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Introduction

Some historical notes

The Kingdom you see is Carthage, the Tyrians, the town of Agenor;
but the country around is Libya, no folk to meet in war.

Dido, who left the city of Tyre to escape her brother,

rules here—a long and labyrinthine tale of wrong

is hers, but I will touch on its salient points in order...Dido, in great
disquiet, organised her friends for escape.

They met together, all those who harshly hated the tyrant

or keenly feared him: they seized some ships which chanced to be
ready. ..

They came to this spot, where to-day you can behold the mighty
battlements and the rising citadel of New Carthage,

and purchased a site, which was named ’Bull’s Hide’ after the bargain
by which they should get as much land as they could enclose with a
bull’s hide.

Virgilio, Aeneid, Book I, lines 307-372.
Translated by C. D. Lewis.

In this paragraph of Virgil’'s Aeneid, Queen Dido arrives on the coast of
Africa and receives a gift from a local king: she can possess as much land as
she can enclose with the hide of a bull. Virgil does not describe in detail what
happens next, but Dido’s strategy is well known: she cut the bull’s hide into
thin strips that she glues together to form a rope so that she can use it to
mark the boundary of a piece of land. After this smart decision, Queen Dido
must decide on the shape of the piece of land to enclose. By a mathematical
point of view, this is clearly an optimization problem: we want to maximize
the area enclosed by a curve having fixed perimeter.

Queen Dido’s choice is famous: she opted for a semicircle with the border
lying on the sea coast (see Figure 1). The choice of the boundary on the
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6 Introduction

sea cost is due to the fact that Dido wanted the city to have a harbor, while
the circular shape is not chosen by chance: it was known by the ancient time
(already to the Greeks), but not rigorously proven, that the shape that encloses
the greatest area with fixed the perimeter is the circle.

L - Stied

CARTAGO PUNTCHA

Hhica ol Juir

Sy By

- Gran Aver
Templo de Eshandgn i

Agora [l

Tofehde
Salaaiubso B ea dan derreour dlissonetnsg
& fnaddicas Lo st e
P, & hk previos a principics,
A ol stglo Har ©

Figure 1: Ancient Carthage: notice the similarity between the boundary of the city
and the semicirle. Image from [Pes12], courtesy of H.J. Pesch.

This is not the only case in which this problem, known as isoperimetric
problem, appears in the literature. Tito Livio in Ab Urbe Condita Libri, tells
the story of the Romanian soldier Horatius Cocles: during the war between
Rome and the Etruscans, Horatius Cocles performed a heroic act by saving
the city. To thanks him, the population build a statue for him and he was
provided as much of the public land as he himself could plow around in one
day with a yoke of oxen. In this case, there is no evidence on Horace Cocle’s
choice, but again we can recognise the same isoperimetric problem as Dido:
which is the largest land among those having fixed perimeter?

Incidentally let us mention that Dido’s problem inspires also the Danish
author Saxo Grammaticus, who lived in the 12th century and tells the story
of Iwar Lodbrok, son of the legendary danish king Ragnar Lodbrok. After
the death of Ragnar, Iwar asked for a compensionation for the father’s death
and the king Alla of Northumbria gives to Iwar a piece of land which can be
demarcated by a bull’s hide. Iwar adopts the same strategy as Dido, cutting

the hide into thin strips, gluing them together and forming a rope, which he
then uses to demarcate a circular piece of land.
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A Shape Optimization problem

Clearly the three previous examples are related to the same question: which
is the planar domain that mazximizes the area among sets of fized perimeter?
or in formulas

max | where A={Q c R?: Q measurable, Per(Q) = L}, (1)
for a certain L > 0, where |-| and Per(-) denote the measure and the perimeter
of the set, respectively.

Despite being known (intuitively) by Greeks, the proof of the optimality
of the circle comes only in 19th century due to the works of Steiner. Let
us underline that Steiner shows that the only possible maximizer of (1) is the
circle without proving that problem (1) admits a maximizer, which was proven
only in 1901 by Hurwitz in [Hur01].

Clearly problem (1) has a natural generalization to n > 3:

max 1Y) where A ={Q CR": Q measurable, Per(2) = L}, (2)
€
or equivalently

2

—_—. 3

GeA Per(Q) 3)

Let us underline that (3) is just the scaling invariant version of problem (2),
indeed we can notice that

n—1 n—1
n

e [0
Per(tQ) ¢+ Per(Q) Per(®)

vt > 0.

In the 50s De Giorgi introduce a notion of perimeter and thanks to this, he
was able to solve problem (3) proving that the optimum is the n-dimensional
ball, so it holds

n—1
Q" 1
<

n—1
Q™ VO C R", Q measurable.
Per(Q) - (nwn)% | -

(4)

<= Per(Q) > (nwn)%

Equation (4) is known in literature as isoperimetric inequality.

The problem (2) (or equivalently (3)) is an optimization problem in which
the functional to maximize is defined on a class of subsets of R". In the
following decades, the interest in these type of problems grows up: find the
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8 Introduction

shape to give to an object in order to reach the most resistant, the most
efficient, the lightest or the cheapest is a interesting and challenging problem
in a variety of physical and engineering situations. These applied motivations,
combined with the theoretical interest after De Giorgi’s work, leads to the
birth of a new mathematical topic, the Shape Optimization.

A Shape Optimization problem can be written as follows: let A be a class
of subsets of R" and let 7: A — R be a functional, then we are interested in
the following minimization (maximization) problem

in F(2 F(2) ). 5
wiy 7)oy (@) 5)
A set Q in the class A is called admissible set or admissible shape and F' is
usually referred to shape functional.

By a mathematical point of view, in the study of a problem as (5) some
questions naturally arise.

o Proving the existence of a solution: the existence of optimizer depends on
the topological properties of the class A and on the continuity property
of the functional F with respect to the topology of A.

o Writing necessary and sufficient condition that the optimizer satisfies,
using the so-called shape derivative of the shape functional F.

o Finding geometric properties that the optimizer verifies: connectedness,
convexity, symmetry, regularity (or singularity).

e Compute the optimal shape.

Despite the fact that (3) is canonically referred as isoperimetric inequality,
nowadays, with some abuse of nomenclature, any inequality that expresses the
optimality of a certain functional under some geometric constraint, e.g.

FQ) > FOQ)  ¥Qe A (6)

where % is the optimal set, is called isoperimetric inequality.
When an inequality like (6) holds, one can ask the following questions.

1) If Q2 is “close” in some sense to 2%, can we say that F(€2) is close to F(2*)?

2) Viceversa, if F() is close to F(2*), can we say that €2 is “close” in some
sense to 2*7



First of all, to properly state the 1 and 2 we need a function G: AxA — R,
which “measures the distance” between two sets, i.e. that satisfies

GO =0 and  G(Q,0) =GR, Q) VU, Qe A

Question 1 can be mathematically rephrased as it follows.
Denoting with Q* the optimizer for a certain functional F in the class A,
we want to prove that for any 2 € A it holds

F(Q) — F(Q") < G(2,07). (7
Dually, question 2 consists in showing that for any €2 € A it holds
F(Q) — F(Q") > G(2,0"). (8)

Some examples

Let us present other examples of Shape Optimization problems.

In 1894, in [Ray45] Lord Rayleigh studied the vibration of certain elastic
bodies. In particular he conjectured that, among all membranes fixed at the
boundary of given area, the circular one has the lowest fundamental frequency
of vibration. By an engineerical point of view, this conjecture ensures that, in
the building of a drum, the shape with minimal surface (i.e. minimal cost of
production) to achieve a certain frequency is the circular one.

By a mathematical point of view, the fundamental frequency of a membrane
fixed at the boundary is the smallest A > 0 such that the following problem
admits a non zero solution in Hg (£):

{ éu Au  in §) ©)
u=20 on 01},

where A denotes the Laplacian operator, Au = Y"1 | % Such a A is called
first Dirichlet eigenvalue and it is denoted as Ap(€Q).

The conjecture was proven almost 30 years later indipendently by Faber,
[Fab23], and Krahn, [Kra25], by means of symmetrization techniques. In a

mathematical framework, it can be stated in a scaling invariant way as

Ap(Q)|Q* > Ap(B)|B|*,  ¥QCR", Qopen, |Q| < +00,  (10)

where B is a ball. Moreover, equality in (10) holds if and only if € is equivalent
to a ball.



10 Introduction

Another relevant example of shape optimization problem is the one related
to the de Saint Venant principle. Let us consider a cylindrical bar of a certain
material and let us call € its cross section, if we apply a torque at the ends of
the bar, the bar will offer a certain resistance to the torque depending on the
shape of Q. In elasticity theory, such a property is called torsional rigidity.

Mathematically, the deformation of a bar due to the application of a torque
can be studied through the so-called warping function: when the cylindrical
bar is twisted by couples applied at the ends, all the cross-sections of the bar
(equal to Q) are subject to a warping that is the same for each cross-section.
It can be proven (see [TG51, §90]) that denoting with u the warping function,
up to a multiplicative constant, it satisfies

(11)

—Au=1 inQ
u=>0 on 01,

and the Torsional Rigidity is given by

T(Q):/Quda:. (12)

With the same spirit as before, one may wonder which one is the shape having
the maximal torsional rigidity among sets having prescribed measure, i.e. to
maximize the functional (12) in the class of sets having fixed measure. In
1856 de Saint-Venant ([Sai55]) conjectured that the optimal shape in order to
maximize the torsional rigidity is the circle. This conjecture took almost one
century to be solved by Polya in [P6148] and then Makai in [Mak66] provides an
alternative proof to Polya’s and gives another estimate, stronger than Polya’s
one. In a scaling invariant form, the de Saint-Venant principle can be stated
as n+2 n+2

TQ)Q™ ™ <T(B)B|” ™ vV C R",  measurable, (13)
where B is a ball.

The eigenvalue and Torsion problem presented above are both boundary
value problems of Dirichlet type, i.e. in (9) and (11) the function u has to
be zero at the boundary. One can ask for different boundary conditions, for
instance the Neumann and the Robin boundary conditions are respectively

ou ou

— =0 and — =0

Ov " v +hu=0,
where 8 € R, usually S > 0. Robin boundary conditions are a sort of inter-
mediate case between Neumann and Dirichlet boundary conditions: indeed,

10



11

for B = 0 we have Neumann boundary conditions, while formally sending
8 — 400 we recover Dirichlet boundary conditions.

These boundary conditions are used to model different types of physical
and engineering situations. The Dirichlet boundary conditions are used in the
case in which the function is “fixed” at the boundary, e.g. the elastic mem-
brane presented above. The Neumann boundary conditions are used in case
there is no flux exiting from 2, e.g. in the case u denotes a temperature,
% = 0 means that the € is perfectly insulated. The Robin boundary con-
ditions model the intermediate case among Dirichlet and Neumann in which
the value of the function at the boundary depends on the normal derivative
of the function itself, e.g. if u denotes the temperature, the Robin boundary
conditions describe the case in which part of the heat flux is absorbed at the

boundary.

Structure of the thesis

The aim of the thesis is to study some problems in shape optimization. In
particular we will present some techniques to face such a kind of problem,
like the rearrangements. We will introduce and present the properties of rear-
rangements in Section 1.2 but roughly speaking, given a function f: 2 — R, a
rearrangement of f is any function whose superlevel sets have the same mea-
sure as those of f; so by Cavalieri’s principle, a rearrangement of f has the
same LP norm as f for any p > 1. Above all, given a function f we can con-
struct its Schwarz decreasing rearrangement of f, that is the rearrangement
having as level sets, balls centered at the origin.

The interest in this topic stems from the pioneering work by Talenti [Tal76],
in which the author prove the following result: let  C R" a measurable set,
f € L?(Q), v and v denote respectively the solutions to the following problems

{—Au =f inQ and {—AU =ff inQf (14)
u=20 on Of) v=0 on O,

where, through the whole thesis, Qf will be the ball centered at the origin
having the same measure as €2; then it holds

uf(z) < v(x) Ve € QF. (15)

For sake of completeness, in [Tal76] the author consider a generic elliptic op-
erator L and compare the solution to Lu = f, u € H}, with the solution to
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12 Introduction

—Av = f* v € H}, on the ball. Second problem in (14) is usually referred as
the symmetrized problem of the first one and results of such a kind, in which
one is able to compare some LP norm of a problem with the same LP norm of
the symmetrized problem, are called Talenti comparison results or comparison
results a la Talenti.

We underline that formula (15) also implies

lull o) < 101l Lo (o) Vp > 1.

So in particular, choosing f = 1, (15) implies the Saint-Venant inequality (13)
and it is possible to show that it implies the Faber-Krahn inequality (10) too.

Because of the flexibility of the proof technique and the powerful results
which it gives, a huge literature has formed on the subject. It is impossible
to make a comprehensive list of all the results, let us just mention the one by
Talenti himself [Tal79] in which the author deals with nonlinear operator in
divergence form and the one by Alvino, Lions and Trombetti [ALT89] in which
the authors study both the elliptic and the parabolic case.

The previous works regard Dirichlet boundary conditions and for more
than 40 years, there were no results regarding Robin boundary conditions, up
to [ANT23] when Alvino, Nitsch and Trombetti consider the following two
problems

—Au=f in —Av = ft in Qf

and 16
%—i—ﬁuzo on 0f) @—i—b’v:o on 90, (16)
v 191%

where Q is a Lipschitz domain and f is a non-negative L? function. They were
able to establish the following comparison

n

lull ey < 1ol ea s VO<k<——
n

n —4’

ull 2k 20y < VIl p202¢0x) VO<k< 3

where |||/ ;. is the so-called Lorentz norm, see section 1.2 for its definition.
Furthermore the authors prove, for n = 2 and f = 1, the following pointwise
comparison:

uf(z) < v(x) a.e. in QF.

One can find generalizations of [ANT23] to the anisotropic case, the Hermite
operator and for mixed boundary conditions respectively in [San22; CGNT23;
ACNT21].

12
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In Chapter 2 we will discuss the generalization of the result in [ANT23] to
the non-linear case.

Specifically let €2 be a a Lipschitz domain, f € Lpl(Q) be a non-negative
function and 8 > 0. We consider the following problem

—div(|Vul"*Vu) = f in Q
(17)
[Vul~ 28 ~+ Blu P2u=0 on 09,

where Aju = div(|Vu|p72Vu), p> 2.
We want to establish a comparison principle with the solution to the fol-
lowing symmetrized problem

—div(|V|[P* Vo) = f* in O
(18)
Vo[~ 28 —+ Bl v =0 on 9,

and we prove the following ([A(ABQ]):

Theorem. Let u and v be the solutions to problem (17) and (18) respectively.
Then we have

n(p—1)
lull e ) < vl e e VO<k< =T’ (19)
n(p—1)
[ull oro @y S NVl Lorn o) VO<k< n—2p+n (20)
We observe that from Theorem 2.1.3, p > n, it holds
”uHLl(Q) < ||U||L1(m) and HUHLP(Q) < ||UHLp(m)'

Moreover, in the case f = 1 we get a stronger comparison between u# and v:

Theorem. Assume that f = 1 and let uw and v be the solutions to (17) and
(18) respectively.

(1) Iflgpgﬁthen

uf (z) < v(x) x e QF (21)
LN n ’n(p 1)
<
(i7) if p > — and 0 <k nlp—1) , then

lull ey < NIVl e ey
LE1(Q) Lk 1(Qf) (22)

HUHLMJ)(Q) < H’UHLPMP(Qﬁ)-

13



14 Introduction

We observe that for f = 1, we have that
lullpr ) < llvllpiey  and  lull gy < 0l s (23)

The first one inequality in (23) can be seen as the p-Robin version of the
Saint-Venant inequality (13). We recall that, the result by Talenti implies
Faber-Krahn inequalities. In the same manner, we can prove an inequality for
the first Robin p-Laplacian eigenvalue, i.e.

/|Vw|pdac+ﬁ/ w]? dH @
App(©) =  min (24)
’ weW P (Q) / wl? d

w#0
and, as corollary of Theorem 2.1.3, we have the following
Corollary. If p > n, it holds
Xp,5(Q2) 2 Ap,s (). (25)

In literature (25) is usually referred as Bossel-Daners inequality, because
it was firstly proven for the Laplacian case in [Bos86; Dan06], then generalized
to the p-Laplacian in [BD10]. An alternative proof to the one by Bossel and
Daners can be found in [BG10] and a generalization of this result in [BG15].
Actually, the results in [BD10] are more general, since they hold for every
p > 1, but they are obtained with completely different tools than the ones
contained in our paper.

In the second part of Chapter 2 we will prove a comparison result for
variable Robin boundary condition, i.e. when 5 = f(x). Specifically, we
generalize the result contained in [CGNT23] considering the following problem

—div(|Vu"?Vu) = f()|z]"  nQ
e au (26)

V"™ ==+ Bl NulP 2u=0 on o,

where €2 is a bounded and LlpSChltZ set such that 0 ¢ 9. We will also assume

p=>n (H1)

—n<f<0 (Ho)

= langfﬂ(x) >0 and M = sgg) B(x) < +o0 (Hs)
0< flz) € L7 (Q |2| dx), (Ha)

14
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where p’ = £+,

We will discuss them in details in Section 1.3, but we can say that hy-
potheses (H;) and (F>) ensure the validity of certain isoperimetric inequalities,
where two different weights (which are suitable powers of the distance from the
origin) appear in the perimeter and in the area element, respectively (see, e.g.,
[Howlb; CHI15; DHHT12; BBMP99; Csalh; ABCMP17] and the references
therein). Indeed we need to use, in place of the more common Schwarz sym-
metrization, some weighted rearrangement, based on these “double density”
isoperimetric inequalities.

Now we need to construct the so-called symmetrized problem. That is a
radial problem, of the same type of (26), whose solution will estimate the one
to problem (26).

To this aim we introduce, with some abuse of notation, the set Qf which is
the ball centered at the origin of radius ¥, with rf such that

9= [ fol do= [ Jaf'do= |0,
Ot Q

and the function f*(z) defined by the following relation
|{£U € Q:|f(x)] > t}’e = |{:v eQ: fiz) > t}|é for a.e. t > 0.
Our symmetrized problem is the following

—div(|VoP? Vo) = fi(z)z|°  in QF

9 e (27)
Vo2 2 4 BT o’ 20 =0 on 99,
ov
where _ ,
F=int Bl 7 >0, (28)
since 0 ¢ 9Q and Hj holds. From the (28), it immediately follows that
~
Bz) > Bla|¥ . (29)

So we prove the following theorems ([ACG24]), see Section 1.3 for the definition
of H'||Lp(9,|mwdm)~

Theorem. Assume that hypotheses (H1)-(Hy) are in force and let u and v be
the solutions to problems (26) and (27), respectively. Then we have

L L
oy = [ Ju@lelda < [ fo@lel” do = Foll s oy (G0

15



16 Introduction

and
P _ P, ¢ Pl 7, P
4 0y = [ 1@l < [ [o@)Plel e = 1ol gy (31)

As before, if f(x) is constant we get a stronger result, namely a pointwise
comparison between uf and v.

Theorem. Assume that hypotheses (Hy)-(Hy) are in force and suppose that
f@)=1in Q. If eitherp=n=2orifp>2,n>2 and

-n
< — -
/< —n-+ b2 (32)
then
uf(z) < v(x) xeQf (33)

where u and v are the solutions to (2.28) and (27) respectively.

We can define the first eigenvalue of p-Laplace operator with the boundary
conditions as in (2.28) as the minimum of the following Rayleigh quotient

/ Vol do + / B(a) [P dH" !
Ap,,@(x) (Q) = Hllin Q 090 .
VWL @) /Q PPl de

Finally, we are able to prove the following Faber-Krahn inequality (see also
[BGT19; Csals; FK15; FNT13] and the references therein).

(34)

Theorem. Assume hypotheses (H,)-(Hs) and let 3 be the constant defined in
(28), then we have

Chapter 3 is devoted to the study of a particular type of rearrangement,
the gradient rearrangement. The starting point of our work is the result by
Giarrusso and Nunziante [GN84]: the authors, following the idea of Talenti,
consider the following Hamilton-Jacobi problems
{H(Vu) =f ae inQ (35) {K(|Vv|) =f; ae. in QF (35b)

u=0 on 0f) v=20 on OQF

where H: R" — R and K: R — R are measurable functions, u,v € Wy (Q)
and f; is the increasing rearrangement of f (see Section 1.2 for its definition).

16
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In particular, under suitable assumptions on H and K, it is proven ([GN84,
Theorem 2.2]) that whenever u, v are solutions to (35a) and (35b) respectively,
then

[ullpr ) < vl g s (36)

In [ALT&9] the authors study the problem of maximization of the L7 norm
among functions with prescribed gradient rearrangement. Precisely, the fol-
lowing cases are considered

. 1§q§n"—_ppifp<n,
e 1<g< +xifp=mn,
e 1< g < +0ifp>n,
and for a fixed ¢ = p* € LP(0,]9]), they define

1(@) i=sup { vl 0 + Vel < fae in Q0 e WP (@), f 20, f* ="},

and they proved that there exists v, g spherically symmetric functions on f
such that g* = ¢,
[(Qﬁ) = ||v||LCI(Qﬁ)7
hence
veWyP(Q), v>0, |Vu|=g  ae in Q.
Moreover I(92%) > () for all open sets € in R™ such that [QF] = |].

Let us mention that in [Cia96] the author proved a representation formula
for the function g, the existence of which was proved by Alvino, Lions and
Trombetti in [ALT&9].

In the first part Chapter 2 we extend the validity of (36) for Sobolev
functions with non zero trace ([AG23]).

Theorem. Let Q C R" be a bounded, open and Lipschitz set and let u €
WLP(Q) be a non-negative function. If we denote with QF the ball centered at
the origin with same measure as ), then there exists a non-negative function
u* € WHP(QF) that satisfies

[Vu*| = |Vuly(z)  a.e in QF

/ wdM" ! (37)
_ JoQ
u* = m on 89’1
and such that
ull Ly ) < 1wl ey (38)

17



18 Introduction

As a consequence of the previous theorem, we have the following

Theorem. Let Q@ C R™ be a bounded, open and Lipschitz set. Let f € L*(2)
be a function such that

1\1 [
roz(1-2)7 [rees wepol (39)
njt 0
If u € WYP(Q) and u* is the function given by previous theorem, then we have

/ f(@)u(z)dx < fHx)u*(z) d. (40)
Q ot

While the literature concerning rearrangements in Sobolev spaces is ex-
haustive, to our knowledge, results on BV functions are rarer. One of the
most relevant papers in this framework is [CF02] where the authors extend
the validity of Polya-Szegé inequality to BV functions. More specifically, they
proved that if u € BV(R"), then its Schwarz rearrangement u® (see Section
1.2 for its definition) belongs to BV(R") and it holds [CF02, Theorem 1.3]

|Duf|(R™) < | Dul(R")
|D*uf|(R") < |D°ul(R") (41)
|DVaf|(R") < [Dlu|(R"),

where D® and D! denote respectively the singular and the jump part of the
gradient (see 1.4 for their definitions). There is no analogue of (41) for the
absolutely continuous and the Cantorian part of the gradient, i.e. in the sym-
metrization procedure the total variation of D* and D° can be increased, as
shown in the example given in [CF02].

In [AGNT24], we introduce a symmetrization that keeps the absolutely
continuous part separate from the singular part (sum of jump and Cantorian
part) of the gradient. To be more precise, we define the radial function u* €
WHL(QF) N BV (QF) N L (QF) such that

[Vur|(z) = [Vuly(2) a.e. in Qf
1 : (42)
u*(z) = |D3u|(R™)  on 09QF
Per(Q%)

where V®u will be defined in Section 1.4.
In second part of Chapter 3 we prove the following Theorem ([AGNT24]).
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Theorem. Let Q C R™ be a bounded open set with finite perimeter and let
QOF be the centered ball. Assume that u is a non-negative function belonging to
BVo(Q) and assume that u* is defined as in (42), then

ull 2y < Il -

We will also present some applications of the previous results. In particular,
we will consider

e a Robin torsional rigidity problem

\Vw|? dz + BPer(Q) w? dH" !
L = inf v 99
T(Q,0) weHY(Q) ( 2 ’
/ wdm)
Q
where 3 > 0;

e a penalized torsional rigidity problem

Tr(Q,A) :=— inf ( /|V’l/)| dz /|w|d$+A|{|v¢|¢0H>

YeHL(Q)
where A > 0;

¢ a torsional rigidity related to thermal insulation

1 st (f i)
Tom) v (/ |1/)|d1:>

where m > 0.

)

We will prove Saint-Venant type inequalities:
T(Q,8) < T(OF, B)

T#(Q,A) < Tx(QF, A)

Tg(Q, m) < Tg(Qﬁv m)

In Chapter 4 we will deal with two shape optimization problems for eigen-
values where the class of admissible sets is the class of convex sets.
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20 Introduction

Firstly, in [AGM24] we face a problem related to the Robin-Laplacian eigen-
values, defined in (24), with positive and negative boundary parameter. We
recall that for § = 0, we have Neumann boundary conditions.

