q
r+1 q i:lqk_ql

Remark 1.1.1 We can see that in the above fraction, numerator is the number of
ordered sets of (r + 1)-linearly independent vectors in V' and the denominator is
number of ordered sets of (r 4+ 1)-linearly independent vectors that generate the same
(r 4+ 1)-dimensional subspace of V.

We will be using vector subspace and projective subspace interchangeably when the

1



2 §1.1. Projective spaces over finite field

context is clear.
The number of r-dimensional subspaces of PG(n, ¢) containing a fixed s-dimensional

r—Ss

subspace is given by [”_S] .

If H is an hyperplane of PG(n — 1,¢), then AG(n —1,q) = PG(n —1,q) \ Hy is an
(n —1)-dimensional Desarguesian affine space over F,. The subspaces of AG(n— 1, q)
are U\ Hy,, where U is a subspace of PG(n—1, q). We say that H, is the hyperplane
at infinity of affine space AG(n — 1,¢). We now define the concept of equivalence

between two projective spaces.

Definition 1.1.2 Let Vj, V5 be two n-dimensional Fg-vector spaces. A collineation
between PG(V;) and PG(V5) is a bijection between their points which preserves in-
cidence, i.e., the bijection ® is a collineation between PG(V;) and PG(V3) if for any
two subspaces II, II' of PG(V}), then IT C II" implies II® C II'°.

The set of all automorphisms forms a group, namely Aut(F,), where the binary op-

eration is composition. Let o € Aut(F,) and A € GL(n +1,¢q). Then
FoatxeVin+1l,q9)—»a2AeV(n+1,q)

is a semilinear isomorphism of V(n + 1,q). The set of all semilinear isomorphism
is denoted by I'L(n+1,q). As F, a(Ax) = A\ F, a(x), it defines a bijection on the
points of PG(n, q). Therefore F,, 4 defines a collineation of PG(n, q) called projective
semilinear map. If ¢ = id, the collineation is called projectivity. The set of all
projectivities of PG(n, ¢) and set of all projective semilinear map forms a group under
composition called projective linear group and projective semilinear group, denoted

by PGL(n + 1,q) and PT'L(n + 1, q), respectively.

Theorem 1.1.3 (Fundamental Theorem of Projective Geometry) Any collineation of

PG(n, q) is a projective semilinear map.

Let PG(n, ¢)* denote the projective space whose points are the hyperplanes of (n+1)-
dimensional vector space V over I, and where, for each non-trivial r-dimensional
subspace U of V| we have a subspace of PG(n,q)* consisting of the hyperplanes
containing U. The set system PG(n, ¢) is isomorphic to PG(n, ¢)* (see Ball (2015)). A
collineation between PG(n, ¢) and its dual PG(n, ¢)* is called reciprocity of PG(n, q).
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If 0 = id, the reciprocity is called correlation. A correlation of PG(n, ¢) having order
two is called polarity.

If p is a polarity of PG(n, q), P is a point and H is a hyperplane, then the hyperplane
P? is called the polar of P and the point H” is called the pole of H. It follows
immediately from the fact that p is an incidence preserving mapping that when a point
() is incident with the hyperplane P”, the point P is incident with the hyperplane Q”,
ie., P e @) < (@ € PP. In this case the points P and () are conjugate points. If
P is on the hyperplane P?, then P is a self-conjugate or totally isotropic point. The
notions of polar subspace and self-conjugate subspace can be extended to arbitrary
dimensions. This means that II and II" are conjugate if II? C IT" or IT”” C IT and II is
self-conjugate or totally isotropic if II C II”. In this case it follows that II is at most
an |2+ |-space of PG(n, q).

We will consider PG(n, ¢) equipped with homogeneous projective coordinates X =
(X1, ,Xn41))r,- Hence a hyperplane H of PG(n,q) can be described by a ho-
mogeneous equation u; Xy + -+ 4+ u, X,, = 0 (or by a vector u = [u1,...,u,]) and a
k-space II of PG(n, q) by a system of (n — k) homogeneous linear equations. A point
x belongs to IT if and only if zu’ = 0. Let ® be a collineation of PG(n, ¢) induced by a
matrix A € GL(n+1,¢) and o € Aut(F,), then II® is the intersections of hyperplanes
u”A7!. Indeed zu! = 0 if and only if 27 AYA~*(u”)! = 0. A classical problem in finite
geometry is the study of interesting substructures such as arcs, caps, spreads, etc. We
aim here to explore spreads. We give a formal definition and then discuss how they

are related to MRD codes.

Definition 1.1.4 Let r be a positive integer. An r-spread of PG(n, q) (resp. of IFZH)
is a set of r-dimensional projective subspaces (resp. vector subspaces of dimension

(r+1) minus 0) partitioning PG(n, q) (resp. of Fi+1\ 0).

The number of elements in r-spreads of PG(n, q) is exactly f;:—ij. Hence, if such a

spread exists then r + 1 divides n + 1.

Construction 1.1.5 Let n+ 1 = (r + 1)(s + 1). Let a be a root of an irreducible

polynomial of degree r 41 over F,. Every element x € F,+1 can be written as

T =ag+ o+ ad® + -+ a,a”
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were a; € F, and let (xg,x1,...,25) € Fflﬁl and consider Vj = 0,1,...,s
Z‘j = (Ijg + aleé + CLjQOéQ 4+ 4+ CL]’TO(T.
Let ¢ : FZ:;II — F}*" be an Fy-linear map, defined as

¢($0,3517 cee axs) = (CLOOaaOla <o Aopy - ey Qg0 - - - 70'37“)-

Now, it is easy to observe that if S is an h-dimensional subspace of IFZ:Z}I then ¢(9)
is an h(r + 1)-dimensional subspace of ]FZH. In particular, if H is an 1-dimensional
subspace ]FZ;TI, then ¢(H) is an (r+ 1)-dimensional subspace of IF?“. The set of all 1-
dimensional subspaces of IFZI}l \ {0}, is an 1-spread of FZ;TI to which there corresponds

an (r 4 1)-spread of Fy+1.

The spreads constructed above are called linear spread of IFZ“. The map ¢ is called

field reduction and using this construction it is easy to prove the following.

Proposition 1.1.1 Letr andn be two integer. There exists anr-spread S of PG(n, q)
if and only if r + 1 divides n + 1.

In the following sections, we will see a point set called linear sets constructed using
these spreads and then consider equivalent way to define it. We will further elaborate

their connections with linear codes.

1.2 Linear sets

We now see a projective setting of the spreads we just discussed. Let PG(n,q) =
PG(V,F,) and using above description we know that each point P of PG(s, ¢ ") de-
fines an r-dimensional subspace Xp of PG(n,q). Theset S = {Xp : P € PG(s,¢" ™)}
defines an r-spread called Desarguesian spread of PG(n, ¢). Also, the incidence struc-
ture (S, L) whose points are the elements of S and whose lines are the (2r — 1)-
dimensional subspaces spanned by two elements of S is isomorphic to PG(s, ¢"t1)
and is so called linear representation of PG(s,q"*!) over F,. A t-dimensional F -

vector subspace U of V' defines a (¢ — 1)-dimensional projective subspace PG(U,F,)
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in PG(n, q) and the set Ly of points of PG(s,¢" ™) defined as
Ly = {P € PG(s,¢""") : Xp NPG(U,F,) # 0}

is called a linear set. The term linear was introduced in Lunardon (1999) where
a special kind of blocking sets of the incidence structure (S, L) was considered. In
particular it was gaven a relation between normal spreads and linear k-blocking sets.
Any r-spread S is said to be normal if it induces a spread in any subspace generated
by two elements of S (i.e., if T = (A, B) with A, B € S then an element of S is
either disjoint from 7" or is contained in 7). In the two decades after this work, linear
sets have been intensively investigated due to their applications in construction and
characterization of various objects in finite geometry, such as blocking sets, complete
sets, two-intersection sets, translation spreads of the Cayley generalized Hexagon,
translation ovoids of polar spaces, semifield flocks, semifields and rank-metric codes.
We refer to Bacso et al. (2013), Bader et al. (2007), Bonoli & Polverino (2005a),
Ball et al. (2003), Bartoli et al. (2018), Blokhuis & Lavrauw (2000, 2002), Bonoli &
Polverino (2005a,b), Cardinali et al. (2002, 2003, 2006), Costa (2016), Cossidente et al.
(2007), Ebert et al. (2009a,b), Johnson et al. (2008, 2009), Jungnickel et al. (2018),
Lavrauw (2006), Lavrauw et al. (2015), Lunardon & Polverino (2000, 2001, 2003,
2004), Marino et al. (2007, 2008), Polito & Polverino (1998, 1999, 2002), Lunardon
(2001, 2003), and the references therein. Next, we give an equivalent definition of

linear set which is common in current research scenarios.

Let V' be a vector space over F,» of dimension r and Q = PG(V, ¢") = PG(r—1, ¢").
A point set Ly of Q is called an Fy-linear set of rank k if it consists of the points

defined by the non-zero elements of an F,-subspace U of V' of dimension k, that is,
Ly = {{u)p,, :ueU\{0}}.

Here (u)r, . denotes the projective point in PG(r —1,¢") corresponding to the vector
u, where the notation reflects the fact that all Fjn-multiples of u define the same
projective point. By Grassmann’s Identity, it can be easily seen that if k& > (r — 1)n,
then Ly = PG(V,q¢"). Hence Ly is a proper subset of PG(V,¢") if and only if

dim PG(U, F,)) < rn—n—1, i.e., the rank of the linear set is at most rn —n. A linear
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set of rank rn — n is said to be of maximum rank. Note that, if dimU; =rn —n + 1
and dim Uy = dim U; + 1 then Ly, = Ly, = PG(V,¢"). So rank of a linear set cannot

be defined just by knowing the pointset of linear set L.
Remark 1.2.1 If U is F - subspace of V and A € Fjn \ Fy, then Ly = Lyy.

Definition 1.2.2 Let Ly be a linear set of rank k& and A = PG(W, ¢"), where W is
an F n-subspace of V' of dimension ¢, then we say A has weight ¢ with respect to Ly

if dimg, (W NU) = i and denote the weight of A in Ly by wy, (A) = i.

For each i € {1,--- ,n}, let N;(Ly) denote the number of points in PG(k — 1,¢") of
weight i. We denote it by N; if there is no ambiguity in definition. We state some

basic properties for weight.

Proposition 1.2.1 If Ly is an Fy-linear set of Q@ = PG(r — 1,¢") of rank k > 0,
then

1. |Ly| = Ny + Ny +--- + N,

2. Ni+(q+1)No+--+ (" '+ g+ )Ny ="'+ ¢+ g+ 1
3 Lol ¢ T g T gt

4. | Lo =1( mod g).

Definition 1.2.3 A canonical subgeometry ¥ of Q = PG(V,F;n) = PG(r — 1,¢") is
an [P -linear set of 2 defined by the non-zero vectors of an r-dimensional F,-vector

subspace U of V such that (U) = V.

Proposition 1.2.2 Two canonical subgeometries of €2 on the same field are isomor-

phic.

Any canonical subgeometry of PG(r — 1,¢") is equivalent to the linear set

{{(ao, - - ar1))r,0: (ao,...,ar—1) € FL\{0}} = PG(r — 1,q).

Let o be the semilinear collineation such that o : (zg, ..., z,—1) — (xf, ..., 2?_}). Tt is
easy to see that o is a collineation of order n that fixes ¥ pointwise (i.e., Fix(o) = X).

We will denote by Aut(X) the collineation group of Q fixing ¥. In particular, it is
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know that Aut(X) = PGL(r + 1, ¢) x Aut(F,»), where x denotes semidirect product.
We denote by LAut(X), the linear part of Aut(X) which is isomorphic to PGL(r+1, g).
We see that the point 3 of above Proposition gives an upper bound on the number
of points of a linear set Ly of rank k. If the equality holds then the linear set is
said to be scattered. Here, we say that Ly is scattered if and only if any point
of © has weight atmost one in Ly, i.e, for any point P = (v)p, in Q we have
dimg, (U N (v)p,.) < 1. Here it is interesting to mention a result which tells us about
what can be the maximum rank of a scattered linear set. We call the linear set having

maximum possible rank to be maximum linear set.

Theorem 1.2.4 Blokhuis ¢ Lavrauw (2000) If Ly is an F-scattered linear set of
PG(r —1,¢") then rank of Ly is atmost |73 |.

Furthermore, if rn is even then Csajbok et al. (2017) give an explicit construction of
scattered linear set of rank = . Here, we can note that if r = 2, then there always
exists a scattered linear set of rank n. The Chapter 2 is completely dedicated to these
kind of linear sets because of their major connection with the maximum rank metric

codes.

Definition 1.2.5 The maximum field of linearity of an F,-linear set L is F ¢, where

d|n and it is the largest integer such that L = Ly for some F a-subspace U of V.

Definition 1.2.6 Two F,-linear sets L and L’ in 2 are said to be equivalent if there

exists ¢ € PI'L(r, ¢") such that L = L.

Proposition 1.2.3 IfU and U’ are two F,-subspaces of V' in the same I'L(r, ¢") orbit

then Ly and Ly are equivalent.

Remark 1.2.7 The converse of above statement is not true. For example, if n = 2t,
ged(n,s) =1 and U = {(z,27) : Fpu} and U’ = {(z,27) : Fyn} then Ly = Ly =

a b
z, 297 1))n + F%.} but there does not exists a matrix € GL(2,¢"), and
q q

c d
o € Aut(F,») such that for each y € F,n there exists z € Fyn with the property that

g
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In this remark we saw that two [F -subspaces of ]F?In defining the same scattered linear
set in PG(1, ¢") are not necessarily on the same orbit under the action of I'L(2, ¢").

In Lunardon & Polverino (2004) the authors show that every linear set is either
a canonical subgeometry or the projection of a canonical subgeometry. Let ¥ =
PG(r — 1, ¢) be a canonical subgeometry of ¥* = PG(r — 1, ¢™). Suppose there is an
(r —m — 1)-dimensional subspace I' of X* disjoint from 3. Let A = PG(m — 1, ¢") be

an (m — 1)-dimensional subspace of ¥* disjoint from I'. Then, the set
pra(X) ={P €A |3 Q€ Xsuchthat P=(I',Q) N A}

is called the projection of ¥ from A to I'. We call I' and A the vertex and the axis
of the projection, respectively. The following two important results were given by

Lunardon and Polverino which demonstrates a geometric description of linear sets.

Theorem 1.2.8 Lunardon & Polverino (2004) If L is a projection of ¥ from A to
L', then L is an F,-linear set of A of rank m and (L) = A.

The converse of the above theorem can be seen as follows

Theorem 1.2.9 Lunardon & Polverino (2004) If L is an F-linear set of A = PG(m—
1,4"), then either L is a canonical geometry or there is a (r —m — 1) dimensional
subspace T of ¥* = PG(r — 1,q") disjoint from A and a canonical subgeometry % of
¥* disjoint from T, such that L = pra(X).

In the first part of Chapter 2, we provide a geometric way to construct I' and A using
a special point of ¥* which we define now. Let P be a point of ¥X*, and define the
subspace Lp, = (P, P7,..., P"n_l) of ¥*. Clearly, this subspace of ¥ has dimension
at most n — 1. The point P is called an imaginary point of ¥*, with respect to X, if

dim Lp, =n — 1. We now define evasive linear sets.

Definition 1.2.10 Bartoli, Csajbok, Marino & Trombetti (2021) A linear set L C
PG(V, ¢") is said to be (h, k),-evasive if there exists a subspace U < V with L = Ly
such that dim(L) > h — 1, and for every h-dimensional [ »-subspace T" of V', we have

that Lyar has rank at most k.

Note that if h = k = 1, then Ly is scattered.
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Remark 1.2.11 It should be noted that if ¥ is a subgeometry of ¥* then for each
subspace S* of ¥* we can define a set S = ¥* N X, which is a subspace of ¥ whose
rank is at most equal to the rank of S*. We say that a subspace S* of ¥* is a subspace

of ¥ if S and S* has same rank.

1.3 Rank metric codes

Rank metric codes have gained a lot of attention from researchers due to there applica-
tions in network coding, post quantum cryptography and distributed storage. Rank
distance codes were introduced in Delsarte (1978) and independently in Gabidulin
(1985). The set of m x n matrices over IF, denoted by F7"*™ is a rank metric F -space

where the metric endowed is
d(A, B) = rk(A — B).

Let C be a subset of F;"*", we call C' to be a rank distance code (shortly called as

RD code) and the minimum distance d is given by
d= d(C) = minABeCA#Brk(A — B)

We will refer to C' as to an RD code with parameter (m, n; q,d). In the seminal article

by Delsarte they also proved that the code must follow singleton like bound.

Theorem 1.3.1 Let C' C F"*" be a rank metric code with parameter (m,n;q,d),

then
| C’ < qmax(m,n) (min(m,n)—d+1) .

If the bound is met we say C' is a maximum rank distance code, or abbreviated as
MRD codes. When C'is an F-subspace of F;"*", then we call C' an F -linear RD code.
There are many equivalent ways to represent RD codes. In this work we preciously
need the connection of RD codes with linearized polynomials. Any linear RD code
over [F, can be either seen as subspaces of Fy"*" or as subspaces of Hom(V,, Vi).
Here, Hom(V,, V,)) is set of all homomorphism from V,, (vector space of dimension

n) to V,, (vector space of dimension m). Next we detail how this relation is suppose
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to work. Let us consider two vector spaces V,, and V,, over F, of dimension m and n,
respectively. If n > m, we can see V,, as a subspace of V,, and we identify Hom(V,, Vy,)
as subspaces of those homomorphisms ¢ € Hom(V,,, V,,) such that Im(yp) C V;,,. Now
let Homg(Fn) == Homy(Fgn, Fgn) be the set of all linear maps over Fyn; it is well know
that, for any ¢ € Hom,(IF4n) there is an unique linearised polynomial f(z) associated

to it; let it be

n—1

flz) = Z izt

i=0
where ¢; € F,n such that for all z € Fyn, we have ¢ = f(x). Assume C be an RD code
over IF;”X” and n > m. Consider M € C be an m x n matrix over F,. Let ® be an
element of Hom(V,, V,,) associated with matrix M and identify it with Hom,(Fg») as
explained above to get a linearised polynomial f(x). Now, it is straightforward to see
that any F,-linear RD-code might be regarded as a suitable F,-subspace of £, ,[x].
This approach shall be extensively used in the present work.

Let n € N, ¢ a prime power and denote by L, ,[x] the vector space of all F-

linearized polynomials with coefficients over F,» (also known as ¢-polynomials); i.e.,
L, z] = {Zcixqi : ¢ €Fypn and r > O}.
=0

We can consider a quotient of £, ,[x] with its two-sided ideal (27" — ) as following

n—1
Loglt] = Ly glz]/ (27" —x) = {Zcqu DG € ]Fq”}’
i=0
It is known that F,-algebra £, ,[] is isomorphic to set of all Fy-linear endomorphisms
of Fgn (denoted as Endp, (F¢»)), considering the operations to be addition and com-

position, as follows (see Lidl & Niederreiter (1997))
n—1 _
0 € Endg, (Fyr) = Y 07

i=0

Let ¢ be an integer such that ¢ | n. A very special kind of ¢g-polynomial which appears

very often in Galios and duality theories is called trace the function of Fy . over IF

:‘:/ gil 29", There is a multiplicative
=1

counterpart of trace function known as norm function given by Ngn pe(z) = za"-1.

of an element x € Fyn given by Tryn () = >




§1.3. Rank metric codes 11

We will now define rank metric codes in terms of g-polynomial. The distance between

two different ¢-polynomial f and g, defined as

d(f,g) = dim(im(f — g)),

gives rise to a metric on ﬁn,q[x}, which is called the rank metric. In general, if C and C’
are two subsets of £~n7q[:c], we say that they are equivalent if there exist p € Aut(Fn)

and two permutation polynomials L, and L, such that
C'={(Lyo ffoly)(x): feC}

where fP(z) = (3 aixqi)p = S a’z?". We denote by 7 = (L, Ly, p), the equivalence
defined above and consequently denote by 7( f) the elements in C’, see Morrison (2014).
A linear rank-metric code C < L, 4[x] is an F,-subspace of the vector space L, 4[z]
endowed with the above mentioned rank metric d(-,-). The minimum of the set of all
distances between two distinct words of a linear rank-metric code C < ,L:mq[x], IC| > 2,

is denoted by d¢, and one has

de = min{dim(im(f)) : f € C\ {0}}.

