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Abstract

Approximate computing is a recent design paradigm that exploits the
inherent error resilience of a range of applications by trading off exact
computation with some desirable property of the system, typically energy
efficiency. In the scientific literature, many approximate computing tech-
niques aiming at circuits having superior performances, in terms of speed,
silicon area end energy requirements, have been proposed. However, they
are not generic techniques and very often they are closely linked to a spe-
cific application.

In this thesis, we propose a generic and automatic methodology for
the synthesis of approximate circuits based on the local rewriting of And-
Inverter Graphs. Given a Hardware Description Language description of a
combinational circuit, Satisfiability Modulo Theories based exact synthesis
is used to build a catalogue of candidate substitutes for selected cuts of
the circuit, that are formally proven to be size-optimal w.r.t. the number
of AND nodes.

A heuristic based on a multi-objective simulated annealing algorithm
is used to guide the choice of the cuts to substitute, in order to obtain a set
of dominant configurations w.r.t. the error rate and the number of nodes
in the circuit.

We evaluate our approach using different benchmarks, and, in order
to measure actual gains, we perform actual synthesis of Pareto-optimal
approximate configurations, both targeting the Application-Specific Inte-
grated Circuit and Field Programmable Gate Array (FPGA) technologies.
We also propose an alternative approach that uses a simple Look-Up Table
power model to drive the optimization when targeting the FPGA technol-
ogy.

Experimental results show that the proposed approach allows achiev-

ing significant savings, since resulting approximate circuits exhibit lower
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circuit area, lower power dissipation and restrained error w.r.t. their exact

couterparts.

Keywords: automated design methodology, approximate computing, multi-
objective optimization, approximate logic synthesis, low area approximate

circuits, low power approximate circuits. O




Sintesi in lingua italiana

L’approximate computing ¢ un paradigma di design emergente che
sfrutta I'inerente tolleranza all’errore di una gran quantitd di applicazioni
per rilassare i requisiti sulla correttezza del calcolo, ottenendo di contro
dei benefici in termini energetici e di performance. Nella letteratura sci-
entifica sono state proposte numerose tecniche di approximate computing
con 'obiettivo di ottenere circuiti approssimati con performance superiori,
in termini di velocita, occupazione di silicio e requisiti energetici. Tuttavia,
tali tecniche non sono generiche e spesso sono applicabili solo a specifiche
applicazioni.

In questa tesi & proposta una metodologia generica e automatica per
la sintesi di circuiti approssimati basata sulla riscrittura locale di And-
Inverter Graph. Partendo da una descrizione in un Hardware Description
Language di un circuito combinatorio, tecniche di sintesi esatta basate
su solver Satisfiability Modulo Theories sono utilizzate per costruire un
catalogo di possibili sostituzioni per tagli pre-selezionati del circuiti, con
garanzie formali rispetto alla loro ottimalitd in termini di numero di nodi
AND.

Un’euristica basata su un algoritmo simulated annealing multi-obiettivo
é usata per guidare la scelta dei tagli da sostituire, in modo da ottenere un
insieme di configurazioni dominanti rispetto al numero di nodi del circuito
e della frequenza di errore.

La valutazione dell’approccio ¢ svolta usando numerosi benchmark e,
per misurare i guadagni effettivi, sono eseguite le sintesi delle configurazioni
Pareto-ottime, sia per le tecnologie Application-Specific Integrated Circuit
che Field-Programmable Gate Array (FPGA). E anche proposto un ap-
proccio alternativo che usa un semplice modello di dissipazione di potenza

delle Look-Up Table per guidare ’approssimazione nel caso FPGA.

I risultati sperimentali mostrano che ’approccio proposto offre vantaggi
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significativi, in quanto i circuiti approssimati ottenuti hanno area occupata
minore, potenza dissipata minore ed errore contenuto rispetto agli originali

esatti.

Parole chiave: metodologia di design automatica, approximate com-
puting, ottimizzazione multi-obiettivo, sintesi di logica approssimata, cir-
cuiti approssimati ad area ridotta, circuiti di approssimazione a ridotta

dissipazione di potenza.
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Chapter

Introduction

Approximate Computing (AxC) is a recent approach to the design of
digital systems that aims to trade-off correctness of results for some desir-
able property of the system, typically energy efficiency [HO13; XMK15|.

It relies on the Inherent Error Resilience (IER) of some applications,
that is their property of being able to produce acceptable outputs even
when some of their underlying computations are incorrect or approxi-
mate [Chi+13].

The sources that contribute to IER can be classified as properties of

1. the inputs, that tipically are noisy and redundant, causing similar
data to be processed multiple times,

2. the outputs, because a reference output may not exist and a range
may be instead considered acceptable,

3. the computation patterns, that may introduce some level of self-
healing or controllability of errors.

These properties are common to a number of domains, such as media
processing (audio, video, graphics, and image), wireless communications,
web search and data analytics. For example, real-world datasets may have
significant redundancy, lowering the impact of individual errors; images are
expected to be consumed by humans, whose perceptual limitations make
minor variations undiscernable; some iterative algorithms may apport di-
minishing improvements with each iteration, allowing for early termina-
tion.



CHAPTER 1. INTRODUCTION

Techniques for AxC can be applied at many levels [Mit16]. For exam-
ple, precision scaling consists in changing the bit-width of the input and /or
intermediate results, and can be applied both during design [SR10] or di-
namically [Tia+15]; loop perforation works by skipping some iterations of
target loops [Sid+11].

These techniques target the software and the storage level; at the
hardware level, numerous approximate versions of arithmetic circuits have
been proposed, such as adders [Gup+11; Yan+13; AKL16] and multipli-
ers [HBR15; LHL14; LL13|. These circuits are however finely hand-tuned
and based on a precise insight of the realized function and of the algorithm,
or on the analysis of the layout of the circuit at the transistor level.

Ideally, the adoption of approximate circuits could benefit from a sys-
tematic methodology and tools that would enable the user to provide some
form of circuit specification (in a variety of formats and Hardware Descrip-
tion Languages (HDLs)) and appropriate quality constraints, and automat-
ically generate approximate circuits that conform to such constraints and,
by means of the approximation, provide energy, performance or area ben-
efits.

These methodologies fall under the umbrella term of Approximate
Logic Synthesis (ALS) [SG10], and they all need to tackle a number of
fundamental problems:

1. How to obtain an approximate variant, given a circuit specification.

2. How to choose the error metrics used to quantify the difference be-
tween the original circuit and the variants, and how to evaluate them.

3. How to mitigate the complexity of the design space exploration, given
the enormous number of possible alternative circuits.

The contribution of this thesis work is a new ALS methodology based
on local transformations of AIGs. It improves the alternatives by providing
a finer degree of control on the approximations, and has shown promising
results in synthesis both targeting the ASIC and the FPGA technologies.

This thesis work is structured as follows: an overview of existing tech-
niques for the automatic synthesis of approximate circuits and on the
most used error metrics is provided in Chapter 2; in Chapter 3 introduces
the proposed methodology, that has been implemented in an open source




synthesis suite and tested on a number of standard logic benchmarks, is
detailed. The methodology is applied to a number of generic logic and
arithmetic benchmarks; the experimental results for the ASIC and FPGA
technologies are reported respectively in Chapter 4 and Chapter 5. In
Chapter 6 a refinement for the power optimization in FPGA scenarios is
proposed, driving the optimization step with a simple LUT power model;
detailed experimental results and a case study is proposed in the same
chapter.

The appendices are devoted to some theoretical background in Boolean
circuits theory and combinatorial optimization, and a quick tutorial for
some of the used tools.







Chapter

Background and related works

In this chapter, we give an overview of the background and related
works on ALS.

In Section 2.1 we introduce the automatic synthesis techniques for AxC;
Section 2.2 is devoted to a thorough discussion of the error metrics for the
evaluation of approximate circuits.

Appendix A provides some additional background on Boolean functions
and circuits.

This chapter extends the background content originally appeared in [Mor19]
with novel approaches as reported in [Bar+22a] and [Bar24].

2.1 Automatic synthesis techniques for AxC

A number of techniques have been proposed for the automatic syn-
thesis in AxC; a taxonomy has been proposed in [Ran+19|, where a first
distinction is made between the synthesis of approximate circuits and of
quality configurable circuits.

2.1.1 Approximate circuits

Approximate circuit synthesis can be introduced as the problem of
modifying the functionality realized by a golden circuit C in a way that
reduces area, depth or energy consumption, while satisfying predetermined
error constraints. The techniques to obtain such approximate circuit C’



CHAPTER 2. BACKGROUND AND RELATED WORKS

Automatic Synthesis Techniques
for Approximate Computing

|
l I

lApproximate Circuitsl [ Quality Configurable Circuits ]

|
‘ Clock
Overgati

Functional Timing Variable ‘ Logic
Approximation Approximation Latency Isolation

Combinational
Approximation

Sequential
Approximation

Figure 2.1. Synthesis techniques for AxC (from [Ran+19])

can be divided in (1) functional approximation and (2) timing approxima-
tion.

Functional approximation

Functional approximation techniques involve the modification of the
logic implemented by the circuit. The methodology we present in this
thesis work is based on functional approximation, therefore in this section
existing methodologies and techniques are analyzed. The details of the
presented methodology are discussed in Chapter 3.

Two-level simplification techniques FExact two-level simplification
techniques, such as Karnaugh maps coverage and the Quine-McCluskey
method, are important because they are simple to understand and provide
a form that is both canonical (i.e. unique) and has the fewest terms for
given specification [KB05].

An extension of the classical coverage method to ALS is proposed
in [SG10]; given a Boolean function of n inputs, its Minterm Complement
Threshold (MCT) can be defined as the maximum number of minterms
in its care-sets (i.e. on- and off-sets) that can be complemented without
violating a constraint on error probability; it can be shown that for a
threshold r, it results MCT = r - 2™.
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Figure 2.2. Literal reduction obtained by complementing a minterm
(from [SG10])

The ALS problem is then reduced to the search of the complementation
operation that can expand (or remove) prime implicants in such a way to
reduce the literals, as shown in Figure 2.2. An assisting expansion heuristic
is used to reduce the search space, pruning the minterms that can’t be used
to expand any prime implicant.

In [EWT18| a similar coverage technique is used, and a design space
exploration technique based on the NSGA-II genetic algorithm [Deb-+02c]
is applied to obtain a number of pseudo-optimal alternative coverages.
Appendix B further elaborates on the role of metaheuristics in ALS.

Node-level techniques A node-level approach based on the concept
of redundancy propagation is proposed in [SG11]: when a Stuck-At (SA)
fault is injected at a wire, it is possible to carry out simplifications both
backwards, deleting all fan-ins of the wire up to branching points, and for-
ward, depending on the traversed gates, as shown in Figure 2.3. A greedy
heuristic is used to select target wires for fault injection, and candidate
circuits are evaluated based on the error significance metric.
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Figure 2.3. Example of redundancy propagation with wire fSAl
(from [SG11])

The single-multi selection approach [WQ16] can be considered an ex-
tension of the fault injection approach. Instead of introducing a SA fault at
a given wire, the factored form of the node, i.e. a multi-level parenthesized
expression that alternates between AND and OR operations, is approxi-
mated by removing one or more literals; such an expression is called an
Approximate Simplified Expression (ASE), and an example of this modi-
fication is shown in Figure 2.4.

Although non-canonical, factored forms are useful because they allow
to reduce wires in a design by reusing nodes with more complex expressions;
for this reason, a number of minimization techniques exist such as [Bar+88;
BHS90; FMK91].

Not all errors at an ASE node can propagate to the Primary Outputs
(POs): for this reason, the methodology distinguishes between Apparent
Erroneous Primary Input Patterns (AEPIPs) and Real Erroneous Primary
Input Patterns (REPIPs); e.g. in Figure 2.4, 1110 is an AEPIP (because
with 49 = 0 the error at ng can’t propagate to PO f), while 1111 is an
REPIP. In the same vein, the local input pattern that elicits an error at a
given node is said an Erroneous Local Input Pattern (ELIP) for the node.

In multi-level logic, each node has associated sets [Mic94| of

e Satisfiability Don’t-Cares (SDCs), i.e. impossible patterns of inputs
to and outputs from the node, and
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Figure 2.4. Example of approximate simplified expression (from [WQ16])

e Observability Don’t-Cares (ODCs), i.e. input patterns to the node
that make the network output insensitive to the output of the node.

The basic idea of the methodology is to enumerate first a subset of the
SDCs and ODCs for the node; then only ELIPs that aren’t SDCs or
ODCs for the node are both possible inputs and propagable; the sum
of the error rates for these ELIPs is an upper bound for the error rate of
the ASEs, because not all input patterns that generate them are REPIPs
(e.g. (n1,i3) = (1,1) in Figure 2.4 can be generated by the AEPIP 1110).

Two algorithms are proposed: in single-selection, the most effective
node to shrink is chosen greedily, until the error rate excedes a given
threshold. The multi-selection algorithm is based on the insight that the
chice of multiple nodes at once can be formulated as a variation of the
binary knapsack problem [Hil12]|, that is then solved applying a dynamic
programming solver.

In [Cha+16b| an approximation-aware approach to AIG rewriting [MCBO06]
is proposed, where smaller cuts on critical paths are substituted with the
constant 0.

The evaluation of error makes use both of approximation miters [Cha-+16b]
and exact algorithms based on a BDD representation [Soe+16].

Reinforcement learning has been recently proposed both for “stan-
dard” [Haa-+18] and approximate logic synthesis.
Specifically, the Q-ALS [PNP19] methodology is based on the Q-learning [WD92]
algorithm: a Q-agent is trained on a set of networks, represented as AIGs,
learning for each node the maximum Hamming distance that doesn’t vio-
late a global error rate constraint, evaluated with a probabilistic approach
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Figure 2.5. Training (a) and testing (b) in Q-ALS (from [PNP19])

based on Boolean differences [MPP11].

Boolean matrix factorization The Blasys methodology, proposed in [HTR18],

is based on Boolean Matrix Factorization (BMF) [MV11], that is the ap-
proximation of a matrix by a product of two or more matrices; more specif-
ically, NNMF is used, where a k x m matrix M is factored into two non-
negative matrices B and C, of size respectively k& x f and f x m, such that
M =~ BC, where f is the factorization degree, and from a statistical stand-
point represents the number of features of the original matrix to consider.

The circuit is first evaluated in order to find its truth table; the re-
sulting matrix M is then factorized, and the resulting B and C matrices
are then used to synthesize two circuits, respectively named compressor
and decompressor circuit, that approximate the function realized by the
original circuit introducing an area benefit, as shown in Figure 2.6.

The NNMF algorithm heuristically tries to minimize the Hamming dis-
tance between the original specification and the factored one, optionally
taking into consideration a set of weights for the outputs. To address com-
putational limitations, NNMF can be applied to subcircuits of a previously
decomposed circuit.

Exploiting output observability don’t-cares SALSA (Systematic
methodology for Automatic Logic Synthesis of Approzimate circuits) has
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Figure 2.7. Quality constraint circuit (from [Ven+12])

been proposed in [Ven+12] as a reformulation of the ALS problem such
that existing synthesis tool may be used without need for extensive modi-
fication.

The core idea is the use of a Quality Constraint Circuit (QCC), shown
in Figure 2.7, whose primary inputs are the primary inputs of the original
circuit; the primary outputs of the original and approximate variant of the
circuit serve as the input of a quality function, whose output is a single
bit @ that indicates if the constraints on the output are satisfied. Any
of the quality metrics on the error magnitude previously discussed can be
encoded this way.

The approximate circuit satisfies the constraints if the QCC is a tau-
tology, i.e. if it evaluates to 1 for all inputs. For each output of the approx-
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Figure 2.8. Sequential quality constraint circuit (from [Ran-+14])

imate circuit, its ODC set is the set of primary input values for which @
is insensitive to the selected output [Mic94]; SALSA calls these ODC sets
Approximate Don’t-Cares (ADCs), because they can be set as External
Don’t-Cares (EDCs) for the approximate circuit with no constraint viola-
tion.

This procedure can be iterated over all approximate circuit outputs, or
halted at any point. All of the intermediate circuits obtained this way are
approximate variants that satisfy the given constraints.

Synthesis of sequential approximate circuits ASLAN (Automatic
methodology for Sequential Logic ApprozimatioN) |Ran+14| can be con-
sidered as an extension of the SALSA methodology to sequential circuits,
in that the impact of the approximation on the primary outputs of the
(sequential) circuit is characterized with a Sequential Quality Constraint
Circuit (SQCC), shown in Figure 2.8.

Instead of a quality function, ASLAN makes use of a Quality Evalua-
tion Circuit (QEC) that

e checks the state registers of the original and approximate circuit, and
raises the wvalid output V when both circuits are ready for quality
evaluation, and
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Figure 2.9. Sequential quality constraint circuit unrolling (from [Ran+14])

e checks that the outputs satisfy the encoded quality constraint and,
if it is so, raises the quality output Q.

This behavior can be expressed as a model checking problem on the
SQCC, where the following Linear Temporal Logic (LTL) [BKO08] proper-
ties have to be true:

e the safeness property O(V = @), that is, in all possible states, if
V is true, @Q is true, and

e the liveness property OV, that is, in all possible states, V' eventually
becomes true.

These properties are formally verified unrolling the circuit, as in Fig-
ure 2.9, and using the relevant V output as a selection input to the mul-
tiplexer that gathers the @@ outputs.

Candidate combinatorial components are identified in the circuit, and a
gradient descent approach is used to find a (local) quality-energy optimum,
as shown in Figure 2.10, where two components C7 and Cy are considered;
each configuration can be accepted if it satisfies both a selection heuristic
(a figure of merit based on the introduced energy saving and local error)
and the formal properties enforced by the SQCC.

