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Abstract

The application of gravitational physics to quantum information theory offers a promising framework
for addressing some of the most profound open questions in modern science. This thesis investigates
how gravity influences quantum systems through the lens of quantum communication protocols,
and how these effects can, in turn, be exploited to face open challenges in cosmology and general
relativity.

By using both a semiclassical and a quantum theory of gravity, two communication protocols are
developed and analyzed in a variety of relativistic and cosmological settings. The first involves the
transmission of quantum and classical information via well-defined single-mode bosonic channels,
where gravitational curvature and expansion act as sources of signal degradation. The second proto-
col employs localized quantum detectors - effectively, quantum antennas - revealing how gravitational
and cosmological effects can enhance, rather than hinder, information exchange.

These studies demonstrate that quantum communication provides a concrete operational tool to
investigate fundamental gravitational phenomena such as cosmological particle production, curvature
coupling, and even self-gravitational decoherence. Beside that, the results suggest that information
loss and signal fidelity can serve as sensitive indicators of spacetime properties, giving the opportunity
to experimental test gravitational features via quantum information protocols.
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Chapter 1

Introduction

General Relativity currently stands as the most successful and comprehensive description of grav-
itation [1, 2]. From it, gravity is described as the dynamics of spacetime geometry, encoded in
Einstein’s field equations [3]. With these premises, General Relativity has passed precision tests
from solar-system scales to strong-field observations (light deflection, perihelion precession, gravita-
tional waves and black-hole imaging) [4]. The application of General Relativity to our Universe is
also known as cosmology, describing the hot Big Bang, the formation of large-scale structures (e.g.
galaxies) and the measured expansion history [5, 6, 7].

Despite these successes, many mysteries and open problems remain in gravitation and cosmology.
Current observations require the dominant presence of unseen components, such as dark matter, to
explain galactic dynamics and dark energy, to account for accelerated expansions [8, 7, 9]. Beside
particle physics candidates [10, 11], proposed solutions involve modifications of General Relativity on
cosmological scales [12, 13, 14, 15, 16] or the presence of more complete and alternative and realistic
cosmological fluids for dark energy [17, 18, 19]. However, testing these solutions is notoriously hard
[20, 21]. In fact, alternative theories must be consistent with local observations (i.e. in the Solar
System). In this way, eventual departures from General Relativity prediction are often too small to
be detected with actual means or present into currently not-achievable energy regimes [22].

The most fundamental conceptual tension, however, is on the incompatibility with quantum
mechanics, whose validity was corroborated in microscopic scales (i.e. atomic scales and below)
[23]. This problem led scientists to also question about the nature or gravity itself - i.e. if it can
be described by a classical field (following General Relativity), or rather if this field is quantized in
microscopic scales. Many attempts were done so far to provide a consistent quantum gravity theory,
recovering General Relativity in the macroscopic world [24, 25, 26, 27].

As a first step in this direction, Quantum field theory in curved spacetime explores quantum
systems in presence of an external classical gravitational field [28, 29]. The theoretical predictions
of this theory are outstanding, challenging the concept of quantum particle itself and bringing up
unitarity problems on the evolution of macroscopic objects [30, 31]. Many attempts were done
to test the predictions of quantum field theory in curved spacetime, leading to their confirmation
in analog gravity systems [32, 33, 34]. Despite this, a direct observation of these phenomena by
actually gravitating systems is compromised because of utterly small effects [35], usually covered
by background radiation [36]. Effective field theories involving quantum gravity, such linearized
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2 1. Introduction

quantum gravity, have the same observational problem despite the intriguing theoretical predictions
[37, 38].

A recent approach to test these effects, relying on the use of quantum information tools - such
as entanglement, metrology and information protocols, is called relativistic quantum information
[39, 40]. In particular, this field studies how motion, acceleration and spacetime curvature affect
quantum correlations and information flow [41, 42]. Several operational probes (detectors, channels,
communication/estimation protocols) which can both reveal and exploit relativistic quantum effects,
were proposed so far [43, 44, 45, 46]. This approach offers a concrete and operational way to probe
particle production [47], decoherence induced by horizons/curvature [48], and possible signatures of
new gravitational physics [49].

Within the quantum information framework, quantum communication provides the natural set-
ting to explore how quantum information can be transmitted, encoded and preserved across space
and time. By exploiting non-classical resources such as entanglement and quantum coherence, com-
munication schemes allow distant parties to exchange information in ways that outperform any
classical protocol [50, 51, 52]. The study of how such channels behave under relativistic motion
or gravitational fields thus offers an operational route to probe the interplay between quantum
mechanics and spacetime structure [42, 41, 53].

In line with this view, the study of quantum communication schemes in relativistic contexts
could not only be used to test the gravitational physics, but also to predict eventual noisy effects
or amplifications of quantum signals due to gravity, which can be used in future space and quan-
tum technologies. To this perspective, quantum communication (and, more generally, quantum
networks) has matured considerably in the past two decades, from theoretical proposals to experi-
mental platforms [54, 55]. In the terrestrial setting, for example, a recent experiment demonstrated
entanglement distribution and teleportation over a 14.4 Km dark-fiber urban link [56]. However,
many factors still provide major technological constraints towards long-distance quantum networks
[54] (e.g. fiber loss, phase drift, coupling inefficiencies and the no-cloning theorem limiting classical
amplification).

To face these limitations on terrestrial links, space-based quantum communication has to scale
up quantum networks globally. Early space experiments have already demonstrated feasibility: the
Micius satellite performed satellite-to-ground Quantum Key Distribution and entanglement distribu-
tion over distances of thousands of Kilometers [57, 58]; micro-satellite experiments have successfully
transmitted polarization-encoded qubits from a 50 kg LEO satellite down to Earth with acceptable
quantum bit error rates [59].

To build reliable and testable quantum communication in space settings, it is necessary to study
how the information stored in quantum systems is modified by relativistic effects. In so doing, one
may predict eventual noisy effects and/or find ways to exploit gravity to enhance the quality of
communication protocols. The main purpose of this thesis is precisely to investigate this aspects,
while also assessing the possibility to test the currently unknown features of gravitational physics
via quantum communication protocols. A secondary objective has a more theoretical foundation,
relying on knowing how quantum states behave in presence of gravity in a more complete, general
and operational way. Moreover, when possible, application in space technology are addressed as
well. In this framework, the research aims to know whether a space-based quantum communication
protocol can increase or decrease its communication capabilities, due to gravitational effects.

To achieve these objectives, two protocols are analyzed in details and applied in a plethora of
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iconic and useful relativistic scenarios: the first one involves the communication of a single-mode
bosonic state, emulating uni-directional signals lacking of information loss over long distances; the
second involves the communication between a pair localized quantum systems, interacting uniformly
and isotropically with its surroundings.

The ability of these protocols to amplify the small effects of gravity in quantum systems is
demonstrated in several contexts. This opens the possibility to: i) detect the particles produced in
a cosmological expansion [60] or from a black hole [61]; ii) test the value of the coupling between
curvature and scalar field [28]; iii) test gravity modifications [13]; iv) probe cosmological fluids
proposed as alternatives to dark energy [62]; v) investigate the nature of gravity itself [37].

A secondary objective has a more theoretical foundation, knowing how quantum systems behaves
in presence of gravitational field in a more general and operational way.

Beside those operational applications, the results obtained also provide many theoretical impli-
cations. Gravitational effects are always found to provide noisy contributions in the communication
of unidirectional signals. However, this is no longer true when the communication is performed via
quantum antennas: in this case, the quality of communication of classical information is proved to be
enhanced by a cosmological expansion. Furthermore, the limits of those antennas to communicate
quantum information reliably is addressed by using the no-cloning theorem. In so doing, highly
anisotropic situations turn out to be the only ones which may allow a reliable quantum key dis-
tribution. Finally, a mechanism inducing a self-gravitational decoherence is discovered in quantum
gravity context, which becomes more "testable" when recast to the loss of quantum information in
a protocol.

The structure of the thesis is the following.

• Chapter 2 introduces the theoretical foundations where the protocols are applied - i.e. quan-
tum field theory in curved spacetime and linearized quantum gravity. This chapter surveys the
most relevant phenomena predicted by those theories - cosmological particle production [60],
Hawking radiation [61], dynamical Casimir effect [63], Unruh effect [35] - providing the back-
ground needed for later chapters. Without being intended as a comprehensive review, it also
introduces elements of General Relativity and modern cosmology required for the application
studied in this thesis.

• Chapter 3 presents the first of the two protocols under consideration. After reviewing key
tools from quantum information theory - particularly continuous-variable quantum commu-
nication theory - the chapter analyzes a protocol based on the communication of particles
with well-defined momentum in a specific direction. In other words, the focus here is on the
preservation of classical and quantum information stored into single-mode bosons. While these
particle perfectly preserve information in special relativity setups, some gravitational features
may disrupt this perfect conservation. Despite challenges associated with causality and the
uncertainty principle, this protocol remains physically realistic if the two parts communicate
over large distances and time intervals, and it provides simple and intuitive results.

• In Chapter 4 turns to more realistic scenarios involving spatially localized senders and receivers.
The investigation here focuses both on the communication between distant parts and on the
conservation of localized information in time. In this last scenario, by using a superposition of
two different localizations, decoherence is proved also in absence of any source of gravity.



4 1. Introduction

• Chapter 5 summarizes the main results and highlights the future directions of this research.

Throughout the thesis, the signature (−,+,+,+) is used. Regarding the units, the reduced Planck
one c = ℏ = kB = 8πG = 1 are mostly considered, unless otherwise specified.
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Chapter 2

Quantum field theory in curved
spacetime and perturbative gravity

Contents
2.1 Quantum field theory in curved spacetime . . . . . . . . . . . . . . . . 6

2.1.1 The case of a flat spacetime . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.2 Generalization to a curved background . . . . . . . . . . . . . . . . . . . . 8

2.1.3 Bogoliubov transformation of the field normal modes . . . . . . . . . . . . 9

2.1.4 The field stress energy tensor . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 Particle production in cosmological domains . . . . . . . . . . . . . . . 11

2.2.1 Cosmological particle production . . . . . . . . . . . . . . . . . . . . . . . 12

2.2.2 Perturbative solutions for the particle production . . . . . . . . . . . . . . 14

2.3 Particle production by black holes . . . . . . . . . . . . . . . . . . . . . 15

2.3.1 Black hole thermodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3.2 Mirrors as a black hole analog . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4 Unruh effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.4.1 Unruh-deWitt detectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.5 Linearized quantum gravity . . . . . . . . . . . . . . . . . . . . . . . . . 26

The following chapter wants to introduce the physics background where the thesis research is
developed. Wondering how information travels in relativistic setups, a description of how gravita-
tional fields may affect the behaviour of quantum particles - according to quantum field theory -
is here provided. To do that, two physical theories are mainly used, i.e. Quantum field theory in
curved spacetime and Linearized quantum gravity.

Despite some common qualities, the two theories have a fundamental difference relying on the
nature of gravity. In fact, in quantum field in curved spacetime, gravity is considered classical -
i.e. non-quantum. Therefore, according to General Relativity [3, 4] a gravitational field manifests
itself as the curvature of the background spacetime. The theory is then focused on the behaviour of
quantum particles in the spacetime curved by gravitational effects [28, 29].

On the contrary, linearized quantum gravity considers gravity to have a quantum nature [37, 38].
The gravitational field is quantized as the other quantum fields. The quantum particles - i.e. the
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6 2. Quantum field theory in curved spacetime and perturbative gravity

field excitations - are then traveling in a flat spacetime but interacting with the gravitational field
quanta - called gravitons.

Only the information relevant to develop the results of this thesis are here resumed. Interested
readers could refer to [28, 31] for a complete description of quantum field theory in curved spacetime,
and to [37] for the linearized quantum gravity theory.

The chapter is structured as follows, Sec. 2.1 introduces quantum field theory in curved spacetime
and the possibility to produce particles from vacuum. As a first application of this theory, in Sec.
2.2 the creation of particle given by the expansion of the universe is discussed. The most studied
phenomenon arising from quantum field theory in curved spacetime, i.e. Hawking radiation, is
instead discussed in Sec. 2.3, where the dynamical Casimir effect and the thermodynamics of black
holes are discussed as well. Unruh effect is briefly described in Sec. 2.4, with the purpose of
introducing Unruh-deWitt detectors and localized quantum systems. Finally, in Sec. 2.5, a brief
description of linearized quantum gravity is provided.

2.1 Quantum field theory in curved spacetime

The behaviour of quantum particles in special relativity is fully described by quantum field theory
[64, 65]. The key concept of it stands on particles considered as excitations of a field, which is
properly quantized to become an operator.

2.1.1 The case of a flat spacetime

The theory of quantum fields is briefly sketched in a flat, Minkowski spacetime, characterized by the
metric tensor ηµν = diag(−1, 1, 1, 1). For the sake of simplicity, the behaviour of a non-interacting
scalar particle - characterized by its mass m - is addressed. This particle can be considered as an
excitation of a scalar field Φ(x, t) whose Lagrangian density reads1

LΦ = −1

2
∂µΦ∂µΦ− m2

2
Φ2 , (2.1)

leading to the Klein-Gordon equation

(□−m2)Φ(x, t) = 0 , (2.2)

where □ is the D’Alembert operator, equivalent to ηµν∂
µ∂ν in a Minkowski background. The field

Φ can be promoted to an operator Φ̂. From canonical quantization [64] Φ̂ can be written as

Φ̂(x, t) =

∫
dk
(
âkuk(x, t) + â†ku

∗
k(x, t)

)
, (2.3)

where âk is the annihilation operator relative to a scalar particle with momentum k, satisfying the
algebra [

âk, â
†
k′

]
= δ3(k− k′) ; [âk, âk′ ] = 0 . (2.4)

The functions uk in Eq. (2.3) are called normal modes of the scalar field. They represent the
positive frequency solutions of the Klein-Gordon equation (□ − m2)uk = 0 normalized so that

1Notice that the minus in the first term on the r.h.s. of Eq. (2.1) is due to the choice of the metric signature and
not due to the presence of ghost fields.



2.1. Quantum field theory in curved spacetime 7

(uk, uk′)KG = δ(3)(k− k′) according to the scalar product (. . . , . . . )KG, reading

(uk, uk′)KG := −i

∫
Σt

dx (uk(x, t)∂tu
∗
k′(x, t)− u∗k′(x, t)∂tuk(x, t)) , (2.5)

where Σt is the Cauchy surface t = const.
As {uk}k represent the set of positive frequency solutions of the Klein-Gordon equation (2.2),

{u∗k}k represent the respective negative frequency solution. The set {uk}k ∪ {u∗k}k is required to
be complete and orthonormal w.r.t. the scalar product (2.5). In a flat, Minkowski spacetime, the
normal modes uk can be easily calculated as

uk(x, t) =
eik·x−iωkt√
(2π)32ωk

, (2.6)

where ωk :=
√

|k|2 +m2.
Both in a flat and in a curved spacetime, quantum fields are effective mathematical instruments

to describe quantum particles. In opposition to classical particles, those particles cannot have well-
defined position and momentum together, because of the uncertainty principle. This fact is well
enclosed in quantum field theory. In fact, by considering a flat background and a scalar field, a field
operator Φ̂(x) effectively creates a particle at the position x from vacuum. However, by computing
the probability amplitude that the particle at x has a momentum k, from Eqs. (2.3) one gets

⟨0| âkΦ̂(x) |0⟩ = uk(x, t) , (2.7)

Corresponding to the probability P (k) = N
(2π)32ωk

where the normalization constant N turns out
to be infinite, meaning that the momentum of the particle localized precisely at x is completely
undefined, as expected from the Heisenberg principle.

As a consequence, to have a particle with a valid momentum distribution, one must not define
the particle in a single well-defined position - i.e. a point-like particle - but rather assume the particle
to follow a probability amplitude f(x) for its position, called - also called smearing function. The
field operator creating such a particle is the smeared field operator, reading

Φ̂f (t) =

∫
dxf(x)Φ̂(x, t) . (2.8)

The point-like field operator (2.3) is recovered from Eq. (2.8) when f(x) has a delta-like form. From
Eq. (2.8), one can compute the momentum probability amplitude of the smeared particle, achieving

⟨0| âkΦ̂f (x) |0⟩ =: g(k) =
f̃(k)√
2ωk

, (2.9)

where f̃ is the Fourier transform of f , for which the following convention was used

f̃(k) =
1

(2π)3

∫
dxf(x)e−ik·x . (2.10)

Notice that, to describe a scalar particle, f(x) must be real valued to make Φ̂f an Hermitian operator.
As a consequence, for the momentum amplitude, one has g(k) = g∗(−k) and therefore, the smeared
scalar field Φ̂f in Eq. (2.8) can be rewritten as

Φf (t) =

∫
dk
(
g(−k)e−iωkt + g(k)eiωkt

)
. (2.11)
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2.1.2 Generalization to a curved background

The quantum field theory formalism can be generalized when the background is described by a
generic metric tensor gµν in place of the Minkowski one ηµν = diag(−1, 1, 1, 1). According to general
relativity [3, 4], the metric gµν is the solution of the Einstein field equations, giving a one-on-one
relation between the spacetime curvature and the distribution of matter in space and time, encoded
in the stress energy tensor Tµν . In their tensorial form, the Einstein field equations can be written
as

Rµν − 1

2
Rgµν + Λgµν = Tµν , (2.12)

where Rµν is the Ricci curvature, R = R µ
µ the scalar curvature and Λ the cosmological constant.

Remarkably, Eq. (2.12) is obtained by variating the Einstein-Hilbert action SGR w.r.t. the metric
tensor gµν . This object reads [66]

SGR =
1

2

∫
d4x(R− 2Λ)

√
−g +

∫
d4xLm

√
−g , (2.13)

where g := det gµν and Lm is the matter Lagrangian density scalar, related to the stress energy
tensor through

Tµν = − 2√
−g

δ(
√
−gLm)

δgµν
. (2.14)

Since the scalar curvature R is in general non-null, then the possibility of its coupling with the scalar
field Φ has to be taken into account. Therefore, the Lagrangian density (2.1) can be generalized to

LΦ = −1

2
gµν∂

µΦ∂νΦ− m2

2
Φ2 − 1

2
ξRΦ2 , (2.15)

where ξ is a coupling constant. From Eq. (2.15), the corresponding Klein-Gordon equation can be
found as

(□−m2 − ξR)Φ = 0 . (2.16)

where the d’Alembert operator now reads □ = 1√
−g∂µ (

√
−ggµν∂ν).

At this point, the scalar field Φ can be quantized and expanded again as in Eq. (2.3), being uk

(u∗k) the positive frequency (negative frequency) solutions of the generalized Klein-Gordon equation
(2.16). The set of modes {uk}k are now required to be orthonormal w.r.t. to the following scalar
product, generalization of the one in Eq. (2.5), i.e.

(uk, uk′)KG = −i

∫
dΣµ (uk∂µu

∗
k′ − u∗k′∂µuk) , (2.17)

where dΣµ := dΣnµ, dΣ is the volume element of a spacelike Cauchy surface Σ and nµ a time-like
vector unit orthogonal to Σ.

The localization of particles via smeared quantum fields, as done in Sec. 2.1.1, can be done
also in curved spacetime. However, one has to be aware of the coordinates chosen, since different
observers may see different smearing functions for the same particle. Moreover, the parameter k, in
a curved spacetime, does not necessarily indicate the momentum of the mode, so that g(k) from Eq.
(2.9) is not necessarily a momentum distribution amplitude - despite related to it.
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2.1.3 Bogoliubov transformation of the field normal modes

In the definition of the scalar product (2.17) lies a crucial problem of quantum field theory in a
curved spacetime, challenging the univoque definition of particle. In a Minkowski spacetime, a
Cauchy surface Σt can be naturally defined as t = const, as done in Eq. (2.5). In fact, since ∂t is
a global timelike Killing vector, there is a global time translation symmetry so that every inertial
observer have the same, unambiguous definition of positive and negative frequency modes.

In a curved spacetime, however, such a global timelike Killing vector does not always exist.
Therefore, by choosing two different Cauchy surfaces for the scalar product (2.17) - i.e. two differ-
ent time foliations - one may end up with different decompositions between positive and negative
frequency modes.

For the sake of clarity, a toy model example is now presented. In particular, two observers -
called A and B by convention - are considered in a curved spacetime, with proper times τA and τB,
respectively. A Cauchy surface for A can be τA = const. Therefore, the observer A finds a set of
complete and orthonormal modes w.r.t. the scalar product (2.5) by choosing τA = const as Σ. The
observer B does the same, but choosing the Cauchy surface as τB = const. However, since the scalar
product (2.17) is coordinate-dependent, the decomposition between positive frequency and negative
frequency modes is observer-dependent. What the observer A interprets as a positive frequency
mode, the observer B may see as a mix between positive and negative frequency modes.

To see that, the sets of orthonormal positive frequency normal modes found respectively by A
and B are called respectively {uk}k and {vk}k. The normal mode decomposition of a scalar field
follows Eq. (2.3) for the observer A. For the observer B, instead, one can write

Φ̂(x, t) =

∫
dk
(
b̂kvk(x, t) + b̂†kv

∗
k(x, t)

)
, (2.18)

where b̂k is the annihilation operator relative to the mode vk and it follows the same algebra (2.4)
of ak. Since both the sets {uk}k ∪ {u∗k}k and {vk}k ∪ {v∗k}k, must be complete and orthonormal,
one can write the modes vk in terms of the modes uk through a completeness relation, also called
Bogoliubov transformation of the modes, reading

vk(x, t) =

∫
dk′ (αkk′uk′ + βkk′u∗k′) , (2.19)

where αkk′ := (vk, uk′)KG and βkk′ := (vk, u
∗
k′)KG are called Bogoliubov coefficients. By putting Eq.

(2.19) into Eq. (2.18) and by comparing the results with Eq. (2.3), one achieves a relation between
the bosonic operators ak and bk, i.e.

b̂k =

∫
dk′

(
α∗kk′ âk′ − β∗kk′ â

†
k′

)
. (2.20)

To make the operators bk satisfy the same algebra of ak, i.e. the one in Eq. (2.4), the Bogoliubov
coefficients must satisfy the following canonical realtions, i.e.∫

dk′′ (αkk′′α∗k′k′′ − βkk′′β∗k′k′′) = δ3(k− k′) ; (2.21a)∫
dk′′ (αkk′′βk′k′′ − βkk′′αk′k′′) = 0 . (2.21b)

Since the two observers A and B use different bosonic operators for their normal modes (âk and b̂k,
respectively), then they also have a different notion of vacuum. In fact, A (B) defines the vacuum
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|0A⟩ (|0⟩B) as the state satisfying âk |0A⟩ = 0 (b̂k |0B⟩ = 0). Therefore, what the observer A considers
a vacuum state is not vacuum for the observer B. If B counts the average number of particles on
A’s vacuum - by using the number operator b̂†kb̂k - then he obtains

Nk = ⟨0A| b†kbk |0A⟩ =
∫

dk′|βkk′ |2 . (2.22)

This means that, differently to what is known from quantum field theory in Minkowski spacetime,
the number of particles is an observer-dependent quantity in curved spacetimes.

More generally, from Eq. (2.22), a different particle content is measured when the Bogoliubov
coefficients βkk′ are non-zero. This happens when the "unphysical modes" (i.e. the negative fre-
quency modes) are seen as "physical modes" (the positive frequency ones) by another observer. In
general, this feature occurs when two observers A and B are non-inertial w.r.t. each other2.

Another notable case where this "mode discrepancy" occurs is when a single observer measures
the number of particles at different times while the background spacetime geometry is time-evolving.
For example, in presence of a dynamical gravitational field, different time foliations occur throughout
the background evolution. Therefore, different normal mode decomposition may occur depending
on "when" the modes are observed. If an observer experiences a vacuum state before the spacetime
evolves, the same observer could experience a number of particles different than zero once the
spacetime completes its evolution. In this context, one can say that particles are produced from
vacuum by the gravitational field dynamics. In other words, an evolving background geometry - or,
analogously, an evolving gravitational field - causes a particle production from vacuum.

2.1.4 The field stress energy tensor

From the matter Lagrangian density Lm in Eq. (2.13), one can derive a stress-energy tensor through
Eq. (2.14). Since also a quantum scalar field has a Lagrangian density (2.15), then the presence of
this field induces a stress-energy tensor as well. In particular, by quantizing Φ into Φ̂ and by putting
Eq. (2.15) in place of Lm in Eq. (2.14), the quantum stress energy tensor induced by the scalar
field reads

T̂Φ
µν = (1− 2ξ)∇µΦ̂∇νΦ̂−

(
1

2
− 2ξ

)
gµν∇ρΦ̂∇ρΦ̂− 2ξ∇µ∇νΦ̂ + 2ξgµνΦ̂□Φ̂ + ξGµνΦ̂

2 , (2.23)

where Gµν := Rµν − 1
2gµνR is called Einstein tensor and ∇µ is a covariant derivative w.r.t. the

coordinate labeled by µ.
Because of the vacuum contribution, ⟨ϕ| T̂Φ

µν |ϕ⟩ in Eq. (2.23) diverges - even in the Minkowski
spacetime case [67]. This divergence can be removed through various renormalization techniques
[68, 28], which set the vacuum energy into arbitrary values.

In a curved spacetime, as stated before, two non-inertial observers A and B have two different
vacuum definition, respectively |0A⟩ and |0B⟩. Therefore, ⟨0A| T̂Φ

µν |0A⟩ ̸= ⟨0B| T̂Φ
µν |0B⟩ and so, the

following can be associated to the stress energy tensor relative to the particles produced by the
modes Bogoliubov transformation, i.e.

TΦ
µν(A → B) = ⟨0B| T̂Φ

µν |0B⟩ − ⟨0A| T̂Φ
µν |0A⟩ . (2.24)

2Instead, when they are inertial and in a flat spacetime, it is trivial to prove that each physical normal mode for
A corresponds to a physical normal mode for B up to a frequency shift.
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From Eq. (2.24), further information on what the observer B sees from A’s vacuum is obtained.
In particular, from TΦ

µν(A → B), one achieves the distribution on space and time of the particles
created by the mode discrepancy as well as the energy fluxes - while no information regarding the
spectrum is obtained, according to the Heisenberg principle.

At this point, one may wonder if the field stress energy tensor (2.23) affects the spacetime
curvature. The short answer is yes, because Eq. (2.23) contributes on the r.h.s. of the Einstein
equations (2.12), providing a stress-energy tensor. However, since vacuum is not expected to produce
gravity at a first glance, renormalization techniques often involve a zero vacuum stress energy tensor
in a flat spacetime3. By doing this choice, the right hand side of Eq. (2.23) gives a non-null
contribute only in presence of particles. This would effectively contribute on the spacetime curvature,
but its contribute is expected to be negligible w.r.t. classical gravitational sources, often involved
in quantum field theory in curved spacetime. Therefore, when using this theory, the presence of
scalar particles are considered not to affect the spacetime curvature further. In other words, the
backreaction of the quantum fields on the metric is neglected.

2.2 Particle production in cosmological domains

The first example of an evolving spacetime, producing particles according to Sec. 2.1.3 is provided by
the Universe itself, which, according to General Relativity, is currently undergoing a cosmological
expansion. Therefore, a particle creation by a universe expansion - called cosmological particle
production - is expected and here investigated. In so doing, all the concepts of modern cosmology
used in the thesis are introduced as well - with no intentions to give a complete overview of the
subject, for which Refs. [5, 6, 7] are left to interested readers.

At very large scales, the Universe can be considered with good approximation as homogeneous
and isotropic. The background metric describing such a flat universe expansion is known as the
Friedmann-Lemaitre-Robertson-Walker metric, reading

ds2 = −dt2 + a2(t)(dx · dx) , (2.25)

where a(t) is the cosmological scale factor, giving the expansion rate.
By putting the metric (2.25) in the left hand side of the Einstein field equations (2.12), with

Λ = 0, one obtains a non-null stress energy tensor

Tµν = diag(ϱ(t), a2(t)p(t), a2(t)p(t), a2(t)p(t)) , (2.26)

indicating that the universe expansion is justified by the presence of an homogeneous and isotropic
fluid, with density ϱ and pressure p, pervading the universe. The magnitude of ϱ and p are related
to a(t) and its derivatives through the Friedmann equations, reading

H2 =
1

3
ϱ ; (2.27a)

Ḣ = −1

2
(ϱ+ p) , (2.27b)

3Eventual non-null vacuum contributions of the stress-energy tensor could be canceled out by the third term in the
l.h.s. of Eq. (2.12), i.e. the cosmological constant term. However, the expected vacuum energy from quantum field
theory turns out to be ∼ 120 orders higher than the observed Λ from standard cosmology. This discrepancy leads to
the famous cosmological constant problem [68, 69, 70]
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where H := ȧ
a is the Hubble function. The cosmological fluid, characterized by an equation of state

p = p(ϱ), cannot be arbitrary, but it must satisfy some energy conditions, to rule out exotic matter
or unphysical situations. In particular:

• The null-energy condition ϱ + p ≥ 0 ensures that no negative flux of energy is ever flowing
along null rays.

• The weak energy condition ensures that no time-like observer could see a negative energy
density. For a perfect fluid, this condition is satisfied if ϱ + p ≥ 0 and ϱ ≥ 0, implying
automatically the null-energy condition.

• The dominant energy condition ϱ ≥ |p| implies that energy flows causally. Its violation suggests
the presence of tachyonic matter in the fluid.

• The strong energy condition ϱ+p ≥ 0 and ϱ+3p ≥ 0 imposes that gravity is always attractive.
Notably, the Friedmann equations (2.27a) and (2.29b) tell us that an accelerating universe
expansion, i.e. ä > 0 is possibly only provided that ϱ + 3p < 0, i.e. only by violating the
strong energy condition. Since there are evidences that the Universe is currently accelerating -
and also of other accelerating phases in past eras [7] - this condition is often dropped in these
scenarios.

A generic cosmological constant Λ ̸= 0 is now considered in the Einstein equation (2.12). In so
doing, the stress energy tensor (2.26) becomes

Tµν = diag
(
ρ+ Λ, (p− Λ) a2(t), (p− Λ) a2(t), (p− Λ)a2(t)

)
, (2.28)

and the Friedmann equations become

H2 =
1

3
ϱ+

Λ

3
; (2.29a)

Ḣ = −1

2
(ϱ+ p) +

Λ

3
. (2.29b)

Remarkably, the cosmological constant term in the left hand side of Eq. (2.12) contributes with
a fluid with a constant energy density Λ and a pressure −Λ. This fluid is often associated with
dark energy and its presence is mandatory to match current cosmological observations. In fact,
the Λ-CDM model - including the presence of a positive Λ - is currently considered as the standard
model for modern Big Bang cosmology, describing effectively the majority of the current cosmological
observations [7, 71] - despite challenged by a minority of them [72].

2.2.1 Cosmological particle production

For convenience, it is useful to write the metric (2.25) in its conformal form, i.e. by defining the
conformal time η so that dη = a−1(t)dt and Eq. (2.25) becomes

ds2 = a2(η)(−dη2 + dx · dx) . (2.30)

At this point, one has to find a set of normal modes uk(x, η) solution of Eq. (2.16) and satisfying
the normalization condition (2.17).
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From Eq. (2.30), a homogeneous and isotropic cosmological expansion breaks only the time
translational symmetry, while the spatial ones are conserved and the same of a Minkowski spacetime.
Therefore, one expects the modes uk(x, η) to be proportional to the spatial plane waves eik·x. In
this way, the normal modes can be written as i.e.

uk(x, η) =
eik·x

a(η)(2π)3/2
χk(η) , (2.31)

where {χk(η)}k are function dependent only on the conformal time η and on k := |k|. By putting
Eq. (2.31) into the Klein-Gordon equation, χk satisfies the differential equation

d2χk

dη2
+ (k2 +M2

eff(η))χk = 0 , (2.32)

where Meff(η) is a time-dependent effective mass [73], reading

Meff(η) = a2(η)

(
m2 +

(
ξ − 1

6

)
R(η)

)
, (2.33)

The scalar curvature R relative to the metric (2.25) is

R = 6
a′′

a3
, (2.34)

where the prime ′ indicates a first derivative w.r.t. η - while the derivative w.r.t. is indicated with
the upper dot, as usual.

The normalization condition (uk, uk′) = δ3(k− k′), according to the scalar product (2.17), gives
the following condition for χk, called Wronskian condition, namely

(χk(χ
∗
k)
′ − χ∗kχ

′
k) = i . (2.35)

If the effective mass (2.33) is constant then Eq. (2.32) gives χk = e−iηΩk√
2Ωk

, where Ωk :=
√
k2 +M2

eff,
ending up with a Minkowski mode (2.6) describing a particle with momentum k and energy Ωk,
which clearly satisfies the Wronskian condition (2.35). If the effective mass Meff is constant at
infinity past and infinite future, one can identify the input modes ϕin

k as the modes satisfying the
Wronskian condition (2.35) at η → −∞ and the output modes ϕout

k as the ones satisfying Eq. (2.35)
at η → +∞. This condition is always verified if a(η) is asymptotically constant at infinite past and
infinite future.

Therefore, this simple scenario is considered - discussing its implications at the end of this section.
The sets of modes {ϕin

k }k and {ϕout
k }k are related through a Bogoliubov transformation as in Eq.

(2.19). The fact that each momentum k is conserved from infinite past to infinite future - while the
energy Ωk is not - implies the Bogoliubov coefficients to have the form

αkk′ = αkδ
3(k− k′) ; βkk′ = βkδ

3(k+ k′) . (2.36)

The particle production (2.22) becomes trivially Nk = |βk|2 and the canonical relation (2.21a)
becomes

|αk|2 − |βk|2 = 1 . (2.37)
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2.2.2 Perturbative solutions for the particle production

The explicit expressions for the coefficients αk and βk in Eq. (2.36) depend on the particular
expansion chosen. Analytic solutions for them are provided by some toy models - see e.g. [74, 75, 60].
However, to have more freedom on the cosmological expansion to chose, a perturbative method is
here presented - proposed in Ref. [76, 77, 60], with the aim to find a compact form for the Bogoliubov
coefficients (2.36).

For simplicity, ain := a(η → −∞) = 1 is considered. Since R(η → ±∞) = 0, from Eq. (2.33) one
has Meff(η → −∞) = m and Ωk(η → −∞) = ωin corresponds to the frequency of the initial mode
k. The equation (2.32) can be conveniently rewritten in terms of the initial frequency ωin as

χ′′k + (ω2
in + U(η))χk = 0 , (2.38)

where U(η) := M2
eff −m2. By choosing a time η0 when ȧ(η0) = 0 - eventually, η0 can be −∞ - an

implicit solution for Eq. (2.38) is provided by

χ
(0)
k (η) =

(
Îd + Ûk

)
χk(η) , (2.39)

where χ
(0)
k (η) := e−iωinη

√
2ωin

providing the Minkowski mode, Îd is the identity operator and Ûk is an
operator acting on a test function f(η) as

Ûk[f(η)] =
1

k

∫ η

η0

dη1 sin(ωin(η − η1))U(η1)f(η1) . (2.40)

Now, Eq. (2.39) can be inverted to obtain

χk(η) =
(
Îd + Ûk

)−1
χ
(0)
k (η) =

( ∞∑
l=0

(−1)lÛ l
k

)
χ
(0)
k (η) . (2.41)

To Eq. (2.41) an n-order perturbation theory can be applied by truncating the sum at the r.h.s. of
Eq. (2.41) at l = n. For example, up to second order, one has

χk(η) ∼ χ
(0)
k (η)− 1

k

∫ η

η0

dη1 sin(k(η − η1))U(η1)χ
(0)
k (η1)

+
1

k2

∫ η

η0

dη1

∫ η1

η0

dη2 sin(k(η − η1)) sin(k(η1 − η2))U(η1)U(η2)χ
(0)
k (η2) . (2.42)

This approximation holds if the function U is small enough in the interval [η0, η]. In particular, the
relative error given by using perturbation theory up to the n-th order can be estimated to be [78]

EP = max
k

Ûn+1
k χk(η)

χ
(0)
k (η)

. (2.43)

At this point, the input modes ϕin
k are obtained by putting Eq. (2.39) into Eq. (2.31). Once done

that, one can invert the Bogoliubov transformation (2.19) and compare the result with Eq. (2.39).
Up to second order, one gets

αk =
aout

ain

(
1 +

i

2ωin

∫ +∞

−∞
dη1U(η1) +

1

4ω2
in

∫ +∞

−∞

∫ +∞

−∞
dη1dη2U(η1)U(η2)(e

2ωini(η1−η2) − 1)

)
;

(2.44a)

βk = −aout

ain

(
i

2ωin

∫ +∞

−∞
dη1e

−2iωinη1U(η1) +
1

4ω2
in

∫ +∞

−∞

∫ +∞

−∞
dη1dη2e

2ωini(η2−η1)U(η1)U(η2)

)
,

(2.44b)
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where aout = a(η → +∞).
The cosmological particle production can be studied via Bogoliubov transformations provided

the spacetime flatness at infinite past and infinite future. This obviously provides a major limitation
on the possible cosmological models to be taken, requiring a(η → ±∞) = const. More impor-
tantly, from the Friedmann equations (2.27a) and (2.27b), it turns out that the fluid giving such
cosmological models violate the null-energy condition [60]. Therefore, from a physical cosmological
perspective, the situations were the Bogoliubov coefficients can be strictly calculated are not realistic.
Nevertheless, mathematical approximations can be employed to approximate a(η) as approximately
constant over a limited time interval. This allows to relax the condition of the existence of a time
η0 so that ȧ(η0) = 0. In fact, as shown by several authors, the approach of considering an adiabatic
transformation of the vacuum state enables a definition of the particle number even during a universe
expansion [79, 80, 74]. Moreover, algebraic approaches to quantum field theory have been recently
proven to provide an unambiguously definition of vacuum during certain cosmological expansions
[81, 82, 83].

By using such methods, the cosmological particle predicted by the Bogoliubov coefficient for-
malism introduced in this section can be used also in more coherent and realistic expansions. For
example, those approaches were used to exploring the possibility of a particle creation during the
reheating period [84]. In this regard, several cosmological models have been proposed as responsible
to the creation of WIMP dark matter [85, 86, 87] and gamma ray bursts [88, 89, 90].

2.3 Particle production by black holes

One of the most mysterious and fascinating objects in the universe is a black hole [91]. Predicted
by general relativity and confirmed by recent astronomical observations, black holes are regions of
space where gravity is so intense that nothing - not even light - can escape from their pull. They
form through the collapse of very massive stars, whose matter shrinks into incredibly small and
dense points, called singularities. The region of space where nothing can escape from is called event
horizon, since the matter inside it becomes causally disconnected with the outside.

According to general relativity, black holes can be considered as a cosmic vacuum cleaners.
Therefore, the prediction that black holes can also emit particles, from quantum field theory in
curved spacetime, was a groundbreaking discovery [92]. There are currently various mechanisms
predicting the emission of particles by black holes (such as pair creation on the horizon [93, 30] or
tunnel effect [94]). However, this section focuses on the first, historical one, predicted by Stephen
Hawking in Ref. [61], involving the star gravitational collapse as the radiation primer. In fact, the
collapse of a massive object into a black hole represents a situation where the background spacetime
evolves in time, so that a different particle content is expected between past infinity and future
infinity, as for a cosmological expansion.

In Refs. [61, 28], a simplified model for a collapsing ball mimicking a star gravitational collapse is
provided. At past infinity, the collapsing star in considered to be so large that the spacetime can be
approximated as flat. A Bogoliubov transformation arises between the modes normalized at infinite
past and the ones normalized at infinite future - also called input modes ϕin

k and output modes ϕout
k ,

respectively.
By considering the standard Planck units c = ℏ = kB = G = 1, the metric at infinite future is
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the one describing a static black hole of mass M , called Schwarzschild metric [95] and reading

ds2 = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1
dr2 + r2(dθ2 + sin2 θdφ2) , (2.45)

where r is the radial coordinate from the singularity (at r = 0) and θ and φ are angular coordinates.
Remarkably, Eq. (2.45) is a static and spherically symmetric solution of Eq. (2.12) in vacuum
(i.e. Tµν = 0) and with Λ = 0. The event horizon is given by a sphere of radius rS = 2M , called
Schwarzschild radius.

The explicit computation of the input and output modes is very long and left to the reader at
the references [61, 28]. The Bogoliubov coefficients linking the input and output modes are

αωlm,ω′l′m′ = − δll′δmm′
√
4π2ωω′

e2πMω′
(4Mω)4iMω′

4iMω′Γ (−4iMω) ; (2.46a)

βωlm,ω′l′m′ = (−1)m
δll′δmm′
√
4π2ωω′

e−2πMω′
(4Mω)−4iMω′

4iMω′Γ (4iMω) . (2.46b)

Where Γ is the Euler-Gamma function and l, m are the angular momentum quantum numbers,
dropped from now on for simplicity. From Eq. (2.46b) one has immediately

|βωω′ |2 =
2M

πω′
1

e8πMω − 1
; Nω = A

1

e8πMω − 1
. (2.47)

Therefore, a star collapsing into a black hole produces a thermal spectrum of particles with tem-
perature TH = 1

8πM , called Hawking temperature. The radiation arising from this process is called
Hawking radiation and its important implications will be further discussed in this section.

The constant A :=
∫∞
0

dω 2M
πω is divergent. However, since Nω from Eq. (2.47) refers to a

global particle, the divergence of A is not unphysical and it is actually suggesting that the black
hole radiation continues to be emitted indefinitely as long as the black hole exists4. Notably, the
divergence of A is also consistent with Eq. (2.21a). Indeed, by using the Bogoliubov coefficients
(2.46a) and (2.46b) in Eq. (2.21a) and by putting k = k′ (i.e. l = l′, m = m′ and ω = ω′), one
obtains A ≃ δ(0).

To better understand when Hawking radiation is produced during the star collapse, one can
give a time dependence on the black holes particle production. First of all, a set of complete and
orthonormal family of wave packets for the output normal modes must be defined. For example,
one could take

ϕout
jn :=

1√
ϵ

∫ (j+1)ϵ

jϵ

dωe2πiω
n
ϵ ϕout

ω , (2.48)

where j and n are discrete quantum numbers indicating respectively the frequency window - going
from jϵ to (j+1)ϵ - and the time window - going from

(
n− 1

2

)
/ϵ to

(
n+ 1

2

)
/ϵ (from the Heisenberg

principle, the largest the width of the frequency windows - i.e. the largest ϵ - the smallest the width
of the time windows). One can easily verify that the localized modes (2.48) are orthonormal w.r.t.
each other, i.e. (ϕout

jn , ϕout
j′n′) = δjj′δnn′ .

The scalar product between the input modes ϕin
ω and the localized output modes ϕout

jn can be
computed to obtain the Bogoliubov coefficients αjnω′ =

(
ϕout
jn , ϕin

ω′

)
and βjnω′ =

(
ϕout
jn , ϕin∗

ω′

)
related

with the old ones through

βjnω′ =
1√
ϵ

∫ (j+1)ϵ

jϵ

dωe2πiω
n
ϵ βωω′ , (2.49)

4In general, divergences like the one in Eq. (2.47) are common when dealing with Bogoliubov coefficients with
continuous modes.



2.3. Particle production by black holes 17

and the same for αjnω′ by substituting β with α. From βjnω′ a localized particle production can be
derived as

Njn =

∫ ∞
0

dω′|βjnω′ |2 . (2.50)

By putting Eq. (2.46b) into Eq. (2.49) and by using Eq. (2.50), for the Hawking radiation one
obtains

Njn =
1

8πMϵ
ln

(
e8πM(j+1)ϵ − 1

e8πMjϵ − 1

)
− 1 . (2.51)

For ϵ/M ≪ 1, one recovers the thermal spectrum with temperature TH, as expected. Remarkably,
Eq. (2.51) implies that Njn is independent from n. Henceforth, Hawking radiation is constant
during all the collapsing process. More interestingly, Hawking radiation continues to be emitted
indefinitely even when the star has completely collapsed into a black hole.

The fact that Hawking radiation occurs also during the ball collapses is intriguing. However, the
collapse model used to compute the Bogoliubov coefficients (2.46a) and (2.46b) is very approximate
- for example, the massive ball is considered to shrink at the speed of light. However, some others
physically consistent collapsing models were studied. For example, in Ref. [96] the collapsing star
is considered as a thin spherical shell of light - in this case, M refers to the energy of the shell. In
this case, the Bogoliubov coefficients between the modes before and after the collapse, occurring at
a time t = 0 by ansatz, are

αωω′ =
2M

π

√
ωω′

ω − ω′
(−4iM(ω − ω′))

−4iMω
Γ(4iMω) ; (2.52a)

βωω′ =
2M

π

√
ωω′

ω + ω′
(−4iM(ω + ω′))

−4iMω
Γ(4iMω) . (2.52b)

For such Bogoliubov coefficients, numerical calculations (see e.g. Fig. 4 of Ref. [97]) show that the
localized particle production Njn is very close to zero for negative n and turns on around n ∼ 0 to
reach the expected Hawking thermal spectrum (2.47) when n ≫ 1. Therefore, the result for Njn

indicates that Hawking radiation turns on when the black hole is formed.
Despite the Schwarzschild spacetime describing a black hole is static, a radiation of particles is

produced as well. Therefore, this particle production is attributed not to the spacetime dynamics
but to the presence of an event horizon, whose formation switches the radiation on5. This fact is
intuitive by considering the Hawking radiation as the product of the pair creation of virtual particles,
from vacuum fluctuations, near the horizon [93]. In fact, as schematized in Fig. 2.1, while normally
a pair of virtual particles immediately reannihilate after their creation, if near a black hole event
horizon, one particle will be swallowed by the black hole while the other escapes as part of Hawking
radiation.

