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The quest for ever-increasing accuracy remains one of the central challenges in quantum
chemistry, motivating the development of methods that aim to achieve a one-to-one corre-
spondence between experiments and first-principles models. However, the most accurate
approaches are generally feasible only for small molecules, while methods applicable to
large systems rely on approximations that limit their predictive power. This thesis tackles
this limitation by developing new composite approaches that combine accuracy and scala-
bility, designed to bridge the gap between the size of the molecular systems investigated and
the level of reliability of simulated properties.

This objective is pursued by developing three closely related research lines. First, the
junChS-F12 model is improved, leading to a composite scheme (CS) capable of providing
accurate thermochemical and rotational–vibrational spectroscopic properties for medium-
size molecules containing elements from the first three rows of the periodic table. This
advancement has improved the predictive power of the existing explicitly correlated ChS
framework and extended its applicability beyond energetics to equilibrium geometries and
harmonic vibrational frequencies. The results have established the junChS-F12 as a robust
and consistent CS, forming a solid foundation for subsequent methodological developments.

Building on these achievements, in a second step, the Pisa Composite Scheme (PCS)
family is introduced a new and modular generation of composite protocols o!ering higher
accuracy than the ChS while retaining similar computational demands. Within this context,
the core protocol of the PCS series has been designed for molecular systems containing
approximately 5–15 atoms, with the energetic and structural schemes rooted in explicitly
correlated CCSD(T) methods, which have served as the workhorses for this molecular size
regime. The approach is then been extended to larger systems, up to about 50 atoms, while
maintaining the same methodological philosophy. In this case, energetic contributions have
been evaluated using the frozen natural orbital (FNO) approximation within the Coupled
Cluster (CC) formalism, whereas geometries have been determined through DFT-based
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schemes. In both methodological variants, the computational level has been progressively
tailored to the computational cost of each target property and to the characteristics of the
examined molecular system.

Finally, with the aim of extending accurate composite methodologies to larger molecular
systems at reduced computational cost, post-CCSD(T) correlation e!ects are accounted for
through the FNO approximation. This approach has allowed the computation of high-order
correlation contributions for molecular systems beyond the reach of canonical CC meth-
ods, significantly reducing computational requirements while maintaining accuracy. This
methodology has thus opened the way toward spectroscopic accuracy for molecular sizes
that were previously unattainable due to the prohibitive cost of higher-order CC excitations.

Overall, this research demonstrates that the integration of state-of-the-art wave function-
based techniques within carefully designed composite frameworks enables the development
of predictive quantum chemical models that are both accurate and computationally scalable,
e!ectively reducing the gap between benchmark-level methods and molecular systems span-
ning di!erent size regimes, with applications ranging from astrochemical to biochemical and
technological contexts.
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Chapter 1

Introduction

Over the past decades, quantum chemistry has become an indispensable component of mod-
ern chemistry and physics, o!ering the possibility of simulating molecular systems at the
atomic level, thus providing an in-depth understanding of both their static and dynamic
properties. Beyond qualitative insights, quantum chemical (QC) methods have become
increasingly capable of delivering predictions that can support, complement, or even chal-
lenge experimental observations. Such progress has been driven by methodological break-
throughs, the development of more e"cient algorithms, and the increasing computational
power of modern hardware.

The accurate prediction of thermochemical properties represents one of the central goals
of theoretical and computational chemistry. Typical applications include the evaluation of
interaction, reaction, and isomerization energies, as well as barrier heights and conforma-
tional distributions. Such quantities are fundamental to a wide range of research areas,
including combustion and atmospheric chemistry, as well as astro- and biochemistry. With
the continuous improvement of computational methods and resources, QC approaches have
become increasingly capable of describing reaction pathways, quantifying energy barriers,
and determining product distributions. QC methods are therefore instrumental for elucidat-
ing transient species that are experimentally challenging to generate or detect, such as free
radicals and short-lived intermediates, for modeling the mechanisms of demanding chem-
ical transformations, and for interpreting experimental observations and trends. For small
and medium-sized molecules, highly accurate calculations enable the detailed characteriza-
tion of thermochemical and kinetic parameters, providing the foundation for understanding
reaction networks and supporting experimental investigations. In astrochemistry, QC sim-
ulations help to elucidate how complex organic molecules form and evolve under extreme
conditions of low temperature and pressure, revealing reactive processes on icy grains and
in the gas phase that are often inaccessible to experiments. In atmospheric and combus-
tion chemistry, theoretical data are essential for characterizing reactive intermediates and
determining degradation mechanisms and corresponding rate coe"cients. Moving to larger
systems, computational approaches play a crucial role in biochemical and medicinal chem-
istry, enabling detailed investigations of enzymatic reactions and molecular recognition,
and contributing to the computer-aided design of new therapeutic compounds and enzyme
mimetics.
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In order to deliver quantitative results, QC methods1–3 must fulfill strict accuracy require-
ments. The concept of chemical accuracy typically refers to an error of about 4.18 kJ mol→1 (1
kcal mol→1) relative to reference data. Although seemingly modest, such a tolerance is highly
significant: for example, in reactions with multiple competing pathways, an uncertainty of
this extent in barrier heights can shift product distributions by an order of magnitude.4,5

However, the precise definition of how accuracy is quantified is often ambiguous. It may
refer to a mean absolute deviation (MAD), to a root-mean-square deviation (RMSD), or to a
95% confidence interval of 4.18 kJ mol→1 relative to reference data. The lack of a uniform met-
ric reduces the clarity of the term. Ruscic has analyzed this issue in detail,6 recommending
the use of 95% confidence intervals as a robust measure of uncertainty. Similarly, Peterson,
Feller, and Dixon7 suggested that, to meet the "experimentalist’s" notion of chemical accuracy,
twice the MAD should remain below 4.18 kJ mol→1. Nevertheless, for properties that benefit
from substantial error cancellation, such as interaction energies in non-covalent complexes,
tighter thresholds are more appropriate. Values as low as 0.42 kJ mol→1 (0.1 kcal mol→1)
have been proposed,8,9 consistent with high-level benchmarks for non-covalently bonded
systems, and conformational isomerizations.10

Beyond chemical accuracy, stricter targets have been formulated. One of them is spectro-
scopic accuracy, which refers to deviations within 1 kJ mol→1 (0.24 kcal mol→1) from experimen-
tal data. This accuracy is also essential for the reliable prediction of molecular properties,
including rotational-vibrational spectroscopic parameters, central for atmospheric and as-
trochemical applications.11–14

A closely related yet distinct concept is that of benchmark accuracy, which also lies within
the sub-chemical-accuracy regime but is defined relative to high-level theoretical references
rather than experimental data. In this framework, spectroscopic accuracy refers to compar-
ison with experiment, whereas benchmark accuracy considers the theoretical counterpart;
together, they delineate the highest target of predictive quantum chemistry.

Focusing on ab initio electronic structure methods, which represent the most systematically
improvable class of approaches, the current gold standard for high-accuracy calculations
is Coupled Cluster with Single and Double excitations, and a perturbative treatment of
Triple excitations15 [CCSD(T)], which remains broadly applicable across chemical space. For
systems well described by a single Slater determinant (SD) and when large basis sets are
employed, CCSD(T) is capable of delivering highly accurate results. However, the computa-
tional cost of CCSD(T) formally scales as the seventh power of the system size. Moreover, the
correlation energy converges only slowly with respect to basis set size, with errors decreasing
roughly inversely with the number of basis functions. While these issues can be partially
alleviated through complete basis set (CBS) extrapolation techniques, CCSD(T)/CBS calcu-
lations remain feasible only for small molecules,16 motivating the development of alternative
strategies to extend accuracy to larger systems.

Two complementary directions have been particularly successful. The steep computa-
tional scaling with molecular size can be mitigated by exploiting the short-range nature of
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dynamical correlation through local approximations. Conversely, the slow basis set conver-
gence can be greatly accelerated by explicitly correlated (F12) approaches, in which the wave
function directly depends on the interelectronic distance.

Although these methodological advances and increasing computational power have sig-
nificantly broadened the applicability of ab initio methods,17–25 the cost of canonical high-
level computations remains prohibitive for applications aiming at the highest accuracy. To
reconcile accuracy and e"ciency, composite schemes (CSs) were developed.

First introduced in the late 1980s by Pople, Raghavachari, Curtiss, and co-workers,2,26

composite methods combine results from a hierarchy of lower-cost computations. CSs
exploit systematic additivity schemes to incorporate basis set extrapolations, higher-level
correlation, and relativistic corrections, thereby achieving high accuracy at a fraction of the
computational cost of the full high-level calculation. These developments laid the foun-
dation for modern composite approaches to thermochemistry,27 whose accuracy can be
systematically improved by including additional e!ects such as higher-order excitations and
core-valence (CV) correlation.

CSs played therefore a key role in establishing chemical accuracy as a practical target. In
subsequent developments, increasingly refined variants have pushed this boundary toward
stricter accuracy targets, thereby extending the predictive power of quantum chemistry. In-
deed, a wide range of composite strategies has since been developed and optimized, targeting
both chemical and spectroscopic accuracy. These methods have been applied successfully to
increasingly large molecular systems, even reaching the size of buckminsterfullerene (C60).28

Today, composite ab initio methods are among the most accurate tools for investigating chem-
ical processes at the atomistic level. These approaches enable quantum mechanics not only
to rationalize the chemistry of complex molecules but also to provide thermochemical and
kinetic properties, such as reaction energies and barrier heights, with accuracies that rival the
best available experiments. Their broad applicability has consolidated their status as bench-
mark approaches in theoretical chemistry, with an impact on both fundamental studies and
applied research.29

Popular CSs comprise several well-established series, such as the Gaussian-n2,26,30–36 (Gn),
the Complete Basis Set X1,37–43 (CBS-X), the Weizmann-n11,44–48 (Wn), as well as the corre-
lation consistent Composite Approach3,49–56 (ccCA), the Feller–Peterson–Dixon57,58 (FPD)
method, the Focal Point Analysis59–64 (FPA), and the High-accuracy Extrapolated Ab ini-
tio Thermochemistry12,65,66 (HEAT) protocol. More recent formulations include the Cheap
Scheme67 (ChS) family, the Simple Version of an Extrapolated, Core-Valence correlation
corrected, CCSD(T)-f1268 (SVECV-f12) method, and the Ab initio Thermochemistry using
Optimal-balance Models with Isodesmic Corrections69–71 (ATOMIC) protocol.

CSs can be broadly divided according to their accuracy targets. The Gn, CBS-X, and
ccCA families play a central role in main-group thermochemistry at the level of chemical
accuracy; the Wn, HEAT, FPA, and FPD methods represent the state-of-the-art in the pursuit
of spectroscopic accuracy. Within transition-metal chemistry, specialized ccCA variants
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and the FPD methodology have shown considerable potential, though their validation still
depends on further benchmarking against experimental data. For heavier elements, where
reliable reference data remain limited, advances in spectroscopy are expected to play a key
role in guiding the future development of composite approaches.72

Composite methodologies aimed at chemical accuracy are typically computationally
less demanding and therefore applicable to larger systems. On the other hand, protocols
targeting spectroscopic accuracy are generally restricted to diatomic or very small poly-
atomic molecules, due to their high computational cost. While the Active Thermochemical
Tables73,74 (ATcT) provide accurate information, this level of precision surpasses that of sev-
eral widely used thermochemical databases, such as the NIST Chemistry WebBook75 and
the CCCBDB.76

The transition from chemical to spectroscopic accuracy is generally associated with ex-
tending Coupled Cluster77 (CC) theory beyond CCSD(T). Post-CCSD(T) methods incorporate
higher-order excitations, also including the extrapolation to the CBS limit of these terms,78

whose contributions become particularly significant in systems with non-negligible multi-
reference character,11,46,79–82 thereby enabling their quantitative treatment and providing a
more robust predictive framework. These benefits, however, come at the expense of a steep
increase in computational cost, which currently restricts their applicability to relatively small
systems, typically containing no more than about eight non-hydrogen atoms.79,83–85

The importance of higher-order correlation e!ects has been highlighted in benchmark
studies on hydrocarbons, which revealed systematic trends in the growth of residual errors
with molecular size. For well-behaved single-reference systems, such as saturated 𝑁-alkanes,
deviations in CCSD(T)/CBS atomization energies increase with the chain length, showing
that small post-CCSD(T) contributions can accumulate and become non-negligible for larger
molecules.86 Beyond covalent systems, analyses of non-covalent interactions have shown that
CCSD(T) benefits from a fortuitous error compensation, yielding results close to Coupled
Cluster with Single, Double, and Triple excitations, and a perturbative treatment of Quadru-
ple excitations87 [CCSDT(Q)]. This balance, however, deteriorates for particular systems such
as in extended aromatic 𝜔-stacks, where post-CCSD(T) excitations become essential.88

In addition to CSs targeting chemical or spectroscopic accuracy, several methods have
been developed to achieve an intermediate level of accuracy. These approaches do not include
excitations beyond the perturbative triples of CCSD(T), yet they improve upon the chemical-
accuracy limit while remaining applicable to larger molecular systems. Their main goal is to
extend the size range of molecules that can be studied with high accuracy, particularly those
composed of elements regarded as the molecular "bricks of life", namely, from the first three
rows of the periodic table. Examples include the SVECV-f12 method and the ChS family,
which enables reliable predictions for medium-sized molecules. Within the ChS family,
specific variants have been optimized for non-covalent interactions: jun Cheap Scheme89

(junChS) to capture intermolecular forces, and its extension, explicitly correlated version
of the jun Cheap Scheme90 (junChS-F12), combines this strategy with explicitly correlated
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methods.

The reliability of ab initio composite methods is rooted in their rigorous foundation on high-
level wave function formalisms, among which CCSD(T) stands as the reference point for
accuracy. However, the prohibitive scaling of its computational cost, together with consid-
erable data demands, limits its feasibility for larger systems, despite advances in parallel
implementations.91 When employing medium-sized basis sets, conventional CCSD(T) calcu-
lations typically reach 20–30 atoms,92 a limit that can be approximately doubled by adopting
natural orbital-based (NO) cost-reduction strategies, such as the frozen natural orbital (FNO)
approximation.93–95

As molecular size increases, or when transition metals and heavy elements are involved,
methods rooted in Density Functional Theory (DFT) often become the practical choice,
even though their accuracy cannot be systematically improved as in wave function–based
approaches. A wide variety of density functionals has been developed, but their reliability
can only be assessed through comparison with experimental data or, in their absence, with
accurate ab initio wave function results. To this end, error estimates are typically derived from
benchmark studies targeting specific molecular classes or reaction types. Consequently, the
construction of high-quality reference datasets has become a central activity in theoretical
and computational chemistry, underpinning both the validation of density functionals96–99

and, more recently, the training of machine-learning models.100,101 Despite the substantial
progress achieved in recent years, significant challenges remain, particularly in extending
these benchmarks to larger and more diverse chemical spaces.

For main-group chemistry, Karton, Martin, and co-workers,83,84 for instance, demon-
strated that for nearly one thousand energetic data points, including TAEs, isomerization
reactions, bond dissociation energies, nucleophilic substitution reactions, and heavy-atom
transfer reactions, di!erent families of functionals generally yield comparable RMSD val-
ues relative to experiment, with only a few exceptions; however, errors tend to accumulate
with molecular size. Several studies have shown that the accuracy of density functional
approximations deteriorates with increasing molecular size, leading to progressively larger
deviations in computed thermochemical quantities such as enthalpies of formation. For
instance, DeYonker and co-workers3 and Redfern and co-workers102 independently reported
substantial discrepancies between calculated and experimental values for larger hydrocar-
bons, with errors reaching several tens of kilocalories per mole. Such trends are not unique
to specific functionals but reflect a general limitation of DFT-based thermochemistry. Conse-
quently, reaction hierarchy schemes, such as isodesmic or homodesmotic reactions, are often
employed to mitigate these systematic errors.103

For transition-metal systems, the situation is considerably more complex. Early bench-
mark studies reported large deviations between calculated and experimental enthalpies of
formation,104 and subsequent assessments confirmed that DFT performance varies signifi-
cantly with the metal center, ligand environment, and target property. No density functional
has proven universally reliable for this class of compounds, and there is no systematic
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improvement across Jacob’s ladder. Even under favorable conditions, average errors for
first- and second-row transition-metal species typically remain well above the uncertainty of
high-quality experimental data.72

The description of heavy elements poses an even greater challenge, as reliable experimen-
tal reference data are scarce, making the assessment of DFT accuracy particularly di"cult.
Benchmark studies on lanthanide and actinide systems have revealed large, functional-
dependent deviations from experimental and high-level theoretical results. Even when
scalar relativistic (Rel) and spin-orbit (SO) e!ects are included, errors remain well above
the limits of chemical accuracy, highlighting the persistent di"culties in modeling heavy-
element compounds.72

Despite the substantial progress achieved, DFT still faces significant challenges in con-
sistently describing systems of varying electronic complexity, particularly those involving
transition metals and heavy elements. Further improvements in functional design, the avail-
ability of more accurate experimental data, and the adoption of reaction hierarchy schemes
may help alleviate some of these shortcomings. Altogether, these limitations highlight the
need for alternative, systematically improvable strategies that can deliver reliable accuracy
across chemically diverse systems.

In the frame of ab initio methods, the locality of dynamical electron correlation can be
further exploited, giving rise to local correlation approaches. The extensive development
of these approaches, particularly in conjunction with NO–based basis set compression tech-
niques, has broadened the applicability of methods up to the CCSD(T) level.16,91

Approaches that exploit the locality of electron correlation are generally classified into
two groups: (i) direct local approaches, in which locality is introduced at the algorithmic level
by neglecting near-zero contributions or trivial factors, requiring a localized representation
of the virtual space, and (ii) piecewise local approaches, in which the molecule is partitioned
into subsystems (e.g., fragments or orbital groups) and correlation energies are evaluated
separately for each subsystem and subsequently combined to approximate the total result.
The first category combines pair-specific natural orbitals (PNOs) with modern local corre-
lation techniques. This line of development was pioneered by Neese and co-workers in the
domain-based local pair natural orbital (DLPNO) family of approaches105–107 and has since
been adopted by several other groups.108–111 The second category is represented by the local
natural orbital (LNO) methods, which construct NOs specifically for each localized orbital.
This concept was introduced and developed by Kállay and co-workers.91,112

The systematically improvable nature of wave function methods can be preserved in local
approaches by employing a hierarchy of local correlation settings alongside the conventional
atomic orbital (AO) basis set and CC excitation levels. This allows for reliable extrapolation,
definition of CSs, and estimation of the model error.91,113,114

With recent advances, the CBS limit of CCSD(T) can be approached using LNO and
other local correlation methods, such as DLPNO, for systems comprising hundreds of atoms.
Local correlated CCSD(T) schemes have also been extended to explicitly correlated variants
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and applied successfully to diverse areas, including thermochemistry, isomerization and
conformational energies, non-covalent interactions, and transition-metal reactions.16,91

Composite ab initio methods have also been extended beyond thermochemistry to the pre-
diction of equilibrium geometries and rotational-vibrational spectroscopic properties that
require successive energy derivatives.29,67 As illustrated in Figure 1.1, the computational
e!ort increases with the derivative order: while total energies can often be evaluated at the
highest feasible level of theory, the calculation of geometries, vibrational frequencies, and
anharmonic contributions rapidly becomes more demanding. In practice, this hierarchy ne-
cessitates the use of progressively lower levels of theory for higher-order derivatives, aiming
at a trade-o! between computational cost and accuracy.

F*4,$( 1.1: Hierarchy of molecular properties obtained from successive energy
derivatives.

In this PhD thesis, particular attention is devoted to the accurate characterization of equi-
librium geometries, which provide the structural foundation for subsequent spectroscopic
predictions. Accurate gas phase molecular structures are indeed indispensable for disentan-
gling intrinsic stereoelectronic e!ects from dynamical and environmental contributions. In
this regard, the synergy between high-resolution spectroscopy and accurate QC calculations
has proven to be crucial, both for interpreting spectroscopic features in terms of molecular
structure67,115–117 and for enabling the unambiguous identification of chemical species in
complex or unknown mixtures.118,119

The primary observables in microwave (MW) spectroscopy are the rotational constants,
which are intrinsically linked to molecular structure, being inversely proportional to the
moments of inertia and therefore determined by atomic masses and geometrical param-
eters. Since its first demonstration in 1934 by Cleeton and Williams120 and its rapid de-
velopment after 1945, MW spectroscopy has enabled systematic studies of gases and liq-
uids with high vapour pressures. More recently, thanks to technological advances in MW
spectrometers,121–124 it has become feasible to investigate solids with low vapor pressures
and thermally fragile systems.125 High-resolution rotational spectra can now be recorded for
large and flexible molecules, containing up to about 50 atoms, including hormones,126–128
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nucleosides,129 molecular motors,130 Van der Waals clusters,131–133 amino acids,125,134 DNA-
sca!old ribosugars,135 and unstable species.136–138

In this framework, QC predictions of accurate rotational constants, and consequently of
the underlying geometry, are essential for assigning spectral transitions and hence deriving
experimental rotational constants from the analysis of the measured spectra.139,140 These, in
turn, can be exploited to obtain structural information for the investigated species. Within
the semi-experimental141–147 (SE) approach, experimentally derived ground state rotational
constants are combined with theoretical vibrational corrections to yield the so-called SE
equilibrium rotational constants. A least-squares fit of these constants across a su"ciently
large number of isotopologues then provides the corresponding SE equilibrium structure.
Although the SE approach a!ords highly accurate geometrical parameters,148,149 its applica-
bility remains limited by the need for multiple isotopologues, which are accessible only for
a relatively small molecules. The mixed regression method144 alleviates this limitation by
reducing the number of necessary isotopologues, particularly hydrogen substitutions, and
has been successfully applied to several medium-sized systems.150,151 Nevertheless, obtain-
ing accurate SE structures remains challenging for many key molecular fragments found in
biologically relevant molecules and pharmaceuticals, such as ring systems in hormones and
drugs. In these cases, QC approaches, and particularly CSs, become invaluable, as they o!er
an optimal balance between accuracy and computational e"ciency.

For small semi-rigid molecules, achieving spectroscopic accuracy requires relative errors
below 0.1% in rotational constants, corresponding to deviations smaller than 1 mÅ in bond
lengths and 0.1° in bond angles, su"cient for unbiased spectroscopic analyses.152

To meet these stringent targets, several highly accurate CSs based on the CC ansatz have
been developed. Among the most successful are the HEAT65,153 and W411 protocols, together
with the series of schemes proposed by Stanton and co-workers,154,155 available in di!erent
variants of increasing theoretical sophistication depending on the desired accuracy. These
approaches systematically include basis-set extrapolation, relativistic and CV e!ects, and
post-CCSD(T) correlation contributions, enabling the prediction of equilibrium rotational
constants within the 0.1% accuracy threshold. However, the inclusion of all these corrections
substantially increases the computational cost, which currently limits the applicability of
such CSs to relatively small molecules. To broaden the applicability of composite strategies
to medium systems, simplified variants have been designed by reducing the theoretical
requirements, balancing accuracy and e"ciency while retaining a consistent methodological
framework.67,90,156–163

For larger or flexible molecules, while experimental data are more di"cult to obtain and
interpret, computational studies face two main challenges: exploring the potential energy
surface (PES) to locate low-energy structures, and accurately characterizing the resulting
conformers and rotamers.117,152,164–167 The steep scaling of accurate methods with system
size has motivated the search for reduced-cost alternatives. As previously noted, e"cient
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strategies based on NOs or local correlation have proven to be e!ective for electronic ener-
gies, but the lack of analytical derivatives limits their applicability to molecular structures.
Conversely, standard methods routinely adopted in spectroscopic studies, such as second-
order Møller-Plesset perturbation theory168 (MP2) and hybrid density functionals,169–172

exhibit systematic errors that preclude fully predictive results without empirical corrections
or chemical intuition173

The development of the template molecule145,174 (TM) and linear regression145 (LR) mod-
els, together with their combination (TM-LR),148,149,175 has allowed computing accurate equi-
librium structures for molecules of increasing dimensions. Both approaches are based on the
principle that high-quality data obtained for smaller systems or molecular fragments can be
used to refine the structures of larger molecules predicted at the DFT level.176–178 In the TM
method, corrections are obtained as di!erences between accurate and computed geometrical
parameters for templating molecules that share similar fragments with the target. In the same
way, the LR approach derives corrections from statistical fits to large databases of high-quality
reference structures, without requiring explicit fragment assignment. These strategies have
been successfully combined in workflows such as nano-LEGO148,149 and LEGO-brick179,180

approaches. Recently, a refinement of these models has been introduced through the tem-
plating synthon181 (TS) approach. This method still requires a reference database; however,
instead of manually selecting specific fragments, it automatically identifies the most similar
analogues for each bond in the target molecule and applies the corresponding corrections.
This automation results in a fully black-box protocol, improving usability and extending the
applicability to a broader range of chemical systems.

Within this broader context, the overarching goal of this PhD thesis is the accurate charac-
terization of increasingly large molecular systems through the development and refinement
of e"cient protocols that balance computational cost and accuracy.

The reliable characterization of thermochemical properties requires more than an accu-
rate description of energetics alone. Appropriate levels of theory must be employed at every
stage of the computational protocol, encompassing equilibrium geometries as well as har-
monic and anharmonic vibrational frequencies. When the objective is benchmark accuracy
with respect to theoretical reference data, high-quality energetics may be su"cient, since
benchmark protocols generally rely on standardized geometries to avoid biases. Conversely,
achieving spectroscopic accuracy relative to experimental observations demands a consis-
tent and accurate treatment of all components of the computational workflow, including
energetics, optimized structures, and both harmonic and anharmonic vibrational contribu-
tions, since each step cumulatively a!ects the final observables. Accordingly, this thesis is
devoted to the development of predictive computational approaches aiming to approach
spectroscopic accuracy, bridging the gap between theoretical predictions and experimental
observables. Moving beyond the definition of purely energetic CSs, balanced protocols have
been developed that encompass all energetic derivative orders. At each stage, the trade-o!
between accuracy and computational cost has been carefully optimized, ensuring the highest
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possible reliability while maintaining applicability to molecules of increasing size.
The present PhD work builds on this perspective by pursuing two complementary lines

of development: (i) the improvement of the existing junChS-F12 approach and (ii) the design
of the new Pisa Composite Scheme176,182,183 (PCS) family. Both e!orts are directed toward
extending the applicability of composite methods to medium- and large-sized molecules of
chemical and biological relevance, while avoiding reliance on local correlation approxima-
tions.

A first line of research concerns the refinement of the junChS-F12 protocol,184 previ-
ously developed within the research group. The model is upgraded through the adoption
of a recent treatment of triple excitations within explicitly correlated CCSD(T) calculations,
which significantly reduces the basis set incompleteness error (BSIE) associated with the per-
turbative triples contribution and enforces exact size-consistency.185 Extensive benchmarks
confirm that the revised junChS-F12 improves the accuracy of thermochemical predictions
for molecules containing elements from the first three rows of the periodic table. The proto-
col provides two levels of structural accuracy that can be coupled with the energetic scheme.
At the first level, geometries are optimized with a double–hybrid density functional, achiev-
ing an excellent balance between accuracy and e"ciency. At the second level, explicitly
correlated CCSD(T) optimizations with a partially augmented basis set are supplemented
by explicitly correlated MP2 core-valence corrections. This combination proved to be a re-
liable strategy for improving structural predictions without requiring CBS extrapolations.
Similarly, explicitly correlated CCSD(T) harmonic frequencies with a partially augmented
basis set were found to be highly accurate without further corrections. Representative appli-
cations to non-covalent interactions, conformational landscapes, and tautomeric equilibria
confirmed the robustness and transferability of the improved junChS-F12 scheme.184,186

The second line of development concerns the PCS family, introduced in our research
group as cost–e!ective alternatives to traditional high–accuracy protocols such as Wn or
HEAT, whose steep scaling restricts them to very small molecules. In this thesis, PCS
variants are designed through a careful selection of models for electronic energies, equilib-
rium structures, and vibrational frequencies, with the goal of maximizing accuracy at each
step while maintaining computational feasibility. For electronic energies, improvements
are achieved by implementing reliable CBS extrapolation strategies, refined treatments of
core-valence correlation, and optimized basis sets, in particular for third–row atoms. The
FNO approximation is introduced and validated, extending the applicability of the energetic
scheme to molecules with up to about 50 atoms without resorting to local correlation meth-
ods. For equilibrium geometries, accurate predictions are obtained starting from explicitly
correlated CCSD(T) optimizations and adding CV contributions evaluated at the MP2 level,
avoiding the need for CBS extrapolations. Since analytical gradients are not yet available
for the FNO implementation, alternative cost–e!ective strategies are adopted. In particular,
reliable structures for larger molecules are obtained by combining valence contributions
from double–hybrid functionals with MP2 core-valence corrections, or by using simplified
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one–parameter approximations.167,187,188 For zero-point vibrational energy (ZPVE) and par-
tition functions, either double–hybrid or hybrid functionals are employed, depending on
molecular size. After extensive validation on small benchmark systems, the PCS variants
are applied to a representative panel of "biochemical building blocks", as well as systems of
current chemical and technological relevance. The results confirm the e!ectiveness of the
PCS family in providing accurate yet a!ordable predictions for both thermochemical and
rotational-vibrational spectroscopic properties.177,186,189–193

The final part of this research is devoted to bridging the gap between chemical and
spectroscopic accuracy within the PCS family. As discussed above, post-CCSD(T) excitations
are often required to reduce the intrinsic error of composite methods below 1 kJ mol→1.
However, the computational requirements of these contributions are generally prohibitive,
particularly for schemes targeting medium- and large-sized molecules. To address this
challenge, this thesis explores the use of the FNO approximation for the evaluation of post-
CCSD(T) contributions. Particular attention is given to assessing the impact of (i) the number
of correlated orbitals, (ii) the density used for NOs construction, and (iii) the employed basis
sets. Extensive benchmarks, including perturbative excitations up to the quintuple level,
demonstrate that by combining the FNO approximation with higher–order CC corrections,
high accuracy can be retained while substantially reducing computational cost. This strategy
paves the way for the reliable characterization of increasingly large molecular systems, which
would otherwise remain out of reach for available high–quality CSs.

The thesis is organized as follows.

• Chapter 1 provides a general introduction to the field, outlining the state-of-the-art in
CSs for both energetic and structural properties, and presenting the overall objectives
of this work.

• Chapter 2 summarizes the theoretical background and the QC methods employed
throughout this thesis, with particular emphasis on CC theory, F12 methods, and the
FNO approximation.

• Chapter 3 reviews the framework of composite methods, highlighting representative
schemes that serve as reference standards for accurate thermochemical and rotational-
vibrational spectroscopic predictions.

• Chapter 4 reports the refinement of the energetic scheme of the junChS-F12 protocol
and its extension to the accurate prediction of equilibrium geometries and harmonic
frequencies. The performance of the revised model is evaluated through extensive
benchmarks and representative applications.

• Chapter 5 describes the development of the PCS family, a series of cost–e!ective com-
posite protocols designed to optimize the balance between accuracy and computational
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cost across energetic, structural, and vibrational properties. Validation against bench-
mark and experimental data, along with representative case studies on molecules of
increasing size and complexity, demonstrates their reliability and broad applicability.

• Chapter 6 explores strategies to extend the PCS approach towards spectroscopic accu-
racy by employing the FNO approximation for post-CCSD(T) contributions. Results
show that this strategy achieves substantial computational savings while preserving
high accuracy.

• Chapter 7 outlines the main findings and future perspectives for the further advance-
ment and application of the developed composite schemes.
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Chapter 2

Theoretical Background

This Chapter provides an overview of the theoretical foundations of electronic structure
theory, providing the theoretical background relevant to the computational approaches
employed throughout this dissertation. Rather than presenting an exhaustive treatment,
the discussion focuses on the key principles underlying the quantum chemical methods
adopted in this PhD thesis. For comprehensive treatments of canonical quantum chemistry,
the reader is referred to References 194, 195, 196, 197, 198, while detailed accounts of explicitly
correlated methodologies can be found in References 199, 200, 201.

2.1 Foundations of Electronic Structure Methods

2.1.1 The Molecular Hamiltonian

The starting point is the time-dependent non-relativistic Schrödinger equation

↗̂ |ϑ (x, 𝑎)↘ = 𝑏ϖ
𝜕
𝜕𝑎

|ϑ (x, 𝑎)↘ (2.1)

where ϖ = 𝑐/2𝜔, with 𝑐 Planck’s constant, ↗̂ the Hamiltonian operator, and |ϑ (x, 𝑎)↘ the
wave function which fully describes a state of the system. Equation 2.1 describes the time
evolution of a generic 𝐿-particles system, with coordinates x = {x𝑑}, 𝑑 = 1, ...,𝐿 . While
the wave function has no direct physical interpretation, its squared modulus, |ϑ(x, 𝑎)|2,
corresponds to the probability density of locating the particles at specific points in space and
time. ↗̂ is defined as the sum of the kinetic ≃̂ and the potential ⇐̂ energies,

↗̂ = ≃̂ + ⇐̂ . (2.2)

In the case of an 𝐿-particles system, ↗̂ can be expressed as

↗̂ = →
𝐿∑
𝑑=1

ϖ2

2𝑒𝑑

⇒2
𝑑
+

𝐿∑
𝑑=1

𝐿∑
𝑓>𝑑

𝑔𝑑 𝑔𝑓

4𝜔𝜖0 |x𝑑 → x𝑓 |
(2.3)

with 𝑒𝑑 the mass of the 𝑑-th particle, ⇒2
𝑑

the Laplacian operator acting on the coordinates
of the 𝑑-th particle; the second term on the right-hand side accounts for pairwise Coulomb
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interactions, with 𝜖0 the vacuum electric permittivity, 𝑔𝑑 and x𝑑 representing the charge and
the vector collecting the coordinates of the 𝑑-th particle, respectively.

As can be observed, Equation 2.3 is not explicitly dependent on time. For this reason,
the wave function can be factorized into a part depending exclusively on time, ϑ𝑎 (𝑎), and
another one, ϑ𝑕 (x), depending solely on spatial coordinates, as

|ϑ (x𝑑 , 𝑎)↘ = |ϑ𝑎 (𝑎)↘ |ϑ𝑕 (x)↘ (2.4)

where ϑ𝑎 (𝑎) describes the time evolution of the system.
Focusing on the space-dependent part of the wave function, it is possible to obtain the

time-independent non-relativistic Schrödinger equation

↗̂ |ϑ𝑕 (x)↘ = 𝑀 |ϑ𝑕 (x)↘ (2.5)

from which the energy can be obtained as the expectation value of ↗̂ as

𝑀 =
〈
ϑ𝑕 (x)

###↗̂ ###ϑ𝑕 (x)
〉
. (2.6)

A complete description of the static properties of a molecule requires solving Equation
2.5. In the following, attention will be restricted to the time-independent non-relativistic
Schrödinger equation, hence from this point onward ϑ will refer to ϑ𝑕 (x).

For a molecular system containing 𝑁 electrons and 𝑖 nuclei, the kinetic energy operator can
be partitioned into electronic and nuclear contributions, denoted as ≃̂𝑇 and ≃̂𝑁 , respectively.
The potential energy consists of three terms: electron–electron (⇐̂𝑇𝑇), nucleus–nucleus (⇐̂𝑁𝑁),
and electron–nucleus interactions (⇐̂𝑇𝑁). The molecular Hamiltonian can therefore be written
in atomic units as

↗̂ =≃̂ + ⇐̂
=≃̂𝑇 + ≃̂𝑁 + ⇐̂𝑇𝑁 + ⇐̂𝑇𝑇 + ⇐̂𝑁𝑁

= →
𝑁∑
𝑏=1

1
2⇒

2
𝑏
→

𝑖∑
𝑗=1

1
2𝑖𝑗

⇒2
𝑗
→

𝑁∑
𝑏=1

𝑖∑
𝑗=1

𝑘𝑗

|r𝑏 → R𝑗 |
+

𝑁∑
𝑏=1

𝑁∑
𝑙>𝑏

1##r𝑏 → r𝑙
## +

𝑖∑
𝑗=1

𝑖∑
𝑌>𝑗

𝑘𝑗𝑘𝑌

|R𝑗 → R𝑌 |

(2.7)

where 𝑖𝑗 and 𝑘𝑗 denote the mass and atomic number of nucleus 𝑗, respectively, while
r𝑏 and R𝑗 represent the coordinates of the 𝑏-th electron and 𝑗-th nucleus, respectively.

Among electrostatic interactions, the electron–nucleus term couples the motion of the
two types of particles, preventing a straightforward separation of the total wave function
into purely electronic and purely nuclear components.
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2.1.2 The Born–Oppenheimer Approximation

The Born–Oppenheimer (BO) approximation, a special case of the more general adiabatic
approximation, plays a central role in quantum chemistry. It relies on the large mass dif-
ference between nuclei and electrons (with nuclei being about 1800 times heavier), which
results in much slower nuclear motion. Consequently, to a good approximation, electrons
can be regarded as moving in the field of fixed nuclei. Within this framework, the nuclear
kinetic energy term is neglected, while the internuclear repulsive interaction is treated as a
constant. Under these assumptions, the electronic Hamiltonian, describing the motion of 𝑁
electrons in the field of 𝑖 fixed point charges, can be obtained from Equation 2.7 as

↗̂elec = →
𝑁∑
𝑏=1

1
2⇒

2
𝑏
→

𝑁∑
𝑏=1

𝑖∑
𝑗=1

𝑘𝑗

|r𝑏 → R𝑗 |
+

𝑁∑
𝑏=1

𝑁∑
𝑙>𝑏

1##r𝑏 → r𝑙
## . (2.8)

The solution of the Schrödinger equation involving the electronic Hamiltonian,

↗̂elec |ϑelec↘ = 𝑀elec |ϑelec↘ (2.9)

is the electronic wave function,

|ϑelec↘ = |ϑelec ({r𝑏} ; {R𝑗})↘ (2.10)

which governs the electronic motion, with an explicit dependence on the electronic
coordinates and a parametric one on the nuclear framework, a feature shared by the corre-
sponding electronic energy

𝑀elec = 𝑀elec ({R𝑗}) . (2.11)

Parametric dependence implies that, for each arrangement of the nuclei, ϑelec assumes a
di!erent functional form with respect to the electronic coordinates, while the nuclear coor-
dinates do not appear explicitly in ϑelec. These electronic wave functions are eigenfunctions
of ↗̂elec and thus constitute an orthonormal basis set in the electronic Hilbert space.

The total energy for a fixed nuclear configuration must also include the constant contribution
of nuclear repulsion

𝑀tot = 𝑀elec +
𝑖∑
𝑗=1

𝑖∑
𝑌>𝑗

𝑘𝑗𝑘𝑌

|R𝑗 → R𝑌 |
. (2.12)

Equations 2.8, 2.9, and 2.12 constitute the electronic problem.
Once the electronic problem has been solved, the nuclear motion can be addressed under

the same assumptions used in its formulation. Since electrons move much faster than nuclei,
it is a reasonable approximation in Equation 2.7 to replace the electronic coordinates with
their expectation values, averaged over the electronic wave function. This procedure yields
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an e!ective nuclear Hamiltonian that describes the motion of the nuclei in the mean field
generated by the electrons,

↗̂nucl = →
𝑖∑
𝑗=1

1
2𝑖𝑗

⇒2
𝑗
+
〈
→

𝑁∑
𝑏=1

1
2⇒

2
𝑏
→

𝑁∑
𝑏=1

𝑖∑
𝑗=1

𝑘𝑗

|r𝑏 → R𝑗 |
+

𝑁∑
𝑏=1

𝑁∑
𝑙>𝑏

1##r𝑏 → r𝑙
##
〉

+
𝑖∑
𝑗=1

𝑖∑
𝑌>𝑗

𝑘𝑗𝑘𝑌

|R𝑗 → R𝑌 |

= →
𝑖∑
𝑗=1

1
2𝑖𝑗

⇒2
𝑗
+ 𝑀elec ({R𝑗}) +

𝑖∑
𝑗=1

𝑖∑
𝑌>𝑗

𝑘𝑗𝑘𝑌

|R𝑗 → R𝑌 |

= →
𝑖∑
𝑗=1

1
2𝑖𝑗

⇒2
𝑗
+ 𝑀tot ({R𝑗}) .

(2.13)

The total energy 𝑀tot ({R𝑗}) defines the potential governing nuclear motion, which corre-
sponds to the potential energy surface. Within the BO approximation, the nuclei therefore
move on a PES derived from the solution of the electronic problem.
Solutions to a nuclear Schrödinger equation,

↗̂nucl |ϑnucl↘ = 𝑀 |ϑnucl↘ (2.14)

describe the translational, vibrational, and rotational motion of a molecule,

|ϑnucl↘ = |ϑnucl ({R𝑗})↘ (2.15)

and 𝑀, representing the BO approximation to the total energy, incorporates electronic,
vibrational, rotational, and translational degrees of freedom.

The corresponding approximation to the total wave function of Equation 2.5 is

ϑ ({r𝑏} ; {R𝑗}) = ϑelec ({r𝑏} ; {R𝑗})ϑnucl ({R𝑗}) . (2.16)

Assuming Equation 2.9 is solved for each nuclear configuration {R𝑗}, the factorized wave
function of Equation 2.16 is substituted and projected onto the ϑelec basis, with integration
carried out over the electronic coordinates. This procedure reveals how the di!erent terms
of ↗̂ act on ϑnucl ({R𝑗}) and ϑelec ({r𝑏} ; {R𝑗}). In particular, the nuclear kinetic energy
operator is not diagonal in theϑelec basis. The BO approximation consists of neglecting these
o!-diagonal terms, thereby decoupling electronic and nuclear dynamics. As a consequence,
the two types of motion become separable.

In most cases, the BO approximation represents a well-justified assumption, providing an
accurate description of molecular systems. However, it may break down when two or more
electronic states become nearly degenerate in energy.202 The residual errors introduced by
the approximation are generally small and can be corrected, at least in part, by the diagonal
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Born–Oppenheimer correction (DBOC). The DBOC is relatively straightforward to evaluate,
as it involves the second derivative of the electronic wave function with respect to the nuclear
coordinates, and it is therefore closely related to nuclear gradients and Hessians. Its largest
contributions are typically observed in hydrogen-containing molecules, due to the very small
nuclear mass of hydrogen. This correction will be addressed in detail in the next Chapter.

When the BO approximation becomes unreliable, non-adiabatic e!ects can play a domi-
nant role. In such cases, a more appropriate strategy is to explicitly account for the quantum
nature of nuclear motion rather than relying solely on adiabatic corrections. Nevertheless,
such situations lie beyond the scope of the present PhD thesis. Accordingly, the focus will be
restricted to the electronic problem, and the relevant Hamiltonian will from this point on be
taken as the electronic Hamiltonian introduced within the BO framework. Unless otherwise
specified, ↗̂ ⇑ ↗̂elec and ϑ ⇑ ϑelec.

2.1.3 Pauli Exclusion Principle

Electrons are indistinguishable particles, meaning that any observable derived from the wave
function, such as the probability density, must remain invariant under any permutation of
the electronic coordinates. For fermionic particles such as electrons, this indistinguishability
entails that the total wave function must exhibit antisymmetric behavior under the exchange
of any pair of electrons. This requirement is known as the Pauli exclusion principle.

2.1.4 Variational Principle

In quantum chemistry, one of the fundamental principles on which many computational
methods are based is the variational principle. It states that, for any normalized trial wave
function ϱ satisfying the appropriate boundary conditions (typically vanishing at infinity),
the expectation value of the Hamiltonian provides an upper bound to the exact ground–state
energy. Formally, if ⇓ϱ|ϱ↘ = 1, then ⇓ϱ|↗̂ |ϱ↘ ⇔ 𝑀0. Equality holds only when the trial func-
tion coincides with the exact ground–state wave function,ϱ = ϱ0, for which ⇓ϱ0 |↗̂ |ϱ0↘ = 𝑀0.

The central challenge lies in the construction of an appropriate trial wave function.
A straightforward possibility for a multi–electron system is to consider a product of sin-
gle–electron functions, each described by a spin–orbital |𝜗(x)↘ = |ϑ(r)↘ |𝜘(𝜙)↘, where the
spin function 𝜘(𝜙) can take the values 𝜚 or 𝜓. Such a product, however, does not satisfy the
Pauli exclusion principle, as it lacks the required antisymmetry under the exchange of two
electrons.

A more rigorous choice for a multi-electron wave function is provided by the Slater
determinant, which enforces fermionic antisymmetry by construction. By changing sign
upon exchange of any two electrons, the SD satisfies the Pauli exclusion principle and thus
represents a physically consistent starting point for electronic structure methods. Its formal
expression is given by
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ϑSD(x1 , x2 , ..., x𝐿 ) =
1↖
𝐿 !

########

𝜗1(x1) 𝜗2(x1) ... 𝜗𝐿 (x1)
𝜗1(x2) 𝜗2(x2) ... 𝜗𝐿 (x2)

.

.

.

.

.

.

.

.

.

𝜗1(x𝐿 ) 𝜗2(x𝐿 ) ... 𝜗𝐿 (x𝐿 )

########
= |𝜗1𝜗2...𝜗𝐿 | . (2.17)

From this point onward, unless otherwise specified, ϑSD will be denoted simply as ϑ.

2.2 Hartree-Fock Method

The Hartree-Fock203 (HF) method provides the foundation of wave function–based quantum
chemistry, forming the basis for the development of more advanced electronic structure
approaches. In this formulation, the wave function of an 𝑁-electron system is approximated
by a single Slater determinant, and the electronic energy is obtained as the expectation value
of the Hamiltonian,

𝑀HF =
〈
ϑ
###↗̂ ###ϑ〉

=
𝑁∑
𝑏=1

𝑐𝑏 +
1
2

𝑁∑
𝑏 , 𝑙=1

(
𝑚𝑏𝑙 → 𝑉𝑏𝑙

)
(2.18)

where 𝑐𝑏 collects the one-electron contributions, 𝑚𝑏𝑙 and 𝑉𝑏𝑙 the two-electrons ones, and
the factor 1

2 allows the double sum to run over all electrons. These terms are defined as

↗̂ =
𝑁∑
𝑏=1

𝑐̂𝑏 +
1
2

𝑁∑
𝑏 , 𝑙=1

𝑛̂𝑏 𝑙 (2.19)

where

𝑐̂𝑏 = →1
2⇒

2
𝑏
→

𝑖∑
𝑗=1

𝑘𝑗

|r𝑏 → R𝑗 |
(2.20)

𝑛̂𝑏 𝑙 =
1##r𝑏 → r𝑙

## . (2.21)

The integrals in Equation 2.18 can be expressed over the spin-orbitals basis as

𝑐𝑏 =
〈
𝜗𝑏

###𝑐̂𝑏
### 𝜗𝑏

〉
(2.22)

𝑚𝑏𝑙 =
〈
𝜗𝑏𝜗𝑙

##
𝑛̂𝑏 𝑙

## 𝜗𝑏𝜗𝑙

〉
(2.23)

𝑉𝑏𝑙 =
〈
𝜗𝑏𝜗𝑙

##
𝑛̂𝑏 𝑙

## 𝜗𝑙𝜗𝑏

〉
(2.24)

where the Dirac’s notation is employed.
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The one-electron operator 𝑐̂𝑏 denotes the single-particle part of the Hamiltonian, con-
sisting of the kinetic energy ≃̂𝑇 and the nuclear-electron potential ⇐̂𝑇𝑁 , and it describes the
motion of electron 𝑏 in the field of the nuclei. The two-electron operator 𝑛̂𝑏 𝑙 describes the
electron–electron repulsion, from which the terms 𝑚𝑏𝑙 and 𝑉𝑏𝑙 derive. The former, referred to
as the Coulomb integral, describes the electrostatic interaction between the charge densities
|𝜗𝑏 |2 and |𝜗𝑙 |2. The exchange integral, 𝑉𝑏𝑙 , arises from the antisymmetric nature of the SD.
The three integrals are real quantities with 𝑚𝑏𝑙 ⇔ 𝑉𝑏𝑙 ⇔ 0. In the special case 𝑏 = 𝑙, the Coulomb
self-interaction term 𝑚𝑏𝑏 is exactly canceled by the corresponding exchange contribution 𝑉𝑏𝑏 ,
thereby eliminating any unphysical self-interaction e!ects.

Application of HF theory relies on the variational method to determine the set of spin-
orbitals that minimize the energy. The minimization is performed under the constraints that
the orbitals remain orthogonal and normalized, through the method of Lagrange multipliers.
In this context, 𝑚𝑏𝑙 and 𝑉𝑏𝑙 integrals can be expressed as single-electron operators, defined by
the spin-orbitals themselves

𝑚𝑙 |𝜗𝑏↘ =
〈
𝜗𝑙

##
𝑛̂𝑏 𝑙

## 𝜗𝑙

〉
|𝜗𝑏↘ (2.25)

𝑉̂ 𝑙 |𝜗𝑏↘ =
〈
𝜗𝑙

##
𝑛̂𝑏 𝑙

## 𝜗𝑏

〉 ##𝜗𝑙

〉
(2.26)

which account for the mean-field treatment of two-electron interactions, whereby the
influence of all other electrons on a given one is described by an average potential expressed
through these one-electron operators.

The electronic energy expressed in Equation 2.18 can be rewritten in terms of one-electron
operators as

𝑀HF =
𝑁∑
𝑏=1

〈
𝜗𝑏

###𝑐̂𝑏
### 𝜗𝑏

〉
+ 1

2

𝑁∑
𝑏 , 𝑙=1

(〈
𝜗𝑏

##
𝑚𝑙

## 𝜗𝑏

〉
→
〈
𝜗𝑏

##
𝑉̂ 𝑙

## 𝜗𝑏

〉)
. (2.27)

The Fock operator is defined by combining the two contributions of Equations 2.25 and 2.26
with the core one-electron term, yielding

𝑜̂ = 𝑐̂ +
𝑁∑
𝑙=1

(
𝑚𝑙 → 𝑉̂ 𝑙

)
(2.28)

and the HF orbitals are obtained as solution of the HF equations

𝑜̂ |𝜗𝑏↘ =

𝑐̂ +

𝑁∑
𝑙=1

(
𝑚𝑙 → 𝑉̂ 𝑙

)
|𝜗𝑏↘ = 𝜖𝑏 |𝜗𝑏↘ (2.29)

where 𝜖𝑏 are the orbital energies. The HF equations (in the basis set representations
they are known as the Roothaan–Hall equations203) can be solved using iterative schemes,
typically of the self-consistent field (SCF) type.
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The total electronic energy reported in Equations 2.18 and 2.27 can be reformulated as

𝑀HF =
𝑁∑
𝑏=1

𝜖𝑏 →
1
2

𝑁∑
𝑏 , 𝑙=1

(
𝑚𝑏𝑙 → 𝑉𝑏𝑙

)

𝜖𝑏 =
〈
𝜗𝑏

##
𝑜̂𝑏

## 𝜗𝑏

〉
= 𝑐𝑏 +

𝑁∑
𝑙=1

(
𝑚𝑏𝑙 → 𝑉𝑏𝑙

) (2.30)

The HF energy is intrinsically approximate, as the electron–electron interaction is treated
only in an averaged manner, with each electron moving in the mean field generated by all
the other ones, as previously mentioned. This limitation arises from the use of a single SD
as the trial wave function, which precludes an explicit treatment of electron correlation.

The formulation of Equations 2.28 and 2.29 holds for closed-shell molecules, that is, systems
with an equal number of 𝜚 and 𝜓 electrons, where each spatial orbital is doubly occupied by
a pair of electrons with opposite spin. This is referred to as restricted Hatree-Fock (RHF).
For open-shell molecules, the Fock operator and the corresponding HF equations must be
defined separately for each spin component. These are the unrestricted Hatree-Fock (UHF)
equations, in which electrons with di!erent spins are allowed to occupy distinct spatial
orbitals. Nevertheless, the two sets of spin-dependent orbitals remain coupled through the
Coulomb interaction. Open-shell systems may also be described by restricted-type wave
functions, where the spatial part of the doubly occupied orbitals is forced to be the same,
and this is known as restricted open-shell Hatree-Fock (ROHF). It should be noted that the
total RHF and ROHF wave functions are eigenfunctions of the total spin-squared operator
𝑝̂

2, whereas those obtained within the UHF framework are not. The characteristic orbital
occupation patterns of RHF, ROHF, and UHF are illustrated schematically in Figure 2.1.

F*4,$( 2.1: Schematic illustration of an RHF singlet, and ROHF and UHF
doublet states.
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2.2.1 Electron Correlation

The consequence of the mean-field approximation is that each electron experiences only
the averaged e!ect of all the others. As a result, HF theory accounts solely for average
electron–electron interactions, while neglecting electronic correlation (EC), leading to an
energy estimate that systematically deviates from the exact solution.

EC is defined as the di!erence between the exact energy and the HF energy

𝑀corr = 𝑀exact → 𝑀HF. (2.31)

EC can be classified into Coulomb correlation and Fermi correlation, corresponding to in-
teractions between electrons with antiparallel and parallel spins, respectively. Because of
Pauli’s principle, within the RHF framework, Coulomb correlation can arise both between
electrons occupying the same spatial orbital and between those in di!erent orbitals. In con-
trast, Fermi correlation is restricted to electrons in di!erent orbitals and is therefore typically
smaller in magnitude than Coulomb correlation.

EC can also be categorized into dynamic and static correlation. Dynamic correlation
accounts for the instantaneous adjustment of the electronic motion in response to their
mutual repulsion, and is particularly relevant for electrons occupying the same orbital. Static
correlation, on the other hand, arises in situations involving quasi-degenerate states, where
multiple spin-orbitals of similar energy contribute significantly to the electronic structure.
Within this framework, UHF can capture a larger portion of static correlation compared to
RHF.

Systems dominated by dynamic correlation can be reliably described by a single elec-
tronic configuration, usually represented by a single SD derived from the HF wave function.
Methods that build upon this description are generally referred to as post-HF approaches,
and the corresponding molecular systems are classified as single-reference. When static corre-
lation becomes significant, a single determinant no longer provides a su"cient description.
In such cases, several electronic configurations of comparable weight contribute to the wave
function, requiring a multideterminantal treatment. Systems of this type are defined as
multi-reference.

In this doctoral work, the focus will be exclusively on single-reference post-HF methods,
as they are fully su"cient for the accurate description of the systems under investigation.

2.3 Møller-Plesset Perturbation Theory

The simplest approach to account for EC e!ects in QC calculations is to apply perturbation
theory with the HF wave function taken as the zeroth–order reference. In this framework,
EC is introduced as a perturbative correction, represented by ↗̂↙, to the reference HF Hamil-
tonian ↗̂ (0). The underlying premise of perturbative methods is that ↗̂↙ is small compared



22 Chapter ". Theoretical Background

to ↗̂ (0), so that corrections can be systematically added to solutions obtained within the
independent–particle approximation. This leads to the definition of the total Hamiltonian as

↗̂ = ↗̂ (0) + 𝜛↗̂↙ (2.32)

where 𝜛 is a dimensionless real parameter that controls the magnitude of the perturba-
tion, and the unperturbed Hamiltonian ↗̂ (0) corresponds to the sum of Fock operators. This
formulation constitutes the basis of Møller-Plesset perturbation theory168 (MP), which can
be regarded as a special case of the more general many–body perturbation theory, relying
on the Rayleigh–Schrödinger formalism.

Within this formulation, the Schrödinger equation takes the perturbed form

(
↗̂ (0) + 𝜛↗̂↙

)
|ϑ↘ = 𝑀 |ϑ↘ . (2.33)

Since the eigenvalues and eigenfunctions of Equation 2.33 depend continuously on 𝜛, they
can be expressed as a Taylor series expansion in powers of the perturbation parameter

𝑀 (𝜛) =
↔∑
𝑑=0

𝜛𝑑
𝑀
(𝑑) (2.34)

ϑ (𝜛) =
↔∑
𝑑=0

𝜛𝑑

###ϑ(𝑑)
〉

(2.35)

where each term of the expansion represents a correction of a specific order, and the
corresponding wave function components are constructed to be orthogonal to one another.

By substituting Equations 2.34 and 2.35 into Equation 2.33 and collecting terms of equal
order in 𝜛 yields

𝜛0 : ↗̂ (0)
###ϑ(0)

〉
= 𝑀

(0)
###ϑ(0)

〉

𝜛1 : ↗̂ (0)
###ϑ(1)

〉
+ ↗̂↙

###ϑ(0)
〉
= 𝑀

(0)
###ϑ(1)

〉
+ 𝑀

(1)
###ϑ(0)

〉

𝜛2 : ↗̂ (0)
###ϑ(2)

〉
+ ↗̂↙

###ϑ(1)
〉
= 𝑀

(0)
###ϑ(2)

〉
+ 𝑀

(1)
###ϑ(1)

〉
+ 𝑀

(2)
###ϑ(0)

〉
...

𝜛𝑁 : ↗̂ (0)
###ϑ(𝑁)

〉
+ ↗̂↙

###ϑ(𝑁→1)
〉
=

𝑁∑
𝑏=0

𝑀
(𝑏)
###ϑ(𝑁→𝑏)

〉
.

(2.36)

These correspond to the zeroth-, first-, second-, and in general the 𝑁th-order perturbation
equations, respectively. The zeroth-order equation reduces to the Schrödinger equation of
the unperturbed system, while the first-order equation contains two unknowns, given by the
first-order correction to the energy 𝑀

(1) and the first-order correction to the wave function
ϑ(1). The 𝑁th-order energy correction can be calculated by multiplying from left by the
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unperturbed wave function and integrating, employing the "turnover rule" ⇓ϑ(0) |↗̂ (0) |ϑ(𝑏)↘ =
⇓ϑ(𝑏) |↗̂ (0) |ϑ(0)↘∝:

〈
ϑ(0)

###↗̂ (0)
###ϑ(𝑁)

〉
+
〈
ϑ(0)

###↗̂↙
###ϑ(𝑁→1)

〉
=

𝑁→1∑
𝑏=0

𝑀
(𝑏)
〈
ϑ(0)

###ϑ(𝑁→𝑏)
〉
+ 𝑀

(𝑁)
〈
ϑ(0)

###ϑ(0)
〉

𝑀
(0)

〈
ϑ(𝑁)

###ϑ(0)
〉
+
〈
ϑ(0)

###↗̂↙
###ϑ(𝑁→1)

〉
= 𝑀

(𝑁)
〈
ϑ(0)

###ϑ(0)
〉

𝑀
(𝑁) =

〈
ϑ(0)

###↗̂↙
###ϑ(𝑁→1)

〉
.

(2.37)

Evaluation of successive corrections can be carried out recursively, relying on the knowledge
of the preceding terms and the energy of the unperturbed zeroth–order equation.

Upon replacing the unperturbed Hamiltonian with the sum of Fock operators for an 𝑁–electron
system, the following expressions are obtained

↗̂ (0) =
𝑁∑
𝑏=1

𝑜̂𝑏 =
𝑁∑
𝑏=1


𝑐̂𝑏 +

𝑁∑
𝑙=1

(
𝑚𝑏𝑙 → 𝑉̂𝑏𝑙

)
(2.38)

↗̂↙ = ↗̂ → ↗̂ (0) =
𝑁∑
𝑏=1

𝑁∑
𝑙>𝑏

𝑛̂𝑏 𝑙 →
𝑁∑

𝑏 , 𝑙=1

(
𝑚𝑏𝑙 → 𝑉̂𝑏𝑙

)
. (2.39)

The zeroth-order wave function is the HF determinant, and the zeroth-order energy is the
sum of orbital energies

𝑀
(0) =

〈
ϑ(0)

###↗̂ (0)
###ϑ(0)

〉
=

〈
ϑ(0)

#####
𝑁∑
𝑏=1

𝑜̂𝑏

#####ϑ(0)
〉
=

𝑁∑
𝑏=1

𝜖𝑏 . (2.40)

Recall that the orbital energy corresponds to the energy of an electron in the field of all nuclei
and already includes its average repulsion from all other electrons (Equations 2.30), which
results in a double counting of the electron–electron interaction. The first-order energy
correction corresponds to the expectation value of the perturbation operator evaluated over
the zeroth-order wave function

𝑀
(1) =

〈
ϑ(0)

###↗̂↙
###ϑ(0)

〉
= →1

2

𝑁∑
𝑏 , 𝑙=1

(
𝑚𝑏𝑙 → 𝑉𝑏𝑙

)
. (2.41)

This correction removes the double counting of electron–electron repulsion present at zeroth
order. By comparing Equation 2.41 with the expression for the electronic energy in Equation
2.30, it follows that the sum of 𝑀(0) and 𝑀

(1) reproduces exactly the HF energy. Using the
notation 𝑀

(𝑁)
MP𝑁 for the 𝑁th–order correction and 𝑀MP𝑁 for the electronic energy up to order 𝑁,

the relations can be written as
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𝑀MP0 = 𝑀
(0)
MP0 =

𝑁∑
𝑏=1

𝜖𝑏 (2.42)

and

𝑀MP1 = 𝑀
(0)
MP0 + 𝑀

(1)
MP1 = 𝑀HF. (2.43)

Therefore, with this choice of ↗̂ (0), MP theory does not account for electron correlation until
second order.

In the development of perturbation theory, it is assumed that the solutions of the unperturbed
problem constitute a complete set. In practice, this would require an infinite number of
basis functions, which is clearly not feasible in actual computations. The lowest–energy
solution corresponds to the HF wave function, while the higher–energy solutions are given
by excited SDs. However, when a finite basis set is employed, only a limited number of excited
determinants can be generated, and the expansion of the many–electron wave function must
be truncated, typically at a finite order of perturbation. MP methods are therefore denoted
as MP𝑁, where 𝑁 indicates the order at which the expansion is truncated. In practice, the
most commonly used levels are MP2, MP3, and MP4.

According to Equations 2.37, the second-order correction to the energy requires the
calculation of the expectation value of the perturbation operator ↗̂↙ between the zeroth- and
first-order wave functions. The explicit formula for the MP2 energy can be expressed as

𝑀MP2 = 𝑀
(0)
MP0 + 𝑀

(1)
MP1 + 𝑀

(2)
MP2 = 𝑀HF →

1
4

𝑞𝑍𝑍.∑
𝑏 , 𝑙=1

𝑟𝑏𝑊𝑎 .∑
𝑄 ,𝑅=1

##〈𝜗𝑏𝜗𝑙 |𝜗𝑄𝜗𝑅

〉
→
〈
𝜗𝑏𝜗𝑙 |𝜗𝑅𝜗𝑄

〉##2
𝜖𝑄 + 𝜖𝑅 → 𝜖𝑏 → 𝜖𝑙

(2.44)

with 𝑏 , 𝑙 and 𝑄 , 𝑅 denoting occupied and virtual orbitals, respectively. From Equation
2.44 follows that the total electronic energy, once electron correlation is taken into account,
is always lower than the corresponding HF energy.

By progressing through higher perturbative orders and incorporating the corresponding
excited determinants, it becomes possible to systematically construct all associated energy
corrections 𝑀(𝑁)

MP𝑁 .

The main limitation of perturbation methods lies in the assumption that the zeroth–order
wave function provides a reasonable approximation to the exact one, meaning that the
perturbation operator remains su"ciently small. When the HF reference poorly describes the
system, the correction terms become larger, and progressively higher orders must be included
to achieve a given accuracy. In extreme cases, where the reference state is inadequate, the
convergence of the perturbation series may become so slow or erratic that perturbation
methods are no longer applicable.

In practice, it is di"cult to determine whether a perturbation expansion is truly con-
vergent. For many systems, the first few terms exhibit an apparently convergent behavior,
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but this can be misleading, as the convergence properties depend strongly on the size of
the basis set.204 In the ideal case, the sequence of HF, MP2, MP3, MP4, and higher-order
results would display monotonic convergence toward a limiting value, with corrections of
decreasing magnitude and consistent sign as the order increases. Unfortunately, such be-
havior is rarely observed. Even for systems that are well described by a single determinant,
oscillations in the energy or other properties with respect to the perturbation order are com-
mon. Moreover, since this family of methods is not variational, the computed energy is not
guaranteed to be an upper bound to the exact value and can sometimes fall below it. An
analysis by Cremer and He205 showed that smooth convergence of the energy can only be
expected for systems with well–separated electron pairs. By contrast, oscillatory behavior
arises when this condition is not met. Such cases include systems with lone pairs and/or
multiple bonds.

It is important to emphasize that neither monotonic nor oscillatory behavior of the first
few terms provides conclusive information about the convergence of the entire perturbation
series. In practice, only the lowest orders of perturbation theory can be computed, and it is
frequently observed that the HF and MP2 results di!er substantially, with MP3 shifting back
toward the HF value and MP4 deviating again, as shown in Figure 2.2.

F*4,$( 2.2: Typical oscillatory behavior of results obtained with the MP ex-
pansion.

For "well-behaved" systems, a good result is often found between the MP3 and MP4 values.
MP2 usually overshoots the correlation contribution but nevertheless tends to yield more
accurate results than MP3, particularly when medium–sized basis sets are employed. Sim-
ilarly, because the singles and triples contributions enter the expansion for the first time at
fourth order, MP4 often overestimates their e!ect.

For systems that can be reliably described within a single–reference framework, MP2
remains a computationally inexpensive approach capable of capturing the dominant part
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of the electron correlation e!ects; however, when the reference wave function exhibits sig-
nificant multi-reference character, a perturbation expansion built on a single determinant
generally shows poor or erratic convergence.

2.4 Coupled Cluster Theory

Coupled Cluster theory was originally formulated for the quantum–mechanical treatment
of nuclear-physics phenomena. Following its introduction into electronic structure theory,
it rapidly evolved into one of the most powerful approaches in quantum chemistry for
describing electron correlation and performing high–accuracy computations.

CC theory is founded on the exponential ansatz for the wave function to describe electron
correlation. The approach starts from a single SD as the zeroth–order reference state, most
commonly obtained from HF theory

|ϑCC↘ = 𝑇
𝑂̂ |ϑHF↘ (2.45)

where 𝑂̂ denotes the cluster operator, which generates electronic excitations from the
reference determinant. It is expressed as a weighted sum of all possible excitations, and for
an 𝑁–electron system, it can be written as

𝑂̂ = 𝑂̂1 + 𝑂̂2 + ... + 𝑂̂𝑁 (2.46)

in which 𝑂̂1 + 𝑂̂2 + . . . represent the weighted sums of single, double, and higher–order
excitations. The 𝑂̂𝑏 operator acting on an HF reference wave function ϑ0 generates all 𝑏-th
excited SDs, where electrons are promoted from occupied orbitals 𝑏 , 𝑙 to virtual ones 𝑄 , 𝑅

𝑂̂1ϑ0 =
𝑞𝑍𝑍.∑
𝑏=1

𝑟𝑏𝑊𝑎 .∑
𝑄=1

𝑎
𝑄

𝑏
ϑ𝑄

𝑏

𝑂̂2ϑ0 =
1
4

𝑞𝑍𝑍.∑
𝑏 , 𝑙=1

𝑟𝑏𝑊𝑎 .∑
𝑄 ,𝑅=1

𝑎
𝑄𝑅

𝑏𝑙
ϑ𝑄𝑅

𝑏𝑙

...