If dimg, (C) = k, then de <n — % + 1 and in the case where the equality is attained,
C is said to be a linear MRD code.

Example 1.3.1 The set of linearzied polynomials defined as Gy s == {f(z) = apzx +

s 2s s(k—1)
arx? + asx? 4+ ...+ ap_ 129

ca; € Fypn} are called generalised Gabidulin codes.
First observe that |Gy | = ¢"* and |ker(f)| < ¢*~' and therefore dg, , > n —k + 1.
Now, when dg, , > n — k + 2 then |Gy,,| < ¢"*~Y giving us contradiction therefore
dg,, =n—k+ 1 and Gys are MRD codes with dimension nk and minimum rank

distance n — k + 1. If s = 1, these codes are called Gabidulin codes.

Still we have not said anything on how linear sets and MRD codes are related. In the
following we focus on linear set of rank n in PG(r — 1, ¢"). Particular attention will

be paid to the case where r = 2, that is, linear sets of rank n on a projective line.

Lemma 1.3.2 (Lunardon 2017, Sheekey €9 Voorde 2020, Lemma 7, Lemma 2.1) Sup-
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pose L is an F,-linear set of rank n in PG(r —1,q¢™). Then there exist F,-linear maps

fi :Fgn — Fyn such that

L={{(fi(@),.... fr(2)))p,0 - v € Fpu},

and ker(f1) N ---Nker(f,) = {0}. If dim(L) = r — 1, then the maps {f1,..., fr}
are linearly independent over Fyn. Vice versa, if f; : Fgn — Fyn are F,-linear maps
with ker(fi1) N---Nker(f.) = {0}, then L = {{(fi(z),..., fr(2))E,. : © € Fu} is an
F,-linear set of rank n in PG(r — 1,¢").

In the following part we will focus on linear sets of rank n of the projective line
PG(1,4"). Let us denote by L one of these sets; from the above result we can write
L = {{fi(z), fa(x))r,. : v € F}.}, for suitable F -linear maps maps f; and f, and
because it can always be assumed that the point ((0,1))r,. does not belong to L, we
can always write L = {(z, g(z)) : x € F}.}. From now on, we will deal with Ly = L,
where U is the underlying vector space U = U, = {(z,g9(z)) : v € Fpn} < Iﬁ‘gn.
Further, we recall a seminal result by Sheekey (see Sheekey (2016)) which have really
boosted the study of MRD code of rank 2 and with high minimum distance. This
means these codes have high error correcting capabilities. Before that we give a

definition of scattered polynomials.
Definition 1.3.3 Let f € £, 4[], f is called scattered if V x,y € Fn we have

f@) _ f)

—— =~ = 7 and y are F,-dependent.
Z Y

Theorem 1.3.4 (Sheckey (2016)) Let f € L, ,[x] then the following statements are

equivalent:
o U= {(z, f(x)) :x € Fpn} is scattered subspace.
e f is a scattered polynomial.

o Cr={ax+bf(x):a,beFp} = (x, f(x))gn is an MRD codes minimum distance
(n—1).

Proof. i) == ii). Suppose that f(x)/z = f(y)/y for some z,y € F;.. Then
(y, f(y)) € Us N {(x, f(x)))r,n. Since Uy is scattered, dimg, (Uy N (2, f(2)))F,.) < 1.




1.4. Polar Spaces 13
§ P

Therefore (y, f(y)) = Mz, f(x)) for some X € F,, giving that = and y are F,-linear
dependent. Hence, f is scattered polynomial.

i1) = 1). Let us suppose by contradiction that Uy is not scattered, i.e., there
exist some x € Fy, such that dimg, (Uy N ((2, f(2)))r,.) > 1. Then, if y € F}, satis-
fies (y, f(y)) € Us N {(z, f(7)))r,, there exists A € Fpn \ F, such that y = Az with
f(z)/x = f(y)/y. This contradicts the assumption that f is a scattered polynomial.
it) = iii). It is easy to observe that [C;| = ¢*". In order to be a maximum
rank distance code, by Singleton bound, d.x(Cy) must be atleast n — 1. Then, it is
enough to prove that dimg, ker(aX + bf) € {0,1} for every (a,b) € F4» not both
zero. Clearly, if b = 0, then dimg, keraX = 0 for any a € Fy.. If b # 0, prove that
dimg, ker(aX + bf) € {0,1} for every a,b € Fyn x F},. is equivalent to show that
dimg, (mX + f) < 1 for every m € Fn.

Let 7,7 € ker(mX + f). Then, mZ + f(Z) = my + f(y) = 0. This implies that
f(x)/T = f(y)/y and hence §j = AT for some A € F;. This gives dimp, ker(mz+f) = 1
and the result follows.

i11) == 1i). This follows directly by noting that d(Cy) = n—1 implies dimg, ker(mX+
f) is either 0 or 1. Then, if f(x)/z = f(y)/y = —m for some m € Fyn and z,y € F.,
then y € (x)p,. This concludes the proof.

The only optimal rank-metric codes known were Gabidulin codes, for over three
decades, until Sheekey in the same article constructed a new family of optimal rank-
metric codes (MRD-codes). This boosted the study and since then there are many

scattered polynomials which are studied obtaining new classes of MRD codes.

1.4 Polar Spaces

In this thesis, precisely in the last part of it, we will exhibit an interesting result regard-
ing a kind of (affine) vector space partitions. We will make use of spreads of quadrics
to obtain vector space partitions. This section is dedicated to set a background for
quadrics and their spreads. Let ¢ be an automorphism of F,; a o-sesquilinear form

onVisamap f:V xV — F, such that
L Bz +y,z) =Bz, 2) + By, 2)

2. B,y +2) = Bz, y) + Bz, 2)
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3. Blax,by) = ac(b)B(x,y)

forall z,y,2 € V and a,b € F,. If 0 = id, then (3 is called bilinear. The o-sesquilinear
form [ is non-degenerate if 5(x,y) = 0, Vx € V implies that y = 0. A o-sesquilinear
form (5 is said to be reflexive if f(z,y) = 0 <= p(y,x) =0, for all z,y € V. A
vector u € U is called isotropic if f(u,u) = 0. A totally isotropic subspace (with

respect to [3) is a subspace U with the property that S(u,v) =0, Yu,v € U.

Definition 1.4.1 A maximal totally isotropic subspaces is a totally isotropic sub-

spaces not contained in a larger totally isotropic subspaces.

Proposition 1.4.1 Let 8 be a non-degenerate reflexive o-sesquilinear form of V' ; then

B falls in one of the following types:
1. B is symmetric: o = id and f(x,y) = By, x),
2. [ is alternating: o = id and f(x,x) = 0, which implies that B(z,y) = —5(y, ),
3. 3 is Hermitian: o2 = id, o # id, and B(z,y) = o(B(y,x)).

Example 1.4.1 Let us consider a trace function of Fyn over F, as Tr : o € Fyn —= 2+
294427 € [F,, let V be a vector space defined as V' = {(z,y),: x,y € Fn}, then
B is the IF-bilinear skew-symmetric (§ is alternating if char(F,) # 2 and symmetric if

char(F,) = 2) form defined over V' x V' such that 5((ay,b1), (a2, b)) = Tr(aibs —asb).

A non-degenerate reflexive sesquilinear form § gives rise to a polarity L on PG(V,F,)

by mapping a vector subspace U of V' to
Ut = {veV|B(u,v) = 0Vu € U}.

Definition 1.4.2 Let § be a (non-degenerate) reflexive o-sesquilinear form on a vec-
tor space V. In PG(V') the set of totally isotropic subspaces with respect to [ is called

(non-degenerate) finite classical polar space.

It is known that a polar space can be determined by the equation Q'(z) := f(z,z) = 0.
We call any function @' : Fpne1 — F, satisfying Q'(aX) = o(a)Q'(X) for some
involutary field automorphism o, a pseudo-quadratic form (or quadratic form in case

o is the identity). We call Q' non-degenerate in case there does not exist a coordinate
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transformation in which @’ does not depend on all n + 1 coordinates. In case ¢
is odd, every non-degenerate quadratic form @Q'(X) arises from the non-degenerate
symmetric bilinear form B(X,Y) = 1(Q/(X +Y) — Q' (X —Y)). This form fails if ¢
is even, and there exist non-degenerate quadratic forms not arising from symmetric
bilinear forms. Given such a quadratic form @', the equation @’(X) = 0 still defines a
point set, and the set of subspaces completely contained in it still forms a polar space.
Next we describe the known categories of polar spaces defined with a non-degenerate

o-sesquilinear form or equipped with a non-degenerate quadratic form.

1.4.1 Symplectic polar spaces
Let n is odd (in case n is even all alternating forms are symmetric forms). Consider

the non-degenerate alternating form

B(z,y) = Toy1 — T1Yo + ToYs — T3Y2 + -+ + Tp_1Yn — TnYn—1- (1.1)

Let L denote the associated polarity in PG(n, q). The set of totally isotropic subspaces
with respect to L is denoted by W(n, q) and is called a symplectic polar space. Note
that every point of PG(n, ¢) is isotropic.

1.4.2 Hermitian polar spaces

Let 3 be a Hermitian form over V(n + 1, ¢?), we may assume

5(%9) = 3719? + ZEQZU;Z +oeee A+ 33n+1y7q1+1- (1-2)

This corresponds to the Hermitian polar space H(n,¢*) of PG(n,¢*) that is given by
the polarity associated with X{™ + ... + X2} = 0.

1.4.3 Quadratic forms and Quadrics

Let @ € F,[Xo, ..., X,,] be a quadratic form on PG(n, ¢) such that

n

Q= Z aij X; X;. (1.3)

4,j=1,i2j
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The set of points of PG(n, ¢) where ) vanishes is called a quadric, respectively. There-

fore, up to isomorphism, there are three non-degenerate quadrics.

e For n odd and the quadric form is Q(X) = Xo X1+ - -+ X, 3 X o+ f (X1, X0n),
where f a non-degenerate quadratic form in two variables, if f is irreducible we

have elliptic quadric denoted by Q~(n, q),

e for n odd and the quadric form is Q(X) = Xo X1+ -+ X, 3 X, o+ f (X1, Xn),
if f is reducible we have hyperbolic quadric denoted by Q7 (n, ¢q),

e for n even and the quadric form is Q(X) = X2 + X, X5 + -+ + X,, 1 X,, then
parabolic quadric denoted by Q(n,q).

Definition 1.4.3 The rank r of the polar space is one more than the dimension of

its maximal totally isotropic subspace called generator.

For our purpose we will focus on the quadrics. Let Q, . denote a non-degenerate

quadric of PG(n, q) where e is exponent as indicated below:

Qe || QF(n,q) ‘ Q(n, q) ‘ Q" (n,9)
e | o | ] e

Counsider the bilinear form

BIXY) = QX +Y) - Q(X) - Q(Y).

This determines a non-degenerate polarity | in usual sense. Associated with Q, there
is a polarity L of PG(n, q), which is non-degenerate except when e = 1 and g is even.
In particular, the polarity L is symplectic if Q,,, € {Q(n,q), 9 (n,q)}, ¢ even, and
orthogonal if Q, . € {Q(n,q), Q" (n,q), 9 (n,q)}, ¢ odd. For Q,; = Q(n,q), q even,
the polarity L is degenerate, indeed N+ = PG(n, q), if N is the nucleus of Q(n,q),
whereas Pt is a hyperplane of PG(n, ¢) for any other point P of PG(n, q). Every line
through N is tangent to Q(n, ¢q).

Proposition 1.4.2 A generator of Q, . is a projective space of maximal dimension

n—e—1
2

contained in Q, . and generators of Q, . are ( )-spaces.
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Proposition 1.4.3 The number of k-spaces in Q, . is given by a number

{k:J lﬁ(‘fﬂ_i .

q =1

Proposition 1.4.4 Let Q,, . be a quadric of PG(n, q) and let I1x_y be a (k—1)- space
of Qne. Thus T | is an (n—k)-space of PG(n, q) intersecting Q. in a cone having
as verter Ily_1 and as base a quadric Q,_i., where of Q,_r. is of the same type as

Qe

)

Proposition 1.4.5 A line | of PG(n,q) meets the quadric Q, . in 0,1,2 or ¢+ 1
points. Moreover, a line | through x € Q,,. meets v € Q,, . in 1 or ¢+ 1 points if and

only if | C x+.

When it comes to generator of hyperbolic quadric, they embed some more interesting
property for their generators. Their generators can be partitioned into two classes.
Each equivalence class is called the system of generators. We mention this useful

result here.

Proposition 1.4.6 Let 11, and I1, be distinct generators of Q* (n, q), withn = 2r+1.

Their possible intersection are as follows.

1. n=4s+1, r =2s,

_ 0,2,4,...,2s—1 same system
dim(IL, N1II,) =
1,3,...,2s—1 different system
2. n=4s+3, r=2s+1,
_ -1,1,3,...,2s =1 same system
dim(II, N1II,) =
0,2,...,2s different system.

Definition 1.4.4 A spread of a polar space A is a set of generators (i.e., maximal

totally isotropic subspaces) of A, which partitions the points of A.

Remark 1.4.5 A spread of W(n, q) is also a spread of PG(n, ¢q) into (”T_l)-dimensional

projective subspaces.
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Remark 1.4.6 It is easily seen using Proposition (1.4.6) that the two distinct gen-
erators never have an empty intersection for Q% (n,q), if n = 1 (mod 4). Therefore,
Q" (n,q),if n =1 (mod 4) has no spread. Many authors investigated spreads of polar
spaces, see Conway et al. (1988), Dye (1977), Kantor (1982a,b,c), Moorhouse (1993),
Shult (1985), Thas (1992). In the following, we give a complete list indicating the

parameters for spreads in polar space to exists.

Polar space Existence of spreads
W(n,q),n =2t and t > 1 Yes
Q(2n,q), n > 2 and ¢ even Yes

Q(6,q), q odd, with ¢ prime Yes
or ¢ =0 or 2(mod3)

Q(4n,q), g odd No

Q7(3,q) Yes

Q*(7,q), ¢ odd, with ¢ prime Yes
or ¢ = 0 or 2(mod3)

QF(4n + 3,q), q even Yes

QF(dn+1,q) No

Q(5,9) Yes

Q (2n+1,q9), n> 2, g even Yes

H(4,4) No

H(2n +1,¢%) No

Table 1.1: Existence of spreads




CHAPTER

Scattered linear set of the projective

line

In this chapter, we will deal with a special class of linear sets and the MRD codes
ensuing from them. As discussed in the introduction, every linear set can be seen as

subgeometry or projection of subgeometry from a suitable vertex to a suitable axis.

We will start by showing a method to reconstruct the vertex I' for a peculiar
class of linear sets of rank ¢t = n(r — 1) in PG(r — 1,¢") called evasive linear sets.
Building on this result we will characterize several families of linear sets of PG(1, ¢")
introduced from 2018 onward. Then we will elaborate on the equivalence issue of a
quite large class of 2-dimensional linear MRD codes introduced in Neri et al. (2022)
having minimum distance d = n — 1; indeed, associated with maximum scattered

linear sets of PG(1,¢").

2.1 Known maximum scattered linear set over pro-

jective line

In this section, we summarise all the maximum scattered linear sets known so far over

the projective line. The first type of maximum scattered linear set of pseudoregulus

19
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type was first introduced in Blokhuis & Lavrauw (2000) given by,
L™ = {((x,xqs)>]pqn C T € IFZn}; (2.1)

In Lunardon & Polverino (2001), Lunardon and Polverino presented a class of
linear sets which was generalised later by Sheekey in Sheckey (2016). They are known
in the literature as linear sets of LP-type and an element of this family is PI'L-

equivalent to

L2 = {{(z,me? + 27 g, 0 @ €, (2.2)

where Ngn/q(n) ¢ {0,1}, ged(s,n) = 1 for any n > 3 and ¢ > 2. When n € {6,8},
in Csajbok, Marino, Polverino & Zanella (2018), the following family of F -linear sets

was presented

Ly = {((wme? + ")), w € B, (2.3)

where ged(f,n/2) = 1 and n € Fgn such that Ny /2(n) ¢ {0,1}. Moreover in
Csajbok, Marino, Polverino & Zanella (2018), it was shown that, for some choices of
q and n, Lz’: turns out to be scattered, see (Csajbok, Marino, Polverino & Zanella
2018, Theorem 7.1 and Theorem 7.2). Later, necessary and sufficient conditions for

these examples in order to be scattered, were also provided. Precisely,

- ifn==6and ¢ > 2, Lg:; is scattered if and only if the equation

Y? — (Trgs/q(7) = 1)Y + Nga o (v) = 0,

> +1
1_7]q3+1 )

tanucci (2021) and (Polverino & Zullo 2020, Theorem 7.3),

where v = — admits two solutions in F,, see Bartoli, Csajbok & Mon-

- ifn=8and ¢ < 11 or ¢ > 1039891 odd, L?g is scattered if and only Ngs /44 (n) =
—1, see Timpanella & Zini (2023).

In 2018, another example was found in the case when n = 6 and ¢ is odd, consisting

of linear sets with the following shape:

Lgl,ﬁ — {<($,£Cq + .fL'q3 + 5xq5)>]Fq6 T X e FZG}’ (24)
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where § € Fs such that 62 + 6 = 1; see Csajbok, Marino & Zullo (2018) and Marino
et al. (2020). Very recently, it has been proven that for a different set of conditions
on 4, L§’6 is scattered also for ¢ even and large enough, see Bartoli et al. (2024).

In the series of articles Bartoli et al. (2020), Gupta et al. (2023), Longobardi et al.
(2023), Longobardi & Zanella (2021), Neri et al. (2022), Smaldore et al. (2024), Zanella

& Zullo (2020), various authors studied the class of linear sets defined as

Lyins = U@, Yrmns (@), @ € Fpau} (2.5)

where
s(t—1) _s(2t—1) s(2t—1) s _ . s(t+1) s(t+1)
Utmops(x) = + ple x4 +m <a:q — BT g )

for ¢ odd, t > 3, ged(s,2t) = 1 and m, h € F?,, with Ng2t /gt (h) = —1.

The linear set L

moh,s burns out to be scattered under one of the following hypothe-

Ses:

(1) m=1and h € F};, see Bartoli et al. (2020), Longobardi & Zanella (2021), Neri
et al. (2022), Zanella & Zullo (2020).

(i) m =1and h € Fp\Fy, see Bartoli et al. (2020), Gupta et al. (2023), Longobardi
et al. (2023), Neri et al. (2022).

(73i) m belongs to Fy and it is neither a (¢ — 1)-th power nor a (¢ + 1)-th power of

an element belonging to ker Trpt ¢+ and h = 1, see Smaldore et al. (2024).

Note that if h € F}., t > 3 odd and Ny /e (h) = —1 implies that ¢ = 1 (mod 4).
We will associate an MRD code with each scattered linear set and denote it just by
changing the letter L to C. For example, if we have the linear set Lfﬁfw then the
associated MRD code is Cgih,s given by

Cg{fh,s = <5E'» ¢t,m,h,s(I)>Fth.

Moreover, in Bartoli et al. (2020), the authors showed that Li’zl does not lie in Classes
(2.1),(2.2),(2.3) and (2.4), except when ¢ is a power of 5, and h € F;. In this case,

the linear set is equivalent to L§’6 for some ¢ € Fls, see (Bartoli et al. 2020, Corollary




22 §2.2. Vertex properties of evasive linear set

3.11). In our article (see in Gupta et al. (2023)) which we will describe in details in
later part of this chapter, it was proven that L?:is is not PI'L-equivalent to any linear
sets of PG(1, ¢®) belonging to classes in (2.1),(2.2),(2.3), (2.4), see (Gupta et al. 2023,
Theorem 4.4).

2.2 Vertex properties of evasive linear set

Up to a suitable projectivity, any linear set L of rank n(r — 1) in PG(r — 1,¢") can

be written in the following form

L=Lp= {6 F&)g, : x=(20,21,...70,) EFZL x £0},  (26)
where Ly
F(x) = Z fiz)), (2.7)

and f;(z;) = S0} aija’;?“ is an FF-linearized polynomial with coefficients over Fn
in the indeterminate x; for each j € {0,1,...,r — 2} and ged(s,n) = 1, see (Csajbok
et al. 2023, proof of Proposition 4).