2.3.1 Black hole thermodynamics

From the picture shown in Fig. 2.1, the event horizon of a black hole emits a thermal spectrum with
temperature TH = 1

8πM . Therefore this horizon behaves exactly as a black body with temperature
TH. For this reason, it comes natural to assign other thermodynamical quantities to a black hole

5This fact holds for every event horizon, not only black hole ones. For example, the Unruh radiation studied in Sec.
2.4 can be associated with the presence of a Rindler horizon as the cosmological particle production by accelerating
universe expansions can be associated to the presence of a cosmological horizon.
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Figure 2.1: Schematization of the production of Hawking radiation from a black hole event horizon.

- e.g. an entropy S. By studying the thermodynamics of a black hole, one is in fact capable to
describe the interaction between a black hole and its surrounding universe via few thermodynamical
parameters.

The first step is to find an entropy S for the black hole, for which the second law of thermody-
namics dS

dt ≥ 0 holds. To do that, the Hawking area law is invoked [98], stating that, for the event
horizon area A, one has ∂A

∂t ≥ 06, to assume S ∝ A [101]. This assumption was verified in Ref. [61]
to obtain the so-called Bekenstein-Hawking formula for the black hole entropy, i.e.

S =
A

4
. (2.53)

From Eq. (2.53), the second law of thermodynamics simply becomes the Hawking area law. For a
Schwarzschild black hole with no external pressure, the first law of thermodynamics dE = TdS−PdV

gives instead
dE = THdS =

κ

8π
dA , (2.54)

where κ = 2πTH is the surface gravity of the black hole, i.e. the acceleration an observer feels at the
event horizon. Finally, the third law of thermodynamics ensures that no black hole has κ = 0 and
the zeroth law that κ is constant along all the event horizon.

2.3.1.1 Thermodynamics of Anti-deSitter black holes

Until now, the focus was only on Schwarzschild black holes, coming from Eq. (2.12) with Tµν = Λ =

0. However, it is interesting to see what happens for non-null values of the cosmological constant Λ.
As seen in Sec. 2.2, a positive Λ induces the presence of a dark energy fluid (with density Λ

8π and
pressure p = − Λ

8π in our unities) which is responsible for an accelerating universe expansion - called
de Sitter phase. By considering Eq. (2.12) with Λ > 0, asymptotic black hole solutions in de Sitter
space can be derived [102, 103]. As expected, the surface gravity of the black hole horizon determines
the temperature of the particles it emits. However, since the universe is accelerating, one has another
event horizon, similar to the Rindler horizon studied in Sec. 2.4, called cosmological event horizon.
Therefore, thermal equilibrium is only possible when the temperatures at both horizons match —
that is, when the two surfaces coincide [104, 105].

6This result was verified by observing the merging of two different black holes. In particular, it was observed
that two black holes, with areas A1 and A2 respectively, merge together into a black hole with area Atot ≥ A1 + A2

[99, 100].
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A negative Λ, instead, leads to an asymptotically contracting universe. The associated spacetime
is called anti-de Sitter space. Despite models predicted by Λ < 0 are less realistic from a cosmological
perspective - the fluid arising from it violates the weak energy condition - anti-de Sitter spaces are
mostly used because of the AdS/CFT correspondence, providing a non-perturbative definition of
quantum gravity and tools to study strongly coupled quantum field theories using classical gravity
[106, 107, 108]. Similar to the case of asymptotically flat space, the entropy and temperature of
anti-de Sitter black holes are proportional to 1/4 of the event horizon area. However, unlike in
flat space, AdS black holes can exist in stable thermal equilibrium with surrounding radiation at
a given temperature, owing to their positive specific heat [109]. In recent years, interest in the
physics of asymptotically AdS black holes has grown significantly due to the development of the
AdS/CFT correspondence. Within this framework, considerable focus has been placed on studying
thermal field theories defined on the AdS boundary, as well as on the rich variety of phase transitions
exhibited by black holes in the bulk [110].

For the reasons above, the focus is now in the thermodynamics of asymptotically anti-de Sitter
black holes. Let us consider the Einstein field equations (2.12) with a generic Tµν ̸= 0. From recent
studies, in the extended phase space, Λ can be considered as a thermodynamic pressure [111, 112].
In particular, a black solution of Eq. (2.12) with Λ ̸= 0 is undergoing a pressure

P = − Λ

8π
. (2.55)

The pressure P is considered to be due to a presence of an homogeneous and isotropic fluid, with
density ϱ and Eq. of state P = P (ϱ). The black hole solutions in presence of such a fluid is now
explored. The fluid induces a thermodynamical pressure P = P (ϱ) - corresponding to Eq. (2.55) -
on the black hole.

A generic static and spherically symmetric line element is given by

ds2 = −f(r, ϱ)dt2 +
dr2

f(r, ϱ)
+ r2dΩ2 , (2.56)

for a function f(r, ϱ) to determine. To impose the presence of a black hole horizon, one can ansatz

f(r, ϱ) = −2M

r
+

8

3
πr2P − h(r, ϱ) . (2.57)

The Schwarzschild case is recovered for h(r, ϱ) = −1 and P = 0, while the limit h(r, ϱ) → 0

corresponds to the asymptotic anti-de Sitter black hole solution [109, 107]. The event horizon radius
rh is given by solving the equation f(rh, ϱ) = 0. This allows to write the black hole mass M in terms
of the horizon radius rh through

M =
4

3
πr3hP − rh

2
h(rh, ϱ) . (2.58)

The entropy S of the black hole is supposed to follow again Eq. (2.53).
From the first law of thermodynamics, the energy of a black hole with volume V under a pressure

P is E = M − PV . Since the enthalpy B of a thermodynamic system reads B = E + PV , then one
naturally has B(S, P ) = M . In other words, the enthalpy of a black hole corresponds to its mass.
Other thermodynamic quantities are derived from the enthalpy, such as V =

(
∂B
∂P

)
S

and T =
(
∂B
∂S

)
P

.
By using those relations and Eq. (2.58), one obtains

V =
4

3
πr3h − rh

2

∂h(rh, ϱ)

∂ϱ

(
∂P

∂ϱ

)−1
; (2.59)
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T = − 1

4πrh

(
∂(rh(r, ϱ))

∂r

)
r=rh

+ 2rhP . (2.60)

Therefore, Eqs. (2.59) and (2.60), together with Eq. (2.58) for the black hole mass and Eq. (2.53) for
the entropy, provide a generalization on the black hole thermodynamics when an external pressure,
given e.g. by a cosmological fluid, is applied to it.

2.3.1.2 Black hole evaporation

Since a black hole emits energy in form of Hawking radiation, one can invoke the Stephan-Boltzmann
law [113] to study the energy emitted by a black hole per unit time, i.e.

−dE

dt
= AσnT

n . (2.61)

where n is the spacetime dimension and σn = Γ(n)ζ(n)
(2π)n−1 , being Γ and ζ the Euler-Gamma and

Riemann-zeta function, respectively.
For the sake of simplicity, a Schwarzschild black hole lying in vacuum in a (3 + 1)-D spacetime

is considered. Then, Eq. (2.61) becomes

−dE

dt
=

1

15360πM2
. (2.62)

From energy conservation, the emission of Hawking radiation should drain the black hole internal
energy, i.e. its mass M . Therefore, by associating E with M in Eq. (2.62) one ends up with a first
order differential equation for M , leading to the solution

M(t) = 3

√
M3

0 − t

5120π
(2.63)

where M0 is the initial black hole mass. This means that a black hole, lying static in a vacuum,
slowly evaporates in time. The greatest is the black hole mass, the slowest is the evaporation.

At the time tev = 5120πM3
0 , the black hole should completely evaporate according to this the-

ory. Nevertheless, when the black hole reaches Planck-like dimensions, the semiclassical theory of
quantum field theory in curved spacetime is expected to fail in favor of a complete quantum gravity
theory. The ultimate fate of a black hole is then uncertain and cannot be addressed by quantum
field theory in curved spacetime [114].

2.3.2 Mirrors as a black hole analog

A very simple and fascinating scenario where particles are produced from vacuum occurs in a
Minkowski flat spacetime in presence of moving mirrors [115, 116, 63]. Even if the background
spacetime is static, an object like a mirror provides a boundary for the field normal modes. There-
fore, if the mirror moves non-inertially, the input and output modes would have a different structure,
causing the production of particles as occurring from the creation of black holes or for a cosmological
expansion. This effect is also called dynamical Casimir effect, reflecting the possibility to obtain it
with two moving mirrors in a cavity [117]. Remarkably, this is the first quantum field theory in
curved spacetime-experimentally confirmed phenomenon [118]. After a short review or their prop-
erties, their properties to mimick black hole radiation properties are explored as well [97, 119].
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A perfectly reflecting mirror moving in a (1 + 1)-dimensional spacetime7 with a trajectory z(t)

is considered. It is convenient to work with the null variables u = t− x and v = t+ x. In terms of
them, the mirror trajectory can be written as vm = p(u) or um = f(v). Without boundaries, the
left-traveling modes

{
ϕL
ω

}
ω

are proportional to e−iωv. However, a perfectly reflecting mirror induces
the boundary condition ϕL

ω(v = vm) = 0. These modes are

ϕL
ω =

1√
4πω

(
e−iωv − e−iωp(u)

)
. (2.64)

Instead, the right-travelling modes are

ϕR
ω =

1√
4πω

(
e−iωu − e−iωf(v)

)
. (2.65)

The observer is considered at the right of the mirror and infinitely distant from it. In this way, the
left-travelling modes ϕL

ω can be seen as input modes, since they are going towards the mirror from
the observer and they are normalized at the right infinite past. On the contrary, the modes ϕR

ω are
the one reflected by the mirror and going towards the observer and they can be considered as output
modes - normalized at the right infinite future. The Bogoliubov coefficients linking the input and
output modes are [97]

αωω′ =
1

2π

√
ω

ω′

∫ +∞

−∞
du e−iωu+iω′p(u) ; (2.66a)

βωω′ =− 1

2π

√
ω

ω′

∫ +∞

−∞
du e−iωu−iω′p(u) . (2.66b)

The particles produced towards the right of the mirror are then given by putting Eq. (2.66b) into Eq.
(2.22). The computation of the coefficients (2.66a) and (2.66b) often involves integrals

∫ +∞
−∞ due−iωu

- required for the scalar product (2.17) - which need to be regularized with the parameter ϵ, i.e. by
considering u− iϵ in place of u and then take the limit ϵ → 0.

The energy radiated by moving mirrors can be studied from the stress energy tensor variation
in Eq. (2.24). In a (1 + 1)-D dimensional spacetime, the component ⟨T̂uu⟩ of the stress energy
tensor corresponds to the flux of energy going towards the right of the mirror. For a mirror with a
trajectory p(u), it was computed to be [115]

F := ⟨T̂uu⟩ =
1

24π

(
3

2

(
p′′

p′

)2

− p′′′

p′

)
, (2.67)

where the prime ′ here indicates a derivative w.r.t. u. By using the coordinates t and x, and by
indicating the time derivative with the upper dot, one has

F =

...
z (ż2 − 1)− 3żz̈2

12π(ż − 1)4(ż + 1)2
. (2.68)

A specific mirror trajectory, called the Carlitz-Willey trajectory is now chosen, namely [63]

p(u) = − 1

κ
e−κu or z(t) = −t− 1

κ
W (e−2κt) , (2.69)

7The (1 + 1)-D model is considered because it provides the black hole radiation analogy. The reader is led to Ref.
[120] for (3 + 1)-D models.
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where κ is a parameter proportional to the mirror’s proper acceleration and W is the Lambert
function - satisfying W (x)eW (x) = x. By putting Eq. (2.69) into Eq. (2.66b), one has

|βωω′ |2 =
1

2πκω′
1

e2πκω − 1
. (2.70)

Remarkably, Eq. (2.70) coincides with Eq. (2.47) for the black hole radiation by choosing the
parameter κ of the trajectory (2.69) to be equal to 1/(4M), i.e. the surface gravity of a black hole.
A mirror with the trajectory (2.69) with κ = 1/(4M) emits exactly as a black hole with mass M .
This is true not only by considering the spectrum of the particles produced, but also by considering
the flux of particles emitted. In fact, by putting the trajectory (2.69) into Eq. (2.68), one gets

F =
κ2

48π
. (2.71)

The energy emitted by a black hole, given by the Stephan-Boltzmann law, correspond to the flux
of Hawking particles outgoing to infinity and can be called F . For a (1 + 1)-D black hole - or,
analogously, a (3+1)-D black holes where only radial particles are emitted - the Stephan-Boltzmann
law (2.61) gives

F = −dE

dt
=

1

768πM2
. (2.72)

Again, if κ = 1/(4M), then Eqs. (2.71) and (2.72) coincide. Then, one concludes that a mirror with
the Carlitz-Willey trajectory is a black hole analog, at least by considering the emission of Hawking
radiation.

This analogy was now shown for static, Schwarzschild black holes. However, in the literature,
mirror analogs of Kerr [121], Reissman-Nordstrom [122] and de Sitter/anti-de Sitter black holes [123]
are provided as well. Noticeably, a mirror trajectory can also emulate the radiation of Schwarzschild
black hole coming from a null-shell collapse, providing the Bogoliubov coefficients (2.52a) and (2.52b)
whose particle production turns on after the creation of the horizon. The trajectory implying this
radiation reads [97]

z(t) = −t− 1

2κ
W (2e−2κt) . (2.73)

As shown in Ref. [97], the flux obtained by putting Eq. (2.73) into Eq. (2.68) drops exponentially
in time for negative values of t. For positive t instead the trajectory (2.73) comes closer and closer
to the Carlitz-Willey trajectory (2.69) and the relative flux deviates from the one in Eq. (2.71) by
a term ∝ e−t/M . Therefore, the radiation can be considered to be effectively completely turned on
at a time t ∼ 4M .

2.4 Unruh effect

As a last historical example of particle production, two non-inertial observers are now considered
[35]. In particular, the observer A is considered to be static in a (3 + 1)-D Minkowski spacetime,
whose line-element is ds2 = −dt2+dx2+dy2+dz2. The observer B is instead uniformly accelerating
along the x-axis, hence following the trajectory

t(τ) = 1
α sinh(ατ)

x(τ) = 1
α cosh(ατ)

y(τ) = 0

z(τ) = 0 ,

(2.74)
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where α is the proper acceleration of the observer B and τ a trajectory parameter. A convenient
coordinate choice for the accelerating observer is given by the Rindler coordinates (η, ξ, y, z), where
η and ξ are related to t and x through [124]

t(η, ξ) =

(
1

α
+ ξ

)
sinh(αη) ; x(η, ξ) =

(
1

α
+ ξ

)
cosh(αη) . (2.75)

In Rindler coordinates, the line element reads

ds2 = −(1 + αξ)2dη2 + dξ2 + dy2 + dz2 . (2.76)

From Eq. (2.76), the Rindler metric has an horizon at ξ = −α−1, called Rindler horizon, as expected
from a uniformly accelerated observer.

Inside the Rindler horizon, i.e. whenever ξ > −α−1, and α > 0, ∂η is a time-like Killing vector
field, which can be used to define the Cauchy surface Σ in Eq. (2.17). In this way, one can compute
the Rindler modes from the Klein-Gordon equation (2.16), using the metric (2.76). These modes
are the ones the accelerated observer B works with, while the static observer A works with the
usual Minkowski modes (2.6). By using the scalar product defined below Eq. (2.19), a technical
calculation (see e.g. Ref. [125]) leads to the Bogoliubov coefficients

αkk′ = δ(ky − k′y)δ(kz − k′z)
e

πωk
2α√

4πωk′α sinh
(
πωk

α

) (ωk′ + k′z
ωk′ − k′z

)−iωk
2α

. (2.77a)

βkk′ = −δ(ky − k′y)δ(kz − k′z)
e

−πωk
2α√

4πωk′α sinh
(
πωk

α

) (ωk′ + k′z
ωk′ − k′z

)−iωk
2α

. (2.77b)

From Eq. (2.77b), the spectrum of particles produced is

Nk = B
1

e
πωk
2α − 1

, (2.78)

where B is a function specified later on. From Eq. (2.78), one obtains a particle production Nk

proportional to a thermal spectrum with the temperature TU = 2π
α . Therefore, an accelerated

observer undergoes a thermal radiation which is proportional to its proper acceleration. This effect
is well known in the literature as the Unruh effect from the author of the concept in Ref. [35]. In
the same way, the temperature TU in called Unruh temperature. Remarkably, this temperature can
be associated with the black hole temperature TH when α = κ, i.e. the surface gravity of the black
hole. Therefore, Hawking radiation can be viewed as an Unruh-like effect due to the horizon seen
by an observer hovering just outside the black hole.

The proportionality constant in Eq. (2.78) is

B :=
δ2(0)

2πα

∫ +∞

−∞

dk√
m2 + k2

, (2.79)

which is divergent, similarly to the constant A in Eq. (2.47) when studying the Hawking radiation.
Again, this tells us that the "total" amount of particles produced from past infinity to future infinity
is indefinitely high, simply because the acceleration of B continues indefinitely.
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2.4.1 Unruh-deWitt detectors

At this point, one may wonder if the particles produced by dynamical spacetimes or non-inertial
observers could actually be seen to extract information about them - or if they are just a mathemat-
ical construct given by a mode discrepancy. This puzzle was solved by deWitt and by Unruh itself
[35, 126], who developed a theoretical model of a particle detector - called Unruh-deWitt detector
- to know if a quantum system actually reacts to the particles produced by the afore mentioned
situation - in particular, by the Unruh effect.

An Unruh-deWitt detector is a quantum system interacting with a quantum field in the back-
ground. This system is initially considered in its ground state, so that the detection of a particle
from the field is associated to the excitation of the quantum system. The interaction with the field
occurs through an observable proper of the detector, called Ô, coupled with the field operator of
the background quantum field. In our case, for simplicity, a massless scalar field Φ̂ is chosen as
background field. In this way, the coupling occurs via the Hamiltonian density ĥI = Ô ⊗ Φ̂, giving
the Hamiltonian

ĤI =

∫
dxF (x, t)Ô(t)⊗ Φ̂(x, t) . (2.80)

The function F (x, t) in Eq. (2.80) indicates how the interaction is distributed in space and time.
Ideally, one has F (x, t) = f(x)λ(t), so that f(x) is the smearing function defined in Sec. 2.1.1 and
λ(t) is the switching-in function, indicating how the interaction switches on and off in time. The
smearing function f(x), indicating an amplitude for the position probability of a particle, can be
associated with the shape of the detector itself. Notice that, by using the from F (x, t) = f(x)λ(t),
Eq. (2.80) becomes

ĤI(t) = λi(t)Ô(t)⊗ Φ̂f (ti) . (2.81)

From Eq. (2.81), a detector with a shape |f(x)|2 effectively interacts with the smeared scalar field
(2.8) with a strength given by the switching-in function λ(t).

For the sake of simplicity, Unruh-deWitt detectors are usually modeled by non-relativistic quan-
tum systems [127, 128, 129]. However, to consider a such a detector in a curved spacetime, one
must define a set of non-relativistic coordinates along the detector size (i.e. along the support of
the smearing f). Such locally non-relativistic coordinates are the Fermi-normal coordinates. One
can define the Fermi length LF as the size of the region around the detector where Fermi-normal
coordinates can be used. An estimation of this length is provided in Ref. [46], giving

LF ∼ 1

α+
√
λR

, (2.82)

where α is the proper acceleration of the detector and λR is the greatest eigenvalue of the Riemann
tensor component R0i0j computed in the detector’s center of mass (i, j indicate spatial coordinates).
If a detector can be locally described by Fermi-normal coordinates, then - by using these coordinates
- the amplitude of momenta distribution can be found as in the flat case with Eq. (2.9).

The ability of Unruh-deWitt detectors to achieve Unruh radiated particles is now proven. The
quantum system playing the detector role is chosen to be a two-level system - i.e. a quantum system
with two energetic levels |0⟩ and |1⟩ - with energy gap ω. Moreover, for it, a Lorentzian smearing
function is considered, namely

f(x) =
1

π2

ϵ

(|x− ξ|2 + ϵ2)2
, (2.83)
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where ξ is the position of the detector center of mass, ϵ can be considered as the effective size of the
detector. The limit ϵ → 0 gives f(x) = δ3(x− ξ), i.e. a point-like detector.

The probability of excitation of the detector, once interacting with the field, is given by the Fermi
golden rule and reads

Pe = | ⟨1| Ô(−∞) |0⟩ |2
∫ +∞

−∞
dtλ(t)

∫ +∞

−∞
dt′λ(t′)e−iω(t−t′) ⟨ϕ| Φ̂f (t)Φ̂f (t

′) |ϕ⟩ , (2.84)

where |ϕ⟩ is the initial state of the field and Φ̂(t) is the smeared scalar field operator (2.8). In a
Minkowski vacuum |ϕ⟩ = |0⟩, if the detector follows a trajectory (t(τ), ξ(τ)), the quantity ⟨ϕ| Φ̂f (t)Φ̂f (t

′) |ϕ⟩
reads [47]

⟨0| Φ̂f (τ)Φ̂f (τ
′) |0⟩ = −

(
(t(τ)− t(τ ′)− iϵ(ṫ(τ) + ṫ(τ ′)))2 + |ξ(τ)− ξ(τ ′)− iϵ(ξ̇(τ) + ξ̇(τ ′))|2

)−2

4π
, (2.85)

where the dot denotes a time derivative w.r.t. τ .
If the interaction with the field is constant in time, i.e. λ(t) = const, then the time derivative of

Pe is effectively an excitation rate - or transition rate, namely8

R(ω, t) =

∫ t

−∞
dse−iωs ⟨0| Φ̂f (t)Φ̂f (t− s) |0⟩ . (2.86)

By putting the static observer trajectory - i.e. (t(τ), ξ(τ)) = (t,0) - in Eq. (2.85), and in the
point-like limit ϵ → 0, the transition rate (2.86) becomes

R(ω, t) =
1

2π
ωθ(−ω) , (2.87)

where θ is the Heaviside step function. Clearly, the r.h.s. of Eq. (2.87) is null, meaning that no
transition can spontaneously occur in a vacuum for a static detector is static. Obviously, this is
expected since no particles are created from a static observer point of view. The same is valid for
every inertial trajectory, from which an analog result of Eq. (2.87) arises with a shifted energy gap.

For a Rindler accelerated detector, the transition rate (2.86) can be obtained as well by putting
the trajectory (2.74) into Eq. (2.85), with ξ = (x, y, z), obtaining for ϵ → 09

R(ω, t) =
1

2π

ω

e
2πω
α − 1

. (2.88)

The transition rate (2.88) is exactly the one expected from a two-level system in a thermal bath
with temperature TU = α

2π . Therefore, an accelerating quantum system actually detects the particles
created by the Unruh effect and it can extract information from them.

This fact opens the possibility to detect the particles created not only by Unruh effect, but also
by the other effects studied in this Chapter. To this purpose, the Unruh-deWitt detector provides a
particle detector model that also quantifies the probability of detection of these particles. For this
reason, these detector models has recently become a central topic in relativistic quantum information
[130, 44, 131].

Since Unruh effect is practically impossible to detect with today’s means - an Unruh temperature
of 1K is reached up to a proper acceleration ∼ 1020 m/s2 - the possibility the obtain an analog
Unruh effect has been recently studied with systems more easy to build in a laboratory. This is
done, for example, by choosing stationary trajectories for Unruh-deWitt detectors, such as circular
trajectories, producing a similar effect to the accelerating trajectories [132, 133, 134].

8The contribute | ⟨1| Ô(−∞) |0⟩ |2 is not taken into account since it is independent from the detector trajectory.
9The results in Eqs. (2.87) and (2.88) are obtained by considering ϵ ≪ 1

ω
, i.e. the point-like detector limit.

However, as reported in chapter in Chapter 4, this limit often creates ultraviolet divergences.
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2.5 Linearized quantum gravity

This chapter is concluded by introducing another physical theory attempting to describe the be-
haviour of quantum particles in presence of gravitational sources. Linearized quantum gravity ba-
sically consists on the quantization of gravitational fields in a weak field regime. In this limit, the
gravitational field can be treated as a small perturbation of a flat Minkowski spacetime, enabling a
perturbative quantization approach.

Despite giving a first definition of gravitational quanta, i.e. gravitons, this theory presents
some limitations. Among all, the fact that gravitational interaction is not renormalizable [28].
Nevertheless, as an effective field theory - valid at energies way lower than the Planck mass -
linearized quantum gravity leads to finite and predictive results for quantum corrections to classical
gravity [38].

In weak field regimes, gravitational effects are expected to be so small that curvature is a small
perturbation of flatness. For the metric tensor gµν , one can write

gµν ≃ ηµν + hµν . (2.89)

where ηµν is the Minkowski metric and |hµν | ≪ 1 for each component µ, ν. In other words, gravita-
tional masses are assumed to affect the metric tensor only perturbatively.

By putting Eq. (2.89) into Eq. (2.12) - with no stress energy tensor and cosmological constant
- one has

□

(
hµν − 1

2
ηµνh

)
= □γµν = 0 . (2.90)

where h = h µ
µ . As a consequence, the tensor γµν := hµν − 1

2ηµνh propagates as a wave in vacuum.
To remove some unphysical degrees of freedom, one may employ the harmonic gauge [37], i.e.

∂µγµν = 0. In so doing, by putting Eq. (2.89) into the Einstein-Hilbert action (2.13) a Lagrangian
density for γµν was obtained as [37]

LG = −1

4

(
∂ργµν∂

ργµν − 1

2
∂ργ∂

ργ

)
. (2.91)

The variables γµν and γ := γ µ
µ can be considered as independent w.r.t. each other. In so doing, Eq.

(2.91) leads to
□γµν = 0 ; □γ = 0 . (2.92)

Now, γµν and γ can be promoted to operators, namely γ̂µν and γ̂, representing spin-2 and spin-0
graviton fields, respectively [37, 135]. From canonical quantization, one has

γ̂µν =

∫
dk√

(2π)32|k|

(
P̂µν(k)e

ik·x−i|k|t + P̂ †µν(k)e
−ik·x+i|k|t

)
; (2.93a)

γ̂ =2

∫
dk√

(2π)32|k|

(
P̂ (k)eik·x−i|k|t + P̂ †(k)e−ik·x+i|k|t

)
. (2.93b)

where P̂µν and P̂ are the annihilation operators of spin-2 and spin-0 gravitons, satisfying the algebra[
P̂µν(k), P̂

†
µ′ν′(k)

]
= (ηµµ′ηνν′ + ηµν′ηµ′ν)δ

3(k− k′) ;
[
P̂ (k), P̂ †(k)

]
= −δ(k− k′) , (2.94)

while the other commutators vanish.
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With the approximation (2.89), Eq. (2.14) gives the following for the matter Lagrangian density
in terms of the stress-energy tensor, i.e.

Lm = −1

2
hµνT

µν . (2.95)

where hµν = γµν − 1
2ηµνγ from the definition below Eq. (2.90). In linearized quantum gravity, ĥµν

is quantized and then the Lagrangian Lm becomes an interaction Lagrangian between the gravitons
and the matter. If Tµν represents classical matter, then the Lagrangian (2.95) indicates that the
matter is non-other than a classical source of gravitons.

The interaction between gravitons and a quantum field is given again by Eq. (2.95) by considering
the renormalized quantum stress energy tensor T̂µν , associated with the field, in place of the classical
Tµν . Since hµν is promoted to be an operator ĥµν , the classical background where the particles travel
becomes simply ηµν and gravitational effects on the particle are just given by the quantum interaction
it has with gravitons. Therefore, the stress energy tensor given e.g. by a quantum scalar field, in
Eq. (2.23), becomes

T̂Φ
µν = ∂µΦ̂∂νΦ̂− 1

2
ηµν

(
∂ρΦ̂∂ρΦ̂ +m2Φ̂2

)
. (2.96)

By removing the divergences on the stress energy tensor (2.96), the energy vacuum can be set to
zero for each inertial observer at any time. Both those things could be done by simply applying the
normal ordering operation to T̂µν in Eq. (2.96). The normal ordered stress energy tensor is noted
as : T̂µν :.

Is so doing, the field-graviton interaction is easily obtained by quantizing both hµν and the
renormalized stress energy tensor in Eq. (2.95), giving the interaction Lagrangian density

LI = −1

2
ĥµν : T̂µν : . (2.97)

To take into account both the presence of classical sources and the presence of quantum particles,
in general one has

: T̂µν := T⊙µν+ : T̂Φ
µν : , (2.98)

where T⊙µν is the stress energy tensor associated to a classical source, while T̂Φ
µν is the "field" stress

energy tensor (2.96).
The complete Lagrangian density of linearized quantum gravity theory is then LΦ + LG + LI,

where the three terms are given respectively by Eqs. (2.1), (2.91) and (2.97), which is the starting
point for calculations performed later on.
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The effects of horizons and dynamical gravitational fields on the vacuum state of a quantum field
were extensively addressed in Chapter 2. These effects are usually very small and their detection
often require instrument whose precision are beyond our current capabilities or probes close to the
speed of light.

This chapter aims to address this problem by considering, instead of the vacuum state, a generic
bosonic input state. In particular, a bosonic state is considered as the input of a quantum channel,
whose output includes the gravitational effects to analyze. Several situations are considered, such
as the ones involving a Bogoliubov transformation of bosonic modes, studied in Chapter 2, and also
additive noise of the background predicted by General Relativity. In all of them, the quality of the

29
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communication protocol is expected to be dependent on the properties of the examined gravitational
phenomenon. Therefore, the possibility to use these protocol as a mean to see the small effects of
quantum field theory in curved spacetime is addressed, as well as distinguish between different
theories of gravity of different background cosmological fluids.

To study the evolution of bosonic modes, quantum information theory is used. In so doing,
the focus is on the amount of information and entanglement stored in remote past and preserved
up to gravitational effect [52]. In particular, quantum communication theory is addressed to study
mappings between different quantum states, called quantum communication channels [136, 137,
138]. Their quality is quantified by the so-called quantum channel capacities [139, 140, 141], whose
computation is the main goal.

The analysis has been restricted to bosonic communication. The reason for this choice relies on
the arbitrary high amount of particles that a bosonic state can have1 For example, this property
always allows classical information to be reliably transmitted, unless a limit on the energy of the state
is imposed [142, 143]. On the other side of the coin, bosonic states are way harder to be represented
than fermionic state. In fact, a bosonic system is always an infinite dimensional quantum system
and its representation involves infinite dimensional density matrices. Therefore, to represent those
state compactly, alternative methods may be invoked, according to continuous variable quantum
information theory [144]. The analysis is restricted also to one-mode bosonic states which, besides
addressing the mathematical complexity, offer a simple effective way to study the evolution of the
stored information.

The structure of the chapter is the following. In Sec. 3.1 continuous variable quantum information
theory is introduced, as well as the mathematical tools from quantum communication used in this
and the next chapter. In Sec. 3.2 each Bogoliubov transformation acting on bosons is related to a
quantum channel. The properties of such a channel in terms of the Bogoliubov coefficients are found
consequently. In Sec. 3.3 the effects of a cosmological expansion on single-mode bosonic states is
explored, as well as the preservation of entanglement between two opposite bosonic modes. The
modified f(Q)-theories of gravity are introduced as well, to investigate which one of them gives the
most reliable quantum channel and to open the possibility to discern between the different gravity
theories from the quality of the communication channel. In Sec. 3.4 the transmission of a signal
through semitransparent moving mirrors is addressed, to see if particle production gives a noisy
contribution even to a non-perfect quantum channel. The transmission through evaporating black
hole is addressed in Sec. 3.5 and finally, in Sec. 3.6, an additive noise on the background is considered
and well as its effect on quantum channels’ capacities. In this last section, the focus is in particular
to the noise created by asymptotic anti-de Sitter black holes.

This chapter is mainly based on the peer-reviewed papers [P1, P2, P3, P6]

3.1 Bosonic Gaussian channels in a nutshell

A quantum system made by a non-definite number of indistinguishable particles is represented by a
Fock space. By supposing the particles to have a number of modes N , labeled by the discrete index

1Instead, from the Pauli principle, no more than one fermion can occupy the same quantum state. Therefore,
the information that can be stored by a fermionic state is limited, while this is not true for a bosonic state, whose
information stored can be arbitrarily increased by simply adding more bosons in the same state.
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i - N may be eventually infinite - then the Fock space F can be written as

F = span

{
N⊗
i=1

|ni⟩

}
ni

, (3.1)

where ni indicates the number of particles in the mode i.
If the particles are fermions, then ni can be equal to 0 or 1, from the Pauli principle. In other

words, no more than one fermion can occupy the same mode. The Fock space F is then isomorphic
to
(
C2
)⊗N and can therefore be represented by an N -qubit system.

By considering bosons ni can be a whatever natural number from 0 to +∞. In this way, even
a single mode bosonic system (i.e. N = 1) turns out to be an infinite-dimensional Hilbert space.
Therefore, a bosonic state cannot be represented compactly by a finite dimensional density matrix.

From continuous variable quantum information [144], an N -modes bosonic system is conven-
tionally through a function χ : CN → R called characteristic function, and related to the density
operator of the state ρ̂ through

χ(z) := Tr
(
ρ̂D̂(z)

)
, (3.2)

where z = (z1, . . . , zN ) ∈ CN and D̂ is the N -mode displacement operator

D̂(z1, . . . , zN ) =

N∏
i=1

exp
(
ziâ
†
i − z∗i âi

)
. (3.3)

From the definition in Eq. (3.2), the characteristic function is the expectation value of the operator
D̂ in the state ρ̂.

3.1.1 Bosonic Gaussian states

Among all the bosonic states, the ones with a Gaussian like characteristic function are considered.
Such states are called bosonic Gaussian states and they are of paramount importance in quantum
optics, computing and sensing [145, 146, 147, 148, 149]. According to many conjectures, these states
are the ones supposedly conserving better classical and quantum information up to a quantum
channel [150]. Moreover, bosonic Gaussian states include a great part of physically useful bosonic
states, such as the vacuum state, thermal states and coherent states [151].

The characteristic function of a bosonic Gaussian state is

χ(z) = exp

(
−1

4
zT · σ · z+ idT · z

)
, (3.4)

where d and σ are respectively the first momentum vector and the covariance matrix, reading

d :=



⟨Q̂1⟩
⟨P̂1⟩

...
⟨Q̂N ⟩
⟨P̂N ⟩

 ; σ =


σ11 . . . σ1N

...
. . .

...
σN1 . . . σNN

 . (3.5)

The operators Q̂i :=
1√
2

(
âi + â†i

)
and P̂i :=

1√
2i

(
âi − â†i

)
are the quadrature operators and

σij =
1

2

⟨
{
Q̂i, Q̂j

}
⟩ − 2⟨Q̂i⟩⟨Q̂j⟩ ⟨

{
Q̂i, P̂j

}
⟩ − 2⟨Q̂i⟩⟨P̂j⟩

⟨
{
P̂i, Qj

}
⟩ − 2⟨P̂i⟩⟨Q̂j⟩ ⟨

{
P̂i, P̂j

}
⟩ − 2⟨P̂i⟩⟨P̂j⟩

 . (3.6)
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The uncertainty principle implies
[
Q̂i, P̂i

]
> i for each mode i, leading to the following bound for

the covariance matrix σ, i.e.

σ + iΩ ≥ 0 ; Ω =

N⊕
k=1

(
0 1

−1 0

)
. (3.7)

To quantify the quantum information encoded in a quantum state represented by ρ̂, one uses the
Von Neumann entropy SvN, namely

SvN(ρ̂) := −Tr (ρ̂ log ρ̂) , (3.8)

where log refers to the base 2 logarithm. The Von Neumann entropy (3.8) is the degree of uncertainty
of a quantum state and therefore, the amount of information about the quantum system one learns
by observing it multiple times.

For a Bosonic Gaussian state, characterized by the pair (d, σ), the Von Neumann entropy reads
[144]

SvN(d, σ) :=

N∑
i=1

h(νi) , (3.9)

where ν1, . . . , νN are the symplectic eigenvalues of the matrix σ and

h(x) :=

(
x+

1

2

)
log

(
x+

1

2

)
−
(
x− 1

2

)
log

(
x− 1

2

)
. (3.10)

Remarkably, the Von Neumann entropy - and therefore, the information content - of a bosonic
Gaussian state depends solely on its covariance matrix σ, while it is independent from d. Since this
thesis focus more on the quantum information content of a state, the procedure can be simplified
by considering d = 0 without loss of generality. In this way, Eq. (3.6) simplifies to

σij =
1

2

⟨
{
Q̂i, Q̂j

}
⟩ ⟨

{
Q̂i, P̂j

}
⟩

⟨
{
P̂i, Q̂j

}
⟩ ⟨

{
P̂i, P̂j

}
⟩

 . (3.11)

The submatrices σii on the diagonal blocks of σ from Eq. (3.5) represents the state of the subsystem
made only by the mode i. The off-diagonal matrix elements σi̸=j express the correlations between
the modes i and j. Both of them can be compactly written through the parameters ni := ⟨â†i âi⟩,
mi := ⟨âiâi⟩, γij := ⟨â†i âj⟩ and χij = ⟨âiâj⟩ respectively as

σii =

(
1
2 + ni + ℜmi ℑmi

ℑmi
1
2 + ni −ℜmi

)
; (3.12)

σi̸=j =

(
ℜγij + ℜχij ℑγij + ℑχij

−ℑγij + ℑχij ℜγij −ℜχij

)
. (3.13)

3.1.2 One-mode Gaussian channels

A generic Gaussian channel is non-other than a quantum channel mapping a Gaussian state into
another Gaussian state. A map from an N -modes Gaussian state into another N -modes Gaussian
state is called N -modes Gaussian channel.
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The properties of such channels are very hard to explore due to the large number of free param-
eters involved (i.e. (N − 1)! more or less). To date, a complete classification of bosonic Gaussian
channels is provided only when N = 1 [152], despite many recent progresses for N ≳ 1 [153, 154].
Therefore, the analysis mostly focuses on the information preserved in one-mode Gaussian states
(i.e. N = 1), while two-modes Gaussian states (N = 2) are later employed to study the evolution of
pre-existing entanglement.

Let us consider a channel N whose input is one-mode Gaussian state characterized by a 2 × 2

covariance matrix σin and a first momentum vector din. If N is a one-mode Gaussian channel,
then its output would be another one-mode Gaussian state with first momentum vector dout and
covariance matrix σout. In general one can prove that [155, 156]

dout = Tdin + v , σout = TTσinT+ N , (3.14)

where v is a 2-dimensional vector and T and N are 2× 2 matrices. To ensure the output covariance
matrix σout satisfies the uncertainty principle (3.7) one needs

√
detN ≥ 1

2
|1− detT| . (3.15)

A one-mode Gaussian channel N is then entirely characterized from the triad (v,T,N). Since the
Von Neumann entropy - and all the other entropic quantities - is unaffected by d, one can consider
for simplicity v = 0 without affecting the information-related properties of the quantum channel.

At this point, the channel N is characterized only by the matrices T and N. One can go further
and reduce N to its canonical form canonical form Nc through a pair of unitary transformations
Uin and Uout - called respectively pre-processing and post-processing - applied before and after the
channel application, namely

Nc := Uout ◦ N ◦ Uin . (3.16)

Since unitary transformations leaves the Von Neumann entropy unaltered, there are no differences
about the information-related properties between the channels N and Nc.

A one-mode Guassian state, with density operator ρ̂ is affected by a unitary transformation
U : ρ̂ 7→ Û ρ̂Û†, where Û is a unitary operator. Up to this transformation, the covariance matrix σ

representing ρ̂ is mapped as becomes SσS†, where S is a symplectic matrix. Therefore, by calling
Sin and Sout the 2 × 2 symplectic matrices corresponding to Uin and Uout, respectively, then the
action of Nc on the input covariance matrix reads

Nc : σin 7→ σout = TT
c σinTc + Nc ; Tc = SinTSout ; Nc = ST

outNSout . (3.17)

Remarkably, both Tc and Nc become diagonal for an appropriate choice of Sin and Sout [157].
In particular, by noting the elements of the matrices T and N as Tij := (T)ij and Nij := (N)ij,
respectively, the following matrices

Sin =
4
√
W√

N11τ

(
N11T22−N12T12√

W
−T12

N12T11−N11T21√
W

T11

)
; (3.18)

Sout =
4
√
W√
N11

(
1 0

− N12√
W

N11√
W

)
, (3.19)
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allow a canonical form for Nc so that2

Tc =
√
|τ |I ; Nc =

√
W I . (3.20)

Since one has detS = ±1 for each symplectic matrix S, one has

τ = detT , W = detN . (3.21)

The application of the canonical form of the original channel then reads

Nc : σin 7→ σout = τσin +
√
W I. (3.22)

The parameter τ , called transmissivity, indicates the fraction of input signal present on the output.
If 0 ≤ τ ≤ 1, then τ is effectively a transmission coefficient. However, one can also have τ > 1, in
case of a linear amplifier channel or even τ < 0 if the channel is a conjugate of the amplifier. The
parameter W is instead related to the additive noise present on the output. In particular, one can
identify n with the average number of noisy particles in the output state and it is related to W as

n =


√
W

|1−τ | −
1
2 if τ ̸= 1 ,

√
W otherwise .

(3.23)

The requirement (3.15) to preserve the uncertainty principle on the output leads to n ≥ 0.

A one-mode Gaussian channel N is then characterized by just two parameters i.e.τ and W -
alternatively τ and n ≥ 0. The communication properties of the channel are then expected to be
proportional to only these two parameters.

3.1.3 Communication capacities of a quantum channel

In this section, the aim is to quantify how well a channel N : ρ̂in 7→ ρ̂out transmits information. In
fact, apart from the ideal situation where N = Id and ρ̂in = ρ̂out, the channel becomes noisy and the
information contained in ρ̂in is compromised while passing through the channel N . In such cases,
the conservation of information from ρ̂in to ρ̂out is now quantified.

The capacities of a channel N are quantities indicating the maximum rate of information that
the channel can reliably transmit with a certain protocol. By taking into account that a quantum
channel can transmit both classical and quantum information, one defines the classical capacity (resp.
quantum capacity) of a channel N as the maximum rate of classical (quantum) information that N
can transmit with arbitrarily low error. If a channel N has zero classical (quantum) capacity, then
N cannot reliably transmit classical (quantum) information. As long as the capacity of N is non-
zero, then N is potentially capable to transmit information reliably. However, to this purpose, more
channel uses are required the less is the capacity - in practice, a reliable communication requires
more time with a channel with a lower capacity. Therefore, the channel capacities measure the
"quality" of the channel, i.e. its capabilities to transmit information.

2Some peculiar situations may involve T or N to have rank 1, so that T = diag(0, τ) or N = diag(0,W ). However,
this situation is never met throughout the examined problems, so that this possibility is not taken into account.
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3.1.3.1 Classical capacity

The classical capacity of a one-mode Gaussian channel N , characterized by the parameters τ and
n, is now computed.

To send a classical message through a quantum channel, the sender (also called Alice) must first
encode this message into a quantum state. A classical message xn consists on n-realizations of a
random variable X which may assume values (x1, . . . , xN ) according to a probability distribution
(p1, . . . , pN ). In other words, a message is a sequence of letters xn = xi1xi2 . . . xin picked up with a
probability pxn =

∏n
j=1 pij . By performing the encoding procedure, Alice associates each message xn

to a quantum state ρ̂xn which is sent to the receiver (also called Bob) through n uses of the quantum
channel. The receiver Bob, once achieved the output ρ̂yn = N⊗n(ρ̂xn), decodes it to achieve the
message yn. The mutual information between the messages xn and yn - i.e. the information about a
message one has by reading the other - depends on the encoding and decoding procedure. However,
this mutual information is upper bounded by the Holevo information X , reading [140]

X ({ρ̂xn , pxn}xn ,N⊗n) = SvN

(
N⊗n

(∑
xn

pxn ρ̂xn

))
− SvN

(∑
xn

pxnN⊗n(ρ̂xn)

)
. (3.24)

The Holevo information (3.24) represents the maximum information about Alice’s classical message
achievable to Bob once passing through n uses of the channel N . The classical capacity C is therefore
obtained by considering whatever quantum channel uses and maximizing over the possible ensembles
of states {ρ̂xn , pxn}xn , namely

C(N ) = lim
n→∞

1

n
max

{ρ̂xn ,pxn}
X ({ρ̂xn , pxn},N⊗n) (3.25)

From Eq. (3.25), to optimize the rate of transmission one needs to use the channel N the more as
possible. That is because the entanglement between different channels’ inputs can be exploited to
increase the rate of reliable information transmitted. If the states {ρ̂xn}xn are separable among all
the channel uses input, then the classical capacity (3.25) simplifies to

C(1)(N ) = max
{px,ρ̂x}

X ({px, ρ̂x},N ) , (3.26)

which is called product state classical capacity, for the reasons just explained. Notice that Eq. (3.26)
also corresponds to the classical capacity C by restricting ourselves to a single channel use. In
this chapter, and in the next one, all the communication protocols studied involve situations where
many channel uses are unrealistic or without any meaning in that context3. Therefore, the study is
restricted to a single use of the quantum channel. The capacity of a channel to transmit classical
information is evaluated via the product state classical capacity C(1) from (3.26). In general, one
has C(1) ≤ C, where the equality holds if the channel is entanglement-breaking, i.e. if any entangled
state becomes separable while passing through N⊗2.

A one-mode Gaussian channel N is now considered. As input, only one-mode Gaussian states are
considered, which are the ones preserving better classical information according to a widely verified

3For example, in this chapter, the protocol consists on Alice sending her message from the remote past and
Bob receives it in the remote future. In Chapter 4, instead, the channels used are not memoriless - i.e. each channel
application would affect future channel applications. Therefore, studying the communication capacities of this channel
over many channel uses effectively means to study a different channel than the one before.
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conjecture [152, 150, 154]. Hence, by restricting to Gaussian inputs, the channel classical capacity
is not affected.