(2.47)

with ϑ𝑄

𝑏
and ϑ𝑄𝑅

𝑏𝑙
denoting singly and doubly excited SDs, respectively.

The corresponding weighting coe"cients 𝑎 are the unknown parameters of the method
and are usually referred to as amplitudes.

The exponential ansatz of the CC wave function ensures both size-consistency and size-
extensivity of the electron–correlation treatment, meaning that energies are additive for
non-interacting subsystems and scale linearly with system size.206,207

The operator 𝑇𝑂̂ can be expressed as a power–series expansion
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𝑇
𝑂̂ = 1 + 𝑂̂ + 1

2!𝑂̂
2 + 1

3!𝑂̂
3 + ... =

↔∑
𝑑=0

1
𝑑!𝑂̂

𝑑
. (2.48)

As follows from Equations 2.46 and 2.48, the exponential operator takes the form

𝑇
𝑂̂ = 1 + 𝑂̂1 +


𝑂̂2 +

1
2𝑂̂

2
1


+

𝑂̂3 + 𝑂̂2𝑂̂1 +

1
6𝑂̂

3
1



+

𝑂̂4 + 𝑂̂3𝑂̂1 +

1
2𝑂̂

2
2 + 1

2𝑂̂2𝑂̂
2
1 + 1

24𝑂̂
4
1


+ ... .

(2.49)

The first term on the right-hand side corresponds to the reference HF function, while the
second accounts for all singly excited states. Doubly excited states arise from the next
group of terms, which can be classified as connected (𝑂̂2) or disconnected (𝑂̂2

1 ). The following
contributions give rise to triply excited states, either as "true" triples (𝑂̂3) or as "product"
of lower–order excitations (𝑂̂2𝑂̂1, 𝑂̂3

1 ). Quadruply excited states are generated analogously,
consisting of one connected quadruple and four disconnected contributions. From a physical
standpoint, a connected excitation such as 𝑂̂4 represents the simultaneous interaction of four
electrons, whereas a disconnected term like 𝑂̂2

2 describes two independent pairs of interacting
electrons.

With the CC wave function in Equation 2.45, the Schrödinger equation becomes

↗̂ 𝑇
𝑂̂ϑ0 = 𝑀𝑇

𝑂̂ϑ0. (2.50)

The energy is obtained as the expectation value of the CC wave function, with the amplitudes
determined through the application of the variational principle

𝑀
var
CC =

〈
ϑCC

###↗̂ ###ϑCC

〉
⇓ϑCC |ϑCC↘

=

〈
𝑇
𝑂̂ϑ0
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〉
〈
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2 + ... + 1
𝑁!𝑂̂

𝑁

)
ϑ0

### (1 + 𝑂̂ + 1
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2 + ... + 1
𝑁!𝑂̂

𝑁

)
ϑ0

〉 .

(2.51)

Expanding both the numerator and the denominator in Equation 2.48 generates a series of
non-vanishing terms up to the 𝑁-th order for an 𝑁-electron system. This makes a fully vari-
ational formulation of CC theory computationally intractable, but for very small molecules.

The formulation of CC theory proceeds instead through a similarity transformation of
the Hamiltonian operator. Starting from the CC Schrödinger equation (Equation 2.50), left-
multiplication by 𝑇

→𝑂̂ yields
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𝑇
→𝑂̂↗̂ 𝑇

𝑂̂ϑ0 = 𝑀CCϑ0. (2.52)

Analogously to 𝑇
𝑂̂ , which acts as an excitation operator on functions to its right, 𝑇→𝑂̂ serves as a

deexcitation operator acting on functions to its left. Projection onto the reference determinant
then yields the corresponding energy equation

𝑀CC =
〈
ϑ0

###𝑇→𝑂̂↗̂ 𝑇
𝑂̂

###ϑ0

〉
. (2.53)

It is worth noting that Equation 2.53 can be interpreted as the expectation value of a similar-
ity–transformed, non-Hermitian Hamiltonian. In this formulation, the operator 𝑇→𝑂̂ formally
acts as a deexcitation operator on the reference state ϑ∝

0, although such deexcitations cannot
be generated in practice. By exploiting the fact that the Hamiltonian contains only one- and
two-electron operators, together with Brillouin’s theorem, Equation 2.53 can be reformulated
as

𝑀CC = 𝑀0 +
1
4
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𝑙
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〉
→
〈
𝜗𝑏𝜗𝑙 |𝜗𝑅𝜗𝑄

〉)
. (2.54)

The CC correlation energy is thus fully determined by the amplitudes of single and double
excitations together with the two-electron orbital integrals.

The amplitude equations are derived by projecting onto the space of excited determinants,
which yields a set of non-linear equations

〈
ϑ𝑇
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###ϑ0

〉
= 0

...

(2.55)

The action of the deexcitation operator 𝑇
→𝑂̂ on ϑ𝑇∝

𝑒
generates not only the reference wave

function but also singly excited contributions

〈
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
ϑ0


= 0.

(2.56)

Taking into account the orthogonality of the SDs and the fact that the Hamiltonian includes
only one- and two-electron operators, the expansion reduces to the indicated contributions.
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Terms involving the reference and singly excited states vanish as a consequence of Brillouin’s
theorem, while the remaining ones give rise to a coupled set of equations with single, double,
and triple excitation amplitudes as variables. Similarly, the action of 𝑇→𝑂̂ on ϑ𝑇 𝑋 ∝

𝑒𝑁
produces

not only the doubly excited states but also contributions from the reference and singly excited
states

〈
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(2.57)

Equation 2.57 also contains quadruple amplitudes, together with additional coupling terms
involving lower–order amplitudes. Further relations among amplitudes can be derived by
projecting onto triple, quadruple, and higher excited determinants.

If the cluster operator 𝑂̂ includes all excitation operators up to 𝑂̂𝑁 , the full set of excited
determinants is generated. However, such a treatment is computationally feasible only for
the smallest systems. In practice, 𝑂̂ must be truncated at a given excitation level. As a result,
several terms in the amplitude equations vanish, the corresponding amplitudes are obtained
only approximately, and the resulting correlation energy is likewise approximate. The
severity of the approximation depends on the excitation level retained in 𝑂̂. Inclusion of only
the 𝑂̂1 operator yields no improvement over the HF result, since the matrix elements between
the HF reference and singly excited states vanish. Consequently, the lowest meaningful level
of approximation corresponds to setting 𝑂̂ = 𝑂̂2.

The most common truncated Coupled Cluster models are Coupled Cluster with Dou-
ble excitations207,208 (CCD), Coupled Cluster with Single and Double excitations209 (CCSD),
Coupled Cluster with Single, Double, and Triple excitations210,211 (CCSDT), Coupled Clus-
ter with Single, Double, Triple, and Quadruple excitations212,213 (CCSDTQ), and Coupled
Cluster with Single, Double, Triple, Quadruple, and Pentuple excitations214 (CCSDTQP),
which are summarized in Table 2.1, together with the corresponding computational scaling
properties, where 𝐿 denotes the dimension of the system size.

T%5&( 2.1: Overview of CC models arising from the truncation of the cluster
operator 𝑂̂ to specific excitation levels.139

Approximation Definition of 𝑂̂ Computational cost

CCD 𝑂̂ = 𝑂̂2 𝐿
6

CCSD 𝑂̂ = 𝑂̂1 + 𝑂̂2 𝐿
6

CCSDT 𝑂̂ = 𝑂̂1 + 𝑂̂2 + 𝑂̂3 𝐿
8

CCSDTQ 𝑂̂ = 𝑂̂1 + 𝑂̂2 + 𝑂̂3 + 𝑂̂4 𝐿
10

CCSDTQP 𝑂̂ = 𝑂̂1 + 𝑂̂2 + 𝑂̂3 + 𝑂̂4 + 𝑂̂5 𝐿
12
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The unfavorable scaling of truncated CC schemes can be alleviated by introducing suitable
approximations, most commonly through an approximate treatment of the highest excita-
tion contributions. Approximative CC methods can be classified into two basic categories:
iterative and non-iterative methods.

In this PhD thesis, attention is devoted to non-iterative corrections of the highest excita-
tions within truncated CC methods, formulated based on MP perturbation theory. Within
this category, the most successful method is Coupled Cluster with Single and Double excita-
tions, and a perturbative treatment of Triple excitations, often regarded as the "gold standard"
of quantum chemistry. In this approach, the triples contribution is evaluated using the MP4
formula, but with CCSD amplitudes replacing the perturbative coe"cients of the wave func-
tion corrections, together with an additional term derived from fifth–order perturbation
theory that accounts for the coupling between singles and triples. While the formal scaling
of CCSD(T) remains steep (𝐿6 for the iterative part and 𝐿

7 for the non-iterative triples), this
method represents the best compromise between computational feasibility and accuracy.

This strategy can be generalized to arbitrary excitation levels, leading to methods denoted
as CC(𝑁 → 1)(𝑁), such as Coupled Cluster with Single, Double, and Triple excitations, and
a perturbative treatment of Quadruple excitations [CCSDT(Q)] or Coupled Cluster with
Single, Double, Triple, and Quadruple excitations, and a perturbative treatment of Pentuple
excitations215 [CCSDTQ(P)].

Further refinements of the CC(𝑁→1)(𝑁) family of methods, which will be employed in the
following Chapters, include the CC(𝑁→1)(𝑁)ε,215–219 CC(𝑁→1)(𝑁)/A,220 and CC(𝑁→1)(𝑁)/B220

variants. Although somewhat more computationally demanding, these approaches gener-
ally yield improved accuracy.

An important tool to assess the reliability of CC wave functions is the T1 diagnostic, which
provides a measure of the single-reference character of the system. In general, the magnitude
of the Singles amplitudes (𝑎1) reflects the adequacy of the HF determinant as a reference state.
For a system with 𝑁 electrons, the T1 diagnostic can be defined as

T1 =
1↖
𝑁

|𝑎1 | . (2.58)

As a practical guideline, values of T1 < 0.02 indicate that CCSD(T) is expected to provide
good results. Conversely, values above this threshold suggest that the reference wave func-
tion exhibits multi-determinant character, in which case multi-reference approaches should
be considered. It should be noted, however, that the T1 diagnostic is not entirely independent
of system size, and its interpretation must therefore be made with care.

2.5 Explicitly Correlated Methods

One of the major challenges in correlated electronic structure methods is the notoriously slow
convergence of the correlation energy with respect to basis set size. The underlying reason
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is that conventional approaches expand the wave function as a linear combination of SDs.
Such ansatz fails to properly describe short-range correlation e!ects, namely, the behavior
of the electronic wave function when two electrons approach each other. In particular, the
cusp condition, first rigorously formulated by Kato,221 requires that

𝜕ϑ
𝜕𝑊12

#####
𝑊12=0

=
1
2ϑ (𝑊12 = 0) (2.59)

where 𝑊12 denotes the interelectronic distance. This condition is not satisfied by expan-
sions in one–electron orbitals, and as a consequence, very large basis sets, often combined
with extrapolation techniques, are needed to approach convergence.

The importance of explicitly accounting for the interelectronic distance was already rec-
ognized by Hylleraas222,223 in his pioneering studies of the He atom, where the inclusion
of 𝑊12 terms in the wave function ansatz dramatically accelerated convergence. However,
extending this idea beyond two-electron systems was long considered impractical, since it
requires the evaluation of complicated many-electron integrals. A systematic framework
was provided by Kutzelnigg,224 who demonstrated that orbital expansions and explicitly
correlated terms should not be regarded as mutually exclusive alternatives. Instead, their
combination is particularly powerful: orbital products e"ciently recover the medium- and
long-range correlation, while the short-range behavior at the electron–electron cusp is best
described by functions explicitly depending on 𝑊12. Building on this insight, Kutzelnigg,
Klopper, and Termath225–230 developed the R12 methods, whose success rests on approxima-
tions that avoid the need for three- and higher-electron integrals. Nevertheless, the original
formulations still su!ered from technical limitations, such as the requirement for large and
unconventional basis sets, which hindered their widespread use.

In the last two decades, explicit correlation has gained renewed attention thanks to major
methodological breakthroughs. In particular, the introduction of improved correlation fac-
tors into the wave function ansatz enabled accurate and e"cient treatments of short-range
correlation. Modern explicitly correlated (F12) methods,231–242 unlike the early linear cor-
relation factor 𝑊12, which is unphysical as 𝑊12 ↑ ↔ and performs poorly for larger systems,
employ short-range Slater-type correlation factors of the form 𝑜12 = → 1

𝑔 𝑇
→𝑔𝑊12 , with 𝑔 gemi-

nal coe"cient, which ensure improved basis set convergence and numerical stability, while
maintaining physical consistency and broad applicability. The parameter 𝑔 can take di!er-
ent values, with its optimal choice depending primarily on the basis set size. Benchmark
studies have shown that values in the range 0.8–1.4 are generally appropriate, with 𝑔 = 1.0
representing a reliable choice in most applications. In general, larger basis sets benefit from
correspondingly higher values of 𝑔.234,243

The general form of the wave function applicable to both standard and explicitly corre-
lated second-order Møller-Plesset perturbation theory (MP2-F12) and explicitly correlated
Coupled Cluster with Single and Double excitations (CCSD-F12) methods, is given by
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ϑMP2(-F12) =
(
1 + 𝑂̂2

)
ϑ0 (2.60)

ϑCCSD(-F12) = 𝑇
𝑂̂1+𝑂̂2ϑ0 (2.61)

with ϑ0 HF reference wave function. In explicitly correlated methods, the double excita-
tion operator 𝑂̂2 is augmented by an additional term 𝑂̂

↙
2 containing the F12 amplitudes. Since

𝑂̂
↙
2 describes the correlation of electron pairs, the single excitation operator 𝑂̂1 in Equation

2.61 remains unchanged. The 𝑂̂1 and 𝑂̂2 operators are defined in Equations 2.47, while the
explicitly correlated pair functions are represented as excitations into the complete virtual
orbital space (c.v.o.s.), contracted with the integrals over the correlation factor

𝑂̂
↙
2ϑ0 =

1
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ϑ𝑄𝑅
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(2.62)

with 𝑏 , 𝑙 , 𝑑 , 𝑓 and 𝑄 , 𝑅 denoting occupied and virtual orbitals, whereas 𝜚, 𝜓 span the com-
plete virtual orbital space. The F12 amplitudes, 𝑍𝑑𝑓

𝑏𝑙
, are constructed through the action of

the projector 𝑡̂12, which enforces orthogonality between the explicitly correlated functions
and conventional SDs, combined with the correlation factor 𝑜12. From Equation 2.62 follows
that explicitly correlated terms account solely for pair-correlation e!ects. As a result, im-
provements in basis set convergence are restricted to these contributions. Given that pair
correlation represents the major component of the total correlation energy, this enhancement
remains highly relevant.

To reduce the computational cost associated with electron repulsion integrals (ERIs), several
strategies have been developed. A widely adopted approach is resolution of identity (RI),
which approximates three- and four-electron integrals in terms of one- and two-electron in-
tegrals. This approximation becomes exact in the limit of an RI infinite basis set; however, for
any finite basis, the representation remains approximate. Early formulations of RI employed
the orbital basis itself as the expansion space, but this choice turned out to be ine"cient,
as orbital bases are optimized primarily for the occupied subspace, while the virtual space
overlaps significantly with the orthogonal complement. To overcome this limitation, aux-
iliary bases tailored for the RI approximation were introduced. The most common is the
complementary auxiliary basis set (CABS), constructed to span the orthogonal complement
of the orbital basis, and the RI basis is defined as the union of orbital and auxiliary functions.

Closely related to RI, the density fitting (DF) approximation has become a standard tool
for reducing the cost of computing and processing ERIs. In DF, electron–repulsion integrals
are expressed as Coulomb integrals of generalized electron densities formed by products of
basis functions. These densities are then expanded in an auxiliary basis, typically composed
of atom-centered Gaussian functions. As in RI, DF requires an additional basis set: the
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auxiliary functions share the same general form as the orbital basis but employ di!erent
exponents and are usually largely uncontracted.

Further refinements have been proposed to accelerate DF-based and F12 calculations.
Among these are the natural auxiliary functions244 (NAFs), and the more recent natural
auxiliary basis95 (NAB), designed to reduce the size of the auxiliary basis needed for the
expansion of F12 geminals.

A wide range of ansatzes and approximations have been developed for both MP2-F12
and CCSD-F12 methods, o!ering di!erent balances between accuracy and computational
e"ciency.234,235,239,241

For explicitly correlatedMP2 and CCSD calculations, the diagonal FIXed amplitudes
approximation234 (FIX) is generally recommended, as it ensures both size consistency and
orbital invariance. In this approximation, the geminal amplitudes are kept fixed rather
than optimized, providing a simple yet accurate treatment of the explicit correlation. The
errors associated with this approximation depend on the system and the property under
investigation, but are typically small. In addition, the method retains the formal 𝐿5 scaling
of conventional MP2 and exhibits favorable numerical stability. Importantly, the use of FIX
also eliminates the so-called geminal basis set superposition error (BSSE), which arises in
the computation of interaction energies. This artifact originates from the incompleteness
of the generating basis, restricted to the occupied orbital space, and cannot be corrected by
standard counterpoise techniques.

In the case of CCSD-F12, the inclusion of the F12 contributions in the amplitude equa-
tions entails a substantial additional computational cost. To address this issue, several
simplified variants have been proposed, each based on a rigorous selection of the leading-
order terms, including the geminal contributions. Among the most widely employed ones are
CCSD(F12),245,246 CCSD-F12a,235,239 CCSD-F12b,235,239 CCSD(2)

𝑜12,247,248 and CCSD(F12*).241

For the purposes of this doctoral thesis, it is su"cient to emphasize that CCSD-F12b and
CCSD(F12*) di!er only in a limited number of terms, while both retain a computational
cost essentially comparable to that of a conventional CCSD calculation. CCSD-F12b o!ers a
modest gain in e"ciency, whereas CCSD(F12*) constitutes a more rigorous approximation
to the full CCSD-F12 formulation. In practice, however, both approaches yield comparable
results.

With regard to the perturbative treatment of Triple excitations, an explicitly correlated ansatz
has been implemented,249,250 although it is very expensive. To accelerate the convergence of
the (T) energy contribution with respect to the basis set size, a commonly adopted strategy
consists of applying a scaling procedure. In particular, Knizia and co-workers239 proposed to
rescale the conventional (T) correction by the ratio between the MP2-F12 and MP2 correlation
energies

𝑀(T∝) =
𝑀MP2-F12
𝑀MP2

𝑀(T). (2.63)
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This approach is based on the assumption that explicit correlation a!ects the triples contri-
bution in the same way as the MP2 correlation energy. Although this correction is essentially
cost-free and generally e!ective, it is not size-consistent, which can become a serious limita-
tion as the system size increases.

Kállay and co-workers185 proposed a similar heuristic approach, which preserves size-
consistency and evaluates the e!ect of triples as

𝑀(T+) =
𝑞𝑍𝑍.∑
𝑏=1

↼𝑀MP2-F12
𝑏

↼𝑀MP2
𝑏

↼𝑀(T)
𝑏

(2.64)

with 𝑏 running over the occupied orbitals. Rather than scaling the entire MP2 correlation
energy and (T) correction, this approach assumes that the contributions of individual orbitals,
↼𝑀𝑏 , to these quantities exhibit a similar dependence on the basis set size. Accordingly, each
orbital contribution to the (T) correction is rescaled by the ratio of the corresponding second-
order terms. Size-consistency is guaranteed by decomposing the correlation energy into
orbital contributions and scaling them separately.

2.6 Density Functional Theory

Wave function–based methods rely on the many-electron wave function ϑ, which depends
on 4𝐿 variables, where 𝐿 is the number of electrons (3𝐿 spatial coordinates and 𝐿 spin
coordinates). An alternative approach is provided by Density Functional Theory, which
describes the system in terms of the electron density ↽ (r), a function of only three spatial
variables. This dramatic reduction in complexity makes DFT particularly attractive for the
study of larger molecules and extended systems.

The electron density can be formally obtained from the many-electron wave function as

↽ (r) = 𝐿


...


|ϑ (x1 , .., x𝐿 )|2 𝑃x1𝑃x2...𝑃x𝐿 (2.65)

which is a non-negative function, vanishes at infinity, and integrates over the entire space
to the total number of electrons 𝐿 ,


↽ (r) 𝑃r = 𝐿 . (2.66)

Moreover, the cusps of ↽ (r) coincide with the nuclear positions and their heights reflect the
nuclear charges.

The total energy of a molecular system can be expressed as a functional of the electron
density

𝑀 [↽ (r)] = 𝑢𝑁𝑁 + 𝑀𝑇 [↽ (r)] = 𝑢𝑁𝑁 +𝑢𝑇𝑁 [↽ (r)] +𝑢𝑇𝑇 [↽ (r, r↙)] + 𝑂 [↽ (r)] (2.67)
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where 𝑢𝑁𝑁 is the nucleus–nucleus interaction and 𝑀𝑇 [↽ (r)] is the electronic energy.
The latter can be decomposed into the electron–nucleus interaction 𝑢𝑇𝑁 [↽ (r)], the elec-
tron–electron repulsion 𝑢𝑇𝑇 [↽ (r, r↙)], and the electronic kinetic energy 𝑂 [↽ (r)]. Further-
more, the 𝑢𝑇𝑇 [↽ (r, r↙)] term can be divided into Coulomb and exchange parts, 𝑚𝑇 [↽ (r, r↙)]
and 𝑉𝑇 [↽ (r, r↙)], implicitly including correlation energy in all the terms. The 𝑢𝑇𝑁 [↽ (r)] and
𝑚𝑇 [↽ (r, r↙)] functionals are given by their classical expression

𝑢𝑇𝑁 [↽ (r)] = →
𝑖∑
𝑗=1

𝑘𝑗


↽ (r)

|r → R𝑗 |
𝑃r (2.68)

and

𝑚𝑇 [↽ (r, r↙)] =
1
2

 
↽ (r) ↽ (r↙)
|r → r↙ | 𝑃r𝑃r↙ (2.69)

with 𝑖 number of nuclei, 𝑘𝑗 nuclear charges, and R𝑗 their positions. The prefactor 1
2 in

𝑚𝑇 [↽ (r, r↙)] corrects for double counting, allowing integration over the entire space for both
variables.

It can be demonstrated that the ground-state electron density uniquely defines the system:
from it, knowledge of the number of electrons and 𝑢𝑇𝑁 [↽ (r)], the so-called external potential,
can be determined, which fully specify the Hamiltonian. Once established, the Hamiltonian
unambiguously determines the total energy, the many-electron wave function, and all related
observables. Consequently, there exists a one-to-one correspondence between the electron
density and the energy of the system.

The connection between the electron density ↽ and the total energy of the system was first
established by the Hohenberg–Kohn theorems.251 The first theorem guarantees the existence
of a universal functional of the electron density that yields the ground-state energy, while the
second states that this energy can be obtained variationally, i.e., for any trial density ↽̃ (r) the
relation 𝑀[↽̃ (r)] ⇔ 𝑀[↽ (r)] is satisfied. In addition, an unrestricted formulation of DFT can
be introduced by decomposing the total density into spin components, ↽ (r) = ↽𝜚 (r) + ↽𝜓 (r),
corresponding to 𝜚 and 𝜓 electrons, respectively.

While the existence and universality of the functional 𝑀 [↽ (r)] are guaranteed, its explicit
form is unknown. The di"culty arises because the functionals 𝑂 [↽ (r)] and 𝑉𝑇 [↽ (r, r↙)]
cannot be expressed directly in terms of the density ↽ (r). Knowledge of these contributions
in closed form would render DFT an exact theory for the ground-state energy.

Early attempts to construct approximate functionals for the kinetic and exchange en-
ergies were based on the uniform electron gas, leading to the orbital-free Thomas–Fermi
and Thomas–Fermi–Dirac models. While the uniform electron gas approximation can pro-
vide a reasonable description of valence electrons in certain metallic or periodic systems,
it performs poorly for atoms and molecules. From a chemical perspective, a fundamental
shortcoming is that these models do not predict molecular bonding: in such a framework,
molecules simply do not exist. The inclusion of gradient corrections partially improves the
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Thomas–Fermi description, allowing bonding to be reproduced; however, the absence of suf-
ficient error cancellation renders this strategy unsuitable for developing DFT models with
accuracy comparable to that of wave function–based methods.

To circumvent this limitation, Kohn and Sham252 proposed an ingenious construction
based on a fictitious system of non-interacting electrons moving in an e!ective external
potential 𝑢𝑇𝑁 [↽ (r)], where the density of this auxiliary system is constrained to coincide
with the true electron density of the interacting one.

The main limitation of orbital-free models lies in the poor representation of the kinetic
energy. The Kohn-Sham (KS) formalism overcomes this issue by partitioning the kinetic
energy functional into two parts: a dominant contribution that can be evaluated exactly
and a small correction term. This approach requires the reintroduction of orbitals, thereby
increasing the dimensionality of the problem from three to 3𝐿 variables and treating electron
correlation as a separate contribution. The KS framework is closely related to the HF method,
with identical expressions for the kinetic, electron–nuclear, and Coulomb electron–electron
energies.

As a consequence of the Hohenberg–Kohn theorems, the external potential 𝑢𝑇𝑁 [↽ (r)] is
well defined, even if its exact form is unknown, and in the non-interacting electron model,
the Hamiltonian reduces to a sum of one-electron operators

↗̂𝑠 =
𝑁∑
𝑏=1


→1

2⇒
2
𝑏
+𝑢𝑇𝑁 [↽ (r)]


=

𝑁∑
𝑏=1

𝑐̂
KS
𝑏
. (2.70)

The ground-state of this non-interacting system can therefore be represented as a single Slater
determinant of the lowest-energy KS spin-orbitals 𝜗KS

𝑏
, whose spatial parts are eigenfunctions

of the one-electron KS operator 𝑐̂
KS
𝑏

. In the KS formalism, the kinetic energy functional
𝑂𝑠 [↽ (r)] is also calculated under the assumption of non-interacting electrons (in the same
sense that HF orbitals in wave mechanics describe non-interacting electrons), as

𝑂𝑠 [↽ (r)] = →
𝑁∑
𝑏=1


𝜗KS
𝑏

####12⇒2
𝑏

#### 𝜗KS
𝑏


. (2.71)

In reality, the electrons are interacting, and Equation 2.71 does not provide the total kinetic
energy. However, just as HF theory provides 99% of the correct answer, the di!erence
between the exact kinetic energy and that calculated by assuming non-interacting orbitals
is small. The remaining kinetic energy is incorporated into an exchange–correlation term,
𝑀𝑕𝑍 [↽ (r)], and a general 𝑀𝑇 [↽ (r)] DFT energy expression can be written as

𝑀
DFT
𝑇

[↽ (r)] = 𝑢𝑇𝑁 [↽ (r)] + 𝑂𝑠 [↽ (r)] + 𝑚𝑇 [↽ (r, r↙)] + 𝑀𝑕𝑍 [↽ (r)] . (2.72)

At this stage, the only unknown contribution is 𝑀𝑕𝑍 [↽]. By equating 𝑀
DFT
𝑇

[↽ (r)] to the exact
𝑀𝑇 [↽ (r)] energy, the exchange-correlation contribution can be defined as

𝑀𝑕𝑍 [↽ (r)] = (𝑂 [↽ (r)] → 𝑂𝑠 [↽ (r)]) + (𝑢𝑇𝑇 [↽ (r, r↙)] → 𝑚𝑇 [↽ (r, r↙)]) . (2.73)
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The first term on the right-hand side of Equation 2.73 can be interpreted as the kinetic correla-
tion energy, whereas the second encompasses both the potential correlation and the exchange
contributions. In orbital-free models, the central challenge is to develop approximations for
the kinetic, exchange, and correlation energy functionals separately. By contrast, in KS the-
ory, the problem reduces to devising approximations solely for the exchange–correlation
functional.

The variational principle applied to the electron density determines the ground-state
density by optimizing the KS orbitals of the non-interacting reference system to minimize
the energy functional. The exchange–correlation potential is then defined as the functional
derivative of the exchange–correlation energy

𝑢𝑕𝑍 ([↽ (r)]) =
↼𝑀𝑕𝑍 [↽ (r)]

↼↽ (r) . (2.74)

To make DFT a practical tool, numerous approximate functionals have been developed
to represent 𝑀𝑕𝑍 [↽ (r)]. In practice, this term is separated in two components: 𝑀𝑕𝑍 [↽ (r)] =
𝑀𝑕 [↽ (r)]+𝑀𝑍 [↽ (r)], where𝑀𝑕 [↽ (r)] and𝑀𝑍 [↽ (r)] are the exhange and correlation functionals,
respectively, and suitable formulations are developed for both of them. Although hundreds
of such approximations have been proposed, there exists no systematic route to improve their
accuracy. To rationalize this diversity, Perdew and Schmidt253 introduced a classification
into five families, commonly referred to as the "Jacob’s ladder" of DFT. This metaphorical
ladder connects the "hell" of the non-interacting electron gas to the "heaven" of chemical
accuracy: ascending the ladder generally improves accuracy, but at the expense of increased
computational cost. The rungs of the ladder, ordered by increasing complexity, can be
summarized as follows.

• The local density approximation (LDA) assumes that ↽ (r) varies slowly with position,
such that the uniform electron gas provides a suitable local approximation for the
non-uniform density. Within this framework, the exchange–correlation functional can
be written as

𝑀
LDA
𝑕𝑍

[↽ (r)] =


↽ (r) ⇀𝑕𝑍 (↽ (r)) 𝑃r (2.75)

where ⇀𝑕𝑍(↽) denotes the exchange–correlation energy per electron. For open-shell sys-
tems, improved accuracy is achieved by the local spin density approximation (LSDA),
which allows electrons with opposite spin to occupy distinct spatial components of the
KS orbitals.

• The generalized gradient approximation (GGA) improves upon the LDA by incorporat-
ing corrections for density inhomogeneity through explicit dependence on the density
gradients. In this framework, the exchange–correlation functional can be expressed as
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𝑀
GGA
𝑕𝑍

[↽ (r)] =


𝑋 (↽ (r) ,⇒↽ (r)) 𝑃r (2.76)

where approximate forms of 𝑋 are constructed on theoretical constraints based on
the exact functional, often supplemented with empirical parameterization to optimize
accuracy.

• The meta-generalized gradient approximation (meta-GGA) family further refines the
description of the exchange–correlation functional by including higher-order deriva-
tives of the electron density or, more frequently, the kinetic-energy density obtained
from the auxiliary orbitals. In general terms, meta-GGA functionals can be formulated
as

𝑀
meta-GGA
𝑕𝑍

[↽ (r)] =


𝑋 (↽ (r) ,⇒↽ (r) ,⇒2↽ (r) , ⇁)𝑃r (2.77)

where ⇁ denotes the KS kinetic-energy density, defined as

⇁ =
1
2
##⇒𝜗KS

𝑏

##2
. (2.78)

Although meta-GGA functionals are computationally more demanding than GGA,
they generally yield improved accuracy.

• Hybrid functionals address the locality limitations of the previous families by incorpo-
rating a fraction of non-local "exact" exchange, evaluated in the same manner as in the
HF method but using the KS orbitals. The exact exchange energy in this framework
can be formulated, for an 𝑁-electron system, as

𝑀
HF
𝑕

= →1
4

𝑁∑
𝑏 , 𝑙=1


𝜗KS
𝑏
(1)𝜗KS

𝑙
(2)

#### 1
𝑊12

#### 𝜗KS
𝑙
(1)𝜗KS

𝑏
(2)


. (2.79)

The central idea of hybrid functionals is to combine this orbital-dependent exchange
with the local or semi-local approximations of the LSDA, GGA, or meta-GGA families,
thereby improving accuracy with only a moderate increase in computational cost.

• Double-hybrid functionals extend the hybrid framework by incorporating an additional
estimate of dynamical correlation from perturbative post-HF methods, most commonly
MP2, at the expense of increased computational cost. In practice, a hybrid-GGA
functional is first defined as

𝑀
hybrid-GGA
𝑕𝑍

= 𝑄1𝑀
GGA
𝑕

+ (1 → 𝑄1)𝑀HF
𝑕

+ 𝑄2𝑀
GGA
𝑍

(2.80)

which is used self-consistently to determine the KS orbitals. The exchange–correlation
energy is then refined by adding a perturbative correction
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𝑀𝑕𝑍 = 𝑀
hybrid-GGA
𝑕𝑍

+ (1 → 𝑄2)𝑀KS-MP2
𝑍

(2.81)

where𝑀KS-MP2
𝑍

is evaluated from second-order Møller-Plesset perturbation theory using
the KS orbitals. The resulting double-hybrid functional provides improved ground-
state energies and properties compared to conventional hybrid approaches.

2.6.1 Dispersion Energy

Density functional approximations generally require explicit corrections to properly account
for London dispersion forces. Except for double-hybrid functionals, in which perturbative
correlation partially captures dispersion, most standard DFT approaches fail to describe
long-range interactions adequately. In particular, LDA and GGA predict exponential decays
instead of the correct 𝑊

→6 asymptotic behavior, while hybrid functionals do not remedy
this deficiency, as the inclusion of HF-like exchange may even lead to artificial repulsion.
Among the available strategies, the most widely used are those proposed by Grimme, which
are attractive for their simplicity and negligible additional computational cost. The DFT-
D3254,255 scheme improves the description of long-range compared to earlier generations. In
addition, the D3(BJ)256 version employs the Becke–Johnson damping function to regulate the
balance between short- and long-range contributions, the former already being described
by DFT. More recently, the DFT-D4 model has been proposed,257,258 which improves the
description of non-covalent interactions mostly for systems involving metal centers, while
providing only small di!erences for neutral molecules with respect to DFT-D3.

For a system composed of 𝑖 nuclei, the correction with zero-damping (D3) is expressed
as

ω𝑀D3
disp = →1

2
∑
𝑁=6,8

𝑖∑
𝑌>𝑗

𝑠𝑁

𝑣
𝑗𝑌

𝑁

𝑆
𝑁

𝑗𝑌

𝑋damp (𝑆𝑗𝑌) (2.82)

where 𝑠𝑁 denotes a scaling factor that depends on the chosen functional, 𝑣𝑗𝑌

𝑁
are the

𝑁-th order dispersion coe"cients associated with each atomic pair 𝑗𝑌, 𝑆𝑗𝑌 represents the
inter-nuclear distance, and the damping function is defined as

𝑋damp (𝑆𝑗𝑌) =
1

1 + exp

→𝑔

(
𝑆𝑗𝑌

𝑠𝑊 ,𝑁𝑆
𝑗𝑌

0
→ 1

)

are damping functions, where 𝑆
𝑗𝑌

0 denote the cut-o! radii, 𝑠𝑊 ,6 are functional-dependent
scaling factors, 𝑠𝑊 ,8 is fixed to 1 for all functionals, and 𝑔 are constants, with values of 14 for
𝑁 = 6 and 16 for 𝑁 = 8.

The DFT-D3 correction with Becke–Johnson D3(BJ) damping takes the form
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ω𝑀D3(BJ)
disp = →1

2

∑
𝑁=6,8

𝑖∑
𝑌>𝑗

𝑠𝑁

𝑣
𝑗𝑌

𝑁

𝑆
𝑁

𝑗𝑌
+ 𝑋

𝑁

damp
(
𝑆

0
𝑗𝑌

) (2.83)

with 𝑋

(
𝑆

0
𝑗𝑌

)
= 𝑄1𝑆

0
𝑗𝑌

+𝑄2, where 𝑄𝑏 are empirical coe"cients referred to as BJ parameters,

and 𝑆
0
𝑗𝑌

=


𝑣
𝑗𝑌

8
𝑣
𝑗𝑌

6
.

In both D3 and D3(BJ), the fitting parameters (𝑠𝑊 ,6 and 𝑠𝑊 ,8 for the former, 𝑄1, 𝑠8, and 𝑄2 for
the latter) are optimized by a least-squares procedure against a reference set of dispersion
interaction energies.

2.7 Basis Sets

All ab initio methods rely on the use of a basis set to represent molecular orbitals (MOs). In
principle, an exact description would require a complete basis, corresponding to an infinite
set of functions, a condition that is computationally infeasible. Using a finite basis set restricts
the orbital representation to the chosen functions, so that both the size and the quality of the
basis strongly influence the accuracy. More e"cient basis functions reduce the size required
for a given accuracy, which is crucial since the computational cost of ab initio methods scales
at least as the fourth power with respect to the basis set size. Therefore, it is essential to
balance the compactness of the basis with the accuracy of the results.

A correlation basis set consists of functions, commonly referred to as atomic orbitals,
which are linearly combined to construct MOs.

From a general perspective, two main types of atom-centered basis functions are employed
in quantum chemical calculations: Slater-type orbitals (STOs) and Gaussian-type orbitals
(GTOs).

STOs, in atom-centered polar coordinates, have the functional form

𝜗STO
↩,𝑁 ,𝑓 ,𝑒 (𝑊 , 𝜑, 𝜒) = 𝐿 𝑤𝑓 ,𝑒 (𝜑, 𝜒)⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌︸

angular part

𝑊
𝑁→1

𝑇
→↩𝑊⨌⨌⨌︷︷⨌⨌⨌︸

radial part

(2.84)

where 𝑁 is the principal quantum number, 𝐿 is a normalization constant, 𝑊 is the distance
of the electron from the atomic nucleus, ↩ is the Slater orbital exponent, and𝑤𝑓 ,𝑒 are spherical
harmonics. The exponential dependence of STOs on the electron–nucleus distance mirrors
the behavior of hydrogen-like orbitals and ensures relatively rapid convergence with increas-
ing basis set size. A limitation of this type of functions is the lack of radial nodes, which can
be incorporated only by forming linear combinations of multiple functions. Moreover, the
evaluation of three- and four-center two-electron integrals cannot be performed analytically.
For these reasons, STOs are primarily employed in atomic and diatomic systems where very
high accuracy is required, in semi-empirical approaches that neglect multi-center integrals,



".’. Basis Sets 41

or in certain density functional methods where the Coulomb interaction is treated by density
fitting. To overcome these limitations, GTOs were introduced into MO calculations.

GTOs can be represented in polar form as

𝜗GTO
𝜚,𝑁 ,𝑓 ,𝑒 (𝑊 , 𝜑, 𝜒) = 𝐿 𝑤𝑓 ,𝑒 (𝜑, 𝜒)⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌︸

angular part

𝑊
2𝑁→2→𝑓

𝑇
→𝜚𝑊2⨌⨌⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌⨌⨌︸

radial part

(2.85)

with 𝜚 being the exponential factor. The quadratic dependence on the electron-nucleus
distance in the exponential makes GTOs less accurate than STOs in two respects. First, at
the nucleus, a GTO exhibits zero slope, whereas a STO displays the correct cusp behavior,
resulting in a more faithful description near the nucleus. Second, GTOs decay too rapidly at
large distances, providing a poor representation of the long-range tail of the wave function.
Consequently, more GTOs are required to achieve the same level of accuracy as STOs. This
drawback, however, is o!set by the fact that integrals over GTOs can be evaluated analytically,
making them computationally far more e"cient. As a result, GTOs have become the basis
functions of choice in electronic structure calculations, typically centered on nuclei, although
o!-nuclear functions are occasionally introduced, for example, at bond midpoints, to improve
the description of weak interactions.

When linear combinations of Gaussian primitives with di!erent exponents are employed
to approximate the radial behavior of STOs, the resulting functions are referred to as con-
tracted Gaussian-type orbitals (CGTOs), while the individual primitives are termed primitive
Gaussian-type orbitals (PGTOs). This procedure, called basis set contraction, reduces the num-
ber of independent functions required without significantly compromising accuracy. The
general form of a CGTO can be represented as

CGTO =
𝑖∑
𝑏=1

𝑄𝑏PGTO𝑏 (2.86)

where 𝑖 denotes the number of primitive Gaussians combined and the coe"cients 𝑄𝑏

are selected to optimize the overall shape of the function while preserving normalization.
The degree of contraction depends on the number of primitive functions combined to form
each contracted orbital.

In 1969, Hehre, Stewart, and Pople259 systematically determined optimal contraction coef-
ficients and exponents for approximating STOs with CGTOs across a large portion of the
periodic table. The resulting basis sets were denoted STO-𝑖G, where each STO is repre-
sented by a contraction of 𝑖 PGTOs (G). These constitute minimal basis sets in which the
exponents of the primitives are fitted to reproduce the corresponding STO, rather than being
optimized variationally. Although STO-𝑖G basis sets with 𝑖 = 2 → 6 had been derived,
it was found that using more than three primitives yields little additional improvement.
Consequently, the STO-3G basis set has become the most widely used minimal basis set.
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The requirement for a proper representation of chemical bonding, which necessitates greater
flexibility in the valence space than in the core, led to the development of split-valence, or
valence-multiple-↩, basis sets. Within this framework, core orbitals are represented by a
single contracted function, while valence orbitals are expanded into two or more functions,
improving the description of bond formation and electronic distribution. Pople and co-
workers systematically developed such basis sets, denoted 𝑖-𝑁𝑓𝑒G, where 𝑖 indicates the
number of PGTOs used for the core orbitals and 𝑁, 𝑓, 𝑒 specify the splitting of the va-
lence space (two numbers for double-↩, three for triple-↩), while the letter G denotes the
use of GTOs. Polarization and di!use functions are commonly added: the former increase
the angular flexibility of the basis set, allowing orbitals to distort and better reproduce the
anisotropy of chemical bonding and electron density, whereas the latter introduce radially
extended orbitals with small exponents, enabling an accurate description of loosely bound
electrons, long-range interactions, and Rydberg or charge-transfer states. Additional po-
larization functions are indicated in parentheses after the G, whereas di!use functions are
denoted by a "+" (one "+" for heavy atoms, "++" to also include hydrogen). In cases where
only one set of polarization functions is included, an alternative notation with an asterisk
is used. A characteristic of these basis sets is that the same exponent is applied to 𝑠- and
𝑥-valence functions, a choice that increases computational e"ciency but reduces flexibility.
Representative examples include 3-21G, 6-21G, 4-31G, 6-31G, and 6-311G.260–262 The expo-
nents and contraction coe"cients were optimized variationally at the Hartree-Fock level
over selected atomic and molecular test sets, and segmented contractions were employed,
meaning that primitive Gaussians used in one function are not shared with others of the
same angular momentum.

In contrast to segmented contractions, general contractions are constructed from a common
set of primitive functions that contribute to all contracted orbitals with di!erent coe"cients.
This scheme o!ers technical advantages, as integrals involving the same primitives need to be
computed only once and can subsequently be reused, improving computational e"ciency.
Split-valence basis sets employing general contractions were introduced by Dunning and
co-workers263 in the correlation-consistent polarized valence 𝑁-tuple zeta (cc-pV𝑁Z) family.
The designation "correlation-consistent" reflects two key aspects of these basis sets. First, the
exponents and contraction coe"cients were variationally optimized with the inclusion of
electron correlation. Second, additional functions are systematically introduced according
to their relative contribution to the correlation energy, independent of angular momentum.
Since 𝑠- and 𝑥-type functions alone lack the flexibility to represent electron correlation
adequately, polarization functions of higher angular momentum are required. For first-row
atoms, the most e!ective additions are 𝑃-type Gaussians, while for hydrogen, they are 𝑥-type
Gaussians. Thus, balanced double-↩ sets include 𝑃 functions on heavy atoms and 𝑥 functions
on hydrogen, while triple-↩ sets extend this to one 𝑋 and two 𝑃 functions on heavy atoms,
and one 𝑃 and two 𝑥 functions on hydrogen, with higher-↩ expansions following the same
systematic scheme.264
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Standard correlation-consistent basis sets may lack the ability to properly describe weakly
bound or spatially di!use electrons, leading to significant errors in computed energies and
molecular properties. To overcome this limitation, such basis sets can be augmented with
di!use functions, indicated by the prefix aug-.265 In this scheme, one additional function
with a small exponent is added for each angular momentum already present. For example,
aug-cc-pVDZ includes one extra 𝑠-, 𝑥-, and 𝑃-function on heavy atoms, while aug-cc-pVTZ
contains additional 𝑠, 𝑥, 𝑃, and 𝑋 functions (with appropriate subsets for hydrogen and
helium).

Correlation-consistent basis sets can also be enriched with tight functions (large expo-
nents) to better recover core–core and core–valence correlation e!ects. These sets are denoted
cc-pCV𝑁Z (𝑁 = D, T, Q, 5), where the number and type of additional tight functions increases
systematically with the cardinal number. For instance, cc-pCVDZ includes one additional
tight 𝑠- and one 𝑥-function, cc-pCVTZ adds 2𝑠, 2𝑥, and 1𝑃, cc-pCVQZ includes 3𝑠, 3𝑥, 2𝑃,
and 1 𝑋 , and cc-pCV5Z extends this further with 4𝑠, 4𝑥, 3𝑃, 2 𝑋 , and 1𝑛 functions on non-
hydrogen atoms.266 While the cc-pCV𝑁Z basis sets exhibit systematic convergence toward
the all-electron correlation energy at the CBS limit, the core–valence contribution converges
more slowly than the core–core term. To address this limitation, weighted core–valence
basis sets267 (cc-pwCV𝑁Z) were developed, in which the additional functions are optimized
primarily with respect to core–valence correlation. These provide improved convergence
of energetic and spectroscopic properties and are generally preferred over cc-pCV𝑁Z when
accurate treatment of core correlation is required.

For some molecular properties, like ionization potentials and equilibrium geometries,
the e!ect of di!use functions has been demonstrated to be limited. Since their inclusion
not only increases the computational cost but may also lead to self-consistent field conver-
gence di"culties and an enhancement of basis set superposition error, their use should be
restricted to cases where they are essential. For this reason, Truhlar and co-workers268 devel-
oped the so-called calendar basis sets, a family of minimally augmented basis sets in which
di!use functions are systematically optimized but kept to the minimum necessary. Named
after the months and culminating in the fully augmented "aug-ust" level, these basis sets
provide a convergent hierarchy of partially augmented expansions, o!ering a balanced com-
promise between accuracy and computational e"ciency. In many cases, such intermediate
augmentation proves more suitable than either minimal or full augmentation.

For third-row elements, all correlation-consistent basis sets can be augmented with an
additional tight 𝑃 function,264 denoted by the "+𝑃" su"x, which improves the description of
polarization e!ects.

Unlike conventional methods, explicitly correlated approaches do not require steep, high-
angular-momentum functions, as these primarily account for short-range correlation e!ects
that are already explicitly described by the correlation factor. To this end, Peterson and
co-workers269 developed the cc-pV𝑁Z-F12 series, a family of basis sets specifically optimized
for F12 calculations, for which dedicated auxiliary basis sets have also been provided.270
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While the cc-pV𝑁Z-F12 series is tailored to valence correlation, a corresponding all-electron
extension, denoted cc-pCV𝑁Z-F12, was subsequently introduced to account for core–valence
e!ects as well.271 Furthermore, basis set extrapolation schemes have been proposed for these
families, enabling improved accuracy at reduced computational cost.272

2.8 Frozen Natural Orbital Approximation

Achieving accurate and reliable results in computational chemistry requires the use of high-
level electron correlation methods, such as the Coupled Cluster hierarchy. However, their
applicability is limited to relatively small systems due to the steep computational scaling
with system size, as summarized in Table 2.1, and by the intrinsically slow convergence with
respect to the one-electron basis set. For quantitative accuracy, relatively large basis sets are
required, with their size becoming a limiting factor. In the case of CCSD(T), for instance, the
rate-determining steps scale with the fourth power of the basis set size for both the CCSD
and the perturbative (T) correction.

Over the years, numerous strategies have been introduced to address these challenges,
as outlined in the Introduction. On the one hand, e"cient implementations such as density
fitting-based CC273 and massively parallel algorithms92,274–276 reduce the prefactor without
altering the formal scaling. On the other hand, more advanced approaches achieve an actual
reduction in scaling, either by employing data compression techniques277 or by exploiting
local correlation approximations, which may approach linear complexity.112,278–281

The slow basis set convergence of CC methods has also been intensively investigated.
The complete basis set limit of conventional CC energies can be reliably approximated
using basis set extrapolation techniques.282 Alternatively, finite-basis CC results may be
improved by applying corrections obtained at a lower level of theory283 or at di!erent points
of the potential energy surface.284 A further and particularly powerful solution is o!ered
by explicitly correlated approaches at the CCSD level, which incorporate the interelectronic
distance directly into the wave function, as discussed in Section 2.5.

An alternative strategy to address the basis set problem is provided by methods based
on the transformation and subsequent truncation of the one-electron basis set. In these
approaches, the virtual molecular orbital space is partitioned into an active and an inactive
subspace, with the latter being neglected in the most computationally demanding steps
of the correlation treatment. To minimize the loss of correlation energy, a transformation
of the virtual orbitals is performed before truncation, typically by optimizing a functional
that depends on the orbital rotation parameters within the virtual space. The orbitals
obtained in this manner are commonly referred to as optimized virtual orbitals (OVOs).285–288

Several functional forms have been proposed for this purpose, including modified second-
order Hylleraas functionals,285–287 as well as formulations based on the overlap of CC wave
functions expanded in the full and in the truncated virtual spaces.287,289 In addition, the
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use of CCSD rather than MP1 amplitudes to define the retained virtual subspace has been
investigated, revealing potential advantages in accuracy.290

A simpler yet e"cient strategy to compress the virtual space is provided by the frozen
natural orbital approximation. In this scheme, the orbital transformation matrix is obtained
by diagonalizing the virtual–virtual block of the one-particle density matrix constructed
from a lower-level wave function. The resulting orbitals, known as natural orbitals, are
characterized by eigenvalues that represent their occupation numbers.291–296 Truncation is
performed according to a predefined threshold on the occupation numbers, whereby weakly
populated NOs are discarded and the more significantly occupied ones retained to define
the active virtual space. The reduced set of FNOs thus replaces the full virtual space in the
high-level calculation, significantly lowering the computational cost. A schematic overview
of the procedure is provided in Figure 2.3. To reduce the computational cost of CCSD and
CCSD(T), a common strategy is to employ NOs derived from an underlying Møller-Plesset
perturbation theory wave function.288,297–299

F*4,$( 2.3: Outline of the frozen natural orbital approximation procedure.

Although the OVO and FNO approaches show comparable performance in benchmark
studies,288,300 the simplicity of the latter one has led to its broader adoption. Since its
introduction, the frozen natural orbital methodology has been extended to larger systems
through reduced-scaling density matrix construction techniques301–304 and integrated in
DF-CCSD(T) implementations.305 Further developments include the implementation of an-
alytic gradients,298 excited-state extensions,299,306–309 and extrapolation strategies toward the
virtual CBS limit.93,299,310

The accuracy of the frozen natural orbital approximation can be further improved by
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error-correction schemes. The most widely used is the ωMP2 correction, based on the
di!erence between MP2 energies in the full and truncated virtual spaces, which provides an
e"cient estimate of the truncation error and significantly enhances reliability through error
compensation.285,297,298,311

Kállay and co-workers have substantially advanced the FNO framework, integrating
it with several complementary strategies to enhance both accuracy and applicability. They
combined the FNO approach with the NAF approximation244 in an e"cient, parallel, integral-
direct DF-CCSD(T) algorithm,92 and assessed MP2-based corrections and extrapolation
schemes, showing that such hybrid approaches considerably extend the applicability of
FNO-CCSD(T) to systems with 50–75 atoms and triple- to quadruple-↩ basis sets.93 They
also proposed a size-consistent variant of the multiplicative basis-set correction originally
developed by Irmler and Grüneis,312,313 which exploits the parallel convergence behavior of
the second-order and Particle-Particle Ladder (PPL) contributions to the CCSD correlation
energy.1,314–317 In their scheme, a ωMP2 correction, defined as the di!erence between large-
and small-basis MP2 correlation energies, is supplemented with a scaled PPL contribution,
thereby reducing the basis set incompleteness error while preserving size-consistency when
applied within the NO framework.94 The PPL approximation isolates the dominant par-
ticle–particle correlation e!ects between virtual orbitals and provides an e"cient way to
recover the correlation energy lost due to the truncation of the virtual space in the FNO
approach.

Finally, Kállay and co-workers extended the (T+) correction (Section 2.5),185 adapting it
to the FNO approximation to accelerate the convergence of the perturbative triples contri-
butions with respect to the number of NOs. In combination with extrapolation techniques,
this strategy has been validated through extensive benchmarks, further demonstrating the
robustness of the enhanced FNO methodology.94
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Chapter 3

Composite Schemes for Quantitative
Quantum Chemistry

As already discussed in previous Chapters, achieving accurate predictions of molecular
properties through ab initio electronic structure theory requires careful consideration of both
methodological and numerical approximations. Although CCSD(T) is widely regarded as
the gold standard for systems with predominantly single-reference character, an individual
calculation generally does not achieve spectroscopic precision and, depending on the system
under investigation, may not even reach chemical accuracy. In practice, results of this quality
demand a balanced and systematic improvement of both the one-electron and 𝐿-electron
spaces. To obtain the exact solution of the time-independent non-relativistic Schrödinger
equation (Equation 2.5), two fundamental requirements must be fulfilled:

1. the orbitals used to construct the determinants must form a complete set in the one-
electron space;

2. the expansion of the 𝐿-electron wave function must include all determinants that can
be generated from these orbitals.

Failure to satisfy either condition introduces errors into the wave function. Importantly,
the errors arising from truncation of the one-electron space are qualitatively di!erent from
those associated with approximations in the 𝐿-electron description. Poor treatment in one
of these spaces cannot be compensated for by a better description in the other, although in
some instances, error cancellation may occur. The one-particle space corresponds to the size
and quality of the basis set used to describe the orbitals in the Hartree-Fock wave function,
while the 𝐿-particle space defines the level of correlation treatment in the many-electron
wave function.

Systematically improving both spaces simultaneously leads, in principle, to convergence
toward the exact non-relativistic electronic solution.29 This relationship is depicted in Figure
3.1, which illustrates how systematic improvements in the one- and 𝐿-electron descrip-
tions progressively approach the exact limit. In practice, computational constraints restrict
calculations to a finite region of this one-electron-N-electron diagram.
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F*4,$( 3.1: Approach toward the exact solution of the time-independent non-
relativistic Schrödinger equation and schematic representation of the main
sources of error in ab initio calculations. The overall deviation arises from the
truncation of both the one-electron basis set and the 𝐿-electron wave function.

Consequently, the total error in an ab initio calculation can be regarded as the sum of two
principal contributions: (i) the one-electron or basis set truncation error, and (ii) the 𝐿-
electron or wave function model truncation error.

These two primary errors are unavoidable in any ab initio calculation, as neither an infinite
basis set nor an exhaustive expansion of the wave function is computationally feasible. Their
conceptual interplay is also illustrated in Figure 3.1, where the total deviation from the exact
limit originates from both basis set truncation and wave function incompleteness.

Additionally, minor sources of error may arise from neglecting e!ects such as core-valence
correlation, relativistic contributions, or other factors beyond those included in the chosen
correlation model.

The most e!ective strategy to minimize both the principal and minor sources of error
inherent in ab initio calculations is the use of composite schemes. These methods rely
on the additivity approximation, whereby the target quantity is decomposed into multiple
contributions that can be computed independently and later combined. This framework
allows each term to be evaluated at the most suitable balance between theoretical level and
basis set size, achieving high overall accuracy but at a significantly reduced computational
cost with respect to the single, fully converged calculation. Typically, the main contribution is
evaluated using a wave function method such as CCSD(T) in combination with a large basis
set or through CBS extrapolation, whereas successive corrections are computed with more
sophisticated methods and smaller basis sets. The conceptual workflow of CSs is illustrated
in Figure 3.2.
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F*4,$( 3.2: Conceptual representation of the composite scheme approach. The
target quantity is expressed as the sum of a main contribution and successive
corrections, each evaluated at an appropriate level of theory and basis set size.

Specific strategies have been developed to systematically reduce both the 𝐿-electron (wave
function) and one-electron (basis set) truncation errors. The wave function truncation error
is mitigated through the hierarchical framework of Coupled Cluster theory.318 As illustrated
in Table 2.1, this family of methods defines a systematic series of correlation models in
which the progressive inclusion of excitation levels allows convergence toward the exact
solution within a given basis set. The one-electron truncation error can be e!ectively reduced
through basis set extrapolation techniques, which exploit hierarchical sequences of basis sets
exhibiting systematic and monotonic convergence toward the complete basis set limit. By
evaluating a given property with successively larger basis sets and extrapolating the results,
it becomes possible to closely approximate the CBS value without employing prohibitively
large expansions. This concept is illustrated in Figure 3.3, where the calculated property
approaches the CBS limit as the basis set size increases, leaving only the intrinsic correlation
error associated with the electronic structure method.

F*4,$( 3.3: Convergence of a molecular property with increasing basis set
size. Hierarchical basis sets enable extrapolation toward the complete basis

set limit, thereby reducing the one-electron truncation error.
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A particularly e!ective class of basis sets for this purpose is represented by the correlation-
consistent family.263 These systematically convergent polarized valence basis sets (cc-pV𝑁Z,
with 𝑁 = D, T, Q, 5, etc.) were designed to recover the correlation energy in a hierarchical and
balanced manner, making them ideally suited for extrapolation schemes. The cardinal num-
ber 𝑁 defines the number of contracted functions per atomic valence orbital, and the highest
angular momentum increases linearly with 𝑁, resulting in an increase of computational cost
by approximately one order of magnitude at each successive level.319,320 The use of these
basis sets not only enables reliable estimation of the CBS limit and mitigation of the basis set
incompleteness error, but also minimizes basis set superposition errors and provides a clear
separation between one-particle and 𝐿-particle expansions.194,195

Besides the principal sources of error, additional contributions, such as CV correlation, scalar
relativistic, spin-orbit, diagonal Born–Oppenheimer corrections, higher-order excitations,
and zero-point vibrational energy contributions, can be added to yield the best estimate of
the target property. The conceptual structure of this additive strategy beyond CS is illustrated
in Figure 3.4, where the target property is expressed as the sum of a main contribution and
several distinct correction terms, each accounting for a specific physical e!ect.

F*4,$( 3.4: Additive decomposition of a target molecular property into the
main contribution and several correction terms.

As mentioned in the Introduction, the extensive diversification and refinement of composite
ab initio methods reflect the continuous e!ort to achieve high accuracy in computational
thermochemistry and molecular spectroscopy. Many series of CSs have been proposed, and
within each, several variants have been designed to balance accuracy and computational cost
across di!erent chemical applications. As a result, well over one hundred composite ab initio
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schemes are now available, making the selection of the most appropriate one increasingly
challenging.

The choice of a composite method depends on several key factors, including the size
and composition of the system, the presence of multi-reference character, the electronic
state under investigation, the target property, and the desired level of accuracy. Additional
aspects such as bond polarity, formal oxidation state, and overall molecular charge may
further constrain the selection of suitable basis sets and correlation treatments.

The various CSs span a broad range of accuracies and di!er widely in their domains of
applicability. Some are restricted to light-atom systems, whereas others extend across the
periodic table. Their computational feasibility also varies, ranging from small molecules
containing fewer than five heavy atoms to medium-sized species with several dozens of
non-hydrogen atoms. Beyond thermochemical quantities, such as atomization or reac-
tion energies, composite methods have also been developed for molecular structures and
spectroscopic observables, like vibrational frequencies and intensities. In this way, they
enable quantitatively reliable quantum chemical predictions across a wide variety of chemi-
cal contexts.29,320 Table 3.1 summarizes the commonly adopted definitions of chemical, and
spectroscopic or benchmark accuracies for both thermochemical and spectroscopic proper-
ties.

T%5&( 3.1: Typical accuracy thresholds defining chemical, spectroscopic, and
benchmark accuracy.29

Property Chemical accuracy Spectroscopic/Benchmark accuracy

Heats of formation 4.18 kJ mol→1 1 kJ mol→1

= 1 kcal mol→1 = 0.24 kcal mol→1

Weak interactions 0.42 kJ mol→1 0.10 kJ mol→1

= 0.10 kcal mol→1 = 0.024 kcal mol→1

Bond distances 0.005 Å 0.001 Å
Vibrational frequencies 5.0 cm→1 1.0 cm→1

In the following, state-of-the-art CSs relevant to this PhD work will be presented, beginning
with those developed for energetics and subsequently extending to molecular geometries
and vibrational frequencies. Particular attention will be devoted to energetic and structural
composite methods since, as presented in the next Chapters, they are targeted by the research
described in this thesis. For completeness, CSs employed for vibrational frequencies will
also be briefly presented.

3.1 Energetics

The general expression for the total energy, including all relevant corrections, is given by
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𝑀tot = 𝑀
CBS
valence + ω𝑀CV + ω𝑀HLC + ω𝑀Rel + ω𝑀SO + ω𝑀DBOC + ω𝑀ZPVE (3.1)

where 𝑀CBS
valence denotes the valence electronic energy extrapolated to the CBS limit, includ-

ing the HF and valence correlation contributions. The subsequent additive terms represent
the individual corrections for core-valence (CV) correlation, higher-level correlation beyond
CCSD(T) (HLC), scalar relativistic (Rel) and spin-orbit (SO) e!ects, and nuclear-motion con-
tributions arising from the diagonal Born–Oppenheimer correction (DBOC) and zero-point
vibrational energy (ZPVE).

The first and most important contribution, 𝑀CBS
valence, represents the valence electronic en-

ergy extrapolated to the CBS limit. In some CSs, the HF and valence correlation components
are extrapolated separately, each using an appropriate functional form for their convergence
behavior.11,65 In other approaches, a single extrapolation is performed directly on the corre-
lated energy without explicitly separating the HF contribution.67 In all cases, because this
term dominates the total energy and determines the overall accuracy of the scheme, large
and systematically convergent basis sets are employed for its evaluation.

The ω𝑀CV term accounts for the correlation between valence and core electrons, which
becomes increasingly significant for systems containing second-row or heavier elements. It
is defined as the di!erence between an all-electron (ae) calculation, in which all electrons are
correlated, and a frozen core (fc) calculation, where only the valence electrons are included
in the correlation treatment, both performed with the same basis set. Thus, this correction
quantifies the energetic contribution of the core-valence coupling neglected in the fc approx-
imation commonly adopted in correlated calculations. In high-accuracy CSs, the CV term is
often extrapolated to the CBS limit and evaluated using basis sets specifically optimized for
core-valence correlation, such as the cc-pCV𝑁Z or cc-pwCV𝑁Z families.

The ω𝑀HLC term accounts for higher-order correlation e!ects beyond the CCSD(T) level.
These corrections compensate for the residual truncation of the electronic wave function
and are essential for reaching spectroscopic or benchmark accuracy in high-level composite
methods. As the excitation rank included in the correlation treatment increases (see Table
2.1), the computational cost rises steeply, necessitating the use of progressively smaller basis
sets for the corresponding additive terms. Consequently, lower-order contributions, such
as the inclusion of full triple excitations (ω𝑀CCSDT), are often extrapolated to the CBS limit,
whereas higher-order increments involving connected quadruple or quintuple excitations
are typically evaluated with smaller basis sets. In this hierarchy of excitations, approxi-
mate CC methods including perturbative corrections are frequently employed to reduce the
computational cost while retaining a balanced and systematically improvable description of
correlation e!ects.

The ω𝑀Rel and ω𝑀SO terms account for relativistic e!ects, which become increasingly im-
portant for systems containing heavy atoms. The scalar relativistic correction (ω𝑀Rel) arises
from the relativistic motion of the electrons in the strong electrostatic field of the nuclei
and incorporates the mass–velocity and Darwin terms of the Dirac Hamiltonian.321,322 These
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e!ects lead to a contraction of the inner 𝑠 and 𝑥 orbitals, which enhances the screening
of the nuclear charge and indirectly causes an expansion of the outer 𝑃 and 𝑋 shells. The
resulting redistribution of the electronic density stabilizes the valence orbitals and alters
the computed total energy. The spin-orbit correction (ω𝑀SO) originates from the interaction
between the electron spin and the magnetic field induced by its motion in the electrostatic
field of the nuclei and other electrons. This interaction couples the spin and spatial de-
grees of freedom, leading to the splitting of atomic and molecular energy levels. In most
composite protocols, the Rel correction is evaluated as the energy di!erence between rel-
ativistic and non-relativistic calculations performed with the Douglas–Kroll–Hess or exact
two-component Hamiltonians, typically at the MP2 or CCSD(T) level of theory.27 The SO term
is generally obtained from atomic fine-structure data or computed explicitly for open-shell
systems when necessary.11,65

The ω𝑀DBOC and ω𝑀ZPVE terms account for corrections associated with nuclear mo-
tion. The diagonal Born–Oppenheimer correction arises from the partial breakdown of
the Born–Oppenheimer approximation and represents the coupling between electronic and
nuclear degrees of freedom within the ground electronic state. It provides a small yet sys-
tematic adjustment to the electronic energy, which becomes relevant mainly for light-element
systems, particularly those containing hydrogen.29,323–326 The zero-point vibrational energy,
in contrast, reflects the quantum mechanical motion of the nuclei in their vibrational ground
state and is required to convert the purely electronic energy into the total energy at 0 K. In
most composite protocols, DBOCs are evaluated at the HF or CCSD level, while ZPVEs are
derived either from scaled harmonic frequencies or from anharmonic force field calculations,
depending on the desired level of accuracy and computational feasibility.72

Depending on the level of theory adopted for the evaluation of each individual contribu-
tion, as well as on their inclusion or omission within a given composite protocol, the overall
performance of the method can be systematically tuned. Consequently, the resulting accu-
racy and the range of applicability in terms of molecular size and complexity are determined
by the chosen balance between computational cost and methodological sophistication.

In the following, CSs particularly relevant to the present doctoral work will be presented.

3.1.1 W4 Theory

The Weizmann-411 composite method was designed to achieve sub-kJ mol→1 accuracy in
molecular energetics through the explicit inclusion of post-CCSD(T) correlation increments.
As a high-level composite scheme, W4 provides spectroscopic precision for small molecules,
typically up to four or five non-hydrogen atoms, representing one of the most rigorous
benchmarks available in modern computational thermochemistry. The expression of the
total energy is given by
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𝑀W4 = 𝑀
CBS
HF + ω𝑀CBS

CCSD + ω𝑀CBS
CCSD(T) + ω𝑀CCSDT + ω𝑀

𝑂̂4
+ ω𝑀

𝑂̂5

+ ω𝑀CV + ω𝑀Rel + ω𝑀SO + ω𝑀DBOC + ω𝑀ZPVE
(3.2)

where each individual contribution is evaluated according to a well-defined hierarchy of
correlation levels and basis sets.

• The HF energy extrapolated to the CBS limit, 𝑀CBS
HF , is obtained using the two-point

Karton–Martin modification327 of Jensen’s extrapolation formula,328 together with aug-
cc-pV𝑁Z basis sets with 𝑁 = 5, 6:

𝑀
CBS
HF = 𝑀

𝑁

HF → 𝑄(𝑁 + 1)𝑇→9
↖
𝑁 (3.3)

where 𝑀
𝑁

HF represents the HF-SCF energy obtained with the 𝑁-cardinal number basis
and 𝑄 is the scaling coe"cient determined from the two 𝑀

𝑁

HF and 𝑀
(𝑁+1)
HF energies.