Let us set some notations that we will use throughout this chapter. If F(x) is a

multivariate polynomial as in (2.7), we will denote by

a) mj = deg, fij(r;) = max{i € {1,2,...,n — 1} |ay # 0}, i.e., the ¢*-degree of
fj(ﬁj), and

b) I; = supp, fi(z;) = {i € {1,2,...,n — 1} : a;; # 0}, i.e., the ¢°-support of
[ix;)-
Let ¥* = PG(n(r — 1) — 1,¢") be a projective space and consider the canonical

subgeometry of X* defined as follows:
E={{(x x..., x* Ve, x€F x£0} 2PG(n(r—1)—1,q9), (28)

where x4" = (21", 29", ..., z7",) for each m € {0,1,...,n—1}. Clearly, X is the set

of the points fixed by the collineation o of ¥* of order n, defined as

g <($00, L1055y Tr—2,05L01, L11y+ - -y Lr—215 - -+ y LOn—1, L1n—1, - - - ,$r—2,n—1)>Fqn —
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q q q q .4 q q q q
<('T0,n717 Tim—10-5Tr—2n-1L00> L10s -+ + 1 Lr—2,05- -y Lo,n—2> L1 n—2- - 7xr72,n72>>Fqn‘

(2.9)

Theorem 2.2.1 Let Ly be a linear set of rank n(r — 1) of PG(r — 1,¢") with F(x)
as in (2.7). Let ¥* = PG(n(r — 1) — 1,q¢"). Then, there exist

1. a canonical subgeometry ¥, a generator o of the subgroup of PTL(n(r —1),q")
fixing pointwise 3 and r — 1 imaginary points Py, Py, ..., P,y of X* (wrt 3),

2. an (n(r — 1) — (r + 1))-dimensional subspace I of 3* fulfilling

i) P €T for any jy & I, jx # 0 and k € {0,1,...,r — 2},
i1) any line
(PP
with j, € Iy \ {my} for € € {0,1,...,7 — 2} meets T,
iii) if r > 2, any line
(BT, PZ0)

with i € {0,1,...,r — 3} meets T,

3. an (r —1)-dimensional subspace A of ¥* through the points P;, i € {0,1,...,r—

2},
such that TNYX =0 =TNA and pra(X) is equivalent to L.

Proof. Let F(x) be the multivariate polynomial with coefficients over F,» defined as
in (2.7) with ged(s,n) = 1. Let us assume that ¥ = ¥ and hence that o0 = o ( as
defined in (2.8) and (2.9), respectively) and let I" be the (n(r—1)—(r+1))-dimensional

subspace of ¥* with equations

Too = T10 =+ = Tp_20 =0

(2.10)
Zielo Q0;To,is T Zieh 13145 + 00+ Zz’eh_z Ap—2iTr_2s = 0

and Py, k € {0,1,...,r—2}, be the points having k-th coordinate equals to 1 and all
the others equal to zero. Clearly, each of these points is imaginary with respect to X.

Moreover, it is straightforward to see that




24 §2.2. Vertex properties of evasive linear set

i) for any jp ¢ I and j, # 0, P7* € I'. Indeed, observe that P7™* has the
(sji(r—1)+k+1)-th (modn(r —1)) coordinate 1 and all others equal to zero;

i1) any line
AN
with j, € I, \ {m} for £ € {0,1,...,r — 2} meets I" in the point @, ,,, With
all zero coordinates except the (sj,(r — 1) + ¢+ 1)-th (modn(r — 1)) and the
(smy(r — 1)+ ¢+ 1)-th (modn(r — 1)) ones, which are equal to as,,, and —ay,,

respectively; and

igi) if r > 2, any line

(P7™ Py

with ¢ € {0,1,...,7—3} meets I in the point R; with all zero coordinates except
the (sm;(r — 1) + 7+ 1)-th (modn(r — 1)) and the (sm,_o(r — 1) +r — 1)-th

(modn(r — 1)) ones, which are equal to a,_2,,, , and —a; ,,, respectively.

Finally, let A = (Py, Py,...,P,_y, P7", %), Easy computations show that A is an
(r — 1)-dimensional subspace of ¥* such that 'NY = 0 = ANT and pra(X) is
equivalent to Lp.

Using the notation introduced in Theorem 2.2.1 and taking into account that the

points Pfj’s are independent, it is straightforward to check that the points
(a) PT*, ji & I, jx # 0and k € {0,1,...,r — 2},
(0) Qjym, € (PT", PF™), 5o € I\ {my} and € € {0,1,...,r — 2},
(c) Ry e (P7™, P7y7),i€{0,1,...,r =3} for r > 2,
are independent and they span the subspace I'. Next, we prove the following result.

Lemma 2.2.2 Let ¥ be a subgeometry of ¥* = PG(n(r — 1) — 1,¢") and let o de-
note a collineation of order n of ¥* such that Fix(c) = 3. Let Py, Py,...,P._5 and

Py, Pl ..., Pl_, be imaginary points (wrt ¥) such that

£Pi = »CP{ and <£P07 £P17 s 7£P1"—2> = X"
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Then, there exists a collineation ¢ € LAut(X) such that PY = P/ fori € {0,1,...,r—

2}.

Proof. Set L; := Lp, = Lp/. By hypothesis, for each i € {0,1,...,r — 2},

and L; = PG(W;) & PG(n — 1,¢") where W; = (Vj)g,.. Moreover, note that
Fix(o|z,) = ¥;. By applying (Bonoli & Polverino 2005a, Proposition 3.1), we have
that there exists a collineation ¢; € LAut(Y;) of £; fixing ¥; and mapping P; into P.
In the remaining part of the proof we will use the same symbol ¢; to denote both the
collineation and its underlying linear map; i.e., we will write ; : W; — W, for any
ie{0,1,...,r—2}.

Since X* = PG(®[_;W;) and ¥ = PG(&®]_;V;), we may consider the map ¢ €
PGL(n(r — 1), ¢") with the following associated linear map

Wo+W+Wa+. . .+W,r_o € @:;ng — QOO(wo)—i‘QOl (w1)+g02(w2)+. . .—|—(,07«_2(w,«_2) S @:;(?Wz

First, we prove that ¢ € LAut(X), ie., op = po. Let P = (w)r, with w =

wo + w1 + ...+ w,_o where w; € W;, then

o(e({w)r,.)) = o({po(wo) + p1(w1) + w2(wa) + ... + @ra(W,—2))F,n)
= {o(@o(wo)) + o(p1(wr)) + o(pa(w2)) + ... + o (pr2(wr—2)))z,n
= (01w, (po(wo)) + o1y, (p1(w1)) + 01y, (P2(w2)) + - + 0y, (Pr-2(Wr—2)))e,
= {wo(o(wo)) + p1(o(wr1)) + @20 (w2)) + ... + @roa(o(Wr—2)))r,
= ¢((o(wo) + o(wr) + o(ws) + ... + o(wr—2))r,.)

= p(o((w)r,n))

where again we have denoted the semilinear map associated with ¢ and ¢ by the same
letters, respectively. Finally, it is routine to check that P = P!/, i € {0,1,...,r —2}.
Thus, the result follows.

We now prove a generalization of (Bonoli & Polverino 2005a, Proposition 3.1) which

will play an important role in the proof of Theorem 2.2.4.
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Proposition 2.2.3 Let ¥ be a subgeometry of ¥* = PG(n(r — 1) — 1,¢"). Let o
denote a collineation of order n of ¥* such that Fix(o) = X. Then, the group LAut(X)

acts (r — 1)-transitively on sets of r — 1 independent points Py, Py, ..., P,_o such that

(Lpy Ly, Lp_,) = .

Proof. Let Py, Py, ..., P._s be the independent points such that (Lp,, Lp,,...,Lp._,) =
¥*. Therefore, any point P, i € {0,1,...,r—2}, is an imaginary point of ¥* (wrt 3).
So, for any ¢ € {0,1,...,7—2}, there exist n points in XN Lp,, say Py, Py, ..., Pin-1),
such that:

{P;jex:ief{0,1,....,r—2}and j € {0,1,...,n — 1}}

are in general position in ¥. Let Qo, @1, ..., Qr—2 be (r—1) points such that (Lg,: i =

0,1,...,7—2) = X*. So, in the same way, we get a set
{Qex:ie{0,1,...,r—2}and j €{0,1,...,n—1}}

of points of ¥ in general position, as well. Since LAut(X) acts transitively on subset
of ¥ of order n(r — 1) which are in general position, there exists a collineation ¢ €
LAut(X) such that P;;’ = @, for any i € {0,1,...,7 —2} and j € {0,1,...,n — 1}.
Moreover, it holds that

L = ((Po, P, Pnn))’ = (P9, P, Pl )
= <Qi07 Qila cee ,Qi(n—1)> = EQz

Now, if P;J} = (;, we get the result. Otherwise, assume Piw = R;, for some Ry, Ry, ..., R,_s.
Since Lg, = Lg,, by Lemma 2.2.2 there exists ¢ € LAut(X) such that RY = Q; and
SO P;/’“’ = p(¥(F;)) = Q;. This completes the proof. We are now in the position to

prove the following inverse of Theorem 2.2.1.

Theorem 2.2.4 Let r,n > 2, I; C {1,....,n— 1}, with j € {0,1,...,r —2}. Let
Y be a canonical subgeometry of ¥* = PG(n(r — 1) — 1,¢") and consider I' and A
subspaces of ¥* with dimensions (n(r — 1) — (r + 1)) and (r — 1), respectively, such
that TNY =0 =ANT.

Assume L = pra(X) is an (r — 1,n(r — 1) — 2),-evasive linear set of rank n(r —1).
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If there exist r — 1 points Py, Py, ..., P._o such that I" is spanned by points defined as
in (a), (b) and (c) where o is a generator of the subgroup of PI'L(n(r — 1),q") fizing
> pointwise. Then,

(1) Py, Py, ..., P._5 are imaginary points (wrt ¥), and

(2) L = Lp as in (2.6) where supp,s fj(x;) = I}, for some integer 1 < s <n —1

with ged(s,n) =1 and j =0,...,7—2.

Proof. Proving point 1. of the statement, is equivalent to show that dim £ = n(r —

1) — 1, where £L = (Lp,,Lp,,...,Lp,_,). By our hypothesis, I' C £ and hence
nir—1)—(r+1) <dim(L) <n(r—1)—1.

Assume that dim £ < n(r —1) — 1. Precisely, let dim £ = n(r —1) — (r +1) +¢, where
t €{1,2,...,7 —1}. Then, by Grassman’s Formula dim(A N L) = ¢ — 1. Since L is

fixed by o, we get
wt(ANL)=1k(LNY)=dmL+1=n(r—1)—(r+1)+t+1

This means that we have a ¢-dimensional F,.-subspace of Fy., which meets an F-
linear subspace in an F-linear subspace with dimension (n(r —1) — (r+1) +t+1)
over F,. Since by (Bartoli, Csajbok, Marino & Trombetti 2021, Proposition 2.6) an
(r—1,n(r — 1) — 2),-evasive is also (t,n(r — 1) — (r + 1) 4 t),-evasive, we contradict
the assumption. Therefore, dim(L£) = n(r — 1) — 1. By Proposition 2.2.3, let 3 as in
(2.8), then there exists an integer 1 < s < n — 1 with ged(s,n) = 1 such that ¢ = o®.
Then, we may assume that any P, £ =0,1,...,r — 2, is a point with homogeneous
coordinates equal to 1 in the k-th position and 0 in all others. Furthermore, since I’

is spanned by points defined as in (a), (b) and (c), it turns out to have equations
Too = T1o ="+ = Tp—20 =10
Zie]o a0;T0,is + Zie]l 1iT13s + -0+ Zigrﬁ Ap—2iTr_2;s =0

with some aj; € F., j = 0,...,r —2 and ¢ € [;. Consequently, L. = Lp, where

_9
F(x) = Z§:o Zielj ajiz?" .
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2.3 Maximum scattered linear sets of PG(1, ¢")

In this section, we will focus on maximum scattered linear sets of the projective line
PG(1,¢"). These are covered as a special case in the results of the previous section
providing » = 2. As intended, we aim to characterize the families of these linear
sets which were introduced from 2018 onwards (see Csajbok, Marino & Zullo (2018),
Csajbok, Marino, Polverino & Zanella (2018), Longobardi et al. (2023), Longobardi
& Zanella (2021), Neri et al. (2022), Smaldore et al. (2024)) using certain properties
of their projection vertices.

For this purpose, we will start by recalling some characterization results obtained
in this direction, regarding the two classical and up-to-date most investigated exam-
ples: pseudoregulus and Lunardon-Polverino type scattered linear sets of the line.

As noted in the introduction, two F -subspaces of an defining the same scattered
linear set in PG(1,¢") are not necessarily on the same orbit under the action of
I'L(2,q™). This leads us to Csajbok, Marino & Polverino (2018) where the authors
introduce the notion of Z(I'L)-class and I'L-class of a linear set of rank n in PG(1, ¢").

Precisely,

Definition 2.3.1 (Csajbok, Marino & Polverino 2018, Definition 2.4) Let Ly be an
IF -linear set of PG(1, ¢") of rank n with maximum field of linearity I, i.e., Ly is not
an [Fu-linear set for any u > 1. Then Ly has Z(I'L)-class z, if z is the largest integer

such that there exist F,-subspaces Uy, Uy, ..., U, of an with
1. Ly, = Ly for i € {1,2,..., 2}, and
2. there is no A € F},, such that U; = AUj for each i # j and 4, j € {1,2, ..., z}.

Definition 2.3.2 (Csajbok, Marino & Polverino 2018, Definition 2.5). Let Ly be an
[F-linear set of PG(1, ¢") of rank n with maximum field of linearity F,. Then Ly is of

I'L-class c, if ¢ is the largest integer such that there exist [F -subspaces Uy, Us, ..., U,
of an with

1. Ly, = Ly fori € {1,2,...,¢}, and

2. there is no x € I'L(2, ¢") such that U; = UF for each i # j, i,j € {1,2,...,c}.
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The classes Z(I'L)-class and I'L-class are invariant under the action of the group
PT'L(2,q¢™) on L, see (Csajbok, Marino & Polverino 2018, Proposition 2.6), there-
fore these integers are useful for characterizing the linear sets. In the following, we
will denote the Z(I'L)-class and the I'L-class of a linear set L = Ly by czw)(L)
and cpr, (L), respectively. These integers are invariant under the action of the group
PI'L(2,¢™) on L, see (Csajbok, Marino & Polverino 2018, Proposition 2.6), and it is
clear that crr,(L) < czrr)(L). The linear set L is called simple if its I'L-class is one.
Also, in Zanella & Zullo (2020), the T'L-class of a linear set was rephrased via a group
action property on its projection vertices, see (Csajbok, Marino & Polverino 2018,
Section 5.2), (Csajbok & Zanella 2016¢, Theorem 6 and 7) and (Zanella & Zullo 2020,

Theorem 3.4). More precisely, the following was proved.

Theorem 2.3.3 Let X be a canonical subgeometry and A be a line of ¥* = PG(n —
1,4™). The I'L-class of a linear set L C A is the number of orbits, under the action
of Aut(X) of (n — 3)-subspaces I' of 3* disjoint from ¥ and from the line A such that

pra(X) is equivalent to L.

Let Ly be a linear set of PG(1,¢") and let 7 be a polarity of the projective line.
Then, it is always possible to construct another linear set, which is called the dual
linear set of Ly with respect to the polarity 7, see Polverino (2009). In particular, if
B an Xan — Fyn is a non-degenerate reflexive sesquilinear form on an determining
the polarity 7, then the map 3’ = Tryn/, 0 3 is a non-degenerate reflexive sesquilinear
form on an, when this is regarded as a 2n-dimensional vector space over [F,.

Let L and Lg be the orthogonal complement maps defined by 8 and 8’ on the
lattices of the Fyn-subspaces and [ -subspaces of ]F?ﬂ’ respectively. The dual linear
set L], of Ly with respect to the polarity T is the F-linear set of rank n of PG(1,¢")
defined by the orthogonal complement U1#" and, up to projective equivalence, such
a linear set does not depend on 7, see (Polverino 2009, Proposition 2.5). As a direct
consequence of (Pepe 2024, Theorem 1), if L is a maximum scattered linear set of
PG(1,¢") and L = Ly = Lw where U and W are two n-dimensional IF-vector spaces

of Jan, then one of the following possibilities may occur:

1. Ly = Ly is a linear set of pseudoregulas type as in 2.1.

2. W = AU with A € F%,;
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3. W =AU with X € F}n;
Using these argument and (Pepe 2024, Theorem 1), we state the following result:

Theorem 2.3.4 Let Ly be a maximum scattered linear set of PG(1,¢"). If W is an
n-dimensional F-subspace of an such that Ly = Ly with f(x) = Z?;ll a; 7, then

one of the following possibilities may occur:
1. Ly is equivalent to a linear set of pseudorequlus type LL" (see equation 2.1);
2. W = XUy for some A € Fpn;

3. W =AU for some A € Fy., where

called the adjoint polynomial of f(x). In particular, if Ly is of pseudoregulus type
crn(Ly) = ¢(n)/2, where ¢ is the totient function, otherwise cry,(Ly) < 2.

In the following, we will state two theorems containing characterization results for
the linear sets of pseudoregulus and LP-type by means of some geometric properties

of their vertices.

Theorem 2.3.5 (Csajbok €9 Zanella 2016a, Theorem 2.8) Let 3 be a canonical sub-
geometry of PG(n — 1,¢"), ¢ > 2, n > 3. Assume that I' and A are (n — 3)-subspace
and a line of PG(n — 1,q™), respectively, such that SNT = ANT = (. Then the

following assertions are equivalent:
1. The set pra(X) is a scattered F -linear set of pseudoregulus type;

2. there exists a generator o of the subgroup of PT'L(n, ¢") fizing ¥ pointwise such
that dim(I' N I'7) = n — 4; furthermore I' is not contained in the span of any

hyperplane of 33;

3. There exists a point P and a generator o of the subgroup of PI'L(n, q") fixing 3
pointwise, such that (P,P°,... . P"" ") = PG(n—1,¢"), and

I'=(P,P°,.. ., P,
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In the same spirit, later in Zanella & Zullo (2020), the authors characterized linear
sets of LP-type. To do this, they introduced the notion of the intersection number
of a subspace with respect to a collineation fixing pointwise a canonical subgeometry.
More precisely, let I' be a non-empty k-dimensional subspace of PG(n — 1,¢"), the
intersection number of I' with respect to o, denoted by intn, (I'), is defined as the least

positive integer ~ satisfying
dim(T'NT7N...NT7") >k — 27.

It is easy to see that intn,(I") is invariant under the action of Aut(X). By Theorem
2.3.5, a maximum scattered linear set is of pseudoregulus type if and only if intn, (I") =
1 for some o fixing ¥ pointwise. Also in Zanella & Zullo (2020) the following result

was proven.

Theorem 2.3.6 (Zanella ¢ Zullo 2020, Theorem 3.2) Let X2 be a canonical subge-
ometry of PG(n —1,¢"), ¢ > 2 and n > 4. Let L be a scattered linear set in a line A
of PG(n — 1,¢™). Then L is a linear set of LP-type if and only if

1. there exists an (n — 3)-subspace T' of PG(n—1,¢") such that TNX =TNA=10
and L = pra(2);

2. there exists a generator o of the subgroup of PI'L(n,q") fizing ¥ pointwise such
that intn, (I") = 2;

3. there exists a unique point P € PG(n — 1,¢") and some point @QQ such that

n—4

T =(P,P°,. .. P" " Q)

1

4. the line (P°""",P°" ") meets T.

Moreover, as a consequence of Theorem 2.3.4 we get a slight strengthening of
(Zanella & Zullo 2020, Theorem 3.5), indeed removing the assumptions n < 6 and

n = 8. Precisely, we may state the following result.