As mentioned above, for 5 > 0 Bucur and Daners in [BD10] proved that
among sets having prescribed measure, the ball has the minimum Robin p-
Laplacian eigenvalue, i.e.

Aps(Q) >N, 509 VQ C R, Q Lipschitz. (43)

Once one has (43), one can ask what if we change the constraint, e.g. we
fixed the perimeter of the set 2. The following rescaling property of the Robin
eigenvalue (see [BFK17])

)‘p,ﬁ(tQ> < Ap,ﬁ(Q) < )‘p,B(Q) vt > 1,

| =

gives a Faber-Krahn type inequality for fixed perimeter
Ap.s () > Ay, (%) vQ C R"™, Q Lipschitz, (44)

where * is the ball with the same perimeter as 2.

When an equation like (44) is in force, one can ask if a continuity bound
holds, as in (7). We positively answer to this question giving the following
continuity estimate in terms of the isoperimetric deficit ([AGM24]):

Theorem. Let S be a positive parameter. Let  be a bounded, open and
convez set in R™ and let Q* be the ball, centered at the origin, such that
Per(Q) = Per(Q2*) = p. Denote by Ay () and A, g(2*) the first eigenvalues
of the p-Laplacian operator with Robin boundary conditions respectively on )
and 2, and by v a positive eigenfunction associated to A, g(£2*), then

1

M) = A () T
. d <C(n,p, B, 1———r 45
A5 () = Clnpbr) Per(2)7—1 (45)
' ' inR" _ Il
where wy, is the measure of the unitary ball in R™, and C(n,p, B, p) = B
v
P

Formula (45) can be seen as a generalization of the result contained in
[BNT10] for the Dirichlet p-Laplacian eigenvalue.

When § is a negative parameter, the authors in [BFNT19] proved a reverse
Faber-Krahn inequality for the first eigenvalue of the Robin-Laplacian among
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convex sets of given perimeter. In particular, they proved that among convex
sets of given perimeter the ball 2* maximizes the first Robin eigenvalue of the
p-Laplacian, i.e.

)‘pﬁ(Q) < Ap,ﬁ(Q*)~ (46)

For completeness’ sake, we quote that in [AFK17], the authors already proved
that the disk maximizes the first eigenvalue under a perimeter constraint,
among C? domains in R?, while the question remained open in arbitrary di-
mension.

This question is related to the conjecture of Bareket (see [Bar77]) claiming
that the ball maximizes A, g(€2) among all Lipschitz sets with given volume.
counter-example based on the asymptotic behavior of the eigenvalues on a disk
and an annulus of the same area when 3 — —oo. They also proved that among
sets of area equal to 1, the conjecture is true, provided 3 is close to 0. For
more details see [Henl7].

In [CL21] the authors proved a quantitative version of the reverse Faber-
Krahn (46) in the case p = 2 among convex sets of fixed perimeter following
the Fuglede’s approach introduced in [Fug89].

In Chapter 4 we recover the result in [CL21] obtaining a quantitative ver-
sion of (46) for all p € (1, +00), but using a different approach. Indeed, follow-
ing the method introduced by Payne and Weinberger in [PW61], we establish
a comparison using the so-called parallel coordinates method. In particular,
we firstly prove a lower bound in terms of perimeter and measure of €2, that is

Theorem. Let 8 be a negative parameter. Let Q) be a bounded, open and
conver set in R™ and let Q* be the ball, centered at the origin, such that
Per(Q2) = Per(Q2*) = p. Denote by Ap 3(2) and A, g(2*) the first eigenvalues
of the p-Laplacian operator with Robin boundary conditions respectively on €2
and %, and by v a positive eigenfunction associated to A, g(2*), then

1
Ap,a(E¥%) — A 5(2) nm w9
- ’ >C n,p, P, - TS AN ) 47
5 ()] > C(n,p,B,p) Por(Q) 7T (47)
, , o v 1]
where w,, is the measure of the unitary ball in R™, and C(n,p, 3, p) = o]
v
P

with v, = r?)i*nv.
Then we prove the quantitative result as in [CL21].
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Theorem. Letn > 2, p > 0 and f < 0. Then, there exist two positive
constants C(n,p, 8,p) > 0 and do(n,p, B,p) > 0, such that, for all Q C R"
bounded and convex with Per(QY) = p and A, g(2*) — A, g(Q) < o, it holds

/\Pw@(Q*) - AP:B(Q) Z C(nvp’ ﬁ’ p)g(-A;-l(Q))? (48)

where Q* is a ball with the same perimeter of 1, Aj, is the Hausdorff asym-
metry defined in (1.23) and g is defined in (1.26).

In the second part of Chapter 4 we focus on a problem for the Neumann
Laplacian. Let Q C R™ be a bounded, open and convex set, we consider the
following Neumann-Laplacian eigenvalue problem

—Au=pu in
@ =0 on 09
ov
where v is the outer normal to €2.
Because of the assumptions on ), the embedding of H*(Q) into L*(Q) is

compact, hence the Neumann-Laplacian is compact, its spectrum is discrete
and the eigenvalues goes up to infinity,

(49)

0=p0(Q) < u1(2) <p2() < ... > +oo.

By classical variational methods, each eigenvalue can be characterized with
the following formula

/Q |Vul? da 0

where the minimum is taken over all the k-dimensional subspace of H'({2)
that are L2?-orthogonal to the constant functions.
Let us highlight that for k = 1, (50) reads as

/|Vv|2dx

11 () = min QisveHl(Q),/vd:c:O . (51)
/v2dx @

Q

The spectrum of the Laplacian is widely studied in the literature. Indeed, since
the exact values of the eigenvalues (and the corresponding eigenfunctions) are
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know only for a small class of domains, a central question in spectral geometry
is related to find bounds on the eigenvalues in terms of geometrical quantities.
The first result in this direction involves the measure of the domain. More
precisely, since

pk(tQ) = 2 (Q) Yt >0,

a natural question regards the following maximization problem
sup{ul(ﬂ)m\% : Q CR", Q open, bounded and Lipschitz }. (52)

This problem was solved by Szegé ([Sze54]) for planar and simply connected
domains while Weinberger ([Wei56]) generalizes the result to any dimension
without topological restrictions, obtaining

1 ()| < iy (B)|B|* (53)

where B is the unitary ball in R”.

Following this path, in [GNP09] and [BH19] the authors proved an upper
bound for the second (non trivial) eigenvalue of the Neumann Laplacian re-
spectively for simply connected planar domain and in any dimension without
topological restrictions, obtaining

()™ < pa ()|, (54)

where * is the union of two disjoint balls. For higher eigenvalue even the
existence of maximizer of the quantity s (Q)|Q|% is an open problem. See
[BMO23] for an analysis of u () for k& > 3.

In this context of optimization of Neumann eigenvalues, another relevant
question regards the link between eigenvalues and diameter, see for example
[Kr699; TIM23] in which it it studied the following maximization problem

max {diam(€2)%,(2): Q@ C R", Q open, bounded and convex }, (55)

where diam(2) denotes the diameter of .
In the aforementioned works, the authors take advantage of the link be-
tween Neumann and the following Sturm-Liouville problem:

pe(p) = inf sup ] (56)

Ex 0#peEy

0
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24 Introduction

where the infimum is taken among all the k-dimensional subspace of H'(0,1)
that are L2-orthogonal to the constant functions with respect to p in [0, 1] and
p: [0,1] = R is a —<-concave function (see Section 1.6 for its definition).

In particular they prove that for any k,n € N there exists uj, , (see [HM23]

for the explicit value) such that

diam ()% () < ., v C R", Q open bounded and convex.  (57)

We point out that the previous inequality is sharp but not achieved: it is
asymptotically reached on a sequence of collapsing domains that converges to
a segment in the sense of Hausdorff (see 1.6 for the definition of Hausdorff
convergence).

Incidentally let us mention that the case k = 1 is also studied in [BNT16]
with a different technique, in particular the authors use a suitable test function
to prove the following inequality

diam(Q)? 1 (Q) < 4jg’1 vQ C R?, Q convex and bounded domain, (58)

where jo 1 is the first zero of the Bessel function Jy and jo,1 = pj 5.
We establish the following quantitative estimates of (57) (see Section 1.6
for the definition of John ellipsoid):

Theorem. There exists a constant C = C(k,n) > 0 such that for any Q C R"
open, bounded and convex set, it holds

* QQ
,uk(Q)< K. a2( )

= diam(Q)2  diam(Q)*’ (59)

where az(Q) is the second biggest semiazis of the John ellipsoid of Q and Hie
is the optimal upper bound given in [HM23].

We will prove the previous Theorem splitting the case k = 1 and & > 2
because for the first eigenvalue the proof is slightly easier but the main idea
of the two proofs is the same.

Moreover we prove the optimality of exponent 2 in dimension n = 2.

Theorem. Ezponent 2 in (59) is sharp for n =2 and k = 2.
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Chapter

Notations and preliminaries

1.1 Notations

Here and in the following, |-| denotes the n-dimensional Lebesgue measure of a
measurable set E, while H*(-), for k € [0,n), will stand for the k-dimensional
Hausdorff measure in R™. Unless otherwise specified, when we refer to measure
we mean Lebesgue measure.

Given Q C R" with finite measure, we will denote with Q# the ball centered
at the origin with the same Lebesgue measure, i.e. |Q| = |QF. We will refer
to QF just as centered ball. Unless otherwise specified, w, will denote the
Lebesgue measure of the n dimensional ball with radius 1.

1.2  Rearrangements

1.2.1 Some basic facts about rearrangements

We now briefly recall some notions about rearrangements. We refer for instance
to [HLP88; Kaw85; Kes006; Tal94a; Tal94b] for all the details.

Definition 1.2.1. Let 2 be a measurable set and let u: 2 — R be a measur-
able function, the distribution function of u is defined as

p: [0, +00) = [0, +00) u(t) =|({z € Q : |u(z)] > t})].
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26 1. Notations and preliminaries

It can be proved that
e u is a decreasing function in [0, +00);
e 4 is right-continuous;
¢ 11(0) = |supp u| and p(+o00) = 0;
o w(t7) =z e Ju(z)| > t}].

Definition 1.2.2. Let u: 2 — R be a measurable function, the decreasing
rearrangement of u is defined as

u*: RT — R u*(s) =inf {t >0 : p(t) < s}.
and the increasing rearrangement of u as
uy: [0,]9]] — RT u«(s) = u* (| — s).

It can be proved that
o u* (u.) is a decreasing (increasing) function in [0, +00);
e u* and u, are lower semi-continuous;
« whenever u € L>(2) u*(0) = ||ul o (q) and u*(t) = 0 Vt > |supp ul;
o w(190) = flull () and w.(t) = 0 ¥0 < 1 < || — |supp ul:

o u*(u(t)) <t for every non-negative t, u(u*(s)) < s for every non-negative
53
o u*(u(t)”) > t for every non-negative t, u(u*(s)”) > s for every non-

negative s.

Definition 1.2.3. Let u:  — R be a measurable function. The Schwarz re-
arrangement or the spherically symmetric decreasing rearrangement
of u is defined as

uf: R - Rt uf () = u* (walz]™),

where w,, is the Lebesgue measure of the unit n-dimensional ball.
Moreover the spherically symmetric increasing rearrangement of u
is defined as
uy: R" — RY ug(x) = s (wplz|™).
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1.2 Rearrangements 27

It can be proved that

u (uy) is non-negative, radial and radially decreasing (increasing);

u*, uy, ut and uy have the same distribution function as u, so by Cava-
lieri’s principle the L? norms are equal for every p, i.e. Vp > 1 it holds

HUHLp(m = Hu*”LP(O,|Q\) = ||uuHLp(m) = Hu*”LP(O,|Q\) = ||uﬁ||[,p(m)§
(1.1)

the Hardy-Littlewood inequality holds: for any u,v: Q CR" - R
i] ]
/ u(s)v*(s) ds < / lu(v)v(z)| de < / u*(s)v*(s)ds;  (1.2)
0 Q 0

the Polya-Szego inequality holds true [PS51]: if u € Wy (), then uf €
WyP(QF) and
”VUﬁHLP(m) < ||Vu||L:D(Q);

the operator which assigns to a function its symmetric decreasing rear-
rangement is a contraction in L? | see ([CP79]), i.e.

1f* _g*HLP([O,|Q\]) <If- 9||Lp(Q)- (1.3)

Let u,v: @ — R. Applying the Hardy-Littlewood inequality (1.2) to the
functions x{ju|>¢}, v, We get

w(t)
/ lv(z)|dx < / v*(s) ds.
{Jul>t} 0

1.2.2 Lorentz spaces

Now we introduce the Lorentz spaces.

Definition 1.2.4. Let 0 < p < +00 and 0 < ¢ < +00. The Lorentz space
LP4(Q)) is the space of those functions such that the quantity:

1
o dt\ ¢
p% (/ tqu(t)gt) 0<g<oo
0

sup (t*u(t)) q = 00,
t>0

191l Lp.0 =

is finite.
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28 1. Notations and preliminaries

Let us observe that for p = ¢ the Lorentz space coincides with the LP space,
as a consequence of the well known Cavalieri’s Principle

+oo
Lot =p [ ety
Q 0

See [Tal94a] for more details on Lorentz space.

1.2.3 Pseudo-rearrangements

Other powerful tools are the pseudo-rearrangements. Let u € W1P(Q) and let
f € LYQ), as in [AT78] Vs € [0, |Q[], there exists a subset D(s) C Q such that

1. |D(s)| = s;
2. D(s1) C D(s9) if 81 < s9;
3. D(s)={z € Q: |u(z)] >t} if s = pu(t).

So the function

f(z) de,

D(s)

is absolutely continuous, therefore it exists a function F' such that
/ F(t)dt = f(x)dx. (1.4)
0 D(s)

The following lemma holds, see [AT78, Lemma 2.2].

Lemma 1.2.1. Let f € LP for p > 1 and let D(s) be a family described above.
If F is defined as in (1.4), then there exists a sequence {Fy} such that Fy has
the same rearrangement as f and

Fo—~F  inL7(0,|9]]).

If f € L' it follows that
12 12|
lilgn Fi(s)g(s)ds = F(s)g(s)ds, (1.5)
0 0

for each function g € BV ([0, |]]).
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1.3 Weighted volumes 29

1.2.4 Rearrangement of the gradient

We recall the Theorem of Giarrusso and Nunziante ([GN84, Theorem 2.2]).

Theorem 1.2.2. Let Q C R" be a bounded open set, let QF be the centered
ball, let p > 1, let f: Q@ — R be a measurable function, let H: R" — R be
measurable non-negative functions and let K : [0,+00) — [0, +00) be a strictly
increasing real-valued function such that

0<K(yl)<H(y) VyeR"  and  K7'(f)eLP(Q).
Let v € WyP(Q) be a function that satisfies

H(Vv) = f(z) a.e. in)
v=20 on 0%,

denoting by z € Wol’p(Qﬁ) the unique spherically decreasing symmetric solution
to

K(|Vz]) = fy(z) a.e. in QF
z=0 on 00F,

then
1ol 1) < 120 qe)-

In [Mer97] the author characterizes the case of equality of (1.2.2).

Theorem 1.2.3. Let Q C R™ be a bounded open set, let v € Wy () be a
non-negative function. Denote by f(x) = |Vo|(z) and by w € Wy (QF) the
decreasing spherically symmetric solution to

|Vw| = f;.

If |[v]lpr = ||w|l,: then there exists zg € R™ such that Q = zo + QF, f =
fi(- +x0) and v =w(- + x9).

1.3 Weighted volumes

Here we recall some basic facts on weighted volumes and perimeters, and some
related isoperimetric inequalities. We refer to [ABCMP17; BBMP99; CH15;
Csalb; DHHT12] for more details.
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30 1. Notations and preliminaries

Definition 1.3.1. Let Q be a Lebesgue measurable subset of R"™ and let
e (—n,0) and k € (—n + 1,0). We define the ¢-weighted measure of 2 as

9= [ Jolda, (1.6)
Q
and the k-weighted perimeter of Q) as

/ lz|" dH™! i Qis (n — 1)-rectifiable
Pery(Q) = ¢ /o0

(1.7)
+o00 otherwise.
Here we assume that
p=>n (Hy)
—n<{l<0 (Hz)
where p’ = P
p—1

For this family of measures, an isoperimetric inequality holds true if &, ¢
and n are suitably related (see either [CHI15, Theorem 1.3] or [ABCMP17,
Theorem 1.1] case ii).

Theorem 1.3.1. If assumptions (Hy) and (Hs) hold true, then

Per (€2) > Per%(ﬂu), (1.8)

where QF is the centered ball with same (-measure as ).

Remark 1.3.1. Since %, and Perj(Q) can be explicitly computed, is it
possible to rewrite (1.8) in the following equivalent way

Lp—1)+(n—1)p

Perﬁ(Q) > YneplQ, T, (1.9)

where
£+p L(p—1)+(n—1)p
Tnp = (Nwy)?e+0 (L 4+n)~ 204D

and w,, is the Lebesgue measure of the unit ball of R".

Similarly to what was done in subsection 1.2, we introduce some notions
starting from the measure of the superlevel set of a measurable function.
Let u: © C R™ — R be a measurable function.
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1.3 Weighted volumes 31

o The weighted distribution function of u, pe: [0, +00) — [0, +00) defined
as
e = [{z € Q: |u(x)| > t}|[

o The weighted decreasing rearrangement of u, v*, that is the distribution
function of pg;

o The weighted rearrangement of u, denoted with u#, is the function whose
superlevel sets are balls with the same f-measure as the superlevel sets
of |ul|; more precisely

wt(@) = (|Bia],) = v (meH"),

where Bj; is the ball centered at the origin having radius |x|.

e If 1 < p < +o0, we define the space LP(1, |x|édac) as the space of all
measurable functions such that the following quantity

e P
ol o oy = ( [ turla dx) 7

e If 0 < p < 400, 0 < ¢ < 400, we define the weighted Lorentz space
LPa(Q, |£U|l dz) as the space of all measurable functions such that the

following quantity
1 oo a
p? </ ()
0

sup (t7 g (t)) if ¢ = +oo,
>0

is finite.

~I5

1
q

> if0<g¢g<+o0

HUHLP,Q(QJI‘Z dz) =

(1.10)
is finite. If p = ¢, by Cavalieri’s principle, the space LPP(£Q, |x|é dx)
coincides with LP(Q, |z|* dz), indeed it holds

+oo
/Iglplwlzdl":p/ = tu(tydt  Vp>1.
Q 0

If u € LY(9, 2| dz) is a non negative function, then we have the following
Hardy-Littlewood inequality

|El,
/ u(ac)\gdZ dx < / u*(s)ds VE C Q. (1.11)
E 0
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32 1. Notations and preliminaries

Furthermore, the following Rellich-Kondrakov theorem holds.

Theorem 1.3.2. If Q is a bounded and Lipschitz domain of R™, p > n and
—n < € <0 then WHP(Q) is compactly embedded in LP (S, |z|" dz).

1.4 @ Functions of Bounded Variation

Let us summarize some basic notions concerning BV functions. We refer for
instance [AFP00; CF02; EG15] for more details.
Let © will be an open set of R”.

Definition 1.4.1. A function u € L' () is said to be a function of bounded
variation in € if its distributional derivative is a Radon measure, i.e.

/ u&p dx = / pdD;u Vo € CF (),

with Du a R"-valued measure in Q. The total variation of Du will be denoted
with |Dul.

The set of functions of bounded variation in € is denoted by BV(Q2) and it
is a Banach space with respect to the norm |[ul[gy(q) == [[ull 11 () + [Dul().

Definition 1.4.2. Let F be a Lebesgue-measurable set. The perimeter of
FE inside () is defined as

Per(E,Q) := [Dxg|(Q),

and we say that E is a set of finite perimeter in Q if xg € BV(Q). If
Q =R", we denote Per(E) := Per(E,R").

It is also worth mentioning the isoperimetric inequality for sets of finite
perimeter.

Theorem 1.4.1 (Isoperimetric inequality). Let E C R™ be a bounded set of
finite measure. Then it holds

n

n -1
|E| <n~ »Twy, "' [Per(E)]"T.

By the Lebesgue decomposition Theorem, each component of Du can be
decomposed with respect to the Lebesgue measure £, namely

D;u = Diu+ Diu with Diu< L™, Djul L"
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1.4 Functions of Bounded Variation 33

and
D?u = fz L ﬁn,

for some f; € L'(Q). So, defining

ou a ou ou s (s S
oz, = fi, Vu_(axl7...’[m> andDu—(Dlu,...,Dnu),

we can write
dDu = V?ulL L" + dD%u.

Clearly it holds
|Dul(A) = |Du|(A) + |D*ul(A) =/ V&l dz + [ D*u[(A),
A
for every Borel set A C €.
Let us recall the Fleming-Rishel formula (see [FR60] or [EG15]):

Theorem 1.4.2 (Fleming-Rishel formula). Let & C R"™ be an open set and
let f € BV(Q), then for almost every t € (—oo,400) the set {f >t} has finite
perimeter in  and it holds

+o00
IDFI(Q) :/ Per({f > 1},Q) dt. (1.12)

— 0o

Moreover if f € LY(Q) and

/+°O Per({f > t},Q) dt < +o0,

— 00

then f € BV(Q) and consequently (1.12) holds.
Furthermore if f is Lipschitz and u: 2 — R is a measurable function, then

it holds
u(z)|Vflx)de= | d w(y) dH" 1 (y). 1.13
/Q (z)|V f ()] /R t/(mel(t)) (v) (v) ( )

Formula (1.13) is known in literature as coarea formula. We refer to
[FR60; EG15] and [AFP00; Mag12] for the proofs of (1.12) and (1.13) respec-
tively.
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34 1. Notations and preliminaries

1.5 A Gronwall’s Lemma

Lemma 1.5.1 (Gronwall). Let 7y € (0,+00), let £(t) : [10, +00[ = R be a con-
tinuous and differentiable function satisfying, for some non negative constant
C, the following differential inequality

() < (p-DETM)+C VT >7>0.

Then we have

(i) £(r) < (5(70) + p(_jl) (T>H - % Vr > 7o;

(i) €(r) < (L2 E) (T)” vr > m,

70 70

Proof. Dividing both sides of the differential inequality by 7P, we obtain

(S -0-0%)) - (43) <5

Now, we integrate from 7y to 7 and we obtain

[ GR) s [ S

— ¢ < (g + -5 (T)p_l -

which gives (%).
In order to obtain (i), we just take into account (i) in the differential inequal-
ity. O

1.6 Convex geometry

Here we recall some basic facts about convex sets. For more details we refer
to [GW93; Sch13].
First of all, we say that Q is convex if for any z,y € Q and ¢ € [0,1], it
holds
tr+ (1 —t)y € Q.
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1.6 Convex geometry 35

Because of the convexity assumption, 02 is locally the graph of a concave
function, so 2 has Lipschitz boundary and it holds Per(2) = H"~1(952).
We will denote by diam(Q2) the following quantity

diam(Q) = sup |z — y|.
z,yeN

Definition 1.6.1. Let Q C R" be a bounded, open and convex set. The
support function of 2 is defined as

ga(z) = sup (w, z) z € R"™. (1.14)
weN

When restricted to the circle S*~!, the value of the support function of
a convex set in a point z represents the distance between the origin and the
support hyperplane having z as outer normal. If the origin belongs to €2, then
gq is non-negative and go(z) < diam(Q).

Given a bounded convex set Q@ C R", is it possibile to define its John
ellipsoid (see [Guz75; Johl4]) E such that

ECQCnE.

Let us recall the definition of e-cone property.

Definition 1.6.2. Let x be a point in R", v € S®~! and £ > 0. We define the
cone with vertex z, direction v and dimension ¢ the following set

C(z,v,e) ={yeR": (x —y,&) > cos(e)|lzr —y|, and [z —y| <e}. (1.15)

Definition 1.6.3. We say that an open set Q@ C R" satisfies the uniform
e-cone property if

Vz € 00 v, € S" ! such that Vo € B(z,6)NQ, it holds C(z,v.,e)\{z} C Q.

1.6.1 Brunn-Minkowski theorem and profile function

An important property of convex sets is contained in the following theorem,
see [GW93; Schl13].

Theorem 1.6.1 (Brunn-Minkowski inequality). Let Q1, Q9 C R"™ two compact
convex sets with non empty interior, then for each 0 < X <1 it holds

L7 + (1= N)2) ™ > AL ()T + (1= N)L ()7, (1.16)

where - + - denotes the Minkowski sum among two sets.
Moreover equality in (1.16) holds if and only if Q1 and Qo are homothetic.
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36 1. Notations and preliminaries

Let © be a open, bounded and convex set in R", 1 < j <n —1 and let us
define for each z € R’

S, ={z' eR" 7 : (z,2') € Q}.
Let w C R™ be the projection of 2 onto the first j variables, so we can define
pi(z) =H"7 (S, NQ) Vo € w.