According to Ref. [142], the single-letter random variable X preserving better its classical infor-
mation, up to a Gaussian channel, is the one with a Gaussian probability distribution pi, charac-
terized by a classical covariance matrix σenc (classical means that the bound (3.7) is not applied to
σenc). Moreover, the optimal encoding associates each realization of the random variable X, i.e. xi,
to one-mode Gaussian states with the same covariance matrix σin but different first moment di.

With this optimal setup, the Holevo information (3.24), relative to a channel N characterized
with the matrices T and N becomes

X (σin, σenc,N ) = SvN
(
T(σin + σenc)TT + N

)
− SvN

(
TσinTT + N

)
. (3.27)

The Holevo information (3.27) can be arbitrarily high by increasing arbitrarily the diagonal elements
of σenc. The classical capacity of a bosonic Gaussian channel is then always infinite4. However, a
realistic scenario involves a limited number of resources at our disposal for the encoding. For example,
one usually provides an upper bound N on the number of particles a bosonic mode can have. This
leads to the condition

1

2
Tr (σin + σenc)−

1

2
≤ N . (3.28)

Another realistic limit would be on the energy E used for the encoding procedure. In this case, the
condition the covariance matrices should respect is

1

2
Tr (σin + σenc) ≤

E

ωi
, (3.29)

where ωi is the frequency associated with the mode i. The bounds (3.28) and (3.29) are analog by
imposing

E = ωi

(
1

2
+N

)
. (3.30)

By optimizing the Holevo information (3.27) while respecting the bound (3.28) (resp. the bound
(3.29)) one obtains the so called bounded classical capacity CN (resp. CE).

By reducing the channel in its canonical form (3.16), the input of the channel now becomes
Sin(σin+σenc)S

T
in instead of σin+σenc. The particle and energy bounds (3.28) and (3.29), respectively,

are then modified by performing an analog substitution5. The Holevo information (3.27) from the
canonical reduction, becomes

X = SvN(TcSin(σin + σenc)S
T
inTc + Nc)− SvN(TcSinσinS

T
inTc + Nc) . (3.31)

To proceed with the optimization of Eq. (3.31), the input purity theorem, telling us that a pure input
state maximizes the Holevo information [143], is invoked. Therefore, for the preprocessed input one
has SinσinS

T
in = 1/2 diag(J, J−1), with J > 0. Moreover, for the preprocessed classical covariance

matrix analogously SinσinS
†
enc = diag(X,Y ) with X,Y > 0. In this way (3.31) becomes

X (J,X, Y ) =h

(
1

2

√(
τJ + 2

√
W + 2τX

)( τ
J
+ 2

√
W + 2τY

))
− h

(
1

2

√(
τJ + 2

√
W
)( τ

J
+ 2

√
W
))

. (3.32)

4This is a consequence of the bosonic statistics allowing each bosonic mode to host an infinite number of particles.
5This was not done in previous references for the computation of the bounded classical capacities [142, 143], where

the optimization of the Holevo information was done by considering the pre-processing as part of the channel.
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The energy bound (3.29) is used for the pre-processed input of the channel which reads - knowing
that Eq. (3.30) is sufficient to switch to the bound (3.28) - together with the conditions on the
parameters X and Y 

J
2 +X + 1

2J + Y ≤ 2 E
ωi
,

X > 0,

Y > 0.

(3.33)

Eq. (3.33) represent the conditions on the parameters X, Y and J required to optimize the Holevo
information (3.32). To the first, the equality is imposed, so that as much energy as possible would
be used. In this way, Y can be expressed in terms of X and J with the following

Y = 2
E

ωA
− 1

2J
− J

2
−X . (3.34)

By putting Eq. (3.34) into Eq. (3.32), the maximization for X can be performed to obtain

X =

{
0, if 2 E

ωA
< J < 2 E

ωA
+
√
4E2

ω2
A
− 1

E
ωA

− J
2 , if ωA

2E < J < 2 E
ωA

.
(3.35)

By putting Eq. (3.35) into Eq. (3.32), the latter is finally maximized by J = 1. In this way, the
constrained classical capacity CE can finally be written as

CE(N ) = h

(
E

ωi
|τ |+

√
W

)
− h

(
|τ |
2

+
√
W

)
. (3.36)

3.1.3.2 Quantum capacity

The maximum amount of quantum information a channel N is able to reliably send is now inves-
tigated. To do that, a precise meaning to "quantum information" should be given first. By calling
with S(H) the set of density operators on the Hilbert space H, the purification theorem states that,
for each quantum state ρ̂ ∈ S(H), another quantum state ρ̂R ∈ S(HR) exists so that the state
|Ψ⟩ ⟨Ψ| := ρ̂ ⊗ ρ̂R ∈ S(H×HR) is pure. The Hilbert space HR is called reference system and its
dimension is the of H. Therefore, if ρ̂ is mixed, then the state |Ψ⟩ is a maximally entangled state,
whose entanglement entropy is given by SvN(ρ̂). In other words, the amount of quantum information
a state ρ̂ has corresponds to the amount of entanglement it has with its purification ρ̂R.

To know how much entanglement with the reference is conserved after the application of a channel
N , the coherent information Ic is used, namely

Ic(ρ̂,N ) = SvN(N (ρ̂))− SvN((N ⊗ Id)(|Ψ⟩ ⟨Ψ|)) (3.37)

By maximizing Eq. (3.37), one obtains the one-shot version of the quantum capacity Q(1). In
particular, one has

Q(1)(N ) = max{0,max
ρ̂

Ic(ρ̂,N )} . (3.38)

As for the case of the classical capacity, Q(1) from Eq. (3.38) can be generalize to consider arbitrary
uses of the channel N , to obtain the quantum capacity Q. However, for the reasons explained in
Sec. 3.1.3.1, the focus is restricted exclusively on Q(1). Notice that, since Q > Q(1), proving that
Q(1) > 0 is sufficient to prove the possibility of communication of quantum messages.
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In Sec. 3.1.3.1 it was found how the classical capacity of a one-mode Gaussian channel N is
always infinite unless an upper bound for the amount of resources used for the state preparation
(i.e. the encoding procedure) is not imposed. The same is not true for the quantum capacity: even
by considering an infinite amount of particles on the input, the quantum capacity is usually finite -
even null in some cases. In Refs. [141, 158], the coherent information (3.37) increases together with
the amount of input particles, to reach a finite asymptotic value which, for a one-mode Gaussian
channel N with transmissivity τ and average noisy particles n, reads

max
σ

Ic(σ,N ) =

 θ(τ) log τ
|1−τ | − h

(
1
2 + n

)
if τ ̸= 1 ,

−1− log(n) otherwise .
(3.39)

The one-shot quantum capacity Q(1) is obtained by putting Eq. (3.39) into Eq. (3.38). In this way,
Q(1) > 0 if Ic is positive.

By comparing the one-shot quantum capacity, from Eq. (3.39) and (3.38), with the constrained
classical capacity CE in Eq. (3.36). While the classical capacity is zero only for erasure channels -
namely with τ = 0 - the quantum capacity has more restrictive conditions to be greater than zero.
This expresses the fact that, while classical information could always be sent reliably by putting
enough energy on the input, the possibility of reliably transmitting quantum information has more
profound and intrinsic limitations.

For example, since h is definite positive, from Eq. (3.39) a necessary - but not sufficient - condition
to have Q(1) ̸= 0 is that τ > 1/2. This is an implication of the no-cloning theorem [159]. In fact, if
N has τ < 1/2 and can reliably transmit quantum information to the receiver Bob, then a third part
- called Eve - would extract the rest of the signal which did not arrive to Bob. The transmissivity of
the channel from Alice to Eve - i.e. the complementary channel of N - would have τ > 1/2. Since
Eve would receive more portion of the signal than Bob, Alice’s quantum state is transmitted reliably
also to Eve, meaning that this state has been cloned.

3.1.4 Two-modes Gaussian states

To define the entanglement entropy between two different bosonic modes, then the properties of
two-modes Gaussian states are briefly explained.

By labeling the two modes with i and j and by invoking the parameters defined before Eq. (3.12),
the generic covariance matrix for a two-modes Gaussian state reads

σ =


1
2 + ni + ℜmi ℑmi ℜγij + ℜχij ℑγij + ℑχij

ℑmi
1
2 + ni −ℜmi −ℑγij + ℑχij ℜγij −ℜχij

ℜγij + ℜχij −ℑγij + ℑχij
1
2 +mj + ℜmj ℑmj

ℑγij + ℑχij ℜγij −ℜχij ℑmj
1
2 +mj −ℜmj

 . (3.40)

The two symplectic eigenvalues ν+ and ν− of the covariance matrix (3.40) are provided in literature
(see e.g. [160]) and they read

ν± =
1√
2

√
Γ±

√
Γ2 − 4 detσ . (3.41)

where Γ := ν2i +ν2j +2
(
|γij|2 − |χij|2

)
, and νi (νj) is the symplectic eigenvalue of the 2×2 covariance

matrix of the single mode i (j), which simply reads

νi =
√

detσii . (3.42)
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The Von Neumann entropy of the two mode Gaussian state is hence given by

SvN(σ) = h(ν−) + h(ν+) . (3.43)

If a state is maximally entangled, then its entropy (3.43) is zero and a straightforward measurement
for the entanglement is the entropy of the entangled substates, also called entanglement entropy. A
maximally entangled two-modes Gaussian state occurs when ni = nj, mi = mj = 0, γij = 0 and
|χij| =

√
ni(ni + 1). Its covariance matrix reads

σ =

( (
1
2 + ni

)
I2×2

√
ni(ni + 1)R(θ)√

ni(ni + 1)R(θ)
(
1
2 + ni

)
I2×2

)
(3.44)

where θ is the phase of χij and

R(θ) =

(
cos θ sin θ

sin θ − cos θ

)
. (3.45)

The entanglement entropy SE of a state represented by the covariance matrix (3.44) corresponds to
the Von Neumann entropy of the one-mode subsystem i (or j). From Eqs. (3.42) and (3.9) one has

SE(σ) = h

(
1

2
+ ni

)
, (3.46)

and it is proportional on the average number of entangled particles ni.

3.2 Information and entanglement under a Bogoliubov trans-
formation

From the definition of Eq. (3.6), a covariance matrix is defined via expectation values of coupled
bosonic operators. Since a Bogoliubov transformation changes the set of bosonic operators from
{âk, â†k}k to {b̂k, b̂†k}k - according to Eq. (2.20) - then also the covariance matrix is expected to
change as well. Moreover, since a Bogoliubov transformation (2.20) is linear, the Gaussianity of the
characteristic function of a bosonic state is preserved. A Bogoliubov transformation then acts as a
Gaussian channel, whose properties are studied in this section.

In this framework, k is initially considered to be a discrete index instead of a vector of continuous
variables, for the sake of simplicity. In this case, the expressions provided in chapter 2 still hold by
replacing the integral in dk with sums over k and the Dirac deltas like δ(3)(k− k′) with Kronecker
deltas δkk′ .

Up to Bogoliubov transformation, a covariance matrix (3.5) will stay the same up to the sub-
stitution of the operators {b̂k, b̂†k}k replacing the old ones {âk, â†k}k. In particular, by using the
discrete mode version of Eq. (2.20) the elements ⟨â†kâk′⟩ and ⟨âkâk′⟩ appearing of the covariance
matrix (3.5), up to a Bogoliubov transformation, become

⟨b̂†kb̂k′⟩ =
∑
pq

(
αkpα

∗
k′q⟨â†pâq⟩ − αkpβ

∗
k′q⟨â†pâ†q⟩ − βkpα

∗
k′q⟨âpâq⟩+ βkpβ

∗
k′q⟨âpâ

†
q⟩
)
. (3.47)

⟨b̂kb̂k′⟩ =
∑
pq

(
α∗kpα

∗
k′q⟨âpâq⟩ − α∗kpβ

∗
k′q⟨âpâ

†
q⟩ − β∗kpα

∗
k′q⟨â†pâq⟩+ β∗kpβ

∗
k′q⟨â†pâ†q⟩

)
. (3.48)
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The parameters nk, mk, γkk′ and χkk′ , defined above Eq. (3.12) become

ñk := ⟨b̂†kb̂k⟩ =
∑
p

(
|αkp|2np − 2ℜ

(
α∗kpβkpmp

)
+ |βkp|2(1 + np)

)
+
∑
p̸=q

(
αkpα

∗
kqγpq − αkpβ

∗
kqχ

∗
pq − βkpα

∗
kqχpq + βkpβ

∗
kqγ
∗
pq
)
;

(3.49)

m̃k := ⟨b̂kb̂k⟩ =
∑
p

(
α∗2kpmp − α∗kpβ

∗
kp(1 + 2np) + β∗2kpm

∗
p

)
+
∑
p̸=q

(
α∗kpα

∗
kqχpq − α∗kpβ

∗
kqγ
∗
pq − β∗kpα

∗
kqγpq + β∗kpβ

∗
kqχ

∗
pq
)
;

(3.50)

γ̃kk′ := ⟨b̂†kb̂k′⟩ =
∑
p

(
αkpα

∗
k′pnp − αkpβ

∗
k′pm

∗
p − α∗kpβk′pmp + βkpβ

∗
k′p(1 + np)

)
+
∑
p̸=q

(
αkpα

∗
k′qγpq − αkpβ

∗
k′qχ

∗
pq − βkpα

∗
k′qχpq + βkpβ

∗
k′qγ

∗
pq
)
;

(3.51)

χ̃kk′ := ⟨b̂kb̂k′⟩ =
∑
p

(
α∗kpα

∗
pk′mp − α∗kpβ

∗
k′p(1 + np)− β∗kpα

∗
k′pnp + β∗kpβ

∗
k′pm

∗
p

)
+
∑
p̸=q

(
α∗kpα

∗
k′qχpq − α∗kpβ

∗
k′qγ

∗
pq − β∗kpα

∗
k′qγpq + β∗kpβ

∗
k′qχ

∗
pq
)
.

(3.52)

By considering the vacuum as initial state, i.e. nk = mk = γkk′ = χkk′ = 0 for each k and k′, then
the state created by a Bogoliubov transformation is

ñk =
∑
p

|βkp|2 ; (3.53)

m̃k = −
∑
p

α∗kpβ
∗
kp ; (3.54)

γ̃kp =
∑
q

βkqβ
∗
pq ; (3.55)

χ̃kp = −
∑
q

α∗kqβ
∗
pq . (3.56)

3.2.1 Bogoliubov transformation as one-mode Gaussian channel

The evolution of an N -mode Gaussian state up to a Bogoliubov transformation is entirely given by
the modification of the parameters nk, mk, γkk′ and χkk′ given by Eqs. (3.49), (3.50), (3.51) and
(3.52), respectively.

The Bogoliubov transformation of one-mode Gaussian states is now addressed, whose general
properties were examined in Sec. 3.1.2. By calling k the single mode whose evolution is studied, the
other modes k′ ̸= k - also called environment modes - are supposed to be in the vacuum. Up to a
Bogoliubov transformation, the output covariance matrix σout is related to σin through Eq. (3.14).
One can explicitly compute the matrices T and N to get

T =

(
ℜ (αkk − βkk) ℑ (αkk + βkk)

−ℑ (αkk − βkk) ℜ (αkk + βkk)

)
. (3.57)

N =

(
1
2

∑
k′ ̸=k |α∗kk′ − βkk′ |2

∑
k′ ̸=k ℑ(αkk′βkk′)∑

k′ ̸=k ℑ(αkk′βkk′) 1
2

∑
k′ ̸=k |α∗kk′ + βkk′ |2

)
. (3.58)
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The transmissivity τ and the noise n follow as

τ = |αkk|2 − |βkk|2 . (3.59)

n =


√
B2 − C2 if τ = 1 ;

1
2

(
−1 +

√
1 + 4 B

1−τ + 4B2−C2

(1−τ)2

)
otherwise ,

(3.60)

where B := (Nk − |βkk|2) and C :=
∣∣∣∑k′ ̸=k αkk′βkk′

∣∣∣ and Nk :=
∑

k′ |βk′k|2 is the number of
particles created from vacuum.

3.2.2 Continuous modes limit

Instead of considering k as a discrete index, the case where k ∈ Rn is now investigated. In particular,
in an (n+1)D spacetime, k can represent the momentum of a normal mode in absence of curvature
- as in Chapter 2 for n = 3.

As in the discrete case, only particles in the mode k are present while all the others - i.e. the
environment modes - are in vacuum. To represent this situation in the continuous limit one has

⟨â†pâq⟩ = νkδ
n(k− p)δn(k− q) ; ⟨âpâq⟩ = µkδ

n(k− p)δn(k− q) . (3.61)

By putting Eq. (3.61) into Eq. (3.11), the one-mode input covariance matrix turns out to be

σkk =

(
δn(0)

2 + νkδ
2n(0) + ℜµkδ

2n(0) ℑµkδ
2n(0)

ℑµkδ
2n(0) δn(0)

2 + νkδ
2n(0)−ℜµkδ

2n(0)

)
. (3.62)

After a Bogoliubov transformation, ⟨â†kâk⟩ = δ2n(0)νk and ⟨âkâk⟩ = δ2n(0)µk, from Eqs. (3.47)
and (3.48) in the continuous case, become respectively

⟨b̂†kb̂k⟩ = νk|αkk|2 −ℜ(α∗kkβkqµk) + νk|βkk|2 +Nk . (3.63)

⟨b̂kb̂k⟩ = α∗2kkµk −
∫

dpα∗kpβ
∗
kp − 2α∗kkβ

∗
kkνk + β∗2kkµk . (3.64)

By repeating the same calculations of Sec. 3.2.1, the Bogoliubov transformation of a one-mode
continuous bosonic mode is still a one-mode Gaussian channel with transmissivity

τ =
|αkk|2 − |βkk|2

δ2n(0)
. (3.65)

and additive noise still given by Eq. (3.60) but where the parameters B and C become respectively

B =
Nk

δn(0)
− βkk

δ2n(0)
; C =

1

δn(0)

∫
dk′αkk′βkk′ − αkkβkk

δ2n(0)
. (3.66)

Despite the many divergences on Eqs. (3.65) and (3.66), those often cancel out with other divergences
appearing on the Bogoliubov coefficients - which, as proved in Chapter 2, are pretty common in the
continuous limit.
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3.3 Information and entanglement under a cosmological ex-
pansion

The machinery introduced in Sec. 3.2 is now applied to cosmological expansions, whose particle
production was extensively studied in Sec. 2.2. The capacity of the resulting channel tells how
much information is preserved from particles existing in an epoch prior to the expansion. This could
be crucial for the investigation of the early Universe whose observations done in the current epoch
could provide vital information and boundaries to early Universe’s models, leading to a wider and
clearer vision on the history of our Universe year by year [161].

The protocol involves an input one-mode Gaussian state represented by σin, with momentum k,
prepared before a cosmological expansion. After it, the state’s covariance matrix is σout, related to
σin through Eq. (3.14). By putting Eq. (2.36) into Eqs. (3.65) and (3.66), the parameters τ and n

are
τ = 1 +Nk ; n = 0 . (3.67)

Therefore, when acting on a single mode, a cosmological expansion is an amplifier quantum channel.
The amplification is provided by the particle production Nk and proportional to it. Interestingly,
the particles produced by a cosmological expansion do not simply add to the pre-existing particles.
In fact, from nk initial particles, after the expansion, from Eq. (3.63), one has a number of particles
given by

ñk = Nk + (1 +Nk)nk . (3.68)

Therefore, after the expansion, new (1 + nk)Nk are added to the pre-existing mode. This has a
profound mathematical implication on the non-additivity of the particle production. In other words,
the particles produced by Bogoliubov transformation do not simply add to pre-existing particles,
but they could interact with them by affecting their number and their behaviour.

To this perspective, the number of particles created by a cosmological expansion could be way
higher than expected, if particles in the same mode are present also before the expansion. This
fact can open the possibility of an observation of the cosmological particle production, even if Nk is
usually infinitesimal [60].

The particle-bounded classical capacity CE and the quantum capacity Q of a cosmological ex-
pansion, producing Nk particles from vacuum, are respectively

CN = h

(
1

2
+N +Nk +NNk

)
− h

(
1

2
+Nk

)
(3.69)

Q = log

(
Nk + 1

Nk

)
(3.70)

Their plots is shown in Fig. 3.1. When Nk = 0, CN becomes h( 12 +E) and decreases to log(1 +E)

as Nk → ∞. Instead, from Fig. 3.1, the quantum capacity Q is infinite when Nk = 0 - with no
surprise, since N becomes the identity Id in that case - and drops to zero as N−1k as Nk → ∞.

The two capacities have a distinct behaviour when the cosmological particle production Nk is
high. Namely, the quantum capacity becomes very small while the classical one approaches a finite
value. This difference lies in how particle production affects information transmission: while it am-
plifies the input signal rather than adding noise, the classical information (bit content) of the signal
remains recoverable under amplification. Conversely, quantum information - i.e. the correlations
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Figure 3.1: The channel capacities of a cosmological expansion in terms of the particles produced
Nk. The left figure shows the particle-bounded classical capacity, obtained by putting Eq. (3.30)
into Eq. (3.69). The right figure shows the quantum capacity, obtained from Eq. (3.70).

between the input and reference systems - is entirely lost, overwhelmed by the amplification of the
input state [160].

Since cosmological particle production is usually very small - i.e. Nk ∼ 10−25 [60], one also ex-
pects the loss of information to be negligible. This is true when considering classical information. In
fact, from Eq. (3.69) if Nk ≪ 1, the bounded classical capacity deviates by the term Nk logNk from
its value when Nk → 0. The capabilities of transmitting classical information are then practically
unaffected by the cosmological particle production as long as Nk ≪ 1.

Regarding the transmission of quantum information, instead, even an infinitesimal particle pro-
duction Nk can provide a considerable bound on the amount of qubits reliably transmissible. From
Fig. 3.2, even a particle production ∼ 10−30 involves a limited quantum capacity Q, i.e. a limited
number of qubits, i.e. ∼ 96 one can reliably transmit. If future technologies allows the commu-
nication of hundred of qubits via spatial probes, the limit given by the particle production would
constitute a fundamental upper bound one has to take into account [162].

From an cosmological perspective, this model constrains the retrievable information from the
recombination epoch encoded in the Cosmic Microwave Background [163], as well as information
about the early universe accessible via primordial gravitational waves from inflation [164]. From this
perspective, recent observational results are particularly promising for testing the model’s predictions
[36]

Finally, it is worth comparing this result with the case studied in Ref. [165], where qubit states are
communicated through an expanding universe instead of bosonic states. There, the transmissivity
turned out to be τ < 1, giving an amplitude damping channel. This is probably due to the different
statistics involving bosonic systems and qubit systems, since a qubit cannot be "amplified". However,
the damping of a qubit with momentum k - i.e. its information loss - is proportional to the amount
of particles produced in the mode k by the cosmological expansion. Therefore, as in the bosonic
case, also qubit systems’ information is better preserved by minimizing particle production.
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Figure 3.2: Quantum capacity of a cosmological expansion for a very small cosmological particle
production, namely Nk ≪ 1.

3.3.1 Preserving information in a modified theory of gravity

While General Relativity stands as an elegant and experimentally successful theory of gravitation,
a variety of theoretical arguments and observational challenges motivate efforts to extend or modify
Einstein’s framework [12, 13, 14, 15]. Such modifications are particularly relevant when exploring
regimes of extremely strong gravitational fields—where the predictions of General Relativity may no
longer hold [166, 167]—and in cosmology, where the nature of dark energy and dark matter remains
unresolved [168, 169].

Among these alternatives, a recently developed approach, called symmetric teleparallel gravity
(or STEGR, for brevity), describes cosmic dynamics without imposing the metricity condition [170].
In other words, the connection described by the covariant derivatives ∇α should no more satisfy the
condition ∇αgµν = 0, but more generally

∇αgµν = Qαµν , (3.71)

where Qαµν is called non-metricity tensor. In particular, with a peculiar choice for Qαµν , one can
obtain a STEGR theory equivalent to General Relativity even by neglecting the spacetime curvature.
In other words, gravity as predicted by a curved spacetime can predicted as well by a flat, torsionless
but non-metric spacetime. To reproduce a curved background with scalar curvature R, the non-
metricity tensor must follow [171, 172]

R = −Q −Dα(Qα − Q̃
α
) , (3.72)

where ∇α is the covariant derivative w.r.t. the Levi-Civita connection - i.e. the one leading to
Dαgµν = 0, Qα = Qαλ

λ and Q̃
α
= Qλα

λ , having

Q =
1

4
QαβγQαβγ − 1

2
QαβγQβαγ − 1

4
QαQα +

1

2
Q̃αQ̃

α
, (3.73)
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In this way, the Einstein-Hilbert action (2.13) - with no matter or cosmological constant - becomes

SSTEGR = −1

2

∫
d4x

√
−gQ . (3.74)

Lastly, it is worth reminding that the covariant derivative ∇α defining Qαµν from Eq. (3.71) is not
unique. Then, there is a gauge freedom on the connections. Among all, the so-called coincident gauge
is particularly useful for our purposes. With this gauge choice, the connection vanishes globally and
therefore the non-metricity tensor can be expressed via partial derivatives, i.e. [173, 174] through

1

2
gαλ (gλν,µ + gµλ,ν − gµν,λ) =

1

2
gαλ (Qµαν + Qναµ − Qαµν

)
. (3.75)

The non-metricity scalar Q, with this gauge choice reads [175, 176, 177]

Q = −gµν
({

α
βµ

}{
β
να

}
−
{
α
βα

}{
β
µν

})
. (3.76)

In the coincident gauge, the non-metricity scalar Q assumes a very simple form in the FLRW metric.
In particular, by putting Eq. (2.25) into Eq. (3.76), one has

Q = 6

(
ȧ

a

)2

= 6H2 . (3.77)

The behaviour of a scalar field Φ̂ in the STREGR theory of gravity is now investigated. To do that,
a Yukawa-like interaction between the field and the non-metricity scalar Q is assumed (as occurs in
general relativity with the scalar curvature R - see Eq. (2.15)), i.e.

LΦ = −1

2

(
gµν∂µΦ∂νΦ+m2Φ2 + ζQΦ2

)
, (3.78)

where ζ is a dimensionless coupling constant. The Klein-Gordon equation (2.16) now reads

(□−m2)Φ− ζQΦ = 0 . (3.79)

At this point, one can proceed as done in Sec. 2.2 to obtain a Klein-Gordon Eq. (2.32) but with an
effective mass

Meff = a2(η)

(
m2 + 2(3ζ + 1)H2(η)− H ′(η)

a(η)

)
. (3.80)

The Bogoliubov coefficients can be obtained via perturbation theory as done in Sec. 2.2.2. In so
doing one obtains the same results found in Sec. 2.2.2 but the effective mass is now the one in Eq.
(3.80) instead of the one in Eq. (2.33).

3.3.1.1 Modified symmetric teleparallel gravity

Now, some generalizations of STEGR are exproled. In particular, the so-called f(Q)-theories are
now considered. They basically consist on replacing Q on the action (3.74) with a generic function
f(Q) of it [178, 175, 179], namely

Sf(Q) = −1

2

∫ √
−gf(Q)d4x . (3.81)

Of course, by using the action (3.81), the resulting gravitational theory is no more equivalent to
General Relativity, making new terms appearing on the Einstein field equations. In fact, the models
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involving modified theories of gravity seek to explain some phenomena which cannot be explained
by general relativity and/or removing the dark energy and dark matter degrees of freedom [16].

Among the various extensions of gravity, f(Q) models have found successful application in a
wide range of fields, including astrophysical structure modeling [180, 181], gravitational-wave phe-
nomenology [182, 183], and the study of cosmological evolution [176, 177, 184, 185, 186]. Across
these domains, they have provided observationally consistent descriptions without invoking dark
energy [187, 188].

With the above requirements, the aim is to know if an f(Q) gravity modification can improve
the preservation of information up to a cosmological expansion. The Friedmann equations (2.27a)
and (2.27b), by using the coincident gauge and the action (3.81), become [171, 176, 184]

H2 =
ϱ+ 1

2f(Q)

6fQ
, (3.82a)

H ′

a
= −1

2

ϱ+ p

12H2fQQ + fQ
, (3.82b)

The standard Friedmann equations (2.27a) and (2.27b) are clearly recovered as f(Q) → Q = 6H2.
From Eq.(3.82), the presence of an f(Q)-modification leads to an altered evolution of the Hubble

parameter H(η). As a consequence, according to Eqs. (2.44b) and (3.80), this modification results in
a different particle production. By fixing the parameters ϱ and p, Eq. (3.82) yields a new expression
for H(η). The change in H(η) also affects the scale factor a(η), whose evolution depends on the
particular f(Q) model considered, giving

amod(η) =

 1

ain
− 1√

6

∫ η

−∞

√
ρ(η′) + 1

2f(Q)

fQ
dη′

−1 . (3.83)

In turn, the function U(η) introduced in Eq. (2.38) becomes

U(η) = m2(a2
mod(η)− a2

in) + a2
mod(η)

(
(3ζ − 1)

ϱ+ 1
2
f(Q)

3fQ
+

fQ

2

ϱ+ p

2ρfQQ + f(Q)fQQ + f2
Q

)
. (3.84)

By putting U(η) from Eq. (3.84) into Eq. (2.44b), with aout now given by amod(η → +∞), one gets
the cosmological particle production for the particular f(Q) theory considered.

Within the family of modified f(Q) theories, only certain subclasses yield a finite amount of
particle production from the remote past to future infinity. In particular, to require the finiteness
of Nk, i.e. |βk|2, it is required, from Eq. (2.44b), that amod is constant at infinite future so that H2

vanishes in this limit. Since Q = 6H2, it follows that f(Q) must be well-behaved in the limit Q → 0.
Another restriction on the f(Q)-theories is given by local observations of the gravitational con-

stant G equal to (8π)−1 in the units chosen. In fact, a modified gravity theory f(Q) implies an
effective gravitational constant Geff, reading [171, 188]

Geff ≡ 1

8πfQ(Q)
. (3.85)

Obviously, Geff should deviate from 1 only by an infinitesimal amount, to match the Solar system
observations.

Resuming, to have a finite particle production and to avoid disrupting local observations, f(Q =

0) = const and |fQ(Q → 0) − 1| ≪ 1 are needed conditions. These requirements allow to select
suitable f(Q) models involving a small particle production, similarly to what was done in Ref. [73]
for f(R) modified gravity theories.
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3.3.1.2 Power-law gravity modification

The following specific model for f(Q) is now considered [175, 187, 177],

f(Q) = Q + ϵA

(
Q
A

)d

, (3.86)

where A > 0. This scenario recovers the standard ΛCDM model when d = 0 and remains consistent
with constraints from Big Bang Nucleosynthesis [189, 190, 191]. In the asymptotic future, f(Q)

remains finite for d ≥ 0, and the effective gravitational coupling Geff follows the equation

8πGeff =
1

fQ(Q → 0)


1

1+ϵ if d = 1 ;

1 if d = 0 or d > 1 ;

0 otherwise .

(3.87)

Then, the parameter d in Eq. (3.86) is restricted to be zero or strictly greater than 1, while d = 1 is
possible only if ϵ ≪ 1.

These results can be compared with known experimental bounds, confirming the reliability of
our estimated range for d. In particular, when incorporating constraints from model-independent
approaches based on cosmography [192, 193, 194, 195], the deviations from the standard cosmological
model are minimal at late times but become more pronounced in the early Universe. By following
the analyses of Refs. [196, 184, 185], the found constraints on d are consistent with scenarios that
reproduce slight departures from the ΛCDM paradigm. Moreover, observations at intermediate
redshifts imply d ≤ 2 [197], which is consistent with our bounds for d.

3.3.1.3 A practical example

To have cosmological particle production, one has to take toy models for the cosmological expan-
sion involving flatness at far future. At the end of Sec. 2.2, it was discussed how, despite the
violations of some energy conditions, such expansions may model realistic situations under certain
approximations.

Therefore, the model presented in Ref. [75], known as Bernard-Duncan model, is considered,
involving

a(η) =
1√
2

√
1 + a2in + (1− a2in) tanh(rη) . (3.88)

The free parameters of Eq. (3.88) - r in particular - can be constrained with upper limits as done in
Ref. [198] to consider the late time evolution as adiabatic and overcome the violations of the energy
conditions when the expansion decelerates.

By considering the second order perturbation theory, the relative error is expected to be propor-
tional to EP from Eq. (2.43) with n = 2. For it, one has EP ≪ 1 as long as 1 − a2in ≪ ω2

in/m
2 and

r2 ≪ ω2
in. To satisfy those conditions, massless particles are chosen m = 0. Moreover, the param-

eters are set up to be ω = 0.1 and r = 0.01. In this way, from Eq. (2.43), one has EP ≃ 5 · 10−5.
With these parameters, the Bogoliubov coefficients αω and βω can be easily found with Eqs. (2.44a)
and (2.44b), respectively. From them, the particle production Nω = |βω|2, the bounded classical
capacity (3.36) with N = 10 and the quantum capacity (3.70), were numerically computed, ob-
taining the results shown in Table 3.1 for different values of the coupling ζ between the field and
the non-metricity. As expected, the cosmological particle production is very low and the amount of
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ζ Nω=0.1 CN=10 Q

0 1.5831 · 10−25 4.8345 82.3854

1/3 1.5833 · 10−25 4.8345 82.3853

2/3 4.7439 · 10−25 4.8345 80.8021

Table 3.1: The table presents the massless particle production Nω=0.1 = |βω=0.1|2 (Eq. (2.44b)),
the constrained classical capacity CN (Eq. (3.69)) and the quantum capacity Q (Eq. (3.70)) for a
Bernard-Duncan cosmological expansion (3.88) with r = 0.01 and ain = 0.5, evaluated for different
values of the coupling ζ between the scalar field and the non-metricity scalar Q.

classical information lost by the cosmological expansion is completely negligible. On the contrary,
the quantum capacity Q slightly changes for different Nω even if Nω ≪ 1. Moreover, in General
Relativity, there is a peculiar value for the field-curvature coupling ξ giving no particle production
in the massless case - namely, the conformal coupling ξ = 1/6 from Eq. (2.33). This is not the case
in STEGR, i.e. there is no value for ζ implying no particle production. This offers a scenario where
cosmological particle production can play a pivotal role on the history of the Universe [199].

The power-law f(Q) modification given in Eq. (3.86) is examined. The particle production is
computed by inserting Eq. (3.84) into Eq. (2.44b) in place of the potential U(η) defined below
Eq. (2.38). Conventionally, it was set A ∝ Q and set A = maxη{2ρ(η)} ≃ 1.418 · 10−4. Fig 3.3
displays the results for various values of ζ, d, and ϵ, where the unmodified case from Eq. (3.86)
corresponds to ϵ = 0. As expected, the behavior of particle production depends on the sign of ϵ. For
ζ = 1/3 or ζ = 2/3, the production Nω is smaller than in General Relativity only when ϵ < 0 and
d lies within a bounded interval. In contrast, if ϵ > 0, the particle production Nω is always greater
than in the unmodified case ϵ = 0.

An opposite trend emerges in the minimal coupling case ζ = 0, where particle production Nω is
minimized for ϵ > 0. When ϵ < 0, the production still decreases w.r.t. the unmodified case, but the
reduction is much smaller than that achieved for ϵ > 0.

Since Table 3.1 shows that the classical capacity is essentially unaffected by very low particle
production, the focus is now only on the quantum capacity. In Table 3.1 the quantum capacities, for
the modified theories of gravity presented in Fig. 3.3 f(Q) modifications, are shown and compared
with their General Relativity values. For each coupling ζ, the maximum quantum capacity occurs
at d = dmin, where particle production reaches its minimum Nmin

ω . This allows us to quantify the
maximum possible gain in quantum capacity as

∆Q =
Q(Nω = Nmin

ω )Q(ϵ = 0)

Q(ϵ = 0)
. (3.89)

The values of ∆Q are reported in Tab. 3.2, as well as the numerically computed values of dmin.
As a result, for each coupling ζ, there exists a polynomial f(Q) model, with parameters given

in Table 3.2, that preserves quantum information from the remote past more effectively than the
unmodified case. A direct comparison with General Relativity can be made for the minimal coupling
ξ = ζ = 0, where the scalar field Lagrangian (2.15) coincides with the STEGR one. In this setting,
the f(Q) model of Eq. (3.86) with d ≃ 1.59 and ϵ = 0.004 enhances the quantum capacity (i.e., the
amount of conserved information from the early Universe) by up to 4.23%. This model also preserves
the gravitational coupling G in the far future, ensuring consistency with local observations.
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Figure 3.3: Number of massless scalar particles Nω with frequency ω = 0.1 produced during a
cosmological expansion described by the scale factor (3.88) (with ain = 0.5 and r = 0.01) as a function
of the parameter d in the modified gravity theory f(Q) from Eq. (3.86), with A ≃ 1.418 × 10−4.
The particle production Nω is shown for various values of the coupling ζ between the scalar field
and the non-metricity scalar Q = 6H2, and for different choices of ϵ, an additional parameter of the
f(Q) modification in Eq. (3.86).
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ζ ϵ dmin ∆Q

0 0.004 1.59 4.23%

1/3 −0.004 1.61 0.89%

2/3 −0.004 1.69 7.76%

Table 3.2: This table lists, for each value of the coupling ζ, the maximum quantum capacity gain ∆Q

(Eq. (3.89)) attainable within the modified gravity model (3.86) when restricting to |ϵ| = 0.004. The
second and third columns give, respectively, the values of the parameters ϵ and d of the power-law
modification required to achieve the gain ∆Q.

3.3.2 Entanglement creation and preservation

From the literature (E.g. Refs. [200, 201, 202]), it is well known that the particles created from
vacuum, with momentum k by a cosmological expansion are maximally entangled with the particle
created from vacuum with momentum −k. In this way, the entanglement entropy between two
particles with momenta k and −k is zero before the cosmological expansion and becomes then
h(1/2 +Nk) after it.

The formalism introduced in Sec. 3.2 is now used to generalize this result to a whatever initial
maximally entangled state in place of the vacuum. In other words, the focus is on the preservation
of entanglement up to a cosmological expansion. A two-modes Gaussian state is considered for this
purpose. Its covariance matrix is expressed by Eq. (3.40), where the two modes k and −k have
opposite direction.

With these requirements, Eqs. (3.49), (3.50), (3.51) and (3.52), from Eq. (2.36) simplify to

ñk = |αk|2nk + |βk|2(1 + n−k)− 2ℜ (α∗kβkχk,−k) ; (3.90)

m̃k = α∗2k mk + β∗2k m−k − 2αkβ
∗
kγ
∗
k,−k . (3.91)

γ̃k,−k = −αkβ
∗
km
∗
k − α∗kβkm−k + (|αk|2 + |βk|2)γk,−k ; (3.92)

χ̃k,−k = −α∗kβ
∗
k(1 + nk)− β∗kα

∗
kn−k + (α∗2k + β∗2k )χk,−k . (3.93)

As input, a maximally entangled state, represented with the matrix (3.44), is taken. In this case,
Eqs. (3.90), (3.91), (3.92) and (3.93) become respectively

ñ±k = (1 + 2Nk)nk +Nk − 2
√
Nk(Nk + 1) cos(θ − φα + φβ) , (3.94)

m̃k = 0 ; (3.95)

γ̃±k,∓k = 0 ; (3.96)

χ̃k,−k =−
√
Nk(1 +Nk)e

−iφα−iφβ + (1 +Nk)e
−2iφα+iθ

√
nk(1 + nk)

+Nke
−2iφβ−iθ

√
nk(1 + nk) , (3.97)

where φα and φβ are the phases of αk and βk, respectively.
From Eq. (3.41) and by using the parameters (3.94), (3.95), (3.96) and (3.97) the two symplectic

eigenvalues are both equal to 1/2. Therefore, the opposite modes maximally entangled state is still
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Figure 3.4: The entanglement entropy SE - by Eq. (3.99) - of a state made initially by 10 particles
with momentum i maximally entangled with other 10 particles with opposite momentum - labelled
with −i after a cosmological expansion, creating Ni particle in both the modes considered. The
initial entanglement entropy is represented by the black line, while the light blue region represents
the possible values of the final entanglement entropy (from Eq. (3.99)) by spanning c from −1 to
+1. The red line represents the average entanglement entropy and the dark blue region encloses the
values around the average within a standard deviation (i.e. spanning c from − 1√

2
to + 1√

2
).

maximally entangled after the cosmological expansion. However, its entanglement entropy changes,
becoming

SE(σ̃) = h

(
1

2
+ ñk

)
= h

(
1

2
+ nk +Nk(1 + 2nk)

−2
√
nk(nk + 1)

√
Nk(Nk + 1) cos(θ − φα + φβ)

)
, (3.98)

The result in Eq. (3.98) agrees with the one provided in the literature [200, 201, 202] when starting
with the vacuum, i.e. nk → 0, providing a generalization of the last scenario.

The final entanglement entropy would be dependent by the parameter θ, arising from a unitary
evolution of the initial state. Since the time where the state is initially created is assumed to be
indefinite in the remote past, the value of θ would be not determined as well. Therefore, θ can be
considered as a random variable going from −π to +π. In this way, the variable c := cos(θ−φα+φβ)

becomes a random variable ranging from −1 to +1 with a probability distribution with average 0

and standard deviation 1√
2
. The output entanglement entropy can be rewritten in terms of c, for

simplicity, as

SE(σ̃) = h

(
1

2
+ nk +Nk(1 + 2nk)− 2

√
nk(nk + 1)

√
Nk(Nk + 1)c

)
, (3.99)

In Figs. 3.4 and 3.5 the entanglement entropy (3.99) is shown before and after the cosmological
expansion. In the aforementioned figures, for SE(σ̃), it is shown the average (red line), the region
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Figure 3.5: The entanglement entropy SE - by Eq. (3.99) - of a state made initially by ni entangled
particles between the mode i and its opposite −i, after a cosmological expansion creating Ni = 0.5

particles in the mode i momentum i maximally entangled with other 10 particles with opposite
momentum. The meanings of the black line, red line, dark blue region and light blue region are
analog to the ones assigned in Fig. 3.4.

of values between the standard deviation of cos(φ + θ) (dark blue region) and the region of all the
possible values (light blue region).

From Fig. 3.4, the more is the particle production, the more is the average entanglement entropy
gained from the cosmological expansion. It is interesting how there is a non-null probability of
entanglement degradation, i.e. of a decreasing of the entanglement entropy after the cosmological
expansion. The probability of degradation can be computed to be

pdegr =
1

π
arccos

(
1 + 2ni

2
√

ni(ni + 1)

√
Ni

Ni + 1

)
. (3.100)

From Fig. 3.5, the enhancement of entanglement is guaranteed is ni is particularly low. From
Eq. (3.100), this happens when the argument of the function arccos is greater than one i.e. when
the the following is satisfied

Ni > 4ni + 4n2
i . (3.101)

Resuming, a scenario with the greatest particle production is the one maximizing the final entan-
glement entropy between particles with opposite modes. This is quite obvious having the vacuum
as initial state. However, the situation is more tricky when considering the presence of ni entangled
particles before the cosmological expansion. Indeed, in this case, the initial entanglement have a
probability, one has a degradation probability given by Eq. (3.100). The more is the particle pro-
duction, the less is this probability, until entanglement enhancement is guaranteed when condition
(3.101) is reached.
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3.4 Information transmission through a semitransparent mov-
ing mirror

In Sec. 3.3, the particle production by a cosmological expansion was proved to decrease the trans-
mission capabilities of a channel from remote past to far future. This result was expected, since
the channel is noiseless in case of no cosmological expansion, which in turns constitutes a source of
communication noise. However, one may wonder how particle production affects quantum channels
which are already noisy. In particular, it is worth exploring if the effects predicted by quantum
field theory in curved spacetime may help the communication of a channel or if it provides a further
obstacle to it.

A semitransparent mirror, with transmission coefficient τc < 1, provides a straightforward ex-
ample of a lossy quantum channel, whose loss is given by the reflected fraction of incident light.
For this reason, to solve the aforementioned puzzle, the transmission of scalar particle through a
(1 + 1)D semitransparent mirror was considered. From an optical perspective, a (1 + 1)D mirror
can be emulated by a realistic (3 + 1)D in an environment where particle are guided towards one
particular direction [203]. Therefore, to provide more realistic model for the dynamical Casimir
effect, it is worth to extend it when mirrors are not completely reflecting - since any material is no
more reflecting for frequencies high enough.

Moreover, as specified in Sec. 2.3.2, a perfectly reflecting mirror emulates the radiation emitted
by a collapsing shell of matter. To this scenario, a particle reflected by the mirror would return to
the source, meaning that the it is re-expelled from the collapsing matter to a distant observer. On
the contrary, a wave transmitted from a moving mirror would enclose the possibility that incoming
radiation is swallowed by the collapsing matter shell when crossing it. Therefore, in the black hole-
mirror analogy, the mirror semitransparency constitutes a nice extension - including the possibility
of absorption of radiation from the collapsing matter.