Theorem 2.3.7 Let L be a mazimum scattered linear set in a line A of PG(n—1,¢")
for any n > 4 and g > 2. Then L s a linear set of LP-type if and only if for each
(n — 3)-subspace I' of PG(n — 1,q") such that L = pr (%), the following holds:
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i) there exists a generator o of the subgroup of PT'L(n, ¢") fixzing ¥ pointwise such
that intn, (I") = 2;

(i7) if P is the unique point of PG(n — 1,¢") such that

n—4

T =(P,P°,... P"" Q)

1

then the line (P°"", P°" ") meets T.

In the last decade, many new constructions of maximum scattered linear sets of the
projective line were exhibited. In the following, in the light of what was done for the
examples belonging to classes (2.1) and (2.2), we will provide characterization results
similar to Theorems 2.3.5 and 2.3.6, for all the other constructions mentioned above.
As we have seen before, in Csajbok & Zanella (2016a), Zanella & Zullo (2020), linear
sets of pseudoregulus and LP-type were characterized by exploiting the intersection
number of their vertex of projection. This approach does not work for scattered
linear sets belonging to the other classes described above. Indeed in the following, we
show that there exist projection vertices of inequivalent linear sets having the same

intersection number. To this aim, let us consider
S ={{(@a%...,2" )5, v € Fie},
the canonical subgeometry of PG(5, ¢%) fixed by the collineation
o <(£L’0, Ty, 7x5>>]Fq6 < PG(57 qﬁ) — <(l’g, Iga .CL’({, s sz>>]Fq6 < PG<57 qﬁ)

Let L‘;’:S be defined as in (2.3). It is easy to see that this example is equivalent to a
linear set obtained as the projection of ¥ from the solid I',, to the line A, having the

following equations:

SL’O:O
FW: A’? X =T = T3 = T5 = 0. (211)

nry+x4 =0

—1, hence intn, (I',) = 3. Similarly, the linear set L‘;’i 1 is equivalent to the projection
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of ¥ from the vertex I';, on the line A;, with equations

iL'(]:O
Fhl Ahl$1:$2:l‘3:$420 (212)

hq_lazl — hq2_1l’2 +x4+2x5=0

and as shown in (Bartoli et al. 2020, Section 3.2), intn,(I';) = 3 as well.

Since, Theorem 2.2.1 will be crucial in the subsequent part, we will state it when

r = 2, i.e., for linear sets of the projective line PG(1, ¢").

Proposition 2.3.8 Let Ly be a linear set of rank n of the projective line PG(1,¢") as
defined in (2.7) with f(x) = 31— a;x?", m = deg,s f(x) and I = supp,. f(x). Then,
there exist a canonical subgeometry ¥ of ¥* = PG(n — 1,¢") and an imaginary point

P of ¥* (wrt ¥) such that Ly is equivalent to pra(X) with
Ty=(P”,Q;:j&l,j+#0andiel\{m}), (2.13)

where Q; € (P, P°"), i e I\ {m} and A = (P, P°").

We observe that in light of Theorems 2.3.3, 2.3.4 and Proposition 2.3.8, the result
above can be further specialized for maximum scattered linear sets not of pseudoreg-

ulus type as follows.

Theorem 2.3.9 Let Ly be a maximum scattered linear set of the projective line
PG(1,q") not of pseudoregulus type with f(x) = Z?;ll a;x?", m = deg,. f(x) and
I = supp,s f(x). Then, there exist a canonical subgeometry ¥ of ¥* = PG(n —1,4")
and an imaginary point P of ¥* (wrt ¥) such that

1. Ly is equivalent to pr; a, (%) with
Iy=(P”,Q;:j&€1I,j+#0andiel\{m}) and A; = (P,P"")  (2.14)

where Q; € (P, P°") and i € I\ {m},

2. Ly is equivalent to pr a,(X) with

D= (P”,Qi:j¢1,j#0andi €\ {m}) and Aj=(P,P"")  (2.15)
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where Q; € (P P°™), ie I\ {m}, I= suppqsf(x), and m = deg, flx).

In particular, if crp,(Ly) = 2 and Ay = Af then I'y and L'; do not belong to the same
orbit under the action of Aut(X), otherwise they do.

Remark 2.3.10 We stress here the fact that in previous statement, the vertex I' j can
be spanned by the same P?’’s and the points T} € I'sn (P, P°™), where i € I\ {m}

and m = min I, as well.

Putting together Theorem 2.3.9 above with (Csajbok & Zanella 2016¢, Theorem 2)

and (Lavrauw & Voorde 2010, Theorem 3), we derive the following result.

Theorem 2.3.11 Let ¥ = PG(n —1,q) be a canonical subgeometry of ¥* = PG(n —
1,q"). Let L be a linear set contained in a line A of ¥* such that L = pr s (X) where
' is an (n — 3)-subspace of £* such that T NX =0 =T NA. Let us consider Ly be a
mazimum scattered linear set of PG(1,q™) not of pseudoregulus type and Iy, L'y, Ay
and A; as defined in (2.14) and (2.15). If Ly is simple or Ay = Ay, the following

statements are equivalent:
(¢) Ly = L;

(ii) there ewists a collineation 3 of ¥* such that ¢ = ¥ (cf. (2.8)) and either
=TI} orl=T7

Proof. (i) = (ii) Let us suppose that L; = L. If the I'L-class of Ly, and hence
of L, is one then the result follows from (Csajbok & Zanella 2016¢, Theorem 6).
Suppose that crr,(Ly) = crr(L) = 2 and Ay = Ay Let us put I't = I'y, I'y = I'; and
A = Ay = Aj and consider Ly = pr, o(¥) and Ly = pr, a(2). By Theorem 2.3.9,
there exists o; : A — A such that LY = L, i = 1,2. Then «a; can be extended to an
element, which we indicate with the same symbol «;, belonging to PI'L(n, ¢") such
that I =T, i =1,2. Thus, L = L{" = pra(X%), i = 1,2.

In order to get (1), it is enough to prove the existence of either a map ¢ € PT'L(n, ¢")
such that ['* =T, £*'? = ¥ or of a map 1 € PT'L(n, ¢") such that TV =T, &°2¥ = ¥,
Indeed, if such a ¢ or v did exist, then we would get the result by putting 8 = a;¢

or § = aw), respectively. In other words, it is enough to prove the assertion when
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A=AandeitherI'y =Tand Ly =L orI'y =T and Ly, = L. Let ¥ = Ly with
V={(z,29,... 27" ")z € Fpn}

and V' be an n-dimensional F-subspace of Fy. such that 3> = Ly. Since ¥ and
3 are canonical subgeometries, we have that (V)r. = (V)r,. = Fp.. Moreover,
let V.= (vi,vay,...,Vyp)p, and V = (v, v,...,05)5,. Also let I = PG(Z;,¢"),
A =PG(R,¢").

Note that W, = (V 4+ Z,)NR and W = (V + Z) N R are two n-dimensional [F-vector
spaces in R. As either I'y =I'and Ly = pr, A(X) =pra(X) =Lor 'y =T and Ly =
pro.a(X2) = pra(X) = L, by Theorem 2.3.4, it follows that there exists a non-singular
[Fn-semilinear map v : R — R such that either W] = W or W3 = (Wllﬁl)'y =W
where Lg is the orthogonal complement map defined by a sesquilinear form §’ on
the lattices of the F,-subspaces of R = ]an seen as a 2n-dimensional space over [F,.
Moreover, W and W, are not on the same orbit under the action of the group of
semilinear maps of R in itself, otherwise L, and hence also L, would not have I'L-
class two.

Assume first that W] =W and let I € {T'1, T2} and, hence, Z € {Z1, Z5}. We show
that the case W] = W and I'y; = T" cannot occur. Indeed, if W] =W and Z = Z,,
then the map ~ can be extended to non-singular semilinear map, saying v again, from
F7. in itself such that Z; = Z,. Then for each vector v € F},. and p € Fyn, we have
(uv)? = ,uplv“/ for some integer ¢. Since R + Z and Wy + Z are direct sums, for
any v € V \ {0} and z € Z, the intersection ((v)r, + Z) N R is a one-dimensional
IF,-subspace, say (w)p, with w € Wy. This implies hw = v + 2’ for some 2’ € Z and
h € F, and hence v+2z = hw+ (2 —2') € Wy+Z. Then, Wy+ Z = V + Zand hence
W, CV +7Zy,=Wy+ Zy. Since Wy C R we get that W, C (V + Z5) N R = W,
and hence W1 = W, a contradiction.

Hence, let us suppose that W] = W and Z = Z;. Similar argument shows that
Wi+ Z=V+Zand W+ 2=V +Z. Then

V4 Z=W+Z=W]+2"=W+2) =(V+2Z) (2.16)

and hence for any i = 1,...,n, v] = v} + z; for some v, € V and z; € Z. We will show
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that v{,...,v), is an F, basis of V. Indeed, suppose that >  A\v; = 0 for \; € F,.
Therefore, Y ", Aiv] = > Aiz. As on the left-hand since v{,vJ,..., v} are F,
independent, it follows that either A\; = 0 or, saying z = > " | \,v] = > ", A;2;, then
z € V7N Z. Hence in the latter case 27~ € V N Z, a contradiction. Since ¥ = Ly
is a subgeometry, v{,v},..., v, are linearly independent over Fyn. Let p be the Fyn-

semilinear map of F,. such that v§ = v for each i = 1,2,...,n and (uv)” = (P v for

any p1 € Fgn. If P = (z)r, €T, then we have z = 3" | a;v; for some a; € Fyn. Then

zp—g fv—g V—ZZ—Z'V—ECLZZGZ
=1

and hence the collineation induced by p maps I' in [' and X into . Finally, a similar

argument applies to the case W3 = W.

(17) = (i). It follows (Csajbok & Zanella 2016¢, Theorem 2) and (Lavrauw & Voorde
2010, Theorem 3). Let ¥; and ¥y be two canonical subgeometries of ¥* and let us
consider G; = (01) and G, the subgroups of PT'L(n, ¢") fixing pointwise the canonical
subgeometries »; and Y5 of ¥*, respectively. If 3 is a collineation of »* such that
Zf = Y, then Gy = Gf, i.e. they are conjugate under 3. Indeed, for any point
P € 35 we have

Pl — (pFTY)S — piT — p

Analogously, it is straightforward to see that Aut(¥;) = Aut(X;)’. Hence, as a

byproduct of Theorem 2.3.9 and Theorem 2.3.11, we can state the following.

Proposition 2.3.12 Let ¥ = PG(n — 1,q) be a canonical subgeometry of ¥* =
PG(n—1,q¢"). Let L be a linear set contained in a line A of 3* such that L = pr(2),
where T is an (n — 3)-subspace of X* such that TNX =0 =T NA. If L is equivalent
to a mazimum scattered linear set of PG(1,q") not of pseudoregulus type Ly, with
flx) =3, a;z?", m = deg,s f(x) and I = supp,s f(x) such that either Ly is simple
or Ay = Aj (cf. (2.14) and (2.15)), then there exists a collineation o of X fizing ¥

pointwise and an imaginary point P of ¥* (wrt ¥) such that either

I=(P” Qi:j&l,j+#0andiecl\{m}), (2.17)
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where Q; € (P°", P°™), i e I\ {m}, or
D= (P",Qi:j¢1,j+0andiel\{m}), (2.18)

where Q; € (P, P°™), ie I\ {m} and I = suppqsf(x), m = deg, flx).

Proof. By Theorem 2.3.11, there exists a collineation 8 of ¥* such that X? = X and
either I' = F? or[' = F? where I'y and I'; are defined as in (2.14) or (2.15). If I' = F?,
the result follows putting ¢ = '8 (cf. (2.9)), P = P? and Q; = Qf where P
and @, are the points as in (2.14) of the statement of Theorem 2.3.9, and noting that
pol = phr = P"Sjﬁ, j=1,...,n— 1. If otherwise I' = F? the result instead follows
by putting ¢ = fle*» V3, P = PP, Tf = (J; and taking into account Remark
2.3.10.

In particular, if L C A is simple, then PI'L(n, ¢™) acts transitively on the vertices
of any linear set equivalent to L, while the group Aut(X) acts transitively on the
subspaces I' such that L = pr(3). Finally, we will state Theorem 2.2.4 in the case

of a linear set contained in a projective line of PG(n — 1,¢").

Theorem 2.3.13 Let [ C {1,...,n — 1} and m denotes the mazimum integer in I.
Let ¥ be a canonical subgeometry of ¥* = PG(n — 1,¢") and consider an (n — 3)-
dimensional subspace I' and a line A of ¥* such thatTNYX =0 =ANT.

Assume L = pra(X) is a linear set (1,n — 2)-evasive of rank n. If there exists a point

P with the property that

D =(P”,Qi|j¢ 1 j+#0 andieI\{m})

where Q; € (P, P°") and o is a generator of the subgroup of PT'L(n,q") fizing %

pointwise, then P is an imaginary point (wrt ¥) and L = Ly where f(x) = Y., a;x?"

and ged(s,n) =1 for some integer 1 < s <mn — 1.

Remark 2.3.14 (i) Note that if L is equivalent to L = pp(2) with I" and A as

Proposition 2.3.8, f is a permutation polynomial if and only if X N (T", P) = ().

(7) The imaginary point P (wrt %) in Theorem 2.3.13 is not unique. For instance, let

Ly® beasin (2.4), 6240 = 1, then § € F2, and let us consider the point A with
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type

5

homogeneous coordinates (0, —1,0, —1,0,14¢) in the frame (P, P?,..., P7 ,U)

with P = (v)r ¢ and U = (v + 07 + ... + v"n71>Fq6. Then,

0 -1 0 -1 0 1+
1464 0 -1 0 -1 0
0 1+6 0 -1 0 -1 , ,
= (1—0)(24+8)2(69—1)(2+07)% # 0.
1 0 1+ 0 -1 0
0 -1 0 145 0 -1
-1 0 -1 0 1464 0

and hence dim £, = 5 and the solid I' as in (2.13) is spanned by the points
A7 AT QL = ((0,0,—2 — 67,0,89 + 1,0))r,, and Q4 = ((0,0,2 + 67,0, -2 —
09,0)) o, where Q) € (A%, A7) and @} € (A7, A”).

2.4 Maximum scattered linear sets which are neither
of pseudoregulus nor of LP type

As we have seen in the previous section if L = pr,(X) for a given subgeometry X
and suitable subspaces I' and A of PG(n — 1,¢"), then, in general, the intersection
number of I' does not characterize the linear set L by its own.

In this section, we will deepen the study of projection vertices of linear sets of
PG(1,¢") known to date, which are neither of pseudoregulus nor of LP type, to
provide characterization results for all of them in term of certain properties of relevant
vertices.

In this regard, we will use a notion from classical projective geometry: the cross-
ratio of four points of the projective line.

Let A, B,C, D be four points of PG(1, ¢") such that A, B,C are distinct; the cross-
ratio (A; B; C; D) of these points is defined as

do
a; ci||by dy
(A;B;C; D) = ,

Qo d Co

dl bl C1

ag ¢ |bo

[e=]
S
=]

a1
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where A = ((ao, a1))r,n; B = {((bo, b1))r,,C = ((co, ¢1))r,., D = ((do, d1))F,. , respec-

tively. Setting oo := %, we have
(A; B;C; A) = o0, (4; B;C;B) =0, (A; B; C;0) =1

Moreover, by the definition we have

(4; B;C; D) = (B; A; D; C) = (C; D; A; B) = (D; C; B; A);

and if (A; B; C; D) = &, all the possible values of the cross-ratio are

(A; B; D; C) = 1/, (A;C;B;D)=1-k, (A D;B;C)=(k—1)/k,

(A4;D;C;B) =k/(k—1), (A C;D;B)=1/(1- k).

We will say that the points pair {A, B} harmonically separates the points pair {C, D}
if the cross-ratio (A; B;C; D) = —1, see (Casse 2006, Chapter 4) and Hirschfeld
(1998). Finally, it is straightforward to see that if ¢ € PI'L(2,¢™) with companion

automorphism 7, then

(A% B% 0% D%) = (A4; B;C; D).

2.4.1 A characterization of L:Z’g, n € {6,8}

Let L?;L be the linear set defined as in (2.3) and denote by Uz o C Fgn x Fon its
underlying vector space. According to Csajbok, Marino, Polverino & Zanella (2018),
Ug’nn is GL(2, ¢")-equivalent to Ui’fmqn,s and to Ujﬁ/z,n—l as well. Thus, as indi-
cated in (Csajbok, Marino & Zullo 2018, Section 4), we may assume ¢ < n/4, and
ged(¢,n/2) = 1 and hence reduce the study to linear sets Lz’g with ¢ = 1. Moreover,
in (Csajbok, Marino & Zullo 2018, Proposition 4.1 and 4.2), it is proven that in both

cases, the relevant linear set is simple.

Theorem 2.4.1 Let L be a (1,4),-evasive linear set of rank 6 contained in a line A
of PG(5,4%) and let X be a canonical subgeometry of PG(5,q%). Then L is equivalent

to a maximum scattered linear set of type LZ’T?, for some n € Fs and ged(¢,6) =1, if
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and only if for each solid T of PG(5,¢°%) such that L = pra(X), the following holds:

1. there exist a generator o of the subgroup of PTL(6,q%) firing 3 pointwise and a
point P € PG(5,¢%) such that

I'=(P",Q:ic{23,5})
with Q € (P?, P7"),
2. the points P°,P°",Q,Q°" are collinear, and the equation
Y2 — (Trgs/e(7) — 1Y + Ny () = 0, (2.19)

where v = (P7; Q; QUB;P"4)T for some T € Aut(Fs), admits two solutions in
F,.
Proof. Let us suppose that L is equivalent to a maximum scattered linear set of type
Lz’s. Since L is simple, we can suppose £ = 1 and by Proposition 2.3.12, Point 7 holds
true. By Theorem 2.3.9, let I'; = (P”',Q : i € {2,3,5}), where f(z) = na? + 27",
P an imaginary point of PG(5,¢%) (wrt &), Q € (P, P”"), P = P? and Q = Q°
where (3 is the collineation of PG(5, ¢°) such that F? =Tand ¥ =%,

Clearly since Lig is simple, all possible projection vertices for such a linear set are
equivalent to I'y under the action of PT'L(5,¢%). Since 8 preserves the collinearity
of points, in order to show Point 2, it is enough to prove that P?, P"4, Q, Q"3 are
collinear. Indeed, note that o® fixes the line (P, P‘74>, therefore Q"3 € (P, P‘74).
Let us suppose that P = <V>]Fq6 with v a non-zero vector belonging to F 26. IfQ =

(vo — nv"4>1pq6, then Q7" = (vo' — 77‘13V">Fq6. Hence,

1 110 —nt
0 —m (1 1 ‘
o 0.4 0.3 3
(P P7;Q;Q%) = - =t
1 —? |0 1
0 1 |1 —n

Now, the linear set L = L?:g is equivalent to Lz’i—rﬁ which is scattered as well. Then
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by (Polverino & Zullo 2020, Theorem 7.3), the equation

V? - (Trgsjq(@) = 1)Y + Ngs jg(a) = 0

5,3
—q~\q +1
(n )5 T = L. Moreover, we have
1—(n—9°)e°+1 1—na°+a

al = (P%;Q; Q"S; P"4). Also, if p is the companion automorphism of 3, then

admits two solutions in [, where o = —

(P7;Q: Q75 P7) = (P”;:Q% Q" P*") = (P%,Q% Q7" P7") = (P";Q: Q7 ; P7 ).

Finally, since Trgsq(a) = Trgs/q(a?) and Ngs/q(a) = Ngsjq(a?), Point 2 follows with
vy=aland 7= p L.