In case j = 1, the function p is usually referred as the profile function of .
We will need the following definition.

Definition 1.6.4. Let p be a non negative bounded function, we say that p is
a-concave if a > 0 is the largest number for which p® is concave (note that
if p is concave for some « > 0, then p** is concave for any 0 < a; < ).

As consequence of the Brunn-Minkowski inequality 1.6.1, we have the fol-
lowing corollary.

Corollary 1.6.2. Let Q C R" be a convex set and p; defined as above. Then

Cgg —L
pj 18 5= -concave.

1.6.2 Hausdorff distance

Now we introduce the Hausdorff distance. For more details we refer to [HP18,
Section 2.2.3].

If E,F are any two convex sets in R" the Hausdorff distance between F
and F is defined as

dy(E,F):=inf{e¢>0: EC F+¢eB, F C E+¢eB},

where B is the unitary ball centered at the origin. If a sequence {Q, } converges

in the sense of Hausdorff to a set 2, we will write i> Q.
We recall the following compactness of the Hausdorff distance ([HP 18, The-
orem 2.2.25]).

Theorem 1.6.3. Let {Q} be a sequence of convex sets contained in a fized
compact set K C R™. Then there exists a convex set € contained in K and a
subsequence, still denoted with {Q}, that converges in the sense of Hausdorff
to Q2.

It is possible to rephrase the Hausdorff convergence in terms of support
functions (see [Sch13]).
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1.6 Convex geometry 37

Proposition 1.6.4. Let {Q} be a sequence of convex sets containing the
origin that converges in the sense of Hausdorff to a convex set 2. Denote with
ga, and go the corresponding support function, then

llga, — gall = — 0 (and conversely).

1.6.3 Quermassintegrals

Let us recall some basic properties of quermassintegrals, for more details we
refer to [Sch13]. Let K C R™ be a non-empty, bounded, convex set, let B be
the unitary ball centered at the origin and p > 0. We can write the Steiner
formula for the Minkowski sum K + pB as

K + pB| = zn: (’;)Wi(K)pi. (1.17)

=0

The coefficients W;(K) are known in the literature as quermassintegrals of
K. In particular, Wy(K) = |K|,nW;(K) = Per(K) and W,(K) = w, where
Wy, is the measure of B.

Incidentally let us mention that if K has C? boundary, the quermassinte-
grals can be written in terms of principal curvatures of K.

Formula (1.17) can be generalized also to the other quermassintegrals, ob-
taining

n—j

TL—] i .
Wit ) =3 (" Wk =0t
i=0
For j =1 we have
n—1 n—1
per(ic + o) =n 3 ("] )Wt
i=0

= Per(K) +n(n — 1)Wa(K)p+ ...+ nW,(K)p",

from which follows
lim Per(K + pB) — Per(K)
p—0 P

=n(n — 1)Wa(K). (1.18)

Furthermore, Aleksandrov-Fenchel inequalities hold true

<WJ(K))><W(K)) 0<i<j<n-1, (1.19)

Wn Wn,
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38 1. Notations and preliminaries

where equality holds if and only if K is a ball. When ¢ = 0 and j = 1, formula
(1.19) reduces to the classical isoperimetric inequality, i.e.

1 n—1
Per(K) > nwy | K| .
In the following, we will use (1.19) for ¢ = 1 and j = 2, that is

n— _1_ n—
Wa(K) > n~ =t w; " Per(K)w=r. (1.20)

1.6.4 Inner parallel sets
Let  C R" be a convex set, for t € [0,rq] we denote by
O ={z e N:d(x) >t}

where d(x) is the distance of € Q from the boundary of Q and rq is the
inradius of €2, that is to say, the radius of the biggest ball contained in €.
By the Brunn-Minkowski Theorem 1.6.1 and the concavity of the distance
function, the map
t— Per(Qt)ﬁ,

is concave in [0, rq], hence absolutely continuous in (0,rq). Moreover, there
exists its right derivative at 0 and it is negative, since Per(Qt)ﬁ is strictly
monotone decreasing, hence almost everywhere differentiable. The following
two results are contained in [BNT10], we report them here for the reader’s
convenience.

Lemma 1.6.5. Let Q be a bounded, convez, open set in R™. Then for almost
every t € (0,rq)

and equality holds if Q) is a ball.
Proof. For every s € (0,t) it holds
Q + 5By C Qg

and if € is a ball, the two sets coincide. The monotonicity of the perimeter
with respect to the inclusion of convex sets and formula (1.18) give, for almost
every t € (0,7q),

—iPer(Qt) ~ lim Per(Q;_s) — Per(£2;)

dt s—0t S
Per(( + sB;) — Per(Q
> im Lo 8By ZPer@) _ 4y,
s—0t S
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1.6 Convex geometry 39

O

Combining the chain rule, the previous lemma and the fact that |Vd(z)| =1
almost everywhere, we obtain

Lemma 1.6.6. Let f: [0,+00) — [0, 4+00) be a strictly increasing C* function
with f(0) = 0. Set u(z) = f(d(x)) and

E, = {1‘ e U(ZZ?) > t} = Qf—l(t),
then

Wa(Ey)

d
——Per(E) > (n—1 .
B = VR

dt

(1.22)

In particular, we observe that the map ¢ — Per(E;) is absolutely continuous
since it is obtained by composing the map ¢ — f~1(¢) which is a C! function
and the map s — Per(§2,) which is absolutely continuous.

1.6.5 Asymmetry indices

In the following we will prove some quantitative results, so we need a geometric
quantity that gives us information about the shape of 2. We will consider the
Hausdorff asymmetry index, as already done in [CL21].
For any measurable set E of finite perimeter, we define two isoperimetric
deficits
D(E) := Per(E) — Per(E*), M(E):=|E*| - |E|,

where Ef and E* are the balls with the same measure and the same perimeter
of F, respectively.
Moreover, we will consider the following Hausdorff asymmetry indices

A3 (E) = ;xé%{dy (E, B(z)), Per(Q) = Per(BT(a:))}, (1.23)
and
A5y (B) = win {du(E, B,(@), 9] = |B,(x)]}. (1.24)

Lemma 2.9 in [GLPT20] tells us how these two indices are related one to the
other.

Lemma 1.6.7. Let n > 2. There exists § > 0 such that for any E C R™ be a
bounded, open and convex set with D(E) < 0, then

A3y (E) < C(n) Ay (E).
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40 1. Notations and preliminaries

With these definitions, we can recall the quantitative isoperimetric inequal-
ity proved in [Fug89; Fusl5].

Theorem 1.6.8 (Fuglede). Let n > 2, and let E be a bounded open and
convex set with |E| = w,. There exists dp,C, depending only on n, such that
if D(E) < 0 then

D(E) > Cg(A%,(E)), (1.25)
where g is defined by
s2 ifn=2
g(s) = fHsD)  ifn=3 (1.26)
P ifn >4,

and f(t) = /tlog(}) for 0 <t <e .

We are interested in a modified version of this theorem, in terms of M(E),
so we have the following lemma.

Lemma 1.6.9. Let E C R" be a bounded, open and convex set and let E* be
the ball satisfying Per(E) = Per(E*) = p. Then, there exist §,C, depending
only on n and p, such that, if

M(E) = |E*| - |E| <6, (1.27)
then
M(E) > Cg(A3,(E)),
where g is the function defined in (1.26).

|E]

Proof. Let us start by setting § <

, SO

E*
|E| > % (1.28)
Let us divide the proof in two steps. First we assume that |F| = w,. By

the differentiability of the function h(t) = "7, there exists ¢ € (1E|, |E*))
such that

n—1 n—1 n—1
n L

—|E" =W (IB"| - |E]) < — (IE*[ — |E]). (1.29)

nwy,

|E”|

40



1.6 Convex geometry

41

Moreover,
|E*‘nn _ |E|nn — er(i) _ |E‘nn
Nnwyy

Hence, by (1.29) and (1.30), we get

D(E) < (n — 1)M(E).

§F(n)

So, choosing § <
n—

we can apply the aforementioned Theorem to write

_ Per(E) Per(E*)

D(E)

1

MWy

1
Wy

Per(E) > nwy, (1 + 7(”)9(A§{(E))>’

obtaining

Per(E) 71

T -

nwn

_n_

(1.30)

T where 0z (n) is the one provided by Theorem 1.6.8,

B = Bl = =22 — |B] > wn (1+2(n)g(4,(B))) ™ —

n
n—1

nn—1 wn

> () s (BY),

- n—1

where in the last step we used Bernoulli’s inequality

1+z)" >14+rx

rz>—-1,r>1.

Applying Lemma 1.6.7, we eventually have

2] = 9] > C(n)g(A3,(2)).

Now we treat the general case. Let us rescale the set E as

1
b () e
|El

so we have

w.
M(Ey) = |Ef| — |By| = =2
w 2w

= 2M(E)< =2
EME) < [

|E*| — wn
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where the last inequality follows from (1.28).
In order to apply the previous case to the set F1, we need

oF

n—1

M(E;) <

3

which is guaranteed if we choose

2

M= g =1,

(SF = 5(n,p).
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Chapter

Talenti type comparison results
for p-Poisson equation with
Robin boundary conditions

Let 8 be a positive parameter and let 2 be a bounded open set of R", n > 2,
with Lipschitz boundary. Let f € LP (2) be a non-negative function. We
consider the following problem

{div(|Vu|p_2Vu) =f in Q
(2.1)

|V’ 20 +Bluff Pu=0 on o

A function u € W1P(Q) is a weak solution to (2.1) if

/ IVulP*VuVe dz + 5/ [ulP?up dH™ 1 ( / fodr Yo e WHP(Q).

(2.2)
In Section 2.1 we will present a comparison principle with the solution to the
following symmetrized problem

{—div(|Vv|p_2Vv) i in O
(2.3)

Vol 22 1 g2 =0 on 00,
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44 Comparison results for p-Poisson equation with Robin BCs

where QFf is the ball centered in the origin with the same measure of  and f*
is the Schwarz rearrangement of f

In Section 2.2, we will consider the case of Robin variable parameter and
we will compare the solution to

—div(|Vul"?Vu) = f()|z]"  inQ

|p 28u

Vu —+ B YulPu=0 on 09,

where 0 ¢ 09, with the solution to

—div(|Vo[" Vo) = fi(z)|z|* in QF

pga’l)

Vol +ﬁ( )4’ P20 =0 on O,

where B ,
B =inf 8a)lal 77 >0,

and p,n and ¢ are suitably related.

2.1  The case of constant Robin param-
eter

Let u be the solution to (2.1). For ¢ > 0, we denote by
Uy={ze€Q:u(x) >t} UM =0U,NQ, U =0oU,NN,
and by
p(t) = Ui Pu(t) = Per(Uy).

If v is the solution to (2.3), using the same notations, we set
={zeQ :v(@)>t}, o) =Vil, P,(t)=Per(Vp).

Because of the invariance of the p-Laplacian and of the Schwarz rearrange-
ment of f by rotation, there exists a radial solution to (2.3) and, by uniqueness
of solutions, this solution is v.

Since v is radial, positive and decreasing along the radius then, for 0 <t <
U, Vi = QF, while, for v, <t < maxg: v, V; is a ball, concentric to Qf and
strictly contained in it.

44



2.1 The case of constant Robin parameter 45

We observe that the solutions v and v to (2.1) and (2.3) respectively are
both p-superharmonic and then, by the strong maximum principle in [V4z84],
it follows that they achieve their minima on the boundary. Denoting by .,
and v, the minimum of u and v respectively, thanks to the positiveness of S
and the Robin boundary conditions, we have that u,, > 0 and v,, > 0. Hence
u and v are strictly positive in the interior of 2. Moreover we can observe that

Uy, = Minu < MINV = Uy, (2.4)
Q Qt
indeed, if we consider
1 1
P Per(QF) = / v(z)PHdH () = - frdr = —/ fdx
o0 B Jax BJa

= / u(z)P~HdH" " (x)
a0
> uPPer(Q) > |ul? ' Per(QF).
A consequence of (2.4) that will be used in what follows is that
ult) < 6(t) = 9] VE < v (2.5)

The following lemmas are the main ingredient for the comparison result we
will show.

Lemma 2.1.1. Let u and v be solutions to (2.1) and (2.3) respectively. Then

for almost every t > 0 we have
1) n(®) v 1 1
() (175 < / £*(s)ds —p (1) + — / —dH" () |
0 5ﬁ auUgat U

(2.6)
where v, = (nwl/™) 77 .
And
1
, o®) v 1 1
oD = ([ peas) (cv0s— [ an @),
0 ﬂﬁ avtcm v
(2.7)
Proof. Let t > 0 e h > 0, we choose the test function
0 ifu<t
plz)=qu—t ift<u<t+h
h ifu>t+h.
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46 Comparison results for p-Poisson equation with Robin BCs

Then,
/ |VulP dz + ﬁh/ uP~tdH T (2) + 3 uP ™ u —t) dH" ()
UN\Usn ougrt oUTN\QU LY
:/ flu—t)de+h fdx.
Ui\Ut4n Utsn
Dividing by h, using coarea formula and letting i go to 0, we have that for a.
e.t>0
| s@ani@ = [ fan
8Ut Ut
where

\VulP™'if z € QUi
g(z) =
puP~1 if z € QU

So, using the isoperimetric inequality, for a.e. ¢ > 0 we have

nwg u(t) (1= %) gPu(t):/ dH" 1 (z)

oUy

< (f o) ([, )
</8U¢ g dHn_l (x)) E

-

X

=

IN

(/Ou(t) 05) ds)

for t € [0, maxq u).

1—
1 1 1
7d7_ln71 ) + . / 7d7_[n71 T
(/8Uznt |V’u| ( ) /Bpj OUtezt u ( )

1 1
(u’(t) +— / —dH" !
Br=1 Joyest u

S =

-3
<z>>

Then (2.6) follows. We notice that if v is the solution to (2.3), than all the

inequalities are verified as equalities, so we have (2.7).

Lemma 2.1.2. For all 7 > v, we have

T o1 o 1o
/Otp (/8U:Itu(w)d7-[ (x))dtgpﬁ s

46
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(2.8)
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2.1 The case of constant Robin parameter 47

Moreover,

/oT " (/amam v(lx) CWH(@) dt = plﬂ/om f(s)ds. (29

Proof. If we integrate the quantity

p—1 L n—=1l(n
t </3U ut) ™ ”)’

from 0 to 400, by Fubini theorem, we obtain

/O e ( /8 - u(lx)d’H”I(o:)> dr = /8 ) ( /Ou<z> 7:;50; d7-> dH" (z)

_1 / u(@)P L dH ()

b Jaa
1 1Y
= ZTﬂ/O f*(S) dS,

where the last equality follows from the fact that u solves (2.1).
Analogously

Since u is positive, we obtain, Vt > 0,

t 12
p=l id n—1 d i (e)d
/0 ' </8U$“ u(x) " (x)> Ul (s) ds,

on the other hand, since 9V; N 9N* is empty for t > v,,, we have

/ot e </avmam ﬁ dHn_l(x)> = i /o|Q| P s

and the proof of lemma 2.1.2 is complete. O
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48 Comparison results for p-Poisson equation with Robin BCs

Remark 2.1.1. It can be observed that, since 9V, N Q¥ is empty for t > v,
and ¢(t) = |Q| for t < vy, for all § > 0 and for all ¢, we have

/ot e’ (/avma i ) b
= [ ([ i @)

Q° rlel
:|pg ; f*(s)ds.

Now we are in position to prove the following comparison result.

Theorem 2.1.3. Let u and v be the solutions to problem (2.1) and (2.3)
respectively. Then we have

—1
el oy < N0l e vo<k< =D (2.10)
(n—1)p
n(p—1)
ull Lorn () < 10l Lornr) VO<k< n—2ptn (2.11)

Remark 2.1.2. We observe that from Theorem 2.1.3, we have that, if p > n

Hu”Ll(Q) < ||v||L1(m) and ||U’HLP(Q) < HU”Lp(my

(n—1)p

-1 1
Proof of Theorem 2.1.3. Let 0 < k < M, S0 § = — — ——= i3 posi-
f p(n—1) k n(p-1)
ive.

Multiplying (2.6) by #*~'u(t)? and integrating from 0 to 7 > w,,, by the
previous Lemma, we obtain

1
—1

T o1 % T o o1 s N(t) *s < p=T
| ettt acs [ oy (/ Fs)ds |t

5 1] o1
+ |Q|L ( £ (s) d5> .
0

pBP1

(2.12)
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2.1 The case of constant Robin parameter 49

1

Setting F(I / (/ 1( ds) ) dw, we can integrate by parts both
sides of the last inequality, getting

A ((/OT Yubt(t) dt) + F(u(ﬂ))
<i-n o2 (( ()t is) + Flu(t) )

G 1| =
+ 'L( Fsds) .
ppP=T \Jo
Setting

T t ) o [¢]] p}%l
£(r) = /Otp—z (/O ’ynu(s)kds—i—F(u(t))) dt, C = p'ﬁ”p'pl < e ds> ,

we are in the hypothesis of Lemma 1.5.1 (Gronwall), namely
(1) < (p - 1)&(r) + C,

so, choosing 79 = v,,,, we have

™ (/OT Yht(s)* ds + F(u(ﬁ)) < <(p - 1)5):%) + C) <7;>p2 |

where
o= [ ([ oit(s)E ds + Plu()) .

The previous inequality becomes an equality if we replace p(t) with ¢(t). Since
w(t) <o) =|Qf, VYt < v, and F(I) is monotone, we obtain

/;%2 (/Ot%u(s)'lf ds + F(u(t))) dt < /OU?PQ (/Otynqs(s)i ds + F((;S(t))) dt,

hence

T

/ nia(s)} ds + F(u(r)) < / " nd(s)E ds + F(6(r)).

0 0
Passing to the limit as 7 — oo, we get

| nwtas [ o



50 Comparison results for p-Poisson equation with Robin BCs

and hence
np—1
il < Mol ¥0 << 222,
To prove the inequality (2.11), it is enough to show that
/0 () dt g/o L p(t)* dt. (2.13)

Let us consider equation (2.12), let us integrate by parts the first term on the
right-hand side from 0 to 7 and then let us pass to the limit as 7 — oo, we
have

0 L S 1 o] 7o
/0 ’Yntp—lu(t)%dté(p—l)/ tp_QF(M(t))dt-i-'fj_'pil(O f*(s)ds> .

0 pB
Therefore, if we show that
/ P2 (u(t)) dt < / tP2F(o(1)) dt, (2.14)
0 0
(n—1)p

we obtain the (2.13). To this aim, we multiply (2.6) by t* =1 F(u(t))u(t) ™ »®-D
and integrate.

n(p—1)
(n—2p+n
(n—1)p

function h(l) = F(I)I” »®=1 is non decreasing. Hence, we obtain

/OTWNF (u(t)) dt < /0 T(—u’(t))tp*u(t) S () ( /O o #05) ds) .

|Q|*7§:E;,1)1]; o] 7T
F(Q) ——=— ( f*(s)d5> :
0

First, we observe that, by the choice k < , it follows that the

pBr-1

If we integrate by parts both sides of the last expression and set

5= (el T
F(Q)) —=— ( fr(s) dS) :
0

pBr1

we obtain

T/ YtP 2 F(pu(t)) dt+7H, (T / /rp 2F(u drdt+/ H,(t)dt+C,
0
(2.15)
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2.1 The case of constant Robin parameter 51

where
1

== [ o utey 55 puo | " s i) an)

Setting . .
= n p72F d H, d ’
£(r) / / P2 (u(r)) dr + / (1) dt

then (2.15) becomes

T&'(1) < &(1) + C.

So lemma 1.5.1, with 79 = v,,, gives

- (p—1) /”m tP2F (u(t) dt + Hy,(vm) + C L\ P2
/ P2 F(u(t)) di-+H, (7) < 0 ( ) .

0 Um,

Of course, the inequality holds as an equality if we replace u(t) with ¢(t), so
we get, keeping in mind that p(t) < ¢(t) = || for t < vy,

T

|t 2 P+ 1,0 < [ Po) de+ (o)
0 0
Letting 7 — o0, one has
[ < [T e rema,
0 0

as H,(7), Hy(1) — 0. This proves (2.14), and hence (2.11).
The fact that both H, and Hy go to 0 as 7 goes to infinity can be easily
deduced distinguishing the cases.

e If p> 2 it holds
P2 p(t) = / P2 dx < / uP~2dr < ||u||’£;2,u(t)%,
u>t u>t
so we have

+oo p(n—1 u(t)
\HH(T)IZ/ 72 F (u(t))pu(t)~ 5 (/O f*(S)d»S)(M/(t))dt

1€ B +oo 2_pmn=1)
g( f*(s)ds)nunfzﬁ / F(u(t)u(t) 3565701 () dt — 0,
0 T
for = = +o00.
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52 Comparison results for p-Poisson equation with Robin BCs

o If p <2 we have

+00 p(n_1 w(t)
= [ e S ([ o) o) a

+o0 p(n1 n(t)
<7 [ FGowo ([T s) oo,

for 7 — +o0.

Analogously for Hg, which concludes the proof. O

When the source term is constant, we obtain a stronger result, as stated
in the following theorem.

Theorem 2.1.4. Assume that f =1 and let v and v be the solutions to (2.1)
and (2.3) respectively.

(4) IflSpS% then

uf () < () ze Q) (2.16)
N n n(p 1)
_ < )
(i) if p > — and 0<k o 0 , then

Nl Lra gy < N0l peaq
) ©h (2.17)

HUHLPM(Q) < ||U||ka,p(m)-

Remark 2.1.3. We explicitly observe that in the case f = 1 from Theorem
2.1.4 we have that

||U||L1(Q) < HU”Ll(m) and ||u||LP(Q) < ||U||Lp(m) for p > 1.
While we have the point-wise comparison only for p < Ll
n—

Proof of Theorem 2.1.4.

w(t)
(i) Firstly, we observe that / f*(s)ds = pu(t), so (2.6) becomes
0

P 1 1
o) (D < )+ [ @)
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2.1 The case of constant Robin parameter 53

Let us multiply both sides by t?~'u(t)°, where § = — (1 — % - %) p%.
We point out that § > 0 for p < -25. Hence, integrating from 0 to
T > Uy, we have

T T 1 T 1
/ t? " dt < / P ()’ (= (1)) dt + — / P (t)’ / —dH"!
0 0 o

0 ﬁ p—1 Ut (7

|Q|5+1

pBFT

</ ) (1) di +
(2.19)

Taking into account remark 2.1.1, if we replace p(t) with ¢(t) the previ-
ous inequality holds as equality.

Hence, we get
[ ot ez [ oo o @) a
0 0

Then an integration by parts gives
o+1 T 5+1
_Tp—lu(L +(p—-1) / tP—QL dt

+(@-1) /OT tf”*QLt)(SH dt.

> 77_p71 (T)5+1

- 0+1 0+1

Finally, using Gronwall’s Lemma with the function

(r) = /OT P2 <H(5)6+1 — ¢(5)5+1> ds,

o+1
we obtain
5+1 _48+1 p—2 [ Um 5+1 _48+1
poz (BT =0T L T / pa (HT(s) = 0" (s)
T ( §+1 < )vg’,;z 0" §+1 ds.

The quantity on the right-hand side is non-positive, thanks to (2.4), so
w(t) < (1) V7> v
and, remembering that
w(r) <o(r) =9 V7 < v,

we get the point-wise inequality of the functions.
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(ii) Now we want to show that

[ull ey < 0l e sy,

so it is enough to show

“+o0 +oo
/ () dt g/ B(t)* dt. (2.20)
0 0
We multiply (2.18) by t”_lu(t)%f(k%*%)v%l and integrate from 0 to
T > V. Then using Lemma 2.1.2 and Remark 2.1.1, we obtain

/ P () E dt < / ()= =33 7 (1)) e
0 0

- (-F-$)t (2.21)
+ 7 )
ppBPT
and equality holds if we replace u with ¢. In order to be shorter, we set
1 11 ot
bty e o
k n p)p-—1 pBFT
We point out that (2.21) follows by (2.19) if n > 0, namely
0<k< Me-D
n(p—1)—p

With these notations and keeping in mind that p is a non increasing
function, we have from (2.21) taht

/ YVt () dt < / —tP ()" du(t) + C. (2.22)
0 0

4 [q-‘,—l
Let us set G(¢) = / w’dw = ,
n+1

0
of (2.22) in order to obtain

let us integrate by parts both sides

Y7 /OT p(t)® dt + 771G (u(r) < (p— 1) UOT YntP 2 /tu(r)i drdt

0

+/OT tsz(u(t))dt} +C.
(2.23)
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2.1 The case of constant Robin parameter 55

Setting

£(r) = /0 ' <%tp—2 /0 t () dr) dt + /0 =26 () dt,

(2.23) reads as follows
(1) < (p—1)g(r) + C.