The system considered is made by a massless scalar field Φ̂ and a semitransparent mirror in
a (1 + 1)D spacetime. The static coordinates are defined as (x, t). The mirror is expressed by a
delta-like classical potential, leading to the Lagrangian density

L = ∂µΦ̂∂
µΦ̂ + ηΦ̂δ(x− xm) , (3.102)

where xm indicates the mirror position. From Eq. (3.102), the reflection and transmission amplitudes
are dispersive - i.e. dependent on the frequency of the incident wave ω - and they are respectively
[204]

r(ω) =
−iη

ω + iη
; s(ω) =

ω

ω + iη
. (3.103)

In this way, the transmission coefficient of the mirror corresponds to |s(ω)|2.
The field Φ̂ can be expanded as

Φ =
∑

J=L,R

∫ ∞
0

dω
(
ϕJ
ωâ

J
ω + ϕJ∗

ω âJ†
ω

)
, (3.104)

where, by following the notation from Sec. 2.3.2, ϕR
ω and ϕL

ω are respectively the right-travelling and
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left travelling modes. By using the null coordinates u = t− x and v = t+ x, they read

ϕL
ω(u, v) =

1√
4π|ω|

(
s(ω)e−iωvθ(u− v + 2xm) +

(
e−iωv + r(ω)e−iωu

)
θ(v − u− 2xm)

)
, (3.105)

ϕR
ω (u, v) =

1√
4π|ω|

(
s(ω)e−iωuθ(v − u− 2xm) +

(
e−iωu + r(ω)e−iωv

)
θ(u− v + 2xm)

)
. (3.106)

If the mirror is moving, the reflection and transmission coefficients r(ω) and s(ω) would change
accordingly and the situation become way more complex [205]. To avoid this problem, the approach
used in Ref. [206] is used. To this purpose, one can use the mirror null comoving coordinates (u, v),
to build a complete and orthonormal set of normal modes gJ=R,L

ω (u, v), analog to the ones in Eq.
(3.105) and (3.106), i.e.

gL
ω(u, v) =

1√
4π|ω|

(
s(ω)e−iωvθ(u− v) +

(
e−iωv + r(ω)e−iωu

)
θ(v − u)

)
, (3.107)

gR
ω (u, v) =

1√
4π|ω|

(
s(ω)e−iωuθ(v − u) +

(
e−iωu + r(ω)e−iωv

)
θ(u− v)

)
. (3.108)

The relation between the coordinates (u, v) and (u, v) is [116, 121]

du(u)

du
=
√
∂up(u) ,

dv(v)

dv
=
√

∂vf(v) , (3.109)

which is obviously dependent on the mirror trajectory um = f(v) (or, vm = p(u)). Since both
{ϕJ

ω}ω,J=R,L and {gJ
ω}ω,J=R,L form a complete and orthonormal set of modes, the input modes can

be written through a completeness relation as

ϕJ
ω =

∑
J′=L,R

∫ +∞

−∞
dω′χ(ω′)

(
ϕJ
ω, g

J′

ω′

)
KG

gJ′

ω′ , (3.110)

where χ is the sign function. The output signal is considered at the right of the mirror. In this way,
the outgoing left-travelling waves can be neglected from now on.

At infinite past and at the right side of the mirror, one has ϕR
ω = gR

ω′ = 0, ϕL
ω = e−iωv√

4π|ω|
and

gL
ω = e−iωv√

4π|ω|
, assuming the mirror to have a time-like trajectory. In this way, the Klein-Gordon

scalar product in Eq. (3.110) for the left-travelling modes can be easily computed by considering
the Cauchy surface at the right-infinite past. Then, from Eq. (3.110), one has

ϕL
ω =

1√
4πω

e−iωv

+

√
ω

4π
i

∫ +∞

−∞
dv′
(
1

2
χ(u(u)− v(v′))− θ(u(u)− v(v′))e−η(u(u)−v(v

′))

)
e−iωv′

. (3.111)

Analogously, the right-travelling modes are computed as

ϕR
ω = −i

√
ω

4π

∫ u

−∞
du′e−η(u(u)−u(u

′))e−iωu′
. (3.112)

The output modes, in the far future and right side of the mirror, read ϕout
ω ∼ e−iωu

4π|ω| . Therefore, by
choosing this Cauchy surface, the Bogoliubov coefficients through the Klein-Gordon scalar product
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(2.17) between ϕout
ω and ϕJ

ω. In particular, by defining αJ
ωω′ :=

(
ϕout
ω , ϕJ

ω′

)
and βJ

ωω′ :=
(
ϕout∗
ω , ϕJ

ω′

)∗,
one has

αL
ωω′ = − η

2π

√
ω′

ω

∫ +∞

−∞
dv′
∫ +∞

−∞
duθ(u− v(v′))eηv(v

′)+iω′v′
e−ηu−iωu(u) , (3.113)

αR
ωω′ = δ(ω − ω′)− η

2π

√
ω′

ω

∫ +∞

−∞
du′
∫ +∞

−∞
duθ(u− u(u′))eηu(u

′)+iω′u′
e−ηu−iωu(u) , (3.114)

βL
ωω′ = − η

2π

√
ω′

ω

∫ +∞

−∞
dv′
∫ +∞

−∞
duθ(u− v(v′))eηv(v

′)−iω′v′
e−ηu−iωu(u)dv′du, (3.115)

βR
ωω′ = − η

2π

√
ω′

ω

∫ +∞

−∞
du′
∫ +∞

−∞
duθ(u− u(u′))eηu(u

′)−iω′u′
e−ηu−iωu(u) . (3.116)

3.4.1 Mirrors with a finite acceleration period

To find analytical solutions for the Bogoliubov coefficients (3.113), (3.114), (3.115) and (3.116) a
particular prescription for the mirror trajectory is considered. In particular, the mirror is considered
to be static at x = 0 before a time t = 0. Afterwards, the mirror starts to accelerate with a certain
trajectory z(t), reaching a velocity V at the time t0. After t0, the mirror stops to accelerate and
continues to travel inertially at the velocity V - positive if the mirror is right-travelling and negative
otherwise. For a notation convenience, the velocity V is expressed by the parameter ν := 1−V

1+V , so
that ν > 1 if the mirror is travelling towards the left and ν < 1 otherwise.

From Eq. (3.109), the trajectory of the mirror can be expressed through u(u) or v(v), reading

utot(u) =


u, if u ≤ 0,

u(u), if 0 < u ≤ u0,

u(u0) + ν−1/2(u− u0), if u > u0,

(3.117)

vtot(v) =


v, if v ≤ 0,

v(v), if 0 < v ≤ v0,

v(v0) +
√
ν(v − v0), if v > v0.

(3.118)

By putting the trajectories (3.117) and (3.118) into Eqs. (3.113), (3.114), (3.115) and (3.116), one
obtains the Bogoliubov coefficients

αL
ωω′ =O(u0)

− η

2π

√
ω′

ω

[
1

(ω
√
ν − iη) (−ω′ + iη)

− 1

(−ω′ + iη)(ω − ω′ + iϵ)
− 1

(ων − ω′ − iνϵ) (ω
√
ν − iη)

]
.

(3.119)

αR
ωω′ =δ(ω − ω′) +O(u0)

− η

2π

√
ω′

ω

[
1

(ω
√
ν − iη) (−ω′ + iη)

− 1

(−ω′ + iη)(ω − ω′ + iϵ)
− 1

(ω − ω′ − iϵ) (ω
√
ν − iη)

]
.

(3.120)

βL
ωω′ =− η

2π

√
ω′

ω

[
1

(ω
√
ν − iη) (ω′ + iη)

− 1

(ω′ + iη)(ω + ω′)
− 1

(ων + ω′) (ω
√
ν − iη)

]
+O(u0) . (3.121)

βR
ωω′ =− η

2π

√
ω′

ω

[
1

(ω
√
ν − iη) (ω′ + iη)

− 1

(ω′ + iη)(ω + ω′)
− 1

(ω + ω′) (ω
√
ν − iη)

]
+O(u0) , (3.122)



56 3. Quantum communication via single bosonic modes

where ϵ is the regularization parameter introduced below Eq. (2.66b). From its definition, the Dirac
delta in Eq. (3.120) comes out from ϵ through the limit

δ(ω − ω′) = lim
ϵ→0

1

π

ϵ

ϵ2 + (ω − ω′)2
(3.123)

In Eqs. (3.119), (3.120), (3.121) and (3.122), O(u0) refers to a term depending on the acceleration
period, from t = 0 to t = t0. One can prove that those terms are proportional to u0 and finite for
ϵ → 0. Therefore, if the acceleration period is very short - i.e. u0ω ≪ 1, then the terms O(u0) can
be neglected. This case is considered, both for the reason above and because - as later shown - those
term do not affect the quantum communication capabilities of the channel transmission.

The particle production reads

Nω =

∫ ∞
0

dω(|βL
ωω|2 + |βR

ωω′ |2) . (3.124)

By putting Eqs. (3.121) and (3.122) in Eq. (3.124), in case of a very short acceleration period, the
particle production can be numerically computed, with the results shown in Fig. 3.6. From it, the
particle production is proportional with the reflectivity of the mirror η. This is expected since a
reflective mirror provides a stronger boundary on the field modes - while full transparency means
no boundary at all. The last two plots in Fig. 3.6 show the particle production for different values
of the mirror final speed V - the second (resp. third) showing the case where the mirror travels
towards its right (resp. left). By comparing those, even if |V | is the same, the particle production
is way higher if the mirrors goes towards the detector.

3.4.2 Quantum channel from the mirror transmission

The communication protocol considered involves a one-mode Gaussian state sent through the mirror
from its left to its right. The transmissivity τ and the parameter in the additive noise (3.23) are
given by Eqs. (3.65) and (3.66) with n = 1.

From Eq. (3.120), by considering δ(0) = limϵ→0
1
πϵ , one obtains

αR
ωω = δ(0)

(
1− η

2

(
1

ω′ − iη
− 1

ω
√
ν − iη

))
. (3.125)

The beta Bogoliubov coefficients (3.115) and (3.116) have no divergent behaviour when ω = ω′. For
this reason, from Eq. (3.66) one has B = C = 0, hence, from Eqs. (3.65) and (3.23)

τ =
4Ω4ν +Ω2 (1 +

√
ν)

2

4 (Ω2ν + 1) (Ω2 + 1)
; n = 0 . (3.126)

where Ω := ω/η. From Eq. (3.126), the channel turns out to be lossy since τ < 1. Therefore,
the parameter τ can be seen as the mirror average transmission coefficient, modified by the mirror
motion and acceleration. When ν = 1, the mirror is static and τ = ω2

ω2+η2 which is the expected
transmission coefficient |s(ω)|2 in Eq. (3.103).

Interestingly, the transmissivity of the channel (3.126) is independent from the mirror acceleration
period. In fact, this period gives the terms indicated by O(u0) in the Bogoliubov coefficients in Eqs.
(3.119), (3.120), (3.121) and (3.122), which are convergent for ω = ω′ and ϵ → 0 and therefore they
neglect when put in Eq. (3.65). This means that, the average transmission coefficient of a moving
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Figure 3.6: Particles produced by (1 + 1)D semitransparent mirrors with reflectivity η, accelerating
very fast from being static to reach a final speed V - parametrized by ν = 1−V

1+V .
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mirror depends solely on its initial and final velocity, regardless the way it accelerates to it. This is
explained by the fact the transmission coefficient is averaged from infinite past to infinite future, so
that any finite acceleration period turns out to be negligible6.

If the mirror goes towards its right, i.e. towards the receiver, then τ from Eq. (3.126) decreases
to reach the value 1

4 |s(ω)|
2, i.e. 1/4 w.r.t. its static value. If the mirror goes towards its left, i.e.

towards the sender, the transmissivity τ increases as long as ν < νcrit, where

νcrit(Ω) =
9

2
+

4

Ω2
+

1 + (3Ω2 + 1)
√

(9Ω2 + 1)(Ω2 + 1)

2Ω4
. (3.127)

When ν > νcrit, the transmissivity τ decreases again to reach τ =
Ω2+ 1

4

Ω2+1 as ν → ∞.
The existence of a speed νcrit - over which the transmissivity decreases - is a feature arising

purely from quantum field theory in curved spacetime, without occurring in the classical case. In
fact, classically, the transmission coefficient is obtained by averaging the one when the mirror is
static |s(ω)|2 and the one when the mirror is traveling at a speed V , i.e. |s(

√
νω)|2 - since the

frequency ω of an incoming wave is shifted in the mirror frame through its motion. In this way,
classically, an average transmission coefficient is provided by

τc =
1

2
(|s(ω)|2 + |s(

√
νω)|2) = 2νΩ4 + (1 + ν)Ω2

2(Ω2 + 1)(νΩ2 + 1)
. (3.128)

From Eq. (3.128), τc increases always as ν increases, as expected from the mirror Doppler blueshift.
In this way, the fact that τ decreases when νcrit clearly indicates an interference with the particles
produced during the short acceleration period.

Interestingly, νcrit decreases with Ω. Moreover, for Ω → ∞, νcrit → 9, corresponding to a velocity
Vcrit = −0.8. Therefore, to see the effects of the particle production in the mirror transmission
coefficient, the mirror needs to accelerate towards the sender and reaching a speed |V | > 0.8.

A plot for τ is portrayed in Fig. 3.7, where the static case ν = 1, the case ν = 10 - where V is
close to −0.8 - and ν = 1000 - i.e. very close to the speed of light - are compared. Moreover, by
comparing τ and τc from Eqs. (3.126) and (3.128), one has τc > τ . In particular, one can compute

∆τ =
τc − τ

τc
=

(1−
√
ν)2

2(2νΩ2 + 1 + ν)
, (3.129)

which is plotted in Fig. 3.8. Since ∆τ > 0, the question asked at the beginning of the section can
be answered, as that the effects from quantum field theory in curved spacetime create a noisy effects
even to "already noisy" quantum channels. By putting Eq. (3.126) into Eqs. (3.36) and (3.39),
the classical and quantum capacity can easily be obtained. They are shown respectively in Figs.
3.9 and 3.10. By looking at Fig. 3.9, to transmit as much classical information as possible, the
mirror should accelerate towards the sender at a speed as close as possible to the speed of light.
On the contrary, from Fig, 3.10, to optimize the transmission of quantum information, the mirror
should accelerate to a speed not greater than νcrit. This reflects the fact that the decreasing of τ for
ν > νcrit affects the transmission of quantum information, while to transmit classical information
the scenario is analog to the classical one.

6The situation can be reproduced in laboratory as long as the acceleration period is way shorter than the mea-
surement period.
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Figure 3.7: Average transmission coefficient τ , from Eq. (3.126), of a mirror accelerating towards
the radiation source, from being static, to a velocity V = ν−1

ν+1 .

Figure 3.8: Decreasing ∆τ (in percentage) of the transmission coefficient, obtained from Eq. (3.129),
when considering quantum field theory in curved spacetime instead of a classical theory.
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Figure 3.9: Energy bounded classical capacity - with E = 5 - of the channel arising from the
transmission of a signal through a mirror whose trajectory is described in Fig. 3.7.
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Figure 3.10: Quantum capacity of the channel arising from the transmission of a signal through a
mirror whose trajectory is described in Fig. 3.7.
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Figure 3.11: The communication protocol whose properties are given by the Bogoliubov coefficients
(2.46a) and (2.46b). The two communicating parts are separated through a black hole and want to
communicate through it.

3.5 Can information be recovered from evaporating black holes?

This question lies at the heart of one of the most profound problems in theoretical physics: the
black hole information paradox. According to Hawking’s semiclassical analysis, black holes radiate
thermally and eventually evaporate completely, apparently erasing the information about the initial
state of the matter that formed them. However, the problem is here addressed by using a mathe-
matical tool allowing for simplified calculations regarding black hole radiation, i.e. (1+ 1)D moving
mirrors (see Sec. 2.3.2).

As shown in Sec. 2.3.2, a Carlitz-Willey accelerated mirror (2.69) would lead to the same
radiation occurring for an eternal black hole, i.e. (2.47), given by the Bogoliubov coefficients (2.46a)
and (2.46b) with l = l′ and m = m′. From the same Bogoliubov coefficients, the relative bosonic
communication channel can be studied as in Sec. 3.2. The resulting communication protocol involves
Alice sending a one-mode Gaussian state, with frequency ω into an eternal Schwarzschild black hole
with mass M while the receiver Bob is on the opposite side of it, attempting to retrieve Alice’s
signal. This scenario is shown in Fig. 3.11. By putting the coefficients (2.46a) and (2.46b) into Eqs.
(3.65) and (3.66) the following channel parameters are obtained

τ = 0 ; n =
1

e8πMω − 1
. (3.130)

This means that Alice’s signal is completely erased by the black hole and that the only thing Bob
achieves is n, which is Hawking radiation itself, as additive noise. This is exactly what is expected
for an eternal black hole, emitting radiation and swallowing each ingoing signal.

It is now insteresting to see what happens if the black hole evaporates. To answer this question
a mirror analog to an evaporating black hole must be defined. This was done in Ref. [207], where
the trajectory of the mirror emulating an evaporating black hole is schematized in Fig. 3.12. This
trajectory is analog to the one in Eq. (2.73) but κ is time-dependent - namely κ = 1

4M(t) - and M(t)

follows the evaporation curve (2.63). When the black hole completely evaporates, the mirror should
be static again, because each input signal would be perfectly reflecting at that point. However,
the transition from the Schwarzschild spacetime to a Minkowski spacetime occurs smoothly in the
trajectory in Fig. 3.12. This smoothness was imposed in Ref. [207] since a sharp trajectory transition
- as studied in Sec. 3.4 - would create a huge number of particles. However, the energetic content
of a black hole - i.e. its mass - should be very low at the end of the evaporation stage. In this way,
a sharp trajectory transition would create a huge amount of particles violating energy conservation.
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Figure 3.12: Trajectory of mirror emulating an evaporating black hole from the study in Ref. [207].

Even if the model in Ref. [207] is reasonable, there is actually no hint of a process involving
a smooth transition during the black hole complete evaporation. Moreover, the mass evolution in
Eq. (2.63) was obtained by considering an adiabatic evaporation [30]. In particular, it was obtained
by considering Eq. (2.72) for the flux of energy emitted. However, this flux slightly deviates from
Eq. (2.72) when the black hole mass is changing. In other words, to obtain Eq. (2.63), the black
hole evaporation considered to be so slow that any backreaction effects that the effects given by the
horizon shrinking are negligible. While this is obviously true on the early evaporation stage, the
mass can evolve in a considerable way at late evaporation stages, requiring a generalization of the
flux (2.72).

Therefore, the evaporating black hole analog mirror model of Ref. [207] is now revisited by
considering a different flux of energy emitted. Moreover, a sharp transition when the black hole
completely evaporates is now allowed without violating energy conservation. As mirror trajectory,
Eq. (2.73) is considered, to let Hawking radiation switching on at t ∼ 0. However, the parameter
κ = 1

4M in Eq. (2.73) is now time-dependent as the black hole mass changes. To study the black
hole mass evolution, the energy conservation is employed, i.e. dE

dt = −dM
dt . From the mirror analogy,

dE
dt is given by the flux F of energy radiated at the right of the mirror given by Eq. (2.68). If κ
is not time-dependent, one obtains Eq. (2.71) and the energy conservation F = −dM

dt gives exactly
the black hole mass evolution (2.63).

In case κ evolves in time, by putting Eq. (2.73) into Eq. (2.68), one has a third order differential
equation as

Ṁ = −F (t,M, Ṁ, M̈ ,
...
M) , (3.131)

with initial conditions M(0) = M0, Ṁ(0) = 1
768πM2

0
, M̈(0) = 1

384πM3
0
, as they are the derivatives

occurring in the adiabatic case. Eq. (3.131) can be simplified by considering two range of times:

• 0 ≤ t ≤ t0, the deviations from the Hawking flux (2.71) are negligible - i.e. the process can be
considered as adiabatic.

• t0 < t < tev, where the aforementioned deviations become non-negligible.
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Figure 3.13: Mass evolution curve M(t) of a black hole with initial mass M0 = 10 obtained from
Eq. (3.132) (continuous line) and from Eq. (2.63) (dashed line).

For t0, the condition is that Ṁ
M t0 ≪ 1, which is verified if t0 ≫ 2M0. Since the evaporation time tev

is expected to be of the order M3
0 , then the existence of a time t0 such that the mass transformation

is adiabatic before it implies M3
0 ≫ M0, i.e. M0 ≫ 1.

In the range 0 < t < t0, the flux of energy radiation can be approximated to the adiabatic
one in Eq. (2.71), while in the range t0 < t < tev one can approximate W (exp(−t/2M(t))) ∼
exp(−t/2M(t)) in Eq. (2.73). In this way, Eq. (3.131) becomes

Ṁ = 1
768πM2 for 0 < t < t0 .

Ṁ = −
3 M̈2

M2 t2+ 1
4M2

(
1− Ṁ

M t
)4

+2
...
M
M t

(
1− Ṁ

M t
)
−12 M̈Ṁ

M2 t

192π
(
1− Ṁ

M t
)2 for t > t0 .

M(t = 0) = M0 .

(3.132)
The numerical solution of Eq. (3.132) for the mass evaporation curve is plotted in Fig. 3.13 and

compared with the Hawking one (2.63). The parameter t0 was fixed at 200M0 and by doing this,
the evaporation time tev results to be ∼ 103 times greater than t0, validating our approximation.

From Fig. 3.13, the event horizon shrinking inreases the mass evaporation rate. This result is
in line to the one predicted by models involving Hawking radiation via a tunneling effect [94, 208].
Moreover, a very noticeable thing one sees from Fig. 3.13 is the sudden mass drop occurring on a
critical time called tc.

Remarkably, this stiffness is not given by any singularity, but it is actually smooth and it can
be analytically predicted. In fact, for t < tc the mass derivatives are not expected to depart too
much from their value in the adiabatic case. In this way, the orders of Ṁ , M̈ and

...
M are expected

respectively to be 
Ṁ ∼ 10−3/M2

0 ;

M̈ ∼ 10−6/M5
0 ;

...
M ∼ 10−9/M8

0 .

(3.133)

Bearing this in mind, in Eq. (3.131) for t0 < t < tc the second term on the numerator in the r.h.s.
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Figure 3.14: Numerical solutions for the mass evolution from Eq. (3.134) (thick line) and the one
from Eq. (3.132) (dashed line).

is dominant w.r.t. the other numerator terms so that one may write

Ṁ ∼ − 1

768πM2

(
1− Ṁ

M
t

)2

. (3.134)

From Fig. 3.14, the solutions of Eqs. (3.134) and (3.132) basically coincide when t < tc. By
manipulating Eq. (3.135), one has

Ṁ = −384πM4

t2
+

M

t
+

384πM4

t2

√
1− t

192πM3
, (3.135)

whose solution exists only if t ≤ 192πM3(t). Therefore, as t increases to 192πM3, M̈(t) diverges
as ∼

(
1− t

192πM3

)−1/2. As a consequence, the terms in Eq. (3.132) in the numerator which were
neglected to achieve Eq. (3.134) suddenly increase, in a neighborhood of t = 192πM3(t), becoming
dominant and making M(t) to drop sharply as Fig. (3.13) shows.

At this point, tc can be associated to the time at which the square root of Eq. (3.135) nullifies,
i.e. tc = 192πM3

c , where Mc is a critical mass, studied numerically to be Mc ∼ 0.7937M0 ≃ 2−1/3M0

- tested for masses from M0 = 5 to M0 = 50. Therefore, one has have

Mc ≃
M0
3
√
2
=⇒ tc ≃ 96πM3

0 =
3

8
tHev, (3.136)

where tHev := 256πM3
0 is the evaporation time predicted in the adiabatic process.

When t > tc, the mass drops to zero in a finite but very short time. Effectively, one has
tev ∼ tc = 3

8 t
H
ev. To conclude, the BH evaporates faster by taking into account mass evaporation

effects on the radiation, reducing the evaporation time by a factor ∼ 3/8.
Physically speaking, the sharp drop of the mass is consistent with the sharp transition from

a Schwarzschild to a Minkowski spacetime - or, in the analog mirror framework, from the sharp
deceleration that the mirror should have at tev to return static. Both the processes, in fact, are
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expected to create a huge amount of particles, carrying energy that should be drained from the
black hole mass. This explains why the complete evaporation occurs when the black hole mass
reaches Mc. In fact, the critical mass would correspond to the energy needed for the evaporation to
occur, i.e. to the energy needed to create the particles occurring from the Schwarzschild-Minkowski
transition.

Another possible interpretation relies on the failure of quantum field theory in curved spacetime
on late stages of black hole evaporation. Indeed, quantum gravity effects are expected to occur as
Ṁ ∼ M . In the just studied scenario, this happens way before than in the adiabatic evaporation
process. Therefore, the stiffness at tc may simply tell us that quantum gravity is needed not only
when M ≪ 1 but even before, i.e. when M −Mc ≪ 1.

In a quantum communication perspective, by using a mirror analogy, an evaporating black hole
consists in a Carlitz-Willey accelerated mirror which sharply returns static after its evaporation at
tc = 192πM3

0 . Then, both the sender and the receiver are considered at the right of this mirror.
Clearly, since the mirror is asymptotically static both at infinite past and infinite future, for the
transmissivity one has τ = 1.

To compute the additive noise, the parameters B and C must be explicitly computed. The main
source of noise is expected to occur at the time tc, where the mirror supposedly goes from a speed
V = ż(tc) very close to the speed of light to be static at V = 0. The situation is very similar to
the one in Sec. 3.4.1 for impulsive accelerated mirrors going from V = 0 to a speed parametrized
by ν. One can easily study the inverse situation, i.e. the one when the mirror goes from a speed
parametrized by ν to be static, obtaining, in the perfectly reflecting limit η → ∞, the following
Bogoliubov coefficients

αR
ωω′ = − i

2π

√
ω′

ω

(
1

ω − ω′ + iϵ
− 1

ω − ω′ν − iνϵ

)
; (3.137)

αL
ωω′ = 0 ; (3.138)

βR
ωω′ = − i

2π

√
ω′

ω

(
1

ω + ω′
− 1

ω + ω′ν

)
; (3.139)

βL
ωω′ = 0 . (3.140)

Since ν ≫ 1, the two non-null coefficients (3.137) and (3.139) can be approximated to

αR
ωω′ = − i

2π

√
ω′

ω

1

ω − ω′ + iϵ
; (3.141)

βR
ωω′ = − i

2π

√
ω′

ω

1

ω + ω′
. (3.142)

By putting Eqs. (3.141) and (3.142) into Eqs. (3.66) one can easily obtain

B = Nω =
1

δ(0)

ln ωc

ω

4π2ω
− 1 ; C =

1

δ(0)

ln ωc

ω

4π2ω
, (3.143)

where ωc is an ultraviolet cutoff. Despite the divergence on the numerator and denominator, there
is no way to relate ωc to the Dirac delta 1

πϵ as done for eternal black holes in Sec. 2.3. In fact,
in the aforementioned section, the divergence in Eq. (2.47) was related to δ3(0) by using Eq.
(2.21a). However, this method does not work for the coefficients (3.141) and (3.142) since |αR

ωω′ |2 =
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|βR
ωω′ |2 + δ(0). Therefore, the cutoff ωc appears to be unrelated with δ(0), and therefore to the

infinitesimal ϵ in Eq. (3.141). Nevertheless, energy conservation implies∫ ωc

0

ωNω = Mc . (3.144)

In this way, ωc is related to the critical mass Mc as

Mc =
ωc

4π2
. (3.145)

From Eq. (3.145), ωc turns out to be a finite-valued parameter. As a consequence, the parameters
B and C from Eq. (3.143) become negligible. This is of course a consequence of a finite particle
production averaged on an infinite range of time. By using the wave packets introduced in Sec. 2.3,
a finite additive noise is expected. This noise would fade as the communication scheme occurs in
delay w.r.t. the evaporation time.

To conclude, by using the mirror-analog model, if a message is sent into an already formed
evaporating black hole, it should come out unaltered after the black hole complete evaporation. The
outgoing message would be accompanied by an additive noise which is ∼ Mc if the message is sent
just after the black hole formation, fading if sent afterwards.

This result appears to be out of the box w.r.t. the standard picture emerging from many ap-
proaches to black-hole evaporation, predicting a scrambling of the information fallen into a black
hole. The different prediction originates from the specific assumptions of the mirror-analog model.
In most treatments, the dynamics across the horizon is analyzed using semiclassical QFT on a fixed
background, where the event horizon is assumed to persist long enough for the infalling degrees
of freedom to be effectively absorbed. In contrast, the mirror model does not incorporate a true
geometric horizon, but rather an effective, time-dependent boundary condition encoding the causal
structure seen by the external observer. Because the mirror trajectory is constructed to reproduce
the Hawking flux without appealing to trans-horizon propagation, information is never truly lost
behind a one-way surface: it is instead temporally delayed and re-emitted.

This simplifying feature makes the mirror model extremely transparent but also non-geometric.
The absence of a strict event horizon implies that any ingoing signal is always, in principle, reflected
back - though possibly after an exponentially long time. For this reason, the model naturally predicts
that information injected after the formation stage will eventually reappear in the outgoing radiation,
up to a calculable amount of additive noise. Clearly, this is a more unitary-by-construction scenario
than the standard semiclassical picture, and future refinements should compare the mirror-induced
re-emission with more realistic dynamical geometries.

Interestingly, this result is in line with the fact that an external observer would never see an
object free falling to a black hole crossing its horizon. In this way, if the horizon shrinks with the
evaporation, the object would shrink with him until the complete evaporation would let the object
free traveling again on the other side, effectively crossing the evaporated black hole. A recent paper
[209] proved that a free falling observer would never cross the black hole horizon even in its proper
frame, effectively freezing in its proximity. In this way, the information of an object falling into the
horizon is recovered after the evaporation it each frame - as predicted by the analog mirror model.

The mirror as a black hole analog model, therefore, appears to be consistent more with the
atemporal black hole addressed in Ref. [209] that with the usual black hole studied in the literature.
Further works, exploring the evaporation properties of such black hole models, are currently ongoing.
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3.6 Effects of an additive noise to quantum channels

To conclude the Chapter, the effects of a noisy background into a perfect quantum channel is
explored. In fact, any detector placed in the outer space, including the ones designed for high-
precision cosmological measurements, is unavoidably immersed in a particle bath, providing noise.
The major source of thermal noise, permeating all the Universe, is the cosmic microwave background
(or CMB, for brevity) [163] constituting the primary relic radiation from the Big Bang.

As occurred for a cosmological particle production (see Fig. 3.2), also a small amount of particle
in the background noisy could affect the qubits communication by a considerable amount.

This possibility is now explored with a quantum communication protocol. In particular, Alice
sends a one-mode bosonic message, with frequency ω, to Bob, achieving the message together with
an additive noise n. The transmissivity of the channel is τ = 1, since the Bogoliubov coefficients are
the trivial ones, i.e. αkk′ = δ3(k − k′) and βkk′ = 0. The particle-bounded classical capacity and
the quantum capacity, from Eqs. (3.36) and (3.38) are respectively

C
(1)
N = h

(
1

2
+N + n

)
− h

(
1

2
+ n

)
; (3.146)

Q(1) = −1− log n . (3.147)

From Eq. (3.146), classical communication is affected by a small additive noise n ≪ N by a negligible
amount, namely n log n. On the contrary, from Eq. (3.147) a very small noise on the background
would limit the rate of qubits one can reliably communicate. Fig. 3.15 shows the quantum capacity
of the channel in terms of the additive noise. The situation is very similar to the one presented
in Sec. 3.37. Again, even if the background noise is very small (n ∼ 10−30) then there is a finite
and relatively low number of qubits (∼ 100) one can possibly communicate reliably, confirming the
initial prediction.

3.6.1 Quantum capacity in presence of an Anton-Schmidt black hole

The results found so far for additive noise channels give hope to detect even a very small radiation
by simply check the preserved quantum information on quantum states. For this reason, the effects
of the radiation emitted by black holes on communication protocols is now investigated. Currently,
Hawking radiation is impossible to detect due to its energy magnitude, several orders weaker than the
CMB - despite progresses on its possible detection by primordial black hole observation [210, 211].
However, a reliable communication protocol with hundreds of qubits, as proved in the previous
subsection, may lose quantum information, making possible to achieve low energy radiation by
quantify the information loss.

The number of particles on the background, in presence of a black hole, was obtained in Sec. 2.3
and follow the spectrum

n =
1

eω/T − 1
. (3.148)

The black hole temperature T is (8πM)−1 in the Schwarzschild scenario, but it can be generalized
as in Eq. (2.60) for black holes in a cosmological fluid of density ϱ and pressure P . By putting Eq.

7by comparing Figs. 3.2 and 3.15, the last one shows a slightly less quantum capacity for the same additive number
of particles.
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Figure 3.15: Plot of the one-shot quantum capacity Q(1) (Eq. (3.38)) of an additive noise channel
(τ = 1), in terms of the additive noise itself, made by n particles.

(3.148) into Eq. (3.147) one obtains the quantum capacity of a channel in presence of a black hole
which, in turn, depends on the black hole temperature.

The fact that the background fluid modifies the black hole temperature open the possibility
to test the cosmological fluid once Hawking radiation has been achieved - and therefore, once the
quantum information loss of the protocol just studied has been quantified. For this reason, the loss
of quantum capacity is investigated for different parameters of the cosmological fluid. Among them,
Anton-Schmidt fluids are chosen. Their equation of state reads

P (ϱ) = A

(
ϱ

ϱ∗

)−n
ln

(
ϱ

ϱ∗

)
. (3.149)

In solid-state physics, Anton-Schmidt fluids describe the isotropic deformation of crystalline solids
under pressure [212]. In this context, A is a constant depending on the material, ρ∗ is a reference
density and n is related to the bulk modulus of the solid.

In cosmology, Anton-Schmidt fluids - generalizing the logotropic fluid, obtained for n = 0 in Eq.
(3.149) - found a lot of applications as a single fluid behaving like dark matter in the early Universe
and dark energy in the late Universe [17, 62, 18, 19, 213]. In fact, for high densities, i.e. early
Universe, the pressure drops to zero and the fluid mimics pressureless matter, allowing structure
formation as cold dark matter does. For low densities, i.e. late Universe, pressure becomes negative
and the fluid allows an accelerated expansion.

The Anton-Schmidt fluid has also been investigated within the Tolman-Oppenheimer-Volkov
formalism [214, 215] to derive analytical solutions for static and spherically symmetric black holes
[216]. In particular, by relating the parameters A, ϱ∗ and n and to the black hole mass, one
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obtains spacetime solutions corresponding to Schwarzschild-de Sitter geometries as well as naked
singularities.

For this reason, the thermodynamics of a black hole is now studied under the pressure of an
Anton-Schmidt fluid. The metric line element is given by Eq. (2.56) where f(r, ϱ) is given by Eq.
(2.57). Therefore, the aim is now to find the parameter h(r, ϱ) in Eq. (2.57). To do that, the
first thermodynamic law dE = dM = TdS − PdV is employed. This law, under the integrability
condition [217, 218] ∂2S

∂V ∂T = ∂2S
∂T∂V , becomes

TS = (ρ+ P )V . (3.150)

By putting Eqs. (2.53), (2.59), (2.60) and (3.149) into Eq. (3.150), one has

8πr2(P − 2ϱ)Pϱ + 6(ϱ+ P )hϱ − 3(rh)′Pϱ = 0 , (3.151)

where the subscript ϱ and the prime denote the partial derivatives with respect to the density and
radial coordinate, respectively.

The computation of Eq. (3.151) was performed in the Appendix A. In particular, a general
solution of Eq. (3.151) for h(r, ϱ) was first found. Then, the possible solutions are restricted to
the ones giving a valid event horizon and where the null-energy, weak-energy, and dominant energy
conditions, explained in Sec. 2.2 are respected. The final solution is

h(r, ϱ) =
8

3
πr2P (ρ)− r

2
β−1(a(ρ))1/β , (3.152)

where

a(ϱ) ≡ exp

(∫
Pϱ

P + ϱ
dϱ

)
, (3.153)

with integration condition a(ϱ∗e
1/n) = 1 and β is a parameter, namely

• β = 2/3, giving the usual asymptotic anti-de Sitter metric solution

f(r, ϱ) = −2M

r
+

8

3
πr2P (ϱ) . (3.154)

• β = 2, giving a black hole solution from Eq. (2.56) with

f(r, ϱ) =
√
a(ϱ)− 2M

r
. (3.155)

This solution respects the energy conditions only if the Anton-Schmidt parameter n is positive.

The metric solution (3.154) is considered to be trivial, since it simply means that the Anton-Schmidt
fluid gives a further pressure to the black hole. Instead, the solution (3.155) is a non-trivial solution
representing a Schwarzschild black hole with altered refractive index. The properties of such a black
hole are studied extensively in Ref. [P2]. One can easily prove that the metric (2.56) with f(r, ρ)

from Eq. (3.155), where put on the Einstein equations (2.12) gives the stress-energy tensor |Λ|8π gµν ,
canceling with the cosmological constant term. The horizon is shifted to rh = 2M

√
a(ϱ).

By putting Eq. (3.155) into Eq. (2.60), one obtains

T =
a(ϱ)

8πM
. (3.156)



70 3. Quantum communication via single bosonic modes

Figure 3.16: Temperature of an asymptotic anti-de Sitter black hole in an Anton-Schmidt cosmolog-
ical fluid (3.156), in terms of the density of the fluid ϱ, w.r.t. the Hawking temperature TH = 1

8πM .
The Anton-Schmidt parameters in Eq. (3.149) are A = 1 and ρ∗ = 1

From Eq. (3.156), the function a(ϱ) corresponds to the ratio between the Anton-Schmidt black
hole temperature and the Hawking temperature TH = (8πM)−1. From (3.153), a(ϱ) = T/TH can
be numerically computed, with the result shown in Fig. 3.16. From this figure, both for high and
low densities, the black hole temperature decreases. Therefore, if black holes are immersed into an
Anton-Schmidt black hole (thought as a cosmological fluid model), then its particle production can
drastically decrease and with it, also the noise given to communication protocols. Moreover, in the
logotropic limit n ≪ 1, the black hole temperature is basically unaltered for high densities - i.e.
early Universe - while it drops to zero for low densities regimes - i.e. late Universe. This feature
can compromise even more the possibility to observe black hole radiation. On the other face of the
medal, by performing the communication protocol in presence of a black hole, if the communication
noise is less than expected, then the nature of a cosmological fluid can be tested. This provides
another example on how quantum communication protocols can be used as a mean to test gravity
theories as well as eventual presence and properties of cosmological fluids.
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The preservation of the information content of particle with a well-defined momentum and fre-
quency, up to Bogoliubov transformations or background noisy, was analyzed in Chapter 3. The use
of such states relies on their simplicity and the conceptual clarity.

However, because of the uncertainty principle, such states are not well localized in space and
time. In fact, a one-mode bosonic state with momentum k would have an infinite space and time
extension. In Chapter 3 this problem was faced by considering the sender and the receiver at an
infinite time distance w.r.t. each other - i.e. the sender at "remote past" and the receiver at "far
future". This allowed a causal loss of information also for infinitely spatially extended wave packet
modes. This approach is clearly failing whenever the communication occurs in finite times.

To provide more realistic communication protocols, spatially localized wave-packets are now em-
ployed. The goal is to know how this packets may encode information and how this information

71
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would be communicated and preserved up to gravitational effects, analogously to the analysis per-
formed in Chapter 3. The transfer of information is studied between a pair of distant Unruh-deWitt
detectors, interacting with a background scalar field. To allow bosonic quantum communication, har-
monic oscillator detectors are used instead of the two-levels detectors, modeled in Sec. 2.4.1. In this
context, a non-perturbative approach for the communication is shown and extended in non-inertial
frameworks and dynamical spacetimes.

Regarding the preservation of information, a single wave packet field mode, interacting with
another background field, is considered to investigate how much information is exchanged with the
background by time-evolving the system. In particular, by using the linearized quantum gravity
theory the quantum gravitational field is employed as background, with the goal of discerning clas-
sical and quantum behaviour of gravity in quantum information theory, as well as to predict some
quantum decoherence effects as predicted by many semiclassical and quantum theories of gravity
[219, 220, 48, 221].

The structure of the chapter is the following. In Sec. 4.1 the communication protocol between a
pair of harmonic oscillator detector is introduced. The scheme is generalized for each detector tra-
jectory and background spacetime. The communication channel turns out to be a bosonic Gaussian
channel whose general properties are investigated. In Sec. 4.2, the communication capacities are
investigated in a Minkowski background by considering two specific examples for the field-detector
interaction switching-in. Causality in the communication scheme is proved. Moreover, different
trajectories for the detectors are explored, to see if non-inertiality could allow a reliable communi-
cation of quantum messages. In Sec. 4.3, the effects of a cosmological expansion in the protocol
just described is addressed. Finally, in Sec. 4.4, the information loss in a localized wavepacket, due
to the interaction with a quantum gravitational field, is investigated. By considering a particle in a
superposition of two different localizations, an intrinsic decoherence due to delf-gravity is addressed
as well with quantum communication means.

This chapter is based on Refs. ([P4, P5, P7, P8, P9]).

4.1 Communication between Unruh-deWitt detectors

A pair of distant Unruh-deWitt detectors, interacting with a background field, models Wi-Fi com-
munication between quantum systems. An Unruh-deWitt detector, can be though as a quantum
antenna [222], spreading the information of its initial state to the background field . The information
is then retrieved from the field by a receiver through another particle detector.

A communication protocol like this was studied in the literature by considering two-levels sys-
tems [43, 45] as detectors, allowing qubit communication. Remarkably, these quantum systems - as
the one originally used by Unruh in Ref. [35] - provide simple solutions for their communication
properties. However, most of the solutions provided for communication properties involves a per-
turbative field-detector coupling, leading to perturbatively small communication capacities. Some
exceptions involve the use of gapless detectors [223, 224] or a rapid detector-field interaction [225].

Instead, to communicate bosons - with all the advantages explained in Sec. 3.1, one needs to use
infinite-levels quantum systems, i.e. harmonic oscillators, as Unruh-deWitt detectors [226]. Beside
the communication advantage, those systems are also promising to describe the interaction with the
field beyond perturbation theory [227].

For this reason, the main focus of this chapter is on harmonic oscillator detectors, communicating
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via a background massless scalar field in a generic background spacetime with metric gµν - emulating
photons when discarding polarization effects [228]. The two non-relativistic harmonic oscillators are
called A and B. If the two detectors are static and in a flat background, the interaction between
each detector and the field is univocally given by the Hamiltonian (2.80), where Ô = q̂i =

âi+â†
i√

2miωi

with âi=A,B and its conjugate are the ladder operators of the oscillator i. The Hamiltonian relative
to the detector i is then

Ĥi = ωi

(
a†i ai +

1

2

)
, (4.1)

where ωi is the energy gap of the oscillator i (i.e. its frequency).
If the two detectors are in a curved spacetime, or in motion with respect to each other, then one

has to take into account the frame-dependence of the Hamiltonians (2.80) and (4.1). As discussed
in Sec. 2.4.1, each detector i = A,B has a set of locally non-relativistic coordinates - called Fermi-
normal coordinates, which can be used as detector proper coordinates, i.e. (ti,xi). Therefore, the
interaction between the detector i = A,B and the field, in the detector j = A,B frame, reads

Ĥ j
Φ−i(tj) =

∫
Σtj

dxj

√
−gj(xj, tj)Fi(xj, tj)q̂i(tj)⊗ Φ̂(xj, tj) , (4.2)

where gi := det gi
µν and gi

µν is the metric tensor of the spacetime the detector i lies on (if the detectors
have a relative motion w.r.t. each other, then gA

µν ̸= gB
µν). From Eq. (4.2), one has Ĥ i

Φ−i ̸= Ĥ j ̸=i
Φ−i,

meaning that the field-detector interaction itself is frame-dependent. According to Eq. (4.2), the
Hamiltonian describing the interaction of the field with both the detectors, seen by the observer i,
can be written as

Ĥ i
I(ti) = q̂A(ti)⊗ φ̂i

A(ti) + q̂B(ti)⊗ φ̂i
B(ti) , (4.3)

where, for the sake of simplicity, the following was introduced

φ̂j
i(tj) =

∫
Σtj

dxjFi(xj, tj)Φ̂(xj, tj)
√
−gj(xj, tj) . (4.4)

4.1.1 Time evolution of the system with the quantum Langevin equation

The Heisenberg evolution of the operators q̂A and q̂B is now analyzed. In the frame of the detector
i = A,B, the evolution of q̂i is given by the sum between the Hamiltonian of the harmonic oscillator i,
given by Eq. (4.1) and the interaction Hamiltonian given by Eq. (4.3). This last is the one occurring
in a special case of the Caldeira-Legett model for the quantum Brownian motion, where the field
plays the role of an Ohmic environment [229, 230, 231]. Therefore, by analogy, the Heisenberg
evolution of the moment operator q̂i=A,B is then given by the following quantum Langevin equation

mi
d2

dt2i
q̂i(ti) +miω

2
i q̂i(ti)−

∑
j=A,B

∫ ti

−∞
dsiχ

i
ij(ti, si)q̂j(si) = φ̂i

i(ti) , (4.5)

where the dissipation kernel was defined as

χi
ij(ti, si) := iθ(ti − si) ⟨ϕ|

[
ϕ̂i

i(ti), ϕ̂
i
j(si)

]
|ϕ⟩ , (4.6)

and |ϕ⟩ is the initial state of the scalar field.
At this point, the Heisenberg evolution of the system is implicitly given by coupling the two

quantum Langevin equations obtained from Eq. (4.5) for i = A and i = B. However, these equation
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work with a different proper time. Since, the protocol consists in Alice - having the detector A -
sending her state to Bob - holding the detector B - the channel properties are computed from Bob’s
observations. Therefore, it makes sense to compute the evolution of q̂i=A,B is computed in Bob’s
proper time. Eq. (4.5) with i = A, in terms of tB, becomes

mA
1

ṫ2A

¨̂qA −mA
ẗA

ṫ3A

˙̂qA +mAω
2
Aq̂A −

∑
j=A,B

dsB

∫ tB

−∞
χA

Aj(tB, sB)q̂j(sB)ṫA(sB) = φ̂A
A(tB) , (4.7)

where the upper dot indicates the derivative w.r.t. tB.
From now on, Bob’s proper time tB is indicated simply by t. The two Langevin equations, i.e.