It should be noted however that realizing QCCs and SQCCs is itself a
non-trivial design task.
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Behavioral description transformation The approach used in ABA-
CUS (Automated Behavioral Approximate Circuit Synthesis) [Nep+14] is
different from the other proposed methodologies because it applies a num-
ber of transformation operators directly to a behavioral description of the
circuit, such as simplification of data types, transformation of arithmetic
expressions, variable-to-constant substitutions, and loop unrolling.

The obtained variants are evaluated using a greedy iterative algorithm.

Other recent advances Recent contributions from the scientific liter-
ature address at the circuit design problem by simultaneously optimizing
both the error entailed by approximation, and hardware resource require-
ments [Bar+21; SVMI19]. Authors of [SVM19], for instance, propose a
Cartesian genetic-programming based method for automated functional
approximation of digital circuits at either gate or Register Transfer Level
(RTL) level. Every candidate circuit is represented as a two-dimensional
grid of components, the type of which depends on the abstraction level.
Each component is represented using a vector encoding input and out-
put connections and the function being implemented by the component.
Hence, the whole circuit is represented using the concatenation of such
vectors, and approximate designs are created introducing mutations, i.e.,
random modifications affecting either input connections, the implemented
function or the component output connection. Circuits are evaluated both
in terms of error and silicon area, and those minimizing both are selected
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using Non-dominated Sorting Genetic Algorithm-II (NSGA-II) [Deb-+02a).
The approach is evaluated using several arithmetic circuits as case studies,
optimizing for error, circuit delay and power consumption. In [SAPIS]
authors propose circuit carving, a methodology that applies binary tree
exploration to determine the maximum portion of a circuit that can be
removed without violating a given error constraint. In order to be able
to evaluate the effects of the approximation technique on the circuit and
to guide the binary tree exploration, weights have to be preliminarily as-
signed to gates in the circuit; this can be done exactly only for smaller
circuits; otherwise, topological considerations are needed to determine an
appropriate approach to the weight assignment.

Approaches specific to FPGA technology Several contributions ex-
ploit the underlying architecture of fabrics to break the carry chain at one
or multiple positions, while exploiting unused LUT inputs to predict the
carry [Pra+18; AAH21|. Authors of [UMK18; Ull+22b| exploits the struc-
ture of the 6-input lookup tables and carry chains of FPGAs, defining a

n n

methodology for recursively designing n x n multipliers based on § x &
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ones, optimized for FPGA-based systems. As drawbacks, rather than us-
ing the carry chain, the critical path delay and power consumption are
reduced using additional LUTs to either compute or predict the carry for
partial product summation.

In [Ull422a], the authors propose a methodology for designing application-
specific approximate arithmetic operators for FPGA based systems. The
methodology utilizes the 6-input LUTs and the associated carry chains to
implement approximate operators while exploiting multi-objective Bayesian
optimization to search for approximate multiplier that satisfy an applica-
tion’s accuracy and performance constraints. Furthermore, to cope with
the large design space, various machine-learning models have been adopted
to estimate the behavioral accuracy and corresponding performance gains
of approximate circuits.

A different approach has been proposed in |[Pra+20|, that exploits
machine-learning models to sift libraries of approximate components, which
have been previously designed using ASIC-oriented approximation tech-
niques. That methodology articulates in two distinct phases, i.e., the
training of predictors for FPGA hardware requirements and the actual
Pareto-front construction. It has been tested on circuits belonging to
the EvoApprox8 library of approximate components [Mra+17]|, searching
for those providing optimal trade-offs between error and FPGA overhead,
specifically the power consumption. Nevertheless, the machine-learning
based estimation approach of hardware resources is unfeasible if no li-
brary of approximate components is available, and, additionally, it de-
mands high-fidelity estimators, that, as authors themselves observed, may
be thoroughly cumbersome to achieve, even if a large library of compo-
nents is available.

Timing approximation

In timing approximation, it’s not the implemented logic, but the op-
erating conditions of the circuit that are modified; a typical example is
voltage overscaling [HS99|, where the operating voltage is lowered without
lowering the clock frequency.

While this clearly reduces power dissipation, the naive application of
this technique is bound to cause a large number of timing errors, due to
the critical path delay possibly becoming greater than the clock period.
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Recovery Based Design techniques have been proposed, based on circuit
instrumentation, in order to detect and recover timing errors [Bow-+09];
however, circuits produced by standard synthesis tools tend to be ill-suited
to timing approximation, because of the so-called path wall phenomenon:
a great number of paths with similar delays due to the path balancing, a
property that is usually desired (e.g. for pipelined circuits performance),
but problematic for the application of this technique.

Retiming techniques [Ram+13] can be used to realize a path-delay
distribution that gracefully degrades after a given path wall, therefore
permitting some degree of control on timing errors, as shown in Figure 2.12.

2.1.2 Quality configurable circuits

In many applications, notably image processing, the error constraints
may vary during operation and the algorithm resilience itself may depend
on the particular section of the data that is being processed. For this rea-
son, quality configurable circuits, i.e. circuits that can vary their accuracy
at runtime, have been proposed.
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Variable latency

In variable latency circuits, an approximate circuit C’ can compute
for (i) for some input ¢ with a delay d’; the circuit also has a mean (look-up
table, comparation, ...) to determine if fo(i) # fo (i) and, in this case,
compute the exact output with a cumulative delay d > d'.

A number of hand-crafted speculative arithmetic circuits have been
proposed [VBI08]; however, some functional approximation techniques also
provide the means to realize a variable latency version of the original cir-
cuit.

In SASIMI (Substitute And SIMplilfy) [VRR13] the key idea is to iden-
tify pairs of signals that are “similar”’, and to replace selected Target Signals
(T'Ss) with Substitute Signals (SSs) that can be logic constants or other
signals in the circuit. As shown in Figure 2.13, the SS is chosen in such
a way to introduce some additional slack, so that not only the logic cone
that generates the TS can be removed, but its transitive fan-out can also
be downsized.

As shown in Figure 2.14, the logic generating the TS can be retained
and additional comparation logic for the TS and the SS can be added.
In approximate mode, the result of the comparation is simply ignored; in
exact mode, the circuit operates in a single clock cycle if the TS and the SS
are equal; otherwise, in an additional cycle, the exact result is computed
from the point of substitution using the value of TS.
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Figure 2.14. Quality configurable circuit using SASIMI (from [VRR13])

Logic isolation

Logic isolation achieves energy efficiency by spacially disabling parts of
the circuit, without affecting its delay. For this reason, it lends better to
system integration, and can be used to gradually degrade circuit accuracy
in order to obtain different quality levels.

The technique aims to identify the parts of the circuit that contribute
minimally to output accuracy and disable them, isolating the operands or
the power supply (Figure 2.15). This gives clear advantages in dynamic
power, as the isolated logic and its downstream logic will have no switching
activity.

The circuit is divided in fan-out free logic cones, and each cone is
processed indipendently; as little as a single wire, or as much as the entire
cone can be isolated. As shown in Figure 2.16, from a power benefit
perspective, isolating a greater part of the cone will give increasing savings;
however, additional logic will be needed to implement the isolation; this
identifies an optimum region before the net benefit start decreasing.

The methodology also tries to actively prioritize isolations that intro-
duce error compensation.

Clock overgating

Clock overgating, proposed in [Kim+16|, can be considered as an ex-
tension to the concept of clock gating: when the circuit is operating at
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reduced quality, the clock signal to selected Flip-Flops (FFs) is disabled,
locking the evolution of part of the circuit and reducing the switching ac-
tivity.

A number of heuristics based on RTL analysis is used to group together
registers, and to select existing signals as clock overgate enables; the effect
of gating the clock to selected FFs is evaluated using a gradient descent
heuristic.

2.2 Error metrics

Evaluating the output quality is a fundamental problem in AxC. During
an ALS flow, error metrics can be applied in two ways:

1. as thresholds, i.e. if an approximate circuit C' violates a given error
constraint, it’s rejected; or

2. as penalties, i.c. no hard constraint is enforced, the error for " is
recorded and used to ‘rank” the alternatives.

The way the alternatives are actually ranked constitutes an optimiza-
tion problem, and theoretical details are given in Appendix B.
Consider a circuit C' with m inputs and n outputs that computes a

function
fc : {0,1}™ — {0,1}"
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and assume we apply to it an ALS technique, producing a new circuit C’
that computes a different function

for : {0, 1}m — {0, 1}”

In order to constrain and/or characterize the error introduced by C’,
different metrics can be used, based on the error magnitude, the error
frequency, or both.

A summary table of the introduced metrics is provided in Table 2.1.

2.2.1 Metrics Defined on Error Magnitude

In order to define the metrics based on error magnitude, arithmetical
weights (usually powers of two) have to be assigned to the outputs of the
circuits.

Given a Boolean function f : {0,1}" — {0, 1}", we refer to the compo-
nent relative to each output as fi, for k € {0,...,n — 1}. We denote with
inputs the set of all possible inputs to the circuit, and define O¢(i) (and
Oc¢r(i)) as the numerical interpretation of the outputs, obtained as the
arithmetical sum of the weighted outputs of the circuits, with i € inputs;
i.e. assigned a set of weights

We ={wcyp,...,wcn-1}
we define .
Oc(i) =Y wep for()
k=0
and

n—1
Oci (i) = Z wek for k(1)
k=0

Each of the introduced metrics can be also defined as unidirectional,
i.e. restricting the errors to be only positive or negative.
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Maximum error magnitude

Constraining the maximum error magnitude means ensuring that, for
each input, the difference between the outputs of the exact and the ap-
proximate circuit is less than a given threshold.

It is a very general metric, that finds application every time it’s possi-
ble to define a threshold to the error magnitude above which the output
becomes unusable.

€max = | INax ‘OC(I) - OC’(1)|

i€inputs

Relative error magnitude

Constraining the relative error magnitude serves to ensure that, for
each input, the difference between 1 and the ratio of the approximate
output to the exact output is less than a certain margin in absolute value.

It is useful for the cases where the error threshold that makes an output
unusable is not constant, but it is inversely proportional to the output
magnitude.

Oc(i)
Oc(i)

€rel = Mmax |1 —

i€inputs

Average error magnitude

The average error magnitude is used to constrain the sum of all the
absolute differences between exact and approximate output, averaged over
all the inputs; here we use the notation #inputs to indicate the cardinality
of the set inputs.

It is useful because some circuits may exhibit sporadic errors but behave
correctly “almost always”; in these cases, averaging over the set of the
inputs may give a more realistic characterization of the error.

Zieinputs|oc(i) — Ocr (i)|
#inputs

€avg =
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Mean squared error magnitude

The mean squared error magnitude is similar to the average error mag-
nitude; in place of the absolute difference between the exact and approxi-
mate output, the squared difference is considered.

While similar to the average error magnitude, it may be perferred in
some applications because it emphasizes the weight of outliers and, when
used as part of a composite metric, is easier to manipulate algebrically
than metrics that use the absolute value.

Zieinputs (OC (1) - OC' (1) ) 2
#inputs

EMS =

Error significance

The error significance is the weight of the most significant function
component that is high when the maximum error magnitude occurs.

While it gives less information that the other proposed metrics, it has
the great benefit of being simple to evaluate. The matter is further elabo-
rated in Section 2.2.4.

€sig = max{wy | k€ {0,...,n— 1} A (i€ inputs: for(i) # forx(i))}

2.2.2 Metrics defined on error frequency

The metrics bounding the error frequency are more general, because
they can be applied to circuits whose outputs can’t be interpreted numer-
ically.

For a multi-output Boolean function, we say that it differs from another
Boolean function if one or more outputs differ, that is

£(i) £ £/(i) <= Jke{0,....,n—1}: fi(i) # fL(0)

Error probability

The error probability is simply the ratio of the number of inputs for
which the outputs differ (i.e. at least one of the output bits differ) to the
number of all inputs.
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_ #{i € inputs | fo (i) # for (i)}
N #inputs

This metric formally represents a probability only under input equiprob-
ability assumption; a more general definition that may better characterize
the error in real use scenarios requires that the input probability P; is de-
fined for each input, and that the metric is evaluated as the probability of
an erroneous input occurring.

Pe

. Z{ieinputS\fc(i)ifc/(i)} B
Zinputs Pi

This definition is unwieldly, because the task of characterizing each
element of the input set rapidly becomes impractical. Section 2.2.4 details
a possible approach to the estimation of the error probability.

P

Bit error probability

In some cases, it can be useful to constrain separately the error prob-
ability for the single output bits; in these cases, one or more bit error
probabilities bounds can be defined.

P #{i € inputs | for(i) # forx(i)}
e,k — .
’ #inputs

Similar considerations as for the previous case are relevant for the bit
error probability.

2.2.3 Other metrics

The introduced error metrics are common in literature and vastly appli-
cable. In some cases, different metrics are needed for specific applications
and requirements.

Composite metrics are a combination of error magnitude and error
frequency metrics. For example, the rate significance used in [SG11], is
defined as

RS = esig . Pe
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Defined on Error metric Symbol Formula
Maximum error €max maXicinputs| Oc (1) — Ocr (i)
. itud
Error magnitude magnl ude oo
Relat1v§ error €rel maXjeinputs |1 — O%(i)
magnitude
Ay O —O¢r
Average error €avg Llemw;;lm;i;)s ot
magnitude
i Oc()—O0c (1))
Mean squared EMS E‘Em”“timﬁs o' @)
error magnitude
o #{icinputs|fo (i) #f (i)}
Error frequency Error probability Fe _____dtinputs .
Bit p #Flicinputs[fo,xs DA for (D}
1t error &k F#inputs

probability

Table 2.1. Summary table of error metrics

Some applications require ad-hoc metrics, that better describe the qual-
ity of the output, such as the PSNR or the Structural SIMilarity index
(SSIM) for image processing [HZ10].

2.2.4 Evaluation of metrics

In general, a design flow could make use of both penalties and thresh-
olds; unfortunately, for efficiency reasons, not every metric lends well to
being used in both ways.

As an example, consider maximum error magnitude: evaluating the
effective €4, requires, in principle, that the golden and approximate cir-
cuits are simulated for each input vector. If we are only interested in using
it as a threshold, however, we merely need to find a single input vector
that violates it, or show that it doesn’t exist; that is, for a given threshold
€maz,th, We want to solve the Boolean SATisfiability (SAT) instance

Ji € inputs: |Oc(i) — Ocr (i) > €maz,th

and, if such an input vector i exists, discard C’. This technique bears some
similarity to the use of miters to prove properties of circuits [Bra93|, but
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requires some additional care to break long XOR chains that negatively
impact SAT solver performances [HJ12|.

While no hard rule exists, intuitively metrics defined as the maximum
of a set imply existential quantification, and lends well to be encoded as
SAT instances, to be used as thresolds; metrics that require counting of
elements that satisfy a given formula are instead instances of the Sharp
Satisfiability (#SAT) problem [Val79|, that is possibly even harder than
NP-complete ones [Erc+89].

For these reasons, we give in the following sections a number of alter-
natives for the evaluation of metrics in practical scenarios.

Specifying a workload The simplest method to avoid exhaustive com-
putation of the error metrics is to simply restrict the computation to a
representative workload; this may prove an effective choice in those cases
where the circuit is not going to actually operate on all possible inputs.

Statistical estimation Simulation of the circuit may be used to esti-
mate error metrics that require counting; as an example, in [HLBO6b| the
authors provide a method to determine an upper bound on the number of
test patterns required to satisfy given accuracy requirements on the error
probability.

Probabilistic modeling Probabilistic models of approximate adders [AHS17,
Maz+16] and multipliers [Maz+19| have been proposed, which can be used

to predict the circuit error probability without simulation. Moreover, be-

ing based on analytical models, they can provide some level of insight on
approximation approaches, serving as tools to study the impact of the
techniques.

Approximation miters Approximation miters are miters used to prove
properties on error behavior of a circuit, and can be used to formally prove
if an approximate circuits violates a given threshold.

A possible construction for a miter that checks a constraint on the
maximum error magnitude is provided in [Ce$+17|. It first evaluates the
difference d between the outputs of the exact and approximate circuits;
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Figure 2.18. Example of approximation miter (a) and detail of the compa-
ration (b) (from [Ces-+17])

then, instead of evaluating the condition
|d| > €maz,th
it evaluates the equivalent
((d > 0) A(d > emarin)) V (d < 0) A (@d> (marn — 1)

No comparator is used in the approximation miter design, because the
€maa,th 15 constant for a given design and can be hard-wired.

An example of an approximation miter constructed this way is reported
in Figure 2.18.

Exploiting ATPG tools Automatic Test Pattern Generation (ATPG)
tools can be used to evaluate some metrics [JG05|; for example, in [SG11| a
tool that generates test patterns for multiple SA faults is used to evaluate
the error significance by evaluating the test vectors and checking the most
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significant bit for which an error can be elicited.

Exploiting different data structures Recently exact algorithms have
been proposed for the evaluation of error probability, maximum error
magnitude and average error magnitude on Branch Decision Diagrams
(BDDs) [Soe+16].

Unfortunately, BDDs are ill-suited to represent some circuits, for which
they can be exponential in the number of nodes [Bra0O6|; the existance of
similar algorithms for more scalable data structures, such as AIGs, remains
an open question.







Chapter

Proposed methodology and
workflow

The ALS approach proposed in this chapter is an extension of the
functional approach of [Cha+16b], and was first presented in [Mor19] and
extended and thoroughly evaluated in [Bar+22a).

As with any systematic approach to the synthesis of approximate vari-
ants of circuits, it’s useful to conceptually separate the three main problems
that are encountered: (1) how is an approximate variant obtained, (2) how
is the variant evaluated w.r.t. some relevant metric and (3) how to mitigate
the complexity of the design space exploration.

