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Abstract

This thesis develops a comprehensive and model-independent framework for studying static and
spherically symmetric black holes (BHs) subjected to deformations of the classical solutions. Cen-
tral to this construction is the Effective Metric Description (EMD), which parametrizes deviations
from classical geometries, such as Schwarzschild and Reissner—Nordstrom, through one or two
functions of a physical quantity, typically the proper distance from the event horizon. By defining
the deformation functions in terms of this physical quantity, the EMD ensures coordinate invariance
of the deformations and consistency with the classical symmetries of the spacetime.

We provide a systematic method to solve the self-consistency equations near the horizon via
series expansions, imposing regularity conditions that guarantee finite curvature scalars and a well-
defined Hawking temperature. To extend the applicability of the framework beyond the near-horizon
region, we introduce Padé approximants, allowing accurate computation of astrophysical observ-
ables, including the photon-sphere radius and the black hole shadow. Our results show that effective
expressions capture the leading corrections to these observables and can be directly compared with
experimental measurements, enabling model-independent constraints on the deformation functions.

The EMD framework is further generalized to incorporate charged black holes, yielding con-
sistent expressions for the Hawking temperature and clarifying the role of extremal configurations.
Additionally, we establish explicit mappings between EMDs based on other spacetime invariants
and other widely used parametrization schemes, such as Johannsen—Psaltis and Rezzolla—Zhidenko,
demonstrating the fundamental equivalence of these approaches and facilitating the translation of
quantum-gravity—inspired deformations across different frameworks. Applications to quasi nor-
mal modes in the eikonal limit and various regular black hole models illustrate the versatility and
predictive power of the framework.

Overall, this thesis provides a unified and flexible basis to study black hole spacetimes in classical
and quantum regimes. The formalism developed here not only advances theoretical understanding
but also bridges the gap to phenomenology, offering practical tools to confront upcoming high-
precision observations with predictions of quantum gravity and general relativity.
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1 Introduction

Black holes (BHs) are among the most intriguing and fundamental objects predicted by Einstein’s
theory of General Relativity (GR) [1-3]. Defined by regions of spacetime from which no signal
can escape, black holes provide a unique stage to probe gravitational physics in extreme regimes.
Classical solutions in GR, such as the Schwarzschild, Reissner—Nordstrom (RN), and Kerr black
holes, are characterized by only a few parameters: mass, charge, and angular momentum. This
simplicity, often encapsulated in the no-hair conjecture [4—12], belies the profound richness of
their physical and mathematical properties. For instance, RN and Kerr black holes exhibit inner
and outer horizons, whose coalescence defines an extremal configuration with vanishing surface
gravity [13—16]. Similarly, the Kerr solution introduces rotation, leading to frame-dragging effects
and a more intricate causal structure.

Astrophysical observations have now reached a level of accuracy that allows for the direct
probing of black hole properties. The Event Horizon Telescope (EHT) has provided unprecedented
imaging of the supermassive black holes M87* and Sgr A*, revealing their shadows and constraining
their mass and spin parameters [17-20]. Simultaneously, gravitational wave observatories, includ-
ing LIGO, Virgo, and KAGRA, have detected numerous BH binary mergers, providing detailed
information about their mass, spin distributions, and merger dynamics [21-23]. These observations
not only confirm the existence of black holes as predicted by GR but also open the door to prob-
ing potential deviations from classical solutions, thereby providing a unique window into physics
beyond GR and hints of quantum gravity effects.

Despite these advances, a fully consistent and predictive theory of quantum gravity remains
elusive. Consequently, understanding the modifications of black hole spacetimes due to quantum or
otherwise beyond-GR effects poses a significant challenge. Many approaches have been proposed,
ranging from concrete quantum gravity models to phenomenological modifications inspired by
symmetry or regularity principles. The resulting plethora of individual models [24—43] often
employ distinct metric deformations, making direct comparison with observational data and cross-
model generalization difficult [44].

To address this challenge, an Effective Metric Description (EMD) framework has been developed
[45-48]. The core idea is to construct a model-independent and systematic representation of black
hole deformations in terms of physical quantities, typically invariants of the spacetime geometry.
In the case of non-extremal, static, and spherically symmetric black holes, a natural choice for such
a quantity is the proper radial distance from the event horizon. For extremal black holes, where this
invariant is not well-defined, one can instead use the proper time for a free-falling observer to reach
the horizon.

In the EMD framework, the metric is expanded in a series around the horizon in terms of
these physical quantities. Regularity conditions, such as finiteness of the Hawking temperature




and curvature scalars, impose constraints on the coefficients of these expansions. These constraints
are coordinate-independent and provide universal conditions for physically admissible black hole
spacetimes [49, 50]. By formulating deformations in this manner, the EMD allows a coherent
description of a wide class of black holes, whether classical, regular, or quantum-deformed, in a
way that is both physically meaningful and well-defined.

Parameterizing observationally relevant quantities is central to the EMD’s applicability. The
black hole shadow, corresponding to the apparent shape of the photon capture region as seen by a
distant observer, probes the geometry near the photon sphere and provides relevant insights on the
spacetime structure. To this aim, the EMD went through deep improvements in order to connect
the near horizon parametrization with observables that lie at a finite distance from it. This was
eventually achieved by the employment of Padé approximants [51], which enjoy large applications
in very different fields [52-56]. The successful extension of the EMD to observables away from
the event horizon [49], sparkled the idea of applying such approach to other interesting physical
quantities, such as the orbital frequency and Lyapunov exponent of photon orbits which determine
the real and imaginary parts of quasi-normal mode (QNM) frequencies [57—01] in the eikonal limit
[62—-64]. As a result, the shadow radius and eikonal QNMs are tightly linked to the underlying
spacetime geometry and can be computed within the EMD framework to assess deviations from
classical predictions.

Many other parametrizations exist in the literature. Johannsen—Psaltis [65, 66] introduced a
quadrupole moment independent of mass and spin, facilitating tests of the no-hair theorem through
ISCO and lensing observations. Cardoso, Pani and Rico [67] extended this approach to include
additional parameters affecting both weak- and strong-field regimes. Rezzolla—Zhidenko [61, 68]
introduced a continued-fraction expansion for static, spherically symmetric spacetimes, providing
superior convergence properties compared to Taylor series. Our EMD framework complements
these approaches by focusing on invariants, series expansions near the horizon, and the connection
to directly observable quantities. Establishing a map between these frameworks allows a coherent
comparison of different parametrizations, revealing their respective strengths and limitations [69].

Several works have applied the EMD framework to explore different aspects of black hole
physics. Li et al. [70] analyzed timelike and lightlike geodesics in a quantum black hole described
within the EMD, studying the periapsis precession of bounded orbits and angular shadow size.
They found that quantum corrections enhance both the precession and the shadow relative to the
classical case, particularly for smaller black holes. Belfiglio et al. [71] investigated entanglement
entropy for a massive non-minimally coupled scalar field in several quantum black hole models,
showing a significant deviation from the classical area law near the origin, with convergence to
classical results at larger distances. D’Alise ez al. [50] explored positivity conditions and asymptotic
stress-energy tensors, demonstrating how physicality requirements constrain metric deformations,
with results applicable to both classical and quantum black holes.

Further extensions of the EMD framework have been applied to lower-dimensional models
and regular spacetimes. Damia Paciarini er al. [72] developed an EMD for 2+1-dimensional
BTZ black holes, computing effective metrics near the horizon, origin, and spatial infinity, while
deriving corrected Hawking temperatures. In [73], they systematically investigated regularity
conditions in spherically symmetric spacetimes, classifying cores based on asymptotic behavior and
ensuring geodesic completeness. Hohenegger [74] linked EMD expansion coefficients to observable
quantities via a gedankenexperiment, establishing a connection between metric deformations and
effective stress-energy tensors, and illustrated their approach using the Hayward spacetime.

These works collectively demonstrate the versatility of the EMD, highlighting its ability to:




Chapter 1. Introduction

* Capture universal features of black hole physics across models,
* Provide a systematic parametrization of quantum or regularized deformations,

* Enable computation of physically observable quantities such as Hawking temperature, shad-
ows, and geodesic precession in a model-independent fashion,

» Connect theoretical parameters to observable quantities measurable by external probes.

Moreover, modifications of near-horizon metrics can significantly affect gravitational wave
emission, particularly during the ringdown phase after perturbations. The EMD provides a practical
approach to compute these corrections systematically, enabling predictions for potential deviations
in future gravitational wave detections. By connecting these observables to series expansion
coefficients of the EMD, one can, in principle, constrain or measure quantum corrections using
astrophysical data.

This thesis aims to provide a unified view of model-independent black hole parametrizations,
with a particular focus on the EMD framework. We explore its construction, theoretical
consistency, and practical applications, while reviewing and extending its previous uses in the
literature. Special attention is given to physical observables, including shadows and eikonal
QNMs, and their sensitivity to quantum or regularized deformations. The EMD framework is
not merely a theoretical tool, but a bridge connecting fundamental black hole physics, quantum
gravity-inspired modifications, and observable astrophysical signatures. It provides a systematic,
physically meaningful, and model-independent approach to study the rich phenomenology of black
holes, paving the way for rigorous confrontation with current and future observations.

The thesis is organized as follows. Chapter 2 provides a review of classical black hole solutions,
introducing the key physical quantities of interest, such as the Hawking temperature, the black hole
shadow, and quasi-normal modes (QNMs). Chapter 3 introduces the Effective Metric Description
(EMD) framework. Building on [45, 46], we present the general idea of the approach, including the
self-consistency and regularity conditions of the solutions. The chapter then explores, following
[47], how EMDs formulated in terms of different physical quantities are connected, establishing
the robustness of the framework. Finally, based on [48], the generalization to charged black holes
is discussed, with particular attention to extremal configurations. In chapter 4, the approach
is tested on various black hole models. Chapter 5 extends the near-horizon parametrization
using Padé approximants and demonstrates their application to the computation of the black hole
shadow. Chapter 6, based on [69], compares EMDs near the horizon and at large distances with
other parametrizations in the literature, namely Johannsen—Psaltis and Rezzolla—Zhidenko, and
tests all frameworks by computing QNMs in the eikonal limit for different black hole models.
In the concluding chapter 7, we summarize the main results obtained throughout the thesis.
We emphasize how the EMD framework provides a consistent, model-independent approach to
describing quantum and classical deformations of black holes, including charged and extremal
configurations.

The conclusions highlight the versatility and robustness of EMDs, their connections to other
parametrizations, and the applicability of the framework to key observables such as the black
hole shadow and QNMs. Finally, we outline potential directions for future research, including the
extension of the EMD framework to rotating black holes, the study of interior black hole structures,
and the exploration of additional physical observables. These perspectives open the way to both




deeper theoretical insights into quantum gravity effects and potential applications to astrophysical
observations.

Throughout the thesis we adopt the geometric unit convention ¢ = Gy = 1.




2 Black hole spacetimes within
General Relativity

This chapter introduces the essential theoretical background of black hole physics forming the basis
of the effective metric description. We review the main BH solutions of general relativity (GR),
i.e. Schwarzschild, Reissner—Nordstrom, and briefly Kerr, highlighting their geometric structure,
causal properties, and the implications of the no-hair theorems. We then discuss key thermodynamic
aspects such as surface gravity, Hawking radiation, and the area law, which link gravity, quantum
theory, and thermodynamics. The chapter also examines light propagation and the formation of
the BH shadow, followed by an introduction to BH perturbations and their quasi-normal modes
(QNMs), which characterize the ringdown phase of gravitational-wave emission. Altogether, these
topics provide the conceptual and mathematical foundation for the effective metric framework
developed in the following chapters.

2.1 Black hole solutions in General Relativity

General Relativity is a dynamical theory of the spacetime, whose action in 4 dimensions is the
Einstein-Hilbert action. The total system action composed of matter and spacetime reads

Siot = Sen + S with  Sp = % d*xy=gR and S, = / d'xv=g Lm, Q.1
where g is the determinant of the metric tensor g, R is the Ricci scalar and .L,, is the matter
Lagrangian density. A possible additional term in Sgy is the cosmological constant A which models
the spacetime dynamics driven by the presence of dark energy in the system, which is appreciable
at cosmological scales and hence, we can neglect it in the action. Variation of the total action (2.1)
with respect to the metric tensor yields the second-order non-linear field equations

1
Ry — §R uv =81 Ty, 2.2)

notably known as the Einstein equations, where R, is the Ricci tensor obtained from the contraction
of the diagonal components of the Riemann curvature tensor R, = R’ upv> computed from g,
and T}, is the energy-momentum tensor defined by the matter Lagrangian density as

_ 2 08 Ln) 2.3)

Ty = =5 o5




2.1. Black hole solutions in General Relativity

This tensor acts as the source term in the Einstein equations (2.2), allowing us to distinguish between
vacuum and non-vacuum solutions.

2.1.1 Vacuum solutions

Firstly, let us examine the case of vacuum solution, namely we impose in Eq. (2.2) that
T,y =0, (2.4)

in some region of the spacetime. Typically, the choices that can be made depend on the type of
matter distribution and the most used is a spatially limited distribution and a vacuum exterior space.
Thus, in order to proceed with the solution of the field equations, which they now read

Ry =0, 2.5)

we have to impose the symmetries of the spacetime.

The Schwarzschild solution

The simplest case is the static and spherically symmetric spacetime, which is described in spherical
coordinates (¢, r, 6, ¢) by the following line element

ds? = —h(r)de® + £(r)"'dr? + r2d6? + r* sin® 0d? . (2.6)
The Ricci scalar in terms of f and / is'

D2 fO )R pR® 2(rf D+ f 1)

R . 2.8
2h? 2rh h r2 28
and the Kretschmann scalar is given by
K:=R,;, ,RCTH", (2.9
where R,,,,, = & » ARAG v 18 the fully covariant Riemann tensor.

Inserting such metric into the field equations (2.2) with the condition (2.4), and imposing the
asymptotic flatness as well as the weak field limit as boundary conditions, one obtains the noteworthy

Schwarzschild solution o
h(r) = f(r)=fs(r)=1-—, (2.10)

where M is the mass of the object at r = 0 sourcing the exterior gravitational field. The time-
independence and spherical symmetry of not a particular choice for symmetries of the exterior
gravitational field but are actually related to the uniqueness of the solution in light of the Birkhoff’s

From here on out the notation F (") is used to indicate the n-th derivative of a function F with respect to its argument.
For example, we define

2.7

£y = @) d e (l) - I"eky)

drn X dyn

y=1

The subscript g denotes the evaluation of a quantity at the horizon, which corresponds to taking r = rg, e.g. f lg") =
F (r =rm).
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theorem. The theorem states the Schwarzschild spacetime is the only spherically symmetric and
asymptotically flat solution to the Einstein equations in vacuum. Hence, even in the case of a
time-evolving matter distribution, for instance in a radially pulsating or collapsing spherical star,
the exterior region is described by the Schwarzschild metric.
Let us remark that the metric elements —g;,(r) = g} = 1 —2M /r have two singular points: the
first one is r = 0 where g;; — +co and g, — 0~. The second point is » = 2M where g;; — 0~ and
grr — +(—)oo (respectively when it is approach from (2M)* and (2M)~), however each singular
point has different nature. In order to investigate which point is properly a curvature singularity,
one has to construct the invariants of the Riemann curvature tensor. A naive example of such
an invariant would be the Ricci scalar in Eq. (2.8) but given the vacuum condition (2.4), and so
Eq. (2.5), it is identically vanishing. Alternatively, we can consider the Kretschmann scalar in
Eq. (2.9)

48M?

/6

which exhibits a pole only at r = 0. Hence, the singularity at r = 2M is called coordinate
singularity, because it can be removed with some appropriate coordinate transformations, for
example the Eddington-Finkelstein in-falling or out-going null coordinate sets. Nonetheless, the
surface at r = 2M has remarkable features. Considering the hypersurface

K= , @2.11)

YX=r-2M=0, (2.12)
the dual normal vector is given by the gradient
Ng =02, (2.13)

and whose norm is M
nan® = g%Pnang =g (8,£)* =1~ —. (2.14)

Hence, we can examine three cases:

* Any sphere with radius r > 2M is a collection of timelike points where signals can be
sent towards the origin r — 0 and the spatial infinity r — oo, hence they are all causally
connected.

* The spheres with radii » < 2M are spacelike, and any light signal is forced to converge
towards the origin, therefore any observer located in this region is unable to communicate
with observers at r > 2M .

* The 2-sphere r = 2M is a lightlike surface that separates the two causally disconnected
regions described above, therefore it is called the event horizon.

The same conclusions can be drawn from the investigation of the timelike Killing vector
(x"* =(1,0,0,0), (2.15)

which is such that the Lie derivative vanishes, e.g. L8, = 0:84, = 0, reflecting the time-
translational invariance of the metric (namely the assumption of staticity). A timelike Killing
horizon is defined as the collection of points where the norm (x’),(x")* = —fs(r) vanishes.
Hence, for the Schwarzschild spacetime the event horizon coincides with the timelike Killing
horizon. From these observations, the Schwarzschild solution is said to describe the geometry of a
black hole.




2.1. Black hole solutions in General Relativity

The Kerr solution

For the completeness of the review on the GR vacuum solutions, let us now examine the case
in which we relax the spherical symmetry of the spacetime and briefly introduce the metric of a
rotating black hole with mass M and angular momentum J, known as Kerr BH [75]. As an isolated
rotating object, we can find a coordinate frame in which we can align one axis along the conserved
angular momentum. The most commonly used coordinates are the Boyer-Lindquist coordinates
(t,r, 0, ) and the line element reads

2Mr

)
ds2=—(1— )d12+Zdr2+Zd92+

2Ma? aM
+ (r2+a2+ %sinzﬁ sin® 6 dg? — 2‘” sinfdrde . (2.16)

where a := J/M and we have introduced the auxiliary functions
Y=r’+d’cos’f and A=r’-2Mr+d>. (2.17)

We note the appearance of the cross term g;4 o a in the line element, which vanishes when the
angular momentum is switched off and the entire metric (2.16) reduces to the Schwarzschild one.
Rotation leads to two distinct surfaces of interest. The roots of A determine the inner and outer

horizons
YN vospy @.18)

The stationary limit surface is defined by g;; = 0, i.e.

Fergo(0) = M + VM? — a*cos? 6, (2.19)

which encloses the ergoregion, where no static observer can exist and the angular velocity of the
BH horizon is
St a

QH = = .
8¢¢ly=r, 2Mrs

(2.20)

The distinction between the ergoregion boundary and the horizon, rewo(6) > ry for 0 < 6 < m,
enables extraction of rotational energy, which is an important feature for the Penrose process [76, 77]
and for the effect of superradiance of fields around the BH [78-80].2
From Eq. (2.18), the existence of two real and distinct roots requires a < M ensuring that the
metric describes a rotating black hole. The limiting case a = M corresponds to an extremal Kerr
black hole, for which the inner and outer horizons coincide. If instead a > M, the function A has no
real roots and the curvature singularity at r = 0 becomes exposed to distant observers, resulting in
a naked singularity [81]. Such configurations would violate the cosmic censorship conjecture [82],
which posits the existence of an event horizon that shields singularities from the exterior universe.
Consequently, the bound
as<M, (2.21)

is enforced as a necessary condition for physically acceptable Kerr spacetimes.

2Kerr supports the superradiant scattering of classical scalar fields if the field frequency w is such that w < mQp
leading to amplification of waves with azimuthal number m. If the wave is trapped, a superradiant instability can arise,
constraining ultralight fields.
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2.1.2 Non-vacuum solutions

Before studying the presence of matter content in the system, we remark that the cosmological
constant A behaves like and effective geometrical source in vacuum Einstein equations, e.g. R, =
A guv, realizing the condition for Einstein spaces. The solution to such equations are known as de
Sitter (A > 0) or Anti-de Sitter (A < 0) which are maximally symmetric spaces.

While vacuum black holes already capture essential aspects of strong-gravity physics, realistic
astrophysical environments and fundamental interactions demand the inclusion of matter fields.
In this Section, we investigate the class of solutions in GR that are supported by electromagnetic
charges.

Reissner-Nordstrém black holes

The classical Reissner-Nordstrom (RN) geometry [13—15, 83] represents a static and spherical
solution to the Einstein field equations (2.2) in presence of an electromagnetic field. In the region
outside of the event horizon, the source term in the field equation reads

1 1
Ty = o F,"Fy, - Zgw,Fp(ero- , (2.22)

which is the energy-momentum tensor related to U(1) gauge vector field A¥, with F,, = -F,,, =
VuA, —V,A, being the field strength tensor, which is subject to the Maxwell equations in the
curved background as well as the Bianchi identity:

gp”VpF/lV =0 and V[#vaj =0. (223)

Here V, is the covariant derivative obtained through the metric g,,,. Assuming spherical symmetry
and time invariance, as in the metric (2.6), we notably obtain the Reissner-Nordstrom solution, that
takes the following form [84]:

2
hr) = fry=1-M Q_2 , (2.24)
r r

in which M is the mass of the black hole and Q2 = ¢ + m?, where ¢ and m are its electric and
magnetic charges respectively. We also remark that the limit Q — 0, leads to the Schwarzschild
space-time. On this metric, the solution to the electromagnetic field equations (2.23) are given by
the point-like charge Coulomb electric field and the magnetic monopole field

F
E,=Fy=2% and B =—2%_ =2, (2.25)
r’sin“@ r

Similarly as in the Kerr BH, we have two roots for the metric function

re=M+~M2-02, (2.26)

representing the inner and outer horizons. They are real and distinct if 0 < M, they coincide in the
case of Q = M giving an extremal RN BH and if Q > M we will have a naked singularity. However,
many studies has proven that the inner horizon (also known as a Cauchy horizon) is unstable under
perturbations [85-88].
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2.1.3 Uniqueness and the No-Hair Theorems

Within classical general relativity, the family of stationary, asymptotically flat black hole solutions
in four dimensions is remarkably restricted to the ones discussed above. According to the black
hole uniqueness theorems [5—7], any such solution of the Einstein-Maxwell equations is completely
characterized by only three global conserved quantities: mass M, angular momentum J, and electric
charge Q. This implies that, under reasonable physical assumptions (such as the presence of an
event horizon and the absence of naked singularities), the only admissible stationary black holes are
the Schwarzschild, Reissner—Nordstrom, and Kerr (or Kerr—-Newman in the charged and rotating
case) solutions. This simplicity is encapsulated in the no-hair theorem [4, 8—12], which states
that all higher multipole moments of the gravitational and electromagnetic fields are determined
by these three parameters alone. Consequently, any additional structure or deviation from these
metrics must arise from new physics beyond classical general relativity, such as modifications of
the gravitational action, coupling to non-linear matter fields, or quantum-gravity effects.

2.2 Black hole thermodynamics

We consider a static, spherically symmetric metric of the form in Eq. (2.6) and assume an non-
extremal event horizon at r = ry where h(rg) = f(rg) = 0. The surface gravity k associated with
the horizon generator (y’)* = 6#° can be defined geometrically by

W) V(X =k (X" on r=ry. (2.27)

Equivalently, for the metric (2.6) one obtains the convenient expression

1
P 5,/};2) A (2.28)

In most cases one has i(r) = f(r) which yields x = % I({l).

The Hawking temperature follows from the requirement of regularity of the Euclidean section
of the black-hole geometry. Introduce the Euclidean time with a Wick rotation T = it and expand
the metric (2.6) near the horizon. Let r = ry + dr with 6r < ry. To leading order

h(r) =~ hY 6r and  f(r) = £ or . (2.29)
Define a radial coordinate p by

or
p=2 |- = or="1rtp%. (2.30)
H

Substituting into the Euclidean metric gives, to leading order,

(1) #(1)
ds%zpz( = )d72+dp2+r§,d92. (2.31)

Using (2.28) this becomes the flat polar form

ds% = p?ide? +dp? +r,dQ* . (2.32)
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Absence of a conical singularity at p = 0 (the horizon) requires the Euclidean time 7 to be periodic
with period
2
g =L (2.33)

K

Interpreting S as the inverse temperature of the quantum field state regular on the horizon yields
the Hawking temperature [2, 89-92]

Ty = — = . (2.34)

For the Schwarzschild, Reissner-Nordstrom and Kerr metrics we have that the respective tempera-
tures read

TSchw — 1 TRN — VMZ ~ Q2 and TKerr — VM?* — a?
f 8xM " 2n(M +\M? — 0?%)? ! 2 | (M +VM? - a2 2+a2]
(2.35)

showing that the temperatures decrease with increasing mass, implying that large astrophysical
BHs are extremely cold.

Bekenstein first proposed that BHs possess an entropy proportional to the area of their event
horizon [91, 93, 94], leading to the Bekenstein—Hawking entropy

A
SpH = TH , (2.36)

where Ap is the event horizon area measured in units of the Planck length ¢p. This entropy—area
relation establishes BHs as the most entropic objects for a given mass.
These results complete the analogy between BH mechanics and standard thermodynamics:

* The surface gravity plays the role of temperature.
* The horizon area plays the role of entropy.
* The ADM mass serves as internal energy.

and culminate in the first law of BH thermodynamics
dM =Ty dS + Qy dJ + ®y dQ, (2.37)

holding for the most general stationary BH with angular momentum J and electric charge Q, whose
conjugate variables are respectively the angular velocity at the horizon Qg and the scalar potential
at the horizon ®g. Notably, for static neutral and non-rotating BHs, one can read the entropy as

M
S = / d— s (2.38)
Tu

which, for the Schwarzschild case in Eq. (2.35), yields the Bekenstein-Hawking entropy (2.36)
S =4nM>.

In the context of the AAS/CFT correspondence [43, 95-100], the Bekenstein—Hawking area law
finds a natural realization in the Ryu—Takayanagi prescription [101, 102]. There, the von Neumann

11



2.3. Spherically symmetric black hole shadow

entropy (also called entanglement entropy) of a quantum subsystem in the boundary conformal field
theory (CFT) is given by the area of an extremal codimension-two surface in the bulk spacetime,

_ Area(ya)
= 2 ,
where 4 is the minimal surface homologous to the boundary region A. This result establishes
a direct link between quantum entanglement and spacetime geometry, providing a microscopic
interpretation of the gravitational entropy and reproducing the area law as a manifestation of
boundary entanglement.

Several approaches to quantum gravity, however, predict logarithmic corrections to the en-
tropy—area law [103—113]. In a complementary direction, the seminal work by Jacobson [114—116]
interpreted the Einstein field equations as an equation of state: by requiring that the Clausius
relation 6Q = T 6S hold for all local Rindler horizons, one can recover the Einstein equations as
a thermodynamic consistency condition. This thermodynamics-of-spacetime viewpoint suggests
that gravity may emerge from microscopic degrees of freedom whose coarse-grained behaviour is
encoded by horizon thermodynamics. The program of quantum phenomenological gravitational
dynamics [117-119] extends this insight by investigating how modifications of the entropy—area
relation affect the gravitational field equations and the dynamics of spacetime.

Quantum emission implies BHs are not eternally stable: they lose mass via Hawking radiation
and eventually evaporate. This process raises deep questions regarding information conservation
and the microscopic origin of BH entropy. For extremal configurations (Q = M for RN anda = M
for Kerr) the temperatures in Eq. (2.35) vanish implying that the BH does not emit thermal radiation,
reaching a state that is known as remnant, which is speculated to be the possible endpoint of the
evolution of a BH that would preserve information [120-122]. Altogether, Hawking radiation
and the entropy—area law establish BHs as legitimate thermodynamic systems, bridging general
relativity, quantum theory, and statistical mechanics.

SEE (2.39)

2.3 Spherically symmetric black hole shadow

Let us now examine the dynamics of point-like particles around spherical and static back-
ground (2.6). The Lagrangian of a free uncharged particle reads
1 dxH dx” _u
T
where x* is the coordinate of the particle, 1 is an affine parameter and u = +1, 0, —1 respectively
for space-like (tachyons), light-like (or null) and time-like (massive) particles and comes from
the normalization of the four-velocity u# = dx*/dA. It is remarkable that the symmetries of the

spacetime become also symmetries of the particle’s motion. We can see it by writing out the
Lagrangian (2.40) and, for convenience, set on the equatorial plane 6 = /2

2 2 9 2
h(r) (dt 1 dr re (de
=- —| + — | +==] . 241

£ 2 (d/l) 2f(r) (d/l) 2 (d/l 241)
We see that the Lagrangian does not depend on the time coordinate ¢ and azimuthal angle ¢, hence
their conjugate momenta p, and p,, are constants of motion

oL dr dr E

Pti=m=—h(r)afff —>a=—m,

(2.40)

(2.42a)




Chapter 2. Black hole spacetimes within General Relativity

= = =7 -~ == 2.42b
Pe = 8@y """ T AT 2 (2.42b)
where we have defined the total energy of the particle £ and the angular momentum L as conserved
quantities. Using the relations (2.42a) and (2.42b) into the Lagrangian in Eq. (2.40), we obtain

EX 1 (dr)® L?
_h(r)+f(r) (—) +r—2:u, (2.43)
which can be re-arranged in the form
dr f(r)
(&) =55 o) e

Dividing both members by (2.42b) for u = 0, we have the radial equation of massless particles in
the geometry (2.6)

dr 2
1| with b:=LJE, 2.45
(dso) 210 (55 / (249
where b is the impact parameter. Equation (2.45) can be read as a one-dimensional energy
conservation law [123, 124] in the sense (dr/d¢g)? + Veg = 0, with the effective potential V. given
by the right hand side in (2.45). The particle follows a circular orbit (i.e. with r = rps =const.) for
(rps, b) that satisfy

d?r
2

dVerr _ ar &
R

Veg=0 and =0 such that
de

=0, (2.46)

r=Tps

It is convenient to re-formulate the problem in terms of the minimal radius distance r;, of a massless
particle on a general open trajectory [123—125] (see Figure 2.1), such that (2.45) becomes [126]

dr U(Fmin)? . > h(r)
(d¢) rfr )( Uiy —1) ; with U =—75- (2.47)

where the new effective potential satisfies U(rpin) = b~!. Furthermore, the inclination angle a
measured by a static observer located at a (large) radial distance rqps is [123, 127-129]

1 d 2
— such that sin @ = JUobs)” (2.48)
Vr2f(r) d¢

U(r min)2 '
from which we can obtain the angular aperture of the black hole shadow as an observer-dependent
quantity

cota =

¥=robs

sin? agh = Ul(robs)?b, with  bgy i= U(rps) ™" (2.49)
Here by, is usually called the radius of the black hole shadow [123] and, as before, rp is the radius
of the photon sphere, which is computed from (2.46). Using the potential in (2.47), the latter
condition becomes
dU?(r)
dr

r'=rps

=0 = rpsh(rps) = 2h(rps) (2.50)

In principle, there may be more than one solution to this equation, allowing for the presence of
several photon rings, some of which are stable (around which photons oscillate) and some unstable
(towards which photons spiral) [130]. However, following [131] and [132], we expect at least one
local maximum for the effective potential U outside of the event horizon.
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Figure 2.1: Observer-dependent inclination angle @ and the minimal radial distance ry;, for a
photon on an open trajectory around the black hole. The impact parameter b is measured by an
observer at the (large) distance rops. The red circle rps represents the photon ring (i.e. a circular
orbit for massless particles around the black hole).

2.4 Quasi-Normal Modes

Perturbations of BH spacetimes play a central role in probing their stability and dynamical proper-
ties. When a BH is perturbed, the spacetime geometry responds by emitting gravitational radiation
that carries information about its intrinsic properties such as mass, charge, and angular momen-
tum and eventually settles back to equilibrium. The intermediate stage of this relaxation process is
characterized by a discrete set of damped oscillations known as quasi-normal modes (QNMs) [133—
138]. These modes are intrinsic to the black hole itself and depend solely on its parameters (mass,
charge, angular momentum), being independent of the details of the perturbation.

The analysis of perturbations around a static, spherically symmetric metric can be traced back
to the seminal work of Regge and Wheeler [139], who studied the stability of the Schwarzschild
geometry under odd-parity (axial) perturbations. Later, Zerilli [140] extended this analysis to
even-parity (polar) perturbations, deriving the corresponding effective potential and wave equation.

Consider a generic field perturbation W(t,r, 8, ¢) of spin s (s = 0, 1, 2 respectively for scalar,
electromagnetic and gravitational perturbations) on a static, spherically symmetric background
of the form as in Eq. (2.6). After decomposing the perturbation into spherical harmonics and
separating variables

W(t,r,0,0) = ) e—iw"”"T(r)SY;“(e, 0). 2.51)
€20

the linearized response of the BH to such perturbations is governed by a one-dimensional
Schrodinger-like equation for the radial component o (r) [136, 138-141]

d>y,
drwz + [0 = Ves(n]ye =0, (2.52)

*

where 7, is the tortoise coordinate defined by dr./dr = \/=g,r/g: = \f(r)/h(r), and Vs (r) is
an effective potential determined by the background metric, the multipole moment £ and the spin s
of the perturbation.

14
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The quasi-normal modes correspond to the solutions of Eq. (2.52) satisfying the boundary
conditions of purely ingoing waves at the event horizon and purely outgoing waves at spatial infinity
(or at the cosmological horizon in de Sitter backgrounds):

e7ior |y, — —oo (r>rpy),
(2.53)

etwr - r, — 400 (r - ).