Eq. (4.5) with i = B and Eq. (4.7) can be compactly written as

q̈(t)− Ḟ(t)
F(t)

q̇(t) + (F(t)Ω)2q(t)− F2(t)M−1
∫ t

−∞
drF(r)χ(t, r)q(r) = F2(t)M−1φ(t) , (4.8)

where

q̂ :=

(
q̂A

q̂B

)
; M := diag(mA,mB); Ω := diag(ωA, ωB); F(t) := diag(ṫA(t), 1);

φ̂ :=

(
φ̂A

A

φ̂B
B

)
; χ(t, s) :=

(
χA

AA χA
AB

χB
BA χB

BB

)
.

(4.9)

Instead of the evolution of q̂i, the one of Q̂i =
âi+â†

i√
2

=
√
miωiq̂i is more convenient to study, since

its expectation value is adimensional. In so doing, Eq. (4.8) can be rewritten as

Q̈(t)− Ḟ(t)
F(t)

Q̇(t) + (F(t)Ω)2Q(t)− F2(t)

√
Ω

M

∫ t

−∞
F(r)χ(t, r)(

√
MΩ)−1Q(r)dr = F2(t)

√
Ω

M
φ(t) ,

(4.10)
where Q =

√
MΩq.

The solution of Eq. (4.10) can be found in terms of Green functions. In particular, the Green

function matrix G =

(
GAA(t, s) GAB(t, s)

GBA(t, s) GBB(t, s)

)
is defined such that it satisfies the homogeneous form

of the Langevin equation (4.10), i.e.

G̈(t, s)−
Ḟ(t)
F(t)

Ġ(t, s) + (F(t)Ω)2G(t, s)− F2(t)

√
Ω

M

∫ t

−∞
F(r)χ(t, r)(

√
MΩ)−1G(r, s)dr = δ(t− s)I . (4.11)

By imposing the causality condition G(t ≤ s) = 0, the Green function matrix follows the boundary
conditions G(t = s, s) = 0 and Ġ(t → s, s) = I. In this way, the operators Q = (Q̂A, Q̂B) can be
defined at a time t by knowing them at a time s by using the Green function matrix, namely

Q(t) = Ġ(t, s)Q(s) +G(t, s)Q̇(s) +

∫ t

s

drG(t, r)

√
Ω

M
F2(r)φ(r) . (4.12)

4.1.2 Quantum channel between detectors

A pair of harmonic oscillator detectors can be considered as a two-modes bosonic Gaussian system
(studied in Sec. 3.1.4) where each harmonic oscillator represents a mode. From Eq. (3.5), its
covariance matrix is

σ =

(
σAA σAB

σAB σBB

)
. (4.13)
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The submatrices σii with i = A,B is the covariance matrix of the substate made by the single
harmonic oscillator i. Instead, σAB represents the correlations between the two detectors - imposed
to be null at the time s, i.e. the beginning of the protocol.

By looking at the explicit form of the submatrices, in Eq. (3.11), the covariance matrix (4.13)
is characterized by the quadrature operators Q̂A, Q̂B, P̂A and P̂B. The evolution of Q̂i=A,B is given
by Eq. (4.12). Instead, the evolution of P̂i can be derived from its Heisenberg equation, giving the
equivalence d

dti
Q̂i = ωiP̂i - or Q̇(t) = F(t)ΩP(t) by using the notation (4.9) - obtaining

P(t) = (F(t)Ω)−1 G̈(t, s)Q(s) + (F(t)Ω)−1 Ġ(t, s)F(s)ΩP(s) (4.14)

+ (F(t)Ω)−1
∫ t

s

drĠ(t, r)

√
Ω

M
F2(r)φ(r) . (4.15)

Moreover, in Eq. (4.12), Q̇ can be written in terms of P as

Q(t) = Ġ(t, s)Q(s) +G(t, s)F(s)ΩP(s) +

∫ t

s

drG(t, r)

√
Ω

M
F2(r)φ(r) . (4.16)

The covariance matrix (4.13) is now rewritten in a different basis for computational purposes.
Namely, one defines σc := PσP , where P is the permutation matrix

P =


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

 . (4.17)

In so doing, σc reads

σc =

(
σQQ σQP

σPQ σPP

)
, (4.18)

where, for α̂, β̂ = Q̂, P̂ , the submatrices are defined as

σα,β =
1

2

⟨
{
α̂A, β̂A

}
⟩ ⟨

{
α̂A, β̂B

}
⟩

⟨
{
α̂B, β̂A

}
⟩ ⟨

{
α̂B, β̂B

}
⟩

 . (4.19)

In this way, for the submatrices of the matrix (4.18), by using Eqs. (4.14) and (4.16), one has

σQQ(t) =Ġ(t, s)σQQ(s)ĠT (t, s) + Ġ(t, s)σQP (s)F(s)ΩGT (t, s) +G(t, s)ΩF(s)σPQ(s)ĠT (t, s)

+G(t, s)M−1F(s)σPP (s)F(s)ΩGT (t, s)

+

∫ t

s

∫ t

s

G(t, r)

√
Ω

M
F2(r)ν(r, r′)F2(r′)

√
Ω

M
GT (t, r′)drdr′ ; (4.20)

σQP (t) =Ġ(t, s)σQQ(s)G̈T (t, s) (F(t)Ω)−1 + Ġ(t, s)σQP (s)ΩF(s)ĠT (t, s) (F(t)Ω)−1

+G(t, s)ΩF(s)σPQ(s)G̈T (t, s) (F(t)Ω)−1 +G(t, s)ΩF(s)σPP (s)F(s)ΩĠT (t, s) (F(t)Ω)−1

+

∫ t

s

∫ t

s

G(t, r)

√
Ω

M
F2(r)ν(r, r′)F2(r′)

√
Ω

M
ĠT (t, r′) (F(t)Ω)−1 (t)drdr′ ; (4.21)

σPQ(t) = σT
QP (t) ; (4.22)
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σPP (t) = (F(t)Ω)−1 G̈(t, s)σQQ(s)G̈T (t, s) (F(t)Ω)−1 + (F(t)Ω)−1 G̈(t, s)σQP (s)F(s)ΩĠT (t, 0) (F(t)Ω)−1

+ (F(t)Ω)−1 Ġ(t, s)ΩF(s)σPQ(s)G̈T (t, s) (F(t)Ω)−1 + (F(t)Ω)−1 Ġ(t, s)ΩF(s)σPP (s)F(s)ΩĠT (t, s) (F(t)Ω)−1

+

∫ t

s

∫ t

s

(F(t)Ω)−1 Ġ(t, r)

√
Ω

M
F2(r)ν(r, r′)F2(r′)

√
Ω

M
ĠT (t, r′) (F(t)Ω)−1 (t)drdr′ , (4.23)

where the noise kernel was defined as

ν(t, t′) =
1

2

(
⟨
{
φ̂A

A(t), φ̂
A
A(t
′)
}
⟩ ⟨

{
φ̂B

B(t), φ̂
A
A(t
′)
}
⟩

⟨
{
φ̂A

A(t), φ̂
B
B(t
′)
}
⟩ ⟨

{
φ̂B

B(t), φ̂
B
B(t
′)
}
⟩

)
. (4.24)

Compactly, one can rewrite Eqs. (4.20), (4.21), (4.22) and (4.23) as

σc(t) = Tσc(s)T
T +N , (4.25)

where

T =

(
Ġ(t, s) G(t, s)ΩF(s)

F−1(t)Ω−1G̈(t, s) F−1(t)Ω−1Ġ(t, s)ΩF(s)

)
; (4.26)

N =

(
NQQ NQP

NT
QP NPP

)
, (4.27)

with

NQQ =

∫ t

s

∫ t

s

G(t, r)

√
Ω

M
F2(r)ν(r, r′)F2(r′)

√
Ω

M
GT (t, r′)drdr′ ; (4.28)

NQP =

∫ t

s

∫ t

s

G(t, r)

√
Ω

M
F2(r)ν(r, r′)F2(r′)

√
Ω

M
ĠT (t, r′)Ω−1F−1(t)drdr′ ; (4.29)

NPP =

∫ t

s

∫ t

s

F−1(t)Ω−1Ġ(t, r)

√
Ω

M
F2(r)ν(r, r′)F2(r′)

√
Ω

M
ĠT (t, r′)Ω−1F−1(t)drdr′ . (4.30)

By switching back to the initial basis for the covariance matrix, since PP = I, the two-mode
transformation (4.25) still holds by applying the same transformation P to the matrices T and N.

The communication channel considered has Alice’s detector A state as input, represented by
σAA(s) =: σin. The output state is instead the state of the detector B at a time t, namely σout :=

σBB(t). The matrices σin and σout can be related through Eq. (3.14), where the matrices T and N
read

T =

(
ĠBA(t, s) GBA(t, s)ṫA(s)ωA
G̈BA(t,s)

ωB
ĠBA(t, s)ṫA(s)

ωA
ωB

)
; (4.31)

N =

(
ĠBB GBBωB

G̈BBω
−1
B ĠBB

)
σBB(s)

(
ĠBB G̈BBω

−1
B

GBBωB ĠBB

)
+ N′B , (4.32)

where N′B =

(
N ′11 N ′12
N ′12 N ′22

)
with

N11 =
ωA

mA

∫ t

s
dr

∫ t

s
dr′ ṫ2A(r)ṫ2A(r′)GBA(t, r)νAA(r, r′)GBA(t, r′)

+

√
ωAωB

mAmB

∫ t

s
dr

∫ t

s
dr′ ṫ2A(r′)GBB(t, r)νBA(r, r′)GBA(t, r′)

+

√
ωAωB

mAmB

∫ t

s
dr

∫ t

s
dr′ ṫ2A(r)GBA(t, r)νAB(r, r

′)GBB(t, r
′) +

ωB

mB

∫ t

s
dr

∫ t

s
dr′GBB(t, r)νBB(r, r

′)GBB(t, r
′) ;

(4.33)
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N12 =
ωA

mAωB

∫ t

s
dr

∫ t

s
dr′ ṫ2A(r)ṫ2A(r′)GBA(t, r)νAA(r, r′)ĠBA(t, r′)

+

√
ωA

mAmBωB

∫ t

s
dr

∫ t

s
dr′ ṫ2A(r′)GBB(t, r)νBA(r, r′)ĠBA(t, r′)

+

√
ωA

mAmBωB

∫ t

s
dr

∫ t

s
dr′ ṫ2A(r)GBA(t, r)νAB(r, r

′)ĠBB(t, r
′) +m−1

B

∫ t

s
dr

∫ t

s
dr′GBB(t, r)νBB(r, r

′)ĠBB(t, r
′) ;

(4.34)

N22 =
ωA

mAωB

∫ t

s
dr

∫ t

s
dr′ ṫ2A(r)ṫ2A(r′)ĠBA(t, r)νAA(r, r′)ĠBA(t, r′)

+

√
ωA

mAmBω
3
B

∫ t

s
dr

∫ t

s
dr′ ṫ2A(r′)ĠBB(t, r)νBA(r, r′)ĠBA(t, r′)

+

√
ωA

mAmBω
3
B

∫ t

s
dr

∫ t

s
dr′ ṫ2A(r)ĠBA(t, r)νAB(r, r

′)GBB(t, r
′) +

1

mBωB

∫ t

s
dr

∫ t

s
dr′ĠBB(t, r)νBB(r, r

′)ĠBB(t, r
′) .

(4.35)

At this point, if the matrices T and N satisfy Eq. (3.15), then the channel from σin to σout is a
one-mode Gaussian channel, with transmissivity

τ := detT = ṫA(s)
ωA

ωB

(
Ġ2

BA(t, s)−GBA(t, s)G̈BA(t, s)
)
. (4.36)

and noise given by W := detN from Eq. (4.32) - not explicitly reported due to its long expression.

4.2 Communication capacities in a Minkowski background

To prove the effectiveness and the causality of the communication protocol two examples are pro-
vided. In those, the detectors lie in a Minkowski background. When possible, the effects of their
non-inertial trajectory are addressed. The main difference between the two examples is on their
switching-in function with the field. In particular, two opposite situations are considered i.e. i)
the detectors continuing to interact forever with the background after their switching-in and ii) the
detector interacting with the field in a very short time (also called rapid interaction) in the literature
[225].

4.2.1 Long term steady interaction

The first scenario considered involves two static detectors lying in a Minkowski spacetime. This
prescription is very pedagogical to understand how this communication scheme generally works.

In a Minkowski spacetime, one has trivially tA(t) = t and the position of the detector i is given
by xi, by using the Minkowski coordinates (x, t). For both the detectors, the interaction with the
field switches in sharply at the time t = 0 remains steady afterwards, namely

λi=A,B(t) = λiθ(t) . (4.37)

The parameter λi represents a coupling strength and it has the dimension of an energy.
Moreover, the detectors have the following Gaussian smearing function

fi=A,B(x) =
e−|x−xi|2/σ2

(
√
πσ)3

, (4.38)
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where σ plays the role of the detectors’ effective size. The background field is considered to be in
the vacuum state before the interaction and, finally, the initial state of the detector B, influencing
the noise parameter W := detN, is supposed to be the ground state σ = 1

2 I.
By using this prescription, the elements of the dissipation kernel (4.6) can be computed to be

χi=j(t) =
λ2

i t

2π2σ3
θ(t)

√
π

2
e−

t2

2σ2 , (4.39)

χAB(t) = χBA(t) =
λAλB

4π2σd
θ(t)

√
π

2

(
e−

(t−d)2

2σ2 − e−
(t+d)2

2σ2

)
, (4.40)

with d = |xA − xB| indicating the detectors’ spatial distance.
For the noise kernel (4.24), instead, one has

νi=j(t) =
λ2

i
8π2σ2

(
1−

√
2t

σ
D+

(
t√
2σ

))
(4.41)

νAB(t) = νBA(t) =

√
2λAλB

8π2σd

(
D+

(
t+ d√
2σ

)
−D+

(
t− d√
2σ

))
, (4.42)

where D+(x) = e−x
2 ∫ x

0
dyey

2

is the Dawson function.
At this point, the homogeneous quantum Langevin equation (4.11) must be computed to obtain

the Green function matrix G. Since the background spacetime has a time-translational symmetry,
then G(t, s) = G(t− s). Moreover, since the protocol starts at a time 0, then s = 0 is considered1.

The size of the detectors σ is supposed to be much smaller then their distance d, to emphasize
the fact of a communication at distance. In this limit, by using the elements of the dissipation kernel
(4.39) and (4.40), Eq. (4.11) simplifies to the following system

G̈AA(t)− Σ2
AGAA(t) + 2γAĠAA(t) =2

√
γAγB

d
GBA(t− d)θ(t− d) ;

G̈AB(t)− Σ2
AGAB(t) + 2γAĠAB(t) =2

√
γAγB

d
GBB(t− d)θ(t− d) ;

G̈BA(t)− Σ2
BGBA(t) + 2γBĠBA(t) =2

√
γAγB

d
GAA(t− d)θ(t− d) ;

G̈BB(t)− Σ2
BGBB(t) + 2γBĠBB(t) =2

√
γAγB

d
GAB(t− d)θ(t− d) , (4.43)

with initial conditions GAA(0) = GBB(0) = 1 and GAB(0) = GBA(0) = 0. Moreover, in Eq. (4.43),

γi=A,B :=
λ2

i
8πmi

and Σ2
i=A,B :=

√
8
π

γi
σ − ω2

i were defined for the sake of simplicity.
Eq. (4.43) can be solved analytically by induction. In particular, at first, one must compute Eq.

(4.43) in the range of times 0 < t < d. Then, by knowing the solution in the range (n−1)d < t < nd,
one is able to analytically solve it in the range nd < t < (n+ 1)d.

In the first range of times 0 < t < d, all the elements of the Green function matrix behave as a
free damped harmonic oscillator. For the diagonal elements of the Green function matrix Gii, using
the boundary conditions Ġii(0) = 1 and Gii(0) = 0, one gets

Gii(t) = θ(t)
e−γit sinh(

√
γ2
i +Σ2

i )t√
γ2
i +Σ2

i

. (4.44)

1As reported in Sec. 4.2.2, this choice is not trivial. In fact, a time s prior to the interaction between Alice and
the field could change the channel properties.



4.2. Communication capacities in a Minkowski background 79

For the Green function matrix elements GAB and GBA, from Eq. (4.43) and with boundary condi-
tions GAB(t = 0) = 0 and ĠAB(t = 0) = 0 one has trivially GBA = GAB = 0.

At this point, Eq. (4.43) can be computed in the range of times d < t < 2d. For the diagonal
elements Gii(t), from the first of fourth equation of the system (4.43), one has again the solution
(4.44), since the r.h.s. of those equations are null in this range.

The second and third differential equation of the system (4.43), for GAB and GBA become non-
homogeneous at t > d. By imposing the continuity of GAB and ĠAB at t = d the off-diagonal
Green’s function GAB, in the range d < t < 3d, reads

GAB(t) =
2

d

√
γAγBθ(t− d)

(4γAγB(Σ2
A +Σ2

B)− 4Σ2
Bγ

2
A − 4Σ2

Aγ
2
B + (Σ2

A − Σ2
B)

2)

×

(2γ2
A + (Σ2

A − Σ2
B)− 2γAγB

)
sinh

(
(t− d)

√
γ2
A +Σ2

A

)
√
γ2
A +Σ2

A

e−γA(t−d)

+

(
2γ2

B + (Σ2
B − Σ2

A)− 2γBγA
)
sinh

(
(t− d)

√
γ2
B +Σ2

B

)
√
γ2
B +Σ2

B

e−γB(t−d)

+2(γA − γB)

(
cosh

(
(t− d)

√
γ2
A +Σ2

A

)
e−γA(t−d) − cosh

(
(t− d)

√
γ2
B +Σ2

B

)
e−γB(t−d)

))
.

(4.45)

For GBA(t), one can prove that GBA(t) = GAB(t).
By considering a particular range for the parameters ωi, γi, d and σ, the solutions in Eqs. (4.44)

and (4.45), valid at times 0 ≤ t < 2d, are approximatively valid also for t ≥ 2d. To show is, a
Fourier transform is applied on both sides of the Homogeneous Langevin equation (4.11), obtaining,
respectively for the diagonal and off-diagonal Green function matrix elements

G̃ii(z) =
−Σ2

i − z2 − 2izγi

det G̃(z)−1
, (4.46)

and

G̃i̸=j(z) =

2
√
γiγj

d eizd

det G̃(z)−1
. (4.47)

The determinant of G̃ reads explicitly

det G̃(z)−1 =
(
Σ2

A + z2 + 2izγA
)(
Σ2

B + z2 + 2izγB
)
− 4γAγB

d2
e2idz . (4.48)

From Eq. (4.48), if 4γAγB ≪ d2|Σ2
AΣ

2
B|, then the last term in det G̃ can be neglected and the

Fourier-transformed Green functions (4.46) and (4.47) respectively reduce to

G̃ii(z) = − 1

Σ2
i + z2 + 2izγi

, (4.49)

and

G̃i̸=j(z) = −
2
√
γiγje

idz

d (Σ2
A + z2 + 2izγA) (Σ2

B + z2 + 2izγB)
, (4.50)

The inverse Fourier transform of Eqs. (4.49) and (4.50) can now be computed. By imposing the
causality condition, the solutions (4.44) and (4.45), are respectively recovered.



80 4. Quantum communication via localized quantum systems

Therefore, if 4γAγB ≪ d2|Σ2
AΣ

2
B|, then the solutions of Eq. (4.43) at times t ≥ 2d can be

approximated to the ones at times 0 ≤ t < 2d, given by Eqs. (4.44) and (4.45).
The case where the two detectors are identical - i.e. they have the same frequency, mass and

interaction strength - is addressed, implying Σ := ΣA = ΣB and γ := γA = γB. Eq. (4.45) in this
case reduces to

GAB(t) = γ
(t− d)θ(t− d)e−γ(t−d)

dγ2
Σ

cosh(γΣ(t− d))

(
1− tanh(γΣ(t− d))

γΣ(t− d)

)
, (4.51)

where the parameter γΣ :=
√
γ2 +Σ2 is introduced for convenience.

The approximation to consider Eqs. (4.44) and (4.51) valid also at times t ≥ 2d can be performed
by holding the condition

4γ2 ≪ d2Σ4 . (4.52)

In this case, the transmissivity τ can be computed by using Eqs. (4.36) and (4.51), giving

τ =
γ2

d2
(t− d)2e−2γ(t−d)

γ2
Σ

(
sinh2 (γΣ(t− d))

γ2
Σ(t− d)2

− 1

)
. (4.53)

After a long calculation, and performing approximations involving σ ≪ d, the noise parameter
W := detN can be analogously computed from Eqs. (4.33), (4.34), (4.35) and using the Green
functions (4.44) and (4.51)

W =
m4

2048π d4γ2γ12
Σ Σ8σ2

{
−4Σ8

(
e−2(t−d)γγ3θ(t− d)

[
(1 + (t− d)2γ2

Σ) cosh(2(t− d)γΣ)

− 2(t− d)γΣ sinh(2(t− d)γΣ)
]
+ 2d2e−2tγγγ4

Σ sinh2(tγΣ)
)2

+
(
θ(t− d){−e−2(t−d)γγ3

(
4γ5 − 4(t− d)γ4Σ2 − 10(t− d)γ2Σ4

− 6(t− d)Σ6 + γΣ4(9 + 2(t− d)2Σ2)− γ3Σ2(−11− 2(t− d)2Σ2)
)
cosh(2(t− d)γΣ)

+ e−2(t−d)γγ3γΣ
(
4γ4 − 4(t− d)γ3Σ2 − 8(t− d)γΣ4 +Σ4(5 + 2(t− d)2Σ2)

+ γ2Σ2(9 + 2(t− d)2Σ2)
)
(− sinh(2(t− d)γΣ))} − 2d2e−2tγγγ4

ΣΣ
4(γ cosh(2tγΣ) + γΣ sinh(2tγΣ))

)
×
(
θ(t− d){−e−2(t−d)γγ3

(
2(t− d)γ2Σ2 − 2(t− d)Σ4

− γΣ2(1 + 2(t− d)2Σ2) + γ3(1− 2(t− d)2Σ2)
)
cosh(2(t− d)γΣ)

+ e−2(t−d)γγ3γΣ
(
4(t− d)γΣ2 − Σ2(1 + 2(t− d)2Σ2) + γ2(−1− 2(t− d)2Σ2)

)
sinh(2(t− d)γΣ)

+ 2d2e−2tγγγ4
ΣΣ

2(γ cosh(2tγΣ)− γΣ sinh(2tγΣ))}
)}

. (4.54)

From the definition of Σ := Σi=A,B under Eq. (4.43), the condition (4.52) is satisfied in two cases,
i.e. γ ≪

√
π
8σω

2 and γ ≫
√

π
8σω

2, where ω := ωi=A,B, while it is not satisfied when γ is of the same
order of

√
π
8σω

2. The first two scenarios - called respectively underdamped and overdamped cases -
can be studied analytically through Eqs. (4.53) and (4.54), while the last one - called resonant case
is then studied numerically.

4.2.1.1 Underdamped case

In this scenario, the coupling λ := λi=A,B is much smaller than
√

π
8mσω2. This case is then reducible

to the perturbative scenario, studied extensively in Ref. [227] for two-level detectors.
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Figure 4.1: The transmissivity τ in time, from Eq. (4.53), of the channel between two harmonic
oscillator detectors interacting with a scalar field through a sharp switching in (4.37) in the under-
damped scenario Σ2 < 0. The values considered for the parameter γ = λ2

8πm are γ = 10−3 (thick
line), γ = 0.75 · 10−3 (dotted line), γ = 0.5 · 10−3 (dot-dashed line), γ = 0.25 · 10−3 (dashed line).
The other parameters were chosen to be σ = 0.01, ω = 1, d = 4.

The underdamped scenario is characterized by the parameter Σ2 assuming negative values. By
looking at the transmissivity in Eq. (4.53), τ grows very slowly once t ≥ d. By performing a Taylor
expansion of the right hand side of Eq. (4.53) with respect to small t−d, the lowest order term would
be proportional to (t − d)4. Therefore, τ grows very slowly to reach a peak before exponentially
decaying as e−γ(t−d). The behaviour of τ in time is shown in Fig. 4.1. If |Σ2| ≫ γ2 (γ2

Σ is negative
in this case), then the peak on τ is reached at a time tmax ∼ γ−1 and this maximum value reads

τ(tmax) ∼
e−2

d2
(
ω2 −

√
π
8
γ
σ − γ2

) . (4.55)

From Eq. (4.55) the peak of the transmissivity in time τ(tmax) increases by increasing γ or by
decreasing ω keeping γ.

The noise W from Eq. (4.54), as a function of time t, is shown in Fig. 4.2. This figure shows how,
after a certain time, W becomes asymptotically constant. Its asymptotic value can be analytically
found from Eq. (4.54) as

lim
t→∞

W =
(4γ2 + |Σ2|+ 2d2Σ4)(1 + 2d2|Σ2|)

32 · 64πσ2d4γ2Σ8
. (4.56)

The energy-bounded classical capacity C can now be evaluated through Eq. (3.36). The encoding
energy E was chosen to be of the order of 1/σ to compensate the smallness of the detectors. The
result is plotted in Fig. 4.3 From it, the behaviour of C in time turns out to be very similar to
the one of τ shown in Fig. 4.1. Notice that a smaller ω involves a greater energy-bounded classical
capacity, since by decreasing ω there would be more bits that can be encoded to the oscillator can
be increased with the same energy bound E.

Summarizing, in the underdamped case −Σ2 ≫ 2γ/d, increasing the frequency of the detectors
is never convenient to the purpose of the optimization of the communication capabilities of this
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Figure 4.2: The noise parameter W := detN in time, from Eq. (4.54), corresponding to the same
channel, with the same parameters, of Fig. 4.1, together with a mass m = 1.
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Figure 4.3: Classical capacity C with the energy bound E = 100 of the channel described in Fig.
4.2.

protocol. Instead, to this purpose, one can increase the parameter γ and therefore increase the
coupling or decrease the oscillator mass. Moreover, from Eq. (4.54), the decreasing of the mass
would also lower the noise W , effectively increasing the capacity by keeping γ fixed. However, γ
cannot increase arbitrarily, since the condition (4.52) must be satisfied. In the same way, m cannot
arbitrarily decrease.

Finally, since, as mentioned in Sec. 3.1.3.2, a necessary condition for the quantum capacity to be
non-zero is τ > 1/2, one always have Q = 0 in this case.
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Figure 4.4: Classical capacity C with the energy bound E = 100 of the channel between two
harmonic oscillator detectors interacting with a scalar field through a sharp switching in (4.37) in
the overdamped scenario Σ2 > 0. The values considered for the parameter γ = λ2

8πm are γ = 0.01

(thick line), γ = 0.011 (dotted line), γ = 0.012 (dot-dashed line) and γ = 0.013 (dashed line). The
other parameters were chosen to be σ = 0.01, ω = 1, d = 4 and m = 1.

4.2.1.2 Overdamped case

The regime λ2 ≫
√

π
8mσω2 is now considered. Notice that this range includes arbitrarily high

values of λ2, so that it goes beyond perturbation theory. Analytical solutions are provided in Eqs.
(4.53) and (4.54). The overdamped case is characterized by a positive Σ2, meaning that both τ and
W increase exponentially in time. In particular, from Eqs. (4.53) and (4.54), one gets respectively

τ ∼ γ2

4d2γ4
Σ

e2(t−d)(γΣ−γ) ; (4.57)

W ∼ γ4e4(γΣ−γ)(t−d)

256d4Σ8γ9
Σ

(
Σ4γΣ + 8γ4γΣ + 12γ3Σ2 + 8γ2Σ2γΣ + 8γ5

+4γΣ4 +
4d2Σ4γ3

Σ (γ + γΣ)
2
e2d(γΣ−γ)

γ2

)
. (4.58)

The classical capacity (3.36) can be simplified by using the fact that h(x → ∞) ∼ 1 + log(x → ∞),
leading to

C(t → ∞) ∼ log

(
1 +

τ√
W

E

ω

)
− log

(
1 +

τ√
W

)
. (4.59)

The ratio τ/
√
W , for t → ∞, assumes a finite value, since τ and

√
W exponentially increase with

the same rate. This leads, as shown in Fig. 4.4, to a finite valued classical capacity C at t → ∞.
Since E/ω is strictly positive, the capacity C is a monotonic function of the ratio τ/

√
W . By

studying this ratio, the asymptotic value of the classical capacity decreases by increasing γ. Since this
parameter is proportional to the coupling strength λ, the result means that a greater coupling with
the field does not necessarily involve a greater communication capacity. In fact, beside increasing
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the transmissivity, a greater the coupling λ also increases the noise. However, again, γ cannot be
arbitrarily manipulated to be low, since the condition (4.52) must be satisfied.

Finally, by estimating the maximized coherent information via Eq. (3.39) one has trivially Q(1) =

0, since an exponential increasing of τ drops Ic exponentially.

4.2.1.3 Resonant case

Both the scenarios studied in Secs. (4.2.1.1) and (4.2.1.2) suggests a higher quality of the detector
channel the smaller |Σ2| is. Therefore, the case |Σ2| = 0 is firstly employed, namely λ2 = π

8mσω2.
The transmissivity τ and the noise W are computed by taking the numercial solution of Eq.

(4.43) in Eqs. (4.36), (4.33), (4.34) and (4.35). From them, the classical capacity is obtained and
depicted in time in Fig. 4.5 in the specific case Σ2 ≡ 0. The bumps in the classical capacity (4.5) is

Figure 4.5: Classical capacity C with the energy bound E = 100 of the channel between two harmonic
oscillator detectors interacting with a scalar field through a sharp switching in (4.37) when Σ2 = 0.
The parameters used are σ = 0.01, ω = 1, d = 4, m = 1 and γ = π

8σω
2.

given from the oscillation between positive and negative values of the transmissivity τ (since, from
Eq. (3.36), the classical capacity depends on |τ |). Both the amplitude of the oscillations of |τ | and
the noise W increase exponentially as in the overdamped scenario 4.2.1.2. Therefore, the amplitude
of the peaks of the capcity in Fig. (4.5) decrease in time so that, for t → ∞, then C → 0.

To quantify the departure of Σ2 from zero, the parameter ε is introduced, following the equation

γ =

√
π

8
σω2 + ε . (4.60)

From Fig. 4.6, one observes that, by decreasing Σ2 slightly (to become negative but in the range
|Σ|2 ≪ 1), i.e. by chooseing small negative values of ε, then the strong oscillatory behaviour in Fig.
4.5 disappears smoothly2 to reach the underdamped behaviour shown in Fig. 4.3. In the same way,

2From Fig. 4.6 one evinces that the capacity oscillates as two interfering oscillations. By increasing |ε| with ε < 0,
one oscillation increases its wave-length and the other decreases it. Therefore, for |ε| high enough, one ends up with
one single long oscillation (achieving the underdamped behaviour in Sec. 4.2.1.1) and the other one negligible
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Figure 4.6: Classical capacity C with the energy bound E = 100 of the channel between two
harmonic oscillator detectors interacting with a scalar field through a sharp switching in (4.37).
The parameter γ follows Eq. (4.60) with ε = −10−3.5 (dotted line), ε = −10−4.1 (dashed line) and
ε = −10−4.7 (solid line). The other parameters were chosen to be σ = 0.01, ω = 1, d = 4 and m = 1.

from Fig. 4.7, for small positive values of Σ2, i.e. small positive ϵ, the oscillatory behaviour shown
in Fig. 4.5 smoothly disappears to follow the overdamped behaviour shown in Fig. 4.4. The best
late time classical capacity occurs, from the numerical calculations performed, at a value

γ = γmax(ω) :=
d

4

ω2(√
8
π

d
4σ − 1

) . (4.61)

A parameter γ following Eq. (4.61) is given, more or less, by the dotted line in Fig. 4.7.
Finally, the optimizing frequency ω, to have the best value of C∞, is studied as well. A finite

value for ωmax is expected since, from Eqs. (4.57) and (4.58), the ratio τ/
√
W increases with ω.

However, from Eq. (4.59), the more is ω, the less are the number of qubits one can encode with the
same energy budget. By plotting in Fig. 4.8 the numerical results for the capacity for different ω, and
γ = γmax(ω) this expectation is confirmed, having a maximizing frequency called ωmax. Its value is
ωmax ∼ 3.4 with the parameters chosen in Fig. 4.8. However, this parameter was numerically found
for other configurations of σ and d as well in Fig. 4.9. Hence, for the set of values of σ and d chosen
in Fig. 4.9, the best detectors’ parameters ω and γ to improve the quality of classical communication
are found.

The maximized coherent information (3.39) is always negative, meaning that a reliable commu-
nication of quantum messages is not possible with this setup.

To conclude, the protocol studied in this section shows that:

1. harmonic oscillators behave as quantum antennas and they communicate in a causal way;

2. the classical capacity turns on smoothly in the overdamped case with a short delay after the
causal connection (see Fig. (4.4));
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Figure 4.7: Classical capacity C with the energy bound E = 100 of the channel between two
harmonic oscillator detectors interacting with a scalar field through a sharp switching in (4.37).
The parameter γ follows Eq. (4.60) with ε = 10−4.5 (dotted line), ε = 10−4.7 (dashed line) and
ε = 10−4.8 (solid line). The other parameters were chosen to be σ = 0.01, ω = 1, d = 4 and m = 1.

Figure 4.8: Late time value of the energy bounded classical capacity C∞, with bound E = 100, of
the channel between two harmonic oscillator detectors interacting with a scalar field through a sharp
switching in (4.37), in term of ω. For the parameter γ, the optimizing value γ = γmax(ω) from Eq.
(4.61) was chosen. The other parameters chosen are d = 4, σ = 0.01 and m = 1.

3. analytic solutions for the communication capacities can be found beyond perturbation theory.
However, increasing the coupling with the field also increases the communication noise, so that
an indefinite increasing of the interaction strength λ is not convenient. On the contrary, finite
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Figure 4.9: Plot of the frequency ωmax maximizing the late time classical capacity of the channel
described in Fig. 4.8, together with a parameter γ = γmax(ω) following Eq. (4.61), for different
values of the detectors’ effective size σ and distance d.

values for γ = λ2

m and ω are found in Eq. (4.61) and Fig. 4.9 to optimize the communication
capabilities of the protocol.

Therefore, harmonic oscillator detectors behave as localized quantum systems able to communicate
through a background field while respecting the causality conditions imposed by relativity.

4.2.2 Rapid interaction

To simplify the expressions provided in Sec. 4.2, eventually providing examples with different tra-
jectories and/or background spacetime, a particular prescription for the timing of the interaction
is now employed. In particular, a rapid interaction between field and detector [225] allows for very
simple calculations, despite the limitations given by the uncertainty principle - which, since violated,
have to imposed.

The communication protocol between harmonic oscillator detectors is now studied in the case
where the field-detector interaction occurs only at a particular time. Alice, with the detector A,
interacts with the field at a time tA = tAI . To achieve Alice’s message, the detector B, held by Bob,
has to interact with the field at a time t = tBI depending on tAI and on the distance d(t) between the
two detectors - in Bob’s frame. In particular, one has

tBI = (tAI )B + d((tAI )B) , (4.62)

where (tAI )B := t−1A (tAI ) is Alice’s interaction time tAI in Bob’s frame.
In this situation, for the interaction distribution in space and time, the separable form Fi=A,B(xi, ti) =

fi(xi)λi(ti) is again employed. The switching-in function λi(ti), for both the detectors i = A,B, in
case of rapid interaction reads

λi(ti) = λiδ(ti − tiI) . (4.63)
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By using the switching-in function in Eq. (4.63) the dissipation kernel (4.6) can be simplified as
χAA = χBB = 0. Therefore, the homogeneous quantum Langevin equation (4.11) can be rewritten
as

G̈AA(t, s)− ẗA(t)

ṫA(t)
ĠAA(t, s) + ṫ2A(t)ω

2
AGAA(t, s)− ṫ2A(t)

√
ωA

ωBmAmB

∫ t

−∞ ṫA(r)χ
A
AB(t, r)GBA(r, s)dr = 0 ;

G̈AB(t, s)− ẗA(t)

ṫA(t)
ĠAB(t, s) + ṫ2A(t)ω

2
AGAB(t, s)− ṫ2A(t)

√
ωA

ωBmAmB

∫ t

−∞ ṫA(r)χ
A
AB(t, r)GBB(r, s)dr = 0 ;

G̈BA(t, s) + ω2
BGBA(t, s)−

√
ωB

ωAmAmB

∫ t

−∞ χB
BA(t, r)GAA(r, s)dr = 0 ;

G̈BB(t, s) + ω2
BGBB(t, s)−

√
ωB

ωAmAmB

∫ t

−∞ χB
BA(t, r)GAB(r, s)dr = 0 .

(4.64)
To compute the off-diagonal elements of the dissipation kernel (4.6), the operators φ̂j

i from Eq. (4.4),
are firstly examined. With the delta-like switching in (4.63), it becomes

φ̂i
i(ti) = λiδ(ti − tiI)

∫
fi(xi)Φ̂(xi, t

i
I)
√

−gi(xi, tiI)dxi , (4.65)

if seen by the proper observer, and

φ̂j
i(tj) = λi

∫
δ(ti(xj, tj)− tiI)fi(xj, tj)Φ̂(xj, tj)

√
−gj(xj, tj)dxj , (4.66)

if seen by an external observer j. For the Dirac delta in Eq. (4.66) one has

δ(ti(xj, tj)− tiI) =

∣∣∣∣∂ti(tj,xj)

∂tj

∣∣∣∣−1 δ(tj − t−1i (tiI,xj)) . (4.67)

Eq. (4.66) can be simplified when ti(xj, tj) ∼ ti(tj). This happens when the relation between the
times ti and tj could be considered to be approximately the same along the spatial extension of the
detector. To test the validity of this approximation, the following condition must be verified, namely∫

|ti(xj, tj)− ti(ξ
j
i, tj)|

ti(ξ
j
i, tj)

fi(xj, tj)
√
−gj(xj, tj)dxj ≪ 1 , (4.68)

where ξj
i indicates the position of the detector i seen by j.

If the condition (4.68) is valid, then Eq. (4.66) becomes

φ̂j
i(tj) ∼ λi

(
∂ti(tj)

∂tj

)−1
δ(tj − t−1i (tiI))

∫
fi(xj, t

−1
i (tiI))Φ̂(xj, t

−1
i (tiI))

√
−gj(xj, t

−1
i (tiI))dxj . (4.69)

Since tBI > (tAI )B, from Eqs. (4.6) and (4.69) one trivially has χA
AB(t, s) ∼ 0. The element χB

BA

instead reads

χB
BA(t, s) =

λAλB
∂tA((tAI )B)

∂tB

δ(t− tBI )δ(s− (tAI )B)I((t
A
I )B, t

B
I ) , (4.70)

where for simplicity, the function I(t, s) was defined as

I(t, s) := i

∫
dx

∫
dx′fA(x

′, t)fB(x, s)
√
gB(x′, t)gB(x, s) ⟨ϕ|

[
Φ̂(x′, t), Φ̂(x, s)

]
|ϕ⟩ . (4.71)
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The homogeneous QLE (4.64) can be rewritten as

G̈AA(t, s)− ẗA(t)

ṫA(t)
ĠAA(t, s) + ṫ2A(t)ω

2
AGAA(t, s) = 0 ;

G̈AB(t, s)− ẗA(t)

ṫA(t)
ĠAB(t, s) + ṫ2A(t)ω

2
AGAB(t, s) = 0 ;

G̈BA(t, s) + ω2
BGBA(t, s) =

√
ωB

ωAmAmB
λAλB

1
ṫA((tAI )B)

I(tBI , (t
A
I )B)GAA((t

A
I )B, s)δ(t− tBI ) ;

G̈BB(t, s) + ω2
BGBB(t, s) = 0 ,

(4.72)
with boundary conditions Gij(t → s+, s) = 0 and Ġij(t → s+, s) = δij. The solutions for GAA, GAB

and GBB are

GAA(t, s) =
sin(ωA(tA(t)− tA(s)))

ωAṫA(s)
; (4.73)

GAB(t, s) = 0 ; (4.74)

GBB(t, s) =
sin(ωB(t− s))

ωB
. (4.75)

For GBA(t, s), using Eq. (4.73), one has

GBA(t, s) = θ(t− tBI )

√
ωB

ωAmAmB

λAλBI(t
B
I , (t

A
I )B)

ωAωBṫA((tAI )B)ṫA(s)
sin(ωB(t− tBI )) sin(ωA(tA(t

A
I )B − tA(s))) .

(4.76)

The transmissivity of the channel, from Eq. (4.36), is then

τ(t, s) =
λ2

Aλ
2
B

mAmBω2
Aṫ

2
A((t

A
I )B)ṫA(s)

I2(tBI , (t
A
I )B) sin

2(ωA(t
A
I − tA(s))) . (4.77)

To calculate the noise from Eq. (4.32), the elements of the noise kernel (4.24) are firstly examined.
From Eq. (4.63), one has

νij(ti, sj) =
λiλj

2
δ(ti − tiI)δ(sj − tjI)

∫
dxi

∫
dxjfi(xi)f̃j(xj)

√
gi(xi, tiI)gj(xj, t

j
I)

× ⟨ϕ|
{
Φ̂(xi, t

i
I), Φ̂(xj, t

j
I)
}
|ϕ⟩ . (4.78)

Using Eq. (4.78) and the Green function matrix elements (4.73), (4.75) and (4.76), Eqs. (4.33), (4.34)
and (4.35) drastically simplify to become respectively

N11 =
λ2

B
mBωB

sin2(ωB(t− tBI ))JB(t
B
I ) ; (4.79)

N21 = N12 =
λ2

B
mBωB

sin(ωB(t− tBI )) cos(ωB(t− tBI ))JB(t
B
I ) ; (4.80)

N22 =
λ2

B
mBωB

cos2(ωB(t− tBI ))JB(t
B
I ) , (4.81)

where, for the sake of simplicity, the following is defined

JB(t) :=
1

2

∫
dxB

∫
dx′BfB(xB, t)fB(x

′
B, t)

√
gB(xB, t)gB(x′B, t) ⟨ϕ|

{
Φ̂(xB, t), Φ̂(x

′
B, t)

}
|ϕ⟩ . (4.82)

To represent the initial state of Bob’s detector B the one-mode covariance matrix (3.12) with i = B

is employed and rewritten as

σii(s) =

((
1
2 + ni

)
eli 0

0
(
1
2 + ni

)
e−li

)
, (4.83)
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where ni represents the number of entropic particles in the mode i and li is a squeezing parameter3.
At this point, the determinant of the matrix (4.32), giving the parameter W , reads

W =

(
1

2
+ nB

)2

+
λ2

B
mBωB

J(tBI )

(
1

2
+ nB

)(
elB cos2(ωB(t

B
I − s)) + e−lB sin2(ωB(t

B
I − s))

)
. (4.84)

4.2.2.1 Energy conditions

The capacities of the channel can be computed by inserting the transmissivity (4.77) and the noise
parameter (4.84) into Eq. (3.36) for the constrained classical capacity and into Eq. (3.39) for the
quantum capacity. From Eqs. (4.77) and (4.84) one may adjust the parameters λi=A,B, mi=A,B and
ωi=A,B to obtain arbitrarily high capacities. This is due to the fact that a rapid interaction, modeled
by the delta-like switching-in (4.63) bypasses the limitations given by the uncertainty principle -
since an infinitesimal interaction time implies an infinite uncertainty on the energy. This means
that, to provide a realistic protocol, such energetic conditions must be imposed by hand.

First of all, a limitation must be imposed on the energy that each detector can store. According
to Eq. (2.9) a particle localized by a smearing function f(x) have a momentum amplitude g(k). In
particular, it can be proved that, if the support of f(x) is confined within a radius ϵ - i.e. the effective
size of the particle localization - then the support of g(k) would be confined into a sphere with radius
∼ ϵ−1. Therefore, if a detector i has an effective size ϵi, the maximum energy of a massless particle
it can interact with would be of the order Ei=A,B

c ϵ−1i . As a consequence, the detector’s initial state
is expected to not exceed this energy cutoff, noted with Ei=A,B

c . This immediately gives a bound
on the parameters ni=A,B and li=A,B defining the oscillators’ initial states (4.83). In particular, the
energy of an oscillator i in a state represented by the covariance matrix (4.83) and by a null first
momentum vector is

E0
i =

ωi

2
Trσii . (4.85)

So that the condition Ei < Ei
c must be satisfied for both the detectors A and B. In particular, for

the parameters nB and lB appearing on the noise W in Eq. (4.84), one has

ωB

(
1

2
+ nB

)
cosh lB < EB

c . (4.86)

Instead, EA
c simply represents the energy bound E on the constrained classical capacity (3.36).

Once interacting with the field, the detector increases its energy. In particular, the matrix N′B
in Eq. (4.32) gives the contribute on the covariance matrix σBB, representing Bob’s detector state,
given by the interaction with the field. By computing its trace, the energy gained from the interaction
with field is obtained, namely

∆EB := Tr
(
σBB(t

B+
I )− σBB(t

B−
I )

)
=

λ2
B

2mB
JB(t

B
I ) . (4.87)

Analogously, the energy gained by Alice while interacting with the field is

∆EA =
λ2

A
2mA

JA(t
A
I ) , (4.88)

3Their relation with ni and mi is ni = − 1
2
+

√(
1
2
+ ni

)2 − |mi|2 and li =
1
2
cosh−1

(
1
2
+ni+|mi|

1
2
+ni−|mi|

)
.
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where JA is defined analogously to JB in Eq. (4.82) by exchanging the label B with A. In this way,
one has the energetic condition ∆Ei < Ei

c, reading

λ2
i

2mi
J(tiI) ≤ Ei

c ⇒
λ2

i
mi

≤ 2
Ei

c

Ji(tiI)
. (4.89)

Eq. (4.89) gives the wanted upper bound on the field-detector interaction strength λi and a lower
bound on the oscillators’ mass mi.