3.1 Generation of approximate variants

In order to tackle the problem of approximate variant generation, a
number of concepts must be introduced first: (1) the data structure chosen
to represent combinational circuits, (2) the concept of exact synthesis, and
(3) the way it can be used for functional approximation. Once these basic
parts are introduced, it can be shown how to combine them to build a
catalog of possible local modifications to an original circuit.
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Figure 3.1. Two different AIGs for the same Boolean function
(from [Mis+05])

3.1.1 And-Inverter Graphs

The data structure used to represent combinational circuits in this
methodology is the AIG [Bra06]. An AIG is a Directed Acyclic Graph
(DAG) with two kind of nodes: (1) Primary Inputs (PIs), with no incoming
edges, and (2) AND gates, with 2 incoming edges. An edge can be marked
as complemented, or not. Certain nodes are marked as POs; as it will be
clear from the following sections, we can consider a single PO for an AIG
without loss of generality in our tractation.

AlIGs have construction time and size proportional to the size of the
represented circuit; they are, however, non-canonical, i.e. the same Boolean
function can be represented by more than one AIG (Figure 3.1).

Functional reduction algorithms [Mis+05] can be used to create AIGs
that have no functionally-redundant nodes by construction.
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3.1.2 Exact synthesis for AIGs

The exact synthesis problem is the task of finding a combinational
circuit that implements a given specifications and is optimal w.r.t. some
cost criteria, usually the number of nodes and/or the circuit depth. The
complexity of this problem is not known; however, the Minimum Circuit
Size Problem (MCSP), of which it is an instance, has been extensively
studied and efficient algorithms for it are considered unlikely [MW17].

Recent advances in SAT solvers however have made it possible to
solve some instances in acceptable times; exact synthesis algorithms have
been implemented in the state-of-the-art Berkeley ABC system [BM10b;
Soe+18] and synthesis flows based on it have been proposed [Haa-+16].

Moreover, the expressiveness of modern SMT solvers [MDS07| make it
possible to obtain a problem formulation that is simple to understand and
to implement. The formulation we provide is an adaptation to AIGs of the

constraint encoding used for Majority-Inverter Graphs (MIGs) in [Soe+17c].

An SMT formulation

In order to encode the exact synthesis problem for Satisfiability Modulo
Theories (SMT) solving, a set of variables and constraints has to be de-
fined. Given the Boolean function f : {0,1}"™ — {0,1}, we can introduce
the variables x1,..., %, that represent the inputs to f, and the special
variable xg, that represents the constant 0.

Definition 3.1. An AIG of size r over variables xg,x1,..., T, is a se-
quence Tyy41,---,Tmir Of variables that combine previous variables ac-
cording to the AND functionality

pli P2

o for m<i<m+r

with s1; < s9; < ¢ indices, and py;, po; polarities of the input variables.

Conventionally, polarity 0 means that the variable is complemented.
We say that an AIG realizes a function f : {0,1}"™ — {0, 1} if, chosen a

polarity p, f =ab ..

Definition 3.2. Size-optimum exact synthesis is the optimization problem
of finding the smallest r and the corresponding AIG x.+1, . .., Tmyr that
realize a given Boolean function f.




34

CHAPTER 3. PROPOSED METHODOLOGY AND WORKFLOW

The equivalence constraint can be encoded in implicit (equation) or
explicit (truth table) form. For our application we’ll work with truth ta-
bles, therefore we choose an explicit approach. In order to encode the
behavior of the circuit for every possible input vector, each gate with
index i € {m + 1,...,m + r} is replicated for each input assignment
t € {0,...,2™ — 1}; this replication is realized adding the three variables
ag?, ag? , bgt) that encode the two inputs and the output of gate x;.

The constraints for gate functionality, input connections and function

semantics can be expressed as:

81 <82, <i 1E€[n+1,n+7] (3.1)
b = i) A ay) (3.2)
scz—j:ag):by@pa c=1{1,2} (3.3)
b, =pe f(t) (3.4)

forallie {m+1,....m+r}, t€{0,...,2™ — 1} and given r.

These constraints can be encoded in the smt-lib format [BST+10]; as
an alternative, SMT solvers provide bindings for general-purpose program-
ming language. Therefore, we can assume we have a procedure HasAig(f,
r) that, given a function specification f and size r, returns an option [Mil18|
of none if no AIG of size r that realizes f exists, or a pair (z, p), with
x structural description of the AIG, p polarity of the output; compact
and efficient formats exist for representing (z, p), such as the AIGER for-
mat [BHW11].

Basic algorithm for exact synthesis

The simplest algorithm EzactAig(f) for exact synthesis of function f
makes use of the HasAig(f, r) procedure we described in Section 3.1.2: we
can just start with r := 0 and iteratively check if an AIG exists for given
T.

An example implementation, using the Z3 solver [DB08| Python bind-
ings and an integer encoding for HasAig(f, r), is provided in Appendix C;

for efficiency reasons, a different version based on the Boolector 3.0 solver [NPB15]

C bindings with a bitvector encoding is actually used in the tool imple-
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Algorithm 1: ES algorithm from [Soe+17a]
Function ExactAIG(f):
Input: function f
Output: AIG x, polarity p
r < 0;
while true do
aig < HasAig(f, r);
if aig # nil then
‘ return aig;
else
L r<r+1;

mentation.

Exact synthesis of approximate variants

The same algorithm can be used to search for approximate variants of
the original AIG, i.e. to search for AIGs that realize a different specifica-
tion that is acceptable according to some metric. For our approach, we
are interested in AIGs that realize a specification with a given Hamming
distance from the exact one.

In this case, we need a procedure HasAIG(f, r, d) that, given function
specification f, size r and maximum Hamming distance d from the truth
values of the exact function, returns an option of none if no AIG of size
at most r exists that realizes a function with Hamming distance at most
d from f, otherwise a pair (z, p) with z structural description of the AIG,
p polarity of the output.

This procedure can be implemented just like HasAIG(f, r), but us-
ing different function semantics; instead of the exact semantics used in
Equation 3.4 we encode the Hamming distance semantics on the function
specification as

Jeqt€{0,..., 2" —1}: 0% 2 pe f(t) (3.5)

where d<4 z € X | p(r) means that at most d distinct elements of set
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X satisfy property p.

Algorithm 2: ES algorithm for approximate AIG variants
Function ExactAIG(f):
Input: function f, Haomming distance d
Output: AIG x, polarity p
r + 0;
while true do
aig < HasAig(f, r, d);
if aig # nil then
‘ return aig;
else
L r<r+1;

Refer to Section C.2.2 for an example implementation of the SMT exact
synthesis algorithm for approximate variants.

3.1.3 AIG variants generation

Ideally, an algorithm for exact synthesis of approximate variants, like
the one proposed in Section 3.1.2, would be a perfect fit for approximate
computing, because it would enable the user to obtain a circuit that is both
size-optimum and differs from the golden specification in a very controlled
way.

Unfortunately, exact synthesis is a computationally intensive task, and
hardly applicable to real circuits as-is. Moreover, circuits are usually spec-
ified in HDL and not explicitly in truth-table form; readily available open
source tools [Wolb; BM10b| can however be used to construct an AIG from
an HDL description. Therefore, we applied the proposed algorithm to -
feasible cuts of AIGs.

Definition 3.3. A cut ¢ of node z, called root, is a set of nodes of the
circuit, called leaves, such that each path from a PI to x passes at least
one leaf.

Definition 3.4. A cut is k-feasible if the number of nodes in it does not
exceed k.
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Required gates Functions Avg. time (s)

0 10 0.00
1 80 0.01
2 640 0.03
3 3300 0.06
4 10352 0.13
) 40064 0.01
6 11058 3.09
7 32 18.38
Total 65536

Table 3.1. Average time for exact synthesis of 4-input Boolean functions
(from [Soe+17c])

Algorithms to enumerate a subset of cuts of an AIG are used for FPGA
technology mapping to K-Input Look-Up Tables (K-LUTS); a number of ef-
ficient, i.e. linear [Mis+07b] or polynomial [CD94] in the size of the circuit,
algorithms have been proposed and implemented in open-source synthesis
flows.

More specifically, we chose k = 4 because

e this choice lends neatly to FPGA synthesis, where 4-LUT technolo-
gies are still currently in great use [Lew-+05; Chull], and

e there is extensive study of performance of the algorithm on 4-input
functions [Soe+17¢].

Moreover, the class of 4-input Boolean functions, i.e. of the functions
that can be implemented by a 4-cut, is small enough that all of them can
be pre-calculated and a database can be used in our synthesis flow; there
are in fact 2* = 16 possible input vectors, and 22! possible ways to map
output values to these vectors, that is 65536 functions.

Given a circuit C', the first step in generating variants is to compute a
(functionally equivalent) 4-LUT mapping Cy,; using one of the proposed
algorithms; most synthesis tools already provide commands to do so, there-
fore we can assume we have such a procedure MapToLut(C, k).

The next-step is building a catalog of AIGs for each (unique) LUT
specification in Cj,;, starting with the exact synthesis of the function,
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Figure 3.2. AIG for 2-bit Full Adder (from [Cha+16b])

then considering the exact synthesis of functions with increasing Ham-
ming distance from the original specification, up to the point where the
specification can be realized with 0 gates (i.e., up to the constants 0 and
1 or the input variables, complemented or not).

Let’s consider, for example, the AIG in Figure 3.2; the cut c¢;9 =
{n1s,n16,n18}, with root in node x19, determines the Boolean expression

x19 = T1g A Tis A Tie = T1s A (T15 V 16)

that has the truth table shown in Table 3.2.

For shortness, we identify such a function specification as the number
in binary representation 00001110, that is the rightmost (i.e. the output)
column of the truth table where the most significant digit is the entry of
the last row, up to the first row, i.e. we write f to indicate its number

N(f) = Z flz1, .., xm) o w2k

(371 7~~~7xm)€{0,1}m
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Table 3.2. Truth table for the function 00001110
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Figure 3.3. Size-optimum AIGs for (a) 00001110 and (b) 00001111

Applying ExactAIG(f) with f:= 00001110 yields a size-optimum AIG
with 2 logic nodes; however, EzactAIG(f, d) with f := 00001110 and d :=
1 yields an AIG with 0 gates, namely one whose truth table is 00001111
and whose Boolean expression is simply Z1g, as shown in Figure 3.3.

The algorithm used to create this catalog can be described in pseu-
docode as follows:

Where f of(node) returns the function specification of the node.

A variant C’ of C can be generated simply by substituting each LUT
node z in Cy,¢ with an element of catalog[f of(z)], obtaining Cj,,, and then

rewriting each LUT node with the corresponding AIG from the catalog.

We expect C’ to have less nodes than the original circuit C’, because it




40

CHAPTER 3. PROPOSED METHODOLOGY AND WORKFLOW

Algorithm 3: Catalog generation algorithm

Function CreateCatalog(Ciy:):
Input: Cjy: LUT-mapped circuit
Output: catalog: LUT catalog
catalog <+ (J;
foreach node € Cj,; do
if f of(node) ¢ catalog then
catalog < catalog U f _of(node);
d + 0;
do
catalog[f _of(node)][d] - ExactAIG(f of(node), d);
d«d+1;
while gates(catalog[f of(node)][d]) > 0;

return catalog;

has been constructed using smaller sub-AIGs. Unfortunately, the substitu-
tion also introduces an error, because the modified LUTs now implement a
different function. The task of effectively trading off the correctness for a
benefit in circuit size is an hard problem, as discussed in the next section.

Scalability issues

Since the catalog-generation procedure does not depend on the specific
circuit being approximated, it is possible to enumerate all the k-inputs
Boolean functions, i.e., all the possible configurations of k-feasible cuts,
and pre-compute it. This would improve the scalability of the approach,
since it would allow reusing the catalog several times, avoiding having to
repeatedly solve the same ES problem while performing approximation of
different Boolean functions.

However, such a generic catalog-generation procedure may be enor-
mously time-consuming, depending on the chosen k, since the catalog size,
i.e., the number of k-inputs-1-output Boolean functions, grows rapidly with
k. Indeed, for each of the 22" possible catalog entries, the set of all func-
tions at d € [1,2*] Hamming distance must be recorded. Thus, the full
size of the catalog is 22" Z?io (2;) Anyway, a pragmatic approach to
outflank such an issue would consist of incrementally building the catalog,
while considering different circuits.
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Concerning the SMT problem formulation, properties of the ES prob-
lem can be exploited to shorten the computational time. Indeed, the Ha-
sAig(f, r) ES problem has a monotonic behavior, i.e., if HasAig(f, r) can be
satisfied for a given r, then HasAig(f, r+1) can also be satisfied [Soe+17a).
Thus, linear search can ideally be superseded using binary search, since the
upper bound for the number of gates required by the synthesis of an ar-
bitrary Boolean function always exists [Lup70|. Though, proving that the
HasAig(f, r) cannot be satisfied is much more time-consuming than prov-
ing HasAig(f, 7+1) can be satisfied [Soe+17a], hence binary search does
not necessarily perform better than linear one. In addition, this observa-
tion paves the way for a heuristic approach to circumvent time-consuming
unsatisfiability trials: if HasAIG(f, r) cannot be solved within a given time
budget, the heuristic behaves as if such a problem is unsatisfiable.

3.2 Design space exploration

Let’s consider once more our LUT-mapped circuit C,;; we’d like to find
substitutions for some of its LUT nodes that are acceptable according to
our error constraints and, when rewritten as AIGs, induce some beneficial

property, e.g.
e reducing the number of AND nodes,
e reducing the length of the longest path in the AIG,

e reducing the switching activity in the circuit under some workload,
etc.

Unfortunately, exhaustive analysis of each alternative is unfeasible, be-
cause their number grows exponentially with the size of Cj: with a con-
servative estimate of 5 entries in the catalog for each LUT, a circuit with
as little as 30 LUTs has more than 1020 variants; a realistic circuit mapped
on 500 4-LUTs will have more than 10349,

For this reason, it’s useful to state the problem in a way that lends well
to be solved heuristically.
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3.2.1 ALS as an optimization problem

The number of approximate variants and resulting approximate con-
figurations grows quickly with the size of the Boolean functions which are
subject to approximation. Suppose n different k-cuts have been pinpointed
during partial cut-enumeration while targeting a given assertion-function,
and suppose that, for each of these k-cuts, it is possible to synthesize non-
trivial functions at Hamming distance up-to m < 2F from the original
k-cut specification, i.e, each k-cut allows m different degrees of approx-
imation. The number of approximate variants which can be defined by
simultaneously approximating j k-cuts within the considered AIG is (?),

each originating m? different approximate configurations. Hence, the total
number of approximate configurations is > . ; mb x (?) At this point, the
main challenge is to find k-cut replacements leading to the Pareto-optimal
trade-offs between accuracy-losses and hardware overhead reduction. The
latter are utterly conflicting design goals, thus recent AxC approaches from
the scientific literature cope with them through Multi-objective Optimiza-
tion Problem (MOP)-based Design Space Exploration (DSE) [BBM21,
Bar+22b].

In this thesis, we chose to formulate the ALS problem as a MOCO
problem; the required theoretical background on optimizations problems
can be found in Appendix B.

The proposed formulation is the following:

e the decision variables of the problem are the LUT nodes of the cir-

cuit; we indicate them as L = {luty,...,lut,}, where the indices are
assigned according to a topological ordering for the circuit underly-
ing DAG;

e the variable domains are the entries of the catalog for the given
specification of each LUT, that is D; = catalog[f of(lut;)];

e no contraints are enforced between variables;

e the objective function f, to be minimized, is defined according to
some relevant error and penalty metrics.

The choice of the error metrics and evaluation techniques is virtually
independent from the techniques used to generate alternative circuits; how-
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ever, as discussed in Section 2.2.4, it may be influenced from the particular
data structure used to represent the circuit.

A tool used to guide the design space exploration for the proposed
methodology should ideally give a choice of different metrics in order to
guide the design space exploration, as some metrics are only meaning-
ful and suitable for specific kinds of circuits; in section 4.1, a number of
different application-specific metrics are proposed. Solving MOPs is not
as straightforward as solving single-objective problems. Anyway, one of
the commonly adopted approaches is precisely converting MOPs to single-
objective optimization problems, i.e, scalarizing the problem. This ap-
proach allows achieving good solutions when the Pareto-front is convex;
otherwise, the resulting solutions may be centered around a few dominant
design alternatives, not covering the whole Pareto-front [DD97|. Hence,
since solving MOPs through exact algorithms, such as linear optimization
or branch&bound, turns out to be very computation-intensive, we resort
to the Archived Multi-Objective Simulated Annealing (AMOSA) heuris-
tic [Ban+08a| to obtain an estimate of the Pareto front; details of the
algorithm are presented in Section B.2.1. In order to converge to a suit-
able solution, the algorithm first initializes its archive, i.e. its estimate of
the Pareto front, with solutions that can be randomly generated or seeded
in specific points in the solution space. Each of the initial candidate so-
lutions is firstly refined using hill-climbing, and clustering can be used to
reduce the size of the archive while preserving diversity. Subsequently,
the algorithm performs several refinement iterations on randomly chosen
candidate solutions taken from the archive. Such candidate solutions are
altered in their distinctive parameters, resulting in new candidate solu-
tions. Pareto-dominance between the latter solutions and the archived
ones is evaluated, but whether a solution is accepted as part of the archive
depends not only on the dominance relationship yet on the current tem-
perature of the “matter”. Indeed, perturbations that worsen fitness values
are still accepted during the first iterations, to increase diversity. Nev-
ertheless, the probability of accepting such perturbations decreases with
temperature; hence all perturbations are bound to improve fitness values
of candidate solutions.
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3.3 Proposed workflow

Figure 3.4 details the proposed workflow. Since circuits are typically
encoded in HDL rather than AIG, a parsing step using an HDL frontend is
needed to convert them to a representation that is suitable for the subse-
quent steps. Then, k-LUT mapping is performed to enumerate k-feasible
cuts, and a catalog of variants is generated as discussed in Section 3.1.3. To
do so, constraints (3.1-3.3) are encoded to solve the approximate ES prob-
lem (3.5) while increasing Hamming distance d until, due to the approxi-
mation itself, the synthesis becomes trivial. As discussed in Section 3.1.3,
catalog entries are organized and stored in a database so that they can be
subsequently reused. Moreover, properties of the ES problem are exploited
to improve the overall scalability.