• The CBS valence CCSD correlation energy, ω𝑀CBS
CCSD, is determined from aug-cc-pV𝑁Z

with 𝑁 = 5, 6 using the two-point Klopper extrapolation formula:329

ω𝑀CBS
CCSD = ω𝑀𝑁

CCSD + 𝑄

𝑁
𝜚 (3.4)

with ω𝑀𝑁

CCSD = 𝑀
𝑁

CCSD → 𝑀
𝑁

HF, 𝑄 obtained from the ω𝑀𝑁

CCSD and ω𝑀(𝑁→1)
CCSD energy di!er-

ences, and the exponent 𝜚 = 3/5 for singlet/triplet pairs.

• The CBS valence (T) correction, ω𝑀CBS
CCSD(T), is extrapolated from aug-cc-pV𝑁Z with 𝑁 =

Q, 5, using the same two-point Klopper scheme with 𝜚 = 3:

ω𝑀CBS
CCSD(T) = ω𝑀𝑁

CCSD(T) +
𝑄

𝑁
3 (3.5)

where ω𝑀𝑁

CCSD(T) = 𝑀
𝑁

CCSD(T) →𝑀
𝑁

CCSD and 𝑄 evaluated from the ω𝑀𝑁

CCSD(T) and ω𝑀(𝑁+1)
CCSD(T)

energy di!erences.

• The ω𝑀CCSDT term accounts for the energy di!erence between full triple and pertur-
bative triple excitations. It is extrapolated from cc-pV𝑁Z with 𝑁 = D, T, using the
two-point Klopper formula with 𝜚 = 3(singlet)/5(triplet):

ω𝑀CBS
CCSDT = ω𝑀𝑁

CCSDT + 𝑄

𝑁
𝜚 (3.6)

with ω𝑀𝑁

CCSDT = 𝑀
𝑁

CCSDT → 𝑀
𝑁

CCSD(T) and 𝑄 obtained from the ω𝑀𝑁

CCSDT and ω𝑀(𝑁→1)
CCSDT

energy di!erences
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• The ω𝑀
𝑂̂4

correction represents the contribution from connected quadruple excitations
and is evaluated as

ω𝑀
𝑂̂4

= 1.1 ·
(
ω𝑀cc-pVDZ

CCSDTQ + ω𝑀cc-pVTZ
CCSDT(Q)

)
(3.7)

where ω𝑀cc-pVDZ
CCSDTQ = 𝑀

cc-pVDZ
CCSDTQ → 𝑀

cc-pVDZ
CCSDT(Q) and ω𝑀cc-pVTZ

CCSDT(Q) = 𝑀
cc-pVTZ
CCSDT(Q) → 𝑀

cc-pVTZ
CCSDT .

• The ω𝑀
𝑂̂5

term includes connected quintuple excitations:

ω𝑀
𝑂̂5

= 𝑀
cc-pVDZ
CCSDTQP → 𝑀

cc-pVDZ
CCSDTQ. (3.8)

• The core-valence correlation correction, ω𝑀CV, is computed as the energy di!erence
between ae- and fc-CCSD(T) calculations, extrapolated to the CBS limit using aug-cc-
pwCV𝑁Z (𝑁 = T, Q) and the Klopper formula with 𝜚 = 3.

• The scalar relativistic correction, ω𝑀Rel, is obtained from the di!erence between non-
relativistic and second-order Douglas–Kroll–Hess CCSD(T) calculations in conjunction
with the aug-cc-pV(Q+𝑃)Z and aug-cc-pV(Q+𝑃)Z-DK basis sets, respectively.

• Atomic SO coupling corrections, ω𝑀SO, are taken from experimental fine-structure
splittings.

• The diagonal Born–Oppenheimer correction, ω𝑀DBOC, is evaluated at the HF/aug-cc-
pVTZ level.

• The zero-point vibrational energy, ω𝑀ZPVE, is derived from experimental fundamental
frequencies or from CCSD(T)/cc-pV(Q+𝑃)Z anharmonic force field calculations.

The reference geometries are optimized at the CCSD(T)/cc-pV(Q+𝑃)Z level. Unless
otherwise specified, all calculations are performed within the frozen core approximation.

3.1.2 Explicitly correlated W1-F12 and W2-F12

The explicitly correlated protocols W1-F12 and W2-F1247 belong to the Wn family of CSs.
They are among the most widely used explicitly correlated approaches in the literature,
combining the accuracy of CC methodologies with the accelerated basis set convergence
provided by the F12 formalism. This allows near-CBS quality results to be achieved at a
substantially reduced computational cost. Both schemes are truncated at the CCSD(T) level
and do not include post-CCSD(T) excitations, ensuring an optimal compromise between
accuracy and e"ciency. In both approaches, all the extrapolations are performed with the
two-point Klopper extrapolation formula329 where the exponents were reoptimized to ensure
consistency with the cc-pV𝑁Z-F12 basis sets and to preserve the systematic behavior of the
composite framework.
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The computational structure of the W1-F12 and W2-F12 protocols can be outlined as
follows:

• Reference geometry and zero-point vibrational energy: in both variants, the reference
geometries and the ZPVE are obtained using the B3LYP330–332 hybrid functional in
conjunction with the cc-pV(T+𝑃)Z basis set. The ZPVE contribution is scaled by a
factor of 0.985.

• HF-SCF energy: in both W1-F12 and W2-F12, the SCF energy is evaluated using the so-
called explicitly correlated Hartree-Fock approach, denoted as HF∝. In this formulation,
the CABS singles correction is included to allow the HF orbitals to relax within the
complementary auxiliary basis set space. This correction substantially reduces the
BSIE in the SCF energy, leading to faster convergence toward the CBS limit. In the
W1-F12 scheme, the HF∝ energies are extrapolated to the CBS limit using the two-
point extrapolation formula based on the cc-pV𝑁Z-F12 (𝑁 = D, T) basis sets with an
exponent of 5.00. In contrast, the W2-F12 protocol employs a single HF∝ calculation at
the cc-VQZ-F12 level, which provides results already close to the CBS limit due to the
accelerated basis set convergence of the F12 methodology.

• Valence CCSD: in the W1-F12 protocol, the valence CCSD-F12b correlation energy is
extrapolated from the cc-V𝑁Z-F12 (𝑁 = D, T) basis set pair using an exponent of 3.67,
while in W2-F12 it is extrapolated from the 𝑁 = T, Q pair with an exponent of 5.94.

• Valence (T): in the W1-F12 protocol, the perturbative triple excitation (T) contribution
is extrapolated from the aug’-cc-pV𝑁Z (𝑁 = D, T) basis set pair using the two-point
extrapolation formula with an exponent of 𝜚 = 3.22. In the W2-F12 variant, the
corresponding contribution is obtained directly as the (T∝)/cc-VTZ-F12 correlation
energy scaled by a factor of 0.987. The notation aug’-cc-pV𝑁Z denotes a properly
defined basis set designed to ensure a balanced treatment of di!erent elements across
the periodic table. Specifically, it combines the standard cc-pV𝑁Z basis set for hydrogen,
the aug-cc-pV𝑁Z basis for second-row elements, and the aug-cc-pV(𝑁+𝑃)Z basis for
third-row elements.

• Core-valence: in both variants, the CCSD and (T) components are obtained from
standard calculations. In the W1-F12 protocol, the CCSD component is evaluated
using the cc-pwCVTZ basis set, while in W2-F12 it is computed with the aug’-cc-
pwCVTZ basis set. In both cases, the resulting CCSD contribution is scaled by a factor
of 1.1. The (T) component is calculated with the cc-pwCVTZ basis set removing the 𝑋

functions in both W1-F12 and W2-F12 protocols.

• The scalar relativistic correction is obtained as the di!erence between non-relativistic
and relativistic CCSD(T) calculations, performed with the aug’-cc-pV𝑁Z and aug’-cc-
pV𝑁Z-DK basis sets, respectively, using 𝑁 = D in the W1-F12 protocol and 𝑁 = T in the
W2-F12 variant.
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• Spin-orbit and diagonal Born–Oppenheimer corrections: in both variants, the SO split-
ting are taken from experimental fine-structure data, while the DBOC is evaluated at
the HF/aug’-cc-pVTZ level of theory.

3.1.3 HEAT Protocol

The High-accuracy Extrapolated Ab initio Thermochemistry65 protocol represents one of the
most accurate and systematically formulated composite ab initio methods currently available,
developed to deliver energetics with sub-kJ mol→1 accuracy. In terms of performance and
predictive reliability, HEAT is comparable to the W4 protocol, while o!ering a distinct
formulation. The total energy is obtained as the sum of the following contributions

𝑀HEAT = 𝑀
CBS
HF + ω𝑀CBS

ae-CCSD(T) + ω𝑀CCSDT + ω𝑀HLC

+ ω𝑀Rel + ω𝑀SO + ω𝑀DBOC + ω𝑀ZPVE
(3.9)

where the terms are evaluated as follows.

• The HF energy extrapolated to the CBS limit, 𝑀CBS
HF , is obtained from aug-cc-pCV𝑁Z

basis sets with 𝑁 = T, Q, 5 using the three-point Feller extrapolation formula:333

𝑀
CBS
HF = 𝑀

𝑁

HF → 𝑄𝑇
→𝑅𝑁

. (3.10)

where the parameters 𝑄 and 𝑅 are fitting coe"cients. The parameter 𝑄 represents the
magnitude of the residual basis set error, while 𝑅 controls the exponential rate at which
the HF energy converges toward the CBS limit. Both are determined from a non-linear
fit to 𝑀

𝑁

HF, 𝑀(𝑁+1)
HF , and 𝑀

(𝑁+2)
HF energies.

• The all-electron CCSD(T) correlation energy, ω𝑀CBS
CCSD(T), is extrapolated to the CBS limit

from aug-cc-pCV𝑁Z basis sets with 𝑁 = Q, 5 using the two-point Helgaker formula.

• The ω𝑀CCSDT correction accounts for the di!erence between full and perturbative triple
excitations and is extrapolated using the two-point Helgaker formula with the cc-pVTZ
and cc-pVQZ basis sets

ω𝑀CCSDT = 𝑀
cc-pV(T,Q)Z
CCSDT → 𝑀

cc-pV(T,Q)Z
CCSD(T) . (3.11)

where the notation cc-pV(T,Q)Z denotes an extrapolation performed using the cc-pV𝑁Z
basis sets with 𝑁 = T and Q.

• The higher-level correction term, ω𝑀HLC, represents the contribution from connected
quadruple or quintuple excitations, depending on the desired level of accuracy, evalu-
ated using the cc-pVDZ basis set
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ω𝑀HLC = 𝑀
cc-pVDZ
CCSDTQ/P → 𝑀

cc-pVDZ
CCSDT/Q (3.12)

• The scalar relativistic correction, ω𝑀Rel, is computed by contracting the one-particle
density matrix obtained at the CCSD(T)/aug-cc-pCVTZ level with the one-electron
Darwin and mass–velocity terms.

• The spin-orbit contribution, ω𝑀SO, is evaluated using the SO configuration interac-
tion procedure in conjunction with cc-pVDZ basis sets and relativistic e!ective core
potentials.

• The diagonal Born–Oppenheimer correction, ω𝑀DBOC, is calculated at the HF/aug-cc-
pVTZ level of theory.

• The zero-point vibrational energy, ω𝑀ZPVE, is derived from an ae-CCSD(T)/cc-pVQZ
anharmonic force field.

The reference geometries are optimized at the ae-CCSD(T)/cc-pVQZ level of theory. Un-
less otherwise specified, all calculations are performed within the frozen core approximation.

The main di!erences with respect to the W4 protocol lie in the extrapolation schemes
employed, the treatment of electron correlation, and the evaluation of SO e!ects. In the HEAT
methodology, the CCSD and (T) components are not extrapolated separately; instead, the
complete CCSD(T) correlation energy is obtained in a single step. Moreover, the calculation
is performed by correlating all electrons, and thus no distinct CV correction is required.
Another distinguishing feature is the explicit evaluation of the SO contribution through
dedicated calculations.

3.1.4 HEAT-like and CBS + CV Approaches

The HEAT-like and CBS + CV approaches156,157 were developed as simplified yet accurate
alternatives to the full HEAT protocol, aiming to extend the applicability of composite
methods to small to medium-size molecular systems. These schemes retain the hierarchical
and additive structure of the HEAT methodology, while reducing the overall computational
cost by employing lower levels of theory for the individual contributions and by omitting
some corrections included in the parent protocol.

In the HEAT-like framework, the total energy can be expressed as

𝑀HEAT-like = 𝑀
CBS
HF +ω𝑀CBS

CCSD(T)+ω𝑀CV+ω𝑀CCSDT+ω𝑀CCSDTQ+ω𝑀DBOC+ω𝑀Rel+ω𝑀ZPVE (3.13)

where 𝑀
CBS
HF and ω𝑀CBS

CCSD(T) denote the extrapolations of the HF and valence CCSD(T) cor-
relation energies to the CBS limit, respectively. The former is obtained using the exponential
formula proposed by Feller,333 while the latter is evaluated using Helgaker’s expression.282
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Correlation-consistent cc-pV𝑁Z basis sets are employed for these calculations, typically with
𝑁 = T, Q, and 5 for the HF extrapolation, and 𝑁 = T and Q for the CCSD(T) correlation energy.
The ω𝑀CV term accounts for the core-valence correlation correction, obtained as the energy
di!erence between all-electron and frozen core CCSD(T) calculations performed with the
cc-pCVTZ basis set. Similarly, higher-order correlation e!ects beyond the CCSD(T) level
are included through the ω𝑀CCSDT and ω𝑀CCSDTQ terms, computed as the energy di!erences
between fc-CCSDT/cc-pVTZ and fc-CCSD(T)/cc-pVTZ, and between fc-CCSDTQ/cc-pVDZ
and fc-CCSDT/cc-pVDZ, respectively. Because full CCSDTQ computations are computa-
tionally demanding even with double-↩ bases, the e!ect of connected quadruple excita-
tions can alternatively be estimated using the CCSDT(Q) model. The DBOC term is usu-
ally evaluated at the HF/aug-cc-pV𝑁Z level with 𝑁 = D or T, while ω𝑀Rel is computed at
the ae-CCSD(T)/aug-cc-pCV𝑁Z level, 𝑁 = D or T, including the one-electron Darwin and
mass–velocity terms. The SO correction can be included by using experimental fine-structure
data. The molecular equilibrium structures and the anharmonic zero-point vibrational en-
ergy are obtained at the DFT level using DFT-D3 dispersion-corrected254,256 B2PLYP334,335 or
revDSD-PBEP86336 double-hybrid functionals in conjunction with triple-↩ quality basis sets.

Compared to the original HEAT protocol, the HEAT-like scheme di!ers in several re-
spects: it includes a separate evaluation of the CV correction, thereby reducing the computa-
tional cost of the CCSD(T) extrapolation with respect to the all-electron treatment; it employs
lower levels of theory for post-CCSD(T) contributions, which are therefore not extrapolated
to the CBS limit; and it omits the explicit calculation of the SO correction, whose inclusion
depends on the system under investigation. Furthermore, di!erences also arise in the level
of theory adopted for the equilibrium geometries and the corresponding ZPVE corrections.

A more compact variant, referred to as the CBS + CV scheme, includes only the extrapo-
lation to the complete basis set limit and the core-valence correlation contribution (i.e., first
three terms on the right-hand side of Equation 3.13), typically yielding total energies within
1–2 kJ mol→1 of benchmark or experimental values. Equilibrium geometries and ZPVEs are
evaluated at the same level of theory as in the HEAT-like protocol.

Both HEAT-like and CBS + CV approaches represent e"cient and systematically im-
provable approximations to the full HEAT scheme, o!ering a flexible hierarchy of accuracy
levels applicable to a broad range of molecular sizes and chemical compositions. HEAT-like
methods are typically applicable to systems containing up to about 5-7 heavy atoms, whereas
the CBS + CV protocol can be reliably extended to molecules with up to 7–10 non-hydrogen
atoms.

3.1.5 The Cheap Scheme

The so-called Cheap Scheme67 was introduced as a simplified composite protocol aimed at
extending high-accuracy ab initio thermochemical methodologies to medium-sized molec-
ular systems while keeping the computational cost a!ordable. Following the same hier-
archical and additive philosophy as HEAT-like and CBS + CV schemes, ChS replaces the
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most demanding CC high-level correlation and extrapolation steps with MP2-based correc-
tions, while retaining CCSD(T) as the reference level of theory. The total energy in the ChS
framework is expressed as

𝑀ChS = 𝑀
cc-pVTZ
CCSD(T) + ω𝑀CBS

MP2 + ω𝑀CV
MP2 (3.14)

where:

• 𝑀
cc-pVTZ
CCSD(T) is the frozen core CCSD(T) energy computed with the cc-pVTZ basis set;

• ω𝑀CBS
MP2 corresponds to the MP2-based correction for the BSIE, evaluated by means of

the two-point Helgaker extrapolation formula282 using the cc-pV𝑁Z basis sets with 𝑁 =
T and Q;

• ω𝑀CV
MP2 represents the core-valence correlation contribution, computed as the energy

di!erence between all-electron and frozen core MP2 calculations with the cc-pCVTZ
basis set.

In contrast to the HEAT-like and CBS + CV approaches, the ChS protocol adopts a slightly
di!erent philosophy, as it starts from a single, non-extrapolated CCSD(T) calculation and
subsequently adds a correction for the BSIE, rather than extrapolating the HF and correlation
components separately. This correction is evaluated at the MP2 level, which also provides
the basis for estimating the CV contribution. Consequently, the scheme omits post-CCSD(T)
and other corrections, reduces the number of extrapolations, and relies on more compact
basis sets throughout the protocol.

The ChS scheme achieves results within 1–2 kJ mol→1 of benchmark HEAT-like or CBS +
CV values, o!ering a scalable compromise between accuracy and computational feasibility.
Its robustness and low cost make it applicable to molecular systems containing up to 10–20
non-hydrogen atoms.

3.1.6 junChS and junChS-F12

Building upon the framework of the ChS approach, the jun Cheap Scheme89 and its F12
version90 were developed to further improve the balance between accuracy and computa-
tional cost, particularly for non-covalent molecular complexes.

The junChS model introduces partially augmented jun-cc-pV𝑁Z basis sets of the calendar
family,268 designed to include a reduced number of di!use functions while preserving the
correct description of long-range correlation e!ects, which are essential for weak intermolec-
ular interactions. This modification allows a substantial reduction in the computational e!ort
compared to the use of fully augmented aug-cc-pV𝑁Z sets, with negligible loss in accuracy.

In the junChS protocol, the basic ChS structure is retained, with the reference energy
obtained from a frozen core CCSD(T)/jun-cc-pV(T+𝑃)Z calculation and the CBS and CV
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corrections both evaluated at the MP2 level. The CBS correction is derived from the two-
point Helgaker extrapolation formula282 using the jun-cc-pV(T+𝑃)Z and jun-cc-pVQZ basis
sets, whereas the CV contribution is computed as the energy di!erence between all-electron
and frozen core MP2 calculations with the cc-pwCVTZ basis set. Geometries and anharmonic
ZPVEs are determined at the revDSD-PBEP86-D3(BJ)/jun-cc-pV(T+𝑃)Z level of theory.

To further accelerate the convergence toward the CBS limit, the junChS-F12 variant incor-
porates explicitly correlated methods, replacing the conventional CCSD(T) and MP2 calcula-
tions with their F12 counterparts. In particular, the F12b235,239 and the FIX234 approximations
are employed for the CCSD and MP2 computations, respectively.

Extensive benchmarks90 demonstrated that junChS-F12 achieves sub-chemical accuracy
for interaction energies significantly improving over junChS, while reducing the compu-
tational cost by more than an order of magnitude compared to high-level CCSD(T)/CBS
calculations.

3.1.7 SVECV-f12

The Simple Version of an Extrapolated, Core-Valence correlation corrected, CCSD(T)-f1268

represents a cost-e!ective methodology, designed for accurate thermochemical characteri-
zations. Molecular geometries and harmonic frequencies are computed using the hybrid
M06-2X-D3254,337 functional in combination with the aug-cc-pVTZ basis set, which provides
a reliable description of equilibrium structures.

The energetics within the SVECV-f12 protocol is evaluated through the explicitly cor-
related CCSD(T) method, employing the F12b235,239 approximation. The extrapolation to
the CBS limit is performed using Martin’s two-point formula338 in conjunction with the cc-
pVDZ-F12 and cc-pVTZ-F12 basis sets. CV correlation e!ects are included as an additive
correction, evaluated as in the ChS.

Overall, the SVECV-f12 protocol can be applied to molecular systems of comparable size
to those accessible to the junChS and junChS-F12 schemes.

By construction, these last methods include the evaluation of CBS and CV corrections
without additional contributions, and therefore occupy an intermediate position between
the domains of chemical and spectroscopic, or benchmark, accuracy, e!ectively bridging the
gap between computational e"ciency and high-level precision.

3.2 Molecular Structures

The concept of composite ab initio methods, originally devised for the highly accurate pre-
diction of thermochemical properties, can be extended to the determination of equilibrium
molecular geometries. In this context, the same partitioning as Equation 3.1 is retained with
exclusion of the ZPVE term, which represents a vibrational contribution. When this formal-
ism is applied to geometry evaluations, the same hierarchical decomposition of the energy
is retained. In this case, analytic energy gradients require the first derivatives of each energy
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contribution with respect to the nuclear coordinates. Although the general framework re-
mains unchanged, the computational cost increases considerably due to the need for gradient
evaluations instead of single-point energies. The equilibrium geometry can be obtained by
minimizing the overall composite gradient, which guarantees internal consistency among all
corrections and yields structures corresponding to a well-defined potential energy surface.

A rigorous implementation of this approach, referred to as the gradient scheme, was
developed by Heckert, Kállay, and Gauss,339 who proposed a CS for molecular geometries
based on the following additive energy expression

𝑀tot = 𝑀CCSD(T) + ω𝑀CCSDT + ω𝑀CCSDTQ + ω𝑀CV. (3.15)

In the previous Equation, according to Reference 339, the reference term is evaluated at
the fc-CCSD(T) level with a large cc-pV6Z basis set, while higher-order correlation corrections
are included as additive terms, both within the frozen core approximation, as

ω𝑀CCSDT = 𝑀
cc-pVTZ
CCSDT → 𝑀

cc-pVTZ
CCSD(T) (3.16)

and

ω𝑀CCSDTQ = 𝑀
cc-pVDZ
CCSDTQ → 𝑀

cc-pVDZ
CCSDT (3.17)

where the first Equation accounts for the e!ect of full triples and the second one that of
the connected quadrupoles. Finally, the core-valence correlation correction is computed as

ω𝑀CV = 𝑀
cc-pCVQZ
ae-CCSD(T) → 𝑀

cc-pCVQZ
fc-CCSD(T). (3.18)

The analytic gradient employed during the geometry optimization can therefore be written
as the derivatives of Equation 3.15 with respect to the nuclear coordinates 𝑕

𝑃𝑀tot
𝑃𝑕

=
𝑃𝑀CCSD(T)

𝑃𝑕

+ 𝑃ω𝑀CCSDT
𝑃𝑕

+ 𝑃ω𝑀CCSDTQ
𝑃𝑕

+ 𝑃ω𝑀CV
𝑃𝑕

. (3.19)

Each correction term is defined analogously to the corresponding energetic contribution,
that is, as the di!erence between analytic gradients evaluated at two successive levels of the-
ory. This formulation ensures that the additive structure of the total energy is consistently
preserved at the gradient level, allowing a systematic and coherent refinement of the equi-
librium geometry at each step. This di!erential formulation enables the determination of
equilibrium structures that reproduce experimental geometries with spectroscopic accuracy,
which is achieved only when the additive correlation corrections are explicitly included, as
demonstrated by Heckert and co-workers.339

In a subsequent refinement, Heckert and co-workers340 introduced a basis set extrapolation
scheme for analytic gradients to reduce BSIE in optimized geometries. In this approach, the
HF and electron-correlation components are treated separately through di!erentiation of
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the corresponding energy extrapolation formulas. Accordingly, the analytical formulation
of the composite gradient takes the form

𝑃𝑀tot
𝑃𝑕

=
𝑃𝑀

CBS
HF
𝑃𝑕

+
𝑃ω𝑀CBS

CCSD(T)

𝑃𝑕

+ 𝑃ω𝑀CCSDT
𝑃𝑕

+ 𝑃ω𝑀CCSDTQ
𝑃𝑕

+ 𝑃ω𝑀CV
𝑃𝑕

. (3.20)

Each term in this expression follows the same hierarchical structure adopted for the
corresponding energy contributions. Accordingly to the formulation of Reference 340, the
HF component is extrapolated to the CBS limit using the three-point Feller exponential
formula333 with cc-pV𝑁Z basis sets and 𝑁 = Q, 5, 6, while the valence CCSD(T) correlation
contribution is obtained from a two-point Helgaker extrapolation282 employing the same
family of basis sets with 𝑁 = Q, 5 or 5, 6. The higher-order correlation terms accounting for
connected triple and quadruple excitations are computed using cc-pVTZ and cc-pVDZ basis
sets, respectively, whereas the core-valence correction is evaluated as the di!erence between
the analytic gradients of the all-electron and frozen core CCSD(T)/cc-pCVQZ calculations.

This refined composite gradient scheme demonstrates that CBS extrapolation can be
successfully applied to gradient-based optimizations. By partitioning the evaluation of the
valence contribution into separate extrapolated components, rather than performing a single
CCSD(T) optimization with a very large basis set (e.g., cc-pV6Z), the overall computational
cost is significantly reduced. In this way, the method achieves faster basis set convergence
while retaining the internal consistency of the additive framework, yielding equilibrium
geometries of spectroscopic accuracy.

Accurate prediction of spectroscopic observables represents one of the most stringent and
meaningful validations of modern QC methods. Among these, rotational constants play a
central role, providing a direct bridge between the molecular structure and experimentally
measurable quantities. Indeed, rotational constants 𝑌𝑏 (with 𝑏 = 𝑄 , 𝑅 , 𝑍 being the principal
axes of inertia) are inversely proportional to the corresponding principal moments of inertia
𝑦𝑏 , according to

𝑌𝑏 =
𝑐

8𝜔2
𝑦𝑏

(3.21)

where 𝑐 is Planck’s constant. As a consequence, even sub-milliångström variations in
bond lengths or tenths of a degree in bond angles lead to measurable shifts in the rotational
constants. For isolated systems, experimentally measured rotational constants provide ref-
erence values to test theoretical predictions, while accurate QC results are indispensable for
the interpretation and assignment of increasingly complex spectra. In this mutual interplay,
highly accurate CSs enable theoretical methods to reach the precision required to guide and
assist experimentalists, and they also provide predictions for systems for which experimental
data are scarce or not available.

From a theoretical standpoint, the ground vibrational state rotational constants (𝑌0
𝑏
)

derived experimentally can be expressed as
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𝑌
0
𝑏
= 𝑌

𝑇

𝑏
+ ω𝑌vib

𝑏
+ ω𝑌el

𝑏
(3.22)

where 𝑌
𝑇

𝑏
represents the equilibrium rotational constant derived from the corresponding

geometry, ω𝑌vib
𝑏

accounts for vibrational corrections arising from zero-point vibrational
motion, and ω𝑌el

𝑏
includes electronic contributions associated with the rotational g-tensor.

The equilibrium term 𝑌
𝑇

𝑏
, depending only on isotopic masses and geometrical parameters,

is obtained from geometry optimizations, while ω𝑌vib
𝑏

can be evaluated through second-
order vibrational perturbation theory341 (VPT2) based on anharmonic force fields including
semi-diagonal force constants. The electronic correction, though typically small, can be
determined from the expectation value of the rotational g-tensor and becomes relevant for
light-atom or open-shell systems.

Benchmark studies have shown that this combined approach, in which composite equi-
librium geometries are complemented by vibrational and electronic corrections, yields ro-
tational constants with spectroscopic accuracy. MADs as low as 0.04% (with a standard
deviation of 0.07%) have been reported across a wide set of small molecules, including iso-
topologues, confirming that the residual di!erences with respect to experimental data fall
well within the limits of high-resolution rotational spectroscopy.152,342

The accuracy of the predicted rotational constants depends critically on the level of
theory adopted for each contribution within the composite framework. In this respect, a fc-
CCSD(T)/cc-pVTZ calculation exhibits relatively large deviations from experiment that pro-
gressively decrease when larger basis sets are employed, from cc-pVQZ to cc-pV6Z, and are
further reduced by extrapolation to the CBS limit. The subsequent inclusion of core-valence
correlation brings the MAD within the 0.1% accuracy threshold. Additional improvements
are obtained by incorporating higher-order correlation e!ects, such as connected triple and
quadruple excitations, while the DBOC, although generally small, becomes relevant for
light-atom systems. Relativistic contributions are minor for first- and second-row elements,
but become increasingly important for heavier atoms. For instance, in bromine-containing
molecules such as bromomethane (CH3Br) or bromofluoromethane (CH2BrF), relativistic ef-
fects lead to a shortening of the C – Br bond by about 0.001–0.002 Å, exceeding the magnitude
of post-CCSD(T) corrections and thus significantly a!ecting the corresponding equilibrium
rotational constants.343

Overall, these results clearly demonstrate that the hierarchical inclusion of physically
motivated corrections, ranging from basis set enlargement and CBS extrapolation to CV, post-
CCSD(T), relativistic, and other small e!ects, is essential to achieve quantitative spectroscopic
accuracy and to establish a direct connection between computed equilibrium structures and
experimentally observed rotational spectra.

Building upon the composite gradient scheme, which determines equilibrium geometries
through the analytic di!erentiation of the total energy expansion, an e!ective geometry scheme
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was introduced assuming that the additivity approximation can be applied directly to ge-
ometrical parameters.344 In this formulation, all additive components of the composite ex-
pansion, including the HF, correlation, CV, and other terms, are evaluated directly at the
optimized geometries. This approach preserves the hierarchical structure of the method
while substantially lowering the computational cost.

The CBS + CV geometry scheme retains the first, second, and fifth terms of the right-hand
side of Equation 3.20, with additivity exploited at the level of structural parameters 𝑊, which
therefore is expressed as

𝑊tot = 𝑊
CBS
HF + ω𝑊CBS

CCSD(T) + ω𝑊CV (3.23)

where 𝑊CBS
HF is the CBS value of the structural parameter obtained at the HF level of theory,

ω𝑊CBS
CCSD(T) represents the di!erence in CCSD(T) geometrical parameters extrapolated to the

CBS limit, and ω𝑊CV denotes the core-valence correction evaluated as the di!erence between
all-electron and frozen core optimized geometries. The geometry and gradient schemes yield
very similar equilibrium structures, with discrepancies below 0.001 Å for bond lengths and
0.1° for bond angles.344

The same conceptual framework can be extended to all composite methodologies, allow-
ing the formulation of geometry-based counterparts of energetic schemes. CSs for molecular
geometries rooted in CC ansatz provide spectroscopic accuracy but are computationally af-
fordable only for small systems. To extend the applicability of composite approaches toward
medium-sized molecules, geometry-based formulations of the ChS67 and junChS89 schemes
have been developed. These protocols reproduce the theoretical hierarchy and basis set
structure of their energetic counterparts, applying the same additive rationale directly to
optimized geometrical parameters. In both cases, the CCSD(T) method serves as the refer-
ence level, while basis set incompleteness and core-valence e!ects are accounted for through
MP2 corrections, ensuring accurate and computationally e"cient equilibrium structures.
In the explicitly correlated junChS-F12 variant,90 a slightly di!erent strategy is employed.
In this case, extrapolation to the CBS limit is neither required nor beneficial, as F12 meth-
ods intrinsically yield structural parameters very close to basis set convergence. Therefore,
the core-valence correlation correction, computed at the MP2-F12 level, is directly added
to the fc-CCSD(T)-F12b/jun-cc-pV(T+𝑃)Z geometries, providing a computationally e"cient
yet accurate description of molecular structures.

3.3 Vibrational Frequencies

The extension of CSs to harmonic vibrational frequencies relies on the same hierarchical and
additive philosophy adopted for molecular energies and geometries. Tew and co-workers345

carried out a systematic investigation of the basis set convergence of harmonic frequencies
computed at the frozen core CCSD(T) level for a set of closed-shell diatomic molecules. Their
results showed that harmonic frequencies may exhibit non-monotonic behavior; therefore,
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the extrapolation to the CBS limit should be performed on second derivatives of the PES at a
fixed geometry, since they exhibit a smooth convergence. However, a number of applications
have shown that for organic molecules, accurate harmonic frequencies can be obtained by
performing the extrapolation directly using the eigenvalues of the Hessian matrix, employ-
ing composite methods similar to those developed for molecular structures. In particular,
the ChS346 approach has also been successfully extended to the calculation of harmonic
vibrational frequencies. In this case, additional corrections are introduced to account for
the influence of di!use basis functions, particularly relevant for stretching modes involving
electronegative atoms. An empirical additive term is defined as the di!erence between MP2
harmonic frequencies computed using the aug-cc-pVTZ and cc-pVTZ basis sets. Although
lacking a rigorous theoretical foundation, once the CBS extrapolation has been performed,
its inclusion has been shown to improve the overall agreement with experimental data.

While harmonic frequencies provide a first approximation to the vibrational transition ener-
gies, quantitative predictions require inclusion of anharmonic e!ects.

The evaluation of anharmonic corrections to vibrational frequencies can be performed
by resorting to VPT2 for which sampling of the PES to obtain at cubic and semi-diagonal
quartic force constants is needed. Because of the steep computational scaling of these
quantities, this task becomes very expensive at high levels of theory such as CCSD(T),
which limits the feasible molecular size and basis set quality. To overcome this limitation,
hybrid QM/QM’ approaches have been developed.347 These methods partition the PES into
harmonic and anharmonic components, based on the assumption that the dominant source
of error arises from the harmonic term. Accordingly, the harmonic force field, which provides
the dominant contribution to vibrational frequencies, is evaluated at the higher QM level of
theory (typically CCSD(T) or CSs), whereas anharmonic corrections are computed at a lower
level of theory, denoted as QM’ (usually DFT or MP2). Within this framework, the hybrid
anharmonic frequency of each normal mode ↪hyb

𝑏
is obtained as the sum of the high-level

harmonic term 𝜘harm, QM
𝑏

and the low-level anharmonic shift ω↪anh, QM’
𝑏

↪hyb
𝑏

= 𝜘harm, QM
𝑏

+ ω↪anh, QM’
𝑏

. (3.24)

This hybrid strategy significantly reduces the computational cost while preserving high
accuracy, providing a practical and reliable route to compute anharmonic frequencies for
small- and medium-sized molecular systems.
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Chapter 4

Advancing junChS-F12: From
Energetics to Geometries and
Vibrational Frequencies

The first part of the research carried out during this PhD focuses on refining the junChS-F12
model,90 already presented in Chapter 3. The junChS-F12 protocol, developed in our re-
search group as the explicitly correlated extension of the junChS89 within the ChS family,67

was originally designed to provide accurate thermochemical data at a moderate compu-
tational cost. Although the initial formulation achieved an excellent balance between ac-
curacy and e"ciency, some aspects could still be improved. In particular, the use of the
F12b approximation235,239 for the CCSD-F12 computations and the conventional perturba-
tive treatment of triple excitations limited the accuracy of the model, since the latter do not
benefit from the F12 ansatz.

The refined model184 adopts the CCSD(F12*)(T+) approach,185 which combines the
(F12*)241 approximation with a size-consistent treatment of perturbative triples. Together,
these improvements significantly reduce the BSIE associated with the (T) term and improve
the internal consistency of the composite scheme. As a result, the new formulation pre-
serves the computational e"ciency of the original junChS-F12 approach while enhancing its
accuracy.

The performance of the improved protocol was validated on accurate thermochemi-
cal data for molecules containing elements from the first three rows of the periodic table.
Representative applications to non-covalent interactions, conformational, and tautomeric
equilibria have confirmed the overall reliability and transferability of the new junChS-F12
scheme.184

Beyond energetics, the model is extended to the accurate prediction of equilibrium ge-
ometries and harmonic vibrational frequencies.

The energetic protocol can be coupled with two levels of structural accuracy. At the
first, computationally e"cient level, geometries are optimized using the revDSD-PBEP86-
D3(BJ)254,256,336 (revDSD) double-hybrid functional, which was shown to yield reliable struc-
tures and harmonic force fields for most applications.148 At the second, higher-accuracy level,
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geometries are refined by adding CV correlation corrections, evaluated by MP2-F12, to fc-
CCSD(T)-F12b structures. This strategy avoids explicit CBS extrapolations while providing
a robust and cost-e!ective route toward near-spectroscopic structural accuracy (see Chapter
3).

Harmonic frequencies computed at the fc-CCSD(T)-F12b/jun-cc-pV(T+𝑃)Z level are like-
wise highly reliable without additional corrections. For both geometries and harmonic force
fields, only the F12b and (T) options are currently available for closed- and open-shell sys-
tems. However, the influence of the (F12*) and (T+) refinements is expected to be much less
significant than for energies.348

4.1 Methodological Framework

The MRCC program349,350 was employed for the MP2-F12 and CCSD(F12*)(T+) frozen core
calculations. DFT computations were carried out with the Gaussian package,351 while all
other calculations were performed using MOLPRO.352,353 Default options of MRCC and
MOLPRO were adopted for all explicitly correlated computations, assimilating the partially
augmented "jun" basis sets to their fully augmented counterparts for the selection of the
corresponding auxiliary basis sets.90 All open-shell species were treated using the restricted
open-shell formalism.

4.1.1 Energies

In its refined formulation, the total electronic energy of the junChS-F12 model is expressed
as

𝑀junChS-F12 = 𝑀
jun-cc-pV(T+𝑃)Z
CCSD(F12*)(T+) + ω𝑀CBS

MP2-F12 + ω𝑀CV
MP2-F12 (4.1)

where the leading term corresponds to the frozen core explicitly correlated CC energy
computed with the jun-cc-pV(T+𝑃)Z basis set.268 The CBS correction is obtained from MP2-
F12 energies computed with the jun-cc-pV(𝑁+𝑃)Z basis sets, with 𝑁 = T and Q, using the
two-point Helgaker formula282

ω𝑀CBS
MP2-F12 =

43
𝑀

jun-cc-pV(Q+𝑃)Z
MP2-F12 → 33

𝑀
jun-cc-pV(T+𝑃)Z
MP2-F12

43 → 33 → 𝑀
jun-cc-pV(T+𝑃)Z
MP2-F12 . (4.2)

In this context, the CBS extrapolation can be performed in a single step for both the HF and
MP2-F12 components, since in the former case the contribution arising from the CABS is
included.235 The core-valence correction is estimated as the di!erence between all-electron
and frozen core MP2-F12 energies computed with the cc-pwCVTZ basis set267

ω𝑀CV
MP2-F12 = 𝑀

cc-pwCVTZ
ae-MP2-F12 → 𝑀

cc-pwCVTZ
fc-MP2-F12 . (4.3)



$.". Results and Discussion 69

This hierarchical formulation provides a balanced and cost-e!ective description of electron
correlation, ensuring a fast convergence toward the CBS limit and an accurate treatment of
core-valence e!ects.

4.1.2 Geometries

Geometrical parameters are obtained according to the following expression

𝑊junChS-F12 = 𝑊
jun-cc-pV(T+𝑃)Z
CCSD(T)-F12b + ω𝑊CBS

MP2-F12 + ω𝑊CV
MP2-F12 (4.4)

where, in analogy with Equations 4.2 and 4.3, the CBS and CV corrections are defined as

ω𝑊CBS
MP2-F12 =

43
𝑊

jun-cc-pV(Q+𝑃)Z
MP2-F12 → 33

𝑊
jun-cc-pV(T+𝑃)Z
MP2-F12

43 → 33 → 𝑊
jun-cc-pV(T+𝑃)Z
MP2-F12 (4.5)

and

ω𝑊CV
MP2-F12 = 𝑊

cc-pwCVTZ
ae-MP2-F12 → 𝑊

cc-pwCVTZ
fc-MP2-F12 . (4.6)

Reference geometries are calculated either at the junChS-F12 level or by adding only the CV
contribution, evaluated at the MP2-F12 level, to the CCSD(T)-F12b results. The latter model
will be referred to in the following as 𝑊 jun-cc-pV(T+𝑃)Z

CCSD(T)-F12b + ω𝑊CV
MP2-F12.

4.1.3 Harmonic Frequencies

The junChS-F12 approach can also be employed for the calculation of harmonic vibrational
frequencies. In this case, the core-valence contribution can be safely neglected, since in explic-
itly correlated CCSD(T) calculations the omission of CV e!ects improves the results owing to
a favorable error compensation with the missing higher-order excitations.348 To ensure stable
computations, the cc-pVTZ/JKFIT basis set354 was employed for density fitting instead of
its augmented counterpart, which is used for energy and geometry calculations.355 When
required, the model including only the CBS extrapolation and neglecting CV correlation will
be denoted as 𝜘jun-cc-pV(T+𝑃)Z

CCSD(T)-F12b + ω𝜘CBS
MP2-F12.

4.2 Results and Discussion

4.2.1 Energetics

The impact of replacing the F12b and (T) models with their (F12*) and (T+) counterparts
was examined using the Knizia–Adler–Werner (KAW) test set.239 Subsequently, the perfor-
mance of the new junChS-F12 formulation was assessed for the calculation of interaction
energies in the non-covalent complexes of the A14 database,90,356 as well as for evaluating
the relative stabilities of the cytosine and guanine tautomers and rotamers and exploring the
conformational landscape of glycine.
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4.2.1.1 KAW test set

The KAW test set provides high-quality reference data obtained at the frozen core CCSD(T)
level and extrapolated to the CBS limit with the aug-cc-pV(5,6)Z basis sets. It comprises 49
atomization energies and 28 and 48 reaction energies for closed- and open-shell systems,
respectively. The performance of the new junChS-F12 model was compared with that of its
F12b predecessor and with the conventional junChS formulation. Since the reference values
of the test set do not include core-valence correlation, all ChS-type schemes reduce to their
CC + CBS counterparts.

The errors associated with the di!erent model chemistries are summarized in Table 4.1,
where max unsigned errors (MAXs), mean unsigned errors (MUEs), and root-mean-square
deviations (RMSDs) are reported.

Atomization energies represent some of the most challenging benchmarks in compu-
tational thermochemistry. In fact, the CCSD(T)/jun-cc-pV(T+𝑃)Z approach yields rather
unsatisfactory results, with a MUE of about 30 kJ mol→1. Upon inclusion of the CBS extrap-
olation at the MP2 level, the error decreases by nearly an order of magnitude, approaching
chemical accuracy (MUE ′ 4 kJ mol→1). This remarkable improvement, which lies at the core
of the success of the junChS composite model, comes at negligible additional cost compared
to the underlying CCSD(T) calculations.

The explicitly correlated CCSD(T)-F12b method enhances accuracy with respect to the
conventional CCSD(T), yielding a MUE of approximately 6 kJ mol→1. However, the corre-
sponding CBS extrapolation proves much less e!ective than in conventional approaches.
The final accuracy is slightly worse than that of the non-explicitly correlated scheme (MUE
′ 5 kJ mol→1 compared to ′ 4 kJ mol→1), likely due to an unbalanced treatment of the various
energetic contributions.

The CCSD(F12*)(T+) model provides a further and more consistent improvement, espe-
cially when combined with the CBS extrapolation performed at the MP2-F12 level, reaching
a MUE of about 2.7 kJ mol→1. The same trends are observed for both closed- and open-shell
reaction energies, with the latter being particularly relevant as a measure of the robustness
and generality of the proposed computational framework.

The overall error statistics for the KAW test set lie well within chemical accuracy and
are comparable to those obtained using much larger basis sets specifically developed for
explicitly correlated methods.185 Finally, Tables A.1, A.2, and A.3 in Appendix A provide a
systematic analysis about the e!ect of the adopted CBS extrapolation equation, showing that
the 𝑁

→3 performs better than alternative expressions.
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T%5&( 4.1: MAX, MUE, and RMSD values for the KAW test set with respect
to the CCSD(T)/aug-cc-pV(5,6)Z reference data.239 Results are obtained using
the CCSD(T), CCSD(T)-F12b, and CCSD(F12*)(T+) methods combined with
the jun-cc-pV(T+𝑃)Z basis set, as well as their counterparts including the CBS
correction. In all cases, the jun-cc-pV(𝑁+𝑃)Z basis sets with 𝑁 = T and Q are

employed for the extrapolation. All values are in kJ mol→1.

𝑀

jun-cc-pV(T+𝑃)Z
CCSD(T) 𝑀

jun-cc-pV(T+𝑃)Z
CCSD(T) 𝑀

jun-cc-pV(T+𝑃)Z
CCSD(T)-F12b 𝑀

jun-cc-pV(T+𝑃)Z
CCSD(T)-F12b 𝑀

jun-cc-pV(T+𝑃)Z
CCSD(F12*)(T+) 𝑀

jun-cc-pV(T+𝑃)Z
CCSD(F12*)(T+)

+ω𝑀CBS
MP2 +ω𝑀CBS

MP2-F12 +ω𝑀CBS
MP2-F12

Atomization
energy

MAX 69.97 10.58 16.10 13.93 12.89 10.33
MUE 30.69 4.01 6.62 5.25 4.18 2.69

RMSD 33.50 4.77 7.37 6.03 5.08 3.78

Closed-shell
reaction energy

MAX 30.13 5.15 6.19 3.36 4.98 5.31
MUE 5.39 1.54 1.15 0.84 1.38 1.06

RMSD 8.29 2.11 1.74 1.20 1.95 1.72

Open-shell
reaction energy

MAX 70.10 11.57 7.75 13.67 6.40 6.57
MUE 18.47 3.02 3.05 2.83 2.02 2.14

RMSD 22.46 4.40 3.78 3.72 2.58 2.82

Overall

MAX 70.10 11.57 16.10 13.93 12.89 10.33
MUE 20.33 3.08 4.02 3.33 2.72 2.11

RMSD 25.48 4.03 5.54 4.46 3.67 3.05

4.2.1.2 Non-covalent Interactions, Conformational Landscapes and Tautomeric Equilib-
ria

After the new junChS-F12 model was validated for the thermochemistry of small molecules,
it is essential to assess its performance for both inter- and intramolecular non-covalent
interactions, as well as for tautomeric equilibria, which play a key role in many biological
processes. The three benchmark tests employed for this purpose are the A14 set of non-
covalent interaction energies (see Figure 4.1), the relative stabilities of glycine conformers
(see Figure 4.2), and the relative energies of cytosine (see Figure 4.3) and guanine (see Figure
4.4) tautomers and rotamers. All conformers, tautomers, and rotamers are presented in
order of decreasing stability, and their labeling follows References 169, 357, 358.
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F*4,$( 4.1: Non-covalent complexes of the A14 database.

F*4,$( 4.2: Structure of glycine conformers in order of relative stability evalu-
ated at the refined junChS-F12 level of theory.
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F*4,$( 4.3: Structure of cytosine tautomers and rotamers in order of relative
stability evaluated at the refined junChS-F12 level of theory.

F*4,$( 4.4: Structure of guanine tautomers and rotamers in order of relative
stability evaluated at the refined junChS-F12 level of theory.

Figure 4.5 shows the correlation between the original and the improved junChS-F12 models,
whereas a statistical analysis is given in Table 4.2.
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F*4,$( 4.5: Linear correlation between interaction, conformational, and tau-
tomerization energies (kJ mol→1) obtained with the original and the revised
version of the junChS-F12 model: (A) A14 database of non-covalent complexes,
(B) glycine conformers, (C) cytosine tautomers and rotamers, (D) guanine tau-

tomers and rotamers, (E) overall dataset.
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T%5&( 4.2: MAX, MUE, and mean deviation (MD) in kJ mol→1, together with
slope (𝑄), intercept (𝑅), and coe"cient of determination (𝑆2) values of the linear
regressions of the new junChS-F12 model with respect to its previous version.

𝑧 = 𝑄𝑕 + 𝑅 MAX MUE MD
𝑄 𝑅 𝑆

2

A14 interaction energies 1.00 0.01 1.00 0.35 0.10 0.10

Relative energies glycine conformers 1.00 0.07 1.00 0.15 0.05 0.02

Relative energies of cytosine tautomers and rotamers 1.00 0.08 1.00 0.26 0.13 0.12

Relative energies of guanine tautomers and rotamers 1.00 0.09 1.00 0.19 0.10 0.05

Overall 1.00 0.09 1.00 0.35 0.09 0.07

Table 4.2 and Figure 4.5 show a perfect correlation between the two schemes, with mean
deviations of about 0.1 kJ mol→1 and maximum di!erences below 0.4 kJ mol→1. These results
demonstrate that the improved accuracy achieved for covalent interactions does not come
at the expense of larger errors in the description of non-covalent interactions, a result that
is far from trivial, particularly for the (T+) contribution. Since comparisons with previous
state-of-the-art data have shown that the expected accuracy of the original junChS-F12 model
lies well within 0.1 kJ mol→1,90 the same level of reliability can be ascribed to the new version.

4.2.2 Geometrical Parameters

As already mentioned, the energetic protocol can be coupled with revDSD-optimized ge-
ometries using the jun-cc-pV(T+𝑃)Z basis set, or with the higher-accuracy structural variant
described above.

These two structural variants were validated by comparing their results with accurate
semi-experimental equilibrium geometries for 32 molecules containing elements from the
first three rows of the periodic table. Unless otherwise specified, all reference data were taken
from the SE100 database.148 The test set includes CH4,142 CO2, HCN, HNC, H2O, NH3, C2H2,
C2H4, H2CO, CH2O2 (trans formic acid), CH2NH, BH3NH3, C2H4O (oxirane), C2H4NH
(aziridine), CH2F2, HOF, CH2CHF, cyc – C3H6, NH2OH, BH2OH, HNO,359 H2O2,360 SO2,
H2S,361 PH3, H2CS, CH2PH, C2H4S (thiirane), H2S2, HClCO, CH2Cl2, and CH2ClF.

Error statistics for the various model chemistries are summarized in Table 4.3. Overall,
the accuracy of revDSD geometries, typically within a few mÅ for bond lengths, is confirmed
to be su"cient for most thermochemical applications. All post-HF approaches tested further
reduce the deviations by a factor of three to four, achieving the precision required for the
most demanding applications.
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T%5&( 4.3: MAX, MUE, and RMSD of geometrical parameters computed at
the revDSD, CCSD(T), and CCSD(T)-F12b level using the jun-cc-pV(T+𝑃)Z
basis set. Results including the MP2 and MP2-F12 CV correction with the cc-
pwCVTZ basis set, as well as those from the junChS and junChS-F12 models,
are also reported. All values are given with respect to SE reference data. Bond
lengths (𝑃) are given in Å, and valence (𝜑) and dihedral (𝜒) angles in degrees.

𝑊revDSD 𝑊CCSD(T)
𝑊CCSD(T)

𝑊junChS
𝑊CCSD(T)-F12b

𝑊CCSD(T)-F12b
𝑊junChS-F12+ω𝑊CV

MP2 +ω𝑊CV
MP2-F12

jun-cc-pV(T+𝑃)Z jun-cc-pV(T+𝑃)Z jun-cc-pV(T+𝑃)Z jun-cc-pV(T+𝑃)Z jun-cc-pV(T+𝑃)Z
cc-pwCVTZ cc-pwCVTZ

2nd-row (22 molecules)

MAX(𝑃) 0.0093 0.0112 0.0067 0.0042 0.0045 0.0044 0.0045
MAX(𝜑,𝜒) 0.69 0.64 0.65 1.52 0.61 0.62 0.80

MUE(𝑃) 0.0032 0.0048 0.0030 0.0008 0.0020 0.0006 0.0006
MUE(𝜑,𝜒) 0.16 0.17 0.13 0.10 0.12 0.07 0.08
RMSD(𝑃) 0.0035 0.0053 0.0034 0.0014 0.0022 0.0012 0.0013

RMSD(𝜑,𝜒) 0.23 0.24 0.19 0.29 0.18 0.18 0.21

3rd-row (10 molecules)

MAX(𝑃) 0.0113 0.0209 0.0156 0.0020 0.0055 0.0021 0.0029
MAX(𝜑,𝜒) 0.38 0.29 0.34 0.10 0.23 0.22 0.63

MUE(𝑃) 0.0044 0.0065 0.0038 0.0006 0.0024 0.0005 0.0006
MUE(𝜑,𝜒) 0.13 0.10 0.11 0.04 0.08 0.08 0.09
RMSD(𝑃) 0.0051 0.0082 0.0054 0.0007 0.0028 0.0007 0.0009

RMSD(𝜑,𝜒) 0.16 0.13 0.13 0.05 0.10 0.10 0.16

While CBS extrapolation plays a crucial role in conventional approaches, this is not the
case for F12-based models, where it can introduce small oscillations that slightly deteriorate
the resulting geometries,90 as illustrated in Table 4.3 in the transition from the CCSD(T) or
CCSD(T)-F12b + CV schemes to the corresponding junChS or junChS-F12 formulations. In
contrast, inclusion of the CV correlation remains essential for achieving accurate equilibrium
structures: although its impact on valence and dihedral angles is minor, it significantly
improves bond lengths, reducing the corresponding MUE by roughly a factor of two for
both conventional and F12 methods.149 The overall accuracy achieved is remarkable, with
bond lengths benefiting from a consistent, though partly fortuitous, error compensation.
The lengthening induced by the perturbative inclusion of quadruple excitations is, in most
cases, counterbalanced by a comparable shortening arising from the di!erences between
full and perturbative treatments of triple and quadruple excitations [T–(T) and Q–(Q)].
Among the molecules considered, the only exception to this general trend is the O-O bond in
hydrogen peroxide, which is significantly underestimated. In this case, the unusually large
lengthening caused by the perturbative treatment of quadruple excitations (0.0031 Å) cannot
be compensated by the much smaller shortenings associated with the T–(T) (0.0002 Å) and
Q–(Q) (0.0004 Å) contributions.362

4.2.3 Harmonic Vibrational Frequencies

The final step of the refinement of the junChS-F12 model chemistry is the accurate prediction
of harmonic vibrational frequencies.

The benchmark set comprises 29 molecules containing elements from the first three
rows of the periodic table, taken from Reference 348. Experimental harmonic frequen-
cies were employed as references for the diatomics CO,363 F2,363 HF,363 N2,363 H2,75 OH•,75
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Cl2,363 ClF,364,365 CS,363 HCl,363 SiO,365 and polyatomic molecules C2H2,366–368 ClCN,369

CO2,370 H2O,371 HCN,372 and N2O.373 For NH3,374 C2H4,375 CCl2,376 CF2,377 CH4,378 H2CO,379

H2CS,380 PH3,381 C2H2O,382 and HNO,383 reference frequencies were derived from computed
force fields subsequently refined through variational or perturbational calculations for the
best agreement with experimental spectra. Finally, for HOCl384 and BH3,385 high-level ab
initio calculations of near-spectroscopic quality were employed as reference data.

The CCSD(T)-F12b/jun-cc-pV(T+𝑃)Z harmonic frequencies and their counterparts in-
cluding the CBS extrapolation are compared in Table 4.4 with those obtained using the
revDSD, CCSD(T)-F12a/jun-cc-pV(T+𝑃)Z, and CCSD(T)-F12x/aug-cc-pV(T+𝑃)Z (with 𝑕 =
a, b) models.

T%5&( 4.4: MAX, MUE, and RMSD (cm→1) of harmonic frequencies computed at
the CCSDT(T)-F12x (x = a, b) level with aug-cc-pV(T+𝑃)Z and jun-cc-pV(T+𝑃)Z
basis sets, the latter also including the CBS MP2-F12/jun-cc-pV((T+𝑃),(Q+𝑃))Z

correction, and at the revDSD-PBEP86-D3(BJ)/jun-cc-pV(T+𝑃)Z level.

𝜘CCSDT(T)-F12x
𝑄

𝜘CCSDT(T)-F12x
𝑄

𝜘revDSD+ω𝜘CBS
MP2-F12

aug-cc-pV(T+𝑃)Z jun-cc-pV(T+𝑃)Z jun-cc-pV(T+𝑃)Z jun-cc-pV(T+𝑃)Z
jun-cc-pV((T+𝑃),(Q+𝑃))Z

2nd-row (19 molecules)

MAX 17.8 11.5 26.0 74.8
(18.4) (12.3) (27.1)

MUE 4.2 3.6 3.5 7.2
(4.0) (3.4) (3.4)

RMSD 5.3 4.5 5.1 12.5
(5.2) (4.4) (5.0)

3rd-row (10 molecules)

MAX 13.6 12.3 13.8 22.2
(14.3) (12.8) (14.6)

MUE 3.7 3.5 3.6 8.4
(4.0) (3.6) (3.6)

RMSD 5.2 5.0 5.0 10.5
(5.4) (5.0) (5.3)

𝑄F12b and (in parenthesis) F12a results.

Since the F12b and F12a models yield comparable errors (slightly smaller for F12b), the
following discussion focuses on the former, which provides the lowest RMSD value when
used with the jun-cc-pV(T+𝑃)Z basis set. The inclusion of di!use functions on first-row
atoms and 𝑋 -type di!use functions on second- and third-row atoms yields no improvement
in the calculated harmonic frequencies and even slightly degrades their accuracy. Hence,
the consistent use of the jun-cc-pV(T+𝑃)Z basis set is recommended for reliable vibrational
frequency calculations.

Regarding the CBS extrapolation, it is not recommended for computing harmonic fre-
quencies with F12-based methods. As already noted for geometries, this procedure does not
improve the results and can introduce non-negligible numerical instabilities. The RMSD ob-
tained with the CCSD(T)-F12b/jun-cc-pV(T+𝑃)Z model is about 5 cm→1 for the entire dataset,
a level of accuracy fully adequate for the assignment and interpretation of vibrational spec-
tra. The revDSD functional also performs remarkably well, with an RMSD of about 10 cm→1,



78 Chapter $. Advancing junChS-F!") From Energetics to Geometries and Vibrational Frequencies

a precision su"cient for most spectroscopic applications, particularly for the evaluation of
zero-point energies and partition functions.

4.3 Conclusions

In this Chapter, the refinement of the junChS-F12 composite scheme has been presented, to-
gether with its validation against accurate reference data, with the overall goal of achieving
accurate electronic energies, geometrical parameters, and harmonic frequencies for reli-
able characterizations of medium-sized molecules. The new energetic scheme replaces the
CCSD(T)-F12b formulation with the more complete CCSD(F12*)(T+) approach, which sub-
stantially reduces the basis set incompleteness error without increasing the computational
cost. Benchmark results demonstrated that this refinement achieves MUEs within chemical
accuracy for atomization and reaction energies of both closed- and open-shell systems, while
maintaining excellent performance for non-covalent interactions, conformational, and tau-
tomeric equilibria, with deviations typically below 0.1 kJ mol→1 relative to the original junChS
model. For equilibrium geometries, sub-milliångström accuracy can be reached by adding
MP2-F12 core-valence corrections to explicitly correlated CCSD(T)/jun-cc-pV(T+𝑃)Z opti-
mizations, whereas CBS extrapolation can be safely neglected in F12-based schemes. Sim-
ilarly, harmonic vibrational frequencies computed at the CCSD(T)/jun-cc-pV(T+𝑃)Z level
exhibit an RMSD of about 5 cm→1 across a diverse test set, ensuring reliable vibrational
assignments without the need for additional corrections.
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Chapter 5

Development of the PCS Family

Following the refinement of the junChS-F12 model, the second part of this PhD research
focused on the development of the Pisa Composite Scheme family,176,182 a new generation of
composite schemes capable of improving the accuracy of previous ChS-type models while
maintaining comparable computational demands.

The PCS protocols provide a unified and flexible framework for the evaluation of accu-
rate energetic, structural, and vibrational properties of medium- and large-size molecular
systems, ensuring an optimal balance between accuracy and computational cost. Their main
features include the systematic use of cc–pV𝑁Z–F12 basis sets,269 separate CBS extrapolations
for MP2 and post–MP2 contributions, the account for MP2 core-valence correlation in molec-
ular geometries, and the explicit treatment of anharmonic e!ects in zero–point vibrational
corrections and thermal contributions.

Although the protocol defines consistent levels of theory for structures and vibrational
frequencies, its core lies in the energetic component, which constitutes the foundation of its
methodological development. Building upon the original design of the ChS-type schemes,
the valence correlation energy was redefined through a more sophisticated strategy to obtain
a more reliable model.

The initial development focused on the conventional (non–F12) variant of the energetic
scheme, with only a preliminary extension to its explicitly correlated counterpart.176 In
the latter version, the conventional valence terms were replaced by their F12 counterparts,
specifically employing the CCSD(F12*)(T+) method, while keeping the overall structure of
the scheme unchanged.

Subsequent e!orts led to the refined explicitly correlated PCS model,182 which achieved
higher accuracy in electronic energies through improved CBS extrapolation strategies, opti-
mized basis sets for third–row elements, and a more advanced treatment of CV correlation.
These enhancements significantly extended the robustness and transferability of the protocol
across a wide range of chemical systems.

Finally, the explicitly correlated PCS model was further extended to large molecules
through the introduction of the FNO approximation. This approach markedly reduced the
computational cost of CC correlation treatments while preserving accuracy, enabling the
study of molecules containing up to about 50 atoms without resorting to local correlation
techniques.



80 Chapter %. Development of the PCS Family

For equilibrium geometries, explicit CBS extrapolations were avoided by evaluating the
CV correction at the MP2 level and adding it to the valence geometry obtained from ex-
plicitly correlated CC optimizations. Since analytical gradients are not available for the
FNO implementation, low-cost yet accurate alternatives were obtained by combining dou-
ble–hybrid functionals with MP2–based CV corrections, or by employing one–parameter
approximations within the bond–corrected PCS model.167,187,188

Zero–point vibrational and thermal corrections were evaluated using double–hybrid or
hybrid functionals, depending on the molecular size, while anharmonic e!ects were included
via VPT2 for semi–rigid systems.67

The organization of the PCS family allows selecting the most appropriate compromise
between accuracy and e"ciency depending on the dimension and complexity of the molec-
ular system. This Chapter focuses on molecules in the 5-15 and 15–60 atom ranges, for which
the optimized protocols are summarized in Table 5.1, where the level of theory decreases
from left to right with the derivative order and computational cost, and from top to bottom
with the increasing number of atoms

T%5&( 5.1: Overview of the PCS protocols for molecular systems of di!erent
dimensions.

Number of Energetics Geometry Harmonic Anharmonic
Atoms Frequencies Contributions

5-15 PCS3 PCS2 revDSD–PBEP86–D3(BJ)/cc–pVTZ–F12 B3LYP–D3(BJ)/6–31+G*

15–60 FPCS3 BDPCS3 B3LYP–D3(BJ)/6–31+G* Scaled Harmonic
B3LYP–D3(BJ)/6–31+G*

The 𝑁 label in the PCS𝑁 acronym refers to the cardinal number of the largest basis set used in
the computation of the valence electronic energy, whereas the use of the FNO approximation
is indicated by the prefix F, and BD stands for bond-corrected double-hybrid. The hierarchy
of PCS models is designed to progressively reduce computational cost along the workflow,
from electronic energies to geometries, harmonic frequencies, and anharmonic corrections.

The PCS3 variant, which employs CC energies with a triple–↩ basis set, serves as the
workhorse for systems containing up to about 15 atoms. In this range, geometries are
computed using the composite PCS2 scheme, which combines explicitly correlated CC opti-
mizations with MP2–based CV corrections.

For larger molecules, the FNO–based schemes ensure a dramatic reduction in computa-
tional cost while preserving accuracy. In this size range, molecular structures are typically
obtained using the BDPCS3,167,188 while harmonic and anharmonic vibrational properties
are evaluated with the B3LYP–D3(BJ)254,256,330–332 functional instead of the double–hybrid
revDSD–PBEP86–D3(BJ)254,256,336 one, in conjunction with the smaller 6–31+G* basis set
rather than the modified cc–pVTZ–F12→ triple–↩ set (whose details are discussed below).

The PCS protocols were extensively benchmarked, demonstrating accuracy comparable
to that of significantly more demanding methods and consistent performance for molecules
containing first–, second–, and third–row elements. Following this validation, the models
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were successfully applied to representative "molecular bricks of life" and to systems of current
fundamental and technological relevance.

5.1 The PCS Model

5.1.1 Energetics

Considering the generic formulation of a ChS scheme, the total electronic energy can be
expressed as the sum of valence and core-valence contributions

𝑀ChS = 𝑀
T
CCSD(T) + ω𝑀CBS,(T,Q)

MP2 + ω𝑀CV,T
MP2

= 𝑀
T
CCSD(T) + 𝑀

CBS,(T,Q)
MP2 → 𝑀

T
MP2⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︸

valence

+ ω𝑀CV,T
MP2⨌︷︷⨌︸

core–valence

. (5.1)

where the methods are reported in their conventional form, and only the cardinal num-
bers of the basis sets are specified to keep the Equation general.

In this formulation, the correction to the CBS extrapolation is made explicit, and the car-
dinal numbers of the basis sets are indicated as superscripts, making Equation 5.1 applicable
to all ChS schemes, with conventional methods taken as reference.

By reorganizing the terms, taking the MP2 extrapolation as the leading contribution
instead of the CCSD(T) evaluation and grouping the remaining valence corrections together,
thus distinguishing between the low–level (MP2) and high–level (post–MP2) contributions
to the electronic energy, the same expression can be rewritten as

𝑀ChS = 𝑀
CBS,(T,Q)
MP2 +

(
𝑀

T
CCSD(T) → 𝑀

T
MP2

)
+ ω𝑀CV,T

MP2

= 𝑀
CBS,(T,Q)
MP2⨌⨌⨌⨌︷︷⨌⨌⨌⨌︸

low–level

+ω𝑀T
CCSD(T)⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌︸

high–level

+ ω𝑀CV,T
MP2⨌︷︷⨌︸

low–level

. (5.2)

The PCS model originates from the general formulation given in Equation 5.2, introducing
two main innovations: (i) the use of cc–pV𝑁Z–F12 basis sets,269 and (ii) a di!erent estimation
of the valence correlation energy.

In the PCS schemes, the MP2 extrapolation with triple- and quadruple-↩ basis sets is
retained, while the post–MP2 valence correction is, unlike in the ChS model, extrapolated
to the CBS limit using double- and triple-↩ basis sets. This modification provides a more
reliable estimate of the valence contribution with only a negligible increase in computational
cost, since the additional double–↩ computation is much cheaper than the triple–↩ one.

The first model developed within this framework was the non–F12 PCS3-A scheme (re-
ferred to simply as PCS in References 176, 186, and 177). Compared to the ChS schemes
described in Chapter 3, PCS3-A retains the same treatment of the CV contribution and
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employs the two–point Helgaker formula282 for all CBS extrapolations, preserving the
design philosophy of the ChS family. The number "3" in the model name refers to the
CCSD(T)/cc–pVTZ–F12 calculation used in the high–level valence term.

Following the same procedure adopted for extending junChS to its junChS-F12 counter-
part, the PCS3-B variant (denoted PCS-F12 in References 176 and 186) represents the first
explicitly correlated extension of PCS3-A, where CCSD(F12*)(T+) and MP2-F12 replace their
conventional analogues in the valence contribution.