These boundary conditions quantize the complex frequency spectrum w = wg + iwy, where wg
governs the oscillation frequency and w; < 0 describes the damping rate due to energy loss through
gravitational radiation.

The QNM spectrum encodes the linear response of the spacetime and provides a characteristic
ringdown signal in gravitational-wave observations [142, 143]. In particular, the detection of
ringdown frequencies allows one to test the no-hair theorem by verifying that the observed modes
are consistent with those predicted for a Kerr black hole [144]. Moreover, deviations from the
general-relativistic spectrum may signal the presence of new physics, such as quantum-gravity
corrections, extra dimensions, or modified theories of gravity [145—-147].

Analytically, QNMs can be computed using various approximation methods such as the Péschl-
Teller potential [148], the WKB expansion [149—152], continued fractions [137, 153], or numerical
integration of the wavelike equations [135, 154].

2.4.1 Eikonal limit

In the semiclassical eikonal limit (namely the limit of large angular momentum ¢ > 1) or high
overtones, the spectrum exhibits universal scaling properties closely linked to the structure of the
effective potential barrier and, in the eikonal limit, to the properties of unstable null geodesics near
the photon sphere [155, 156]. In this limit, the QNM frequency reads

1
One =QC—i (n + 5) 1, (2.54)

where n € N is the overtone number, € is the orbital frequency of light rays at the photon-sphere
radius rps, and A is the Lyapunov exponent [63].

The eikonal limit establishes a correspondence between the QNMs and the properties of the
photon sphere, under the following two criteria [60]: (i) the perturbation potential is positive definite
(to avoid instabilities), single peaked, and decays to zero at the boundaries; and (i) the perturbation
is a test scalar field or other field minimally coupled to gravity. This implies that the eikonal QNMs
associated with gravitational perturbations may not, in general, be directly related to the properties
of the unstable photon orbit. For this reason, we will restrict our analysis to perturbations of test
scalar and electromagnetic fields.

Given a static and spherically symmetric spacetime in Eq. (2.6), the photon dynamics can be
described using the effective potential U defined in Eq. (2.47). The radius, orbital frequency [77],
and Lyapunov exponent of the photon sphere are then given by [63]°

Tps &1 (Fps) = 2 810 (7ps) » (2.55a)
Q= U(rps) = —gf;ir) , (2.55b)
r=rps

3Note the change of the metric signature with respect to eqs. (35), (37), and (40) reported in Ref. [63].
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RS

B _Zgrr (rps) dr? r=rps

) (2.55¢)

respectively. We note that Q is closely related to the radius of the BH shadow through by, :=
U(rps) ' = Q71 [123]°

Altogether, quasi-normal modes represent the “spectroscopic fingerprint” of black holes, en-
coding information about their geometry and offering a unique observational window into the
strong-field regime of gravity.

4In Ref. [63], the authors use a different potential V;- () instead of U2 (r).




3 The Effective Metric
Description

This chapter is based on and extends the results presented in [45-48], where the Effective Metric
Deformation (EMD) framework was first introduced and applied to static, spherically symmetric
spacetimes. Building on those foundations, we further develop the formalism by constructing the
proper-distance EMD and exploring its mapping to curvature-based schemes such as the Ricci and
Kretschmann EMDs. The final sections are devoted to the EMD for charged BHs, including the
analysis of the extremal limit and the introduction of a proper-time EMD suited for dynamical
observers.

3.1 Definitions and Review

This Section serves the purpose of illustrating what is the Effective Metric Description (EMD) and
how it is used to describe (quantum) deformed Schwarzschild black holes.

The staring point is the metric of a spherically symmetric and static black hole of mass M
written in terms of the Schwarzschild coordinates (¢, 7, 8, )

2
ds? = —h(r)ds® + 8L 2007 4 2 sin? 0dg? (3.1)
f(r)
where v ®
h(ry=1-— with f(r)=1-—. (3.2)
r r

where ¥ and @ parametrize deformations of the Schwarzschild encoding corrections due to physical
effects beyond GR, either classical or quantum in nature.

In order to describe a black hole, it is assumed that the metric functions 4(r) and f(r) possess a
simple zero at some finite radius rg > 0, corresponding to the position of the (outer) event horizon.
In the following, Eq. (3.1) will be considered only for » > rp, where both i(r) and f(r) are taken
to be positive definite.

To ensure the regularity of the geometry and its derivatives in the vicinity of the horizon, the
metric functions can be expanded in Taylor series around r = rg as

(n) g
F) =) e =) k()= ) e (r =) (3.3)

nx1 ’ nx1
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These expansions make explicit that the first derivatives fIEII) and hg) are finite and non-vanishing,
thereby guaranteeing a regular and non-degenerate horizon.

Then we require that the geometry is asymptotically flat. Concretely, one assumes that the
geometry approaches the Schwarzschild metric (with mass parameter M) for very large distances
from the origin

lim W(r) =2M = rli_)rrolo D(r) . (34)

r—00

Furthermore, in order for coordinate transformations of the undeformed space-time to be also
realized in the deformed case, we demand that ¥ and @ are invariant quantities. This can be
achieved by writing them as functions of a physical quantity, for which in [45, 157] the proper
distance from the origin was proposed.’
An Effective Metric Description is largely determined by identifying the latter with a physical
quantity X, which is invariant under reparameterization and which is a monotonic function of the
Schwarzschild coordinate ». Hence, we can denote the deformation functions as ¥(X) and &%)
when they are parametrized in terms of a physical quantity X. °

To formalize the discussion, an EMD for describing a (quantum) deformed spherically sym-
metric and static black hole is characterized by the following set of quantities:

(i) a defining physical quantity X. The symbol X is mostly used to loosely label the EMD,
e.g. the EMD outlined below is simply called the distance-EMD. Furthermore, additional
(normalisation) condition(s) may be required that supplement (and sharpen) the definition of
the physical quantity: these can act as boundary conditions for the self-consistency condition
(point (iii) below), or are related to the classical limit (in which the metric deformation
is switched off). In the example of the distance EMD, this condition is the convention to
measure the distance from the horizon of the black hole i.e. p(rg) = 0 as well as the choice
of the sign v = +1 in (3.14) (which allows for the recovery of the Schwarzschild geometry in
the limit &, — 0Vn > 1).

(ii) a set of free parameters which are used to deform the functions % and f in the metric (3.1).
More concretely, one typically refers to the expansion coefficients of ¥(*) and ®() close to
the horizon (as e.g. in (3.7)).

(iii) a self-consistency equation which encodes how X is computed from the metric. This
equation usually takes the form of a (non-linear) differential equation (see (3.6) in the case
of the distance EMD).

Once the EMD has been defined, physical quantities related to the black hole geometry, can be
computed in terms of the free parameters. For example, as we will show in Sec. 3.2.2, the Hawking
temperature (cf. Sec. 2.2) can be parametrized as’

1 df l+w

= — = , 35
4 dr|,.- 8nry (3-5)

Ty
rH
that is indeed only a function of ry and @ (or equivalently &p»), which will be defined in the
following Section.

'0ne can choose a more general geodesic distance to prove a Taylor theorem for general tensor calculus shown in
[158-160]. However, as mentioned in these works, explicit computations become rapidly involved.

2The (slightly abusive) notation ¥(X) () and @) () will be used to signify ¥(*) (X ()) and @) (X (r)). Further-
more, since the goal is to compare EMDs defined by different physical quantities, various different deformation functions
will be introduced and the superscript (X') simply serves as a naming convention.

3This expression takes into account that here we only consider a single metric deformation function k = f.
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Figure 3.1: Since the proper distance from the horizon p can be the only physically and unambiguous
quantity that an observer measures, one should relate such observable to the shape of the spacetime.
Given two models of deforming the spacetime (©; and @), we have that in the Schwarzschild
coordinates, in order to obtain the same physical distance p, one has to evaluate each model in each
own corresponding value of r (namely r; and ;). The advantage of parameterizing the deformations
in the proper distance (such as in this case), is that the ambiguity about the position with respect to
the black hole, at which one performs experiments and measurements, is lifted and the coefficients
that appear in the expansions can be readily read off from the observational point of view.

The motivation for introducing the Effective Metric Deformation lies in the need for a coordinate-
independent and physically transparent way to parametrize deviations from classical spacetimes.
In conventional approaches, metric deformations are expressed as functions of coordinate variables
such as the Schwarzschild radius r, which, although geometrically convenient, lack diffeomorphism-
invariant meaning. The functional form ®(r) is not preserved under coordinate transformations,
while only ®(X), with X an invariant scalar constructed from the spacetime, is truly physical. This
issue becomes critical when defining the notion of smallness of a deformation, as what appears
small in one coordinate system may not be so in another. The EMD framework addresses this
by parametrizing metric deformations directly in terms of observable and invariant quantities,
ensuring that both the expansion coefficients and the definition of proximity to the classical theory
are physically meaningful and coordinate-independent.

In spherical symmetry, the areal radius r already provides an invariant definition, related to the
quadratic Casimir of the rotation group and to the Misner-Sharp mass, making it a useful testing
ground for the formalism. However, from an operational point of view, observables such as the
proper distance from the horizon offer a more direct and measurable way to quantify deviations,
free from coordinate ambiguities. The EMD thus provides a general and flexible framework in
which quantum or phenomenological corrections to black hole geometries can be encoded in
terms of physically interpretable, observer-independent quantities, offering a robust bridge between
theoretical parametrizations and measurable effects, which is a property sought after by other QG
approaches [161].
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3.2 The proper distance EMD

To explain the framework in more detail, as in the references [45, 46], the physical quantity is
chosen to be the proper distance p measured from the horizon of the black hole, i.e. ®®)(r). In
writing f(r) in (3.1), we implicitly understand p to be a (monotonic) function of the Schwarzschild
coordinate r, which is fixed through the first order differential equation

do _ 1 _(_@¥(p)
dr \/7 ( r
This differential equation is non-linear, since the right hand side through ® () is also a function of
the distance p. The surface gravity and the Ricci scalar are fundamental quantities that must be
well-defined at and near the horizon (cf. Sec. 2.2), while here we give the definition of the Ricci
scalar as a geometric quantity, which directly follows from Eq. (3.1): it is a scalar quantity which
appears in the equation of motion of the gravitational field (i.e. the Einstein equations). Therefore,
its regularity (notably at the horizon) in the deformed metric ensures that in the deformed case no
additional singularities arise beyond the classical ones. We mainly focus on the finiteness of the

Ricci scalar defined in eq (2.8) at the horizon but, in some examples, we shall also examine the
behavior of the Kretschmann scalar in eq. (2.9).

-1/2
) with p(rg)=0. (3.6)

In [46] two equivalent approaches were proposed to find regularity conditions of the curvature
scalars at the horizon and solve Eq. (3.6) in a self-consistent way. The first method uses an
exponential definition of the deformation function and used the Taylor expansions in Egs.(3.3) to
find regularity of the first and second derivatives at the horizon. In this thesis, the second approach,
which is based on self-consist methods, will be discussed, in light of the further applications of
such parametrization. To solve Eq. (3.6) in a self-consistent fashion as a series expansion close to
the horizon, the following series expansions are defined

R n i n
WO (p) =g +2M Y 6, (ﬁ) and ©)(p) = ry +2M Y &, (ﬁ) R
n=0 n=0

such that the deformation of the classical Schwarzschild geometry is fully encoded in rg and the
real dimensionless parameters {6,,, &, }nen,- The series in (3.7) is assumed to have a non-vanishing
radius of convergence (see [158—160] where a Taylor theorem for more general tensor calculus,
based on (various) geodesic distances, was developed).

3.2.1 Solving the distance function

Series expansion of the radial coordinate

Using the expansion (3.7) allows to express the distance p as a function of the Schwarzschild
coordinate r and vice-versa

r-ru )"/2 (3.8)

_ N P! N
r(p)=ry +2MZan (m) and p(r) = 2anz;bn ( M

n=1
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We can solve for the coefficients a,, in terms of the &, by inserting the series on the left of Eq. (3.8)
into the differential equation (3.6), that we write in the form

| dr\?
dp
We can expand the square of the series using the Cauchy product of two series as shown in the

Appendix A.1.2, then use again the Cauchy product to expand the left-hand side in series of p while
the right-hand side is expanded as in Eq. (3.7). Thus, we have

r(p) = 0¥ (p). (3.9)

p+l
ru (1—a)*+ Z 2M(1 - al)ap ry Z m(p —m+2)amap_ma+
p=1 m=1
-1 n+l o \P »
oM Z > m(n=m+2)ap paman-me (ZM) —ru +2MZ§,, ( M) . (3.10)
n=1 m=1 p=
Identifying the coefficients order by order for p € {0, 1,2} leads to
errH(l—af), (3.11a)
2
& =(0-aha _%alaz, (3.11b)
& =(1-d)a; - %’(3611613 +24d2) - 4d’a; . 3.11¢)
The first of these equations requires a; = 0, which implies that £&; = 0. The last equation becomes
2
&H = (1 - %az) as, (3.12)

which is solved for

M(1
4= MOk e J1- T H e and vl (3.13)
47‘H M

The choice of the sign parameter v = +1 picks the solution that is smoothly connected to the
Schwarzschild case when turning off the deformation parameter, i.e. when &, — 0. Moreover, the
requirement for @ to be real imposes an upper bound on &, < M /8ry. Equating the remaining
powers of (p/2M)?, for p > 3, Eq. (3.10) becomes a recursive equation, which allows to express
ap in terms of &, and the a, with g < p:

fp"'rH/ZM Zp3(p_n+2)nanap n+2+zn = Zn 2(n—m+2)map n m An—m+2

@ = 1-2prygax/M
(3.14)
The coefficients b, in Eq. (3.8) follow from inversion of the series (3.8) *
1 -1 n-1
bi=—5, by = -2 b, = Lﬂdet(M,,) Vn>3. (3.15)
a, 2a; 2n=l'nla)

4Notice that for & < , the coefficient a; # 0.

—Sr
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3.2. The proper distance EMD

where M,, is a (n — 1) X (n — 1) matrix explicitly written as

nd 1 0 0 0 0 0 0 0
4nl (n+2)g 2 0 0 0 0 0 0
1211% (4n+4)2t (n+4)% 3 0 0 0 0 0
32t (12n+8)% (4n+8)% (n+6)% 4 0 0 0 0
80022 (320 + 16) % (12n+16) % (@n+12)% (n+8)2 5 0 0 0
My = : : : : Do :
2klnea 2K2((k — Dn+2) %t 2K ((k - 2)n +4) 5k oo (e2MhHe ke 0
2" 3p(n - 2) : : : : R : - n-2
2”’2}1("—1)% 2"*3(,,(,1,2“2)% T (n+2,,,2),‘%
(3.16)
Concretely, we find for the first few coefficients with n > 3
b Sag —daray 3arazags — Zag - a§a5
3= ) 4 = ’
7/2 5
8(12 2612
231a? - 504ara2as + 224a2azas + 112a2a% — 64a3ae
be = 3 3 2 2% 2 (3.17)
5= 13/2 :
129a,
Remarkably, expanding the above expressions, one finds that
2n—1 1 [4M (l+@
pn-tpmt MA@ g
bap-1 = +bop-1(£2, .-+ €an2) Vn>2, (3.18)

M1 (1 + @) ((n-1) +nw)

where notably bon-1 is independent of &y for k > n. For completeness, in Appendix A.2 we
analyze the impact of &; # 0.

3.2.2 Metric functions and curvature scalars

In the previous Subsection, the differential equation (3.9) was solved assuming an integer series
expansion of the radial coordinate r as a function of the distance (from the event horizon) p. In this
Subsection, this result is used to compute the Ricci scalar.

Using (3.7) and (3.8), as well as the following expansion (see App. A.1.1)

2M (2Ma?-ayr
. Do=$7 131=—2¢4—f17 Pz=w,
1 p\" ) H H
= b (—) . with (3.19)
r(p) n=0 M 2M a)p M wp-1
Pp=—"3" ~ Yoy Pnap-n, VYp =3,

(with ag = rg) we can express the metric functions as power series in p

k
k
f=1- () D Pubicus Vo20, (320)
0 n=0

00 P
(L) Pn i and h=1-
=0 M n=0

o)

k k

which reads explicitly to leading orders

ar—=& o, az—§& 3 4
= s 3.21
f iy © T aaeey * +0(p") (3.21a)
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Chapter 3. The Effective Metric Description

O ar—0y 5 (a3 —63)ry +ax0;
raC T My 4M?r?,

h= P> +0(pY) . (3.21b)

We can equivalently write these as expansions in (r — rg)

azér — ax&;3

a —& 3/2 2
L P - - , 322
R (r—rm)+ M) 2(ay) 2y (r=ru)”’"+0((r—ru)?) (3.22a)
M 243 + a3y — 2ax0
=Dy RO TR OG-, (3220)
rg N az 2“% g

which shows certain similarities with the Taylor series expansions in Eq. (3.3), but also some
differences: on the one hand, comparing the expansion for the function f in Eq. (3.22a) with the
first in Eq. (3.3), we can read off the first derivative at the horizon in terms of the parameters

ar—& —day = M(1 +w)

=oM £ (3.23)
arrg 'H

On the other hand, (3.222) contains a term of order (r — rg)3/? (and (3.212) a term of order p?),
which is absent in (3.3). Indeed (3.222) is not an integer series expansion and therefore more general
than (3.3). Similarly, (since the condition #; = 0 is not imposed), the function / even starts from a
term (r —rg)'/? in (3.22b) (order p in (3.21b)), which is absent in the second equation in Eq. (3.3).
The series from Eqs. (3.7) and (3.20) are therefore more general than the Taylor expansion inr —rgy
in Eq. (3.3). However, it is notable that for generic values of &3 and 6; one has

lim f?(r) - o0, and lim AV (r) > . (3.24)
rorg rory
Indeed, the finiteness of the derivatives of the metric functions at the horizon was not the initial
assumption and in the next Subsubsection the absence of a physical curvature singularity instead
as a more general condition shall be imposed. Before doing so, however, it is stressed that the
conditions for the absence of the singularities (3.24) from (3.22a) and (3.22b) can be deduced in a
straightforward manner:

6, =0, and azér = axés, and azfr = a6; . (3.25)

Using Eq. (3.14), the second of these relations implies

M(1+w) + 2{"2

- 2
bn 13w 870 (3.26)

which has as only solution &3 = 0, which further implies a3 = 0 and so, from the third relation in
(3.25), yields 63 = 0. Notice that the conditions

&1=6=01=05=0, 3.27)

which guarantee existence of the first and second derivative of f and h for r = rgy (which are
necessary for the expansions in Eq. (3.3)). The upper bound &, < M /8ry was already obtained
previously to guarantee reality of @ in Eq. (3.13).
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3.2. The proper distance EMD

Ricci scalar and Hawking temperature

Next, the Ricci scalar is considered, however, for simplicity, we shall work out its series expansions
only to leading order. Moreover, we shall start out by only assuming &; = 0 (which is required for
the consistent expansion (3.22)), but the remaining conditions in (3.27) shall not be assumed. Let
us notably first consider the case of 8; # 0. Inserting (3.22a) and (3.22b) into the Ricci scalar in
Eq. (2.8), we obtain the following series expansion (for r > rg)

— 242 + a0, - 2a20,) (ay —
R= 22 §2(r_rH),|+( 5 +azt 202)(as — &)

= r=re) " +0((r-re)?) . (3.28)
8aer 8 VZMCZ;/ZQ]FH

Using (3.14) the coeflicient of the leading term becomes

ar=& _ V1 -=8rgé& /M

8arry 8ry

) (3.29)

which is non-vanishing for all values of &, < M /8ry and therefore signals a curvature singularity
at the event horizon. To avoid the latter, we now impose 6; = 0, which also leads to a well defined
derivative h;}):

—0
ph) =22 (3.30)
aryg

Moreover, the condition 6; = 0 also changes the series expansion in (3.28), which now becomes

. V2ifru(1+ @) ((1 +3@)65 + 2&3)

MA(1+3w)(1 + @ — 4rp 6,/ M)

(r=re) "2 +0((r=rp)?) . (3.31)

We have furthermore verified that the singularity of R at » = rgy cannot be removed if 1 + @ —
4ry6,/M = 0 and we, therefore, require 6, # a.” In this case, the necessary condition for
regularity of R at the horizon is (1 + 3w@)03 + 2¢3 = 0. We have verified that under the same
condition also the Kretschmann scalar is finite at the horizon. To summarize, the consistency
conditions for the approach outlined in Section 3.2.1, the conditions for the absence of a singularity
of the Ricci scalar, and the bounds for positive metric functions f and 4 for r > rpg are therefore

1 M M(1
&=0, 6,=0, §3=—§(1+3w)93, £ < — 92<M- (3.32)

8r H ’ 4r H

We further remark that the series coefficients (3.14) and (3.15) along with the expansions (3.20)
allow to compute the (finite) value of R at the horizon. While the general form is rather complicated,
here we only give the expression in the particular case f = h (i.e. £, =0, Vn > 1) with&) =& =0

B (1 —wz)(ZMag —ryag) N &

|r=rH -

3.3 2
8r oL Mrya;
B (1 -w)(33a* + 14w + 2w - 1) N 24ry &4 (3.33)
16r2,@3(1 +2w) M3(1+w)(1+2@) '
5This condition is compatible with 6, < MA(‘ler) which guarantees that hg) > 01in (3.30). The latter is necessary such

that h(r) > O for r > rg (with a simple zero at r = rg).
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Chapter 3. The Effective Metric Description

which we shall use in the examples in Chapter 4.
Before closing this Section, we also provide the expression for the Hawking temperature

[ (1), (1
T f;,)hg) \/l+w—8rH6?2/M
H= = .
Ar

4\/§7T7‘H

(3.34)

The upper bound on 6, in (3.32) guarantees that Ty > 0. Indeed, Ty = 0 would require flfll) =0

and/or hg) = 0, which translate into a; = & and a; = 6, respectively. The former has no real
solution, while the latter leads to a singularity of the Ricci scalar at the horizon. We remark,

however, that black hole solutions with 7y = 0 are possible upon choosing the solution with v = —1
.. _ M(-w) -
giving ay = —;—=in Eq. (3.13).

3.2.3 Regular higher order derivatives

In the previous subsections we have derived the conditions (3.32) by assuming that the first and
second derivatives of the metric functions f and / are finite at the horizon rg. In this subsection,
we explore further conditions that stem from assuming that also higher derivatives (i.e. beyond the
second) are finite. For simplicity, we shall focus on the function f, while the same considerations

also apply to h. Concretely, let N € N and let us assume that all derivatives ff(lk) fork e {1,...,N}
at r = ry are finite. This allows us to go beyond the second order in Eq. (3.3) and write
N (k) dkf
f@ =) =) +O((r =)™, with 0. — (3.35)
k! H drk | ..

Distance function

We can truncate the series for the proper distance p in series of r — rg in Eq. (3.8) at order N

2N -1
p= 3 bir=rm*?+0 (0 -rmV) (3.36)
k=1

Note that the coefficients by of this series are re-scaled by absorbing some powers of 2M and they
can be found as the solutions of the differential equation (3.6) up to order N, which we re-write in

the form
dr 2 1
— | =—. 3.37
(dp) 7o) 43D

The right-hand side of this equation has a simple pole at r = ry and we can write the Laurent series
expansion

N-2
= Z b (r=r)" +O((r —rp)V™") with €, €R. (3.38)

m=-1

L
f(r)

Multiplying both sides of this equation by (r — rg) and taking the limit r — rg, we find for the

leading coefficient £_; = 1/ fg). To extract the remaining coefficients, we consider the relation

d 1 _ 1 df
& D= 70 o

(3.39)

25



3.2. The proper distance EMD

and expand both sides in powers of (r — rg). Comparing order by order (see Appendix A.1) we
then find

@) @)
f‘ H

50: 2f(1) :_z(f(l))Z’

P B (VA VY "Z kS~ Iilfﬁ_kﬂf;}‘) l<pen-2

P (e fD (p+2)! —k+Dl & k=D | T :
(3.40)

which fixes the coeflicients ¢, iteratively (in terms of the f (")) Inserting (3.38) into (3.37), we find
the following recursive structure for the coeflicients b,

2
by =2+t = Tl) , by =0,
b, = (2s+3)b1 [f i M bpbrs_nsa| if p=25+3¢€Nyq,
’ o —n(ZS ) b b if p=25+2¢€Nyq,

3<p<2N-1,

(s+1)b1
(3.41)

which allows to fix them iteratively in terms of the fl(;’). Since by = 0, the recursive structure in
(3.41) implies that bog = 0 for s € {1, ..., N —2}. For the odd coefficients, we find for the first few
instances (for sufficiently large N)

o) (2) g(f(z))2 Sf(l)f(3)
= —5 by = (1) , bs = o . (3.42)
(fg 2 6(f )32 240(fy, )32

These results are indeed compatible with the expressions in Egs. (3.17).

Conditions for the regularity of higher derivatives f™

The results of the previous subsection can be used to derive necessary conditions for the function
®¥) such that the first N derivatives of the function f (with respect to r) are finite, which is
required for (3.35). Assuming an expansion of the latter of the form (3.7) (rescaling the coefficients
&n = 2M) ¢, and &) = ry), we have with (3.36)

2N 2N-1
fry=1- —an (Z b (r—rH)"/z) +0((r=rm)") , (3.43)
k=1

which is only a function of r. Due to the fact that this expression contains half-integer powers of
(r — rg), derivatives of f can contain negative powers unless certain conditions for the coefficients
&, are satisfied. To understand these conditions, we first re-write the summation in eq. (3.43),
taking into account that by =0 for s € {1,...,N — 2}

| & N-1 2m
f(r)=1- " Zé"zm(" -rg)" (Z bogsr (r —VH)k)
m=0 k=0
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Chapter 3. The Effective Metric Description

| N N-1 2m~—1
N (Z bat (r = rH)k“/Z) +O(r=rmV) . (44
m=1 k=0

Re-writing the above result by expressing the Cauchy product with the expansion of 1/r in power
seriesinr —rg
110 (="

= r—ru )”+O((r—r )N“) (3.45)
r VH =0 rH

it is clear that the terms in the first line of (3.44) contain no half-integer powers of r — rg and thus
cannot contribute to singularities of derivatives of f at r = ry. The terms in the second line of
(3.44), however, contain terms that lead to negative powers of r — ry for derivatives of f. The
conditions to eliminate these singular terms for all f7; ) for k € {1,..., N} are therefore

&1 =0 Vne{l,...,N}. (3.46)

To see this, let s € {1,..., N} and assume that &1 # 0, while &5, =0Vm € {1,...,s—1}. In

this case, £ has a singularity of the form (r — rg)~'/2
Byt Ly 2 0 - )
. —(2;; DY s 6257 (r = r) 2 4 O((r = r)") (3.47)
Absence of this singular contribution therefore requires &>5-1 = 0. Generalizing the procedure for

N — oo, similar conclusions can be drawn for the function ¥® in /i, which read
602,41 =0 with VneNp. (3.48)

Using these conditions into the recursive relation in Eq. (3.14) and repeat the procedure for
Eq. (3.15), we have that
ams1 =0=0by, with neNy. (3.49)

3.2.4 Conditions for regularity at inner horizons

The sufficient conditions summarized in Eq. (3.32) at the end of Section 3.2.2 for regularity of
the Ricci tensor at rg, have been derived assuming that the latter is the position of the outer
horizon: notably, we have assumed in various instances that f(r) > O for r > ry. Generalized
Schwarzschild BHs, however, may have further horizons, (for example, the BHs with regularized
cores [24, 26, 32, 157, 162]) which are characterized by a vanishing of the function f(r) in (3.1),
such that the derivative of the distance (3.6) diverges. The latter can (in the same way as discussed
in Section 3.2.2) lead to curvature singularities that are physically not acceptable. Assuming that
the metric functions & and f are of the form

p(d) )
h=1-—— and f=1- , (3.50)
r r
where the full proper distance d is defined as
dd 1
_— =, (3.51)
dr Lf(rl
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3.3. EMD redefinitions

and the presence of an inner horizon, therefore, puts further conditions on the functions ® and V.
We can obtain these conditions by straightforwardly generalizing the discussion of Section 3.2.2.
Here we shall briefly sketch them, assuming a black hole with f = &k and two (simple) horizons
atrg . (with rg . > rH,,).(‘ At r = rg _, one can introduce the series expansion analogous to
Eq. (3.7) as

O =y 4 2MZ§,, ( 2@) , (3.52)

where ( is the the proper distance from the inner event horizon rgy . The solution of the series
expansion of £(r) (or equivalently of r({)) in power series of r — r — from Eq. (3.51), leads to the
condition 31 = 0 which makes the first derivative of f regular at ry _. Investigating the regularity
of the second derivative through the Ricci scalar, one finds that £; = 0, in complete analogy with
the conditions summarized in Eqs. (3.32) for the external horizon.

3.3 EMD redefinitions

Before discussing EMDs based on different physical quantities (that is curvature scalars rather than
the physical distance), we shall first consider EMD redefinitions, in which the physical quantity X
is replaced by simple functions of it: indeed, consider the starting point

00

X (X) = Zx,, X" with X, €R Vn >0, (3.53)
n=0

which we assume to have finite radius of convergence X, and replace X bya continuous, monotonic
function of X, which we denote o : [0,X.] — R. Then we define X = o (X), along with the
deformation function

(o)

o (X) = > E X" with T, €ER Yn>0. (3.54)
n=0

A very simple example of this idea was already used in [50], where a physical distance shifted by a
constant was considered, i.e. X = 07(X) = X + ¢ for ¢ € R. In this case, the two sets of coefficients
{*n}nen, and {X, }nen, are related

> 3 Xg( C)t’ n
; ),’ Z O VneN.  (3.55)

Notice that in this case, any single x,, depends on infinitely many of the {X,; },>, and vice-versa.
In order to describe the relation between (3.53) and (3.54) for a more general function o, we
assume that the latter can be expanded

><l

o(X) = Z o X, with or €R, (3.56)

SHere rH ,+ is understood to be the position of the outer horizon, which we denote by rg throughout the remainder of
this thesis.
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Chapter 3. The Effective Metric Description

which has a radius of convergence X/ > X..” By demanding ®*) (X) = ey (X)

o™ (X) = iz,, (i o XK

n=0 k=1

n

=0 (X), (3.57)

and using (A.7) in Appendix A.l, we obtain the following relation

X0 =X0, X1 =01X1,

n—{, [p72_[pfl [pfl
R op

(n—l’])! ...(fp_z—fp_1)!fp_1! ’

nlo

m
Xm =0Om f1 + X, 3.58
p
p=2  0sCp_y<l, p<..<fy<n

l‘l+“.+['p_1:pfn

This identification is a linear relation, which expresses x,,, as a linear combination of finitely many
X, with n < m. Formally, this relation can be written as a linear transformation with an infinite

dimensional lower triangular matrix

X0 1 0 0 0 0 0 %o
x| 0 o 0 0 0 0 X
x2 0 o of 0 0 0 X
x3 [=| 0 o3 20107 o? 0 0 % |, (3.59)
X4 0 oa 0'22 + 20103 30'120'2 ot 0o ... X4
X5 0 o5 2(0104+0303) 3(0 0'22 + 0-120-3) 40-130-2 0-15 - Xs

Combining (3.55) with (3.59) allows to describe more general EMD redefinitions.

3.4 Ricci Scalar EMD

Let us note that the most general static space-time metric compatible with spherical symmetry is not
considered here yet, but to streamline the discussion, a family of metrics, parametrized by a single
function ®X) of a single argument, are examined. In this Section we shall discuss a new EMD that
is not based on the physical distance to the black hole (horizon), but instead to the Ricci scalar.
Indeed, outside of the horizon of the black hole, the latter is expected to be a monotonic function
of the Schwarzschild coordinate r. Here we shall first discuss how to define such deformations
in a self-consistent fashion and then explain how such descriptions can be linked to the distance
EMD that we have reviewed in the previous Section.

P

7Since (3.55) already describes the relation for a shift by a constant, we have assumed oy = 0. Furthermore, in the
following we shall implicitly assume o # 0.
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3.4. Ricci Scalar EMD

3.4.1 Definition of the EMD

To define the Ricci scalar EMD, we shall use for the deformation of the metric (3.1)) a function
®R) of the Ricci scalar:

(3.60)

oy 1= @RREY

As before, we consider the outer horizon of the black hole to be located at r = rg, such that

f(ru) = 0. The Ricci scalar R is fixed in terms of the metric function in the following manner”

2 do® 1 2o®)
2 dr +; dr?