Hence, using Gronwall’s Lemma 1.5.1 with 79 = v,,,, we get

e / u(O)F dt+ 772G (u(r) < (<p ~ é(om) +C ) ()

Um Um

where

Um t VU
§(vm) = / Ynt? / p(r)® drdt + / tP2G (u(t)) dt.
0 0 0
Again, if we replace p with ¢, the previous inequality holds as an equality

and &(vy,) is less or equal than the same quantity obtained by replacing
u with ¢, as (2.4) holds. Keeping in mind (2.5), we have

w72 (o [t GG ) <772 (o [0 a4 6lor)).

Passing to the limit as 7 — 400, we get

-

+oo “+o0 .
/ pitdi< [ o ar,
0 0

namely (2.20).

To conclude the proof, we have to show that

n(p—1)

||“||ka,p(g) < ||UHka,p(m) VO<k< -1 -p

that is to say
+oo . +o0 N
/ tPLu(t)® dt < / tPLop(t)* dt.
0 0

We consider (2.22), pass to the limit as 7 — 400 and integrate by parts
the first term on the right-hand side

+00 +oo
/ Vot () F dt < (p — 1)/ 272G (p(t)) dt + C.
0 0
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56 Comparison results for p-Poisson equation with Robin BCs

Hence it is enough to show that
+oo +oo
/) tPQGQAﬂyﬁgi/ tP2G(o()) dt.
0 0

To this aim, we multiply (2.18) by tp_lG(u(t)),u(t)*(k?*E)F and
integrate from 0 to 7 > v,,

/ G ) dt < / G ()l -0

0 0
= | oG-

x </ 1d7-["1> dt.
augwt U

, using Lemma 2.1.2 and the fact that the function

+

n(p—1)
n(p—1)—p
G(f)ﬁf(k?*?)% is non decreasing, we obtain

Since k <

/ GO < [ G 0D du + .

0

with
1
_p_
ppr=t
If we replace p with ¢ the previous inequality holds as an equality, thanks
to (2.1.1). Now, let us integrate by parts both sides of (2.24), obtaining

1 D

C= G- 0-ss)et

T/o Wt TG (u(t)) dt + TH(T) S/O /0 Wt =G (u(r)) drdt

i (2.25)
+/0 H,(t)dt + C,

where

Setting

Iy
—~
N
~
I

/0 ' /0 2 G () drdt+ /0 " Ha () dt,
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2.1 The case of constant Robin parameter 57

the (2.25) reads as follows
T€'(1) < &(r) + C.
Again, using Gronwall’s Lemma 1.5.1, we get

(p— 1>s<vm>+0> ( T )

[ 2oy as 0 < s

Um Um

with

£(vm) = /O " /O ot 2G () drd + /0 " () dt.

Keeping in mind that for ¢ the previous inequalities hold as equality
and the fact that G is not decreasing, &(v,,) is less or equal to the same
quantity obtained by replacing p with ¢. Hence, we obtain

/T t? T2 G (u(t)) dt + Hy () < /T Tt?2G(P(t)) dt + Hy(T),
0 0

and passing to the limit as 7 — 400, we finally get

+o00 Foo
/ P26 (u(t)) dt < / #2G((1)) dr,
0 0

indeed, as in the proof of Theorem 2.1.3, H,(7) and Hy(7) go to 0 as
7 — 00. That concludes the proof. O

Corollary 2.1.5. Let u and v be the solutions to (2.1) and (2.3) respectively.
Then, if p > n, we have

lull oy < Mvllpiey  and ull o) < IvllLo s
Moreover in the case f =1, Theorem 2.1.} gives
ull i) < Wllpiey  and  lull o) < [vllpoan Vp>1,
and the point-wise comparison for p < Ll
n—

Proof. If p > n the upper bounds of k, in both cases (2.10) e (2.11), are greater
than 1 and so we can choose k = 1. The assertion follows from the fact that

[l zop @y = 1Ml o) -

Analogously if f = 1. O
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58 Comparison results for p-Poisson equation with Robin BCs

As a consequence of theorem 2.1.3 we give a new proof of the Bossel-Daners
inequality for the p-Laplacian when p > n.

We recall that the first eigenvalue of p-Laplace operator with Robin bound-
ary conditions is obtained as the minimum of the Rayleigh quotients, i.e.,

/ |Vw|pdx+ﬁ/ |w|? dH™ ()
Ap(©) =  min 2 o5

(2.26)
weWi(e) IR
Q

w#0

We can observe that if v achieves the minimum of Rayleigh quotients, so
does |u|. From this we have that « in non-negative. Furthermore, we have if
uy, > 0, as a consequence of Harnack inequality, uy, > 0.

Another important thing is that the eigenvalue is simple. Indeed, as shown

in [Lin92], if Q is smooth enough and u and v are to eigenfunctions referred
uP — P
to the first eigenvalue, we can choose as test function ¢ = — in
u

/|Vu|p_2VUV<P1 d$+5/ u’ "y dH"_l(x)Z/Alup_lsﬂl dz,
Q 09 Q

d WP — P
an = — 111
P2 or—1

/|Vv|p72VUV<p2dx+ﬂ/ vp_lcpgd’;'-l”_l(x):/Alvp_lcpgdx.
Q o9 Q
Summing the two equations, we have
_ _ AN p _ u\P P
0—/9{1-1—(;0 1)(u) b vl + {1+ 1)(@) }Ivol
p—1 p—1
—/p(g) |Vu|p72Vqu+p<g) [Vo[P*VoVu
Q u v
= [ = o) (T iogul - [ViogeP)
Q
—/pvp|V10gu\p_2|V10gu| (Vlogv — Vlogu)
Q
—/pup|V10gv\p_2|V10gv|(Vlogu—Vlogv).
Q
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2.1 The case of constant Robin parameter 59

Now, using the well known inequalities, which hold true for each w; and wy €
R™ ,

p
_ w2 — W .
wol? > Jun? + plun P2 - (p — ) + L2 ifp22
2
P> oy P P20 (o — Ozl ey
lwa|” > wi]” + plwi]" “wy - (we —wy) + (p)(|w1\+|w2|)2—10 i p )
(2.27)

if we consider the case p > 2, we choose wy = Vlogu and w; = Vlogv, we

obtain ) ) )
- 4= _ p_
91 1 /Q <UP + up) [vVu — uVol" = 0.

Hence, we obtain that vVu = uVv a.e. in 2, and so there exists a constant K
for which v = Kv. This means that \; is simple.

For the proof of (2.27), we refer to [Lin92].

The following corollary of Theorem 2.1.3 holds true, that is Faber-Krahn in-
equality.

Corollary 2.1.6. Let u and v be the solutions to (2.1) and (2.3), respectively.
Then , if p > n, we have
ALs(Q) > Ay p(Q9).

Proof. Let u an eigenfunction referred to the first eigenvalue of (2.1), then it
solves

—Apu = A 5(0) lulPu in Q
|Vu|p72@ +BlufPu=0 ondQ.
v
Now, let z be a solution to the following problem
—Apz = A 5(Q) [ufP2uf in QF
\Vz|p72%+ﬁ|z\p72z:0 on 90F.

In that case, corollary 2.1.5 gives

/|u|pda?:/ |uﬁ|pd:17§/ |2|? dz,
Q 0 ot

and hence, by Holder inequality

p—1

1
/ (WP 2tz da < (/ uf|” dm) ’ (/ zpdac>p S/ 2P dx.
Qf Qt Ot Ot
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60 Comparison results for p-Poisson equation with Robin BCs

Therefore, observing that we can write the eigenvalue A; 5(€2) in the following
way, we obtain

|VzP dx + 2P dH" ()
M) = L2 o0
/ (u*)P~2uf 2 dx
0t
/ |Vz|P dx + B/ 2P dH" " (2)
> Qt ont > Al,ﬁ(Qﬁ)'

/ 2P dx
Qt

O

2.2  The case of variable Robin param-
eter

Now we consider a generalization of the previous problem with variable bound-
ary conditions, namely

—div(|Vul’*Vu) = f(2)z]"  inQ
(2.28)
|VulP~? % + B(@)|[ul’2u=0 on 09,
14

where n > 2, v denotes the outer unit normal to 9Q and  is a bounded and
Lipschitz domain of R™ such that 0 ¢ 9. We will also assume

p>n (H1)

—n<l<0 (Hz)

m =inf () >0 and M = s;g)ﬂ(x) < +o0 (Hs)
0 < f(z) € L (, |2’ da), (Ha)

where p’ = ﬁ.

A weak solution to problem (2.28) is a function u € W?(Q) such that
/ (VP> VuVe dz +/ B(x) [ulP~? updH™ (z) = / flzf ode, (2.29)
Q re) Q
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2.2 The case of variable Robin parameter 61

for any ¢ € WP(Q).
We will compare the solution to (2.28) with the solution to

—div(|VoP?Vo) = fi(z)z|°  in QF
) (2.30)
|Vo|P? % LBV P20 =0 on OO,

where

B = inf B@)la| 7" >0, (2.31)

since 0 ¢ 9K, Hs holds and rf is the radius of the ball Qf having the same ¢
measure as (2.
From the (2.31), it immediately follows that

B(x) > Blz|7 . (2.32)

We underline that, due to proposition 1.3.2, problems (2.28) and (2.30) admits
a unique solution.
Let u be the solution to (2.28). For ¢t > 0, we define

Uy ={re€Q:ulx) >t} UM =0U,NQ, U =0oU,N N,
and
ult) = U, Pult) = Per s (U).
Analogously, if v is the solution to (2.30), we set
Vi={re @ o) > 1), o= [Vil, Pult) = Pers (V).

As it is easy to check v(x) = v¥#(z), therefore for 0 < t < v,,, V; = QF, while,
for t > v, V; is a centered ball contained in QFf.
Furthermore we have
Uy, = infu < minov = v,,. (2.33)
Q oF
Indeed, using the fact that v(z) = v,, Yo € 9Q* | taking into account the fact

that f and f* are equirearranged and choosing 1 = 1 in the weak formulation
of (2.28) and (2.30), respectively, we get
v 1
WP, (QF) = / 7o)t aHr = 2 [ ) da
v’ o B Jat

_1 0g 1 p—1 gayn—1
= B/Qf|$| dx B/@gﬁ(x)u(m) dH" .
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62 Comparison results for p-Poisson equation with Robin BCs

In turn, by (2.32) and using the isoperimetric inequality (1.8), we get
1

< /3(x)u(x)p*1dmflzuf;1/ |7 dH" L
B Jaq 20

=ul P () > ul 1 PL (OF).
pl
Gathering the inequalities above, we conclude that
WP (OF) > b P (0F),

and the claim follows.
Furthermore inequality (2.33) implies that

As in the case of constant Robin parameter, the following lemmas are the
main ingredients for the comparison results we will show.

Lemma 2.2.1. Let u and v be the solutions to (2.28) and (2.30) respectively.
Then, for almost every t > 0, it holds

1

(up—1>+p(n—1)) » w(t) p=t
g () EFEBT) 5T < / £*(5) ds
0

) . (2.35)
X | =1 () + == / 217 1) |
g Jougt U
where
et (=1t (n-1)p
’yn,&p = (nwn) p(n+e) (E —+ n) p(n+L)
and
1
(w)i o(t) p—1
a0l T ([ s
’ (2.36)

a
7

x <¢’(t)+ ~11 / l2I> cm“)
ﬁﬁ avtea.t v

Proof. Let t > 0 e h > 0, we use the following test function in the variational
form of

0 ifu<t
plx)=Cu—t ift<u<t+h
h if u>t+ h.
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2.2 The case of variable Robin parameter 63

We get

/ |VulP dz + h/ Blx)uP~t dH™ !
Ui\Ut4n

ext
ougyy,

+ / By (u — t) dH"
oUgT\oUET,

:/ Flel (u— ) dz + h/ flal’ da.
U\Uitn

Utin
Dividing by h, using coarea formula and letting h go to 0, we have for a.e.
t>0
| s@ant= [ il an
BUt Ut

with 4

[VulP~'if e oUint

g(z) = (2.37)

B(x)uP~t if z € QUL
Using isoperimetric inequality (1.9) and Holder inequality, for a.e. ¢ > 0, we
obtain

Lp—1)+p(n—1)

Wn,e,pu(t)( p(E+n) >§Pu(t) = / || dH
oU

1 . -1 (2.38)
U oU, gr—1

Since, for a.e. t > 0 it holds that

14
/ |:E| n—1
_—e :/ L gynt,
( ) an"t VU'

by (2.32), (1.11), (2.37) and (2.38), we get

(£(p71)+p(n71)) 1 %
Ve p(t)N ) < gdH”
o

U

af L 2l ’
X / L d']_[nfl 4 — . / x d,}_[nfl
aUZnt Vu| ﬁp—l aUg=t u

(t) S £ >
a * / 1 ‘m|p, n—1
<( [ reas) (-wo+= )
0 /Bp—l 8Uteact u
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64 Comparison results for p-Poisson equation with Robin BCs

for a.e. ¢t € [0, supg u).
Then (2.35) follows. Replacing u with v, the solution to (2.30), all the
inequalities are verified as equalities, so we obtain (2.36). O

Lemma 2.2.2. Let u and v be the solutions to (2.28) and (2.30) respectively.
Then for all T > v, we have

£
7

/T Pt / 21> dH" H(z) | dt < /QltZ * (2.39)
0 Ut u(z) .
and
- £ #
/tp—l / lal” dH" N (2) | dt = /lQ ‘ “(s)ds.  (2.40)
0 AV, Na! U( )

Proof. Firstly we show (2.39). Fubini’s Theorem ensures that

oo ﬁ u(z) p—1 )
71 / =] dH () | dr = / / T dr | |z|? dH" 1
/o < dUext u(z) (@) a0 \Jo u(z) d

1/ pl nl
= - X d?‘!{

Choosing ¢ = 1 as test function in (2.29) and using (2.32), we obtain

(2.41)

,6~’|9U|PL/up_1 dH" ! < Blz)uP~tdH" ! = / flz|® da. (2.42)
o0 o9 Q

From (2.41) and (2.42) we immediately get

> —1 |$|§ n—1 i IQ‘Z *
/0 - (/BU oy (a:)) dTng/o F(s) ds,

and, arguing in the same way, we deduce

® 1 27 L
/o 74’ </avmam v(x) " (x)) = PB/O f(s)ds

Hence for any t > 0, we have

Lo \xlﬁ n—1 1 e *
/o 7P (/{wsxt e dH (a:)) dr < pB/O £ (s)ds.
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2.2 The case of variable Robin parameter 65

Since OV, N 0QF is empty for any t > v,,, we get

' i [2e
P! 21 1)) ar = L (9 d
/0 </¢9vmam v(x) " ($)> pﬁ/o f*(s) ds.

Lemma 2.2.2 is hence proved. O

Now we are in position to prove the comparison result.

Theorem 2.2.3. Assume that hypotheses (Hy)-(H,) are in force and let u
and v be the solutions to problems (2.28) and (2.30), respectively. Then we
have

¢ ¢
HU||L1(Q,|x\fdx) :/Q|U(17)||517| dr < /m [v(@)||z|" dz = ||vHL1(Qﬁ7\w\Zdw)’ (2.43)
and
P _ py,.1¢ Pl g, p
40y = [ TPl < [ o)l de = ol gy (240)

In this Section we prove Theorem 2.2.3 and Theorem 2.2.4.

Proof of Theorem 2.2.3. Let

. (Up—1+pn-1)
=t ( G- +n) )'

Note that, since p > n, §; is a positive constant.
Multiplying both sides of (2.35) by #*~'u(t)°* and integrating over (0,7)
with 7 > v,,,, by Lemma 2.2.2, we have

1
—1

! p—1 T l p—1 o1 u(t) * o
vwmét pmwusA (=4 (1) P~ (1) (A f(s)ds) e

o (N
+p5~% (/0 [*(s)ds .

(2.45)

Setting

F@)=[fw&(ﬂffﬂﬁd0p%dm
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66 Comparison results for p-Poisson equation with Robin BCs

and, integrating by parts both sides of the last inequality, we obtain
2 (e [ 01+ Fu(r)
0
T t
<=0 [ 07 (v [ nlo)ds 4 Pl
0 0

‘Q|j1 1, . T
-i-po,%1 </0 f*(s)ds .

We observe that all the hypotheses of Gronwall’s Lemma 1.5.1 are satisfied
with

fr) =)= [ 07 (e [ Culs)ds+ Flut)) at

5 12| o1
C—cy = 1 (/ 1 (s) ds> .
ppP=T \Jo

Applying such a Lemma with 79 = v,,, we infer that for any 7 > v,, it holds

o2 (W,p / (s ds + F(uv») < (<p =L on) £ Cl) (T)Q '

U7TL /UTI L

and

Replacing u(t) with ¢(¢) the previous inequality holds as an equality.
Therefore for any 7 > vy, it holds that

ntp / " ul(s) s+ F(u(r)) < ot / “o(s)ds+ F(o(r).  (2.46)

On the other hand, since p(t) < ¢(t) = ||, Vt < vy, and F(¢) is an increasing
function, we have that for any 7 < v,,, it holds that

%,e,p/ p(s) ds + F(u(t)) < %,e,p/ ¢(s) ds + F(4(1)). (2.47)
0 0
Combining inequalities (2.46) and (2.47) we conclude that for any 7 > 0 it
holds . -
Yty [ 1) ds + F(u(r) v [ 9(5)ds + F((r)).
0 0
Since

lim F(u(r)) = lim F(é(r)) =0,

T—+00 T—+00
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2.2 The case of variable Robin parameter 67

letting 7 goes to +00, we conclude that
| utar< [ o
0 0

||UHL1(Q,|x|Z dz) < ||U||L1(m,\x|’~’ dz)

and hence

Now let us show (2.44). Firstly let us observe that it is enough to verify that

/C><> P () dt < /0o tP=Lp(t) dt. (2.48)
0 0

Integrating by parts the first term on the right-hand side in (2.45), and then
letting 7 go to +o00, we obtain

’

e Y LAY
e [0 a1 [t p) e Bl (/ f(s)ds>,

and similarly we have

’

o o 1, b
yn,z,,,/o tPLp(t) dt = (p—l)/0 P2 R (o(t ))dt+p|§ll (/0 f*(s)ds> .

Thus if we prove

/ T2 () dt < / T2 p(a() dt, (2.49)

0 0

we get the claim (2.48).
Let

tp—1) +p(n—1)
p—-1DU+n

)
Multiplying both sides of (2.35) by t* =1 F(u(t))u(t)®* and then integrating over
(0,7), taking into account that the function h(¢) = F(£)¢°* is non decreasing,
we get

6 = —

T T n(t) P%l
Tt [ PG < (—u’(t))t”1u(t)91F(u(t))< 7(s) ds> it
0 0 0

o (1o )
Q s)ds .
(|)p51</0 1(s)

67
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Let

ya

g (1 o
Cy = F(|Q —= s)ds .
= F(9) (/ 7°(s)

Integrating by parts both sides of (2.50) we derive

T T t
Y bp T / tP2E(u(t)) dt + TH W (T) < Ynip / / P2 F(u(r)) drdt
’ 0 7o (2.51)

+/ H, () dt + Cs,
0

where

== [ ) (/ " o s)" du)

Setting
T t t
£2(7) = oty / / P2 F (u(r)) dr + / H, (1) dt,
0 0 0

then (2.51) reads as
78(7) < &(1) + Ca.

Lemma 1.5.1, with 79 = v.,,, ensures that the following inequality holds true
for any 7 > v,

(p—1) /0 " 2B () dt + Hy (o) + Co

g / 2 (u(t)) dt + H(r) <
0

()

x| — .

U,

The previous inequality becomes an equality if we replace u(t) with ¢(t), so,
recalling that u(t) < ¢(t) = (9|, for t < v,,, we obtain

Um

i | B RE(ut)) dt + Hy(7) < e / "2 E(p()) di + Hy(r).

Letting 7 — oo, we have

/ TR dt < / T o) dt,

0 0
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2.2 The case of variable Robin parameter 69

since, as we will show,

lim H,(7) = lim Hy(r) = 0. (2.52)

T—0 T—0

This proves (2.49), and hence (2.44).
To prove (2.52), recalling that p > n, we observe that

_ —9 £ —9 £ -2 2
o) = [ el de< [ el de <l e 1O,
{u>t} {u>t}
therefore

)= | " P ) (e ( / " pe) ds) (1 () di

121 . p—2 oo 240,1 /
< ([ 7Ol [ PO 0

The claim follows by observing that the right-hand side of the above inequality
goes to 0 as 7 — +o0.
U

Remark 2.2.1. We emphasize that, with the same argument in [ANT23;
AGM22], it is possible to obtain a stronger comparison in Theorem 2.2.3. It
can be shown

(L+n)(p—1)
lp—1)+p(n—1)

lull e @jopt oy < M0llerieopany  VO<h<

and

(t+n)p—1)
lp—1)+pn—2)+n

Hu”mk,p(g,mv dz) = ||U||ka,p(m7‘,;|f-’ dz) VO<k<

)

where [[[| .0 (0|2t dr) 18 defined in (1.10).

If the source term f(z) is constant we get a stronger result, namely a
pointwise comparison between u* and v.

Theorem 2.2.4. Assume that hypotheses (Hy)-(Hy) are in force and suppose
that f(x) =1 in Q. If eitherp=n=2orifp>2,n>2 and
p—n

< —
< n+p_2,

(2.53)

then
uf (z) < v(x) z € QF (2.54)

where u and v are the solutions to (2.28) and (2.30) respectively.
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70 Comparison results for p-Poisson equation with Robin BCs

Proof. Let
llp—1)+p(n—1)
p(l +n)

1
52=—<92—>p.
p)p—1

We point out that d; > 0 by assumption (2.53).
Obviously in this case we have

0y =

)

and

w(t)
/ £*(s) ds = pu(t).
0

Hence (2.35) can be written as

£
1 1 ry
’yn[p‘u(t)(QZ_E)P%l < () + = / 2] dH" L. (2.55)
w fr=1 Joue U

Multiplying both sides of (2.55) by t?~'u(t)% and, then, integrating from 0
to 7 > v,,, we obtain

Tt [ < [T o) e

0 0
1 T 1
p—1 02 - n—1
* 3,;1/() ) /BU e (2.56)
T |Q 1462
< / () (— (1)) d 4+
0 ppPT

Taking into account of Lemma 2.2.2, if we replace p(t) with ¢(t), the
previous inequality holds as equality. Hence, we get

| ez [ e ton o o)
0 0
In turn an integration by parts yields

1462 T 1462
_p—I& —1/tp_2&dt
T, e )0 1+ 6,
1462 T t)1+52
> p—1 ¢(T) -1 / tp—2 (b( dt
e T A 1+ 0,
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2.2 The case of variable Robin parameter 71

The above inequality allows us to use claim (ii) of the Gronwall’s Lemma, this
time to the function

&() = /OT sP? (H(S)HT;(Z(S)lM?) ds.

Hence for any 7 > v,, it holds

AR S B L [ e (MR O
1+ 6, =22 1+ 6,

Inequality (2.33) ensures us that the right-hand side of the inequality above is
non-positive, therefore

w(r) <o(r) VT = o
Finally, since by (2.33) we have
u(r) < o(1) = [, V7 < vm,

and, therefore, the inequality above holds true in [0,4+00). Claim (2.54) is
hence proven. O

Here we give an application of our previous results. Specifically, we derive
a Faber-Krahn inequality for the Robin p-Laplacian operator with variable
boundary parameter.

Theorem 2.2.5. Assume hypotheses (H,)-(Hs) and let § be the constant
defined in (2.31), then we have

Ap(a)(Q) = Ay 5(9),

where

/ Vol de + / B(a) [l dH
App() (@) = min =2 o
] P ¢
vewl ) /Q P Lz da

Proof. Let u be a positive minimizer of (2.57), then

(2.57)

—Apu = A g(2) up_1|x\z in Q
gau

|VulP™ a3 " Blz)uP~t =0 on 90.
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72 Comparison results for p-Poisson equation with Robin BCs

Now, let z be a solution to the following problem

Ay = (@) (el o
N (2.58)
|Vz|p72%+ﬂ(rﬁ)§zp_l =0 on 90"
v

Therefore, Theorem 2.2.3 ensures that

/up|x|€dx:/ (uﬁ)p|x|edm§/ 2|zl da,
Q o Qi

while Hoélder inequality gives

p—1 1
/ (WP~ 2| do < (/ (uﬁ)p|x|edz> (/ zp:z:|£dsc)
Qtf Qt Q
g/ 2|zl da.
ot

Hence, writing A1 g(,)(€2) according to (2.58), we get
/ |Vz|P dz + B(rﬁ)ﬁzp dH" !
_ JOF foleli
/ ()P~ 2|z|" da
ot

|Vz|P dz + B(rﬁ)ﬁzp dH" !
S Jor o0k >\ ~(Qﬂ)_

/ Zle dx
Qi

/\l,ﬂ(w) (Q)
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Chapter

Gradient rearrangement and
comparison results

In this chapter we will present the technique of the gradient rearrangement:
given a function u, we will construct a radial function u* whose modulus of
the gradient is the increasing rearrangement of that of u and compare some
suitable norm of u with those of u*.