The refinement of PCS3-B resulted in the definition of the PCS3 model, which at the time
of this writing represents the reference energetic scheme within the PCS family for molec-
ular systems containing 5-15 atoms. With respect to PCS3-B, three main methodological
improvements were introduced in the PCS3 formulation.

• The modified two–point Helgaker extrapolation with an 𝑁
→5 dependence was adopted

for the high–level valence term, replacing the previous 𝑁
→3 expression. This choice

ensures a smoother and faster convergence toward the CBS limit.

• The standard cc–pVDZ–F12 basis set was replaced by its modified cc–pVDZ–F12+

counterpart (see below), providing an improved description of third–row elements.

• The CV contribution, previously evaluated at the MP2 level as the di!erence between
all-electron and frozen core calculations with the cc–pwCVTZ basis, was refined by
partitioning it into MP2 and post–MP2 components, following the same philosophy
adopted for the valence energy. The MP2 part is extrapolated to the CBS limit using the
𝑁
→3 two–point formula with double– and triple–↩ basis sets, whereas the post–MP2

correction is computed at the CCSD(T) level with a double–↩ basis. Although this
formulation results in a marginal increase in computational cost, since the additional
MP2 and CCSD(T) calculations are performed with a double–↩ basis, it yields a more
accurate treatment of CV e!ects.

The rationale for improving the valence and CV treatments will be discussed in the
following.

Building upon the PCS3 formulation, the FPCS3 model integrated the FNO approxima-
tion into all CC calculations, encompassing both the valence and CV contributions. This
refinement maintained the methodological consistency of the original scheme while extend-
ing its applicability to large molecular systems. The standard cc–pVDZ–F12 basis was used
for the high–level valence correction. In all variants, the CV contribution is consistently
evaluated using conventional methods together with cc–pwCV𝑁Z basis sets.267

The main characteristics of the PCS3 variants are summarized in Table 5.2, which de-
tails the computational methods, basis sets, and extrapolation exponents employed in the
evaluation of the valence and core-valence contributions.
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T%5&( 5.2: Definition of the PCS3 composite schemes for electronic energy
evaluations: computational methods, basis sets, and extrapolation exponents

used for valence and core-valence terms.

Valence Core–Valence
low–level high–level low–level high–level

PCS3–A
𝑀

CBS
MP2 ω𝑀CBS

CCSD(T) ω𝑀CV
MP2

cc–pV(T,Q)Z–F12 cc–pV(D,T)Z–F12 cc–pwCVTZ –
𝑁
→3

𝑁
→3

PCS3-B
𝑀

CBS
MP2–F12 ω𝑀CBS

CCSD(F12*)(T+) ω𝑀CV
MP2

cc–pV(T,Q)Z–F12 cc–pV(D,T)Z–F12 cc–pwCVTZ –
𝑁
→3

𝑁
→3

PCS3
𝑀

CBS
MP2–F12 ω𝑀CBS

CCSD(F12*)(T+) ω𝑀CV,CBS
MP2 ω𝑀CV

CCSD(T)
cc–pV(T,Q)Z–F12 cc–pV(D+,T)Z–F12 cc–pwCV(D,T)Z cc–pwCVDZ

𝑁
→3

𝑁
→5

𝑁
→3

FPCS3
𝑀

CBS
MP2–F12 ω𝑀CBS

FNO–CCSD(F12*)(T+) ω𝑀CV,CBS
MP2 ω𝑀CV

FNO–CCSD(T)
cc–pV(T,Q)Z–F12 cc–pV(D,T)Z–F12 cc–pwCV(D,T)Z cc–pwCVDZ

𝑁
→3

𝑁
→5

𝑁
→3

A detailed analysis of the PCS3 scheme is particularly relevant, as a significant part of this
PhD work was devoted to its development and to the implementation of the corresponding
FNO-based extension. The energy expression for the model can be written as

𝑀PCS3 = 𝑀
CBS
MP2-F12 + ω𝑀CBS

CCSD(F12*)(T+) + ω𝑀CV,CBS
MP2 + ω𝑀CV

CCSD(T). (5.3)

The valence MP2-F12 energy, 𝑀CBS
MP2-F12, is extrapolated to the CBS limit using the two-point

Helgaker formula:282

𝑀
CBS
MP2-F12 =

43
𝑀

cc-pVQZ-F12
MP2-F12 → 33

𝑀
cc-pVTZ-F12
MP2-F12

43 → 33 . (5.4)

The valence post-MP2-F12 correlation energy correction, ω𝑀CBS
CCSD(F12*)(T+), accounting for the

CC correlation, is evaluated through a modified two-point Helgaker extrapolation employing
an exponent of 5 and the CCSD(F12*)(T+) ansatz185

ω𝑀CBS
CCSD(F12*)(T+) =

35
(
𝑀

cc-pVTZ-F12
CCSD(F12*)(T+) → 𝑀

cc-pVTZ-F12
MP2-F12

)
→ 25

(
𝑀

cc-pVDZ-F12+
CCSD(F12*)(T+) → 𝑀

cc-pVDZ-F12+
MP2-F12

)
35 → 25

(5.5)
where the superscript + on cc-pVDZ-F12+ denotes the addition of a single set of 𝑋

functions (taken from the cc-pVTZ basis set) to the standard cc-pVDZ-F12 for third-row
atoms.

The core-valence MP2 contribution, ω𝑀CV,CBS
MP2 , is extrapolated to the CBS limit using the

same two-point Helgaker expression:
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ω𝑀CV,CBS
MP2 =

33
(
𝑀

cc-pwCVTZ
ae-MP2 → 𝑀

cc-pwCVTZ
fc-MP2

)
→ 23

(
𝑀

cc-pwCVDZ
ae-MP2 → 𝑀

cc-pwCVDZ
fc-MP2

)
33 → 23 . (5.6)

The CV post-MP2 correlation energy correction, ω𝑀CV
CCSD(T), represents the CCSD(T)–MP2

di!erence

ω𝑀CV
CCSD(T) =

(
𝑀

cc-pwCVDZ
ae-CCSD(T) → 𝑀

cc-pwCVDZ
fc-CCSD(T)

)
→
(
𝑀

cc-pwCVDZ
ae-MP2 → 𝑀

cc-pwCVDZ
fc-MP2

)
. (5.7)

It should be noted that both the cardinal numbers of the basis sets and the exponents
employed in the CBS extrapolations could, in principle, be further optimized.47 Although
di!erent exponents have been proposed in the literature for the extrapolation of correlation
energies,272,386 the present formulation adopts a distinct partitioning scheme in which the
HF and MP2-F12 valence correlation components are extrapolated together, while the post-
MP2-F12 term is treated separately. This unconventional choice, employing exponents of 3
and 5 for the MP2 and post-MP2 extrapolations as defined in Equations 5.4 and 5.5, provides
highly accurate results.

The computational levels selected for each contribution within the PCS3 model were
chosen to ensure a balanced compromise between accuracy and e"ciency, particularly for
molecules containing up to approximately 15 atoms. In this respect, the computational cost of
the CCSD(F12*)(T+)/cc–pVDZ–F12+ and MP2-F12/cc–pVQZ–F12 calculations is negligible
compared with that of the corresponding CCSD(F12*)(T+)/cc–pVTZ–F12 computations.
The estimation of the CV correlation at the MP2 level, as originally defined in the PCS3-A
formulation, is su"ciently accurate for most properties, although it may be less reliable for
atomization energies. To ensure that the evaluation of the (relatively small) CV contribution
does not exceed the computational cost of the dominant valence term, the cc–pwCVDZ basis
set has been adopted for the CC step, yielding remarkably consistent results.

For larger systems, comprising up to about 50 atoms, single–point CCSD(F12*)(T+) en-
ergy evaluations in conjunction with the cc-VTZ-F12 basis set can be e"ciently performed
thanks to the implementation of FNO, NAF, and related reduced–scaling techniques.93–95

Benchmark studies have demonstrated that FNO–based approximations reproduce full
CC results with excellent accuracy while reducing computational time by roughly a factor
of five.95 Consequently, systems containing more than about 15 atoms can be treated using
the FPCS3 protocol, in which the FNO and related approximations are applied to both
the valence (explicitly correlated95) and CV (conventional93) components. The truncation
error associated with the FNO threshold is mitigated by taking into account the full MP2
contribution and including the PPL correction.94

The density fitting approximation was employed for both the HF and post–HF steps,
using the aug–cc–pV(𝑁+1)Z–RI–JK387 and aug–cc–pwCV(𝑁+1)Z–RI388 fitting basis sets, re-
spectively. The cc–pV𝑁Z–OPTRI auxiliary basis sets were adopted for the computation of
the CABS, consistently applied to both the cc–pVTZ–F12 and cc–pVDZ–F12+ (for third–row
elements) basis sets.
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Slater–type 𝑋12 correlation factors, each fitted with six Gaussian functions, were used with
exponents of 0.9, 1.0, and 1.1 for the cc–pVDZ–F12 (and cc–pVDZ–F12+), cc–pVTZ–F12, and
cc–pVQZ–F12 basis sets, respectively.389

In the FNO computations, the occupation number thresholds for the retained MP2 virtual
orbitals were set to 5.0 · 10→5 for conventional calculations, 1.0 · 10→4 for the cc–pVDZ–F12
basis set, and 1.0 · 10→5 for the cc–pVTZ–F12 basis set.

All conventional calculations were carried out with the Gaussian suite of programs,351

whereas the F12 and FNO computations were performed using the MRCC code.349,350

5.1.2 Molecular Structures

The geometry scheme within the PCS model expresses each geometrical parameter (𝑊) as the
sum of a valence (V) and a CV contribution

𝑊 = 𝑊
V + ω𝑊CV

MP2 (5.8)

where the level of theory used for the valence term depends on the molecular size, and
thus on the trade-o! between accuracy and computational cost, while the CV correction is
computed as

ω𝑊CV
MP2 = 𝑊

cc-pwCVTZ
ae-MP2 → 𝑊

cc-pwCVTZ
fc-MP2 (5.9)

It is worth noticing that, while the cc-pwCVTZ basis set slightly underestimates core corre-
lation e!ects,390 the MP2 method introduces a small, opposite overcorrelation,391 resulting
in a favorable error compensation and residual deviations below 0.001 Å.

For molecules in the 5-15 atom range, the valence contribution starts from a geometry
optimization performed at the CCSD(T)–F12b level of theory with the cc–pVDZ–F12 basis
set. In the present scheme, the CBS extrapolation is not performed, as explicitly correlated
methods significantly accelerate basis set convergence, and it has been shown that highly
accurate geometries can be obtained without further extrapolation when the core-valence
correction is included.90,184

The choice of the cc–pVDZ–F12 basis set, despite its limited size, is supported by previous
benchmarks showing that CCSD(T)–F12/cc–pVDZ–F12 geometries reproduce the accuracy
of conventional CCSD(T) calculations with quadruple–↩ basis sets.161 Considering the CV
correction, this result has been confirmed for molecules containing first– and second–row
atoms. However, the errors increase when third–row elements are involved, as discussed in
Chapter 4. The use of the cc–pVDZ–F12+ basis set restores uniform accuracy across first–,
second–, and third–row atoms, as it will be shown in the following.

Based on the employed levels of theory, the PCS2 scheme is obtained for molecules
containing 5 - 15 atoms, and Equation 5.8 reads as

𝑊PCS2 = 𝑊
cc-pVDZ-F12+
CCSD(T)-F12b + ω𝑊CV

MP2. (5.10)
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Moving to the 15–60 atom range, analytical gradients are not yet available for the re-
duced–cost FNO variants of CC methods, which prevents their use in geometry optimiza-
tions. Consequently, for molecules larger than about a dozen atoms, a low–cost version of the
PCS model is adopted. In this scheme, the valence part of Equation 5.8 replaces the explicitly
correlated CC model with the revDSD double–hybrid functional, used in conjunction with
a slightly modified triple–↩ F12 basis set. The latter was obtained from the cc-pVTZ-F12
basis set by removing 𝑃 functions on first–row atoms and replacing the two 𝑋 functions on
second– and third–row atoms with a single 𝑋 function taken from the cc–pVTZ basis set.
The resulting basis set, which significantly reduces computational cost without appreciable
loss of accuracy, was called cc–pVTZ–F12→.

The resulting scheme, termed DPCS3 (where D indicates the use of a double–hybrid
functional in place of a CC method), follows the general philosophy of the PCS family,
which aims to systematically optimize the cost–to–performance ratio at each computational
step and for every molecular size. In this case, while the level of theory is reduced from
CCSD(T)–F12b to the revDSD double–hybrid functional to handle larger systems, the basis
set is simultaneously expanded from double– to triple–↩ quality to preserve the overall
accuracy.

The inclusion of the core-valence correction ω𝑊CV
MP2 into DPCS3 yields the MDPCS3392

scheme (denoted sd MPCS1 in Reference 182, PCS/DFT in Reference 176, PCS in Reference
186), in which the geometrical parameters are obtained according to the following expression

𝑊MDPCS3 = 𝑊
cc-pVTZ-F12→
revDSD + ω𝑊CV

MP2. (5.11)

The sameω𝑊CV
MP2 correction ensures accurate geometries for both PCS2 and MDPCS3, without

introducing any additional empirical parameters beyond those of the parent functional.392

A more economical variant of the MDPCS3 scheme has also been proposed,182,191,392 in
which theω𝑊CV

MP2 correction is replaced by a one–parameter bond correction (ω𝑊CV
B ). This sim-

plification is justified because CV e!ects are negligible for valence and dihedral angles, while
they are significant only for bond lengths, as discussed in Chapter 4. An additional correc-
tion to the valence contribution, ω𝑊del, is also introduced to account for the tendency of dou-
ble–hybrid functionals to overestimate bond delocalization due to residual self–interaction
errors. The resulting model, denoted BDPCS3 (where B refers to the one–parameter bond
correction and D to the underlying double–hybrid optimization), is defined as

𝑊BDPCS3 = 𝑊
cc-pVTZ-F12→
revDSD + ω𝑊del + ω𝑊CV

B . (5.12)

The BDPCS3 scheme (referred to as BDPCS3 in Reference 182, BPCS1 in Reference 189) has
been validated on a broad set of molecular systems of increasing size,188–192 demonstrating
its reliability and e"ciency. In this PhD work, the model is used for comparison purposes.

Geometry optimizations at the MP2 and revDSD levels were performed with the Gaussian
package,351 whereas those required at the explicitly correlated level for the PCS2 model
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were carried out using MOLPRO.352,353 Default F12 settings were employed, considering the
cc–pVDZ–F12+ basis set equivalent to its standard cc–pVDZ–F12 counterpart.

5.1.3 Vibrational Frequencies and Thermodynamic Functions

The relative stability of molecular species is determined by enthalpies or free energies, which
combine electronic energies with contributions from ZPVEs and entropic terms. For semi-
rigid molecules, anharmonic e!ects can be reliably accounted for by second-order vibrational
perturbation theory, provided that accurate QC models are used to compute harmonic,
cubic, and semi-diagonal quartic force constants. Several studies have demonstrated that
revDSD-PBEP86-D3(BJ) harmonic force fields in conjunction with triple-↩ basis sets are
highly reliable148,393 and can be routinely applied to molecules containing up to a dozen
atoms. Consequently, for medium-sized systems, harmonic frequencies were obtained at the
revDSD double-hybrid level in conjunction with the cc-pVTZ-F12 basis set, while anharmonic
corrections were e"ciently evaluated at the B3LYP-D3(BJ) (B3) level with the 6-31+G* basis
set. For larger molecules, harmonic frequencies were computed at the same hybrid level,
and anharmonicity was incorporated through the use of suitable scaling factors.

5.2 Results and Discussion

The validity of the proposed hierarchy was demonstrated by systematically testing PCS
models on increasingly complex molecular systems, from benchmark sets to biologically
and technologically relevant compounds.

This section is divided into three main parts. The first part is devoted to energetic
investigations, including both benchmark studies and applications carried out with the
PCS3-A and PCS3-B models, followed by the analysis of the PCS3 and FPCS3 schemes. The
second part focuses on molecular geometries, with the validation of structural parameters
and their application to the calculation of rotational constants. The third part covers the
evaluation of harmonic vibrational frequencies and thermodynamic functions.

5.2.1 Application of PCS3-A and PCS3-B to Energetic Evaluations

In the following, the performance of the PCS3-A and PCS3-B models for thermochemical
applications is first assessed using the Knizia–Adler–Werner test set.239 The analysis is then
extended to reaction barrier heights, inter- and intramolecular non-covalent interactions, as
well as to conformational energies and to the relative stability of di!erent tautomeric forms;
finally, application to the characterization of the PES for the H2S + Cl hydrogen abstraction
reaction is presented.

When required, experimental SO coupling values are incorporated into the PCS3-A and
PCS3-B schemes for O, OH, SH, and Cl radicals, reducing their electronic energies by 0.9,
0.8, 2.3, and 3.5 kJ mol→1, respectively.75
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5.2.1.1 Thermochemistry

The first assessment of the PCS3-A and PCS3-B variants was carried out on the KAW test set.
Since the reference data for this benchmark do not include CV correlation, this contribution
was omitted from the composite approaches. The resulting errors are summarized in Table
5.3 and compared with those obtained from the underlying CCSD(T) and CCSD(F12*)(T+)
calculations using the jun-cc-pV(T+𝑃)Z and cc-pVTZ-F12 basis sets, as well as from the
junChS and the refined junChS-F12 schemes, in terms of MAX, MUE, and RMSD values.

T%5&( 5.3: MAX, MUE, and RMSD values for the KAW test set with respect
to the CCSD(T)/aug-cc-pV(5,6)Z reference data.239 Results are obtained using
CCSD(T) and CCSD(F12*)(T+) methods combined with the jun-cc-pV(T+𝑃)Z
and cc-pVTZ-F12 basis sets, as well as the junChS, junChS-F12, and PCS3-A/B

CSs. All values are in kJ mol→1.

𝑀CCSD(T) junChS PCS3-A 𝑀CCSD(F12*)(T+) junChS-F12 PCS3-B
jun-cc-pV(T+𝑃)Z cc-pVTZ-F12 jun-cc-pV(T+𝑃)Z cc-pVTZ-F12

Atomization
energy

MAX 69.97 53.67 10.58 8.76 12.89 9.85 10.33 8.36
MUE 30.69 25.00 4.01 2.90 4.18 3.71 2.69 2.27

RMSD 33.50 27.21 4.77 3.60 5.08 4.49 3.78 3.35

Closed-shell
reaction energy

MAX 30.13 35.68 5.15 7.57 4.98 5.96 5.31 3.61
MUE 5.39 7.32 1.54 1.56 1.38 1.04 1.06 0.83

RMSD 8.29 9.99 2.11 2.18 1.95 1.64 1.72 1.24

Open-shell
reaction energy

MAX 70.10 50.48 11.57 6.30 6.40 7.19 6.57 6.26
MUE 18.47 14.65 3.02 1.89 2.02 1.80 2.14 1.69

RMSD 22.46 17.99 4.40 2.52 2.58 2.55 2.82 2.38

Overall

MAX 70.10 53.67 11.57 8.76 12.89 9.85 10.33 8.36
MUE 20.33 17.07 3.08 2.21 2.72 2.38 2.11 1.73

RMSD 25.48 20.90 4.03 2.93 3.67 3.32 3.05 2.63

For atomization energies, all conventional CCSD(T) approaches yield MUEs of about 25 -
30 kJ mol→1, and inclusion of the CBS correction decreases the error by nearly one order of
magnitude. Similar trends are observed for both closed- and open-shell reaction energies.
Comparison with junChS over the entire test set shows improved performance for PCS3-A:
the MUE decreases by about 30% (from 3.08 to 2.21 kJ mol→1), and the corresponding RMSD
(2.93 kJ mol→1) lies well within the chemical accuracy threshold. Similar trends are observed
for the explicitly correlated calculations, with PCS3-B showing smaller MUE and RMSD
values for the overall test set compared to junChS-F12.

The benchmark results confirm the improved accuracy achieved by the PCS3-A and
PCS3-B variants compared to the junChS and junChS-F12 schemes. The KAW test set
represents a particularly suitable validation case, since the lack of CV correlation allows a
direct assessment of the impact of the improved valence energy evaluation. This aspect
is especially relevant because the treatment of CV correlation remains unchanged across
the di!erent CSs, so any observed improvement can be directly attributed to the refined
description of the valence contribution.
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5.2.1.2 Reaction Barriers

Having validated the PCS3-A and PCS3-B models on atomization and reaction energies, the
next step was to assess the reliability for evaluating activation energies. To this end, a widely
used benchmark set for reaction barrier heights is provided by the DBH24 dataset,99,394

which reports reference values obtained with the W4 composite method.11 This compilation
includes a statistically representative selection of reactions, comprising three examples for
each of the following classes: heavy-atom transfer, nucleophilic substitution, unimolecular
and association reactions, and hydrogen transfer.

Table 5.4 compares the reaction barriers computed with PCS3-A to those obtained with
the junChS scheme.

T%5&( 5.4: Barrier heights (including SO corrections) from the DBH24 dataset
computed with the junChS and PCS3-A schemes, together with reference

values. All values are in kJ mol→1.

Reference𝑄 ,𝑅 junChS𝑍 ,𝑃 PCS3-A𝑍

Heavy-Atom Transfer

H• + N2O →→→↑ OH• + N2𝑇 71.67/345.05 73.35/348.32 72.58/347.69
H• + ClH →→→↑ HCl + H• 75.31/75.31 72.43/72.43 72.54/72.54
CH3• + FCl →→→↑ CH3F + Cl•𝑇 28.24/251.04 29.96/252.59 29.82/253.69

Nucleophilic Substitution

Cl– ···CH3Cl →→→↑ ClCH3···Cl– 56.11/56.11 55.48/55.48 56.57/56.57
F– ···CH3Cl →→→↑ FCH3···Cl– 14.39/123.09 14.18/121.71 14.54/122.51
OH– + CH3F →→→↑ HOCH3 + F– -10.21/73.89 -10.38/72.63 -11.99/72.59

Unimolecular and Association

H• + N2 →→→↑ HN2• 60.08/44.39 60.00/46.53 59.81/46.16
H• + C2H4 →→→↑ C2H5• 7.20/174.68 7.95/176.52 7.81/176.80
HCN ∞→↑ HNC 201.12/137.32 200.75/139.08 201.06/137.67

Hydrogen Transfer

OH• + CH4 →→→↑ CH3• + H2O 𝑋 28.07/82.01 27.74/83.85 27.72/81.82
H• + OH• →→→↑ H2 + 3O𝑇 , 𝑋 44.81/54.89 48.16/57.61 45.69/56.36
H• + H2S →→→↑ H2 + HS•𝑇 15.15/72.51 15.48/75.06 15.50/75.16

MAX𝑛 3.36/3.32 (3.36) 2.77/2.77 (2.77)
MUE𝑛 1.04/1.99 (1.52) 0.85/1.58 (1.21)

RMSD𝑛 1.49/2.12 (1.83) 1.15/1.85 (1.54)
𝑄Barrier heights for the forward/reverse reaction. 𝑅Data taken from Reference 394. 𝑍At revDSD/jun-cc-pV(T+𝑃)Z

geometries. 𝑃Data taken from Reference 395. 𝑇SO contributions included on the reverse reaction barrier. 𝑋 SO contributions
included on the forward reaction barrier. 𝑛Forward/reverse barrier height errors and overall values in parentheses.

The PCS3-A scheme provides a total MUE of about 1.2 kJ mol→1, which is slightly lower than
the value obtained with the junChS model (around 1.5 kJ mol→1). This level of accuracy is
comparable to that of other composite methods with similar computational demands. For
instance, the W1X protocol396 yields an average error of about 1.3 kJ mol→1, while the F12
SVECV-f12 model68 achieves a very similar accuracy, with a MUE of approximately 1.1 kJ
mol→1.
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5.2.1.3 Non-covalent Intermolecular Interactions

The non-covalent complexes of the A14 set89 are shown in Figure 4.1, and their interaction
energies, computed with the junChS and PCS3-A schemes, are reported in Table 5.5 together
with reference data.356 The latter were obtained at the CBS CCSD(T) level of theory, including
corrections for CV, Rel, and higher-order excitations up to CCSDT(Q). Error statistics are also
provided.

T%5&( 5.5: Interaction energies of the A14 complexes computed at the junChS
and PCS3-A levels of theory using revDSD/jun-cc-pV(T+𝑃)Z geometries, to-
gether with reference data and MAX, MUE, and RMSD values. All values are

given in kJ mol→1.

Reference𝑄 junChS𝑅 PCS3-A
H2O···H2O -21.08 -21.37 -21.22
NH3···NH3 -13.21 -13.34 -13.43
HF···HF -19.22 -19.59 -19.59
HCN···HCN -19.98 -19.70 -19.96
CH4···CH4 -2.23 -2.22 -2.27
CH2O···CH2O -18.93 -19.43 -19.41
C2H4···C2H4 -4.60 -4.78 -4.76
H2O···C2H4 -10.77 -11.01 -10.77
H2O···CH4 -2.82 -2.79 -2.78
H2O···NH3 -27.38 -27.69 -27.59
NH3···CH4 -3.22 -3.24 -3.22
NH3···C2H4 -5.79 -5.99 -5.88
HF···CH4 -6.92 -7.14 -7.12
C2H4···CH2O -6.79 -7.07 -7.05

MAX 0.50 0.48
MUE 0.22 0.16

RMSD 0.26 0.21
𝑄Data taken from Reference 356. 𝑅Data from Reference 90.

The PCS3-A scheme yields a MUE of 0.16 kJ mol→1, even without applying any BSSE cor-
rection. Compared to the junChS model, which provides a MUE of 0.22 kJ mol→1, PCS3-A
yields a slight improvement.

5.2.1.4 Conformational Analysis of Biochemical Building Blocks

After testing non-covalent intermolecular interactions, the attention was focused on confor-
mational and tautomeric equilibria, starting from simple amino acids and progressing to
more complex biochemical building blocks.

The first analysis focused on the conformational landscape of glycine, whose conformers
are shown in Figure 4.2. The corresponding relative energies, evaluated using the PCS3-A
scheme, are reported in Table 5.6 together with reference data.397 The latter were obtained at
the CCSD(T)-F12b level with a quadruple-↩ basis set, including CV and Rel corrections, as
well as contributions from full triples and perturbative quadruples excitations. Error statis-
tics are also provided. For comparison, revDSD/cc-pVTZ-F12 energies are also reported.
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T%5&( 5.6: Relative electronic energies of the glycine conformers computed at
the PCS3-A and revDSD/cc-pVTZ-F12 levels, along with reference data. All

values are in kJ mol→1.𝑄

Reference𝑄 𝑀
cc-pVTZ-F12
revDSD PCS3-A

Ip 0.0 0.00 0.00
IIn 2.68 2.49 2.66
IIIn 7.24 7.05 7.36
IVn 5.19 5.25 5.12
Vn 11.09 11.02 11.17
VIp 20.08 20.11 20.16
VIIp 24.44 24.20 24.63
VIIIn 25.36 25.51 25.40
MAX 0.24 0.19
MUE 0.12 0.08

RMSD 0.14 0.09
𝑄Data taken from Reference 397

Several studies have reported the presence of up to eight distinct minima on the glycine
conformational PES.165 Comparison with the highly accurate reference data from Reference
397 indicates that the PCS3-A model reproduces the conformational energy landscape with
excellent accuracy. This agreement is not unexpected, since conformational equilibria are
usually well described even by lower-level QC methods,165 as also confirmed by the revDSD
results.

The PCS3-A model was then applied to obtain high-level reference data for the relative stabil-
ities of more complex amino acids, characterized by distinctive structural features, including
di!erent tautomeric forms in histidine, ring puckering in proline, and condensed non-
equivalent heteroaromatic structures in tryptophan. The analyzed conformers are shown in
Figure 5.1 and follow the nomenclature reported in Reference 177. Their relative energies,
computed at the revDSD/cc-pVTZ-F12 and PCS3-A levels of theory, are collected in Table
5.7.



92 Chapter %. Development of the PCS Family

(%) Histidine.

(5) Tryptophan.

(") Proline.

F*4,$( 5.1: Low-energy minima of histidine (A), tryptophan (B), and proline
(C) considered in the present work.
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T%5&( 5.7: Relative electronic energies of histidine, tryptophan, and proline
conformers obtained at the revDSD/cc-pVTZ-F12 and PCS3-A levels of theory.

All values are in kJ mol→1.

𝑀
cc-pVTZ-F12
revDSD PCS3-A

Histidine
⇀IIgg→ 0.00 0.00
⇀IIg→g 4.73 4.95
↼IIgg 1.97 1.90
↼IIgg→ 12.02 11.90

Tryptophan
IIgg 0.00 0.00
IIg→g 4.22 4.67

Proline
IIE→ 0.00 0.00
IIE+ 2.60 2.39
IE→ 7.48 6.71
IE+ 7.24 6.94

In this case, the results are consistent with those obtained for glycine (Table 5.6). It can there-
fore be concluded that, for conformational analyses, the double-hybrid functional revDSD
in conjunction with the cc-pVTZ-F12 basis set provides results in close agreement with the
higher-level PCS3-A model, as these properties are not strongly a!ected by the level of theory
employed.

The accurate description of tautomeric equilibria plays a key role in understanding the
behavior of nucleic acid bases, since these processes directly a!ect biochemical processes
such as base-pairing mechanisms. The number of possible tautomers (𝐿𝑂) of a given species
is given by 𝐿𝑂 = 𝐿𝑝!/[𝐿𝑈 !(𝐿𝑝 → 𝐿𝑈)!], where 𝐿𝑝 is the number of tautomeric sites and
𝐿𝑈 the number of labile protons. In this context, the reliability of QC methods in assessing
the relative stability of tautomers becomes particularly critical. To this end, the tautomeric
equilibria of cytosine and guanine are investigated.

Cytosine possesses two endocyclic (N1 and N3) and two exocyclic (O7 and N8) tau-
tomeric sites, along with two labile protons, giving rise to a total of six possible tautomers.
These can be classified as keto–amino (KA and KA1), enol–amino (EA), keto–imino (KI),
and enol–imino (EI and EI1) forms. Each enol and imino tautomer additionally exhibits a
rotameric variant, denoted by a subscript c, corresponding to rotation about the O–H or N–H
bond.169,398,399 All structures are shown in Figure 4.3, ordered by decreasing stability, and
the corresponding relative energies computed at the revDSD/cc-pVTZ-F12, CCSD(T)/jun-
cc-pV(T+𝑃)Z, junChS-F12, PCS3-A, and PCS3-B levels of theory, are reported in Table 5.8.
The Table also lists MAX and MUE values with respect to PCS3-B, which is taken as the
reference given its slightly better performances over PCS3-A for the KAW test set previously
discussed.
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T%5&( 5.8: Relative electronic energies of cytosine tautomers and rotamers
obtained at the revDSD/cc-pVTZ-F12, CCSD(T)/jun-cc-pV(T+𝑃)Z, junChS-

F12, PCS3-A, and PCS3-B levels of theory. All values are in kJ mol→1.

𝑀
cc-pVTZ-F12
revDSD 𝑀

jun-cc-pV(T+𝑃)Z
CCSD(T) junChS-F12 PCS3-A PCS3-B

EA 0.00 0.00 0.00 0.00 0.00
EAc 3.07 2.86 2.99 3.00 3.01
KA -1.25 4.74 3.58 3.13 3.08
KI 2.22 7.05 6.82 6.07 6.22
KIc 9.58 13.98 14.10 13.21 13.46
KA1 29.28 35.01 34.81 34.47 34.45
EI1 51.09 51.36 52.18 51.60 52.00
EI 70.33 69.61 70.58 69.78 70.33
MAX𝑄 5.17 1.66 0.64 0.40
MUE𝑄 3.06 0.73 0.38 0.15

𝑄With respect to PCS3-B computations.

DFT methods tend to over-stabilize the KA tautomer,399 a behavior also observed in this case
for the revDSD/cc-pVTZ-F12 level of theory. Accurate relative stabilities are obtained only
with CCSD(T)-based approaches that include both CBS and CV corrections. Experimental
estimates derived from the relative intensities of infrared bands398 indicate that, in the gas
phase, the EA tautomer is the most stable, while the KA and EAc forms are less stable
and nearly isoenergetic. These findings are consistent with the PCS3 results. Overall, the
junChS-F12, PCS3-A, and PCS3-B models yield comparable energies, which di!er within
approximately 0.5 kJ mol→1.

Guanine possesses four endo (N1, N3, N7, N9) and two exo (O=C and NH2) tautomeric
sites, along with three labile protons, giving rise to a total of 20 possible tautomers. Among
these, ten are amino and ten are imino species; however, the latter are not considered
here, as they are significantly less stable than their amino counterparts. For each of the
two non-equivalent imidazole-ring structures (N7H and N9H), two keto–amino (KA) and
one enol–amino (EA) tautomers can be formed. In the enol–amino series, both trans and cis
conformations of the hydroxyl group (the latter denoted by a c) correspond to energy minima.
The various species are labeled using the same two-letter code adopted for cytosine, followed
by one number (for EA forms) or two numbers (for KA forms) indicating the positions of the
remaining acidic hydrogen atoms. All computational methods consistently predict that only
four tautomers, KA17, KA19, EA9, and EAc9, have appreciable gas-phase populations.400

These species, along with the EA7 tautomer, labeled 1, 2, 3, 3’, and 4 in Figure 4.4, are depicted
in Figure 5.2. The corresponding relative energies, computed at the revDSD/cc-pVTZ-F12,
junChS-F12, PCS3-A, and PCS3-B levels of theory, are reported in Table 5.9.
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F*4,$( 5.2: Structure of lower energy guanine tautomers and rotamers in order
of relative stability.

T%5&( 5.9: Relative electronic energies of guanine tautomers and rotamers
obtained at the revDSD/cc-pVTZ-F12, junChS-F12, PCS3-A, and PCS3-B levels

of theory. All values are in kJ mol→1.

𝑀
cc-pVTZ-F12
revDSD junChS-F12𝑄 PCS3-A𝑄 PCS3-B𝑄

KA17 0.00 0.00 0.00 0.00
KA19 2.41 2.90 2.84 2.84
EA9 6.95 2.96 3.10 3.29
EAc9 8.08 4.05 4.13 4.35
EA7 19.37 14.88 15.11 15.29
MAX𝑄 4.08 0.41 0.22
MUE𝑄 2.98 0.28 0.15

𝑄With respect to PCS3-B computations.

As it can be seen, the revDSD functional, despite providing the correct energy ordering, over-
stabilizes the KA19 tautomer by about 0.4 kJ mol→1 with respect to the composite methods,
and most notably it overestimates the relative energy of EA9, EAc9, and EA7 by about 4 kJ
mol→1. On the other hand, all the CSs yield similar results with junChS-F12 and PCS3-A
agreeing, on average, to PCS3-B within 0.28 kJ mol→1 and 0.15 kJ mol→1, respectively.

It can therefore be concluded that reliable high-level methods are essential to accurately
describe tautomeric equilibria, especially for species that can be detected by MW spec-
troscopy. Furthermore, PCS3 methods provide reliable reference data that can be used to
validate lower-level computational approaches.

5.2.1.5 H2S + Cl reactive PES

To extend the validation to reactive systems involving radical intermediates, the PCS3-A
model was applied to the H2S + Cl hydrogen abstraction reaction, a prototypical atmo-
spheric process. As illustrated in Figure 5.3, the mechanism begins with the non-covalent
interaction between hydrogen sulfide (H2S) and chlorine (Cl), forming a pre-reactive Van der
Waals complex (RW). Under atmospheric conditions, the reaction proceeds through an ad-
dition–elimination pathway. Specifically, isomerization of the RW complex via the transition
state (TS) leads to the formation of a post-reactive van der Waals complex (PW), stabilized
by an HS–HCl hydrogen bond. Dissociation of this complex yields the final products, HS
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and HCl. The overall rate constant is governed by the interconversion between RW and
PW and by the formation of RW, while decomposition of PW has a negligible e!ect, being
considerably faster than the other elementary steps.156,176

F*4,$( 5.3: PES for the H2S + Cl →→→↑ HS + HCl reaction.

The relative electronic energies of the stationary points on the reactive PES computed
with the HEAT-like and PCS3-A approaches are reported in Table 5.10.

T%5&( 5.10: Relative electronic energies of the stationary points for the H2S + Cl
reaction, including spin-orbit corrections,156 computed using the HEAT-like

and PCS3-A schemes. All values are given in kJ mol→1.

Reactants RW TS PW Products
Level of theory H2S + Cl H2S···Cl HS···H···Cl HS···HCl HS + HCl
HEAT-like𝑄 0.00 -41.86 -0.05 -56.79 -46.25
PCS3-A 0.00 -40.07 0.36 -56.93 -46.28

𝑄Data taken from Reference 156.

The PCS3-A model chemistry provides an excellent overall performance, with deviations
generally within 0.5 kJ mol→1 from HEAT-like data for all the species but the pre-reactive
complex, despite its moderate computational cost and the absence of corrections for higher-
order excitations, Rel, and DBOC e!ects.

5.2.2 PCS3 and FPCS3 for Accurate Thermochemical Predictions

The refinement of the PCS3-B model, leading to the final PCS3 formulation, began with
benchmarking against the W4-11 dataset,83 where valence and core-valence contributions
were analyzed separately. From this extensive assessment, the optimal design was identified:
an extrapolation exponent of 𝑁→5 for the post-MP2-F12 valence term, the modification of the
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standard cc-pVDZ-F12 basis set, and the improved treatment of the CV contribution. The re-
sulting refined model was further validated against the larger W4-17 test set,84 together with
its FNO extension, FPCS3. Both models were then applied to selected molecular systems,
including the reassessment of the relative stabilities of cytosine and guanine tautomers and
rotamers, and the calculation of formation enthalpies for DNA and RNA nucleobases and a
panel of polycyclic aromatic hydrocarbons (PAHs) of increasing size.

5.2.2.1 Atomization Energy Benchmarks

The selection of the levels of theory entering the PCS3 method was based on the W4-11
benchmark set of accurate atomization energies,83 for which W1-F12 and W2-F12 reference
data are also available.47

The first part of the study focused on improving the valence extrapolation strategy,
with particular attention to the post-MP2-F12 component. Following several preliminary
investigations and drawing on previous studies conducted within the research group,90 the
standard exponent of 3 was retained for the MP2-F12 extrapolation, consistent with the
ChS schemes. For the post-MP2-F12 contribution, two exponents were examined: 3, as in
the conventional PCS3-A model and its first explicitly correlated extension PCS3-B, and 5,
adopted as an alternative to evaluate its influence on convergence and accuracy.

Subsequent e!orts focused on improving the basis sets employed in the post-MP2-F12
valence extrapolation, which relies on double- and triple-↩ levels. To enhance accuracy
without substantially increasing computational cost, additional high-angular-momentum
functions were considered: an 𝑋 function was added to cc-pVDZ-F12 and a 𝑛 function to
cc-pVTZ-F12, taken from the cc-pVTZ and cc-pVQZ basis sets, respectively.

During the tuning procedure, tests were performed by augmenting either both basis
sets or only the cc-pDVZ-F12 basis. In both cases, 𝑁→3 and 𝑁

→5 extrapolation procedures
were investigated. The best overall performance across the W4-11 test set, based on all
statistical indicators (MAX, MUE, and RMSD), was obtained with an extrapolation exponent
of 5 for the high-level valence term and modification of the cc-pVDZ-F12 basis only. This
configuration yielded the lowest MAX and an RMSD of 0.87 kJ mol→1, only 0.01 kJ mol→1

higher than that obtained when also augmenting cc-pVTZ-F12 with 𝑛 functions. This result
is particularly significant, as it achieves nearly identical accuracy while considerably reducing
the computational cost.

Finally, the impact of replacing the CCSD(T)-F12b model with the CCSD(F12*)(T+) for-
mulation was assessed. As indicated by the results obtained for the junChS-F12 scheme
employing these two explicitly correlated CC variants, the latter reduces both the MUE and
RMSD by approximately 75%. Details about the di!erent tests performed for tuning PCS3
and FPCS3 composite methods are provided in Table A.4 in Appendix A.

A more in-depth analysis of the individual PCS3 energy contributions was then carried
out. A comparison of the valence energy errors obtained with the W1-F12, W2-F12, and PCS3
models is shown in Figure 5.4, where molecules containing first- and second-row atoms are
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distinguished from those including third-row elements. The results for the CV contributions,
computed at di!erent levels of theory, are presented in Figure 5.5. Finally, RMSD of total
electronic energies obtained from the W1-F12, W2-F12, SVECV-f12, junChS-F12, PCS3, and
FPCS3 composite schemes are compared in Figure 5.6.
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F*4,$( 5.4: RMSDs, in kJ mol→1, of valence energies for the W4-11 set obtained
with the W1-F12, W2-F12, and PCS3 composite schemes.

Concerning the valence energies, the W1-F12 model exhibits a noticeable deterioration in
accuracy on moving from molecules containing first- and second-row atoms to those con-
taining third-row atoms. This behavior is not observed for the PCS3 scheme, which achieves
consistently reliable results with a comparable computational cost, as both methods em-
ploy similar theoretical levels and basis sets. In addition, PCS3 performs similarly to the
more computationally demanding W2-F12 model, which uses larger basis sets, for molecules
with elements from the first two rows of the periodic table, while presenting only a marginal
deterioration in the performances (about 0.4 kJ mol→1) when third-row elements are involved.
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F*4,$( 5.5: RMSDs, in kJ mol→1, of CV energies for the W4-11 set, obtained
using di!erent models: ω𝑀CV

MP2 with the cc-pwCVTZ basis set, ω𝑀CV,CBS
MP2 +

ω𝑀CV
CCSD(T) with the cc-pwCV(D,T)Z and cc-pwCVDZ basis sets, and ω𝑀CV

CCSD(T)
with the cc-pwCVTZ basis set.

In the case of the core-valence contribution, the MP2 estimate alone, as employed in the
PCS3-A and PCS3-B schemes, leads to excessively large errors when focusing on atomiza-
tion energies. These are significantly reduced when a CBS extrapolation at the MP2 level is
combined with CCSD(T)/cc-pwCVDZ results (see Equations 5.6 and 5.7), yielding accura-
cies comparable to those obtained from a full CCSD(T) treatment with a triple-↩ basis set.
This approach therefore achieves a balanced compromise between computational cost and
accuracy, since the additional CC calculation is performed with a double-↩ basis without
significantly increasing the overall computational e!ort required for the evaluation of this
contribution. Details about the analysis of CV contributions evaluated at di!erent levels of
theory are summarized in Table A.5 in Appendix A.
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F*4,$( 5.6: RMSDs, in kJ mol→1, of total electronic energies for the W4-11 set,
obtained with the W1-F12, W2-F12, SVECV-f12, junChS-F12, PCS3, and FPCS3

composite schemes.

As a final analysis of the W4-11 test set, the total electronic energies were examined by
comparing the PCS3 model and its FNO-based extension FPCS3 with the accurate W2-F12
reference as well as with other composite schemes of comparable computational cost, i.e.
W1-F12, SVECV-f12, and the refined junChS-F12 model discussed in Chapter 4. As can be
appreciated from Figure 5.6, PCS3 yields smaller errors than all other methods of similar
cost and achieves an accuracy close to that of the more demanding W2-F12 model. The
FPCS3 scheme presents a RMSD of 3.30 kJ mol→1, about 2 kJ mol→1 higher than that of PCS3,
as expected in view of the underlying approximations. Despite this, because it is tailored
for target molecules in the 15-60 atom range, FPCS3 performs remarkably well, being only
approximately 0.5 kJ mol→1 less accurate than the more demanding W1-F12 method, and
more accurate than the SVECV-f12 scheme, without the use of any empirical parameter.

A further validation of the PCS3 model was carried out using the larger W4-17 set,84 which
provides highly accurate atomization energies.11 The complete results for the various com-
binations of methods and basis sets are reported in Tables A.6 and A.7 in Appendix A,
while the final PCS3 results are compared in Table 5.11 with those obtained from alternative
approaches of comparable computational cost; results for the FPCS3 model are also reported.

Regarding the valence contributions, the PCS3 model delivers MUE and RMSD values
below 1 kJ mol→1 (approximately 0.8 and 1.0 kJ mol→1, respectively), with a MAX deviation of
about 4.0 kJ mol→1. Given that the average magnitude of the higher–order excitation contri-
bution (CCSDTQP – CCSD(T)) is around 1.2 kJ mol→1,84 the accuracy achieved by PCS3 falls
well within the intrinsic uncertainty of composite schemes including up to CCSD(T) terms.
Thanks to the use of the cc-pVDZ-F12+ basis set, the residual error remains comparable for
molecules containing either second- or third-row atoms (Table A.6).

The situation is more complex for the CV component, since its evaluation at the MP2 level
carries an error of approximately 2.5 kJ mol→1. Nevertheless, the improved approximation
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described previously, which requires even lower computational cost than the valence CC
correction, reduces the MUE to below 1 kJ mol→1.

The improvement over the junChS-F12 scheme, discussed in Chapter 4, is evident, and
even performances can be reported with respect to the alternative SVECV-f12 model.68 The
FPCS3 model provides improved results compared to SVECV-f12 for both the valence and
CV contributions, and it also outperforms junChS-F12 for the CV component.

T%5&( 5.11: MAX, MUE, and RMSD values obtained with PCS3, junChS-F12,
SVECV-f12, and FPCS3 composite schemes for the valence and CV correlation
energies of the W4-17 set, excluding post-CCSD(T) and additional corrections.
Molecules yielding the MAX values are indicated in parentheses. All values

are in kJ mol→1.

Valence Core-Valence
MAX MUE RMSD MAX MUE RMSD

PCS3 3.95 (C2Cl6) 0.77 1.00 6.26 (P4) 0.93 1.19
junChS-F12 6.98 (P4) 1.13 1.64 10.34 (SiF4) 2.59 3.34
SVECV-f12 12.63 (S4) 2.80 3.67 10.30 (C6H6) 3.72 4.27

FPCS3 10.69 (C6H6) 2.65 3.36 14.95 (C2Cl6) 1.85 2.71

5.2.2.2 Toward Large Molecules

Once the PCS3 and FPCS3 models were validated on benchmark datasets, their reliability
and transferability were tested on large molecular systems of biological and technological
relevance.

The first application concerned the reanalysis of the relative stabilities of the di!erent
tautomers and rotamers of cytosine and guanine, illustrated in Figures 4.3 and 5.2. The
corresponding relative energies, computed on top of MDPCS3 geometries, are summarized
in Tables 5.12 and 5.13.

T%5&( 5.12: Relative electronic energies of the tautomers and rotamers of cy-
tosine computed by PCS3 and FPCS3 methods. All the values are given in kJ

mol→1.

EA EAc KA KI KIc KA1 EI1 EI
Valence
PCS3 0.00 2.97 3.50 6.57 13.71 34.57 51.84 70.29
FPCS3 0.00 2.94 3.48 6.61 13.73 34.61 51.84 70.29

Core-Valence

ω𝑀CV,CBS
MP2 + ω𝑀CV

CCSD(T)
𝑄 0.00 0.05 -0.41 -0.32 -0.17 -0.06 0.24 0.15

ω𝑀CV
MP2

𝑅 0.00 0.04 -0.26 -0.14 -0.03 0.01 0.25 0.18
Total

PCS3𝑄 0.00 3.02 3.09 6.26 13.53 34.51 52.08 70.44
PCS3𝑅 0.00 3.01 3.24 6.43 13.68 34.58 52.09 70.47
FPCS3𝑅 0.00 2.98 3.22 6.47 13.70 34.62 52.09 70.47

𝑄ω𝑀CV,CBS
MP2 + ω𝑀CV

CCSD(T) with cc-pwCV(D,T)Z and cc-pwCVDZ basis sets. 𝑅ω𝑀CV
MP2 with cc-pwCVTZ basis set.
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As can be appreciated by comparing the relative energies reported in Tables 5.8 and 5.9,
the results delivered by PCS3 and FPCS3 are fully consistent with those from PCS3-A and
PCS3-B variants, as well as from junChS-F12.

The four lowest-energy cytosine species were found to lie within approximately 7 kJ
mol→1 from the global minimum, while a fifth tautomer presents a relative energy around
13.5 kJ mol→1. The close agreement between PCS3 and FPCS3 results suggests that the FPCS3
model can be reliably used for the evaluation of relative energies, maintaining high accuracy
while considerably reducing the computational cost. The CV correlation contribution can
be estimated with su"cient accuracy already at the MP2 level, as tautomeric equilibria are
less sensitive than atomization energies to the level of theory adopted for the evaluation of
this term.

T%5&( 5.13: Relative electronic energies of the tautomers and rotamers of cy-
tosine computed by PCS3, FPCS3, and W1-F12 methods. All the values are

given in kJ mol→1.

KA17 KA19 EA9 EAc9 EA7

Valence

PCS3 0.00 2.82 3.19 4.34 15.18
FPCS3 0.00 2.85 3.12 4.38 15.20

W1-F12𝑄 0.00 2.80 3.20 4.42 15.17

Core-Valence

ω𝑀CV,CBS
MP2 + ω𝑀CV

CCSD(T)
𝑅 0.00 -0.04 0.12 0.26 0.12

ω𝑀CV
MP2

𝑍 0.00 0.03 -0.01 -0.10 0.00
W1-F12𝑄 0.00 0.03 0.17 0.05 0.17

Rel𝑄 0.00 -0.01 0.01 0.03 0.01
DBOC𝑄 0.00 -0.01 -0.02 -0.02 0.00

Total

PCS3𝑅 0.00 2.76 3.30 4.61 15.31
PCS3𝑍 0.00 2.83 3.17 4.25 15.19
FPCS3𝑍 0.00 2.86 3.10 4.29 15.21
W1-F12𝑄 0.00 2.81 3.36 4.48 15.35

𝑄Data taken from Reference 358. 𝑅ω𝑀CV,CBS
MP2 + ω𝑀CV

CCSD(T) with cc-pwCV(D,T)Z and cc-pwCVDZ basis sets. 𝑍ω𝑀CV
MP2 with

cc-pwCVTZ basis set.

In the case of guanine (Table 5.13), the CV correlation can be accurately computed at the
MP2 level, and the FPCS3 results deviate by about 0.2 kJ mol→1 from the corresponding PCS3
values, with both models showing excellent agreement with the W1-F12 reference data.

Summarizing, the FPCS3 scheme can be reliably employed for the calculation of tau-
tomeric energies, providing results consistent with those obtained using the more demand-
ing PCS3 model. This allows for a significant reduction in computational cost while pre-
serving high accuracy. Consequently, FPCS3 can be recommended as the method of choice
for studying tautomeric equilibria, since, as previously discussed, approaches based on
double-hybrid functionals may yield incorrect stability orderings and are therefore not rec-
ommended for this type of analysis.
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As a further application, the atomization energies and enthalpies of formation of DNA and
RNA bases, and a series of PAHs were computed. These classes of molecules represent ideal
test cases, as they connect the fields of biochemistry and materials science, where accurate
thermochemical data are crucial for understanding stability, reactivity, and photochemical
properties.

For atomization energies, the situation is more complex than for tautomeric equilibria,
as the impact of the FNO approximation di!ers between isolated atoms and molecules,
introducing a non-negligible error that increases with system size. Results from the W4-11
benchmark set (Figure 5.5) indicate that an accurate description of these quantities requires
computing the CV contribution according to Equations 5.6 and 5.7, rather than relying solely
on the MP2 evaluation. Furthermore, analysis of the W4-17 test set (Table 5.11) shows that
FPCS3 errors are more than twice as large as those obtained with the corresponding PCS3
scheme.

The total atomization energies (TAEs) and enthalpies of formation computed both at 0 K
(ω𝑈f,0𝑉) and 298 K (ω𝑈↓

f,298𝑉) of the five nucleobases are reported in Table 5.14, together with
the corresponding valence and core-valence contributions evaluated in the frame of the PSC3
and FPCS3 composite methods, and anharmonic ZPVEs. The latter ones were evaluated ac-
cording to two di!erent approaches: in the first B3 ZPVEs were scaled by 0.985,47 while
in the second a hybrid force was adopted, mixing revDSD harmonic frequencies with B3
anharmonic contributions. Scalar relativistic and diagonal Born–Oppenheimer corrections
taken from the literature,47 together with experimental fine structure SO e!ects,75 were also
included. For the sake of comparison, the Table also lists analogous contributions from the
W2-F12 method,47, as well as ω𝑈↓

f,298𝑉 values obtained in the frame of the diet-HEAT-F12
protocol401 and also experimentally.402 Inspection of Table 5.14 reveals that PCS3 yields ener-
gies in close agreement with their W2-F12 counterparts: the maximum di!erences amount
to about 0.7 and 0.5 kJ mol→1 for valence and CV contributions, respectively, an agreement
which is then mirrored in the electronic TAE (TAE𝑇). Anharmonic ZPVEs computed accord-
ingly to the two di!erent strategies agree with each other with an average of about 1 kJ mol→1,
and both are in good accord with those employed in the W2-F12 method. This agreement
was expected, as the latter are obtained from harmonic B3LYP-D/def2-TZVP calculations
scaled by 0.985. the agreement of each individual contribution results close values of TAE
and formation enthalpies at 0 K (TAE0 and (ω𝑈↓

f,298𝑉) computed according to PCS3 and W2-
F12 approaches. Inclusion of thermal corrections, obtained from B3 computations, provides
theoretical estimates of the formation enthalpies at 298 K. For these, PCS3 performs fairly
well, with a MUE from W2-F12 results of 2 kJ mol→1. Very notably, not only PCS3 products
heats of formation that are close to the very accurate estimates of the diet-HEAT-F12 protocol,
but they also agree with experimental values within the quoted uncertainties of 3.4 kJ mol→1.

In contrast, the FPCS3 model gives noticeably large errors for the valence contributions,
amounting to 12.43, 10.19, 13.33, 11.93, and 10.16 kJ mol→1 for adenine, cytosine, guanine,
thymine, and uracil, respectively. The corresponding errors for the CV terms are much
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smaller, with values of 0.94, 0.39, 0.60, 1.16, and 0.74 kJ mol→1 for the same set of molecules.
This issue has been e!ectively addressed in local-correlation approaches through atomic-
equivalent corrections.403,404 In the present framework, the higher intrinsic accuracy of the
FPCS3 model compared with local-correlation methods, together with the structural simi-
larity of the investigated molecules, allows for a simplified one-parameter correction rather
than the conventional "one-parameter-per-atom" scheme. Specifically, a scaling factor pro-
portional to the number of non-hydrogen atoms, derived from the electronic energy dif-
ference between PCS3 and FPCS3, restores quantitative agreement with the reference data
(Table 5.14).

While more elaborate strategies may be developed, this single-parameter correction can
readily be implemented in two alternative ways: (i) by correcting only the FPCS3 valence
plus CV energy and explicitly adding the DBOC and Rel contributions, which are non-
negligible for atomization energies (unlike in tautomeric energy di!erences, Table 5.13); or
(ii) by directly correcting the total FPCS3 valence plus CV energy, implicitly accounting for
the DBOC and Rel e!ects in the correction parameter. The second approach is generally more
e!ective, since DBOC and Rel corrections become increasingly expensive for larger systems.
The SO contribution is always included, as it is derived from experimental fine-structure
data.

Both approaches were tested, yielding a correction of –1.26 kJ mol→1 per non-hydrogen
atom for the first method, where the average deviation of uncorrected FPCS3 electronic
energies from PCS3 reference values is about 10 kJ mol→1 for molecules containing roughly
ten non-hydrogen atoms, and –1.94 kJ mol→1 per non-hydrogen atom for the second approach,
including in the parameter DBOC and Rel corrections.

Upon introduction of the simple parameter correction in the FPCS3 framework, its ac-
curacy reconciles with that of both PCS3 and W2-F12 with maximum deviations of about
1.1 and 1.6 kJ mol→1 for the valence and TAE0, respectively, independently of the correction
strategy adopted. In this way, a quantitative agreement with both diet-HEAT-F12 predictions
and experimental values is restored.
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T%5&( 5.14: Electronic contributions, electronic total atomization energies
(TAE𝑇 ), ZPVEs, total atomization energys at 0 K (TAE0), and enthalpies of
formation at 0 K (ω𝑈f,0𝑉) and 298 K (ω𝑈↓

f,298𝑉) for nucleobases at the PCS3,
FPCS3, W2-F12, and diet-HEAT-F12 levels of theory. All values are in kJ mol→1.

Adenine Cytosine Guanine Thymine Uracil

Valence

PCS3 6995.6 5864.2 7461.3 6875.4 5631.8
FPCS3𝑄 6995.3 5864.3 7460.7 6876.0 5631.8
W2-F12𝑅 6995.1 5863.5 7461.5𝑍 6874.9 5631.3

Core-Valence

PCS3 35.8 27.5 36.9 30.9 25.9
FPCS3 34.9 27.1 36.3 29.7 25.1

W2-F12𝑅 36.1 27.8 37.4𝑍 31.2 26.3

Rel𝑅 -8.5 -6.9 -9.6 -7.7 -6.8
SO𝑃 -1.8 -2.3 -2.7 -3.6 -3.3

DBOC𝑅 1.7 1.5 1.9 1.6 1.3

TAE𝑇

PCS3 7022.8 5884.0 7487.8 6896.6 5648.9
FPCS3𝑇 7021.6 5883.7 7486.6 6896.0 5648.1
FPCS3 𝑋 7021.7 5883.7 7486.9 6896.0 5648.2
W2-F12𝑅 7022.6 5883.6 7488.5𝑍 6896.4 5648.8

ZPVE

Anharm𝑛 289.0 255.0 304.1 298.9 226.7
Scal. B3/6-31G*𝑐 288.7 254.7 302.1 297.6 225.4

W2-F12𝑅 ,𝑏 288.1 253.3 301.4 296.6 224.8

TAE0

PCS3𝑙 6733.8 5629.0 7183.7 6597.7 5422.2
FPCS3𝑑 ,𝑒 6732.9 5629.0 7184.5 6598.4 5422.7
FPCS3𝑓 ,𝑒 6733.0 5629.0 7184.8 6598.4 5422.8
W2-F12𝑅 6734.5 5630.3 7187.1 6599.8 5424.0

ω𝑈↓
f,0𝑉

PCS3 256.0 -44.7 53.2 -309.7 -277.7
FPCS3𝑑 257.0 -44.8 52.3 -310.5 -278.2
FPCS3𝑓 256.9 -44.8 52.0 -310.5 -278.3

W2-F12𝑅 255.4 -45.9 49.7 -311.9 -279.5

ω𝑈↓
f,298𝑉

PCS3𝑁 228.2 -67.4 24.7 -334.7 -297.4
FPCS3𝑑 ,𝑞 229.2 -67.3 23.9 -335.4 -298.0
FPCS3𝑓 ,𝑥 229.1 -67.3 23.6 -335.4 -298.1
W2-F12𝑅 229.8 -68.0 21.3𝑍 -337.1 -299.4

diet-HEAT-F12𝑔 232.0 ± 3.9 -68.8 ± 3.6 -339.3 ± 3.9 -302.1 ± 3.5
Exp.𝑊 225.5 ± 3.4 -69.5 ± 3.4 - -338.1 ± 3.4 -301.7 ± 3.4

𝑄Correction of –1.26 kJ mol→1 per non-hydrogen atom. 𝑅Data taken from Reference 47. 𝑍Evaluated at W1-F12 level. 𝑃Data
taken from the experimental fine structure, Reference 75. 𝑇FPCS3 one-parameter corrected valence energies including CV,

Rel, SO, and DBOC contributions. 𝑋 FPCS3 energies corrected by –1.94 kJ mol→1 per non-hydrogen atom, starting from
valence, CV, and experimental SO terms. 𝑛revDSD/cc-pVTZ-F12 harmonic and B3/6-31G* anharmonic ZPVEs. 𝑐Harmonic

B3/6-31G* ZPVEs scaled by 0.985.47 𝑏Harmonic B3LYP-D/Def2-TZVP ZPVEs scaled by 0.985.47 𝑙 Including anharmonic
ZPVEs. 𝑑FPCS3 TAE𝑇 corrected with the –1.26 kJ mol→1 parameter. 𝑓FPCS3 TAE𝑇 corrected with the –1.94 kJ mol→1

parameter. 𝑒 Including scaled B3/6-31G* ZPVEs. 𝑁Thermal contributions at the harmonic B3/6-31G* level. 𝑞Thermal
contributions at the harmonic B3/6-31G* level. 𝑥Thermal contributions at the harmonic B3LYP-D/def2-TZVP level. 𝑔Data

taken from Reference 401. 𝑊Data taken from Reference 402.
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The e!ectiveness and transportability of the one-parameter correction is demonstrated
by the heats of formation for a series of PAHs of increasing size reported in Table 5.15. More
precisely, five PAHs (benzene, toluene, naphthalene, anthracene, and phenanthrene) with
up to 24 atoms, and a molecular motor composed of 47 atoms, whose structures are shown
in Figure 5.7, were considered. The heats of formation computed using the PCS3 model are
in close agreement with those from the W1-F12 scheme, and both of them are in accord with
experimental determinations and with the ATcT values. In this respect, the MUE of PCS3
predictions from ATcT data amount to about 2 kJ mol→1 with a maximum deviation of about
2.5 kJ mol→1 observed for anthracene.

For the FPCS3 model, these values were determined from TAE𝑇 energies corrected by
–1.94 kJ mol→1 per non-hydrogen atom, derived starting from valence and CV contributions
combined with experimental SO terms. Although this correction was originally obtained
from the nucleobases reported in Table 5.14, it constitutes a single-parameter adjustment
that scales with the number of non-hydrogen atoms, treating carbon and heteroatoms on
an average basis. Considering that both nucleobases and PAHs are conjugated aromatic
systems, this approximation was also tested on the latter, while acknowledging that further
validation and refinement of the parameter are still needed.

Despite this simplification, the FPCS3 model provides results consistent with experimen-
tal data as well as with both PCS3 and W1-F12 calculations, while maintaining a significantly
lower computational cost. Moreover, its e"ciency allows the accurate computation of the
formation enthalpy of a molecular motor comprising nearly 50 atoms (Figure 5.7), without
relying on any local correlation approximations.130

F*4,$( 5.7: From benzene to extended conjugated hydrocarbons of increasing
size.
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T%5&( 5.15: Enthalpies of formation at 298 K for conjugated hydrocarbons
of increasing size, evaluated using PCS3, FPCS3, and W1-F12 methods. All

values are in kJ mol→1.

Benzene Toluene Naphthalene Anthracene Phenanthrene Molecular Motor

FPCS3 82.7 48.5 147.1 228.0 203.2 406.3
PCS3 82.2 48.0 145.7 224.3 200.7 -

W1-F12𝑄 81.4 49.1 144.8 223.2 199.3 -
Exp.𝑅 82.9 ± 0.9 50.1 ± 1.1 150.6 ± 1.5 229.4 ± 2.9 202.2 ± 2.3 -
ATcT𝑍 83.2 ± 0.2 50.1 ± 0.3 147.6 ± 0.6 226.8 ± 1.0 203.0 ± 0.8 -

𝑄Data taken from Reference 405. 𝑅Data taken from Reference 406. 𝑍Data taken from Reference 407.

5.2.3 Molecular Structures and Rotational Constants

5.2.3.1 Validation of the PCS2 and MDPCS3 Equilibrium Geometries

A first validation of the PCS2 scheme for equilibrium structures was carried out on 32
small molecules containing elements from the first three rows of the periodic table, for
which accurate equilibrium semi-experimental structures are available. This initial step
aimed to assess the level of theory adopted for the description of valence correlation and to
analyze the impact of basis set extension up to cc-pVQZ-F12. Unless otherwise specified,
reference data were taken from the SE100 database.148 The test set included: CH4,142 CO2,
HCN, HNC, H2O, NH3, C2H2, C2H4, H2CO, CH2O2 (trans formic acid), CH2NH, BH3NH3,
C2H4O (oxirane), C2H4NH (aziridine), CH2F2, HOF, CH2CHF, cyc –C3H6, NH2OH, BH2OH,
HNO,359 H2O2,360 SO2, H2S,361 PH3, H2CS, CH2PH, C2H4S (thiirane), H2S2, HClCO, CH2Cl2,
and CH2ClF; see Figure 5.11 for molecular structures.

For this molecular set, geometry optimizations were carried out at the CCSD(T)-F12b/cc-
pV𝑁Z-F12 level, with 𝑁 = 2, 3, and 4. The corresponding MAX, MUE, and RMSD values were
evaluated for all geometrical parameters. Starting from the CCSD(T)-F12b/cc-pVDZ-F12+

geometries, the e!ect of basis set extension on geometrical parameters computed within
the frozen core approximation was also investigated at the MP2-F12 level. The ω𝑊MP2-F12

corrections were computed as the di!erences between geometrical parameters obtained us-
ing the (3,2), (4,2), and (4,3) pairs of cc-pV𝑁Z-F12 basis sets. For each level of theory, the
MP2/cc-pwCVTZ core-valence correction was added. In addition, for molecules containing
third-row atoms, CCSD(T)-F12b/cc-pVDZ-F12 geometries including CV correlation but ex-
cluding the additional 𝑋 function were also considered. The corresponding error statistics
are summarized in Table 5.16.
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T%5&( 5.16: MAX, MUE, and RMSD of geometrical parameters computed at
the CCSD(T)-F12b/cc-pV𝑁Z-F12 level, with 𝑁 = 2, 3, and 4. The ω𝑊MP2-F12
corrections were evaluated as the di!erences between geometrical parameters
obtained using the (3,2), (4,2), and (4,3) pairs of cc-pV𝑁Z-F12 basis sets. For
each parameter, the first row reports valence-only results, while the second row
includes the MP2/cc-pwCVTZ CV correction. For molecules containing third-
row atoms, statistics for CCSD(T)-F12b/cc-pVDZ-F12 geometries including
CV corrections (excluding the additional 𝑋 function) are shown in square
brackets. All results are given relative to SE reference data. Bond lengths (𝑃)

are in Å, and valence (𝜑) and dihedral (𝜒) angles in degrees.