The AMOSA heuristic orchestrates the MOP-based DSE: k-cuts con-
stitute the set of decision variables of the MOP, their indexes are assigned
according to the topological ordering defined by the underlying graph, and
their domain is given by catalog entries. Starting from a randomly chosen
archived solution, the AMOSA selects a random cut, and replaces it using
a suitable implementation taken from the catalog. Then, fitness-functions
are evaluated to state the Pareto-dominance relationship between new can-
didate solutions and archived ones, and non-dominated candidate solutions
are archived for further consideration. At the end of the DSE phase, HDL
implementations of the final archived solutions are provided, allowing for
the final hardware implementation.
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Application to the ASIC
technology

The approach presented in Section 3.3 has been implemented as a
plug-in of the Yosys synthesis tool [WG13], using the Boolector SMT
solver [NPB14| to perform the ES problem during the catalog-generation
procedure. Source code and documentation are freely available at [Mor21].
The experimental campaign and case study have been originally published
in [Bar+22a].

4.1 Experimental evaluation

4.1.1 Generic logic and arithmetic benchmarks

In order to evaluate the proposed methodology, it is first applied to a
subset of the LGSynt91 generic logic benchmark [Yan91al, and a selection
of arithmetic circuits, including various adders and multipliers. In both
cases, the ES is performed targeting either 4-feasible or 6-feasible cuts,
since increasing the cardinality of AIG-cuts may result in prohibitively
time-consuming ES [Soe+17a]; the fitness-functions driving the optimiza-
tion are the error, according to a relevant metric, and the number of
AIG nodes, that is directly proportional to the circuit area; both fitness-
functions are to be minimized.
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For generic logic from the LGSynt91, we resort to the EP metric (4.1).

Eprob f f Z [[f )]] (41)

VxEIB"

1if P is True
[P] = . (4.2)
0 otherwise

Anyway, since assessing the EP using exhaustive test-patterns is pro-
hibitively time-consuming, the latter is performed only when the amount
of involved test vectors is less than 10000, e.g., when Pls is less than or
equal to 13. Conversely, for circuits having more Pls, we resort to an
error-sampling method and to Equation (4.3), which provides a 99.7%
confidence-level for the actual EP, given the number of test patterns Ng
and the measured error Rg [HLB06a]. During DSE, we set Ng = 10000.
Furthermore, no error threshold has been set during this first experimental
campaign, even though our approach allows us to impose constraints on
both maximum error and maximum gate-count.

RE:RS—F%X(1:|:\/1—|—%XNSXRSX(1—RS)> (4.3)

Concerning arithmetic circuits, we resort to the AWCE (4.4) as metric
for error assessment, assigning a weight equal to the significance of the bit
— i.e., the least significant bit has been assigned a weight of 20 = 1, the
next one a weight of 2! = 2, and so forth — to each of the POs.

eawee ([, f) = mazyzepn|int(f(x)) — int(f(z))| (4.4)

For what pertains to hardware resources requirements, ASIC silicon die
area, or the number of FPGA LUTs, power consumption and maximum
clock speed should be measured for an accurate assessment. Unfortunately,
this would require the synthesis and simulation of hardware designs, lead-
ing to a very time-consuming estimation process. Therefore, for both the
generic logic LGSynt91 and arithmetic circuits, we resort to a model-based
estimation to drive the DSE. In particular, we estimate the silicon area re-
quirements from the number of AIG nodes, since the relationship between
the latter and hardware requirements — in terms of critical path and LUTs
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or standard cells — has been empirically proven in [Mis+07a]. We evaluate
both the number of nodes and the depth for a given approximate configu-
ration on Functionally Reduced And-Inverter Graphs (FRAIGs) [Mis-+15].

Regarding the DSE, parameters governing the behavior of the AMOSA
optimization heuristic need to be accurately set, since them may severely

affect results. Furthermore, according to the “No free-lunch theorem” [WM97],

it is impossible to find a group of parameters which are always effective
across various optimization problems. In other words, parameters gov-
erning the AMOSA optimization must be selected on a per-circuit basis,
and since multiple parameters are involved, the complex interrelationships
and interactions among them mandates an iterative-refinement approach.
Therefore, for each of the considered circuits, we conducted several runs
while varying configuration parameters of the heuristic, observing that:

(a) to increase diversity of solutions, suboptimal candidate solutions
should be allowed to be accepted during the initial stages of the
annealing process; thus, the initial temperature parameter should be
high enough, and 500 degrees is typically a good starting point;

(b) to allow significant refinements to be performed close to the “hard-
ening point” of the matter — i.e., the final temperature —, the cooling
factor should be high enough, while the final temperature should be
very low; values in the [0.8, 0.95] and 10~7 degrees typically serve
the purpose;

(¢) in order to bound the number of comparisons to determine Pareto-
dominance relationship among archived and new candidate solutions,
the hard archive-size limit should be as small as possible; neverthe-
less, this may cause clustering to be performed too frequently, hence
the soft archive-size limit should be sufficiently large; we observed
that hard archive-size limit set to 50 elements, and soft archive-size
limit set to 150 elements allow a good trade-off between diversity of
final non-dominated solutions and computational time;

(d) iterations performed during the initial hill-climbing, and those per-
formed during the annealing phase of the AMOSA both severely af-
fects the quality of results provided by the optimization process; we
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Circuit ‘addclfds alu2  alud apex6 ¢6288 cc cml63a cm42 count decod des frg2 16 rot terml unreg x2 x3
Comp.Time‘ 10s 16m  7Tm 6m 9m  9s 5m 3s 4m 12s  7.5h 23m 1ls 8m  52m 2m 7s  Tm

Table 4.1. Computational-time for circuits belonging to the LGSynth91
benchmark.

observed that these parameters should be iteratively adjusted among
runs, with 1500 and 1000 being good starting points, respectively.

Experiments have been performed using a personal computer equipped
with a 4.9GHz 16-cores/32-threads AMD Ryzen 9550 and 128 GB of RAM
(of which only a bit are actually required by our framework) running
GNU/Linux. Depending on the circuit and the chosen configuration for
the AMOSA heuristic, experiments took from a few minutes to several
hours to complete, as reported in Table 4.1.

At the end of the DSE, we synthesized resulting HDL implementa-
tions targeting the 45 nm standard-cell library, in order to measure actual
hardware requirements. Due to the heuristic nature of technology map-
ping, solutions belonging to the Pareto-front defined by EP and gate count
minimization may not belong to the one defined by EP and circuit area
minimization. Therefore, a further non-dominance selection step is per-
formed, in order to select non-dominated solutions w.r.t. EP and circuit
area.

Figure 4.1 plots silicon-area against EP for circuits from the LGSynth91
benchmark: the red star denotes the exact circuits, while blue dots denote
approximate configurations resulting from our workflow. As the reader
can observe, a general decreasing trend for silicon area can be observed
while the error increase, and, depending on the specific error-resiliency
of the circuit being considered, our technique allows achieving significant
savings. Furthermore, although we do not report plots for brevity’s sake,
a similar trend can be observed for power consumption.

Figure 4.2, instead, plots the silicon-area against AWCE for various 8-
bits and 16-bits arithmetic circuits, including array-tree multipler (ATM),
Dadda-tree multipler (DTM), Wallace-tree multipler (WTM), carry-skip
adder (CSkA), ripple-carry adder (RCA) Han-Carlson adder (HCA) and
carry-lookahead adder (CLA). The x-axis for Figure 4.2 is in semilogarith-
mic scale. Once again, the red star is the reference — i.e., the exact circuits
— while the blue dots denote approximate configurations resulting from our
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Circuit ‘ atm8 dtm8 wtm8 cskal6 rcal6 hcal6 hca8 rca8 rcl8
Time ‘ 22h 21h 18h 21m 19m 23m 5m m 6m

Table 4.2. Computational-time for circuits belonging to the LGSynth9l
benchmark.

workflow. A general decreasing trend for silicon area can be observed in
these results too, denoting the overall approach allows effectively introduc-
ing approximation also within arithmetic circuits, resulting in significant
savings as the allowed error increases. Concerning the run-time of experi-
ments involving arithmetic circuits, they are reported in Table 4.2.

4.1.2 Comparison with previous works

Although it trivially replaces k-feasible cuts using stuck-at faults with
constant-zero, the AIG-rewriting based approximation technique proposed
in [Cha+16a| bears similarities to the one we discussed in Section 3.1.3;
it’s therefore natural to ask how the catalog-based AIG-rewriting approx-
imation techniques we introduced behaves w.r.t. trivial cut replacement,
e.g., stuck-at fault injection. Concerning the evaluation of their technique,
also authors of [Cha-+16a| considered a subset of the LGSynt91 bench-
mark and arithmetic circuits, reporting synthesis results as provided by
the Berkeley-ABC tool [BM10a] while targeting the menc.genlib library.
Therefore, to perform a fair comparison, we resort to results discussed
above and to the Berkeley-ABC tool [BM10a| while targeting the men-
tioned cell library. As shown in Figure 4.3, the presented approach allows
better trade-offs between error and circuit area requirements w.r.t. the
approach from [Cha+16a], and the same also applies to results depicted in
Figure 4.4, that compares our method and the one from [Cha-+16a| while
targeting arithmetic circuits — specifically, 8-bits ATM, DTM and WTM.
The x-axis of Figure 4.4 is in logarithmic scale.

The approach proposed in [Cas+21]| is also based on circuit transfor-
mation, which are performed at the netlist level, i.e., after standard-cell
mapping. Set an error threshold, the netlist of a given circuit is trans-
formed either by gate pruning or by replacing gates with wire connections,
until error constraints are violated due to the introduced approximation.
Then, hardware requirements, e.g., silicon area, are measured through ac-
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Figure 4.2. Experimental results for arithmetic circuits. The x-axis is in
semilogarithmic scale.
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Figure 4.4. Comparison with results from [Cha+16a] while using the AWCE
on arithmetic circuits. The x-axis is in semilogarithmic scale.

tual synthesis. Approximate circuits are generated using two alternative
search approaches, i.e., the probabilistic pruning (PP) from [Lin+11], and
a novel approach, namely the in-out. The latter

(i) explores all nodes which depend on constant Pls, and prunes each
dependent node while checking for accuracy, and recovers pruned
nodes which cause the error constraint to be violated; and

explores dependencies of POs, pruning nodes while checking for ac-
curacy, and recovers pruned nodes which cause the error constraint
to be violated; if a PO is no more in functional dependency with any
of the PIs, due to the introduced approximation, it is assigned with
a constant value.

(i)

The method is evaluated on several arithmetic circuits, including 16-
bits Kogge-Stone adder (KSA), CLA and RCA, and 8-bits WTM, targeting
the 15 nm NanGate standard-cell library. For what pertains to error, two
different metrics are considered, i.e., the AWCE (4.4), and the MED (4.5),
where O, = |int(f(z)) — int(f(z))| and P(O,) is the probability of occur-
rence of Og. R

emed(f, ) =Y 0.P(0y) (4.5)

reB”

For comparison purpose, we repeat experiments from |[Cas+21|, and
perform our workflow on the mentioned arithmetic circuits, targeting the
same technology library for synthesis purpose. Figure 4.5 and Figure 4.6
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report the comparison while considering the AWCE and MED as error
metric, respectively.

In conclusion, while, on one hand, our approach require addressing the
ES problem to compute non-trivial cut replacements, on the other hand it
allows for a gradual introduction of approximation, hence resulting in qual-
itatively better trade-offs between error and hardware requirements. Con-
versely, naive cut replacement, such as stuck-at constant, allows a quicker
approximation, though it leads to worse results.

4.2 Case study: the JPEG compression

As aforementioned, AxC is suitable for being exploited in the field of
image processing, since imperceptible reduction of image quality can possi-
bly lead to important computational resources savings. Therefore, we pro-
vide an actual case-study concerning the design of hardware accelerators
for JPEG image compression exploiting approximate components resulting
from our approach. In order to provide the reader with the needed technical
background, we first report the state-of-the-art concerning JPEG compres-
sion, in particular we briefly discuss the DCT computation using approx-
imate algorithms. Indeed, the latter is the most demanding step of the
JPEG algorithm, and most of the research mainly focused on it [AKL18§]|,
that is known to have O(N?) complexity, and requires resource-intensive
functional units, such as floating-point arithmetic modules.

Approximate DCT

Cosine coefficients required by the DCT can be scaled and rounded
such that floating-point operations can be superseded by integer ones: the
resulting algorithms are significantly faster, and they find extensive use in
practical applications. However, integer multiplication is still complex and
resource intensive; thus, many low-complexity multiplier-less algorithms
have been proposed [BAS08; BC12; Pot-+14]. They all avoid comput-
ing DCT transformed coefficients separately or iteratively, rather they ex-
tensively resort to matrix algebra and its properties.

The DCT-transform of an input image tile X, which is a 8 x 8 matrix,
is given by F'= C' - X - C’, where C contains the cosine function values at
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the needed frequencies, and it is referred to as DC'T matriz. Multiplier-less
algorithms first split the C' matrix into two sub-matrices, namely T and D,
as reported in Equation (4.6). T contains only the values {0, i%, +1,+2}
and it is orthogonal —i.e. T/ = T—' = TT' = T'T = I, where I is the
identity matrix — while D is a diagonal matrix consisting of values in the
[—1, 1] range, with {%, %, %} being typical values.

F=C-X-C'=D-(T-X-T')-D (4.6)

The multiplication of D in (4.6) still requires floating-point operations;
nevertheless, resorting to properties of diagonal matrices, the integer null-
multiplicative part T- X - T” can be isolated from floating-point operations
required by D, as reported in Equation (4.7), where o is the Hadamard
product, i.e., an element-wise multiplication.

F=T-X T o(diag(D) - diag(D)"), (4.7)

Afterwards, floating-point operations can be performed outside the DCT,
and embedded into the JPEG quantization step, as shown in Equation (4.8),
where Q is the complete quantization matriz and the @ operator is the
Hadamard division, i.e., an element-wise division.

Fo=[FoQ|=[T-X- T o(diag(D) - diag(D)") © Q]
=[T-X-T'oQ=[(T-(T-X'))oQ| (4.8)
Q = (diag(D) - diag(D)') © Q.

Besides allowing the use of integer arithmetic for the calculation of coef-
ficients, Equation (4.8) also allows computing the two-dimensional DCT
using the one-dimensional DCT transform twice, reducing the computa-
tional complexity from quadratic to linear.

Implementing approximate hardware-accelerators

By exploiting Equation (4.8) to compute the DCT, and resorting to re-
sults discussed in Section 4.1.1, we selected an approximate configuration
for the 16 bits Han-Carlson adder exhibiting AWCE of 31, and requiring
212 nm? against 253 nm? required by the exact adder, in order to imple-
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ment a DCT hardware accelerator using the BAS08 [BAS08| algorithm.
We synthesized both the non-approximate BASO8 hardware accelerator —
i.e., the one using exact adders — and the approximate accelerator — i.e.,
the one using approximate adder — while targeting the 45 nm standard-
cell library. While the former requires approximately 2400 nm? to be
implemented, the latter only requires approximately 2040 nm?, providing
approximately 16% savings.

Figure 4.7 shows the standard JPEG-compressed image of Lena and
Baboon on the left, i.e., compressed using full DCT employing floating-
point representation, the same images compressed using multiplier-less DCT
with exact adder, and the same images compressed employing multiplier-
less DCT based on the minimum-error approximate configuration of the
selected adder on the right. The latter exhibit 23.34 and 20.61 PSNR,
respectively, when compared against standard JPEG-compressed images
(the higher the PSNR, the higher the image quality).
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(b) Visual test with Baboon

Figure 4.7. Visual test. JPEG compressed images in which DCT is computed
using floating-point arithmetic are on the left; while, in the center, compression
is performed using the BAS08 algorithm to calculate DCT (without further
approximation). Finally, on the right, the BAS08 algorithm is further approx-
imate using approximate adders.







Chapter

Application to the FPGA
technology

Given their increasing popularity, both for prototyping and for low-
volume production of digital electronic circuits, an interesting question
that sparks from the methodology presented in Chapter 3 is if it is appli-
cable as-is to FPGA technologies.

Intuitively, by simply selecting approximate variants of LUTs in the
original circuit, we would obtain a different circuit that (1) does not pro-
duce the exact output for some of the inputs and (2) has the same number
of LUTS, unless for some of them the catalogue entry that is chosen is
a constant 1 or a constant 0. However, as the entire circuit is rewritten
in a new AIG form, and the k-cut selection is repeated on the approxi-
mate variant, it can provide advantages in area occupation. Moreover, the
proposed methodology can provide significant power savings in the FPGA
technology.