Finally, a physical limit is given by the Heisenberg principle, preventing an actual delta-like
interaction with the field. In fact, this kind of interaction would assume an infinite precision on
time measurements and therefore, an infinite uncertainty on the detectors’ energy. The minimum
oscillator i energy is provided by ωi/2, so that the uncertainty on the energy must be much smaller
than it. This uncertainty is provided by the inverse of the uncertainty on the interaction time
∆tiI. If the window of interaction ∆tiI is much smaller than the time scale when the protocol occurs
- corresponding to di(ti) - then the delta-like limit is restored, as proved in details in Ref. [P4].
Therefore, the delta-like interaction (4.63) works without violating the uncertainty principle only if
the following condition is satisfied

ωi

2
di(ti) ≫ 1 , (4.90)

where di is the proper distance of the observer i between the two detectors. The condition (4.90)
provides then a lower bound on the oscillators’ frequencies.

Since ωi/2 < Ei
c, because the latter is an energy upper bound, it is convenient to write ωi = 2αiE

i
c,

where αi is upper bounded by 1. The condition (4.90) becomes then

1

2Ei
cdi

≪ αi ≤ 1 . (4.91)

Since Ei
c is proportional to ϵ−1, i.e. the inverse of the detector i effective size, then Eq. (4.91) means

that α ≫ ϵ
d .

At this point, to provide the best protocol, the transmissivity is maximized and the noise mini-
mized while respecting the bounds (4.86) and (4.89). From Eq. (4.84) is can be immediately proved
that the parameters minimizing W at each time while respecting the condition (4.86) are nB = 0,
lB = 0 and αB = 1, leading to

W =
1

4
+

λ2
B

2mBωB
J(tBI ) . (4.92)

To maximize the classical capacity, the aim is to provide the best ratio τ√
W

and for this purpose,
the two couplings must be the largest possible. By imposing, for i = A,B

λ2
i

miωi
≡ 1

αiJi(tiI)
, where

1

2Ei
cdi

≪ αi ≤ 1 . (4.93)

One has W = 1
4 + 1

2αB
which is minimized for αB = 1, leading simply to

W =
3

4
. (4.94)

The transmissivity τ from Eq. (4.77) becomes instead

τ =
1

α2
A

EB
c

EA
c

· I2(tBI , (t
A
I )B)

JA(tAI )JB(tBI )
· sin

2(ωA(tA(t
A
I )B − tA(s)))

ṫ2A((t
A
I )B)ṫA(s)

. (4.95)
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Eq. (4.95) provides the maximum transmissivity that the detector protocol can have with a delta-
like interaction, providing an upper bound for it. Remarkably, Eq. (4.95) can be written as the
product of three different factors, each one representing different features of the protocol, namely:

• 1
α2

A

EB
c

EA
c

depends solely on the detectors energetic setup.

• I2(tBI ,(tAI )B)

JA(tAI )JB(tBI )
is the factor depending on the background spacetime the detectors lie on

• sin2(ωA(tA(tAI )B−tA(s)))

ṫ2A((tAI )B)ṫA(s)
is the trajectory dependent factor.

The maximum classical capacity of the protocol (3.36), bound by the energy EA
c , becomes

C = h

(
τ

2αA
+

√
3

4

)
− h

(
τ

2
+

√
3

4

)
. (4.96)

For the quantum capacity, the situation is more subtle since Q(1), from Eq. (3.39), is not monotonic
with τ√

W
. In particular, from Eq. (4.84) one has W > 1/4. By considering the limit W → 1/4,

then the best quantum capacity is obtained when τ = 2. This situation is reachable in the limit
λB → 0. Therefore, by looking at Eq. (4.77), the parameter τ must be able to be arbitrarily high
for finite λB, so that it can be decreased to reach the ideal transmissivity τ = 2. In this case, the
value assumed by the maximized coherent information (3.39), i.e. the quantum capacity, in this
limit becomes

Q(1) → 1 . (4.97)

As a consequence, regardless the number of qubits encoded in the input state, no more than one
qubit can be reliably sent between two harmonic oscillator detectors. The reason of this feature
relies on the unavoidable noise W which cannot be lower than 1/4. This noise is simply caused by
the pre-existing state on the detector B. In other words, the initial state of the detector B must
be overwritten to read Alice’s detector A signal. This fact causes the aforementioned unavoidable
noise, limiting to 1 the number of qubits which can be reliably communicated.

4.2.2.2 Static detectors

The behaviour of the capacities in case of a rapid interaction is now provided for two static detectors,
as done in case of a long-term interaction in Sec. 4.2.1. Again, both the detectors work in the proper
time t. The following Lorentzian smearing is chosen for both the detectors for the sake of simplicity,
namely

fi(x, t) =
1

π2

ϵ

(|x− ξi|2 + ϵ2)
2 , (4.98)

where ϵ is the detector effective size. In this way, the energy cutoffs are the same EA
c = EB

c .
With this prescription, the integrals I(tAI , t

B
I ) and Ji(t

i
I), respectively from Eqs. (4.71) and (4.82),

can be analytically computed by using the Minkowski normal modes (2.6) as

I(tAI , t
B
I ) = − 1

(2π)2
d

ϵ

1

d2 + ϵ2
; (4.99)

Ji(t
i
I) =

1

16π4ϵ2
, (4.100)
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Figure 4.10: This image shows how the no-cloning theorem would prevent the communication of a
quantum state between two detectors when spacetime symmetries are present in isotropic spacetimes.
The scheme at the left (borrowed by Ref. [45]), shows the static detectors scenario, while the one
at the right implies detector A to move with a certain trajectory.

where d := |ξA−ξB|. Therefore, the maximum transmissivity (4.95), called τS in the static detectors
scenario, becomes

τS =
16

α2
A

ϵ2

d2
sin2(ωA(t

A
I − s)) . (4.101)

Noticeably, the transmissivity τS drops as d−2 exactly as the amplitude of a spherical wave. This
reflects the fact that the detector is effectively behaving as an antenna spreading information to the
background field as a spherical wave.

Since αA ≫ d/ϵ, then τS ≪ 1. In this case, the bounded classical capacity (4.96) becomes

CE ∼ log

(√
3 + 1√
3− 1

)
τ

2

(
1

αA
− 1

)
≃ 1.9 · τ

2

(
1

αA
− 1

)
(4.102)

The maximized coherent information (3.39) is clearly negative if τ ≪ 1, so that the quantum capacity
of the channel is zero.

The quantum capacity of the channel between two oscillators communicating at distance is zero
for both a steady and a rapid interaction - as shown also in Sec. (4.2.1). In fact a null quantum
capacity is always expected for two static detectors in an isotropic spacetime from the no-cloning
theorem [159, 45]. In fact, if Alice, with the detector A communicates reliably a quantum state to
Bob, holding the detector B, any other observer - called Charlie, with the detector C - must be
prevented to achieve the same signal in a reliable way. In this section and in Sec. 4.2.1, the scenario
involves Alice spreading information about her detector to the field with a spherical symmetric, as
well represented by the scheme at the left of Fig. 4.10. By looking at this figure, intuition tells
that, if a receiver B1 achieves reliably a quantum state from the detector A, then also the other
receivers e.g. B2 or B3 would achieve the same quantum state reliably. However, in this case,
Alice’s initial state would be cloned to all the receivers Bi and this clearly violates the no-cloning
theorem. Therefore, the fact that the quantum capacity is always zero in the situations considered
is consistent with this theorem. Even if the detector A is traveling through a particular direction,
a receiver B could easily have its "symmetric respective" C, as shown in the scheme at the right of
Fig. (4.10). In this case, the reliable communication of quantum messages is prevented again. The
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only possibility to have a quantum capacity greater than zero is when the detector B of the receiver
is along the line where Alice is traveling. Therefore, these situations are now investigated, hoping to
achieve a reliable communication of quantum messages between Unruh-deWitt detectors by playing
with their trajectories.

4.2.2.3 Inertial detectors

The situation where Alice travels inertially towards Bob (static), with a speed β, is now addressed.
The x-axis is chosen to be the line where the detectors A and B are located. The relation between
Alice’s proper coordinates (tA,xA) and Bob ones (t,x) is given by

t = γ(tA − βxA) ;

x = γ(xA − βtA) + d ;

y = yA ;

z = zA ,

(4.103)

where γ := (1−β2)−1/2. In Bob’s frame, the distance between the two detectors is d(t) = d−βt. The
Fermi bound (2.82) is trivially satisfied, since there is no curvature nor acceleration of the detectors.
From Eq. (4.68), the relative error achieved by approximating tA(x, t) into tA(t) in Eq. (4.66) is
∼ β

√
1− β2 and therefore negligible when A is non-relativistic and when A has a speed close to the

speed of light. In this case, one has ṫA(t) = t/γ. The integral (4.71) is

I((tAI )B, t
B
I ) = − 2

γ
ℑ
∫

dk
(2π)3|k|

ei|k|((t
A
I )B−tBI )−ikxd(t

B
I )−ϵ(|k|+|k′|) , (4.104)

where k′ := (γkx, ky, kz). The integral (4.104) has not analytic solution. However, since |k| ≤ |k′| ≤
γ|k|, one can infer an upper bound (resp. lower bound) for it by considering |k| (resp. γ|k|). In so
doing, the parameter µ, such that 1 < µ < γ+1

2 is introduced. With the mean value theorem, Eq.
(4.104) can be rewritten as

I((tAI )B, t
B
I ) = − 1

(2π)2γ

d(tBI )

µϵ

1

d2(tBI ) + µ2ϵ2
; (4.105)

The integrals Ji=A,B(t
i
I) follow again Eq. (4.100). From Eq. (4.95), the transmissivity of the channel,

called τI can be obtained as

τI =
16

α2
A

ϵ2

d2
γ

µ2
sin2

(
ωA((t

A
I )B − s)

)
. (4.106)

By comparing Eq. (4.106) with Eq. (4.101), one has

τI =
γ

µ2
τS . (4.107)

Since τS ≪ 1, the only option for the channel to have a quantum capacity greater than zero is that
γ ≫ 1. However, in this limit, it can be easily proved from Eq. (4.104) that µ assumes its maximum
value 1+γ

2 , so that, when γ ≫ 1

τI =
4

γ
τS . (4.108)

Therefore, when γ ≫ 1, i.e. when the detector A is close to the speed of light, the transmissivity of
the channel decreases w.r.t. static case. For γ ≳ 1, numerical calculations tell that τI ≳ τS, so that
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the two detectors communicate better classical information w.r.t. the static case4. However, since
the increasing on the transmissivity cannot be greater than γ, by considering the minimum value of
µ, a value γ ≳ 1 is clearly not enough to obtain quantum capacity greater than zero.

4.2.2.4 Rindler accelerated detectors

In this scenario, the detector A, held by the sender Alice, is Rindler accelerated along the x-axis,
while the receiver Bob with the detector B is static. The proper coordinates of Alice and Bob are
related through 

t =
(
1
α + xA

)
sinh(αtA) ;

x =
(
1
α + xA

)
cosh(αtA) ;

y = yA ;

z = zA ,

(4.109)

where α is the proper acceleration of the sender, by following the same notation of Sec. 2.4. The
distance between the two detectors, in Bob’s frame, is given by

d(t) =

√
1

α2
+ t2 , (4.110)

reaching its minimum at tA = t = 0, reading d = α−1. The Fermi bound condition (2.82) reads
α2ϵ2 ≪ 1, which is automatically implied by ϵ/d ≪ 1 and also makes valid the condition (4.68). By
performing the same analysis of Sec. 4.2.2.3, the integral (4.71) is

I((tAI )B, t
B
I ) = − 1

(2π)2 cosh(α(tAI )B)

d(tBI )

ϵµ′
1

µ′2ϵ2 + d2(tBI )
, (4.111)

where µ′ is a parameter upper bounded by 1+cosh(αtAI )
2 and lower bounded by 1. The integral JB,

from Eq. (4.82) is the static one (4.100). For JA, instead, one has

JA(t
A
I ) =

1 + α2(tAI )
2

16π4ϵ2
. (4.112)

Notice that JA = (1+α2(tAI )
2)JB. This increasing of the noise achieved by Alice is due to the Unruh

radiation absorbed by the detector A. A the peculiar case shown in Fig. 4.11 is now considered. In
it, Alice prepares the state of the detector A at a time s < 0 and sends it at the time tAI = 0. In so
doing, Eqs. (4.111) and (4.112) become analog to the static one i.e. (4.99) and (4.112), respectively.
The transmissivity (4.95), called τR becomes

τR =
16ϵ2

α2
Ad

2

√
1 + α2s2 sin2(ωAs) ∼

√
1 + α2s2τS. (4.113)

The parameter
√
1 + α2s2 comes from the factor ṫA(s) appearing in the denominator on the r.h.s.

of Eq. (4.95). As a consequence, the transmissivity of the protocol in Fig. 4.11 can be arbitrarily
high by anticipating the time s when the state is prepared. From Ref. [P4], this happens because,
in Bob’s frame, Alice’s initial state is amplified by a factor

√
1+α2s2

1+α2tA2
I

by her motion while waiting

to send the state (at the time tAI ) after its preparation (at the time s).
In this protocol, λB can be arbitrarily low and τ still arbitrarily high. As mentioned at the end

of Sec. 4.2.2.1, this allows the quantum capacity to be arbitrarily close to 1. Fig. 4.12 shows how
4In particular, for values d = 1 and ϵ = 0.001, the transmissivity increases for 1 < γ ≲ 1.054



96 4. Quantum communication via localized quantum systems

Figure 4.11: Figure showing the protocol considered in Sec. 4.2.2.4, with s = −4 and α = 1/2.
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Figure 4.12: Maximized coherent information Ic - giving the one-shot quantum capacity when
positive - of the channel depicted in Fig. 4.11, obtained from Eq. (3.39), in terms of s, i.e. the time,
in Bob’s frame, when Alice prepares the state of the detector A which is then communicated to Bob
at (tAI )B = 0. The parameters chosen are d = 105 eV −1, ϵ = 10−3 eV −1 and ωA = 1 eV , so that
αA = 0.5 · 10−3.
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the quantum capacity of the protocol increases with |s|, i.e. the time between the preparation of
the state and its communication. The natural units ℏ = c = 1 were restored, since no gravitational
effects are present. By using atomic quantities (specified in the caption of Fig. 4.12), and a proper
acceleration α = d−1 giving an Unruh temperature of ∼ 1K, a quantum capacity greater than zero
requires a time |s| excessively high (comparable with the age of the Universe). This obviously makes
the protocol impossible to be set up today with actual means. In particular, the quantum capacity
is maximized when τ → 2, and the time needed to reach this value is noted with |s⋆|. From Eq.
(4.113) it reads

|s⋆| ∼
α2

A
8

1

ϵ2α3
(4.114)

Therefore, to reach an affordable protocol execution time, would be to increase the proper accelera-
tion of the sender, since |s⋆| ∝ α−3. In this way, the possibility to achieve a reliable communication
of quantum messages between detectors is linked with the possibility to see the Unruh effect. The
main problem of this observation is on the size of the laboratory needed to reach an observable - i.e.
∼ 1 K Unruh temperature, as the one used as reference in Fig. 4.12. To this perspective, detectors
with a circular motion have recently proven to provide an analog Unruh effect and potentially reach
high accelerations in a limited space [132, 232, 233]. This is believed to be the key to drastically
reduce the execution time of the considered communication protocol to reasonable values.

4.3 Role of a cosmological expansion

In Chapter 3, the effects predicted by quantum field theory in curved spacetime have always proved
to create further noise to the protocol. In particular, in Sec. 3.4, also the quality of a non-perfect
quantum channel was proved to decrease by the evolution of a background spacetime. The intuitive
reason behind that is on the spectrum of particles produces, which will always interfere negatively
with the communication of one-mode signals.

For localized quantum systems, instead, many factors are expected to contribute to the commu-
nication channel such as the structure of the background quantum field and their interaction with
locally non-relativistic quantum systems. Therefore, wondering if the communication capabilities of
the protocol with quantum antennas - studied in Sec. 4.1 - could increase, the effects of a curved
background on it are now explored.

In particular, the detectors are static lying in a cosmological expanding background, characterized
by the metric (2.25). Since the detectors are static, the sender Alice and the receiver Bob work with
the same proper time t. The spatial Fermi-normal coordinates of the two parts are insteadxA = a(t) (x− d) ;

xB = a(t)x ,
(4.115)

where x = (x, y, z) are the conformal coordinates defined in the metric (2.25) and |d| =: d is the
conformal distance between the detectors.

The two detectors have a Lorentzian smearing function (4.98). Since the detectors themselves
experiment a cosmological expansion, their effective size ϵ would scale with a(t). Therefore the
smearing function (4.98) is modified to

f̃i(xi, t) =
1

π2

a(t)ϵ

(xi · xi + a2(t)ϵ2)
2 =

1

π2a3(t)

ϵ

(|x|2 + ϵ2)2
. (4.116)
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The Fermi length (2.82) can be easily computed to be5

LF =

√
6

R
=

a

ȧ2 − äa
, (4.117)

being R the scalar curvature (2.34). The Fermi bound requires ϵa(t) ≪ LF and then, from Eq.
(4.117), the following parameter as a relative error given by considering non-relativistic quantum
systems in relativistic settings, namely

EF = aϵ

√
R

6
. (4.118)

Again, since the detectors A and B have the same shape, their cutoff energy is the same, i.e.
EA

c = EB
c . Finally, the detectors interact with the field via the rapid interaction studied in Sec.

4.2.2, i.e. with a switching-in (4.63). For the interaction times ti=A,B
I , by using the conformal

coordinates (2.30), one has ηB
I = ηA

I + d.
The integrals I(tAI , t

B
I ), JA(t

A
I ) and JB(t

B
I ) are now computed. For the normal modes uk(t,x),

the separation of variables in Eq. (2.31) is used. Moreover, the time dependent functions χk(η) are
found by using the first order perturbative solution presented in Sec. (2.2.2). The relative error
expected from this approximation is given by Eq. (2.43) with n = 1.

With this method, the integral I(tAI , t
B
I ), from Eq. (4.71) has the form

I(tAI , t
B
I ) = I0(t

A
I , t

B
I ) + I1(t

A
I , t

B
I ) + I2(t

A
I , t

B
I ) , (4.119)

where
I0(t

A
I , t

B
I ) = − 1

(2π)2a(tAI )a(t
B
I )

d

ϵ

1

d2 + ϵ2
; (4.120)

I1(t
A
I , t

B
I ) = − 6ξ − 1

2(2π)2a(tAI )a(t
B
I )

arctan(d/ϵ)

d

∫ ηB
I

ηA
I

dηH2(η) . (4.121)

I2(t
A
I , t

B
I ) =

6ξ − 1

2(2π)2a(tAI )a(t
B
I )

1

d

∫ ηB
I

ηA
I

dηH2(η)

(
arctan

(
ηB
I − η

ϵ

)
− arctan

(
ηA
I − η

ϵ

))
. (4.122)

Since a spatial separation is assumed, then d ≫ ϵ, so that d2 + ϵ2 ∼ d2 and arctan(d/ϵ) ∼ π
2 in

Eq. (4.121). For similar reasons, in the integral of Eq. (4.122), the function arctan((ηB
I − η)/ϵ) −

arctan((ηA
I − η)/ϵ) can be approximated to π whenever ηB

I − η ≫ ϵ and η − ηA
I ≫ ϵ. By running η,

the range of integration (ηA
I , η

B
I ), the conditions for this approximation are true always except where

η is close by an order ϵ to the integration bounds. However, since the range of integration is large
d ≫ ϵ, the range where the approximation arctan((ηB

I − η)/ϵ)− arctan((ηA
I − η)/ϵ) ∼ π is not valid

is negligible w.r.t. the range where it is valid. The integral in equation (4.122) can be approximated
to π

∫ ηB
I

ηA
I
H2

c (η).
With these approximations, the integral I(tAI , t

B
I ) in Eq. (4.119) can be finally written as

I(tAI , t
B
I ) = − 1

(2π)2a(tAI )a(t
B
I )

1

d

(
1

ϵ
− π

4
(6ξ − 1)

∫ ηB
I

ηA
I

dηa2(η)H2(η)

)
. (4.123)

The integrals Ji(t
i
I) can be computed as well by putting Eq. (2.42) in Eq. (4.82), getting

Ji(η
i
I) =

1

(2π)2a2(ηi
I)

(
1

4ϵ2
− (6ξ − 1)

∫ ηi
I

η0

dηH2(η)
ηi
I − η

(ηi
I − η)2 + ϵ2

)
(4.124)

5The matrix R0i0j is R
6
I3×3. The result follows.
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The focus is now on the ratio I2(tAI ,tBI )

JA(tAI )JB(tBI )
, appearing on the transmissivity (4.95), being the only

factor dependent on the background spacetime. By using Eqs. (4.123) and (4.124), together with
the first order perturbation theory, this ratio, in case of a cosmological expanding background, reads

I2(tAI , t
B
I )

JA(tAI )JB(t
B
I )

∼ 16
ϵ2

d2
(1− (6ξ − 1)F ) . (4.125)

where

F = ϵ
π

2

∫ ηB
I

ηA
I

dηH2(η)− 4ϵ2
∫ ηB

I

η0

dηH2(η)
ηB
I − η

(ηB
I − η)2 + ϵ2

− 4ϵ2
∫ ηA

I

η0

dηH2(η)
ηA
I − η

(ηA
I − η)2 + ϵ2

.

(4.126)

From Eq. (4.95), then

τC =
16

α2
A

ϵ2

d2
(1 + (1− 6ξ)F ) sin2(ωA(t

A
I − s)) = (1 + (1− 6ξ)F ) τS . (4.127)

Since F is a perturbative parameter, then τC ≪ 1 and the quantum capacity of the channel is zero.
This is in line with the discussion performed at the end of Sec. 4.2.2.2. In fact, the no-cloning
theorem applies to prevent a possible reliable quantum communication, since the universe expansion
is isotropic and the detectors are static (the situation is the one at the left of Fig. 4.10).

For the classical capacity of the channel, one has the simplified expression (4.102), for which the
relative increasing of the classical capacity - w.r.t. the Minkowski case F = 0 - is easily obtained as

∆C :=
CE − CE(F = 0)

CE
∼ (1− 6ξ)F . (4.128)

It is worth understanding whether a cosmological expansion could increase or decrease the commu-
nication capabilities of two particle-detectors w.r.t. to the Minkowski case. From Eq. (4.128), a
cosmological expansion:

1. increases the classical communication capabilities of two static particle detectors if ξ < 1/6

and F > 0 or if ξ > 1/6 and F < 0;

2. decreases the classical communication capabilities of them if ξ < 1/6 and F < 0 or if ξ > 1/6

and F > 0;

3. does not affect the communication capabilities of them in case of conformal coupling ξ = 1/6.

The sign of F is now investigated. At first, the case η0 = ηA
I is considered. This means that the

spacetime can be approximated as Minkowskian at the time ηA
I , i.e. a(ηA

I ) = 1 and ȧ(ηA
I ) ∼ 0. By

doing that, one is basically assuming that any expansion prior to the protocol is ignored, as depicted
in Fig. 4.13. In other words, any expansion prior to the time where Alice sends her message is
considered to have negligible effects on the protocol. This assumption may be valid only if the
Universe is accelerating, i.e. whenever the expansion rate increases6. Therefore, the analysis is
restricted to such cosmological expansions.

The factor F from (4.126), when η0 ∼ ηA
I , becomes

F :=

∫ ηB
I

ηA
I

dη
(
πϵ

2
− 4ϵ2(ηB

I − η)

(ηB
I − η)2 + ϵ2

)
H2(η) . (4.129)

6Otherwise, one has ä < 0 but ȧ negligible before a reference time t0 and not after, which makes no sense.
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Figure 4.13: In this image, the red line exemplifies a cosmological expansion one effectively considers
with the approximation η0 ∼ ηA

I , i.e. neglecting the effects of any expansion prior to ηA
I . The blue

line is the cosmological expansion without approximation.

From Eq. (4.129), F turns out to be an integral of a definite-positive function H2 weighted by a
function

g(η) :=
πϵ

2
− 4

ϵ2(ηB
I − η)

(ηB
I − η)2 + ϵ2

. (4.130)

The plot of g(η), in Eq. (4.130) is provided in Fig. 4.14, from which one obtains that g(η) is always
positive except when

ηB
I − η

ϵ
∈

(
4

π
−
√

16

π2
− 1,

4

π
+

√
16

π2
− 1

)
≃ (0.49, 2.06) . (4.131)

This interval is much smaller - by a factor ∼ 1.576 ϵ
d - than the interval

[
ηA
I , η

B
I
]

where η is integrated
in Eq. (4.129). Therefore, the factor F could be negative only in the peculiar situation where H2(η)

is really high in the range given by Eq. (4.131) and negligible elsewhere. This occurs when the
universe expands sharply right after ηA

I and basically stops its expansion afterwards. Since this
situation is very peculiar, and basically never predicted by any cosmological model, one can safely
consider F > 0.

In this case, one can conclude that a cosmological expansion may increase or decrease the commu-
nication capabilities of quantum antennas depending on the value of the coupling with the curvature.
In particular, from Eq. (4.127), if ξ < 1/6 (resp. ξ > 1/6) the quality of the communication of
classical messages increases (resp. decreases) due to a cosmological expansion. This result can be
briefly explained by considering the effective mass of null-like particles when coupled with the cur-
vature, i.e. Meff given by Eq. (2.33). In fact, when ξ > 1/6, Meff is positive and this would hinder
the propagation from sender to receiver. On the contrary, if ξ < 1/6, M2

eff is negative and the back-
ground field assumes a tachyonic behaviour. Therefore, the low frequency modes |k| < |Meff| amplify
exponentially, giving an amplification to the signal which increases the communication capabilities
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Figure 4.14: Behaviour of the function g(η) in confoermal time η (Eq. (4.130)). The parameters
ϵ = 0.01 and d = 1 were chosen.

of the protocol studied.

From the obtained results, the communication protocol described in Sec. 4.1 may test the value
of the coupling field-curvature coupling ξ highly discussed in the literature [234, 235].

4.3.1 Role of an expansion prior to the protocol

With a short analysis, it is now shown how the range ξ < 1/6 is more appealing and consistent with
the predictions of quantum field theory in curved spacetime. To do that, the approximation η0 ∼ ηA

I

is now relaxed. In this way, the effects of a prior expansion on the communication protocol are
now briefly investigated. The factor F obtained when η0 ∼ ηA

I , given by Eq. (4.129) can be easily
proved to be always greater than the non-approximated one in Eq. (4.126). As a consequence, from
Eq. (4.127) an expansion prior to the start of the protocol decreases (resp. increases) the classical
capacity of the channel if ξ < 1/6 (resp. ξ > 1/6).

As extensively reported in Sec. 2.2, a cosmological expansion produces particles. How the
presence of such particles could influence the communication protocol in Sec. 4.1? By changing the
initial state of the field, from the vacuum to a whatever particle state, one can easily prove that the
integral I(tAI , t

B
I ) from Eq. (4.71) remains unaltered (since it comes from a field commutator), while

the integrals (4.82) always increase. Therefore, the transmissivity (4.95) - and therefore the classical
capacity - always decreases in presence of cosmological produced particles at the time7 tAI .

An expansion prior to the protocol is expected to produce particles. In this way, the contribute
of this expansion is supposed to be noisy. This is true, however, only if ξ < 1/6. Therefore, values
of the parameter ξ are restricted to this range from now on. Before going on, it is worth stressing
out that, since an expansion prior to the protocol actually affects it, the communication scheme
between quantum antennas is actually able to give information also to the history of our Universe.
This possibility would be further explored in the near future.

7One can also check that the entanglement between particles with opposite momenta, occurring in the cosmological
particle production, only contributes to the integral J with an time oscillating factor, without giving a net contribute.
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4.3.2 Einstein-de Sitter expansion

In the specific expansion considered now, there is one background cosmological fluid dominating
over the other ones, and this is supposed to have an equation of state is p = wϱ, with a constant
barotropic parameter w.

For the sake of simplicity, any effects of expansions prior to the protocol are neglected, i.e.
ηA
I ∼ η0, with ȧ(ηA

I ) ∼ 0 and a(ηA
I ) = 1. By putting this last condition, and the equation of state

p = wϱ, into the Friedmann Eqs. (2.27a) and (2.27b) and by solving them, the following scale factor
is obtained, i.e.

a(t) =

(
t

tAI

) 2
3w+3

. (4.132)

Since, with the approximation ηA
I ∼ η0, only accelerated expansions are consistent, then w < − 1

3 to
have ä > 0. Some manipulations allow to write Eq. (4.132) in conformal time η as

a(η) =

(
3w + 1

3w + 3

η

ηA
I

+
2

3w + 3

) 2
3w+1

. (4.133)

At this point, the factor F in Eq. (4.129) can be analytically computed. By considering the leading
order for ϵ/d, one has

F ∼ 2πdϵ

3ηA
I (1 + w)(3ηA

I (1 + w) + d(1 + 3w))
−

16ϵ2 ln
(
d
ϵ

)
(3ηA

I (1 + w) + d(1 + 3w))2
. (4.134)

From Eq. (4.134), as expected from previous discussions, F turns out to be always positive.
The minimal coupling ξ = 0 is now considered for the reasons explained in Sec. 4.3.1. In this

case, the relative increasing of the classical capacity (4.128) corresponds to F itself. This is shown in
terms of w in Fig. 4.15. In it, the dashed lines enclose the possible values of ∆C given by taking into
account the relative error E =

√
E2
F + E2

P, where EF and EP are given respectively by Eqs. (4.118)
and (2.43), representing the relative error given by the considering non-relativistic quantum systems
in relativistic settings and the first order perturbation theory.

Fig. 4.15 shows that the more is the acceleration of the expansion, the better the channel
performs. This was expected since the average |Meff| from Eq. (2.33) increases with the universe
acceleration and therefore, more background modes are exponentially amplified. Information about
the coupling ξ can be achieved as well. If the capacity achieved in an experiment is lower than the
one predicted in Fig. 4.15, then the coupling is not minimal, but closer to the conformal one (from
below).

More importantly, from Fig. 4.15 and Eq. (4.134), ∆C|ξ=0 = F grows by decreasing w to reach
a divergence at w = − d+3ηA

I
3(d+ηA

I )
. In fact, at this point, Bob is at Alice’s comoving horizon dH at the

time ηA
I , reading

dH = −3ηA
I

(
1 + w

1 + 3w

)
. (4.135)

The intuitive meaning of dH is that, since the universe expansion accelerates, if d > dH then the
signal sent by Alice would never reach Bob. The factor F is worth being studied with the scaled
quantities

ϵ̃ :=
ϵ

dH
; d̃ :=

d

dH
, (4.136)
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Figure 4.15: The increasing percentage of the classical capacity %∆C from Eq. (4.128) due to a
cosmological expansion of an Einstein-de Sitter universe, whose curvature is minimal coupled with
the background field ξ = 0, for different values of the barotropic index of the fluid w. The other
parameters are ϵ = 0.01, ηA

I = 5 and d = 1. The dashed lines represent the minimum and maximum
values of %∆C by taking into account the error given by the perturbation theory (2.43) and the
Fermi bound (4.118).
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where 0 < ϵ̃ < 1, 0 < d̃ < 1 and ϵ̃ ≪ d̃. With the adimensional variables (4.136), the factor F in
Eq. (4.134) becomes

F ∼ 2π

(1 + 3w)2
ϵ̃d̃

1− d̃
− 16

(1 + 3w)2
ϵ̃2

(1− d̃)2
ln

(
d̃

ϵ̃

)
. (4.137)

The errors EP and EF - from Eqs. (2.43) and (4.118), respectively - can be found as well in terms of
ϵ̃ and d̃ as

EP = 32
6d̃+ 2(3− d̃) ln

(
1− d̃

)
− ln2

(
1− d̃

)
(1 + 3w)4

. (4.138)

EF = − ϵ̃

(1 + 3w)(1− d̃)
; (4.139)

It is worth knowing how the classical capacity increases depending on the scale of the protocol. To
study that, the ratio ϵ/d - and so ϵ̃

d̃
is fixed and the relative increasing of the classical capacity is

shown in terms of d̃ in Fig. 4.16. From it, the relative increase of the capacity grows the larger is the
scale of the protocol w.r.t. the covoming horizon dH. In other words, ∆C is higher the more Bob gets
close to Alice comoving horizon, i.e. d → dH and scaling the effective size of the detector with d. As
the detector B approaches Alice’s comoving horizon, the error E diverges, meaning that further order
perturbation theory and/or relativistic quantum systems as detectors are required when d ∼ dH.
Nevertheless, the trend in the range E ≪ 1 suggests a significant increasing of the communication
qualities of quantum antennas in proximity of horizons. Interestingly, the limit w → −1, involving
a de Sitter universe, is not achievable from Eq. (4.134), valid exclusively for the Einstein-de Sitter
expansion. Instead, by using the horizon-scaled variables (4.136) (i.e. Eq. (4.137) for F ), the limit
w → −1 leads to a finite and well-behaved result for the increasing of the classical capacity. A short
computation (performed in Ref. [P7]) shows that Eq. (4.137) with w = −1, is exactly the result
recovered by repeating the computation of F from Eq. (4.129) by starting with the de Sitter scale
factor

a(t) = eH0(t−tAI ) , (4.140)

where H0 = 1
η0

. This is important since the de Sitter expansion w = −1, represents a very relevant
cosmological scenario, typically associated with strongly-accelerated phases of the universe [236].
Principally, at primordial times, inflation represents a phase of de Sitter expansion [237], compatible
with w = −1.

The factor F , in that case, turns out to be

F ∼ π

2

ϵ̃d̃

1− d̃
− 4ϵ̃2

(1− d̃)2
ln(d̃/ϵ̃) . (4.141)

By comparing the behaviour of ∆C when w = −1, shown in Fig. 4.17 with Einstein-de Sitter case
w = −0.7 in Fig. 4.16, the increment of the classical capacity is slightly lower in the former scenario
w = −1. Indeed, from Eq. (4.137) F = ∆C scales as (1+3w)−2. However, from Figs. 4.16 and 4.17,
the error is lower in the case w = −1. In fact, the error EP in Eq. (4.138) - expected to be much
larger than EF when 1− d̃ ≫ ϵ̃ - scales as (1+3w)−4. Therefore, despite a lower capacity increasing,
one can explore more safely the transmission of information in proximity of the sender horizon in de
Sitter universes.
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Figure 4.16: The increasing percentage of the classical capacity %∆C from Eq. (4.128) due to a
cosmological expansion of an Einstein-de Sitter universe with w = 0.7, whose curvature is minimal
coupled with the background field ξ = 0, for different values d̃ with ϵ̃ = d̃/100. dashed lines
represent the minimum and maximum values of %∆C by taking into account the error given by the
perturbation theory (2.43) and the Fermi bound (4.118).
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Figure 4.17: The increasing percentage of the classical capacity %∆C from Eq. (4.128) due to a
cosmological expansion of a de Sitter universe with, whose curvature is minimal coupled with the
background field ξ = 0, for different values d̃ with ϵ̃ = d̃/100. dashed lines represent the minimum
and maximum values of %∆C by taking into account the error given by the perturbation theory
(2.43) and the Fermi bound (4.118).
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4.4 Dephasing and erasure of quantum states due to self-
gravity

When undergoing external forces, experimental evidences tell that quantum states lose the property
to be in a state superposition - i.e. to be in different states "at the same time" - and tend to assume
a classical behaviour [238, 239, 240]. This phenomenon is known as quantum decoherence and it is
the main responsible to the actual limitations of stable quantum technologies [56].

In line with those predictions, gravity is expected to involve decoherence as well. The gravitational
decoherence, too weak to be experimentally observed nowadays, is theoretically predicted by many
mechanisms predict this phenomenon, both involving a semiclassical gravity theory [219, 220, 48,
221] and a quantum gravity theory [241, 242, 49, 243]. In particular, for the latter scenario, the
decoherence occurs because of the interaction of the field with the gravitational environment - having
quantum degrees of freedom. Therefore, the decoherence is predicted by a graviton thermal bath,
expected from the background noise.

It is interesting to know if an intrinsic decoherence may occur in a quantum gravity setting,
as occurs in case of a semiclassical theory of gravity by the Diósi-Penrose mechanism [219, 220].
Motivated by this fact, the evolution of a localized quantum state in the gravitational vacuum is
addressed, wondering if a source of decoherence may be given by the gravity the localized state in-
duces to itself - so called "self-gravity". To do that, the linearized quantum gravity theory, discussed
in Sec. 2.5, is employed. The interaction with gravitons, supposed initially in the vacuum state, is
addressed as a quantum channel whose properties and quantum capacity are investigated, with the
hope to find an explicit intrinsic decoherence channel together with other noisy ones.

4.4.1 Initial state

A bosonic scalar particle with mass m is considered to be initially in a generic superposition of two
different localizations, centered at xA and xB. More precisely, the following ladder operators are
defined

âA :=

∫
dkF ∗k0

(k) eixA·k âk ; (4.142)

âB :=

∫
dkF ∗k0

(k) eixB·k âk , (4.143)

so that â†i=A,B applied to the bosonic field vacuum creates a wave packet localized around the spatial
points xi whose momentum amplitude is given by Fk0(k). The spatial smearing of those wave packets
can be obtained from Eq. (2.9) with g(k) ≡ Fk0

(k).
The two localizations - around xA and xB - must be distinct, so that an observer could tell

exactly if the particle is found at the state |1A⟩ := â†A |0⟩ or |1B⟩ := â†B |0⟩ (i.e. if it is located at
xA or xB). Therefore, the two wavepackets cannot superpose, namely ⟨1A|1B⟩ = 0. In this case, the
ladder operators (4.142) and (4.143) behave as two bosonic operators of two independent modes,
namely A and B. One can go even further and define a set of wavepacket modes, labeled by λ and
created by the operators {â†λ}λ, which, together with the modes A and B, form a complete and
independent set of modes - namely ⟨1λ|1i=A,B⟩ = 0 for each mode λ. In this way, the initial state
considered involves one particle in generic superposition of the modes |1A⟩ and |1B⟩ while all the
other modes λ are in the vacuum state. With this prescription, by including the gravitational field
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modes, initially in the vacuum, the initial state of the entire physical system is

ρ̂(0) =ρ̂S(0)⊗
(E)∏
λ

|0λ⟩⟨0λ| ⊗ ρ̂G(0) ≡ ρ̂SE(0)⊗ ρ̂G(0) , (4.144)

where ρ̂S is the substate focus of interest, which includes the modes A and B, namely

ρ̂S(0) =α |1A⟩ ⟨1A|+ β |1A⟩ ⟨1B|+ β∗ |1B⟩ ⟨1A|+ (1− α) |1B⟩ ⟨1B| . (4.145)

By following Eq. (4.145), the particle has a probability α (resp. 1− α) to be found at the position
xA (resp. xB). The off-diagonal element β indicates the coherence of the initial state. If |β| =√

α(1− α), the the state ρ̂S is in a perfect quantum superposition. If, on the contrary ,|β| = 0, then
the state ρ̂S is in a classical statistical mixture [243].

To preserve the orthonormality of the modes A, B and λ, the states |1i=A,B⟩ (and |1λ⟩) are
supposed to be the same up to a unitary evolution Û0 = e−iĤΦt. The Hamiltonian ĤΦ, obtained
from the Lagrangian density (2.1), reads

Ĥ0 =

∫
dk
√

m2 + |k|2â†kâk . (4.146)

In other words, to preserve the orthogonality of |1A⟩ and |1B⟩, one has to assume the wave packets
to be i) static - i.e. they remain localized around xi=A,B - and ii) "not spreading" in time.

To satisfy the condition i) the amplitude of the momentum distribution Fk0
(k) must have average

0 and a standard deviation k0 := |k0| involving a non-relativistic particle, i.e. k0 ≪ m. For the
condition ii) one should have

|1i=A,B(t)⟩ =
∫

dkFk0(k)e
−ixi·ke−i

√
m2+|k|2tâ†k |0⟩ ∼ e−imt

∫
dkFk0(k)e

−ixi·kâ†k |0⟩ . (4.147)

The approximation in Eq. (4.147) is valid as long as

e−i(m−
√

m2+|k|2)t ∼ 1 . (4.148)

which is true if |k0|2
2m t ≪ 1. Therefore, the condition ii), requires k20 ≪ 2m

t . A spreading time can
be associated with tS = 2m

|k0|2 , so that the condition ii) is no more valid8. Therefore, to have a wave
packet |1i=A,B⟩ stable in time, the range of times considered must be restricted to t ≪ tS.

Finally, by defining L := xB − xA, then the scalar product ⟨1A|1B⟩ is always an order of ϵ/L,
where ϵ ∼ k−10 is the wave packet effective size and L := |L|. Therefore, even if not exactly zero, the
orthogonality condition ⟨1A|1B⟩ = 0 is considered valid as long as L ≫ ϵ, or k0 ≫ L−1.

4.4.2 Time-evolution

The main goal of the section is to study the evolution of the system without any initial source of
gravity. However, for the sake of generality, the presence of a classical source of gravity, i.e. a planet,
is also considered - which can be easily removed by putting its mass M⊙ = 0.

By employing the linearized quantum gravity theory, the Lagrangian expressing the graviton-
matter interaction is given by Eq. (2.97), where the presence of the planet gives the classical

8the states |1A⟩ and |1B⟩ have spread they localization to become no more orthonormal.
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contribute T⊙µν to the normal-ordered stress-energy tensor (2.98). In particular, by considering a
static and spherical object of mass M⊙ and radius R one has

T⊙µν =
3M⊙
4πR3

θ(R− r)δµ0δν0 , (4.149)

where r is the radial coordinate from the center of the planet.
From the interaction Lagrangian density (2.97), one can split the stress-energy tensor as in

Eq. (2.98) and obtain the interaction Hamiltonian ĤI = ĤΦ
I + Ĥ⊙I , where ĤΦ

I and Ĥ⊙I represent
respectively the graviton-field and the graviton-planet interaction. They read respectively

ĤΦ
I =

1

2

∫
dx
(
γ̂µν − 1

2
γηµν

)
T̂µν
Φ , (4.150a)

Ĥ⊙I =
1

2

∫
dx
(
γ̂µν − 1

2
γηµν

)
Tµν
⊙ . (4.150b)

Since m ≫ k0, the component 00 of the stress energy tensor (2.96) is expected to dominate w.r.t.
the other ones [49]. In this way, the Hamiltonian HΦ

I expressing the graviton-field interaction, to
lowest order becomes

ĤΦ
I ∼ −m

2

∫
dx
∫

dpdp′√
(2π)3

(
γ̂00(x) +

1

2
γ̂(x)

)
â†pâp′ei(p

′−p)·x

= −
√
2πm

∫
dk√
|k|

∫
dx
∫

dpdp′

(2π)3

[
b̂ke

ik·x + b̂†ke
−ik·x

]
â†pâp′ei(p

′−p)·x

= −m

∫
dpdp′√
|p′ − p|

(
b̂p−p′ + b̂†p′−p

)
â†pâp′ . (4.151)

where the bosonic operator b̂k := P̂00(k) + P̂ (k), so that b̂†k|0G⟩ = |1G
k ⟩ was introduced - since, from

Eq. (2.94), one has [P̂00(k) + P̂ (k), P̂00(k
′)† + P̂ †(k′)] = δ3(k− k′).

After some manipulations, the Hamiltonian ĤI,⊙ from Eq. (4.150b) can be simplified by using
Eq. (4.149). It reads

Ĥ⊙I =
3

2
M⊙

∫
dkΓk(R)

(
b̂k + b̂†k

)
, (4.152)

where Γk(R) is called the form factor and it reads

Γk(R) := −(cos(|k|R)− sinc(|k|R))/(R2|k|5/2) . (4.153)

The time evolution operator Û(t) reads

Û(t) =
←
T exp

[
− i

ℏ

∫ t

0

dt′
(
Ĥ0(t

′) + ĤΦ
I (t′) + Ĥ⊙I (t′)

)]
, (4.154)

where the free Hamiltonian Ĥ0 is

Ĥ0(t) ∼
∫

dk
(
|k|b̂†kb̂k +mâ†kâk

)
. (4.155)

To study the behaviour of the Hamiltonians ĤΦ
I and Ĥ⊙I in time, a double interaction picture is

used. In so doing, the time evolution operator of the system is written as Û(t) = Û0(t)Û
⊙
I (t)ÛΦ

I (t),
where the following are defined

Û0(t) = e−iĤ0t ; (4.156a)

Û⊙I (t) = e−i
∫ t
0
dt′Û†

0 (t
′)Ĥ⊙

I (t′)Û0(t
′) ; (4.156b)

ÛI,Φ(t) = e−i
∫ t
0
dt′Û⊙†

I (t′)Û†
0 (t

′)ĤΦ
I (t′)Û0(t

′)Û⊙
I (t′) . (4.156c)
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It is worth remarking that linearized quantum gravity is an effective field theory valid up to the
Planck mass cutoff, reading mP = 1 in our units. A quantum particle, e.g. an atom, is supposed
to have a mass which is way lower the Planck one, so that, for the mass of the particle in the state
(4.145), a value m ≪ 1 is considered. With this in mind, a perturbative expansion for the operator
ÛI,Φ, proportional to m, is employed. In particular, a second order perturbative expansion implies
ÛΦ

I = Îd − iĤ1(t)− Ĥ2←(t), where

Ĥ1(t) :=

∫ t

0

dt′ Û⊙†I (t′)Û†0 (t
′) ĤΦ

I Û0(t
′)Û⊙I (t′) , (4.157)

Ĥ2,←(t) :=

∫ t

0

dt′ Û⊙†I (t′)Û†0 (t
′) ĤΦ

I Û0(t
′)Û⊙I (t′)

∫ t′

0

dt′′ Û⊙†I (t′′)Û†0 (t
′′) ĤΦ

I Û0(t
′′)Û⊙I (t′′) .