Suppose now that Points 7 and 2 hold true. Theorem 2.3.13 implies that P =
(v)F,¢ 1s an imaginary point (wrt ), Q = (v”—nv“4)]yq6 and L = Ly, f(x) = na? +27"
for some n € Fy; and s € {1,5}. Since P, P?,Q,Q°" are distinct, Ngsgs(n) # 1. If
s =1, since Ly = Lj is equivalent to L,, with gi(z) = n~ 2% 4+ 27 Point 2 implies
that the equation

Y? — (Trgs/g(on) = 1)Y + Ny (1) =0

5.3
admits two solutions in F,, where ay = —%. Hence, by (Polverino & Zullo

2020, Theorem 7.3), L,, is scattered and L is equivalent to a scattered linear set of
type Lig. If s = 5 and hence f(z) = nz? + 27, L; = Ly, with go(z) = 29" 4+ 52",

Point 2 implies that the equation

Y2 — (Trgsq(an) = 1)Y + Ngsjg(az) = 0

n*(q3+1)

admits two roots in F, with ay = T @

Then, by (Polverino & Zullo 2020,
Theorem 7.3), go(z) is scattered and hence L is scattered as well, and it is of the type

3,6 3,6
L = L7

21 — Hlnd

In the same way, we get

Theorem 2.4.2 Let L be an (1,6),-evasive linear set of rank 8 contained in a line A
of PG(7,¢%), with ¢ < 11 or ¢ > 1039891 odd. Then, L is equivalent to a mazimum
scattered linear set of type LZ’S, for some n € Fs and ged(¢,8) = 1, if and only if for
each 5-dimensional subspace T' of PG(7,¢®) such that L = prA(X), the following hold:
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1. there emists a generator o of the subgroup of PTL(8,¢®) fizing X pointwise and
a point P € PG(7,4¢®) such that

I'=(P",Q:ic{23,4,6,7})

with Q € (P?, P7),

2. the points P7,P°°.Q,Q°" are collinear and pair {Q, Q"4} harmonically sepa-
rates the pair {P°, P”"} .

Proof. Let L be equivalent to a maximum scattered linear set of type Lz’g. Since L is
simple, it is sufficient to suppose that £ = 1 and by Proposition 2.3.12, Point 1 holds.
By Theorem 2.3.9, let [y = (P?",Q :i € {2,3,4,6,7}), f(z) = nz? + 27, with P an
imaginary point of PG(7,¢%) (wrt X), Q € (P",P"5>7 P = P’ and Q = Q° where
3 is the collineation of PG(7, ¢®) such that £° = ¥ and I‘? =T.

As before, all possible projection vertices for such a linear set are equivalent to I'y un-
der the action of PT'L(7,¢®). Since 3 preserves collinearity of points and the property
for a pair of points to harmonically separate another pair, in order to show Point 2, it
is enough to prove that P?, P"5, Q. Q"4 are collinear and (P?; P"5; Q; Q"4) =—1.
Clearly, o fixes the line (P7, P"S) and Q‘T4 € (P, P"5>. Now, let us suppose that
P = (v}, with v a non-zero vector belonging to IF?S. fQ = (v7— nv”s)mqg, then
Q7 = (vo© — 77‘14v">]1:q8 with 7 € . Since we have assumed that either ¢ < 11 or
q > 1039891, by (Timpanella & Zini 2023, Theorem 1.1) we have Ngs e () = —1.

Then
1 1[0 —p
0 —ml |1 1
(P P7;Q;Q7") = =7 =1
1 -0 1
0 1 ||I —n

and hence Point 2.

Now suppose Point 7 and 2 hold. By Theorem 2.3.13, since L is (1,6),-evasive,
L = Ly with f(x) = nz? + 27 s € {1,3,5,7} and n € F?s. Moreover, the point
P = (v)r, is an imaginary point (wrt ¥). Since Q@ = (v7 — T]UUS>]17q8 and —1 =
(P7: P7°:Q:Q%") = Ngs/q¢(n), again by (Timpanella & Zini 2023, Theorem 1.1), Ly,

and hence L, is equivalent to a scattered linear set of type L;Qi;f].
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2.4.2 A characterization of L§’6

Let Lg"G be the linear set defined as in (2.4) for ¢ odd and 6% + ¢ = 1. In Csajbok,
Marino & Zullo (2018), it is shown that for ¢ = 0,41 (mod 5), this is scattered. The
remaining cases for ¢ odd were treated later in Marino et al. (2020).

In the following, exploiting the same arguments used by Csajbok, Marino and Zullo
in (Csajbok, Marino & Zullo 2018, Thereom 5.7)), we firstly determine conditions

under which the maximum scattered linear set Lg’G is simple.

Proposition 2.4.3 The linear set Lﬁ’ﬁ, with ¢ = p° odd and 6 + 6 = 1, is simple if

and only if either ¢ =0 (mod 5) or p = £2 (mod 5) for some prime p.

Proof. To this aim it is enough to observe that the missing case in (Csajbok, Marino
& Zullo 2018, Thereom 5.7)) is when ¢ = p?"* and p = +2 (mod 5). In this case,
§ € Fj2\F,. So, § and ¢ are two distinct roots of X+ X —1=0and X7+ X+1 =0
and we get that Uy and Uj with f(z) = 27+ 29 + 527 are T'L(2, ¢°)-equivalent.

Hence, we can prove the following results.

Theorem 2.4.4 Let L be a (1,4),-evasive linear set of rank 6 contained in a line A
of PG(5,¢%) and let ¥ be a canonical subgeometry of PG(5,¢%), ¢ odd. Then L is
equivalent to a maximum scattered linear set of type L§’6 if and only if for each solid

T of PG(5,¢°%) withTNX =TNA=0 such that L = pra(X), the following hold:

1. there exist a generator o of the subgroup of PTL(6,q%) firing 3 pointwise and a

point P = (v)r s, v a non-zero vector of F, such that
I'=(P” P Q,R) (2.20)
with Q € (P°, P”") and R € (P”°, P”");
2. the point C' = (v7 — U03>Fq6 belongs to T';

3. the points P°, P°",C°" and Q are collinear and the cross-ratio (P”; P*";C"; Q)

is in g

4. the points C, P°" and (Q, Q"2> N(R, R”2) are collinear.




§2.4. Maximum scattered linear sets which are neither of pseudoregulus nor of LP
44 type

Moreover, the vertices I' such that L = pra(X) belong to the same orbit under the
action of Aut(X) if and only if ¢ =0 (mod 5) or p = +2 (mod 5) for some prime p.

Proof. Let us suppose that L is equivalent to a maximum scattered linear set of type
L;L’G, 624+ =1. Since Ay = A where f(z) = 27+ 27 4 629, by Proposition 2.3.12,
there exists a collineation § such that 3? = 3 and either F? =TI or F? =1, an

imaginary point P = (v)ps such that
Iy= (P .P7.Q,R)
where Q, = (v — ov7)r , and Ry = (v’ — 5VU3>Fq6 and

T.

f = <P027PJ4JQ27R2>

where Q, = (§7v°" — V7). and Ry = (vo’ —v“s)FqG. Let us consider the point C; =
(v7 — V"3)]Fq6. Clearly C; € I'y and it is easy to see that the point P?, P C?" and
Q, are collinear. The cross-ratio (P7; P C’j’4; Q,) =06 € Fp and since 6> +§ =1,
elementary argument also shows that point 4 holds true for the points C\, P and
(Ql,Q‘l’2> N <R1,R‘1’2> are collinear. Then, if F? =TI, putting ¢ = o, P’ = P,
Q’ = Q,R’ = R and C’f = C, Point (1-4) hold true for I' as well. If I’? =T, let
us consider the point § = (§9vo° — v, € TN <P",P"3>Fq6. Clearly, the solid
I'p= (P"z, P"4, Q,,S). Then, it is easy to see that the point P, P"S, RgQ and Q,
are collinear and their cross-ratio is equal to 6~¢ which belongs to F 2. Since §°+6 = 1,
elementary argument shows that the points R,, P° and (QQ,Q‘Q’4) N (S, S”4> are
collinear. Then, if F’? =T, putting 0 = %, P° = P, Q§ =Q,S” =R and R§ =C,
Point (7-4) hold for T.

Now we suppose that Point (1-4) hold true then by Theorem 2.3.13, L = Ly with
flz) = 29" + y29” 4 629 € Fo[z] with s € {1,5} and P = (v)F; is an imaginary
point. Then Q = (v —0v7)r o and R = (yv” —(51}"3>Fq6. Since C' = <v"—v"3>]pq6 el
then v = 1. By Point 3, it is easy to see that the cross-ratio (P7; P"s; 0‘74; Q) =0,
and hence 6 € F2. Moreover, by Point 4, the lines (@, Q") and (R, R"2> meet at the
point (v — (6% + 8)v”" + v"5>1gq6 and the collinearity of this point, C' and P°” implies
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0 0 1

0=|1 -1 0| =—0*"—6+1, (2.21)
1 —(6%+96) 1

obtaining L = Lgl’ﬁ.

The family of linear sets of type L§’6 was investigated for also for ¢ even in Bartoli
et al. (2024). The conditions assuring the property of being scattered in this case are
rather demanding, and it seems quite difficult to translate them in geometric terms,
see (Bartoli et al. 2024, Theorem 2.9). However, by using arguments similar to those

used in the theorem above, we can state the following result.

Theorem 2.4.5 Let L be a (1,4),-evasive linear set of rank 6 contained in a line A of
PG(5,¢%) and let X be a canonical subgeometry of PG(5,q%), q even. If L is equivalent
to a maximum scattered linear set of type Lgl’ﬁ, then for each solid T' of PG(5,¢%) with
I'NY=TNA=0 such that L = prA(X2), the following holds:

1. there exist a generator o of the subgroup of PTL(6,¢%) fiving ¥ pointwise and a

point P = (v}Fqﬁ, v a nonzero vector of FSG, such that the solid
= (P P QR) (2.22)

with Q € (P?, P°") and R € (P”’, P”");
2. the point C' = (v — v"3>Fq6 belongs to T';
3. the point P7, P°",C°" and Q are collinear and the cross-ratio (P?; P, co' Q)

does not belong to any subfield of Fye.

5.t
s,m,h

2.4.3 A characterization of L

This section is devoted to characterizing via geometrical properties of their projection

vertex the scattered linear set of type L', as in (2.5) with

s(t—1) _s(2t—1) s(2t—1) s _ s(t+1) s(t+1)
wt,s,m,h(x) = + ' 1 +m (a:q —h'7e x? ) )

where t > 3 and (m, h) € Fe x Fra,. We will proceed by splitting our discussion into

two cases according to suitable conditions for the parameters m and h are satisfied,




§2.4. Maximum scattered linear sets which are neither of pseudoregulus nor of LP
46 type

precisely:
(Z) m=1and h € ]qut with Nq2t/qt(h> =-1

(72) m neither a (¢ — 1)-th power nor a (g + 1)-th power of an element belonging to

ker Tret /e and ¢ = 1 (mod 4) if ¢ is odd.

Actually, for ¢ < 50dd and t € {3,4,5,6}, Magma computation suggests a wider choice

of parameters for which the linear set L'  is scattered (see Giannoni et al. (2024)).

The linear sets of the type Li::n,fﬁ m=1

To investigate the geometrical properties of the projection vertex of a linear set of
type LEZ = Liih in PG(1, ¢*), we first observe that, by Theorem 2.3.9, (Longobardi
& Zanella 2021, Proposition 3.1) and (Neri et al. 2022, Proposition 4.17), for any
t > 5 Yps(r) =y s1n(x) is TL(2t, ¢*)-equivalent to its adjoint. For ¢ = 3, using
the same argument as done in (Longobardi et al. 2023, Theorem 4.7), the simplicity

of Liz follows. Therefore, we get the following.

Theorem 2.4.6 The linear set Liz of PG(1,¢*) is simple, fort =3 ort > 5.

Now, as we did for the previous examples, we prove the following result.

Theorem 2.4.7 Let L be an (1,2(t — 1))-evasive linear set of rank 2t in a line A of
PG(2t —1,¢*). Let X be a canonical subgeometry of PG(2t —1,¢*), q odd and t > 3.
Then L is equivalent to a scattered linear set of the type LZ’Z if and only if for each
(2t —3) dimensional subspace T of PG(2t —1,¢*") such that L = pr (%), the following
holds:

1. there exist a generator o of the subgroup of PTL(2t,q¢*") fizing ¥ pointwise and
a point P = (v)r ,, € PG(2t — 1, q*") such that

I'=(P" QR,S:i¢{0,1,t—1,t+1,2t—1})

with Q € (P7,P*""), Re (P77, P7"") and S € (P, P7"),
2. the point X = (v7 — v“t71>Fq2t belongs to T,

3. there exists h € H = {z € Fpar : Nyt ) (2) = —1} such that
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2t—1

(a) the points P°, P’ ", D,Q where D = (v7 + v“%l)]pq% are collinear and
s(2t—1)

the cross-ratio (P P D, Q)= —h'"1 ,

(b) the points P7, P7", R°")Y, where Y = (Q,5) N (P?,P"™) are collinear
and the cross-ratio (P7; Pt Ro° Y) = pl+a*

Proof. Let us suppose that L is equivalent to a maximum scattered linear set of type
LZ’Z By Theorem 2.3.11, there exists § such that ¥° = ¥ and either Fit o =1Tor

Ffz =TI.Ift=3o0rt>5, since LEZ is simple, it is enough to prove the statement
t,h,s ’

supposing that Fﬁt =1
Let p = 0 and P = (v)r, be an imaginary point of PG(2t — 1,¢*) (wrt X),

2t—1 2t—1 2t—1

Qe (PP P ) Re (P ' P 'Vand S (P P ") and
Ty, = (P?,QR,S:ig{1,t—1,t+1,2t—1})
where
Q= <v“’2t_1 — hl’qs(m_l)vpmq%,R = <V“’2t_1 — hl’qsm_l)v”t_l)lpq%, and

1

_os(t+1) o 2t— _s(2t—1)  t+1
S = (W=a Ty g gl T et

F .
q2t

It is straightforward to check that the lines (Q, R) and (P?, P?""") meet at the point
X = (v¢"' —VP)r ,, and this belongs to I'y, , . Also, the lines (@, S) and (P*, PPy
meet at the point ¥ = (h17""ve 4 th+1>[pq2t. Let D = (v* + Vp2t_1>[F'q2t, then the
points PP, P? D.Q and P?, P”m, R”Q, Y are collinear. Moreover,

2t—1

1 1][0 1
0 1f|1 —pl=e™Y

(PP, PP D;Q) = = _pr®Y
1 1 0 1
0 —R=r* 1

and
11 ([0 pet
_thS_qs 1 1

(P?; PP R Y) = ’ — po,
1 a1
0 1 1 —h e
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Therefore, since 3 preserve the collinearity and if (Ay; Ay; As; Ay) € H then (A7; AJ: AS: A7)
belongs to H, the Points 7-3 hold true.

For t = 4, we have

Ty, =(P".QR,S:i¢ {1,357}
where
Q=(v"—h' g, R=(" +h" v ) and
S = (V"’7 — Vp5>]17q8.
I =Sand I =T let D= (v + v ), T = (" "vP—v#)s and
t,h,s q q

Z = (vP — hI*qSV”5>Fq8. The result follows noting that
Ly, =(P".Q.ZT:i¢{1.357})

and putting 0 = 871p"3, P=P°, Q=Q°, R=2°,S=T", X = §° and D = D”.
Now, let suppose that Points 7 — & hold true. By Theorem 2.3.13, there exist a
subgeometry X, a collineation o fixing ¥ pointwise and an imaginary point (wrt )

s(t+1) qs(2t71)

P = (v)F 5, such that L = L with f(z) = 20 4ozt 4 Bt

2t—1 2t—1 t—1 2t—1 t+1
where Q = ("™ —yv7)g L, R = (00" —qu7 ™ Yg , and § = (B0 =907 ) .

€ Fynlz],

Again, it is straightforward to see that X = (v7" ' — av?)r ,, and, hence by 2, a = 1.

By Point 3(b), saying D = (v + v“%l)]pq%, we get v = R for some h €

Fg2e with Ngat /e (h) = —1. Finally, since Y = (5v7 — v"t+1>Fq2“ 3(c) implies that
2s

BT = I 0 B = ,ﬁ;—iqs = I = —pl=¢"""Y Therefore, L Li; By Point

,D,Q) and

(P°, Pt RO, Y) are equal to —1. Thus, setting L3 := in with h € Fg, we can

2t—1

3(a — b) of Theorem above, if h € Fy, then the cross-ratio (P?, P?

state the following.

Corollary 2.4.8 Let L be an (1,2(t — 1))-evasive linear set of rank 2t in a line A of
PG(2t — 1,¢*"). Let X be a canonical subgeometry of PG(2t — 1,¢*"), q odd. Then L
is equivalent to a scattered linear set of the type L2 if and only if for each (2t — 3)
dimensional subspace T' of PG(2t — 1,¢*) such that L = pr (%), the following holds:

1. there exists a generator o of the subgroup of PTL(2t,¢*) fizing ¥ pointwise and
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a point P = (v)r ,, € PG(2t — 1, q*") such that

I'=(P" QR,S:i¢{0,1,t—1,t+1,2t—1})

with Q € (P7, P7*"), Re (P77, P""") and S € (P"", P7*7"),
2. the point X = (v7 — U0t71>Fq2t belongs to T'.

3. (a) the pair {P°,P"""} separates {D,Q} harmonically, where D = (v7 +

o2t—1
v >Fq2z :

(b) the pair {P°, P} separates {R°", Y} harmonically, where Y = (Q, S) N
(Pe, o).

4. If t is odd, then ¢ =1 (mod 4).

The linear sets of the type L>!

m,s?

for m e F \ {0,1}

In this subsection we will deal with the family of scattered linear sets of PG(1, ¢*),
t > 3 and ¢ odd, recently studied in Smaldore et al. (2024) (cf. (2.5)). The elements

in this class have the following fashion:

s(t—1) qs(2t71)

L?ris — {((ZL‘, m([EqS . qu(tJrl)) + g +x >Fq2t T E Fzzt},

where ged(s,2t) = 1. Here, m € F, is neither a (¢ — 1)-th power nor a (¢ + 1)-th
power of any element of the vector space ker Trgat /¢ and if ¢ is odd, ¢ = 1 (mod 4),
see (Smaldore et al. 2024, Theorem 2.3). Firstly, by (Smaldore et al. 2024, Theorem
4.5) and Theorem 2.3.9, for this class of scattered linear sets with parameter m € Fe

as above, we can state the following.

Theorem 2.4.9 Fort > 4, the I'L-class of the scattered linear set L3t is two.

m,s

Similarly to what has been before, we are now ready to characterize the projection

vertex of a linear set equivalent to an element of the type L),

Theorem 2.4.10 Let L be an (1,2(t — 1))-evasive linear set of rank 2t in a line A
of PG(2t — 1,¢*"). Let ¥ be a canonical subgeometry of PG(2t — 1,¢*). Then L is

equivalent to a maximum scattered linear set of the type Li&fs if and only if for each
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(2t —3) dimensional subspace I of PG(2t —1,¢*") such that L = pr A(2), the following
holds:

1. there exist a generator o of the subgroup of PTL(2t,¢*") fizing ¥ pointwise and
a point P = (v)r ,, € PG(2t — 1, q*") such that

I'=(P" QR,S:i¢{0,1,t—1,t+1,2t—1})

with Q € (P7, P7*"), Re (P7",P"") and S € (P""", P77"),
2. the point C= <UU + vat+l>]Fq2t € F;

3. there exists p € W = {z € Fyp: fw € ker Troe ) 5.6, 2 = wi™!or z = wi™}

and

2t—1 2t—1

(a) the points P?, P°

the cross ratio (P?; P°

, X, @, where X = (v7 —0v°

X Q) =

(b) the points Pt Pt Y R, where Y = (v7
and the pair {P"t_l, P”Qt_l} separates the pair {Y, R} harmonically.

)F ., are collinear and
q

t—1 2t—1 .
+v7" ), are collinear
q

Proof. Let us suppose that L is equivalent to Lf;:s. By Theorem 2.3.11, there exists

[ such that PR 2, saying Vi m.s 1= Yrmn,s with b € Fye, and either Fﬁt,m,s =1 or
B _

r s I.

If 3 € PI'L(2t,¢*) such that Fﬁt =T, then let p = o° with ged(s,2t) = 1,

P = (V)r ;, be an imaginary point of PG(2t — 1,¢*) (wrt X) and
Lyppe = (PP QR S:ig {1,t—1t+1,2—1})

where
Q _ <mvp2t71 _ Vp>Fq2” R = <VP

t+1
)

2t—1
_ p p
S = (mv TV

Let us consider the point C = (v + meﬁpq%; it belongs to Iy, .. Moreover, let
X = (vP — V”Qtil)]pq%. Clearly, X,Q € (P?; P?" ') and (P?; P” ;X;Q)=1/m.
Finally, (P?";P”" ", Y:R) = -1 where Y = (v + Vp2t_1>[pq2t. By setting 0 =
7lpB, P=P° Q=Q°, R=R’, S=8°C=C’ X=X andYy =Y”

2t—1 2t—1
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and noting that g preserves the collinearity, being harmonically separated and if
(Ay; Ag; Ag; Ay) € W then (AY; AS; AS: A%) € W, the Point(1-3) follow.