R(F) = (2 2f —4rf - 2f") - , (3.61)
which is a second order, non-linear differential equation for R as a function of the Schwarzschild
coordinate r. Solving (3.61) in general in the regime r > rg is a difficult task and we limit ourselves
to studying a series expansion in the vicinity of the horizon. Concretely, we define the following
series expansions

o0 (o) R
o®(R)=2M )’ % R", and R(r) = =2 (r=rp)", (3.62)
. n:
n=0 n=0

which we assume to have a non-zero radius of convergence for » > rgy. Notice that the sets of
expansion coefficients {gn }nen, and {R, }nen, play very different roles: the {gq,} implicitly define
the function ®®) and are therefore external input parameters that define the metric deformation.
They are therefore part of the free parameters that define the Ricci scalar EMD. The coefficients
{R,,} are a priori not free, but instead fixed by (3.61) in terms of the {q, }. However, since (3.61)is a
second order differential equation, its general solution depends on two further (unfixed) parameters.
Thus, in order to fully describe the Ricci scalar EMD, we first need to understand how to parametrise
this freedom.
First of all, the condition of the horizon being located at rg (i.e. f(rgy) = 0) imposes

N 4 oy = TH
Z:;) , = (3.63)

Furthermore, the expansion of R in (3.62) allows to expand ®®) in terms of the Schwarzschild
coordinate

QD(R)(r) = ZMZ % (Z % (r — I"H)k) = ZMZTP (I" - }"H)p . (364)
n=0 " \k=0 "~ p=0

This series can be developed in the following form (see Appendix A.l for a discussion on the
technical details of expanding powers of series)

o e S 550 SN () o () )

£1=0 £,=0

8n this work, primes denote derivatives with respect to the Schwarzschild coordinate . Furthermore we have used the

R R
shorthand notation dclzi( ) - d‘g; ) ‘3115 and similarly for the second derivative.
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3
X (B2)" (= ri) 4E ¥ L O((r = )P (3.65)

such that we can read off the coefficients

)

'H
=) T (R)" = 2
2M
n=0
- Cpo1-C 14
w o (5] ) (1)

, Vp>1. (3.66)
R R CE VI (PR S TR (A S T

L+ +..+lp=p

Furthermore, using the expansions
1 (-1 1 (-D"(n+1)
Z n+1 =), and Z T (r—ra)", (3.67)

we can further expand the two terms on the right hand-side of eq. (3.61) by using the Cauchy
product of two series

1 dq><R> (-D*(n+1)(p+1-n)

r =2M Z(r -r )P Z ,H_z Tp+l-n » (3.68)

| Lot p R D (pr2-m(p+1-n)

oz M Z(" ~rH) Z e Tpiron . (3.69)
P= H

Combining these results, (3.61) can be expanded in powers of (r — rg)

Z_ (r—ru)? —ZMZ(V—FH)pZ = [2rH(”+1)(p+1_n)T1’” n

n+2
p= P TH

+(p+2-n)(p+1-n)Tpu-n|, (3.70)

such that, by comparing order by order, we find

Rp o (=1)"

— = 2M Z — [Z(n +D)(p+1-n)tpri—n+ru(p+2-n)(p+1-n) ‘rp+2_n] . (371
p: n=0 rlrfl

To understand this relation, we recall that the 7, in (3.66) are functions of the coefficients {g,}

and {R,}. Therefore, a priori (3.71) allows to express the latter in terms of the former. Concretely,

however, (3.71) can be seen as a recursive equation that allows to express iteratively the {R, },,>2 in

terms of {Ro, R1,gn>0}- To see this, we re-write the second equation of (3.66) in the form

qn Ry~

= f;), Z o T Ros o Ryt ) (372)
where T“ﬂ’zR is notably independent of Ry 12
P2 T L o ey (= CT (O =816y = ) (3.73)

b1+l 4. L1 =PH2
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3.4. Ricci Scalar EMD

Therefore (3.71) is a linear equation in R 4> that allows to express it in terms of R, with p” < p+2
and {qn}

o rap! [R,, 2M(p+2)(p+1) Lsub R
p+2 — YR

+
— 2
o qu(I; ! p' ryg P+
2Alzk—l (k-1)!

4MZ( 1)”(n+2§p+1—n) _— n_2MZ( ™( p+2n+}f)(p+1—n)
"H

Tp+2—-n
(3.74)

Thus, we can choose as the free parameters to describe this EMD the parameters Ry, Ry and
{gn}nen,- The discussion so far is summarised in Figure 3.2, which formalises the definition of the
Ricci scalar EMD to describe (quantum) deformations of a spherically symmetric and static black
hole. Notice that this EMD a priori gives a different description of the black hole deformation as
the distance EMD discussed in the previous Section. Moreover, given the different sets of input
parameters (i.e. {&n}nen, for the distance EMD and (R, R;, {g,}) for the Ricci scalar EMD) it
is not clear whether these two descriptions are equivalent. In the following Subsection we shall
therefore discuss how to connect the two EMDs, that is, we shall try to formulate relations among
the two sets of parameters that lead to identical deformations and therefore the same geometry.’

3.4.2 Relation to the Distance EMD

Our strategy in relating the distance EMD to the Ricci scalar EMD s to identify the deformation
functions, i.e. ®®) = ®®) This can for example be achieved by expanding both functions in
the Schwarzschild coordinate and identify the coefficients 7, (as defined in (3.64)) order by order.
However, a major technical complication on the Ricci scalar side is the fact that 7, for fixed p
generally depends on all {g, }ew,. We therefore first slightly re-define the Ricci scalar EMD before
relating it to the distance EMD.

Redefinition of the Ricci Scalar EMD

We may slightly re-define the Ricci scalar EMD by choosing as physical quantity R(r) := R(r) - Ry.
Since Ry is a constant (namely the value of the Ricci scalar at the horizon), Risa physical quantity
and (outside of the horizon) a monotonic function of . We thus consider the expansion of the
modified deformation function

00~ o)

_ o - R,
R —oy S I g and R(r) = Z =) (3.75)
n=0 n! n=1 n

Following the same logic as explained in Section 3.3 (see (3.55)), the coeflicients g, in (3.62) and
the g, in (3.75) can be related through

" Gn (“Ro)" P
Z = ‘;)' , and Z(n_ . (3.76)

n=p

9Notice that we shall impose that the two deformations are indeed identical. We shall not discuss the much more general
possibility of the two space-times described by these deformations being equivalent and related to one another through
coordinate transformations.
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Furthermore, the identification (3.76) allows to write

o ®(R)=2M 3 1, (r = ru)? . (3.77)
p=0
with the same coeflicients 7, as in (3.64). Concretely, we find the following form for 7, as a
function of {g, }nen, and {Ry }nen

T =40-

a (&)n—& (&)fl—fz ( Ry i )fp_z—t’p_l (R_P)gp—l
n 1! 21 “e _(p—l)! p!

i 2 Vp>1. (3.78)
P ()gfp_lﬁ..ASI’ISnSp (n - gl)‘ (fl - 52)‘ “en (fp_z — fp_l)!fp_l! p

41 +€2+...+[p71+n:p

Inserting this relation in the self-consistency relation (3.71) leads to a recursive relation that fixes
R, for n > 2 in terms of Ry, R and {qy }nen,:

. & n f] & fp 1 fp Rp+l P
R rup! [Rp 2M(p+2)(p+1) qn \ T <\l (p+D)!
)= ey v A
P oM | p! rH 0tpe S enepin (n=0) ... (Lp—1 = Ep)lEp!
L1 +0+.. Lptn=p+2
=D"(n+D(p+1-n) =D"(p+2-n)(p+1-n)
4MZ n+2 Tp+i-n _ZMZ ph+l Tp+2-n| -
H

(3.79)

Together with (3.78) this solution allows to express the coefficients 7, in the expansion of the

deformation function (3.77) in terms of Ry, R; and {q, }nen,. For the 794 we obtain
~ R 7 Rory Ry - Ri - Ro-ruR
T9=qo, T|= , T = -4, m=—g - —,
0 =40 1 191 2= I - q1 3 r% q1 oM
Ry 1 q1 Riruqs
w=——-——(r; +12M —+ — | - — . 3.80
T 192 M3G, (ry a0 - (24M | 48Mg, (3-80)

The form of 74 suggests that the coefficients 7, for n > 4 are more complicated, however, we remark
that (3.78) implies that they depend linearly on g,_» in the following fashion

RIri Gu-a +R(RORLL G Go3) Vn > 4 (3.81)
2M}’l! »qvl Tn 0’ ]7‘107~~»Qn—3 9 n— b .

Ty =—

sub-R :

where ;) is independent of g, -2.
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EMD identification

To relate the (redefined) Ricci scalar- and distance- EMD, we next identify the deformation functions
@) in (3.7) with ®®) in (3.75)
oW =37, (r—rp)? =0® (3.82)
p=0
To this end we express the coeflicients 7, in terms of {£2, },en, using the result of the previous Sec-

tion and taking into account the full regular function at the horizon with the conditions (3.46), (3.48)
and (3.49)

TO:é:O’ leé‘:zb%’
@)l 2" B0 b b
v Z 2n—)!(b -6 ... (€ YA Vp=2. (3.83)
0slp_y<...50<2n<2p @n—-)!(6 -0 ... (Cp—2 = Cp-1)'Ep—1!

n+ly+h+.. 4, _1=p

Using (3.15) to express the coefficients {b7;,—1 }nen in terms of the {as, -2 }en and (3.14) to express

the latter in terms of {£2,-2 }nen, we find for the coefficients 7y, 3 of (3.83)
8rués 4¢,  64r2(1+@(3+2w) +8ruér)és
T0:§0’ T =7, = 3 s
l+@ 142w (1+w@)3(1+2w)
128077, &6 409617, (7 + 8w)&7 L (549w + 657y
3

- (1+ )22 +3w) * 1+@)3(1+2w)2+3w) (+@)(1+2w)%2+3w)
(1+@)*(1 - 3w +2w?)

. 3.84
8r2 (1 +2w)2(2+3w) G589
The general form (3.18) of the coeflicients by, implies
23p P 8&Hr .
i Laln 1) &ap + 30 (€0, E2pa) (3.85)

P Urayp (+o)(p-1) +po)

where T;,Ub'p is independent of & for k > p + 1. Identifying (3.81) with (3.85) allows to relate

the coefficients {&2,}nen, t0 (Ro, R, {@n}nen,). Concretely, identifying 7o, 3 gives relations
between (&g, &2, &4, &6) and (Ro, R1, go, ¢1), which are explicitly given in Appendix A.3. Once
these parameters are fixed, the identification of 7,54 (i.e. (3.81) and (3.85)) is a linear relation
relating &, and ¢, —», which therefore allows to completely express the distance EMD in terms of
the Ricci-scalar EMD and vice versa. Notice that this identification also allows to write physical
quantities unambiguously in either EMD. For example, the Hawking temperature in the distance
scheme (3.5) can be given more generally in terms of 1y ; as follows
1-2M 1
Ty = ———. 3.86
H 8t M 1) ( )
Using (3.66) and (3.80) we can therefore write the Hawking temperature in terms of the free
parameters of the Ricci-scalar EMD
co 4n Ry .
. 1=2MR 2,5, Gmnr _ 1-2MRiq, 387
H — m - — . .
8TM Y amRy 8tMqy

m=0 m!
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Chapter 3. The Effective Metric Description

Before closing this Section, we briefly remark that the condition &, < rMH for the coefficient &
in the distance EMD is automatically satisfied in the Ricci scalar EMD. Indeed, for any value of

g1 R eR, & < % is automatically satisfied in (A.27).

3.5 Kretschmann Scalar EMD

3.5.1 Definition of the EMD

Following the example of the Ricci scalar, we can define further EMDs based on other curvature
scalars. As an example of a second-order curvature invariant, we shall consider the Kretschmann
scalar [163], which in terms of the Riemann tensor R*,,, is defined as K = R,,Vp,lR”"p’l, and
define the deformed metric function

)

f(r)=1 (3.88)

The Kretschmann scalar is related to the deformation function through the following differential
equation

K(2) = ri4 (4 —8f+Af2 142 () +r4(f")2)

2 (K))2 4 (K)\\2
:rz_zld_((d’i))Jrr_(i(ldq’K))l, (3.89)

dr? r 2 \dr \r2 dr

Following the example of (3.62), in order to solve this self-consistency relation, we expand the
function v(K) as
[ee) (o] K
&) (K)=2M Sn gn and K(z)= > =% (r=rn)", (3.90)
n! n!
n=0 n=0
where the coefficients {s, }»en, are external input parameters that define the EMD. We choose them
in such a way to satisfy the normalisation condition ), %Kg = 5. As we shall explain, the
coeflicients {K,, },,cn, are a priori not all independent, but related to the {s, },en, via (3.89). To
study these dependencies, we expand ®X) in the Schwarzschild coordinate'’

oKV (K(r) =2M ) 7, (r = rm)” (3.91)
p=0

where the coefficients 7, can be expressed in terms of the {K}, },en, as follows

N S
70 = Z — (Ko)",
=0 n:
¢
- (Ko)"™ 1 (k). (%) !
=N, . (3.92)
p ”z:(:) 0stpsty 1.5ty 5n (n—fl)'(fl —fg)!...(fp_l —gp)!fp!

L1+l +.. +p=p

101 view of later identifying this EMD with the ones discussed previously, we use the same coefficients {7, Ineny asin
(3.64) and (3.82).
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3.5. Kretschmann Scalar EMD

Furthermore, from (3.89) we obtain

Ko _orp DS miZn )P~y 1) (C+ 1) (m+2) (m + 1)
ZZ - ) Tn Tm+2-n—-¢€
m=0 n=0 (=0 H
p-lp-n n t+k
-1 C+1)(k+1 -nmn(p-n+1-0O)n+1-k%k
eSS Z( K Dk D(p =Gy ) e
n=1 (=0 k=0
p_p_ntl n t+k
-1 C+1)(k+1 -n+n(p-n+2-0O)(n+1-k%k
ey O+ Dk Dip=n+ Dty )( ) e e
n=1 =0 k=0 H
SPETE (DR D (k+ D) (p—n+2n(p—n+3—O(n+1-k)
+4M Til32 Tp—n—t+3 Tn—k+1 -
n=1 =0 k=0
(3.93)
Notice that for p > 0
K, 16M*(p+1)(p+2
_1'7: (p 7 )(p+2) (T —VHT1+V%_IT2) Tps2 + p+2K(T0,...,Tp+1)
p: r
H
2 2 2 =) _
_16M%K Z K KS _ruKoki | riKoKa  ryKj an(Ko)" :
74 4 p! m! (m—l)! 2m—-1)!  2(m-2)! — (n=1)!
IS;L-IPZK(KO’ IR ] Kp+15 {Sn}) ’ (394)
"QubI(

where T and T;‘f’z‘ K denote terms independent of 7,5 42 and K, 42 respectively. Furthermore,
in the second line we have used an expansion of the coefficients 7,4, similar to (3.72) or (3.81). We
therefore find that (3.94) is a linear equation for K., which, similar to the case of the Ricci scalar
EMD, allows to express the K42 uniquely in terms of K/ ,,4» forall p > 3. For p =0, (3.93)is a
quadratic equation for K, with the following solutions

20(K1 (26 - Kira )M - 1) +M|{1|\/16K1§1M(1 - Ki{i1M) - 8+ Kory,

K> = , 3.95
2 2MFH§]2 ( )

where we have introduced a phase factor # = +1 and defined the following shorthand notation

o0 n—1 o0 Kn—2

K
H= ) sp—2— and L= ) sy (3.96)
; (n=1)! nz:; (n=2)!

Furthermore, we have used 79 = 3% to simplify the expression. Based on this solution, the
Kretschmann scalar EMDis summarized in Figure 3.2. Here we consider as free parameters
(Ko, K1, {Sn}nen,) (which are real parameters), while the phase factor ¥ = +1 is an additional
condition. This is similar to our choice for dealing with a sign ambiguity when resolving the
self-consistency condition in the distance EMD. Finally, we remark that with (3.92) the Hawking
temperature (3.86) in the Kretschmann-scalar EMD takes the following form

n K
1-2MK; %5 1—. 1-2MK
n=1 (n=1) 141
Ty = - i (3.97)
S 3 mhd anry

m=0 m!
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3.5.2 Relation to other EMDs

After having introduced the Kretschmann scalar EMD, we now relate it to other EMDs. To this
end, following the example of the Ricci scalar EMD, we shall first propose a slight redefinition,
before making contact to the distance- and Ricci scalar EMD.

Instead of working with the Kretschmann scalar directly, we instead subtract from it its value at
the horizon, i.e. we introduce K (r) := K(r) — K, and define

_ K
o®)(K) = 2MZ Sn < and K@)=) —L(r=ra)" (3.98)
n=0 n=1 .

The relation between the coefficients {s, }nen, and {5, }nen, follows in the same manner as in
(3.76), namely

Sn( KO)np —~ = san_p
_ d = _— .
Z CEDI . IR N

To make contact with other EMDs, we expand v(E ) in terms of the Schwarzschild coordinate

@UZ) = ZMZTP (r - rH)p . (3100)
p=0

and interpret the coefficients 7, to be the same as in (3.64), (3.82) and (3.91), while being expanded
as a function of the {s, }nen, and {Ky, }nen

70 =50,

’_s- & I’l—fl & fl—fz Kp—l fp_z—fp_l & fp_l
nyll 2! o\ (p-D)! p!

0st,_ sty <nsp (I’l - fl)! (51 - 52)! NN (fp_z - fp_l)!fp_ll

O+l A, 4n=p

T = Vp>1. (3.101)

Using (3.93) we can explicitly express the 7,, in terms of {5, }nen, and (Ko, K1, u), e.g. we find for
the first few instances

AMs1(Kiras1 —So) +p

70 =50, 7 = K151, ™= T ,
H
6K0s1r - 64[(2~3M2 +K1S17‘H ( 16pM + 96SOS1M +r ) + 16s0M(p 4S()S|M)
T3 = ’
’ 24pM7F?,

(3.102)

with the abbreviation p = uls] |\/K0r?_, - 16(2 - 2K rgsos; + Kf i?)Mz. Higher orders in 7,

are more complicated, however, we remark that they depend linearly on s, _»

Kn72r4 _
1 H ~ sub-K -~ -~
I pn! Sp—2+ T, (Ko, K1,u,50,...,5:-3) , Yn >4, (3.103)
n!

Ty = —

where T,SlUb_E is independent of {Si>,-1}. Identifying the 7, in (3.102) and (3.103) with (3.64),
(3.82) and (3.91) yields equations that allow to relate the Kretschmann scalar EMD to the distance-
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3.5. Kretschmann Scalar EMD

and Ricci scalar EMD. Indeed, identifying 79 1 23 fixes (Ko, K1, S0, 51) in terms of (R, R1, g0, q1)
or (&,&2,&4,&) (and vice-versa). Notice, that the space of solutions for these equations is
fairly restricted: for example, for given (19, 71, T, 73) (either given in terms of (&, &2, &4, &6)
or (Ry, R1, qo,q1)), consistent solutions of (K, K1, 59, 51) not only require a specific choice of u,
but they are in fact uniquely fixed. To see this, we realise that the third equation in (3.102) can be
rewritten in the form

usign(sy) 6 > 22 T0
—4MVH \/KO”H - 16275 - 211701y + 7Ty M2=1)—1 + E , (3.104)

which only has a solution if usign(s]) = sign (t2 — 71 + 1), in which case Kj is uniquely fixed.
This, however, renders the last equation in (3.102) linear in s7, with the solution
. &

51 = . (3.105)
2ry(t1 =21 + 21110 + 3r%{‘r3(1 -7+ 1) — 6Ky

Since this fixes (the sign of) s, (3.104) is consistent only for a specific value of u. Finally, as
in the previous cases, once (3.102) is solved, (3.103) are linear equations for §,,_5 in terms of 7,,.
Due to the length of the ensuing expressions, we refrain from reproducing the explicit form of the
solution,'’, however, we provide a concrete mapping from the distance to the Kretschmann scalar
EMD for a particular small deformation of the Schwarzschild solution in Appendix A.4. Higher
orders 7,»4 are linear in s,,_, and thus uniquely allow to fix them in terms of g, or &, (or
vice-versa).

3.5.3 Overview of the relations

In the previous three Sections, we have defined EMDs as coherent frameworks to describe (quantum)
deformedm relative to the classical Schwarzschild geometry [1], spherically symmetric and static
black holes in 4 dimensions. Such black hole geometries are captured by one'” deformation function
of a physical quantity X to ensure compatibility of the quantum geometry with the same symmetries
as its classical counterpart.

In 3.2 the physical distance, measured from the (horizon of the) black hole, was chosen.
However, other physical quantities (e.g. curvature scalars of different orders) are equally viable. In
each case, in order to remain self-consistent, X is computed from the deformed metric, thus leading
to an involved equation to tackle (see egs. (3.6), (3.61) and (3.89) respectively for the distance,
Ricci scalar and Kretschmann scalar). To solve this equation, we follow the general framework
developed in 3.2 and consider series expansions in the vicinity of the event horizon of the black
hole. In this way, we not only provide self-consistent solutions for metric deformations based on
the physical distance, Ricci- and Kretschmann scalar, but also propose clear definitions of each of
the EMDs, as shown in the overview in Figure 3.2. Moreover, as also indicated in the schematic
drawing, by expressing the deformation functions as expansions in the Schwarzschild coordinate,

For the same reason, we also do not provide the (unique) inverse transformations that express (&p, &, &, &) or
(Ro, R1, g0, q1) in terms of (Ko, K1, 50, 51))): they follow from replacing 7, in (3.84), (3.85) and (3.80), (3.81) respec-
tively with (3.102) and (3.103). We furthermore remark in passing that, similar to the case of the Ricci scalar EMD, the
condition & < % also poses no further conditions on (Ko, K1, {Sn }neny)-

12In Sections 3.4 and 3.5 we only focused on the case of a single deformation function. The more general case of two
such functions, which is compatible with spherical symmetry and static behaviour of the black hole, can be tackled using
the same methods described here.
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Distance p
free parameters (3.7): { &n tnen,

self-consistency equation (3.60):
do _ L
dr

normalisation condition (3.6), (3.14):

pra) =0,v=+1, & < E}«_H

eq. (3.83)

DX = 5 T (r — )"

eq. (3.80), (3V eq. (3.102), (3.103)

Riccis. R Kretschmann s. K

expansion in Schwarzschild coord}

param.: Ry, R1, {Gn }nen, param.: Ko, K1, {Sn }nen,

’ ‘ " V~ M ~
L,* eq.(3.76) eq. (3.99) "~
» A
Ricci scalar R Kretschmann scalar K
param.: (3.62): Ro, R1, {qn }neny param.: (3.90): Ko, Ky, {sn }nen,
self-consistency equation (3.61): self-consistency equation (3.89):
R=L (2-27 - 4rf - r2f") K= (4= 8 +4f2+4r2(f)2 +r4(f)?)
normalisation condition: normalisation condition:
R(ra) =Ry K(rg) = Ko, u = £1

Figure 3.2: Relation between the three EMDs for a deformed Schwarzschild metric discussed in
this Chapter.

we find equations which allow to relate the different EMDs to one another. In the case of the
EMDs based on curvature invariants, we first perform a slight re-definition of the EMD ( (3.76))
and (3.99) respectively), by subtracting the value at the horizon: in this way, the equations relating
the (modified) EMD to the distance EMD, can be solved in an iterative fashion.

From a conceptual perspective, the relation between the distance EMD and EMDs based on
curvature scalars is non-trivial: indeed, the former is a non-local physical quantity (since it is defined
as an integral between two points in space-time), while the latter are local invariants. Nevertheless,
at least sufficiently close to the horizon, they are both expected to be monotonic functions of the
Schwarzschild coordinate, which thus allows the mapping between the EMDs.

We furthermore also remark that a basic assumption of our work is a sufficient level of regularity
of the geometry close to the horizon, such that series expansions remain well-defined. While here
we have defined EMDs based on full (i.e. infinite) series expansions with suitable radius of
convergence, in practice the relations among different EMDs remain (approximately) valid if these
series are truncated after certain orders. This property is useful for practical computations, when
geometries are approximated by their leading coefficients (see e.g. [50, 74] for an example).
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3.6 EMD for charged black holes

In order to go beyond the classical geometry of a charged black hole discussed in Sec. 2.1.2, we now
introduce deformations in the form of an EMD, keeping the general form (2.24) of the metric and
introducing deformations in the functions f(r) and /(r). In order for these deformations to not only
be compatible with the symmetries of the classical RN spacetime, but also to be formulated in a
universal way, we write them as functions of a physical quantity: indeed, since such a formulation is
based on a measurable observable (which needs to be calculable in any given model), this approach
allows to directly compare solutions stemming from different theories beyond GR, regardless of
model-specific features.

Following the reasoning of the previous Sections, we start by describing the metric within
the proper distance-EMD, introduced in Sec. 3.2. Keeping in mind that already the classical RN
geometry features generally more than one horizon (i.e. a radial position ry such that f(rg) =0 =
h(rg)), in the following we consider rg the position of the outermost horizon and we shall restrict
ourselves to describing the space-time for r > ry (i.e. p > 0) which is physically accessible. To
this end, we modify the metric functions f(r) and A(r) in (2.24):

2M

2 2
h(r)=1- 2TM‘I‘<p> (p) + %X(p)(p) , and f(z)=1- Td)(’)) (p) + %Y@ (p), (3.106)

with ¥(®) X(®) &) and Y®) functions that define the p EMD (along with the position r) and'’

(3.107)

r dr/
= —  fi
p(r) [H TRE or r>ry

A priori ¥®) | X)) ®®) and Y®) are independent of each other, however, in order to describe an
asymptotically flat space-time (similar to the classical RN geometry), we require

lim ®(p) = lim X(p) = lim ¥(p) = lim Y(p)=1, VQ€eR. (3.108)
P p—0 p—00 p—x

Furthermore, in order to have an horizon at p = 0, we require

2 2

_ 0
- 2MrH Xy = lPH 2MrH YH , VQ eR. (3109)

by

Therefore, the horizon at p = 0 constitutes a Killing horizon with a time-like Killing vector
(X" = 6%
t
(x )”()(’)p|r:m = 800ly=, = —h(rg) =0. (3.110)
13We remark that (3.106) as well as (3.107) are in principle well defined also for p < 0, provided that the space-time

geometry in the interior of the black hole is still described by a metric. In the following, however, we shall focus exclusively
onp > 0, i.e. the space-time region outside of the black hole.
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3.6.1 Near horizon expansion and EMD coefficients

In the remainder of this section we shall mostly be interested in developing the EMD in a region
close to (but outside of) the event horizon located at p = 0. In order to render the geometry
fully manifest, we shall solve (3.107) in the form of a series expansion, using similar techniques
developed in Sec. 3.2.

Before entering into the details of the series expansion, we shall first simplify the metric
deformations in eq. (3.106). Indeed, locally, the deformation functions W), X®) ®®) and Y»)
can be reabsorbed into only two, which will make computations more compact in the following.
Indeed, we shall consider the metric functions

Fr)=1- (% -2 )F<p> (), hr)=1- (ZTM - Q—) Q) (p) , G111

where

2M r(p) @) (p) - QY (p)
2M r(p) -

2Mr(p)¥® (p) - 02X (p)
2M r(p) - Q?

r'® (p) = , QP (p)=

(3.112)

Here we have used that locally (i.e. close to the horizon), r can be written as an invertible function
of p. Furthermore, for sufficiently small values of p, we assume that I'® and Q® canbe expanded
in (convergent) power series

F(p)= ) énp" and Qp) =) 0np" (3.113)
n=0 n=0

The condition f(rg) = 0 = h(rg) implies

=Ty = r%{ =Qy =0 (3.114)
&0 = H= =02 =0 :
such that locally, the EMD is defined by the expansion coefficients {&,, 0, }nen (along with rg),
which we consider as physical input parameters that explicitly determine the near horizon geometry.
In order to demonstrate this, we shall solve (3.107) in a self-consistent fashion. However, to this
end, we shall require the BH to be non-extremal, i.e. we shall assume that the metric functions f
and & have a simple zero at » = ry and thus admit series expansions of the form

) =0 = ra) + O((r - rH)3/2) and h(r) =D (r—rp) + O((r - rH)3/2) , (3.115)

with ff(ll) #0# hg) non-vanishing series coefficients.'* We also remark thateq. (3.115) guarantees
that eq. (3.107) is integrable at r and therefore p is well-defined:

2 —TH
1
fiY

p(r) = +0((r—-rg)). (3.116)

14We shall discuss in Section 3.6.5 how to generalise this approach to the extremal case.
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(1)
As mentioned before, locally this result can be inverted r(p) = ry + f% p> +O0(p?) and we shall

re-write the series (3.8) in the following fashion
r =rH+Za,,p”. (3.117)
n=1

In order to find the coefficients {a; },,en, We need to solve (3.107) order by order in p. To this end,
we re-write this equation as the following differential equation

-

Substituting the series (3.113) and (3.117) into (3.118), we find:

2
_ (2M _ Q_) r(p). (3.118)

r

0 )4 ) p+l
Z 2M§p - Q2 anpp—n) Pp =rg(1- a%) + Z (1- a%)ap —rH Z(p -—m+ 2)mamap—m+2
p=0 n=0 p=1 m=1
p-1 n+l
- Z Z(n —m+2)Map_nAmln-ms2 | P¥ , (3.119)
n=1 m=1

where we have used (3.19) to introduce the coefficients p,,.
From equation (3.119), we can extract recursive conditions for the coefficients {a, },en: for
p = 1,2 and 3, we find

rp(1—a}) =ru2M & - 0°%
—2airy (2a2rH +a% - 1) =2Mrg & +2M ay &y - Q2§1 s

a% (1 = 10azry) — 6a3a12%1 +2ayry (1 = 2axry) — a‘l1 - aza? =2Mryg & +a2M & +2M arépy — Q2§2 .
(3.120)

Using (3.114), the first relation indeed implies a; = 0, in which case the last two equations in
(3.120) reduce to

(2M re— Q2) £ =0, and 2aory (1 -2asry) = (2M re— QZ) EH+2Maréy. (3.121)
In this paper, we shall exclusively be interested in the case Q% # 2M rg,"” in which case the first

equation requires &1 = 0, which is therefore a constraint on the EMD coefficients. The second
equation in (3.121) is a quadratic equation fixes the coefficient a;:

rg _Mf()+\/(VH —Mf())2+4r%_1§2 (Q2 —2MrH)
a) = , (3.122)

2
4rH

where the + in front of the square root is chosen to be consistent with the classical RN result when the
deformation coefficients &g, &, are switched off. Moreover eq. (3.122) represents a generalization

15Tndeed, as we shall discuss in more detail in Section 3.6.5 (see in particular footnote ]x), the black holes with
0% =2M , ry have no classical limit and therefore cannot be understood as small deformations of a geometry that appears
as solution in GR. We shall not consider such scenarios in this work.
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Chapter 3. The Effective Metric Description

of the result obtained in eq. (3.13) in Sec. (3.2). The further coefficients of the series (3.117) can
uniquely be determined to arbitrary order using the following recursive relation

p-1

» _
2
ap = T—2prnas 2Mép - Q Z;)é"npp—n +ru nZZ;(P —n+2)nayap_pot+

p-2 n
+ Z Z(n — M+ DMy ylmn-ma| for p=3. (3.123)

n=2 m=2

Notably, switching off the charge QO — 0, one recovers the same iterative relation as in Eq. (3.14)
for the uncharged BH (with the proper rescaling with respect to the BH mass).

3.6.2 Hawking temperature and Ricci scalar

Besides ¢; = 0, we need to impose further constraints on the EMD coefficients {&,, 0, },en, in
order to ensure regularity of the geometry: more concretely, we require finiteness of the Hawking
temperature (2.34) and the regularity of the Ricci scalar (2.8).

As discussed in Sec 2.2, the Hawking temperature is given in Eq. (2.34) in terms of ff(ll) and hg)
thatare givenin (3.115). In order to obtain derivatives at the horizon, we first use eq. (3.19) to expand
the metric functions in power series in p, supposing that the series converge in a neighborhood of

the horizon

f(,0)=1—(2—M— o* )F(P)(p)=1+i Zn:fk gQZDlP k1 = 2M pp_i || p"
r(p)  r(p)? L\ \ A e " ’
(3.124)

n

_ M 0\ oo 1a S
h(P)—l—(m—W)Qp(P)—1+Z(29k(

n=0 \k=0

n—

k
O*piPn—k-1 —2M vn-k)) P
=0
(3.125)

Using (3.117), we can then locally also write the metric functions as series expansions in r — rg,
for which we find to leading order

rués (0* = 2M ry) + az (r3, — Q%)

f(r) = . (r—rH)+O((r—rH)3/2),
aer
h(r) = M =T+ 6oy (Q* = 2M ryy) = 2426, (Q —MrH)+
\/61_27‘%_] Clzr%{
a30; (Q* - 2M zp)
T )(V =) +O((r = rin)*?). (3.126)

Here the a, are understood to be a,, = a, ({fn}ZSnSp) through (3.123), which, however, we shall
not spell out in the interest of compactness of the notation. For Ty in Eq. (2.34) to be well-defined,
we first require the term of order O((r — r) 1/ 2) in the expansion of % to vanish. Recalling that we
assumed Q? # 2M ry, this imposes the constraint §; = 0. The Hawking temperature (squared) is
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3.6. EMD for charged black holes

then well-defined and can be written as

(r%{ — szo) (FH - Mfo + \/47‘%_] fz (Q2 -2M I‘H) + (I‘H — Mf())2 + 41’?_[ 92 (Q2 -2M rH)

T2 =
H 5
1672 ry,

(3.127)
Since & is given in (3.114), from the coefficients defining the EMD, the Hawking temperature de-

pends only on three deformation parameters which are r g, &, and 6,. Among these, we furthermore
require

(rH ~ M &+ 4 £ (02~ 2M rig) + (rir — M £0)?| (- Q%))

& < (ru — M &)*

< , 0) <
4r§1 (2M ry — Q?) :

4r3, 2M ry — Q)
(3.128)

to ensure that Ty € R,. Finally, we also require the that the Ricci scalar R is regular at the horizon.
The constraints imposed above are not sufficient to make the Ricci finite. Indeed, a residual
divergence is still present at the horizon, i.e. R o« p~!. The exact expression for the divergent term
of R is not relevant, however, it vanishes provided

3w (QZ—ZMFH)

46, (Q2 = 2M r)’ + (Q2 = M ry)’
2(Mry — Q%) )

—-1], with w=2 5
(QZ—ZMFH)

This constraint smoothly reduces to the condition found in Eq. (3.32) in the limit Q — 0 and
(€n, On) > 2M) ™" (En, On).