In order to motivate this result, a simple power model for the LUT
components of the FPGA fabric is introduced; experimental findings are
then reported. The results presented in this chapter have been originally
published in [Bar+24].
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5.1 The power dissipation model of LUTs

In this section, we aim to analyze the correlation existing between
AIG node count and power consumption of approximate circuits. To this
aim, two different strategies are possible. On one hand, we could rely on
simulation-based tools that considering an FPGA configuration (namely
bitstream), a specific FPGA device and a user-define workload (namely,
a test-bench) can estimate power consumption by stimulating the input
signals and executing a low-level device simulation. On the other hand, as
we will discuss later, we could resort to a LUT model, that is generic and
independent of a specific FPGA fabric, from which we could estimate the
switching activity and get the power consumption avoiding costly simula-
tion. Furthermore, instead of providing to each circuit a proper workload,
we can consider each time a worst-case scenario.

5.1.1 Switching activity estimation

The power consumption for FPGA includes two terms, i.e., the static
and the dynamic power. The former is the power from transistor leakage
on all connected voltage rails and the circuits required for the FPGA to
operate normally. It is highly operating-temperature dependent, yet a
function of the manufacturing process and supply voltage, but it is not
correlated to the design configured onto the device fabric. Conversely, the
dynamic power is the power of the user design, due to the input data
pattern and the design internal activity. This power is instantaneous and
varies at each clock cycle, it depends on voltage levels, logic, and routing
resources used (including I/O terminations, clock managers, and other
circuits that need power when used).

Anyway, it can be roughly estimated as

P = ded . fclk . Z Cz . Esw(ni) (5.1)

ng

where C; is the capacitance of the node n;, Vyq is the supply voltage,
fe is the clock frequency, and Ej,(n;) is the average number of output

transitions per time-unit T = fllf at node n;, i.e., the SwA.

As it is easy to foresee, reducing the resource overhead required by a
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given circuit — i.e., the number of LUTSs a circuit requires, as provided by
our approach — implies a reduction in the dynamic power consumption.
But experimental results, shown in the previous section, evidences that
there is a further contribution to power savings, that clearly comes from
SwA of involved LUTs reduction, being operating conditions — i.e., Vyq,
fer, — out of the scope of our approach and left unchanged w.r.t. original
circuit specification.

Estimating SwA i.e., Es,(n;), requires determining pg(n;) and p;i(n;),
i.e., the probability of the output signal at each node n; being either logic-0
or logic-1, respectively. Under the zero-delay model, the Fg,(n;) can be
estimated using Equation (5.2) from [Ped96|. Equation (5.2) also supposes
that the n; node can assume only the two mentioned complementary logic
values; hence, pg(n;) =1 — p1(n;).

B (ny) = po(ni) - p1(ng)

= po(na) & pa(ng) — Po(r) — o) (5.2)

In the case of FPGA, determining pg(n;) requires characterizing the activ-
ity of inputs and output signals, resorting, for instance, to a model such
as the one from [Ale97].

Essentially, a K-LUT takes K input signals S = {sg,- -, sx—1} that al-

low selecting, as output, one between 2% configuration bits from X = {zo, -

as defined by the technology mapping 7, (S, X).

Although the actual implementation may be quite different, the model
from [Ale97] states K-LUTs can be modeled as fully balanced binary trees
of height K —1, 2% —1 internal nodes corresponding to 2-to-1 multiplexers,
and 2% leaves representing configuration bits, as depicted in Figure 5.1.

For an accurate estimation of the Fy,, all the configuration bits, not
just the one being selected as output, have to be considered, since even
those that do not actually reach it partially propagate towards the output
anyway contribute to the SwA, affecting the frequencies with which each
configuration bit passes through multiplexers. Thus, the model computes
the actual frequency with which the configuration bits traverse each node
of the tree based on frequencies f; with which the 7 — th configuration bit

7332K—1}a
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Figure 5.1. Model of a 4-LUT as a fully balanced binary-tree of 2-to-1
multiplexers.

is selected as output, as in (5.3).
2K—1
F={fieR:fic0,1Jn Y fi=1} (5.3)
i=0

The frequency whereby the configuration bits traverse each node of
the tree can be computed using Equation (5.4). The fy 1 is the sum of the
frequencies of the leaves on the left-hand side of the 2¢ trees rooted at level
¢, while fy g is the sum of the frequencies of the leaves on the right-hand
side of the 2¢ trees rooted at level ¢. Clearly, for+ for=1.

2t—1 2K—t-1_1

for=>_ > fox-iy (5.4)
=0 i=0

To compute po(n;), we resort to Equation (5.5) from [Ale97], that al-
lows recursively computing pg(n;) for each internal node of the tree based
on the same but computed at child nodes, plus f,; and f;gr. In such
an Equation, L(n;) and R(n;) respectively denote the left-hand-side and
right-hand-side child of n;, while f,; and f; g denote the left-hand side
and right-hand side frequencies of the tree at level ¢, as given by (5.4).
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The root-node is at level 0.

po (L(n4)) fe,.r + o (R(14)) fe,, R
i€ [0,25 —2]
(xj:1—>O)A(xj:0—>1),
ie 2K —1,28F —1] je0,2K — 1]

po(ni) = (5.5)

The first (top) case applies to all nodes which index ranges in [O, 2K 2}
i.e., all nodes of the tree but leaves. For such nodes, pg(n;) —i.e., the proba-
bility of the output signal at node n; being logic-0 — is recursively computed
as the sum of the probability of the output at left and right children nodes
being logic-0 — viz. po(L(n;)) and po(R(n;)), respectively — each multiplied
to the frequency whereby the configuration bits traverse each node of the
tree until the considered child of n; —i.e., fo 1 and fg r, respectively, as
computed by Equation (5.4). Conversely, the second (bottom) case applies
to nodes with index in [2K —1,2K+1 — 1] , that are leaves of the tree, that
matches configuration bits of the LUT. In this case, the probability of the
output signal at node n; simply matches configuration bits; hence, it co-
herently collapses to po(n;) = 0 if the corresponding configuration bit is 1,
else it equals to 1. Hence, po(n;) directly depends on the configuration bits
and left-hand side and right-hand side frequencies values as computed by
Equation (5.4). The SwA for a whole K-LUT, given its configuration bits,
F, can be computed using (5.6), that only contemplates internal nodes of
the LUT.

2K _2
Egy = Z po(ni) — po(n;)? (5.6)
=0

It is worth noticing that, there are more than one T, (S, X) that sat-
isfies the proper mapping for a given boolean function and, depending on
which one is selected during the synthesis, it exhibits different SwA. The
selection of mapping solution with less SwA is due to the synthesis tool,
namely Xilinx Vivado in our case, involving a signal reordering of the K-
LUT. It goes that SwA optimization through signal reordering is out of
our scope and not considered by the proposed approach.
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5.2 Experimental evaluation

For evaluation purposes, a re-implementation of the original tool [Mor21]
was used; the tool is released under GNU GPL3 open-source license.

The tool takes the HDL implementation of the concerned circuit, and
generates the corresponding AIG representation. Then, k-cuts enumera-
tion is performed by leveraging fabric-independent k-LUT mapping, i.e, we
do not consider any vendor-specific FPGA fabric at this stage. The catalog
generation takes place as discussed in Section 3.1.3, and, as in Chapter 3,
catalog entries are organized and stored in a database so that they can be
subsequently reused.

The AMOSA heuristic [Ban+08b| orchestrates the DSE: decision vari-
ables of the problem are k-LUT within the mapped circuit, and their do-
main is given by catalog entries. A LUT within the mapped circuit is
randomly selected, and replaced using a suitable entry taken from the cat-
alog; then, fitness-functions are evaluated to state the Pareto-dominance
relationship between new candidate solutions and archived ones. While
dominated candidate solution may be discarded by the heuristic, non-
dominated ones are archived for further consideration. At the end of
the DSE phase, the tool provides the HDL implementation for each non-
dominated archived solutions, allowing for the final hardware implemen-
tations and measurement of the actual FPGA resource-requirement.

5.2.1 Generic logic and arithmetic benchmarks

For evaluation purpose, we considered a subset of the LGSynt91 generic-
logic benchmark [Yan91b|. Furthermore, since they are building blocks for
larger applications, such as Artificial Neural Networks (ANNs) [Mra+19;
Ans+20; Tas+20; Ahm+23; Kim+22|, we also consider several arithmetic
circuits, including various adders and multipliers. Specifically, we consid-
ered arithmetic circuits from the ArithsGen [KM22] and from the Arith-
metic Module Generator [HA22; UNT17| frameworks, as well as circuits
from the EPFL Combinational Benchmark Suite [AGM15].

We performed the ES of 4-feasible or 6-feasible cuts within the men-
tioned circuits, since a higher cardinality of AIG-cuts prohibitively in-
creases the time needed to accomplish the ES [Soe+17b]. The fitness-
functions driving the optimization are error and hardware requirements,
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both to be minimized.

Pertaining to error metrics, as in [Bar+22al, we resort to the EP met-
ric (4.1) when dealing with the LGSynth91, where the -] notation denotes
the Iverson bracket (4.2). For what pertains to arithmetic circuits, we re-
sort to the AWCE (4.4) as a metric for error assessment, assigning weights
to POs according to their significance, i.e., the least significant bit is as-
signed a weight of 2° = 1, the next one a weight of 2! = 2, and so forth.

Regarding hardware-resource requirements, the number of FPGA LUTs,
the power consumption and the maximum clock speed should be accurately
measured for an accurate assessment. Anyway, this would require FPGA
synthesis to be performed, leading the computational-time of DSE to be
unsustainable. Therefore, as in [Bar+22a], we resort to a model-based es-
timation to drive the DSE. We estimate both the number of FPGA LUTs
and latency from the AIG representation of circuits, since the correlation
between hardware requirements and the number of nodes and depth of the
AIGs has been empirically proven in [Mis+07c|.

Speaking of the AMOSA configuration, we address it on a per-circuit
basis, resorting to advice from [Bar+22al. As a summary of a typical
configuration, when generic-logic circuits from LGSynth91 are concerned,
we let the cooling factor to vary in the [0.8, 0.9] range, the final temperature
of the matter varying in the [10~7, 1] range, the hard and soft archive-size
limit vary in the [50, 15] and [100, 300] ranges, respectively, the initial hill-
climbing and annealing iterations in the [100, 350] and [250, 750] ranges,
respectively. Having said that, depending on the circuit and the chosen
configuration for the AMOSA heuristic, experiments involving such circuits
take from a few minutes to several hours to complete.

For what pertains to arithmetic circuits, we observed that, as far as
adders are concerned, the same configuration allows achieving good trade-
offs between diversity of final non-dominated solutions and computational
time. Such a configuration consists of a cooling factor varying in the [0.8,
0.95] range, the final temperature of the matter varying in the [1073, 107]
range, hard and soft archive-size limits set to 100 and 250 elements, respec-
tively, while the initial hill-climbing and annealing iterations are set to 200
and 350 respectively. On the other hand, when multipliers are concerned,
the increased complexity of the problem — in terms of number of deci-
sion variables — requires more effort to be spent during DSE. We came up
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Circuit | alu2 | alu4 | apex6 | C6288 | count | frg2 | i5 | i6 | rot | terml | unreg | x3
Comp.Time | 16m | 7m 6m 9m 4m 23m | 13s | 11s | 8m | 52m 2m Tm

Table 5.1. Computational-time for circuits belonging to the LGSynth91
benchmark.

Circuit [ CLAI6 | CSelA16 [ CSkA16 [ HCA16 [ KSA16 | RCA16 | HCA8 [ RCA8 [ RCL8 | ATM8 [ DTM8 | WTMS8 | sine |
| Comp.Time | ~20h | ~20h | ~26h | ~25h | ~20h | ~21h | ~I3h | ~I2h | ~I3h | ~66h | ~60h | ~62h | ~210h |

Table 5.2. Computational-time for circuits arithmetic circuits.

with the following configuration: the cooling factor is set to 0.95, the final
temperature of the matter set to 1077 degrees, the hard and archive-size
limits set to 150 and 300 elements, respectively, initial hill-climbing and
annealing iterations set to 550 and 750, respectively. As it is easy to fore-
see, the more effort is spent during DSE, the more it lasts; consequently,
while experimenting on adders typically requires a few hours, experiments
involving multipliers may require a few days to complete.

Results, as well as computational time, are discussed in the following.

Table 5.1 and Table 5.2 report the computational time that experiments
tool to complete, respectively, for generic logic and arithmetic circuits.

At the end of the DSE, we targeted the Xilinx xc7a35ticsg324-1L Artix-
7 FPGA to measure actual hardware requirements of resulting circuits.
Synthesis was performed by Xilinx Vivado 2021.01 with default settings
and disabling DSPs.

Figure 5.2a, Figure 5.2b plot the number of required FPGA LUTs and
power consumption against EP for circuits from the LGSynth91 bench-
mark.

Figure 5.3a and Figure 5.3b, instead, plots resource requirements, in
terms of the number of required FPGA LUTs and power consumption
against AWCE for various 8-bits arithmetic circuits, including ATM, DTM,
WTM, CSkA, RCA HCA and CLA, which have been generated while
resorting to the Arithmetic Circuit Generator for Hardware Accelerators
(ArithsGen) [KM22].

Last, Figure 5.4a and Figure 5.4b plots resource requirements for the
circuits from the EPFL Combinational Benchmark Suite [AGM15].

The red star denotes the exact circuit, while the blue dots e denote
approximate configurations resulting from DSE. There may be solutions
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Figure 5.2. FPGA resource requirements for generic-logic circuits from the
LGSynth91 benchmark
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Figure 5.3. FPGA resource requirements for arithmetic circuits. The x-axis
is in semilogarithmic scale.
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Figure 5.4. FPGA resource requirements for the for the sin circuit, from the
EPFL Combinational Benchmark Suite [AGM15]. The plots are in semiloga-
rithmic scale.

that have the same error and gate-count (they are in a non-dominance
relationship with each other) coming from the DSE that, when synthesized
to FPGA still have the same error, of course, but they require different
amount of LUTs to be implemented, or they consume different power.
Hence, they are no more in non-dominance relationship; therefore, the
dominated ones are actually discarded and not plotted. Hence, any point
in Figure 5.2a exhibiting the same error as in Figure 5.2b may not refer
to the same approximate configuration. This, of course, also applies to
Figure 5.3a and Figure 5.3b.

As for the area overhead, it is clear that approximate circuits require
less FPGA LUTs on the error increasing since, as we select approximate
solutions minimizing AIG node-count. In the same way, power consump-
tion takes advantage of the approach as it decreases on the introduced
error. But, as one can notice, Figure 5.2b reports more non-dominated
solutions than Figure 5.2a as well as Figure 5.3b and Figure 5.3a. This
implies that given two different approximate configurations exhibiting the
same error and requirements in terms of FPGA LUTs, one of these has
lower power consumption. This phenomenon can certainly also happen
with ASIC technology, Anyway, at a first glance, it appears to be oc-
curring very frequently, contrary to the experimental result reported in
Section 4.1.1 based onto ASIC implementations.
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This experimental observation led us to investigate how two different
approximate implementations could exhibit two power consumption values
against the same amount of FPGA LUTS, i.e., how approximate variants of
a given circuit exhibit different values of dynamic power consumption de-
spite requiring the same amount of LUTs. We provide an in-depth analysis
of FPGA dynamic power consumption based on LUTs model in Section 5.1.

5.2.2 Comparison between ASIC and FPGA technologies

As discussed before, almost all the AxC approaches operate at the
transistor or gate-netlist level, and allow for large silicon area and power
savings while targeting ASIC. Nonetheless, due to the architectural differ-
ences between target technologies, savings achieved are far modest while
targeting FPGA [Pra+20; Ull+22b; Ull+22a]. Though, since the previous
Section empirically prove the AxC technique from |[Bar+22a| can be ef-
fectively adopted for both FPGA-based systems, besides ASIC ones, it is
interesting to compare results the technique provides, varying the target
implementation, in terms of silicon and power savings. Figure 5.5 and Fig-
ure 5.6 report such a comparison for generic logic circuits and arithmetic
ones. The blue bullets ® denotes savings induced in ASIC implementa-
tions, while the orange triangles A denote savings for FPGA technology.
Except in sporadic cases, the results shown in the figures mentioned above
confirm what is known in the literature: applying the same approxima-
tion technique does not produce the same gain when considering different
implementations. However, the gap is not much, especially for arithmetic
circuits. And for some circuits the gain on FPGA is greater, opening the
way for future investigations about which error metrics or properties a cir-
cuit must possess in order for it to be approximated with the same profit
on both ASIC and FPGA.

Despite expectations arising from experimental result, no direct pro-
portionality relationship between the number of nodes and SwA is evident
from the model discussed before. Furthermore, counterintuitive examples
can be found.

Consider, for instance, the LUT configuration

X ={0,0,0,0,1,1,0,0,1,0,1,0,1,1,1,1}
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that requires 4 AIG nodes and, according to equations (5.2 - 5.6), has 1.625
SwA: its approximation at Hamming distance 1 resulting from ES, i.e.

X ={1,0,0,0,1,1,0,0,1,0,1,0,1,1,1,1}

exhibits 1.98 SwA despite requiring 3 AIG nodes. Besides, to the best of
our knowledge, no correlation between the AIG node-count and SwA for
LUTs has ever been identified in the scientific literature either.

Thus, to shed light on the source of the observed phenomenon, we
exploited equations (5.4-5.6) to characterize every catalog entry —i.e., every
LUT specification — we collected during our experimental campaign both
in terms of AIG node-count and SwA. To this end, we assume inputs are
equally probable —i.e, f; = 2%(, i=1---2K —1in (5.3) — and we take the
signal reordering of inputs into account, by considering, for each of the
catalog entries, the actual reordering that minimizes the SwA. The box-
and-whisker plot in Figure 5.7 reports this preliminary characterization.
At first glance, a general decreasing trend in terms of SwA, as far as the
AIG node-count decreases, can be observed. Consequently, during DSE,
while the AMOSA is attempting to minimize the AIG node-count, it is
very likely that it (accidentally) pursues also SwA minimization; hence,
resulting approximate circuits exhibit a lower power dissipation.