Specifically, in the first section we will study the case of a Sobolev function
with non zero trace while in the second section we will consider the case of a
BV function. Finally in third and fourth section, we present some applications
of this type of rearrangement.

3.1 The Sobolev case

Theorem 3.1.1. Let  C R" be a bounded, open and Lipschitz set and let
u € WHP(Q) be a non-negative function. If we denote with QF the ball centered
at the origin with same measure as S, then there exists a non-negative function
u* € WhP(QF) that satisfies

|Vu*| = [Vuly(z) a.e in QF

/ wdH ! (3.1)
* = 773%*1(8971) on O0QF.
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74 3. Gradient rearrangement and comparison results

and such that

||U||L1(Q) < HU*HLl(Qﬁ)' (3:2)

Remark 3.1.1. By the explicit expression of u* on the boundary and the
Holder inequality, we can estimate the LP norm of the trace:

H 1 (90! /8m (u )P dH" ™t = </mud7-l”1>p (3.3)

< an—l(aQ)p—l/ uP dHn_l,
o0

for any p > 1.

Proof of Theorem 3.1.1. Let us consider € and ¢ := 6. and the sets

Q. = {z e R": d(z,9Q) < ¢} Y. =0\ Q,
Qf = {z e R": d(z,QF) < 5} v =08\ 0 (3.4)
Q] = 1] | = 2,

where, since % — H"~1(99) and \ET‘QI — H"1H(O0F) as e — 0, we have
A (0]9)

=0 e HPL(O0H)
Let d(-,Q) defined as follows:

d(z,Q) = yuelgpc -y

Then we divide the proof into four steps.

Step 1 First of all we assume 2 with C1* boundary, u € W1H°°(Q) and u > o >
0 in Q.

So we can consider the following "linear" extension of u, u. in €.

d(z,00)

- > Vo e 0.\ Q,

o= o1

where p(z) is the projection of z on 9 (for e sufficiently small, this
definition is well posed since ) is smooth, see [GT01]). The function u.,
has the following properties:
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3.1 The Sobolev case 75

(©) Vel g () < [Vue|(y) Vy € X for € sufficiently small,

e—=0t

(d) lim |Vu5|da::/ wdH" L.
S, o0

Properties (a) and (b) follow immediately by the definition of w., while
(c) is a consequence of the regularity of u. Property (d) can be obtained
by an easy calculation, indeed

d(x,00)

3

Vd(z,00)

3

Vi (e) = ¥ (ulple)) 1 - | - u(po)

For the first term, we can notice

EE|v(u(p(ac))){ {1 - d(xfﬂ)] dx < L/ dr = L|%.|,

e

where L is the L*™ norm of Vu(p(z)). Now we deal with the second term
and, keeping in mind that |Vd| = 1 and using coarea formula, we have

s 1 n— 1
Eli>r(r)1+ |Vu€|dx—€1_1>r(r)1+€/ziu(p( x—61_1>r(€1+/ dt/rt uop)dH

where Ty = {z € X, : d(z,09?) = €}. By continuity of u and Lebesgue
differentation theorem we get

lim 7/ dt/ wopdH™ ! /(UOp)d’H" ! / wdH" 1,
e—=0t € T, To a0

that proves property (d).

For every € > 0, we consider the following problem

Voe|(z) = [Vue|y(z)  in QF (3.5)
v. =0 on 90F,

and by Theorem 1.2.2 it holds
HUSHLl(Q )y > ||U5||L1(Qﬁ) (3.6)
Moreover it exists & such that for every e < &

(Vv |(z) = [Vuely(z) = [Vuly(z) Yz € QF. (3.7)
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3. Gradient rearrangement and comparison results

We can see u. as a W11 (Qz) function and we have
[ veel = [ 19ud = [ 9ul s [ 190 < 1Vl + 2l oo
QE Qs Q e
(3.8)

by property (d).
Finally, by Poincaré and (3.8), there exists a constant 0 < C' = C(n, )
such that

el s ) < CIVOe s, < Ol )lfullyrs oy

Therefore, up to a subsequence, there exists a limit function u* € B V(Qg)
such that ([AFP00, Proposition 3.13])

ve — u* in L) Vo, = Vu* in Q,
namely

lim pdVve = /u wdVu* Yo € Co(2,R™).
QE

e—0 #
Qg

Our aim is to show that u* satisfies properties (3.1), (3.2) and (3.3).
Concerning (3.1) then |Vu*| = |Vul, follows from (3.7).

To find the value of u* at the boundary, we observe that, from (3.5) and

(3.7), we have
/ |Vu5| :/ |VU5|-
. =t

Now, for t > 0 setting Ty = {d(z,Q) = t}, I = {d(z, Q) = t}, r =

1
QI =
<|) and recalling that v. is radially symmetric we have
Wn,

r+6 r+3
/ \Vva\:/ / |Vvs|d7-l”‘1dt:/ —U;(t)(H"—l(Fi)) dt.
Eg T I"g T

Therefore by monotonicity of [T'¥| we have
r+3
vl OE) < [ (D) de < ol (1),
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3.1 The Sobolev case 7

and since

UE(T)H”_l(Fﬁ) = / ve dH™ L,
ont

using the fact that v. — v in L'(Q), Vo, = Vu in Q and the continuity
embedding of W11(Q) in L1(2), in the end we have

/ |V’UE|—>/ u* dH" L.
n? o0t

Using property (d) we obtain

/udH"—lz/ u* dH™ L.
o0 ont

In the end we have that for u* it holds

V| = |Vul, in 0
/ wdH™ ! (3.9)
* _ JO
u = m on aQﬁ

that proves (3.1).
Furthermore by

ltell gy = lull ooy and — lell s ey = el o
we can pass to the limit € — 0 in (3.6) and we get
lull 1oy < llu*]lLr(as)-
that proves (3.2).
Step 2 Now we remove the extra-assumption v > ¢ > 0 defining

Uy = U+ O.

Then wu, is strictly positive in 2 and we can apply the previous result:
there exists a function v, in QF such that

|vv0| = |Vuo|ﬁ = |Vu|n a.e. in Qﬁ
Uy dH™ L / wdH™ !
v — /BQ _ Joo g H" 1 (09) on 99
7 HTH 00 H (OO H1(007) ’
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78 3. Gradient rearrangement and comparison results
and
||u0||L1(52) < ||Ua||L1(m)7 (3.10)
If we define
x H" 1 (09)
U =Y =0 T aoh
HH(O0F)
then u* solves
|[Vu*| = |v“|ﬁ in Qf
/ wdyn (3.11)
w =2 on 90,
/anl (Qﬁ)
Sending o — 0 in (3.10) we have
lull i) < lu*llnrs)-
Step 3 Now we remove the assumption on the regularity of Q.

Let Q be a bounded, open and Lipschitz set, and u € W1*°(2). Then
there exists a sequence {2} C R™ of open set with C? boundary such
that Q@ C Q, Vk € N (for istance you can mollify yq and take a suitable
superlevel set) and

Q% AQ =0 HH0Qk) = H"(09) for k — +oo.
Let @ be an extension of v in R™ such that

g = u, ”fl‘HWl«N(Rn) < C||U||W1,oo(9)~

We define
U = aXQka

and clearly u; = u in Q. By the previous step, we can construct uj €
W (1) such that it is radial, [Vug|, = |[Vuf|, and

skl sy < 6l o (3.12)

[t = [, (3.13)
Ay, ot

Therefore, since ||ug|lw1.r(q,) < M, for all p, the sequence {uj} is equi-
bounded in WP(QFf) and it has a subsequence which converges strongly
in L? and weakly in WP to a function w.
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3.1 The Sobolev case 79

Step 4

Let us prove that |Vu| and |Vw| has the same rearrangement.
limksup V] |v“|ﬁHLP(m) = h,gn [(Fr)e = fﬁ”LP(R")’

where

|Vl in Q [V in Qy
flz) = N o m fe = N .
Hvu||L°°(R") in R \Q, HVUHLOC(RTL) in R \Qk,

So using (1.3) we have
| (fr)s — anLp(Rn) <\ fk = fllze@my
= [[fi = fllLrna) < 2V oo @) [\ 2,

that tends to 0 as k — +oo by the fact that |Q,AQ| — 0.

Hence, the functions Vw and Vu has the same rearrangement, by the
uniqueness of the weak limit in Q.

In the end, passing to limit k — 400 in (3.12) and (3.13), we have

[ullr) < llwllz s

/ ud?-l"flz/ wdH L.
a0 a0t

Hence w = u*.

Finally, we proceed by removing the assumption v € W (Q).

If u € WHP(Q), by Meyers-Serrin Theorem, there exists a sequence
{ug} € C*(2) N WP(Q) such that up — u in WHP(Q). We can apply
previous step to obtain uj € W1 (QF) such that |Vuy| and |Vu}| are
equally distributed and

lunll ) < lukllLqs VkeN (3.14)

/ up dH™ :/ wf dH" vk € N. (3.15)
o0 o0t

Arguing as the previous step, there exists a function w such that, up to
a subsequence

uj, — w in LP(Q) Vuj — Vw in LP(Q;R"™),
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80 3. Gradient rearrangement and comparison results

and |Vw| has the same rearrangement as |Vul.

Finally, sending &k — +o0 in (3.14) and (3.15), we have

lull L1y < lwllpos)

/ud’;‘{”’l:/ wdH .
o0 oNt

Hence w = u*. O

3.2 The BV case

Let us now consider the case of bounded variation functions. Let € be a
bounded open set with finite perimeter and let us consider

BVy(2) :={u e BV(R"): u=0in R"\Q}.
For any u € BV((Q), we define
f(@,s)=(u— u*(s))+(x) z €R", s€]0,400). (3.16)

The function f(-,s) belongs to BVy(Q) for every s € [0,400) since it is a
truncation of u (see [AFP00, Theorem 3.96]). Moreover, for every s € [0, +00)
we denote by

G(s) = [Df( s)|(R™) = [DF (- )|(R™) + [D*f (-, 9)[(R") = G (s) + Ga(s),
(3.17)
where D®f and D?f are, respectively, the absolutely continuous part and
singular part of the measure D f.
The following corollary holds.

Corollary 3.2.1. Let u be a non-negative function belonging to BVy(S2) and
let G(s) be the function defined as in (3.17). Then for a.e. s € [0,+00):

“+oo
G(s) = / Per({u > £}) de. (3.18)

*(s)

Proof. For a.e. s € [0,400), applying 1.4.2 with E = R" to the function f(-, s)
defined in (3.16), we have

G(s) = ’D((u - u*(s))+> ‘(R”) - /+oo Per ({(u —u*(s)), > 5}) de.
- (3.19)
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3.2 The BV case 81

Moreover, we have
+oo —+o0
/ Per ({(u—u*(s))+ >£}) df:/ Per ({u —u*(s) > £}) d¢,
oo 0
and a change of variables gives (3.18). O
The following properties hold:

1. G is an increasing function on (0, 4+00) by (3.18), constant in (|2, +00),
it belongs to BV ([0,400)). Then, there exists a positive measure o
such that

G(s) = / do(r) Vs e [0,+o0) (3.20)
(0,5]
2. Gi(s) = / |V#u| dx is increasing and AC on [0, +00), then there
{u>u*(s)}
exists a function Fy belonging to L ([0, +00)):

Gi(s) = /OS Fy(r)dr Vs € [0, 400);

3. Gy is an increasing function belonging to BV ([0, +00)), so there exists
a positive measure oy such that

Ga(s) = /(0781 dos(r) Vs € [0,+00).

Then, Vs > 0
Gls) = o((0,5]) = / do(r) = / Fndr+ [ doo(r).  (321)
(0,s] 0 (0,s]
Let us now define the following function
+oo 1
o(s) = / ———do(r) Vs € [0,+00) (3.22)
s nwiETI W

where o is defined in (3.20). We observe that, since supp(o) C [0, |Q]], v is
identically 0 on (||, 4+00), hence v € BV([0, [2]]).

As intermediate step towards Theorem 3.2.3, we prove the following propo-
sition.
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82 3. Gradient rearrangement and comparison results

Proposition 3.2.2. Let Q C R"™ be a bounded open set with finite perimeter
and assume that u is a non-negative function belonging to BVy(Q). If v(s) is
the function defined as in (3.22), then

u*(s) <w(s) for a.e. s € [0,+00). (3.23)

Proof. The isoperimetric inequality implies
newi p(t) "% < Per({u > t}) vt € [0. + 00),

by (3.18) and (3.21) we have

G(s) = /+00 Per({u > £})d¢ = do (1) for a.e. s € [0,400).
u*(s) (0,s]

Hence, for all 0 < 51 < 89 < +00 we have

o((s1,82)) = / do(t) = lim G(s) — G(s1)
S1 S5—S,
u*(s1)
lim Per({u > £}) d¢
sy Jur(s)
u*(sl) 1 1
> lim nws; (€)' d¢

s=s; Jur(s)

= D[H(u")]((s1,52)),

where
+o0 1 1
H(r) = / nst (€)% de.
Since this holds for every open interval (s1, $2), we have
o(A) > D[H(u")|(A) VA C [0,+00), Borel set. (3.24)

Observing that H is a Lipschitz function, D [H (u*)] is given by (see [ADI0])

DlH) —nw,%slfiDu* on [0,400) \ Jy=
u =
—nwi 1E (W) — ()7)  on e,
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3.2 The BV case 83

since u(u*(s)) = s a.e. with respect Du* (by the properties of the rearrange-
ments) and since for s € J,»

Then we can write [ ( )]
dD|H(u* 1
—_— s = NS m. 2
D nwry 8 (3.25)

Therefore, by means of (3.24), (3.25), we have

wio=— [ amwye = [T PEEND Ty,

o 1—1 n1—1
nwy 7- 7 nwy 7 7

O

As aforementioned, we want to introduce a symmetrization that keeps the
absolutely continuous part separate from the singular part (sum of jump and
Cantorian part) of the gradient. To be more precise, we define the radial
function u* € WH1(QF) N BVy(QF) N L>(QF) such that

[Vu*|(z) = |[Veuly(2) a.e. in Qf

3.26
(@) (3.26)

|D3u|(R™)  on 9$F

~ Per (%)

where V% and D*u will be defined in Section 1.4.
The main theorem of this section can be stated as follows.

Theorem 3.2.3. Let Q C R™ be a bounded open set with finite perimeter and
let QF be the centered ball. Assume that u is a non-negative function belonging
to BVy(2) and assume that u* is defined as in (3.26), then

el iy < l1e"ll )

Proof. First of all, let us emphasize that the decreasing rearrangement of u*,
defined in (3.26), is

i O | WAy, (t 1 .
() (s) :/ 1t|1<1) A+ poray DB ) xo i (s) Vs € [0, +00).
S nwyy n
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84 3. Gradient rearrangement and comparison results

Now, let us integrate (3.23) between 0 and +oo and let us use Fubini’s Theorem
to obtain

+oo +oo
/ u*(s)dsg/ v(s) ds
0 0
“+o0 “+o0
= 11/ / do () 4
nwy 70 5 thw

1 oo
=— tw dF(t)
0

NWyy
1 too too
Wy 0 0

By (1.5) applied to F} and the Hardy-Littlewood inequality (1.2), we have
o0 2] ol
/ PR () dt = / th Fl()dt_hm/ £ (D) (t) dt
0 0

e, Foo
< / 4 V. (t) dt = / 41V, (1) dt
0 0

then

+oo 1 +oo N +o0o N
/ u*(s)ds < T / tn |V3ul.(t) dt + / tm doa(t)
0 nwy |40 0

1 oo
< — / tw
nw.,y |70

since Fy(A) =0 for all A C (||, +00).

Using again Fubini’s Theorem, we can compute

[ rtan [T [ [0,

84

(3.27)

1 too
Veul, (t) dt + |Q|:/ d@(t)],
0



3.3 A weighted L' comparison 85

and

[t / iR ) = 10— Dl
+ Jo 2T P per (0F) “

nwe,

+oo 1 . .
‘/o Per@) PR X0, (5) ds.

Hence, (3.27) can be written as

+o0 +oo |Vau\*(t) 1
HUH §/ / dt + |DSU|(Rn)X o (S) ds
P> Jo L et Per(9) .19

= HU’*”Ll(Qﬁ)'

Remark 3.2.1. We stress the following facts:
| D*u|(R™) :/ |Vau\daj:/ |[V*u*|dz and |D%u|(R"™) = |D%u*|(R"),
R™ ot
and then
|Dul(R") = |Du”[(R").
3.3 | A weighted L' comparison

Let us check how extend the result by [Tal94b] to the case of function non
vanishing on the boundary.

Theorem 3.3.1. Let Q C R" be a bounded, open and Lipschitz set. Let
f € L>®(Q) be a function such that

t
@) > (1 - i) %/ f(s)ds vt € [0, ]9]]. (3.28)
0
If u € WHP(Q) and u* is the function given by Theorem 5.1.1, then
/ F@u@)de < [ Fa) (@) de. (3.29)
Q Q
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86 3. Gradient rearrangement and comparison results

Proof. If u € W}"P(), the result is contained in [Tal94b]. We recall it, for
sake of completeness.
By [GN84, eq. 2.7] it is known

! / Ew (3.30)

where F' is a function such that

/OS F(t)dt = /D(S) [Vul,(s)ds,

with D(s) defined in Section 1.2.3.
1 t
Setting ¢(t) == tlj/ f*(s) ds, multiplying both terms of (3.30) for f*(s),
w Jo

integrating from 0 to |2| and using Fubini’s Theorem we get

Mo s [ ro([C 2 w)as

0 nwyy
1

o (3.31)
F(t)g(t) dt.

1
nwy 70

s) = g(s) and by Lemma

Let us suppose that g(t) is non-decreasing, so g.(
Vu), and F, — F in

1.2.1 there exists a sequence {F} such that (F}).
BV. Therefore

|2 2]
/O P(t)g(t) dt = lim /O Fr(t)g(t) dt.

Using Hardy-Littlewood’s inequality we have

ol o] 2]
tim [ F(0a(t)dt < / V], (£)g.(t) dt = / Yl (£)g(t) db.
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3.3 A weighted L' comparison 87

Hence, by (3.31) and Fubini’s Theorem, we obtain

1]

[
fwmwmwzliﬁ V. (1) g(t) dt

0 MWy

ol o)

[s) |
1 1—1
0 nwyy Js ttw

0

Therefore, by Hardy-Littlewood inequality, we have

[€2] 19

/ f@u@de < [ FOe®< [ W) (s)ds = / Fia
0 0

332)

But we have to deal with the assumption that g is non-decreasing, ¢’ > 0, that

is
d 1 i x n_l 1 t . 1 )
dt<t1—;/0 f (s)ds> =T (/0 f (S)d8)+t1—if (t) >0,

hence, if and only if
1\1 [*
ro=(1-1); [ rea

Now let us deal with u ¢ W,?(Q). Suppose that u € C?(f) is a non-negative
function, that € has C? boundary and that f satisfies (3.28). Proceeding as
in Step 1 of Theorem 3.1.1, for every € > 0 we can construct u. that coincides
with w in Q and is zero on 99Q.. Moreover we can extend f to . simply

defining
) f(=) in
ﬂ@‘{ﬁmm n 0.\ 0

The rearrangement, for every € > 0, is

{f*(t) in [0, 2]

f2(t) =
el in flel, 1],
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88 3. Gradient rearrangement and comparison results

so we just have to check (3.28) for t € [|Q], |Q.|], namely

JHOE (” - 1) : / ' (s)ds. (3.33)

n

Keeping in mind that f verifies (3.28), we have

" |
o =rionz () g [ s

If we show that

t— 19
t

Ql 9| !
L o li [ s+ f*<sz|>] = [ re

then (3.33) is true. By direct calculations

i e 0 o]
tt|Q|| 0 f*(s)dsZtTHf*(lﬂD = s12|/0 f*(s)ds > f*(9).

that is true of the fact that f* is decreasing.
So, Ve > 0 we can apply the first part of the Theorem obtaining

/ugfgdxg/ vgffdx.
Q. f

/ufdacg/ u*fﬁdm.
Q Q

Arguing as in Theorem 3.1.1, we get (3.29). O

Sending £ — 0 we get

Remark 3.3.1. Condition (3.28) implies the f is strictly positive. Moreover,
if the essential oscillation of f is bounded

ess sup | f(z)|
z€Q n

<
s inf “n—1
ess inf|f(z)] ~ n

ess osc|f] =

then (3.28) is satisfied.

Moreover we can use Theorem 3.3.1 to get a comparison between Lorentz
norm of v and u*.
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3.4 Application to Torsional Rigidities 89

Corollary 3.3.2. Let 1 < p < "5, under the assumption of Theorem 3.1.1
it holds

[ull o) < llu*llzea e, (3.34)

where u* is the function given by Theorem 3.1.1

Proof. Let us explicit the LP'! norm of u

I
S—
+
8
-
3
<
*
=
S—
QL
~

“+o0
11 «
full sy = [ 5 0y
0
Hence by Theorem 3.3.1, it is sufficient that

_a —11 (" a1
g = f/ 577 ds > 0. (3.35)
0

n t

If we compute

then we have

1 on-—11 [t _1 _a n—1 n
t v — - s ds=t V(1——p| >0 <— p< ——,
n tJ/y n n—1

o0 (3.35) is true and we can apply Theorem 3.3.1 obtaining

+oo 1 +oo 1
/ tVu(t)dt < / ¥ u*(t) dt,
0 0

that is (3.34). O

k]

Remark 3.3.2. We emphasize that the bound p < "5 is the best we can
hope for Lorentz norm L%!. Indeed, if by absurd (3.34) holds for p > P
by the embedding of LP spaces, L1(Q) C L%9(Q) = LI(Q), which gives a
contradiction.

3.4  Application to Torsional Rigidities

Here we present some applications of this type of rearrangement.
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90 3. Gradient rearrangement and comparison results

3.4.1 A Torsional Rigidity with Robin boundary condi-
tions

Let 8 > 0, let Q C R™ be a bounded open and Lipschitz set. We consider the
following functional:

/ V[ dz+ BPer(@) [ w2 dnn!
_Jo

[2)9) w c M/LQ(! !)
Q

and the associate minimum problem

Fp(Q2,9)

T(Q,8)= inf Q, ).
(€, 8) wev%}iz(m]:ﬂ( )

The minimum w is a weak solution to

—Au=1 in Q
9 (3.36)
% + fPer(Q)u =0 on ON.

v

Our aim is to compare T'(€2, 8) with

i

/ \Vv|2dx+ﬂPer(Qﬁ)/ v dH" !
T(QB):= min Fop(v)= min =& o0

1.2 ml 2 2
vEW1L2(Q) vEWL2(Q)
</ vdx)
Ot

where the minimum is a weak solution to

—Az=1 in QF

(3.37)
% + BPer(2¥) 2 =0 on IN4.
v

In particular we get

Corollary 3.4.1. Let 8 > 0, let Q C R"™ be a bounded, open and Lipschitz
set. If we denote with QF the ball centered at the origin with same measure as

Q, it holds
T(Q,8) > T(QF, B). (3.38)
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3.4 Application to Torsional Rigidities 91

Proof. Let w € W?(Q), by Theorem 3.1.1 and Remark 3.1.1 there exists
w* € WHo°(QF) radial such that

/|Vw|2dx=/ |Vw*|? da

Q Qf
/|w\dx:/ |w*| dz
Q Qf

%nfl(am)/ (w*)%m*l(am/ w?.

o0t o0

Therefore
Fo(w) = Fg(w”).

Passing to the infimum on right-hand side and successively to the left-hand
side, we obtain
T(Q,B) = T(F, B).

O

Remark 3.4.1. We highlight that all the arguments work also in the non-
linear case, where the functional

/|Vw|pdx+ﬂPer( P 1/ wP dH" !
500 for w € WHP(Q).
wdx
()

Remark 3.4.2. If f satisfied (3.28), then theorem 3.3.1 allows us to compare
the minimum of

. ﬂPer( ) 2 gam—1 _
Tg_’f(ﬂ) : wEWl 2(9){ / ‘V /8911) dH /wadl'},

with the one of

_ 1 ,@Per(m) / _
Ts +(QF) = Vo|"de + ——= 2amrnt — / Fda .
’B’f( ) vev{/qlgl(m) { Qt | UI 2 folek v QF vftde

Indeed, it holds

]:ﬁ,p( )

(3.39)
is considered.