3.6.3 Small charge expansion

The aim of this subsection is to provide a description of the Hawking temperature Ty for a (quantum)
deformed black hole in presence of a small charge Q. In this approximation, the deformations receive
sub-leading corrections in Q: the presence of a charge enters the equations at the same order as in
the classical small charge limit. We shall use a subscript . to indicate that a quantity is evaluated
for O = 0. In order to give a concrete example, we assume that the radial coordinate evaluated at
the horizon can be written in the form

Q2
oM
Implementing these approximations into the temperature (3.127), one gets:

(BM r. (€2 (32M 0. 1. — 10w, — 6) — 62,) + 3w,)
512m2 M2 rtw, T,

+0(0%), (3.130)

rH =T«

Ty="T, - 0*+0(0) . (3.131)

in which 7 represents the Hawking temperature for the uncharged black hole defined as in 3.2, that
we now rewrite with the re-scaled coefficeints as follows:

T+ o, —8MOor.
r-V+@ 20 = 1=32M &t . (3.132)

drr,
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Chapter 3. The Effective Metric Description

Thus, the assumption (3.130) leads to corrections of the temperature of order Q*, which matches
predictions by semi-classical approximations [164]. However, the correction differs from the
classical prediction by the presence of the derivatives of the deformation functions, which enter in
anon trivial way.

Other computations have been carried out to improve the semi-classical result, such as im-
plementing EFT techniques [165]. In this reference, the author derives corrections to the horizon
position stemming from higher curvature terms in the action, which affect the behavior of the Hawk-
ing temperature in the small charge regime, and which are in fact not of the form we have assumed
in (3.130). Consequently, the expression for the temperature found in [165] exhibits corrections at
order O(Q?), differing from (3.131), which shows modifications proportional to O(Q*).

3.6.4 Solution of the Maxwell field

Once the divergences of the Ricci scalar have been removed, and the Hawking temperature Ty is
well-defined, one can study the behaviour of the modified electromagnetic tensor £, .
We suppose that deformations due to (quantum) gravitational effects generated by a spherical source
preserve the spherical symmetry. Because of this, one may add deformations to the classical field
strength tensor F; ¢l which only depends on the radial coordinate 7:

Fuy==Fyu = F}\, +F (3.133)
where Frc} = E, and F;l‘p = B, are given in Eq. (2.25), with Q? = ¢® + m? as defined in Sec. 2.1.2,
and we define

et
E® = F& = w(r) and B = 2% = k(r), (3.134)
r?sinf

in which w(r) and k (r) are unknown functions of the radial coordinate. The first Maxwell equations
in Eq. (2.23) can be written as:

Ay (V-gF") = with g =detg,, = —%r“ sin® 6, (3.135)
r
which imply:
(0-v=g) F'" +y=g (6,F"") =0, (3.136)
(Bov=g) F?? + V=3 (69F9¢) -0, (3.137)
The first equation in (3.136) gives the following condition for w(z):
h(r)
w(r)=—-—= , (3.138)
f(r)

where ¢ is a constant, which can be fixed requiring w(r) = 0 when the deformations are switched
off. This condition yields ¢; = g. On the other hand, equation (3.137) is always satisfied,
independently of the choice of k(r).

Regarding the Bianchi identity

0ulFyp+0,Fpu +0,F,, =0, (3.139)
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3.6. EMD for charged black holes

the only non-trivial condition is d,F¢s = 0, which implies 0, [r2 k(r)] = 0 and which gives the
following solution for k(r)

k(r) = :—j , (3.140)

where ¢ is an integration constant which must be determined. One can fix the latter by requiring
that when k(r) — 0, the classical result is reproduced. Indeed, this is satisfied if c; = 0. Then, the
overall expression for the non-trivial components of F},, take the following form:

“Fy=F, =L, /h(r) _ 4NQQW (p) —2Mr QW (p) +12 —Fy9=Fgs=msinf
tr = Lpr = = ) = = .
r2\Nf(r) 12 \JQIT®) (p) —2M rT® (p) + 12

(3.141)

In summary, the electric field gets modified by the factor ?E:;, while the magnetic field remains
unchanged with respect to the classical one. This is not surprising, since the metric deformations
(3.111) were introduced in a way to keep the geometry static.

3.6.5 Effective description of an extremal BH

In this Section we develop an EMD for extremal (charged), spherically symmetric and static black
holes. Extremality in this context amounts to assuming that the metric functions f and A have
higher order zeros at the horizon (when seen as functions of » — rg): concretely, this amounts
to assuming that ff(ll) in (3.115) (and its counterpart hg)) vanish. In more physical terms, this
condition also implies that the surface gravity given in Eq. (2.28) of the black hole vanishes.

From a technical perspective, fF(I]) = 0 renders the expansion in Eq. (3.116) (and all subsequent
steps depending on it) ill-defined. This problem can also be understood from the definition of the
distance in eq. (3.107): indeed, f having a second order zero at r = rg introduces a non-integrable
singularity at the horizon and therefore makes the distance p of a space-time point to the horizon
logarithmically divergent. Thus, in the case of extremal spherically symmetric and static black
holes, the (spatial) distance is not a suitable physical quantity to define an EMD, at least in the
immediate vicinity of the horizon. In the following, we shall therefore introduce an EMD based
on the proper time of a free-falling observer (see [74] for the full EMD developed in the case of
uncharged black holes), which can be generalized also to the extremal case.

EMD based on Proper Time
We introduce the proper time 7 as the time that a free-falling, time-like observer measures along a

radial geodesic. Let us recall a generic static spherically symmetric metric

2
ds? = —h(r)d® + % +r2d6% + ¥ sin® dg? | (3.142)
r

the infinitesimal distance for a geodesic radial motion in the equatorial plane, i.e. for 6 = 7/2, is

o uh(r) dr?
=0 Urun)

(3.143)
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Chapter 3. The Effective Metric Description

where the choice u = +1 or —1 correspond, respectively, to either a space-like or a time-like radial
geodesic. Thus, the finite proper time 7(r) that a time-like observer measures to fall from a point
in space-time labeled by r to the event horizon at rg is

h(r dr’

Here the overall sign has been fixed to represent an in-falling motion along the geodesic. As an
example, we consider the classical Reissner-Nordstrom black hole geometry, which is characterised

by f(r) = h(r)=1- 2M Q . In this case, the proper time for a a radially in-falling time-like
observer can be written 1n the form

M
7(r) = 3 (q2 (\/Zr — 2 =2ty - qz) +1V2r — 2 — 1V 2ty — q2) , (3.145)
with the short-hand notation
|0 r rH
== = = A o1 ey1-¢q2. 14
M’ YT u H=p = g (3.146)

The proper time (3.145) is schematically shown in Figure 3.3 for different values of the charge-to-
mass ratio q € [0, 1]. The case g = 0 corresponds to the un-charged (Schwarzschild) black hole,

/M
14 -

— |QI/M =0
12+
ol QUM = 3/4
8¢ lQI/M =1
6 L
4 L
2 L

r/M
0 2 4 6 é 10

Figure 3.3: Proper time measured by a time-like observer falling along a radial geodesic from a
space-time point labeled by r to the horizon of a Reissner-Nordstrém black hole, as given in (3.145).
The case |Q|/M = 1 represents the extremal case, which is still a finite function.

while the extremal case is g = 1.'° As can be seen from Figure 3.3, 7(r) remains a finite function

(even for q = 1) at the horizon located at ry = Mty = M(1 ++/1 — g2), where 7(ry) = 0. We
next write the metric-deformation functions f and 4 in eq. (3.142) in terms of 7 as follows

oM oM Q2)
r

£0) =1—(7_§ )r(%) and h(r) _1—( k Q). (.147)

164 > 1 does not represent a black hole geometry, but rather a naked singularity, which is generally considered unphysical
(cf. Sec. 2.1.2).
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3.6. EMD for charged black holes

Here, the functions I'¥) (1) and Q(7) (1) (along with ) define the EMD based on the proper time
7. In order to avoid confusion with the EMD based on the spatial distance to the horizon,'” as
discussed in Section 3.6.1, and now we expand the functions in power series of the proper time

from the horizon in the following manner

rO@=> &, Q7@=>07", with §&.,6,eR. (3143
=0 n=0

In order to solve (3.144) iteratively, we also introduce the expansions
r=rg+ Z a,t™", 7(r) = ZE" (r—rg)", with dn, by €R, (3.149)
n=1

where the coefficients {a, },en are implicitly determined by (3.144), while (bp)nen are fixed
through series inversion [46, 47, 166]. Notably, for the first few instances we find (see also [74])

—~ 1 —~ a- —~ 2a% - a\a; ~ Sa aras — 5a3 - 5254
bi==., bi=-2, by=—2 1" By= 2 (3.150)
a1 @ @ 4

In order to represent a black hole horizon, the metric functions f and 4 in (3.147) need to vanish
for r — rg, which is equivalent to 7 — 0. Since (3.148) and (3.149) lead to

— 5 _ )
fr)= (1 - f—O(ZM};H —0 )) +0(r-rg), h(r)= (1 - —90(2Mr2H —0 )) +O0(r—rpg),
TH ry
(3.151)

& and ) cannot be arbitrary, but need to satisfy

_ 2, _
=—"——==40. 3.152

f0= 57 w02 % (3.152)
Here, for simplicity, we restrict to the case 2M ry # Q2.' Among the remaining parameters, we
consider {&,, }nen and {6, },en along with rgy, O and M as (physical) input parameters to the black
hole geometry (outside of the horizon) and thus the EMD coeflicients. Indeed, the coefficients
{ay }nen (and thus through (3.150) also {b,, },en) are fixed by expanding (3.144) order by order in
(r — rg). Notably, using (3.152), we find to leading order O(r — rg)

- \/51(Q2 ~2M ry)? + 2@ rin(Q* ~ M r) 5153)

61(Q2 - 2M ry)? +2a, ru(Q* - M ry)

where we have implicitly assumed that the right hand side is well-defined, which, as we shall see in
the following Subsection, is related to the behaviour of the subleading terms in (3.151): concretely,

17Since both p and T are monotonic functions of r in the vicinity of the horizon and finite in the non-extremal case, we
remark that the EMDs based on the two quantities are therefore equivalent and one can be expressed in terms of the other.
As mentioned before, this is no longer possible in the extremal case.

181n the classical case, this condition is equivalent to g # 2(1++/1 — q2), which is always satisfied over the reals, notably
for q € [0, 1]. Thus, deformed black holes with 2M rp = Q? have no classical limit, which is why we do not discuss them
in the following.
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Chapter 3. The Effective Metric Description

it is related to the non-vanishing of the terms of order O(r — ry) and thus assumes that r = rgy
constitutes a simple horizon. In this case, a; is fixed in terms of (g?l ,51 ,0.,ry, M).“’ Higher
orders O((r — rg)?) (for p > 1) in (3.144) only depend on a,, with p” < p and are linear in a,,.
These equations therefore uniquely fix the expansion (3.149), and therefore the black hole geometry
(see also [74] for a more detailed discussion in a related case). The proper time allows therefore for
an EMD that is capable of describing the charged black hole geometry. We also remark in passing
that the condition for a; € R in (3.153) as well f(r) > 0 and h(r) > O for r > ry requires

2 2
2 = ~ O —Mryg 2 -~ ~ O°"—Mryg
(Q —-2M VH) f] > —2611 rg —Q2 oM . , and (Q —-2M VH) 01 > —2611 rg —Q2 oM . s
(3.154)

with a) fixed from (3.153). Finally, unlike the EMD based on the spatial proper distance, finiteness
of curvature invariants such as the Ricci- and Kretschmann scalar pose no further constraints on the
parameter space, since the second derivatives of f and / are finite at the horizon.

Extremal Black Holes

General Charged Extremal Black Holes In the previous Subsection, we have argued for an
EMD of charged, spherically symmetric black holes in terms of the proper time (3.144): indeed,
by inserting (3.148) and (3.149), Eq. (3.144) can be expanded in powers of (r — rg), which
provides conditions on the coefficients {a,},cn and in fact fixes them iteratively in terms of

({a}neN,{gn}neN,Q,rH,M). Here we are interested in the question, which regions of this

parameter space allow for extremal (charged) black holes. Since these are characterised by the fact
that r = rg is a double zero of f and & in (3.147), we have to impose in addition to (3.152) also the
vanishing of the term of order O(r — rg) in (3.151):

£(Q°—2Mrp)* +2a1rn(Q° - Mru) _ 61(Q% —2M r)> +2a1 ru(Q> ~Mry) _

0.
alr%I(QZ—2MrH) chr%I(QZ—zMrH)

(3.155)

Imposing these conditions renders the right hand side of (3.153) ill-defined and indeed, the leading
order term O(r — rg) of (3.144) instead becomes

@ 04+ (02 = 2M ryy) (E(02 — 2M ri)? + 2@ory (Q2 — M) |

@04+ (02 - 2M i) (82(02 = 2M i) + 227w (Q* — M)

a =

(3.156)

This equation is qualitatively quite different from (3.153) and (in conjunction with (3.155)) the type
of possible solutions depend more heavily on the remaining parameters. Recalling that we still
consider Q # 2M rp, we may distinguish the following subspaces of the parameter space:

(i) Q® # M ry: In this case, the parameter subspace can further be subdivided by considering
(see Appendix A.5 for more details)

19 Although (3.153) has multiple solutions, generally only one of them leads to @; € R.

49



3.6. EMD for charged black holes

. §72 = 6,: In this case, the only solution of (3.156) is a; = 1 such that (3.155) can be
used to fix

G _ (@~ Mrp)
Q-2 )

& (3.157)
Higher order terms O((r — rg)?) (for p > 1) in the expansion of (3.144) are linear
in a,, (and only contain a,, with p” < p), thus uniquely fixing the expansion (3.149)
and therefore allowing to define an EMD for an extremal charged black hole, which is

parametrised by ({8 )2 (Ba}nz2 . Q7 M),

« & # 0, In this case, @, does not disappear from the equation (3.156). Moreover, all
higher order terms O ((r — rgy)?) (for p > 1) in the expansion of (3.144) also acquire a
linear dependence on @41 (but remain independent of all @,y with p’ > p + 1).”) We
therefore use the condition (3.155) to fix

2rp(Q* = Mry)

leaving g—i as an undetermined free parameter. Eq. (3.156) then determines a; and the
higher order terms O((r — rg)?) in (3.144) uniquely fix @)1 uniquely, without further
constraints on any of the &, and 6,,, thus leading to an EMD of an extremal charged

black hole parametrised by ({E,,}nzl A0 Ins2, 0,11, M).

-~ o~ ~ o*
01 =<f| , and 51 =§] (ZM— —) . (3.158)

(ii) Q® = M ry: Inthis case, (3.155) is solved by & = 0 = 8, while (3.156) fixes @ (irrespective
of & = 6, or not). Assuming the latter to be non-negative, there are two possible solutions

_ . = z
al:@\/1+MVH021\/(1+MVH92)2—4MVH§2- (3.159)

For _?2, 52 — 0 (i.e. in the classical case), these become a1 = 1 and a; = 0 respectively. We
furthermore assume a; to be real, which in particular requires
= (1 +M ngz)z ~

1 e T
< - > — .
62 < aM - , and 92 = MrH if 62 > 0, (3 160)

The higher order terms O((r — ry)?) in (3.144) provide linear relations to uniquely fix
a,, without further constraints on any of the &, and 6,. The region in parameter space
Q7% = M ry therefore leads to an EMD of an extremal charged black hole parametrised by

({fn}nZZ > {Gn}n22 sTH, M)
Furthermore, in all cases, the remaining free parameters still need to be chosen such that

f(r) >0, and h(r) >0, Vr>ry, (3.161)

which gives rise to further non-trivial inequalities. However, finiteness of curvature invariants such
as the Ricci scalar pose no further constraints also in the extremal case, since the second derivatives
of f and h remain finite at the horizon.

20We have checked up to p = 5, that the term O((r — rgr)P) in (3.144) depends linearly on & p+1, provided that &+ 6
and Q2 # M ry (as well as Q2 # 2M rg).
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Deformed Extremal Reissner-Nordstrom Geometry Since the above conditions are compli-
cated to represent in full generality (see Appendix A.5), we shall here analyse them in the case of a
BH that represents a small deformation of the extremal Reissner-Nordstrom geometry. In order to
parametrise this case within the remaining parameter space, we introduce
M-r = X = !
e=—1 &= 0, = —— (3.162)
rH Mn Mn
where € > —1 is defined in analogy as in Rezzolla-Zhidenko paramterization [68], which we will
discuss in Chapter 6, and is understood as a small deformation parameter. Notice in particular that
M

ru = 1;c- In the following, we shall discuss the case (i) to leading order in €, while (ii) can be

compactly discussed to all orders for € > —1:

(i) In order for a black hole in the parameter space with Q> # M ry to represent a small
deformation of the extremal RN geometry, we need to consider € to be a small parameter and
shall discuss effects to leading order. In particular, we shall assume

xp=ex) +0(), and t, =€tV +O(2), Vn>1, |0|=M(1+qe)+0(e),

(3.163)
where
dPx, d’t, d M
s S O and ¢ = SUQUM)| (3.164)
de? | de? | de €=0
which allows to write for the coefficients in (3.149)
ap=al +eal) +0(), with a? =0, (3.165)
F0_ 1
43 = "em? -
Furthermore, to leading order in €, eq. (3.152) and (3.155) impose respectively
E0=00=1+2ge+0(e), and 1) = 2(1+2¢) =2, (3.166)

while (3.156) (and higher orders in the expansion of (3.144)) uniquely fix the leading defor-
~—(1) (1)

mations a, ’, i.e. for all values of xél) and ¢, we find at leading order in €
(1 _ () 1 _ (D (1 _ (1)
s _h =% =) _ 2 —xy )+t
! 2 2 4M ’
1 1 1 1 1 1
_ay 36+48g+1)) =7 — 1205 -2 - 605" — x{)
a,’ =- 5 . (3.167)
36M

Finally, the conditions (3.161) become to leading order

1+ (6+8g—x{")e>0, and 1+(6+8g—11")e>0. (3.168)

(ii) For the RN geometry, the extremality condition corresponds to Q% = M?, which leads to
rg = M (e = 0) and thus Q2 = M rg. The latter relation can therefore be understood as
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3.6. EMD for charged black holes

a deformation of the classical case for any value of € > —1. Furthermore, since a; = 1
classically, we shall focus on the positive sign in (3.159):

\/1+6+t2+\/(1+e+t2)2—4(1+6)x2

ay (3.169)
V2(1 +¢€)
Finally, the conditions (3.161) can be formulated as follows
X2 <0 if H<-(1+e)),
x< Gl if (l4e) <n<l+e, (3.170)
X2 <1 if n>1+e€.

These conditions are represented by the green region in Figure 3.4: the interior satisfies the
inequalities (3.161), while only the solid black line of its boundary is compatible.

M2,

. / w M?0.
P 2
—(1+e g l1+e

v

(5

Figure 3.4: Allowed parameter region of & and 6, in the case Q% = M ry. The interior of the green
coloured region leads to extremal geometries satisfying all relevant conditions. On its boundary,
only the solid black line is allowed, while the dashed black line is excluded.

52



4 Applications

In this Chapter, we illustrate applications of the approach presented in the previous Sections,
in particular, the conditions (3.32) which are sufficient for a finite Ricci scalar at the horizon,
we shall consider five concrete examples: the first one is the specifically constructed metric to
satisfy (3.32) in a minimal fashion. The second one is Bonanno-Reuter [157] black hole arising
from the Asymptotically safe quantum gravity program. The third and fourth examples are the the
Hayward black hole [24] and the Dymnikova space-time [167], and although we are aware that
these examples do not exhibit any divergent physical quantities, it is still interesting to demonstrate
how our approach can be applied to deformation functions that explicitly depend on coordinates
other than the proper distance. The last application is the electrically charged Frolov spacetime [32]
in the case of extremal BH. Finally, we discuss a connection of our framework to the Weak Gravity
Conjecture within the Swampland program [168—170] and discuss the efficiency of the approach to
describe the proper distance within some models.

4.1 Minimal metric deformation

As a first example, we introduce a novel model which is an ad hoc construction based on the
constraints (3.32). The physical motivations behind such toy model are irrelevant as we aim at
showing the utility of the framework a model-building tool. We consider the following form of the
metric function

2M 1
mani(r) = fana(r) = 1 - 22 M) @.1)

We can model the deformation @ in such a way to abide by a minimal set of conditions. Namely,
the requirements that the Ricci scalar is finite at the horizon, summarized in eq. (3.32), and that all
the derivatives of @ on the horizon of order higher than the third vanish translate into the following
conditions:

Py=do, O =0, O =¢,, O =-6dyg and O =0 Vnz4. (42)
The solution to (4.2) can be written compactly in the form

2
o) s L0
dy +p Zdil(dH +,O)3

(4.3)

Here we consider d g as a parameter of the model, which encodes information about the interior of the
black hole. Moreover, ¢g, ¢ € R are arbitrary parameters, which, however, are not independent:
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Figure 4.1: Function e® in eq. (4.3) with ¢¢ = —3¢2/2d§1 and dg = 1.

indeed, in order for the metric to asymptotically approach the Schwarzschild one (with mass
parameter M), we require the asymptotic limit

. o #) o+ 2 | 3¢2
lim e ("H”J =e¢ *n=1 = = .
pes SREy)

(4.4)
Choosing @gl) # 0 for some n > 4 in (4.2) would yield higher modifications of e® of order O(p*),
which are negligible close to the horizon. The position of the latter is located at

ri =2M e® = 2M exp 302\ (4.5)
2d3

A schematic plot of ¢® as a function of p is shown in Figure 4.1. Here we have plotted ¢?® in the
entire space-time (i.e. also inside of the event horizon for p < 0): following our general philosophy,
we shall discuss the metric function (and all associated quantities) only outside of the horizon (i.e.
for p > 0) and only make a few brief remarks on the physics inside of the black hole in Section 4.1.
The leading coefficients &, (stemming from the series expansion of 2M e® in Eq. (3.7)) are exhibited
in (4.66). In particular, due to the choice (4.2), we find £; = 0 = &3, which therefore satisfies (3.32).

Curvature and temperature

As a first step to calculating physical quantities for the spacetime metric characterized by (4.2), we
compute the first derivative of the function f at the horizon rg = 2Me®

~%o 32e2P0 M2 ¢ 3¢

(1) (1 _ 2 : 2
=hy 1 1- th =- , 4.6
4M ( + di, ) wi do Zd%{ 4.6)
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o . di . . .
which imposes the condition ¢, < m, which with (4.4) therefore becomes the non-linear

relation for ¢,

d4
3eofdy « _“H 4.7
$re Y ITE 4.7)
The Ricci scalar at the horizon is finite in this model and takes the value
3+(2-5 24r2 — 1242 8r2
|- +2( w)w L2 o $2(h2 o) , with o1 - fiqﬁz ’ 48)
'H 2rH(1+2w) dH(1+w)(1+2w) dy,

which vanishes when ¢, — 0 (@ — 1), recovering the classical case. Finiteness of the derivatives
(4.6) (at the event horizon) is a necessary requirement for well-behaved thermodynamical properties
of the black hole. Indeed, the Hawking temperature is given by

(1) 2
1 8ry, 2
Ty = = 1+4/1- X 4.9
U= un 8nry d‘}i 4.9)

Determining the entropy using the law of thermodynamics (2.38), requires specifying the M-
dependence of dy and ¢, and thus requires further refinement of the model. To give a concrete
example, we shall consider M > 1 along with

$=0(M° and dy=aM+0(M°)), (4.10)

that is, we are assuming only sub-leading corrections to the classical Schwarzschild metric. We,
therefore, find the horizon position

32

=2M - == +0(M™?), 4.11
'H M (M™) (4.11)
and thus for the Hawking temperature
1 (3n* - 16)¢ -3
Tu = 1+ +0O(M , 4.12
U7 grMm [ 24 M? (M) (“12)

and the entropy

(37% - 16) ¢

302 M2 log(MZ) +0 (M74)

S = 4xM? [1 - + const . (4.13)

This approximation exhibits a logarithmic correction, compatible with previous results in the
literature [103—113]. We remind the reader, however, that (4.13) is based on the assumptions
(4.10), which are related to the interior of the black hole solution.

Extending the metric inside the horizon

Following our general philosophy, so far we have considered the metric function only outside of
the black hole horizon and have used the horizon distance dy (and rg) as the only additional input
that is required for the interior of the black hole. Indeed, due to its definition

(4.14)

r dr/
diry= [ —— .
" /o NTita]
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4.1. Minimal metric deformation

the calculation of dy requires knowing the metric in the interior of the black hole, which we have
not specified up to this point. In the current example, since the function (4.3) can in fact be extended
to the entire space-time (i.e. also for p < 0), as is showcased in Figure 4.1, one can contemplate the
possibility to use (4.3) as a model for the entire space-time. Although this discussion is generally
outside of the scope of this thesis, here we shall nevertheless make a few remarks regarding this
possibility. For concreteness, we shall focus on ¢, > 0 in the entire Subsubsection.

As a first question, we may ask the behavior of the metric at the origin. In order to get a better
understanding of the space-time described by (4.3) for r <« 1, we may use a right rectangular
approximation for the integral of the proper distance (4.14)

d(r) = Vr<M, (4.15)

,
VIf ()]

which is an algebraic equation. Numerical analysis suggests that there are no real positive values
for (r,d(r)) that satisfy this relation for small » when f(r) < 0. We have, however, obtained the
following solution of (4.15) for r(d) in the case f(r) > 0

2/3
NF (31/3d2/3 + (—93‘1’M +V3d2+ 81e2<1>M2))

d_ 1/3
3215 (~9¢*M + V=37 + 81207

(0]
3V3e?M )l ~ @.16)

d V3 d

[1 . ( . (3\/§e¢M)l
= COS 5 arcsin 5 arcsm| ————— .

where ¢? is understood to be a function of d = dy + p. The function f, therefore, approaches +1

for d — 0, which hints towards the absence of a singularity at the origin. To verify this, we realize
that the function r in (4.16) cannot be expanded in a Taylor series for d. However, noting that (for @

given in (4.3)) for ¢o > 0 we have the limit hn}i e® in an exponential fashion, we can (formally)
p——adH

write r/d as a series expansion in powers of e®

o 211—1F 3n-1 o\n @
2 M M

§=1_ ( )( de) for de e[O,ﬁg). 4.17)

n=1 n!I (nTH)
We then find the Ricci scalar close to the origin
2M e®
= ﬁ [d%,d3(7d - 6dp) + (3dy — 4d)*(d — du)>¢] + O(*®) (4.18)
H

which is indeed finite in the limit  — 0, due to the exponential suppression of ¢®.'

While the above result of the absence of a curvature singularity at the origin is very encouraging
conceptually, it also highlights another problem: indeed, if f(r) > 0 close to the originand f(r) > 0
for r > ry, with a simple zero at ry, f necessarily has (at least) one further zero in the interval
r € (0, rg), more concretely for p < —dg /3. In other words, the space-time described by (4.3) has
at least one more inner horizon. At the latter, we have to verify again if all necessary conditions

'We have also verified that the Kretschmann scalar is finite at the origin in this model.
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are met for the absence of a curvature singularity. However, since (4.2) is only a minimal solution
of the conditions (3.32) (which are tailored to remove unphysical singularities at the outer event
horizon), we cannot guarantee the absence of a curvature singularity at this inner horizon. This
problem can be circumvented by allowing some of the (Dg‘) (for n > 4) to be non-zero, as we have
shown in Section 3.2.4 how to derive local conditions for the absence of curvature singularities at
an inner horizon.

4.2 Bonanno-Reuter asymptotically safe black hole

The perturbative quantisation of gravity based on Steven Weinberg’s seminal proposal leads to
insurmountable divergences due to the negative mass-dimension of Newton’s constant. In his
1979 work [171], Weinberg argued that a quantum theory of gravity might still be consistent and
predictive if the renormalisation group (RG) flow of all dimensionless couplings approaches a
non-Gaussian fixed point in the ultraviolet (UV). In other words, one requires a finite number of
relevant directions so the theory remains “safe” from unphysical divergences as the momentum
scale k — oo.

More formally, let {g;(k)} denote the set of dimensionless couplings in the theory; asymptotic
safety demands
de:
Berlg)) = k3t
with g; (k) — g finite and the number of UV-relevant directions finite.

In the gravitational context this idea materialises most concretely within the Functional Renor-
malisation Group (FRG) formalism for the effective average action I'y. The authors of [172] obtained
the Newton’s constant beta function using some approximate truncations of the gravitational action,
thus supporting the idea of a non-perturbatively renormalisable quantum field theory of the metric.

Key reviews of the scenario (see [173—177]) underline its conceptual import and technical
challenges. Several phenomenological consequences follow: in the UV the theory becomes
scale-invariant and predictive from a finite number of input parameters; in the infrared it must
reproduce classical General Relativity; and deviations might appear at Planckian or near-Planckian
scales, potentially influencing black-hole physics, cosmology and the structure of singularities.

While not yet providing a complete theory of quantum gravity, the asymptotic-safety programme
remains one of the viable frameworks consistent with the basic field-theoretic paradigm, offering a
minimal and field-theory—based route to a UV completion of gravity.

Let us consider as an example the black hole metric introduced by Bonanno-Reuter [157] as a
renormalization group improved generalization of the Schwarzschild space-time. Indeed, in [157],
it has been proposed to replace the (dimensionful) Newton constant G Newton DY @ running Newton
constant

— 0 for k — oo,

Go
l+w Go k2 ’
where w € R is a constant and k a (position dependent) scale (with reference scale k = 0, at which
we measure the Newton’s constant Go = G (k = 0), whose length dimension is [Go] = [L]?).
The choice of the latter is ambiguous, but it has been proposed in [157] to use an inverse physical
distance from the center of the black hole” and here we present the re-scaled version with respect

GNewton — G (k) = (4.19)

2Qther options discussed in [157] include distances of the form fC v|ds2|, for different choices of contours C (for
example the world-line of a free-falling observer).
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4.2. Bonanno-Reuter asymptotically safe black hole

to G
k(r) = (Go)™ "¢ | D(r) (4.20)

with £ a suitable dimensionless constant and D (r) the dimensionless proper distance function.

Such a distance has physical meaning, independent of a specific choice of coordinates. The metric

proposed in [157] can be written in the form

2GoM 1
ro1+@/D(r)?’

h(r) = f(r) = fgr(r) =1~ (4.21)

where w = a)fz is a dimensionless constant. In [157] the concrete value w = % was given,
however, subsequent works in the literature [178—182] potentially point towards different values
(and a different sign). In the following, we shall consider w a generic parameter and discover
marked differences between positive and negative values. Furthermore, we shall consider (4.21)
to be valid only outside of the event horizon, which is located at dgr gy (which we take as an
input of the model. %) In order for fBr to remain well defined at the horizon, we shall assume
w+ a’éR i % # 0.

For concrete computations, a choice for the physical distance needs to be made. Here we shall
discuss three different possibilities that lead to a geometry with an (outer) event horizon, for which
we can verify whether the conditions (3.32) are satisfied and whether therefore the Ricci scalar is
finite, namely: (i) the proper distance computed from the metric (4.21); (ii) the proper distance
computed from the Schwarzschild metric; (iii) an interpolating function. We shall discuss all three

possibilities in the following:

(i) choosing D(r) as the proper distance dBR(r):

dpr(r) = (Go)™'/? / Vr>0. (4.22)
v fBR(’”

This is a self-consistent choice in the sense that the proper distance is compatible with the
metric (4.21). As discussed in [45], this guarantees that the modified metric exhibits the same
diffeomorphism invariance as the (classical) Schwarzschild black hole. However, explicitly
computing the distance becomes more involved (since (4.22) is an implicit definition). For
negative values of @, a series expansion close to the horizon is developed in Appendix 4.7.
However, for our purposes, this is not in fact required, since we can simply verify the regularity
conditions developed in the previous Sections, i.e. eq. (3.32). For the concrete function (4.21)
with d(r) = dgr(r) = dpr . + G '*p(r), we obtain

£ =0, = 2GMOdsrn (4.23)

(w+ déR,H)2

such that Eq. (3.32) is not satisfied. In fact, (4.23) implies that already the first derivative of
JBR

20 1
* dpr(r)(dpr(r)? + @) VfBr(r)

3Here we are allowing for the possibility that the metric inside of the black hole is different from (4.21) in which case
dpr,m would need to be computed as a separate input to the model. As we shall see, our conclusions will be entirely
independent of this choice and thus the concrete value of dpr, H -

S0 = (1= far () | =

Yr > TBR,H »
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(ii)

diverges at the horizon
lim, S (reRp +€) — o (4.24)

This is due to the fact that fgr (rgr,z) = 0. Following the discussion of Section 2.2, this poses
problems with the interpretation of the black hole’s thermodynamical properties, notably the
Hawking temperature’s definition. Furthermore, it also leads to a curvature singularity at the
horizon, since for example, the Ricci scalar becomes

B(fir = 1) (dir (dg + @) (1 = 5 fon) fop. +7 (63 fix - 20) |
R = — . Vr > ryg .
r dl23R (d123R + ‘“) f]%R

This expression diverges at the event horizon due to the factor féR in the denominator (while
the numerator at the horizon assumes the finite value 2&2ry).