𝑊CCSD(T)-F12b 𝑊
cc-pVDZ-F12
CCSD(T)-F12b + ω𝑊MP2-F12

cc-pVDZ-F12𝑄 cc-pVTZ-F12 cc-pVQZ-F12 (3,2𝑄) (4,2𝑄) (4,3)

2nd-row (22 molecules)

MAX(𝑃) 0.0044 0.0043 0.0039 0.0041 0.0039 0.0042
0.0032 0.0038 0.0049 0.0055 0.0061 0.0036

MAX(𝜑,𝜒) 0.61 0.94 0.94 1.10 1.14 0.60
0.62 0.83 0.83 0.99 1.03 0.61

MUE(𝑃) 0.0012 0.0011 0.0010 0.0010 0.0010 0.0011
0.0004 0.0004 0.0005 0.0005 0.0005 0.0004

MUE(𝜑,𝜒) 0.06 0.05 0.05 0.06 0.06 0.06
0.04 0.05 0.06 0.06 0.06 0.05

RMSD(𝑃) 0.0022 0.0021 0.0019 0.0021 0.0020 0.0021
0.0011 0.0012 0.0014 0.0016 0.0017 0.0012

RMSD(𝜑,𝜒) 0.20 0.22 0.22 0.24 0.25 0.20
0.18 0.21 0.21 0.23 0.24 0.18

3rd-row (10 molecules)

MAX(𝑃) 0.0050 0.0045 0.0039 0.0053 0.0053 0.0050
0.0023 0.0032 0.0027 0.0019 0.0017 0.0021

[0.0052]
MAX(𝜑,𝜒) 0.18 0.17 0.25 0.19 0.21 0.18

0.22 0.18 0.17 0.15 0.14 0.22
[0.31]

MUE(𝑃) 0.0023 0.0024 0.0021 0.0026 0.0025 0.0022
0.0006 0.0007 0.0008 0.0005 0.0005 0.0006

[0.0014]
MUE(𝜑,𝜒) 0.06 0.06 0.06 0.06 0.05 0.06

0.07 0.07 0.06 0.07 0.06 0.07
[0.14]

RMSD(𝑃) 0.0025 0.0026 0.0022 0.0029 0.0029 0.0026
0.0008 0.0010 0.0011 0.0006 0.0007 0.0008

[0.0019]
RMSD(𝜑,𝜒) 0.08 0.08 0.08 0.08 0.08 0.08

0.09 0.08 0.08 0.08 0.07 0.09
[0.16]

𝑄Employing cc-pVDZ-F12 and cc-pVDZ-F12+ basis sets for 2nd- and 3rd-row atoms, respectively.

All the investigated levels of theory yield errors well below the target accuracy of 1 mÅ for
bond lengths and 0.1° for angles. In particular, both the MP2-F12 corrections and the
CCSD(T)-F12b calculations beyond the cc-pVDZ-F12+ basis set have a negligible impact
within this accuracy range. Moreover, for molecules containing third-row atoms, the use
of the cc-pVDZ-F12+ basis set ensures errors comparable to those obtained for first- and
second-row species. These results demonstrate that a double-↩ valence basis set combined
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with an explicitly correlated method and a CV correction computed at the MP2/cc-pwCVTZ
level provides an excellent compromise between accuracy and computational cost, without
the need for larger valence basis sets or additional corrections.

A further validation of the PCS2 method was carried out by optimizing the structures of 106
molecules containing the main elements of life (H, B, C, N, O, F, P, S, and Cl), taken from the
compilation of SE equilibrium geometries reported in Reference 149. In addition, five more
molecules with accurate SE structures were included, namely cyclohexane,408 piperidine,408

H2S,361 o-benzyne,409 and CH4.142 The resulting benchmark set comprised 111 molecules,
displayed in Figure 5.11, and the corresponding statistical analysis is summarized in Table
5.17.

F*4,$( 5.8: Collection of the 111 molecular structures included in the PCS2
validation set.
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F*4,$( 5.9: Collection of the 111 molecular structures included in the PCS2
validation set (continued).
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F*4,$( 5.10: Collection of the 111 molecular structures included in the PCS2
validation set (continued).
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F*4,$( 5.11: Collection of the 111 molecular structures included in the PCS2
validation set (continued).
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T%5&( 5.17: MAX, MUE, and RMSD of geometrical parameters computed using
the PCS2 model for a dataset of 111 molecules. For molecules containing third-
row atoms, the statistics for PCS2 results obtained without the additional 𝑋

function are reported in square brackets. All results are given relative to the
SE reference data. Bond lengths (𝑃) are expressed in Å, and valence (𝜑) and

dihedral (𝜒) angles in degrees.

2nd-row 3rd-row Total
(79 molecules) (32 molecules) (111 molecules)

MAX(𝑃) 0.0068 0.0038 0.0068
[0.0052] [0.0068]

MAX(𝜑,𝜒) 1.30 0.69 1.30
[0.69] [1.30]

MUE(𝑃) 0.0008 0.0007 0.0008
[0.0011] [0.0009]

MUE(𝜑,𝜒) 0.09 0.01 0.07
[0.01] [0.07]

RMSD(𝑃) 0.0011 0.0010 0.0011
[0.0015] [0.0012]

RMSD(𝜑,𝜒) 0.16 0.15 1.16
[0.15] [1.16]

The comparison of Tables 5.16 and 5.17 indicates that the errors remain within the same
range as those obtained for the smaller 32-molecule set. Once again, replacing the cc-
pVDZ-F12 basis set with its cc-pVDZ-F12+ counterpart markedly improves the accuracy
for molecules containing third-row atoms, yielding errors comparable to those observed for
systems composed exclusively of first- and second-row elements.

After the extensive validation of the PCS2 geometric protocol, the reduced-cost MDPCS3
model was assessed by replacing the CCSD(T)-F12b/cc-pVDZ-F12+ valence evaluation with
the more a!ordable revDSD/cc-pVTZ-F12→ alternative. The validation was carried out by
benchmarking against the accurate SE equilibrium geometries of 54 molecules taken from
the SE127 database.149 In addition to the 32 molecules previously examined, this set includes
22 larger systems: imidazole, phenol, allene, pyrrole, pyridazine, pyrimidine, benzene,
pyridine, 2-fluoropyridine, 3-fluoropyridine, uracil, cis-acrolein, trans-acrolein, furan, 2-
thiouracil, 1,2,3-thiadiazole, 1,3,4-thiadiazole, 1,2,4-thiadiazole, 1,2,5-thiadiazole, thiazole,
CCl2F2, and CHClF2. The error statistics for the revDSD/cc-pVTZ-F12→, MDPCS3, and PCS
models are summarized in Table 5.18.
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T%5&( 5.18: MAX, MUE, and RMSD of geometrical parameters computed at
the revDSD/cc-pVTZ-F12→, MDPCS3, and PCS2 levels of theory. All results
are given relative to the SE reference data. Bond lengths (𝑃) are expressed in

Å, and valence (𝜑) and dihedral (𝜒) angles in degrees.

𝑊
cc-pVTZ-F12→
revDSD MDPCS3 PCS2

2nd-row (36 molecules)

MAX(𝑃) 0.0073 0.0058 0.0046
MAX(𝜑,𝜒) 0.70 0.71 0.62

MUE(𝑃) 0.0024 0.0017 0.0008
MUE(𝜑,𝜒) 0.11 0.13 0.07
RMSD(𝑃) 0.0027 0.0020 0.0011

RMSD(𝜑,𝜒) 0.16 0.18 0.12

3rd-row (18 molecules)

MAX(𝑃) 0.0086 0.0057 0.0027
MAX(𝜑,𝜒) 0.77 0.76 0.79

MUE(𝑃) 0.0030 0.0017 0.0007
MUE(𝜑,𝜒) 0.13 0.12 0.09
RMSD(𝑃) 0.0039 0.0024 0.0011

RMSD(𝜑,𝜒) 0.19 0.19 0.17

The results confirm that the general accuracy of revDSD geometries, with bond length
deviations of only a few mÅ. The inclusion of CV correlation has a negligible impact on
valence and dihedral angles but significantly improves bond length accuracy, reducing
the associated errors by roughly a factor of two. Replacing the valence description from
the double-hybrid functional with the CCSD(T)-F12b/cc-pVDZ-F12+ level yields a further
twofold improvement. Overall, the MDPCS3 model represents an excellent compromise
between computational cost and accuracy, particularly suitable for the structural characteri-
zation of increasingly large molecular systems.

5.2.3.2 Application of the PCS2 and MDPCS3 Models to the Evaluation of Rotational
Constants

After validating their performance on small-to-medium molecules, the PCS2 and MDPCS3
composite geometric schemes were applied to a representative set of medium-sized gas-
phase molecules of varying structural complexity, encompassing systems of both biological
and technological relevance, for which experimental rotational constants are available. For
such species, an unbiased validation of computed geometries is often hindered by the absence
of accurate SE equilibrium structures. In these cases, structural accuracy can be indirectly
evaluated through a bottom-up approach, in which theoretical equilibrium rotational con-
stants are compared with experimental ground state measurements corrected for vibrational
e!ects. The latter account for the transition from the experimental to the equilibrium rota-
tional constants and are computed at the B3/6-31G* level of theory.188 Statistical analyses
were performed in terms of MAX and MUE deviations, as well as their relative counterparts,
with respect to the SE experimental constants.
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The first set of applications concerned the five low-energy tautomers and rotamers of
cytosine169 and guanine400, respectively shown in Figures 4.3 and 5.2, for which experimental
rotational constants are available. An exception is the highest-energy guanine tautomer,
whose rotational constants were only estimated theoretically, since this species has not been
detected experimentally. Cytosine and guanine, being two of the fundamental building
blocks of DNA and RNA, provide a biologically meaningful application for assessing the
ability of the PCSs to capture subtle energetic and structural di!erences among tautomers
and rotamers.

For cytosine, a detailed comparison of the SE equilibrium rotational constants and those
computed at the revDSD/cc-pVTZ-F12→, MDPCS3, BDPCS3, CCSD(T)-F12b/cc-pVDZ-F12,
and PCS2 levels of theory is reported in Table 5.19.
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T%5&( 5.19: Comparison of SE equilibrium rotational constants and those com-
puted at the revDSD/cc-pVTZ-F12→, MDPCS3, BDPCS3, CCSD(T)-F12b/cc-
pVDZ-F12, and PCS2 levels of theory (𝑌𝑇

𝑄
, 𝑌𝑇

𝑅
, and 𝑌

𝑇

𝑍
) for cytosine tautomers

and rotamers, including B3/6-31G* vibrational corrections. The MAX, MUE,
and their relative percentage counterparts (MAX% and MUE%) with respect
to the SE values are also provided. All quantities, except percentage errors,

are in MHz.

SE𝑄
revDSD𝑅

MDPCS3 BDPCS3𝑅 CCSD(T)-F12b PCS2 ω𝑌vib
B3/6-31G*

𝑍

cc-pVTZ-F12→ cc-pVDZ-F12

EA

𝑌
𝑇

𝑄
3979.5 3967.9 3986.4 3979.6 3962.5 3978.1 27.6

𝑌
𝑇

𝑅
2020.0 2013.9 2021.6 2019.8 2012.0 2018.7 11.0

𝑌
𝑇

𝑍
1341.1 1336.5 1341.9 1340.5 1335.3 1340.0 8.6

MAX 11.6 6.9 0.6 17.0 1.4
MUE 7.4 3.1 0.3 10.3 1.3

MAX% 0.34 0.17 0.04 0.43 0.09
MUE% 0.31 0.11 0.02 0.42 0.06

EAc

𝑌
𝑇

𝑄
3913.4 3902.8 3919.3 3914.7 3896.9 3911.4 23.9

𝑌
𝑇

𝑅
2038.9 2032.2 2040.4 2038.1 2030.4 2037.3 12.6

𝑌
𝑇

𝑍
1341.7 1337.1 1342.5 1341.0 1335.8 1340.4 8.8

MAX 10.6 5.9 1.3 16.5 2.0
MUE 7.3 2.7 0.9 10.3 1.6

MAX% 0.34 0.15 0.05 0.44 0.09
MUE% 0.31 0.09 0.04 0.42 0.08

KA

𝑌
𝑇

𝑄
3899.0 3888.8 3906.6 3901.5 3884.2 3899.6 27.4

𝑌
𝑇

𝑅
2034.4 2028.8 2036.6 2034.9 2027.5 2034.2 9.4

𝑌
𝑇

𝑍
1338.2 1333.7 1339.1 1337.8 1332.8 1337.4 7.9

MAX 10.2 7.6 2.5 14.8 0.8
MUE 6.8 3.6 1.1 9.1 0.5

MAX% 0.34 0.19 0.06 0.41 0.06
MUE% 0.29 0.12 0.04 0.38 0.03

KI

𝑌
𝑇

𝑄
3877.6 3865.7 3882.8 3878.1 3860.9 3876.0 29.4

𝑌
𝑇

𝑅
2037.3 2030.2 2037.8 2036.4 2028.7 2035.6 11.0

𝑌
𝑇

𝑍
1335.7 1331.1 1336.4 1335.2 1329.9 1334.6 7.7

MAX 11.9 5.2 0.9 16.7 1.7
MUE 7.9 2.2 0.6 10.4 1.5

MAX% 0.35 0.14 0.04 0.43 0.09
MUE% 0.33 0.07 0.03 0.43 0.07

KIc

𝑌
𝑇

𝑄
3889.7 3879.6 3894.7 3891.7 3873.1 3886.9 28.4

𝑌
𝑇

𝑅
2022.8 2015.2 2023.8 2021.4 2014.5 2022.0 11.4

𝑌
𝑇

𝑍
1330.9 1326.3 1331.8 1330.4 1325.2 1330.1 7.7

MAX 10.1 5.0 2.0 16.6 2.8
MUE 7.4 2.3 1.3 10.2 1.5

MAX% 0.38 0.13 0.07 0.43 0.07
MUE% 0.33 0.08 0.05 0.42 0.06

𝑄SE equilibrium rotational constants obtained correcting the experimental ground state rotational constants by B3/6-31G*
vibrational corrections. Experimental data (truncated to 1 decimal figure) taken from Reference 169. 𝑅Data taken from

Reference 167. 𝑍Data taken from Reference 399.

Overall, the results demonstrate that PCSs are able to reproduce the rotational constants
of biologically relevant polyfunctional systems with spectroscopic accuracy. The results
obtained with the more a!ordable MDPCS3 and BDPCS3 models closely reproduce those
delivered by the much more demanding PCS2 scheme. All the PCS-based approaches achieve
the target accuracy of 0.1%, a level of precision that cannot be reached without explicitly
accounting for CV correlation e!ects, as shown by the revDSD/cc-pVTZ-F12→ and CCSD(T)-
F12b/cc-pVDZ-F12 results. The overall error statistics further confirm the reliability of both
PCS2 and BDPCS3 formulations, the latter being fully consistent with and suitable for use
within the FPCS3 framework.
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The equilibrium rotational constants of the five most stable guanine forms, computed at
various levels of theory, are reported in Table 5.20. A comparison with SE equilibrium values
includes results obtained at the revDSD/cc-pVTZ-F12→, MDPCS3, fc-MP2/cc-pwCVTZ, and
ae-MP2/cc-pwCVTZ levels.

T%5&( 5.20: Comparison of SE equilibrium rotational constants and those com-
puted at the revDSD/cc-pVTZ-F12→, MDPCS3, fc-MP2/cc-pwCVTZ, and ae-
MP2/cc-pwCVTZ levels of theory (𝑌𝑇

𝑄
, 𝑌𝑇

𝑅
, and 𝑌

𝑇

𝑍
) for the five most stable

guanine tautomers and rotamers, including B3/6-31G* vibrational correc-
tions. The MAX, MUE, and their relative percentage counterparts (MAX%
and MUE%) with respect to the SE values are also provided. All quantities,

except percentage errors, are in MHz.

SE𝑄
revDSD MDPCS3 fc-MP2 ae-MP2 ω𝑌vib

B3/6-31G*
cc-pVTZ-F12→ cc-pwCVTZ cc-pwCVTZ

KA17

𝑌
𝑇

𝑄
1933.8 1927.0 1934.1 1921.3 1928.5 11.6

𝑌
𝑇

𝑅
1128.4 1124.5 1127.9 1128.6 1132.0 6.7

𝑌
𝑇

𝑍
713.2 710.7 713.0 711.7 714.1 4.2

MUE 4.4 0.3 4.7 3.3
MAX 6.8 0.4 12.5 5.3

MUE% 0.35 0.03 0.29 0.24
MAX% 0.35 0.04 0.64 0.32

KA19

𝑌
𝑇

𝑄
1934.3 1923.6 1934.0 1922.3 1929.1 12.0

𝑌
𝑇

𝑅
1123.2 1119.1 1122.7 1122.9 1126.4 6.5

𝑌
𝑇

𝑍
711.1 708.5 710.8 709.5 711.8 4.2

MUE 4.5 0.3 4.6 3.0
MAX 7.0 0.5 12.0 5.2

MUE% 0.36 0.03 0.29 0.22
MAX% 0.36 0.05 0.62 0.29

EA9

𝑌
𝑇

𝑄
1929.4 1923.2 1929.7 1921.6 1928.1 13.3

𝑌
𝑇

𝑅
1138.4 1134.7 1138.3 1137.3 1141.0 6.0

𝑌
𝑇

𝑍
716.4 713.9 716.2 714.9 717.2 4.2

MUE 4.1 0.2 3.4 1.6
MAX 6.2 0.3 7.8 2.6

MUE% 0.33 0.01 0.24 0.14
MAX% 0.35 0.02 0.40 0.23

EAc9

𝑌
𝑇

𝑄
1937.3 1931.2 1937.7 1930.3 1937.0 13.8

𝑌
𝑇

𝑅
1142.1 1138.5 1142.1 1141.3 1145.0 6.1

𝑌
𝑇

𝑍
719.0 716.5 718.8 717.6 719.9 4.3

MUE 4.1 0.2 3.1 1.3
MAX 6.1 0.4 7.0 2.9

MUE% 0.33 0.02 0.21 0.13
MAX% 0.35 0.03 0.36 0.25

EA7
𝑌
𝑇

𝑄
- 1912.9 1919.5 1909.9 1916.5 12.7

𝑌
𝑇

𝑅
- 1137.2 1140.7 1139.8 1143.2 6.2

𝑌
𝑇

𝑍
- 715.8 714.2 716.5 4.2

𝑄SE equilibrium rotational constants obtained correcting the experimental ground state rotational constants by B3/6-31G*
vibrational corrections. Experimental data (truncated to 1 decimal figure) taken from Reference 400.

Focusing on the individual components of the MDPCS3 scheme, the relative mean unsigned
error (MUE%) remains consistently around 0.02%, and the corresponding maximum un-
signed error (MAX%) never exceeds 0.05%. These results are comparable to those obtained



118 Chapter %. Development of the PCS Family

with the most sophisticated and computationally demanding wave function-based compos-
ite methods developed for small semi-rigid molecules.

Moving from the "molecular bricks of life" to naturally occurring compounds, four bicy-
clo[2.2.1]heptanes, namely norbornane, norbornene, norbornadiene, and norcamphor, were
selected for investigation at the PCS2 and BDPCS3 levels of theory.189 The structures of the
four nor-terpenes are shown in Figure 5.12. These bicyclic hydrocarbons can be regarded
as simplified models of naturally occurring monoterpenes and camphor derivatives. Their
rigid frameworks and well-characterized spectra make them ideal prototypes for evaluating
the performance of CSs on compact, saturated systems of biological and industrial relevance.
The prefix "nor" refers to the common bicyclic backbone of bornane and camphor, where the
methyl groups of the parent compounds are replaced by hydrogen atoms. These systems
are rigid bicyclic hydrocarbons characterized by a single low-energy minimum, for which
the corresponding rotational spectra have been experimentally measured.410–413

F*4,$( 5.12: Structure of the norbornane, norbornene, norbornadiene, and
norcamphor.

In Table 5.21, the equilibrium rotational constants computed at the revDSD/cc-pVTZ-
F12→, CCSD(T)-F12b/cc-pVDZ-F12, BDPCS3, and PCS2 levels of theory are compared with
their SE counterparts. The latter were derived by adding B3/6-31G* vibrational and B3/cc-
pVTZ-F12→ electronic corrections to the experimental ground state rotational constants.
As can be seen, for closed-shell molecules that do not contain heavy atoms, the electronic
correctionω𝑌𝑇𝑓

⇁ is smaller than the target accuracy of the proposed computational protocol.174

In contrast, vibrational corrections play a non-negligible role and must be included to achieve
quantitatively reliable results.
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T%5&( 5.21: Comparison of SE equilibrium rotational constants and those com-
puted at the revDSD/cc-pVTZ-F12→, CCSD(T)-F12b/cc-pVDZ-F12, BDPCS3,
and PCS2 levels of theory (𝑌𝑇

𝑄
, 𝑌𝑇

𝑅
, and 𝑌

𝑇

𝑍
) for the nor-compounds, includ-

ing B3/6-31G* vibrational and B3/cc-pVTZ-F12→ electronic corrections. The
MAX, MUE, and their relative percentage counterparts (MAX% and MUE%)
with respect to the SE values are also provided. All quantities, except percent-

age errors, are in MHz.

SE𝑄
revDSD CCSD(T)-F12b BDPCS3𝑅 PCS2 ω𝑌vib

B3/G-31G* ω𝑌el
B3/cc-pVTZ-F12→

cc-pVTZ-F12→ cc-pVDZ

Norbornane

𝑌
𝑇

𝑄
3729.4 3719.6 3713.2 3733.8 3728.0 35.1 0.003

𝑌
𝑇

𝑅
3247.6 3235.1 3233.5 3246.7 3246.3 35.0 -0.007

𝑌
𝑇

𝑍
2804.8 2793.9 2792.5 2804.0 2803.5 30.0 -0.009

MUE 11.0 14.1 2.1 1.3
MAX 12.5 16.1 4.4 1.4

MUE% 0.34 0.43 0.06 0.04
MAX% 0.39 0.44 0.12 0.05

Norbornene

𝑌
𝑇

𝑄
3963.0 3952.9 3946.4 3966.7 3961.9 39.2 -0.017

𝑌
𝑇

𝑅
3465.9 3452.7 3449.6 3465.4 3463.8 33.5 0.002

𝑌
𝑇

𝑍
3041.2 3031.3 3026.8 3041.7 3039.5 26.3 -0.042

MUE 11.1 15.8 1.6 1.6
MAX 13.3 16.5 3.7 2.1

MUE% 0.32 0.45 0.04 0.05
MAX% 0.38 0.48 0.09 0.06

Norbornadiene

𝑌
𝑇

𝑄
4314.2 4305.6 4297.6 4319.1 4314.1 40.5 -0.077

𝑌
𝑇

𝑅
3642.3 3628.7 3623.8 3642.3 3638.6 32.0 -0.112

𝑌
𝑇

𝑍
3210.4 3199.6 3193.7 3209.9 3207.3 24.0 -0.005

MUE 10.9 17.3 1.8 2.3
MAX 13.6 18.5 4.9 3.7

MUE% 0.30 0.47 0.04 0.07
MAX% 0.37 0.52 0.11 0.10

Norcamphor
𝑌
𝑇

𝑄
3465.1 3454.5 3448.0 3467.4 3462.1 31.4 -0.009

𝑌
𝑇

𝑅
2123.4 2115.4 2114.2 2123.5 2122.5 17.8 -0.006

𝑌
𝑇

𝑍
1903.2 1896.0 1894.4 1903.1 1902.0 15.6 -0.004

MUE 8.6 11.7 0.8 1.7
MAX 10.6 17.1 2.3 3.0

MUE% 0.35 0.46 0.03 0.06
MAX% 0.38 0.49 0.07 0.09

𝑄SE equilibrium rotational constants obtained correcting the experimental ground state rotational constants by B3/6-31G*
vibrational and B3/cc-pVTZ-F12→ electronic corrections. Experimental data (truncated to 1 decimal figure) taken from

References 410, 411, 412, and 413 for norbornane, norbornene, norbornadiene, and norcamphor, respectively. 𝑅Data taken
from Reference 189.

The equilibrium rotational constants obtained with the revDSD and CCSD(T)-F12b/cc-
pVDZ-F12 methods are already quite accurate, with average deviations of about 0.3 and
0.5%, respectively. However, attaining the desired accuracy of 0.1% requires the explicit in-
clusion of CV correlation e!ects. Both the BDPCS3 and PCS2 models successfully meet this
requirement, delivering mean errors of approximately 0.05%. The accurate reproduction
of the SE equilibrium rotational constants further confirms that the investigated schemes
deliver quantitative predictions for rigid hydrocarbon backbones typical of terpene-like ar-
chitectures.

To further evaluate the reliability of the proposed composite schemes, the four isomeric
and tautomeric forms of vinylimidazole193 shown in Figure 5.13 were selected as representa-
tive test cases, since accurate experimental spectroscopic data are available for comparison.414

Beyond their spectroscopic interest, vinylimidazoles are biologically active fragments often
associated with antifungal properties. The presence of a vinyl substituent at the 4- or 5-
position of the imidazole ring confers distinctive conformational features and chemical reac-
tivity. Moreover, their use as functional monomers in polymerization and copolymerization
processes makes them relevant also from a technological perspective, bridging biomolecular
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F*4,$( 5.13: Cis and trans isomers of 4- and 5-vinylimidazole.

and materials-oriented applications.
The equilibrium rotational constants obtained at the revDSD/cc-pVTZ-F12→ and PCS2

levels of theory are compared with their corresponding semi-experimental values in Table
5.22.
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T%5&( 5.22: Comparison of SE equilibrium rotational constants and those com-
puted at the revDSD/cc-pVTZ-F12→ and PCS2 levels of theory (𝑌𝑇

𝑄
, 𝑌𝑇

𝑅
, and 𝑌

𝑇

𝑍
)

for the four isomers of vinylimidazole, including B3/6-31G* vibrational cor-
rections. The MAX, MUE, and their relative percentage counterparts (MAX%
and MUE%) with respect to the SE values are also provided. All quantities,

except percentage errors, are in MHz.

SE𝑄
revDSD PCS2 ω𝑌vib

B3/G-31G*cc-pVTZ-F12→

trans-4-vinylimidazole

𝑌
𝑇

𝑄
8091.0 8075.4 8088.9 66.6

𝑌
𝑇

𝑅
2072.2 2061.9 2070.8 12.7

𝑌
𝑇

𝑍
1649.0 1642.5 1648.7 10.3

MUE 10.8 1.3
MAX 15.6 2.1

MUE% 0.38 0.04
MAX% 0.50 0.07

trans-5-vinylimidazole

𝑌
𝑇

𝑄
8194.1 8174.5 8191.5 70.2

𝑌
𝑇

𝑅
2043.3 2034.1 2042.3 11.3

𝑌
𝑇

𝑍
1635.6 1628.8 1634.7 9.2

MUE 11.9 1.5
MAX 19.6 2.6

MUE% 0.37 0.05
MAX% 0.45 0.06

cis-4-vinylimidazole

𝑌
𝑇

𝑄
8101.0 8090.8 8101.0 70.9

𝑌
𝑇

𝑅
2030.7 2020.8 2029.3 11.2

𝑌
𝑇

𝑍
1624.4 1616.9 1622.8 8.4

MUE 9.2 1.0
MAX 10.2 1.6

MUE% 0.36 0.06
MAX% 0.49 0.10

cis-5-vinylimidazole

𝑌
𝑇

𝑄
8170.4 8156.3 8169.5 75.0

𝑌
𝑇

𝑅
2011.6 2002.6 2010.2 10.5

𝑌
𝑇

𝑍
1614.6 1607.8 1613.3 7.2

MUE 10.0 1.2
MAX 14.1 1.4

MUE% 0.35 0.05
MAX% 0.45 0.08

𝑄SE equilibrium rotational constants obtained correcting the experimental ground state rotational constants by B3/6-31G*
vibrational corrections. Experimental data (truncated to 1 decimal figure) taken from Reference 414.

Also in this case, the PCS2 model provides extremely accurate results, fully consistent with
the reference data.

The next group of investigated systems comprises molecular species derived from polycyclic
aromatic hydrocarbons and related substituted aromatic compounds, which play a key role
in several technological applications.

The first analyzed molecules are azulene, naphthalene, and quinoline,190 whose struc-
tures are shown in Figure 5.14. These aromatic systems represent prototypical examples
of PAHs and their nitrogen-substituted derivatives. They play a pivotal role in organic
electronics, photophysics, and astrochemistry, where precise structural information is essen-
tial for interpreting spectroscopic signatures and designing functional molecular materials.
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From a methodological viewpoint, they also constitute a valuable test of transferability from
compact saturated systems to delocalized 𝜔-conjugated frameworks.

A comparison of the SE equilibrium rotational constants and those computed at the
revDSD/cc-pVTZ-F12→, CCSD(T)-F12b/cc-pVDZ-F12, BDPCS3, and PCS2 levels of theory
is reported in Table 5.23.

F*4,$( 5.14: Structure of the azulene, naphthalene, quinoline, and isoquino-
line.
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T%5&( 5.23: Comparison of SE equilibrium rotational constants and those com-
puted at the revDSD/cc-pVTZ-F12→, CCSD(T)-F12b/cc-pVDZ-F12, BDPCS3,
and PCS2 levels of theory (𝑌𝑇

𝑄
, 𝑌𝑇

𝑅
, and 𝑌

𝑇

𝑍
) for azulene, naphthalene, quinoline,

and isoquinoline, including B3/6-31G* vibrational corrections. The MAX,
MUE, and their relative percentage counterparts (MAX% and MUE%) with
respect to the SE values are also provided. All quantities, except percentage

errors, are in MHz.

SE𝑄
revDSD CCSD(T)-F12b BDPCS3𝑅 PCS2 ω𝑌vib

B3/G-31G*
𝑍

cc-pVTZ-F12→ cc-pVDZ

Azulene

𝑌
𝑇

𝑄
2844.9 2857.1 2848.5 2866.0 2860.2 20.2

𝑌
𝑇

𝑅
1250.1 1258.9 1257.4 1262.5 1262.5 7.7

𝑌
𝑇

𝑍
868.5 873.9 872.3 876.4 875.9 5.4

MUE 3.6 7.5 1.4 0.7
MAX 5.0 13.6 3.9 1.9

MUE% 0.24 0.44 0.06 0.03
MAX% 0.29 0.48 0.13 0.07

Naphthalene

𝑌
𝑇

𝑄
3142.1 3132.8 3127.0 3142.3 3139.9 22.7

𝑌
𝑇

𝑅
1240.7 1237.5 1235.0 1241.0 1239.9 7.7

𝑌
𝑇

𝑍
889.5 887.1 885.3 889.7 888.9 5.6

MUE 5.0 8.3 0.2 1.2
MAX 9.3 15.1 0.3 2.2

MUE% 0.28 0.47 0.02 0.07
MAX% 0.30 0.48 0.03 0.07

Quinoline

𝑌
𝑇

𝑄
3167.8 3160.0 3151.9 3169.6 3165.3 22.4

𝑌
𝑇

𝑅
1279.5 1275.9 1274.0 1279.6 1278.8 7.9

𝑌
𝑇

𝑍
911.4 908.9 907.3 911.6 910.8 5.7

MUE 4.6 8.5 0.7 1.3
MAX 7.8 15.9 1.8 2.5

MUE% 0.26 0.46 0.03 0.07
MAX% 0.28 0.50 0.06 0.08

Isoquinoline

𝑌
𝑇

𝑄
3222.5 3213.0 3207.8 3222.7 3139.9 23.5

𝑌
𝑇

𝑅
1245.5 1242.5 1239.6 1246.1 1239.9 7.5

𝑌
𝑇

𝑍
898.3 896.0 984.1 898.6 888.9 5.6

MUE 4.9 8.3 0.4 1.2
MAX 9.5 14.7 0.6 2.2

MUE% 0.26 0.47 0.03 0.07
MAX% 0.29 0.47 0.05 0.07

𝑄SE equilibrium rotational constants obtained correcting the experimental ground state rotational constants by B3/6-31G*
vibrational and B3/cc-pVTZ-F12→ electronic corrections. Experimental data (truncated to 1 decimal figure) taken from
References 415, 416, and 417 for azulene, naphthalene, and quinoline and isoquinoline, respectively. 𝑅Data taken from

Reference 190. 𝑍Vibrational corrections taken from Reference 188 for naphthalene, quinoline, and isoquinoline.

The PCS2 and BDPCS3 models provide highly accurate geometries for azulene, with
deviations in the equilibrium rotational constants well within 0.1%. Such a level of accuracy
can be achieved only when vibrational corrections are included, since their contribution
amounts to about 0.5% of the corresponding equilibrium constants. Significantly larger de-
viations are observed for the CCSD(T)-F12b/cc-pVDZ-F12 method when CV correlation is
neglected. Comparable accuracy is also obtained for naphthalene, quinoline, and isoquino-
line, confirming the reliability of the proposed CSs for medium-sized aromatic systems.

The following group of investigated systems includes benzonitrile, phenylisocyanide, and
fluorene,191 whose molecular structures are depicted in Figure 5.15. These CN-substituted
aromatic compounds bear technological and astrochemical relevance. Benzonitrile, for in-
stance, was detected in interstellar molecular clouds, serving as a key tracer of aromatic
chemistry in space, whereas phenylisocyanide and fluorene are relevant intermediates in
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photochemical and optoelectronic applications. Their inclusion in the present set allows
extending the validation of the PCSs to systems featuring polar substituents and extended
𝜔-conjugation.

F*4,$( 5.15: Structure of the benzonitrile, phenylisocyanide, and fluorene.

A comparison of the SE equilibrium rotational constants and those computed at the
revDSD/cc-pVTZ-F12→, BDPCS3, and PCS2 levels of theory is reported in Table 5.24.

T%5&( 5.24: Comparison of SE equilibrium rotational constants and those com-
puted at the revDSD/cc-pVTZ-F12→, BDPCS3, and PCS2 levels of theory (𝑌𝑇

𝑄
,

𝑌
𝑇

𝑅
, and 𝑌

𝑇

𝑍
) for benzonitrile, phenylisocyanide, and fluorene, including B3/6-

31G* vibrational corrections. The MAX, MUE, and their relative percentage
counterparts (MAX% and MUE%) with respect to the SE values are also pro-

vided. All quantities, except percentage errors, are in MHz.

SE𝑄
revDSD BDPCS3𝑅 PCS2 ω𝑌vib

B3/G-31G*
cc-pVTZ-F12→

Benzonitrile

𝑌
𝑇

𝑄
5695.7 5679.4 5695.9 5692.5 40.4

𝑌
𝑇

𝑅
1552.9 1547.4 1552.3 1551.4 6.0

𝑌
𝑇

𝑍
1220.2 1216.1 1219.8 1219.1 5.8

MUE 8.6 0.4 1.9
MAX 16.3 0.6 3.2

MUE% 0.33 0.02 0.08
MAX% 0.35 0.04 0.10

Phenylisocyanide

𝑌
𝑇

𝑄
5701.0 5683.4 5699.7 5697.4 41.5

𝑌
𝑇

𝑅
1646.5 1640.9 1645.9 1644.3 6.7

𝑌
𝑇

𝑍
1277.6 1273.3 1277.1 1276.1 6.4

MUE 9.2 0.8 2.4
MAX 17.6 1.3 3.6

MUE% 0.33 0.03 0.10
MAX% 0.34 0.04 0.13

Fluorene

𝑌
𝑇

𝑄
2191.7 2186.0 2192.7 2190.6 15.5

𝑌
𝑇

𝑅
590.1 588.0 589.8 589.4 3.4

𝑌
𝑇

𝑍
466.3 464.7 466.1 465.8 2.7

MUE 3.1 0.5 0.8
MAX 5.7 1.0 1.1

MUE% 0.32 0.05 0.09
MAX% 0.36 0.05 0.12

𝑄SE equilibrium rotational constants obtained correcting the experimental ground state rotational constants by B3/6-31G*
vibrational corrections. Experimental data (truncated to 1 decimal figure) taken from References 418, 419, and 420 for

benzonitrile, phenylisocyanide, and fluorene, respectively. 𝑅Data taken from Reference 191.
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The equilibrium rotational constants obtained at the BDPCS3 and PCS2 levels, once
augmented with vibrational corrections, reproduce the experimental ground state rotational
constants with relative errors below 0.1%. For fluorene, however, it should be noted that an
accuracy better than 0.1% is not particularly meaningful, as the intrinsic uncertainty of the
vibrational corrections computed at the B3/6-31G* level is already of this order of magnitude.

The final group of systems comprises nitroaromatic compounds relevant to explosives
and their taggants. Specifically, nitrobenzene, 2-nitrophenol, and 2-nitrotoluene were con-
sidered (structures are shown in Figure 5.16). Nitroaromatic compounds constitute a class of
molecules of considerable technological and forensic interest. They are central components
of energetic materials, propellants, and detection taggants, and their accurate spectroscopic
characterization is essential for both environmental monitoring and security-related appli-
cations. Their structural diversity, involving strong electron-withdrawing nitro groups and
hydrogen-bonding substituents, provides a challenging application for assessing the robust-
ness and transferability of the PCS formulations.

A direct comparison of the SE equilibrium rotational constants and those computed at
the revDSD/cc-pVTZ-F12→, BDPCS3 and PCS2 levels of theory is reported in Table 5.25.

F*4,$( 5.16: Structure of the nitrobenzene, 2-nitrophenol, and 2-nitrotoluene.
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T%5&( 5.25: Comparison of SE equilibrium rotational constants and those com-
puted at the revDSD/cc-pVTZ-F12→, BDPCS3, and PCS2 levels of theory (𝑌𝑇

𝑄
,

𝑌
𝑇

𝑅
, and 𝑌

𝑇

𝑍
) for nitrobenzene, 2-nitrophenol and 2-nitrotoluene, including

B3/6-31G* vibrational corrections. The MAX, MUE, and their relative per-
centage counterparts (MAX% and MUE%) with respect to the SE values are

also provided. All quantities, except percentage errors, are in MHz.

SE𝑄
revDSD BDPCS3𝑅 PCS2 ω𝑌vib

B3/G-31G*cc-pVTZ-F12→

Nitrobenzene

𝑌
𝑇

𝑄
3996.1 3984.2 3997.4 3994.4 28.0

𝑌
𝑇

𝑅
1296.5 1290.5 1294.7 1295.7 9.6

𝑌
𝑇

𝑍
979.0 974.8 977.9 978.4 6.3

MUE 7.4 1.4 1.0
MAX 11.9 1.8 1.7

MUE% 0.40 0.09 0.06
MAX% 0.46 0.14 0.06

2-Nitrophenol

𝑌
𝑇

𝑄
2381.6 2375.2 2383.1 2381.3 12.9

𝑌
𝑇

𝑅
1284.9 1280.1 1284.3 1284.5 8.8

𝑌
𝑇

𝑍
834.7 831.8 834.5 834.4 4.9

MUE 4.7 0.8 0.3
MAX 6.4 1.5 0.4

MUE% 0.33 0.04 0.03
MAX% 0.37 0.06 0.04

2-Nitrotoluene

𝑌
𝑇

𝑄
2282.7 2273.6 2280.7 2280.0 17.5

𝑌
𝑇

𝑅
1256.7 1252.3 1256.5 1258.3 9.5

𝑌
𝑇

𝑍
840.6 836.6 839.3 838.3 6.4

MUE 5.8 1.2 2.2
MAX 9.1 2.0 2.7

MUE% 0.41 0.09 0.17
MAX% 0.48 0.15 0.27

𝑄SE equilibrium rotational constants obtained correcting the experimental ground state rotational constants by B3/6-31G*
vibrational corrections. Experimental data (truncated to 1 decimal figure) taken from References 421, 422, and 423 for

nitrobenzene, 2-nitrophenol, and 2-nitrotoluene, respectively. 𝑅Data taken from Reference 192.

For nitrobenzene and 2-nitrophenol, the BDPCS3 and PCS2 equilibrium rotational con-
stants, corrected for vibrational e!ects, reproduce the SE values with excellent accuracy,
typically within the 0.1% target. These results confirm that the proposed composite schemes
are robust and transferable to substituted aromatic systems of technological relevance, in-
cluding species where precise spectroscopic characterization is essential for detection and
monitoring applications. In the case of 2-nitrotoluene, the same overall behavior is observed,
although the distortions introduced by the methyl substituent are more pronounced than
those caused by the hydroxyl group. Despite the unusually large deviations obtained with
the PCS2 model, the BDPCS3 approach still achieves spectroscopic accuracy, confirming its
reliability even in the presence of increased structural complexity.

Overall, the diverse set of molecules investigated, ranging from biologically relevant nucle-
obases to terpenoid frameworks, heteroaromatic compounds, and nitro-substituted systems,
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demonstrates the broad applicability and transferability of the PCSs. Their consistent perfor-
mance across classes of increasing structural and electronic complexity confirms that these
formulations provide a unified and computationally e"cient route to equilibrium geometries
of spectroscopic accuracy across a wide range of molecular systems.

5.2.4 Harmonic Frequencies, Zero-point Vibrational Energies, and Thermody-
namic Functions

For harmonic frequencies, considering the results of the previous analysis carried out with
the junChS-F12 model184 (Section 4.2.3 of Chapter 4), neither the CV348 nor the CBS correc-
tions were included. This choice allows a direct assessment of the revDSD/cc-pVTZ-F12
level of theory employed for systems in the 5-15 atom range.

The validation was performed using a set of 28 molecules for which accurate experimen-
tal or high-level theoretical reference harmonic frequencies are available, namely: H2O,371

HCN,372 CO2,370 C2H2,366–368 CO,363 HF,363 N2,363 N2O,373 H2,75 OH•,75 Cl2,363 ClCN,369

ClF,364,365 CS,363 HCl,363 SiO,365 NH3,374 CF2,377 H2CO,379 C2H2O,382 CH4,378 HNO,383 PH3,381

CCl2,376 H2CS,380 C2H4,375 BH3,385 and HOCl.384

The corresponding error statistics are summarized in Table 5.26, which compares results
obtained at the CCSD(T)-F12b/jun-cc-pV(T+𝑃)Z level and at the revDSD double-hybrid in
conjunction with the jun-cc-pV(T+𝑃)Z and cc-pVTZ-F12 basis sets.

T%5&( 5.26: MAX, MUE, and RMSD (cm→1) of harmonic frequencies com-
puted at the CCSD(T)-F12b/jun-cc-pV(T+𝑃)Z, revDSD/jun-cc-pV(T+𝑃)Z, and

revDSD/cc-pVTZ-F12 levels of theory.

𝜘CCSDT(T)-F12b 𝜘revDSD

jun-cc-pV(T+𝑃)Z jun-cc-pV(T+𝑃)Z cc-pVTZ-F12
2nd-row (18 molecules)

MAX 11.2 46.5 31.6
MUE 3.5 6.3 6.6

RMSD 4.3 9.4 9.3
3rd-row (10 molecules)

MAX 12.3 22.2 17.4
MUE 3.5 8.4 8.4

RMSD 5.0 10.5 9.6

The RMSD obtained at the CCSD(T)-F12b/jun-cc-pV(T+𝑃)Z level of theory amounts to 5
cm→1, whereas the revDSD approach yields a value around 10 cm→1. Such accuracy is gener-
ally su"cient for most spectroscopic applications and, more importantly, for the evaluation
of ZPVEs and partition functions.395,424
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Zero-point and finite-temperature contributions are typically evaluated at the DFT level
within the rigid-rotor harmonic-oscillator approximation, often using scaling factors to in-
clude anharmonic e!ects.425–428 The availability of resonance-free formulations for anhar-
monic ZPVEs,429,430 together with black-box procedures for anharmonic resonances431 and
for the detection and treatment of hindered rotations,432 enables an automated evaluation
of anharmonic vibrational frequencies and ZPVEs. Based on these quantities, vibrational
partition functions can be e"ciently computed by employing the anharmonic ZPVEs and
the fundamental frequencies (ω𝑏) within the same expression as for the harmonic vibrational
partition function

𝑡vib =
exp

(
→ZPVE

𝑑𝑌𝑂

)
∏

𝑏


1 → exp

(
→ ω𝑏

𝑑𝑌𝑂

) . (5.13)

The simple perturbation theory (SPT) formulation expressed by Equation 5.13 yields
analytical expressions for thermodynamic functions identical to those derived from the har-
monic oscillator model and provides results in excellent agreement with accurate reference
data.433

In this framework, the reliability of the revDSD/cc-pVTZ-F12 level of theory was assessed
against experimental ZPVEs and entropies reported for 21 closed-shell and 9 open-shell
semi-rigid molecules.395

The results, summarized in Table 5.27, confirm that the revDSD/cc-pVTZ-F12 level
of theory delivers highly accurate thermodynamic properties for semi-rigid systems, with
RMSDs from experimental reference data of 0.11 kJ mol→1 and 0.29 J (mol K)→1 respectively
for anharmonic ZPVEs and entropic contributions for closed-shell molecules, that increase
to 0.58 kJ mol→1 and 1.21 J (mol K)→1 for open-shell systems.
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T%5&( 5.27: ZPVEs (in kJ mol→1) and entropies at 298 K and 1 atm (in J (mol K)→1)
for 21 closed-shell and 9 open-shell molecules evaluated at the revDSD/cc-
pVTZ-F12 level of theory, for both harmonic and anharmonic (VPT2 and SPT)

quantities.

Closed-Shell Molecules

ZPVEexp
𝑄 ZPVEharm

𝑅 ZPVEVPT2
𝑅 Sexp

𝑄 Sharm
𝑅 SSPT

𝑅

HF 24.45 24.56 24.35 173.75 173.66 173.50
HCl 17.88 17.94 17.83 186.90 186.63 186.60
H2 26.38 26.50 26.24 130.63 130.33 130.30
N2 13.90 13.98 13.94 191.63 191.62 191.60
F2 5.90 5.88 5.85 202.81 202.44 202.40
CO 12.90 12.95 12.92 197.66 197.65 197.70
Cl2 3.39 3.36 3.35 223.11 222.73 222.60
CO2 30.27 30.50 30.38 213.82 213.77 213.80
CS2 18.21 18.23 18.18 238.02 237.78 237.80
H2O 55.43 56.22 55.33 188.82 188.75 188.62
H2S 39.65 40.07 39.57 205.82 205.66 205.54
HOF 36.17 36.59 36.04 226.80 226.54 226.45
HOCl 34.29 34.76 34.26 236.51 236.32 236.24
N2O 28.47 28.66 28.50 219.97 219.85 219.90
HCN 41.66 42.09 41.69 201.85 201.63 201.60
SO2 18.05 18.12 18.05 248.28 248.36 248.25
C2H2 69.33 70.12 69.38 200.92 200.46 200.40
H2CO 69.25 70.08 69.14 218.97 218.68 218.56
NH3 89.01 90.38 88.82 192.76 192.45 192.46
CH4 116.35 117.82 116.13 186.23 186.15 186.08
C2H4 132.60 133.98 132.35 219.35 219.05 219.00

MAX 1.47 0.25 0.46 0.52
MUE 0.45 0.08 0.20 0.25

RMSD 0.65 0.11 0.24 0.29
Open-Shell Molecules

OH(2ς)𝑍 22.15 22.45 22.26 183.72 183.97 183.90
SH(2ς)𝑍 15.99 16.24 16.11 195.77 197.89 197.80
NO(2ς)𝑍 11.35 11.61 11.72 210.76 211.06 211.00
NH2(2B1) 48.23 50.46 49.68 194.85 194.64 194.52
HCO(2A’) 33.87 34.31 33.67 224.66 224.31 224.20
HO2(2A") 36.76 37.64 37.05 229.27 228.80 228.68
CH3(2A") 77.37 78.49 77.83 194.18 194.83 193.52
t-HOCO(2A’) 54.85 55.19 54.38 251.49 251.71
CH3CO(2A’) 111.75 1113.78 112.18 267.62 268.84 270.16

MAX 2.23 1.45 2.11𝑃 2.54𝑃
MUE 0.87 0.43 0.70𝑃 0.88𝑃

RMSD 1.14 0.58 0.93𝑃 1.21𝑃
𝑄Data taken from Reference 395. 𝑅Data taken from Reference 176. 𝑍ZPVEs calculated taking into account the proper electronic
state degeneracy. 𝑃t-HOCO open-shell molecule not included in the error analysis due to the lack of the reference Sexp value.
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5.3 Conclusions

In this Chapter, the PCS family of composite approaches has been presented as a com-
putationally e"cient framework for high-accuracy thermochemical, structural, and rota-
tional–vibrational spectroscopy. The PCS models build upon traditional ChS-type schemes
through a refined hierarchical organization of the correlation energy and a consistent defini-
tion of theoretical levels across all computed properties. At the core of the framework lies the
energetic component, where separate extrapolations of MP2 and post-MP2 contributions to
the CBS limit, together with the systematic use of cc-pV𝑁Z-F12 basis sets and optimized treat-
ments of third-row and CV e!ects, yield smooth convergence and robust transferability. The
resulting F12-based variant provides a reliable energetic foundation for medium-sized sys-
tems (5–15 atoms), while the FNO extension enables accurate yet a!ordable CC calculations
for molecules up to about 50 atoms. For equilibrium geometries, F12-based CC optimiza-
tions complemented by MP2 CV corrections are employed for smaller systems, whereas
larger molecules can be e"ciently treated using double-hybrid functionals with MP2-level
corrections or simplified bond-corrected PCS formulations. Vibrational properties are com-
puted using hybrid or double-hybrid density functionals, with anharmonic e!ects treated
via VPT2 for semi-rigid systems. Extensive benchmarks confirm the high and systematic
accuracy of the PCS family across a broad spectrum of molecular systems, demonstrating its
e!ectiveness as a unified and scalable framework for high-level molecular modeling.
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Chapter 6

Beyond the Gold Standard: FNOs for
Post-CCSD(T) Correlation

Following the development of the Pisa Composite Scheme family, the final part of this PhD
research focuses on extending the protocol toward the platinum standard and, ultimately,
spectroscopic accuracy.

As discussed in previous Chapters, post-CCSD(T) methods are generally required to
reduce the intrinsic error of composite approaches below 1 kJ mol→1. However, their compu-
tational scaling, ∈(𝐿𝑒

𝑞
𝐿

𝑒+2
𝑟

), where 𝑒 is the excitation level and 𝐿𝑞 and 𝐿𝑟 are the numbers
of occupied and canonical virtual orbitals, respectively, makes such treatments unfeasible for
medium- and large-size systems. In common basis sets, the virtual space (𝐿𝑟 ∋ 𝐿𝑞) is the
main cost driver, and the slow convergence of CC energies with respect to basis-set size fur-
ther exacerbates the problem. Consequently, high-order CC models, such as CCSDT(Q) or
CCSDTQ(P), although regarded as the platinum standard, remain limited to small molecules
due to prohibitive computational requirements.

Several strategies have been proposed to alleviate these limitations, including (i) active-
space formulations,300,434–438 (ii) basis-set truncation or transformation techniques,287,300,439

and (iii) wave function or integral decomposition methods.440–444 Among these, the frozen
natural orbital approximation, described in Section 2.8 of Chapter 2, has emerged as a par-
ticularly robust and widely adopted strategy for reducing the virtual space while preserving
accuracy.

This Chapter presents a preliminary exploration of the FNO approximation as a means
to construct a unified, threshold-based framework that achieves controllable accuracy at
reduced computational cost for post-CCSD(T) correlation, thereby enabling the treatment
of molecular systems larger than those currently accessible with conventional high-level
methods. The approach relies on a single, su"ciently large parent basis set across all
excitation levels, with the virtual space progressively compressed according to occupation
thresholds, 𝑎NO, which determine the number of correlated orbitals (COs) retained at each
excitation rank. This occupation-based reduction guarantees size-consistent energies and
provides a systematic means of balancing accuracy and e"ciency. Larger thresholds discard
more orbitals, lowering cost but reducing precision, whereas tighter thresholds retain nearly
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complete correlation contributions with a moderate gain in computational expenses.
In addition to direct truncation, a projection-based variant of the FNO approach is also

considered. In this strategy, NOs generated from a large basis set are mapped onto a smaller
one and subsequently recanonicalized, retaining the same number of virtual orbitals as in
the smaller basis. This procedure enables an independent assessment of two distinct e!ects:
(i) improvement of the occupied-orbital description, whose size is fixed by the number of
electrons but whose quality benefits from a larger basis, and (ii) expansion of the virtual
manifold, whose size depends on 𝑎NO and increases as the threshold is tightened. By
allowing these two contributions to be analyzed separately, the projection-based scheme
provides additional insight into the interplay between the occupied and virtual subspaces
and complements the direct truncation approach.

6.1 Methods and Computational Details

All calculations were carried out with the MRCC program,349,445 within the frozen core
approximation. Correlation-consistent cc-pV𝑁Z basis sets (𝑁 = D, T, Q, 5) were employed,
and the computational study encompassed CC models beyond CCSD, up to CCSDTQ(P).
Both full and perturbative treatments of triple and quadruple excitations were considered,
together with perturbative pentuples. To alleviate the steep computational cost associated
with these high-level methods, the FNO approximation was employed in combination with
NOs generated at either the MP2 or CCSD level. In this framework, the virtual space was
truncated by discarding orbitals with occupation numbers below a threshold, 𝑎NO, and the
retained orbitals were recanonicalized to yield the final set of COs. Neither the NAF244 nor
the density fitting approximations were employed, as both o!er negligible advantages for
post-CCSD(T) computations.

6.2 Benchmark Results and Discussion

The performance of the truncation strategies was assessed by analyzing the energy di!er-
ences between the following pairs of CC models: CCSD(T) – CCSD, denoted as (T); CCSDT
– CCSD(T), denoted as full T; CCSDT(Q) – CCSDT, denoted as (Q); CCSDT(Q)ε – CCSDT,
denoted as (Q)ε; CCSDT(Q)/A – CCSDT, denoted as (Q)/A; CCSDT(Q)/B – CCSDT, denoted
as (Q)/B; CCSDTQ – CCSDT, denoted as full Q; and CCSDTQ(P) – CCSDTQ, denoted as (P).
MUEs, RMSDs, and MAXs were employed as statistical indicators, with normalized values
obtained by dividing the absolute errors by the number of correlated orbitals (𝑁CO).

The benchmark analysis started with reference to the Karton test set,78 which reports
atomization energies for 16 molecules containing elements from the first three rows of the
periodic table, computed up to the CCSDTQ level, namely BH3, CH, CH2, OH, H2O, HF,
AlH3, H2S, HCl, B2, C2, CO, N2, CS, and P2. The study was subsequently extended to more
demanding cases, including the Knizia–Adler–Werner test set,239 the DBH24 database,99,394
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and the multi-reference subset of the W4-17 benchmark (W4-17-MR),84 which comprises
particularly challenging systems such as B2, BN, C2, O3, OF, F2O, FO2, FOOF, OClO, Cl2O,
ClO3, ClOO, ClOOCl, ClF3, ClF5, S3, and S4.

Table 6.1 reports the total, minimum, maximum, and average numbers of COs, together
with the percentage of virtual orbitals relative to the full space, for the various basis sets,
𝑎NO thresholds, and density sources (MP2 or CCSD), for the Karton, KAW, DBH24, and
W4-17 MR test sets. Both direct and projection-based approaches are included, allowing the
influence of the basis set and the chosen truncation strategy on the number of COs to be
directly compared.

For reference, thresholds of 2.5 · 10→4, 2.5 · 10→5, and virtually 2.5 · 10→6 for larger basis
sets yield numbers of COs comparable to those obtained with the full cc-pVDZ, cc-pVTZ,
and cc-pVQZ bases, respectively.
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T%5&( 6.1: Total, minimum, maximum, and average numbers of COs, together
with the percentage of virtual orbitals relative to the full space (VO%), for
each combination of basis set, 𝑎NO threshold, and density source in the Karton,

KAW, DBH24, and W4-17 MR test sets.𝑄

Basis set 𝑎NO
Total Minimum Maximum Average VO%

MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD

Karton test set

cc-pVDZ full𝑅 503 5 28 19 100.00

cc-pVTZ

full𝑅 1179 14 71 45 100.00
1.0·10→3 364 383 9 9 23 23 14 15 25.83 27.26
5.0·10→4 422 445 9 9 27 29 16 17 30.89 33.15
2.5·10→4 531 537 11 9 37 37 20 21 41.18 41.59
1.0·10→4 733 711 14 10 49 47 28 27 61.04 58.88
5.0·10→5 891 841 14 14 53 51 34 32 76.98 72.20
2.5·10→5 1001 961 14 14 57 56 39 37 86.36 82.94
1.0·10→5 1089 1060 14 14 62 57 42 41 93.00 90.54

cc-pVQZ

full 2274 30 144 88 100.00
1.0·10→3 384 401 9 9 30 30 15 15 13.12 13.77
5.0·10→4 454 464 9 9 31 30 18 18 16.43 16.77
2.5·10→4 573 587 11 9 41 43 22 23 21.81 22.40
1.0·10→4 825 781 16 12 51 49 32 30 34.87 32.65
5.0·10→5 1010 944 23 16 63 60 39 36 43.83 40.46
2.5·10→5 1208 1114 25 23 82 72 47 43 52.89 48.48
1.0·10→5 1570 1419 30 24 93 85 60 55 70.64 63.39

cc-pV5Z

full 3890 55 255 150 100.00
1.0·10→3 409 424 9 9 55 55 16 16 7.60 7.93
5.0·10→4 479 493 9 9 55 55 18 19 9.52 9.81
2.5·10→4 604 616 11 9 55 55 23 24 12.77 13.06
1.0·10→4 862 812 16 12 55 55 33 31 20.56 19.10
5.0·10→5 1066 991 23 16 70 62 41 38 26.17 24.05
2.5·10→5 1320 1199 25 23 84 78 51 46 33.11 30.00
1.0·10→5 1800 1541 40 24 114 95 69 59 47.23 39.62

KAW test set

cc-pVDZ full𝑅 1870 5 56 28 100.00

cc-pVTZ

full𝑅 4422 14 142 67 100.00
1.0·10→3 1317 1377 5 5 44 45 20 21 24.84 26.29
5.0·10→4 1579 1679 5 5 57 60 24 25 30.90 33.39
2.5·10→4 2004 2063 5 5 71 74 30 31 41.51 43.00
1.0·10→4 2808 2811 9 6 96 96 43 43 62.35 62.25
5.0·10→5 3285 3225 10 10 106 106 50 49 74.80 73.21
2.5·10→5 3728 3603 14 14 112 112 57 55 84.92 82.09
1.0·10→5 4098 3992 14 14 129 120 62 61 92.90 90.48

DBH24 test set

cc-pVDZ full𝑅 1266 5 59 33 100.00

cc-pVTZ

full𝑅 3049 14 143 80 100.00
1.0·10→3 837 878 5 5 38 40 22 23 22.18 23.81
5.0·10→4 1056 1107 5 5 56 58 28 29 29.59 31.69
2.5·10→4 1340 1389 5 5 74 75 35 37 39.66 41.49
1.0·10→4 1845 1856 9 6 86 86 49 49 59.55 59.86

W4-17 MR test set

cc-pVDZ full𝑅 806 13 78 34 100.00

cc-pVTZ

full𝑅 1798 29 174 75 100.00
1.0·10→3 719 733 9 9 73 73 30 31 32.31 33.12
5.0·10→4 827 862 9 9 78 82 35 36 38.39 40.77
2.5·10→4 989 1013 11 9 94 94 41 42 47.75 49.93
1.0·10→4 1497 1554 14 23 155 157 62 65 77.85 85.68

𝑄All 26, 66, 38, and 24 species (atoms and molecules) in the Karton, KAW, DBH24, and W4-17 test sets, respectively, have been
included in the statistics, VO% values exclude the H atom, for which FNO truncation is not performed. 𝑅The same values

apply to projected truncated basis sets. For the Karton test set, the VO% for the projected cc-pVDZ relative to the full
cc-pVTZ, cc-pVQZ, and cc-pV5Z bases are 37.57%, 18.80%, and 10.86%, respectively; for the projected cc-pVTZ relative to the

full cc-pVQZ and cc-pV5Z are 49.98% and 28.86%. For the KAW, DBH24, W4-17 MR test sets, the VO% for the projected
cc-pVDZ relative to the full cc-pVTZ are 37.14%, 36.55%, and 37.94%, respectively.
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6.2.1 Triple Excitations

The first step toward the definition of the truncation strategy consisted of evaluating the e!ect
of di!erent schemes for CCSD(T) computations, for which benchmark results with very large
basis sets are available, before moving on to post-CCSD(T) contributions. Figure 6.1 shows
the RMSD and its counterpart normalized to the number of COs for the (T) contribution
evaluated accordingly to di!erent truncation thresholds, with respect to the CBS limit, using
cc-pV(5,6)Z reference values for the atomization energies of the Karton test set. The complete
statistical analysis is reported in Section A.4 of Appendix A.

cc-pVTZ (MP2) cc-pVTZ (CCSD) cc-pVQZ (MP2) cc-pVQZ (CCSD) cc-pV5Z (MP2)
cc-pV5Z (CCSD) cc-pVDZ (full) cc-pVTZ (full) cc-pVQZ (full) cc-pV5Z (full)

0.00 2.00 4.00 6.00 8.00 10.00 12.00
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5.0 · 10→4

projected
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2.5 · 10→4
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4.14
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1.26
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1.82

1.97

1.85

1.41

1.04

11.88

7.05

4.57

3.21

2.08

1.68

1.50

0.87

0.72

10.56

6.83
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3.62

1.88
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15.46
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2.09

1.57

1.27

0.73

29.05

14.72

9.08

5.31

2.41

1.57

1.27
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0.40
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13.85
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1.49
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RMSDnorm (T) (kJ mol→1)·10→3

F*4,$( 6.1: RMSD (left) and RMSD normalized to the number of COs
(RMSDnorm, right) for the (T) contribution to the atomization energies in the
Karton test set according to di!erent FNO compression schemes, referenced to
cc-pV(5,6)Z values. Results obtained with orbitals selected from MP2-NO oc-
cupations are labeled as (MP2), those from CCSD-NO occupations as (CCSD),
while calculations performed in the untruncated virtual space are denoted as
(full). Projected cc-pVDZ and cc-pVTZ results correspond to the same number

of COs as in the respective parent basis sets.
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As can be seen in Figure 6.1, at large truncation thresholds, which correspond to a strong
compression of the CO space, CCSD-based NOs provide higher accuracy than those derived
from MP2 densities. However, as the threshold is tightened, this advantage progressively
diminishes, and MP2-based orbitals often yield comparable or slightly better results. A
clear trend emerges when comparing truncated large basis sets with smaller uncompressed
ones: compressed larger bases consistently outperform their smaller counterparts when the
number of COs is similar. For example, compressing cc-pV𝑁Z (𝑁 = T, Q, 5) to match the size
of cc-pVDZ by selecting the NOs with the largest overlap with the cc-pVDZ orbitals and
recanonicalizing reduces the RMSD by about 2 – 5 kJ mol→1 across all basis sets and density
sources. Similarly, the projected cc-pVTZ basis yields an improvement of about 0.3 – 0.7 kJ
mol→1 over its uncompressed counterpart. Notably, applying a 2.5 · 10→4 threshold to larger
basis sets delivers consistently better accuracy than the uncompressed cc-pVDZ basis while
involving only a slightly larger 𝑁CO. Even at 5.0 · 10→4, cc-pV5Z with CCSD-derived orbitals
still deliver better results than uncompressed cc-pVDZ despite comprising fewer COs.

Table 6.2 presents the statistical indicators for the (T) contribution in the KAW test set.
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T%5&( 6.2: MUE, RMSD, and MAX values, together with their normalized counterparts (norm, obtained by dividing by the
total number of COs), for the (T) contribution to atomization, closed-shell, and open-shell reaction energies of the KAW test set

according to di!erent FNO compression schemes, relative to the cc-pVTZ reference. All values are in kJ mol→1.

1.0·10→3 cc-pVTZ 5.0·10→4 cc-pVTZ cc-pVDZ projected cc-pVDZ 2.5·10→4 cc-pVTZ 1.0·10→4 cc-pVTZ 5.0·10→5 cc-pVTZ 2.5·10→5 cc-pVTZ 1.0·10→5 cc-pVTZ

MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD

Atomization
energy

MUE 10.75 9.39 6.29 5.80 5.99 3.12 3.43 2.11 2.10 0.86 0.90 0.75 0.67 0.33 0.44 0.08 0.09
RMSD 12.81 11.17 7.56 7.01 7.09 3.78 4.13 2.75 2.57 1.07 1.15 0.98 0.91 0.40 0.51 0.11 0.13
MAX 28.32 28.74 17.62 14.45 14.38 10.50 11.42 10.46 5.51 2.97 2.69 3.28 3.22 1.05 1.15 0.35 0.36

MUEnorm 0.00816 0.00682 0.00398 0.00345 0.00320 0.00167 0.00184 0.00105 0.00102 0.00031 0.00032 0.00023 0.00021 0.00009 0.00012 0.00002 0.00002
RMSDnorm 0.00973 0.00811 0.00479 0.00417 0.00379 0.00202 0.00221 0.00137 0.00125 0.00038 0.00041 0.00030 0.00028 0.00011 0.00014 0.00003 0.00003
MAXnorm 0.02151 0.02087 0.01116 0.00861 0.00769 0.00562 0.00611 0.00522 0.00267 0.00106 0.00096 0.00100 0.00100 0.00028 0.00032 0.00008 0.00009

Closed-shell
reaction energy

MUE 4.66 4.09 4.51 2.61 1.49 2.11 1.74 1.07 1.19 0.98 0.78 0.92 1.03 0.26 0.36 0.12 0.14
RMSD 6.67 5.79 5.71 3.52 2.06 3.03 2.57 1.52 1.55 1.25 1.00 1.15 1.31 0.38 0.56 0.17 0.18
MAX 20.86 19.73 12.47 10.39 5.92 8.69 7.97 4.54 4.78 3.94 2.78 2.55 3.05 1.26 1.93 0.41 0.43

MUEnorm 0.00354 0.00297 0.00286 0.00156 0.00080 0.00113 0.00093 0.00053 0.00058 0.00035 0.00028 0.00028 0.00032 0.00007 0.00010 0.00003 0.00003
RMSDnorm 0.00507 0.00420 0.00362 0.00210 0.00110 0.00162 0.00137 0.00076 0.00075 0.00045 0.00036 0.00035 0.00041 0.00010 0.00016 0.00004 0.00004
MAXnorm 0.01584 0.01432 0.00790 0.00619 0.00317 0.00465 0.00426 0.00226 0.00232 0.00140 0.00099 0.00078 0.00095 0.00034 0.00054 0.00010 0.00011

Open-shell
reaction energy

MUE 9.82 9.43 5.22 3.84 3.42 2.19 2.24 1.42 1.38 1.23 1.56 0.58 0.80 0.26 0.35 0.09 0.09
RMSD 13.45 12.80 7.63 5.41 4.55 2.86 2.85 1.99 1.79 2.13 2.38 0.75 1.03 0.33 0.44 0.11 0.12
MAX 40.51 37.81 23.04 21.79 18.49 8.28 8.42 6.59 4.72 8.89 7.71 2.44 3.48 0.93 1.26 0.28 0.39

MUEnorm 0.00746 0.00685 0.00331 0.00229 0.00183 0.00117 0.00120 0.00071 0.00067 0.00044 0.00055 0.00018 0.00025 0.00007 0.00010 0.00002 0.00002
RMSDnorm 0.01021 0.00930 0.00483 0.00322 0.00243 0.00153 0.00152 0.00099 0.00087 0.00076 0.00085 0.00023 0.00032 0.00009 0.00012 0.00003 0.00003
MAXnorm 0.03076 0.02746 0.01459 0.01298 0.00989 0.00443 0.00450 0.00329 0.00229 0.00317 0.00274 0.00074 0.00108 0.00025 0.00035 0.00007 0.00010

Overall

MUE 9.03 8.22 5.48 4.33 3.99 2.54 2.60 1.61 1.62 1.03 1.12 0.72 0.80 0.28 0.39 0.09 0.10
RMSD 11.99 10.93 7.22 5.77 5.35 3.29 3.36 2.24 2.09 1.60 1.71 0.95 1.06 0.37 0.50 0.12 0.14
MAX 40.51 37.81 23.04 21.79 18.49 10.50 11.42 10.46 5.51 8.89 7.71 3.28 3.48 1.26 1.93 0.41 0.43

MUEnorm 0.00686 0.00597 0.00347 0.00258 0.00214 0.00136 0.00139 0.00080 0.00079 0.00037 0.00040 0.00022 0.00025 0.00008 0.00011 0.00002 0.00003
RMSDnorm 0.00911 0.00793 0.00457 0.00344 0.00286 0.00176 0.00180 0.00112 0.00101 0.00057 0.00061 0.00029 0.00033 0.00010 0.00014 0.00003 0.00003
MAXnorm 0.03076 0.02746 0.01459 0.01298 0.00989 0.00562 0.00611 0.00522 0.00267 0.00317 0.00274 0.00100 0.00108 0.00034 0.00054 0.00010 0.00011
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For the overall test set, CCSD-derived NOs yield lower or comparable RMSD and normalized
RMSD values than their MP2-based counterparts for larger thresholds, whereas for tighter
thresholds the trend is reversed. Projecting cc-pVTZ onto the cc-pVDZ space reduces the
RMSD by approximately 2 kJ mol→1 on average and by up to 4 kJ mol→1 for atomization
energies, relative to the uncompressed cc-pVDZ basis. Closed- and open-shell reaction
energies exhibit similar or slightly smaller improvements. Considering the test set as a
whole, the 5.0 · 10→4 threshold, which corresponds to a slightly smaller 𝑁CO than cc-pVDZ,
produces a RMSD comparable to that obtained with cc-pVDZ when using the CCSD density.
The 2.5 · 10→4 threshold, associated with a slightly larger 𝑁CO, provides consistently better
results.