Tp,5 () > Ty 2 (2F).
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92 3. Gradient rearrangement and comparison results

3.4.2 A penalized Torsional Rigidity

For a given A > 0, we consider the following functional

1
Fath)i= 3 [ IVl do— [de AQIVOI2 0} v e HY@), (40
and the associated minimum problem:

Tr(LA) == — Lt Fal)). (3.41)

First of all, let us observe that the minimum can be found among non-negative
functions. Indeed, passing from 1 to |¢| it holds F(v) > F(|¢]).

Assuming that problem (3.41) admits a minimum u € H{ (), then it is
also a maximum for the torsional rigidity defined by Diaz, Polya and Weinstein
in [DW48; PW50] of a multiply-connected cross-section with fixed measure of

the holes, that is
2
(/)
T(Q) = D

= max

weCo(D)ﬁcl(Q)/ |V1p|2dm’
D

1 constant
in every A;

where A; are the connected component of {|Vu| =0} and D = QUJ, A;.

Functionals with penalizing terms are very common in the mathematical
modelling of physical problems. The bibliography is very wide and some cor-
nerstones are [AC81; DCL89].

However, in the literature, penalizing terms of the form [{|V1)| # 0} are
quite unusual. The main difficulty in the study of (3.41) is to prove the
existence of a minimizer because of the lack of the lower semicontinuity of the
functional.

For this reason, we prove the existence of a minimizer in the case when 2
is a ball.

Proposition 3.4.2. Let A, R > 0 and let Br be the centered ball with radius
R. Then the functional Fy defined in (3.40) admits a minimizer v belonging
to HY(Q). Such a minimizer is unique up to a sign, it is radially symmetric
and |Vv| is radially increasing.

Proof. We divide the proof in 3 steps.
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3.4 Application to Torsional Rigidities 93

1. Boundness from below.

First of all, let us prove that the functional F, is bounded from below
for every choice of A and for every R > 0. For all ¢ € H}(Bg), sing
Young and Poincaré inequalities, we get

Fat) =5 [ 1velde— [ wdata[{Ivul 20}
- Y?  |Bg|

2
_ dr — LA 11§
2 ~/BR |V¢| * c Br 2 2e

1/ |V¢J|2dl’f €C(n,BR) / |v¢|2 do — |BR|
BR BR

v

2 2 2e
U=eC0Ba) [ gyt - 1B

Br 2

Chosing e sufficiently small such that

< -
0<es C(n, Bg)’
then
-FA(w) >—& > 7C(TL BR) > —00
- 2C(n,B,) — ’ ’
so
T(Br,A) =— inf F < 00.
(Br,A) veitina) A(Y) < oo

2. Compactness and semicontinuity.

Now we consider a minimizing sequence {iy} for Tx(Bgr,A) and we
prove that it is bounded in HJ(Bpr). We can assume that Fa (1) <
—Tx(Bgr,A) + 1 and by Proposition 1.2.2 we can assume that v are
radial function with |V | radially symmetric increasing.
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3. Gradient rearrangement and comparison results

Using Young and Poincaré inequalities, we obtain

1
P = [ IValdo= [ wede+ A[{I900 £ 0}
Br Br
1 2
zf/ VorlPde — | prda
2 Br Br
1 2 V7 |Bg
> dx — Yi _ 12R]
= Q/BRIVWI S P R =
1 C(n, B, B
Ry R
2 Br 2 Br 25
1—eC(n,B B
_ € 2(71, R)/ Vi |2 der — ‘2R|.
Br 3
Choosin < # e have
ge COnBr) we hav

—Tr(Br,A)+1> Fp(g) > %/ V| doe — C(Bg),
Br

then by Poincaré inequality, the sequence {1y} is bounded in H}(Bg).

This implies that there exists a subsequence (still denoted by ) and a
function v € H}(Bg) such that ¥ — v strongly in L?(Q), a.e. in  and
Vi, — Vv weakly in L2. Let us show that v is a minimum for Fj.

The lower semicontinuity of the norms gives

1 1
liminf[/ |V77/1k\2dzf/ 1/1kdz] > 7/ \Vv|2dxf/ vdz.
k 2 BR BR 2 BR BR

(3.42)
Let us deal with the last term of F, and let us prove that

tim inf | {[Vug| # 0} > [{|Vul # 0}/

Denoting by r the radius of the ball where |Vi;| = 0, we can assume
that rp converges to some r > 0. Therefore

limkinf {IVr| # 0} = lilgn [Wn(R"™ —11)] = wp(R™ —r™).

So we have just to prove that |Vu| = 0 in B,. Since {1} are radial
functions, obviously v is radial too.
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3.4 Application to Torsional Rigidities 95

If » = 0 there is nothing to prove.

If » > 0, assume by contradiction that there exists A C B, with |A| > 0
and that |Vv| # 0in A. Clearly there exists € > 0 such that |[AN B,_.| >
0.

Since ry — r if we choose a function ¢ € CF(Bgr,R™) with support
included in AN B,_. we have

/ (Vv, g) dz = lim (Vig, gy dx = 0.
BR k BR

Since this must be true for every g € C&F (AN B,_.,R"), we get a con-
tradiction.

Then in any case

lim inf [{[ V| # 03] = [{[Vo] # 0}]. (3.43)

By (3.42) and(3.43), we get
7T]:(BR, A) = limkinf]:A(z/Jk) Z ]:A(”U) Z 7T]:(BR, A),
S0 v is a minimum of F, in Bg.

3. Uniqueness.

Let us suppose that v is a minimum of Fj(¢). By Theorem 1.2.2, it
exists ¥ € Hg(Bg) such that

Fa(v) > Fa(v),

and since v is minimum, it holds
Fa(v) = Fa (D).

Since |Vv| is equally distributed with |V, the previous equality implies
ol = NIl

so Theorem 1.2.3 gives that |v| = 7.
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96 3. Gradient rearrangement and comparison results

Remark 3.4.3. We highlight that Theorem 1.2.2 ensures us that the minimum
when 2 is a ball has gradient equal to zero only in a ball B, centered at the
origin with 0 < r < R.

Now, as already above mentioned, we prove a Saint-Venant type inequality
for Tr(2, A).

Corollary 3.4.3. Let Q2 C R" be a bounded open set with finite perimeter and
let QF be the centered ball. If A > 0, then

Tf(Qv A) < T]’(Qﬁa A)

Proof. For every function ¢ € Hj(Q), by Theorem 1.2.2 or 3.2.3, there exists
Y € HE(QF) that satisfies

]:A(iﬁ) 2 ]:A(E) > _T]‘—(Qua/\)v

and then
Tr(Q,A) < TF(QFA).

O

3.4.3 A Torsional Rigidity related to thermal insulation

Now we deal with the functional

2
fiwetaes ([ ola)
_ JQ m \Jaso
: 2
()
Q
with m > 0.

The interest in this type of functional is related to the problem of optimal
insulation in a given domain. Indeed, the minimum of G gives the long-time
distribution of temperature of the domain 2 and the displacement around 2
of a thin layer of insulator with total mass equal to m. We refer to [BBN17]
for more details.

If © is a Lipschitz domain, G(¢)) achieves its minimum among all H'(Q)
functions. So we define

g(¥) Y€ H'(Q),

1
Tg(Q,m) = pecHL (D)
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It is easy to check that the Euler-Lagrange equation of this functional is
—Au=1 in Q

1
%_1_7/ lu| dH" ™' =0 on 9.
o m Jaq

So Theorem 3.2.3 gives us the following Saint-Venant type inequality for Tg(£2).

Corollary 3.4.4. Let Q C R"™ be a bounded open set with finite perimeter and
let QF be the centered ball. If m > 0, then

TQ(Q7m) < Tg(Qﬁﬂ’n)

Proof. For every function ¢ € H'(Q), by 3.2.3, there exists ¢ € H'(Q*) that

satisfies
— 1

G(y) >6(v) > To( @ m)’

and then
Tg(Q, m) < Tg(Qﬁv m)
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Chapter

Two shape optimization problems
for eigenvalues

In this Chapter we study two shape shape functional in the class of convex
sets: the Robin p-Laplacian eigenvalue and the Neumann Laplacian.

In Section 4.1 we will consider the eigenvalue of the p-Laplacian oper-
ator with Robin boundary conditions among convex sets having prescribed
perimeter and give continuity and quantitative estimate for this functional,
respectively in the case > 0 and 8 < 0, in terms of isoperimetric ratio.

In Section 4.2 we will focus on the eigenvalue of the Laplacian operator with
Neumann boundary conditions among convex sets having prescribed diame-
ter. Recalling that the Kroger inequalities are sharp but only asymptotically
achieved by suitable sequence of collapsing domains, we will give upper bound
for these inequalities in terms of the second semiaxis of the John ellipsoid.
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100 4. Two shape optimization problems for eigenvalues

4.1 Estimates for Robin p-Laplacian eigen-

values

Let Q be a bounded, open and convex set in R™. We recall that the funda-
mental eigenvalue of the Robin Laplacian on € is defined by

/\Vw\pdx+5/ |w|P dH™ !
Ap,3(2) =  min 2 o2 .

wewlh) /Q fol? da

(4.1)

To prove our results, we will need some properties of the eigenfunction of
Ap,5 on the ball.

4.1.1 Monotonicity of eigenfunctions

It is clear from the definition of the eigenvalue (4.1) that for fixed 1 < p < 400
and Q C R"™, the map
B ER— )\p,g(Q),

is increasing and it holds (see for instance [Lé06])
bp < Ap.g < Ap,Ds VB € (0, +00),
and

lim /\pﬁ = Up = 07 lim )\pﬁ = )\p,D7

B—0+ B—+o00

where p, and A, p denotes the first eigenvalues of the Neumann p-Laplacian
and Dirichlet p-Laplacian respectively.

Now we want to observe that, if we consider a ball B and we fix the value
of the eigenfunction in the origin, the map

B = vp, 3, such that v, g0y = C,
is decreasing, in the sense that
if B1 < B2 = vp 5, (2) > vp 8, (), Vr € Bg. (4.2)

With this aim, let us recall that the first eigenvalue of p-Laplacian is simple and
that the corresponding eigenfunction is radially symmetric, i.e. there exists
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4.1 Estimates for Robin p-Laplacian eigenvalues 101

h: [0, R] = R such that v, g(x) = h(|x]). In the following, we will denote with
vp,3 both the eigenfunction and the function h.

In order to prove the monotonicity in (4.2), we first prove an intermedi-
ate lemma. This result is not new in the literature (see for instance [BD10,
Proposition 4.2]), but it is not usually stated as proposition or lemma.

Lemma 4.1.1. Let 0 < r < R, 1 < p < 400, B € R. Let us denote by
Ap.p the first eigenvalue of the p-Laplacian on the ball Br defined in (4.1)
with boundary parameter 8 and let v, g be the corresponding eigenfunction.
Then, vp g|B, s the first eigenfunction of the p-Laplacian on the ball B, with
boundary parameter

sl () ()

- —1
vy (7)

Proof. Let us suppose p = 2, the general case is analogous. For sake of sim-
plicity, we denote by Ag := A2 3 and vg := v3 3.
By the radiality of vg, we can infer that it is a solution to

—Avg = Agvg  in B,

0
% +7vg =0 on dB,.

Let us suppose by contradiction that Ag is not the first eigenvalue of the Robin
Laplacian with boundary parameter v. So we can choose

)\7 < )\5, (4.3)

the first Robin eigenvalue with boundary parameter v and w., the associated
eigenfunction, that is

/|any|2 dx—l—v/ w%d?—["‘l /|V1p|2dx+fy/ P2 dH™ !
B, 9B, B, 9B,

)\7 = = min

/ wi dx YEWA(B:) / Y?dx
B, B,
(4.4)

We know that w, is unique up to a multiplicative constant, so we can
choose the constant such that vg = w, on 9B5,.
Let us consider the function

_Jwy(z) ifxeB,
f(x)_{vg(x) if x € Bg \ By,
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102 4. Two shape optimization problems for eigenvalues

we can use it as a test function in the definition of Ag. In particular, we have

/BR v +5/aBT £ ann

f?dx
Br

/ \va\%r/ |w5\2+5/ V3 dH
B, Bgr\B, dBr

/ w,2y der/ v% dx
B Br\B

r

Ag <

If we add and subtract 'y/ w,zy dH"! and / |Vv5|2 dz, and we recall that
8B, .

vg achieves (4.1) on Bg with value A\g and w, achieves (4.1) on B, with value
Ay, we have

)\7/ widm—&—)\ﬁ/ v%dx—y/ wﬁd?—[”‘l_/ |Vv5|2d:c
g < B, Br 4B, B,

a / wi d:v—i—/ v% dxr
B Br\B

r

Since vg = wy on 0B, and vg is an eigenfunction on B, with eigenvalue Ag,

we get
)\7/ wgdx—kx\g/ v%da:—)\g/ v%dm
B, Br B

/ w?/ dx + / v% dx
B, BR\BT

)\7/ widw—i—)\g/ vgdm
B, Br\B

T

/ widx—}—/ v%dm
Br\B,

Ag <

r

/ w?dz + / w?dz

B'r' BR\B7'

/ w?dx + / w?dx
B, Br\B,

where in the last formula we use (4.3), and we get a contradiction.
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4.1 Estimates for Robin p-Laplacian eigenvalues 103

Now we are in position to prove (4.2).

Proposition 4.1.2. Let R > 0, 1 < p < 400 and f1 < P2. Let us denote
by A\p.g, and Ap g, the eigenvalues defined in (4.1) and let v, p, and vy, be
the corresponding eigenfunctions normalized such that vy g, (0) = vp g, (0) > 0,
then

Up,B1 (I) 2 Up,By (‘T) Vz € Bg. (45)

Proof. Let us suppose p = 2, the general case is analogous. For sake of sim-
plicity, we denote by Ag, := Ag g, and vg, := v2 ;.

Since both vg, and vg, are radial, we can write the Laplacian in polar
coordinates, that is

" Au(r) = (T"_lu’(r))/ r € [0, R]. (4.6)

Therefore function ug,, for ¢ = 1, 2, satisfies

1 L
v, (r) = T {/0 s" g, vp, ds]. (4.7)

Since Ag, < Ag, and vg, (0) = vg,(0), by continuity there exists o > 0 such
that
A1 VB, (S) < )‘ﬁ2vﬂ2 (S) Vs € (07 0')7

and by (4.7)
v, (8) > vg, (s) s €(0,0).

Hence, integrating the previous inequality and recalling vg, (0) = vg,(0), we
obtain

vg, (8) > vg,(s) s € (0,0). (4.8)
Let us define

A={r>o0 :vg(r)=vs(r}

we want to prove that A is empty, so by (4.8) we get the claim. Let us suppose
by contradiction that A # @, hence there exists

t =inf A.
By continuity vg, (t) = v, (t), and this, combined with (4.8), leads to
v, () < g, (t). (4.9)

Let us set
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by (4.9) we have 71 > 7o.
By Lemma 4.1.1, vg, and vg, are the first eigenfunctions of the Robin Lapla-
cian in B; with eigenvalue A, and \,, with parameter v; and 7, respectively.
Therefore by monotonicity of eigenvalues with respect to the boundary pa-
rameter, we get

Agy = Ay > Ay, = Ay,

which is a contradiction. O

Remark 4.1.1. We highlight that, if we fix the value v, g(0), (4.5) implies
that

B llvp gl
is non-increasing, while the map

s (O1"]
Vs,

/BHC(n’p,ﬂ,p):

is non-decreasing, for all 5 € R.

4.1.2 The case of positive boundary parameter

Let us prove the continuity estimate in the case of a positive boundary param-
eter .

Theorem 4.1.3. Let 8 be a positive parameter. Let € be a bounded, open
and convex set in R™ and let Q* be the ball, centered at the origin, such that
Per(Q) = Per(Q2*) = p. Denote by A, 3(Q) and A, 3(2*) the first eigenvalues
of the p-Laplacian operator with Robin boundary conditions respectively on )
and %, and by v a positive eigenfunction associated to A\, g(2*), then

1

M) = X () 1T
| ! < Cn.p, B, l————= . 4.10
Aps () = Ctunfp) Per(Q)»-1 ( )
' ' nR" _ vl 19
where wy, is the measure of the unitary ball in R™, and C(n,p, B, p) = i ”p .
v
p

Proof of Theorem 4.1.3. The quantity

Ap,8 Q) - )‘p,ﬁ(ﬂ*)
/\pﬁ (Q) ’
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4.1 Estimates for Robin p-Laplacian eigenvalues 105

is bounded from above by 1, so inequality (4.10) is trivial when

1

nTw; Q) o 1 _ wvlig 12
PGT(Q)""%I B C(n,p,ﬁ,p) ||v||§
We can assume )
nﬁwF|Q| 1
1— - < . 4.11
Per(Q)ﬁ C(n7p7ﬂ7p) ( )

Let v be the solution to

—Apv =X ()P0 in
(4.12)
\Vv|p_2%+ﬂ|v\p_21):0 on 90,

as we have already remarked, v is positive and radially symmetric.
So the function

g(t) = |vv|v:t7
is well defined for all ¢t € (vy,,var), where v, = %i*nv and vy = maxv. Let

us define the following function
L1
G Ht) = / —— ds. U < t < vpp. (4.13)

Since G~ is strictly increasing, its inverse G is well defined and it is an
increasing function satisfying G(0) = v,,. So we can construct u(z) = G(d(x))
for x € Q. By construction, u € WP (Q) and

. H}]inu = G(0) = vy, being G increasing;
o lull, <Gl < v, by formula (4.13);

e the chain rule formula implies

= g(t) = ‘vv|'u:t‘

u=t

Vul,—y = G (d(@))] ey = |9 (G (dl2)) )

Let us set
Ei={xe€Q: u(x)>t}, Bi={xeQ":v(x)>t}
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106 4. Two shape optimization problems for eigenvalues

By Lemma 1.6.6 and formula (1.20), for almost every ¢ € [0, ||u||_], we have

n—2
d Wy (E:) _n—2 L (Per(E};)) =1
——Per(E;) > (n—1 >(n—1)n 1wyt ————
while for v it holds
d Wa(By) we 1 (Per(By)F
——Per(B;)=(n—1 =(n—1)n" —Tw, ,
and Per(Ey) = Per(Byp). By direct computations, it holds
1 d 1 d
———————— —Per(B;) < —————— —Per(E) a.e. te [0, ||u|\oo],
Per(B,)—1 dt Per(E,)»—1 dt

therefore, integrating and recalling that Per(FE;) and Per(B;) are absolutely
continuous functions, we get

Per(E,) < Per(B), 0<t< |ul.. (4.14)

Denoting by pu(t) = |E¢| and by v(t) = |By|, the coarea formula (1.13) ensures
us that

oy L _ Per(E;) _ Per(By)
u(t)—/u:t 2 dH 70 < 0

1 ~1
n—l _ _ /4
/v:t o] V(0

for almost every t € (0, ||ul|, ). The first equality holds true since |Vu| # 0
in {v, < u < ||lull} (see [BZ88]). So the function v — p is decreasing in
[0, [Jull o], and

lull v
/ uP dx = / ptP L u(t) dt = / ptP~u(t) dt
Q 0 0
:/ ptP~lu(t) dt—/ ptP = (v(t) — p(t)) dt
0 0

> /* vP dz — o, (197] — 19]).

Moreover, by (4.14), we get

/ VP~ dHP L = g(t)P~Per(Ey) < g(t)P~Per(By) / VoL ann,
u=t v=t
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4.1 Estimates for Robin p-Laplacian eigenvalues 107

so, if we integrate over €2,

[l o
/|Vu|pda:§/ / \Vv|p_1d’}-[”‘1dt§/ Vol
Q 0 v=t Q*

We observe that by construction both u and v are constant on 02, so

I6] uP dH" ' = BuvP Per(Q) = B P dH L
a0 O~

We eventually get

/|Vu|pdx+[3/ uP dH" !
Ap.p(Q) < #2 o8 <

/upd:r / P dz — oh (| — Q)
Q Q*
1

/ |Vol? dz + 3 P dH !
Q* o00*

= )‘p»ﬁ(ﬂ*) |Q‘ .
l_c(nvpaﬁap) (1_ )
€2
(4.15)
The claim follows from (4.11) as the quantity
1€
I_C(nvpaﬁap) (1_ ’
|€2*]
is non-negative. O
p O*
Remark 4.1.2. The constant C(n,p, 8, p) = W depends on the perime-
v
p

ter of the set 2 and on . Thanks to Proposition 4.1.2 and Remark 4.1.1, it is
possible to bound the constant C'(n, p, 8, p) from above with a constant inde-
pendent of the perimeter and . Indeed, V3 > 0, if we denote by v, o the first
Dirichlet eigenfunction normalized in such a way v, g(0) = vp 00 (0), we have

Up,oo (0[]

C(napaﬁ7p) S = C(n7p)7

||”p,<>0||g

that is independent of the perimeter thanks to the rescaling properties of the
Dirichlet p-Laplacian eigenfunction.
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108 4. Two shape optimization problems for eigenvalues

4.1.3 The case of negative boundary parameter

Let us now move to the case of a negative boundary parameter § and let us
prove the quantitative estimate with respect to the isoperimetric deficit.

Theorem 4.1.4. Let 8 be a negative parameter. Let Q be a bounded, open
and convex set in R™ and let Q* be the ball, centered at the origin, such that
Per(Q) = Per(Q2*) = p. Denote by A, 3(2) and A, 3(2*) the first eigenvalues
of the p-Laplacian operator with Robin boundary conditions respectively on )
and %, and by v a positive eigenfunction associated to A\, g(2*), then

1

)\p ﬁ(Q*) — )\p ﬁ(Q) nfnﬁlw;{—1 ‘Ql
’ ’ >Cnp,Bp) |1 - —S——=— | (4.16)
|Ap,5(2)] Per(Q)=—1
- ' - e
where w, is the measure of the unitary ball in R"™, and C(n,p, B, p) = ” Hp
v
p

with v, = I%inv.

In this case, the constant C(n,p, 3, p) cannot be replaced by a constant
independent of 8 and the perimeter, as it is shown in Remark 4.1.3.

Proof of Theorem 4.1.4. Let v be a positive eigenfunction associated to A, 5(Q2*),
then v is a p sub-harmonic function as A, g(2*) < 0. We denote by v, =
v(0) = ming« v and by vy = maxg« v.

Let us consider the function ¥ = vp; — v, which is a positive function with
zero trace. The function

g9(t) = [Vol;_,,
is well-defined for all ¢t € (0,var — vp,). Let us define the following function
1 t1
G (t :/—ds. 0<t<wvpy — v, 4.17
(t) 909 (4.17)

Since G~ is strictly increasing, its inverse G is well defined and it is an
increasing function satisfying G(0) = 0. So we can construct a(z) = G(d(z))
for x € Q and u = vy — 4. By construction, @, u € WHP() and

* uy = maxu= mézx(vM — @) = vy, since @ is a positive function in Wol’p(Q);
o by formula (4.17), it holds

Uy, = MINU = V)y —MaAX U > V7 — MaXy = MiNvV = vy,
Q Q Q* Qr
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4.1 Estimates for Robin p-Laplacian eigenvalues 109

e the chain rule formula implies, for u,, <t < ups
V], = Vil = |o(G(d@)) )

= ‘V,E"L’}:’U]uft = |vv|v:t = g(t>'

a=vpr—t

Let us set
E ={zeQ: a(x) >t} By ={zeQ" : ox) >t}
Ei={zxeQ:ulx)>t}=Q \EUM_t, Bi={xe€Q :v(zx) >t} =Q" \EUM_t.

By Lemma 1.6.6 and formula (1.20) we have

~ n—

d. - Wa(E,) _ne2 1 (Per(Ey))nt
——Per(E;) > (n—1 >n—1n rn1tw,  —F——,
while for o it holds
door(B Wa(By) a1 (Per(By)) it
——Per(B;) =(n—1 =(n—1n"rniw; ' —————,

and Per(Ey) = Per(B,). By direct computations, it holds

1 d ~ 1 d ~
_ﬁfper(Bt) S —ﬁfper(Et) a.e. t S [O,'UM — Um],
Per(B,)» dt Per(E,)n-1 dt

therefore, integrating and recalling that Per(E;) and Per(B;) are absolutely
continuous functions, we have

Per(E;) < Per(B;), 0<t< vy —Um.