If rg = T', by Remark 2.3.10,

Ly =(P" QRS :i¢{01,t—11t+12t—1})

where

Let us consider the point C = (v* ' + V”Fl}Fth. Since m € Fgp, C € Ty .
Moreover, let consider the point X = (v — V”Qt%)ﬂ:q%. Similarly to the previous case,
X,S € (P? P ) and (PP PP X;8) =mP" " Y = (v0'"' 4 vP)p ,, the
cross-ratio (PP PP
setting 0 = S 1p? 18, P=P°, Q=8°, R=R°, S=Q°, C =C?, X = X* and
Y = Y?. Now, let us suppose that Point (1-3) hold true. Then, by Theorem 2.3.13,

L= L with f(z) = ax? + 27"

2t—1 2t—1

;Y; R) = —1. As we have done before, the result follows by

xqs(t-!—l) s(2t—1)

+ +a € Fa[x] for some o, 8,7 € F 2
and some integer 1 < s < 2t — 1 such that ged(s,2t) = 1. Furthermore there exist
P = <'U>]Fq2t, an imaginary point with respect to the subgeometry ¥ fixed pointwise by

t—

a collineation o € PT'L(2t, ¢*). Thus, let consider the points Q = (av®" — V7 )F 20
R=(fv""" — v”t71>Fq2t and S = (yvo ' — v"t+1>Fq2t. Since C' = (v +v"t+1>Fq2t er,
then o = —v. By Point 3(a), the cross-ratio (P%; P”""'; X;Q) = 1/a € W. By Point
3(b), we get § = 1. Since, if 1/ € W, then o € W, we get f(x) = ¥ q,(x) and

~ 75
hence L = L.

2.5 An equivalence issue

Motivated by an open problem proposed in the last section of Neri et al. (2022), in
this section, we will focus on linear MRD codes with minimum distance d = n—1 that
are [F n-subspaces of qu[x]. Precisely, in (Neri et al. 2022, Theorem 3.8), the authors
introduce a new class of such MRD codes extending two constructions exhibited in

Longobardi & Zanella (2021) and Longobardi et al. (2023). This family is denoted by
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the symbol C’i’,tl7s, given by

Cf:itz,s = <l‘, wh,tﬁ ('T)>]Fq2t7

s(t—1 s(2t—1)

s ) s s(t+1) __s(2t—1)
where 1y, ; () = 27 +27 + R g4 +hla x4

- £~2t,q[$], t e N,

(2.23)

t>3,

s € 7 with (2t,5) = 1 and h € Fy such that Ne:/e(h) = A%+ = —1. Also, in Neri

et al. (2022), it was proven that if ¢ > 4, then Ci’,is is not equivalent to any other

example known in the literature so far. Moreover, the following result was proven

. . Bt
concerning the equivalence of two elements in C} ..

Theorem 2.5.1 (Neri et al. 2022, Theorem 4.6) Let t > 5 and consider Ci’;s and

C’i’};z such that (s,n) =1 = ({,n). Then the codes Ci’,tlys and 015,712,2 are equivalent if

and only if one of the following collection of conditions are satisfied:

I. s=/{ (mod n), and there exists p € Aut(Fsn) such that

+k, ift #2 (mod 4)
p(h) = )
Ak, where A1 =1 ift =2 (mod 4)

II. s=—{ (mod n), and there exists p € Aut(Fyn) such that

ey itt£2 (mod )4
p(h) = )
M~ where AT =1 ift =2 (mod )4

I if s=(t—1)¢ (mod n), t even, and there exists p € Aut(Fyn) such that

+k, ift #2 (mod 4)
p(h) = i
Ak, where A1 =1 ift =2 (mod 4)

IV. s=(t+1){ (mod n), t even, and there exists p € Aut(F,) such that

+k ift #2 (mod 4)
p(h) = ] :
M~ where AT =1 ift =2 (mod 4)
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The necessity in the statement of this theorem still holds if ¢ = 3,4. However, as
underlined in the initial part of (Neri et al. 2022, Section 4), in such cases its sufficiency
part, and more generally the equivalence issue for the codes Ci’i}s requires more
demanding computations and is left as open problems (see (Neri et al. 2022, Section
5)). In this remaining chapter, we will face with these problems, extending Theorem
2.5.1. Our main achievements, Theorems 2.5.5 and 2.5.6, are obtained by heavily
exploiting some concepts and results stated in Longobardi & Zanella (2024). For
this reason, we dedicated the next part, to recall basic definitions and salient aspects
of these tools. As a direct consequence of the results stated in Section 3, the same
arguments as those used in Longobardi et al. (2023) and in Neri et al. (2022), lead
to the determination of the number of inequivalent codes of type 015:;%5 for t = 3,4.
Finally, we give direct proof of the fact that the maximum scattered linear set of
PG(1, ¢®) associated with Ci’is is not equivalent to any family known so far.

To extend Theorem 2.5.1 stated above by removing the hypothesis ¢ > 5, as
a first step we recap and adapt some concepts and tools which were introduced in
(Longobardi & Zanella 2024, Section 4), and that will be crucial to perform subsequent
computations.

Following Longobardi & Zanella (2024), we say that a g¢-polynomial F(z) =

Z;:ol c;z9 is in standard form, if the greatest common divisor mp of the set of integers

{(i —j) (modn): ¢c; #0 with i # j} U {n},

is strictly larger than 1. If this is the case, then F'(x) has the following fashion:

n/m—1
F(z) = /Z ", (2.24)
=0
where m = mp and 0 < s < mp. We stress here that when F(z) is a scattered
polynomial, then s must be coprime with mp, otherwise F'(z) would be F--linear for
r = (s,mp) > 1, contradicting its scatteredness.
Let C < L, 4[z] be a linear rank-metric code. Then, its left idealizer and right

idealizer are defined as the sets

I(C) = {p(x) € Ly4lz] : o f€CVfeC)
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and

Ir(C) ={p(z) € Lyglz] : fopeCVfeC,

respectively. By (Lunardon et al. 2017, Corollary 5.6), if C is a linear MRD code,
I (C) and Ig(C) are subalgebras of En,q[:x]; more precisely, they are isomorphic to
subfields of F,». In particular, if C has left idealizer containing a subfield isomorphic
to Fgn, then it is called Fjn-linear. Note that any MRD code C; associated with a
scattered polynomial f(z) is Fyn-linear. The idealizers are useful tools for studying
the equivalence issue in this context; indeed MRD codes with non-isomorphic left
(resp. right) idealizers cannot be equivalent, see (Lunardon et al. 2017, Section 4).

Now, let f(z) be a scattered g-polynomial and consider G the stabilizer in GL(2, ¢")
of the scattered subspace Uy. By (Longobardi et al. 2023, Lemma 4.1), (see also
(Longobardi & Zanella 2024, Proposition 3.1)) G = Gy U {0}, where O is the null
matrix of order 2, is a subfield of matrices isomorphic to Ix(Cy) as field. Then, one

gets the following.

Theorem 2.5.2 Let Cr = (z, F(z))r,. C L,.4x] be a linear 2-dimensional MRD

code with minimum distance n — 1. The following statements are equivalent:
(i) |G%| =q™, m > 1, and all elements of G% are diagonal.
(11) the q-polynomial F(x) is in standard form.

(1ii) the right idealizer
Ir(Cp) ={az : a € Fym}.

Moreover, if the above conditions (i), (i) and (iii) hold, then m = mp and

Gy = ca€Fym p, (2.25)

with (s,m) = 1.

Proof. By (Longobardi & Zanella 2024, Theorem 4.3.), (i) is equivalent to (ii).
(17) = (i4i). Since F'(z) is as in Formula (2.24), the set

{ax:a e Fm}
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is contained in Ix(Cr). Taking into account |G%| = |Ir(Cr)| = ¢, (iii) follows.
(113) = (7). Let w € Fym such that F,(w) = Fym. Since wx € Ix(Cr), then there
exists d € Fyn such that
F(wzr) = dF(z). (2.26)

This implies that if F(z) = 37" ¢;z9, then
ciwqi = dc;

forany i =1,...,n—1. So, if ¢; # 0, d € Fym and d = w" for some h € N. By (2.26),

the matrix
w 0

wh

belongs to G, has order ¢™ —1 and, since |G| = |Ir(Cr)\{0}| = ¢™ —1, it generates
Gp. This implies (7).

As a direct consequence of (Longobardi & Zanella 2024, Corollary 4.7), one has
that if the MRD code Cy = (z, f(2))r,. has right idealizer Ir(Cy) not isomorphic to
F, then, C; is equivalent to an MRD code Cg, where F' is a g-polynomial shaped as
in (2.24). In addition, as a consequence of what is stated in (Longobardi & Zanella
2024, Section 4), we can prove the following result concerning the equivalence issue
for codes in the form Cr = (z, F(2))r,, where F(x) is a g-polynomial in standard

form. Precisely,

Theorem 2.5.3 Let Cp, i = 1,2 be two 2-dimensional MRD codes where F;, i =
1,2, are scattered polynomials having the form described in (2.24). Then, they are

equivalent if and only if there exist a,b,c,d € Fy. such that
dFy(x) = Ff(ax) or F{(bFy(z)) =cx (2.27)

for some p € Aut(F,n). In particular,
(i) Cr, = Cp, 0 ax or,
(i) Cp, = Cp, 0 bFy(x).

Proof. By (Sheekey 2016, Theorem 8), Cr, and Cp, are equivalent codes if and only if
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Fi(x) and Fy(z) are I'L-equivalent, or equivalently, F{ (x) and F5(z) are GL-equivalent

a b
for some p € Aut(F,»). Then, there exists a matrix A = € GL(2,¢") such
c d
that for any y € Fyn, there is z € F;n such that
2
al Yl = , (2.28)
Fy(y) F{(2)

Let Grp and G, be the stabilizer groups in GL(2,¢") of the subspaces U rr and Up,,

respectively. It is straightforward to see that
AT\ G A =G, (2.29)

By Theorem 2.5.2, Gpr and G, are groups made up of diagonal matrices. There-
fore, by Formula (2.29) one gets that a =d =0 or b = ¢ = 0.
Ifa=d=0,0bccF, and cx = F{(bF5(x)). So, one gets the second formula in
(2.27).

Ifb=c=0,a,deF;. and, by (2.28), dFy(x) = F{(ax).
Now, if dFy(z) = Ff(ax),

Cr, = (2, F2(2))r,0 = (2, dF3(2))5,. = (7, F](a))r,n

(2.30)
= (z, F{(x))p,. 0 ax = C}, o ax.
If F{(bFy(x)) = cx, then
Cr, = (z, F5(2))p,. = (cx, Fy(2))r,. = (F{(0F3(x)), Fa(2))r,. o

= (z, Ff(m)>Fqn o bFy(z) = Cf;l o bFy(x).

Also, as consequence of Longobardi & Zanella (2024) and the Theorem above, we

have the following

Corollary 2.5.4 Let Cs, be MRD codes such that Ir(Cy,), are not isomorphic to F,,
i =1,2. Then, Cy, and Cy, are equivalent if and only if there exist two polynomials F;
in standard forms, such that Cy, is equivalent to Cr,, i = 1,2, and (2.27) holds true.

By (Longobardi & Zanella 2024, Proposition 3.4, Remark 3.5 and Remark 4.4),




§2.5. An equivalence issue 57

one can see that for each ¢t > 3 the right idealizer of C’f ’275 is isomorphic to F.. In

addition, any code

57
Cl,ftz,s = <[l§', d}h,t,s ('I)>Fq2t

with ¢ > 4 and even, is already expressed through a polynomial in standard form.
On the other hand, by (Longobardi & Zanella 2024, Example 4.11), one gets that the

code Cy where

5

H(z) := Hyo(x) = (1—h" )2 4+ (h4h2)a? + 2 (h+h )2 € Lg,la], (2.32)

is MRD, equivalent to C’i’is and H (z) is in standard form.

2.5.1 On the equivalence issue for 015’28, with ¢t = 3,4

In the following section, we assume n = 2t and restrict ourselves to the case t = 3,4
and start by studying the equivalence between two different elements in 015 ,i - Firstly,

we prove the following main result

Theorem 2.5.5 The MRD codes 015:2,5 and Ci’,i’ve, are equivalent if and only if
1. =5 (mod 6) and h* = £k,
2. { = —s (mod 6) and h* = £k,

where p € Aut(Fy).

Proof. 1t is not difficult to show that the necessity condition in the statement of this
theorem holds. Regarding the sufficiency, we first note that since (s,6) = (¢,6) =
1, there exists an integer —1 < r < 4 such that ¢ = sr (mod 6). Moreover, it
is straightforward to see that r must be coprime with 6. Then r ¢ {2,3,4} and
hence if r # +1, then C’i’fl’s and Cili,@ can not be equivalent. Assume that C’i’,?;s =
<I’,wh7375(l')>15‘q6 and C’i’g’,e = (z, ¢k73,g($)>ﬁrq6, are equivalent, this may happen only if
r € {-1,1}, i.e. £ = =+s (mod 6). In addition, by Corollary 2.5.4, C’i’,is and C’i’,i”g
are equivalent if and only if Formula (2.27) holds true for any pair of standard forms

of the g-polynomials 9, 5 s and 1y, 3 4, respectively. As we indicated in the last part of

the previous section, in Longobardi & Zanella (2024), it was shown that iy, 3 () is
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I'L-equivalent to the following polynomial in standard form:

3

Hpo(z) = (1= B0)2% 4 (h+ h?)a™ + hH7 (h 4 h?)2?

Following Corollary 2.5.4, to investigate this equivalence issue we may consider

the following two equations
dHy(z) = Hy [(ax), and H}  (bHy(z)) = cx (2.33)

for a,b,c,d € Fle and p € Aut(F,). Since the automorphism p acts on h, without
loss of generality, we may suppose that it is the identity, see (Neri et al. 2022, Remark
4.5).

Case 1. Suppose s = ¢ (mod 6). If dHy (x) = Hp s(ax), by expanding this equation

we get the following conditions

(

d(1 — EH07) = a (1 — hi*7)

d(k + k?) = a?™ (h+ h?) (2.34)

Ak (k4 k) = a?” W0 (h 4+ hT).
\

We focus on getting a relation between h and k and eventually the values of a and d.
To do this we start by considering the ratio between the second and first equation.

Doing so we get
g (B (1= B (2.35)

Similarly computing the ratio between the third and second equation and between

the first and third in (2.34) we get

aq55_q35 (h =+ 1)(]€ + k’qs)

hq%(k+ 1)(h + he) (2.36)
g _ (L RE) (g bt

(1 — p1+a*)(k + ko) ki+a*

By rising Equation (2.35) and the two Equations in (2.36) to the ¢**-power, and taking

into account that h? "+t = k7" +1 = —1 we get the following system of conditions on
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h and k: N
)q58 _ [(k‘14s+kq5s)(h+1) ¢t

(hq4s +hq55 )(k+1)
hh®) (k9% 1) (2.37)
k4ka%)(ha?* +1)

. (kq5s+kq4s)

)q _ (h+1
(k+1 (hq55+hq45)'

—~
>

) q23 +q4s

~—

—~
S ESEES N ES

4s

— f— ]

Ve

4s 5s
Putting & = %szg)s—m, then the system above reads

Since 14 =1, then

(5)" =g

(%)q%ﬂ“ _ o (2.38)
(GRSt

Now, raising the third equation of (2.38) the ¢°-power and taking into account the

first one, we get that 5‘725_‘18*1 =1, and so the system becomes

()" ¢
(%)q%ﬂ‘“ _ g (2.39)
()" =¢

From the first equation of above System (2.39) and taking into account the expression

of £, we have
(En" + €7 ) (h + 1)

§: (hq4s+hq53)(€q2sh+1)'

From the latter formula we obtain

5s

(67 = Oh = (67 — O

5s

Now if & ¢ F, (that with condition £7°~¢"+1 = 1 implies £ # 1), then h9"+! = 9" a
contradiction, (Bartoli et al. 2020, Lemma 2.3 (3)). Hence £ = 1, h = k and, by system
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(2.34), a € F2 and d = a?. If otherwise Hj, s(bH s(x)) = cz, then by expanding this

formula we get

(K47 (1 BRIP4 R0+ (B R+ B2 R (o )1 = R )

5 4s

(= PR RO 4 (o R = R R R () (6 4 R ) 2

3

+ ((1 — M) (1 — kTN 4 kT (B B2 (KT 4 Kb+
+h1+q2s<h + hqs)(kqs.s + k2q5s)bq5s> quS

= CI.

Now, comparing the coefficients of 2,27 and 27 on the left and right side, and

taking into account that K71 = k7" +1 = —1, we obtain the following linear system

. s 3s 5s
in the unknowns 07,07 and b7 :

S

b4 c
Aprs |07 | =10 (2.40)
b 0
where
Ah:k:S = (Ahl,k’l,sl Ahz,k‘g,sz Ahg,k;g,sg) (241)

T
Anypys1 = <k45+q38(1 — WY (R 4+ k) (h+ h?) (R + K2) R (h+ he) (1 - kq“ﬂS)) :
2 3 5 5 2 5 T
Ang kass = ((1 _ plta S)<kq5 + k2qs) (h + h2)(1 — L1+ 5) k47 +a° pl+q S(h + hqs)(kq s k)) ,
T
Ah37k3,53 — ((1 . h1+q25)<1 . kqs+q35) kq35+q53(h + h2)(kq33 + kq4s> h1+q25<h + hqs)(quS + k2qas)> )

The determinant of Ay s is

P (R = 1) (4 B2 (B R (R 1), (2.42)

First, we see that this expression cannot be equal to zero. By way of contradiction,
let us assume that this is the case. We can easily see that none of the terms containing

h can be equal to zero because this is in contradiction with either the fact that h is




§2.5. An equivalence issue 61

non-zero or that A% "+ = —1. The term with k needs more attention. But note that

if it is zero, then

s 3s 5s
patat et —

Rising the above equation to the ¢ power and then taking ratio with &'t = —1

we get

2s__ .8
a7+l —

which finally leads to a contradiction as —1 = k'+¢"" = (k¢"~¢'+1)@’+1 — 1 Hence,
the determinant of Ay s is different from zero.

As by the assumption ¢ # 0 the unique solution of the System (2.40) is b = (b7, be™ bq5s) €
ng, with

b kT (1 — k907
(hita* — 1)(ke*+a**+a> 4 1)2
oo _ ORI (e 4 ) (2.43)
(h+ h?)(ko+a+a 4 1) '
o o(1 — KT+

= h1+q25(h+ hqs><kqs+q35+q5s + 1)2

Also in this case, we focus on getting a relation between h and k and eventually the
values of b and c satisfying the second equation expressed in (2.33). In order to do
this we start by computing the ratio between the second and first equation in (2.43).

From this we get

R RS 4 (R - 1)
h(h+ 1)(1 — ka*+d™)

3s s
bq -q _

(2.44)

Similarly, taking the ratio of the third and second, and of the first and the third

equation in (2.43) we get

s 3s
q587q3s _ (]. - k‘q +q )(h + 1)
b - hq25(h + hqs)k1+qs+q5s(kq3s + 1) ) (245)
h1+q25 (h + hqs)kq5s<1 o k‘q38+q58)

<1 _ kqs+q3s)(h1+q25 _ 1) )

bqsfqa“ _

(2.46)

respectively. Since the ¢**-power of Formulas (2.44),(2.45) and (2.46) returns Formulas
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(2.45), (2.46) and (2.44), respectively, we get

( kqs hq2s B (1—kqs+q5s)(h+1) ]q25+1
— (hq4s+hq55)(kq35+1)
Ja® pat® _ (k9% +1)(ha"" +he>) (2.47)

(h+1)(1—k4a°S+a*)

. s, .35 2s
kqs+qu hq23+q4s _ (1_kq +q )(hq +1)
L (k95 1) (h+ha®)

(1—ke°+4°%) (b4 1)

T e conditions above reads
+he?) (k7 1)

Putting & = (

(
qushq2s _ €q25+1

RO hat = 1/¢ (2.48)

kq5+q35 hq25+q4s _ £q25.