Finally, we remark since &; # 0, the results of the series expansion approach developed in
Section 3.2 are not directly applicable. In appendix A.2, we show how it can be generalised in
this case, and the consequences for the Bonanno-Reuter space-time for @ < 0, are discussed
in appendix 4.7 (confirming further our above conclusions in this case).

choosing D(r) as the proper distance of the (classical) Schwarzschild geometry ds(r), i.e.

ds(r) = (Go)™ ' / 4.25)

ZGOM

7GoM — \/r(ZGOM ~7) = 2GoM arctan \/22M _ | if 0<r<2GoM,
7GoM + \Jr(r —2GoM) + 2GoM arctanh/1 — ZGOM if r>2GoM .

(4.26)

= (Go)™'* x

This option was initially advocated in [157] and has the advantage that it can be computed
as a closed expression in terms of 7. This geometry possesses a horizon, whose position is
corrected by w, e.g. for large mass M of the black hole

2 @ _
rar,i = 2GoM - = -+ 0 (1@ m?) 4.27)
M

For fgr to be well defined at the horizon, we assume that w + dé(r =rgr,a) # 0. The
derivative of f in this case becomes

" 2GoM 4GoM &

~ 2 b
2 —
(1+ds(r)2) rds(r)3‘1 2G0M’(1+ ds(r)z)

(4.28)

which is finite at the horizon rgg_ g, but diverges for r = 2GoM (which for w > 0 lies outside
the horizon of the black hole). Because of this, while the Ricci scalar is finite at v = rgr g,
the geometry has a curvature singularity at r = 2GoM.
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4.2. Bonanno-Reuter asymptotically safe black hole

(iii) Although a closed function of r, the Schwarzschild proper distance (4.26) is still difficult to
work with for concrete computations. Therefore in [157] the following approximation for
(4.26) was proposed

r3 172 lim bs(r) ~ (yGoM)™'/*r*/2,
d ~ P == R hthat "7
s(r) = bs(r) (Gg(r +7G0M)) M Nim vg(r) ~ (Go) P
r—oo

(4.29)
Here y € R is a constant, which in order to mimic the same behaviour as (4.26) at the origin
(r — 0) needs to be chosen as y = 9/2. The function dg has no inflection points, and thus
does not feature the same behaviour as a proper distance at a horizon for any value of r.

Identifying D in (4.21) with dg leads to a zero of fgr at

2+y w

rer.H = 2GoM — 7t o(@*/M?) . (4.30)

At this horizon, both the first and second derivatives of fgr are finite implying that the Ricci
scalar takes a finite value.

To summarise, treating (4.21) in a self-consistent fashion by identifying 9 by the proper distance
dgr calculated from fgr itself leads to a divergent first derivative of the metric function at the
horizon, which in turn leads to significant problems for physical quantities. Notably, it poses
problems for defining a finite Hawking temperature and leads to a curvature singularity at the
(outer) event horizon. This is in line with the results of Section 3.2, due to the fact that the

function ®®) (p) = 1+a/(dBZRG$i/[G" oy does not satisfy the conditions (3.32), independent of the
d 0

geometry of the black hole inside the event horizon (i.e. independent of the value of dggr g). The
choices (ii) and (iii) constitute a departure from the original idea presented in [157] (proposed as
an approximation in this work) by replacing D by a function of the radial coordinate », which does
not represent a physical distance that has been consistently calculated from the metric characterised
by (4.21).

While (ii), depending on the sign of w, may have a curvature singularity outside of the event
horizon, choice (iii) is at least well-behaved from this perspective. However, from the point of
view of the original motivation to deform the Schwarzschild metric by a function of a (consistently
calculated) distance function, the choice (iii) corresponds to a different deformation function than
(4.21). Using the approach outlined in Section 3.2.1, we can determine this modified deformation
function by reverse engineering the coefficients &,: indeed, by integrating eq. (3.6) we find the
coefficients b,, in eq. (3.7)

\/5 "%R,H + ZJG()(’"BR,H +y G()M)‘
by = , by =0,
\/rBR,HGOM(r%R,H — wGo(rpr,H +2YGoM))

BR,H BR,H
b; = , by =0. 4.31)

3
24\/§ (r]33R,H + ajGo(’}/GoM + rBR,H))

DIGOM (1 1y = 3 1 Go® = Tyrig y GIM &+ (yGIM &)?)

Therefore with

| 2b;

R a; =0, ar=-"2, (432
1

a; =0, ay = bS
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we obtain for the leading coefficients of &, (which are equal to 6,,)

2r ]23R HEJ G()M(ZI‘BR’H + 3’)/ G()M)

gl :09 52 bz(r

, =0. 4.33
+@Go(rgr,a +y GoM))? & @33

BR,H
These indeed satisfy the conditions (3.32). Therefore, the “approximation” to use (4.29) for D
in (4.21) instead of the self-consistently calculated proper distance, corresponds to changing the
metric function (4.21), in a way characterised by the above expansion coefficients.

4.3 Hayward black hole

The Hayward black hole [24] is a well-known example of a static and spherically symmetric
regular black hole solution, designed to eliminate the central singularity while preserving the
essential causal structure of the Schwarzschild geometry. The metric was introduced as a simple,
phenomenological modification of the Schwarzschild solution that replaces the singularity with a
regular de Sitter core, characterized by a finite curvature and energy density at the origin, without
committing to any specific modification of General Relativity. The Hayward spacetime smoothly
interpolates between a de Sitter region near r = 0 and an asymptotically flat Schwarzschild-like
behavior at large radii, with the transition governed by a length scale parameter associated with
quantum-gravitational effects. Owing to its minimal and physically transparent form, the Hayward
model has become a standard prototype in the study of regular black holes, black hole evaporation,
and possible quantum modifications of classical horizons. The metric function for the Hayward
space-time can be written as

2Mr?

f(r)zh(r)szay(r) :=l_m,

(4.34)
where y is a free parameter that determines the scale at which the departure from the classical
Schwarzschild solution becomes significant [32]. Here we assume fi1ay to hold in the entire space-

time. From the metric element, we can directly deduce the form of the deformation function, which
explicitly depends on the coordinate r rather than the proper distance d

2Mr3

il 4.35
r3+2My ( )

@ (d(r)) =

The Hayward space-time exhibits two event horizons, indicated by the existence of two zeroes of
the function fiay. The position of the outer horizon is:

2M 1 27
TH.+ = EN (1 +2cos [§ arccos (1 - S_MYQ)D . (4.36)

Furthermore, the proper distance can be computed using the integral expression (4.14):

r3 _ P+2My

dray (1) = 2M(r2 +v)

dF . (4.37)
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Figure 4.2: Comparison between the proper distance in the Hayward space-time (blue, calculated
using equation (4.37)) and the proper distance in the Schwarzschild space-time ds (green) for
specific parameter values: M = 10 and y = 3. The dashed orange line corresponds to the Taylor
series expansion of the proper distance from the event horizon, obtained from equation (4.39).

Numerical evaluation of this integral suggests the following form of the distance of the horizon
for large values of M

c1 =0.3334 £ 0.0002,

_ ) 0 :
dg+=nM+c1y? InM+0O(M"), with ¢3 = 0.4999 + 0.0002..

(4.38)

More importantly, the distance (for a generic point outside of the horizon) can be expanded in
powers of (r — rg +), which takes the explicit form

V2(rg, , +2yM)NF=Trx .\ M(r% = 14r, yM +4y*M?)
\/ M, —dyM) V20 Mgy = 4y M)

+O((r—rus)?). (4.39)

dHayex = dH 4+ + (r—rm+)?

A comparison between the numerical solution for the distance function (4.37) and (4.39) is shown
in Figure 4.2. Using expansion (3.8) we can read off the coefficients b,, from eq. (4.39) and express
them in terms of the a,,’s using the recursive relation listed in (3.15)

L Y20 +2yM) ay - Sai—daray  M(ry , — 141}, yM +4y*M?)
2 = P52 T 72
\/rH,J,M(r;J’+ —4yM) 2a; 802/ 3‘/E(TH,+M(V;1,+ —4yM))3/2
(4.40)

Solving this system yields the solutions for a», a3 and a4
rH,+M(r;.1,+ —4yM)
2(r;1’+ +2yM)?

ay = a3 = 0’ (441)
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~ —Mzr}i?’Jr + 18)/M3r;_1’+ - 60y2M4r§I’+ + 16y3M5rH,+
384ySM5 + 12r)  +120yMri2  +480y2M2r), , +960y3M3rS, | +960y4M*r3,
(4.42)

as

Plugging these coefficients into the series (3.8) allows us to write r as a power series in p and then
expand around p =0

2Mr(p)3 6)/M3r;’{,+ (r;{’+—4yM) 5
r(p)3 +2M STH+T 4 Pt
P Y (ZyM +r13q +)
yMH (T2 £ TME, | 204203 12 )
+ 7 p +0(p’), (443)
(27M + ’"21 +)

from which we can read the coefficients &,,. In particular, we obtain

6yM3r;_I’+ ('31,+ - 4)/M)
fl = 0, .fz = 2 and f3 =0. (4.44)
(ZyM + r?_]&)

Alternatively, we can use the last relation in equation (3.11) and the recursive relation in equation
(3.14) for p = 3 to determine the values of the coefficients & and £3. By doing so, we can establish
that the Hayward space-time satisfies the condition (3.27). Consequently, it is not surprising that
the Ricci scalar and the Hawking temperature in this space-time are well-defined and free from
singularities at the event horizon rg ..

4.4 Dymnikova black hole

The Dymnikova black hole [27, 167] represents one of the earliest and most studied examples of
a regular black hole, that is, a spherically symmetric and asymptotically flat solution of Einstein’s
equations free from curvature singularities at the center. The solution arises from coupling general
relativity to a specific form of anisotropic vacuum-like matter with a de Sitter core, which replaces
the classical singularity with a smooth region of finite energy density. The metric interpolates
between a de Sitter geometry near the origin and a Schwarzschild-like behavior at large radii,
yielding a horizon structure similar to that of the Reissner—Nordstrom spacetime. The Dymnikova
model thus provides a self-consistent and physically motivated realization of a nonsingular black
hole, serving as a valuable prototype for studying quantum-gravity inspired regular geometries and
their thermodynamic or quasi-normal mode properties.
The metric function in the Dymnikova space-time is given by

oM »
F@) = h() = foym(r) = 1= == (1 - e—”/f?) with €3 =2M¢2 (4.45)

which (as for the Hayward black hole) we take to hold for the entire space-time. Also, similar to
the Hayward black hole, the parameter £, ensures the regularity of the solution near the origin.
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4.4. Dymnikova black hole

Additionally, the density profile of the effective energy-momentum tensor is chosen such that the
metric possesses a de Sitter core. Furthermore, the Dymnikova space-time possesses two horizons,
which for large masses are located at

FHa=2M (1 ~0 (e—4M2/"3)) and ry._=2M (1 ~0 (;%)) . (4.46)

801 — dpymn

dpymnex

701 —— ds

~
401 dugy
=

TH,+

Figure 4.3: Comparison of the proper distance in the Dymnikova space-time, computed using the
definition (4.14) (blue), with the proper distance in the Schwarzschild space-time ds (green) for
M =10 and €y = 3. The dashed orange line represents the Taylor series expansion of the proper
distance from the event horizon, as given by equation (4.47).

We find from (3.8) that the power series expansion of the proper distance has the following form

2”H,+\/” —TH+

dDymn,ex = dH,+ + +
3 2
\/ZM - oM (oM 433, 62)

o T I2ME (Sszg (erz’+/2Mt’§ _ 1) _ 9r16q +)
(r=rus)?+0((r—rus)?) . (447)

32
24MES (20 + & PN (<201 - 33, 82

In Figure 4.3 we provide a numerical approximation of the proper distance using the definition
(4.14) and compare this expansion for r > rg . Furthermore, we can recover the coefficients as,
as and ay

i PMEG (2M€§ (eVIBH/ZMfg - l) -3r}, +)

ar = s az = 0 . (4.48)
T
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e MG (M (1 PME — 1) =30, ) (98, | - M€ (oM — 1))

(4.49)

a4 =

6.5
384M s, ,

As for the Hayward space-time, we can expand the function 2M (1 — ™" e ) around p =0

3¢ " HIMEG (2Mf§ (72 — 1) -3, +)

2+ 0(pY @50
il p +0(p") (4.50)

2M(1 - e_r(p)3/f*3) =rg++

from which we read off the coefficients &1, & and &3

37 i MO (20163 (MG 1) - 373, )
& =0, &= Z and & =0. (4.51)
4¢,

We observe that the conditions stated in equation (3.27) are satisfied in the Dymnikova space-
time as well, leading to the same conclusions as those drawn for the Hayward black hole. These
conditions ensure that the Ricci scalar and the Hawking temperature remain well-defined and free
from singularities at the event horizons, which is indeed the case for this space-time.

4.5 Extremal Frolov space-time

The Frolov spacetime [32] represents a class of regular black hole solutions designed to capture
the essential features of quantum-gravity—induced modifications to the classical black hole interior.
In this model, the singularity is replaced by a smooth transition region connecting the trapped and
anti-trapped domains through a de Sitter-like core, ensuring that all curvature invariants remain
finite. The geometry can be interpreted as an effective semiclassical description of a spherical
black hole undergoing evaporation, and it incorporates a bounce that prevents the formation of
a curvature singularity. The Frolov metric thus provides a physically motivated and analytically
tractable framework to explore non-singular black hole evolution, causal structure, and information
recovery scenarios in quantum gravity.

In this Subsection we shall discuss the Frolov spacetime as the extremal configuration of the
deformed Reissner-Nordstrom geometry, or equivalently as an extremal charged Hayward BH (cf.
Sec. 4.3). As a concrete example of the EMD based on the proper time (notably in the extremal
case), we shall consider here the following metric (using the same notation as in (3.142)), first
introduced by Frolov in [32]

2M Q%) = ~ rt
h(r) = =l-|—-=|T, h = . 4.52
(r)=7(r) ( roor? ) WheTe rt+ (2Mr + Q?)n? (452)
If O = 0, we recover the Hayward metric [24]. Inspecting the two limits
r—o0 2M Q2 2 -4 r=0 r2 6
f(r) = 1—7+—2+77 or™) and f(r) =" 1+=5+0("), (4.53)
r n

the metric (4.52) features asymptotic flatness, while reproducing the Reissner-Nordstrom metric
for n — 0. This latter parameter can be interpreted as the radius of an Anti de-Sitter core at the
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origin. Finally, the position of the event horizon satisfies f(rg) = 0, which has 4 solutions: we
shall understand g to be the largest (real) value among these.

In the following, we shall be interested in the extremal Frolov space-time. Indeed, extremality
(i.e. %(rH) = () imposes a condition among the three parameters (Q, M,n). In order to
characterise this condition, we shall consider 7 to be parametrically small, by introducing the
parameter € as in (3.162) to capture small deformations of the Reissner-Nordstrom geometry

M - rg M

€= —— such that rg = >
rH 1+€

(4.54)

where rg = M corresponds to the classical event horizon of the (extremal) Reissner-Nordstrém
geometry. The conditions for a (deformed) extremal black hole are then solved by

0| Ve+V1+5e+5€2 2 142e—V1+5¢e+5€
o1 T (4.55)
M l+e€ ’ M2 (1+¢)3 ' '

< 5+W These

Reality of Q furthermore requires € > _?lw while f > O for » > rgy requires € <
l / 4 5+‘/W]

results are schematically shown in Figure 4.4, where the green shaded region € € [—
denotes the parameter space that gives rise to an extremal black hole with the correct space-time
signature outside of the event horizon. We remark that > > 0 for € € [—1/4, 0], which correspond

|Q|/M
7’ /M? 12
06
05 1.0, /\
04l 08l
03} 06
04l
€ 02
A S Y Y BT —— €
-0 0.0 05 10 15 20

Figure 4.4: Parametrisation of the radius of the Anti de-Sitter core (left) and mass-to-charge
ratio (right) of the extremal Frolov-space-time as a function of the deformation parameter € (see
eq. (4.55)). The green shaded region leads to a geometry with the correct signature outside of the
event horizon. Notice, however, that € > 0 leads to |Q| > M and 772 < 0, such that the latter is no
longer the radius of a Anti de-Sitter core.

to a horizon radius that is larger than its classical counterpart. Allowing > < 0, we find |Q| > M

for e € [0, \/g,] ] thus circumventing the classical bound for the charge of the black hole, known
as super-extremal. We remark, however, that 172 < 0, no longer represents the radius of an Anti
de-Sitter core at the origin, which, however, is a priori not visible only from outside of the event
horizon. Notice, also that € = 5+W corresponds to the largest possible value of |Q|/M and the
smallest possible value of nz/ M 2 (z e. the extrema of the expressions in (4.55)). Furthermore we

remark that Q> = 2M ry for € = 3/4 > 5+W , which is outside of the green shaded region in
Figure 4.4, thus justifying the assumption made in Section 3.6.5.
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Figure 4.5 depicts the function f for different values of € outside of the event horizon. The right

5+\/10

panel of this Figure indicates that indeed for € > , the function f is negative outside of the

double horizon located at %: moreover, it develops a further single horizon at a position r > M.

0.6 f

0.5
0.4
0.3

0.2

0.720 0.725 0.730 0.735 7‘/1\/1
0.1

ool LA
1.0 1.5 2.0 25 3.0 35 4.0

Figure 4.5: Left: plot of the function f outside of the horizon for different values of € € [— 13 +X(}ﬁ]

4
(i.e. the green shaded region in Figure 4.4). Notice that indeed each plot starts with a horizontal
tangent, indicating the second order zero at the horizon. Right: for e > * 4V(}05, rg = 114‘:[5 no longer

represents the outermost horizon of the geometry.

Finally, we also provide the expressions for the first few coefficients (En = 5,,),,6N as functions
of €

_ 1 36

_ =1+ =+0(),
O reiesairg 20
5_2(1+e)(1—m)__ﬁ+0(52),

C Qte-+5e(l+e)2M M
2(1+E) (1+10€ +8€% — (1 +2€)4/1 +5¢(1 +€) )) lle +O().
(2+e-+1+5e(1+€))3 M2 e

which are plotted (for € € [—1/4,0]) in Figure 4.6.

In order to compare to the leading order computations in Section 3.6.5 (i.e. for the case (i ) of
the parameter space), we need to expand (4.55) to obtain lQl =1+ 3£ +0(€?), such that ¢ = 4 in
(3.163). For small enough values of € (such that the hlgher orders i 1n € can indeed be neglected),
this is compatible with (3.168).

l

(4.56)
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Figure 4.6: Leading Coefficients En(e) fore e [—}1, O].

4.6 Weak gravity conjecture

The Swampland program [168, 169, 183, 184] aims to delineate the subset of effective field
theories (EFTs) that can arise from a consistent theory of quantum gravity, such as string theory.
While effective theories are ubiquitous in particle physics and cosmology, only a small fraction
of them can be consistently embedded in a UV-complete gravitational framework, the so-called
string landscape, whereas the remaining inconsistent ones belong to the Swampland. The program
formulates a series of Swampland conjectures, such as the Distance conjecture and the de Sitter
conjecture, providing quantitative criteria that low-energy EFTs must satisfy to admit a quantum-
gravitational completion. These conjectures have profound implications for cosmology, black hole
physics, and the nature of spacetime itself, offering a bridge between phenomenological models
and the fundamental constraints imposed by quantum gravity.

The weak gravity conjecture [168, 185, 186] states that the emission spectrum requires a particle
with charge-to-mass ratio larger than the black hole’s charge-to-mass ratio. In particular, in Planck
units, the following relation holds:

2 ()
JR— Z J—
q q

where m and g are the mass and charge of the particle with the largest charge-to-mass ratio of the
emission spectrum. Subsequent works in the literature have focused on refinements (or corrections)
to (4.57), by studying different effects in (effective) quantum theories. As a recent example, we
mention [187], which has analysed the impact of selected higher order operators in the effective
action. To gain insights on & in our framework, we consider the decay of an electrically charged
black hole. From the definition of horizon, the ratio between the black hole mass M and its charge

qis

, (4.57)

min

M _ it d% (4.58)
9  2qruéo

Close to the classical extremality condition, rz and the deformation function &) take the following
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form:

ru=q(1+y), & =1+4, (4.59)

where A and 7y play the role of the quantum corrections, and y ~ O(4). Using equation (4.59), we
can obtain the following upper limit:

1<2-2 (E) , (4.60)

which relates the inside of the black hole with its emission spectrum, and may allow to grasp some
information of the interior structure of the black hole.

min

4.7 Computing the proper distance

To showcase the approach developed in Section 3.2.1 to compute the proper distance as a function of
the deformation parameters, we consider three simple examples, corresponding to different choices
of the coefficients &,.

Schwarzschild distance

The simplest choice is to set rg = 2M and so &y = 1 and &, = 0 Vn > 0, which corresponds to the
Schwarzschild black hole (i.e. ® = 2M). In this case, we also have dg = 7M. Using (3.13) and
(3.14), the first few coefficients a,, (and their reversions b,,) can be tabulated as follows

’ Hn:l‘n:Z‘n=3‘ n=4 ‘ n=>5 ‘ n==6 ‘
a 1 _L AL | __73 887 __ 136883
2n 8 g 880 80640 | 3628800M° 1916006400
1 1 1 5 7
b1 || 2 3 | m | % ~3% T408

which allows to compute a series expansion of the distance function, as in eq. (3.8). These
coefficients have previously been obtained in [188, 189] (see also [190]) in a different context,
namely solutions for free-falling bodies in Newtonian gravity. We have verified up to (r—2M)>%0-1/2
that these coefficients follow the pattern

(-DH*2n -5
2n=22n - 1(n - 1)’

bap_1 = (4.61)

such that the series expansion of p in terms of (r — rg)'/? has an interval of convergence of
r € [0,4M]. A graphical example (for M = 5) is shown in Figure 4.7, with an expansion up to
order (r — rg7)°®~1/2. We have furthermore verified that the coefficients b, agree with a series
expansion of p(r): indeed, in the case of the Schwarzschild geometry, the distance p can in fact be
computed in closed form as a function of r (see eq. (4.26))

[ 2M
p(r) =+r(r—2M) +2M arctanh4/1 — — for r >2M, (4.62)
r

allowing us to verify whether (3.8) is indeed a good representation of the distance function (see
Figure 4.7).
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Figure 4.7: Comparison of the series expansion (3.8) up to order O((r —rg)>*°~/?) (dashed black
line) to the analytic result (4.62) (red curve) for M = 5. The blue line 4M = 20 denotes the
boundary of the interval of convergence for the series expansion.

Bonanno-Reuter black hole

For the choice (4.21) of the metric deformation (along with f = h), the coeflicients &, in the
expansion (3.7) are given by

d2
§0=~ ]-212 ’
w + H
341
—1)n (2M)" n+ 1 2k ~
b=t 2 OV ra eet e
H k=1

|d2,+3|
dH+ V-
# 0, the results of Section 3.2.1 cannot be directly applied. However, as explained

Here the interval of convergence (for @ < 0) is given by p € [0, ) Moreover, since

& = AM&dy
L= Gra3)?
in Appendix A.2, for @ < 0 (such that & < 0), this approach can be adapted, leading to a series
expansion (A.21) with coeflicients @, in (A.24) and (A.25). This expansion provides a solution
of the differential equation (3.6) (albeit with a divergent first derivative f;ll) of f at the horizon).
Inversion of the series (A.21) leads to an expansion of the proper distance to the horizon of the form

o~ 2n
peR(r) = > bu (r=r) ¥, (4.64)
n=0
where for concreteness, we provide explicitly the first few coefficients
S S s N Gl G S Y S R ) S S el (I 65)
0~ 2P 2B(—duMe)'B 'T3@ T ledgMa T P or

A numerical plot of the three different distance functions used in Section 4.2 for the Bonanno-Reuter
black hole is shown in Figure 4.8.
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r

e ———. T =

il i + T
10.085 10.090 10.095 10.100

Figure 4.8: Comparison of three different distance functions for the Bonanno-Reuter space-time:
(i) ppr (represented by the expansion (4.64)), (ii) the Schwarzschild proper distance ps = ds — dy
and (iii) the approximating function ds — dy in eq. (4.29). Here we have chosen w = -1, M = 5
and rg = 10.08 and dyg = 12.96.

Minimal example

As a last example, we consider the metric function characterised by the minimal choice (4.2),
leading to the function @ in eq. (4.3). The first few &, read explicitly

K 2 3¢p
——Z 2M — Tz
fo=e i, £1=0, ’52:(61—4)%6 i £ =0, (4.66)
H

which satisfy the conditions (3.27), as expected. The leading coefficients a,, in the expansion of
r(p) in (3.8) therefore become

_M(+o) 2Mruds sM3 [(1+w)3 9ry, 83

, Q3= ——F—————, a4=—
3 YT 2w 256r3,  d%(1+3w)>

: , (4.67)
d*,(1+3w)

as
4}"H

where we have again used the shorthand notation @ = /1 — 8rg&> /M. The series inversion yields
the following coefficients for the distance function (3.8)

- 2\ by = 16r3,¢2
VM(1+o) Md}(1+@)2(1+3w)’
by = \/Edg(l +@)*(1+3w)3 +256r%, (19 + 29w) >
rH 248 (1+@)72(1 +2w)(1 + 3w)? '

(4.68)
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5 Extending the EMD

The effective metric description developed in Chapter 3 provides a well-defined and physically
transparent parametrization of deformations of static and spherically symmetric black holes, en-
suring regularity at the horizon and direct control over thermodynamical quantities. However, the
near-horizon nature of the construction implies a limited radius of convergence for the proper-
distance expansions, preventing reliable computations of observables probing regions far from the
event horizon. This becomes a clear obstacle when studying quantities such as the photon sphere,
the black hole shadow, or the quasi-normal modes dominated by the light ring.

The goal of this chapter, based on [49], is to overcome this limitation by extending the EMD into
a framework capable of capturing both the near-horizon and the geometry near the photon sphere
in a unified manner. We introduce improved approximations of the metric, including Padé rational
approximations, that remain accurate well beyond the convergence domain of the original Taylor
series. We then apply these methods to compute physical observables at finite radius and assess the
robustness of the EMD as an effective parametrization of deformed black hole spacetimes.

5.1 Effective Metric Approach and Approximations

Our starting point is an effective metric description of a spherically symmetric and static black hole,
based on the proper distance to the black hole horizon, introduced in Section 3.2. Using the metric
of the form as in Eq. (3.1) with the metric functions as in Eq. (3.2) and deformation functions ¥
and @ as in Eq. (3.7), where rp is the position of the (simple) horizon and we assume p > 0 and
r > ry. Imposing the regularity conditions of all of the derivatives of the metric on the horizon,

explained in Section 3.2.3, we assume that the functions ¥ and @ can be expanded in the following
form
b p 2n b p 2n
W(p) =y +2M Y. 0 () d ®p)=ru+2M Y & () 5.1
() =rn Z m(5y7)  and @) =rm ;é‘z o (5.1)

where M is the ADM mass (in units of the Planck mass) measured by an observer at space-
like infinity. Furthermore, we consider the coefficients {6, } ,en and {&2,, }nen (along with rg) the
effective parameters describing the black hole under consideration. For compactness of the notation,
we shall also sometimes use the notation &y = 2’% = 6y and implicitly understand &;,,41 = 02,41 =0
Vn > 0.

The differential equation (3.6) can be solved in terms of the series expansions in eq. (3.8)
and by the means explained in Section 3.2. Finally, for further convenience, we introduce two
types of series expansions of the metric functions, which (assuming their convergence) are locally
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equivalent: first we introduce an expansion of & and f in terms of the radial coordinate as in
Eq. (3.3). Here we consider the expansion coefficients {hl(;)}neN and { ff(In)}neN as functions of
{&n }nen and {02, }nen, for example

1 _ 1+w

H 2y (5.2a)
(1) 1 8VH92/M

h, =——-————— 5.2b
H =y rg(l+w)’ (5-2b)

L) _ s .\ (@+1) [02(w+ 1)Bw + Dry/(4M) — 042w + V)r3, [M?| =320, &4r4, | M*
H rlzq ré(w+ 132w +1) ’

(5.2¢)

w::dl—%. (5.3)

The deformation to the higher-order derivatives take the form

where we recall from Eq. (3.13)

(£ = (£ )etas) & Ean+nLGrirs o En2) 54

where ( fl,({"))c]ass is the classical expression for the derivative of the metric at the horizon (for
Schwarzschild rg = 2M and (flgn))class = (_1)n+1 (2M)™") and n.l. indicates a non-linear depen-

dence on ry and {€2 }1<p<n. The same holds for h(f?) with respect to 6>, and (rg, {62p }1<p<n)-
Secondly, we consider & and f expressed as the series expansions in Eq. (3.20), in which we used
Eq. (3.19). We stress that both expansions (3.3) and (3.20) in general have finite radius of conver-
gence in a region close to the event horizon. Thus, while these expansions are crucial in (locally)
solving (3.6) in a self-consistent fashion, and thus determining explicitly the geometry, they are in
general not viable for computing observables at a distance from the black hole. Furthermore, even
close to the horizon, convergence of (5.1) (or (3.3)) may be slow, thus making them impractical for
concrete computations. '

The aim of this Chapter is therefore to devise a strategy for approximations of the metric that
circumvent these problems: in the following Subsection 2.3 we shall briefly introduce an observable,
in the form of the photon radius (which is experimentally related to the black hole shadow), which
requires a description of the geometry at a distance of the black hole horizon. Furthermore, in
Section 5.2 we shall introduce the Padé approximant as a means to (approximately) calculate this
observable in the effective framework.

Before continuing, we would like to make a further technical remark concerning the series
coefficients in (5.1) mentioned above: indeed, since ¥ and @ encode (quantum) corrections, their
effect is in a certain sense understood to be small. In fact, in many models (see Section 5.3 below
for examples) there is a dedicated small parameter (denoted 7 in Section 5.3) that governs the size
of the deformation and allows to (better) organise approximations accordingly. In order to make
contact with the examples discussed in Section 5.3, we shall also define

rg =:2M (1+¢) , (5.5)

'We note, however, that (5.1), (3.3) and (3.20) allow to compute observables that only depend on the (very near-)horizon
geometry in a very efficient manner, such as the Hawking temperature of the black hole, as we demonstrated in Chapter 3.
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and assume that {65, , &, } and ¢ are small deformations. Concretely, in order to illustrate some of
our conceptual points by an example, we shall consider

0
cx1 and % > ¢, and % > c, Vn >2. (5.6)

Assuming observables to be analytic functions in ¢, we present our results as expansions thereof,
focusing mostly on the leading correction O(¢). We shall consider this, the leading quantum
correction. As we shall see explicitly in several examples in Section 5.3, the radius of the photon
sphere r,s is not only larger than the radius of the event horizon rg, but also such that the
series expansions (3.6) or the expansion of the distance in (3.8) are not necessarily convergent,
or at least converge very slowly. Thus, they cannot be used directly to find the solution (2.50).
In the following Section we shall therefore present approximations of the metric that allow to
(approximately) compute rps, the impact parameter b and ultimately the shadow bgy,.

5.2 Padé Approximation

In this Section we use Padé approximants (see Appendix 5.2.1 for the definition) to find approxi-
mations to the effective metric description and physical observables in a region outside of the event
horizon, notably the radius of the photon ring discussed in Section 2.3. We shall introduce the con-
cept of an order of these approximations through the number of expansion coefficients {2, 62, }nen
that we consider to be genuine and independent, which is linked to the order of the Padé approximant.