Hence

Per(E;) = Per(Ey,,—t) < Per(B,,,—+) = Per(B:), vm <t <wvpy. (4.18)

Denoting by fi(t) = |E;| and #(t) = | B,|, the coarea formula (1.13) ensures us
that

i ! _1 _ Per(E,) _ Per(By)
_ /t :/ — dH™ 1_ <
- a=t |Vl g(t) g(t)
1 n—1 ~/
= — _ < _ .
/17:15 Vo i (1), 0<t<vy —vm
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110 4. Two shape optimization problems for eigenvalues

Moreover, setting u(t) = |E¢| = || — (v — t) and by v(t) = | B = |Q*] —
p(vpr — t), we have —p/(t) < —v/(t) in [V, vpr]. So the function v — p is
decreasing in [v,,, va], and

/Qupdx:/o ptp_lu(t)dt:/o ptp_lu(t)dt—/o ptP~H(w(t) — p(t)) dt
:/O ptP~u(t) dt—/o ptP~H(v(t) — p(t)) dt—/ pt?~ (v(t) — p(t)) dt

Vi

§/vpd:vv%(lﬂ*llﬂl)—/v”dw[ o Hp(lﬂ*l |€2)
* Q*

By (4.18), we get

/ VAPt dH Tt = ()P Per(E;) gg(t)p_lPer(Et):/ Vo[ ann
u=t o=t

so, if we integrate over (2,

ol
/|Vu|pdx:/ |va|de:/ / Pt e
Q Q 0 a=t
1l o
g/ / [VoP~t dHm dt
0 o=t
z/ |Vﬁ|pdm=/ |Vol? dz.
Q* Q*

We also observe that by construction both v and v are constant on 052, so

B[ uPdH" ! = Bul,Per(Q) = Bof,Per(Q2) = 3 oP dH™ L
oN oN*

We eventually get

/|vu|de+5/ uf dH" ! /|Vv|pdm+ﬁ P dH™ !

)\p’B(Q) S Q [219) S IN*
/ uP dx / vP dm{l — —5 (1] — |Q|)}
o . || 15
. 1
= Xp,5(92%) vP, :
1- (127 = |€20)

loll;
(4.19)
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4.1 Estimates for Robin p-Laplacian eigenvalues 111

Hence, by direct calculation

Aps () = Npp(Q) _ wh, L
P T LAULERL (4.20)

Remark 4.1.3. Unlike the constant in Theorem 4.1.3, the constant

vl 1]
Clnp.B.0) ="
p

pendent of the perimeter and 3. Indeed, for example if n = p = 2 and
Per(Q)) = 27, we have that

cannot be bounded from below with a constant inde-

onle) = 1o (Aol o).

where I is the modified Bessel function.
We recall that for z sufficiently large (see [ASG4, Section 9.7]), we have

z

Io(2) ~ — {1+1+9+..},
2z 8z = 2!(82)2
therefore
o ()2 ~ 55 2222, too
and

(0p)2Bil _ B pooe

0(272a672ﬂ-) = Hvﬂllg efﬁ

0.

Remark 4.1.4. We want to highlight that the constant C' depends actually

just on n,p and p% B. Indeed, for all Q C R"™ bounded and convex set with
Per(Q) = p, we can consider

1 1

ﬁ n—1 n—1
Q) = <”W") Q, o= ("“") Q= <” ) ,
P p nwn,
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112 4. Two shape optimization problems for eigenvalues

so Per(Q1) = Per(Q}) = nw,, and we have

Ap,s () = App(R) _ App(t2]) = Ap p(1€21)

_/\pﬁ (Q) _>‘p7,@ (th)
_ )\p,tl”_lﬂ(QT) - )\p7tp_15(91)
/\p,tl’*lﬁ(Ql)

-1 19‘
> C(n,p. e, 171 bu
> C(n,p,nw ﬁ)( Por() =

cloprn (£) 7)1 22

ot nw flw;[ e]
= Cnp.pr=rp) (1= ).
(n,p,p ﬂ)( Per(@) )

Eventually, let us prove the quantitative estimate in the spirit of [CL21].

Theorem 4.1.5. Letn > 2, p > 0 and 8 < 0. Then, there exist two positive
constants C(n,p,B,p) > 0 and do(n,p, B8,p) > 0, such that, for all Q@ C R"
bounded and convex with Per(QY) = p and A, g(2*) — A, g(Q) < o, it holds

Ap,a () = Ap(Q) = C(n,p, B, p)g (A3 (). (4.21)

where Q* is a ball with the same perimeter of 1, A3, is the Hausdorff asym-
metry defined in (1.23) and g is defined in (1.26).

Proof of Theorem 4.1.5. If we choose w = 1 in the definition of A\, g(2) (4.1),
we get

Per(92)
()] 2 1B

and if we combine it with (4.20) we have

Per(Q2 )

3 O — |0
> 8o 1w Hp(l | —1921) (4.22)
nﬁ n—l N
pn—l
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4.1 Estimates for Robin p-Laplacian eigenvalues 113

Now, if we suppose that A, g(*) — Ay g(2) < do, by (4.22) we have
|Q*| - |Q‘ < K(?’L, papvﬂ)éo-
So by Lemma 1.6.9 we conclude

Ap.s(Q07) = Ap.p(R2) = C(n, p, p, B) g(A3 ().

Remark 4.1.5. Our result, Theorem 4.1.5, applies only when
)‘p,ﬂ(Q*) - /\pﬂ(Q) < do.

It is possible to remove this hypothesis, obtaining a weaker result.
In order to obtain it, we need the quantitative version of the isoperimetric
inequality proved in [FMPOS]

Per(Q) > Per(Q) (1+ 'y(n)a(Q)Q), (4.23)

where OAB
a(Q)_mm{| r‘ : |B7.|_|S)}7
it
and the following result [EFT05, Lemma 4.2]: there exists a constant C(n) such
that if C, W are open and convex sets such that |C| = |W| and |[CAW| < ‘%l,
it holds

AW A
dn(C,W) < C(n)[diam(C) + diam(W)] (|C| CW> : (4.24)
Moreover, we have to recall that
|| = Pm;(Qi): and Per(QF) = nwﬁm n’%l,
nr—Twpy
so we have
e R ot s
[ Per ()
1
>1- %
(1+7(n)a®(Q) "7
o
(14 7v(n)a?())
7(n)a’(Q)

1+ v(n)a2(2)’
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114 4. Two shape optimization problems for eigenvalues

where we used Bernoulli’s inequality
1+x)" >14rx Vo > —1, Vr > 0.
Since 0 < a?() < 4 we have

€ 7(n)
- || = 1+ 4v(n)

a?(Q) = C(n)a?(Q).

If Q% is a ball that realizes the minimum in (4.23), then using (4.24) we obtain

d’H(Qv Qﬁ)2n

n)a? n
Clmart) = ) T (@) + diam(@) ™

and so

)‘pﬁ(ﬂ*) — )‘pﬁ(Q)
|Ap,5(€2)]

dy (©, QF)
[diam () + diam(QF)] ™"

> C(n,p, Bp)C(n)

4.2 A quantitative Kroger inequality

Now we consider the Neumann case. Let Q be an open, bounded and convex
set in R™ and k € N. We recall that the k-th Neumann-Laplacian eigenvalue

is defined by
[ 1vu
Q) =min max % 4.25
#ie(€) = mi oA /quaj (4.25)
Q

where the minimum is taken over all the k-dimensional subspace of H ()
that are L2-orthogonal to the constant functions.

Let us mention the following continuity property for the Neumann eigen-
values (see [FH22, Theorem 2.4] or [Che75]).

2
dzx
)

Theorem 4.2.1. Let B C R"™ be a fized ball and let {Qx} be a sequence of
open sets contained in a fived ball B and assume that {Qp} satisfies the e-cone
property (for the same ¢). Let us assume that there exists an open set Q such

that the sequence of the corresponding characteristic function xq, converges
in L*(B) to xq. Then

/Jk(Qh) — ,uk(Q) Vk e N.
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4.2 A quantitative Kroger inequality 115

In particular, this continuity result for Neumann eigenvalues holds true for
a sequence of convex domains that converges in the Hausdorff sense to an open
convex set.

Definition 4.2.1. Let w € R’ be an open, bounded and convex set, p: w — R
be a non negative i—concave function. We define the following quantity

/w¢mwmm
pie(w,p) =1inf sup ==

, (4.26)
Promct [ owPp(e) de

where the infimum is taken among all the k-dimensional subspace of H!(w)
that are L?-orthogonal to the constant functions with respect to p on w.

Because of the compact embedding of W12(w, p) into L?(w, p) (see [ABF24,
Lemma 7], we have the existence of eigenfunction and eigenvalue of the fol-
lowing problem

—div(p(z)Vu(z)) = pr(w,p)p(z)u(z) inw
o (4.27)
P(x)a(o) =0 on dw.

If j =1, ie. w C R, and the infimum is achieved, problem (4.27) is known as
Sturm-Liouville problem.

From the variational characterization of ux(€2) and choosing function de-
pending only on the first j variable, we get the following link between p(12)
and py(w,p) (see [IM23, Lemma 2.2] for the case j = 1).

Proposition 4.2.2. Let 2 C R" be an open, bounded and Lipschitz domain.
Denote with w C R’ the projection of 2 on the first j variable, 1 < j < n, and
with p: w — R the function

plx) =H" ({2 eR"7 : (z,2/) € Q}) Vo € w.

Then
() < pp(w,p). (4.28)

Incidentally, let us mention that for j = 1 and w = (0,1) in [HM23], the
authors also prove the following result
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116 4. Two shape optimization problems for eigenvalues

Proposition 4.2.3. If0 # p € L*°(0,1) is a non negative %—concave function,
such that

there exists a sequence of domain y, with profile function h’fil

li}rln diam (€, )2k () = 1 ((0,1), p).

For sake simplicity, in case w = (0,1) we will just write p(p).

In [HHM23] the authors use the previous proposition to study the prob-
lem of maximizing the Neumann eigenvalues with diameter constraint, indeed
proposition 4.2.3 gives

sup S1 = sup s,

where

1
Sy = {,uk(p) :p € L>(0,1),p>0,pis ] concave and p # O},

Sy = {diam (€)%, () : © C R™ open, bounded and convex}.

Moreover, the authors characterize the optimal p and the corresponding
eigenfunction of the maximization problem at left hand-side. In particular,
they prove the following

Theorem 4.2.4. For each k,n € N, k,n > 1, the following problem

1

sup{uk(p) :pe L>(0,1),p>0,p is ] concave and p % O}, (4.29)

admits a solution. Let us denote with py, ,, the function that achieves the maz-
imum in (4.29).

o Ifk =1, then the graph of (p’{n)%l s an isosceles triangle having vertex

; =1
mnx=;.

o Ifk>2, then (pzn)ﬁ is a piecewise affine function.

Remark 4.2.1. We underline that structure of (pzn)ﬁ is precisely given in
[FIM23]: for k > 2

o if n = 3, any function such that pj 5(0) = pj 3(1) = 0 and the graph of
(p,’;,?))% is made by at most k + 1 segments;

o if n # 3, the graph of (p}‘;n)ﬁ is an isosceles trapezium.
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4.2 A quantitative Kroger inequality 117

4.2.1 Collapsing domains

In this subsection we will assume that {2, } is a sequence of bounded, open and
convex sets in R with diam(Q;,) = 1. We can consider Ej the John’s ellipsoid
(see [GuzT75]) of 4, and up to rotation and translation, we can assume that
for each h € N

1. B, CQ CnEy;
2. Fp is centered at the origin;
3. Ej, is aligned with the axes;
4. the semi-axis satisfy
aj, >ai>...>al>0.
Since they are bounded sequence in R, up to multiple extractions we can

assume that
aj, — a’ Vie{l,...,n}.

Let us assume that the sequence is collapsing, i.e. for some j € N, 1 < j < n,
we have
a'>...>d>0=dT=... =a"

Moreover, since {Q, } are bounded, thanks to the compactness of the Hausdorff
distance, up to another extraction, we can also assume

Q25w x {0}, (4.30)

where w C R7 is an open, convex set of diameter 1.
Moreover, for each h we can define

T: R" — R", Th(zy,...,xn) = <x1,...,$j,$;i_i,...,x:i>. (4.31)
ay, ap

Essentially, when applied to 25, this function rescales the last n—j components
in such a way that T,(€);,) has as semiaxis of the John’s ellipsoid

So in particular, T}, (£2;) is a non degenerating sequence of convex sets.
We have the following Theorem ([ABF24, Proposition 8]).
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118 4. Two shape optimization problems for eigenvalues

Theorem 4.2.5. There exists p: w — Ry ——-concave if j <n orp =1 if

7 =mn such that "
fk () = pe(w, p),
where p(w,p) is the k-th eigenvalue of the following problem

—div(pVu) = pg(w,plup  inw

(4.32)
Ou _ 0 on Ow.

paz/ N
Proof. We will not show the proof in details but just the main idea that will
be used also in the following.
Let us consider Ty, defined in (4.31). {T%(24)} is a sequence of bounded
convex sets so, up to a subsequence, it converges in the sense of Hausdorff to
a bounded, open and convex set (2,

T () 25 Q.

Furthermore, by (4.30), the projection of 2 on the first j variable, is equal to
w.
Let us consider the following function

p:w—R p(z) =H" (S, NQ), Vo € w.

L__convex function. Let us denote with

Corollary 1.6.2 ensures that p is a
ul the k-th Neumann eigenfunction of ,, we can define

j+1
ol Ty () — R, (21, ..., Tn) = cth(xh vz attri, apn),
where ¢, =\ /T[iZ; 14
With a change of variable, it holds

i
Qay, .

2
||L2(Th(Qh) = ||UZ||L2(Qh)’

81},@) ; 2/ (81&2)
dx = (a} dx. 4.33
‘/Th(Qh) (81:1 ( h) Qp, Ox; ( )

Since T5,(2),) are uniformly convex and v, € H' (Th(Qh)) are uniformly
bounded in H! we can assume that there exists v, € H'({) such that (see
[[IP18, Section 3.7])

i

and

vpla, — Ukl in L?
(Vv,@) ]lQh — Vi lq in L2.
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4.2 A quantitative Kroger inequality 119

By (4.33), we can conclude
Uiz, 2") = v(2),

that is Ty, is constant in 2’. Following [ABF24, Proposition 8], it can be shown
that 7y, is the k-th eigenfunction of problem (4.32) and that

RHm g ($) = pe(w, p) 0.

Remark 4.2.2. Assume j = 1, i.e. w =1 x R""! where I C R is an interval
of length 1. Then a sequence of diameters of 2 converges in Hausdorff to
w. Up to another rotation and translation we can assume that 2; has exactly
diameter w.

Let us introduce the following notation: if {Q} is a sequence of open,
bounded and convex sets converging in the sense of Hausdorff to w x {0}~
where w is a bounded, open and convex set of R? and p is the function given
by theorem 4.2.5, we will write

Qh - (wap)

4.2.2 Extension of Kroger inequalities to weighted eigen-
values

Now we extend (57).

Lemma 4.2.6. Letn>2, 1< j < d and let w C R’ be an open, bounded and
convex set such that the diameter is placed along the x1 axis and p: w — Ry
a function ——-concave. Then

n—j

K.
ﬂk(va) < =

< Tamo? (4.34)

Moreover equality occurs only when j =1 and p = pj, ,, given by [HM23].

1

Proof. First of all let us notice that if j = 1, then p is a —5-concave function

and so

. Hiein
< -
m ([O7 diam(w), p]) ~ diam(w)?’

and the equality occurs if and only if p = pj ..
Now we discuss the case j > 2. Firstly we prove that inequality (4.34)
holds true.
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120 4. Two shape optimization problems for eigenvalues

Let us write z € R? as 2 = (21,2') € Rx R'™" and let us define

Sey(w) = {(z,y): z =21, (z,y) Ew}
Sm’(w) = {(m,y): Y= xl, (w,y) € w},
and
(1) :/ p(z,y)dy vV € [0, diam(w)].
Sml(w)

Then it holds
Hn

= Tam(o (4.35)

pr(w,) < g ([0, diam(w)], ) < pue ([0, diam(w)], b, )
where the first inequality comes from the variational formulation of py(w,p)
choosing function depending only on the first variable while the second is given
by [HM23]. So inequality occurs, let us study the equality case.
Assume by contradiction

pk(w, p) = _Min
S diam(w)?2’
then by (4.35), we have
D= pz,vm

and from the fact that pj , is piecewise affine, the equality case of Brunn-
Minkowski (1.16) implies that the set

Q={(a,b) eRI xR"7: a €w,|b| <pla)™7},

is conical. Moreover the eigenfunction u of ([0, diam(w)],p) is also eigen-
function of single variable x; for (w, p).

We use the information that u = uy(z1) is the k-th eigenfunction for (w, p)
in the weak form of the equation with test function of the form ¢(x1)w(a’)
where ' € Sy, (w).

Let us start with ¢ (a'):

O=/quVQ/)dxz/wu(xl)w(x')p(xl,x’)dx.

" ) . 3 . . 2 1
So we can consider a sequence 1. of functions converging in L to ST 15/ r)

where B’(z’,7) is the ball in R?~! centered at z’ and with radius r, hence pass-
ing to the limit for ¢ — 0, we get

1
/ (1) L (o yplr, ) dae = 0,

) i—1
wj_117 w
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4.2 A quantitative Kroger inequality 121

and then, passing to the limit for » — 0, we get for all 2’
/ u(x1)p(x1,x’) dzy = 0. (4.36)
Sm’(w) (W)

We do the same for ¢(x1)9(z') where tp. — ﬁlB/(wlyr) and with the
same arguments as before, we get

/ W (22)¢ ()pler, ') dey = i g / w(ar ol )p(a, @) day.
S, (w) Sy (w)

If p e C¥ (Sw/ (w)) we can integrate by parts (because of the regularity of u
and p by [HM23]) obtaining

/ T ’x/ . .
—u'(21) — u’(xl)];((xllaj/)) = Hpnu(71) in Sy (w). (4.37)
Therefore the function . .
p (%1,1’ )
p(xla .T/) ’

does not depend on 2’ since u does not depend on 2’ in (4.37). Hence p cannot
vanish on dw except on 21 = 0 or 27 = diam(w). Finally, the weak form and
the fact that u is smooth give

o' (x1)p(x1,2') =0 on S, (w),

and since p vanish only for 2y = 0 or z; = D, we get v/(z1) = 0 on Sy (w).
From the structure of u by [[IM23], this is a contradiction. O

4.2.3 Rigidity of the collapsing

Let us assume that §2 is an open, bounded and convex set such that Dg =1
whose profile function has the following form

o if x € [0, 0]
p(z:)ﬁ =<ar+b if x € [a, 5] (4.38)

c(l—z) ifzels1],
where «, 3 are such that p(z) is continuous and —-concave (figure 4.1).
In the following we will need to estimate some integrals on the the section
of Q, where Q is a convex domain of R" having p as profile function so let us
analyze the section of €.
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122 4. Two shape optimization problems for eigenvalues

0 & 3 1

Figure 4.1

The linearity of pﬁ implies a strong rigidity on : indeed this fact
gives the equality in the Brunn-Minkowski inequality (1.16) for all the sec-
tion in [0, o], e, 8] and [, 1]. The characterization of equality case in Brunn-
Minkowski inequality (see [Gar02]) gives that all the sections of Q, between
[0,a], [o, 8] and [B,1] are homothetic. Taking into account the convexity of
Q, we claim that in each stripe [0,a] x R" ™! [a, 8] x R" ! and [3,1] x R" !,
Q is the truncation of a cone (figure 4.2).

Figure 4.2

Indeed, for example in [, 5], because of the homothecity of Sz N Q and
S, N Q there exist k£ € R and m € R*! such that

Sy NQ=kSy NQ+m.
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4.2 A quantitative Kroger inequality 123

Because of the expression of p, we deduce

Moreover, since it is convex, the set ([, 8] x R"™) N Q contains the cone
passing through S, N and Sg N and because of the linearity of the profile
function, the sets must coincide.

Let us underline that the previous analysis guarantees that for each x; €
[a, B] it holds

Suy NQ = B((‘Z))}"ll(samﬂ) + CZ; —

m, Yz € [a, B] C [0,1]. (4.39)

—

Now let us define the following function

c(xq) ::]{9 . To dH™
zlm

where f denotes the mean integral. We claim that ¢ is a piecewise affine
function, indeed e.g. for x; € [a, ] with a change of variable, by (4.39), we
can write

[sﬂm ZpdH = Z;((I;)) /Sam [(Z&Z;) ﬁyz + (g;l__jm)] dH

=pug<m;LLJmpmﬁflww—ﬁpun¥%+nm(§jj)Ma»

therefore .
)" (359
c(r1) = cla +m , 4.40
(o) = el (242 (2= (1.40)
is an affine function since p(z)7 7 is an affine function. Analogously for [0, a]
and [8,1].

Now we claim that there exists K such that
/ (22 — c(ml))Q dH" ! = Kp(:vl)H% Vi € [a, f], (4.41)
54y N0
analogously in [0, a] and [3,1].
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124 4. Two shape optimization problems for eigenvalues

First of all we notice that (4.41) can be written as

2

2 2
][ (z2 — c(21))” dH" ' = Kp(z1)7T,
Sy N0
and we can write

][ (22 — c(xl))2 dH™ ! :][ a3 dH" ! — 20(;51)][ T dH™ ! 4 c(z)?
Sy NQ2 Say MO

Sy NQ2

:][ x5 dH" ™ — c(z1)?,
Sy NQ

where we used the definition of ¢(z1).
Let us now compute fS nQ 23 dH"~! with the same change of variable as
z1

Foarte =i o () e ()] e
Sz NQ P S nQ (av) f—a
2
danl + m2 <$1 — O[)
< ) S, ﬂQy2 \B-a

s (52) () "

Hence, using (4.40), we get
e
[ o]
SanQ

2 _
n—1

before:

2 n—1 p(gjl)
]lszlm (w2 = cl))” dH < p()
Kp(z1)

where

0 (4.41) holds true.

4.2.4 Proof of main results

We split the main theorem in case k =1 and k > 1.
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4.2 A quantitative Kroger inequality 125

Theorem 4.2.7. There exists a constant C = C(n) > 0 such that for any
Q C R" open bounded convex set, it holds

:U’T n a2(Q)2
< > —
) < diam ()2 diam ()4’

(4.42)

where ax(2) and 7 ,, are respectively the diameter, the second biggest semiaxis
of the John ellipsoid of 0 and the optimal upper bound for ui(£)diam(£2)?
given in [HM23].

Proof. Thanks to the scaling property of Neumann eigenvalue, without loss of
generality we can assume that Do = 1.

The strategy of the proof consists in a contradiction argument and it will
use the relation between Neumann and Sturm-Liouville eigenvalue.

Let us argue by contradiction: assume that there exists { Q2 }, .y a se-
quence of open convex sets with Dg, = 1 such that

1
() = it — 3 02() (4.43)
Since {1} is a bounded sequence, up to a subsequence, it will converges to
w C R™ a bounded convex set in the sense of Hausdorff.
We claim that w is a segment, so we firstly that €2, should collapse and
then that it collapse into a segment.

e Assume by contradiction that §;, converges to w a bounded open and
convex set. Recalling that the Hausdorff convergence of convex sets
implies uniform convergence of the support functions (Proposition 1.6.4),
it follows that a,(Q5) > 0 for n sufficiently large and hence the family
{Q4} satisfies the uniform e-cone property. Therefore, by continuity
of the Neumann eigenvalue with respect to the Hausdorff convergence,
Theorem 4.2.1, we will have

() = pi s

which is a contradiction since such a set does not exists. So {Q} col-
lapses.

« Now let us show that {€2,} converges to a segment. Assume by contra-
diction that w is a subset of R’ with j > 2 then, as seen in Subsection
4.2.1, it holds

H1 (w7p) = /J’T,na

that is a contradiction because of Theorem 4.2.6.
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126 4. Two shape optimization problems for eigenvalues

Therefore w is a segment and, since Dg, = 1 and the diameter is placed
along the x; axis, w C R, w = (0,1) and Dg, = (0,1) x {0}~ 1.

Now we discuss the convergence of the sequence €, == Th(Q).

With the same notations and reasonings as in Subsection 4.2.1, up to a

subsequence, there exists Q such that Th () — Q and we can define
plzr) = H* (S, NQ).

Since ju1(w, p) = pi ,, we have

211 ifxe {O,

|
|

|
—
S
N2
3
|
=
Il
—
3
QH*
3
SN—
|
1
-
Il
N~ N

2(1 — Il) if x € |:07
As seen in Subsection 4.2.3, this implies that

1
x-S on xr1 € {0,2]
Qns,, = 1
(1—21)-8 onxle[Q,l],

where S is a convex set in {0} x R"™! containing the origin (figure 4.3).