The statistical analysis of the (T) contribution, taking the DBH24 and W4-17 MR test sets
as a reference, is summarized in Tables 6.3 and 6.4, respectively.

T%5&( 6.3: MUE, RMSD, and MAX values, together with their normalized
counterparts (norm, obtained by dividing by the total number of COs), for the
(T) contribution to reaction barriers of the DBH24 test set according to di!erent
FNO compression schemes, relative to the cc-pVTZ reference. All values are

in kJ mol→1.

1.0·10→3 cc-pVTZ 5.0·10→4 cc-pVTZ cc-pVDZ projected cc-pVDZ 2.5·10→4 cc-pVTZ 1.0·10→4 cc-pVTZ

MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD

Forward

MUE 2.56 2.17 2.44 1.84 1.41 1.20 1.32 1.00 0.76 0.79 0.49
RMSD 3.03 2.68 3.08 2.31 1.76 1.89 1.95 1.21 1.03 0.89 0.67
MAX 4.96 4.80 6.56 4.71 3.32 5.51 5.31 2.55 2.29 1.69 1.49

MUEnorm 0.00305 0.00248 0.00231 0.00167 0.00112 0.00095 0.00104 0.00075 0.00055 0.00043 0.00026
RMSDnorm 0.00362 0.00306 0.00291 0.00209 0.00139 0.00150 0.00154 0.00090 0.00074 0.00048 0.00036
MAXnorm 0.00592 0.00547 0.00622 0.00425 0.00262 0.00435 0.00420 0.00190 0.00165 0.00092 0.00080

Reverse

MUE 3.28 3.21 2.50 1.92 2.32 1.86 2.18 1.31 1.16 0.86 0.52
RMSD 3.70 4.59 3.04 2.23 2.79 2.46 2.85 1.51 1.67 0.97 0.73
MAX 7.55 11.71 4.79 3.50 5.38 6.54 6.47 2.52 3.65 1.80 1.83

MUEnorm 0.00392 0.00365 0.00237 0.00173 0.00183 0.00147 0.00172 0.00098 0.00084 0.00047 0.00028
RMSDnorm 0.00442 0.00523 0.00288 0.00201 0.00220 0.00194 0.00225 0.00113 0.00120 0.00052 0.00039
MAXnorm 0.00902 0.01334 0.00454 0.00316 0.00425 0.00517 0.00511 0.00188 0.00263 0.00098 0.00099

Overall

MUE 2.92 2.69 2.47 1.88 1.86 1.53 1.75 1.16 0.96 0.82 0.51
RMSD 3.38 3.76 3.06 2.27 2.33 2.19 2.44 1.37 1.39 0.93 0.70
MAX 7.55 11.71 6.56 4.71 5.38 6.54 6.47 2.55 3.65 1.80 1.83

MUEnorm 0.00349 0.00306 0.00234 0.00170 0.00147 0.00121 0.00138 0.00086 0.00069 0.00045 0.00027
RMSDnorm 0.00404 0.00428 0.00290 0.00205 0.00184 0.00173 0.00193 0.00102 0.00100 0.00050 0.00038
MAXnorm 0.00902 0.01334 0.00622 0.00425 0.00425 0.00517 0.00511 0.00190 0.00263 0.00098 0.00099

T%5&( 6.4: MUE, RMSD, and MAX values, together with their normalized
counterparts (norm, obtained by dividing by the total number of COs), for the
(T) contribution to atomization energies of the W4-17 MR test set according
to di!erent FNO compression schemes, relative to the cc-pVTZ reference. All

values are in kJ mol→1.

1.0·10→3 cc-pVTZ cc-pVDZ projected cc-pVDZ 5.0·10→4 cc-pVTZ 2.5·10→4 cc-pVTZ 1.0·10→4 cc-pVTZ

MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD

MUE 19.92 18.26 16.78 11.46 11.80 12.13 11.65 6.45 5.74 1.32 1.42
RMSD 21.05 19.68 18.06 12.29 12.75 13.94 12.82 6.89 6.53 2.03 1.95
MAX 32.40 33.37 32.28 22.05 22.73 25.51 23.98 11.22 11.79 6.04 5.28

MUEnorm 0.02770 0.02491 0.02082 0.01422 0.01464 0.01505 0.01446 0.00653 0.00567 0.00088 0.00091
RMSDnorm 0.02928 0.02684 0.02240 0.01524 0.01582 0.01729 0.01591 0.00696 0.00644 0.00136 0.00125
MAXnorm 0.04506 0.04553 0.04004 0.02736 0.02820 0.03165 0.02975 0.01134 0.01164 0.00403 0.00340
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For the DBH24 test set, projection from larger basis sets yields RMSD values comparable
to those obtained with the uncompressed cc-pVDZ reference. At the 5.0 · 10→4 threshold,
the overall RMSD is similar to that of the cc-pVDZ basis set when using the CCSD density.
Reducing the threshold to 2.5 · 10→4 further improves the RMSD, leading to better accuracy
than that achieved with the cc-pVDZ basis set. The same trend observed in the previous test
sets is confirmed here, with comparable 𝑁CO values but improved accuracy relative to the
uncompressed case.

For the W4-17 MR set, projecting cc-pVTZ onto the cc-pVDZ space reduces the RMSD by
approximately 6 kJ mol→1 compared to the full cc-pVDZ basis. The 1.0 ·10→3 threshold retains
fewer COs than cc-pVDZ but leads to larger deviations, whereas the 5.0·10→4 threshold, which
includes slightly more COs, provides a RMSD improved by about 4 kJ mol→1 compared to
the cc-pVDZ basis set. Interestingly, the projected cc-pVDZ basis performs on par with, or
slightly better than, the 5.0 · 10→4 threshold despite involving fewer COs, underscoring the
robustness of the projection-based compression.

Figure 6.2 displays the absolute energy di!erences of the (T) contribution relative to the
full basis set reference. Results are shown for the cc-pVTZ basis at various 𝑎NO thresholds,
using MP2 and CCSD densities for all species in the KAW test set.
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F*4,$( 6.2: Absolute electronic energy di!erences for the (T) contribution in the
KAW dataset, computed with the cc-pVTZ basis set at di!erent FNO thresholds
with respect to the full cc-pVTZ results. Panels (A) and (B) correspond to

calculations based on MP2 and CCSD densities, respectively.

A comparison of the two densities reveals that CCSD-based orbitals yield a smaller spread
in the absolute electronic energy di!erences and converge more rapidly toward the uncom-
pressed basis set result.

Moving to the full triple excitations, RMSDs and their normalized counterparts, computed
with respect to the cc-pV(5,6)Z values of the Karton test set, are shown in Figure 6.3 (the full
list of statistical indicators is reported in Section A.4 of Appendix A), while the statistical
analyses carried out benchmarking against KAW, DBH24, and W4-17 MR test sets are detailed
in Tables 6.5, 6.6, and 6.7, respectively. The observed trend closely mirrors that of the (T)
contribution: compressed larger basis sets consistently outperform smaller uncompressed
ones with comparable 𝑁CO.
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cc-pVTZ (MP2) cc-pVTZ (CCSD) cc-pVQZ (MP2) cc-pVQZ (CCSD) cc-pV5Z (MP2)
cc-pV5Z (CCSD) cc-pVDZ (full) cc-pVTZ (full) cc-pVQZ (full) cc-pV5Z (full)
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F*4,$( 6.3: RMSD (left) and RMSD normalized to the number of COs
(RMSDnorm, right) for the full T contribution to the atomization energies in
the Karton test set according to di!erent FNO compression schemes, refer-
enced to cc-pV(5,6)Z values. Results obtained with orbitals selected from
MP2-NO occupations are labeled as (MP2), those from CCSD-NO occupations
as (CCSD), while calculations performed in the untruncated virtual space are
denoted as (full). Projected cc-pVDZ and cc-pVTZ results correspond to the

same number of COs as in the respective parent basis sets.

For the Karton test set, truncating all basis sets to match the size of cc-pVDZ reduces the
RMSD by approximately 20% relative to cc-pVDZ itself, yielding errors below 1 kJ mol→1 for
thresholds tighter than 5.0 · 10→5. The normalized RMSD decreases almost linearly with the
logarithm of the threshold and drops below 10→4 kJ mol→1 for 𝑎NO △ 1.0 ·10→4, confirming that
the FNO approach enables systematic convergence even at higher excitation levels. As for
perturbative triples, CCSD-derived NOs deliver slightly better accuracy at larger truncation
thresholds, whereas MP2-based orbitals become competitive or marginally superior as the
truncation is tightened, reflecting the increasing similarity between the two density matrices.
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T%5&( 6.5: MUE, RMSD, and MAX values, together with their normalized counterparts (norm, obtained by dividing by the total
number of COs), for the full T contribution to atomization, closed-shell, and open-shell reaction energies of the KAW test set

according to di!erent FNO compression schemes, relative to the cc-pVTZ reference. All values are in kJ mol→1.

1.0·10→3 cc-pVTZ 5.0·10→4 cc-pVTZ cc-pVDZ projected cc-pVDZ 2.5·10→4 cc-pVTZ 1.0·10→4 cc-pVTZ 5.0·10→5 cc-pVTZ 2.5·10→5 cc-pVTZ 1.0·10→5 cc-pVTZ

MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD

Atomization
energy

MUE 1.06 1.01 0.99 0.91 1.19 0.96 0.98 0.80 0.77 0.32 0.42 0.11 0.20 0.04 0.04 0.02 0.01
RMSD 1.32 1.27 1.22 1.13 1.43 1.11 1.13 0.97 0.92 0.41 0.53 0.23 0.29 0.08 0.06 0.04 0.02
MAX 3.01 2.91 2.72 2.85 3.58 2.55 2.69 1.83 1.65 1.16 1.23 1.38 0.80 0.40 0.21 0.18 0.05

MUEnorm 0.00080 0.00074 0.00063 0.00054 0.00064 0.00051 0.00052 0.00040 0.00037 0.00011 0.00015 0.00003 0.00006 0.00001 0.00001 0.00001 0.00000
RMSDnorm 0.00100 0.00092 0.00077 0.00068 0.00076 0.00059 0.00060 0.00049 0.00045 0.00015 0.00019 0.00007 0.00009 0.00002 0.00002 0.00001 0.00000
MAXnorm 0.00228 0.00211 0.00172 0.00170 0.00191 0.00136 0.00144 0.00091 0.00080 0.00041 0.00044 0.00042 0.00025 0.00011 0.00006 0.00004 0.00001

Closed-shell
reaction energy

MUE 0.40 0.40 0.29 0.26 0.35 0.17 0.19 0.12 0.12 0.07 0.08 0.06 0.05 0.03 0.03 0.01 0.02
RMSD 0.50 0.52 0.39 0.34 0.44 0.23 0.28 0.15 0.16 0.08 0.09 0.08 0.07 0.05 0.05 0.02 0.03
MAX 1.37 1.63 1.09 1.01 1.29 0.66 0.97 0.34 0.45 0.17 0.25 0.20 0.18 0.13 0.14 0.05 0.07

MUEnorm 0.00031 0.00029 0.00019 0.00015 0.00019 0.00009 0.00010 0.00006 0.00006 0.00002 0.00003 0.00002 0.00002 0.00001 0.00001 0.00000 0.00001
RMSDnorm 0.00038 0.00038 0.00025 0.00020 0.00024 0.00012 0.00015 0.00008 0.00008 0.00003 0.00003 0.00002 0.00002 0.00001 0.00001 0.00000 0.00001
MAXnorm 0.00104 0.00119 0.00069 0.00060 0.00069 0.00035 0.00052 0.00017 0.00022 0.00006 0.00009 0.00006 0.00006 0.00003 0.00004 0.00001 0.00002

Open-shell
reaction energy

MUE 0.86 0.83 0.76 0.63 0.77 0.60 0.57 0.50 0.39 0.18 0.20 0.06 0.10 0.02 0.02 0.02 0.01
RMSD 1.05 1.04 0.95 0.84 0.95 0.73 0.72 0.64 0.54 0.25 0.29 0.09 0.16 0.03 0.03 0.02 0.02
MAX 2.95 3.15 2.92 2.72 2.91 2.23 2.26 1.73 1.75 0.73 1.23 0.25 0.78 0.08 0.10 0.07 0.07

MUEnorm 0.00065 0.00061 0.00048 0.00037 0.00041 0.00032 0.00030 0.00025 0.00019 0.00006 0.00007 0.00002 0.00003 0.00001 0.00001 0.00000 0.00000
RMSDnorm 0.00080 0.00076 0.00060 0.00050 0.00051 0.00039 0.00038 0.00032 0.00026 0.00009 0.00010 0.00003 0.00005 0.00001 0.00001 0.00001 0.00001
MAXnorm 0.00224 0.00228 0.00185 0.00162 0.00156 0.00119 0.00121 0.00086 0.00085 0.00026 0.00044 0.00008 0.00024 0.00002 0.00003 0.00002 0.00002

Overall

MUE 0.83 0.81 0.75 0.66 0.84 0.64 0.64 0.53 0.48 0.21 0.26 0.08 0.13 0.03 0.03 0.02 0.02
RMSD 1.08 1.05 0.98 0.89 1.09 0.83 0.84 0.73 0.67 0.30 0.38 0.16 0.21 0.06 0.05 0.03 0.02
MAX 3.01 3.15 2.92 2.85 3.58 2.55 2.69 1.83 1.75 1.16 1.23 1.38 0.80 0.40 0.21 0.18 0.07

MUEnorm 0.00063 0.00059 0.00047 0.00039 0.00045 0.00034 0.00034 0.00027 0.00023 0.00007 0.00009 0.00002 0.00004 0.00001 0.00001 0.00000 0.00000
RMSDnorm 0.00082 0.00077 0.00062 0.00053 0.00058 0.00045 0.00045 0.00036 0.00033 0.00011 0.00014 0.00005 0.00007 0.00001 0.00001 0.00001 0.00001
MAXnorm 0.00228 0.00228 0.00185 0.00170 0.00191 0.00136 0.00144 0.00091 0.00085 0.00041 0.00044 0.00042 0.00025 0.00011 0.00006 0.00004 0.00002
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For the KAW test set, the trends observed for full and perturbative triples are largely consis-
tent with each other, di!ering mainly in two aspects. First, the gain from projecting cc-pVDZ
over its uncompressed counterpart is smaller, amounting to only about 0.1 – 0.3 kJ mol→1

(in terms of RMSD) across all subsets of the test set. Second, by considering the whole
test set, the 5.0 · 10→4 threshold yields better RMSDs results than uncompressed cc-pVDZ,
despite involving a smaller number of correlated orbitals. Notably, the normalized RMSD
drops below 10→4 kJ mol→1 for thresholds tighter than 1.0 · 10→4, confirming that the FNO
approximation ensures systematic and controllable accuracy in post-CCSD(T) computations.

T%5&( 6.6: MUE, RMSD, and MAX values, together with their normalized
counterparts (norm, obtained by dividing by the total number of COs), for
the full T contribution to reaction barriers of the DBH24 test set according to
di!erent FNO compression schemes, relative to the cc-pVTZ reference. All

values are in kJ mol→1.

1.0·10→3 cc-pVTZ 5.0·10→4 cc-pVTZ cc-pVDZ projected cc-pVDZ 2.5·10→4 cc-pVTZ 1.0·10→4 cc-pVTZ

MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD

Forward

MUE 0.44 0.32 0.35 0.24 0.17 0.25 0.16 0.24 0.11 0.11 0.05
RMSD 0.57 0.39 0.44 0.29 0.20 0.31 0.22 0.28 0.15 0.13 0.06
MAX 1.10 0.73 0.93 0.47 0.42 0.66 0.57 0.47 0.26 0.22 0.10

MUEnorm 0.00053 0.00036 0.00034 0.00022 0.00013 0.00020 0.00013 0.00018 0.00008 0.00006 0.00002
RMSDnorm 0.00068 0.00045 0.00042 0.00026 0.00016 0.00025 0.00018 0.00021 0.00011 0.00007 0.00003
MAXnorm 0.00131 0.00083 0.00088 0.00043 0.00033 0.00052 0.00045 0.00035 0.00019 0.00012 0.00005

Reverse

MUE 0.29 0.25 0.25 0.22 0.22 0.18 0.22 0.18 0.18 0.11 0.07
RMSD 0.36 0.32 0.30 0.28 0.34 0.21 0.24 0.22 0.21 0.13 0.08
MAX 0.89 0.72 0.72 0.51 1.00 0.41 0.42 0.42 0.41 0.26 0.14

MUEnorm 0.00035 0.00029 0.00024 0.00020 0.00018 0.00014 0.00017 0.00013 0.00013 0.00006 0.00004
RMSDnorm 0.00043 0.00036 0.00029 0.00025 0.00027 0.00017 0.00019 0.00017 0.00015 0.00007 0.00004
MAXnorm 0.00107 0.00082 0.00068 0.00046 0.00079 0.00032 0.00034 0.00031 0.00030 0.00014 0.00008

Overall

MUE 0.37 0.29 0.30 0.23 0.20 0.22 0.19 0.21 0.14 0.11 0.06
RMSD 0.48 0.36 0.38 0.28 0.28 0.27 0.23 0.25 0.18 0.13 0.07
MAX 1.10 0.73 0.93 0.51 1.00 0.66 0.57 0.47 0.41 0.26 0.14

MUEnorm 0.00044 0.00033 0.00029 0.00021 0.00015 0.00017 0.00015 0.00015 0.00010 0.00006 0.00003
RMSDnorm 0.00057 0.00041 0.00036 0.00026 0.00022 0.00021 0.00018 0.00019 0.00013 0.00007 0.00004
MAXnorm 0.00131 0.00083 0.00088 0.00046 0.00079 0.00052 0.00045 0.00035 0.00030 0.00014 0.00008

T%5&( 6.7: MUE, RMSD, and MAX values, together with their normalized
counterparts (norm, obtained by dividing by the total number of COs), for the
full T contribution to atomization energies of the W4-17 MR test set according
to di!erent FNO compression schemes, relative to the cc-pVTZ reference. All

values are in kJ mol→1.

1.0·10→3 cc-pVTZ cc-pVDZ projected cc-pVDZ 5.0·10→4 cc-pVTZ 2.5·10→4 cc-pVTZ 1.0·10→4 cc-pVTZ

MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD

MUE 2.42 2.41 3.33 2.44 2.43 2.52 2.29 1.61 1.53 0.36 0.54
RMSD 2.78 2.64 3.64 2.68 2.65 2.82 2.43 1.89 1.66 0.54 0.80
MAX 5.90 5.09 7.75 5.19 5.30 5.44 3.68 4.37 2.89 1.59 2.14

MUEnorm 0.00337 0.00328 0.00413 0.00303 0.00302 0.00313 0.00285 0.00163 0.00151 0.00024 0.00035
RMSDnorm 0.00386 0.00361 0.00452 0.00332 0.00329 0.00350 0.00301 0.00191 0.00164 0.00036 0.00052
MAXnorm 0.00821 0.00694 0.00961 0.00644 0.00657 0.00675 0.00457 0.00442 0.00285 0.00106 0.00138

The same considerations made for the (T) contribution also apply to the DBH24 and W4-17
MR test sets. For W4-17 MR, two additional observations can be reported: first, projecting cc-
pVTZ onto the cc-pVDZ space yields a gain of about 1 kJ mol→1 relative to the uncompressed
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cc-pVDZ basis; second, even the use of the looser 1.0 · 10→3 threshold provides a RMSD 1 kJ
mol→1 lower than the uncompressed cc-pVDZ basis set.

Concerning the absolute energy di!erences of the full triple contribution, computed
for the KAW test set with MP2 and CCSD densities at di!erent 𝑎NO thresholds relative
to the full cc-pVTZ basis (Figure 6.4), the trend closely follows that observed for the (T)
contribution, with the CCSD results exhibiting also a more systematic convergence toward
the uncompressed basis set result.
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F*4,$( 6.4: Absolute electronic energy di!erences for the full T contribution
in the KAW dataset, computed with the cc-pVTZ basis set at di!erent FNO
thresholds with respect to the full cc-pVTZ results. Panels (A) and (B) corre-

spond to calculations based on MP2 and CCSD densities, respectively.

6.2.2 Quadruple and Higher Excitations

The e!ect of the di!erent FNO truncation strategies on perturbative quadrupole excitations
(Q) evaluated with reference to the Karton test set is summarized in Figure 6.5 in terms of
RMSD and normalized RMSD with respect to cc-pV(5,6)Z reference data, while the complete
statistical analysis can be found in Section A.4 of Appendix A. MUEs, RMSDs, and MAXs
evaluated over the KAW, DBH24, and W4-17 MR benchmark sets are reported in Tables 6.8,



&.". Benchmark Results and Discussion 145

6.9, and 6.10, respectively, together with the corresponding values normalized to the number
of COs.

cc-pVTZ (MP2) cc-pVTZ (CCSD) cc-pVQZ (MP2) cc-pVQZ (CCSD) cc-pV5Z (MP2)
cc-pV5Z (CCSD) cc-pVDZ (full) cc-pVTZ (full) cc-pVQZ (full) cc-pV5Z (full)
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F*4,$( 6.5: RMSD (left) and RMSD normalized to the number of COs
(RMSDnorm, right) for the (Q) contribution to the atomization energies in the
Karton test set according to di!erent FNO compression schemes, referenced to
cc-pV(5,6)Z values. Results obtained with orbitals selected from MP2-NO oc-
cupations are labeled as (MP2), those from CCSD-NO occupations as (CCSD),
while calculations performed in the untruncated virtual space are denoted as
(full). Projected cc-pVDZ and cc-pVTZ results correspond to the same number

of COs as in the respective parent basis sets.
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T%5&( 6.8: MUE, RMSD, and MAX values, together with their normalized counterparts (norm, obtained by dividing by the total
number of COs), for the (Q) contribution to atomization, closed-shell, and open-shell reaction energies of the KAW test set

according to di!erent FNO compression schemes, relative to the cc-pVTZ reference. All values are in kJ mol→1.

1.0·10→3 cc-pVTZ 5.0·10→4 cc-pVTZ cc-pVDZ projected cc-pVDZ 2.5·10→4 cc-pVTZ 1.0·10→4 cc-pVTZ 5.0·10→5 cc-pVTZ 2.5·10→5 cc-pVTZ 1.0·10→5 cc-pVTZ

MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD

Atomization
energy

MUE 0.42 0.37 0.43 0.29 0.29 0.43 0.35 0.39 0.31 0.22 0.19 0.11 0.09 0.03 0.03 0.01 0.01
RMSD 0.65 0.53 0.64 0.41 0.49 0.63 0.51 0.59 0.43 0.32 0.23 0.18 0.11 0.04 0.04 0.02 0.01
MAX 2.53 1.61 2.52 1.29 1.69 2.22 1.50 2.46 1.17 1.47 0.58 1.04 0.24 0.13 0.08 0.14 0.03

MUEnorm 0.00032 0.00027 0.00027 0.00017 0.00015 0.00023 0.00019 0.00019 0.00015 0.00008 0.00007 0.00003 0.00003 0.00001 0.00001 0.00000 0.00000
RMSDnorm 0.00049 0.00039 0.00041 0.00024 0.00026 0.00034 0.00027 0.00029 0.00021 0.00011 0.00008 0.00006 0.00003 0.00001 0.00001 0.00001 0.00000
MAXnorm 0.00192 0.00117 0.00159 0.00077 0.00090 0.00118 0.00080 0.00123 0.00057 0.00052 0.00021 0.00032 0.00007 0.00004 0.00002 0.00003 0.00001

Closed-shell
reaction energy

MUE 0.64 0.59 0.56 0.43 0.41 0.43 0.37 0.21 0.19 0.09 0.07 0.03 0.03 0.02 0.02 0.01 0.01
RMSD 0.93 0.85 0.80 0.58 0.56 0.55 0.45 0.27 0.26 0.12 0.09 0.04 0.06 0.03 0.03 0.01 0.01
MAX 2.79 2.54 2.82 1.49 1.70 1.28 1.12 0.57 0.58 0.27 0.24 0.12 0.22 0.10 0.09 0.02 0.02

MUEnorm 0.00049 0.00043 0.00036 0.00026 0.00022 0.00023 0.00020 0.00010 0.00009 0.00003 0.00002 0.00001 0.00001 0.00001 0.00000 0.00000 0.00000
RMSDnorm 0.00071 0.00062 0.00050 0.00035 0.00030 0.00029 0.00024 0.00014 0.00012 0.00004 0.00003 0.00001 0.00002 0.00001 0.00001 0.00000 0.00000
MAXnorm 0.00212 0.00184 0.00179 0.00088 0.00091 0.00068 0.00060 0.00028 0.00028 0.00010 0.00009 0.00004 0.00007 0.00003 0.00002 0.00000 0.00000

Open-shell
reaction energy

MUE 0.92 0.78 0.70 0.40 0.43 0.48 0.37 0.28 0.25 0.17 0.15 0.07 0.08 0.03 0.02 0.01 0.01
RMSD 1.48 1.21 1.07 0.54 0.63 0.67 0.49 0.36 0.32 0.25 0.20 0.10 0.11 0.04 0.03 0.01 0.01
MAX 5.62 4.50 3.93 1.24 2.60 2.03 1.16 0.83 0.86 0.95 0.63 0.35 0.32 0.17 0.08 0.02 0.03

MUEnorm 0.00070 0.00057 0.00045 0.00024 0.00023 0.00025 0.00020 0.00014 0.00012 0.00006 0.00005 0.00002 0.00003 0.00001 0.00001 0.00000 0.00000
RMSDnorm 0.00112 0.00088 0.00068 0.00032 0.00033 0.00036 0.00026 0.00018 0.00016 0.00009 0.00007 0.00003 0.00003 0.00001 0.00001 0.00000 0.00000
MAXnorm 0.00427 0.00327 0.00249 0.00074 0.00139 0.00109 0.00062 0.00042 0.00042 0.00034 0.00022 0.00011 0.00010 0.00004 0.00002 0.00001 0.00001

Overall

MUE 0.66 0.58 0.57 0.37 0.37 0.45 0.36 0.31 0.26 0.17 0.15 0.08 0.07 0.03 0.02 0.01 0.01
RMSD 1.09 0.91 0.86 0.50 0.56 0.63 0.49 0.45 0.36 0.26 0.19 0.13 0.10 0.04 0.03 0.01 0.01
MAX 5.62 4.50 3.93 1.49 2.60 2.22 1.50 2.46 1.17 1.47 0.63 1.04 0.32 0.17 0.09 0.14 0.03

MUEnorm 0.00050 0.00042 0.00036 0.00022 0.00020 0.00024 0.00019 0.00015 0.00013 0.00006 0.00005 0.00002 0.00002 0.00001 0.00001 0.00000 0.00000
RMSDnorm 0.00083 0.00066 0.00054 0.00030 0.00030 0.00034 0.00026 0.00022 0.00017 0.00009 0.00007 0.00004 0.00003 0.00001 0.00001 0.00000 0.00000
MAXnorm 0.00427 0.00327 0.00249 0.00088 0.00139 0.00118 0.00080 0.00123 0.00057 0.00052 0.00022 0.00032 0.00010 0.00004 0.00002 0.00003 0.00001
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T%5&( 6.9: MUE, RMSD, and MAX values, together with their normalized
counterparts (norm, obtained by dividing by the total number of COs), for the
(Q) contribution to reaction barriers of the DBH24 test set according to di!erent
FNO compression schemes, relative to the cc-pVTZ reference. All values are

in kJ mol→1.

1.0·10→3 cc-pVTZ 5.0·10→4 cc-pVTZ cc-pVDZ projected cc-pVDZ 2.5·10→4 cc-pVTZ 1.0·10→4 cc-pVTZ

MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD

Forward

MUE 0.43 0.33 0.35 0.24 0.23 0.29 0.18 0.25 0.14 0.12 0.07
RMSD 0.51 0.39 0.40 0.30 0.30 0.36 0.25 0.32 0.20 0.15 0.09
MAX 0.96 0.74 0.74 0.59 0.76 0.78 0.65 0.68 0.42 0.27 0.20

MUEnorm 0.00052 0.00037 0.00033 0.00022 0.00018 0.00023 0.00014 0.00018 0.00010 0.00007 0.00004
RMSDnorm 0.00060 0.00045 0.00038 0.00027 0.00024 0.00028 0.00020 0.00024 0.00015 0.00008 0.00005
MAXnorm 0.00115 0.00084 0.00070 0.00054 0.00060 0.00062 0.00052 0.00051 0.00030 0.00015 0.00011

Reverse

MUE 0.59 0.46 0.48 0.38 0.32 0.40 0.29 0.32 0.21 0.15 0.09
RMSD 0.75 0.58 0.61 0.47 0.43 0.52 0.38 0.43 0.27 0.19 0.11
MAX 1.67 1.16 1.34 0.85 1.14 1.11 0.73 0.97 0.51 0.47 0.20

MUEnorm 0.00070 0.00053 0.00046 0.00035 0.00025 0.00032 0.00023 0.00024 0.00015 0.00008 0.00005
RMSDnorm 0.00089 0.00066 0.00057 0.00042 0.00034 0.00041 0.00030 0.00032 0.00020 0.00011 0.00006
MAXnorm 0.00200 0.00132 0.00127 0.00077 0.00090 0.00088 0.00058 0.00073 0.00037 0.00026 0.00011

Overall

MUE 0.51 0.40 0.41 0.31 0.28 0.34 0.23 0.28 0.18 0.14 0.08
RMSD 0.64 0.50 0.51 0.39 0.37 0.45 0.32 0.38 0.24 0.17 0.10
MAX 1.67 1.16 1.34 0.85 1.14 1.11 0.73 0.97 0.51 0.47 0.20

MUEnorm 0.00061 0.00045 0.00039 0.00028 0.00022 0.00027 0.00018 0.00021 0.00013 0.00007 0.00004
RMSDnorm 0.00076 0.00056 0.00048 0.00035 0.00029 0.00035 0.00026 0.00028 0.00017 0.00009 0.00006
MAXnorm 0.00200 0.00132 0.00127 0.00077 0.00090 0.00088 0.00058 0.00073 0.00037 0.00026 0.00011

T%5&( 6.10: MUE, RMSD, and MAX values, together with their normalized
counterparts (norm, obtained by dividing by the total number of COs), for the
(Q) contribution to atomization energies of the W4-17 MR test set according
to di!erent FNO compression schemes, relative to the cc-pVTZ reference. All

values are in kJ mol→1.

1.0·10→3 cc-pVTZ cc-pVDZ projected cc-pVDZ 5.0·10→4 cc-pVTZ 2.5·10→4 cc-pVTZ 1.0·10→4 cc-pVTZ

MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD MP2 CCSD

MUE 2.30 1.85 1.34 1.93 1.69 1.98 1.50 1.69 1.42 0.70 0.62
RMSD 2.88 2.36 1.92 2.34 2.13 2.45 1.93 2.02 1.68 0.78 0.73
MAX 6.06 5.40 5.54 5.27 5.46 5.72 4.39 5.34 4.08 1.57 1.86

MUEnorm 0.00320 0.00252 0.00166 0.00240 0.00209 0.00246 0.00186 0.00171 0.00140 0.00047 0.00040
RMSDnorm 0.00400 0.00322 0.00239 0.00290 0.00265 0.00304 0.00239 0.00204 0.00165 0.00052 0.00047
MAXnorm 0.00843 0.00736 0.00688 0.00654 0.00678 0.00710 0.00545 0.00540 0.00402 0.00105 0.00120

In general, similarly to the case of full triples, CCSD-based NOs generally yield slightly
lower errors than those derived from MP2 for moderate thresholds (down to 𝑎NO = 2.5 ·
10→4), although this advantage becomes negligible as the threshold is further tightened.
Furthermore, the benefit of large-basis compression is again apparent. For instance, in the
Karton test set (Figure 6.5), compressing the cc-pV5Z basis at 𝑎NO = 2.5·10→4 results in smaller
RMSDs than those obtained with the full cc-pVDZ basis, even though the two bases involve
a comparable 𝑁CO. Normalized RMSDs for (Q) contributions fall below 10→4 kJ mol→1 when
𝑎NO △ 5.0 · 10→5, confirming that systematic and controllable accuracy can also be achieved
for quadruple excitations.

For closed- and open-shell reactions in the KAW test set, the improvement upon tighten-
ing 𝑎NO from 5.0 · 10→4 to 1.0 · 10→4 is particularly pronounced, with RMSDs reduced by more
than a factor of two (Table 6.8). A comparable trend is observed for the reaction energies in
the DBH24 test set (Table 6.9).
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The W4-17 MR subset represents the most demanding benchmark for higher excitations.
As it can be observed in Table 6.10, in this case, RMSDs for (Q) terms are between 2 and
3 kJ mol→1 for projected cc-pVDZ, and they remain in the range 1.68 - 2.88 kJ mol→1 for
𝑎NO ⇔ 2.5 ·10→4, dropping to about 0.7 kJ mol→1 at 𝑎NO = 1.0 ·10→4. These results demonstrate
that the FNO-based truncation scheme maintains robust error control even for strongly
correlated species, provided that su"ciently tight thresholds are employed.

The absolute energy di!erences of the (Q) contribution relative to the full cc-pVTZ basis,
obtained for di!erent 𝑎NO thresholds using MP2 and CCSD densities for all species in the
KAW test set are presented in Figure 6.6. As in the case of perturbative and full triples,
CCSD densities generally lead to a narrower spread and faster convergence toward the
uncompressed reference.

F2 Cl2 ClF ClO Si2 NH CH S2
OH HCl P2 O2 SO SiH2(3B1) HF NO

SiH2(1A1) PH2 HOCl CS CN CH2(1A1) NH2 SH2

CH2(3B1) SiO N2 SiH3 H2O PH3 CO SO2
H2O2 HCO NH3 CH3 HCN SiH4 H2CO CO2
CH3Cl C2H2 CH4 N2H4 CH3SH CH3OH Si2H6 C2H4
C2H6 F C H Cl N O P

Si S HCOOH CS2 HNCO COCl2 SO3 SH
NO2 H2
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F*4,$( 6.6: Absolute electronic energy di!erences for the (Q) contribution
in the KAW dataset, computed with the cc-pVTZ basis set at di!erent FNO
thresholds with respect to the full cc-pVTZ results. Panels (A) and (B) corre-

spond to calculations based on MP2 and CCSD densities, respectively.

The results obtained for the perturbative inclusion of quadrupole excitations through the
(Q)ε model with reference to the Karton test set are reported in Figure 6.7, while those for
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the (Q)/A and (Q)/B approximations can be found in Figures A.3 and A.4, respectively, of
Appendix A.

In general, the di!erent approximations show a similar behavior, and referring to the
full quadruple excitations extrapolated to the CBS limit by using cc-pV5Z and cc-pV6Z basis
sets, the following conclusions can be drawn. (i) In contrast with the (Q) model (reported
in Figure A.2 of Appendix A), the (Q)ε approximation performs better as the threshold
becomes smaller. (ii) This same trend is also observed for (Q)/A and (Q)/B. (iii) (Q)/A
and (Q)/B approximations tend to perform slightly better at large thresholds, whereas (Q)ε
becomes preferable as the threshold is tightened.
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cc-pVTZ (MP2) cc-pVTZ (CCSD) cc-pVQZ (MP2) cc-pVQZ (CCSD)
cc-pVDZ (full) cc-pVTZ (full) cc-pVQZ (full)

0.00 0.20 0.40 0.60 0.80 1.00

1.0 · 10→3

5.0 · 10→4

projected
cc-pVDZ

2.5 · 10→4

1.0 · 10→4

5.0 · 10→5

projected
cc-pVTZ

2.5 · 10→5

1.0 · 10→5

full

1.01

1.00

0.87

0.77

0.57

0.54

0.56

0.55

0.96

0.85

0.85

0.76

0.61

0.56

0.55

0.55

1.00

0.91

0.85

0.72

0.55

0.54

0.57

0.57

0.60

0.96

0.84

0.84

0.70

0.57

0.53

0.56

0.55

0.59

0.93
0.55

0.61

RMSD (Q)ε (kJ mol→1)
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0.56

0.48
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RMSDnorm (Q)ε (kJ mol→1)·10→3

F*4,$( 6.7: RMSD (left) and RMSD normalized to the number of COs
(RMSDnorm, right) for the (Q)ε contribution to the atomization energies in
the Karton test set according to di!erent FNO compression schemes, refer-
enced to full Q cc-pV(5,6)Z values. Results obtained with orbitals selected
from MP2-NO occupations are labeled as (MP2), those from CCSD-NO occu-
pations as (CCSD), while calculations performed in the untruncated virtual
space are denoted as (full). Projected cc-pVDZ and cc-pVTZ results corre-

spond to the same number of COs as in the respective parent basis sets.

Concluding with the analysis of the impact of FNO truncation schemes on quadrupole
excitations, the results obtained using the full CCSDTQ treatment are summarized in Figure
6.8, where RMSD and CO-normalized RMSD with respect to the Karton test set are reported.
As can be seen, compared with the perturbative (Q) and its variants, the convergence behavior
is significantly improved, while the general trends observed for the full-triple contribution
are largely preserved.

The results obtained at the CCSDTQ level for the Karton test set are summarized in Figure
6.8.
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cc-pVTZ (MP2) cc-pVTZ (CCSD) cc-pVQZ (MP2) cc-pVQZ (CCSD)
cc-pVDZ (full) cc-pVTZ (full) cc-pVQZ (full)

0.00 0.20 0.40 0.60 0.80 1.00 1.20 1.40

1.0 · 10→3

5.0 · 10→4

projected
cc-pVDZ

2.5 · 10→4
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1.33

1.36

1.14

1.01
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F*4,$( 6.8: RMSD (left) and RMSD normalized to the number of COs
(RMSDnorm, right) for the full Q contribution to the atomization energies in the
Karton test set according to di!erent FNO compression schemes, referenced to
cc-pV(5,6)Z values. Results obtained with orbitals selected from MP2-NO oc-
cupations are labeled as (MP2), those from CCSD-NO occupations as (CCSD),
while calculations performed in the untruncated virtual space are denoted as
(full). Projected cc-pVDZ and cc-pVTZ results correspond to the same number

of COs as in the respective parent basis sets.

Finally, the behavior of perturbative pentuple excitations coupled with FNOs was also in-
vestigated, even though their contribution is generally small and, actually, it is already well
described using the cc-pVDZ basis set, with a RMSD of 0.09 kJ mol→1. RMSDs and their cor-
responding values normalized by the number of COs with respect to the Karton benchmark
set are shown in Figure 6.9. Since CBS values of the pentuple excitation contribution are
not available for this dataset, the assessment was carried out with respect to the complete
cc-pVTZ and cc-pVQZ basis sets.
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cc-pVTZ (MP2) cc-pVTZ (CCSD) cc-pVQZ (MP2) cc-pVQZ (CCSD)
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F*4,$( 6.9: RMSD (left) and RMSD normalized to the number of COs
(RMSDnorm, right) for the (P) contribution to the atomization energies in the
Karton test set according to di!erent FNO compression schemes, referenced
to full basis set values. Results obtained with orbitals selected from MP2-NO
occupations are labeled as (MP2) and those from CCSD-NO occupations as
(CCSD). Projected cc-pVDZ and cc-pVTZ results correspond to the same num-

ber of COs as in the respective parent basis sets.

Overall, the benchmark results consistently indicate that, for a fixed 𝑁CO, retaining the
occupied space of a larger parent basis set provides higher accuracy than using smaller
basis sets. This key finding supports the rationale behind the single basis set, progressively
compressed strategy.

6.2.3 Trade-O! Between Accuracy and Computational Cost

Cost-e!ective strategies for estimating post-CCSD(T) contributions from relatively small
basis sets were widely explored in the literature, with notable contributions from Karton and
co-workers.78,80 These studies demonstrated that basis set limit estimates for the perturbative
connected quadruples (Q), can be obtained by extrapolating results from extended cc-pVDZ
(4𝑠,3𝑥,1𝑃) and cc-pVTZ basis sets. When combined with fully iterative connected quadruples,
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Q–(Q), computed at the cc-pVDZ level, this approach provides a computationally e"cient
route to accurate Q contributions. Similarly, connected quintuple (P), can be reasonably
approximated using cc-pVDZ (3𝑠,2𝑥) basis sets. Although these methods are e"cient,
they require switching between basis sets and, in some cases, adapting the extrapolation
procedure for di!erent excitation levels, which complicates the implementation of fully
automated workflows.

An alternative strategy is to employ a single, su"ciently large parent basis set for all
excitation classes, while progressively reducing the number of COs for higher excitations
by increasing the occupation threshold 𝑎NO applied to the natural orbitals in the virtual
space. Larger thresholds eliminate more virtual orbitals, lowering the computational cost
but slightly reducing accuracy, whereas smaller thresholds retain a larger fraction of the
virtual space, enhancing accuracy at a moderate increase in cost. The occupied orbital
space, fixed by the electron number, which is well described in a large basis set, is fully
preserved, while the virtual manifold can be selectively pruned to retain only the most
relevant correlation e!ects. This approach provides a smooth and tunable balance between
accuracy and e"ciency, laying the groundwork for the development of automated and
unsupervised computational protocols.

By considering the outcomes obtained for full T and (Q) contributions evaluated over
the Karton and KAW benchmark sets, Figures A.1 and A.5 and 6.10 – 6.13 illustrate that the
occupation-based approach allows for 𝑁CO values that smoothly interpolate between those
associated with conventional basis sets of subsequent cardinality. For instance, starting from
cc-pVQZ or cc-pV5Z and gradually increasing the threshold reduces 𝑁CO toward the values
characteristic of smaller bases. When the number of COs slightly exceeds that of cc-pVDZ,
the resulting (Q) RMSDs are already comparable to those obtained with cc-pVTZ, while an
𝑁CO marginally above cc-pVTZ leads to accuracy approaching that of cc-pVQZ.

In passing, it is worth noticing that the same conclusion can be drawn for the perturba-
tive triple contribution, whose normalized RMSDs are reported in Figures A.1 and A.5 of
Appendix A.

The obtained trend is particularly appealing as this ability to interpolate continuously
between basis set cardinal numbers is not achievable within conventional composite frame-
works or when using canonical orbitals.
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F*4,$( 6.10: RMSD for the full T contribution to the atomization energies of the
Karton test set, relative to the cc-pV(5,6)Z reference, as a function of the FNO
truncation threshold. Results based on MP2-derived orbitals are labeled as
(MP2) and calculations with the full virtual space as (full). Projected cc-pV𝑁Z
thresholds retain the same number of COs as the corresponding cc-pV𝑁Z basis

sets.
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F*4,$( 6.11: RMSD for the (Q) contribution to the atomization energies of the
Karton test set, relative to the cc-pV(5,6)Z reference, as a function of the FNO
truncation threshold. Results based on MP2-derived orbitals are labeled as
(MP2) and calculations with the full virtual space as (full). Projected cc-pV𝑁Z
thresholds retain the same number of COs as the corresponding cc-pV𝑁Z basis

sets.



&.". Benchmark Results and Discussion 155

cc-pVTZ (MP2) cc-pVTZ (CCSD) cc-pVDZ (full)

benchmark accuracy

1.0 · 10→3 5.0 · 10→4 projected
cc-pVDZ

2.5 · 10→4 1.0 · 10→4 5.0 · 10→5 2.5 · 10→5 1.0 · 10→5
0.00

0.20

0.40

0.60

0.80

1.00

1.20

FNO threshold

RM
SD

fu
ll

T
(k

Jm
ol

→1
)

F*4,$( 6.12: RMSD for the full T contribution evaluated over the KAW test
set, relative to the cc-pVTZ reference, as a function of the FNO truncation
threshold. Results based on MP2-derived orbitals are labeled as (MP2), those
from CCSD-based occupations as (CCSD), and calculations with the full virtual
space as (full). Projected cc-pV𝑁Z thresholds retain the same number of COs

as the corresponding cc-pV𝑁Z basis sets.
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F*4,$( 6.13: RMSD for the (Q) contribution evaluated over the KAW test
set, relative to the cc-pVTZ reference, as a function of the FNO truncation
threshold. Results based on MP2-derived orbitals are labeled as (MP2), those
from CCSD-based occupations as (CCSD), and calculations with the full virtual
space as (full). Projected cc-pV𝑁Z thresholds retain the same number of COs

as the corresponding cc-pV𝑁Z basis sets.

For systems having single-reference character MP2-derived NOs are fully adequate across
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all thresholds. Inspection of the benchmark carried out on the atomization energies from
the Karton test set (Figures 6.10, 6.11, and A.5 of Appendix A) reveals a clear hierarchy
in convergence: the (Q) contribution reaches benchmark accuracy with the fewest retained
orbitals, followed by the full T contribution, while the (T) term requires the largest number of
orbitals to achieve comparable accuracy. In other words, at any given threshold, lower RMSD
values are consistently obtained for (Q) than for full T, and for full T than for (T). Nevertheless,
for the full T and (Q) contributions, all thresholds already yield results within the chemical
accuracy target, whereas for perturbative triples this level is reached only starting from the
2.5 · 10→4 threshold.

In contrast, for the systems present in the KAW test set, exhibiting a more pronounced
multi-reference character (Figures 6.12, 6.13, and A.1 of Appendix A), CCSD-derived NOs
provide a noticeable advantage, especially at larger thresholds, where MP2-based NOs may
fail to reproduce the correct correlation pattern. In this regime, the full T contribution falls
below the benchmark target accuracy starting from 5.0 · 10→4, with the only exception being
the full cc-pVDZ RMSD. For the (Q) contribution, the benchmark accuracy is already reached
at 1.0 ·10→3 with CCSD-derived NOs, whereas the (T) contribution attains this level only from
5.0 · 10→5 when using MP2 densities. The same hierarchy in RMSD values is maintained,
with (Q) yielding the lowest deviations, followed by full T, which in turn outperforms (T).

By decoupling the choice of the parent basis set from the e!ective number of COs,
this strategy enables fine control over the cost–accuracy trade-o! and can extend platinum-
standard accuracy to systems that would otherwise be computationally prohibitive. For
instance, compressing the cc-pV5Z basis set with 𝑎NO = 2.5 · 10→5 reduces 𝑁CO by nearly 70%
while keeping the (T) RMSD near 1 kJ mol→1 in the Karton test set, thus achieving substantial
savings with minimal loss of accuracy.

6.3 Conclusions

In this Chapter, a new strategy to overcome the computational limitations of high-level
CC methods by combining large basis sets with the systematic compression of the virtual
space through the FNO approximation has been presented and systematically assessed. NOs
derived from MP2- or CCSD-level density matrices enable the controlled removal of the least-
occupied virtual components while preserving size-consistency and allowing continuous
control of accuracy. Extensive benchmarks indicate that large basis sets with reduced virtual
spaces consistently outperform smaller uncompressed bases with a comparable number of
COs, particularly for post-CCSD(T) treatments where the computational cost is dominated by
the virtual space dimension. This framework allows smooth interpolation between accuracy
levels typical of the cc-pV𝑁Z hierarchy while retaining the high-quality occupied space of
the larger basis set. Beyond the direct performance improvements, the decoupling of the
parent basis from the virtual space size enables the development of consistent and scalable
approach, in which accuracy can be tuned through the occupation threshold, providing a
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route to benchmark-level accuracy at a!ordable computational cost, thereby extending the
applicability of high-level CC methods to molecular systems of substantially larger size than
previously feasible.
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Chapter 7

Conclusions and Future Perspectives

The main goal of this PhD thesis has been the development and validation of compos-
ite QC methodologies capable of providing reliable thermochemical, structural, and rota-
tional–vibrational spectroscopic properties for molecular systems of increasing size, while
maintaining an optimal balance between accuracy and computational e"ciency. This re-
search contributes to the broader framework of predictive quantitative quantum chemistry,
which aims to extend the reach of benchmark-level approaches, traditionally limited to small
molecules, to the description of chemically relevant systems of medium or large size. To
this end, the work has focused on the design and implementation of advanced composite
schemes integrating state-of-the-art wave function-based methods, explicit correlation, and
orbital-space compression techniques.

The thesis has pursued three closely connected lines of research. First, the junChS-
F12 model has been improved through the introduction of the CCSD(F12*)(T+) formula-
tion, replacing the F12b approximation and canonical (T) treatment, thereby providing a
size-consistent description of correlation e!ects for energy evaluations and substantially re-
ducing the basis set incompleteness error without increasing the computational cost. The
revised protocol has been benchmarked against accurate thermochemical data, yielding
MUEs within chemical accuracy for atomization and reaction energies of both closed- and
open-shell systems. Importantly, the new scheme has maintained excellent performance for
non-covalent interactions, conformational, and tautomeric equilibria, with average devia-
tions around 0.1 kJ mol→1 relative to the original junChS-F12 approach. Beyond energetics,
the model has been extended to the prediction of equilibrium geometries and harmonic fre-
quencies. For the structural description, the addition of CV corrections at the MP2-F12 level
to the explicitly correlated CCSD(T)-optimized geometry has proved essential for reaching
sub-milliångström accuracy, while the e!ect of the CBS extrapolation has been found to
be negligible for F12-based methods. For harmonic vibrational frequencies, the explicitly
correlated CCSD(T) in conjunction with a partially augmented triple-↩ basis set has yielded
an RMSD of about 5 cm→1 across a diverse test set, ensuring reliable vibrational assignments.

In a second step, building on the results obtained for the revised junChS-F12, the Pisa
Composite Scheme family, a new generation of composite schemes designed to surpass the
accuracy of ChS-type models while maintaining comparable computational demands, has
been developed and validated. The PCS philosophy has relied on a consistent definition of
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the levels of theory across di!erent quantities, with its methodological core centered on the
energetic component. In the PCS models, the valence correlation energy has been redefined
with respect to the ChS schemes through a more sophisticated hierarchical organization, in
which the MP2 and post-MP2 contributions have been extrapolated separately to the CBS
limit. Additional improvements have included the systematic use of cc-pV𝑁Z-F12 basis
sets, together with optimized formulations for third-row elements, and a more advanced
treatment of CV correlation e!ects. Collectively, these features have ensured a smooth and
well-behaved convergence pattern, enhancing both the robustness and transferability of the
model across diverse chemical environments. Starting from medium-sized molecular sys-
tems, the first energetic scheme has been developed using conventional methods for both
valence and core-valence contributions. Its explicitly correlated extension has preserved
the overall structure of the original formulation while replacing the conventional valence
terms with their explicitly correlated counterparts, namely CCSD(F12*)(T+) and MP2-F12,
thereby improving the convergence toward the CBS limit. The refined explicitly correlated
PCS variant has retained the same overall structure while adopting a revised extrapolation
exponent for the post-MP2-F12 component, thereby achieving a more balanced and accurate
description of electronic energies within the 5–15 atom molecular size range. This final
formulation has provided the high-accuracy energetic backbone of the PCS family, upon
which the subsequent extension to larger molecular systems has been achieved through the
introduction of the FNO approximation. This approach has markedly reduced the cost of
CC correlation calculations while retaining quantitative reliability, allowing the treatment
of molecules containing up to about 50 atoms without resorting to local correlation approx-
imations. Concerning the prediction of structural properties, di!erent strategies have been
adopted depending on molecular size. For systems containing approximately 5–15 atoms,
equilibrium structures have been obtained from F12-based CC optimizations complemented
by MP2 CV corrections. For larger systems, accurate and computationally e"cient geome-
tries have been computed through double-hybrid functionals augmented by MP2-based CV
corrections or by employing one-parameter bond-corrected PCS formulations. In both cases,
explicit CBS extrapolations have been avoided. Vibrational properties have been treated
through hybrid and double-hybrid density functionals, with anharmonic corrections derived
in the framework of VPT2 for semi-rigid systems. Extensive benchmarks and applications to
"biochemical building blocks" and technologically relevant compounds have demonstrated
that the PCS protocols achieve performance comparable to more demanding composite ap-
proaches, consistently reproducing thermochemical, structural, and vibrational quantities
for molecules containing elements of the first three rows, with deviations within chemical
accuracy when compared to experimental or high-level theoretical data.

The final research stage has investigated the use of the FNO approximation as an e"cient
strategy to incorporate post-CCSD(T) correlation e!ects within composite schemes. By se-
lectively compressing the virtual orbital space according to occupation thresholds, the FNO
approach has introduced a continuous, user-controllable balance between computational
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cost and accuracy. Unlike canonical methods, where the achievable precision is e!ectively
discretized by the choice of the basis set cardinal number, the FNO strategy has allowed a
smooth interpolation between levels of accuracy, as the number of correlated virtual orbitals
can be tuned according to the targeted accuracy and available resources. Two alternative
truncation procedures have been analyzed: a direct cut-o! scheme, in which virtual orbitals
were discarded according to their occupation numbers, and a projection-based formulation,
where natural orbitals generated in a larger basis were projected onto a smaller one and
subsequently recanonicalized, resulting in a virtual space whose dimension exactly matches
that of the target basis set. This latter approach has enabled an independent assessment of
two complementary e!ects: the improvement of the occupied-orbital description, enhanced
by the larger basis set, and the expansion of the virtual manifold, whose size and quality
are governed by the chosen occupation threshold. Together, these variants have provided a
versatile framework to explore the trade-o! between accuracy and e"ciency in a systemat-
ically controllable manner. Extensive benchmarks have been carried out for a broad range
of excitation levels, including perturbative triples, quadruples (in several approximate for-
mulations), and pentuples, as well as full triple and quadruple excitations. The test sets
have covered atomization and reaction energies for both closed- and open-shell species, as
well as systems with pronounced multi-reference character. The results have demonstrated
that tailored FNO compressions of post-CCSD(T) contributions preserve the accuracy of the
corresponding reference energies, with deviations typically below 1 kJ mol→1, while substan-
tially reducing the computational cost. Large basis set calculations employing compressed
virtual spaces have consistently outperformed conventional smaller-basis computations of
comparable size, confirming the robustness and transferability of the approach. The FNO
approximation has therefore provided a pragmatic and scalable route to extend the reach of
post-CCSD(T) composite schemes, o!ering tunable and systematically improvable accuracy
at a fraction of the canonical computational cost, and pushing the boundaries of feasible
spectroscopic-quality QC calculations for small-to-medium molecular systems.

Overall, the research carried out has established a pathway toward reliable, scalable, and
transferable QC protocols defining the most appropriate accuracy-to-cost trade-o! for the
accurate characterization of energetic, structural, and vibrational quantities as a function of
the size and complexity of the system under investigation.

Building on the outcomes of the present thesis, a number of further developments can be
envisaged. First, the energetic variant of the PCS family employing the FNO approximation,
designed for molecular systems containing approximately 15–60 atoms, can be refined to
achieve highly accurate estimations of heats of formation. Based on the promising prelimi-
nary results obtained with the corrective factor scaled by the number of non-hydrogen atoms,
a non-empirical, transferable, and reliable strategy can be developed to ensure the generality
of the approach. Such improvements will aim to consolidate this FNO-based variant as a
general-purpose protocol for high-accuracy thermochemical predictions. In addition, the
composite framework can be further extended to other spectroscopic molecular properties
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by exploiting the flexibility of the FNO approximation, enabling accurate yet feasible cal-
culations for systems beyond medium size. The same strategy may also be adapted to the
treatment of species exhibiting pronounced multi-reference character, thus broadening the
applicability of composite methods to more complex electronic structures. Further progress
may involve the integration of the composite methodologies developed in this work within
multi-scale approaches. Such an extension would allow the accurate evaluation of energet-
ics and molecular properties in condensed-phase or heterogeneous environments, thereby
expanding the scope of the developed protocols beyond the gas phase.

In conclusion, the methodologies developed in this work enable the accurate investigation
of astrochemical, atmospheric, and biological processes, where reliable thermochemical and
rotational–vibrational spectroscopic predictions are essential. Their capability to deliver
near-spectroscopic accuracy for systems of increasing size makes them powerful tools for the
characterization of fundamental and prototypical molecules relevant both to the chemistry of
the Earth and to that of the cosmic environment, defining a coherent, scalable, and predictive
framework for molecular modeling that fully embodies the aim of the Molecular Sciences for
Earth and Space PhD program, aiming to extend the understanding of chemical complexity
across terrestrial and extraterrestrial domains.
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Appendix A

Supplementary Data for the
Evaluation of Energetic Properties

This Appendix collects all the supplementary data related to the energetic analyses discussed
in Chapters 4, 5, and 6.

A.1 KAW Test Set

T%5&( A.1: MAX, MUE, and RMSD for KAW test set in kJ mol→1. Values
computed at the 𝑀

jun-cc-pV(T+𝑃)Z
CCSD(T) +ω𝑀↔

MP2 level, using the jun-cc-pV(𝑁+𝑃)Z basis
sets (𝑁 = T, Q) and the 𝑁

→3 two-point Helgaker extrapolation formula, together
with its modified variants.

{2,3}𝑄 {3,4}𝑅 Varandas𝑍

𝑁
→3

𝑁
→4

𝑁
→5

𝑁
→3𝑃

𝑁
→4

𝑁
→5

𝑁
→3

𝑁
→4

𝑁
→5

Atomization
energy
MAX 20.59 26.67 29.95 10.58 19.14 24.41 19.24 25.74 29.29
MUE 4.44 7.52 9.27 4.01 3.91 6.31 3.94 7.02 8.92

RMSD 6.13 9.00 10.72 4.77 5.57 7.87 5.61 8.53 10.37
Closed-shell

reaction energy
MAX 7.58 8.96 9.70 5.15 7.25 8.44 7.27 8.75 9.55
MUE 1.58 1.73 1.84 1.54 1.54 1.67 1.54 1.71 1.82

RMSD 2.33 2.83 3.16 2.11 2.24 2.62 2.25 2.74 3.09
Open-shell

reaction energy
MAX 22.01 27.93 31.13 11.57 20.60 25.73 20.70 27.03 30.48
MUE 3.54 5.09 6.09 3.02 3.27 4.43 3.29 4.82 5.88

RMSD 5.39 7.11 8.16 4.04 5.04 6.43 5.06 6.83 7.94
Overall
MAX 22.01 27.93 31.13 11.57 20.60 25.73 20.70 27.03 30.48
MUE 3.45 5.29 6.39 3.08 3.13 4.55 3.15 4.99 6.16

RMSD 5.21 7.28 8.53 4.03 4.80 6.46 4.83 6.93 8.28
𝑄
𝑁 = 2, 3. 𝑅

𝑁 = 3, 4. 𝑍
𝑁 = 3.630, 5.335.446,447 𝑃Corresponds to the junChS scheme.89
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T%5&( A.2: MAX, MUE, and RMSD for KAW test set in kJ mol→1. Values
computed at the 𝑀

jun-cc-pV(T+𝑃)Z
CCSD(T)-F12b + ω𝑀↔

MP2-F12 level, using the jun-cc-pV(𝑁+𝑃)Z
basis sets (𝑁 = T, Q) and the 𝑁

→3 two-point Helgaker extrapolation formula,
together with its modified variants.

{2,3}𝑄 {3,4}𝑅 Varandas𝑍

𝑁
→3

𝑁
→4

𝑁
→5

𝑁
→3𝑃

𝑁
→4

𝑁
→5

𝑁
→3

𝑁
→4

𝑁
→5

Atomization
energy
MAX 13.77 13.83 13.99 13.93 13.79 13.72 13.79 13.79 13.96
MUE 5.49 5.63 5.70 5.25 5.46 5.58 5.46 5.61 5.69

RMSD 6.26 6.39 6.46 6.03 6.23 6.34 6.23 6.37 6.45
Closed-shell

reaction energy
MAX 3.32 3.44 3.65 3.36 3.32 3.30 3.32 3.38 3.61
MUE 0.75 0.73 0.73 0.84 0.76 0.74 0.76 0.73 0.73

RMSD 1.17 1.18 1.20 1.20 1.17 1.18 1.17 1.18 1.19
Open-shell

reaction energy
MAX 12.54 11.90 11.55 13.67 12.69 12.14 12.68 11.99 11.62
MUE 2.87 2.89 2.90 2.83 2.86 2.88 2.86 2.89 2.90

RMSD 3.69 3.68 3.68 3.72 3.70 3.69 3.70 3.68 3.68
Overall
MAX 13.77 13.83 13.99 13.93 13.79 13.72 13.79 13.79 13.96
MUE 3.42 3.48 3.51 3.33 3.41 3.46 3.41 3.47 3.51

RMSD 4.57 4.64 4.68 4.46 4.56 4.61 4.56 4.63 4.67
𝑄
𝑁 = 2, 3. 𝑅

𝑁 = 3, 4. 𝑍
𝑁 = 3.630, 5.335.446,447 𝑃Corresponds to the old formulation of the junChS-F12 scheme.90
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T%5&( A.3: MAX, MUE, and RMSD for KAW test set in kJ mol→1. Values
computed at the 𝑀

jun-cc-pV(T+𝑃)Z
CCSD(F12*)(T+) + ω𝑀↔

MP2-F12 level, using the jun-cc-pV(𝑁+𝑃)Z
basis sets (𝑁 = T, Q) and the 𝑁

→3 two-point Helgaker extrapolation formula,
together with its modified variants.

{2,3}𝑄 {3,4}𝑅 Varandas𝑍

𝑁
→3

𝑁
→4

𝑁
→5

𝑁
→3𝑃

𝑁
→4

𝑁
→5

𝑁
→3

𝑁
→4

𝑁
→5

Atomization
energy
MAX 10.79 11.05 11.19 10.33 10.73 10.95 10.73 11.01 11.16
MUE 2.90 3.04 3.13 2.69 2.87 2.99 2.87 3.02 3.11

RMSD 3.97 4.09 4.16 3.78 3.95 4.05 3.95 4.07 4.14
Closed-shell

reaction energy
MAX 5.23 5.19 5.17 5.31 5.24 5.21 5.24 5.20 5.17
MUE 1.07 1.09 1.11 1.06 1.06 1.08 1.06 1.09 1.11

RMSD 1.69 1.69 1.69 1.72 1.69 1.69 1.69 1.69 1.69
Open-shell

reaction energy
MAX 6.09 6.12 6.14 6.57 6.08 6.11 6.08 6.12 6.14
MUE 2.05 2.02 2.00 2.14 2.06 2.03 2.06 2.02 2.00

RMSD 2.71 2.66 2.63 2.82 2.72 2.67 2.72 2.66 2.64
Overall
MAX 10.79 11.05 11.19 10.33 10.73 10.95 10.73 11.01 11.16
MUE 2.16 2.21 2.24 2.11 2.16 2.19 2.16 2.20 2.24

RMSD 3.10 3.15 3.17 3.05 3.10 3.13 3.10 3.14 3.17
𝑄
𝑁 = 2, 3. 𝑅

𝑁 = 3, 4. 𝑍
𝑁 = 3.630, 5.335.446,447 𝑃Corresponds to the new formulation of the junChS-F12 scheme.184
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F*4,$( A.1: RMSD for the (T) contribution evaluated over the KAW test set,
relative to the cc-pVTZ reference, as a function of the FNO truncation thresh-
old. Results based on MP2-derived orbitals are labeled as (MP2), those from
CCSD-based occupations as (CCSD), and calculations with the full virtual
space as (full). Projected cc-pV𝑁Z thresholds retain the same number of COs

as the corresponding cc-pV𝑁Z basis sets.
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A.2 W4-11 Test Set

T%5&( A.4: MAX, MUE, and RMSD values delivered by di!erent CSs for the
W4-11 set,83 considering the valence contribution. In the PCS3 and FPCS3
schemes, the extrapolation exponent for the low-level valence MP2-F12 term
is fixed to 3, whereas the exponent for the high-level post-MP2-F12 valence
components and for the additional basis functions are reported in curly brack-
ets. The CC model employed in the junChS-F12 schemes is indicated in round
brackets. Molecules yielding the MAX values are indicated in parentheses.

All values are in kJ mol→1.

MAX MUE RMSD

All molecules

W1-F12 - 1.05 2.43
W2-F12 - 0.54 0.71

PCS3 {3} 5.56 (S4) 0.77 1.21
PCS3 {3, + 𝑋 ,𝑛} 4.99 (HC2•) 0.60 0.90
PCS3 {3, + 𝑋 } 4.99 (HC2•) 0.65 0.91
PCS3 {5} 4.02 (P4) 0.71 0.95
PCS3 {5, + 𝑋 ,𝑛} 4.11 (P4) 0.63 0.86
PCS3 {5, + 𝑋 } 3.01 (P4) 0.68 0.87

junChS-F12 (CCSD(F12*)(T+)) 6.98 (P4) 1.00 1.42
junChS-F12 (CCSD(T)-F12b) 17.50 (P4) 4.81 5.41

SVECV-f12 12.63 (S4) 2.26 3.08

FPCS3 {3} 9.13 (P4) 2.34 2.76
FPCS3 {5} 6.06 (P4) 2.04 2.54

1st- and 2nd-row atoms

W1-F12 - 0.42 0.63
W2-F12 - 0.50 0.67

PCS3 {3} 4.99 (HC2•) 0.61 0.89
PCS3 {5} 1.83 (FO2•) 0.58 0.72

junChS-F12 (CCSD(F12*)(T+)) 3.68 (CF4) 0.78 1.06
junChS-F12 (CCSD(T)-F12b) 9.44 (CH3CO2H) 4.67 5.11

SVECV-f12 3.50 (CH3CO2H) 1.58 1.81

FPCS3 {3} 5.78 (B2H6) 2.69 2.98
FPCS3 {5} 5.62 (CH3CO2H) 2.44 2.85

1st- and 3rd-row atoms

W1-F12 - 2.51 4.39
W2-F12 - 0.59 0.75

PCS3 {3} 5.56 (S4) 1.17 1.76
PCS3 {3, + 𝑋 ,𝑛} 3.96 (P4) 0.60 0.92
PCS3 {3, + 𝑋 } 2.73 (P4) 0.77 0.98
PCS3 {5} 4.02 (P4) 1.05 1.36
PCS3 {5, + 𝑋 ,𝑛} 4.11 (P4) 0.76 1.14
PCS3 {5, + 𝑋 } 3.01 (P4) 0.94 1.16

junChS-F12 (CCSD(F12*)(T+)) 6.98 (P4) 1.53 2.03
junChS-F12 (CCSD(T)-F12b) 17.50 (P4) 5.14 6.10

SVECV-f12 12.63 (S4) 3.92 4.95

FPCS3 {3} 9.13 (P4) 1.49 2.13
FPCS3 {5} 6.06 (P4) 1.07 1.54
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T%5&( A.5: MAX, MUE, and RMSD values delivered by di!erent levels of the-
ory for the W4-11 set,83 considering the core-valence contribution. Additional
basis functions are reported in curly brackets. Molecules yielding the MAX

values are indicated in parentheses. All values are in kJ mol→1.