\

By the first and the second equation, one gets that £€7°+t7°+1 = 1 and since A+ =

e = —1, ¢+ = 1 and so £7°~¢"+! = 1. Therefore System (2.48) becomes

(

kqshq2s _ qu
| pa*t = o (2.49)

kqs+q35 hq25+q4s _ é_q?s'
\

From the first equation in System (2.49), and taking into account the expressions of

&, we have

(e +1 — €)(h 4 1)he"”

5 — hq25+1(hq4s + thS)(£q3S + hq4s)
§(h1+q25+q45 + 1)hq4s _ h(h1+q25+q4s _|_ 1) (250)
g=nt""",
obtaining h = —k. Then, taking this into account in (2.43), we get
bqs B qu5s<1 _ kq33+q5s)
= (k1+q25 - 1)(kqs+q35+q53 + 1)2 q5s B C(]_ . kqs+q38>
quS B qus+q5s<kq3$ + 1) - k1+q28(k _I_ kqs)(kqs+q33+q53 + 1)2

(k _ 1>(kqs+q3s+q55 + 1)2
(2.51)
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Finally, by raising one of these three equations to the ¢?*-power and comparing it

with the other ones, we obtain

¢ = kT
for some A € Fy2, and so b = M—iw
Case 2. Now, we assume s = —/ (mod 6). In the following we will show that
elements a,d € Fs exist such that
dHg,—s(x) = Hy-1 5(ax), (2.52)
holds true. Indeed, one easily sees that this is realized by putting a = —k~! and

d = k~2. This implies that Cj 3 s is equivalent to Cy-1 3.

Now, using the transitivity of the equivalence relation we have that C’i’is is equiv-
alent to Cf7’£7_8 if and only if 015:2,5 is equivalent to C’i’;’,lﬁ.

So, using the same arguments as in Case 1, we have that 015,’13,—5 is equivalent to
CPy , if and only if h? = £k~

Regarding the case t = 4, we prove the following result.

Theorem 2.5.6 The MRD codes Ci’;is and Ci’:’g, are equivalent if and only if
1. £=s (mod 8), then h* = £k,
2. { = —s (mod 8), then h* = k™1,
3. if ¢ = 3s (mod 8), then h* = %k,
4. if £ = 5s (mod 8), then h? = +k~1,
where p € Aut(Fg).

Proof. As before the necessity condition in the statement, is easy to prove. Concerning
the sufficiency, using the same notation and arguments as in the proof of the previous
Theorem 2.5.5 we get r € {—1,1,3,5}. Hence, C’f”is = (@, ¥na,s(7))r s and Ci’,ie =
(2, Yra(7))F s, are equivalent if and only if Formula (2.27) holds true for any pair
of standard forms of the g-polynomials vy, 4 s and 1y 4, respectively. As mentioned

before, the polynomial v, with t > 4 and even, is already expressed in standard
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form. Therefore, by Corollary 2.5.4, to investigate the equivalence issue between two

elements in this class, we only need to consider the two following equations:

g as(z) = @/Jz’&s(ax) and  Yp4s (bw,’jA’g(x)) =cx (2.53)

for a,b,c,d € Frs and p € Aut(Fz). Also here, without loss of generality, again by
(Neri et al. 2022, Remark 4.5), we will suppose p to be the identity. Because of what
is asserted in the first part of the proof, we can proceed by dividing the remaining
part of the argument into four cases.

Case 1. We assume ¢ = s (mod 8). Now, if di)y 4 (2) = p4(ax), then by compar-
ing the coefficients, one easily gets d = a? with a € F 2 and h = £k.

If otherwise ¥ 4.5(b9.40(x)) = cz, by expanding left side of this equation, one get

(bqs + quS kq3.s_q2s + bq53h1_q53 quS_q2s + bq7s hl_q7s) qu
+ (bq + bq . bq kq55_q4sh1_q55 _ bq7sh1_q75kq7s_q45> Iq4s
+ ( kq _q bq + bq hl_qSqu5s + hl_q7skq7s_q6sbq7s> xqﬁ
e G ey A L e L EEe
By equating the coefficients of the terms z, 27", 27", and 29" on the left and right

side, and taking into account that h¢"*! = k7“+1 = —1, we obtain the following linear

. s 3s 5s 7s
system in 67,07 b7, and b7 :

1 kQSS_q2S hl_qE)S quS_qQS hl_q7s bqs 0
1 1 _kq5sfq4sh17q53 _hlfq“ kq7siq4s bq3s 0
s 6s 1 5s 1 Ts 7s 65 5s - : (254)
— kT4 1 —h't—4q ht—4 k2 4 b? 0
kqs_l _kq?:s_l _hl_q55 hl_q75 bq7s c

Let us denote by A s € F;lgx‘l the matrix associated with it. First, we show that its
determinant is not zero. In fact, by recalling that k+4" = —1 and that (s,8) =1, we
get

det(Ap o) = —Trgs g (K4 4 k2T 27—,
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If det(Aps) = 0, since
TrqS/q(k:qu + /ngs—H) = Tl"q8/q2(k')qs+1,

we would get that
k’ _|_ quS _|_ kq4s _|_ k‘QGS _ 0

or equivalently that

1 1
q23 _ -
btk =t

Then

2s
kT =1,

which, by (Longobardi et al. 2023, Proposition 3.2), can not be the case. Since ¢ # 0,
then the unique solution of System (2.54) is b = (bqs, b pT bq7s) S ng, with

bqs _ E(kq5s+q7s B 1)(kq6s_q4s + 1)

T
quS _ _%(quS_,’_qu B 1)(kq25_q4s + 1)
g5 C ¢ q’s g% <255)
b = hl&T@q+wam“+@,

where T' = Trys (k' + k'), By computing the ratio between the second and

first component of b we have

. . kqu_q4s + 1 kqQS + kq4s 1
prtya -1 — - _ — . 2.56
( ) kqﬁs,q4s _|_ 1 kq4s + quS (kqQS + k‘q4s)q2371 ( )

In the same way, computing the ratio between the fourth and third equation in (2.55)

we have

ro_gie (K97 + k) (K7 + K7)
(qus +k)(kqs +kq7s)
1

PR\ 1) e\
- <k+k) ﬁ__(k—%) ~

Let w be an element in [Fs such that Wil = —1; then, from the last two Expressions

(quS)qQSil _ _hq

(2.57)
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(2.56) and (2.57) we get

b Aw and B — he” ke

_ 2.
quS +kq4s kqﬁs +k ’ ( 58)

respectively, where A, u € Fp2. Raising the two sides of the first equation in (2.58)
to the ¢* power, and taking into account the second equation, we have that h?” k<’

must also belong to F 2. In other words, we get

he = uk™7, (2.59)
for some v € F7,.
Now, taking into account Equations (2.58), recalling that w?” = —w and that A € Fe,

the first equation of the Linear System (2.54) becomes

1 k}q&eiq?s hliqf)s k)qSStis hliq'?s
2s s 4s 6s + 6s - s 0 (260)
k™ + k4 k™ + k4 kT + k k+ ka
Plugging (2.59), latter equation reads
3s__ ,2s _4s_ 2s 3s__  4s
2 1 __ ]iq q _ -1 k q q 4 kq q2 ’ (261)
kq s + kq s ]{,"1 s + kqﬁs quS —I— k: k,’ + qu s
whence
1 qugs 1 kq3s
_ — -1 _
kqQS + kq4s kq4s+q25 _ 1 - v (kq2s + kq4s kq4s+q2s _ 1) : (262)

We observe here that the term on the left side of Equation (2.62), can not be equal

to zero. Indeed, if it was

3s

1 k1
kq2$ + kq4s - kq4s+q25 _ 1

then, raising this equation to the (¢** + 1)-th power, and taking into account that

k"t = —1, we would get
(k" — k) (k- k") =0, (2.63)

and so k € Fy«. In such a case, the condition E+a™ = —1 implies that k € F2. Then,
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by (2.56), b9 = Aw where w?"~! = —1. Using the expression of b2 found in (2.57),
we get that h € F2 as well. Then, the first and third equations of Linear System

(2.54), can be rewritten in the following form

(1— k(1 —Rr) =0 6

1+ kT H(1+n77)=0.

These two equations are verified together only when either k € F, and h € Fp2 \ I,
with ' = -1 or h € F, and k € Fp2 \ F, with k2 ~' = —1. However, both when
g=1 (mod 4) and ¢ = 3 (mod 4), it is straightforward to see that these cases cannot

occur. Then, the expression in (2.63) is not zero and hence, 9" ~! = —1. On the other

2

whence v* = 1, a contradiction.

. 4s 2
hand, since v € F,2, we also have k7" = et

Case 2. We assume ¢ = —s (mod 8). Note that, by putting b and ¢ as follows

4s
b= k:q7skj_ L5 c=k"! + quSily

5,4

Lh-1 18 equivalent to

one gets Yg-14 s(by 4, _s(x)) = cx. Hence, we have shown that C
C’i’,i_s. Now, using the transitivity of the equivalence we have that C’i’is is equivalent
to 015:;1778 if and only if C’i’ﬁ’s is equivalent to Ci’é‘,l’s. By Case 1, we have that C’i’is
is equivalent to 015,’;1,—5 if and only if h* = £k~!. Case 3. We assume now ¢ = 3s
(mod 8). If dipg 4 35(x) = Ypnas(azx), by expanding and comparing the coefficients, we

get the following set of conditions

(
d=al
d _ aqSS
g (2.65)
dkjliqss _ _aqsshlf‘lss
—dkl_q7s _ aq7sh1_q7s.
\

By the first and the second, d = a? with a € F,2 and plugging this into the third

(%) _ (2.66)

Then, h = wk, where w € F,2 such that w?~t = —1. Since on the other hand, we

equation, we obtain
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also have w? = (h/k)"*¢"" = 1, this leads to a contradiction; hence, this case cannot
occur.

Assume that ¢, 4 s(b)k 4 35(x)) = cx. Expanding this equation we get
(bqs i quS_q2sbq3s . bq55h1_‘155k‘155_q25 + bq7sh1_q7s> :L‘qQS
bqs + quS + quShl_qSS quS_q4s _I_ bq'?shl_q?s kq7s_q45> ajq4s

S

a
+ (bqskq87q68 + bq3s o quShliqSS N bq7skq7siq63hliq7s> .,L‘qGS
+ (-

kqs,1 + bq3skq3sfl . bq5sh1*‘153 + bqhhliq?s) T = CT.

Now, by comparing the coefficients of z, 27", 29", and 27 on the left and right side,

the equation above gives the following linear system in 7", b7, 57", b7

1 _quS_QQS _hl_qSS kqf)s _q25 hl_q75 bqs 0

1 1 kq587q4sh17q55 h17q7s kq7siq4s quS 0

s__ ,6s 1— 5s 1— 7s 7s__ ,6s 5s - : (267)
k= 1 — 1 —plma = || e 0
_kqs_l kq35_1 _hl_q5s hl_q75 bq7s c

The determinant of the matrix Ay, 35 associated with linear system (2.67) is equal to
Trgs g (RTH 4 K7+ p2707 =0

and hence it is different from zero. Since ¢ # 0 then, the unique solution of System

(2.67) has components

s

qu _ _%<kq5s+q7s . 1)(]{:(1687(143 + 1)

bq3s _ %(kq55+q7s i 1)<kq2siq4s + 1)

5s C s 7s 2s (268)
W = —mmp (R H RO (RT 4 K)
= hlj‘?sT(kqgs + R+ k),

which is the same solution obtained for System (2.54) in the case where £ = s (mod 8).

. . 5 _
Then arguing as in that case, we get h? = vk™% and b = —2“ for some
’ ka*® 4-ka

v,A € F7, and w € Fys such that w? 1 = —1. Since 1 = (A4 k7)H4" = 12 then




§2.5. An equivalence issue 69

v = %1 and so h = %k,

A 7

_ _ @ >
b= o and ¢ = Aw(k? + k7).
kqs_l kq?)s_l kl_qi’)s kl_q7s
= _)\(JJ kq2s + kqéls + kq4s + quS + k + quS + kq2s + k

kqs_l kq?)s_l kqs_q4s kq3s_q4s
g —)\w kq2s + kqéls + kqlls + quS + k+ quS + kq2s + k

3s

ke q kT ke
= — >\w ]{;q28+1 B 1 + quS_j’_l . 1 + kq65+q4s o 1 + kq25+q4s . 1

s 1 1 3s ]_ ]_
_ q q
= )\(,L) |:k <kq28+1 _ 1 + kq68+q4s - 1) + k (kq68+1 _ 1 + k;q2s+q43 — 1>:|

= (k" + k7).

(2.69)

Case 4. Finally, we assume ¢ = 5s (mod 8). Note that diyass(x) = Vp-14(ax)
holds true for a = —w? k™" and d = —% where w? = —w. So, we have shown that

015 1.5 1S equivalent to o Now, using the transitivity of the equivalence we have

1,k-1s"

that Cl k55 1S equivalent to Cl n.s if and only if Cl n.s 18 equivalent to C*' | . By Case

Lk=1s
1, we have that CL’h’S is equivalent to Cl:k,Ss if and only if ¥ = £k~!. This concludes

the proof.

We conclude this section pointing out that as a consequence of Theorems 2.5.5 and
2.5.6 above, by using same argument as developed in (Neri et al. 2022, Theorem 4.10),
it is easy to determine the exact number of the equivalence classes of codes in the
family Ci’,tljs (or equivalently the number of inequivalent codes in it), also for ¢t = 3, 4.
As in (Neri et al. 2022, Theorem 4.12), a lower bound for this number in the case
t = 3,4, turns out to be {ﬂJ where ¢ = p” and ¢ is the Euler’s totient function.

8rt

2.5.2 Equivalence issue of linear sets

In this section, we will denote by L}", L} and L7 o the linear sets associated with
the codes O C’2 " and C s » respectively. Also, we will denote by Lf ';L ; the linear
set of PG(1, ¢*) associated with the code C’i’,’z’s, in the following we will deal with it
in the case where t € {3, 4}.

Regarding the equivalence issue for LiZZ,I’ this was completely solved in Bartoli et al.
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(2020). As a consequence of Theorem 2.5.5, we may state the following result.

Theorem 2.5.7 If h € Fp, the linear set L?is C PG(1,q°%) is PTL-equivalent to
some

Lz"G = {((z, 27 + T 4+ C:ch))FqG 1z € Fp}

where € € Fyo such that & +& = 1 if and only if h € F, and q is a power of 5. If
h ¢ Fp, then Li‘zs is not PTL-equivalent to L, L*S and L*S in PG(1, ¢%).

5777 S’

Now we investigate the same issue for Liis. In Longobardi & Zanella (2021),
by using projection techniques, the authors solved the problem for the linear set
associated with the code C;, showing that this is not equivalent to any other linear
sets previously constructed.

Following the same approach, we will show the same result for any value of the
parameter h. We will work in the following framework. Let xq,x1,...,27 be the

homogeneous coordinates of PG(7,¢®) and consider
S ={{(z,27,...,27 g v € Fis}
to be a fixed (canonical) subgeometry of PG(7,¢®). Let
o <<I0, L1y .- 7I7>>]Fq8 < PG(77 qS) — <($gv x(q)a Iclla cee 7'Tg)>Fq8 = PG(77 q8)

be a collineation of PG(7,¢®). It is straightforward to see that 6™ fixes ¥ pointwise
for any m € {0,...,7}, and 6“ is a generator of Fix(X) for any u such that (u,8) = 1.

As proven in (Lunardon & Polverino 2004, Theorems 1 and 2) each linear set L of
PG(1,4®) can be obtained by projecting ¥ from a 5-dimensional projective subspace
' of PG(7,¢®) onto a line of PG(7, ¢®) which is disjoint from T'. By (Zanella & Zullo
2020, Theorem 1.1 and 3.5), as done in (Bartoli et al. 2020, Result 3.4), we can assert

that if L is scattered and the least positive integer v such
dim(T'NT7N---NT7) > 5 — 27,

does not belong to {1,2}, then L is neither equivalent to L{™ nor to L27 (for more

details see also Longobardi & Zanella (2021)). With this in mind, we prove the
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following

Theorem 2.5.8 The linear set L?’i . is neither equivalent to L}* nor to Lg:;‘;.

Proof. Let h'*t9" = —1 and (s,4) = 1. The linear set Li’:;lz,s can be seen as the

projection of the canonical subgeometry ¥ from the

Ty = 0
Iy : (2.70)

__g9s _Ts
$5+$35—h1 q $55+h1 d {L’7S:0

onto the line PG(1,¢®) C PG(7,¢®) with equations zy, = 3, = - -+ = @7, = 0, where

indices in system above are taken modulo 8. Let

u Ty = 0
e (2.71)
Tstu + T3s4u — hquiqu+ul‘55+u + hqu7q7s+ux7s+u = 07
where u € {s,3s,5s,7s} (mod 8). Then
(
Tog = 0
. Ty =0
rinry (2.72)
T+ T3s — W 25y + W10 10, = 0
\xs+u + L3s+u — hqu7q55+ux5s+u + hquiq7s+ux7s+u = 0.

It is straightforward to see that, for any choice of s and u, none of the unknowns in
the third equation appears among those of the fourth one; hence, the four equations in

System (2.72) are independent. As a consequence, dim(I'y N T'?") = 3. Now consider,

.

ZL'():O
z, =0
SL’QUZO

LN Nre . 5 7
Ts+ T35 —h' " x5 + R 20, =0

5s+u u__7s+u
T5s4u + ha 4

u_
Tsty T T3s4u — ha 4 Trs4u = 0

2u _ 5s+2u 2u _ 7s+2u
a L5420 + h? a L7420 — 0.

(2.73)

Ls+42u + x3s+2u - hq
\
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As before, we note that for any u € {s, 3s, bs, 7s}:
{s + 2u,3s 4+ 2u,bs + 2u,7s + 2u} = {s, 3s,5s, 7s}
and

{s+u,3s 4+ u,b5s+u,7s +u} ={0,2s,4s,6s},

where the integers are taken modulo 8. So the fourth and sixth equations in System
(2.73) have the same unknowns; in addition, none of the unknowns of the fifth equation

is among these. So, suppose that u = s (mod 8), then (2.73) becomes

(

Ty = 0

s =0

X7 ~2u x23 = O
r,nry Ny (2.74)

__ 95 _ ., 7s
Jfgs—hl q ZE55+]'L1 q IL‘75:0

s__ 65
.’1745—hq g .2763:0

2s__ ,Ts
T3s + Tss — ha Trs = 0.
\

By the fourth and sixth equations, one gets (1 + A4 )z5, = A7 (1 4 9 V),
and since h?"~1 % —1 ( see (Longobardi et al. 2023, Proposition 3.2)), all equations
in (2.74) are independent. The same argument can be applied to all the other congru-
ences leading to dim(I, NT¢" NT?™) = 1 for any u € {s,3s,5s,7s} (mod 8). Hence,
we have that v ¢ {1,2}; therefore, Li’::s is neither equivalent to L{* nor to L2

As a consequence of this achievement, we may derive the following result about

the equivalence of the codes 015 Z . with ones belonging to other families.

Theorem 2.5.9 Letn =2t, t =3,4, h,k,n € Fgn satisfying Ngn qt (h) = Ngn gt (k) =
—1 and Ngn/q(n) # 1. Let s € N such that (n,s) = 1.

5, ,
(a) CZ1 and Cy , are not equivalent.

(b) Assume 0 € Fgoe such that Nyngns2(6) & {0,1}. Then, the codes Ci’(? and Ci’i,s

are not equivalent.

(¢c) Assume ¢ € Fuo such that (* + ¢ = 1. Then, the codes C’?’G and 015,’2,3 are not

equivalent except h € F, and q a power of 5.
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Proof. (a) First assume n = 0, then CZ’SL = C!m. This has left and right idealizers
both isomorphic to Fgn. Since [ 3(015,72,5) is isomorphic to F. for both ¢ = 3,4, then
Ci’,i’s can not be equivalent to C1*. On the other hand, if n # 0 and ¢ = 3, by (Bartoli
et al. 2020, Result 3.4), we get that 015,712,5 is not equivalent to Cf,? For t = 4 the
result directly follows from Theorem 2.5.8.
(b) The statement is a direct consequence of the fact that the right idealizer of C’i’;
is isomorphic to F, Csajbok, Marino, Polverino & Zanella (2018).
(c) The statement is a direct consequence of Theorem 2.5.5 and (Bartoli et al. 2020,
Proposition 3.10).