Figure 4.3

To get a contradiction, we use the weak formulation of p; (€) with suitable
test function. Let us consider

wp(z1,2") = up(21) {1 + 7'(332 - c(xl)ag(Qh))Q] + dp, 1 € Sz N Q,

where uy, is the first eigenfunction of the following Sturm-Liouville problem
d

d.Tl

u;z(xl)ph(xl) =0 on {07 1}7

(u;l(:cl)ph(xl)) = p1nun(z1)pr(z1) for x € (0,1) pr(x1) = H" (S, N),
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4.2 A quantitative Kroger inequality 127

normalized as follows

/ up (21)% da z/ up(21)*pp(x1) doy = 1, (4.44)
Qn 0

c is defined as

(1) Z]é T2 dH™
1N

where (Q is the convex set previously defined such that T, Q) — Q, dp, is a
constant such that wy, has zero average and 7 will be chosen later.
For (z1,...,2,) € Qn = Tr(Q) we define

Wy (z1,2") = kpwn (w1, a2(Q) @2, . . ., an(Qn)zn) = tn(z1) [1 + 7(z2 — c(wl))2a2(Qh)2},

pn(ry) = phlim)’
h
(4.45)
where
in(w1) = kpun(z1), ko= | [ ai(@n).
j=2

Hence, with the same reasonings and computations as in Subsection 4.2.1, we

can write
amh>2 - ( 1 amh>2
2 — | + ———— | dz
/Qh|vwh’ dl’ B /Qh(arl zz:; ai(Qh)Q 6l‘i
/widx /w}%dx
Qh Qh,
Lo\ 2 N
1
) ()
- Qh 6:51 CLQ(Qh) 6:52
[ w3 da
Q

where we used the fact that w; depends only on thw first two variables.
Taking into account (4.45), (4.57) becomes

1
/ wh(x1)2 dr = / ﬂh(asl)Qﬁh(:rl) dr, =1
Qpn 0
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128 4. Two shape optimization problems for eigenvalues

Let us compute d:

/Qh, wpdr =0 < [ (1 JrT Ty —cC xl)az(Qh))2) — dh] dzy =0

2

— d, = / xg — c(ml)ag(Qh)) dx

<:>dh7

( 352 — C(.’ﬂl))le’> GQ(Qh)27

(4.46)

since uy, has zero average on (1.

Since Q, A
~ 1 *
(ph) = Pins

up to a multiplicative constant.

So the weak formulation of 1 (€,) gives

~ 2 ~ 2
1 / \Vwp,| dx / <th> N (512 - (guu«L) i
0 T a T
302()* < () < o _ 70, \ 911 2(82n 2 .
/ w} dx / o} dx
n Qh
(4.47)

Since at left hand-side we have a term in order 2 in az(€2p), we will perform a
Taylor approximation of the right hand-side at order 2.

*
:ul,n_

Let us study numerator and denominator of (4.47).

« Estimate of the numerator.

First of all we notice that

% = (1) [1 +7 (22 - C(xl))2 az(Qhﬂ — 271 (21) (22 — c(21)) ¢ (21)az(Qn)?
% = QTﬂh(ﬂm)(xQ - C(ml))%(ﬂh)?.
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4.2 A quantitative Kroger inequality 129

S0,

(awh)Q = (iip(21))” [1 + 7 (22 — C(%’l))%z(ﬂh)ﬂ2

+ 472 (&h(m))Q (a:g — c(xl))2 d(x1)? CLQ(Q;L)4
— 471, (x1)ap (1) [1 + 7(z2 — c(atl))”aQ(Qh)?} (9 — c(z1))¢ (21)az()?

S\ 2
(g:;)g) =47’ (ﬂ'h(xl))2 (z2 — c(xl))2 as (),

therefore we have

A\ 1 A\ , 2
/Qh, ( Oy ) * az(Qn)? (5902) e /Qh (it (21))" da
+27 </§2 (71;1(1'1))2(1'2 - c(xl))2 dx) a ()3
—4r </Q ﬂ%(xl)ﬂh(:rl)(xg —c(z1)c (x1) da:)) a(Q)?
+ 472 (/Q ’ah(l'l)z(dfg - c(acl))2 dm) as(Qn)? + o(az(Qh)z)
=u1(I,pp) + 271 (/ iy, (21)° (22 — c(asl))2 dx) az(Q)?
Qp
—4r </§2 iy, (z1)an (1) (w2 — c(z1)d (21) dm)) as(Q)?
+ 472 </Q ah(ml)Q(mg - c(azl))Q dm) as ()% + o(ag(Qh)Q).
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130 4. Two shape optimization problems for eigenvalues

Recalling that py (I, pn) < pi,, we get

/Qh (aafT>2 i ag(éh)Z <§§Z>2d$ < Hip +27 </th (%(%))2 (z2 — c(a:l))2 dx) as(
— 47 </Q} iy, (z1)an (1) (22 — c(z1)) (c(21)) d:v) a5 ()2

+ 472 (/Q i (21)? (2 — e(21))” dm) a2(2)? + o(a2(2)?).
(4.48)

« Estimate of the denominator.

/~ wh(:y)2 dr = / ah(x1)2 {1 + T(xg — c(xl))zag(Qh)Q} ’ dx + d%\Qh\
Q Qp
— 2dpT /Qh ap (z1) (w2 — c(xl)ag(Qh)Q)Q dx

= [ e[+ 7o — etwn) a0 do - o
Qp

= /~ ﬂh(xl)Q dr + 21 (/ ﬂh(ggl)Q(xQ — c(xl)) dz) QQ(Qh)Q
Qn Qp,

Folea ) (4.49)

where we used (4.46).
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4.2 A quantitative Kroger inequality 131

So (4.47) becomes

1
/’[’T,n - EG’Q (Qh)2

Hin + 27 </ (@ (21))” (w2 — e(21))” dm) az ()
S Q

1427 (/Q i (21)? (22 — (1))’ dz) a2()” + 0(a2()?)

4r </§2h iy, (z1)tn (1) (z2 — (1)) (21) da:) az(Q)?

1427 </Q i (1) (w2 — c(x1))2 dm) as(Qn)? + 0(a2(21)?)

47’2 (/ ’ah(l‘l)Q (.%'2 — C(Z’l))2 d.%‘) ag(Qh)2 + O(GQ(Qh)2>
Qp

N :
1427 </ i (21)? (22 — c(21)) dx) az () + 0(a2()?)
Qp

Therefore we get

o2l )* + ofax()?) < 27 [ [ () = i a)?) (22 = o) ds

- 2/{) i@y, (1) an (1) (22 — c(21)) € (21) dz | az(,)?

+ 472 (/Q iip (21)? (“TQ - C(zl))Q d:c) az()?

=: 29,02 (Qh)QT + 4Bnas ()72,
(4.50)
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132 4. Two shape optimization problems for eigenvalues

where

= [ (@) st (0?) (52 = clan) o
— 2/ ay, (z1)an(x1) (22 — c(21)) (21) da,

Qp
Br = /Qh tn (1) (22 — c(x1))” da.

We notice that the term at right-hand side in (4.50) has order 2 in as(Qp).
Moreover, it is a second order polynomial in 7, so the contradiction is achieved
choosing 7 < 0 sufficiently small provided that

lim v, # 0,

h—+o00

that is

thfoo{ /Q {(%(xl))z - MT,nﬂh($1)2] (22 — (1)) da
- 2/Qh iy, (1 )an (1) (22 — c(21)) ¢ (21) dx} £ 0.

We can rewrite the term in brackets in the following way

/Qh {(%(xl))Q - NT,nﬂh(x1)2} (z2 — C(ml))2 dx
R S

and

/ iy, (z1)an (1) (22 — c(21)) (1) do
Qp

- /01 [ag(xl)ah(xl)c'(xl)} (/Sm zs — c(x1) cm"—1> day.

We recall that , converges to € in the sense of Hausdorff and {iy} is a
bounded sequence in H*(0, 1) so, up to a subsequence, there exists i € H* ()
(Theorem 4.2.5) such that

U — @ in L2(0,1)
Vi, — Vi in L%(0,1),
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4.2 A quantitative Kroger inequality 133

hence we have

1

lim [(a’h(ml))2 - u’{,nah(m)?} (/Sm (w2 — e(a1))” d’H"l) dz,

n—r+oo [
- [y =) (o= cto)? e an,

and

1

Jim [a;(xl)ah(ml)c’(xl)KL . xg—c(ml)d’}-["1>dx1

0 'z N2
1
= / @' (z1)a(z1)c (1) l/ ~xy —c(x1) d?—["‘ll dz1 =0,
0 Spy N0

because of the definition of c.
For reader’s convenience, we will omit the tilde in 4.
Recalling that for all n, it holds

2 in |0 L
x in |0, =
7T ' 12
Dg (1) =

and

w(zy) = —u(l —z1),u'(z1) = u'(1 — 21) Yz, € {0, ;],

and using (4.41) there exists K > 0 such that

/0 () - Minu(fl)g} (/smg(””? — ()’ dHn_l) o (4.51)
B QK/(: [(“/(xl))2 - Mf,nu(wlﬂp(xl)p”% dx.

Since u is an eigenfunction of the Sturm-Liouville problem related to p(z1)
and taking into account the regularity of u and p (see [[IM23]), it holds

o) = i gl ple) =@y (e) ove (03), (@)
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134 4. Two shape optimization problems for eigenvalues

so, multiplying both terms for u(xl)p(wl)%, integrating from 0 to 1 and
integrating by parts the first term we get

@ = )] ptan) 7
0

2 [z s
=— / u' (zr)u(ey)p(er) 7= p'(21) day,
n—1Jg

where we used [[IM23, Lemma 3.10].
Plug the previous equality into (4.51) we get

/01 {(u’(xl))Z _ /‘T,nu(%)z} </le0@($2 o))’ d?—["1> .

4K [2 a2
=- ! (z)u(zy) p(zy) T p (21) dary.
n—1J

(4.53)

Let us show that the last term is different from zero. Integrating by parts, we
get

/0;u'(m)u(xl)p(xl)flp'(xl)dm=— | (e ™ @) dan,

and recalling that pﬁ is affine in [0, %], we know that there exists @ > 0

d , 1 . 1 plz1)
I 0T @) =8 = n—Lp)i-s

1

— p/(x1) = a(n — V)p(z) ~7T,
therefore
(o) P9 @) = aln = 1) ()7
—a(n- 1)1+ 27 Jole) o)

= a"n(n — 1)p(r1),
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4.2 A quantitative Kroger inequality 135

so (4.53) becomes

/01 [(@)* = it o] /ﬂ (o2 clan)* ) oy

1

= 2(12[('71/02 u(z1)?p(1).

We conclude the proof since the previous integral is strictly positive. O

The proof for k > 2 follows the same idea of Theorem 4.2.7, we just adapt
the choice of the test functions.

Theorem 4.2.8. There exists C = C(n,k) > 0 such that for any Q C R"
open bounded conver set, it holds

/J;; n a2(Q)2
< ) _
i (§) < diam ()2 diam()4’

(4.54)

where a2 () and Wy, are respectively the second biggest semiazis of the John
ellipsoid of Q and the optimal upper bound for jux(Q) diam(Q)? given in [HM25].

Proof. The first part of the proof is totally analogous, we assume by contradic-
tion that there exists a sequence {2} of open and convex sets with diameter
equal to 1, that violates (4.54), namely

. 1

1 (Q2n) > pip — Eaz(Qh)Qo (4.55)
Reasoning as in the previous theorem, one can prove that, up to subsequence,
Qp converges to a segment and up to rotation and translation, we can assume
that Qj — ((0, 1),p) with p a —t—-concave function.

n—1
Moreover, with the same notations as before, we can define

pr(z1) =H"H(Ss, N,) Vzy € (0,1), Vn e N
p(x1) =H"" (S N Q) Yoy € (0,1),
where Q) = Tr(Qn). Up to multiple extractions, we can assume that Q LN Q,
wi(Q) — pi(I,p) and p;(I,pp) — wi(I,p) where I = (0,1). Let us highlight

that
,ukfl(Iap) < Mk(lap>7 (456)
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136 4. Two shape optimization problems for eigenvalues

Let us consider the first k + 1 eigenfunctions of (I,pn) (up is the constant
function)

ug(x1)7u]11(‘r1)7 cee 7UZ(I1)7

normalized in the following way

/OMMWMMMMZ/OmMWM:l vie {0,...,k}, (4.57)

0 o

and let V' be

V = span {ug‘(ml), ul(zy), .. ul (), ull () [1—}—7’(952—0(3@1)@2(9”)2} } C HY(Q),

where

c(xy) :][ CapdH"
SayNQ2

In the following, for reader’s sake we will omit the dependence on n of o and
n

ug.

By the variational formulation of uy, (50), and using (4.55) we know

1 IVo|? da
M = 502(0)? < jui() < max =
’ veV 2
v dr
Qp
= 2 (4.58)
/ Z oa; Vu; + apVug| dx
_ @ li=o .
T ook k=1 2 =
/ ( aivi+akvk) dx
©n Ni=o
where
vi(z1,2") = ui(x1) Vie{0,...,n—1}
2
vlzr, 2') = up(z1) [1 + 7 (22 — c(z1)az()) }

Taking into account the orthogonality of the eigenfunction, i.e.
/ uu; de = / Vu; Vujde =0 Vi £ 4,
Qh Qh,
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we can rewrite (4.58) as
k—1 k—1
> o} / V| de + o / Vit |* do + 2 " vy | Vu; Vg da
4 = max =9 2 L i=0 n
a; €R k—1 k—1
Zaf/ ufda:Jrai/ ﬁida:JrQZaiak/ u; Uy, dx
i=0 n n i=0 Qn
(4.59)
.k — 1} we define

Let us rewrite the previous term: Vi € {0, ...

(w1, 2") = kpvi (21, a2(Q) w2, . . ., an(Q)zy) = G(21)
(21, 2') = kpoy, (xh as(Qp)xa, ,an(Qh)xn) = tg(x1) {1 + T(:EQ — c(xl))ag(ﬂh)2]
N T
() = 1)
h
where
’Cbl(l‘l) = khui(xl) Vi € {O, ceey k‘} and kp, =
with a change of variable, (4.59) becomes
k—1 LN 2 N
- c’?vk 1 avk
042/ i (x 2d:c+a2/ <> <> dx
; ) Qh( z( 1)) k Qh axl a2(Qh)2 (9.1‘2
p=ar k-1 k-1
Zaf[ ﬁfderai/ zi,zfdachQZaiOqC/~ U; Uy, dx
i=0 n o i=0 2

5%) s

k—1
2 a'ak/ 0} (1) <
; ' Qn ' d,

+k—1 k—1
zag/ ﬁfdm—&-ai/ Edr 23 aon
i=0 O Qn i=0

/ f)i ’lN)k dzr
Qh

,ay) such that

(4.60)

The maximum exists and it is attained on some («p,
Zf:o a? =1, a; > 0.
We want to prove that o = O(a2(Q5)?) Vi € {0,...,k — 1} while aj, =

1-— O(a2(Qh)2>.
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138 4. Two shape optimization problems for eigenvalues

For any i € {0, ...,k — 1} the optimality condition for (4.60) reads as

20@/ (ﬁ;(xl))zdm‘—i—Zozk/ 0; (1) (8%) dr = 2%/ o7 dx—|—2ak/ 0; O dx |,
Qn Qn Oy Qn Qn

(4.61)
and using that for any ¢ € {0,...,k}

/Qh (1) (gfj) dr = /Qh @) (1), (1) da

/Q (1) (1) (w2 — cfar)? da:) a5(O)?

- 27 [ iy (z1) g (1) (22 — (1)) (21) dx) as(Q)?
Qp

= T(/{2 (@) Uy (z1) (22 — c(ml))2 dx) az(Q)?

o </Q; (1) (1) (w2 = e(21)) (1) d$> as ()2,

+7 (/Q i (1 )i (1) (22 — c(xl))2 da:) az ()2
= T(/Q (1) Uk (1) (22 — c(an‘l))2 dx) as ()2,
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4.2 A quantitative Kroger inequality 139

we get (here we make explicit the dependence on n)

20! [Nh - :U'i(Iaph)] =2a)T [/ (ﬂf(xl))/ (ﬂZ(Il))/(mz — c(a?1))2 dx

Qp

~ [ (@) (@) (2 — ) ) da

- 2,uh/Q &?(ml)u}é(a:l)(xg — c(xl))2 dx | as ().

Let us denote with A}'L and B,il respectively the term in square braket at left
hand-side and right hand-side. By (4.58), u" > i (I, psn), so passing to the
lim inf and using (4.56) we have

liminf A% > p(I,p) — px—1(I,p) > 0 Vie{0,...,k—1}.

The term at right hand-side has order 2 in as(£23), so also the term at right
hand-side has the same order; hence, taking into account the fact that Y25 (/)2 =
1, we obtain

ol = O(az()?) Vie{0,...,k—1} and ap =1—0(a2()?).

Let us now estimate the quotient in (4.60): we call N and D respectively the
numerator and denominator related to the maximum.

e Numerator. Recalling that

/Q ((ﬂ?)/)Q dz = pu;(1, pp) Vie {0,...,k}

al = O(ag(Qh)Q)
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140 4. Two shape optimization problems for eigenvalues

and by the estimates used in (4.61), we have

k-1 )
N = ZO 215 (I,pp) + (af)? {/Q} ((ap)' )2 [1 +7(z2 — c(xl))zag(ﬂh)Z] dx
_ T</Q iy, (1)t (21) (22 — c(z1)) ¢ (1) dx) as ()2
/ g, (z1) g (1) (22 — c(xl))gc'(x1)> az ()4
Qp

/g iy (1)) arg - c(ajl))2c’(x1)2 dm) as ()4

\

Qn

72 ( uk 1)) (22 — c(a1)) da:) ag(Qh)2}
k—1 ,
+ 2alT Z al (/ (ﬂf(xl))/(be(:rl))/ (1’2 — c(asl)) dz) az(Q)?
— 404sz % (/ ) ap(x )(502 - c(xl))cl(zl) dz) as ()2,

that is
u 2 2 2
N = Z(a?)QM(I,ph) + QT(aZ) (/@ ((QZ)/(xl)) (x2 — c(xl)) d$> as ()2

- 4(042)27 (/{z (ﬂZ(xl))/ﬁZ(xl)(m —c(z1))c(z1) dac) as(Q,)?
+ 472 (aZ)z (/Q (ﬂZ(xl))2(:cg — c(xl))2> ag(Qh)Q + O(GQ(Qh)2),

Recalling that

k

:ui(jvph) < p“z-,n’ Z(O‘?)Z =1, (O‘Z)Q =1- O(QQ(Qh)2)’
=0
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4.2 A quantitative Kroger inequality 141

we obtain

27/ (@) (1)) (w2 — c(a))” da

- 47/ (ﬁZ(xl))/(ﬂZ(fﬁ)) (552 — C(xl))c/(ml) dz
Qp

+ 472 [ (ﬂZ)z (z2 — c(a:1))2 dm] az()? + o(a2(2n)?).
o

o Denominator. Recalling that fQ’ (u?)?dx = 1 for each i € {0,...,k},
and arguing as for the numerator, we get

D=3 (al)+ (ag)2/ (@ (20))*[1 4 (22 - c(xl))Qag(Qh)Q]Q da
i=0 $n
k—1 ,
+ 2 a?aﬁr[ ﬂ{‘(:cl) u’,;(ozl) (xg — c(zl)) ag(Qh)Q dx
i—0 Qp

k:
— Z(a?)z + 27 (af)? (/{z (ﬂf(zg)f(xg - c(:L'l))2 dz) as ()% + O(ag(ﬂh)2)

=1+27 (/Q (77‘2(331))2(962 — c(xl))Q d,r) aQ(Qh)Q + O(GQ(Qh)2).
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142 4. Two shape optimization problems for eigenvalues

Therefore we obtain

" 1
Hign — 7a2(Qh)2

h
.U’z,n +27 </ ((a;cl)/(xl))2 (IQ - C(xl))2 de) a2(Qh)2

Qp,

<
1+27 </§ (af(@1))* (w2 — c(x1))’ dm) az(21)* + 0(a2()?)

2p

4t ([ (122(961))/(112(%1)) (z2 — c(1))c (1) dm) az(Q)?

Q

1427 </ﬂ (@ (21))* (22 — c(z1))? dm) az()* + 0(a2()?)

4r® </ (ﬂZ(ml))2 (z2 — 0(961))2 dﬂ?) as ()% + o(a2(Qn)?)
Qp,

+ .

1+ 27 (/ (ﬂﬁ($1)>2(m2 — C(%))z d;g) as()? + o(a2(Qn)?)

a
(4.62)
With the same computations as in the proof for k = 1, we have
1
(M}Z,n - haz(Qh)Q) (1 +27 / (af (1)) (w2 — e(21))” dar| az($2)°
Qp

+ O(QQ(Qh)2)>

2T/Q (@) (1)) (w2 — c(z1))” da
—ar [ (o) o) (22 = o) o) s

+ 472/{2 (@h(21))* (2 — c(21))? dm} a2(2n)? + 0(a2(2)?)
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that is

(@ @) = i (@ (@0)7) (w2 = e(a1))” do

Qp

—%ag(ah)Q 4 o(as()?) < 2r V
) / (@ (1)) @ (@1) (2 —c(xl))c'(xl)dx] a5(O)?
a

+ 472 </Q (ﬂZ(m))Q (z2 — c(:vl))2 dx) az ()

=1 2y,a2(Qn)2T + 4Bnas ()72,
(4.63)

where

= (@ @) = i @@0)) (22 = elan))” o

2

- 2[ (ﬂﬁ(xl))lﬁz (z2 — c(z1))c (1) da,

Qp
Br = /Q (ﬁZ(iﬂl))Q (z2 — C(zl))zdx.

As in the case k = 1, we notice that the term at right hand side in (4.63)
has order 2 in as(£2;,) and it is a second order polynomial in 7. Hence the
contradiction is achieved choosing 7 < 0 sufficiently small provided that

hEIfoo Yn # 0,
that is
. - 2 [~ 2 2
i @0)* = (i 00))] (02 = o)) do

-2 /Q;L (ﬂZ(xl))/uZ ($2 - C($1))cl(m1) dz

Arguing as in the case kK = 1, up to a subsequence, QZ converges to g, the
k-th eigenfunction of the Sturm-Liouville problem related to pg, and it holds

i = [ ) k) ([ e eto)) ) don
" (4.64)
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For reader’s convenience, we will omit k& and the tilde in the following.

1

Theorem 4.2.4 ensures that Ps

1 o

such that p5~" is an affine function in [%, Zj—l] for i € {0,...,5 —1}. So by
(4.41), for each i € {0,...,j — 1} there exists K; > 0 such that

! is made by segments, so there exists j € N

/ (2 — C(xl))z AH"" = Kp(zy) et Vr1 € [Z, d + ]
Sz NS J o J

and (4.64) becomes

/01 [(a’(azl))2 _ u;na(xl)ﬂ (/S . (23— e(21))’ dH,H) .

it1
2

j—1 x

LR 2 v 2

= Z Ki/ [(u’(wl)) - Mk,nu<x1)2:|p(x1)"’l~
i=0 H

With the same reasoning as in proof for k = 1, there exist a; for each i €

{0,...,j — 1} such that it holds

-1 (251 -1 i1
ERN 2, . 2 - [
ZKZ'/, {(ul(m)) _Mk,nu(ﬁl)ﬂp(%)lt“l = ZKma?/ a(z1)?p(x1) day,
i=0 5 i=0 7
that is strictly positive, which concludes the proof. O

4.2.5 Optimality of the exponent

To prove the optimality of the exponent, we will need the definition of su-
perequilateral triangle.

Definition 4.2.2. Let T, be an isosceles triangle having aperture a € (0, 7)
and equal sides of length [ such that the basis is placed along the z axis (Figure
4.4), i.e.

T, = {(x,y) cR?: —lsin% Sxﬁlsing,OSyglcosg—cotga:|}.

Ifa e (O, %), we say T, is subequilateral, otherwise superequilateral.

We recall the following estimate for the Neumann eigenvalue for isosceles
triangles proved in [[LS17, Proposition 6.42]:
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a N\

Figure 4.4: The triangle T,

Proposition 4.2.9. Let T, be a superequilateral triangle, then it holds

i (5) < MEIDE)

- 4.65
2 478 4 (4.65)

Now we are in position to prove the optimality of exponent 2 in dimension
n=2.

Theorem 4.2.10. Ezponent 2 in (4.42) is sharp for n = 2.

Proof of theorem 4.2.10. Let us consider €2 an open, bounded and convex set
with diam(€2) = 1 rotated in such a way that the diameter is placed along the
x axis. First of all let us observe that in dimension 2, it holds

as(w) < waq(ez) < 2as(Q), (4.66)

where wgq(e2) is the width in direction orthogonal to the diameter. Because of
formula (4.66), we will use the width in the following and for sake of brevity
we will denote it by w.

Let us consider a superequilateral triangle T, having the segment [0, 1]x {0}
as basis. Formula (4.65) gives

. . o
w(To) > 433’1 sin? <2> ,

where « is the obtuse angle in T, (Figure 4.5).

Since w = £ cos & we can write using (4.65
2

P ! . w?
p1(Tw) > 4]8,1 sin” (2> = 4]3,1 (1 - 62)

When w — 0, £ — % so using the previous inequality combined with (4.42),
we can write

455 1 — 165 ,w* + o(w?) < 1 (Tw) < 445, — Cw?, (4.67)

therefore the exponent 2 is optimal. O
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w

(07

0 1 1
2

Figure 4.5
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