MAX MUE RMSD

All molecules

MP2/cc-pwCVTZ 10.34 (SiF4) 2.12 2.78
MP2/cc-pwCVTZ {+𝑛} 9.15 (SiF4) 2.04 2.64

MP2/cc-pCVTZ 10.95 (SiF4) 2.37 3.10

MP2-F12/cc-pwCVTZ 13.17 (SiF4) 3.19 3.79

CCSD(T)/cc-pwCVTZ 3.06 (AlF3) 0.61 0.82
CCSD(T)/cc-pwCVTZ {+𝑛} 4.09 (P4) 0.67 0.92

MP2/cc-pwCV(D,T)Z + CCSD(T)/cc-pwCVDZ 6.26 (P4) 0.90 1.15
MP2/cc-pwCV(D,T)Z + CCSD(T)/cc-pwCVDZ {+ 𝑋 ,𝑛} 3.04 (SiF4) 0.85 1.01
MP2/cc-pwCV(D,T)Z + CCSD(T)/cc-pwCVDZ {+ 𝑋 } 4.73 (SiF4) 0.90 1.12

FNO-CCSD(T)/cc-pwCVTZ 4.77 (AlF3) 1.40 1.76
FNO-CCSD(T)/cc-pwCVTZ {+𝑛} 4.08 (CF4) 1.38 1.75

MP2/cc-pwCV(D,T)Z + FNO-CCSD(T)/cc-pwCVDZ 9.94 (P4) 1.56 2.25
MP2/cc-pwCV(D,T)Z + FNO-CCSD(T)/cc-pwCVDZ {+ 𝑋 ,𝑛} 4.95 (C2) 1.22 1.51
MP2/cc-pwCV(D,T)Z + FNO-CCSD(T)/cc-pwCVDZ {+ 𝑋 } 4.95 (C2) 1.47 1.85

1st- and 2nd-row atoms

MP2/cc-pwCVTZ 4.97 (C2N2) 2.05 2.43

MP2/cc-pCVTZ 6.25 (propyne) 2.39 2.91

MP2-F12/cc-pwCVTZ 6.35 (C2N2) 2.95 3.28

CCSD(T)/cc-pwCVTZ 1.73 (C3H4) 0.58 0.75

MP2/cc-pwCV(D,T)Z + CCSD(T)/cc-pwCVDZ 2.55 (C2) 0.88 0.98

FNO-CCSD(T)/cc-pwCVTZ 4.08 (CF4) 1.53 1.88

MP2/cc-pwCV(D,T)Z + FNO-CCSD(T)/cc-pwCVDZ 4.95 (C2) 1.21 1.50

1st- and 3rd-row atoms

MP2/cc-pwCVTZ 10.34 (SiF4) 2.28 3.48
MP2/cc-pwCVTZ {+𝑛} 9.15 (SiF4) 2.01 3.07

MP2/cc-pCVTZ 10.95 (SiF4) 2.31 3.52

MP2-F12/cc-pwCVTZ 13.17 (SiF4) 3.77 4.81

CCSD(T)/cc-pwCVTZ 3.06 (AlF3) 0.68 0.99
CCSD(T)/cc-pwCVTZ {+𝑛} 4.09 (P4) 0.90 1.25

MP2/cc-pwCV(D,T)Z + CCSD(T)/cc-pwCVDZ 6.26 (P4) 0.96 1.47
MP2/cc-pwCV(D,T)Z + CCSD(T)/cc-pwCVDZ {+ 𝑋 ,𝑛} 3.04 (SiF4) 0.79 1.06
MP2/cc-pwCV(D,T)Z + CCSD(T)/cc-pwCVDZ {+ 𝑋 } 4.73 (SiF4) 0.97 1.41

FNO-CCSD(T)/cc-pwCVTZ 4.77 (AlF3) 1.06 1.42
FNO-CCSD(T)/cc-pwCVTZ {+𝑛} 3.93 (SiF4) 1.01 1.38

MP2/cc-pwCV(D,T)Z + FNO-CCSD(T)/cc-pwCVDZ 9.94 (P4) 2.42 3.45
MP2/cc-pwCV(D,T)Z + FNO-CCSD(T)/cc-pwCVDZ {+ 𝑋 ,𝑛} 3.34 (SiO) 1.26 1.53
MP2/cc-pwCV(D,T)Z + FNO-CCSD(T)/cc-pwCVDZ {+ 𝑋 } 4.84 (AlCl3) 2.09 2.49



A.#. W$-!’ test set 171

A.3 W4-17 test set

T%5&( A.6: MAX, MUE, and RMSD values delivered by di!erent CSs for the
W4-17 set,84 considering the valence contribution. In the PCS3 and FPCS3
schemes, the extrapolation exponent for the low-level valence MP2-F12 term
is fixed to 3, whereas the exponent for the high-level post-MP2-F12 valence
components and for the additional basis functions are reported in curly brack-
ets. The CC model employed in the junChS-F12 schemes is indicated in round
brackets. Molecules yielding the MAX values are indicated in parentheses.

All values are in kJ mol→1.

Total non-MR MR

Valence MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD

All molecules

PCS3 {3} 5.56 (S4) 0.88 1.28 5.53 (P4) 0.84 1.19 5.56 (S4) 1.51 2.13
PCS3 {3, + 𝑋 ,𝑛} 4.99 (H2C•) 0.74 1.02 4.99 (H2C•) 0.74 1.03 2.72 (S4) 0.73 1.02
PCS3 {3, + 𝑋 } 4.99 (HC2•) 0.86 1.16 4.99 (H2C•) 0.88 1.19 1.53 (S4) 0.61 0.78
PCS3 {5} 4.02 (P4) 0.76 1.00 4.02 (P4) 0.72 0.94 3.01 (S4) 1.24 1.48
PCS3 {5, + 𝑋 ,𝑛} 4.11 (P4) 0.65 0.87 4.11 (P4) 0.63 0.83 2.78 (S4) 0.87 1.19
PCS3 {5, + 𝑋 } 3.95 (C2Cl6) 0.77 1.00 3.95 (C2Cl6) 0.76 0.99 1.71 (ClO2•) 0.86 1.02

junChS-F12 6.98 (P4) 1.13 1.64 6.98 (P4) 1.14 1.67 2.87 (C2) 0.93 1.24(CCSD(F12*)(T+))
junChS-F12 17.50 (P4) 6.09 6.90 17.50 (P4) 6.23 7.05 9.46 (S4) 4.59 5.08(CCSD(T)-F12b)

SVECV-f12 12.63 (S4) 2.80 3.67 11.78 (HClO4) 2.68 3.48 12.63 (S4) 4.35 5.60

FPCS3 {3} 9.13 (P4) 2.71 3.32 9.13 (P4) 2.78 3.40 4.12 (B2) 2.03 2.34
FPCS3 {5} 10.69 (benzene) 2.65 3.36 10.69 (benzene) 2.77 3.47 3.34 (ClO3•) 1.34 1.68

1st- and 2nd-row atoms

PCS3 {3} 4.99 (HC2•) 0.76 1.05 4.99 (HC2•) 0.78 1.07 0.96 (C2) 0.43 0.53
PCS3 {5} 2.40 (C2F6) 0.61 0.77 2.40 (C2F6) 0.60 0.76 1.44 (C2) 0.69 0.80

junChS-F12 6.80 (C2F6) 0.86 1.28 6.80 (C2F6) 0.84 1.26 2.87 (C2) 1.03 1.44(CCSD(F12*)(T+))
junChS-F12 14.81 (n-pentane) 5.93 6.72 14.81 (n-pentane) 6.11 6.89 4.46 (O3) 2.87 3.03(CCSD(T)-F12b)

SVECV-f12 6.22 (N2O4) 1.78 2.06 6.22 (N2O4) 1.80 2.07 2.74 (O3) 1.22 1.50

FPCS3 {3} 8.99 (benzene) 3.30 3.76 8.99 (benzene) 3.37 3.82 4.12 (B2) 2.58 2.82
FPCS3 {5} 10.69 (benzene) 3.20 3.85 10.69 (benzene) 3.31 3.95 2.89 (B2) 1.76 1.96

1st- and 3rd-row atoms

PCS3 {3} 5.56 (S4) 1.12 1.62 5.53 (P4) 0.96 1.39 5.56 (S4) 2.23 2.72
PCS3 {3, + 𝑋 ,𝑛} 3.46 (P4) 0.71 0.98 3.46 (P4) 0.67 0.94 2.72 (S4) 0.94 1.24
PCS3 {3, + 𝑋 } 4.71 (C2Cl6) 1.04 1.35 4.71 (C2Cl6) 1.09 1.40 1.53 (S4) 0.74 0.90
PCS3 {5} 4.02 (P4) 1.03 1.31 4.02 (P4) 0.95 1.22 3.01 (S4) 1.60 1.80
PCS3 {5, + 𝑋 ,𝑛} 4.11 (P4) 0.73 1.02 4.11 (P4) 0.69 0.96 2.78 (S4) 0.99 1.39
PCS3 {5, + 𝑋 } 3.95 (C2Cl6) 1.06 1.31 3.95 (C2Cl6) 1.07 1.33 1.71 (ClO2•) 0.98 1.14

junChS-F12 6.98 (P4) 1.61 2.15 6.98 (P4) 1.72 2.26 2.33 (ClO2•) 0.87 1.08(CCSD(F12*)(T+))
junChS-F12 17.50 (P4) 6.37 7.22 17.50 (P4) 6.46 7.37 9.46 (S4) 5.74 6.07(CCSD(T)-F12b)

SVECV-f12 12.63 (S4) 4.64 5.50 11.78 (HClO4) 4.38 5.22 12.63 (S4) 6.43 7.13

FPCS3 {3} 9.13 (P4) 1.63 2.30 9.13 (P4) 1.63 2.35 3.97 (ClO3•) 1.67 1.95
FPCS3 {5} 6.33 (SC4H4) 1.64 2.19 6.33 (SC4H4) 1.73 2.28 3.34 (ClO3•) 1.06 1.46
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T%5&( A.7: MAX, MUE, and RMSD values delivered by di!erent levels of the-
ory for the W4-17 set,84 considering the core-valence contribution. Additional
basis functions are reported in curly brackets. Molecules yielding the MAX

values are indicated in parentheses. All values are in kJ mol→1.

Total non-MR MR

Core-Valence MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD

All molecules

MP2/cc-pwCVTZ 10.34 (SiF4) 2.59 3.34 10.34 (SiF4) 2.70 3.44 4.50 (ClO3•) 1.51 1.97
MP2/cc-pwCVTZ {+𝑛} 9.15 (SiF4) 2.47 3.17 9.15 (SiF4) 2.58 3.27 3.88 (S4) 1.53 1.92

MP2/cc-pCVTZ 11.40 (benzene) 2.95 3.85 11.40 (benzene) 3.09 3.98 5.15 (ClO3•) 1.59 2.14

MP2-F12/cc-pwCVTZ 15.80 (SF6) 4.11 4.94 15.80 (SF6) 4.15 4.97 10.62 (ClO3•) 3.94 4.85

CCSD(T)/cc-pwCVTZ 3.25 (benzene) 0.75 1.01 3.25 (benzene) 0.73 0.99 2.60 (ClF5) 1.03 1.24
CCSD(T)/cc-pwCVTZ {+𝑛} 4.09 (P4) 0.85 1.15 4.09 (P4) 0.81 1.10 3.35 (S4) 1.38 1.70

MP2/cc-pwCV(D,T)Z 6.26 (P4) 0.93 1.19 6.26 (P4) 0.92 1.17 3.25 (S4) 1.02 1.40+ CCSD(T)/cc-pwCVDZ
MP2/cc-pwCV(D,T)Z 3.64 (C2Cl6) 0.92 1.10 3.64 (C2Cl6) 0.90 1.08 2.55 (C2) 1.12 1.31+ CCSD(T)/cc-pwCVDZ {+ 𝑋 ,𝑛}
MP2/cc-pwCV(D,T)Z 4.73 (SiF4) 1.01 1.27 4.73 (SiF4) 0.98 1.24 3.22 (ClF5) 1.37 1.65+ CCSD(T)/cc-pwCVDZ {+ 𝑋 }

FNO-CCSD(T)/cc-pwCVTZ 7.03 (C2F6) 1.81 2.27 7.03 (C2F6) 1.89 2.34 3.07 (C2) 1.07 1.30
FNO-CCSD(T)/cc-pwCVTZ {+𝑛} 7.03 (C2F6) 1.74 2.20 7.03 (C2F6) 1.81 2.27 3.07 (C2) 1.07 1.29

MP2/cc-pwCV(D,T)Z 14.95 (C2Cl6) 1.85 2.71 14.95 (C2Cl6) 1.77 2.59 9.63 (S4) 3.04 4.00+ FNO-CCSD(T)/cc-pwCVDZ
MP2/cc-pwCV(D,T)Z 4.95 (C2) 1.39 1.65 4.40 (C2N2) 1.36 1.59 4.95 (C2) 1.87 2.29+ FNO-CCSD(T)/cc-pwCVDZ {+ 𝑋 ,𝑛}
MP2/cc-pwCV(D,T)Z 5.25 (HClO4) 1.69 2.04 5.25 (HClO4) 1.63 1.96 4.95 (C2) 2.49 2.91+ FNO-CCSD(T)/cc-pwCVDZ {+ 𝑋 }

1st- and 2nd-row atoms

MP2/cc-pwCVTZ 9.02 (benzene) 2.66 3.24 9.02 (benzene) 2.76 3.32 2.93 (C2) 1.40 1.72

MP2/cc-pCVTZ 11.40 (benzene) 3.14 3.94 11.40 (benzene) 3.27 4.04 3.21 (BN) 1.54 1.97

MP2-F12/cc-pwCVTZ 10.30 (benzene) 3.72 4.27 10.30 (benzene) 3.82 4.37 3.49 (C2) 2.28 2.44

CCSD(T)/cc-pwCVTZ 3.25 (benzene) 0.73 0.96 3.25 (benzene) 0.74 0.98 1.62 (C2) 0.59 0.80

MP2/cc-pwCV(D,T)Z 2.91 (N2O4) 0.97 1.09 2.91 (N2O4) 0.95 1.07 2.55 (C2) 1.29 1.46+ CCSD(T)/cc-pwCVDZ

FNO-CCSD(T)/cc-pwCVTZ 7.03 (C2F6) 1.95 2.42 7.03 (C2F6) 2.03 2.48 3.07 (C2) 1.00 1.41

MP2/cc-pwCV(D,T)Z 4.95 (C2) 1.31 1.59 4.40 (C2N2) 1.27 1.50 4.95 (C2) 2.42 2.94+ FNO-CCSD(T)/cc-pwCVDZ

1st- and 3rd-row atoms

MP2/cc-pwCVTZ 10.34 (SiF4) 2.46 3.50 10.34 (SiF4) 2.59 3.66 4.50 (ClO3•) 1.59 2.12
MP2/cc-pwCVTZ {+𝑛} 9.15 (SiF4) 2.14 3.04 9.15 (SiF4) 2.21 3.16 3.88 (S4) 1.62 2.04

MP2/cc-pCVTZ 10.95 (SiF4) 2.61 3.69 10.95 (SiF4) 2.75 3.86 5.15 (ClO3•) 1.63 2.25

MP2-F12/cc-pwCVTZ 15.80 (SF6) 4.83 5.98 15.80 (SF6) 4.80 5.99 10.62 (ClO3•) 5.05 5.94

CCSD(T)/cc-pwCVTZ 3.06 (AlF3) 0.78 1.08 3.06 (AlF3) 0.70 1.02 2.60 (ClF5) 1.33 1.46
CCSD(T)/cc-pwCVTZ {+𝑛} 4.09 (P4) 1.07 1.44 4.09 (P4) 0.95 1.31 3.35 (S4) 1.91 2.10

MP2/cc-pwCV(D,T)Z 6.26 (P4) 0.85 1.35 6.26 (P4) 0.85 1.35 3.25 (S4) 0.83 1.36+ CCSD(T)/cc-pwCVDZ
MP2/cc-pwCV(D,T)Z 3.64 (C2Cl6) 0.83 1.12 3.64 (C2Cl6) 0.80 1.11 2.09 (ClF5) 1.01 1.20+ CCSD(T)/cc-pwCVDZ {+ 𝑋 ,𝑛}
MP2/cc-pwCV(D,T)Z 4.73 (SiF4) 1.08 1.55 4.73 (SiF4) 1.04 1.51 3.22 (ClF5) 1.42 1.76+ CCSD(T)/cc-pwCVDZ {+ 𝑋 }

FNO-CCSD(T)/cc-pwCVTZ 4.77 (AlF3) 1.56 1.96 4.77 (AlF3) 1.63 2.05 1.65 (ClO3•) 1.11 1.22
FNO-CCSD(T)/cc-pwCVTZ {+𝑛} 3.93 (SiF4) 1.34 1.71 3.93 (SiF4) 1.38 1.78 1.72 (S4) 1.11 1.20

MP2/cc-pwCV(D,T)Z 14.95 (C2Cl6) 2.83 4.02 14.95 (C2Cl6) 2.74 3.93 9.63 (S4) 3.46 4.57+ FNO-CCSD(T)/cc-pwCVDZ
MP2/cc-pwCV(D,T)Z 3.34 (SiO) 1.53 1.76 3.34 (SiO) 1.53 1.76 2.97 (ClF5) 1.51 1.73+ FNO-CCSD(T)/cc-pwCVDZ {+ 𝑋 ,𝑛}
MP2/cc-pwCV(D,T)Z 5.25 (HClO4) 2.37 2.67 5.25 (HClO4) 2.35 2.64 4.62 (S4) 2.54 2.89+ FNO-CCSD(T)/cc-pwCVDZ {+ 𝑋 }
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A.4 Karton Test Set

cc-pVTZ (MP2) cc-pVTZ (CCSD) cc-pVQZ (MP2) cc-pVQZ (CCSD)
cc-pVDZ (full) cc-pVTZ (full) cc-pVQZ (full)

0.00 0.20 0.40 0.60 0.80 1.00 1.20

1.0 · 10→3

5.0 · 10→4

projected
cc-pVDZ

2.5 · 10→4

1.0 · 10→4

5.0 · 10→5

projected
cc-pVTZ

2.5 · 10→5

1.0 · 10→5

full

0.80

0.76

0.75

0.67

0.81

0.87

1.00

0.99

0.79

0.55

0.75

0.63

0.81
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0.70

0.82

0.94
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1.06
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0.79

0.61

0.74

0.58

0.81

0.90

1.04

1.02

1.10

0.84
1.00

1.15

RMSD (Q) (kJ mol→1)
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2.20

1.79

1.49

1.27
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0.98
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1.40
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1.17
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1.05
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1.22
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0.92
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RMSDnorm (Q) (kJ mol→1)·10→3

F*4,$( A.2: RMSD (left) and RMSD normalized to the number of COs
(RMSDnorm, right) for the (Q) contribution to the atomization energies in the
Karton test set according to di!erent FNO compression schemes, referenced
to full Q cc-pV(5,6)Z values. Results obtained with orbitals selected from
MP2-NO occupations are labeled as (MP2), those from CCSD-NO occupations
as (CCSD), while calculations performed in the untruncated virtual space are
denoted as (full). Projected cc-pVDZ and cc-pVTZ results correspond to the

same number of COs as in the respective parent basis sets.
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cc-pVTZ (MP2) cc-pVTZ (CCSD) cc-pVQZ (MP2) cc-pVQZ (CCSD)
cc-pVDZ (full) cc-pVTZ (full) cc-pVQZ (full)

0.00 0.20 0.40 0.60 0.80 1.00

1.0 · 10→3

5.0 · 10→4

projected
cc-pVDZ

2.5 · 10→4

1.0 · 10→4

5.0 · 10→5

projected
cc-pVTZ

2.5 · 10→5

1.0 · 10→5

full

0.95
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0.93
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0.72
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RMSD (Q)/A (kJ mol→1)
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F*4,$( A.3: RMSD (left) and RMSD normalized to the number of COs
(RMSDnorm, right) for the (Q)/A contribution to the atomization energies in the
Karton test set according to di!erent FNO compression schemes, referenced
to full Q cc-pV(5,6)Z values. Results obtained with orbitals selected from
MP2-NO occupations are labeled as (MP2), those from CCSD-NO occupations
as (CCSD), while calculations performed in the untruncated virtual space are
denoted as (full). Projected cc-pVDZ and cc-pVTZ results correspond to the

same number of COs as in the respective parent basis sets.
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cc-pVTZ (MP2) cc-pVTZ (CCSD) cc-pVQZ (MP2) cc-pVQZ (CCSD)
cc-pVDZ (full) cc-pVTZ (full) cc-pVQZ (full)

0.00 0.20 0.40 0.60 0.80 1.00

1.0 · 10→3

5.0 · 10→4

projected
cc-pVDZ

2.5 · 10→4

1.0 · 10→4

5.0 · 10→5

projected
cc-pVTZ

2.5 · 10→5

1.0 · 10→5

full

0.88
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0.67

0.72

0.80

0.80

0.84

0.84
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0.92
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RMSD (Q)/B (kJ mol→1)
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F*4,$( A.4: RMSD (left) and RMSD normalized to the number of COs
(RMSDnorm, right) for the (Q)/B contribution to the atomization energies in the
Karton test set according to di!erent FNO compression schemes, referenced
to full Q cc-pV(5,6)Z values. Results obtained with orbitals selected from
MP2-NO occupations are labeled as (MP2), those from CCSD-NO occupations
as (CCSD), while calculations performed in the untruncated virtual space are
denoted as (full). Projected cc-pVDZ and cc-pVTZ results correspond to the

same number of COs as in the respective parent basis sets.
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T%5&( A.8: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for the
atomization energies of the Karton test set relative to the cc-pV(5,6)Z references. Results are reported for the (T), full T, (Q), and
(Q)–(T) contributions obtained with the cc-pVDZ and cc-pVTZ basis sets, at di!erent FNO thresholds and using both MP2- and

CCSD-derived densities. All values are in kJ mol→1.

𝑁CO
(T) full T (Q) (Q)-(T)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVDZ full 503 6.24 7.36 14.03 1.49 2.05 4.39 0.75 1.26 3.21 0.80 1.02 2.14
0.01241 0.01464 0.02789 0.00296 0.00408 0.00872 0.00148 0.00250 0.00638 0.00159 0.00203 0.00425

cc-pVTZ

1.0·10→3
MP2 364 10.53 12.63 24.34 1.48 2.11 5.04 0.87 1.49 4.40 0.80 1.01 2.08

0.02892 0.03469 0.06688 0.00406 0.00579 0.01383 0.00239 0.00410 0.01208 0.00220 0.00278 0.00572
CCSD 383 8.92 10.35 20.35 1.46 2.07 4.92 0.80 1.37 3.95 0.86 1.10 2.41

0.02330 0.02702 0.05315 0.00382 0.00541 0.01285 0.00209 0.00359 0.01032 0.00224 0.00287 0.00630

5.0·10→4
MP2 422 6.62 7.59 14.52 1.51 2.06 4.48 0.90 1.50 4.52 0.79 0.95 1.59

0.01569 0.01799 0.03442 0.00358 0.00487 0.01062 0.00214 0.00356 0.01072 0.00187 0.00226 0.00376
CCSD 445 6.25 7.33 15.70 1.42 2.03 4.74 0.75 1.31 4.11 0.78 0.98 1.81

0.01404 0.01647 0.03528 0.00320 0.00457 0.01064 0.00169 0.00295 0.00924 0.00175 0.00221 0.00407

MP2 503 4.12 4.95 9.45 1.28 1.73 3.47 0.76 1.25 3.37 0.57 0.70 1.37
projected 0.00820 0.00983 0.01879 0.00255 0.00344 0.00690 0.00151 0.00248 0.00671 0.00114 0.00139 0.00271
cc-pVDZ CCSD 503 4.31 5.13 9.58 1.30 1.74 3.58 0.72 1.20 3.20 0.60 0.72 1.51

0.00856 0.01020 0.01905 0.00258 0.00347 0.00712 0.00144 0.00239 0.00636 0.00120 0.00144 0.00299

2.5·10→4
MP2 531 3.40 4.14 7.68 1.24 1.69 4.04 0.72 1.13 3.25 0.55 0.66 1.37

0.00640 0.00780 0.01446 0.00233 0.00319 0.00760 0.00135 0.00213 0.00613 0.00104 0.00125 0.00258
CCSD 537 3.60 4.57 11.38 1.29 1.75 4.23 0.71 1.14 3.41 0.58 0.72 1.61

0.00670 0.00852 0.02119 0.00240 0.00325 0.00787 0.00132 0.00213 0.00635 0.00109 0.00134 0.00300

1.0·10→4
MP2 733 1.76 2.11 4.53 0.83 1.12 2.51 0.49 0.69 1.78 0.38 0.49 1.13

0.00240 0.00288 0.00618 0.00113 0.00153 0.00343 0.00067 0.00094 0.00242 0.00052 0.00067 0.00154
CCSD 711 1.54 1.88 3.77 1.02 1.43 3.32 0.51 0.73 1.88 0.54 0.76 2.20

0.00217 0.00264 0.00530 0.00143 0.00201 0.00467 0.00071 0.00102 0.00264 0.00076 0.00107 0.00309

5.0·10→5
MP2 891 2.42 2.70 5.13 0.60 0.81 1.94 0.39 0.55 1.42 0.26 0.32 0.78

0.00271 0.00303 0.00575 0.00068 0.00090 0.00218 0.00043 0.00062 0.00159 0.00029 0.00036 0.00087
CCSD 841 2.07 2.46 4.37 0.78 1.06 2.61 0.40 0.57 1.42 0.38 0.55 1.42

0.00246 0.00293 0.00520 0.00093 0.00126 0.00311 0.00048 0.00068 0.00168 0.00046 0.00065 0.00169

2.5·10→5
MP2 1001 2.10 2.33 3.91 0.55 0.72 1.63 0.31 0.42 0.92 0.28 0.35 0.77

0.00210 0.00233 0.00391 0.00055 0.00072 0.00162 0.00031 0.00042 0.00092 0.00028 0.00035 0.00077
CCSD 961 2.16 2.43 4.54 0.59 0.79 1.73 0.32 0.45 1.01 0.30 0.41 1.24

0.00225 0.00253 0.00473 0.00061 0.00083 0.00180 0.00033 0.00047 0.00105 0.00031 0.00043 0.00129

1.0·10→5
MP2 1089 1.90 2.19 4.12 0.53 0.72 1.63 0.29 0.41 0.92 0.26 0.35 0.81

0.00174 0.00201 0.00378 0.00049 0.00066 0.00149 0.00026 0.00038 0.00084 0.00024 0.00032 0.00074
CCSD 1060 1.89 2.19 4.18 0.52 0.70 1.60 0.28 0.41 0.91 0.25 0.32 0.72

0.00178 0.00207 0.00395 0.00050 0.00066 0.00151 0.00027 0.00039 0.00086 0.00023 0.00031 0.00068

full 1179 1.87 2.19 4.23 0.53 0.70 1.58 0.28 0.41 0.91 0.25 0.34 0.80
0.00159 0.00186 0.00359 0.00045 0.00060 0.00134 0.00024 0.00034 0.00077 0.00021 0.00029 0.00068



A
.$.

Karton
TestSet

177

T%5&( A.9: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for the
atomization energies of the Karton test set relative to the cc-pV(5,6)Z references. Results are reported for the (T), full T, (Q), and
(Q)–(T) contributions obtained with the cc-pVQZ basis set, at di!erent FNO thresholds and using both MP2- and CCSD-derived

densities. All values are in kJ mol→1.

𝑁CO
(T) full T (Q) (Q)-(T)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVQZ

1.0·10→3
MP2 384 10.04 11.97 23.95 1.48 2.09 5.02 0.87 1.48 4.36 0.83 1.03 2.10

0.02615 0.03118 0.06237 0.00385 0.00545 0.01308 0.00227 0.00386 0.01137 0.00215 0.00269 0.00547
CCSD 401 8.69 10.19 19.86 1.45 2.05 4.89 0.81 1.37 3.97 0.87 1.10 2.39

0.02167 0.02541 0.04952 0.00363 0.00511 0.01219 0.00201 0.00343 0.00989 0.00216 0.00275 0.00597

5.0·10→4
MP2 454 6.31 7.14 11.68 1.41 1.94 4.11 0.82 1.39 4.27 0.77 0.97 1.89

0.01390 0.01573 0.02574 0.00311 0.00427 0.00905 0.00181 0.00306 0.00940 0.00169 0.00214 0.00416
CCSD 464 6.12 7.18 15.14 1.38 2.00 4.69 0.75 1.30 4.14 0.77 0.99 1.83

0.01320 0.01546 0.03263 0.00298 0.00431 0.01011 0.00162 0.00281 0.00891 0.00165 0.00213 0.00394

MP2 503 3.92 4.71 8.78 1.30 1.74 3.53 0.73 1.23 3.34 0.62 0.74 1.50
projected 0.00779 0.00937 0.01745 0.00259 0.00347 0.00702 0.00146 0.00244 0.00663 0.00122 0.00147 0.00299
cc-pVDZ CCSD 503 4.04 4.90 8.73 1.32 1.78 3.78 0.71 1.19 3.21 0.65 0.78 1.63

0.00804 0.00973 0.01736 0.00263 0.00354 0.00751 0.00141 0.00236 0.00638 0.00129 0.00155 0.00325

2.5·10→4
MP2 573 2.94 3.47 6.98 1.11 1.55 3.82 0.65 1.03 2.90 0.50 0.63 1.41

0.00514 0.00605 0.01217 0.00194 0.00270 0.00666 0.00114 0.00179 0.00507 0.00087 0.00110 0.00247
CCSD 587 2.86 3.83 10.84 1.21 1.66 4.14 0.65 1.08 3.41 0.57 0.74 1.52

0.00488 0.00653 0.01846 0.00206 0.00282 0.00704 0.00110 0.00184 0.00580 0.00096 0.00125 0.00259

1.0·10→4
MP2 825 1.88 2.21 4.32 0.68 0.93 2.37 0.42 0.62 1.68 0.31 0.39 0.92

0.00228 0.00268 0.00524 0.00082 0.00113 0.00287 0.00051 0.00075 0.00204 0.00037 0.00047 0.00112
CCSD 781 1.52 1.82 3.29 0.85 1.19 2.99 0.45 0.66 1.80 0.41 0.57 1.38

0.00195 0.00233 0.00422 0.00109 0.00152 0.00383 0.00057 0.00085 0.00230 0.00053 0.00073 0.00177

5.0·10→5
MP2 1010 1.91 2.15 4.41 0.49 0.66 1.63 0.29 0.41 1.11 0.23 0.29 0.63

0.00189 0.00213 0.00437 0.00049 0.00065 0.00162 0.00029 0.00041 0.00110 0.00023 0.00029 0.00062
CCSD 944 1.67 1.97 3.94 0.60 0.87 2.13 0.31 0.46 1.30 0.31 0.47 1.44

0.00177 0.00209 0.00417 0.00064 0.00092 0.00226 0.00033 0.00048 0.00138 0.00033 0.00050 0.00152

MP2 1179 1.50 1.83 3.13 0.44 0.56 1.27 0.25 0.37 0.83 0.23 0.28 0.59
projected 0.00127 0.00155 0.00265 0.00037 0.00048 0.00108 0.00021 0.00031 0.00071 0.00019 0.00024 0.00050
cc-pVTZ CCSD 1179 1.48 1.85 3.31 0.42 0.57 1.30 0.23 0.35 0.85 0.24 0.32 0.88

0.00125 0.00157 0.00281 0.00036 0.00049 0.00110 0.00020 0.00030 0.00072 0.00020 0.00027 0.00074

2.5·10→5
MP2 1208 1.11 1.26 2.40 0.43 0.56 1.38 0.20 0.27 0.64 0.26 0.32 0.74

0.00092 0.00105 0.00198 0.00036 0.00047 0.00114 0.00016 0.00022 0.00053 0.00022 0.00027 0.00061
CCSD 1114 1.23 1.41 2.91 0.44 0.62 1.50 0.21 0.30 0.78 0.25 0.36 0.99

0.00111 0.00127 0.00261 0.00040 0.00055 0.00134 0.00019 0.00027 0.00070 0.00023 0.00032 0.00089

1.0·10→5
MP2 1570 0.80 0.91 1.48 0.34 0.44 0.99 0.14 0.19 0.41 0.21 0.27 0.62

0.00051 0.00058 0.00095 0.00022 0.00028 0.00063 0.00009 0.00012 0.00026 0.00014 0.00017 0.00040
CCSD 1419 0.88 1.04 1.96 0.37 0.50 1.19 0.16 0.22 0.49 0.22 0.31 0.81

0.00062 0.00073 0.00138 0.00026 0.00036 0.00084 0.00011 0.00015 0.00035 0.00016 0.00022 0.00057

full 2274 0.82 0.98 1.74 0.26 0.35 0.77 0.11 0.15 0.34 0.15 0.21 0.47
0.00036 0.00043 0.00076 0.00011 0.00015 0.00034 0.00005 0.00007 0.00015 0.00007 0.00009 0.00021
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T%5&( A.10: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for the
atomization energies of the Karton test set relative to the cc-pV(5,6)Z references. Results are reported for the (T), full T, (Q), and
(Q)–(T) contributions obtained with the cc-pV5Z basis set, at di!erent FNO thresholds and using both MP2- and CCSD-derived

densities. All values are in kJ mol→1.

𝑁CO
(T) full T (Q) (Q)-(T)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pV5Z

1.0·10→3
MP2 409 9.98 11.88 23.76 1.49 2.10 5.03 0.87 1.48 4.35 0.84 1.05 2.12

0.02440 0.02905 0.05810 0.00364 0.00514 0.01229 0.00214 0.00362 0.01064 0.00206 0.00257 0.00519
CCSD 424 8.89 10.56 19.82 1.45 2.05 4.90 0.81 1.37 3.96 0.87 1.09 2.26

0.02096 0.02489 0.04675 0.00342 0.00483 0.01155 0.00191 0.00323 0.00934 0.00204 0.00257 0.00534

5.0·10→4
MP2 479 6.24 7.05 11.57 1.42 1.94 4.11 0.82 1.39 4.26 0.77 0.98 1.88

0.01303 0.01472 0.02416 0.00295 0.00406 0.00859 0.00172 0.00290 0.00889 0.00161 0.00205 0.00393
CCSD 493 5.69 6.83 14.94 1.39 2.01 4.71 0.71 1.29 4.13 0.76 0.99 1.91

0.01155 0.01385 0.03031 0.00282 0.00407 0.00955 0.00145 0.00262 0.00837 0.00154 0.00201 0.00387

MP2 503 3.73 4.57 8.63 1.32 1.76 3.55 0.74 1.23 3.33 0.62 0.75 1.54
projected 0.00741 0.00908 0.01715 0.00262 0.00349 0.00706 0.00148 0.00244 0.00662 0.00124 0.00149 0.00307
cc-pVDZ CCSD 503 3.97 4.81 8.64 1.33 1.80 3.80 0.71 1.19 3.22 0.67 0.80 1.69

0.00788 0.00957 0.01718 0.00265 0.00357 0.00755 0.00142 0.00236 0.00640 0.00133 0.00160 0.00336

2.5·10→4
MP2 604 2.57 3.21 6.96 1.12 1.55 3.80 0.66 1.02 2.89 0.49 0.64 1.45

0.00426 0.00531 0.01153 0.00186 0.00257 0.00629 0.00110 0.00169 0.00478 0.00082 0.00106 0.00240
CCSD 616 2.71 3.62 9.86 1.20 1.64 4.02 0.65 1.07 3.30 0.55 0.73 1.57

0.00440 0.00587 0.01600 0.00194 0.00266 0.00652 0.00105 0.00173 0.00535 0.00090 0.00119 0.00255

1.0·10→4
MP2 862 1.80 2.08 4.12 0.66 0.91 2.32 0.40 0.59 1.64 0.29 0.38 0.94

0.00208 0.00241 0.00478 0.00076 0.00106 0.00270 0.00047 0.00068 0.00190 0.00033 0.00044 0.00109
CCSD 812 1.55 1.88 3.65 0.82 1.16 2.94 0.44 0.65 1.77 0.39 0.55 1.37

0.00191 0.00232 0.00449 0.00101 0.00143 0.00363 0.00054 0.00080 0.00218 0.00048 0.00068 0.00169

5.0·10→5
MP2 1066 1.49 1.68 2.96 0.46 0.60 1.44 0.24 0.33 0.76 0.25 0.31 0.67

0.00140 0.00157 0.00277 0.00043 0.00057 0.00135 0.00023 0.00031 0.00072 0.00023 0.00029 0.00063
CCSD 991 1.40 1.68 3.84 0.58 0.85 2.09 0.29 0.42 1.19 0.31 0.47 1.42

0.00141 0.00169 0.00388 0.00058 0.00085 0.00211 0.00029 0.00042 0.00120 0.00031 0.00048 0.00143

MP2 1179 1.13 1.50 3.11 0.44 0.56 1.27 0.23 0.35 0.85 0.24 0.29 0.64
projected 0.00096 0.00127 0.00264 0.00037 0.00048 0.00108 0.00020 0.00029 0.00072 0.00021 0.00025 0.00054
cc-pVTZ CCSD 1179 1.32 1.76 3.30 0.44 0.59 1.34 0.22 0.33 0.85 0.27 0.36 0.99

0.00112 0.00149 0.00280 0.00037 0.00050 0.00113 0.00018 0.00028 0.00072 0.00023 0.00031 0.00084

2.5·10→5
MP2 1320 0.75 0.87 1.58 0.38 0.50 1.18 0.16 0.22 0.48 0.25 0.30 0.69

0.00057 0.00066 0.00120 0.00029 0.00038 0.00089 0.00012 0.00017 0.00037 0.00019 0.00023 0.00053
CCSD 1199 1.07 1.23 2.11 0.43 0.59 1.40 0.19 0.26 0.65 0.26 0.36 1.01

0.00089 0.00103 0.00176 0.00036 0.00049 0.00117 0.00016 0.00022 0.00054 0.00022 0.00030 0.00084

1.0·10→5
MP2 1800 0.66 0.72 1.05 0.29 0.37 0.82 0.11 0.14 0.30 0.20 0.25 0.53

0.00037 0.00040 0.00058 0.00016 0.00020 0.00046 0.00006 0.00008 0.00017 0.00011 0.00014 0.00029
CCSD 1541 0.62 0.74 1.23 0.33 0.45 1.09 0.12 0.17 0.41 0.21 0.29 0.75

0.00040 0.00048 0.00080 0.00021 0.00029 0.00070 0.00008 0.00011 0.00027 0.00014 0.00019 0.00049

full 3890 0.38 0.46 0.81 0.14 0.19 0.41 0.05 0.07 0.17 0.09 0.12 0.28
0.00010 0.00012 0.00021 0.00004 0.00005 0.00010 0.00001 0.00002 0.00004 0.00002 0.00003 0.00007
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T%5&( A.11: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the cc-pV(5,6)Z references. Results are reported for the full Q and
Q–(T) contributions obtained with the cc-pVDZ and cc-pVTZ basis sets, at di!erent FNO thresholds and using both MP2- and

CCSD-derived densities. All values are in kJ mol→1.

𝑁CO
full Q Q-(T)

MUE RMSD MAX MUE RMSD MAX

cc-pVDZ full 503 0.67 1.11 2.87 0.87 1.10 2.12
0.00132 0.00221 0.00570 0.00172 0.00219 0.00422

cc-pVTZ

1.0·10→3
MP2 364 0.80 1.33 3.82 0.85 1.06 2.02

0.00219 0.00366 0.01049 0.00233 0.00291 0.00556
CCSD 383 0.74 1.23 3.41 0.89 1.12 2.28

0.00194 0.00321 0.00891 0.00232 0.00293 0.00596

5.0·10→4
MP2 422 0.84 1.36 3.94 0.81 0.96 1.81

0.00199 0.00322 0.00934 0.00192 0.00227 0.00429
CCSD 445 0.70 1.19 3.68 0.80 1.00 1.79

0.00157 0.00268 0.00827 0.00180 0.00225 0.00401

MP2 503 0.72 1.14 2.93 0.60 0.71 1.33
projected 0.00142 0.00226 0.00583 0.00118 0.00142 0.00265
cc-pVDZ CCSD 503 0.69 1.11 2.89 0.62 0.74 1.46

0.00137 0.00221 0.00575 0.00122 0.00147 0.00290

2.5·10→4
MP2 531 0.67 1.01 2.84 0.59 0.72 1.34

0.00126 0.00191 0.00534 0.00111 0.00135 0.00251
CCSD 537 0.66 1.03 3.03 0.62 0.79 1.91

0.00123 0.00191 0.00564 0.00115 0.00146 0.00355

1.0·10→4
MP2 733 0.43 0.57 1.36 0.42 0.57 1.34

0.00059 0.00078 0.00186 0.00058 0.00078 0.00183
CCSD 711 0.45 0.62 1.56 0.57 0.85 2.45

0.00064 0.00088 0.00219 0.00081 0.00119 0.00345

5.0·10→5
MP2 891 0.33 0.44 1.06 0.30 0.40 0.99

0.00037 0.00050 0.00119 0.00033 0.00045 0.00111
CCSD 841 0.35 0.48 1.17 0.41 0.62 1.61

0.00042 0.00057 0.00139 0.00049 0.00073 0.00192

2.5·10→5
MP2 1001 0.26 0.34 0.74 0.31 0.41 0.96

0.00026 0.00034 0.00074 0.00031 0.00041 0.00096
CCSD 961 0.26 0.36 0.79 0.33 0.48 1.42

0.00027 0.00038 0.00082 0.00034 0.00050 0.00148

1.0·10→5
MP2 1089 0.23 0.33 0.74 0.29 0.41 0.99

0.00022 0.00030 0.00068 0.00027 0.00038 0.00091
CCSD 1060 0.23 0.33 0.74 0.28 0.39 0.92

0.00022 0.00031 0.00070 0.00026 0.00036 0.00087

full 1179 0.23 0.32 0.73 0.29 0.40 0.98
0.00019 0.00028 0.00062 0.00024 0.00034 0.00083
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T%5&( A.12: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the cc-pV(5,6)Z references. Results are reported for the full Q and Q–(T)
contributions obtained with the cc-pVQZ basis set, at di!erent FNO thresholds and using both MP2- and CCSD-derived densities.

All values are in kJ mol→1.

𝑁CO
full Q Q-(T)

MUE RMSD MAX MUE RMSD MAX

cc-pVQZ

1.0·10→3
MP2 384 0.80 1.33 3.80 0.86 1.06 2.04

0.00210 0.00346 0.00989 0.00224 0.00277 0.00530
CCSD 401 0.75 1.23 3.45 0.89 1.11 2.26

0.00188 0.00308 0.00859 0.00221 0.00278 0.00564

5.0·10→4
MP2 454 0.76 1.27 3.81 0.77 0.96 1.88

0.00168 0.00279 0.00840 0.00169 0.00212 0.00413
CCSD 464 0.70 1.19 3.72 0.78 0.99 1.80

0.00151 0.00257 0.00802 0.00169 0.00214 0.00387

MP2 503 0.70 1.12 2.92 0.63 0.75 1.45
projected 0.00138 0.00222 0.00580 0.00126 0.00148 0.00288
cc-pVDZ CCSD 503 0.68 1.11 2.93 0.65 0.78 1.56

0.00136 0.00220 0.00582 0.00130 0.00155 0.00310

2.5·10→4
MP2 573 0.60 0.89 2.41 0.54 0.69 1.41

0.00105 0.00155 0.00420 0.00094 0.00121 0.00246
CCSD 587 0.60 0.96 3.03 0.60 0.78 1.78

0.00103 0.00164 0.00516 0.00102 0.00133 0.00304

1.0·10→4
MP2 825 0.36 0.50 1.26 0.34 0.47 1.11

0.00044 0.00060 0.00153 0.00041 0.00057 0.00135
CCSD 781 0.39 0.56 1.50 0.45 0.64 1.58

0.00051 0.00072 0.00192 0.00057 0.00082 0.00203

5.0·10→5
MP2 1010 0.23 0.31 0.79 0.27 0.37 0.85

0.00023 0.00031 0.00078 0.00027 0.00036 0.00084
CCSD 944 0.26 0.37 1.07 0.34 0.53 1.60

0.00028 0.00039 0.00113 0.00036 0.00056 0.00170

MP2 1179 0.20 0.28 0.64 0.25 0.33 0.77
projected 0.00017 0.00024 0.00054 0.00021 0.00028 0.00065
cc-pVTZ CCSD 1179 0.19 0.27 0.65 0.26 0.36 1.01

0.00016 0.00023 0.00055 0.00022 0.00031 0.00086

2.5·10→5
MP2 1208 0.15 0.20 0.45 0.29 0.38 0.93

0.00013 0.00017 0.00037 0.00024 0.00031 0.00077
CCSD 1114 0.17 0.23 0.62 0.27 0.40 1.14

0.00015 0.00021 0.00056 0.00025 0.00036 0.00102

1.0·10→5
MP2 1570 0.11 0.14 0.29 0.23 0.31 0.74

0.00007 0.00009 0.00018 0.00014 0.00020 0.00047
CCSD 1419 0.12 0.16 0.36 0.24 0.35 0.94

0.00009 0.00011 0.00025 0.00017 0.00025 0.00067

full 2274 0.08 0.12 0.26 0.15 0.23 0.56
0.00004 0.00005 0.00012 0.00007 0.00010 0.00025
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T%5&( A.13: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the full Q cc-pV(5,6)Z references. Results are reported for the (Q), (Q)ε,
(Q)/A, and (Q)/B contributions obtained with the cc-pVDZ and cc-pVTZ basis sets, at di!erent FNO thresholds and using both

MP2- and CCSD-derived densities. All values are in kJ mol→1.

𝑁CO
(Q) (Q)ε (Q)/A (Q)/B

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVDZ full 503 0.51 0.84 1.81 0.54 0.93 2.23 0.59 1.02 2.93 0.55 0.92 2.50
0.00101 0.00166 0.00361 0.00107 0.00185 0.00444 0.00117 0.00203 0.00582 0.00109 0.00183 0.00496

cc-pVTZ

1.0·10→3
MP2 364 0.50 0.80 1.78 0.64 1.01 2.37 0.56 0.95 2.44 0.51 0.88 2.19

0.00138 0.00220 0.00490 0.00175 0.00277 0.00650 0.00153 0.00260 0.00671 0.00141 0.00242 0.00603
CCSD 383 0.53 0.79 1.67 0.61 0.96 2.34 0.53 0.90 2.29 0.52 0.85 2.05

0.00140 0.00206 0.00435 0.00159 0.00252 0.00612 0.00139 0.00236 0.00599 0.00137 0.00221 0.00536

5.0·10→4
MP2 422 0.50 0.76 1.75 0.66 1.00 2.44 0.65 0.98 2.46 0.58 0.88 2.20

0.00118 0.00179 0.00416 0.00157 0.00237 0.00579 0.00153 0.00231 0.00583 0.00138 0.00209 0.00521
CCSD 445 0.40 0.62 1.62 0.53 0.85 2.41 0.50 0.82 2.00 0.44 0.72 1.84

0.00090 0.00140 0.00364 0.00119 0.00192 0.00541 0.00113 0.00184 0.00449 0.00098 0.00163 0.00414

MP2 503 0.49 0.75 1.59 0.53 0.87 2.11 0.55 0.93 2.44 0.52 0.83 2.08
projected 0.00097 0.00149 0.00316 0.00106 0.00172 0.00420 0.00109 0.00184 0.00486 0.00103 0.00164 0.00414
cc-pVDZ CCSD 503 0.48 0.75 1.61 0.51 0.85 2.14 0.53 0.90 2.34 0.50 0.81 1.99

0.00095 0.00150 0.00320 0.00101 0.00169 0.00426 0.00106 0.00180 0.00464 0.00100 0.00161 0.00395

2.5·10→4
MP2 531 0.45 0.67 1.58 0.48 0.77 2.37 0.51 0.82 2.01 0.48 0.73 1.82

0.00084 0.00127 0.00298 0.00090 0.00145 0.00447 0.00096 0.00155 0.00379 0.00090 0.00137 0.00343
CCSD 537 0.42 0.63 1.51 0.47 0.76 2.34 0.50 0.79 1.93 0.46 0.70 1.75

0.00078 0.00117 0.00282 0.00088 0.00141 0.00436 0.00093 0.00147 0.00359 0.00085 0.00130 0.00326

1.0·10→4
MP2 733 0.40 0.81 3.03 0.37 0.57 1.77 0.49 0.72 1.58 0.45 0.69 1.99

0.00055 0.00111 0.00414 0.00051 0.00078 0.00241 0.00066 0.00098 0.00216 0.00061 0.00094 0.00271
CCSD 711 0.41 0.81 2.93 0.37 0.61 2.00 0.49 0.73 1.57 0.45 0.70 1.90

0.00058 0.00114 0.00412 0.00053 0.00085 0.00281 0.00069 0.00103 0.00221 0.00063 0.00098 0.00267

5.0·10→5
MP2 891 0.37 0.87 3.39 0.33 0.54 1.56 0.44 0.71 1.87 0.41 0.70 2.31

0.00041 0.00098 0.00381 0.00037 0.00060 0.00175 0.00050 0.00080 0.00210 0.00046 0.00078 0.00259
CCSD 841 0.38 0.88 3.39 0.33 0.56 1.72 0.45 0.73 1.89 0.41 0.71 2.31

0.00045 0.00105 0.00403 0.00040 0.00067 0.00204 0.00054 0.00087 0.00225 0.00049 0.00085 0.00274

2.5·10→5
MP2 1001 0.37 1.00 3.94 0.32 0.56 1.55 0.44 0.77 2.38 0.40 0.78 2.81

0.00037 0.00100 0.00394 0.00032 0.00056 0.00155 0.00044 0.00077 0.00237 0.00040 0.00078 0.00281
CCSD 961 0.36 0.96 3.80 0.31 0.55 1.50 0.43 0.75 2.25 0.39 0.76 2.68

0.00038 0.00100 0.00396 0.00032 0.00057 0.00156 0.00045 0.00078 0.00234 0.00041 0.00079 0.00279

1.0·10→5
MP2 1089 0.36 0.99 3.94 0.30 0.55 1.55 0.43 0.76 2.37 0.39 0.78 2.81

0.00033 0.00091 0.00362 0.00028 0.00051 0.00142 0.00039 0.00070 0.00218 0.00035 0.00071 0.00258
CCSD 1060 0.36 0.99 3.93 0.30 0.55 1.54 0.43 0.76 2.37 0.38 0.77 2.80

0.00034 0.00094 0.00371 0.00028 0.00052 0.00145 0.00040 0.00072 0.00223 0.00036 0.00073 0.00264

full 1179 0.35 1.00 3.96 0.30 0.55 1.56 0.42 0.76 2.39 0.38 0.78 2.82
0.00030 0.00085 0.00336 0.00025 0.00047 0.00133 0.00036 0.00065 0.00203 0.00032 0.00066 0.00239
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T%5&( A.14: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the full Q cc-pV(5,6)Z references. Results are reported for the (Q), (Q)ε,
(Q)/A, and (Q)/B contributions obtained with the cc-pVQZ basis set, at di!erent FNO thresholds and using both MP2- and

CCSD-derived densities. All values are in kJ mol→1.

𝑁CO
(Q) (Q)ε (Q)/A (Q)/B

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVQZ

1.0·10→3
MP2 384 0.51 0.80 1.73 0.64 1.00 2.38 0.56 0.94 2.36 0.52 0.88 2.12

0.00134 0.00209 0.00451 0.00168 0.00262 0.00621 0.00145 0.00244 0.00614 0.00136 0.00229 0.00553
CCSD 401 0.55 0.79 1.64 0.62 0.96 2.35 0.54 0.90 2.23 0.54 0.84 1.99

0.00136 0.00197 0.00409 0.00155 0.00240 0.00586 0.00135 0.00224 0.00555 0.00133 0.00210 0.00497

5.0·10→4
MP2 454 0.45 0.69 1.73 0.59 0.91 2.46 0.57 0.87 2.12 0.50 0.79 1.94

0.00099 0.00151 0.00381 0.00129 0.00200 0.00543 0.00125 0.00193 0.00468 0.00111 0.00173 0.00427
CCSD 464 0.39 0.61 1.62 0.53 0.84 2.41 0.50 0.80 2.01 0.43 0.71 1.85

0.00085 0.00131 0.00350 0.00113 0.00182 0.00520 0.00107 0.00172 0.00433 0.00093 0.00152 0.00398

MP2 503 0.48 0.74 1.55 0.52 0.85 2.12 0.53 0.90 2.34 0.50 0.80 2.00
projected 0.00095 0.00147 0.00309 0.00103 0.00168 0.00421 0.00106 0.00179 0.00466 0.00100 0.00160 0.00398
cc-pVDZ CCSD 503 0.47 0.74 1.60 0.50 0.84 2.14 0.52 0.88 2.24 0.49 0.79 1.91

0.00093 0.00147 0.00318 0.00100 0.00166 0.00426 0.00104 0.00175 0.00445 0.00098 0.00157 0.00379

2.5·10→4
MP2 573 0.43 0.70 1.91 0.41 0.72 2.39 0.49 0.77 2.02 0.46 0.70 1.85

0.00075 0.00122 0.00333 0.00072 0.00125 0.00418 0.00085 0.00135 0.00353 0.00080 0.00122 0.00323
CCSD 587 0.36 0.58 1.51 0.41 0.70 2.34 0.43 0.71 1.94 0.40 0.63 1.76

0.00061 0.00099 0.00258 0.00070 0.00119 0.00399 0.00074 0.00121 0.00330 0.00068 0.00107 0.00299

1.0·10→4
MP2 825 0.37 0.82 3.12 0.32 0.55 1.78 0.43 0.69 1.67 0.40 0.67 2.09

0.00045 0.00100 0.00379 0.00039 0.00066 0.00215 0.00053 0.00083 0.00203 0.00049 0.00082 0.00254
CCSD 781 0.38 0.81 3.01 0.33 0.57 1.95 0.44 0.69 1.57 0.40 0.67 1.97

0.00048 0.00103 0.00385 0.00042 0.00073 0.00250 0.00056 0.00088 0.00201 0.00052 0.00086 0.00253

5.0·10→5
MP2 1010 0.35 0.94 3.70 0.28 0.54 1.55 0.40 0.70 2.17 0.36 0.72 2.61

0.00035 0.00093 0.00366 0.00028 0.00053 0.00154 0.00040 0.00069 0.00215 0.00036 0.00072 0.00258
CCSD 944 0.35 0.90 3.51 0.28 0.53 1.67 0.39 0.67 1.99 0.36 0.69 2.41

0.00037 0.00095 0.00371 0.00029 0.00056 0.00177 0.00042 0.00071 0.00211 0.00038 0.00073 0.00256

MP2 1179 0.35 1.04 4.11 0.29 0.57 1.71 0.42 0.77 2.53 0.38 0.80 2.97
projected 0.00030 0.00088 0.00349 0.00025 0.00049 0.00145 0.00035 0.00065 0.00214 0.00032 0.00068 0.00252
cc-pVTZ CCSD 1179 0.34 1.04 4.13 0.28 0.56 1.69 0.40 0.76 2.51 0.36 0.79 2.96

0.00029 0.00088 0.00350 0.00024 0.00048 0.00143 0.00034 0.00064 0.00213 0.00031 0.00067 0.00251

2.5·10→5
MP2 1208 0.38 1.06 4.17 0.27 0.57 1.76 0.39 0.75 2.57 0.36 0.80 3.02

0.00032 0.00087 0.00345 0.00022 0.00047 0.00146 0.00032 0.00062 0.00213 0.00030 0.00066 0.00250
CCSD 1114 0.38 1.02 4.03 0.26 0.55 1.60 0.38 0.73 2.43 0.36 0.77 2.87

0.00034 0.00092 0.00361 0.00023 0.00049 0.00144 0.00034 0.00065 0.00218 0.00032 0.00069 0.00258

1.0·10→5
MP2 1570 0.41 1.12 4.40 0.28 0.60 1.96 0.39 0.78 2.77 0.36 0.84 3.22

0.00026 0.00071 0.00280 0.00018 0.00038 0.00125 0.00025 0.00050 0.00177 0.00023 0.00054 0.00205
CCSD 1419 0.40 1.10 4.32 0.27 0.59 1.87 0.38 0.77 2.70 0.35 0.82 3.14

0.00028 0.00077 0.00304 0.00019 0.00041 0.00132 0.00027 0.00054 0.00190 0.00025 0.00058 0.00221

full 2274 0.40 1.15 4.51 0.27 0.61 2.04 0.37 0.79 2.86 0.35 0.86 3.31
0.00018 0.00050 0.00198 0.00012 0.00027 0.00090 0.00016 0.00035 0.00126 0.00015 0.00038 0.00146
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T%5&( A.15: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the Q-(T) cc-pV(5,6)Z references. Results are reported for the (Q)-(T),
(Q)ε-(T), (Q)/A-(T), and (Q)/B–(T) contributions obtained with the cc-pVDZ and cc-pVTZ basis sets, at di!erent FNO thresholds

and using both MP2- and CCSD-derived densities. All values are in kJ mol→1.

𝑁CO
(Q)-(T) (Q)ε-(T) (Q)/A-(T) (Q)/B-(T)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVDZ full 503 1.25 1.94 5.98 1.02 1.50 3.93 1.03 1.62 4.89 1.10 1.71 5.18
0.00248 0.00385 0.01189 0.00202 0.00298 0.00782 0.00204 0.00322 0.00971 0.00219 0.00340 0.01030

cc-pVTZ

1.0·10→3
MP2 364 1.26 1.83 5.45 1.07 1.46 3.68 1.13 1.63 4.67 1.18 1.70 4.89

0.00346 0.00504 0.01496 0.00293 0.00402 0.01010 0.00311 0.00449 0.01283 0.00323 0.00466 0.01344
CCSD 383 1.32 1.95 5.78 1.10 1.55 3.86 1.18 1.73 4.97 1.22 1.79 5.17

0.00343 0.00509 0.01509 0.00288 0.00403 0.01007 0.00307 0.00451 0.01299 0.00319 0.00467 0.01350

5.0·10→4
MP2 422 1.24 1.68 4.77 1.04 1.30 3.00 1.05 1.39 3.72 1.12 1.48 4.01

0.00293 0.00397 0.01129 0.00246 0.00308 0.00710 0.00250 0.00330 0.00881 0.00265 0.00351 0.00950
CCSD 445 1.24 1.83 5.44 1.02 1.41 3.55 1.05 1.55 4.48 1.11 1.63 4.73

0.00278 0.00411 0.01222 0.00229 0.00317 0.00799 0.00235 0.00348 0.01007 0.00250 0.00367 0.01063

MP2 503 1.03 1.54 4.85 0.81 1.11 2.89 0.80 1.19 3.52 0.88 1.29 3.90
projected 0.00205 0.00305 0.00965 0.00160 0.00220 0.00574 0.00160 0.00237 0.00700 0.00175 0.00257 0.00776
cc-pVDZ CCSD 503 1.06 1.62 5.19 0.83 1.16 3.13 0.83 1.26 3.83 0.91 1.36 4.22

0.00211 0.00321 0.01032 0.00164 0.00230 0.00622 0.00165 0.00251 0.00762 0.00181 0.00271 0.00838

2.5·10→4
MP2 531 1.01 1.65 5.59 0.79 1.17 3.58 0.78 1.26 4.21 0.86 1.37 4.61

0.00190 0.00310 0.01053 0.00148 0.00221 0.00675 0.00146 0.00237 0.00793 0.00161 0.00259 0.00869
CCSD 537 1.04 1.67 5.63 0.81 1.18 3.58 0.83 1.35 4.56 0.90 1.44 4.84

0.00193 0.00312 0.01048 0.00151 0.00219 0.00666 0.00154 0.00252 0.00850 0.00168 0.00269 0.00902

1.0·10→4
MP2 733 0.84 1.55 5.55 0.59 1.00 3.36 0.60 1.14 4.07 0.67 1.26 4.50

0.00114 0.00211 0.00757 0.00081 0.00136 0.00459 0.00082 0.00155 0.00555 0.00091 0.00171 0.00614
CCSD 711 0.99 1.75 6.06 0.75 1.18 3.83 0.74 1.34 4.61 0.82 1.46 5.02

0.00139 0.00247 0.00852 0.00105 0.00166 0.00538 0.00104 0.00188 0.00649 0.00116 0.00206 0.00707

5.0·10→5
MP2 891 0.71 1.42 5.33 0.48 0.86 3.09 0.49 1.01 3.81 0.53 1.12 4.25

0.00080 0.00160 0.00598 0.00054 0.00097 0.00347 0.00055 0.00113 0.00428 0.00060 0.00126 0.00477
CCSD 841 0.83 1.63 6.00 0.57 1.03 3.71 0.58 1.19 4.50 0.65 1.32 4.92

0.00099 0.00194 0.00714 0.00068 0.00123 0.00441 0.00069 0.00142 0.00535 0.00077 0.00157 0.00585

2.5·10→5
MP2 1001 0.73 1.48 5.57 0.49 0.89 3.18 0.50 1.05 4.00 0.54 1.17 4.43

0.00073 0.00148 0.00556 0.00049 0.00088 0.00317 0.00050 0.00105 0.00400 0.00054 0.00117 0.00443
CCSD 961 0.75 1.48 5.47 0.49 0.86 3.10 0.53 1.05 3.92 0.57 1.16 4.35

0.00079 0.00154 0.00570 0.00051 0.00090 0.00322 0.00055 0.00109 0.00408 0.00059 0.00121 0.00453

1.0·10→5
MP2 1089 0.71 1.48 5.56 0.47 0.88 3.17 0.48 1.05 4.00 0.52 1.16 4.43

0.00066 0.00136 0.00511 0.00044 0.00081 0.00291 0.00044 0.00096 0.00367 0.00048 0.00107 0.00407
CCSD 1060 0.69 1.47 5.53 0.47 0.88 3.14 0.46 1.04 3.97 0.50 1.15 4.40

0.00066 0.00139 0.00522 0.00044 0.00083 0.00297 0.00043 0.00098 0.00374 0.00047 0.00109 0.00415

full 1179 0.70 1.48 5.54 0.46 0.87 3.15 0.46 1.04 3.97 0.51 1.16 4.40
0.00059 0.00125 0.00470 0.00039 0.00074 0.00267 0.00039 0.00088 0.00337 0.00043 0.00098 0.00374
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T%5&( A.16: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the Q-(T) cc-pV(5,6)Z references. Results are reported for the (Q)-(T),
(Q)ε-(T), (Q)/A-(T), and (Q)/B–(T) contributions obtained with the cc-pVQZ basis set, at di!erent FNO thresholds and using

both MP2- and CCSD-derived densities. All values are in kJ mol→1.

𝑁CO
(Q)-(T) (Q)ε-(T) (Q)/A-(T) (Q)/B-(T)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVQZ

1.0·10→3
MP2 384 1.28 1.85 5.47 1.09 1.48 3.69 1.16 1.65 4.69 1.20 1.71 4.91

0.00334 0.00482 0.01424 0.00284 0.00387 0.00962 0.00301 0.00431 0.01222 0.00313 0.00446 0.01280
CCSD 401 1.32 1.94 5.73 1.11 1.55 3.80 1.18 1.72 4.91 1.23 1.79 5.11

0.00330 0.00485 0.01428 0.00276 0.00386 0.00949 0.00295 0.00430 0.01224 0.00306 0.00445 0.01274

5.0·10→4
MP2 454 1.20 1.68 4.65 1.00 1.30 2.82 1.02 1.39 3.52 1.08 1.48 3.84

0.00265 0.00369 0.01025 0.00220 0.00287 0.00621 0.00225 0.00307 0.00775 0.00238 0.00326 0.00845
CCSD 464 1.22 1.82 5.36 1.01 1.41 3.48 1.04 1.54 4.39 1.10 1.63 4.65

0.00264 0.00392 0.01156 0.00217 0.00304 0.00751 0.00223 0.00333 0.00946 0.00237 0.00350 0.01002

MP2 503 1.07 1.59 5.00 0.85 1.17 3.04 0.85 1.25 3.67 0.93 1.35 4.05
projected 0.00213 0.00316 0.00995 0.00169 0.00232 0.00604 0.00169 0.00248 0.00729 0.00184 0.00268 0.00806
cc-pVDZ CCSD 503 1.10 1.68 5.37 0.88 1.23 3.31 0.88 1.33 4.00 0.96 1.43 4.39

0.00219 0.00335 0.01068 0.00174 0.00245 0.00658 0.00174 0.00264 0.00795 0.00190 0.00285 0.00873

2.5·10→4
MP2 573 0.95 1.65 5.72 0.73 1.17 3.68 0.73 1.29 4.41 0.81 1.39 4.78

0.00166 0.00288 0.00999 0.00128 0.00204 0.00643 0.00127 0.00224 0.00769 0.00141 0.00243 0.00835
CCSD 587 1.02 1.66 5.54 0.79 1.18 3.49 0.81 1.35 4.47 0.88 1.44 4.75

0.00174 0.00284 0.00943 0.00135 0.00201 0.00594 0.00138 0.00230 0.00762 0.00150 0.00245 0.00810

1.0·10→4
MP2 825 0.74 1.47 5.49 0.50 0.93 3.31 0.52 1.07 4.04 0.57 1.19 4.46

0.00090 0.00179 0.00666 0.00061 0.00112 0.00401 0.00063 0.00130 0.00490 0.00069 0.00144 0.00541
CCSD 781 0.87 1.65 6.00 0.62 1.07 3.75 0.61 1.23 4.56 0.70 1.35 4.96

0.00111 0.00211 0.00768 0.00080 0.00137 0.00480 0.00078 0.00157 0.00583 0.00090 0.00172 0.00635

5.0·10→5
MP2 1010 0.69 1.41 5.33 0.48 0.85 3.06 0.47 1.00 3.80 0.51 1.11 4.24

0.00068 0.00140 0.00528 0.00047 0.00084 0.00303 0.00046 0.00099 0.00377 0.00050 0.00110 0.00420
CCSD 944 0.76 1.52 5.61 0.50 0.91 3.28 0.53 1.09 4.09 0.58 1.21 4.51

0.00081 0.00161 0.00594 0.00053 0.00096 0.00348 0.00056 0.00115 0.00434 0.00061 0.00128 0.00478

MP2 1179 0.66 1.41 5.38 0.45 0.82 2.98 0.45 1.00 3.79 0.49 1.11 4.24
projected 0.00056 0.00120 0.00456 0.00038 0.00070 0.00253 0.00038 0.00085 0.00322 0.00042 0.00094 0.00360
cc-pVTZ CCSD 1179 0.66 1.43 5.42 0.42 0.81 2.99 0.44 1.00 3.81 0.48 1.11 4.26

0.00056 0.00121 0.00460 0.00035 0.00069 0.00253 0.00037 0.00085 0.00323 0.00041 0.00094 0.00361

2.5·10→5
MP2 1208 0.72 1.47 5.55 0.50 0.88 3.14 0.48 1.04 3.95 0.53 1.15 4.40

0.00059 0.00122 0.00459 0.00041 0.00072 0.00260 0.00040 0.00086 0.00327 0.00044 0.00095 0.00364
CCSD 1114 0.70 1.46 5.53 0.43 0.84 3.10 0.46 1.03 3.93 0.51 1.14 4.37

0.00063 0.00131 0.00496 0.00039 0.00076 0.00278 0.00042 0.00092 0.00353 0.00046 0.00103 0.00393

1.0·10→5
MP2 0.67 1.42 5.39 0.45 0.82 2.95 0.44 0.99 3.76 0.48 1.10 4.21

0.00043 0.00091 0.00343 0.00029 0.00052 0.00188 0.00028 0.00063 0.00240 0.00030 0.00070 0.00268
CCSD 1419 0.68 1.45 5.51 0.44 0.83 3.06 0.44 1.01 3.89 0.49 1.13 4.33

0.00048 0.00102 0.00388 0.00031 0.00059 0.00216 0.00031 0.00071 0.00274 0.00034 0.00079 0.00305

full 2274 0.60 1.39 5.28 0.40 0.78 2.81 0.39 0.95 3.64 0.41 1.06 4.08
0.00026 0.00061 0.00232 0.00018 0.00034 0.00124 0.00017 0.00042 0.00160 0.00018 0.00047 0.00180
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T%5&( A.17: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the full basis references. Results are reported for the (T), full T, (Q), and
(Q)–(T) contributions obtained with the cc-pVTZ basis set, at di!erent FNO thresholds and using both MP2- and CCSD-derived

densities. All values are in kJ mol→1.