5.2.1 Padé Approximant of a Series Expansion
Let U : [0,x9] — R be a function with series expansion
Ux) = Z we xk (5.7)
k=0

that has radius of convergence xo > 0. We then introduce the Padé approximant [51] as the quotient
of two polynomials

Pn(x) . Py =N pux",
U = , with n=0 57 5.8
MM @) Om =1+3M g, xm, -8
such that
N+M
Uy (x) = Z e xk + ONMHY (5.9)
k=0

If Un i exists, the coefficients {p,} and {g,,} are unique and given by the linear equations

qm UN+1 UN-M+1 UN-M+2 " un
qaM-1 UN+2 . UN-M+2 UN-M+3 - UN+1
M - ) =- . , with My = ) . . ,
q1 UN+M Y UN+1 o UNyM-1
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1 0 0 0
q ZO g 0 0 v 0
1 1
My - . = . , with M, = Uy ug 0 0 c 0
qm PN Uy Un—] Un_p - UN-m—1 UN-M
(5.10)

If it exists, an explicit form of Uy s can be given in the form

UN-M+1 UN-M+2 T UN+1
un UN+1 UN+Mm
N . J N . J ... N o xd
Djep Wj-mx X gy WMl 2 j=o WX
UN’M()C) = (511)
UN-M+1 UN-M+2 - UN4]
uy UN+1 o UNsM
™ M-1 1

5.2.2 Padé Approximant of the Metric and Horizon Distance

While the series expansions (5.1) for the metric deformation functions, may exist close to the
horizon of the black hole, they are generally expected to have finite radius of convergence. Thus
(5.1) can in general not be directly used to describe the space time at an arbitrary finite distance
away from the event horizon. We therefore propose to approximate the metric deformations ¥ and
@ by new functions, which are defined for (general) p > 0, while still representing ¥ and @ well,
close to the horizon. Concretely, we propose to approximate the deformation functions by their
Padé approximants

¥(p) ~ru+¥nm(p), and D(p) ~ru +Pn m(p). (5.12)

In terms of the formalism developed in Section 3.2, this approximation implies that the coefficients
{02n}2n>m+n and {20 }2n>m+N are replaced

—~ ~ M+N

Oon — 02,(62,...,021) and &y — Eon(é2, ..., E0L), V2n > L= , (5.13)
by functions of 6,,...,60,; and &;,...,& respectively. In the following, we shall consider
these latter parameters as physically significant and interpret (5.13) (stemming from (5.12)) as an

approximation.

Since, according to (3.8) and (3.14), az, (&2, . .., &2y,) is independent of &, for m > n, the
approximation (5.12) also leads to a modified solution p of (3.6) for the physical distance, which
can be written in the form (3.8)

2k-1

L o
— r—rg\-z ~ r—rg\ o
p(r):2MZb2k_1( 2MH) Y b2k_1( 2MH) T (5.14)
k=1 k=L+1
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where we have also used the fact that the byn-1(az, ..., az,) in (3.8) are independent of ay,,, for
m > n. The byp_1(&,,...,& ) are implicit functions of the remaining parameters {&5, ..., &1},
which can be obtained through series reversion of

L 2% ©0 2%k
r=rH+2MkZ;a2k (ﬁ) +2Mk;152k (ﬁ) , (5.15)
= =L+

with the coefficients
=~ -1 ~ ~ -2 ~ o~ =~
~ éfp + rH/ZM Zn:3 (P -n+t 2) nandp-—n+2 + 22:2 Z:ln:z(n —-—m+ 2) map—nQamanp-—m+2

P 1-2parrg /M ’
(5.16)

for p > 2L. Here we understand 5,, = ¢&p and ay = ay for k < 2L with ay given in (3.14). We
remark that p is a solution of

g - % with F(r)=1- m . (5.17)
f(r)

Notice furthermore that ap; # api for k > L due to the fact that (in general) ék/ # &y for
L < k’ < k. If the differences |apr — ap| are small (which certainly depends on the {&2,, }nen
and which we shall analyze in a number of examples in Section 5.3), 5.14 constitutes a good
approximation for the exact physical distance (3.8). However, even if p constitutes a viable
approximation, the form (5.14) may not necessarily have better convergence properties than (3.3).
For this reason, we shall introduce yet another approximation

2k—1

L o
—~._ — _ r—rg\ 2z e r—rg\ 2z
P = pnm(NF=TH rH)—szZ_;bZk_l( ) +2Mk_ZL+lb2k_1( e N CAT)

namely the Padé approximant of the distance function, which is implicitly determined by the coeffi-
cients {by, ..., by 1} that are given in terms of {ay, ..., ayr} and thus in terms of {&;, ..., &}
Notice that p only carries information about the coefficients &, o7 but not &y for k > L. In
this sense, it is an approximation to the same order as (5.14), except that in general 321(_1 * ng_l
for k > L. Furthermore, we stress that p is a solution of (3.6) and of (5.17) only up to order
(r—ru)"s.

To better illustrate the above discussion, we explicitly consider the example N = M = 2, such
that

0 6 0
6, O 04
0 0 6(p/2M)? 02(p/2M)?
lPQ’z(p) =2M 0 92 0 =2M W s (5193)
0, 0 0O .

(p/2M)* p/2M 1
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0 & 0
&0 &4 )
B 0 0 &(p/2M) B E(p/2M)?
@2’2([)) =2M 0 §2 0 =2M W . (519b)
& 0 & B

(p/2M)* (p/2M) 1
In this simple case, the approximation amounts to the replacement (5.13) with

en—l fn 1
4 d =24 Yn>2 (5.20)
n-2 ) an on n-2 ) . .
2 2

02 =
This in particular implies that the series expansions of W5 » and @, > have radii of convergence g—‘z‘
and '54 , respectively.” Furthermore, we obtain for the coefficients (5.16)

3
§+(1+w)M et

M(1 +w) 1613 _ ay
=— 7 =—-— " d = Vn > 2. 5.21
T Ty “ 1+20 N 621
We furthermore have for (5.18)
1

R by (L5 1/2 . b = =
p(r)=paa(r)=2M by 1o with by =— a?/z (5.22)

T b 2M 2a]

In order to quantify the difference of p and p we expand the coefficients Ezn_ 1 and by,,_1 in powers
of ¢, assuming for illustrational purposes a scaling of all (initial) coefficients of the form given in
(5.6)

B Lo 5_2 &4 2

bs = 108( 94+28%2 4192 % )c+0(c ), (5.23a)
1 1(3 7 52 56 &4 &6 2

bs 20+5( o5 ST 64 )c+()(c). (5.23b)

We stress that the differences between 2;5 and bs, have two conceptually different origins:

(i) p and p are defined in two different ways. While this of course impacts the full form of
bs, it in particular also concerns the coefficient at order O(c”), which is independent of
{62, , &} indeed, p and p are different even in the undeformed (Schwarzschild) black hole,
as is illustrated in Figure 5.1.

(ii) bs is obtained through a Padé approximation and therefore only depends on the coefficients c,
&, and &4, but not &, unlike bs. Indeed, the coefficient 56 (which enters into bs) is a function
of & and &4, which thus contributes also to the numerical differences of the coefficient of
order O(¢). We notice that these modifications in fact only affect terms of order O(¢).

2The functions (5.20) have a pole at p = , / z—i and p = / % respectively, but are else well defined for p > 0.
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Figure 5.1: Different Padé approximants of the proper distance to the horizon p and its Padé
approximations in the case of the Schwarzschild black hole (with ¥ = ® = 2M and x :=r/2M).

As we shall see in more detail below, corrections of type (ii) are unavoidable, but become pro-
gressively smaller (i.e. appear at higher and higher order in the distance expansion) for sufficiently
large N, M. Corrections of the type (i) can be avoided for certain observables: indeed, we shall
see below, that observables that are rational functions (in a certain variable) in the case of the
undeformed black hole have a particular status. For such observables, the Padé approximant for the
Schwarzschild black hole becomes exact beyond a certain order, such that corrections of the type
(i) are absent at this point.

5.2.3 Padé Approximation for the Photon Radius

We next turn to the computation of the photon ring radius. Using the series expansions (5.1) and
(3.8), we can write for the potential in (2.47)

> © p_p-m
U? = IJZ:; uzp (ﬁ)zp = ; Gp — 2M,;) ; O2(p-m—¢) P2¢ QZml (ﬁ)zp , (5.24)

where py, is given in (3.19) and q, are given from the expansion of 1/ r2:
P
q2p = Z Pa(p-t) P2¢ - (5.25)
£=0

Concretely, the first few coefficients u, 4 ¢ of U? read

_ M?*(1-8ry6:/M + @)

s 5.26a
2 Zr?q ( :
MA(1 2(7+1 M?6,(1 142
e = MY +6w)( +13w) 3 92§ +w)_2M§4-|3'( +2@)04 (5.26b)
8riy (1 +2w) Yy ry(1+2@)
12£2 1 (12M?6
wo = — & _ L (12MT08 5 (96 L %6 )) + (5.26¢)
Bw+2)(1+2w@)%r3, ry \ 20+l 3w +2
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_3MP6y (@ +1)2(9w +5) N M3 (@ + 1) [604(3w +2) 2w + 1)? + &4(13w (6w +7) +25)]
4Qw + r}; 22w + 1)2(3w +2)r3,
.\ M®(w +1)? [o(w (368w + 655) + 386) +75]
3202w +1)2Bw +2)r}, '

+

(5.26d)

For finite p > 0, Up = uz,,(rH,é'ZA ,,,, 2p> 024,
expansion coefficients of the metric deformations.

Following the example of the approximation of the proper distance in the previous Subsection,
we can use (5.24) to compute Padé approximants of U?, for which we can find extrema, without
having to worry about convergence issues. For example, to order (N, M) = (2,4), we have

2p) only depends on a finite number of the

ul(p/2M)>?
Uia= > ; Ll )2 —, (5.27)
Tug+uy(p/2M)* —ua(p/2M)* (us + us(p/2M)*)
which has a maximum at
u
Pps = 2M2L . (5.28)
(ug — uzue) '/

In order to obtain a better intuition about this solution, we consider again a scaling of all coefficients
of the form (5.6), in which case

Pps (15)1/4 88 6, 864 & &

0 0
2443¢ (86— 3802 L4408 g0 8062 gl oo} o)l
3 ¢ ¢ ¢ 5 ¢ ¢ ¢

oM~

43

(5.29)

Notice, since the classical position of the photon radius is

riss=3M,  orequivalently  pS® = (V3 +2arccothV3) M ~3.04901 M,  (5.30)

1/4
while 4 (%) ~ 3.07408, the result (5.29) is not exact, even in the undeformed case (i.e. for the

classical Schwarzschild black hole). This is again due to corrections of the type (i) discussed in the
previous Subsection: they are due to the fact that we are using a Padé approximation in the first place
and can be made small by increasing (N, M). This, however, comes at an increased computational
complexity, notably since in the terms of order O(¢), more and more of the coefficients {6,,} and
{&é2,} need to be taken into account.

Fortunately, in the case of the photon radius, there is a different approximation which avoids
corrections of order (i) and only captures corrections of type (ii) that are due to the deformations of
the black hole geometry: indeed, as a function of r, the undeformed potential of the photon radius
(i.e. for the case ¥ = ® = 2M)

2M
2o oI (5.31)

class r2 73

is in fact a rational function in » — rg = r — 2M. Therefore, any Padé approximation with N > 1
and M > 3 is in fact exact for the classical Schwarzschild black hole. For quantum deformed black
holes, corrections of the type (i) are therefore also absent beyond this order of approximation and
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N M go o1
4(8-15V3) 15\f) Ly(8_16) o, 32 05

2 1 (1+\/§) (1+\/_)+ + 9—\/—§ T+—TT
2| 2 23493 2349V3 _ 44(28+33V3) 6, _ B8(3359+1272V3) 6, _ 32(281-24V3) 05 _ 768(14-3V3) 65

13 13 2095 ¢ 2535 ¢ 169 3 169 3
2] 3 3 3_ 13471 6) _ 56128 63 _ 3104 6 _ 1088 65 _ 256 b1

14175 ¢ ~ 2835 ¢ 45 ¢ 9 ¢ 3¢
310 3 3 3 _ 443939 6) | 2625104 63 _ 732448 0 _ 92608 s _ 9472 B0 _ 2048 @
367775 ¢ 127575 ¢ 8505 ¢ 405 ¢ 27 ¢ 9

Table 5.1: Approximations of the position of the maximum of (U?)y_ s for different values of
(N, M), using the scaling (5.6).

we are only left with corrections of the type (ii) that depend on (finitely many of) the physical
deformation coefficients {6, },en+ and {&2,, bnen:. We are thus lead to consider instead of (5.24)
the following expansion

B
H
Vi="2
ry
(o)
(2) (1)
) ) h® rg—4h
U = E Vn (r - I"H)n . with V) = % . (532)
n=1 H
18R —6rph D 42 nl)
V3 = ’

4
6rgy

where h;_;l) are the expansion coefficients of the metric deformations in (3.3) that implicitly depend on
the physical coefficients {62y } x <, and {€xx } k<. From this, we can compute a Padé approximation
of the (square of the) potential (U?) s in the variable r — rg along with the position of the photon
radius. Using the scaling (5.6), we can write the latter in the form
™ et o e+ 0(). (5.33)
M
where 09,1 depend on the order of approximation (N, M), as can be seen in Table 5.1: for given
(finite) order (N, M), o} only depends on ¢ and 6,7, up to 2L = 2(N + M), thus still respecting the
same order of physically relevant coefficients.
With the position rps, we can next calculate the radius of the black hole shadow in (2.49), which,
assuming again the scaling (5.6), we expand as
b _ i c+0(ch). (5.34)
M
The expressions for 7,1 depend on the order of the Padé approximation, as is shown in Table 5.2. The
corrections 7| respect the same dependence on the number of physically relevant metric deformation
coeflicients as o .
For approximations of the potential of the form (U 2) ~.3 we can in fact write the (approximate)
result in an even more compact form. To this end, we write 7 as

3+N

n() =33 3 ) 5 (539)
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N M o -
2| 1] 201+V3) 2(1+V3) + SEHTIE) 0 16BN 01y e b

2] 2 | 200 2V3 | 22V 4 st R L 2415638 V3L + B[ 1 50v3 %L + 2\ 38V - % 4 128 V5 3
213 3V3 VI (B Qi o 0d, 20t

313 3V3 3Vi+ g (TR G+ et s G TR, 2000, 3202

Table 5.2: Approximations of the value of the black hole shadow stemming from and approximation
of the potential U? ~ (U?)y s for different values of (N, M), using the scaling (5.6).

(32/3\/3)1/2
(Ba/3V3)1
(Be/3V'3)16
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Figure 5.2: Coeflicients 35, in the parametrisation of the leading deformation of the black hole
shadow 1) in (5.35) for different Padé approximations (N, 3). The plot shows that rational powers
of the 35, converge towards a universal value for large N, as explained in eq. (5.36), which allows
to resum the asymptotic value of 7 as in (5.37).

where 8y, are numerical coefficients (which for N = 2,3 can be found in Table 5.2). For N
sufficiently large, a fixed S, numerically changes very little when N is increased: as is shown
numerically in Figure 5.2, B2 (N) approaches asymptotically a fixed numerical value, namely

class

Pps
2M
We notice that 2M's is indeed numerically very close to the proper distance of the photon sphere
in the case of the (classical) Schwarzschild black hole (see (5.30)). Assuming that the observation
(5.36) indeed holds Yk > 1, we can write the asymptotic behaviour of 71 () in the following form

dim o (N) — 3V3s%*  Vk>1, with 5 ~ 1.5245 ~ (5.36)

class

oo oo 2k
dim (cri(V)) = 3V3c+3V3 Z Oor 52K = 3V3 ¢ +3V3 Z Ook (pps ) , (5.37)
« k=1 k=1

2M

where we have used (5.6). Using furthermore the series expansion (5.1) we can formally write

dim (e (N) = 3V3 ¢+ % (PQ2M s) —ry) , (5.38)
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where we have implicitly assumed that 2M s is inside the radius of convergence of (5.1)." Thus,
using (5.5) and (5.34), to leading order, the approximate black hole shadow can be written entirely
in terms of the deformation function W evaluated at a particular value

. bsh(N) bsh 3\/§
Iim ——= = — ~

Jim = o~ oy Y2M ). (5.39)

Turning this result around, we can use (5.39) to provide a bound for the size of the deformation
function based on an experimental observation of the photon radius. Indeed, assuming absence
of rotation (which is compatible with the experimental data), at a 1-o confidence level, the EHT
observations of M87* lead to [18]

BENTMST ) = 3v3 Mgy (1 £0.17) (5.40)
where Myig7+ is the mass of the black hole M87*. Thus, assuming M87* to be spherically symmetric,
we find based on (5.39), the following rough bound for the function governing its deviation from a
Schwarzschild black hole

Y(2Mwvsr s)

1|<0.17. (5.41)
2Mwmg7+

5.3 Simple Examples of Corrected Schwarzschild Geome-
tries

In order to illustrate and showcase the formalism developed in the previous Section, we shall
consider a number of models of spherically symmetric and static black holes that have previously
been proposed in the literature [24, 28, 167, 191-193]. These examples have been selected on
the basis that they are compatible with (5.6), such that we can use the effective expansions to
leading order in the quantum deformations. Furthermore, these black holes display a wide variety
on different functional dependencies on the Schwarzschild coordinate » and an explicit parameter
(called €) that governs the size of quantum effects. In all cases, following the philosophy of our
effective approach, the theory of quantum gravity in which context these models have been proposed,
plays no role.

5.3.1 Metrics and Deformation Parameters

We start with four geometries [24, 167, 191, 192] that have been proposed to describe spherically
symmetric and static black holes, as deformations of the Schwarzschild geometry [2]. We label
them as simple in the sense that they are characterised by f(r) = h(r) Vr > rg in (3.1).

In order to describe the four models proposed in [24, 167, 191, 192] in parallel (as far as this
is possible), we first introduce a unifying notation: in addition to the mass of the black hole M, all
four models introduce an additional parameter, which we shall call 7, to describe the deformation
of the Schwarzschild space-time. While 7 is conceptually quite different in all models, we shall in

3 A different way of phrasing this assumption is that 1\}im YN 3(2Ms) = ¥(2M's) — rig. We note that we have analysed
—00

the soundness of this assumption in a number of models of quantum black holes in Appendix 5.4 and find it to be justified
at least for small values of the parameter that governs the size of quantum corrections.
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the following write it in terms of a different small parameter, which can be uniformly defined. To
introduce the latter, we first define

'H

and xgy = M (5.42)

X = m
in order to absorb the mass-scale in the radial coordinate. We then define the fractional deviation
of the event horizon radius from the Schwarzschild radius,” as in [68]

_ 2M — rg 1- XH 1

= — Xy =
ry XH 1+e€

€: (5.43)

With this notation set up, Table 5.3 presents the metric deformation functions for the four models,
along with the parameter 7 as a function of €, which can take the form of a rational, exponential, or
non-analytic function at 7 = 0. In anticipation of our further discussion, the table also indicates the
leading correction of the position of the photon ring and the black hole shadow as functions of €.

Model f=h n(e) rps/M =3 ba/M —3V3
x? € 16 8
H d [24 1- _ e+ 0(e? _ % cr0(e
ayward [24] P EPE o€t (€%) 3\/§e+ (€?)
1 2 20 4
Simpson-Visser (1) [191] | 1— e ”2) —Zero(d) —Zer0(&)
VxZ+n (1+e) 9 V3
. . 1 —nlx log(1+¢€) 8 5 2
Simpson-Visser (I) [192] | 1 ——e™ " -—€+0(€?) -2V3e+0(€?)
X l+e€ 3
1—ex'/n -1 (81
Dymnikova [167] - |- [(1 +e)’ log(li )] (Eloge—B) 718+ O(eB8) | —3V3 Y8+ 0(e319)
X €

Table 5.3: Summary of the geometries of the four models studied in this Section: The first column
provides the name which we shall use for each model (and the relevant reference to the literature).
The second column gives the metric functions (as in (3.1), which are deformed by a small parameter
n. For each model, the latter can be related to the deviation € of the event horizon radius from the
Schwarzschild radius (see eq. (5.43)), as shown in column three. Finally, columns four and five
provide the leading corrections (in €) to the photon radius and the black hole shadow, respectively.

Notice that in all models of this type, the deformation coefficients {&;, },en in (5.5) (which
are identical to {62, },en), do not explicitly depend on the mass: in fact, from (3.6) it follows that
p(r) =2 M p(x, €), where the function p(x, €) does not explicitly depend on M. From (3.2) and
(5.1), we can then write N

XH + Yy Ean px, )2
Fehe1- = , (5.44)

Furthermore, from (5.43), we have ¢ = -5 and we shall see that in all cases &, = O(¢) (such

that f—i" = O(1)), compatible, with (5.6). In the following we shall discuss the four models in more
details.

4For € < 1, this parametrisation ensures that we are not expanding the metric around the internal horizon that arises
with the regularisation of the singularity at the origin within the models examined, but rather around the external horizon,
which is expected to be close the classical Schwarzschild radius x;}a“ =1.
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Figure 5.3: Comparison of the deformation coefficients of the metric &, (solid lines) with the
(mass-rescaled) coefficients (5.13) stemming from a Padé approximation of @ (dashed lines) as
functions of €. Top row: the coeflicients & 5 10,12 and their approximations stemming from the
Padé approximant @, » of for the Hayward metric (left column), Simpson-Visser I metric (middle
column) and Simpson-Visser II metric (right column). Bottom row: the coeflicients &19,12 and their
approximations stemming from the Padé approximant @4 4.
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Figure 5.4: Comparison of the potential U? for Hayward (left panel), Simpson-Visser I (middle
panel), and Simpson-Visser II (right panel) with various Padé approximants (5.32) for each model
with a fixed € = 0.2. The vertical dashed gray line denotes the position of the maximum of the
(exact) potential.

Hayward black hole: we start with the Hayward black hole, which was first introduced in [24].
Rescaling the deformation functions of the metric as in (5.5), we find explicitly for the leading ones
(with 6, = &2, Vn > 1)

_ 3e(1-2e) _€(1-2€)(e(Te —22) +7)
&= 4(1+e) T 16(1 + €) ’
_€(1 —2¢) [e(e(2e(61€ — 899) +3225) — 1600) + 221 ]
g6 = 960(1+¢) . (5.45)

In a first step, we can compare these coefficients {£;,} with their counterparts stemming from a
Padé approximant @y pr(= Wy ar) asin (5.12): Figure 5.3 (left column) shows a comparison of the
exact coefficients and their approximations for (N, M) = (2,2) (upper panel) and (N, M) = (4,4)
(lower panel). While in the first case, the approximations capture at least roughly the functional
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dependence with respect to €, in the latter case, the & even present good approximations for finite
values of €.

In Figure 5.4 (left panel) we show the comparison with the analytical form of the effective potential
U? with the Padé approximations of various orders. Similarly, Figure 5.5 (left) compares different
approximations of the distance function (for a fixed value of € = 0.2) as functions of x: the plot
highlights the finite radius of convergence of the simple series expansion (3.8) and also shows
that viable approximations can already be obtained at fairly low order of the Padé approximant.
The position of the maximum of the potential as well as the shadow following Tables 5.1 and 5.2
respectively, is given as follows

N M o1 ¢ T C

2 |1 ~IEWS e 4 0() =3 e 1 0(e?)

2| 2 || H(-131+16V3) e+ 0(?) | —1/-%5 +233V3 e+ O(?)
213 —%6+0(62) —%6+0(62)
313 —§6+0(62) —%6+0(62)

Simpson-Visser I black hole: as a second example, we examine the geometry introduced in
[192] and also in [131, 194]. The leading deformation coefficients are given by

€e2+e) €e+e)(e(+e)-11) e(e+2)[e(e+2)(e(e+2)—121) +292]

Q= v ep &7 96(1 +€) 66 = 5760(e + 1)7

(5.46)
Conclusions similar to Hayward’s can be drawn from Figure 5.3 (middle column), where the com-
parison of the {&¢, &3, £10, €12} with their approximations computed with a Padé approximant with
(N, M) = (2,2) (upper panel) and {&1¢, £12} with their approximation using a Padé approximation
with (N, M) = (4,4) (lower panel). In Fig. 5.5 (second panel from the left) we compare the proper
distance numerically computed with the exact metric and the Padé approximants of different orders.
In Figure 5.4 (middle panel) we show the comparison with the analytical form of the effective
potential U? with the Padé approximations of various orders. Finally, in Figure 5.5 (middle) we
compare different approximations of the distance function numerically integrated (for a fixed value
of € = 0.2) and the Padé approximants.”
The position of the maximum of the potential as well as the shadow following tables 5.1 and
5.2 respectively, is given as follows

N | M oy ¢ T C

2|1 ~Leroe) - (3+V3) e+0(e)
2| 2 || -2 +2V3)e+0(2) | -1 2 +59V3 e+ 0(e2)
2|3 L e+0(eY) — e+ 0(e)
313 —%E+0(62) —%E+O(Ez)

5We noticed that Padé of order (M, N') = (2,2) introduces a vertical tangent behaviour at a position ¥ > xz which is
a feature purely due to the approximation and is effectively eliminated with a suitable choice of the Padé approximant order.
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Figure 5.5: Comparison of approximations of the distance (as a function of x) in the case of the
Hayward, Simpson-Visser I and Simpson-Visser II geometries (for e = 0.2) and Dymnikova (for
€ = 0.1): the solid black lines represent the numerical integration of (3.6), while the dashed blue
lines represent the Taylor series expansion (3.8) (including terms up to order n = 6) and the coloured
dashed and dotted lines show Padé approximants of the distance as in (5.18).

Before moving to examples with exponential dependence on the radial coordinate, we remark
that the black hole geometries proposed by Bardeen [25], Frolov [195] and the one proposed in
[196] have a similar functional dependence on x to the ones of Hayward and Simpson-Visser I. We
therefore expect to obtain similar results in these cases as reported above.

Simpson-Visser II black hole: for the third model, we study the metric introduced in [191],
where the deformation function is an exponential of the inverse the radial coordinate. This metric
is constructed in such a way that at the origin a Minkowski core is recovered rather than a de Sitter
one. We report the leading deformation coefficients

&= _;(log(a - 1)log(e) ,

=\3
€ —_ —_ — —_
£4= " (10a(®) - 1) log(@)(log(@) (410g(@) ~ 13) +8)
=\5
&6 = —5(;;0 (log(€) — 1) log(€) {log(€) [log(€)(log(€)(341og(€) — 263) + 626) — 568] + 172} ,
(5.47)
where € = € + 1. In Figure 5.3 (right column) we show the comparison of the coefficients

{&6, &3, €10, €12} with their approximations computed with a Padé approximant with (N, M) =
(2,2) (upper panel) and {&19,&12} with their approximation using a Padé approximation with
(N,M) = (4,4) (lower panel). In Fig. 5.5 (third panel from the left) we compare the proper
distance numerically computed with the exact metric and the Padé approximants of different orders.
In Figure 5.4 (right panel) we show the comparison with the analytical form of the effective potential
U? with the Padé approximations of various orders. Finally, in Figure 5.5 (middle) we compare
different approximations of the distance function numerically integrated (for a fixed value of € = 0.2)
and the Padé approximants.®

The position of the maximum of the potential as well as the shadow following tables 5.1 and
5.2 respectively, is given as follows

6We notice that the Padé approximant of order (N, M) = (2, 2) introduces a vertical tangent behaviour at a point outside
of the horizon, which is a feature purely due to the (low order of) approximation and is effectively eliminated with a suitable
choice of the Padé approximant order.
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Figure 5.6: Left panel: comparison of the effective potential U? for the Dymnikova metric with
various Padé approximants (5.32) for fixed € = 0.1. The vertical dashed gray line indicates
the location of the maximum of the exact potential. Middle and right panels: comparison of
the deformation coefficients of the Dymnikova metric &, (solid lines) with the (mass-rescaled)
coefficients (5.13) (dashed lines) stemming from a Padé approximation ®; » (middle panel) and
@4 4 (right panel) as functions of €.

N | M oy ¢ T €

20 1| -2@2+V3)e+0(e?) | -2 (1+V3)e+0(e)

2| 2 || -5@+V3)e+0() | -4 JL12VFe+0(d)
213 —§e+0(62) -2V3e+0(e?)

313 -2e+r0(e?) -2V3e+0(e?)

Dymnikova black hole: special care must be paid to the Dymnikova spacetime [167], as its
deformation function is non-analytic around 77 = 0. To address this, we use a double expansion in
the power series of u := ¢!/ and logu. Specifically, the outer event horizon can be expanded
as x}?ymn) 1 —u+3u?logu + O(u?). Since therefore the deformations of the position of the
photon radius and the black hole shadow are not analytic functions of ¢, we cannot directly use the
results of the tables 5.1 and 5.2. Nevertheless, we can demonstrate the efficiency of using Padé
approximants to study the geometry and observables computed from it. We have plotted in the right
panel of Figure 5.5 different approximations of the distance function: indeed, at order (3, 3), the
Padé approximant represents an excellent approximation of the (numerically calculated) distance
function (at € = 0.1). For completeness, here we report the first two deformation coefficients as in
eq. (5.5) as functions of €, which read

52———(€+1)105( )[3 10g(e+1)+1]’

& :——(e+l)3log( )[3 log( 1) 1] [9log(ET€1) (26+4elog(ET€1)+l)+4] ,
(5.48)

and in the middle and right panels in Fig. 5.6 we plot the higher order coefficients with their
approximations with Padé of orders respectively (N, M) = (2,2) and (N, M) = (4,4). We can
see that the expansion around € = 0 of such coefficients introduces a behaviour of the form
& o< elog(e) which introduces numerical instability. Nevertheless we know that it has an
analytical, but yet steep, convergence to 0, as one can see from the plots in Figure 5.6 .
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Figure 5.7: Comparison of the shadow computed from eq. (5.39) (dashed lines) to the exact
numerical value (solid lines) for the models in Table 5.3. The inset plot shows the relative difference
as explained in the text.

Finally, for all examples we can showcase the effective expression (5.39) for the black hole
shadow, quantum-corrected to leading order: Figure 5.7 compares the result b:ﬁp /M obtained
from (5.39) (dashed lines) in each case with the numerical result (solid lines) b:l’;a“ /M, computed
from the full metric in each case, as functions of (small) €. In order to appreciate the quality of

the approximation furnished by (5.39), the inset plot shows the relative difference A(bsy/M) =
exact _ 7,app
b‘“‘lef*‘“: in all cases, for small values of €, the latter is of the order of < 0.1%, indicating that
sh
(5.39) indeed captures correctly the leading contribution to the black hole shadow. We note that
this is in particular also the case for the Dymnikova black hole, in which case approximations of the
shadow based on finite orders of the Padé approximant are in general not expected to be analytic in
¢ (or €). While therefore intermediate results (notably table 5.2) cannot be directly used, the final

result in (5.39) seems to correctly re-package the leading contributions in an effective manner.

5.3.2 Dilaton black hole

The black hole models of the previous Subsection have each been characterised by a single defor-
mation function (i.e. these examples satisfy f = & in the metric (3.1)). Here we present a different
example, which is not bound by this limitation. Indeed, in [28, 193] a dilaton-axion system has
been studied with a metric resembling a black hole. In absence of the axion field (and without
spin), the line element of the latter is given

) 2b
ds? = K2R 42 KD 42 (P4 2bk)dQs  with r2 = 242bk and M = u+b . (5.49)
K+2b K—2u

After changing to the same coordinates as in (3.1) we find (with » = 2Mx)

n—vn*+4x2(1+n)? f_772+4x2(1+77)2 1+n—\/n2+4x2(1+77)2

h=1+ , =
2x2(1+7n) 4x2(1 +n)? 2x2(1+7)

b
with n=—=€e(+e), (5.50)
u
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Figure 5.8: Left panel: Comparison of the shadow computed from eq. (5.39) (dashed blue line) to
the exact numerical value (solid black line) for the dilaton black hole (5.50)) as a function of €. The
inset plot shows the relative difference between these two quantities. Right panel: Comparison to
the analytic expression (5.53) of the shadow (solid black line) with a numerical computation (red
line) and the approximation based on eq. (5.39) (dashed blue line), for a large range of the parameter
b/u defined in (5.50).

where € is defined as in (5.43). For the coefficients (5.5) we find

E(E+2)(E(e+2)+2)(\/(€(E+2)+2)2—6(e+2)) . e

" 16(e + 1)v/(e(e+2) +2)2 - 1—§+0(63),

(e +2)(e(e+2) +2) (35(6 +2) (e(e +2) = J(e(e+2) + 27 + 2) +4) o 3
o 64(e+ 1) =15 t0E).
§4=—%+53i22+0(e3), s

which indeed are all of order O(¢) and are thus compatible with the scaling (5.6). We can thus
directly use Tables 5.1 and 5.2 to calculate the position of the photon radius and the shadow, as
shown in the following table

N | M o] ¢ T €

2 1 || -32+V3)e+0(e?) | -3(1+V3)e+O0(€?)
2] 2 |~ @B e+0(@) | -4 [0 12vEe+0(d)
213 -$ero(ed) —2V3e+0(€?)

313 -$ero(ed) —2V3e+0(e?)

We note that this table is in fact identical with the results in the case of the Simpson-Visser II black
hole. Indeed, this is due to the fact that

axion-dilaton Simpson-Visser Il _ 3 axion-dilaton Simpson-Visser Il _ 2
92n - an =0(¢’), and §2n - 92n =0(e"), (5.52)
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Chapter 5. Extending the EMD

thus leading to the identical results to leading order in €. We also remark that an analytic expression
for the black hole shadow for the geometry (5.49) was found in [197]

b 1
M ‘/5(1 +17)

which indeed agrees with the result obtained from the approximations of Table 5.2 for sufficiently
large (N, M). The shadow has also been computed numerically in [68] using different effective
approximations. We also remark that (5.39) gives an excellent approximation for the shadow for a
large range of €, as is showcased in Figure 5.8.