Anyway, the SwA variation ranges overlap for adjacent AIG node val-
ues, and, furthermore, we can also observe that, although values of the
SwA tend to be gathered around the median value, there are several out-
liers, even for those LUTs requiring a moderate number of AIG nodes, e.g.,
three or four nodes. Therefore, even though the SwA of a LUT is close to
the median value, during the catalog-generation procedure it may produce
configurations exhibiting higher SwA, despite requiring less nodes. This
gives reason to the existence of counterintuitive examples, although they
do not have significant impact on the overall approximate circuit.

Indeed, still concerning counterintuitive examples, the LUTs we col-
lected during the experimental campaign underwent a further characteri-
zation, to highlight their common features, if any. Such a characterization
drew attention to the AIG topology and truth-density — i.e., is the num-
ber of truth assignments over the input set. In particular, approximate
LUTs that constitute counterintuitive examples exhibit the following com-
mon features: (a) they exhibit complete functional dependency from all
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Figure 5.7. SwA of catalog entries, varying the AIG node-count.

inputs; (b) they do not implement elementary Boolean functions, such as
logic-AND or logic OR; (c¢) the exact specification from which they orig-
inate has truth-density is almost 50%; (d) their truth-density is almost
50%; (e) the number of nodes of the corresponding AIG is very close to
the theoretical minimum required by (a).

Additionally, we observed that in case (c) is true, to reach the termina-
tion criterion, the catalog-generation procedure is very likely to reorganize
the truth table until resulting in propagating an input signal (meant that
the approximate specification has 50% of truth density). Hence, during in-
termediate stages of the mentioned procedure, the truth-density fluctuates
around to 50%, without ever being equal to it. Under these circumstances,
the signal reordering of inputs is ineffective in reducing the SwA, since ei-
ther the truth assignment is insusceptible to reordering or any reordering
equals the original specification.

5.2.3 Comparison with previous works

In Section 2 we discussed several contributions from the scientific lit-
erature pertaining to the design of FPGA-based approximate computing
systems, emphasizing the most recent contributions. In the following, we
compare our approach with the state of the art, both qualitatively and
quantitatively.

One of the most interesting approach is that from [Pra+20|, that,
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roughly, sifts through a library of approximate components (specifically,
the EvoapproxLib [Mra-+18|, that has been designed while targeting ASIC)
looking for those circuits providing optimal error/resources trade-offs for
FPGA. Machine-learning models are exploited to predict FPGA require-
ments, avoiding FPGA synthesis. From a methodological perspective,
when compared to the mentioned approach, our methodology allows de-
signing FPGA-based approximate components from scratch. This means
it does not require a library of ASIC-based approximate components, from
which those providing optimal trade-offs between error and FPGA re-
source requirements have to be sifted. Furthermore, our method does
not require high-fidelity predictors, since it exploits the node-count and
depth of AIGs to estimate resource requirements during the DSE. In or-
der to get a fair comparison of circuits resulting from our method against
those from [Pra+20], we considered the exact (non-approximate) multi-
plier and adder from the ApproxFPGAs library, which are freely available
at https://github.com/ehw-fit/approx-fpgas as starting point for our
approach. In particular, we considered 8-bits and 12-bits operators, and
once our workflow was completed, we synthesized resulting circuits while
targeting a Xilinx xc7a35ticsg324-1L Artix-7 FPGA. For an unbiased com-
parison, we also resynthesized the circuits from the ApproxFPGAs library
on the same device. Figure 5.8 and Figure 5.9 report results both in terms
of FPGA LUT and power consumption, respectively. Red crosses X denote
results from [Pra+20], while blue dots e denote results from our method.
As the reader can observe, results from our method are competitive with
the state-of-the-art, since the Pareto-fronts in Figure 5.8 and Figure 5.9
are barely distinguishable.

It is interesting to note, as far as power is concerned, that the approxi-
mate circuits resulting from our approach are equally good compared with
those obtained from other state-of-the-art methods even though they may
be more onerous in terms of LUTs, as is evident in Figure 5.8c and Fig-
ure 5.8d, which report LUTs for 8-bits adder and multipliers, respectively,
and Figure 5.9¢ and Figure 5.9d, which, instead, report power consump-
tion. While power-driven optimization will be the focus of Chapter 6, this
can be explained intuitively by noticing in Figure 5.7 that, when optimizing
for the number of AIG nodes and then mapping to LUTs with a reduced
number of nodes, switching activity also follows a descending trend, with
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Figure 5.8. Comparison with [Pra+20] in terms of FPGA LUT. Red crosses

X denote results from [Pra+20]|, while blue dots e denote results from our
method.




5.2. EXPERIMENTAL EVALUATION 81

X ® T
] 5
S % - ,(/\(" |
2 1% 5o ]
5 &1 X g V1%
=0 |eo X o 2 QY
e &1 § 1 Ve
N :x Q’?{q |
] «
NS ® S - . .
T T T o o o
o o o n o
o~ < —
WCE% WCE%
(a) unsigned 8-bits adder (b) unsigned 8-bits multiplier
X
I :
|u 12
= 2 ~o |m
; Qo ) ; o
E o1% ES
JSEENY X =
] ] ] “ 1
2 x z Ny
o o e o o
o %o a X
9 e
N X ~ X
] & ° Sl % x
S L : ° : : -
) o o o o n o n
o < o n ~
WCE% WCE%

(c) unsigned 12-bits adder (d) unsigned 12-bits multiplier
Figure 5.9. Comparison with [Pra+20] in terms of power consumption. Red

crosses X denote results from [Pra-+20], while blue dots e denote results from
our method.




82

CHAPTER 5. APPLICATION TO THE FPGA TECHNOLOGY

Circuit mul8u add8u mull2u addl2u
Our method ~67h ~13h ~72h ~15h
ApproxFPGAs [Pra+20] | ~192h ~24h  ~34h  ~22h

Table 5.3. Computational-time required to design 8-bits unsigned-integer
arithmetic circuits.

the exception of few outliers.

Pertaining to computational time, Table 5.3 compares our methodolo-
gies against [Pra+20]. The first row of that Table reports the computa-
tional time needed to perform our workflow as a whole — including the
ES, the DSE and the final rewriting and hardware synthesis — while re-
sorting to the algorithm configuration already discussed, performed on a
16-cores/32-threads AMD Ryzen 9550. The second row of the table re-
ports the computational time required by the ApproxFPGAs as reported
in [Pra+20|, while running on a 16-cores/32-threads Intel Xeon E5 CPU.
These times include the time required for synthesizing the data-set, train-
ing and evaluating the models, and re-synthesizing the Pareto optimal
circuits. For the method in [Pra+20], the larger the circuit, the smaller
the search space, due to the reduced number of candidate circuits in the
library; hence, circuit size and computational time do not correlate. Since
we do not need any model to be trained to estimate hardware requirements
of candidate approximate circuits, and since we can perform faithful es-
timations from AIG nodes, when compared with [Pra+20|, our method
requires significantly less computational time to provide approximate cir-
cuits.

The approach from [Ull422a| is one of the latest contributions to the
scientific literature. Basically, it encodes circuits as binary strings. Given
a circuit requiring N LUTs for partial product generation, the method
from [Ull+422a| encodes each of the variant through a binary string of length
N, and allows generating 2%V different approximate variants. A “0” at any
location in the N-bits string disables corresponding LUT, which means that
LUT will not contribute to producing the intermediate results. Concerning
fitness functions driving the DSE, the authors of [Ull+22a| resort to the
product between the power-delay-product and the number of LUTs as a
measure for hardware resource requirements, while the AWCE (4.4) or the
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Mean Absolute Error (MAE) (5.7) have been adopted to measure the error.

mclF: ) = 57 3 1) ~ (@) (57)

rEB”

From the qualitative perspective, the grain with which approximation
can be introduced in circuits while exploiting our approach is finer when
compared to that in [Ull4+22a]. In fact, as we observed in the previous sec-
tion, results indicate that some replacements produce a reduction in power
consumption, even though they did not result in any decrease in the num-
ber of LUTs. As a result, a more gradual and controlled degradation of the
quality of results can be produced while lowering the hardware overhead.
Indeed, the only case our approach leads to LUT suppression happens
when the replacement being selected from the catalog either propagates
one of the input signals, or even a constant signal. The only downside of
having such a fine degree with which it is possible to act on the circuits is,
as is easy to imagine, a generalized increase in the size of the search space.

In order to quantitatively compare the methods, we performed our
method while performing the DSE to minimize the AIG node count as
well as the error entailed by approximation. The latter is measured ei-
ther as AWCE or MAE. For a fair comparison, we measured the actual
FPGA requirements by synthesizing resulting circuits while targeting the
xc7vx330t device of the Virtex-7 family, as done in [Ull+22a].

In Figure 5.10 and Figure 5.11 we report a comparison of results from
the mentioned methods in terms of FPGA resources (measured either as
number of LUT or power consumption) and error (which is measured in
terms of AWCE or MAE). In the mentioned figures, red crosses X denote
results from [Ull4-22a|, while blue dots e denote results from our method.
As the reader can observe, such results confirm our previous statement:
our method allows more gradual and controlled degradation of the quality
of results while lowering the hardware overhead. Indeed, results from our
method exhibit lower power consumption w.r.t. those from [Ull+422al,
albeit the latter produces circuits requiring less LUTs.

As for the computational time, once again we can safely claim our ap-
proach allows faster design, as it does not involve any model to be trained
to estimate hardware requirements of candidate approximate circuits. In-
deed, since we can perform faithful estimations from AIG nodes, when
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compared with [Ull422a|, our method requires significantly less computa-
tional time to provide approximate circuits: while the accuracy and PPA
estimation for a single approximate 8-bits multiplier consumes nearly 3.55
minutes of processing time with the method in [Ull+22a|, our method al-
lows evaluating hundreds of variants in the same amount of time, since
assessing the error on the whole 26 possible inputs for an 8-bit multiplier
only a few seconds, and the time required to count the number of AIG
nodes is paltry.

5.3 Case studies

In this Section, we discuss several case-studies in which approximate
circuits resulting from our method are exploited to reduce hardware re-
quirements of larger and complex applications. In particular, we discuss
the implementation of a Sobel edge detector in Section 5.3.1, a FIR filter
in Section 5.3.2, and, finally, we discuss convolutional neural networks in
Section 5.3.3.

5.3.1 The Sobel edge-detector

One of the major fields of application for AxC is image-processing,
since, due to perceptual limitations of human eyes, imperceptible reduc-
tion of image quality can lead to important savings. One quite common
image-processing application is the Sobel edge-detector; therefore, we pro-
vide a case-study concerning the design of a hardware accelerator for the
aforementioned application, exploiting approximate components resulting
from our approach. We only approximate adders, since, at the hardware
level, multiplications by two can be implemented as a left shift, which is
just wiring requiring no resources. Specifically, we adopted an approximate
implementation of a 16-bits Kogge-Stone adder that exhibits AWCE of 32,
costs 46 LUTs when synthesized on a Xilinx xc7a35ticsg324-11L Artix-7
FPGA (6 LUTs, or 11% less than its exact counterpart), and consumes
155 mW (26 mW, or 16% less than its exact counterpart) on the same
device. We target the above-mentioned FPGA while performing synthe-
sis of both the exact and the approximate implementations of the Sobel
edge-detector, to measure their actual hardware requirements. The exact
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(a) Visual test with Pepper
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) Visual test with House

Figure 5.12. Visual test. Original images are on the left; while the output
of the exact implementation of the edge-detector is reported in the center.
Images resulting from the approximate edge-detector are on the right. From
top to bottom, the right-most images exhibit PSNR of 28.9 and 28.5.

implementation of the mentioned edge-detector requires 435 LUTs and con-
sumes 743 mW, while its approximate implementation requires 349 LUTs
and 620 mW, providing savings up to 19% and 16% for LUTs and power
consumption, respectively.

Furthermore, we also report a comparison between images computed
through the use of the exact and the approximate implementations in
Figure 5.12: images computed using the approximate implementation are
reported on the right of Figure 5.12, and exhibit a PSNR in the [28.5,28.9]
range w.r.t. reference images, i.e., those reported at the center of Fig-
ure 5.12. The higher the PSNR the higher the quality of the images.
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5.3.2 The FIR filter

In this case study, we target one of the most common signal processing
applications, which is the FIR filter, whose general definition is reported
in (5.8). There, x; is the 4t sample of the input signal, b; is the i
coefficient of the signal, and ¥, is the nt" sample of the output signal. Here
we will replace the multiplication in (5.8) using an approximate multiplier
to save FPGA LUTs and power.

N
Yn = Zbi " Tp—i (5.8)
i=0

We consider two different FIR filters: they both have a 500 Hz cut-off fre-
quency, 60 dB attenuation in the stop band, and use fixed-point arithmetic.
The first is a low-pass filter that adopts the Q1.7 fixed-point arithmetic,
while the second is a high-pass filter using the Q1.15 representation. In
order to evaluate our approach, we assess the impact of approximation by
measuring the PSNR between the output signals produced by the non-
approximate and approximate FIRs.

Specifically, we adopted the 8-bits and 16-bits Wallace tree multiplier
as starting point, and, after the DSE, we synthesized the design tartegint
a Xilinx xc7a3bticsg324-1L Artix-7 FPGA, collecting hardware require-
ments. We, then, performed simulation in order to compute the PSNR
while processing a saw-tooth signal. Figure 5.13a and Figure 5.13b re-
port results for the 8-bits and 16-bits FIRs, respectively. The red star %
denotes the reference (non-approximate) implementation, while the blue
bullets @ denotes filters being implemented using approximate multipli-
ers. As the reader can observe, approximate multipliers resulting from
our method allow achieving significant savings while introducing only a
restrained amount of error in the final application.

It’s interesting to note, however, that the quality of the output degrades
rapidly with this kind of circuits. While this phenomenon has not been
analyzided in depth, it is probably due to the interdependencies between
intermediate results. The results suggest that this kind of application could
benefit from a more custom-tailored approach, such as specifying different
approximation constraints for different parts of the circuit, or from a faster
metrics evaluation, that could allow to explore larger parts of the design
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using approximate multipliers. The red star * denotes the reference (non-
approximate) implementation, while the blue bullets ® denotes filters being
implemented using approximate multipliers.
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space more efficiently.

5.3.3 Convolutional neural networks

In this case study, we target CNNs, a class of ANNs most commonly
applied to analyzing visual imagery [Ben09; Sch15|. The computational
model of artificial neurons is inspired by its biological counterpart, but
ANNSs are organized in distinct layers, which define the network’s depth,
rather than being modeled as an amorphous blob of connected neurons.
Neurons belonging to adjacent layers can be either fully or partially con-
nected, while there is no connection between neurons within the same
layer. Various types of layers with various topologies have been defined
over the years. For instance, in Fully-Connected Layers (FCLs), neurons
of the layer are connected to all the neurons of the preceding layer, while
in Convolutional Layers (CLs), neurons in a layer are connected only to a
small region of the previous layer, and they perform computations that are
not just a function of the inputs. Indeed, as reported in Equation (5.9), the
output of each of the neurons is a non-linear function f of the weighted-
sum involving learned weights w; and inputs x;, plus a bias b.

y=1f (sz"fl?z‘-i-b) (5.9)

Concerning approximation, it is typically introduced by replacing exact
multiplications within neurons with approximate ones [Ans+20]. Hence,
we aim at designing a multiplier to perform the w; - x; part of Equa-
tion (5.9), targeting convolutional layers of the CNN with the goal of
simultaneously reducing the hardware requirements and the impact of ap-
proximation on the classification accuracy loss during the inference phase.
We resort to the approach from [Mra-+ 19|, which replaces accurate convo-
lution layers within ANNs using approximate ones. Specifically, for each
convolution layer, a suitable approximate multiplier is selected, while the
overall classification error — i.e., accuracy loss — and energy consumption
are simultaneously minimized through a MOP. During the DSE, we esti-
mate the power-consumed by the approximate CNN as the weighted sum
of power-consumption of each multiplier of the net, respectively, as done
in [Mra+19].
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Figure 5.14. Accuracy loss and hardware resources for LeNet-5 while us-
ing approximate multipliers. The red star x denotes the reference (non-

approximate) implementation, while the blue bullets @ denotes CNN being
implemented using approximate multipliers.

The network architecture we consider in our case study is LeNet5 [LeC+89],

trained to classify images from the Modified National Institute of Stan-
dards and Technology (MNIST) benchmark [LCB98|, which consists of
70000 28 x 28 grayscale images of handwritten digits, of which 60000 are
for training purpose and 10000 testing. The network has been quantized
using 8-bit signed integer arithmetic, and it exhibits 99.07% accuracy.

Results are reported in Figure 5.14. Once again, we denote the ref-
erence (non-approximate) implementation of the CNN using the red star
*, while the blue bullets ® denotes CNN being implemented using ap-
proximate multipliers. While area requirements strictly depends on the
architecture of the tensor processing unit, power largely depends on the
number of multiplications being performed. Since the negligible accuracy
loss and the savings we can observe in Figure 5.14, we can reiterate that
our method is able to provide efficient implementations for approximate
multipliers suitable for FPGA synthesis.

An interesting phenomenon in this case study is that there are negative
accuracy loss points. While this is currently under study, it may suggest
that approximation could be used to mitigate overfitting. However, more
thorough study with a larger benchmark should be conducted in order to
ascertain this impact.