𝑁CO
(T) full T (Q) (Q)-(T)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVTZ

1.0·10→3
MP2 364 8.66 10.55 20.93 0.98 1.42 3.45 0.66 1.14 3.55 0.58 0.76 1.59

0.02379 0.02898 0.05749 0.00269 0.00389 0.00948 0.00181 0.00313 0.00975 0.00158 0.00210 0.00436
CCSD 383 7.06 8.22 16.13 0.96 1.38 3.34 0.62 1.03 3.10 0.62 0.84 1.92

0.01842 0.02147 0.04211 0.00252 0.00361 0.00872 0.00163 0.00269 0.00810 0.00162 0.00220 0.00500

5.0·10→4
MP2 422 4.75 5.57 10.30 1.01 1.37 2.90 0.68 1.14 3.67 0.64 0.75 1.36

0.01126 0.01319 0.02440 0.00239 0.00324 0.00686 0.00160 0.00271 0.00871 0.00152 0.00177 0.00322
CCSD 445 4.45 5.33 11.47 0.93 1.35 3.15 0.53 0.96 3.26 0.57 0.74 1.67

0.01000 0.01198 0.02578 0.00210 0.00303 0.00708 0.00119 0.00217 0.00732 0.00127 0.00167 0.00375

MP2 503 2.36 2.81 5.22 0.79 1.05 2.42 0.51 0.86 2.52 0.43 0.52 1.00
projected 0.00469 0.00559 0.01038 0.00157 0.00209 0.00480 0.00102 0.00171 0.00501 0.00085 0.00104 0.00199
cc-pVDZ CCSD 503 2.46 2.99 5.35 0.81 1.06 2.42 0.48 0.81 2.35 0.42 0.52 1.14

0.00488 0.00595 0.01064 0.00161 0.00212 0.00481 0.00096 0.00162 0.00467 0.00084 0.00103 0.00227

2.5·10→4
MP2 531 1.76 2.18 4.40 0.73 1.00 2.45 0.44 0.76 2.40 0.31 0.40 1.01

0.00331 0.00410 0.00829 0.00137 0.00188 0.00462 0.00083 0.00144 0.00453 0.00059 0.00075 0.00189
CCSD 537 1.89 2.53 7.15 0.77 1.06 2.64 0.43 0.78 2.56 0.35 0.43 0.95

0.00352 0.00470 0.01332 0.00143 0.00197 0.00492 0.00080 0.00145 0.00476 0.00066 0.00081 0.00176

1.0·10→4
MP2 733 0.87 1.18 3.01 0.32 0.44 0.93 0.21 0.31 0.92 0.15 0.23 0.51

0.00119 0.00160 0.00410 0.00044 0.00060 0.00127 0.00029 0.00042 0.00126 0.00021 0.00032 0.00069
CCSD 711 0.85 1.09 2.80 0.50 0.77 2.14 0.23 0.36 1.03 0.30 0.46 1.40

0.00119 0.00154 0.00394 0.00071 0.00108 0.00301 0.00032 0.00050 0.00144 0.00042 0.00064 0.00196

5.0·10→5
MP2 891 0.60 0.68 1.26 0.10 0.15 0.37 0.11 0.17 0.57 0.08 0.14 0.49

0.00068 0.00076 0.00141 0.00011 0.00017 0.00041 0.00012 0.00019 0.00064 0.00009 0.00016 0.00055
CCSD 841 0.70 0.84 1.35 0.25 0.40 1.03 0.12 0.19 0.57 0.16 0.23 0.62

0.00084 0.00100 0.00160 0.00030 0.00048 0.00122 0.00015 0.00022 0.00067 0.00019 0.00028 0.00074

2.5·10→5
MP2 1001 0.28 0.36 1.04 0.05 0.10 0.39 0.03 0.04 0.10 0.06 0.13 0.49

0.00028 0.00036 0.00104 0.00005 0.00010 0.00039 0.00003 0.00004 0.00010 0.00006 0.00013 0.00049
CCSD 961 0.37 0.44 1.05 0.09 0.16 0.56 0.04 0.05 0.15 0.08 0.14 0.44

0.00039 0.00046 0.00109 0.00009 0.00017 0.00058 0.00004 0.00006 0.00016 0.00009 0.00014 0.00046

1.0·10→5
MP2 1089 0.08 0.10 0.17 0.02 0.04 0.12 0.01 0.01 0.03 0.02 0.04 0.14

0.00007 0.00009 0.00015 0.00002 0.00003 0.00011 0.00001 0.00001 0.00002 0.00002 0.00004 0.00013
CCSD 1060 0.10 0.13 0.37 0.02 0.04 0.12 0.01 0.01 0.03 0.02 0.04 0.13

0.00009 0.00012 0.00035 0.00002 0.00003 0.00011 0.00001 0.00001 0.00002 0.00002 0.00004 0.00013
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T%5&( A.18: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the full basis references. Results are reported for the (T), full T, (Q), and
(Q)–(T) contributions obtained with the cc-pVQZ basis set, at di!erent FNO thresholds and using both MP2- and CCSD-derived

densities. All values are in kJ mol→1.

𝑁CO
(T) full T (Q) (Q)-(T)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVQZ

1.0·10→3
MP2 384 9.23 11.06 22.21 1.24 1.75 4.25 0.79 1.35 4.07 0.69 0.89 1.84

0.02403 0.02880 0.05785 0.00322 0.00456 0.01107 0.00206 0.00352 0.01059 0.00178 0.00231 0.00478
CCSD 401 7.88 9.26 18.12 1.21 1.71 4.11 0.74 1.24 3.67 0.72 0.95 2.13

0.01964 0.02309 0.04518 0.00302 0.00427 0.01026 0.00185 0.00310 0.00915 0.00181 0.00237 0.00531

5.0·10→4
MP2 454 5.70 6.32 10.60 1.17 1.60 3.34 0.74 1.26 3.97 0.68 0.85 1.68

0.01256 0.01392 0.02336 0.00257 0.00353 0.00735 0.00163 0.00277 0.00874 0.00151 0.00188 0.00370
CCSD 464 5.31 6.31 13.40 1.14 1.66 3.92 0.67 1.18 3.84 0.63 0.84 1.62

0.01144 0.01360 0.02888 0.00246 0.00358 0.00845 0.00144 0.00253 0.00827 0.00136 0.00180 0.00350

MP2 503 3.10 3.75 7.04 1.06 1.41 2.89 0.65 1.08 3.04 0.51 0.61 1.28
projected 0.00616 0.00746 0.01400 0.00210 0.00280 0.00574 0.00128 0.00215 0.00604 0.00101 0.00122 0.00254
cc-pVDZ CCSD 503 3.23 3.94 6.99 1.08 1.44 3.00 0.62 1.04 2.91 0.51 0.64 1.40

0.00643 0.00783 0.01391 0.00215 0.00287 0.00597 0.00124 0.00207 0.00579 0.00102 0.00126 0.00279

2.5·10→4
MP2 573 2.14 2.60 5.89 0.87 1.21 3.04 0.55 0.89 2.60 0.36 0.47 1.18

0.00373 0.00454 0.01027 0.00151 0.00212 0.00531 0.00095 0.00155 0.00454 0.00063 0.00082 0.00207
CCSD 587 2.11 2.99 9.10 0.96 1.33 3.36 0.54 0.95 3.11 0.43 0.57 1.29

0.00359 0.00510 0.01550 0.00163 0.00226 0.00573 0.00092 0.00162 0.00529 0.00073 0.00097 0.00220

1.0·10→4
MP2 825 1.07 1.34 2.59 0.43 0.60 1.59 0.32 0.48 1.38 0.19 0.24 0.48

0.00130 0.00162 0.00313 0.00052 0.00073 0.00193 0.00038 0.00058 0.00168 0.00023 0.00029 0.00058
CCSD 781 0.87 1.09 2.21 0.59 0.86 2.22 0.34 0.52 1.50 0.28 0.38 0.94

0.00112 0.00139 0.00284 0.00076 0.00110 0.00284 0.00043 0.00067 0.00192 0.00036 0.00049 0.00120

5.0·10→5
MP2 1010 1.09 1.27 2.67 0.25 0.33 0.86 0.18 0.27 0.81 0.12 0.16 0.50

0.00108 0.00126 0.00264 0.00025 0.00033 0.00085 0.00018 0.00027 0.00081 0.00012 0.00016 0.00049
CCSD 944 0.90 1.12 2.52 0.35 0.56 1.55 0.20 0.32 1.00 0.19 0.30 0.99

0.00096 0.00119 0.00267 0.00037 0.00059 0.00164 0.00022 0.00034 0.00106 0.00021 0.00032 0.00105

MP2 1179 0.69 0.91 1.63 0.19 0.24 0.50 0.14 0.21 0.49 0.12 0.16 0.41
projected 0.00058 0.00077 0.00138 0.00016 0.00020 0.00042 0.00012 0.00018 0.00042 0.00010 0.00014 0.00035
cc-pVTZ CCSD 1179 0.68 0.90 1.71 0.18 0.24 0.58 0.13 0.20 0.50 0.13 0.18 0.46

0.00057 0.00077 0.00145 0.00015 0.00021 0.00049 0.00011 0.00017 0.00043 0.00011 0.00015 0.00039

2.5·10→5
MP2 1208 0.33 0.42 0.92 0.19 0.24 0.61 0.09 0.13 0.34 0.13 0.16 0.44

0.00028 0.00035 0.00077 0.00016 0.00020 0.00050 0.00007 0.00011 0.00028 0.00011 0.00013 0.00036
CCSD 1114 0.53 0.60 1.17 0.21 0.31 0.83 0.11 0.16 0.48 0.14 0.19 0.54

0.00047 0.00054 0.00105 0.00019 0.00028 0.00074 0.00009 0.00014 0.00043 0.00012 0.00017

1.0·10→5
MP2 1570 0.23 0.27 0.46 0.10 0.13 0.31 0.03 0.05 0.14 0.07 0.11 0.35

0.00014 0.00017 0.00029 0.00006 0.00008 0.00020 0.00002 0.00003 0.00009 0.00005 0.00007 0.00022
CCSD 1419 0.22 0.28 0.58 0.12 0.18 0.50 0.05 0.07 0.19 0.09 0.12 0.36

0.00016 0.00020 0.00041 0.00009 0.00013 0.00035 0.00003 0.00005 0.00014 0.00006 0.00009 0.00026
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T%5&( A.19: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the full basis references. Results are reported for the (T), full T, (Q), and
(Q)–(T) contributions obtained with the cc-pV5Z basis set, at di!erent FNO thresholds and using both MP2- and CCSD-derived

densities. All values are in kJ mol→1.

𝑁CO (T) full T (Q) (Q)-(T)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pV5Z

1.0·10→3
MP2 409 9.59 11.45 22.96 1.35 1.92 4.62 0.83 1.42 4.23 0.76 0.96 1.98

0.02346 0.02800 0.05614 0.00331 0.00469 0.01131 0.00204 0.00347 0.01034 0.00185 0.00236 0.00484
CCSD 424 8.50 10.12 19.34 1.31 1.86 4.49 0.77 1.31 3.83 0.78 1.00 2.13

0.02005 0.02388 0.04560 0.00310 0.00439 0.01059 0.00182 0.00309 0.00904 0.00184 0.00236 0.00503

5.0·10→4
MP2 479 5.96 6.66 11.10 1.28 1.76 3.71 0.78 1.33 4.14 0.72 0.91 1.71

0.01244 0.01390 0.02317 0.00267 0.00367 0.00775 0.00164 0.00278 0.00863 0.00151 0.00189 0.00357
CCSD 493 5.41 6.43 14.14 1.26 1.82 4.30 0.67 1.23 4.00 0.68 0.89 1.73

0.01098 0.01305 0.02869 0.00256 0.00369 0.00873 0.00137 0.00250 0.00812 0.00138 0.00181 0.00352

MP2 503 3.34 4.11 7.83 1.18 1.57 3.15 0.70 1.16 3.21 0.55 0.67 1.41
projected 0.00665 0.00818 0.01556 0.00235 0.00312 0.00625 0.00139 0.00231 0.00638 0.00109 0.00133 0.00281
cc-pVDZ CCSD 503 3.58 4.36 7.84 1.20 1.61 3.39 0.67 1.12 3.09 0.58 0.71 1.56

0.00712 0.00867 0.01558 0.00238 0.00320 0.00675 0.00134 0.00222 0.00615 0.00116 0.00141 0.00310

2.5·10→4
MP2 604 2.21 2.81 6.46 0.98 1.37 3.39 0.61 0.96 2.76 0.41 0.55 1.32

0.00367 0.00464 0.01069 0.00163 0.00227 0.00562 0.00101 0.00159 0.00458 0.00068 0.00090 0.00218
CCSD 616 2.36 3.20 9.05 1.06 1.46 3.61 0.60 1.01 3.17 0.49 0.64 1.44

0.00383 0.00520 0.01470 0.00172 0.00237 0.00586 0.00097 0.00164 0.00515 0.00079 0.00104 0.00234

1.0·10→4
MP2 862 1.41 1.67 3.32 0.52 0.73 1.92 0.35 0.52 1.52 0.22 0.28 0.69

0.00164 0.00194 0.00385 0.00060 0.00085 0.00223 0.00041 0.00061 0.00176 0.00025 0.00033 0.00080
CCSD 812 1.24 1.52 3.17 0.68 0.98 2.54 0.38 0.59 1.65 0.32 0.44 1.12

0.00152 0.00187 0.00390 0.00084 0.00121 0.00313 0.00047 0.00072 0.00203 0.00039 0.00055 0.00138

5.0·10→5
MP2 1066 1.11 1.29 2.45 0.32 0.43 1.03 0.19 0.27 0.64 0.18 0.22 0.47

0.00104 0.00121 0.00230 0.00030 0.00040 0.00097 0.00018 0.00025 0.00060 0.00017 0.00021 0.00044
CCSD 991 1.02 1.27 3.15 0.44 0.68 1.79 0.24 0.36 1.06 0.24 0.37 1.17

0.00103 0.00128 0.00317 0.00044 0.00068 0.00180 0.00024 0.00036 0.00107 0.00025 0.00038 0.00118

MP2 1179 0.80 1.06 2.30 0.30 0.38 0.87 0.18 0.28 0.68 0.18 0.21 0.39
projected 0.00067 0.00090 0.00195 0.00026 0.00032 0.00074 0.00015 0.00023 0.00058 0.00015 0.00018 0.00033
cc-pVTZ CCSD 1179 0.97 1.33 2.61 0.30 0.41 0.95 0.17 0.26 0.68 0.20 0.27 0.74

0.00082 0.00112 0.00221 0.00026 0.00035 0.00080 0.00014 0.00022 0.00058 0.00017 0.00023 0.00063

2.5·10→5
MP2 1320 0.42 0.49 1.08 0.25 0.32 0.77 0.11 0.15 0.36 0.16 0.20 0.42

0.00031 0.00037 0.00082 0.00019 0.00024 0.00059 0.00008 0.00012 0.00027 0.00012 0.00015 0.00031
CCSD 1199 0.69 0.79 1.38 0.29 0.42 1.10 0.14 0.20 0.52 0.18 0.25 0.76

0.00057 0.00066 0.00115 0.00024 0.00035 0.00092 0.00012 0.00016 0.00043 0.00015 0.00021 0.00063

1.0·10→5
MP2 1800 0.28 0.32 0.73 0.16 0.20 0.42 0.06 0.08 0.17 0.13 0.15 0.32

0.00015 0.00018 0.00040 0.00009 0.00011 0.00023 0.00003 0.00004 0.00010 0.00007 0.00008 0.00018
CCSD 1541 0.26 0.32 0.71 0.19 0.27 0.68 0.07 0.10 0.28 0.13 0.18 0.50

0.00017 0.00021 0.00046 0.00012 0.00018 0.00044 0.00005 0.00007 0.00018 0.00008 0.00012 0.00033
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T%5&( A.20: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for the
atomization energies of the Karton test set relative to the full basis references. Results are reported for the full Q, Q-(T), and (P)
contributions obtained with the cc-pVTZ basis set, at di!erent FNO thresholds and using both MP2- and CCSD-derived densities.

All values are in kJ mol→1.

𝑁CO
full Q Q-(T) (P)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVTZ

1.0·10→3
MP2 364 0.63 1.05 3.17 0.58 0.74 1.52 0.08 0.15 0.44

0.00172 0.00289 0.00871 0.00159 0.00204 0.00418 0.00021 0.00041 0.00120
CCSD 383 0.60 0.95 2.76 0.62 0.80 1.78 0.09 0.18 0.48

0.00157 0.00249 0.00721 0.00161 0.00209 0.00464 0.00025 0.00047 0.00126

5.0·10→4
MP2 422 0.67 1.07 3.29 0.59 0.69 1.28 0.08 0.15 0.41

0.00159 0.00255 0.00780 0.00139 0.00163 0.00303 0.00019 0.00035 0.00097
CCSD 445 0.53 0.92 3.03 0.54 0.70 1.59 0.08 0.15 0.51

0.00119 0.00206 0.00680 0.00121 0.00157 0.00357 0.00018 0.00034 0.00114

MP2 503 0.51 0.83 2.28 0.39 0.47 0.94 0.05 0.09 0.23
projected 0.00101 0.00164 0.00454 0.00077 0.00094 0.00186 0.00011 0.00017 0.00046
cc-pVDZ CCSD 503 0.48 0.80 2.24 0.38 0.47 1.03 0.06 0.10 0.28

0.00096 0.00160 0.00446 0.00077 0.00094 0.00204 0.00012 0.00020 0.00056

2.5·10→4
MP2 531 0.45 0.72 2.18 0.32 0.38 0.90 0.04 0.07 0.16

0.00084 0.00136 0.00411 0.00060 0.00072 0.00170 0.00008 0.00013 0.00031
CCSD 537 0.44 0.74 2.38 0.35 0.43 0.92 0.07 0.14 0.49

0.00081 0.00138 0.00443 0.00066 0.00080 0.00172 0.00014 0.00027 0.00091

1.0·10→4
MP2 733 0.20 0.27 0.71 0.17 0.24 0.51 0.01 0.02 0.06

0.00028 0.00037 0.00097 0.00023 0.00033 0.00070 0.00002 0.00002 0.00008
CCSD 711 0.23 0.33 0.91 0.31 0.48 1.47 0.02 0.03 0.09

0.00032 0.00047 0.00128 0.00043 0.00067 0.00207 0.00003 0.00005 0.00013

5.0·10→5
MP2 891 0.10 0.14 0.41 0.07 0.14 0.51 0.01 0.01 0.03

0.00011 0.00015 0.00046 0.00008 0.00016 0.00057 0.00001 0.00001 0.00003
CCSD 841 0.13 0.18 0.52 0.16 0.24 0.63 0.01 0.01 0.03

0.00015 0.00022 0.00061 0.00019 0.00028 0.00075 0.00001 0.00002 0.00004

2.5·10→5
MP2 1001 0.03 0.04 0.12 0.06 0.13 0.51 0.00 0.00 0.01

0.00003 0.00004 0.00012 0.00006 0.00013 0.00051 0.00000 0.00000 0.00001
CCSD 961 0.04 0.05 0.14 0.08 0.14 0.44 0.00 0.01 0.01

0.00004 0.00005 0.00014 0.00008 0.00015 0.00046 0.00000 0.00001 0.00001

1.0·10→5
MP2 1089 0.01 0.01 0.03 0.02 0.04 0.15 0.00 0.00 0.00

0.00001 0.00001 0.00003 0.00002 0.00004 0.00014 0.00000 0.00000 0.00000
CCSD 1060 0.01 0.01 0.03 0.02 0.04 0.13 0.00 0.00 0.00

0.00001 0.00001 0.00002 0.00002 0.00004 0.00013 0.00000 0.00000 0.00000
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T%5&( A.21: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the full basis references. Results are reported for the full Q, Q-(T),
and (P) contributions obtained with the cc-pVQZ basis set, at di!erent FNO thresholds and using both MP2- and CCSD-derived

densities. All values are in kJ mol→1.

𝑁CO
full Q Q-(T) (P)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVQZ

1.0·10→3
MP2 384 0.75 1.23 3.59 0.72 0.89 1.77 0.08 0.15 0.45

0.00194 0.00321 0.00936 0.00187 0.00231 0.00462 0.00021 0.00038 0.00116
CCSD 401 0.70 1.14 3.24 0.74 0.94 2.00 0.09 0.17 0.46

0.00173 0.00284 0.00807 0.00185 0.00233 0.00498 0.00023 0.00043 0.00115

5.0·10→4
MP2 454 0.70 1.17 3.61 0.66 0.82 1.71 0.08 0.14 0.41

0.00155 0.00257 0.00794 0.00145 0.00181 0.00378 0.00017 0.00031 0.00090
CCSD 464 0.64 1.09 3.51 0.64 0.82 1.63 0.08 0.15 0.46

0.00138 0.00236 0.00757 0.00138 0.00176 0.00352 0.00017 0.00031 0.00100

MP2 503 0.62 1.01 2.71 0.49 0.59 1.22 0.06 0.09 0.25
projected 0.00123 0.00200 0.00538 0.00097 0.00117 0.00242 0.00012 0.00018 0.00050
cc-pVDZ CCSD 503 0.60 1.00 2.72 0.51 0.62 1.33 0.07 0.10 0.29

0.00120 0.00198 0.00541 0.00101 0.00122 0.00264 0.00013 0.00020 0.00058

2.5·10→4
MP2 573 0.52 0.79 2.20 0.39 0.50 1.14 0.05 0.07 0.18

0.00090 0.00138 0.00384 0.00069 0.00086 0.00198 0.00009 0.00013 0.00031
CCSD 587 0.52 0.87 2.82 0.45 0.59 1.25 0.07 0.14 0.47

0.00088 0.00148 0.00481 0.00077 0.00100 0.00212 0.00013 0.00024 0.00080

1.0·10→4
MP2 825 0.28 0.39 1.06 0.22 0.28 0.58 0.02 0.03 0.07

0.00034 0.00047 0.00128 0.00026 0.00034 0.00070 0.00002 0.00003 0.00008
CCSD 781 0.31 0.46 1.29 0.30 0.42 1.05 0.03 0.04 0.09

0.00040 0.00059 0.00166 0.00038 0.00054 0.00134 0.00004 0.00005 0.00011

5.0·10→5
MP2 1010 0.15 0.21 0.58 0.14 0.19 0.51 0.01 0.02 0.04

0.00015 0.00021 0.00058 0.00014 0.00018 0.00051 0.00001 0.00002 0.00004
CCSD 944 0.18 0.28 0.86 0.21 0.33 1.06 0.01 0.02 0.04

0.00019 0.00029 0.00091 0.00022 0.00035 0.00113 0.00001 0.00002 0.00004

MP2 1179 0.12 0.17 0.37 0.13 0.16 0.42 0.01 0.02 0.04
projected 0.00010 0.00014 0.00032 0.00011 0.00014 0.00036 0.00001 0.00002 0.00004
cc-pVTZ CCSD 1179 0.10 0.16 0.39 0.13 0.18 0.48 0.01 0.02 0.03

0.00009 0.00013 0.00033 0.00011 0.00015 0.00040 0.00001 0.00001 0.00003

2.5·10→5
MP2 1208 0.07 0.10 0.24 0.14 0.18 0.45 0.01 0.01 0.03

0.00006 0.00008 0.00020 0.00012 0.00015 0.00038 0.00000 0.00001 0.00003
CCSD 1114 0.09 0.13 0.41 0.15 0.20 0.60 0.01 0.01 0.04

0.00008 0.00012 0.00037 0.00013 0.00018 0.00054 0.00001 0.00001 0.00003

1.0·10→5
MP2 1570 0.03 0.04 0.11 0.08 0.12 0.36 0.00 0.00 0.01

0.00002 0.00003 0.00007 0.00005 0.00008 0.00023 0.00000 0.00000 0.00001
CCSD 1419 0.04 0.05 0.15 0.10 0.14 0.41 0.00 0.01 0.02

0.00003 0.00004 0.00011 0.00007 0.00010 0.00029 0.00000 0.00000 0.00001
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T%5&( A.22: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the full Q full basis set references. Results are reported for the (Q), (Q)ε,
(Q)/A and (Q)/B contributions obtained with the cc-pVDZ and cc-pVTZ basis sets, at di!erent FNO thresholds and using both

MP2- and CCSD-derived densities. All values are in kJ mol→1.

𝑁CO
(Q) (Q)ε (Q)/A (Q)/B

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVDZ full 503 0.44 1.15 4.46 0.32 0.69 2.41 0.39 0.90 3.37 0.36 0.95 3.66
0.00087 0.00228 0.00887 0.00063 0.00138 0.00480 0.00077 0.00179 0.00669 0.00073 0.00188 0.00728

cc-pVTZ

1.0·10→3
MP2 364 0.49 0.68 1.48 0.53 0.80 2.17 0.49 0.75 1.82 0.49 0.71 1.59

0.00135 0.00186 0.00407 0.00144 0.00219 0.00597 0.00135 0.00207 0.00500 0.00134 0.00195 0.00436
CCSD 383 0.53 0.72 1.51 0.52 0.77 2.15 0.52 0.75 1.67 0.52 0.71 1.52

0.00138 0.00188 0.00393 0.00136 0.00202 0.00562 0.00137 0.00196 0.00437 0.00135 0.00187 0.00396

5.0·10→4
MP2 422 0.42 0.61 1.51 0.48 0.77 2.25 0.47 0.75 1.87 0.43 0.67 1.72

0.00099 0.00145 0.00357 0.00115 0.00182 0.00534 0.00111 0.00178 0.00443 0.00101 0.00159 0.00407
CCSD 445 0.37 0.56 1.43 0.38 0.65 2.21 0.40 0.63 1.80 0.37 0.56 1.65

0.00083 0.00126 0.00321 0.00086 0.00147 0.00497 0.00090 0.00142 0.00405 0.00083 0.00127 0.00370

MP2 503 0.40 0.67 2.09 0.37 0.64 1.92 0.45 0.71 1.82 0.42 0.64 1.46
projected 0.00079 0.00133 0.00415 0.00073 0.00126 0.00382 0.00089 0.00142 0.00362 0.00083 0.00128 0.00290
cc-pVDZ CCSD 503 0.40 0.70 2.26 0.36 0.63 1.95 0.45 0.71 1.71 0.42 0.65 1.36

0.00080 0.00139 0.00449 0.00072 0.00126 0.00388 0.00089 0.00140 0.00340 0.00084 0.00129 0.00271

2.5·10→4
MP2 531 0.32 0.67 2.21 0.28 0.59 2.18 0.37 0.65 1.80 0.34 0.60 1.63

0.00060 0.00126 0.00415 0.00053 0.00111 0.00411 0.00069 0.00122 0.00339 0.00064 0.00113 0.00306
CCSD 537 0.30 0.62 2.05 0.25 0.57 2.15 0.36 0.63 1.73 0.33 0.58 1.56

0.00055 0.00116 0.00382 0.00047 0.00106 0.00400 0.00067 0.00117 0.00323 0.00061 0.00107 0.00291

1.0·10→4
MP2 733 0.37 0.95 3.68 0.27 0.55 1.57 0.38 0.69 2.21 0.36 0.73 2.64

0.00051 0.00129 0.00503 0.00036 0.00075 0.00215 0.00052 0.00094 0.00301 0.00049 0.00099 0.00360
CCSD 711 0.38 0.93 3.58 0.26 0.57 1.81 0.38 0.70 2.14 0.36 0.73 2.55

0.00053 0.00131 0.00504 0.00037 0.00080 0.00254 0.00054 0.00098 0.00301 0.00051 0.00102 0.00358

5.0·10→5
MP2 891 0.41 1.04 4.04 0.28 0.58 1.80 0.37 0.73 2.52 0.35 0.78 2.96

0.00046 0.00117 0.00454 0.00032 0.00065 0.00202 0.00042 0.00082 0.00283 0.00040 0.00088 0.00332
CCSD 841 0.41 1.04 4.04 0.28 0.59 1.74 0.38 0.74 2.54 0.35 0.79 2.96

0.00049 0.00124 0.00481 0.00034 0.00070 0.00207 0.00045 0.00088 0.00302 0.00042 0.00094 0.00352

2.5·10→5
MP2 1001 0.45 1.18 4.59 0.32 0.66 2.20 0.39 0.83 3.03 0.37 0.90 3.46

0.00045 0.00118 0.00459 0.00032 0.00066 0.00220 0.00039 0.00083 0.00302 0.00036 0.00090 0.00346
CCSD 961 0.44 1.14 4.45 0.31 0.63 2.08 0.38 0.80 2.90 0.36 0.87 3.33

0.00046 0.00119 0.00464 0.00032 0.00066 0.00216 0.00039 0.00083 0.00302 0.00037 0.00090 0.00347

1.0·10→5
MP2 1089 0.45 1.18 4.59 0.31 0.65 2.20 0.38 0.82 3.02 0.35 0.89 3.46

0.00041 0.00108 0.00421 0.00029 0.00060 0.00202 0.00035 0.00075 0.00278 0.00033 0.00082 0.00317
CCSD 1060 0.45 1.18 4.58 0.31 0.65 2.19 0.38 0.82 3.02 0.35 0.89 3.45

0.00042 0.00111 0.00432 0.00029 0.00061 0.00207 0.00035 0.00077 0.00285 0.00033 0.00084 0.00325

full 1179 0.45 1.18 4.61 0.31 0.65 2.21 0.37 0.82 3.04 0.35 0.90 3.47
0.00038 0.00100 0.00391 0.00027 0.00055 0.00188 0.00032 0.00070 0.00258 0.00030 0.00076 0.00294
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T%5&( A.23: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the full Q full basis set references. Results are reported for the (Q),
(Q)ε, (Q)/A and (Q)/B contributions obtained with the cc-pVQZ basis set, at di!erent FNO thresholds and using both MP2- and

CCSD-derived densities. All values are in kJ mol→1.

𝑁CO
(Q) (Q)ε (Q)/A (Q)/B

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVQZ

1.0·10→3
MP2 384 0.51 0.75 1.66 0.59 0.93 2.34 0.52 0.86 2.11 0.50 0.81 1.87

0.00132 0.00195 0.00432 0.00155 0.00241 0.00609 0.00136 0.00225 0.00550 0.00131 0.00211 0.00488
CCSD 401 0.54 0.75 1.53 0.59 0.89 2.30 0.54 0.83 1.98 0.53 0.79 1.75

0.00136 0.00187 0.00381 0.00148 0.00223 0.00574 0.00134 0.00208 0.00494 0.00133 0.00196 0.00436

5.0·10→4
MP2 454 0.41 0.63 1.68 0.52 0.83 2.42 0.50 0.79 2.05 0.44 0.71 1.89

0.00091 0.00140 0.00370 0.00115 0.00183 0.00532 0.00111 0.00175 0.00451 0.00097 0.00157 0.00417
CCSD 464 0.38 0.57 1.58 0.46 0.77 2.36 0.44 0.72 1.96 0.40 0.64 1.80

0.00083 0.00123 0.00340 0.00100 0.00166 0.00509 0.00096 0.00156 0.00423 0.00086 0.00138 0.00388

MP2 503 0.44 0.69 1.68 0.45 0.76 2.07 0.49 0.81 2.10 0.46 0.73 1.75
projected 0.00087 0.00138 0.00334 0.00090 0.00151 0.00411 0.00098 0.00162 0.00417 0.00092 0.00145 0.00349
cc-pVDZ CCSD 503 0.44 0.70 1.81 0.44 0.75 2.09 0.48 0.80 1.99 0.46 0.72 1.66

0.00088 0.00140 0.00359 0.00087 0.00150 0.00416 0.00096 0.00159 0.00396 0.00091 0.00143 0.00330

2.5·10→4
MP2 573 0.37 0.69 2.11 0.34 0.66 2.34 0.43 0.71 1.98 0.40 0.66 1.80

0.00065 0.00121 0.00369 0.00059 0.00114 0.00409 0.00075 0.00124 0.00345 0.00070 0.00114 0.00314
CCSD 587 0.31 0.57 1.61 0.33 0.63 2.29 0.38 0.65 1.89 0.34 0.58 1.71

0.00052 0.00097 0.00274 0.00056 0.00108 0.00391 0.00064 0.00111 0.00321 0.00058 0.00098 0.00291

1.0·10→4
MP2 825 0.34 0.86 3.33 0.29 0.54 1.73 0.40 0.67 1.88 0.36 0.68 2.30

0.00042 0.00105 0.00404 0.00035 0.00065 0.00210 0.00048 0.00081 0.00228 0.00044 0.00082 0.00279
CCSD 781 0.34 0.85 3.22 0.29 0.55 1.90 0.40 0.67 1.77 0.37 0.67 2.18

0.00044 0.00108 0.00412 0.00037 0.00071 0.00243 0.00051 0.00086 0.00227 0.00047 0.00086 0.00279

5.0·10→5
MP2 1010 0.39 1.00 3.90 0.26 0.57 1.63 0.38 0.71 2.38 0.36 0.76 2.81

0.00039 0.00099 0.00386 0.00026 0.00056 0.00161 0.00038 0.00070 0.00235 0.00035 0.00075 0.00279
CCSD 944 0.38 0.96 3.71 0.25 0.54 1.62 0.37 0.68 2.20 0.35 0.72 2.62

0.00041 0.00101 0.00393 0.00027 0.00058 0.00172 0.00039 0.00072 0.00233 0.00037 0.00076 0.00277

MP2 1179 0.37 1.09 4.32 0.27 0.60 1.92 0.38 0.78 2.73 0.35 0.83 3.18
projected 0.00031 0.00093 0.00366 0.00023 0.00050 0.00163 0.00032 0.00066 0.00232 0.00029 0.00071 0.00270
cc-pVTZ CCSD 1179 0.37 1.10 4.33 0.27 0.59 1.90 0.37 0.77 2.72 0.34 0.83 3.17

0.00032 0.00093 0.00367 0.00023 0.00050 0.00161 0.00031 0.00065 0.00231 0.00028 0.00070 0.00269

2.5·10→5
MP2 1208 0.43 1.12 4.37 0.30 0.61 1.97 0.38 0.78 2.78 0.36 0.84 3.22

0.00036 0.00093 0.00362 0.00025 0.00051 0.00163 0.00032 0.00064 0.00230 0.00030 0.00070 0.00267
CCSD 1114 0.42 1.09 4.23 0.29 0.59 1.81 0.38 0.75 2.64 0.35 0.81 3.08

0.00038 0.00098 0.00380 0.00026 0.00053 0.00162 0.00034 0.00067 0.00237 0.00032 0.00073 0.00277

1.0·10→5
MP2 1570 0.46 1.19 4.61 0.33 0.66 2.17 0.38 0.81 2.98 0.36 0.89 3.43

0.00029 0.00076 0.00294 0.00021 0.00042 0.00138 0.00024 0.00052 0.00190 0.00023 0.00057 0.00219
CCSD 1419 0.45 1.16 4.52 0.31 0.64 2.08 0.38 0.80 2.90 0.35 0.87 3.35

0.00031 0.00082 0.00319 0.00022 0.00045 0.00146 0.00027 0.00056 0.00205 0.00025 0.00061 0.00236

full 2274 0.46 1.22 4.72 0.33 0.66 2.24 0.37 0.83 3.07 0.35 0.91 3.52
0.00020 0.00053 0.00207 0.00014 0.00029 0.00099 0.00016 0.00036 0.00135 0.00016 0.00040 0.00155
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T%5&( A.24: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the Q-(T) full basis set references. Results are reported for the (Q)-(T),
(Q)ε-(T), (Q)/A-(T) and (Q)/B-(T) contributions obtained with the cc-pVDZ and cc-pVTZ basis sets, at di!erent FNO thresholds

and using both MP2- and CCSD-derived densities. All values are in kJ mol→1.

𝑁CO
(Q)-(T) (Q)ε-(T) (Q)/A-(T) (Q)/B-(T)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVDZ full 503 0.44 1.15 4.46 0.32 0.69 2.42 0.39 0.90 3.37 0.36 0.95 3.66
0.00087 0.00228 0.00887 0.00063 0.00138 0.00480 0.00077 0.00179 0.00669 0.00072 0.00188 0.00728

cc-pVTZ

1.0·10→3
MP2 364 0.99 1.49 4.52 0.83 1.15 2.75 0.86 1.30 3.74 0.91 1.36 3.96

0.00272 0.00410 0.01241 0.00228 0.00315 0.00755 0.00237 0.00358 0.01028 0.00249 0.00373 0.01089
CCSD 383 1.05 1.61 4.85 0.90 1.24 2.93 0.91 1.40 4.05 0.95 1.46 4.24

0.00273 0.00421 0.01266 0.00235 0.00324 0.00764 0.00236 0.00366 0.01057 0.00249 0.00381 0.01107

5.0·10→4
MP2 422 0.97 1.33 3.84 0.79 0.99 2.07 0.79 1.07 2.79 0.85 1.15 3.08

0.00229 0.00316 0.00909 0.00187 0.00236 0.00491 0.00186 0.00255 0.00661 0.00201 0.00272 0.00730
CCSD 445 0.97 1.49 4.51 0.80 1.11 2.63 0.79 1.23 3.55 0.85 1.30 3.80

0.00219 0.00335 0.01013 0.00179 0.00248 0.00590 0.00177 0.00277 0.00799 0.00192 0.00293 0.00855

MP2 503 0.78 1.22 3.92 0.66 0.84 1.96 0.65 0.91 2.59 0.66 0.99 2.98
projected 0.00154 0.00242 0.00780 0.00132 0.00167 0.00390 0.00129 0.00182 0.00515 0.00132 0.00197 0.00592
cc-pVDZ CCSD 503 0.80 1.30 4.26 0.68 0.89 2.20 0.66 0.98 2.90 0.69 1.06 3.29

0.00159 0.00258 0.00848 0.00135 0.00177 0.00438 0.00131 0.00195 0.00577 0.00136 0.00211 0.00654

2.5·10→4
MP2 531 0.74 1.32 4.66 0.61 0.88 2.66 0.55 0.96 3.28 0.61 1.06 3.69

0.00139 0.00249 0.00878 0.00115 0.00166 0.00500 0.00103 0.00180 0.00618 0.00115 0.00200 0.00694
CCSD 537 0.78 1.33 4.70 0.57 0.85 2.65 0.57 1.03 3.64 0.64 1.11 3.92

0.00144 0.00248 0.00875 0.00106 0.00158 0.00494 0.00107 0.00192 0.00677 0.00119 0.00207 0.00729

1.0·10→4
MP2 733 0.57 1.24 4.62 0.43 0.74 2.44 0.45 0.88 3.14 0.44 0.97 3.57

0.00078 0.00169 0.00630 0.00058 0.00100 0.00332 0.00062 0.00120 0.00429 0.00060 0.00132 0.00488
CCSD 711 0.72 1.41 5.13 0.48 0.84 2.90 0.51 1.02 3.69 0.55 1.13 4.10

0.00102 0.00198 0.00722 0.00067 0.00118 0.00408 0.00072 0.00143 0.00519 0.00078 0.00158 0.00576

5.0·10→5
MP2 891 0.48 1.14 4.40 0.35 0.65 2.16 0.41 0.80 2.88 0.39 0.87 3.32

0.00053 0.00128 0.00494 0.00039 0.00073 0.00243 0.00046 0.00090 0.00323 0.00044 0.00098 0.00373
CCSD 841 0.56 1.31 5.08 0.37 0.74 2.78 0.37 0.92 3.57 0.39 1.02 3.99

0.00067 0.00156 0.00604 0.00044 0.00088 0.00330 0.00044 0.00109 0.00425 0.00047 0.00121 0.00475

2.5·10→5
MP2 1001 0.49 1.20 4.64 0.35 0.68 2.25 0.42 0.84 3.07 0.40 0.92 3.51

0.00049 0.00120 0.00464 0.00035 0.00067 0.00225 0.00042 0.00084 0.00307 0.00039 0.00092 0.00350
CCSD 961 0.48 1.17 4.55 0.31 0.60 2.17 0.38 0.80 2.99 0.36 0.88 3.42

0.00050 0.00122 0.00473 0.00033 0.00063 0.00226 0.00040 0.00084 0.00311 0.00038 0.00092 0.00356

1.0·10→5
MP2 1089 0.47 1.19 4.64 0.33 0.66 2.25 0.39 0.83 3.07 0.37 0.91 3.50

0.00043 0.00109 0.00426 0.00030 0.00061 0.00206 0.00036 0.00076 0.00282 0.00034 0.00083 0.00322
CCSD 1060 0.46 1.18 4.60 0.33 0.67 2.22 0.39 0.83 3.04 0.37 0.90 3.47

0.00044 0.00112 0.00434 0.00031 0.00063 0.00209 0.00037 0.00079 0.00287 0.00035 0.00085 0.00327

full 1179 0.45 1.18 4.61 0.31 0.65 2.22 0.37 0.82 3.05 0.35 0.90 3.48
0.00038 0.00100 0.00391 0.00027 0.00056 0.00188 0.00032 0.00070 0.00258 0.00030 0.00076 0.00295
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T%5&( A.25: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the Q-(T) full basis set references. Results are reported for the (Q)-(T),
(Q)ε-(T), (Q)/A-(T) and (Q)/B-(T) contributions obtained with the cc-pVQZ basis set, at di!erent FNO thresholds and using both

MP2- and CCSD-derived densities. All values are in kJ mol→1.

𝑁CO
(Q)-(T) (Q)ε-(T) (Q)/A-(T) (Q)/B-(T)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVQZ

1.0·10→3
MP2 384 1.14 1.66 4.90 0.94 1.30 3.13 1.01 1.46 4.13 1.06 1.52 4.35

0.00296 0.00431 0.01277 0.00246 0.00340 0.00816 0.00264 0.00381 0.01075 0.00275 0.00396 0.01133
CCSD 401 1.18 1.75 5.17 0.99 1.37 3.24 1.04 1.53 4.35 1.08 1.59 4.55

0.00294 0.00436 0.01288 0.00246 0.00342 0.00808 0.00259 0.00383 0.01084 0.00270 0.00398 0.01134

5.0·10→4
MP2 454 1.06 1.48 4.09 0.86 1.13 2.26 0.88 1.21 2.96 0.94 1.29 3.27

0.00233 0.00326 0.00901 0.00188 0.00249 0.00497 0.00195 0.00267 0.00651 0.00207 0.00285 0.00721
CCSD 464 1.08 1.62 4.80 0.87 1.23 2.92 0.89 1.35 3.83 0.96 1.43 4.09

0.00233 0.00350 0.01035 0.00187 0.00265 0.00629 0.00193 0.00292 0.00825 0.00207 0.00309 0.00881

MP2 503 0.93 1.40 4.44 0.77 1.00 2.48 0.73 1.08 3.10 0.78 1.17 3.49
projected 0.00184 0.00279 0.00883 0.00154 0.00200 0.00492 0.00145 0.00214 0.00617 0.00155 0.00232 0.00694
cc-pVDZ CCSD 503 0.96 1.49 4.81 0.80 1.07 2.74 0.75 1.15 3.44 0.81 1.25 3.83

0.00191 0.00297 0.00957 0.00159 0.00212 0.00546 0.00150 0.00229 0.00683 0.00161 0.00248 0.00761

2.5·10→4
MP2 573 0.81 1.46 5.16 0.64 1.00 3.12 0.61 1.11 3.84 0.66 1.21 4.22

0.00141 0.00255 0.00900 0.00112 0.00174 0.00544 0.00106 0.00194 0.00671 0.00116 0.00211 0.00737
CCSD 587 0.88 1.46 4.97 0.65 0.99 2.92 0.68 1.16 3.91 0.74 1.24 4.19

0.00149 0.00249 0.00847 0.00111 0.00168 0.00498 0.00116 0.00198 0.00666 0.00126 0.00212 0.00714

1.0·10→4
MP2 825 0.60 1.29 4.93 0.42 0.77 2.74 0.41 0.92 3.48 0.44 1.02 3.90

0.00072 0.00157 0.00597 0.00051 0.00093 0.00333 0.00050 0.00111 0.00421 0.00053 0.00123 0.00472
CCSD 781 0.72 1.45 5.44 0.48 0.89 3.18 0.49 1.05 3.99 0.55 1.16 4.40

0.00092 0.00186 0.00696 0.00062 0.00114 0.00408 0.00062 0.00134 0.00511 0.00071 0.00148 0.00563

5.0·10→5
MP2 1010 0.55 1.24 4.77 0.40 0.71 2.49 0.42 0.86 3.24 0.41 0.96 3.68

0.00054 0.00123 0.00472 0.00040 0.00071 0.00247 0.00041 0.00086 0.00321 0.00040 0.00095 0.00364
CCSD 944 0.62 1.33 5.04 0.37 0.73 2.72 0.41 0.92 3.53 0.45 1.03 3.95

0.00065 0.00141 0.00534 0.00039 0.00077 0.00288 0.00044 0.00098 0.00374 0.00047 0.00109 0.00419

MP2 1179 0.52 1.24 4.82 0.38 0.70 2.41 0.42 0.87 3.23 0.40 0.95 3.68
projected 0.00044 0.00105 0.00409 0.00032 0.00059 0.00205 0.00035 0.00073 0.00274 0.00034 0.00081 0.00312
cc-pVTZ CCSD 1179 0.52 1.25 4.86 0.35 0.67 2.42 0.38 0.85 3.25 0.36 0.95 3.70

0.00044 0.00106 0.00412 0.00030 0.00057 0.00206 0.00032 0.00072 0.00275 0.00031 0.00080 0.00314

2.5·10→5
MP2 1208 0.57 1.30 4.98 0.42 0.74 2.58 0.44 0.90 3.39 0.43 0.99 3.83

0.00047 0.00107 0.00412 0.00035 0.00061 0.00213 0.00036 0.00074 0.00280 0.00035 0.00082 0.00317
CCSD 1114 0.55 1.28 4.96 0.36 0.69 2.54 0.38 0.88 3.36 0.39 0.97 3.81

0.00050 0.00115 0.00445 0.00032 0.00062 0.00228 0.00034 0.00079 0.00302 0.00035 0.00087 0.00342

1.0·10→5
MP2 1570 0.53 1.25 4.83 0.38 0.69 2.39 0.41 0.85 3.20 0.39 0.94 3.65

0.00034 0.00080 0.00307 0.00024 0.00044 0.00152 0.00026 0.00054 0.00204 0.00025 0.00060 0.00232
CCSD 1419 0.53 1.28 4.94 0.36 0.69 2.50 0.39 0.87 3.32 0.37 0.97 3.77

0.00038 0.00090 0.00348 0.00025 0.00049 0.00176 0.00027 0.00061 0.00234 0.00026 0.00068 0.00266

full 2274 0.46 1.22 4.72 0.33 0.66 2.25 0.37 0.83 3.07 0.35 0.91 3.52
0.00020 0.00053 0.00208 0.00014 0.00029 0.00099 0.00016 0.00036 0.00135 0.00016 0.00040 0.00155
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T%5&( A.26: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for the
atomization energies of the Karton test set relative to the full basis set references. Results are reported for the (Q)ε, (Q)/A, and
(Q)/B contributions obtained with the cc-pVTZ basis set, at di!erent FNO thresholds and using both MP2- and CCSD-derived

densities. All values are in kJ mol→1.

𝑁CO
(Q)ε Q/A Q/B

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVTZ

1.0·10→3
MP2 364 0.59 0.98 2.92 0.57 0.91 2.75 0.60 0.98 2.96

0.00162 0.00268 0.00803 0.00157 0.00251 0.00756 0.00165 0.00269 0.00814
CCSD 383 0.57 0.91 2.63 0.54 0.82 2.34 0.57 0.89 2.57

0.00148 0.00237 0.00687 0.00141 0.00215 0.00610 0.00148 0.00232 0.00672

5.0·10→4
MP2 422 0.60 0.98 3.05 0.58 0.97 3.15 0.61 1.02 3.29

0.00143 0.00233 0.00722 0.00137 0.00230 0.00747 0.00145 0.00243 0.00780
CCSD 445 0.47 0.83 2.75 0.45 0.79 2.64 0.47 0.85 2.83

0.00106 0.00186 0.00617 0.00101 0.00179 0.00594 0.00106 0.00190 0.00635

MP2 503 0.47 0.76 2.09 0.46 0.76 2.29 0.47 0.79 2.33
projected 0.00093 0.00151 0.00416 0.00091 0.00152 0.00455 0.00094 0.00157 0.00464
cc-pVDZ CCSD 503 0.44 0.73 2.02 0.42 0.72 2.14 0.44 0.75 2.19

0.00088 0.00146 0.00401 0.00084 0.00143 0.00426 0.00088 0.00149 0.00435

2.5·10→4
MP2 531 0.39 0.65 2.01 0.38 0.68 2.21 0.40 0.70 2.24

0.00074 0.00123 0.00379 0.00071 0.00127 0.00417 0.00075 0.00132 0.00422
CCSD 537 0.39 0.68 2.21 0.35 0.62 2.05 0.38 0.67 2.20

0.00073 0.00126 0.00412 0.00065 0.00116 0.00382 0.00070 0.00125 0.00410

1.0·10→4
MP2 733 0.18 0.25 0.71 0.18 0.27 0.83 0.19 0.28 0.83

0.00025 0.00035 0.00097 0.00025 0.00037 0.00113 0.00026 0.00038 0.00114
CCSD 711 0.20 0.30 0.86 0.19 0.30 0.90 0.20 0.32 0.92

0.00029 0.00042 0.00121 0.00027 0.00042 0.00127 0.00029 0.00045 0.00130

5.0·10→5
MP2 891 0.09 0.13 0.41 0.10 0.15 0.52 0.10 0.15 0.51

0.00010 0.00015 0.00046 0.00011 0.00017 0.00058 0.00011 0.00017 0.00058
CCSD 841 0.11 0.16 0.47 0.11 0.16 0.50 0.11 0.17 0.51

0.00013 0.00019 0.00056 0.00013 0.00020 0.00060 0.00013 0.00020 0.00061

2.5·10→5
MP2 1001 0.03 0.03 0.10 0.02 0.03 0.10 0.02 0.04 0.10

0.00003 0.00003 0.00010 0.00002 0.00003 0.00010 0.00002 0.00004 0.00010
CCSD 961 0.03 0.05 0.14 0.03 0.05 0.14 0.03 0.05 0.14

0.00004 0.00005 0.00014 0.00003 0.00005 0.00014 0.00003 0.00005 0.00014

1.0·10→5
MP2 1089 0.01 0.01 0.02 0.01 0.01 0.03 0.01 0.01 0.03

0.00001 0.00001 0.00002 0.00001 0.00001 0.00002 0.00001 0.00001 0.00002
CCSD 1060 0.01 0.01 0.02 0.01 0.01 0.02 0.01 0.01 0.02

0.00001 0.00001 0.00002 0.00001 0.00001 0.00002 0.00001 0.00001 0.00002
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T%5&( A.27: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for the
atomization energies of the Karton test set relative to the full basis set references. Results are reported for the (Q)ε, (Q)/A, and
(Q)/B contributions obtained with the cc-pVQZ basis set, at di!erent FNO thresholds and using both MP2- and CCSD-derived

densities. All values are in kJ mol→1.

𝑁CO
(Q)ε Q/A Q/B

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVQZ

1.0·10→3
MP2 384 0.70 1.17 3.37 0.69 1.10 3.19 0.72 1.17 3.42

0.00183 0.00305 0.00877 0.00179 0.00286 0.00832 0.00186 0.00305 0.00891
CCSD 401 0.67 1.10 3.12 0.65 1.01 2.84 0.68 1.09 3.09

0.00168 0.00275 0.00778 0.00162 0.00253 0.00708 0.00169 0.00271 0.00770

5.0·10→4
MP2 454 0.66 1.09 3.33 0.64 1.08 3.45 0.67 1.13 3.58

0.00146 0.00240 0.00733 0.00140 0.00238 0.00760 0.00147 0.00249 0.00790
CCSD 464 0.60 1.02 3.25 0.57 0.99 3.16 0.60 1.04 3.35

0.00130 0.00220 0.00699 0.00122 0.00213 0.00682 0.00129 0.00225 0.00723

MP2 503 0.59 0.96 2.53 0.58 0.96 2.73 0.60 1.00 2.79
projected 0.00117 0.00192 0.00503 0.00115 0.00192 0.00543 0.00119 0.00198 0.00555
cc-pVDZ CCSD 503 0.58 0.95 2.51 0.56 0.93 2.64 0.58 0.96 2.70

0.00115 0.00188 0.00498 0.00111 0.00185 0.00524 0.00115 0.00192 0.00536

2.5·10→4
MP2 573 0.49 0.76 2.17 0.47 0.76 2.27 0.49 0.80 2.34

0.00086 0.00133 0.00379 0.00081 0.00133 0.00396 0.00086 0.00139 0.00409
CCSD 587 0.49 0.83 2.69 0.44 0.78 2.53 0.47 0.83 2.69

0.00084 0.00141 0.00458 0.00075 0.00132 0.00430 0.00081 0.00141 0.00459

1.0·10→4
MP2 825 0.28 0.40 1.10 0.27 0.41 1.19 0.28 0.42 1.22

0.00034 0.00049 0.00133 0.00033 0.00050 0.00144 0.00034 0.00051 0.00148
CCSD 781 0.31 0.46 1.28 0.29 0.45 1.30 0.30 0.47 1.34

0.00039 0.00058 0.00164 0.00037 0.00057 0.00166 0.00039 0.00060 0.00172

5.0·10→5
MP2 1010 0.16 0.22 0.62 0.16 0.23 0.69 0.16 0.24 0.71

0.00016 0.00022 0.00061 0.00016 0.00023 0.00069 0.00016 0.00024 0.00070
CCSD 944 0.19 0.28 0.85 0.18 0.28 0.87 0.18 0.29 0.90

0.00020 0.00030 0.00090 0.00019 0.00029 0.00092 0.00019 0.00031 0.00095

MP2 1179 0.13 0.20 0.46 0.12 0.19 0.47 0.13 0.19 0.48
projected 0.00011 0.00017 0.00039 0.00011 0.00016 0.00040 0.00011 0.00016 0.00040
cc-pVTZ CCSD 1179 0.12 0.19 0.48 0.11 0.18 0.48 0.11 0.18 0.49

0.00010 0.00016 0.00041 0.00009 0.00015 0.00041 0.00010 0.00015 0.00042

2.5·10→5
MP2 1208 0.08 0.11 0.28 0.08 0.11 0.29 0.08 0.11 0.30

0.00007 0.00009 0.00023 0.00006 0.00009 0.00024 0.00007 0.00009 0.00024
CCSD 1114 0.10 0.14 0.43 0.09 0.14 0.43 0.10 0.14 0.44

0.00009 0.00013 0.00039 0.00008 0.00013 0.00039 0.00009 0.00013 0.00039

1.0·10→5
MP2 1570 0.03 0.04 0.10 0.03 0.04 0.12 0.03 0.04 0.12

0.00002 0.00003 0.00007 0.00002 0.00003 0.00007 0.00002 0.00003 0.00008
CCSD 1419 0.04 0.06 0.17 0.04 0.06 0.17 0.04 0.06 0.17

0.00003 0.00004 0.00012 0.00003 0.00004 0.00012 0.00003 0.00004 0.00012
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T%5&( A.28: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the full basis set references. Results are reported for the (Q)ε-(T),
(Q)/A-(T), and (Q)/B-(T) contributions obtained with the cc-pVTZ basis set, at di!erent FNO thresholds and using both MP2-

and CCSD-derived densities. All values are in kJ mol→1.

𝑁CO
(Q)ε-(T) (Q)/A-(T) (Q)/B-(T)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVTZ

1.0·10→3
MP2 364 0.64 0.81 1.65 0.73 0.94 2.12 0.67 0.87 1.94

0.00175 0.00223 0.00453 0.00201 0.00258 0.00582 0.00185 0.00239 0.00532
CCSD 383 0.67 0.87 1.93 0.77 1.01 2.34 0.72 0.95 2.20

0.00176 0.00228 0.00504 0.00202 0.00264 0.00610 0.00188 0.00248 0.00574

5.0·10→4
MP2 422 0.63 0.75 1.43 0.68 0.81 1.46 0.66 0.78 1.43

0.00149 0.00179 0.00339 0.00162 0.00191 0.00346 0.00158 0.00184 0.00339
CCSD 445 0.61 0.77 1.72 0.66 0.84 1.74 0.62 0.80 1.72

0.00136 0.00174 0.00385 0.00148 0.00188 0.00392 0.00140 0.00180 0.00387

MP2 503 0.42 0.51 1.02 0.46 0.56 1.06 0.45 0.54 1.04
projected 0.00083 0.00101 0.00202 0.00092 0.00111 0.00210 0.00089 0.00108 0.00207
cc-pVDZ CCSD 503 0.41 0.52 1.11 0.46 0.57 1.21 0.45 0.55 1.19

0.00082 0.00103 0.00222 0.00092 0.00113 0.00240 0.00089 0.00109 0.00236

2.5·10→4
MP2 531 0.36 0.43 0.98 0.38 0.47 1.06 0.36 0.44 1.04

0.00068 0.00081 0.00185 0.00071 0.00088 0.00200 0.00067 0.00083 0.00197
CCSD 537 0.40 0.48 1.06 0.44 0.53 1.00 0.41 0.49 0.98

0.00074 0.00090 0.00198 0.00082 0.00098 0.00186 0.00076 0.00092 0.00183

1.0·10→4
MP2 733 0.17 0.25 0.50 0.18 0.25 0.53 0.17 0.24 0.52

0.00024 0.00034 0.00069 0.00024 0.00034 0.00072 0.00023 0.00033 0.00071
CCSD 711 0.32 0.50 1.55 0.33 0.50 1.51 0.32 0.49 1.46

0.00046 0.00071 0.00218 0.00047 0.00071 0.00212 0.00046 0.00069 0.00206

5.0·10→5
MP2 891 0.07 0.13 0.49 0.08 0.14 0.49 0.08 0.14 0.49

0.00008 0.00015 0.00055 0.00008 0.00015 0.00055 0.00008 0.00015 0.00055
CCSD 841 0.17 0.26 0.69 0.17 0.26 0.67 0.17 0.25 0.66

0.00020 0.00031 0.00082 0.00020 0.00030 0.00080 0.00020 0.00030 0.00078

2.5·10→5
MP2 1001 0.05 0.13 0.49 0.05 0.13 0.49 0.05 0.13 0.49

0.00005 0.00013 0.00049 0.00005 0.00013 0.00049 0.00005 0.00013 0.00049
CCSD 961 0.08 0.14 0.46 0.08 0.14 0.46 0.08 0.14 0.45

0.00009 0.00015 0.00048 0.00008 0.00015 0.00047 0.00008 0.00015 0.00047

1.0·10→5
MP2 1089 0.02 0.04 0.14 0.02 0.04 0.14 0.02 0.04 0.14

0.00002 0.00004 0.00013 0.00002 0.00004 0.00013 0.00002 0.00004 0.00013
CCSD 1060 0.02 0.04 0.13 0.02 0.04 0.13 0.02 0.04 0.13

0.00002 0.00004 0.00012 0.00002 0.00004 0.00012 0.00002 0.00004 0.00012
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T%5&( A.29: MUE, RMSD, and MAX values, together with their counterparts normalized to the total number of COs (𝑁CO), for
the atomization energies of the Karton test set relative to the full basis set references. Results are reported for the (Q)ε-(T),
(Q)/A-(T), and (Q)/B-(T) contributions obtained with the cc-pVQZ basis set, at di!erent FNO thresholds and using both MP2-

and CCSD-derived densities. All values are in kJ mol→1.

𝑁CO
(Q)ε-(T) (Q)/A-(T) (Q)/B-(T)

MUE RMSD MAX MUE RMSD MAX MUE RMSD MAX

cc-pVQZ

1.0·10→3
MP2 384 0.77 0.95 1.88 0.86 1.08 2.37 0.80 1.01 2.19

0.00199 0.00248 0.00490 0.00225 0.00282 0.00616 0.00210 0.00263 0.00570
CCSD 401 0.78 0.99 2.13 0.89 1.14 2.55 0.83 1.07 2.41

0.00196 0.00248 0.00531 0.00221 0.00284 0.00635 0.00208 0.00267 0.00601

5.0·10→4
MP2 454 0.68 0.87 1.76 0.74 0.93 1.76 0.72 0.89 1.74

0.00149 0.00193 0.00387 0.00163 0.00204 0.00389 0.00158 0.00197 0.00383
CCSD 464 0.69 0.88 1.68 0.75 0.95 1.73 0.71 0.91 1.67

0.00149 0.00190 0.00362 0.00162 0.00205 0.00374 0.00153 0.00196 0.00361

MP2 503 0.52 0.63 1.25 0.55 0.68 1.34 0.53 0.65 1.33
projected 0.00104 0.00125 0.00248 0.00110 0.00135 0.00267 0.00106 0.00130 0.00264
cc-pVDZ CCSD 503 0.55 0.66 1.37 0.59 0.71 1.49 0.57 0.69 1.46

0.00110 0.00131 0.00273 0.00117 0.00142 0.00295 0.00113 0.00137 0.00291

2.5·10→4
MP2 573 0.41 0.53 1.16 0.44 0.56 1.24 0.41 0.53 1.22

0.00072 0.00092 0.00203 0.00076 0.00097 0.00216 0.00072 0.00092 0.00214
CCSD 587 0.48 0.63 1.37 0.52 0.68 1.36 0.49 0.64 1.34

0.00081 0.00107 0.00233 0.00089 0.00115 0.00231 0.00084 0.00109 0.00228

1.0·10→4
MP2 825 0.22 0.28 0.66 0.23 0.28 0.59 0.22 0.27 0.55

0.00026 0.00034 0.00079 0.00028 0.00034 0.00071 0.00026 0.00032 0.00066
CCSD 781 0.31 0.44 1.13 0.33 0.45 1.09 0.31 0.43 1.03

0.00039 0.00056 0.00145 0.00042 0.00058 0.00140 0.00040 0.00055 0.00132

5.0·10→5
MP2 1010 0.14 0.18 0.49 0.14 0.18 0.49 0.14 0.17 0.49

0.00014 0.00018 0.00049 0.00014 0.00018 0.00049 0.00014 0.00017 0.00049
CCSD 944 0.21 0.33 1.09 0.22 0.33 1.07 0.21 0.32 1.04

0.00022 0.00035 0.00116 0.00023 0.00035 0.00113 0.00023 0.00034 0.00110

MP2 1179 0.13 0.16 0.41 0.13 0.17 0.41 0.13 0.16 0.41
projected 0.00011 0.00014 0.00035 0.00011 0.00014 0.00034 0.00011 0.00014 0.00035
cc-pVTZ CCSD 1179 0.13 0.18 0.45 0.14 0.19 0.45 0.13 0.18 0.45

0.00011 0.00015 0.00038 0.00011 0.00016 0.00038 0.00011 0.00016 0.00038

2.5·10→5
MP2 1208 0.14 0.17 0.44 0.14 0.17 0.44 0.14 0.17 0.44

0.00011 0.00014 0.00036 0.00011 0.00014 0.00036 0.00011 0.00014 0.00036
CCSD 1114 0.14 0.20 0.59 0.15 0.20 0.58 0.15 0.20 0.57

0.00013 0.00018 0.00053 0.00013 0.00018 0.00052 0.00013 0.00018 0.00051

1.0·10→5
MP2 1570 0.08 0.12 0.35 0.08 0.12 0.35 0.08 0.11 0.35

0.00005 0.00007 0.00022 0.00005 0.00007 0.00022 0.00005 0.00007 0.00022
CCSD 1419 0.09 0.13 0.38 0.09 0.13 0.38 0.09 0.13 0.37

0.00006 0.00009 0.00027 0.00007 0.00009 0.00027 0.00007 0.00009 0.00026
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cc-pVTZ (MP2) cc-pVQZ (MP2) cc-pV5Z (MP2) cc-pVDZ (full)
cc-pVTZ (full) cc-pVQZ (full) cc-pV5Z (full)

chemical accuracy

benchmark accuracy

projected
cc-pVDZ

2.5 · 10→4 1.0 · 10→4 projected
cc-pVTZ

2.5 · 10→5 1.0 · 10→5 projected
cc-pVQZ

projected
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F*4,$( A.5: RMSD for the (T) contribution to the atomization energies of the
Karton test set, relative to the cc-pV(5,6)Z reference, as a function of the FNO
truncation threshold. Results based on MP2-derived orbitals are labeled as
(MP2) and calculations with the full virtual space as (full). Projected cc-pV𝑁Z
thresholds retain the same number of COs as the corresponding cc-pV𝑁Z basis

sets.
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