V27 +36 4802 + (948732 =33 - 2V3e+0(e),  (5.53)
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Figure 5.9: Numerical estimate of the radius of convergence in the case of the Hayward, Simpson-
Visser I and Simpson-Visser II black hole. The dashed black line is the value of s in (5.36).
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Figure 5.10: Asymptotic behaviour of |§2n|‘ﬁ, respectively from the left, in the case of the
Hayward, Simpson-Visser I and Simpson-Visser II black holes, for different values of €. The
dashed coloured lines are interpolations of the form a + %, while the dashed black line is the value
of s in (5.36).
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5.4 Convergence

In order to obtain the effective expression (5.39) of the black hole shadow in Section 5.2.3, we have
implicitly assumed that the Taylor series (5.1) of the metric deformation function ¥ converges at
p = 2Ms. To get an intuition whether this is indeed the case, we study numerically the radii of
convergence for the Hayward, Simpson-Visser I and II black hole. Indeed, the coefficients |&5,,|~ b
up to n = 36 are plotted for some values of € in the three panels in Figure 5.10. The dashed lines
in each case represent numerical interpolations of the form a + x% (with a,b,c € R and ¢ > 0).
The value of a in each case is a numerical approximation of the radius of convergence p. of the
function ¥. Based on a more systematic study, this radius is plotted on the right in Figure 5.9 as
a function of e, with the dashed line representing the value of 5. As is evident, at least for small
values of €, s lies within the radius of convergence of the series, thus justifying the resummation
leading to (5.39). Finally, due to the inherent similarity between the axion-dilaton black hole and
the Simpson-Visser II geometry (see (5.52)) at leading order in €, we expect a similar result also
hold for the example discussed in Section 5.3.2.
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6 Comparison of Parametrized
Black Hole Metrics

Astrophysical BHs are natural probes of the strong-field regime of gravity, offering a unique arena to
test GR under extreme curvature scales. According to GR, stationary BHs are fully characterized by
their mass, charge, and angular momentum, as dictated by the no-hair conjecture (cf. Sec. 2.1.3).
Despite their apparent simplicity, the fundamental nature of these objects remains uncertain, as
current observations have not yet constrained potential deviations from the Kerr or Schwarzschild
geometries with sufficient precision. This motivates the construction of agnostic frameworks
capable of parametrizing possible departures from classical BH solutions while maintaining general
covariance and regularity.

The objective of this chapter is twofold. First, we analyze the Johannsen—Psaltis and Rez-
zolla—Zhidenko parametrizations and establish their correspondence with the previously introduced
proper-distance EMD parametrization near the horizon, as well as with its large-distance extension.
This comparative analysis clarifies the mapping between the various sets of expansion coefficients,
highlighting the complementarities and gaps among the different frameworks within a unified
perspective. Second, we investigate the performance of these parametrizations in reproducing
physically relevant quantities around deformed BH spacetimes, with particular emphasis on the
eikonal quasi-normal modes (cf. Sec. 2.4.1) of representative BH models.

6.1 Agnostic parametrizations

In this section, we briefly describe the following parametrizations: Johannsen-Psaltis (JP) [65]
(see Sec. 6.1.1), Rezzolla-Zhidenko (RZ) [68] (see Sec. 6.1.2). The EMD in the vicinity of the
BH parametrization is also shortly reviewed using the results reported in Sections 3.2 and 5.1.
Moreover, we introduce a new EMD parametrization from asymptotic series at large distance from
the BH that was first used in [45] and further investigated in [46]. In Sec. 6.2 we provide the
transformation maps relating the aforementioned parametrizations, where we also discuss their
mathematical aspects and connections.

In all parametrizations, we consider a generic static and spherically symmetric spacetime, whose
line element in Schwarzschild coordinates (¢, r, 6, ¢) reads

ds? = g4 (r)de® + gpr (r)dr? + 12 (de2 +sin® 0d¢,02) , (6.1)

where g;; and g, are functions of the radial coordinate r only. In all the aforementioned parametriza-
tions, we employ the experimental bounds existing on the deviations from GR in the weak-field
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6.1. Agnostic parametrizations

regime, also known as parametrized post-Newtonian (PPN) constraints [198, 199].

6.1.1 Johannsen-Psaltis parametrization

The JP parametrization originates from the need to test the no-hair conjecture with observations of
BHs in the electromagnetic spectrum. This approach is expressed through a parametric spacetime
containing a quadrupole moment independent of both mass and spin [65]. Therefore, any deviation
from GR manifests in anomalous contributions to the quadrupole moment [65, 200].

However, this framework has been generalized by the authors in [67] to overcome a series of
issues. The original JP parametrization reads (cf. eq. (6.1)):

2M w1 +g(r)

g£f=—[1+g<r)](1—7), = (6.2)

r

where the function g(r) is defined as the series:
g(r) .:z;én (7) :z;_n (7) , (6.3)
n= n=

with €, real constants to be determined from observations, and M is related to the horizon position
rg = 2M and to the gravitational mass-energy of the spacetime M through:

w1 &
M= (1 2). (6.4)
The revised JP parametrization becomes [67]
oM 1+g"(r)
g?f=—[1+g’(r)](1—7), g = —5=" 6.5)
where the functions g’ and g" are expanded as
g'(r)= Z €, (7) with i=1r, (6.6)

n=1

and the set of s {€/, €] };>1 has doubled with respect to the previous version of the JP parametrization.
The comparison with the PPN parameters entails

g €
M:M(I—EI) , (6.7a)
e=y(2-¢€)-2, (6.7b)
2 = (B-y)(€ —2)* +4e! . (6.7¢)

Hence, the parameters ef, €,, and {eit, €/ }i>3 are not constrained, even in the case of GR, where
B=vy=1
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6.1.2 Rezzolla-Zhidenko parametrization

The RZ parametrization aims to describe BH spacetimes in generic metric theories of gravity using
amodel-independent approach [68]. The line element of the RZ parametrization reads (cf. eq. (6.1))

Rz _ B2(1)
TN
The BH event horizon is located at r = ry > 0 and is defined by N(rg) = 0. The radial coordinate
is then compactified by introducing the dimensionless variable x := 1 —rg /r, such that x = 0 marks
the location of the event horizon, while x = 1 corresponds to spatial infinity.
We rewrite N as N> = x A(x), where A(x) > 0 for 0 < x < 1. We further express the functions
A and B in terms of the parameters €, ag, and by, as follows:
Ax)=1-€e(1-=x)+ (ap—€)(1 —x)> + A(x)(1 —x)*, (6.92)
B(x) =1+ bo(1 —x) + B(x)(1 —x)?, (6.9b)

g’ =-N*(r) and g (6.8)

where € encodes deviations of g from the Schwarzschild radius € = and the functions A

2M —rH
Iy
and B describe the metric near the horizon (for x ~ 0) and are finite there, as well as at spatial
infinity (for x = 1).
To achieve rapid convergence, these two functions are modeled via the Padé approximants in
the form of continued fractions as

Ax)= ——L (6.10a)

Bx)= ——L+ (6.10b)

where ay,as,as3...and by, by, by ... are dimensionless constants determined from observations.
Note that by comparing the large-distance expansion in eq. (6.8) with the PPN one, we can put
experimental bound on the first coefficients:

B 2
ap = W <107, (6.112)

by O™ 1)2(1 te)

<1073, (6.11b)

6.1.3 Effective Metric Description parametrization

The EMD parametrizes the deformations of the classical Schwarzschild metric in terms of spacetime
invariants, which can be measured by observers independently from the set of coordinates, and
preserve the same symmetries as GR. A natural choice for such a physical quantity is the radial
proper distance to the BH horizon, as extensively described in Sec. 3.2 and summarized in Sec. 5.1.
The metric components can be written as

1
EMD _ _ EMD _
8w =—h(r) and g, 70 (6.12)
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where the functions / and f are defined as in eq. (3.2):

~ ye)(p) @) (p)
r 9

r

h(r)=1 and f(r)=1- (6.13)

with p being the proper distance from the BH event horizon and defined in eq. (3.6). The functions
in eq. (6.13) are positive definite for » > rg (rg being the BH event horizon) and the deformation
functions ¥ and @ are invariant under coordinate reparametrizations and admit the Taylor expansion
in eq. (3.7), where &, and 6,, are real constants. As in Chap. 5, we will work under the assumptions
that the series in eqs. (3.7) are assumed to have a non-vanishing radius of convergence, and
all derivatives of & and f with respect to r evaluated in ry are well defined. This implies
ép1 =021 =0forall n € N, and & < M/8ry. The proper distance p(r) and its inverse r(p)
can be obtained via eq. (3.7). The derivatives of the metric functions at the horizon can be written
in terms of {&7,,, @2, }n>1 as reported in egs. (5.2).

EMD at large distance from the BH

ru,dy
p=0
\\ d)(d)(d)
II N n S QoM™ d
M n:()fn(p/2M) 2M+2M;r;)’d—n log™ (W)

Figure 6.1: Schematic division of the space outside of the black hole in three main regions. The
curved dashed line represents the position of the event horizon. The blue region is where the full
non-perturbative form of the metric functions, given in eq. (3.2) is expected to hold (namely the
whole space-time outside the event horizon). For simplicity, we only give the expressions for f in
the Figure, but a similar form also holds for h. The green region is where the metric is expanded as
a convergent series in the proper distance from the event horizon p, as given in eq. (3.7). Finally,
the red region refers to the asymptotically large distances from the event horizon, where the metric
can be expanded in inverse powers of the proper distance, as given in eqs (6.15).

The novel aspect introduced in this chapter is the extension of the EMD to the spacetime regions
far from the BH horizon, where the spacetime is weakly curved, but still affected by the presence
of the BH. Looking at the same approach introduced in Sec. 3.2, we can asymptotically expand the
deformation functions and self-consistently solve for the metric functions. The full radial proper
distance d(r) from r = 0 is then given by the differential problem

dd -1/2

dr

In order to determine the metric functions, we could start by assuming that ®(d) and ¥(d) can
be expanded in power series of 1/d. However, solving eq. (6.14) will lead to logarithmic terms in

(d)

r

1- with d(0)=0. (6.14)
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Chapter 6. Comparison of Parametrized Black Hole Metrics

the asymptotic expansions of i(r) and f(r), which are absent in the post-Newtonian expansion and
in any other parametrization presented above. Therefore, to avoid any mismatch, we can reabsorb
the logarithms introducing new terms in ®(d) and ¥(d) as

S Y QoM™ d
d(d)=2M |1+ log (_)
: ;z .
+Z T, " log” (2;14)1 (6.15b)

n=1 m=0

(6.15a)

¥(d) =

where Q,, ,,, and I, ,,, are real constants and w,, = €, 0 and vy, = I 0.

We consider the post-Newtonian (PN) expansion M /r < 1, (the weak-field limit M /r < 1 is
related to low velocity limit v/¢ < 1 via the virial theorem [201], namely M /r ~ v?/c?). In this
regime, we have 1/(r'd’) ~ 1/(r™*/) and the function d(r) admits the logarithmic corrections:
(M/r) logh(r/M), with {k, j} € Ngand 0 < k < j — 1. We PN-expand eq. (6.14) via eq. (6.15),
which gives

dr) _r 3 M |5 wi(5-2k) wr+Q;] M?
M IOg(ZM)+k (2 “")__[Z+ L T ey

M M r 4
M*(w; — Q1) r (74 - 21k + 9k%)w;
+—— 1o (—) — =+
2r2 2M 24 27
+45w%+6(7 — 6k)wy +2(8 +3k)Qy 9(‘)3 +3Q3, +2Q3,
54 27

r3

M310(r)
9r3 e\om

M3 M*
w1 +2Q 1 — Q3] = log? ( r )+0 : (6.16)
33

+ (7 - 6k)w1 + 6w2 - 2(4 - 3k)92’1 - 393,1 - 293,2

2M

where k is a real integration constant, kept as a free parameter. It is important to note that k plays the
role of the gauge for d, as its value determines the position at which d = 0. Any shift of the proper
distance by k induces a transformation on the {Qn,m}?érl”s”_l and hence an EMD redefinition, as
shown in egs. (3.55) and (3.59) in Sec. 3.3. Inserting eq. (6.16) into the metric functions modified
with the series in eq. (6.15), we obtain the conditions to balance and cancel out (up to a given order)

the logarithmic functions in eq. (6.17), which requires

5 6
Qi1=w, Wi=-w+2wy, Br=wi, Uuz=w;, Qo= 5w + F@2
13 12
Q41 = wy — 2wz +3w3, Q54 =w1, Q53 = Wit 3w,
9 14 12
95,2 = Ea)l - 7(1)2 + 7(1)3 s 95,1 = —-wi + 20)2 - 3(1)3 +4u)4 .

for the first few terms. Although itis difficult to generalize the above relations, they can be computed
to arbitrary order and applied to the set {I', (YETS"’I. Using the above conditions, we are able
to eliminate the logarithmic functions appearing in eq. (6.16) and obtain the metric functions

M 2M*w 2M3
Fr)= 1= =2 = T 4 (k) —w2) =
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6.2. Transformation maps relating the different parametrizations

[ 3 2M* M
- (k2+k+—)w1+w’f—2kw2+w3 —+0(—), (6.17a)
| 2 ré rd
2M  2M?y 2M3
h(r)=1- "= - ==+ (ky1 - y2) -
r r r
| 3 2M* M3
K> +k+ 2|y +y101 - 2kys +y3| — +O| —| . (6.17b)
| 2 r4 rd

It is important to emphasize that the asymptotic series in eqs. (6.17) must be interpreted with
care. When truncating the parametrization to a finite number of deformation parameters, for instance
(w1, ...,wy,) and (y1,...,7¥n), only the terms up to order 1/7**! should be retained. Coefficients
at higher orders in 1/r are not reliable, because they implicitly depend on additional parameters
that have been set to zero by the truncation. As a consequence, the apparent 1/r™ term with
m > n+ 1 does not represent the true asymptotic behavior of the full parametrization, but rather
a spurious artifact of the cutoff. This issue is absent in the Johannsen—Psaltis parametrization,
where truncating the expansion automatically suppresses all higher-order terms, ensuring internal
consistency. In contrast, in the EMD approach, truncation must be imposed manually by discarding
all terms beyond the order supported by the retained number of parameters.

The combinations kw; — wy and ky; — y», as well as those appearing at higher orders, are
independent of the choice of k. Indeed, observable quantities do not depend on the choice of this
constant, as seen in Sec. 3.3. We also note that when the expansion is truncated at O(M 4 / r4), the
PN-expansions of f and 4 are equal when {y,y>} and {w, w, } are exchanged, whereas at the next
leading order this is spoiled by the presence of mixed terms involving yjwj.

By comparing (6.17) with the PPN expansion, we obtain:

l=18-yI $107° with y=1. (6.18)

At leading order in the PPN framework, we are able to map only y; to 8 and y, while w; remains
unconstrained. Conversely, the EMD expansion (6.17) is only able to capture a subset of PPN
corrections, constrained by y = 1.

6.2 Transformation maps relating the different parametriza-
tions

In this section, we establish the relationships among the three distinct frameworks. Notably, while
the event horizons in these parametrizations are defined through different formalisms, they all
depend on free parameters. However, in all cases, they must uniquely identify the BH event horizon
rg. This observation is significant, as it facilitates the subsequent computational analyses.
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Chapter 6. Comparison of Parametrized Black Hole Metrics

JP to EMD (near horizon) parametrizations

First, we compare the temporal metric coefficients g;, in the EMD (6.12) and JP (6.5) parametriza-
tions:

o0 (n)
h 1+g'(r)
EMD _ _ H _ n__1%8 _ _ P
g = Zl (=) = = =) = gl (6.19)
Dividing both sides by (r — rgy) we obtain
oo (n) t

1+g'(r) _ 1 &€ | &€
_H . n-1__76 V/ _ _ (A = J_H
Z n! (r=ru) r r 1+Z J ( r ) _sz pitl’ (6.20)

n=1 J=1 =0

where we included additional coefficient ) = 1 in the sum. Evaluating eq. (6.20) atr = rg, we
obtain forn = 1

p - Ltgllm) 1 i il 6.21)
H = rg h rg < a '

The coefficients hg’) can be computed by taking n derivatives of eq. (6.20) and then evaluating it at

r = rg. The general expression for the coefficients hg’) is thus:

a (& €] _ DTG ()

R =n—| ) L : 6.22
H drn = 2J yi+l r;ll+1 = 2J ]' ( )
A similar approach can be applied to the radial metric component, yielding:
1 1+g"(r)
EMD P
= = = , 6.23
T T T 8 (029
where
0 f(’l)
fr) =) T =ra)". (6.24)
n=1
This can be also written as
) !
= (6.25a)
Byl +gn(rm)]
(n) dr 1
—a _ , 6.25b
Ho = r(1 +g’(r))} - ( )

where the general term ff(ln) cannot be easily found and then written in a closed form.
Comparing egs. (6.25a) with (5.2a), egs. (6.21) with (5.2b), and recalling that rg = 2M /(1 —
€{/2), we finally obtain

L SrmQ-€) g (el -2)

_smttme) o, gl 79 6.26
gl T S g )] (6.26)
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6.2. Transformation maps relating the different parametrizations

with g"(rg) # —1. The case g"(ry) = 1 saturates the bound on & < (2 - €])/32. The expressions
for the higher-order coefficients {65, £2, },>2 are involved and we refrain from reporting them here.
We note, however, that the higher-order derivatives of the metric functions depend linearly on these
parameters, making their computation straightforward.

From these calculations we note that the EMD coefficients depend on an infinite number of JP
terms, and vice versa. The JP coefficients can be written in terms of the EMD ones by inverting the
linear system (6.22).

JP to EMD (large distance) parametrizations

The expansion of JP metric at large distance reads:

M@ -€) M?*Q2€¢ - € .
gf =1 ( D N ( ; 2) +O(M3/r3) ’ (6.27)
r r
MQ2+€e M2(€; +2€" +4 -
gf =1+ @+e) Mg 1 )+O(M3/r3). (6.27b)
r r

Comparing (6.27) with the EMD expansion (6.17), and taking into account the relation (6.7a),
we finally obtain:

€ =—€, (6.282)
2[€] +€(2 - €))] 2(2¢] - €)
- Ly =) 6.28b
wi (@ 22 71 (e —2)2 ( )
2
w2 =~ {26 + [k(e] —2) — 2€[1(e] —2)e] + €5 [4(e] — 1) +k(2-€])]} . (6.28¢)
1
2k (€] —2)(2€] — €)) — 8¢} + 4€
¥ = @2y . (6.28d)

where we write only the first few terms.

We note that this comparison can be easily carried out, because there is a one-to-one corre-
spondence among the JP and EMD coeflicients. This is due to the asymptotic expansion of the JP
metric, which establishes a direct link among the two parametrizations.

JP to RZ parametrizations

We note that the map between eqs. (6.8) and (6.2) has already been presented in Ref. [68]. Here,
we adapt it to the revised JP parametrization (6.5). Comparing that with egs. (6.92) and (6.9b), we
have

—erTH+(ao—e) (’TH)2+(rTH)3A(1 —rTH) —g'(r), (6.29)
bo’—H+(’—H)2§(1 —r—H) =B . (6.30)
r r r

where we introduced the auxiliary function

) =\[1+g(M][1+g (] -1, (6.31)
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The first few coeflicients can be extracted as

t t t r
1/[6& € t€
EZ_E’ gO:E(E—Ei) , bp = 7 . (6.32)

By matching the two parametrizations near the horizon, we obtain algebraic relations between
the RZ coefficients {a,, b, },>1 and the JP coefficients {€, € },>1. The first few expressions are
displayed below:

ay =g'(ry) — ap+2e = ,Zé o (6.33a)
b1 =g%(ru) —bo . (6.33b)
(rg') +g' +e¢ S el(n-3) | = €
e T D et DY 6.33
“ ai r=ry nz:;l n /;_3 n ( ©)
_(r g8y
br=— =\, 1 (6.33d)
2,0\ _
a5 = (r°g")” —2a[1+az(ax +2)] ’ (633¢)
2611(12 r=rug
_ (ngB)//
by =00 | e (ba+1), (6.33f)

where the prime indicates the derivative with respect to r. Naturally, in eq. (6.33) we can easily
extend to higher orders if needed.

Finally, we remark that the terms ay, a», a3 . .. do not depend on E{ and 65, whereas the terms
b1,by, b3 ... follow a more complicated expression, which we chose not to display here. In the
simplest case when eé # 0 and €, = 0 for n > 3, we have a, = 0 and the approximant for the
function N (r) reproduces it exactly. This illustrates how the RZ coefficients can be related to the

JP ones. The inverse map can be achieved by inverting the linear system (6.33).

RZ to EMD (near horizon) parametrizations

The final map to consider is between the RZ and EMD parametrizations. Throughout the calcula-
tions we make use of the results from Sec. 6.2. By employing eqs. (6.19) and (6.25b), we obtain
the following two relations:

) (n)
g(r)=r Z; %(r - rH)"‘ll -1, (6.34a)

g (r)= ! 1. (6.34b)

o (n)
anl %(’" - VH)n_l

We can now exploit eq. (6.33) to express the RZ coefficients in terms of the derivatives of g’ (r)
and g" (r), which, in turn, are related to the EMD coeflicients.

We can obtain the direct link between the first-order coefficients (6, &;) and (ag, ay, bg, b1)
of the EMD and RZ parametrizations, respectively, by using hg) and f;,l) (cf. egs. (6.21) and
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6.2. Transformation maps relating the different parametrizations

(6.252)) and

N(r)?
B(r)?
In order to determine the relation between the coefficients, let us first define y = r/(2M) and then
expand the RZ metric functions up to the first orderin y — yg:

h(r)=N(r)?> and f(r) =

(6.35)

3 -2
NG = BFOTQNVE =2 (O - )2, (6.36a)
H

N()? _ (B+ao+an)yn -
B(y)*  (1+bo+b1)?yy

2
(v —yu)+0(y - yn)*. (6.36b)

Comparing these expansions with the first derivatives of eqs. (5.2a) and (5.2b) and solving for &;
and 6,, we obtain

& = (1+€)(1+A—-2€)(B(B+2) — A+2€) (6.372)

4(1+B)4 ’
_(I+e)(2e - A) 1+|1+2?l—3(8+2)—4e|
- 8 (1+8)?2 ’

) (6.37b)

where A = ag+ a; and B = by + b. It is worth noticing that the parameters &, and 6, depend on
the RZ parameters only through the combinations A and 8. Moreover, the coefficients a, and b,
with #n > 1 do not contribute to the first-order parameters &, and 6.

Additional constraints on the parameters can be obtained by observing that, in the limit by =
by = 0, we have B = 0. At the horizon, B(y) = 1+ O((y — yu)?), so the first derivatives at the
horizon in eqs. (6.36) must coincide with (5.2a) and (5.2b). This implies the additional condition
& = 0. Furthermore, when setting 8 = 0, the absolute value in eq. (6.37b) must be taken into
account, which requires imposing

1
1+2ﬂ—4e>0=>26—a0—a1<§. (6.38)

The relations in eq. (6.37) can be inverted to obtain the coefficients A and B as functions of
0, and &,. As previously noted, if 6, = &;, then the first derivatives of f(y) and A(y) at yy must
coincide. Moreover, in the limit € — 0 (see under eq. (6.9)) the EMD and RZ parametrizations
should recover the Schwarzschild BH. Therefore, we have:

A= 2\/155 [89252 +(1+e)(&2—02)+Vl+e(ér—-0)\1+e— 1652]1/2 -1, (6.39a)
2

e 2| ;168
B =2 252(1 1 1+€). (6.39b)

This approach can be straightforwardly generalized to higher-order coefficients by following the
procedure already described for the first-order terms. The expressions beyond first order become
rather cumbersome, and hence we choose not to display them here. We conclude there exists a well-
defined and direct correspondence between the coefficients of the EMD and RZ parametrizations.
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RZ to EMD (large distance) parametrization

The comparison between RZ and EMD parametrizations at large distance can be obtained by
considering the following expansion for the RZ metric components:

oM dagM*  8MP[A(1) —ag +€] M*
RZ 0
=1+ - - ol=]. 6.40
8 - (e +1)%r2 (e +1)3r3 ( ré ) (6402)
2M (2bg + €+ 1) M?
RZ _
rr — 1+ W (r—2 (640b)

Comparing these expansions with eq. (6.17), we obtain by = 0 and the following conditions on the
first few parameters:

_4B(1) - 249 _ 2ag _ 2]ag(k(1+€) =2) +2(A(1) + )] 641
YT T Ter T (e 1y - (o4
W = —L{ao[k(l +e)-2] +2[e+/§(1) + (2= k) (1+e)B(1) +2B’(1)]} . (641b)

(e +1)3

where we note that the full continued fractions A(1) and B(1) (cf. eq. (6.10)) and their derivatives
appear, with the prime denoting differentiation with respect to x defined in Sec. 6.1.2. As mentioned
previously, the coefficients of RZ and EMD parametrizations at large distance are in one-to-one
correspondence.

6.2.1 Eikonal limit in different parametrizations

As an application of the mapping among the three parametrizations, we now consider the eikonal
limit of QNMs (cf. Sec. 2.4.1) within the framework of BH perturbation theory.

In this subsection, we investigate the eikonal limit within the three BH parametrizations intro-
duced in Sec. 6.1. For a generic parametrization, the corresponding set of infinite coefficients is
treated as independent. However, once a specific model is considered, these coefficients become
functions of a finite number of free parameters.

In the next subsection, we examine small deviations from the Schwarzschild solution using
models specified by the mass M and a single additional /, which quantifies the departure from the
GR geometry. This introduces a displacement of the BH horizon radius rg from its Schwarzschild
value 2M. To describe this effect, we adopt the perturbative parameter € (see below eq. (6.9)),
which allows for a Taylor expansion of the quantities that enter the eikonal QNM limit. Other
choices, such as €] in the JP parametrization, are equally possible.

We then expand the physically relevant quantities in eq. (2.55) in the eikonal limit up to linear
order in € for each parametrization. Higher-order terms in € are subsequently used to estimate the
truncation error.
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6.2. Transformation maps relating the different parametrizations

Rezzolla-Zhidenko parametrization

We start with the RZ parametrization, where the € parameter emerges naturally. We assume the
coefficients a, and b, admit a power-series expansion in € of the form

a,(e) = Z Anp€e? and b,(e) = Z By, p€?, (6.42)
p=0 p=0

forn > 0and App = A0 = Bo,o = B1,0 = 0. The last condition ensures that the leading contri-
butions to the metric functions from ag(€), a;(€), bo(€), and b (€) vanish in the Schwarzschild
limit € — O, thereby guaranteeing that the deformations associated with egs. (6.92a) and (6.9b) are
continuously switched off.

The values of the coeflicients A, ;, and B, ;, depend on the specific model under consideration.
In general, these coefficients appear in the series expansion of the quantities in eqs. (2.55) through
nonlinear combinations at each order in €. These expressions simplify dramatically when A o =
Byo=0:

rgsz 4 2
r =3—§(5+A0,1+A1,1)e+0(e), (6.43)
1 2
Q%M = — + = (6+3A01+24;1,1) e+0O[€), (6.43b)
3V3 81\/§( ' 1) ( )
1 2
ARZM=—+— —4+7A01+4A11+9B01—6Bll e+ 0 62 . (6430)
33 81\/§( ’ ' | 2 ( )

In the following sections, we restrict our attention to BH metrics satisfying the aforementioned
condition.

Johannsen-Psaltis parametrization

Following the same reasoning as for the RZ parametrization, we note that the deformation functions
g'(r) and g"(r) must vanish in the Schwarzschild limit. This implies that all JP parameters
{€!, € },>1 scale homogeneously with e. Indeed, as shown in eq. (6.32), we know that ei =-2¢€
exactly. Therefore, for € — 0 and the scaling behavior of eq. (6.42), we generally have €], €} ~

O(ek), with k > 1. Hence, we assume the following general power series expansion

€, (e) = Z(efl)p e? for n>2, (6.44a)
p=1

€ (€) = Z(e;),, e’ for n>1, (6.44b)
p=1

which could be equivalently read as a power series in €]. The expressions for the coefficients (¢},)
and (e},), are determined by the model under investigation. Inserting the expansions (6.44) into
eq. (2.55) written in the JP parametrization (truncated for brevity at ef1 and €} ), we obtain

e 8 ()1 (€ 2(eh
ps 2 3 4 2
5 (2 4
3 (3+ 5 + i3 + 81 )€+O(E), (6.45a)
1 2 (e () 2(ePr) e
QPM=—+[2+2 3 )= 2 4
3\/§+(9+ 4 + 162+ 186 \/§+O(e), (6.45b)
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APM =

3v3 \277 781 TTe2 T1a58 T 18 54 162 486

1 5 20€) () (g () (@ (€ () €
b 2 4 1 21 4 )\5_‘_0( 2)

(6.45¢)

As expected from eqs. (6.33) and (6.43), all JP parameters enter linearly at the first order in €.

EMD (near horizon) parametrization

As shown in Chapter 5, the EMD parametrization near the horizon can be extended up to the photon
sphere by employing the Padé approximation [51]. In this case, the position of the event horizon is
written as
rg=2M(1+¢), (6.46)
and hence, the first of expressions reported in eq. (2.55) can be compactly written as in eq. (5.33)
EMD (nh)
™ _gto c+0(¢) (6.47)
M - 0 1 ’ *
where ¢ quantifies the departure of rg from the Schwarzschild radius and is related to the RZ as

c=- . (6.48)

The coefficients are linear combinations of the parameters {65, &2, }n>1 and their explicit form
depends on the order of the employed Padé approximant, and the expressions of coefficients
(09, 01) for the position of the photon sphere are reported in Table 5.1 for the first orders. A Padé
approximation of order (N, M) involves a total of N + M parameters. We note that the effective
parameters {65,,, &2, }n>1 must still be expanded in power series of €, as we will see in the subsection
dedicated to specific BH models.

In the EMD framework near the horizon, the potential U?(r) can be expressed as a power series
around rg as in eq. (5.32)

U(r) = Z va(r =)™, (6.49)
n=1

where v, depend on {6y} and {&1} (see egs. (5.32) for the explicit form of these coefficients).
It has been shown in Chap. 5 that, by employing Padé approximations at a sufficiently high order
(N, M), the convergence radius of the series increases significantly up to the photon sphere location.
This approach allows for the computation of the BH shadow radius by, orbital frequency €2, and
Lyapunov exponent 4. Assuming that the position of the BH horizon is defined by eq. (6.46), for
small deviations ¢ < 1 from the Schwarzschild horizon, we can write Q and A in eqgs. (2.55b)
and (2.55¢) in mass units M as:

QM =no+n1 c+0(2) , (6.50a)
AM=Yo+ Y| c+0(%). (6.50D)
The coefficients (19,71) and (Yo, Y;) are reported in Table 6.1 and depend on the order of the
Padé approximation (N, M). The Schwarzschild limit is already recovered at order (1,3). From

eq. (6.50), the eikonal QNMs can be directly reconstructed at any order (N, M) of the Padé
approximation using eq. (2.54). The relation between by, and Q can be further exploited to

105



6.2. Transformation maps relating the different parametrizations
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Figure 6.2: Coefficients yyx (left) and 6ok (right) for different orders of the Padé approximation
(N, 3).

investigate the large-N limit in the Padé approximation of order (N, 3). First, let us recall the
expression in eq. (5.34) of the shadow radius in terms of ¢ from Sec. 5.2.3:

b
VS“ =10+1 c+0(?), 6.51)

as well as the explicit dependence (5.35) of 71 on ¢ and on the order N of the Padé approximation:

N+3 9 P 1
n(N)=3V3+ ) Bu(N)=- with B (N) = oo : (6.52)
k=1 ¢ 92k UN’3 (rps)N .3

where (rps)n,3 and Uy 3 correspond to the photon sphere radius and potential computed at the
order (N, 3) of the Padé approximation, respectively. Similarly, the coefficient 17; of the photon
sphere frequency can be expressed as

N+3

02k . O0Un3
N)=———=+ > yu(N) =% th Ny = 22N
n1(N) 3\/§+k:1 Y2k (N) ; wi Y2k (N) 701

Recalling that, at the lowest order, Uny 3 = 1/ (3V3), the coefficients yax (N) and Bax (N) are related
by

(6.53)

(rps)N,S

o 1 _ 1 _ 2
@m = 72k(N) = (3\/5) '}/2k(N) > (654)

7]
Uxs

Bak(N) =

(rps)N.3
and the asymptotic behavior of y,; (N) can be derived from the N — oo limit of B,; (N) obtained
in eq. (5.36)
N
lim PN 52k
N—>oo 3\/§
This result is compatible with Fig. 6.2, where the first few coefficients y,; have been computed up
to N = 9. Moreover, the asymptotic limit of r; (N) becomes

5 ~ 1.5245. (6.55)

¢ — g2k ¢ 1 1
lim epN) =——— -5 g = L L woms) -l (6.56)
Now ! 33 2 33 33 3v32M g

k=1
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and substituting it into the full expression of Q = 19 + ¢, we obtain

1 1
I\}lm Q= hm (770 +11¢) = — — ——Y(2Ms). (6.57)

3\/’ 3v32M

In the case of the Lyapunov exponent, the asymptotic N limit is more intricate, since A depends
on both the photon sphere radius and the second-order derivatives of the potential. However, by
analogy with Q, we adopt a similar ansatz for Y| (/N), which can be written as

N+3

1 0
NN = —=+ Z 62 (N) =, (6.58)

where 0y is a suitable set of numerical coefficients. In general, 5 depend on the order of the
Padé approximation and are related to the derivative of the Lyapunov exponent with respect to the
parameters 6, evaluated at the radius of the photon sphere. The coefficients d,; computed up
to k =7 and N = 9 are shown in Fig. 6.2. We remark that the individual values of d,x seem to
converge to a constant value, so we expect that it is possible to write the resummation similar to the
BH shadow radius and photon sphere frequency. We note that the coefficient dg reaches the largest
value.