Chapter

Driving optimization with the
LUT power model

In Chapter 5 we showed that the methodology introduced in Chapter 3
can be applied as-is to circuits targeting the FPGA technology, obtaining
significant savings both in area and power.

The obtained power savings however can be considered a "byproduct”
of an optimization process that, as specified by the methodology and as
implemented by the tools used, aims to reduce the number of AIG nodes.
Moreover, selecting the best candidates in terms of power requires a cum-
bersome synthesis and power analysis performed by using external flows,
such as the ones provided by the FPGA vendor.

It is natural, therefore, to consider the integration of the power model
proposed in 5.1.1 directly in the optimization step of the workflow. This
allows to directly drive the optimization algorithm using the effective target
metric, avoiding unneeded synthesis steps. This modification makes the
methodology more sound for application to FPGA devices, and saves the
computation time associated with the synthesis and power analysis.

6.1 Experimental evaluation

In this Section, we provide the reader with a brief discussion concerning
the experimental setup for evaluating the use of the power model described
in Section 5.1 in designing approximate circuits.
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We first discuss a preliminary analysis we conducted to validate the
model, to verify that it provides a faithful estimate of the SwA, hence that
it is suitable to lead the DSE. Then, we fully evaluate our method through
an extensive experimental campaign, involving several benchmark circuits,
and two different FPGA architectures. We provide comparison with state-
of-the-art in Section 6.1.2 and, finally, we provide a case-study concerning
designing approximate neural networks in Section 6.2.

6.1.1 Generic logic and arithmetic benchmarks

This preliminary analysis involved more than 2500 different approx-
imate configurations, which have been generated through the technique
discussed in this chapter starting from 25 different circuits. Specifically,
we considered arithmetic circuits from the ArithsGen [KM22| and from the
Arithmetic Module Generator [UNT17| frameworks, as well as generic logic
circuits from the LGSynth91 logic synthesis benchmark suite. For each of
the starting points, 100 approximate variants have been designed while
simultaneously minimizing error and resource requirements in terms of
AIG-nodes. The error metric chosen for circuits drawn from the LGSynt91
benchmark is the EP (4.1), while the AWCE (4.4) has been adopted as
the error metric for arithmetic circuits.

At the end of the DSE, we estimated and measured the SwA while
targeting two different FPGA fabrics, namely the AMD /Xilinx Spartan3E
and the Artix-7. Measured SwA is provided by the AMD /Xilinx PlanA-
head framework! while targeting the xc3s500efg320-5 Spartan3E FPGA,

and by the AMD /Xilinx Vivado framework? while targeting the xc7a35ticsg324-

1L Artix-7 FPGAs. This is to empirically prove that the power model
in Section 5.1 provides plausible estimation for the SwA regardless the
FPGA fabric. In addition, data concerning the SwA has been collected
through post-implementation timing simulation involving random input
assignments.

Then, we computed the correlation index and the fidelity index of the
model w.r.t. the non-dominance relationship. The latter index, given a
pair of Pareto-optimal solutions —i.e., a pair of solutions in non-dominance

"https: //www.xilinx.com /products/design-tools/planahead.htm]
Zhttps:/ /www.xilinx.com /products/design-tools /vivado.html
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Table 6.1. Correlation and fidelity between the estimation from the LUT
power dissipation model and the one from the FPGA synthesis tool.

Circuit Artix-7 Spartan 3E
corryxy Fidelity (%) | corrxy Fidelity (%)

alu2 0.848 81.02 0.829 85.412
alud 0.846 90.039 0.88 88.078
count 0.912 86.437 0.82 87.701
i6 0.994 95.48 0.96 92.79
term1 0.95 81.311 0.891 83.513
unreg 0.968 85.118 0.903 83.122
x3 0.912 93.188 0.929 89.647
z4ml 0.959 90.353 0.963 95.484
8-bits Array Mul. 0.984 92.863 0.929 83.373
8-bits Dadda Mul. 0.97 91.156 0.98 84.966
8-bits Wallace Mul. 0.953 91.892 0.841 80.882
16-bits Carry-lookahead Add. | 0.995 95.922 0.919 89.647
16-bits Carry-select Add. 0.96 92.179 0.85 81.795
8-bits Carry-lookahead Add. 0.949 86.295 0.926 80.256
16-bits Han-Carlson Add. 0.947 89.25 0.95 88.088
8-bits Han-Carlson Add. 0.963 81.075 0.871 95.484
16-bits Ripple-Carry Add. 0.987 95.47 0.946 93.403
8-bits Ripple-Carry Add. 0.989 91.859 0.858 81.961
16-bits Carry-skip Add. 0.942 87.293 0.84 84.747
16-bits Kogge-Stone Add. 0.965 98.901 0.78 89.341
8-bits Kogge-Stone Add. 0.961 95.732 0.953 87.683

relationship among them w.r.t. the error and the estimate given by the
model —, corresponds to the number of times that the non-dominance re-
lationship still holds true when the estimate from our model is replaced by
the measure of power dissipation obtained from the FPGA synthesis tool.

For each of the circuit family being considered for validation, both the
correlation and the fidelity are reported in Table 6.1. Since corrxy ~ 1
for almost all the circuit families, we can conclude a strong correlation
exists between the proposed model and that provided by the synthesis
tool. Furthermore, since the fidelity of the model is pretty high too, we
can conclude that it allows for a faithful estimation of the SwA of circuits
without the need for an actual FPGA synthesis.

As the high correlation and fidelity indexes prove, the described LUT
power dissipation model is well suited to drive the DSE while pursuing error
and power consumption minimization. Thus, we took the same benchmark
circuits mentioned before, and besides minimizing the SwA according to
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the model, we minimized the EP (4.1) and the AWCE (4.4) for generic logic
and arithmetic circuits, respectively. After the DSE, we synthesized the
resulting Pareto-optimal configuration leveraging the AMD /Xilinx PlanA-
head/Vivado framework while targeting the Spartan-3E and the Artix-7
FPGAs. We report both the error and the actual power consumption —
as provided by the mentioned frameworks — in Figure 6.2 and Figure 6.1,
respectively. Power savings provided by optimizing approximate variants
while considering the SwA estimation provided by the model are unde-
niable, since decreasing trends in the power consumption as the error in-
creases are clear. Furthermore, we can safely claim the model is well suited
to drive the DSE while pursuing error and power consumption minimiza-
tion, regardless of the underlying FPGA fabric.

6.1.2 Comparison with previous works

In this Section, we compare results from our methodology against the

state-of-the-art. Specifically, we report a comparison with [Pra-+20], [Ull+22a],

and |Bar+24|.

As discussed in Section 2, the approach from [Pra-+20]| is independent
of the specific FPGA. In fact, authors do not assume knowledge of the
particular target FPGA, nor exploit any peculiarities of a specific fabric to
introduce approximation, since the proposed approach sifts candidate cir-
cuits from already available libraries of approximate components. Never-
theless, it needs high-fidelity predictors to estimate resource requirements.
Conversely, our methodology allows designing FPGA-based approximate
components from scratch.

Starting from the non-approximate circuits from the ApproxFPGAs
library [Pra+20]|, we designed an approximate multiplier and an approx-
imate adder for comparison purposes. We address the design while min-
imizing both the error and SwA. Once our workflow was completed, in
order to measure their actual hardware requirements, we synthesized re-
sulting circuits targeting the same FPGA as in [Pra+20], that is, a Xil-
inx xc7a3bticsg324-1L Artix-7 FPGA. Results are reported in Figure 6.3
and Figure 6.4. The 4 denote circuits resulting from [Pra+20|, while o
denotes those resulting from our method. As the reader can observe, re-
sults from our method are competitive with the state-of-the-art, since the
Pareto-fronts are barely distinguishable. Despite this, our method requires
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Figure 6.2. Error and power dissipation of approximate circuits while targeting the Spartan-3E FPGA.
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Figure 6.3. Comparison with [Pra+20] in terms of power consumption. ¢
denotes circuits from the ApproxFPGAs library [Pra+20| while @ denotes
those resulting from our method.

Table 6.2. Computational-time required to design 8-bits unsigned-integer
arithmetic circuits.

Circuit Multiplier — Adder
Our method ~58h ~9h
ApproxFPGAs [Pra+20] ~129h ~23h

significantly less computational time to provide approximate circuits, as
reported in Table 6.2. This is because no machine-learning model is needed
to estimate hardware requirements.

As for the method in [Ull+22al, for a fair comparison, we measured
the actual FPGA requirements by synthesizing the resulting circuits while
targeting the same FPGA as done by the authors of |Ull+22al, viz. a
xc7vx330t Virtex-7. Results are reported in Figure 6.5 and in Figure 6.6,
in terms of error (which is measured in terms of AWCE or MAE) power
consumption and LUTs. The ¢ denotes circuits from the AppAxO frame-
work [Ull+22a| while the @ denotes those resulting from our method, that
undeniably exhibit lower power consumption w.r.t. those from [Ull+22a).
Despite optimizing for SwA, our approach allows for an optimization which
is comparable to the one proposed in [Ull+22a|, which, instead, performs
an optimization in terms of power-delay product. Indeed, appreciable dif-
ferences onto the parento-front is about few spare units.
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As for the approach published in [Bar-+24|, we substantially executed
DSE on the same benchmark circuit set, while targeting different objective
functions. Indeed, the approach from [Bar+24| leverages the AIG node-
count to indirectly optimize power consumption; conversely, we directly
optimize for power consumption by driving the DSE by means of SwA
estimation. Intuitively, our approach does not require any other post-
processing measurement to retrieve power savings w.r.t. exact syntheses.
Hence, in order to provide a fair comparison, we plot in Figure 6.7 solutions
taken from our approach and one proposed in [Bar+24| in terms of error
and power consumption calculated from the synthesis tool. As one can
see, from a quantitative point of view, results are comparable.

6.2 Case study: Convolutional neural networks

In this case study, we exploit approximate circuits resulting from our
method to design approximate CNNs. These are the ideal field of appli-
cation for approximate computing due to their inner error resiliency and
to the tremendous amount of power consumed during computation, espe-
cially when considering hardware acceleration [Mit20].

Since multipliers are the most demanding component in terms of hard-
ware resources, approximate CNNs are commonly implemented resorting
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Figure 6.7. Comparison with [Bar+24] in terms of power consumption. The
¢ marker denotes circuits from [Bar+24] while the ® marker denotes those
resulting from our method.

to approximate multipliers, with the ultimate goal of improving the en-
ergy efficiency of the inference phase [Arm-+22]. We resort to the ap-
proach from [Mra-+19], which replaces accurate convolution layers within
CNNs with approximate ones. Specifically, for each convolution layer,
a suitable approximate multiplier is selected, while the overall classifi-
cation error — i.e., accuracy loss — and energy consumption — estimated
as the weighted sum of power-consumption of each multiplier of the net
— are simultaneously minimized, using NSGA-II [Deb+02b] to select the
best trade-offs. The network architectures we consider in our case study
are LeNet5 [LeC+89], trained to classify images from the MNIST bench-
mark |[LCB98|, four CNNs from the ResNet family [He+16] — namely,
ResNet-8, ResNet-14, ResNet-24 and ResNet-50 — and AlexNet [KSH12].
The ResNet-8, ResNet-14 and ResNet-24 have been trained to cope with
the CIFAR-10 dataset [KNH10|, while the ResNet-50 and AlexNet have
been trained to address the CIFAR-100 dataset [KNH10|. Results are
reported in Figure 6.8, where % symbol refers to the non-approximate
CNN, e markers denote approximate CNNs. As it is easy to foresee, us-
ing approximate multipliers leads to significant enhancements in efficiency,
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allowing for up to 45% power savings, maintaining an acceptable level of
accuracy loss. Moreover, for some configurations, the accuracy loss is neg-
ative, indicating an accuracy gain. As discussed in [Ans-+20], approximate
multipliers introduce small inaccuracies to synaptic weights, which can
help mitigate overfitting issues that characterize trained CNNs.







Chapter

Conclusions

In this thesis, we proposed a generic and automatic methodology for
the synthesis of approximate circuits based on the local rewriting of AIG.
Given a HDL description of a combinational circuit, SMT based exact
synthesis is used to build a catalogue of candidate substitutes for selected
cuts of the circuit, that are formally proven to be size-optimal w.r.t. the
number of AND nodes.

A heuristic based on a multi-objective simulated annealing algorithm
has been used to guide the choice of the cuts to substitute, in order to
obtain a set of dominant configurations w.r.t. the error rate and the number
of nodes in the circuit.

We evaluated our approach using different benchmarks, and, in order
to measure actual gains, we performed actual synthesis of Pareto-optimal
approximate configurations, both targeting the ASIC and FPGA technolo-
gies. We also proposed an alternative approach that uses a simple LUT
power model to drive the optimization when targeting the FPGA technol-
ogy.

Experimental results showed that the proposed approach allows achiev-
ing significant savings, since resulting approximate circuits exhibited lower
requirements and restrained error w.r.t. their exact couterparts.






Appendix

Boolean circuits

In this appendix we provide precise definitions for the concepts of
Boolean functions and circuits that we used intuitively in the manuscript.
The definitions we use are taken from [Vol13].

Definition A.1. A Boolean function is a function f: {0,1}"™ — {0,1} for
some m € N.

Definition A.2. A family of Boolean functions is a sequence f = (f™)nen
where f™ is an n-ary Boolean function.

Definition A.3. A basis is a finite set consisting of Boolean functions and
families of Boolean functions.

Intuitively, a basis is the “logic family” we use to build our circuit.

Definition A.4. Let B be a basis. A Boolean circuit over B with n inputs
and m outputs is a tuple

C=V,E a,p,w)

where (V| F) is a finite directed acyclic graph, a: E — N is an injective
function, 8: V — BUJ{x1,...,zn}, and w: V — {y1,...,ym} U{*}, such
that the following conditions hold:

1. If v € V has in-degree 0, then f(v) € {z1,...,2,} or B(v) is a O-ary
Boolean function (i.e. a Boolean constant) from B.
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2. If v € V has in-degree k > 0, then (v) is a k-ary Boolean function
from B or a family of Boolean functions from B.

3. For every i, 1 < i < n, there is at most one node v € V such that

B(v) = x;.
4. For every i, 1 <11 < m, there is exactly one node v € V such that
w(v) = y;.

If v € V has in-degree ky and out-degree ki, then we say: v is a gate in
C with fan-in kg and fan-out k1. If v is a gate in C' then we also write
v € C instead of v € V. If e = (u,v) € E then we say: e is a wire in C;
more specifically we say that e is an input wire of v and an output wire of
u; and that u is a predecessor gate of v. If f(v) = x; for some i then v is
an input gate or input node. If w(v) # * then v is an output gate or output
node.

In order to be able to compute a function fo with a circuit C', we need
another function that ties a Boolean value to the nodes of the circuit.

Definition A.5. Let C = (V, E, a, f,w) be a circuit over B with n inputs
and m outputs; let A = {ay,...,a,} be arbitrary binary values. We define
for every v € V' a function val,: {0,1}" — {0,1}.

If v has fan-in 0 and 8(v) = x; for some i € 1,...,n, then val,(A) =4cf

a;. If v has fan-in 0 and B(v) = b is a O-ary function from B, then
val,(A) = b.
If v has fan-in £ > 0 and vy, . .., vg are the gates that precede it ordered

in such a way that a(v1) < --- < a(vy,), we consider b(v) = f € B. If f is
a k — ary function, then

valy(A) =ger f(valy, (A),. .. valy, (A))
Otherwise, f is a family of Boolean functions, and we define

valy(A) =gep fF(valy, (A),. .., val, (A))




Appendix

Optimization problems

Many problems in EDA, particularly logic design problems, are dis-
crete in nature and can be stated as combinatorial optimization prob-
lems [Mic94]. For this reason, in this appendix we briefly introduce the
concepts in optimization theory we need for our approach to ALS and a
metaheuristic for multi-objective problems.

B.1 Combinatorial optimization

Informally, every time we have to choose a certain number of “parts”,
each from one set, in a way that maximizes a given criterion, we are
solving a combinatorial optimization problem. The definition we use is
from [BRO3].

Definition B.1. A combinatorial optimization problem P = (S, f) can be
defined by:

e a set of decision variables X = {z1,...,2n};
e variable domains D1, ..., Dy;

e constraints among variables;

e an objective function f to be maximized,

f:Dyx---xD,—>R
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The set
S ={s={(x1,v1),...,(xn,vn)} | vi € D; A s satisfies all constraints}
is the set of all feasible solutions, usually called search space.

From this definition, it’s clear that our objective is to find the “best”
element s* € S such an element is called a globally optimum solution, and
more than one may actually exist.

Definition B.2. A globally optimal solution to a combinatorial optimiza-
tion problem P = (S, f) is an element s* € S such that

f(s) < f(s)Vse S
The set of all globally optimal solutions is denoted with S*.

The same definitions, with minor modifications, apply to minimization
problems.

B.2 Multi-objective optimization

In many cases (such as the one of our interest) we’re not interested in
optimizing a single objective function, but two or more. For example, we
may want to realize a circuit that is both cheap and energy efficient.

That is, the objective in this case is to maximize a function

f: Dy x---x D, - RF

These kind of problems are called MOCO problems, and defining the
concept of a solution for them isn’t as straightforward because the differ-
ent objectives, can be constrasting, and the choice of a solution usually
happens to be a trade-off. Intuitively, we’d like to concentrate on the “best
options” for solutions. A possible way to characterize the set of our best
options is to introduce the concept of Pareto front [Lukl3| of our search
space.