(4.158)

By using the second order expansion of ÛΦ
I , the time evolution of the system from ρ̂(0) to ρ̂(t) is

given by9

ρ̂(t) =Û(t) ρ̂(0) Û†(t)

=Û0(t)Û
⊙
I (t)

(
Îd − iĤ1(t)− Ĥ2,←(t)

)
ρ̂(0)

(
Îd + iĤ1(t)− Ĥ2,→(t)

)
Û⊙†I (t)Û (0)†(t)

=ρ̂(0) + i
[
ρ̂(0), Ĥ1∗(t)

]
−
(
Ĥ2∗,←(t)ρ̂(0) + ρ̂(0)Ĥ2∗,→(t)

)
+ Ĥ1∗(t)ρ̂(0)Ĥ1∗(t), (4.159)

where Ĥ2,→(t) := Ĥ†2,←(t) and the following convenient notation was introduced

Ĥ1∗(t) :=Û0(t)Û
⊙
I (t)Ĥ1(t)Û

⊙†
I (t)Û†0 (t) ; (4.160)

Ĥ2∗,↔(t) :=Û0(t)Û
⊙
I (t)Ĥ2,↔(t)Û⊙†I (t)Û†0 (t) . (4.161)

A general form for the operators Ĥ1∗ and Ĥ2↔∗, useful for later computation, can be studied.
From Eq. (4.152) one easily obtains∫ t

0

dt′Û†0 (t
′)ĤI,⊙Û0(t

′) = −3M⊙

∫
dk
(
αk(t)b̂k + α∗k(t)b̂

†
k

)
, (4.162)

where αk is the parameter

αk(t) := −Γk(R )e−
i
2 |k|tsinc

(
1

2
|k|t
)

t

2
= − i

2|k|
Γk(R)(1− e−i|k|t) . (4.163)

By putting Eq. (4.162) into Eq. (4.156b), the operator Û⊙I becomes a multi-mode displacement
operator - with continuous modes. Therefore, it transform a graviton annihilation operator as

Û⊙†I b̂kÛ
⊙
I = b̂k − 3iM⊙α

∗
k . (4.164)

Therefore, the presence of a classical gravitational source displaces the gravitons’ bosonic operators
b̂k by an amount proportional to M⊙ - following Eq. (4.164). In General Relativity regimes, the
masses of gravitational sources are way higher than the Planck mass, meaning that M⊙ ≫ 1.
Therefore, the displacement proportional to M⊙ is expected to overcome completely the "quantum

9Since Û0 |1i=A,B⟩ = e−imt |1i=A,B⟩ from the assumption that the wave packet is not spreading (see Sec. 4.4.1),
has has Û0ρ̂Û

†
0 = ρ̂.
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part" given by b̂k, explaining why quantum features of gravity appear to be hidden in presence of
any classical source.

By putting Eq. (4.164) into Eqs. (4.160) and (4.161), after cumbersome calculations, one obtains

Ĥ1∗(t) = m

∫
dpdp′

(
c−(p,p

′; t)b̂p−p′ + c+(p,p
′; t)b̂p′−p +M⊙c⊙(p,p

′; t)
)
a†pap′ , (4.165)

H2←∗(t) =m2

∫
dp1dp2dp3dp4

×
(
c−−(p1,p2,p3,p4; t)b̂p1−p2 b̂p3−p4 + c−+(p1,p2,p3,p4; t)b̂p1−p2 b̂

†
p3−p4

+c+−(p1,p2,p3,p4; t)b̂
†
p1−p2

b̂p3−p4 + c++(p1,p2,p3,p4; t)b̂
†
p1−p2

b̂†p3−p4

+M⊙c⊙−(p1,p2,p3,p4; t)b̂p3−p4 +M⊙c⊙+(p1,p2,p3,p4; t)b̂
†
p3−p4

+M⊙c−⊙(p1,p2,p3,p4; t)b̂p1−p2 +M⊙c+⊙(p1,p2,p3,p4; t)b̂
†
p1−p2

+M2
⊙c⊙⊙(p1,p2,p3,p4; t)

)
â†p1

âp2 â
†
p3

âp4 , (4.166)

where the functions c(... ) are specified later on.
It is convenient to decompose Ĥ1∗ and Ĥ2←∗ resp. in Eqs. (4.165) and (4.166) into the planet-

dependent (i.e. proportional to M⊙) and planet-independent parts. The former is indicated with
the apex ⊙ and the latter with the apex Φ. Therefore

Ĥ1∗(t) = ĤΦ
1∗(t) + Ĥ⊙1∗(t) ; Ĥ2←∗(t) = ĤΦ

2←∗(t) + Ĥ⊙2←∗(t) . (4.167)

4.4.2.1 Tracing out the gravitational sector

To explore the evolution of the state ρ̂S one has to evolve the density operator of the entire system
with Eq. (4.159) and then trace out the gravitational sector and the λ modes.

In particular, by putting Eq. (4.144) into Eq. (4.159) and tracing out the gravitational field
modes, one has

ρ̂SE(t) :=
∑
nk

G ⟨nk| ρ̂(t) |nk⟩G = ρ̂SE(0)− i
[
⟨0G|Ĥ⊙1∗(t)|0G⟩, ρ̂SE(0)

]
+

∫
dkG⟨1k|ĤΦ

1∗(t)ρ̂(0)Ĥ
Φ
1∗(t)|1k⟩G + ⟨0G| Ĥ⊙1∗ |0G⟩ ρ̂SE(0) ⟨0G| Ĥ⊙1∗ |0G⟩

+
(
⟨0G| Ĥ⊙2←∗(t) |0G⟩ ρ̂SE(0) + ρ̂SE(0) ⟨0G| Ĥ⊙2→∗(t) |0G⟩

)
+
(
⟨0G| ĤΦ

2←∗(t) |0G⟩ ρ̂SE(0) + ρ̂SE(0) ⟨0G| ĤΦ
2→∗(t) |0G⟩

)
. (4.168)

The operators Ĥ⊙1∗, Ĥ
Φ
1∗, Ĥ

⊙
2↔∗ and ĤΦ

2↔∗, simplify inside gravitational state brackets, namely

⟨0G| Ĥ⊙1∗ |0G⟩ =mM⊙

∫
dpdp′c⊙(p,p′; t)â†pâp′ ; (4.169a)

⟨1k| ĤΦ
1∗ |0G⟩ =m

∫
dpc+(p,k− p; t)â†pâk−p ; (4.169b)

⟨0G| ĤΦ
2←∗ |0G⟩ =m2

∫
dp1dp2dp3c−+(p1,p2,p3,p3 + p2 − p1; t)â

†
p1
âp2

â†p3
âp2+p3−p1

; (4.169c)

⟨0G| Ĥ⊙2←∗ |0G⟩ =m2M2
⊙

∫
dp1dp2dp3dp4c⊙⊙(p1,p2,p3,p4; t)â

†
p1
âp2 â

†
p3
âp4 . (4.169d)
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From Eq. (4.168), the only first order contribute is given by the presence of the planet. Therefore,
the "quantum" contributes, occurring with no classical source, are present only at second order
perturbation theory.

Moreover, by applying an annihilation operator on the state |1i=A,B⟩, one has

â(p) |1i⟩ =
∫

dkFk0
(k)e−ixA·kδ3(p− k) |0⟩ = Fk0

(p)e−ixA·p |0⟩ . (4.170)

Since Fk0(p) is expected to vanish when |p| ≳ k0, and since k0 ≪ m, then ωp ∼ m whenever p is
inside the argument of Fk0 .

By taking that into account, with some algebra, the useful functions c... are

c⊙(p,p
′; t) =

3

2π

Γp−p′

|p− p′|3/2

(
t− sin(|p− p′|t)

|p− p′|

)
; (4.171a)

c+(p,p
′; t) =

1− e−it(|p−p
′|+ωp−ωp′ )

2πi
√
|p− p′|+ ωp − ωp′

; (4.171b)

c−+(p1,p2,p3,p4; t) =− 1

4π2|p1 − p2|

(
1− e−it(ωp1

+ωp3
−ωp2

−ωp4
)

(ωp1
+ ωp3

− ωp2
− ωp4

)(|p1 − p2|+ ωp3
− ωp4

)

− e−it(|p1−p2|+ωp3
−ωp4

) − e−it(ωp1
+ωp3

−ωp2
−ωp4

)

(|p1 − p2|+ ωp3
− ωp4

)(|p1 − p2| − ωp1
+ ωp2

)

)
; (4.171c)

c⊙⊙(p1,p2,p3,p4; t) =
9

8π2

Γ|p1−p2|

|p1 − p2|3/2
Γ|p3−p4|

|p3 − p4|3/2

{
t2 + 2

|p1 − p2|4 + |p3 − p4|4 − |p1 − p2|2|p3 − p4|2

|p1 − p2|2|p3 − p4|2(|p1 − p2|2 − |p3 − p4|2)

− 2t
sin(|p3 − p4|t)

|p3 − p4|
+ 2

[
cos(|p1 − p2|t)

|p1 − p2|2
− cos(|p3 − p4|t)

|p3 − p4|2

]
− cos((|p1 − p2|+ |p3 − p4|)t)
|p1 − p2|(|p1 − p2|+ |p3 − p4|)

− cos((|p1 − p2| − |p3 − p4|)t)
|p1 − p2|(|p1 − p2| − |p3 − p4|)

}
.

(4.171d)

4.4.2.2 Tracing out the environment

The degrees of freedom of the environment are now traced out. From the form of the Hamiltonians
(4.155), (4.150a) and (4.150b), the number of excitations of the field Φ̂ is conserved. From this
fact, by starting with a particle in the superposition of modes A and B and zero particles in the
environment modes λ, if a particle is found on an environment mode λ, then one certainly has the
vacuum in the modes A and B. In this way, one can write

ρ̂SE(t) =
∑

i=A,B

∑
mi,ni

⟨mAmB0E|ρ̂SE(t)|nAnB0E⟩ |mAmB0E⟩⟨nAnB0E|

+

(E)∑
λ

∑
{nλ},{n′

λ}

⟨0A0B{nλ}|ρ̂SE(t)|0A0B{n′λ}⟩ |0A0A{nλ}⟩⟨0B0B{n′λ}|

+

(E)∑
λ

∑
{nλ}

∑
mA,mB

⟨mAmB0E|ρ̂SE(t)|0A0B{nλ}⟩ |mAmB0E⟩⟨0A0B{nλ}|+ h.c., (4.172)

Tracing over the environment reads

ρ̂S = TrE(ρ̂SE(t)) =

(E)∑
λ

∑
{nλ}

⟨{nλ}|ρ̂SE(t)|{nλ}⟩.
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Using the available expressions, the reduced state of the System ρ̂S(t) reads

ρ̂S(t) =

(E)∑
λ

⟨0A0B1λ|ρ̂SE(t)|0A0B1λ⟩ |0A0B⟩⟨0A0B|

+
∑

i=A,B

∑
mi,ni

⟨mAmB0E|ρ̂SE(t)|nAnB0E⟩ |mAmB⟩⟨nAnB|. (4.173)

Eq. (4.173) can be casted in a matrix form ρS(t). By choosing the basis |1A⟩, |1B⟩, |0⟩ one has

ρS(t) =

ρAA(t) ρAB(t) 0

ρ∗AB(t) ρBB(t) 0

0 0 ρ00(t)

 =

(
ρ̃(t) 0

0 ρ00(t)

)
. (4.174)

where, for simplicity, ρ̃ was defined as the 2× 2 matrix whose elements are

(ρ̃)ij(t) = ⟨1i0E| ρ̂SE(t) |1j0E⟩ . (4.175)

Since Tr(ρS) = 1, then ρ00(t) = 1 − ρAA(t) − ρBB(t). If pe := ρ00(t) ̸= 0, there is non-null
probability pe to have the initial state neither localized around xA nor around xB. Therefore, pe
is an erasure probability [52], expressing the possibility that the particle is "erased" from its initial
possible locations10.

In the appendix B, a long calculation is reported to find an expression for ρ̃(t). After a more
general calculation, a specific case is considered. In particular, the radius R of the planet is considered
to be very small, so that the form factor (4.153), in the limit Rk0 → 0, reads

Γk(R → 0) = − 1

3
√
|k|

. (4.176)

Moreover, a Gaussian distribution was considered for the momentum amplitude Fk0(k), i.e.

Fk0
(p) :=

e
− |p|2

4k2
0

(2πk20)
3/4

. (4.177)

The scalar product between |1A⟩ and |1B⟩ is

⟨1A|1B⟩ = e−k
2
0L

2

, (4.178)

which is practically null as long as k0L ≫ 1, i.e. ϵ/L ≪ 1.
With this prescription, the Lindblad equation was also employed to discard eventual contributions

given by unitary evolutions. In so doing, the evolution of the matrix ρ̃ reads

ρ̃(t) :=

(
ρ̃AA(t) ρ̃AB(t)

ρ̃BA(t) ρ̃BB(t)

)
=

(
ρ̃AA(0) (1− ηAA) ρ̃AB(1− ηAB)

ρ̃BA(0)(1− ηAB) ρ̃BB(0)(1− ηBB)

)
. (4.179)

where, for i = A,B

ηii =
8m2

π

∫ t

0

dt′
(
1− cos(2Λt′)

16πt′
− k0D+(t

′k0)

)
+ θ(t− |xi|)

π2m2M2
⊙t

2

2k20|xi|4
; (4.180)

10It does not mean that the state disappears, but that it is just localized elsewhere.
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ηAB =
8m2

π

∫ t

0

dt′

(
1− cos(2Λt′)

16πt′
− k0

4L

∫ L

0

dL′ (|D+((L
′ + t′)k0)−D+((L

′ − t′)k0))

)

+
π2m2M2

⊙t
2

4k20

(
θ(t− |xA|)

|xA|4
+

θ(t− |xB|)
|xB|4

)
, (4.181)

where D+ is the Dawson function and Λ is an energy cut-off, comparable to the Planck mass Λ ∼ 1

in the effective field theory considered.

4.4.3 Quantum channel analysis

The evolution of the state represented by the density operator (4.145) is now casted as a quantum
channel N : ρ̂S(0) 7→ ρ̂S(t), given by Eqs. (4.145) and (4.174), respectively. The channel maps a
qubit state, whose basis is {|1A⟩ , |1B⟩}, to a qutrit, whose basis is {|1A⟩ , |1B⟩ , |0⟩}, including the
erasure flag |0⟩. Therefore, the channel is a map N : S(C2) → S(C3) between finite dimensional
systems, namely

N :

(
α β

β∗ 1− α

)
7→

 α(1− ηAA) β(1− ηAB) 0

β∗(1− ηAB) (1− α)(1− ηBB) 0

0 0 ηAAα+ ηBB(1− α)

 , (4.182)

Each quantum channel between finite dimensional systems can be written as [244]

N (ρ̂) =
∑

j

K̂jρ̂K̂j , (4.183)

where {K̂j}j are a set of operators, called Kraus operators. To find these operators, the method
presented in Ref. [245] is employed. In particular, the Choi matrix is defined as


N

(
1 0

0 0

)
N

(
0 1

0 0

)

N

(
0 0

1 0

)
N

(
0 0

0 1

)
 =



1− ηAA 0 0

0 0 0

0 0 ηAA

0 1− ηAB 0

0 0 0

0 0 0

0 0 0

1− ηAB 0 0

0 0 0

0 0 0

0 1− ηBB 0

0 0 ηBB


. (4.184)

Notice that ( 0 1
0 0 ) is not a valid density matrix and then, it is not a proper entry for the channel N

appearing in Eq. (4.184). Despite that, Ref. [245] shows a way to apply N to such false density
matrices as well.

The eigenvectors of the Choi matrix (4.184) are

a1 =

(
(1− ηAB)

√
λ+√

(1− ηAA − λ+)2 + (1− ηAB)2
, 0, 0, 0,

(1− ηAA − λ+)
√
λ+√

(1− ηAA − λ+)2 + (1− ηAB)2

)
,

a2 =

(
(1− ηAB)

√
λ−√

(1− ηAA − λ−)2 + (1− ηAB)2
, 0, 0, 0,

(1− ηAA − λ−)
√
λ−√

(1− ηAA − λ−)2 + (1− ηAB)2

)
,

a3 = (0, 0,
√
ηAA, 0, 0, 0) ,

a4 = (0, 0, 0, 0, 0,
√
ηBB) ,

a5 = 0 , a6 = 0 , (4.185)
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where

λ± =
2− ηAA − ηBB ±

√
(2− ηAA − ηBB)2 − 4(1− ηAA)(1− ηBB) + 4(1− ηAB)2

2
(4.186)

Since ηAA, ηBB and ηAB are all second order perturbative parameters, the parameters λ± become

λ+ = 2− ηAA

2
− ηBB

2
− ηAB ; λ− = ηAB − ηAA

2
− ηBB

2
. (4.187)

And the eigenvectors a1 and a2 in Eq. (4.185) become

a1 =

(
1− 3

8
ηAA +

ηBB

8
− ηAB

4
, 0, 0, 0, 1− 3

8
ηBB +

ηAA

8
− ηAB

4
, 0

)
;

a2 =

(√
ηAB − ηAA

2 − ηBB
2

2
, 0, 0, 0,−

√
ηAB − ηAA

2 − ηBB
2

2
, 0,

)
. (4.188)

From Ref. [245], each Kraus operator K̂j have the first column made by the first three components
of ai and the second column made by the last three of them. Therefore, by neglecting the null Kraus
operators K5 = K6, then

K1 =


(
1− 3

4ηAA + ηBB
4 − ηAB

2

)1/2
0

0
(
1− 3

4ηBB + ηAA
4 − ηAB

2

)1/2
0 0

 ;

K2 =


√

ηAB−
ηAA

2 −
ηBB

2

2 0

0 −
√

ηAB−
ηAA

2 −
ηBB

2

2

0 0

 ;

K3 =

 0 0

0 0
√
ηAA 0

 ; K4 =

0 0

0 0

0
√
ηBB

 . (4.189)

Now, two typical quantum channels are presented, namely

1. E : S(C2) → S(C3) is called asymmetric erasure channel and it reads

E : ρ 7→

(
EρE† 0

0 pe(t)

)
, where E =

(√
1− pA

e 0

0
√
1− pB

e

)
. (4.190)

Basically E gives a probability of erasure which is different depending on the initial state of
the system. In particular, if the particle is localized in xi=A,B, the probability of erasure is pi

e.
The Kraus operators of the channel (4.190) are represented by the matrices

E1 =


√
1− pA

e 0

0
√
1− pB

e

0 0

 , E2 =

 0 0

0 0√
pA
e 0

 , E3 =

0 0

0 0

0
√

pB
e

 . (4.191)

2. D : S(C2) → S(C2) is a dephasing channel, whose map is

D : ρ =

(
ρAA ρAB

ρBA ρBB

)
7→

(
ρAA ρAB(1− φ)

ρBA(1− φ) ρBB

)
. (4.192)
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The action of D consists of dropping the off-diagonal elements of a density matrix with a rate
given by φ̇. The Kraus operators of D are

D1 =

√
2− φ

2

(
1 0

0 1

)
, D2 =

√
φ

2

(
1 0

0 −1

)
. (4.193)

By computing the Kraus operators of the channel E ◦ D - by putting Eqs. (4.191) and (4.193) into
Eq. (4.183) one gets the Kraus operators (4.189) up to second order perturbation theory11. In
particular, this analogy holds if ηAA = pA

e , ηBB = pB
e and finally φ = ηAB − ηAA

2 − ηBB
2 . Therefore,

the conclusion is that
N ≡ E ◦ D , (4.194)

where the the erasure probabilities pA
e and pB

e and the dephasing φ defined repsectively in Eqs.
(4.190) (4.192), from Eqs. (4.180) and (4.181), are respectively

pi
e =

8m2

π

∫ t

0

dt′
(
1− cos(2Λt′)

16πt′
− k0D+(t

′k0)

)
+ θ(t− |xi|)

π2m2M2
⊙t

2

2k20|xi|4
; (4.195)

φ =
8k0m

2

π

∫ t

0

dt′

(
D+(t

′k0)−
1

4L

∫ L

0

dL′ (D+((L
′ + t′)k0)−D+((L

′ − t′)k0))

)
. (4.196)

Remarkably, the dephasing parameter φ is independent from M⊙, meaning that the dephasing of a
particle in a superposition of two spatial location occurs also in absence of an external gravitational
source. Moreover, from Eq. (4.192), a dephasing clearly induces a decoherence, making a density
operator decrease the absolute value of the off-diagonal elements β which characterize the superpo-
sition between two different states in a basis. Therefore, the dephasing φ represents the intrinsic
decoherence whose existence was questioned at the beginning of this section. Since this decoherence
occurs in absence of initial gravitons or classical sources, this decoherence is not removable and
represents a fundamental limit of all particles in a spatial superposition. A plot of the dephasing
parameter φ is provided in Fig. 4.18, where natural units ℏ = c = 1 are restored by considering i)
Λ = mP = 1.2209 ·1028 eV; ii) m/mP and M⊙/mP instead of m and M⊙ in Eqs (4.195) and (4.196).
From the atomic scale parameters chosen in Fig. (4.18), the spreading time, defined in Sec. 4.4.1 is
tS ∼ 67.248 eV−1, so that the range of times chosen in Fig. 4.18 satisfies t ≪ tS.

The results are outstanding. Once the interaction with the gravitons starts, a decoherence takes
place by increasing the dephasing parameter. When the two points where the particle is located
become causally connected - namely, when t ∼ L - after a short oscillation, the dephasing does not
increase anymore and remains stable, more or less to the value reached when t ∼ L. Indeed, one
can trivially see that, when t ≫ L, the argument of the integral in time of Eq. (4.196) nullifies.

The fact that a dephasing occurs even when the two position points are not causally connected
is a clear indication of the presence of correlations in the gravitational vacuum. In this range, one
can also estimate how φ behaves before the points become causally connected. In fact, when L ≫ t,
the L dependent term vanishes in Eq. (4.196). This leads to

φ(t ≪ L) ≈ m2

m2
P

(
1.2508 +

4

π
ln(tk0)

)
(4.197)

11The Kraus operators whose elements are a square root of orders O(mn) with n > 3 would give a contribution of
order mn on the channel action (4.182), which are then discarded.
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Figure 4.18: Dephasing in time of a particle localized in a quantum superposition of two different
space points, distant L (in eV −1) w.r.t. each other. The mass of the particle is the hydrogen mass
m = 9.39 · 108 eV while k0 = 3.371 · 103 eV was chosen as the inverse of the atomic size.

where the parameter 1.2508 departing from the logarithm was numerically estimated.
A rough estimation of the asymptotic value of φ can be done by assuming φ(t ≫ L) ∼ φ(t ∼ L),

namely

φ(t ≫ L) ≈ m2

m2
P

(
1.2508 +

4

π
ln(Lk0)

)
∼ m2

m2
P

(
1.2508 +

4

π
ln

(
L

ϵ

))
. (4.198)

Therefore, the dephasing φ experienced by a particle of size ϵ, localized in a superposition of two
positions distant L between each other is proportional to the logarithm of the ratio L/ϵ. Eq. (4.198)
is consistent when the particle is localized in a single position. In fact, in this case one should have
L ∼ ϵ, giving φ ∼ 0.

Despite describing an intrinsic dephasing, where there is no need of external gravitons or grav-
itational sources, quantitatively, the obtained decoherence departs by far from the Diósi-Penrose
mechanism, predicting a complete dephasing (with φ = 1), rather then a partial one.

The properties of the asymmetric erasure channel (4.190) with probabilities given by Eq. (4.195)
are now investigated. Firstly, E is addressed in the absence of the planet, i.e. in the limit M⊙ → 0.
In this case, one has pA

e = pB
e = pe and the erasure channel becomes symmetric. In so doing,

with the atomic parameters used in Fig. 4.18, the probability of erasure behaves as shown in Fig.
4.19. From it, after an initial bump, occurring at times t ∼ m−1P , the erasure probability starts
to decrease in time. For t high enough, the erasure probability pe becomes negative, which is
unphysical. However, the time t when this occurs turns out to be of the same order of the spreading
time tG. Therefore, the occurrence of a negative erasure probability corresponds to a failure on the
approximation of a static and non-spreading massive particle. Therefore, without a gravitational
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Figure 4.19: Probability of erasure pe in time with no gravity sources (i.e. M⊙ = 0). The parameters
used are the ones used in Fig. 4.18. The right plot zooms at the peak of the curve shown in the left
plot.

source, the erasure probability pe plotted in Fig. 4.19 is associated to a temporary instability given
by the sharp switching-in of the field-graviton interaction. After this instability, the probability of
erasure supposedly drops to zero.

The effects of the presence of a planet are now addressed. The switching-in function θ(t − |xi|)
on the term proportional to M⊙ in Eq. (4.195) comes from the fact that the planet starts to interact
with the gravitons at a time t = 0. However, in a realistic situation, the planet is not suddenyl
created at t = 0 but it supposedly already there way before. In this case, the particle "feels" the
planet immediately, so that the function θ(t− |xi|) can be ignored in Eq. (4.195).

When a gravitational source is present, from Eqs. (B.65a) and (B.65b), the erasure rate −λi=A,B

increases by a factor proportional to |xi|−4, making the erasure channel asymmetric. The more the
state is positioned near the gravitational well, the more is its erasure probability. This is expected,
since the states located near a gravitational source feel more the gravitational force that leads
particles to shift their original position.

For the sake on simplicity, the situation where |xA| = |xB| =: r is now considered. In this case,
the two points where the particle can be defined are located at the same distance r from the planet.
One obviously has pA

e = pB
e =: pe and the erasure channel (4.190) is again symmetric. A plot for

the erasure probability in time is provided in Fig. 4.20. In it, the quantum state is simulated to be
placed in a satellite distant r from the Earth, so that M is the Earth mass ≃ 5.050 · 1060 eV and
r is expressed in terms of the Earth radius12 RE. Since, pe ∝ |xA|−4, the increasing of pe is very
sensible from the distance from the planet. Indeed, from Fig. 4.20, while at r = 10RE the presence
of the planet drastically increases immediately the erasure probability, at r = 30RE this increasing
is basically negligible, since the plot is almost identical to the one without the planet in Fig. 4.20 -
at least at the range of times t ≪ tS.

In case pe ≫ φ, then the probability to observe the intrinsic dephasing is completely overcome
by the probability of erasure. Therefore, to have the possibility to see the small dephasing given by
Eq. (4.196), one has to put the particle very far from each gravitational source13. This condition is

12To consider a point-like planet, r ≫ RE.
13Apart from that, the real experimental challenge would be to bring the two locations of the superposition very



4.4. Dephasing and erasure of quantum states due to self-gravity 119

Figure 4.20: Probability of erasure pe for a quantum state positioned at two points, xA and xB at
the same distance r = |xA| = |xB| from a planet with mass M ≃ 5.050 · 1060 eV , corresponding to
the mass of the Earth. For the legend, RE ≃ 5.127 · 1012 eV −1 is the Earth radius.

now relaxed by the study of the quantum capacity

4.4.4 Quantum capacity of the self-gravity dephasing

From Chapter 3 even a very small variation of the identity channel turned out to compromise the
quantum communication capacity of a channel. Motivated by knowing if this is true also for localized
systems, the capacities of the channel N = E ◦ D studied in Sec. 4.4.3 are now explored, as long as
the possibility to retrieve the dephasing φ from Eq. (4.198) via the information loss.

Regarding the classical capacity, it is intuitive, and well-known from the literature [246, 247] that
a dephasing channel does not affect the classical information content of a quantum state. Therefore,
one has C(N ) = C(E) and then, no dephasing can be seen from a classical information loss. For
this reason, the investigation is focus exclusively on the quantum capacity.

First of all, theorem 10 of Ref. [248] is invoked, proving that, a whatever channel N : S(C⊗2) →
S(C⊗3) has an additive quantum capacity only if the rank of its Choi matrix is ≤ 3. However, the
Choi matrix of the channel N here investigated, reported in Eq. (4.184), turns out to have rank 4.
This is sufficient to say the quantum capacity of our channel is not additive and therefore Q > Q(1).

From this analysis, the restriction to the one shot version of the quantum capacity Q(1) is required
for the sake of simplicity. From Sec. 3.1.3.2, this quantity is obtained by maximizing the coherent
information (3.37) over all the input states ρ̂.

For an identity channel Îd, the coherent information is trivially maximized when ρ = 1
2 I2×2,

far apart, increasing L and therefore the magnitude of φ.
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giving the quantum capacity Q(1) = 1. The channel N studied in Sec. 4.4.3 departs from the
identity Îd only by a second order perturbative amount. In this way, the maximizing state is expect
to depart from 1

2 I2×2 from an analog perturbative amount. Therefore, the state ρ̂ maximizing the
coherent information (3.37) of the channel N is represented by a density matrix

ρ =

(
1
2 + ϵα ϵβ

ϵ∗β
1
2 − ϵα

)
, (4.199)

where |ϵα| ≪ 1 and |ϵβ | ≪ 1. The Von Neumann entropy of the state (4.199), up to the application
of the channel N in second order perturbation theory, can be computed as

S(N (ρ̂)) = 1− pe +H(pe) , (4.200)

where pe =
pA
e +pB

e

2 and H(x) := −x log x− (1− x) log(1− x) is the binary Shannon entropy.
The purification of the state (4.199) reads

|Ψ⟩ = 1√
2

(
v+A |1A⟩ ⊗ |1A⟩R + v−A |1A⟩ ⊗ |1B⟩R + v+B |1B⟩ ⊗ |1A⟩R + v−B |1A⟩ ⊗ |1A⟩R

)
, (4.201)

where

v±A =
1√
2

1√
1 +

ϵ2α
ϵ2β

∓ ϵα
ϵβ

√
1 +

ϵ2α
ϵ2β

; (4.202a)

v±B = ±v∓A , (4.202b)

By applying the channel N ⊗ Id into the purified state |Ψ⟩ ⟨Ψ| one gets a state represented by a
6× 6 density matrix

(N ⊗ Id) |Ψ⟩ ⟨Ψ|

(
ρ̃AR 0
0T ρ̃e

)
, (4.203)

where

ρ̃AR =

1

2


(v+A )2(1− pA

e ) v+Av+B (1− pe − φ) v+Av−A (1− pA
e ) v+Av−B (1− pe − φ)

v+Av+B (1− pe − φ) (v+B )2(1− pB
e ) v−Av+B (1− pe − φ) v+B v−B (1− pB

e )

v+Av−A (1− pA
e ) v−Av+B (1− pe − φ) (v−A )2(1− pA

e ) v−Av−B (1− pe − φ)

v+Av−B (1− pe − φ) v+B v−B (1− pB
e ) v−Av−B (1− pe − φ) (v−B )2(1− pB

e )

 ; (4.204)

ρ̃e =
1

2

(
(v+A)2pA

e + (v+B )2pB
e v+Av−ApA

e + v+Bv−B pB
e

v+Av−ApA
e + v+Bv−B pB

e (v−A )2pA
e + (v−B )2pB

e

)
, (4.205)

The eigenvalues of the matrix (4.203) are

Λ1 = Λ2 = 0 , Λ3 =
φ

2
, Λ4 = 1− pe −

φ

2
, Λ5 =

pA
e

2
, Λ6 =

pB
e

2
. (4.206)

The entropy of N × Id(|Ψ⟩ ⟨Ψ|) can be computed from the eigenvalues (4.206). In so doing, both the
terms of the coherent information (3.37) turn out to be independent from the parameters ϵα and
ϵβ , so that, by putting Eqs. (4.200) and (4.206) into the coherent information (3.37), the quantum
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capacity is obtained as

Q(1) = 1− 2pe +H(pe) +
1

2

(
pA
e log pA

e + pB
e log pB

e

)
+
(
1− pe −

φ

2

)
log
(
1− pe −

φ

2

)
+

φ

2
log

φ

2

∼ 1− 2pe +
1

2
pe log

(
1− ∆p2e

p2e

)
+

∆pe
2

log

(
pe +∆pe
pe −∆pe

)
+

φ

2
log

φ

2
. (4.207)

where ∆pe :=
pA
e −p

B
e

2 . By analyzing Eq. (4.207), one achieves that Q(1) reaches a minimum when
∆pe = 0. Therefore, any asymmetry of the erasure channel (4.190) would increase its quantum
capacity. By considering ∆pe = 0, Eq. (4.207) becomes

Q(1) ∼ 1− 2pe +
φ

2
log

φ

2
. (4.208)

In absence of a planet, pe ≡ pe has the same order of φ - see Figs. 4.18 and 4.19. Since both are
very small, the dephasing φ provides a loss on the quantum capacity which is way bigger than the
loss provided by pe - in fact, log (φ/2) ∼ 100 if φ ≃ 10−38. In presence of an external gravitational
field, the erasure probability may easily increase in a short time, completely screening the dephasing
if

pe ≫
φ

4
log(φ/2) . (4.209)

In a hypothetical experimental setup where the intrinsic dephasing φ is aimed to be observed, an
external gravitational would screen this effect with the erasure probability overcoming the loss of
quantum information given by the dephasing. By putting Eq. (4.198) and (4.195) - and considering
just the term proportional to M⊙ in the latter - into Eq. (4.209), the condition to have a dephasing
effect greater than the erasure is(

1.2508 +
4

π
ln(L/ϵ)

)
log(m2/m2

P) >
M2
⊙t

2ϵ

2r4m2
P
. (4.210)

This gives a restriction on how far one has to be from the planet to observe the dephasing in the
range of times t < tS. In Sec. 4.4.3, by looking at Fig. 4.20, to prevent the erasure to affect
the probability of dephasing observation, r = 30RE seemed the required distance from the Earth
to perform the experiment. However, the condition for the distance in Eq. (4.210), achieved by
studying the information loss, is way less restrictive. In fact, from Eq. (4.210), the l.h.s., i.e. the
dephasing, dominates over the r.h.s., i.e. the erasure, just at a distance r = 3RE. Therefore,
again, the study of the conserved quantum information proves to be a lens on small quantum effects
otherwise irretrievable.





Chapter 5

Conclusion

This thesis aimed to explore the interplay between gravity and quantum information. In particular,
by observing what are the effects of gravitational phenomena in quantum communication settings,
one may explore whether those can increase or decrease the quality of the communication channel.
In a world where space and quantum technologies and rapidly expanding, the prediction of these
effects becomes fundamental. In fact, an amplification of the quality of communication may bring
to an exploitation of gravity to make more performant quantum communication schemes. On the
contrary, eventual gravitational noisy effects must be considered in advance to be able to predict
them, finding new solutions for a better protocol.

Two communication protocols were mainly considered. The first one, used in Chapter 3, involved
the communication of one-mode bosonic systems. Their states do not lose information in free
traveling. In fact, since there is no uncertainty of the bosons’ momenta, there is no "spreading"
of information, as there is for localized quantum systems (see Chapter 4). This violation of the
uncertainty principle makes this protocol realistic only when performed over large time periods. For
example, it can be used by studying how information is preserved from remote past [165, P4] or
when effects are expected to occur in a finite time period (such as a mirror motion [156, P1] or
a black hole evaporation [P3]). Experimentally, this protocol can be reproduced by unidirectional
bosonic signals, e.g. lasers, exchanged by two spatial probes at a distance d w.r.t. each other, which
must be much greater than the inverse of the frequency uncertainty [249].

The second protocol, considered in Chapter 4, involved two quantum harmonic oscillators com-
municating via a background field. The field-detector interaction is the one modeled by Unruh-
deWitt detectors, which have proved to be an effective mean to "feel" the particles generated by a
non-inertial motion in quantum field theory (see Sec. 2.4.1). The protocol emulates two antennas
communicating via an electromagnetic field, as occurs in current Wi-Fi communication. However,
since the antennas are a quantum system, also the possibility to communicate quantum messages
was opened by this protocol.

By applying gravity to these two communication channels, the obtained results have not only the
aforementioned experimental implications, but also theoretical ones, sheding light on some phenom-
ena arising from quantum field theory in curved spacetime and on the linearized theory of gravity.
This was done with new methods based on the formalization of those phenomena as quantum chan-
nels. For example, in Sec. 3.2 a channel was built by a generic Bogoliubov transformation of bosonic
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single modes. This novel method allows to study the properties of each evolving spacetime to pre-
serve information and entanglement, by simply studying their Bogoliubov coefficients. Moreover, in
Secs. 4.1 the Heisenberg evolution of a pair of harmonic oscillator detectors was studied through a
quantum Langevin equation. This new approach, as shown in Sec. 4.2, gave the possibility to study
communication properties with a non-perturbative field-detector interaction.

By using these methods, many gravitational settings were considered throughout the thesis.
Those are listed below, together with their theoretical implications in general relativity and quantum
mechanics.

• Cosmological expansion on single-mode quantum systems.
The preservation of information from a single mode and entanglement from two opposite modes
were investigated in Sec. 3.3. The cosmological particle production turns out to amplify any
pre-existing signal, instead of being simply added to it. Different theories of gravity lead to
different results in this context. In particular the focus was on f(Q) non-metric theories of
gravity. By adjusting the parameters of a power-law gravity modification (3.86), the amount
of preserved quantum information can increase up to 4.23% compared to the prediction of GR
- recovered when (ζ = 0). In an analogous way, the evolution of the entanglement between
two opposite bosonic modes was studied, generalizing the pre-existing results from the litera-
ture [202]. The ability to achieve cosmological particle production, including through analog
gravity systems [250], offers a pathway to distinguish between modified theories of gravity and
the coupling between fields and curvature (or non-metricity). In conclusion, cosmological par-
ticle production can serve as a crucial tool for understanding the evolutionary history of our
universe, particularly during the inflationary epoch, which is believed to have generated a sub-
stantial quantity of particles [251, 252, 253]. Recent studies have explored models linking dark
matter to this particle production process [254, 255, 256]. Within this framework, the reduc-
tion in communication capacities due to particle production holds profound implications. It is
plausible that the dark particles produced during inflation could obscure information regarding
particles from the remote past. As a result, this research, along with related studies focusing
on fermions [165], may establish fundamental limits on our ability to recover information about
primordial particles.

• Accelerating mirrors on single-mode quantum systems.
The transmission of information through a semitransparent mirror - producing particles while
accelerating through the dynamical Casimir effect - was investigated. With respect to the
classical scenario, the average transmission coefficient of the mirror decreases in this frame-
work. This means that the particles created by such a mirror create a further noise to the
channel, instead of causing an amplification effect. This decreasing of the communication ca-
pabilities could be prominent if a mirror accelerates to relativistic speeds. To this perspective,
information given by relativistic spatial probes may be severely affected. In view of the new
progresses in this sector [257, 85] the prediction of such noisy effects could be pivotal for spatial
experiments in a few decades. Moreover, the accelerated boundary correspondence establishes
a parallel between the particle production caused by a collapsing black-hole’s null shell and
that arising from a perfectly reflecting, uniformly accelerating mirror. From this analogy, semi-
transparency leads to the absorption of radiation given by this shell of light [97]. Therefore, as
a future perspective, the protocol used can also be used in the context of gravitational matter,
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to study the amount of radiation a collapsing ball should absorb.

• Black holes on single-mode quantum systems
Obviously, each quantum signal disappears if sent through a black hole. However, if the black
hole evaporates, by using the mirror analogy provided in Sec. 3.5, it was proved that an input
signal comes out intact from the black hole after its complete evaporation. By using energy
conservation, the mirror-black hole analogy also predicts a new evaporation model involving
a sharp transition between a Shwarzschild and a Minkowski spacetime [P3], neglecting any
adiabatic approximation. This leads to a complete evaporation time reduced by a factor 3/8

w.r.t. the one obtained adiabatically. At the evaporation time, a huge amount of particles are
suddenly released, with a total energy M0/

3
√
2, being M0 the initial black hole mass. These

particle would create a noise which will affect the recovery of any input signal in the short
term. This model has a lot of implications also on the black hole thermodynamics, predicting
an entropy which is ∼ 37% the Beckenstein-Hawking one [P3].
If a signal is sent just in presence of a far black hole, but not through it, then its radiation may
be detected due to the high sensibility of the quantum capacity to a slight increment of the
background radiation (see Sec. 3.6). To this perspective, a cosmological fluid external pressure
on the black hole would change its temperature, leading to different communication capacities.
Even if focusing on Anton-Schmidt fluids, it would be interesting to take into account other
fluids and show, for instance, how a phase transition could affect these scenarios. Another
plausible extension would be to promote our treatment to more general compact objects [258]
and/or on accretion disk contexts [259, 260, 261, 262, 263].

• Cosmological expansion on localized quantum systems.
When considering a pair of localized quantum systems, a cosmological expansion can increase
their capacity to communicate classical messages depending on the coupling between the field
and the curvature. The prescription studied in Sec. 4.3 suggests a value for the coupling
constant lower than the conformal one. In fact, in this way, an expansion prior to the protocol
gives a noisy effect which, in turn, can be associated to a particle production. This opens the
possibility to infer a cosmological particle production also when the expansion is still ongoing,
giving new possibilities for future predictions on more realistical expansions [60]. By consid-
ering an example of cosmological expansion driven by a perfect fluid, the classical capacity
enhancement is dependent on the barotropic index w of the fluid. In particular, the classical
capacity is proportional to the universe expansion rate. This also suggests a direct connection
with the particle production occurring during the communication. In fact, the amplification of
the input signal due to the particle production studied in Sec. 3.3 would lead to an increment
of the classical capacity for each highly lossy channel. Furthermore, the increase in capacity
is larger when the detectors are bigger and farther apart. Consequently, to observe a signifi-
cant increase in capacity, the physical system might be as large as possible. Naturally, if the
oscillator of the receiver is close to the comoving horizon of the sender, the two detectors can
no longer be considered non-relativistic.
Future research will address relativistic particle detector models to investigate general commu-
nication properties near horizons. As an alternative, one can also consider point-like detectors
and drop the hypothesis of a rapid interaction [264]. In addition, detecting the quantum ef-
fects here studied would require highly precise instruments or very large experimental setups -
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similar to those needed to detect the Unruh effect via particle detectors [233]. However, recent
advancements in analog models of cosmological expansion, which predict observable quantum
effects, have been developed in laboratory settings [265, 266]. Thus, our communication pro-
tocol could be more feasibly implemented in a laboratory using analog gravity systems [34],
offering the potential to observe the coupling between the communicated particles and the
emulated curvature.

• Quantum gravity effects on localized quantum systems.
By starting the vacuum gravitational state, a bosonic quantum particle would create gravitons
which then re-interact with the particle itself. If the initial particle is in a quantum superpo-
sition of two different locations, then its self-gravity creates an intrinsic decoherence, which is
proportional to the logarithm of the ratio L/ϵ between the size of the particle and the size of
the wavepackets where the particle can be localized. This fact puts a fundamental limit on
how much we can separate the state localizations to have a quantum superposition, and gives
a fundamental reason why superpositions of two distant locations are not possible.

By considering the evolution of the initial particle as a quantum channel, one has an erasure
probability given by the switching-in of the interaction with the gravitational field, express-
ing how the energy is given to the gravitational sector and then taken back by the particle.
Remarkably, in presence of a external source of gravity, the erasure probability increases dras-
tically in short times, meaning that, to experiment the self-induced decoherence studied in Sec.
4.4, one has to put the experiment far enough from any gravitational source. By observing the
loss of quantum information, a distance ≳ 3 times the radius of the earth is sufficient to keep
low the erasure probability - provided an observation of the signal enough fast.

Overall, do gravitational effects increase or decrease the communication capabilities of quantum
channels? When single-mode signals are communicated, the results provided suggests, in general,
a decreasing of the communication capabilities. This fact is mostly supported by the examples
provided in Sec. 3.4 where an already noisy quantum channel is considered. Indeed, the radiation
from a dynamical spacetime appears to be maximally entropic (e.g. for the Unruh and Hawking
radiation). Therefore, it is intuitive that this radiation cannot improve the communication of signals,
but it provides noise containing no information on the input state.

Regarding the communication between localized quantum systems, the situation is quite different.
In fact, in this case, the detectors themselves are affected by the spacetime evolution. The interaction
between the background field and the detector would then change its structure in time, leading to
possible increasing of the communicate rate. For example, the situation in Sec. 4.3 can be easily
seen as the two detectors are communicated through particles which assume a tachyonic behaviour
after the expansion. This allows a communication with less inertia and then, a better classical
communication quality.

The difference between the communication of classical information and quantum information
is remarkable. In particular, while classical communication can be achieved in each situation by
amplifying the state in the encoding procedure, quantum communication has more severe limita-
tions, due to the fact that quantum information cannot be arbitrarily amplified and distributed.
This thesis addressed, in particular, the possibility to communicate quantum information through
localized quantum systems - a fundamental challenge for future reliable quantum key distribution
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[267]. Trivially, a detector should send information towards the receiver via a single direction, to
prevent loss of information elsewhere (this could be achieved by considering quantum antennas and
parabolic mirrors). However, detectors spreading information in a spherically symmetric way, still
can communicate quantum information reliably by performing a non-inertial trajectory. Remark-
ably, with a rapid interaction, no more than one qubit can be reliably communicated, from a limit
given by the fact that the receiver should overwrite the sender’s state to its detector.