Finally, we remark on the second order € expansion of the EMD near-horizon parametrization.
Since the € dependence is encapsulated in the ¢ coefficient in eq. (6.46), it is important to study
how this relation changes at second order. We have thus checked that for all BH models of interest,
eq. (6.46) does not receive corrections at O(cz). Therefore, ry acquires 0(62) contributions
only from the expansion of ¢ = —€/(1 + €). Moreover, the second-order expansion involves
significantly more terms than the first-order one, namely linear and quadratic terms in {6, }, as well
as possible mixing among the linear coefficients. We find that, for a given order (N, M) of the Padé
approximation, the number of coefficients at second order scales quadratically with K = N + M as
(K? + 5K +6)/2. Similarly, at order €"V, the number of coefficients will grow as ~ K.

EMD (at large distance) parametrization

The EMD parametrization at large distances must recover the Schwarzschild metric when the
deformation parameters {y;,w;};>1 vanish. However, the position of the event horizon does
not explicitly appear as an input, and therefore there is no direct connection to the € parameter.
Nevertheless, by inspecting the relations eqs. (6.4 1) and ansatz (6.42) (or equivalently by considering
eq. (6.28) and ansatz (6.44)), we find that {7y;, w;};>1 indeed admit a power series expansion in €.
Therefore, we assume that {y;, w; };> can be expanded similarly to the previous cases, namely

Yn(€) = Z Ynp € and w,(€) = Z Wn,p €, (6.59)
p=1 p=1

where {y,,p, Wn,p}ns1, p>1 assume different values depending on the model under consideration.
Using the metric functions in eqs. (6.17), we can express egs. (2.55) as

EMD(ld)
ps _ - _ 2 _ 2
- 3+ 9[(15 3k +2k%)y11+ (5 —4k)ya +273,1] 6+0(6 ) (6.60a)
1 1
QEMD(d) 50 _ (—2k* + 4k —21)y1 1 + (4k — 6)y22 —2y3.1| €+ O , (6.60b)
3V3 162\/_[ v - ”] ( )
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1 1
ARMDUD pr — o 1(6k% — 4k +21)y1.1 +2(5k — 6)y22 + 6731
3V3  162V3 ’ ’ ’

— (2K — 4k +21)wy 1 + (4k — 6)ws; — 2w3,1] e+ 0(62) , (6.60c)

Above we kept the dependence on the gauge parameter k to keep the expressions as general as
possible.

6.2.2 Application to BH models
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Figure 6.3: Comparison of the convergence to the linear coefficient (top row) and quadratic coeffi-
cient (bottom row) for the Bardeen BH model, varying the number of the related parameters. The
horizontal dashed black line is the value computed from the model, reported in Table 6.2. For the
near-horizon EMD with four parameters, two Padé approximants were used: (2,2) and (1,3), the
latter being more accurate.

As an application of the formalism developed in the previous subsection, let us consider the
following BH spacetimes: Hayward [24], Bardeen [162], and Simpson-Visser II [36]. These are
regular BH candidates, which can be effectively described as deformations of the Schwarzschild
geometry and satisfy the condition g;; g, = —1. Their g,; metric components read

2Mr?
e oo
2Mr?
B [
_g”(r) =1 (r2 +1123)3/2 , (6.61b)
2M [
SV =1 . exp{—%} ) (6.61¢)

The regularization length-scale parameters (I, I, [sy2) have different physical interpretations in
each model, are allowed to vary over a finite range, and can be expressed in terms of € as follows:

€

ly=2M. |—— .
H (1+e€)3

(6.62a)
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Iy = 2M , (6.62b)
1+e€
log(1
lovs = 207220+ (6.62¢)
1+e€

We analytically expand the quantities in Eqgs. (2.55) around € = 0 up to quadratic order
for each BH model and compare the results with those obtained in the Rezzolla—Zhidenko, Jo-
hannsen—Psaltis, near-horizon EMD, and large-distance EMD parametrizations, fixing the number
of free parameters to four in Egs. (6.43), (6.45), (6.47)-(6.502)-(6.50b), and (6.60). The outcome of
this comparison is summarized in Table 6.2. We observe that, at linear order, all parametrizations
reproduce the same result for all physical quantities in all BH models. Aside from the Simp-
son—Visser II case, where all parametrizations trivially yield identical expansions, for the Hayward
BH with four parameters no single parametrization performs significantly better than the others.
On the other hand, for the Bardeen BH we see that JP and RZ already match the exact expressions.

A complementary analysis is presented in Table 6.3, where, instead of fixing the number of
parameters a priori, we set the desired tolerance and let the required number of parameters vary to
match the exact expressions. In the case of the EMD near-horizon parametrization, this procedure
coincides with a Padé approximation of order (N, 3), where the number of free parameters is
controlled by the integer N. Also in this setting, no parametrization emerges as universally favored
across all BH models, as their performance is model-dependent.

Finally, in Fig. 6.3 we illustrate the convergence of the linear and quadratic coefficients for the
Bardeen BH as a representative example. Similar behavior is observed for all other BH models.
The plots highlight that for a high enough number of coefficients all parametrizations perform on
a comparable footing. Therefore, the choice of parametrization should be guided by the desired
accuracy and the number of parameters one is willing to introduce. This has to be considered on a
case-by-case basis for each physical observable and BH model.
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R
1 V187519473 — 102837005V3 6, 1 04
963 — 529 2+ — 162387 — 92399v3 =
| ( \f) 24 2( ‘f) 3780 ¢ 50 v ¢
2 2 963 — 529
2u\V2 78(0V3+23) 5 0
6 8
e — + 479, | ———— —
V61617V3 + 106731 ¢ 2410533 + 417609 ¢
. s 1 (L 35396 6, 112 6y M8 65 512 6
i 33 3V3 25515V3 ¢ 1215V3 ¢ 81V3 ¢ 8IV3 €
5 5 1 (1 171496 6, 10160 6, 2752 05 1280 65 1024 6
. 3V3 3V3  127575v3 € 5103V3 € 135V3 € 27(( 27((
1 5662841 9, 2857228 6, 2398688 65 423776 0g
1 3V3 42099753 € 1148175V3 € 76545V3 ¢ 3645V3 ¢
3 1 —
M L5032 000 11776012
2433 ¢ 813 ¢

Table 6.1: Orbital frequency (70,7:) and Lyapunov exponent (Yo, Y;) coefficients of the photon
sphere obtained from eqs. (2.55b) and (2.55¢) in terms of the Padé approximants of the potential
U2

N,M
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Chapter 6. Comparison of Parametrized Black Hole Metrics

T'ps 1 1
BH model: P trizati — -3 QM - — AM - —
models arametrizations I V3 3V
16 80 8 40 16 16
From the model ——e+—¢€ ——e-——¢€* ———e+t——&2
9 27 BIV3  243V3 81V3  243V3
16 28892 8 4012 16 173960
Rezzolla-Zhidenko ——e+ ——€? — - ———¢? ———t ————é?
9 9801 81V3 240573 81V3 29108973
16 32 8 440 16 32
Hayward Johannsen-Psaltis ——e+ =€ ——e— €2 e+ ———¢?
99 81V3  2187V3 81V3 2433
16 799 8 110 16 107
EMD near horizon ——e+——€ ——e———¢° -——€— e
9 243 81V3 7293 81V3 21873
16 176 8 296 16 368
EMD large distance ——e+——6 ——€— e -——€— e
£ 9 81 81V3 21873 81V3 21873
20 650 4 98 8 68
From the model e+ —¢ ——e———¢€° —— - ——¢?
9 243 27V3 729V3 81V3  729V3
Rezzolla-Zhidenko —§e + @52 ie - ﬂez —ie - &62
9 243 27V3 729v3 81V3  729V3
20 650 4 98 8 68
Bardeen Johannsen-Psaltis e+ —¢ ——e———¢° ———e— ——¢?
9 243 27V3 729V3 81V3  729V3
20 652 4 391 8 421
EMD near horizon e+ ——¢ ——€ - e -———€- e
9 243 27V3 2916V3 81V3 43743
20 370 4 98 8 68
EMD large distance e+ ——¢* ——e———¢° ———— ———¢?
9 243 27V3 129V3 81V3  729V3
. . L 8 74 2 7 2 11
Simpson-Visser I All parametrizations ——e+—€? - ——¢ — - ——¢
3727 93 81V3 27V3 81V3

Table 6.2: Expressions of the photon sphere radius 7, orbital frequency €, and Lyapunov ex-
ponent A. The values are rescaled by the BH mass M, shifted with respect to the corresponding
Schwarzschild result, and computed up to quadratic order in € in the case of Hayward, Bardeen, and
Simpson-Visser II models using four parameters in each parametrization. For the last BH spacetime,
we report only the expressions for the exact metric, as they are identical across all parametrizations.

BH models Hayward Bardeen Simpson-Visser II
order € e € e € e
Rezzolla-Zhidenko 2 7 2 4 1 1
Johannsen-Psaltis 3 6 2 4 1 2
EMD near horizon 4 > 17 4 > 17 4 4
EMD large distance 3 6 2 4 1 2

Table 6.3: Number of parameters required to reproduce the exact results for the three observables
at orders € and €.
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6.2. Transformation maps relating the different parametrizations
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7 Concluding remarks and
outlooks

In this thesis, we have developed and extensively explored the framework of Effective Metric De-
scriptions (EMDs) to study (quantum) deformed black hole (BH) geometries in a model-independent
fashion. Building upon the initial proposals in [45, 46], we have systematically extended the formal-
ism, analyzed its mathematical consistency, and applied it to a variety of BH spacetimes, ranging
from Schwarzschild-like regular models to charged solutions. Our work provides a unified perspec-
tive on EMDs, consolidating several previous results and offering a robust tool to study BH physics,
both in theoretical and phenomenological contexts.

At the core of our approach lies the idea that deformations of classical spherically symmetric
and static BHs can be encoded in one or two functions of a physical quantity X, ensuring that the
deformed geometry respects the symmetries of its classical counterpart. In the majority of our
analysis, X was chosen to be the proper distance p measured from the event horizon, though we
have also considered curvature invariants, such as the Ricci and Kretschmann scalars, as alternative
physical quantities. By defining these functions in terms of X, we naturally enforce coordinate
invariance and maintain a consistent relation between the deformed metric and classical geometry.

In the vicinity of the horizon, we solved the self-consistency conditions by employing series
expansions in p, as introduced in [46]. This allowed us to derive regularity conditions on the
metric deformations, ensuring that physical quantities such as the Ricci scalar, Kretschmann scalar,
and Hawking temperature remain finite. In particular, our analysis revealed non-trivial constraints
on the expansion coefficients of the deformation functions, which are essential for the physical
viability of the EMD framework. We further extended these results to asymptotic expansions,
thereby connecting the near-horizon behavior to the large-distance properties of the spacetime.

To overcome the limitations of Taylor expansions at larger distances from the horizon, we
introduced Padé approximants [49], which allow an efficient resummation of the deformation
functions and extend the range of applicability of the EMDs. This enabled accurate computations
of astrophysically relevant observables, such as the radius of the photon sphere and the BH shadow,
in a model-independent manner. The resulting approximations were tested across a variety of
quantum-deformed BH models [24, 28, 167, 191, 192], demonstrating excellent agreement with
exact or numerical results.

Our framework was further generalized to include electrically and magnetically charged BHs
[48], extending the EMD formalism to Reissner—Nordstrom-like geometries. In this context,
we derived general constraints on the metric deformation functions at the horizon and obtained
expressions for the Hawking temperature, including expansions in powers of the charge. Notably,
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the proper time for an infalling observer emerged as a natural physical quantity for extremal BHs,
enabling a consistent EMD formulation even in these limiting cases. These results provide a
versatile, model-independent foundation for future studies of charged BH phenomena, including
electromagnetic radiation emission, orbit stability, and superradiance [80].

In this thesis, we have developed a comprehensive framework for studying static and spherically
symmetric black hole (BH) spacetimes subjected to quantum or classical deformations. The core
idea behind our approach is the Effective Metric Description (EMD), which parametrizes deviations
from classical geometries, such as Schwarzschild and Reissner—Nordstrom, through one or two
functions of a physical quantity X that ensures consistency with the symmetries of the underlying
classical solution. In most of our analysis, X was chosen to be the proper distance p measured
from the event horizon, though we also explored alternative choices, such as curvature invariants,
including the Ricci and Kretschmann scalars. By defining the deformation functions in terms of
X, the EMD framework naturally maintains coordinate invariance while providing a self-consistent
description of the modified geometry.

Close to the horizon, we solved the self-consistency equations by employing series expansions
in the chosen physical quantity. This procedure allowed us to systematically impose regularity
conditions on the deformed metrics, ensuring that crucial physical quantities, such as curvature
scalars and the Hawking temperature, remain finite at the horizon. These conditions translate into
non-trivial constraints on the expansion coefficients of the deformation functions, which serve as
effective parameters describing the quantum or classical deviations from the classical spacetime.
We further extended these results to asymptotic expansions, providing a bridge between the near-
horizon behavior and the large-distance properties of the spacetime, and allowing the connection
of different EMD formulations based on distinct choices of X.

While series expansions provide a natural description near the horizon, their radius of con-
vergence can be limited, restricting the applicability of the framework to regions very close to
the event horizon. To overcome this limitation, we introduced Padé approximants as a method to
resum the series and extend the effective description to larger distances. This technique proved
particularly effective for computing astrophysically relevant observables, such as the radius of the
photon sphere and the apparent black hole shadow, in a manner that is independent of the underlying
model. Our results demonstrate that the Padé-approximated metrics reproduce the exact or numeri-
cal predictions with high accuracy, even in cases where the original series exhibit slow convergence
or non-analytic behavior. Moreover, the effective expressions obtained provide insight into the
leading quantum corrections to the shadow, which can be directly compared with observational
data, offering a pathway toward model-independent constraints on the deformation functions.

The EMD framework was also extended to include electrically and magnetically charged black
holes. By incorporating the Reissner—Nordstrom geometry and its deformations, we derived general
constraints on the metric functions and obtained expressions for the Hawking temperature in terms
of the deformation parameters and the black hole charge. In particular, the extremal limit revealed
the importance of using proper time for infalling observers as a physical quantity to formulate the
EMD, ensuring a consistent description even in the most delicate regimes. This extension highlights
the versatility of EMDs in accommodating additional physical properties, such as charge, and sets
the stage for future studies of black hole phenomena that combine gravitational and electromagnetic
radiation and superradiance [80].

A key contribution of this thesis is the establishment of explicit mappings between EMDs and
other widely used BH parametrization schemes, such as Johannsen—Psaltis and Rezzolla—Zhidenko.
Through this mapping, we demonstrated that different agnostic parametrizations are fundamentally
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Chapter 7. Concluding remarks and outlooks

equivalent: none systematically outperforms the others, and the choice of framework should be
guided by the observable of interest and the physical regime under consideration. This unifica-
tion also enables the translation of quantum-gravity—inspired deformations across parametrization
schemes, facilitating consistent comparisons of theoretical predictions and observational results.
In addition, we applied these mappings to the study of quasi-normal modes in the eikonal limit,
showing how the coeflicients of each parametrization can be expressed perturbatively in a small de-
viation parameter, and verified the approach across several regular BH models, including Hayward,
Bardeen, and Simpson—Visser II.

The cumulative impact of our work is twofold. Conceptually, it establishes EMDs as a versatile
and model-independent framework for encoding deformations of classical BHs, capable of handling
quantum corrections, charges, and, in principle, rotation. Practically, it provides computational
tools to extract physically meaningful observables, such as curvature scalars, Hawking temperature,
and photon-sphere radii, in a way that is both accurate and extensible to a variety of black hole
solutions. Furthermore, by relating different parametrization schemes, the framework allows a
coherent translation of results across models and observables, bridging the gap between theoretical
constructions and phenomenological applications.

Looking forward, several natural extensions emerge from our findings. One important direc-
tion is the incorporation of rotating black holes, enabling effective deformations of Kerr geome-
tries [61, 202-204], which are essential for interpreting gravitational wave data and black hole
imaging. Another avenue is the application of EMDs to cosmological spacetimes, including de-
formations of (Anti-)de Sitter and inflationary models, where quantum corrections could provide
insights into early-universe physics. Additionally, extending the framework to incorporate higher-
order curvature invariants or matter fields may reveal further aspects of quantum-gravity-induced
modifications. On the phenomenological side, our results suggest that precise observational data
from the Event Horizon Telescope, LIGO/Virgo/KAGRA, and future experiments could be used
to constrain deformation functions and test predictions of quantum gravity, providing a direct link
between theory and experiment.

An interesting direction for future work concerns the connection between the EMD framework
and the recently proposed quantum inequalities for quantum black holes [42, 205]. These inequal-
ities constrain the admissible deviations from classical black-hole metrics induced by quantum
effects, ensuring that the resulting spacetimes remain physically consistent—free of pathological
behavior such as acausal propagation or unbounded stress-energy fluctuations. Since the EMD for-
malism effectively parametrizes metric deformations in a covariant and model-independent manner,
it provides a natural setting in which such quantum consistency bounds could be explicitly imple-
mented. Exploring how the EMD coeflicients are restricted by these inequalities would bridge
phenomenological metric deformations and the general principles of semiclassical gravity, yielding
a more predictive and constrained framework for quantum-corrected black holes.

In conclusion, this thesis has demonstrated that Effective Metric Descriptions constitute a pow-
erful and flexible tool to study black hole spacetimes in a model-independent fashion. By system-
atically developing the mathematical formalism, extending its applicability via Padé approximants,
generalizing it to charged black holes, and unifying it with other parametrization frameworks, we
have created a coherent platform for theoretical analysis and phenomenological applications. This
framework not only deepens our understanding of black hole physics in classical and quantum
regimes but also lays the groundwork for the systematic exploitation of upcoming high-precision
astrophysical observations, thereby bridging the gap between fundamental theory and measurable
phenomena.
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Appendix

A.1 Series relations

For the reader’s convenience, we compile several series identities in this Appendix, which are too
lengthy to be presented in the main body of the thesis. Firstly, we illustrate how to extract a specific
term from a(n integer) power of a series. Indeed, let

(9]

S(x) :chxk, Vx| < xe s (A.1)
k=0

where x. is the radius convergence, cx € R a set of expansion coeflicients and let n € N. We are
then interested in the expansion

(SCeN™ =) exxt, (A2)
k=0

where the ¢, depend explicitly on {ci }xen+. To calculate ¢, (for given p € N), we consider
J4 n n p 4
(S(x)" = (Z Ck xk) +O(xPH = Z (Z)) cg_fo x{0 (Z ckxk]) , (A.3)
k=0 £,=0 k=1
where we have used the binomial formula. This expression can be further re-written
n [ )4 b
(S(x)" = Z (2)) cg_fo x0 Z (?‘1’) cfo_f' x4 (Z ckxkz) ) (A4)
=0 £=0 k=2
Iterating this procedure, we find

n &

n & Cp2) lo+li+.. 4+l n—ty Lo—t bp2=Cp-1 p-i
(SN = ZZ Z ( )( ) ..([p71 X Plhey e e cpy .

0=06=0  £,_1=0
(A.5)

Thus, the coefficient ¢, in (A.2) is given by

n
o =Cp
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A.1. Series relations

nt o=t Lp2amlpot Lo

o ©i p-1 p
tp = , Vp>1. (A.6)
g 0= Z (n=0)! (b —t)! ... (Ep—2 = Cp-1)p-1! P

po15lp_2<...<lp<n
L0+ Al 1=P

For co = 0, the summation over ¢ is fixed to £y = n, such that in this case

C():O, clzclén,ls

n! c'f_[l . ci”_’lz_[”"cf,’”]
¢y = Z Vp>2. (A.7)
P s
0<¢,, (n—fl)!...(fp,z—fp,l)!fp,lf
b4 Al _1=p-n

_1Slp_pS.Sli<n

A.1.1 Series expansion of inverse radial coordinate

In this Section, starting from the first series in Eq. (3.8), we express the inverse radial coordinate
as a series expansion in p. More precisely, we determine the coefficients p,, in

_ 1< p \™ . pme€R VmeN,
Plp) = r(p) r;)pm (ZM) ’ with po=1/rg. (A.8)

Let us remark that, in contrast to the coeflicients in Egs. (3.7) and (3.8), the series coefficients have
dimensions [p,] = [L]~', Vn > 0. Differentiating Eq. (A.8) both sides with respect to p and
multiplying by r, we find

, dr
r(p) P(p)" =-P(p) 7. (A.9)
p
which with (3.8) becomes the following series identity
S (NS, P (e N\ [N e S p\"!
(FH”MHZ:;“" (ZM) )(m=1m2M (ZM) )‘ (Z P (ZM) )(;”“" (ZM) ) ’
(A.10)

note that we have used the condition in a; = 0. Re-arranging both sides of this equation, we find

0 p-1
'H P1 'H P 'H P \P
M + (ﬁ P2 + 2a3 po) ﬁ +I?Zz(p +1) m Pp+1 +Podp+1 +W; Pin Ap+1-m (w) =0.
(A.11)
Order by order we therefore obtain the relations
-2
2Ma, 2Ma, 2M %
p1=0, P=-"F5—., Pp=-—F"-"=) Puapm Yp23. (Al2)
TH "H TH o
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A.1.2 Power of a power series

For p € [0,dy) and n € N, we consider the following power series

) k\" )
(Z (—ﬁ) ) =;cpp". (A.13)

k=0

For the coeficients ¢, we find the following explicit expression

0 k\" p p
. P (1 n+p-1)\_(_ 1 (n+p-1)
e (Z(—d,,)) ‘( dH) ( P )‘( dH) pla—nr - A

k=0
For p = 0, we indeed have ¢y = 1. In order to show (A.14) for p € N, we begin by demonstrating

P

—_ [ —
pZ‘f(—ﬁ)k ) (_L)p e Ve (A.15)
=0 du pr-t du (p-0O'1-1"" veeA{0,...,p}. :
For p > 1 it can be verified for all (finitely) many values of £ € {0, ..., p}, concretely:
* for ¢ = 0 both sides are vanishing, since we use the convention 1/((-1)!) — 0.
 for £ = 1 we find directly
)4 k p-1
1
Safl -t
k=0 du ) |pp-t dr

which indeed agrees with (A.15).

* for general 2 < £ < p we have

Sz

ppé’uz...u[)
1 p-C p-¢t
=(-— 1.
pu[) ( dH) uZ

2,...0%0
up+...+up<p-t

p-¢ p-¢t p—t k ke—2 p-t k ke—3 Koo+ 1
REES YD WIRED D INED YEED 1 WO M sadl
uz,..., =0 k=0 u3 ¢=0 k1=0 k=0 kg,|= k1=0 kr=0 k(,z—o
up+...4up<p-C uz+...+up<kq
which, upon using the identity
k u+s k+s+1
Z( . ):( L ) Vs e N, (A.17)
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A.2. Series expansions for & # 0

leads to

p—t
_(p-1\__(-D!
I N A9

uy+...+up<p-C
This result therefore indeed demonstrates (A.15).

With the result (A.15) we can prove (A.14) (for p > 1). To this end, we consider

Bl TL- LSS 2

PP =0 k=1 P
n £ p-1 k t
Sl a)]
=0 dn ¢ k=0 du pP
n ¢ p—C k 4
- (_di) ( ’Z ) (_di) ) (A.19)
=1 H k=0 H pp-t
With the relation (A.15) we therefore obtain
S TL ) ) st
S\ du) | A\ du)] & ) (p-0N-1)!
1 plmin(n,lﬂ) 1\P ~
L N () o
du| p 4 t 14 dsy »

which indeed demonstrates (A.14).

A.2 Series expansions for &; # 0

For completeness, we shall generalise the approach of Section 3.2.1 also to accommodate functions
@ such that the coefficient &; # 0 in Eq. (3.7) is non-zero. Indeed, assuming that r ~ rg + O(pP)
for some p € R, for the left-hand-side of the equation (3.9) to have a term of order O(p) requires
either p = 1 or p = 3/2. Since we have seen in Section 3.2.1 that p = 1 still requires &; = 0, we
shall here explore the case p = 3/2, i.e. instead of (3.22) we shall consider the expansion

+2

O(p) =ry + anp" and r=rg +ZE$,,pnT , with a,€R VneN, (A.21)
n=1 n=1

which as before we assume to have an interval of convergence p € [0, p4) (with some pg > 0).
We then obtain

2

—~ - 15
a—rg (4a%+ 7a1a3)]
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[eS) p—l
2|~ (m+2)(p-m+2) .
+pr/ |:ap_2—}"HZ 2 Am Ap-m

- a o + 2)(11_ km) ap_k_m_z] . (A22)

Comparing the coefficients of p°, p!, p3/2 and p? to the series expansion of @ in Eq. (A.21), yields
the relations

9 = PN - o 15
ru=¢&, &= ——rHa%, 0=a-6rga a, §z=az—rH(4a§+7a1a3), (A.23)

which has solution

1 . 1-18
& Gy = —— Gy= —18rné& (A.24)

Eil ==+ , —
rH 6ru 135a; r,

W1l

The coeflicient a; is real only for & < 0. In the case & > 0, there exists no real solution of
(3.9), which is of the form (A.21). In the following, we shall assume &; < 0 and furthermore pick
the positive sign for @; in (A.24): indeed, for the negative sign, the function z(p) would not be
monotonically growing for p > 0.

Comparing the remaining terms in (A.22) order by order, we can express dp,_1 in terms of aj
withk <p -1

~ 2 —~ pz_z(m+2)(p—m+2)A -
aAp_ 1= ———_|a -r Ar Qv
p-l 3ayrg (p+1) p-2~TH 4 mepmm
p—4 kpzk:3(m+2)(p k — m)a 7 2] 0 e if p € Nggq
m“p m - /2 .
k=1 m=1 3G, er(p+1) if p € Neven
(A.25)

A.3 Transition from Ricci to Distance EMD

Identifying the coefficients {7, }n=0.1.2,3 in (3.80) with those in (3.84) leads to the following solutions
of (Ro, R1, g0, q1) in terms of (o, £2, €4, &6)

3+5w - 3w? -5w> + 384r?_1§4

RO = 5 ’
2ry; (1+ @) (1 +2w)
Ry = 7680r%, _ 9+6lw +73w? - 53@> — 90w*
(1+@)2(2+3w) 4r3, (1 +2@)2(2 + 3w)
96(19 + 41w + 30w?) 2457673, (7 + 8w) )
(+o)(1+20)202+32) T U+ @)1+ 2022 +3@) °*
Go = o
M’
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A.4. Signs in the Kretschmann Scalar EMD

_ 30720r2, M&e (9+70w + 143w? + 90w ) M
"o+ 222+ 306 3 (142w)2(2+ 3w)
2 983043 (7 + 8w) M &2 -
384(19 + 41w + 30w?) Mé&y .\ 7 ( IME; (A26)

(1-@)(1+@)(1+2®)22+3w) (1-@)(l+@)3(1+2w)2(2+3w)

These relations can also be inverted to express (£, &2, €4, &) in terms of (Rg, Ry, o, q1) as follows

&0 =2M qo,
GIRIM _
=T (=24 Rib),
f = (1+0)* (Ror3,(1+20) -8 1 RiM(1 + o — ¢ 1R M)
N 384r3, (1+0 — 43 R\ M + 831 R2M?) ’
fo= (1+0)*(2+30)M [36g1R1 3Ry . 3R (1+0)?
4608073, u ry M M raM(1+20)u?

X (R()r%{(l +20') —851R]M(1 +O’+L71R1M))

x (Ror;%,(l +20) + (1 +0 — 45, RIM)(3 - 8c71R1M))
2 Ri(1+0)(1 -2q1R1M)
u’r?,(1+420)%(2+30)
+ Rory, (0 (161 R1M (24 Ry M (128G R M — 107) +75) — 117)
+451R1M(417 - 22]-1R1M(6461R1M(17§1R1M - 31) + 1013)) - 117)

(2R3r§1 (32§1R1(4a +7)M - 320 - 31 - 644 R; (40 + 7)M2)

-2(3 -8\ RIM)* (A1 RiIM (171 RiM —T7) — 1) (-4 1 Ri1M + o + 1))

(A.27)

with oo = |1 —4671R1M| andu =1 +0'—4§1R1M(1 —qulM).

A.4 Signs in the Kretschmann Scalar EMD

The sign choice appearing in the definition of the Kretschmann scalar EMD in Section 3.5 a priori
have an impact on the type of solutions that can be described within this EMD. Indeed, in Section 3.2,
following [46], we have fixed a similar choice in Eq. (3.14) by demanding that the corresponding
geometry allows a smooth limit recovering the Schwarzschild space-time. A similar condition also
fixes certain signs in the Kretschmann scalar EMD (and its connection to the distance EMD). To
illustrate this idea, we start with the distance EMDfor the particular choice &>, = 0Vn > 1, such that
the only non-trivial remaining parameter is &, or equivalently @. The classical limit, which indeed
reproduces the Schwarzschild space-time, is @ — 1. For this particular choice of parameters we
find

ry o 1 - w? oz 1 - @? T_(l—w)(1+w)2(1—2w)
M T AaM(T+ @) T 8Mrp(1+2w) " T 16Mr 2+ 3w) (1 +2@)°

T0 =
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Thus, identification with the Kretschmann scalar EMD leads to

29 + 124w + 170w? + 84w? + 25w* _12
Ko = 1 > +0(w - 1),
4rH(1 +2w) rH
323 +2593w + 8128w2 + 12658@° + 10235w* + 4157w° + 786w?

4r3,(1+2w)3 (2 + 3w)

1

--Ziow@-, (A.28)
r

H
and for {1 in (3.96) we obtain

ril(l +2w)3 2+ @ - 3w?)

M (323 + 2593w + 8128w? + 12658w3 + 10235w* + 4157w + 786w?)
5

l1=-

288M (@-1)+0((w - 1)%),

B 2w + 1)5;%
M3 +4) (7866 + 415705 + 102350* + 12658w° + 81282 + 2593w +323)°
x (68694 + 90151 1@ + 5091799w” + 15949627@> + 29316755w" + 28823217w°
+4572149w° - 24913951w” - 32758909w® — 19894452w° — 6289848 % — 866592 ')
2519,

Inserting (A.28) and (A.29) into (3.95) we find

2§2+355“66(w—1)+0(w—1) if u=+landw >1,
K, = A.30
? 2%2 355“66(w—1)+0(w—1) if u=—-landw <1. (4.30)

Thus, depending on how the limit @ — 1 is taken, i.e. depending on the sign of &, only one
choice of the sign u in (3.95) yields a viable solution, which moreover leads to a finite limit
for the Kretschmann scalar as a function of @. Notice also, that in this case (A.28) and (A.30)
are compatible with the expansion of the Kretschmann scalar for the (classical) Schwarzschild
space-time

48M% 12 T2 252
Konss = —5—=— — = (r=ra) + == (r=ru)* +0((z = rn)’), (A31)
r T T Ty

where we have used ry = 2M for the classical Schwarzschild black hole.
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A.5 Conditions in the extremal case with 0% # M ry

Here, we collect all conditions on the deformation functions coefficients for an extremal black hole

with ' # Q and Q2 # Mry discussed in Subsection 3.6.5. In particular, requiring a; € R and
(3.161), we have:

- = 2 -~ 262 (Mry-0%) - -
=0 =—H’ =9 =~0—, >9 ,
&0 = 6o s — O §&1=01=a ) &> 6
~ 2
0 . (492r§, (Q* - Mry)’ +820* (Q2—2MrH))
J 7<MrH<Q , dy <

s

422 (M ry - Q)
> ru (4'52@, (Q* - Mru) +20* (0 - 2MrH))

-MrH<—,52> — 3
2 482 (Mry - Q2)

s

ru (4’9}&, (0% - Mry)* +20* (0 - ZMrH))

422 (Mry — 02)°

‘M}’H>Q2,52>

If ‘327{ Chl | thena; = 1, and the relation & > §, becomes & = 65, such that:
r=r, r=rg
=~ = Z%—I ~_5_2F§%(MrH_Q2) ~_§
0=bo=r——5, G =th=—-3—"—, H=0,
2Mryg — Q y
2 4
* —<Mrg, &<- Q 3
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2 4
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