Definition B.3. For a given Multi-Objective Combinatory Optimization
(MOCO) problem P = (S,f) and two feasible solutions s1, sy € S we say
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that s; Pareto dominates so, and we write s1 < so, iff
(fi(sl) > fl(Sl) Vie {0, RN k—l})/\(EI h e {0, e /{—1}: fh(sl) > fh(SQ))

The definition means that sq is “at-least as good as” s w.r.t. all con-
sidered criteria, and better w.r.t. at least one. If we can’t find another
feasible solution that dominates the one we’re looking at, then it belongs
to the Pareto front.

Definition B.4. The Pareto non-dominated front (or simply the Pareto
front) for a given problem P = (S, f) is the subset S* of elements of S that
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are non-dominated, that is

S*={secS|Ps5#s€8:5<s}

B.2.1 Multi-objective simulated annealing

The simulated annealing algorithm [KGV83|, sometimes called Metropo-
lis algorithm, is a metaheuristic that can be adapted to solve a number of
optimization problem.

Intuitively, it’s based on the physical metaphor of the annealing process
of solids: in order to obtain a matter configuration without defects, it has
to be first heated to its melting point, then the temperature is slowly
lowered and a long time is spent at temperatures near the freezing point.

In a similar fashion, we minimize by simulated annealing by consider-
ing the objective function as a sort of “energy” function of a system, and
perturbating iteratively our current solution. Initially, a temperature pa-
rameter of the algorithm is high and even solutions that increments the
energy of the solution are accepted: this enables the algorithm to escape
local minima; then, as the temperature lowers, the probability to accept
a solution that increments energy decrease, and all state transitions are
bound to make the solution better.

The AMOSA algorithm [Ban+08c| is a simulated-annealing based multi-
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objective optimization algorithm, that instead of keeping track and modi-
fying a single solution, builds an estimate of the Pareto front of the feasible
solution set of the problem by keeping track of an archive of the best en-
countered solutions.

Assume that at a given temperature 7', the algorithm is in state ¢; a
new state s is then created as a random perturbation in a neighborhood
of ¢, and it’s with probability

1

—(E(q,T)=E(s,T))
T

Py =
1+e

where the function E(s,T) is an energy function that is evaluated as a
function of the objective.

The pseudocode of the algorithm is presented in Figure B.4. The con-
cept of amount of domination can be defined in many ways; the simples
method, used in [Ban+08c|, is to define it as a volume. As an example,
consider the case of Figure B.3 where f = {f1,f2} and f; and f2 have val-
ues in [0, 1]; for solutions A, B, we define

Adomqgp = [fi(a) = f1(b)|[f1(b) — f2(b)]
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Algorithm AMOSA
Set Tmax, Tmin, HL, SL, iter, o, temp=Tmax.
Initialize the Archive.
current-pt = random(Archive). /* randomly chosen solution from the Archive*/
while (temp > Tmin)
for (i=0; i< iter; i++)

new-pt=perturb(current-pt).

Check the domination status of new-pt and current-pt.

/* Code for different cases */

if (current-pt dominates new-pr) /* Case 1*/

k
(E o lAdom‘ new— p£)+Ada7"(.urr=nt pt.new—pt
Adomavg =

/* k=total-no-of points in the Amluve Wh.lCh dominate new- pl k>0.%
Prob= {1 R domama ey -
Set new-pt as current-pt with probability=prob
if (current-pt and new-pt are non-dominating to each other) /* Case 2*/
Check the domination status of new-pt and points in the Archive.
if (new-pt is dommated by k (k >1) points in the Archive) /* Case 2(a)*/
prob=

1+£:p(Adoma‘,g vtemp) *
k

| Adom; new—pt)
Adoma, = Dic " )

Set new-pt as current-pt with probability=prob.
if (new-pt is non-dominating w.r.t all the points in the Archive) /* Case 2(b)*/
Set new-pt as current-pt and add new-pt to the Archive.
if Archive-size > SL
Cluster Archive to HL number of clusters.
if (new-pt dominates k, (k >1) points of the Archive) /* Case 2(c)*/
Set new-pt as current-pt and add it to the Archive.
Remove all the k dominated points from the Archive.
if (new-pt dominates current-pt) /* Case 3 */
Check the domination status of new-pt and points in the Archive.
if (new-pt is dominated by k (k >1) points in the Archive) /* Case 3(a)*/
Adommin = minimum of the difference of domination amounts between the new-pt
and the k points
Prob= T Adom)
Set point of the archive which corresponds to Adom,in as current-pt with probability=prob
else set new-pt as current-pt.
if (new-pt is non-dominating with respect to the points in the Archive) /* Case 3(b) */
Set new-pt as the current-pt and add it to the Archive.
if current-pt is in the Archive, remove it from the Archive.
else if Archive-size> SL.
Cluster Archive to HL number of clusters.
if (new-pt dominates k other points in the Archive ) /* Case 3(c)*/
Set new-pt as current-pt and add it to the Archive.
Remove all the k dominated points from the Archive.
End for
temp= cxtemp.
End while
if Archive-size > SL
Cluster Archive to HL number of clusters.

Figure B.4. The AMOSA algorithm (from [Ban+08c|)
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Tools

C.1 Yosys

The Yosys Open Synthesis Suite [Wolb] is a framework for Verilog RTL
synthesis.

It provides a number of front-ends, notably Verilog-2005 (with partial
support for SystemVerilog), and corresponding backends; it can be used
for synthesis and mapping, with support for ASIC standard cell libraries
in Liberty format and some FPGA technologies, including Xilinx 7 Series.

It also provides S AT-based formal methods for checking properties and
equivalence.

The Yosys manual [Wola] provides extensive documentation on design
principles, usage and extension programming. In this section, we provide
a number of simple usage cases.

C.1.1 Yosys basics

Yosys can be controlled by directly entering commands at the prompt,
using synthesis script (simple text files that contain sequences of com-
mands) or using Tcl scripts.

The sequences of commands we’ll use can be adapted to be used in all
of these cases; of course, Tcl scripts can be used to realize more complex
synthesis scripts.
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Reading an RTL file

The RTL description for a 2-bit multiplier is saved to the file mult_2_bit

.SV.

// 2-bit multiplier

module mult_2_bit (
input logic [1:0] a,
output logic [3:0] o,
input logic [1:0] b
);

0 O U WD

9 logic andO1;
10 logic andl0;

11 logic andlil;

12 logic and0110;

13

14 assign and01 = a[0] & b[1];

15 assign and10 = al[1] & b[0];

16 assign andll = a[1] & b[1];

17 assign and0110 = and01 & andi10;
18

19 assign o[0] = al[0] & b[0];

20 assign o[1] = and01 ~ andl0;
21 assign o[2] = andll ~ and0110;
22 assign o[3] = andll & and0110;
23

24 endmodule

The following script reads the file, does some basic checks on the design
consistency and sets the module mult_2_bit as the top module:

1 read_verilog -sv mult_2_bit.sv
hierarchy -check -top mult_2_bit

Basic synthesis

The design can be mapped to the Yosys primitives using the following
script:

1 proc; opt; fsm; opt; memory; opt
2 techmap; opt
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mult_2_bit

Figure C.1. 2-bit multiplier

The first line isn’t actually required for a combinatorial-only design,
and is used to translate processes, FSMs and memory to basic cells. The
techmap command executes a simple technology mapping, using Verilog
descriptions of cells included in Yosys. The opt passes execute optimization
and cleanup of the design.

Generating schematics

The show command can be used, at any point, to graphically visualize
the mapped circuit; for example, Figure C.1 shows the design after reading
from file, and Figure C.2 after the synthesis script.

C.1.2 Technology mapping
Mapping to ASIC

The design can be mapped to ASIC, providing a cell library in Liberty
format; for example, using the demonstration library:

library (demo) {
cell (BUF) {
area: 6;
pin(A) { direction: input; }
pin(Y) { direction: output;
function: "A"; }
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mult_2_bit

Figure C.2. 2-bit multiplier after technology mapping

cell (NOT) {
area: 3;
pin(A) { direction:
pin(Y) { direction:
function:
}
cell (NAND) {
area: 4;
pin(A) { direction:
pin(B) { direction:
pin(Y) { direction:
function:
}
cell (NOR) {
area: 4;
pin(A) { direction:
pin(B) { direction:
pin(Y) { direction:
function:
}
cell (DFF) {
area: 18;

input;
output
IlA)ll;

input;
input;
output

}

}

}
}

>

U(A*B)?";

input;
input;
output

}
}

>

"(A+B),";

f£f(IQ, IQN) { clocked_on:
next_state:

pin(C) { direction:
clock:
pin(D) { direction:

input;
true;
input;

}

}

}
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pin(Q) { direction: output;
function: "IQ"; 1}
}
cell (DFFSR) {
area: 18;
f£("IQ", "IQN") { clocked_on: C;
next_state: D;
preset: S;
clear: R; }
pin(C) { direction: input;
clock: true; }
pin(D) { direction: input; }
pin(Q) { direction: output;
function: "IQ"; }
pin(S) direction: input; }
pin(R) { direction: input; }

-~

and the following script:

dfflibmap -liberty cmos_cells.lib
abc -liberty cmos_cells.lib;;
write_verilog mult_2_bit_synth.v

Note that Yosys will require a Verilog description, such as the following,
in order to be able to correctly interpret a synthesized Verilog file:

module BUF (A, Y);
input A;
output Y;
assign Y = A;
endmodule

module NOT(A, Y);
input A;
output Y;
assign Y = TA;
endmodule

module NAND(A, B, Y);
input A, B;
output Y;
assign Y = “(A & B);
endmodule
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module NOR(A, B, Y);
input A, B;
output Y;
assign Y = “(A | B);
endmodule

module DFF(C, D, Q);
input C, D;
output reg Q;
always @(posedge C)
Q <= D;
endmodule

module DFFSR(C, D, Q, S, R);

input C, D, S, R;
output reg Q;
always @(posedge C, posedge S, posedge R)
if (8)
Q <= 1’b1;
else if (R)
Q <= 1°b0;
else
Q <= D;
endmodule
An output from synthesis can be read with a script like the following:
read_verilog mult_2_bit_synth.v
read_verilog -1lib cmos_1lib.v

Mapping to Xilinx 7 Series FPGA

The design can be mapped to Xilinx 7 Series FPGA and written to disk
(for example, to be used for placement-and-routing using Xilinx tools),
with the following script:

synth_xilinx
write_verilog mult_2_bit_xilinx.v

The produced output, stripped from comments from the tool, is the
following:
module mult_2_bit(a, o, b);

input [1:0] a;

input [1:0] b;
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output [3:0] o;

LUT2 #(
.INIT(4°h8)
) _o_ (
.I0(alo0]),
.I1(b[0]),
.0(o[0])
)

LUT4 #(

.INIT(16°h7888)

) _1_ (
.Io(af[o0]),
.I1(b[1]),
.I2(al1]),
.I3(b[0]),
.0(o[1])

)

LUT4 #(

.INIT(16°h7000)

) _2_ (
.I0(b[0]),
.I1(a[0]),
.I2(al1]),
.I3(b[1]1),
.0(o[21)

)

LUT4 #(

.INIT(16°h8000)

) _3_ (
.I0(al0]1),
.I1(b[1]),
.I2(al1]),
.I3(b[0]),
.0(o[31)

)

endmodule
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C.1.3 Formal Methods

Yosys provides an additional front-end, SimbiYosys, for more complex
formal hardware verification flows. In this section, we provide only a simple
example that makes use of the basic Yosys tool.

Checking combinatory equivalence

In order to check the combinatorial equivalence of the synthesis out-
puts, the following script creates an equivalence miter and checks it using
a SAT solver:

1 read_verilog -sv mult_2_bit.sv
2 design -stash golden
3 read_verilog mult_2_bit_synth.v
4 design -stash gate
5 design -copy-from golden -as golden mult_2_bit
6 design -copy-from gate -as gate mult_2_bit
7 miter -equiv golden gate miter
8 hierarchy -check -top miter
9 flatten
10 sat -prove trigger O
The resulting miter is shown in Figure C.3 and the tool output is the
following:
1 Setting up SAT problem:
2 Final constraint equation: { } = { }
3 Imported 22 cells to SAT database.
4 Import proof-constraint: \trigger = 1°0
5 Final proof equation: \trigger = 1°0
6
7 Solving problem with 129 variables and 331 clauses..
8 SAT proof finished - no model found: SUCCESS!
9
10 /338888 /38833388 /3883388
11 /$$__ 88 | $$_____ / | $$__ 88
12 [ $3 \ $% | $$ I $8 \ $8
13 I $3 | $% | $3888 | 38 | $8%
14 I $3 | $% | $$__/ | $8 | $8%
15 | $3/8% $% | $$ I $8 | $8%
16 | 338838/ /381 $5338883 /831 3388338/ /88
17 N 888/ ___ VA Y/ VA v

18 \__/
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Figure C.3. 2-bit multiplier equivalence miter

C.2 Z3 SMT solver

SMT is the decision problem of the satisfiability of formulas with re-
spect to decidable background theories [BT18].

Z3 |DB08] is a solver for SMT problems that provides high level bind-
ings for general purpose programming languages and support for many
background theories, such as integers, reals, Booleans and bitvectors.

Extensive tutorials exist for Z3, such as [Bjo+18|.

C.2.1 A simple smt-lib example

Most of the commonly used SMT solvers, such as Z3 and Boolec-
tor [NPB15], can solve problems written in the smt-lib format [BST+10],
a symbolic expression based syntax [McC59| for encoding assertions and
instructions to the solver.

For example, the problem on the theories of Booleans and integers of
finding a function f : Z x {0,1} — Z such that f(z,1) < 100 when = > 10
and f(z,1) > 100 when z < 10 can be encoded as

(declare-const a Int)
(declare-const b Int)
(declare-fun f (Int Bool) Int)
(assert (> a 10))

(assert (< b 10))

(assert (< (f a true) 100))
(assert (> (f b true) 100))
(check-sat)
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(get-model)

and produces the following output from the solver

sat
(model

(define-fun b () Int
0)

(define-fun a () Int
11)

(define-fun f ((x!0 Int) (x!1 Bool)) Int
(ite (and (= x!0 11) (= x!'1 true)) O
(ite (and (= x!'0 0) (= x!'1 true)) 101

0)))
)

that reports that the problem is satisfiable and provides the model that’s
been found, i.e. a possible solution that satisfies the assertions.

C.2.2 Exact synthesis

The main motivating example for SMT solvers is the following Python
script that, given a function specification and optionally a maximum Ham-
ming distance, finds the size-optimum AIG that implements the function
and writes it to disk in AIGER format [BHW11].

import math
import sys

from z3 import x*
def truth_value(i, t):
if i ==
return O

return 1 if t % 2%xi >= 2**x(i-1) else O

def function_semantics_constraints():

ax = []
if (ax_degree == 0):
for t in range(len(fun_spec)):
slv.add(b[-11[t] == Xor(Not(out_p), bool(fun_spec
[t1)))
else:

for t in range(len(fun_spec)):
ax.append(Bool(’ax_{}’.format (t)))
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slv.add(ax[t] == Xor(b[-1]1[t], Xor(Not(out_p),
bool (fun_spec[t]))))
slv.add (AtMost (*xax, ax_degree))
if __name__ == ’__main__"’:
if (len(sys.argv) != 4):
exit ()
fun_spec = [0 if ¢ == ’0’ else 1 for c in reversed(sys.
argv [1])]
num_vars = math.ceil(math.log2(len(fun_spec)))
ax_degree = int(sys.argv[3])
assert 2*xnum_vars == len(fun_spec), "Incomplete

specification"

# Ent
slv =
b = [
for i
b
f

Inp
= [
[
L

T on e R
|

1]

# Fun
out_p
slv.p
funct

while
#
i
i
#

S

#
b
£

ries of the truth table
Solver ()
]
in range(num_vars + 1):
.append ([])

or t in range(len(fun_spec)):
bl[i].append (Bool (’b_{}_{}’.format (i, t)))
slv.add(b[i][t] == bool(truth_value(i, t)))
ut wvalues, AIG structure and polarity
(1, (1]
1, (1]
1, (11
ction semantics
= Bool(’p?)
ush ()
ion_semantics_constraints ()
slv.check() == unsat:
Update index
= len(b)
_gates = i - (num_vars + 1)
Drop old funmction semantics constraints
lv.pop )

Addd lists for t entries for gate <
.append ([1)
or ¢ in range (2):
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61 alc]l.append ([])

62

63 # Structure (mo cycles, order, polarity)

64 for ¢ in range(2):

65 s[c].append(Int(’s_{}_{}’.format(c, 1i)))

66 slv.add(s[cl[i_gates] < i, s[c]l[i_gates] >= 0)

67 plcl.append(Bool (’p_{}_{}’.format(c, i)))

68

69 slv.add(s[0] [i_gates] < s[1][i_gates])

70

71 for t in range(len(fun_spec)):

72 # AND functionality

73 b[i].append (Bool (’b_{}_{}’.format(i, t)))

74 for c¢c in range(2):

75 alc][i_gates].append(Bool(’a_{}_{}_{}’.format

(c, i, t)))

76 slv.add(b[i][t] == And(a[0][i_gates][t]l, al1]l[

i_gates][t]))

7

78 # Input connections

79 for j in range(i):

80 for ¢ in range(2):

81 slv.add(Implies(s[c]l[i_gates] == j, alcll
i_gates][t] == Xor(b[jl[t], Not(plcll
i_gates]))))

82

83 # Update function semantics

84 slv.push ()

85 function_semantics_constraints ()

86

87 num_gates = len(s[0])

88 print (’Satisfied with,{},gates’.format (num_gates))

89

90 # Write to AIGER text format

91 m = slv.model ()

92 # File output removed for brevity
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