In Csajbok, Marino, Polverino & Zanella (2018), the scattered subspace

Upss = {(z,027 + xqs+n/2): reFpn} (2.75)

associated with the code C’j’,’g was studied. As a direct consequence of (Csajbok,
Marino & Zullo 2018, Propositions 4.1 and 4.2), we can say that the scattered linear set
associated with Ug s 5, is equivalent to Ci’,‘f’s if and only if the underlying subspaces are
['L-equivalent and, hence, if and only if the MRD codes C’fﬁ,s and C’i’? are equivalent.
However, as shown in Theorem 2.5.9(b), this is not the case. Therefore, we can state

the following.

Theorem 2.5.10 The linear set Liés is not PTL-equivalent to L™ and L2 and
LS of PG(L,¢%).

2.6 Conclusion

In this chapter, we start by giving a geometric description of the vertex of an evasive
linear set over a projective space PG(r — 1,¢"). We have seen that the vertex and
axis of the projection can be seen as generated by the imaginary points and its
conjugate. We gave a purely geometric description of the vertex of the maximum
scattered linear set as initiated by Csajbok & Zanella (2016¢) and Zanella & Zullo
(2020) for pseudoregulas and LP-type linear set respectively. We saw their approach
using intersection numbers cannot be used further. We then used the very recent result

by Pepe (2024) and the fundamental result we developed for obtaining the vertex for
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evasive subspace to give a purely geometric description of vertex of known maximum
scattered linear sets of rank n over the projective line PG(1,¢"). More interestingly,
we see that if we can fix distances between some of imaginary and its conjugate
points (which we attain by the notion of crossratios) we can get the projection of a
subgeometry from vertex to the axis as maximum scattered linear sets.

Further we generalised the result by (Neri et al. 2022, Theorem 4.6) (see Theorem
2.5.1) for t = 3,4. We made use of scattered polynomials introduced by Longobardi
& Zanella (2021) to notice that in place of using an invertible matrix to obtain the
inequivalence, we can reduce it to two consecutive cases one obtained through the
diagonal matrix and one through the anti-diagonal matrix (see Corollary 2.5.4). This
preciously gave us more equations to investigate the inequivalence issue. We finally
show that the linear set obtained via the class for ¢t = 4 is really new, i.e, not equivalent

to the known linear sets.




CHAPTER

Affine vector space and quadrics

A vector space partition P of the projective space PG(n — 1,¢) is a set of subspaces
in PG(n — 1, ¢) which partitions the set of points. They relate to finite projective
planes, design theory, and error-correcting codes. It is natural to consider a vector
space partition P of the affine space AG(n,q) as a set of subspaces in AG(n, ¢) that
partitions the set of point of AG(n,q). We call this partition affine vector space
partition (or abbreviated as avsp). In this chapter, after introducing these affine vector
space partition, we define avsps of different kind particularly hyperbolic, elliptic, and
parabolic types. We see that avsps have a direct link with the spreads of quadrics.
More preciously, we will see that a hyperbolic, parabolic, or elliptic affine of PG(n, q)
is equivalent to a spread of QT (n+1,q), Q(n+1,q) or @ (n+1,q), respectively. We

finally see how avsp of our kind gives us properties like irreducibility and tightness.

3.1 Our setting and construction

Definition 3.1.1 Let H be a hyperplane of PG(n + 1,q). An affine vector space
partition of PG(n + 1, q) is a set P of subspaces of PG(n + 1, q) whose members are
not contained in H and such that every point of PG(n + 1,¢q) \ H is contained in

exactly one element of P.

The type of an avsp P of PG(n + 1,¢) is given by (n + 1)+ ...2m21"™  where

m; > 0 denotes the number of (i — 1)-spaces of P for 1 <i <n+ 1. It is now natural

75
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to call an avsp of type ¢™ as affine spread. From here, we observe that if P is of type
(n+1)mn+t1 ... 2™21™ then by just counting points outside of H we have the following

condition
n—1
7 n—1
E m;-q =q .
i=1

This is called the packing condition. It is easy to see that it is always possible to

consider an avsp satisfying this condition.

Theorem 3.1.2 Bamberg et al. (2023) For each type (n+ 1)+ ... 2M21™ that sat-

isfies the packing condition there exists an avsp P of PG(n —1,q) attaining that type.

So we see avsps always exist for a particular packing condition. Further, introduc-
ing the condition of tightness and irreducibility makes the problem more significant,
challenging and has applications in logical formulas of full disjunctive normal form

(DNF). Now, we introduce them formally.

Definition 3.1.3 Let P be an avsp of PG(n + 1,¢). Then P is said to be reducible
if there exists a proper subspace U of PG(n + 1,¢) not in P such that the members
of P contained in U form an avsp of U. If P is not reducible, then it is said to be

1rreducible.

Definition 3.1.4 Let P be an avsp of PG(n + 1,¢). Then P is said to be tight if no

point of PG(n + 1, ¢) belongs to each of the members of P.

In (Bamberg et al. 2023, Section 5.2) the authors studied a particular avsp {51, ..., 5.}
of PG(6,q), ¢ even, of type 49° such that the set {S;NH|i=1,...,¢°} consists
of the ¢* planes of a Klein quadric Q1 (5, ¢) that are disjoint from a fixed plane of
Q1 (5,q). Moreover, they conjecture that a similar construction can be realized for
all prime powers (Bamberg et al. 2023, Conjecture 2). Motivated by their example,

we introduce the definition of hyperbolic, parabolic, or elliptic avsp.

Definition 3.1.5 Let P = {Sl, Soy.ny Sqn+26+l } be an avsp of PG(n + 1, ¢q) of type

n+e+1

(”_Te”)q . Then P is said hyperbolic, parabolic or elliptic if the set

(]:{Hi:SZﬂH|z':l,...,qLSH}
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consists of q"+2e+1 generators of a quadric Q, . C H, where e = 0,1, 2, respectively,

such that
(1) elements of G are disjoint from a fixed generator II of Q,, .;

(2) distinct members of G (or of P) meet at most in one point;
(3) if [IL; N1IT;] = 1, then (S;,S;) N Qne = QT (n — e, q).

Remark 3.1.6 Let n be odd, let P = {S]_,SQ, e ,SanH} be a hyperbolic avsp of
PG(n+1,q) and let II; = S; N H, i =1,... ,q"> . Since members of P are (2)-
spaces, then (S;,5;) = PG(n+1,q) and |S;N.S;| =1, if ¢ # j. Hence |II; N1I;| = 1, if
i # j. Therefore, from the definition of a hyperbolic avsp the point (2) is equivalent
to the requirement that distinct members of G pairwise intersect at one point, whereas
the point (3) is redundant.

If n = —1 (mod 4), then members of G and II belong to the same system of
generators and hence |II;NIL;| = 0, if i # j. Therefore hyperbolic avsp of PG(n+1, ¢),

n = —1 (mod 4), do not exist.

Remark 3.1.7 If n = e + 1, then there are not ¢°*! many generators of Q, . dis-
joint from II. Hence there is no hyperbolic, parabolic, or elliptic avsp for (n,e) €

{(1,0),(2,1),(3,2)}. If n = e + 3, then requirement (2) is redundant.

Remark 3.1.8 A hyperbolic affine spread P of PG(6, q) is a set of ¢> solids such that
SiNH,i=1,...¢3 are planes of a Klein quadric Q% (5, ¢) that are disjoint from a
fixed plane of Q7 (5, q). Therefore the affine spreads studied in Bamberg et al. (2023)
are equivalent to the hyperbolic affine spread of PG(6, ¢) consisting of solids and the
existence of a hyperbolic avsp of PG(6,¢) is equivalent to the “extension problem”
formulated in (Bamberg et al. 2023, Conjecture 2) which states that The extension

problem for P admits a solution for all prime powers gq.

In the following we will need the next result, which in the hyperbolic case has been
proved in (Dempwolff & Kantor 2015, Example 7.6).

Lemma 3.1.9 Let {21, e ,Eqn+e+1+1} be a spread of a quadric Q,42. of PG(n +

2,q). Fiz a point P € ¥ nienn  and an n-space H C Pt such that P ¢ H. Set
g z +1
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Qn,e = H ﬁ Qn+276 a/nd

n+e+1

HZ:<P,EZ>QH, ’L:]_,,q 2
The following hold.

i) If e € {1,2}, i.e., Quio. is parabolic or elliptic, then I1; and I1;, i # j, intersect

mn at most one point.

ii) If e =0, i.e., Quia0 is hyperbolic and n =1 (mod 4), then II; and I1;, i # j,
have exactly one point in common.
ndetl

iii) Each point of Qp \X niet1 o lies in precisely ¢ members of{Hi li=1,...,q¢ 2
q

2

T00[. DINce i N N N = 0, 1t tollows that ll; N 1l; 1s at most one
Proof. Si ¥ N Pt ¥, N Pt 0, it foll that II; N 1I; i

point. Assume that e = 0, i.e., Q420 is hyperbolic and n = 1 (mod 4). Consider the
(”TH)—space T, = (P,3; N P*). Then T; is a generator of Q,, 42, intersecting ¥; in an
(”T_l)-space. Therefore T; and ¥;, i # j, are in different systems of generators and
hence they have at least one point in common. It follows that II; and II;, ¢ # j, have

at least one point in common.

Finally if R is a point of Qn7e\2qn+§+1 . since Pe an+e+1 » and R ¢ an+§+1

2

+1
there are exactly ¢ distinct members of {21, DY n+§+1+1} intersecting the line
q

(P, R) in one point distinct from P. Hence, through a point of Q,, . \ Eqn+§+1 o there
pass precisely ¢ members of {Hi li=1,... ,q%ﬁl}.

In what follows we observe that a hyperbolic, elliptic, or parabolic avsp of PG(n+
1,q) can be obtained starting from a spread of a hyperbolic, elliptic, or parabolic

quadric of PG(n + 2, ¢q).

Construction 3.1.10 Let {21""’2(1%“} be a spread of a quadric Qni2. of
PG(n + 2,q). Fiz a point P € Eq%eﬂ“ and a hyperplane U = PG(n + 1,q) not
containing the point P. Then H = U N P+ is an n-space of PG(n + 2,q) such that
One=HNOQpi2,. Let

n+e+1

SZ:<P,EZ>FIZ/{, Z:L,q 2,

3
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and let P = {Sl, ) ntetl } Then P consists of qn+§+1 (”_§+1)—spaces of U, none
q

of them is contained in H.

Proposition 3.1.11 The set P is a hyperbolic, parabolic or elliptic avsp of PG(n +

1,q) according as Q1a. is hyperbolic, parabolic or elliptic, respectively.

Proof. To prove that P is an avsp of PG(n + 1, ¢) it is enough to show that for every
point of U \ H, there exists a member of P containing it. Let R be a point of U \ H
and let £ be the line joining P and R. Since ¢ passes through P and is not contained
in Pt it is secant to @, 2.. Therefore there is a point, say R', distinct from P, such

} and hence R € 5},

n+e+1

that R' € Q,12.. Moreover R’ € ¥;, for some j € {1, ... q
by construction.

Set G = {Hi =S,NH|i=1,... ,q%ﬁl}. Then G consists of generators of Q,, .
disjoint from Eq%ﬁlﬂ NH C Q,.. By Lemma 3.1.9, |II; N II;|, ¢ # j, equals one, if
Ont2. 1s hyperbolic, or is at most one, otherwise.

Let S;,S; € P, with |S; N S;| = 1. Then (S;,5;, P) = (£;,%;) is an (n+ 2 — e)-
space of PG(n+2, ¢) containing two disjoint generators of Q,,+2 .. Hence (S;, S;, P) N
OQnize = Qnizco = QT (n+2—e,q). Such a quadric Q, 42 o meets P+ in a cone
having as vertex the point P and as base a Q,_.o ~ Q" (n —e,q). It follows that
(Si,9;) N Qe =9 (n—e q), as required.

We have seen that a spread of a hyperbolic, elliptic, or parabolic quadric of PG(n+
2, q) gives rise to a hyperbolic, elliptic, or parabolic avsp of PG(n+ 1, ¢), respectively.

The converse also holds, as shown below.

3.2 AVSP iff Spread of quadrics?

Theorem 3.2.1 If P is a hyperbolic, parabolic, or elliptic avsp of PG(n+1,q), then
there is a spread of Qyy2., where Qo s a hyperbolic, parabolic or elliptic quadric,

respectively.

Proof. Let P = {Sl, . Sq nietl } be a hyperbolic, parabolic or elliptic avsp of PG(n+
1,q). Then there exists a hyperplane H of PG(n + 1,¢), a quadric 9, . of H, that
is hyperbolic, parabolic or elliptic, respectively, and a fixed generator II of Q,, ., such

that II; = S; N H is a generator of Q,, . disjoint from II. Embed PG(n + 1,q) as a
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hyperplane section, say U, of PG(n + 2,¢) and fix a quadric Q, 42, of PG(n + 2,q)
in such a way that H N Q,40, = Q) and H + is a line secant to Ont2.e. Here L is
the polarity of PG(n + 2, ¢) associated with Q,,12.. Let P be one of the two points

n+

of Quineon H-. Fori=1,...,¢" %, consider the following (

n—e+3)_
5 ) space

Hence F; meets Pt in the (”‘TM)—space spanned by P and II;, that is a generator
of Qpi0.. We claim that F; contains a further generator of Q, 2. besides (P,IL;).
Indeed, if (P,II;) were the unique generator of 9, 2. contained in F;, then F; C
(P,II;)* = P NII} C P, contradicting the fact that 7; N P+ is an (2=t )-space.
Therefore F; has to contain a further generator of 9,12 ., say >;. Denote by Zq ntet1

+1
the generator of Q,, 2. spanned by P and II. We claim that

{217...72 n+e+1 }
g 2 +1

is a spread of Q,4s.. Assume by contradiction that there is a point @' € X; N
an+§+1+1, for some i € {1, o ,qn+§+1}. Let Q@ = (P,Q) N H, then Q € I; NI, a
contradiction. Assume by contradiction that |X; NY;| > 0, for some 1 < i < j <

qn+2e+1. Then necessarily ¥; N ¥; is a point, otherwise |S; N S;| > 1. Moreover, we

infer that such a point, say R’ = ¥; N ¥;, must be in P*+. Indeed, if R’ ¢ P+, then
the point R = (P, R') NU belongs to both S; \ H and S; \ H, contradicting the fact
that S, ... ,Sqn+e+1 is an avsp. In particular, [S; N .S;| = 1.

If e = 0, by Remark 3.1.6, we may assume that n =1 (mod 4). Hence n+2 = —1

(mod 4) and ¥ and Eqn+2e+1 o belong to the same system of generators of Q,, 12, for

n+e+1

k=1,....,¢ z . It follows that if |¥; N ¥;| > 0, then they have at least a line in

common, a contradiction.

If e € {1,2}, observe that (F;, F;) is a PG(n+2 —e, ¢) containing the cone having
as vertex the point P and as base the hyperbolic quadric QT (n—e, q) = (S, S;)NQy.e.
Furthermore, two more generators of Q,, 42 ., namely ¥;,%;, are contained in (F;, F;)
and do not pass through P. Therefore necessarily we have that (F;, F;) N Q,q0,. =
Qnt2—co- Let us denote by O (n+ 2 — e, ¢) the hyperbolic quadric (F;, F;) N Qpiae,

so that generators of QF(n + 2 — e,q) are (“2=*)-spaces. Since ¥; N (P,1I;) and
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3, N (P,II;) are (2=¢=1)-spaces, we have that ; and (P, II;) lie in distinct systems of
generators of @t (n + 2 — e,q). Similarly for ¥; and (P,II;). Two possibilities arise:
either n +2 —e = —1 (mod 4) or n+2 —e =1 (mod 4). Since (P,1I;) N (P,1I1;) is
a line, if the former case occurs, then (P,1I;), (P,II;) belong to the same system of
generators of Q% (n+2 —e,¢). Hence ¥;, ¥, belong to the same system of generators
of @t (n+2 —e,q) and if |¥; N %;| > 0, then they have at least a line in common, a
contradiction. In the latter case, (P, IL;), (P,1I;) are in different systems of generators
of 9t (n+2—e,q). Therefore ¥;, (P,II;) belong to the same system of generators of
Ot (n+2—e,q). Similarly for ¥;, (P,II;). It follows that 3;, 3, belong to different
systems of generators of O (n + 2 — e, ¢) and again if |%; N3;| > 0, then they have
at least a line in common, a contradiction.

Following the proof of Theorem 3.2.1, it can be observed that for any hyper-
bolic, parabolic, or elliptic affine spread P, it is possible to construct a spread S of
a hyperbolic, parabolic, or elliptic quadric, respectively, such that if we apply Con-
struction 3.1.10 starting from S, we obtain P. As pointed out in (Bamberg et al.
2023, Section 5.2, Theorem 2), tightness and irreducibility follow immediately for a
hyperbolic avsp of PG(5, ¢). We will show that the same occurs in higher dimensions

and for parabolic, elliptic, or hyperbolic avsp.

Lemma 3.2.2 Let e € {1,2}, let § = {El,...,an+e+1H} be a spread of Qpioe.

Then at most ¢ + 1 members of S are contained in a quadric Q111 C Qniae-

Proof. 1f e = 1, then exactly 2 members of S are contained in a hyperbolic hyperplane
section Q110 ~ QT (n+1,q) of Qui21 ~ Q(n+2,q), whereas, if e = 2, then there are
g+ 1 elements of S contained in a parabolic hyperplane section 9,411 ~ Q(n+1,q)
of Qni20>~ Q9 (n+2,q).

3.3 Tightness and Irreducibility

Proposition 3.3.1 Let P be a hyperbolic, parabolic, or elliptic avsp of PG(n+1,q),
then P is tight and irreducible.

Proof. Let P = {Sl, So, .., Sqn+e+l} be a hyperbolic, parabolic or elliptic avsp of
PG(n+1,q). If e =0, to prove that P is irreducible, it is enough to observe that, if
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i # j, then the span of S; and S; is the whole PG(n + 1, ¢). Similarly, if e = 1 and
|S; N.S;| =0, then (S;,S;) =PG(n+1,q). If either e=1and [S;NS5;|=1ore=2,
we claim that the elements of P contained in (S;, S;), where i # j, do not cover all
the points of (S;,5;) \ H. By Theorem 3.2.1, there is a quadric Q, 12, with a spread
S = {21, cee Zq%%lﬂ} such that P can be obtained via Construction 3.1.10. Then
the number of elements of P contained in (S;, S;) equals the number of elements of
S contained in (P, %;, ¥;). Since (P,%;,X;) N Q0. is either a hyperbolic quadric
Qf(n+2—e,q),if |S;NS;| =1, or a parabolic quadric Q(n + 1,q), if |S; N S;| =0
and e = 2, such a number cannot exceed ¢ + 1 by Lemma 3.2.2. It follows that P is
irreducible.

By Lemma 3.1.9 (%ii), through a point of H there pass precisely ¢ members P.

Hence tightness follows.

3.4 Conclusion

We have seen that a hyperbolic, parabolic, or elliptic affine spread of PG(n,q) is
equivalent to a spread of QT (n+1,q), Q(n+1,q) or @ (n+ 1, q), respectively. Fur-
thermore, such an affine spread is tight and irreducible. Based on Proposition 3.1.11
and Theorem 3.2.1, the extension problem formulated in (Bamberg et al. 2023, Con-
jecture 2) is equivalent to that of the existence of a spread of the triality quadric
Q™ (7,q), which in turn is equivalent to that of the existence of an ovoid of QT (7, ¢q).
We remark that the existence of a spread of Q7 (7, ¢) has been established in the cases
when ¢ is even or when ¢ is odd, with ¢ a prime or ¢ = 0 or 2 (mod 3). Therefore, a
positive answer to the extension problem follows in the cases when ¢ is even or when

q is odd, with ¢ a prime or ¢ =0 or 2 (mod 3).
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