In general, a non-inertial detector undergoes quantum effects (e.g. the Unruh effect) as predicted
by quantum field theory in curved spacetimes. These effects could play a crucial role on the possibility
to achieve a reliable quantum communication. To this prospect, also entanglement harvesting could
be pivotal [268, 269]. Indeed, an arbitrary high entanglement between the detectors always lead
to an assisted quantum capacity greater than zero [223]. Future works would try to see in more
detail how quantum effects, given by the detectors’ non-inertial motion, could affect the possibility
of achieving a quantum capacity greater than zero.

Throughout the thesis, a consistent result is recurrent. In several cases, the effects of gravity on
quantum field theory are very small -e.g. particle production, decoherence etc. While the classical
capacity of quantum channels is basically unaffected by such small effects, the quantum capacity
turns out to be very sensible to them even when they are utterly small. For example, a cosmological
particle production generating 10−30 particles prevents the communication of more than ∼ 100

qubits. To date, just a few qubits could be reliably sent over hundred of kilometers of distance.
In this way, 100 qubits is still a very high number but nothing in comparison with the amount of
classical particles one should use to achieve the aforementioned particle production ∼ 1030.

Therefore, future quantum technologies [267] may be the key to the detection of these small
effects predicted by quantum field theory in curved spacetime, such as Unruh effect, cosmological
particle production and Hawking radiation. Moreover, the study of the loss of quantum information
in Sec. 4.4 can decrease by some orders the effects of the erasure probability given by gravitational
sources, putting a lens on the small decoherence effects. Finally, since the quantum capacity is
sensible to many currently unknown gravitational features, one may achieve information on these
effects, testing modified gravity theories, cosmological fluids and the nature of gravity itself.

In summary, this thesis has shown that quantum communication protocols offer a powerful oper-
ational framework for exploring how gravity shapes the flow of quantum information. By examining
their behaviour in curved spacetimes and expanding universes, it is highlighted how effects tradition-
ally studied in cosmology can manifest in information-theoretic quantities such as channel capacity
and decoherence. Looking ahead, the convergence between quantum and space technology opens a
unique opportunity: the same instruments developed for quantum networks and satellite communi-
cation could become experimental platforms to probe the interplay between quantum physics and
gravity, bridging the gap between theoretical cosmology and applied quantum science.
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Calculation for black hole solutions in
Anton-Schmidt fluids

Contents
A.1 Metric solutions and Energy conditions . . . . . . . . . . . . . . . . . . 148

A.2 Matching the energy conditions . . . . . . . . . . . . . . . . . . . . . . . 148

A.2.1 Relaxing the strong energy condition . . . . . . . . . . . . . . . . . . . . . 150

To compute Eq. (3.151), the following form ansatz is assumed for the function h, i.e.

h(r, ρ) =
∑
i

Xi(r)Ri(ρ) . (A.1)

By inserting Eq. (A.1) into Eq. (3.151), one has an equation with the following form∑
j

ξj(r)Fj(ρ) = 0 . (A.2)

At this point, the equations {ξj(r)Fj(ρ) = 0}j can be separately solved for each j (provided {Fj}j
are linear independent) to get the functions Xi(r) from the equations {ξj(r) = 0}j . Those equations
could be algebraic or differential. In particular, ξj = 0 is differential if Fj(ρ) is present in the third
term of the left-hand side of Eq. (3.151) and algebraic otherwise.

To generalize the final solution as much as possible, the number of differential equations on the
set {ξj(r) = 0}j must be maximized over the algebraic ones - since the former give free integration
constants. Therefore, the functions Ri(ρ) are chosen such that all the independent functions of ρ,
present in the first and second term of Eq. (3.151) are present in the third term as well. One can
check that this condition is verified by choosing R1 = 1, R2 = ϱ, R3 = P1, R4 = P2, R5 = b(ϱ),

where P1 =
(

ϱ
ϱ⋆

)−n
ln ϱ and P2 =

(
ϱ
ϱ⋆

)−n
and b(ϱ) is a function satisfying

Pρb(ρ) = B1ρ+B2ρbρ +B3Pbρ , (A.3)

for generic constants B1, B2 and B3. At this point, one has

h(r, ρ) = X1(r) +X2(r)ρ+X3(r)P1 +X4(r)P2 +X5(r)b(ρ) . (A.4)

147



148 A. Calculation for black hole solutions in Anton-Schmidt fluids

By putting Eq. (A.4) into Eq. (3.151), a set of equations for the functions Xi(r) and the parameters
B1, B2 and B3 - for the function b(ρ) from Eq. (A.3) - is obtained. They lead to the following
results: X1 = c1

r , B1 = 0, B2 = B3 =: β, X2 = 0, X3 = 8
3πr

2A, X4 = − 8
3πr

2A ln ϱ⋆, X5 = c2r
2

B2
−1,

leading to our final solution for h(r, ϱ)

h(r, ρ) =
c1
r

+
8

3
πr2P (ρ) + c2r

2
β−1(a(ρ))1/β . (A.5)

where c1, c2 and β are free parameters and

a(ρ) ≡ exp

(∫
Pρ

P + ρ
dρ

)
. (A.6)

A.1 Metric solutions and Energy conditions

By putting h(r, ρ) from Eq. (A.5) into Eq. (A.1), the solutions for f(r, ρ) is finally found as

f(r, ρ) = −2M + c1
r

− c2r
2
β−1a(ρ)1/β . (A.7)

The parameters c1, c2 are now restricted to have a valid black hole solution and whose induced
background satisfies the energy conditions.

c1 has the only effect to modify the effective value of the black hole mass. Therefore, c1 = 0 can
be safely set. In order to obtain an event horizon, the existence of rh so that f(rh, ρ) = 0 must be
imposed, namely

rh =

(
2M

−c2

) β
2 1√

a(ρ)
, (A.8)

which requires c2 < 0. From Eq. (A.8), |c2| has the only effect to scale the event horizon with the
mass. Therefore, for the sake of simplicity |c2| = 1, i.e. c2 = −1 can be considered without loss of
generality.

A further condition to have a valid black hole horizon is that f(r → rh, ρ) → 0+ - giving the
metric well-defined outside but not inside. f(r, ρ) is thus required to be positive in the range r > rh.
This leads to the following inequality for β

2M

r2h
+ r

2
β−2
h

(
2

β
− 1

)
(a(ρ))1/β > 0 . (A.9)

By putting the value of rh from Eq. (A.8) into (A.9), one has

(2M)1−βa(ρ) + (2M)1−β
(
2

β
− 1

)
a(ρ) > 0 , (A.10)

leading to β > 0.

A.2 Matching the energy conditions

By putting Eq. (A.7) into the Einstein equations (2.12), a stress-energy tensor different from the
vacuum is obtained. The matter induced by the black hole solution have to match the energy
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conditions reported in Sec. 2.2. In the tetrad formalism [270], the stress-energy tensor can be
written as

Tµν = ρeµ0e
ν
0 +

3∑
i=1

pie
µ
i e

ν
i . (A.11)

By putting a generic spherical line element (2.56) into the Einstein equations (2.12), one has the
following values for ρ, p1, p2 and p3, i.e. [271, 272, 217]

ρe = −p1 =
1− f − rf ′

8πr2
+ P , (A.12)

p2 = p3 =
rf ′′ + 2f ′

16πr
− P . (A.13)

Here, p1 and p2 = p3 = ptr are respectively the longitudinal and transversal pressure. The term P in
Eqs. (A.12) and (A.13) is provided by the cosmological constant in Einstein’s field equations (2.12).

After simple manipulations, Eqs. (A.12) and (A.13) lead to

ρ = P − a(ϱ)1/β

4πβ
r

2
β−3 +

1

8πr2
, (A.14)

ptr =

(
1

β
− 1

2

)
a(ϱ)1/β

4πβ
r

2
β−3 − P , (A.15)

One can prove that there is only one metric function f(r, ρ) satisfying all of the energy conditions.
In particular, the weak energy condition reads

P − a(ρ)1/β

4πβ
r

2
β−3 +

1

8πr2
≥ 0 , (A.16)

while the strong one becomes (
1

β
− 1

2

)
a(ρ)1/β

4πβ
r

2
β−3 − P ≥ 0 . (A.17)

For the null one

ϱ+ ptr =
1

8πr2
+

(
1

β
− 3

2

)
a(ρ)1/β

4πβ
r

2
β−3 ≥ 0 . (A.18)

Finally, the inequality for the dominant energy condition depends on the sign of the longitudinal
and transverse pressures. In the case examined, if Eq. (A.17) is satisfied, then the DEC becomes

2P +
1

8πr2
−
(
1

β
+

1

2

)
a(ρ)1/β

4πβ
r

2
β−3 ≥ 0 . (A.19)

Different situations arise depending on the values of β.

1. 0 < β < 2/3. In this case, the term a(ρ)1/β

4πβ r
2
β−3 in Eq. (A.16) dominates when r is high, since

2
β − 3 > 2. However, this term is also negative, therefore Eq. (A.16) is not satisfied for high
radii.

2. 2/3 < β ≤ 2. One can easily prove that, is this case, Eq. (A.16) is satisfied when

P (ρ)r2 − a(ρ)1/β

4πβ
r

2
β−1 +

1

8π
≥ 0 . (A.20)

Since 0 ≤ 2
β − 1 < 2, Eq. (A.16) is satisfied both in the limits r → 0 and r → ∞. However,

it may happen that Eq. (A.16) is not satisfied in a certain finite range of r. Nevertheless, by
ignoring this possibility, Eq. (A.17) is certainly not satisfied for high radii, since the dominant
term becomes −P .
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3. β > 2. For small radii, a negative term in Eq. (A.16) dominating over the positive ones. Thus,
weak energy condition is not satisfied for small radii.

4. β = 2/3. The weak and the strong energy conditions read, respectively from Eqs. (A.16) and
(A.17),

P − 3

8π
a(ρ)3/2 +

1

8πr2
≥ 0 , (A.21)

3

8π
a(ρ)3/2 − P ≥ 0 . (A.22)

Since they must be satisfied for all the radii, then

P (ρ) =
3

8π
a(ρ)3/2. (A.23)

Thus, ϱ = −p1 = 1
8πr2 and ptr = 0, which implies that also the null and dominant energy

conditions (Eqs. (A.18) and (A.26)) are satisfied. The asymptotic anti-de Sitter spacetime is
exactly recovered in this case. Indeed, by inserting Eq. (A.23) into Eq. (A.7), one has

f(r, ρ) = −2M

r
+

8

3
πP (ρ)r2 . (A.24)

The parameters of the Anton-Schmidt fluid emulating the situation β = 2/3 just described are
restricted. From Eq. (A.23), since a(ρ) is positive, it is clear that the pressure must be positive. By
applying the logarithm on both sides of Eq. (A.23), one has

3

2

∫
Pρ

P + ρ
dρ = ln

(
8π

3
P

)
, (A.25)

where the definition in Eq. (A.6) has been used.
It is possible to solve Eq. (A.25) by simply computing the derivative w.r.t. ρ, from which one

gets:

• a physical solution, namely P = const,

• a unphysical solution, namely P = 2ρ.

Even though the first case appears appealing, it just represents the widely-studied trivial cosmological
constant case [273].

A.2.1 Relaxing the strong energy condition

In view of the aforementioned considerations, in what follows the strong energy condition (A.17) is
relaxed, as often done in cosmological contexts (see the discussion in Sec. 2.2).

The range where the weak energy condition (A.16) is satisfied is 2/3 ≤ β ≤ 2 previous a previous
analysis. The strong energy condition (A.17) is not satisfied in this range, so that the null and
dominant energy conditions coincide, both becoming(

1

β
− 3

2

)
a(ρ)1/β

4πβ
r

2
β−3 +

1

8πr2
≥ 0 . (A.26)

The above condition is never satisfied when 2/3 < β < 2, since the first term is negative in this
range and it dominates over the second. The only possibilities are then β = 2/3 or β = 2. In the
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first case, the trivial case is recovered. Instead, if β = 2, Eqs. (A.16) and (A.18) are satisfied when
a(ρ)1/β

4πβ ≤ 1
8π , implying

exp

(
1

2

∫
Pρ

ρ+ P
dρ

)
≤ 1 . (A.27)

Applying the logarithm to both sides, one has∫
Pρ

ρ+ P
dρ ≤ 0 . (A.28)

which is satisfied as long as the integral is upper-bounded.
In the case of the Anton-Schmidt and pure logotropic fluids, one has respectively

Pρ

P + ρ
=

A
ρ∗

(
ρ
ρ∗

)−n−1 [
1− n ln

(
ρ
ρ∗

)]
ρ+A

(
ρ
ρ∗

)−n
ln
(

ρ
ρ∗

) , (A.29)

and
Pρ

P + ρ
=

A

ρ
[
ρ+A ln

(
ρ
ρ∗

)] . (A.30)

The condition P = |Λ|
8π ensures the positivity of P (ρ) and, thus, ρ > ρ∗. The sign of the right side

of Eq. (A.29) depends on the value of n:

– If n > 0, the numerator is positive for ρ < ρ∗e
1/n and negative for ρ > ρ∗e

1/n. As a conse-
quence, the function ln a(ρ) reaches its maximum at ρ = ρ

1/n
∗ , being upper-bounded, so that

and condition (A.27) is satisfied.

– If −1 < n ≤ 0, Eq. (A.29) and Eq. (A.30) are both always positive, and a maximum for ln a(ρ)
cannot be found. However, it is easy to show that, when ρ ≫ ρ∗, ln a(ρ) behaves as α− 1

ρ1+n ,
where α is an integration constant. Since n > −1, then ln a(ρ) has an asymptote identified
with α, and thus it is upper-bounded also in this case.

– If n < −1, one can easily prove that Eq. (A.29) is always positive. However, in this case, the
second term of the denominator dominates over the first and the whole expression behaves as
ρ−1 for large ρ. This means that ln a(ρ) increases always as ln(ρ), so it is not upper-bounded
and the condition (A.27) is never satisfied.
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The aim is now to compute the matrix ρ̃(t) by knowing that

ρ̃(0) =

(
α β

β∗ 1− α

)
. (B.1)

By using the perturbative form for ρ̂SE from Eq. (4.168), one can write

ρ̃(t) = ρ̃(0) + ρ̃(1)(t) + ρ̃(2)(t) + ρ̃(3)(t) + ρ̃(4)(t) + ρ̃(5)(t) , (B.2)

where (
ρ̃(1)

)
ij
(t) :=− i ⟨1i0E|

[
⟨0G|Ĥ⊙1∗(t)|0G⟩, ρ̂SE(0)

]
|1j0E⟩ ; (B.3a)(

ρ̃(2)
)

ij
(t) := ⟨1i0E|

∫
d3k G⟨1k|Ĥ1∗(t)ρ̂(0)Ĥ

Φ
1∗(t)|1k⟩G |1j0E⟩ ; (B.3b)(

ρ̃(3)
)

ij
(t) := ⟨1i0E| ⟨0G| Ĥ⊙1∗ |0G⟩ ρ̂SE(0) ⟨0G| Ĥ⊙1∗ |0G⟩ |1j0E⟩ ; (B.3c)(

ρ̃(4)
)

ij
(t) :=− ⟨1i0E|

(
⟨0G| Ĥ⊙2←∗(t) |0G⟩ ρ̂SE(0) + ρ̂SE(0) ⟨0G| Ĥ⊙2→∗(t) |0G⟩

)
|1j0E⟩ (B.3d)(

ρ̃(5)
)

ij
(t) :=− ⟨1i0E|

(
⟨0G| ĤΦ

2←∗(t) |0G⟩ ρ̂SE(0) + ρ̂SE(0) ⟨0G| ĤΦ
2→∗(t) |0G⟩

)
|1j0E⟩ (B.3e)

To proceed with the computation the natural units (c = ℏ = 1) are restored by dividing the masses
m and M⊙ by the Planck mass mP (to restore the Planck units, one can simply put mP = 1).

The matrix ρ̃(1) is firstly computed from Eq. (B.3a). To this aim, the following is defined

hij : = ⟨1i0G|H1∗(t) |1j0G⟩ (B.4)

=
3mM⊙
2πm2

P

t

∫
dpdp′

|p− p′|3/2
Γp−p′(R)F ∗k0

(p)Fk0(p
′)eixi·p′−ixj·p

+
3mM⊙
2πmP

∫
dpdp′

sin(t|p− p′|)
|p− p′|5/2

Γp−p′(R)F ∗k0
(p)Fk0

(p′)eixi·p′−ixj·p . (B.5)
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At this point, from Eq. (B.3a) one can write

ρ̃(1) =

(
−2ℑ(βhBA) −iβ(hAA − hBB)− i(1− 2α)hAB

iβ∗(hAA − hBB) + iξ(1− 2α)hBA 2ℑ(βhBA)

)
. (B.6)

Regarding ρ̃(2), since its contribution is independent from the presence of the planet, the only
relevant distance is L := xB − xA. In this way, algebraic calculations lead to

ρ̃(2) =

∫
dqdpdp′F(q,p,p′; t)

(
α

(
1 eiL·p

′

e−iL·p eiL·(p
′−p)

)
+ βe−iL·q

(
e−iL·p

′
1

eiL·(p
′−p) e−iL·p

)

+β∗eiL·q

(
eiL·p eiL·(p−p

′)

1 eiL·p
′

)
+ (1− α)

(
eiL·(p−p

′) eiL·p

e−iL·p
′

1

))
, (B.7)

where

F(q,p,p′; t) :=
m2

m2
P

1− cos(|q|t)
2π2|q|3

F ∗k0
(p′)Fk0

(p)Fk0
(p+ q)F ∗k0

(p′ + q) . (B.8)

The calculation of ρ̃(3) is straightforward from Eq. (B.5), giving

ρ̃(3) =

(
αh2

AA + βhAAhBA + β∗hAAhAB + (1− α)|hAB |2 αhAAhAB + βhAAhBB + β∗|hAB |2 + (1− α)hABhBB

αhAAhBA + β∗hAAhBB + β|hAB |2 + (1− α)hBAhBB α|hAB |2 + βhABhBB + β∗hBAhBB + (1− α)h2
BB

)
.

(B.9)

The matrix ρ(4) from Eq. (B.3d) is now studied. By defining the following two

gij← :=
m2M2

⊙
m4

P

∫
dp1dp2dp3F

∗
k0
(p1)Fk0

(p2)e
ixi·p1−ixj ·p2c⊙⊙(p3,p1,p2,p3; t) ; (B.10a)

gij→ :=
m2M2

⊙
m4

P

∫
dp1dp2dp3F

∗
k0
(p1)Fk0

(p2)e
ixi·p1−ixj ·p2c∗⊙⊙(p3,p2,p1,p3; t) , (B.10b)

one has

ρ̃(4) = −

(
α(gAA← + gAA→) + βgBA→ + β∗gAB← αgAB→ + β(gAA← + gBB→) + (1− α)gAB←

αgBA← + β∗(gAA→ + gBB←) + (1− α)gBA→ βgBA← + β∗gAB→ + (1− α)(gBB← + gBB→)

)
.

(B.11)
The calculation of ρ(5) from Eq. (B.3e), is more subtle and requires a deeper study than the previous
contributions’ computation.

First of all, ĤΦ
2∗ := −i

(
ĤΦ

2→∗ − ĤΦ
2←∗

)
is defined. Then, by using the property ĤΦ

2→∗+ ĤΦ
2←∗ =

ĤΦ2
1∗ , Eq. (B.3e) can be rewritten as(

ρ̃(5)
)

ij
(t) :=

i

2
⟨1i0G|

[
ĤΦ

2∗(t), ρ̂SE(0)
]
|1j0G⟩ −

1

2
⟨1i0G|

{
ĤΦ2

1∗ (t), ρ̂SE(0)
}
|1j0G⟩ (B.12)

The two terms at the r.h.s. of Eq. (B.12) are now called σ1 and σ2, for brevity. Moreover, following
functions are defined

C+(k,p; t) :=ℜc−+(k,p,p,k; t) =
1

4π2|p− k|
1− cos(t(|k− p| − ωk + ωp))

(|k− p| − ωk + ωp)2
; (B.13a)

C−(k,p; t) :=ℑc−+(k,p,p,k; t) =
1

4π2|p− k|

(
t

|k− p| − ωk + ωp
+

sin(t(|k− p| − ωk + ωp))

(|k− p| − ωk + ωp)2

)
.

(B.13b)
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The commutator between ⟨0G|H2∗ |0G⟩ and |1±⟩ ⟨1±| trivially vanishes. Therefore, one can easily
get

σ1 =

(
ℑ (βf1)

i
2f
∗
1 (1− 2α)

− i
2f
∗
1 (1− 2α) −ℑ(βf1)

)
, (B.14)

where

f1 := ⟨1B| ⟨0G| Ĥ2∗(t) |0G⟩ |1A⟩ =
m2

m2
P

∫
dkdpC−(k,p,p,k; t)|Fk0(k)|e−iL·k . (B.15)

Finally, for σ2 one gets

σ2 = −m2

mP

∫
dkdpC+(k,p,p,k; t)|Fk0

(k)|2
(
α

(
2 eiL·k

e−iL·k 0

)
+ β

(
eiL·k 2

0 e−iL·k

)

+β∗

(
e−iL·k 0

2 eiL·k

)
+ (1− α)

(
0 eiL·k

e−iL·k 2

))
. (B.16)

Notice that, since k is inside the argument of Fk0
, in the functions C+ and C− (Eqs. (B.13a) and

(B.13b)) one can approximate ωk ∼ m for the argument presented below Eq. (4.170).
The matrices σ1 and σ2, from Eqs. (B.14) and (B.16) can be compared and analyzed to get

a good approximation for ρ(5) in Eq. (B.12). To begin, the function C+ in Eq. (B.13a) can be
manipulated as

C+(k,p; t) =
1− cos(t(|p|+ ωp −m))

4π2|p|(|p|+ ωp −m)2

−
(
1− cos(t(|p|+ ωp −m))

4π2|p|(|p|+ ωp −m)2
− 1− cos(t(|p− k|+ ωp −m))

4π2|p− k|(|p− k|+ ωp −m)2

)
. (B.17)

The first term of Eq. (B.17) is called T1 and the second one T2. Therefore, by putting Eq. (B.17)
in Eq. (B.16) one ends up with the sum of two integrals, i.e.

σ2 =− m2

m2
P

∫
dkdpT1(p)|Fk0(k)|2

[
α

(
2 e2iL·k

e−2iL·k 0

)
+ β

(
e2iL·k 2

0 e−2iL·k

)
+

+β∗

(
e−2iL·k 0

2 e2iL·k

)
+ (1− α)

(
0 e2iL·k

e−2iL·k 2

)]

− m2

m2
P

∫
dkdpT2(p,k)|Fk0

(k)|2
[
α

(
2 e2iL·k

e−2iL·k 0

)
+ β

(
e2iL·k 2

0 e−2iL·k

)

+β∗

(
e−2iL·k 0

2 e2iL·k

)
+ (1− α)

(
0 e2iL·k

e−2iL·k 2

)]
. (B.18)

Because of the orthonormality condition
∫
dk|Fk0

|2 = 1 and
∫
dk|Fk0

|2e2iL·k = 0, since T1 is inde-
pendent on k, the first integral of σ2 at the r.h.s. of Eq. (B.18), called I1, reduces to

I1 = 2ρS(0)

∫
dpC+(0,p; t) = 2ρS(0)

∫
dp

1− cos(t(|p|+ ωp −m))

4π2|p|(|p|+ ωp −m)2
. (B.19)

Notice that the integral in Eq. (B.19) presents a logarithmic ultraviolet divergence when integrating
in d|p|. However, mP is a natural ultraviolet cutoff for this divergence, so that one can consider∫∞
0

d|p|(. . . ) =
∫mP

0
d|p|(. . . ).
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Regarding the second integral in Eq. (B.18), called I2 from now on, one can safely integrate
the variable p in R3 without divergences. In this way, also p′ := p − k can be integrated in R3.
Therefore, one can manipulate the integral as

I2 = −
∫

dpdk

(
1− cos(t(|p|+ ωp −m))

4π2|p|(|p|+ ωp −m)2
− 1− cos(t(|p− k|+ ωp −m))

4π2|p− k|(|p− k|+ ωp −m)2

)
(. . . )

= −
∫

dk(. . . )

(∫
R3

dp
1− cos(t(|p|+ ωp −m))

4π2|p|(|p|+ ωp −m)2
−
∫
R3

dp′
1− cos(t(|p′|+ ωp′+k −m))

4π2|p′|(|p′|+ ωp′+k −m)2

)
.

(B.20)

The difference between the two integrals in Eq. (B.20) gives a term of the order |k|2/m2, which is
clearly negligible since k is confined in a range with length ∼ k0, which must be much smaller than
m to prevent the particle to travel in time. Therefore, one has

σ2 = −ρS(0)
m2

mP

∫
dp

1− cos(t(|p|+ ωp −m))

2π2|p|(|p|+ ωp −m)2
+O

(
k0
m

)
. (B.21)

Conveniently, σ2 ∼ −f2ρSE(0), where

f2 :=
m2

m2
P

∫
dp

1− cos(t(|p|+ ωp −m))

2π2|p|(|p|+ ωp −m)2
=

2

π

m2

m2
P

∫ ∞
0

d|p| |p|
(|p|+ ωp −m)2

(1−cos(t(|p|+ωp−m))) .

(B.22)
The integral in f2 from Eq. (B.22) has an ultraviolet logarithmic divergence, which regularized with
a cutoff Λ, so that1

f2 ∼ 2

π

m2

m2
P

∫ Λ

0

d|p| |p|
(|p|+ ωp −m)2

(1− cos(t(|p|+ ωp −m))) . (B.23)

By coming back to σ1 from Eq. (B.14), f1 is now attempted to be computed, which explicitly
reads

f1 =
t

2π2

m2

m2
P

∫
dkdp|Fk0(k)|2e−iL·k

|p− k|(|p− k| −m+ ωp)
+

m2

m2
P

∫
dkdp

sin(t(|p− k| −m+ ωp))

4π2|p− k|(|p− k| −m+ ωp)2
|Fk0(k)|

2e−iL·k .

(B.24)

The second integral of Eq. (B.24) can be manipulated as done before for σ2, giving as result an order
of k0/m, multiplied by a finite integral. Therefore, the second term of Eq. (B.18) can be neglected.
By substituting p′ = p− k and by integrating over the solid angle between p′ and k, one has

f1 ∼ t

π

m2

m2
P

∫
dk|Fk0

(k)|2e−iL·kg(m, |k|) (B.25)

where

g(m, |k|) := 1

|k|

∫ ∞
0

d|p′|
(√

m2 + (|p′|+ |k|)2 −
√
m2 + (|p′| − |k|)2 (B.26)

−(|p′| −m) ln

(
|p′| −m+

√
m2 + (|p′|+ |k|)2

|p′| −m+
√
m2 + (|p′| − |k|)2

))
. (B.27)

By expanding g(m, |k|) as |k|/m ≪ 1, since k is confined to the support of Fk0
, one obtains

g(m, |k|) = 2

∫ ∞
0

|p′|√
|p′|2 +m2 + |p′| −m

+O
(

k20
m2

)
. (B.28)

1Since linearized quantum gravity is an effective field theory valid at energies ≪ mP, Λ is naturally defined to be
at the order of mP.
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The first integral in Eq. (B.28) has an ultraviolet divergence, which can be regularized, as done
before, by considering a cutoff Λ for the momentum of the graviton. In this way, since the first
term of Eq. (B.28) is independent from k, and since

∫
dk|Fk0

(k)|2e−iL·k is identically zero, then
Eq. (B.27) becomes

f1 = O
(

k20
m2

)
. (B.29)

Therefore, one can safely consider σ1 to be negligible w.r.t. σ2. By doing that, finally

ρ̃(5) ∼ − 2

π

m2

m2
P
ρS(0)

∫ Λ

0

d|p| |p|
(|p|+ ωp −m)2

(1− cos(t(|p|+ ωp −m))) . (B.30)

B.1 Gaussian momentum distribution

The following Gaussian form for Fk0 is imposed to obtain analytic solutions, i.e.

Fk0
(p) :=

e
− |p|2

4k2
0

(2πk20)
3/4

. (B.31)

Moreover, the radius of the planet is put to zero, so that Γp(R) = 1

3
√
|p|

.

In this way, the elements hij from Eq. (B.5) are explicitly computed. By starting with the
diagonal elements, the two terms at the r.h.s. of Eq. (B.5) are computed separately. For the first,
called h

(1)
ii , one has

h
(1)
ii =

mM⊙
m2

P

t

2π

∫
dpdp′

|p− p′|2
e
− |p|2+|p′|2

4k2
0

(2πk20)
3/2

eixi·(p′−p) . (B.32)

By performing a change of variables, i.e. from p′ to p1 = p′ − p, one has

h
(1)
ii =

mM⊙t

2πm2
P

∫
dp1

e
− |p1|2

4k2
0

|p1|2
eixi·p1

∫
dp

e
− |p|2

2k2
0
−−p·p1

2k2
0

(2πk20)
3/2

=
mM⊙t

2πm2
P

∫
dp1

e
− |p1|2

8k2
0

+ixA·p1

|p1|2

= 2
mM⊙
m2

P
t

∫ ∞
0

d|p1|e
− |p1|2

8k2
0

∫ +1

−1
d cos θei|xi||p1| cos θ = 2

mM⊙
m2

P

t

|xi|

∫ ∞
0

d|p1|
e
− |p1|2

8k2
0 sin(|xi||p1|)

|p1|

= 2
mM⊙
m2

P

t

|xi|

∫ |xi|

0

dy

∫ ∞
0

d|p1|e
− |p1|2

8k2
0 cos(y|p1|) =

mM⊙
m2

P

t

|xi|

∫ |xi|

0

dy

∫ +∞

−∞
d|p1|e

− |p1|2

8k2
0 cos(y|p1|)

=
mM⊙
m2

P

t

|xi|
√
8πk0

∫ |xi|

0

dye−2k
2
0y

2

= π
mM⊙
m2

P

t

|xi|
erf
(√

2k0|xi|
)
. (B.33)

For the second term at the r.h.s. of Eq. (B.5), by performing a similar calculation, one obtains

h
(2)
ii := −mM⊙

2πm2
P

∫
dpdp′

sin(t|p− p′|)
|p− p′|3

e
− |p|2

4k2
0
− |p′|2

4k2
0
−ixi·(p−p′)

(2πk20)
3/2

= −2
mM⊙
m2

P

∫ ∞
0

d|p1|
sin(|p1|t) sin(|p1||xi|)

|p1|2|xi|
e
− |p1|2

8k2
0

= −mM⊙
m2

P

∫ t

0

dt′
∫ |xi|

0

dy

∫ +∞

−∞
cos(|p1|t′) cos(|p1|y)e

− |p1|2

8k2
0

= −π

2

mM⊙|xi|
m2

P

∫ t

0

dt′
(
erf(

√
2k0t

′ +
√
2k0|xi|)− erf(

√
2k0t

′ −
√
2k0|xi|)

)
. (B.34)



158 B. Time evolution of a quantum particle in linearized quantum gravity

One can simplify Eqs. (B.33) and (B.34) by using the fact that k0|xi| ≫ 1 and erf(x → ±∞) ∼
±1−O(e−x

2

). Then,

hii ∼
π

2

mM⊙
m2

P

1

|xi|

(
t−

∫ t

0

dt′erf(
√
2k0(|xi| − t′))

)
=

π

2

mM⊙
m2

P

t− |xi|
|xi|

(
1− erf(

√
2k0(|xi| − t))

)
− π

2

mM⊙
m2

P

e−2k
2
0(|xi|−t)2)

√
2πk0|xi|

. (B.35)

By performing a similar calculation, hAB becomes

hAB ∼ π
mM⊙
m2

P

t∣∣xA + L
2

∣∣e− k2
0|L|2

2 erf
(√

2k0

∣∣∣∣xA +
L

2

∣∣∣∣) , (B.36)

which can be considered negligible since |L|k0 ≫ 1.
By studying the behaviour of hii from Eq. (B.35), for t ≪ |xi, hii = O

(
e−2k

2
0(|xi|−t)2

)
which is

effectively zero. On the contrary, for t ≫ |xi|, one has

hii ∼ π
mM⊙
m2

P

t

|xi|
= πE⊙(xi)t , (B.37)

where E⊙(xi) :=
GmM⊙
|xi| is the Newton’s gravitational potential energy. Therefore, hii/t is Newton’s

gravitational energy that switches in when t = |xi|, i.e. when the gravitons driven by the planet
reach the quantum state. Therefore, one can effectively write

hii = θ(t− |xi|)π
mM⊙
m2

P

t

|xi|
, (B.38)

where k0 ̸= 0 has the only effect to smooth the step function θ in time, with no other quantitative
effects - except for a small "bump" occurring at t ∼ |xi| given by the second term of Eq. (B.35).

The expression (B.38) for hii and the fact that hi ̸=j ∼ 0 provides an effective expression for ρ̃(1)

and ρ̃(3) from Eqs. (B.6) and (B.9), respectively. In particular, the only first order contribute, given
by the presence of the planet, is

ρ̃(1) ∼

(
0 −iπβ(θ(t− |xA|)E⊙(xA)− θ(t− |xB|)E⊙(xB))t

iπβ∗(θ(t− |xA|)E⊙(xA)− θ(t− |xB|)E⊙(xB))t 0

)
(B.39)

To study the second order contribute given by the planet, the matrix ρ̃(4) from Eq. (B.11) has
to be studied as well. In particular, expressions for gij↔ with i,j = A,B have to be found from Eqs.
(B.10a) and (B.10b). In the calculation of hii, by starting from Eq. (B.5), the only net contribute
was given by the first term of hii, i.e. the non-oscillating function (B.33). The oscillating part of
hii, i.e. Eq. (B.34), gives instead the switching-in of the term when t reaches |xi|. One can prove
that the same occurs for the functions gij↔, so that only the non-oscillating terms of the function
c⊙⊙(p3,p1,p2,p3) can be considered, keeping in mind that a switching-in θ(t− |xi|) occurs.

Since tk0 ≫ 1 is employed, only the non-oscillating terms of are expected to give a net contribute
to the g functions. Therefore, one has

c⊙⊙(p3,p1,p2,p3) ∼
m2M2

⊙
8π2m4

P

t2

|p1 − p3|2|p2 − p3|2
. (B.40)

Therefore, in this case, one has

gii := gii→ = gii← ∼ θ(t− |xi|)
m2M2

⊙
8π2m4

P
t2
∫

dp1dp2dp3

|p1 − p3|2|p2 − p3|2
Fk0

(p1)Fk0
(p2)e

ixi·(p1−p2) . (B.41)
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First of all, the integral in dp3 is analytically computed, namely∫
dp3

|p1 − p3|2|p2 − p3|2
=

π3

|p1 − p2|
. (B.42)

By considering the Gaussian functions for Fk0
and performing similar calculations as done for hii,

one has

gii = θ(t− |xi|)
m2M2

⊙
8m4

P
πt2

∫
dp

e
− |p|2

8k2
0
+ixi·p

|p|

= θ(t− |xi|)
m2M2

⊙
4m4

P
π2t2

∫ ∞
0

d|p||p|e
− |p|2

8k2
0

∫ +1

−1
d cos θei|xi||p| cos θ

= θ(t− |xi|)
m2M2

⊙
2m4

P
π2 t2

|xi|

∫ ∞
0

d|p|e
− |p|2

8k2
0 sin(|xi||p|)

= θ(t− |xi|)
m2M2

⊙
4m4

P
π2 t2

|xi|
√
8πk0e

−2|xi|2k2
0erfi

(√
2k0|xi|

)
. (B.43)

One can easily prove that gAB→ and gAB← are smaller than gAA and gBB by a factor e−k0|L|, so
that they can be considered negligible as well.

The second order contribute given by the presence of the planet is then

ρ̃(3) + ρ̃(4) ∼

(
α(h2

AA − 2gAA) β(hAAhBB − gAA − gBB)

β∗(hAAhBB − gAA − gBB) (1− α)h2
BB − 2gBB

)
. (B.44)

For large arguments, the function erfi(x) approximates as

erfi(x) ∼ ex
2

√
π

(
1

x
+

1

2x3
+O(x−5)

)
. (B.45)

In this way,

h2
ii − 2gii = −θ(t− |xi|)

π2

2

m2M2
⊙

m4
P

t2

k20|xi|4
; (B.46)

hAAhBB − gAA − gBB = −π2

2

m2M2
⊙

m4
P

t2
(
θ(t− |xA|)

|xA|
− θ(t− |xB|)

|xB|

)2

− π2

4

m2M2
⊙t

2

m4
Pk

2
0

(
θ(t− |xA|)

|xA|4
+

θ(t− |xB|)
|xB|4

)
= −π2

2
(θ(t− |xA|)E⊙(xA)− θ(t− |xB |)E⊙(xB))

2 − π2

4

m2M2
⊙t

2

m4
Pk

2
0

(
θ(t− |xA|)

|xA|4
+

θ(t− |xB|)
|xB|4

)
.

(B.47)

Let us now study the contributes ρ̃(2) and ρ̃(5) coming from the interaction with the gravitons and
present independently from the planet.

The matrix ρ̃(5) follows Eq. (B.30) and it is independent from the wave packet shape. Regarding
ρ̃(2), one can compute it from Eq. (B.7). It is easy to check that

Fk0
(p)eip·L ∝ e−|L|

2k2
0 . (B.48)
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Therefore, since k0|L| ≫ 1, only few terms survive in Eq. (B.7). This leads to the following simplified
expression

ρ̃(2) ∼ m2

mP

∫
dqdpdp′

1− cos(|q|t)
2π2|q|3

F ∗k0
(p′)Fk0

(p)F ∗k0
(p′ + q)Fk0

(p+ q)

(
α βe−iL·q

β∗eiL·q 1− α

)
.

(B.49)
By using Gaussian momentum distribution (B.31), the element

(
ρ̃(2)

)
AA, can be written as(

ρ̃(2)
)

AA
∼ m2

m2
P

α

(2πk20)
3

∫
dqdpdp′

1− cos(|q|t)
2π2|q|3

exp

(
−|p|2 + |p′|2 + |p+ q|2 + |p′ + q|2

4k20

)
= α

m2

m2
P

4

π

∫ ∞
0

d|q|1− cos(|q|t)
|q|

e
− |q|2

4k2
0 =

8

π

∫ tk0

0

dt̃D+(t̃) , (B.50)

where D+(x) := e−x
2 ∫ x

0
dx′ex

′2
is called Dawson function. The integral of the Dawson function

increases logarithmically for large arguments. In particular, for large x, one gets∫ x

0

dx′D+(x
′) ∼ 0.4896 +

1

2
ln(tk0) . (B.51)

Therefore, if k0t ≫ 1, then (
ρ̃(2)

)
AA

= α

(
4

π
ln(tk0) + 1.2468

)
. (B.52)

An analog thing occurs for
(
ρ̃(2)

)
BB by using 1 − α instead of α. From a similar calculation, the

off-diagonal elements of ρ̃(2) read(
ρ̃(2)

)
AB

=
2β

π|L|k0

∫ |L|k0

0

dL̃

∫ tk0

0

dt̃(D+(L̃+ t̃)−D+(L̃− t̃)) . (B.53)

From Eq. (B.30), ρ̃(5) is independent from the shape of the wave packet. Therefore, one can define
p̃ := |p|+

√
|p|+m2 −m to have

ρ̃(5)(t) = − m2

2πmP
ρ̃(0)

∫ Λ̃

0

1− cos(tp̃)

p̃

(
1 +

2m2

(p̃+m)2

)
p̃+ 2m

p̃+m
dp̃ , (B.54)

where Λ′ := Λ − m +
√
Λ2 +m2. Notice that the integrand in Eq. (B.54) is zero for p̃ → 0. By

increasing p̃, this integrand oscillates from 0 to an amplitude increasing logarithmically for p̃ → ∞.
From this fact, by considering the ultraviolet cutoff Λ to be many orders higher than m, then

ρ̃(5)(t) ∼ − m2

2πmP
ρ̃(0)

∫ Λ̃

0

1− cos(tp̃)

p̃
dp̃ = − m2

2πmP
ρ̃(0) (γ + ln(2Λt)− Ci(2Λt)) , (B.55)

where γ ≃ 0.57721 is the Euler-Mascheroni constant and Ci the cosine integral function.

B.2 Lindbladian

All the ingredients to write the matrix ρ̃(t) evolved to second order perturbation theory are provided.
In particular, the diagonal elements are

ρ̃ii(t) = ρ̃ii(0)

[
1− m2

m2
P

8

π

∫ t

0

dt′
(
1− cos(2Λt′)

16πt′
− k0D+(t

′k0)

)
− θ(t− |xi|)

π2m2M2

2m2
p

t2

k20|xi|4

]
.

(B.56)
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Instead, the off-diagonal ones are

ρ̃AB(t) = ρ̃AB(0)

(
1− iπtΘ(t)− t2

π2

2
Θ2(t)

)
+ ρ̃AB(0)

[
m2

m2
P

2

π

∫ t

0

dt′

(
k0
|L|

∫ |L|
0

dL′ (|D+((L
′ + t′)k0)−D+((L

′ − t′)k0))−
1− cos(2Λt′)

4πt′

)

−π2

4

m2M2
⊙t

2

m4
Pk

2
0

(
θ(t− |xA|)

|xA|4
+

θ(t− |xB|)
|xB|4

)]
(B.57)

The first bracket on the r.h.s. of Eq. (B.57) can be recast as the exponential exp (−iπtΘ(t)), where
Θ(t) := θ(t−|xA|)E⊙(xA)+θ(t−|xB|)E⊙(xB) expanded to second order for m/mP. This exponential
is the same one occurring from a unitary time-evolution of a two-level density matrix when there is
an energy gap between these two levels.

Therefore, it is intuitive to associate the evolution expressed by the first line in Eq. (B.57) to a
unitary evolution and all the other terms as a non-unitary evolution. To verify this assumption, the
following effective Hamiltonian ĤSE

eff , acting on the system and on the environment, is ansatzed as

ĤSE
eff |1i=A,B⟩ = πE⊙(xi) |1i=A,B⟩ ; ĤSE

eff |e⟩ = Ee |e⟩ . (B.58)

For our purposes, the value of Ee is irrelevant. If the ansatz is correct, then the state should evolve,
at least perturbatively, according to the Lindblad equation

dρ̂SE

dt
= −i

[
ĤSE

eff , ρ̂SE(t)
]
+ Lt [ρ̂SE(t)] , (B.59)

where the Lindbladian Lt must have the form

Lt [ρ̂] =
∑
k

λk

(
L̂kρ̂L̂

†
k − 1

2

{
L̂†kL̂k, ρ̂

})
. (B.60)

In other words, to prove that our guess that the unitary part is given by ĤSE
eff (t) is correct, the

existence of the operators L̂k have to be proved.
It is now convenient to write

ρ̂S(t) =
∑
ij

ρ̃ij(t) |i⟩ ⟨j|+ pe(t) |e⟩ ⟨e| . (B.61)

In so doing, Eq. (B.61) is put into Eq. (B.59) to obtain

Lt[ρ̂S] =
∑
ij

˙̃ρij |1i⟩ ⟨1j|+ ṗe(t) |e⟩ ⟨e|+ iπΘ(t)(ρ̃AB |1A⟩ ⟨1B| − ρ̃BA |1B⟩ ⟨1A|) . (B.62)

Notice that, from trace conservation, ṗe = − ˙̃ρAA − ˙̃ρBB as well as ρAB = ρBA.
The following Lindblad operators are then chosen by ansatz

L̂A = |e⟩ ⟨1A| ; L̂B = |e⟩ ⟨1B| ; L̂χ = |1A⟩ ⟨1A| − |1B⟩ ⟨1B| . (B.63)

By putting Eq. (B.63) into Eq. (B.60) and by comparing it with Eq. (B.62), one ends up with the
following equations for λA, λB and λχ, namely

˙̃ρAA = −λAρ̃AA ;

˙̃ρBB = −λBρ̃BB ;

˙̃ρAB + iπΘ(t) = −
(
2λχ + λA

2 + λB
2

)
ρ̃AB ,

(B.64)



162 B. Time evolution of a quantum particle in linearized quantum gravity

from which, by considering only the perturbative leading order, then

λA =
m2

m2
P

(
1− cos(2Λt)

2πt
− 8k0

π
D+(tk0) + θ(t− |xA|)

M2

m2
P

π2t

k20|xA|4

)
. (B.65a)

λB =
m2

m2
P

(
1− cos(2Λt)

2πt
− 8k0

π
D+(tk0) + θ(t− |xB|)

M2

m2
P

π2t

k20|xB|4

)
; (B.65b)

λχ =
4k0
π

m2

m2
P

(
D+(tk0)−

1

4|L|

∫ |L|
0

dL′ (D+((L
′ + t)k0)−D+((L

′ − t)|k0))

)
. (B.65c)

Therefore, the ansatz to associate the first line of Eq. (B.57) as given by a unitary transformation
U = exp(−iĤefft) - where Ĥeff is given by Eq. (B.58) - turns out to be correct. In this way, one can
compactly write Eqs. (B.56) and (B.57) as

ρ̃ii(t) =ρ̃ii(0)

(
1−

∫ t

0

dt′λi(t
′)

)
; (B.66a)

ρ̃AB(t) =ρ̃AB(0)e
−iπtΘ(t)

(
1−

∫ t

0

dt′
(
λA(t

′)

2
+

λB(t
′)

2
+ 2λχ(t

′)

))
. (B.66b)

which is recasted to Eq. (4.179) by neglecting the complex exponential, giving just a unitary
evolution.
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